
 
If 𝟎 < 𝒂 ≤ 𝒃 ≤ 𝝅 then: 

∫
𝐬𝐢𝐧 𝒙

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by George Florin Șerban-Romania 
 

(
𝐜𝐨𝐬 𝒙

𝒙
)
′

=
−𝒙𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬 𝒙

𝒙𝟐
= −(

𝐬𝐢𝐧𝒙

𝒙
+
𝐜𝐨𝐬 𝒙

𝒙𝟐
) 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂

𝒅𝒙 +∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 = −
𝐜𝐨𝐬𝒙

𝒙
|
𝒂

𝒃

= 

= −
𝐜𝐨𝐬𝒃

𝒃
+
𝐜𝐨𝐬𝒂

𝒂
=
𝒃 𝐜𝐨𝐬𝒂 − 𝒂𝐜𝐨𝐬 𝒃

𝒂𝒃
≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
, 𝒂𝒃 > 𝟎 ⇒ 𝒃𝐜𝐨𝐬𝒂 − 𝒂𝐜𝐨𝐬 𝒃

≤ 𝟐𝒃 − 𝟐𝒂 ⇒ 𝟐𝒂 − 𝒂 𝐜𝐨𝐬𝒃 ≤ 𝟐𝒃 − 𝒃 ⋅ 𝐜𝐨𝐬 𝒂 

𝒂(𝟐 − 𝐜𝐨𝐬 𝒃) ≤ 𝒃(𝟐 − 𝐜𝐨𝐬 𝒂), 𝟐 − 𝐜𝐨𝐬𝜶 > 𝟎 

because 𝐜𝐨𝐬𝜶 ≤ 𝟏 < 𝟐 ⇒ 𝟐 − 𝐜𝐨𝐬𝜶 > 𝟎 ⇒
𝟐−𝐜𝐨𝐬 𝒃

𝒃
≤
𝟐−𝐜𝐨𝐬 𝒂

𝒂
, 𝒇: (𝟎, 𝝅] → ℝ 

𝒇(𝒙) =
𝟐 − 𝐜𝐨𝐬 𝒙

𝒙
, 𝒇(𝒃) ≤ 𝒇(𝒂), 𝒂 ≤ 𝒃 

𝒇′(𝒙) =
𝒙 𝐬𝐢𝐧𝒙 − 𝟐 + 𝐜𝐨𝐬 𝒙

𝒙𝟐
; 𝝋: (𝟎, 𝝅] → ℝ 

𝝋(𝒙) = 𝒙 𝐬𝐢𝐧𝒙 − 𝟐 + 𝐜𝐨𝐬 𝒙 ,𝝋′(𝒙) = 𝐬𝐢𝐧 𝒙 + 𝒙𝐜𝐨𝐬 𝒙 −𝐬𝐢𝐧 𝒙 , 𝝋′(𝒙) = 𝒙 𝐜𝐨𝐬 𝒙, 

𝝋′(𝒙) = 𝟎 ⇒ 𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒇′(𝒙) ++ ++ ++ +𝟎 −− −− −− 

𝒇(𝒙) −𝟏                        
𝝅

𝟐
− 𝟐 < 𝟎                − 𝟑 

⇒ 𝝋(𝒙) < 𝟎; (∀)𝒙 ∈ (𝟎,𝝅] ⇒ 𝒇′(𝒙) < 𝟎, (∀)𝒙 ∈ (𝟎,𝝅] ⇒ 𝒇 ↘ (𝟎, 𝝅] 

𝒂 ≤ 𝒃 ⇒ 𝒇(𝒂) ≥ 𝒇(𝒃), true. 

Then 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂

𝒅𝒙 + ∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
, (∀)𝟎 < 𝒂 ≤ 𝒃 ≤ 𝝅 



 
Solution 2 by Adrian Popa-Romania 

𝟐(𝒃 − 𝒂)

𝒂𝒃
= 𝟐(

𝟏

𝒂
−
𝟏

𝒃
) = 𝟐

𝟏

𝒙
|
𝒂

𝒃

= 𝟐∫
𝟏

𝒙𝟐

𝒃

𝒂

𝒅𝒙 

So we must show that 𝒙 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙 ≤ 𝟐; (∀)𝒙 ∈ (𝟎,𝝅) 

𝒇(𝒙) = 𝒙 𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙 − 𝟐 

𝒇′(𝒙) = 𝐬𝐢𝐧 𝒙 + 𝒙 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝒙 = 𝒙𝐜𝐨𝐬 𝒙 = 𝟎 ⇒
𝒙 = 𝟎

𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒇′(𝒙) ++ ++ ++ +𝟎 −− −− −− 

𝒇(𝒙) −𝟏                        
𝝅

𝟐
− 𝟐 < 𝟎                − 𝟑 

 

⇒ 𝒇(𝒙) < 𝟎  (∀)𝒙 ∈ [𝟎,𝝅) ⇒ 

⇒ 𝒙𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 < 𝟐 ⇒ ∫
𝐬𝐢𝐧 𝒙

𝒙

𝒃

𝒂

𝒅𝒙 + ∫
𝐜𝐨𝐬𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙 ≤
𝟐(𝒃 − 𝒂)

𝒂𝒃
 

Solution 3 by Khaled Abd Imouti-Syria 

∫
𝐬𝐢𝐧𝒙

𝒙

𝒃

𝒂
𝒅𝒙⏟      

𝑰𝟏

+ ∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂
𝒅𝒙⏟      

𝑰𝟐

≤
𝟐(𝒃−𝒂)

𝒂⋅𝒃
      (I) 

𝑰𝟏 = ∫
𝟏

𝒙

𝒃

𝒂

𝐬𝐢𝐧𝒙𝒅𝒙   (
𝒖(𝒙) =

𝟏

𝒙
⇒ 𝒅𝒖 = −

𝟏

𝒙𝟐
𝒅𝒙

𝒅𝒗 = 𝐬𝐢𝐧 𝒅𝒙 ⇒ 𝒗(𝒙) = −𝐜𝐨𝐬 𝒙
) 

by using integration by part: 

𝑰𝟏 = [−
𝟏

𝒙
𝐜𝐨𝐬 𝒙]

𝒂

𝒃

−∫
𝐜𝐨𝐬 𝒙

𝒙𝟐

𝒃

𝒂

𝒅𝒙, 𝑰𝟏 + 𝑰𝟐 = [−
𝟏

𝒃
𝐜𝐨𝐬(𝒃) +

𝟏

𝒂
𝐜𝐨𝐬(𝒂)] 

𝑰𝟏 + 𝑰𝟐 =
𝒃 𝐜𝐨𝐬(𝒂)−𝒂⋅𝐜𝐨𝐬(𝒃)

𝒂⋅𝒃
   (*) 

Now let’s prove: 𝒃𝐜𝐨𝐬 𝒂 − 𝒂 ⋅ 𝐜𝐨𝐬(𝒃) ≤
?
(𝒃 − 𝒂) ⋅ 𝟐 

𝒃 ⋅ 𝐜𝐨𝐬 𝒂 − 𝟐𝒃 − 𝒂 ⋅ 𝐜𝐨𝐬 𝒃 + 𝟐𝒂 ≤
?
𝟎, 𝒃(𝐜𝐨𝐬 𝒂 − 𝟐) + 𝒂(𝟐 − 𝐜𝐨𝐬𝒃) ≤

?
𝟎 

𝒃(𝐜𝐨𝐬𝒂 − 𝟐) ≤
?
𝒂 ⋅ (𝐜𝐨𝐬 𝒃 − 𝟐),

𝐜𝐨𝐬𝒂 − 𝟐

𝒂
≤
? 𝐜𝐨𝐬𝒃 − 𝟐

𝒃
 



 
Suppose 𝒇(𝒙) =

𝐜𝐨𝐬 𝒙−𝟐

𝒙
, 𝒙 ∈ ]𝟎,𝝅], 𝒇′(𝒙) =

−𝒙𝐬𝐢𝐧𝒙−𝐜𝐨𝐬 𝒙+𝟐

𝒙𝟐
=

𝒈(𝒙)

𝒙𝟐
 

𝒈(𝒙) = −𝒙 ⋅ 𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙 + 𝟐, 𝒈(𝒙) 
′ = −(𝐬𝐢𝐧𝒙 + 𝒙 ⋅ 𝐜𝐨𝐬 𝒙) − (𝐬𝐢𝐧𝒙) 

𝒈(𝒙) 
′ = −𝒙 ⋅ 𝐜𝐨𝐬 𝒙 , 𝒈(𝒙) 

′ = 𝟎 ⇒ 𝒙 =
𝝅

𝟐
 

𝒙 𝟎                            
𝝅

𝟐
                          𝝅 

𝒈(𝒙) 
′  −− −− −− −𝟎 ++ ++ ++ 

𝒈(𝒙) 𝟒 − 𝝅

𝟐
 

So: 𝒈(𝒙) > 𝟎 

𝒇(𝒙) 
′ > 𝟎, 𝒇 is completely increasing on [𝟎, 𝝅] so:𝒂 ≤ 𝒃 ⇒ 𝒇(𝒂) ≤ 𝒇(𝒃) 

𝐜𝐨𝐬 𝒂−𝟐

𝒂
𝒂 ≤

𝐜𝐨𝐬 𝒃−𝟐

𝒃
 and then: 𝒃 ⋅ 𝐜𝐨𝐬𝒂 − 𝒂 ⋅ 𝐜𝐨𝐬(𝒃) ≤ (𝒃 − 𝒂) 

and hence: 𝑰𝟏 + 𝑰𝟐 ≤
𝟐(𝒃−𝒂)

𝒂⋅𝒃
 

 

 

 


