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1301. In any A ABC, the following relationship holds :

P BEL RS
b%+c2— 2R?%?’ S

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

wk
Z— S >
b2 + c? b2 + c? 2 Y cyc a* 18R? 2R?
cyc cyc
ko, k
& ) w2 >3(3r)2
cyc ()

k
5 - g ? k 2 ? k
Nowz 32 nwa >3@3r)z e nwa > (27r3)2
cyc

cyc

k Wg\ ? W,
=1 (Hcyc “)zo@ln<n“y°3“>>o( keNk>z)<=Hwa527r
&

[—4 .
2 M\ 273 271
cyc

r2s2 7
Again, l_[wa nh

> 27r3 © 2s? > 27Rr - true
cyc cyc

Gerretsen Euler
w282 >  27Rr+5r(R—2r) > 27Rr = (x*) = (%) is true
k (Bl')k

~ in any A ABC, Zb2+ 7 = 2R’

cyc

" iff A ABC is equilateral (QED)

keNk=>2,

1302. AD - altitude in acute AABC,DE, DF, 04, O, — altitudes and
circumcenters in AABD,AACD. Prove that:

4,/[ABD] - [AcD] < (\/DE - DO, + /DF - 1)01)2 <

Proposed by Radu Diaconu — Romania

Solution by Tapas Das — India
Since AABD is right angle triangle

0, = circumcentre of AABD = Mid point of AB. Similarly, 0, = Mid point of AC
RMM-GEOMETRY MARATHON 1301-1400
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AABC = AABD + ADC.

1 1
F=E~C-DE+E-b-DF=»2F=C~DE+b-DF

'DO—C DO _b
- 1=35 2=5

(1)

4./[ABD] - [ACD] = 4\/%AB : DE-%AC .DF =2\C-DE - b -DF

Now (,/DE - DO, + /DF - DO;)" s 4(,/DE - DO, - DF - DO,)

—4 %-DE-%-DFzZ\/c-DE-b-DF ()

From (1) and (2):

4./[ABD] - [AcD] < (,/DE - DO, + /DF - D01)2
2
’ b [ c DE-c b DF-b ¢
DE'E-F DFE = \/ 2 E+\/ 2 E‘
2
’[ABD] -g + |[4Bc] > S (1ABD] + [ADCY) (2 + %) -

- [ABC]-(§+;) <F

2

[/DE-DO; +/DF - D0,| ==

R
r

1303. In AABC the following relationship holds:
2
m? 3r\3
). 5) =(3)
bc - csc > ZR
Proposed by Marin Chirciu — Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Z m? >zs(s—a) . B
B2 poSing =

bc - csco

B

2A . BAM;GM33 zA ]
—Zcos E-smE = n(cos E-smi)—

RMM-GEOMETRY MARATHON 1301-1400
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_331—[ 2Al—[_A_33(s)2 ro
= cos2 st— iR AR
s I
iR 4R

2

(2r)
s[5z $72271% _3[57,.3 3r *
3 (4R)3 = 3\’(411)3_3(6) (*)

Z m? (;) 3 (31‘)2 3 (ST)Z 3 (BT)Z Euler 3 2r (3r)2 B (3r)3
be - CSC% - 4R 4\2R 4\2R ~ 4 R 2R 2R

Solution 2 by Tapas Das-India

NOTE:-mg - My, - My = [Ty - [T - T T g = (PaTpTe) = ST

. A _r
NOTE:- ] sinz = —

2
3

wWIN

bc-csc; abc

3 s2.r \2 r
4R -r - s 4R

_g O 27 27r% v puler 271 (3r)3

7 16R? 16R? 16R%2-r ~ R \2R

2.2
16R 2

2
2 AM-GM 2
Now: Z < ma B) > 3 [(mambmc) . H sin g:l

2
~3|(z) ]
2

3 27r% - r?
>3 |—
64R3

2
3
[sz r

> R
16R? 4R

(- s?2>27r%)

1304. In any triangle ABC we have the inequality:

A B C
. 2 . E tanftanf . E . /C\' tanftanz . /C\,t ﬁ tanitanz _ 52 _ 2r2 _ 8Rr
an 2 an 2 an 2 an 2 an 2 an 2 s $2

)
o)
)

Proposed by Radu Diaconu — Romania
Solution by Tapas Das — India
__4R+r

Note: ) tang =

Zt At B—l
an -tan- =
B

( A B>tan%-tan7 ( B C) tang-tang ( C A)tang tan%

tan_tan tan—tan - tan_ tan_
2 2 2 2 2 2

5 | RMM-GEOMETRY MARATHON 1301-1400
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A B
> tany-tany

A
am-6um | Y, tan? 5 tan? 5 A B 212 + 8Rr
2 2 _ 24 22 _
< 1 B = tan > tan > =1- 2
Y tans - tan+
2 2
s2 —2r% — 8Rr

2r2+8Rr
SZ

Note:- Y tan? gtan2 g =1

1305. In AABC the following relationship holds:

o< Yy e o)
h, Luw, 2r

Proposed by Marin Chirciu — Romania

2

Solution by Tapas Das — India

1% part:
w h  Cauchy-Schwarz
D > (1+1+1)2=9
a a

2" part: Now

W, CBS 5 1 Y. a? Leibniz |s29R2 _ 3R
Ty = j(z wi) (Zh_f) = \/(Z ORI rr

Zi—‘: < ZZ—: (~ h, <w,) (analog)=3

2

w, h, 3R R R - R Euler R? R
—.Z—g—-3=9(—)s9- <9 =9<—)
h, w,  2r 2r 2rR 2r - 2r 2r

1306. In AABC the following relationship holds:
3312

cosA+cosB—cosC+1>————
(s —c)R

Proposed by Daniel Sitaru — Romania

Solution 1 by Tapas Das-India

A B C
cosA+cosB—cosC+ 1= 4cosEcosEsinE

6 RMM-GEOMETRY MARATHON 1301-1400
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4 s(s—a) |s(s—b) |(s—a)(s—Db)
a bc ca ab

_4-s-(s—a)(s—b)_4s(s—a)(s—b)(s—c)_ 4.s-sr?
B abc B abc(s — ¢)

" abc(s —¢)

B _ sr s22§7r2 3\/§r-r_ 3+/3r2
" 4R-r-s-(s—c¢) R(s—o¢) R(s—c¢) R(s—o¢)

4 . 212

Note:

A+ B A—-B
cosA+cosB —cosC = 2cos cos

2 2 —cosC
m—C A-B C . C A-B ., C
= 2 cos > cos > —cos(2-2)=251n§cos > + 2 sin 5—1
A A-B . mt—(A+B) A A-B A+B
=Zsmi<cos 2 +sm—>—1=251n§(cos 2 + cos 3 )—

= 2 si 2 B 1=4 4 B sinE 1
= 4« S1n 2 COoS 2 COoS 2 = 4 COS 2 COS 2 sin 2
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

sinzgzrfmr (1)
s=3V3r (2)
cosA+cosB—cosC+123\/_er
(s—©)R
V:ZcosA+1—2cosC=£+2-Zsin2£=£+4-sin2£(2
R 2 R 2
:£+4.(rc—7”):ﬁ F s-r @ 34372
R 4R

R (s—c)R: (s—©)R = (s—©)R
Solution 3 by Ertan Yildirim-lzmir-Turkiye

A s(s—a
Lemma 1: cos - = (s—a)
2 bc

A r
Lemma 2: tan—- =
2 s—a

A+ B A—B
cosA+cosB—cosC+1=2cos( 2 )-cos( 2 )+1—cosC

RMM-GEOMETRY MARATHON 1301-1400
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o C A-B S .C C A-By _C
=2-sm—-cos( )+Zsm2—=2-sm—-(cos( )+sm—)

2 2 2 2 2 2
— 2.5 C ( (A_B)+ (A+B))_2 . C ) A B
=2-sing -{cos(—; cos |—, =2-sing €os - - oS
4 A B C . C_4 s(s—a) |[s(s—b) |s(s—c) r
T30Sy sy rcosy Ay = bc ac ab s-—c
4 s-sr s-sr r _s-r Mitri>novic 3+/3712
% abc """ 4R sr s—¢c (s—0OR = (s—oR

Solution 4 by Aissa Hiyab-Morocco
YcosA=1 +£ (Lemma 1), sin? g = ﬁ + ﬁ (Lemma 2)
s>3V3r (Lemma3)
co0sA+cosB—cosC+1= (ZCOSA) —2cosC+1
= (1+£) —2cosC+1 (Lemmal)

=r _ =r 020 _ T £ T
—R+2(1 cosC)—R+4$1n2 R+4><s_c><4R (Lemma 2)

r c
_§(1+s—c)
r s Lemma3 1 X 3/3r 3312
= — S =
R s-c Rx(s—c) (s—c)R

Solution 5 by Soumitra Mandal-India

A+ B A—B . C
cosA+cosB—cosC+1=2cos( 2 )cos( 2 )+Zsm2<§)

_ 5 <A+B> (A_B>+2 . 2<1T—A—B)
= 2 cos > cos > sin >

_ 5 A+B> (A_B>+Z 2<A+B)
= cos( > cos > cos >

= 205 (137 [cos(152) # cos (137

A-B A+B A+B A-B

A+ B +
> )-Zcos 2 2 cos 2 2

2 2

=2cos(

8 RMM-GEOMETRY MARATHON 1301-1400
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m—¢ A B_ A B_C
2 )COSZCOSZ— COSZCOSZSIH2

4 s(s—a) |s(s—Db) (s—a)(s—b)_4 s(s—a)(s—Db)
- bc ca ab ¢ ab

_4s(s—a)(s—b)(s—c) 1 _4AZ 1 _4$2r2 1

=4cos<

- * = . .0 A —
abc s—c abc s—c 4Rrs S—c[ st]
L 3v3r2 ..
= R(s—¢) = R(s—0) [+ s = 3V37] (proved)

1307. In any A ABC, the following relationship holds :

Z (i + 2rore (1 + 12) +12)° __ 967!
r + 2rpr.(rf +rd) + 16— 81R5 —2560r°

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Tapas Das-India

Z(rﬁ + 21, (rE + 1) + 1) = [2 (Z r;’;) (Z ra)]
Z[rg t2ryr (ré+ 1) +71g] = [2 (Z rﬁ) (Z ra)]

Z (rt + 2rory(r2 +13) +14)° Holder 1 [2(21)  Bra)® _ 4 Erd)?®- (Bry)?

T8+ 3r,ry(r +1y) + s = 3 20r)Qr,) 3 >r3

AM_GM 4 (3r,rprc)3(4R +1)? Fuler 4 27(s*r)3(9r)?

- 3 xr; 3 xrs
Mitri>novic 4 27(271‘3)3(9)2 .2 - 4 27-3%.1%2.92 .2
= 3 s =3'36 5

ﬁ(81R —25601°)
279936 - 11 9.67 - ri1
=(9)

"(81R5 — 256015) 81R5 — 256015
Nowleta=x+y+2zb=xy+yz+2zx,c=xyz

Z x5 = a5 — 5a3b + 5ab? + 5a%c — 5hc
5
:>Zx5 = (Zx) —5x+y)y+2)(z+x)(x*+y*+ 2% + xy + yz + zx)

o Y15 = (D) - 5t T+ 41

9 | RMM-GEOMETRY MARATHON 1301-1400
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AM—-GM 2
> =(4R+71)°>—5-(8 -1,1p7,) (2 : 3(rarbrc)3)

Mitrinovic

= (4R+7)°-5-(8-5) (2 ' 3(521")%) < (9R

5
S) - 56323

_ 36 (81R5 — 25607°)
Bl 32

Solution 2 by Soumava Chakraborty-Kolkata-India

Z (ry + 2rpre(rg +12) + rc“)3 Hol>der B(chc r7 + Yeye rpre (g + rcz))3

o P+ 2nr (i + 1) +18 T 6(Zeye kS + ey Iore(ry +1d))
3 3 3 3 9 3
_ 4(chc rg) (chc ra) Reverse C>hebyshev 4(chc 1‘3) (chc ra) Hogler 4(chc ra) (chc l‘a)
3 (chc ra) (chc ras) B 9(chc r(?) B 94 (ZCyC rl?)
_4(4R+1)°(4R+1)? Euler 4.9°.r%. (4R +1r)3 29 67r1
9*(Teyers) - 9+(Teyere)  ~ 81R5 —2560r°
3%.27.r11 3(81R% — 2560r5)(4R + )3 ?
= o > Z ré
81R5 — 2560r°> 32r? =
() eye
3
Cesaro
Now,z ré = z 2| -3 H(rg +r2) < (4R+1r)?- 252)3 — 24r2rgr?
cyc cyc cyc

Gerretsen 2 Gerretsen

< ((4R+1)?-2(16Rr - 5r2))3 —6rz(2s?)" " <

(16R? — 24Rr + 11r2)° — 6r2(27Rr + 5r(R — 2r))”
+ 16R? — 24Rr + 11r% = 16R(R — 2r)) Euler 3
Euler < (16R? —24Rr+ 11r?)
+8Rr + 11r2 > 8Rr+ 11r? >0

2 3(81R5 — 2560r°)(4R + r)3
—6r%(27Rr)? < ( 3202 it )

& 15552t + 11664t — 128156t° + 590067t> — 1155072t* + 761856t3
? R
—1022784t% + 186624t — 50272 > 0 (t = —)

r
t—2) (15552t6 +73872t5 + 105124t* + 715075t3) ?
s (t—2)

+1284732t? + 3040484t + 6000224 = 0 - true
+12025584

Euler

vt = 2= (x)istrue .. inany A ABC,Z

cyc

(rf + 2 (i +12) + 1)’

r + 2rpre(rf +1d) + 18

9 671'11
> ' ,
81R> — 2560r°

"=""iff A ABC is equilateral (QED)

10 RMM-GEOMETRY MARATHON 1301-1400
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1308.If x,y,z > 0 and n € N, then in AABC holds:

a4n—1 . x2n b4n—1 R yZn c4n—1 X ZZn 3

S S
h, h, h, ~ 2F\9 e

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India

a4n—1 . xZn b4n—1 . yZn c4n—1 . ZZn a4nx2n b4ny2n c4nZ2n

h, + h, + h, =2F "T2Fr T 2zF

2F
(~ ha = a )
— i [(azx)Zn + (bZ )Zn + (CZZ)Zn] cgs i .
2F y TR

(a’x + b%y + c?z)*"

1 1
= 5F 32n-1

_ % . %(16# O xy)>n = % (% 2 xy))”

1309. ADEF,AXYZ - are the orthic and the circumcevian triangle of altitudes

(4F\/xy + yz + zx)zn(Oppenheim)

in acute AABC. Prove that:

2r
6RF-3\/?-1_[COS(B—C) SZAD-AX-(s—a) < s(s? +r% — 8Rr)

cyc cyc

Proposed by Radu Diaconu — Romania
Solution by Tapas Das — India

D

From AABD we get

o _AD
sin —AB

11 RMM-GEOMETRY MARATHON 1301-1400
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L _AD
sin = C

~AD =csinB

(analog)

2BAX = £BCX =90°—-B
(angles are on the same arc)
W LACX=C+90°—B=90°-(B—-0C)
From AACX we get:
AX AC

sin ZACX _ sin ZAXC

b

LAXC = 2LABC =B =
[ 1= Sin90°—(B=0)] ~ sinB

. __ bcos(B-C)

. AXb_ —EinB )(analog)

cos(B—-C
~“AD -AX-(s—a) = csinB-T-(s—a) = bc(s —a) cos(B — C)
RHS

-'-ZAD-AX- (s—a) =Zbc(s—a)cos(B—C) <bc(s—a)-1
[Note: cos(B — C) < 1]
=5 (z ab) —3abc = s(s* +r? + 4Rr) — 12Rrs = s[s* + r* — 8Rr]
LHS
ZAD -AX - (s—a) =Zbc(s—a)cos(B—C)

= abcz (s—a) -cos(B — C)

a

AM;;M 3abe I(S - Cl)(Sa;Cb)(s —© . 1_[ cos(B — C)r

[SY

2

1
1 1
sr 3 r 3
> | | — = _| | —
> 12RF I4Rrs cos(B C)I 12RF [4R cos(B C)]

12 RMM-GEOMETRY MARATHON 1301-1400
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12RF 2r

= 12RF [;—;ncos(B — )] — |% Hcos(B C)]
= 6RF3\[2R;1_[ cos(B — 0)

1310. In AABC the following relationship holds:

1

z_B_C<1+1 RE_A B C
smzsmz_2 373 Zr sm2 coszcos2

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India
Let f(x) = sin%,x € (0,m)
1 X 1 x
--f(x)=icosi, f (x)=—ZsmE<0

-~ f is concave, using Jensen’s

. A . B . C
.sm7+sm7+sm7< ] (A+B+C)_ _ (n)_l
3 < sin 3 = sin 6) =2
Z A<3
smz_2
2 2
-’-Zsinésings(Sin%ﬂingﬂing) SG—):E (1)
2 2 3 3 4
[Note: Y xy < (Zx) =2
Now,

1
3

C AM-GM 3
- — - > —
Z sm COS COS = [1_[ sin 1_[ cos 2] 4R 4R

1

Euler r 3\/_1” 8T§_3\/§T'2

r 3V3r 4R
> J—
Z3ar 4R 4Rl (vs23V3r) = 3|50 S p g 4R
2 " 3y3 2r 272 3V3 2r 4R —2T:i7 1

From (1) and (2) we get the desired result.

13 RMM-GEOMETRY MARATHON 1301-1400
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1311. Prove that in any triangle ABC holds the inequality

a \? b \> c \?
o) +(5) 21
(Zma) 2m,, 2m,
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Tapas Das-India

Leta>b>c

Lmy < my <mg
2

(2:;)2 * (Zrl:lb) * (zfnc)z =

Chebyshev 1 5 5 5 1 1 1 1
> = b S e e H
> 3(a + b* + ¢%) 4<m¢21+m,2,+m3>
1 1 (1+1+1)? 1 1 9
>_(a? + b? 2y .. =Z—(a? + b2 2y. .
_3(a+ +c)4m§l+m,2,+m§ 3(a+ +c)43

7 (@ +b? +c?)

1 3 x4

1 @rbircd)

1
=—(a*+b*+c*)-
3
1312. In any acute A ABC, the following relationship holds :

m,s, I+ 1,
< | |
hara rC

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A , A
siny  sinz ssin (T) cosy scos’z ARcos? A
rn,+r.=s + = = = 4Rcos*—
v oS+ cosE cosécosEcosE (i) 2
2 2 2 2 2 4R
® A
& TIp + 1. = 4Rcos 2
m?2 ? b% + ¢? (b-c)?+4s(s—a)—4s(s—a) ? (b—c)?
Now,————-1< -1 <
s(s—a) 2bc 4s(s — a) 2bc
1 1 ? 4s(s —a) — 2bc) ?
< (b-— 2.( — ) >0 (b—c)2. >
( ©) 2bc 4s(s—a) (b—c) 8sbc(s — a)
R i il O PR S A>0
— —_— > — —>0-
¢ 8sbc(s — a) ¢ 4s(s — a) rue - cos

14 RMM-GEOMETRY MARATHON 1301-1400
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m? b2 + ¢? 2bc

in acute triangles = < >mi—-—-<s(s—a
g s(s—a) 2bc “b2 + c2 ( )
2 2bc
mys, Map2 iz - s(s—a) 2Rs(s—a)vie@®r,+r. 2m,S, D +r.
= = = =
h,r, h,r, = hgr, bcr, 2r, her, = 1,
m,S, I, + I Ig+1, |
and analogs = 8 1_[ < 1—[ = 1—[ ~ in any acute A ABC,
hara rll rC
cyc cyc cyc
mg,s Iy + 1
8| [— < H“—" =" iff A ABC is equilateral (QED)
hara rC
cyc cyc

Solution 2 by Mohamed Amine-Tanger-Morocco

Let A’ be the midpoint of BC and O the circumcenter of AABC. In AAA'O,we have
! ! 2 A
m,=AA"<AO0+0A' =R+ RcosA=R(1+ cosA)=2Rcos >

Using this result, we have

2

m,s, 2R 2bcm,?2 R.4m,2 2R

. A A
h, bc b%2+c* b%+c? 1 a? 1 (4R sin7 cos 7)
= = ﬁ 1+ )

dm* 4 (ZR cos? %)

A) 1 bc B 2r(s—b)(s—c) B 2 2

1
=—(1+tan® = = = = -
ZR( 2 A 2Rs(s—a a. sr2 sr sr r,+T
2Rc0327 ( ) s—biTs—c b Te

Thus,
zmasa Tp + 7 . . P . . s . . .
o < e Multiplying this inequality with similar ones yields the desired result.
a’ a a

Equality holds if and only if AABC is equilateral.

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
8. l—[ma-sa < Hrb:rc' b2 + c? < 4R - m, (1)

hq'1q a

15 RMM-GEOMETRY MARATHON 1301-1400
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,A
m, < 2R cos 7

AR 2A_ 2a 2A_ tA_ a-F _
08 2 Tsina P 27O T G nGs-0
_(s—b+s—c)-F F F

(s—b)(s—c¢) =s—b+s—c=rb+rc

4R - coszg =r,+r, (3)

2bc
E)2-ma-sa_2ma'bz_|_cz"ma_4bc m? _
h, r, h, 1, "~ h, (B2+cAr,
_8R(2(b*+c*)—a’\ 2R 5 a? \@
1\ 4b2+c®) ) 1, b2 + ¢2
- 2R <2 a? ) (i) 2R 5 a? 3
T 4R-m,) 1, 8R2'C052g
. 2 A A
2R sin? 5 2R LA\ AR cos’T a1yt
=— 2——A =—(2—Zsm —)= =
Tq 2 COSZE a 2 Tq Tq

1313. In any A ABC, the following relationship holds :

n:  4r, 4R
(M ), R
w2 Tt r

cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

sinE sinE ssin (M) cosé scosZé
rb+rc=s< 2+ 2>: z 2 _ 2

B c AcosBeoss  (3%)
cos 2 Cos 2 COosS 2 COosS 2 Ccos 2 4R

0 A
“Tp + T, = 4R cos? >

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as?

A
= 4R cos? —
COoSs 2

A
= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? >

_ 4sbc(s—b)(s—c)(s—a) B 4%

2 as = as? Za(ZA)( A )
be(s —a) s—a a/\s—a

= as
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4r,
= as? — 2ah,r, > n?2 =s?> — 2h raandanalogs:Z( + = )
(l
cyc

Iy + Ic
2h ra 1 via (i)
ey LSt (55 )
Iy + | v
cyc cyc cyc
(b + ¢)%a z 4r2s2(b + c)? 1
2 4| (4R ——F -3
4abcs(s —-a) a(s — a).4bcs(s — a) * (4R +1)

A
e 4R cos? 5

2 a(s2 + (s — a)? +Zs(s—a))
~ 16Rrs? z

cyc

Ss—a

r2s? z s+ (s—a)’+2s(s—a) N (4R +1)(s% + (4R + r)?) — 12Rs?
4Rrs?’ (s —a)? Rs?2
cyc

1 —s+s
= 2 RRE— — —r2
ToRr| S z s—a s(2s) — 2(s? —4Rr —r?) + 2s5.2s

cyc

r 1 z 2,54 2s(4Rr + r?) N (4R +1)(s? + (4R +1)?) — 12Rs?
2

" 4R a r2s Rs2
cyc
2
= 161Rr <s2 (—3 + %) +2(4Rr +12) + 4s2>
(4R+1)? — 252 +3r2 2(4R+1)\ (AR+1)(s?+ (4R+r)?) — 12Rs?
" 4R r? * ) * Rs?
_ 2R+ 5r)s* — rs?(32R? + 92Rr + 3r%) + 8r?(4R + )3 Lq AR _4R4Y
8Rr?s? r r

()
& (2R + 5r)s* — rs?(64R? + 100Rr + 3r?) + 8r?(4R+ r)? > 0 and
2 Gerretsen

(2R + 5r) (s — 16Rr + 5r2) 0 - in order to prove (x),
it suffices to prove : LHS of (») > (2R +5r)(s? — 16Rr + 5r2)2

Gerretsen

(%)
& (40R - 53r)s? > r(576R? — 846Rr + 117r?) and again, LHS of (xx) >
?
(40R — 53r)(16Rr —5r?) >r(576R? — 846Rr +117r?)
Euler
o 32R%— 101Rr + 7412 = 0 © (32R-37r)(R— 2r) S0-true=R > 2r

4r, 4R
= (xx) = (*) is true - in any A ABC, Z >14—,
a rb t+r.

="" iff A ABC is equllateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
4bc

CEE

2

By AM — GM inequality, we have w, e S TpTe.
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s(b — ¢)? 5 s[la? — (b — ¢)?]
_— = §4 —

Also,we have n,2 =s(s—a) +

a a
~ 4s(s— b)(s—c¢)

= SZ
a
, A4s.sr? 5 5 5
=S —m=s —Zhara, then n, +2hara=s .
. 1 1 a 2 2ryr,
And since —+ —=—=-—, thenwehave r, +1r, =

r, r. F h
Using these results, we have :
2
n, 4r, - n,

h, ’

2 2

2h,r, S

ra
>+ > = — (and analogs)
W, r,+r., Trpr. 1T, rp¥. T

Z na2+ 4r, >Zﬁzl+ﬁ
w2 ry+r.) r T
cyc cyc

Equality holds if and only if AABC is equilateral.

Therefore,

1314.

In A ABC picturised in the diagram, the following relationship holds

2v2 -1, < IA

Proposed by Aissa Hiyab-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

YI
Via sine law on A AlY, =

sin (C + g) sin%

A

Al Y Yl(l) Alsmf

- 180°-A+C . A A-C
sin 2 s1n2 cos 2

=

. A
ia sine I AALZ A Al o 71 (ii) Alsiny
Viasine law on A AIZ, — (B+g)‘ A~ 180°-A+B _ A YT __A-B
sin 2 siny  sin 2 sin cos—
Via AI1,Y, 11, = YIsinx and via AIl,Z, 11, = ZIsiny .. 112 = YL.ZL. sin x siny
22 A
via .0 ) ) Al“ sin >
= 8II; = 8sinxsiny. A—C -8B
C0S——.C0S—

A2 2A —(180°— A
& (cos(x —y) — cos(x +y)). 8 sin? o) < cos ( )

?
< AI?

2
.\ B—C( —m_A-CA-B = A-C A—B>O)
LY LN
cos > 7 g 5 = COS——,cos—
( ( ) C)8_2A2_3A+b+c_A
& —y) — . - — .sin—
cos(x —y) — cos sin® - <sin— L -Sing
— 3si Asi 3 A b+c | A
=3sin; sin” > L -Sing
C . A . ,A b+c
@(cos(x—y)—cos ).851n5<3—4sm E+ 2
A . ,A? . ,A b+c
@BSmE.cos(x—y)—Bsm E<3—4sm E+
A ? . ,A b+c
& [8sin—.cos(x —y) < 3 +4sin“ =+
2 s 2
B+C A T
Now,x <x +y= — = 90° 3 < 90° and similarly,y < 90° - 0 < x < 90°

and —90°< -y <0=>-90°<x—-y<90°~0<cos(x—y) <1
b+c

A A © A LA
:>83mi.cos(x—y) <8$1nE:>LHSOf(*) < 8$1n2 and 3 + 4 sin E+

A (+9) A
>3+ 4sinzi +1 = RHS of (x) > 4 + 4sin? 2" (+),(s¢) = in order
. . . ,A A CA\?
to prove (x), it suffices to prove : 4 + 4 sin 2 >8 smE S 4 (1 —sin E) >0
— true = (*) is true = 8112 < AI? = 2vV2 « I, < IA (QED)

1315. In AABC the following relationship holds:
2

Z% .Z(s —n,)(s —n,) > 4s?

cyc cyc

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let N be the Nagel's point of AABC and AA’, BB’, CC'be the Nagel's cevians.

Since AB' =s—c¢, AC =s—b, BC' =CB' =s—a,
and using Van Aubel’s theorem, we have
NA _AC’ AB’_s—b s—c_a

NA’_C’B+B’C_s—a+s—a s—a

Mo _ gy N 5T S L Na=""_ 2, ™ (and analogs)
= — = = = — = = = L —_— .
NA NA p p p rh and analogs

a

Also,in ANBC,we have

n, n
a < NB+ NC =2r (h—b + h—c> (and analogs), (see, for example, Bogdan
b c

Fustei — About a Few Special Triangles — www. ssmrmbh.ro)

Now, we have

s(b — c)? sla?—(b—-c¢)?] 4s(s—b)(s—c
sz_na2252_<s(s_a)+< >>:[ (b )] _ as(s—b)(s — )
a a a
B 4s. sr? ok
T a(s—a) Talta
Using these results, we have,
s’ —n,2 2ryh, 21, 27,
s—n, = = =g >
s+n, s+n, =~ 4 Ta ﬁ+& +h
r h, \h, " h.)T"h,

20 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(na nb

+-— ) (s —n,) > 2r, (and analogs).
h hb c

Therefore

Z% _Z(s —n)(s—n,) > z 2ry. 21, = 452,

cyc cyc cyc

1316. In any A ABC,A A'B’C’ the following relationship holds :

cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

6w,

zs W, 12 2w, GH lz Wp + W
— =
T wp +we V2 T Wy + Wc 2w, + 2w, +1

YEwp +W, T W + W

Bergstrom
and 2
6 z W‘% Yeyc WaWp < Zeye wi 1 6(chc wa)
V2 o 4W2 + WoWp, + WoW, = V2 4y WE + 2 Xy W2
Bergstrom 2
2rs 1 d 9
wge2hy = %and analogs 1 (ZI'S chc ) Mlt?lI:IOVlC 1 4 (er ZS)
> —~ &9/
i/_ chcs(s = 332 27R?
® 1 12r2 » 3 2(R?-—4r?)
Wy + W, 3\/_ ‘Rz = :‘{/E r2
2(R?% - 4r2) 4r? 3 RZ- .
=3 B — > i/_ v 3\/_ T and proving it will be complete
3 2 Euler
if we can show : 2.3/2.R? > 3r2 —4r? > O) - true

() 3 _2(R* —4r?
2VZR S 8T > 3r2 / 2(RE—4r%) — )
Wb+Wc
_6m,
N e N e 12 -
mb+m :{/_ mb+m 2m, 2m,
‘ ¢ Y my + m, -I_mb+m+1
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Bergstrom
and
_ iz m? chcmamb>s Yeye M3 1 6(2cyc ma)z
32 o 4m? + m,my, + m,m, - V2 4 Y cyems + 2 Yy mi
Bergstrom 2
mg= h, =%and analogs 1 (er-zcyc %) Lelill?:itz 1 4 (er_zis)
. Z 3 (->-) 1 12r2 * 3 4(R-2r)
my, + m 32" Rz < i/_ r

cyc

4(R - Zr) ? 3 (R=2r)(R+2r)
r - 3{/_ R?
Euler 3

if we can show : 4R? > 3r(R + 2r) ( RZ—4r2 > 0and V2 > 1)

Euler

@(R—Zr)(4R+5r)+4r >0->true~R > 2r

(“) 3 4(R Zr)
’wb+wc
2w,
f z , A G 1 Zwb+wc
Wi, + W, \/— Wi, + wc cyc

Wg2 h, and analogs + CBS

and proving it will be complete

and
2 1 1 A G 1 1 Mitrinovic
ERTSN SN Y Y]
V2 e e Wp T We WpW,
1 1 3\/—R z z z (III)
3
\/— o h, o h, ’wb + A
3 R ? 4(R 2r) 4(R- Zr) ? 3 R 2r d twillb
——— < — =
iz i/— - - _3\/_ or and proving it will be

Euler

complete if we can show : 8. V2 > 3 “R—2r > Oand V2> 1) - true

) 3 4(R 2r)
Wy +WC
cyc
_2m,
Z A G 1 Z:mb+mc
cyc mb+mC "’{/_ mb+mC

_ i/_ Z Zm A_Gl i/_(4R+1') Z\/m

cyc cyc
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mg2 h, and analogs + CBS
and
Euler 1 1 9R 1 1
= 5-%(7)-]25-]21;

cyc cyc

and proving it will be complete if we can show :

Euler

4(R+2r)>3r cR—-2r > Oand\/_>1)<:>4R+5r>0—>true

(...) 3 Z(RZ 4-1'2)
my + me
cyc \J

. R?R’"  (R%?—4r? +4r2)(R' 2r' +2r')
Again, =

rir’ r2r’
B 2r'(R? — 4r?) + 4r?(R’ — 2r') + 8r?r’' + (R? — 4r?)(R’' — 2r’)
- rr’
_g4 2(R?% - 4r2) 4(R - 2r") (R2 — 4r?)(R’' - 2r")
- 2 r r2r’
Euler 2(R? - 4r2) 4(R 2r’) "ReR <l) z(R2 4r2) 4(R - 2r')

..rzl_ v

r2
Let m = min z ’ z f

Wy + We mb + mc

M = max z ; z ;
Wb + Wc my + me
cyc
Case1|m = Z / ’ nd then,via (m), (mmmm),
Wy + WC mb
cyc cyc

1 12r? R RZR’ Euler R 4r
LHS — RHS_i/_ w7 _T\/_r —— —_§<E_R2>
+2(R2 —4r?) loo 2(R? —4r2) 2 23 R- 8r L
—F 2 — 2 %W and proving it will be complete

if we can show : 4R?*(R + 2r) > 3r(R? + 4r? — 2Rr)
Euler
( R-2r > Oand?V2> 1 4:) 4R3 4+ 5R?r + 6r2(R — 2r) > 0 - true

Euler RZR’
R = 2r .. min Z Z
Wy + W mb + mc
cyc
= 8 + max Z Z
Wb + WC my + mg
cyc
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Case2|m = Z ’ ’ - and then,via (mm),(mmm),
mb + mc wb
cyc cyc

R’ Rz R’ Euler R’ 4-1"2
LHS — RHSZ3\/_ R’Z __i/_ ot a8 2 _§<F_F>
+4(R’ —2r) ; 0o 4R’ —2r) ; 3 RIS 8r’3 and proving it will be
r = r - w 2R’2r’

complete if we can show : 8R'? > 3(R2 + 4r'? — 2R'r)
( R’ —2r > 0 and V2 > 1 <:) 5R’?2 + 6r'(R' — 2r') > 0 - true

Euler RZR’
+ R > 2r' - min z z

Wp + W mb + mc

cyc

> 8 + max z ’ z ’

Wb + Wc my, + m,

cyc

Case 3|m = z ’ z ’ ,,then via (o), (see), (B),
Wy + Wc Wb

2 2 2 5 , ,
LHS — RHS>%—2(R —4r?) Z(R 4r) 4(R 2r) 3

2
4R’ -2r) , RZR’
—— =0~ min z z

r' Wy + W mb + mc
> 8 + max z ; z ;
Wb + Wc my + mg
cyc
Case 4|m = Z Z ,then, via (e¢), (eeee), (B),
T mb + mC my +

3 4R -2r 2 R? — 4r2 4(R' — 2r' 3
LHS — RHS > — — ¥ ( ) ( )_
V2

z(R’2 4r’2) RZR’
————= =0 . min
Wy + WC mb + mc
cyc
> 8 + max Z Z ~ combining all cases,
wy,' + w,' my, +
cyc

in any A ABC,AA'B'C/,
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{Z , } RZRI
min
Wy, + w, m,’ + m,

cyc

w +w m +m
e b b

>8+ max{ }, " =" iff AABC,A A'B'C’ are each equilateral (QED)

1317. In acute AABC the following relationship holds:
\/§2 secA + 92 cscA > 24V3
cyc cyc

Proposed by Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

nx
xX) = = > 0 (V)x € |0;
fx) cos x = f0 = () [ ]
cos3 x + 2 cos x sin? x T
"(x) = >0(V)xe|0;=]| =
1 costx v) [ 2]
]ensen
= f — convex on [O;E] = [ B f(A+B+C) =
2 3
(4 3 3
= ),secA > BSeCE_COSg_E_ 6 (1)
(x) 1 '(x) — COS X ") sin3 x + 2 sinx cos3 x
x)=cscx=——>g'(x) = x) =
g sinx 9 sinzx 9 sin® x
|, 9 +g(B)+g(C) A+B+C
= g(x) - convex on [0, 2] = : > g( : )

1 _, 1 _ 6 _6/3_
ichcAZSE—S g—\/_ . =2v3 (2)

From (1) and (2) = V3 Y. secA + 9 csc4 > 63 + 183 = 243

Solution 2 by Marin Chirciu-Romania

2secA =6

z cscA > 23

Lemma: In AABC holds:

Proof.
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A= pz + 172 — 4R? Gerretsen 6
>
Z Sec Z cosA p?—-(R2R+1r)?2 ~ ’

+ 7% + 4Rr Gerretsen
Z CSCA = Z p > 2+/3.
sind

Zpr Mitrinovic

Let’s get back to the main problem.Using the Lemma we obtain:

LHS = \/_ZsecA+9chcA>24\/_ “V3-6+9-2V3=24V3

Equality holds if and only if the triangle is equilateral.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
For acute triangle ABC

V3(secA +secB + secC) + 9(csc A + csc B + csc C)

—x/i( t, 1 >+9( I )
N cosA cosB cosC sin4d sinB sinC
>/3(6) +9(2v3) = V3(24) ok

3
Because cos A4 + cos B + cos C < >

1 3/1 1 1 1
>1<-- >1<; —( + + )
2 cosA+cosB +cosC 2\9\cos4 cosB cosC

6 < 1 + 1 + !

=

“cosA cosB cosC

andsin4 + sin B + sinC < i::> 1< i(;)
2 2 sinA+sin B+sinC

3\/— ( N 1 N 1> 23 < 1 N 1
=
2 \9\sin4 sinB sinC sin4 sinB sinC

Therefore it is to be true.

Solution 4 by Hikmat Mammadov-Azerbaijan

3, 3 T
ZSecA >3 secA >3 /sec3§:
T
ZCSCAZSS/ cscAZ33/csc§=2\/§:>LHS=\/§~6+9~2\/§=24\/§

Therefore = \/§chc secCA+ 9%y CcscA = 24+/3
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1318. In any AABC the following relationship holds:

a? + bc b2 + ac c2+ab R? 2a

N 2b 2c
b% + ac

+ +—>1+ + +
ct +ab a?+ bc 4r? b+c a+c a+b

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

First of all, we can easily prove the following equality

a N b N c 2(s> — Rr —1r?)
b+c c+a a+b s%2+2Rr+r?

Consequently, it is sufficient to prove

2(s?-Rr-r2) __ R | F 2 R 7 2(s*-Rr-r%)
—_ < — 4 -, = t-——
s24+2Rr+r2 ~ 6r + 6 Let f(S ) 6r + 6 s24+2Rr+12

f is a decreasing function and we need to prove f(s?) > 0
Applying Gerretsen’s inequality we deduce that: s> < 4R? + 4Rr + 312
Therefore, it is sufficient to prove f(4R? + 4Rr + 31%) > 0
After some simplification, we get
(R—2r)2(R—-2r)+5(R-2r)+1r*) >0
(Euler)

a b c R 7

+ + <—+
b+c c+a a+b 6r 6

R | 7 R?
We need to show: 1+ 2 (—+—) <—5+3
6r 6 4ar

6 3r
or (R—2r)(3R + 2r) = 0 (True) Euler

a+bc b%2+ac c2+ab
Note: >3
bZ+ac T c2+ab T a’+bc —

By (AM-GM)

R? R 7 RZ R 1
—_— —_ —_ —t—) > —_———_— >
or s+3-1 2(6r+ )_Oor4r2 ;=0

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a’+bc R2 AMzGM R2

1) Z b%2+ca t 4r2 = 3+ m (1)
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a 1 4 1 1 1
2)1+22E_ 1+EZQ'ES 1+52a(;+z)

) 3+za-zab_ 1 2p@* +4Rr +17) _
2 2abc 2 8p - Rr B
Gerrétsen_1+4R2+8Rr+4r2=2_1+5+£=
= 2 ARr 2 r
=§+B+£;3+R—2
2 r R~ 4r?
R
;=Y
2
SRR

y3—4y?+6y—4=>0
y-2)*-2y+2)=(@-2)(y—-1D?2+1)=>0

20 >0

1319. In any A ABC, the following relationship holds :

Wa R+\/—
min Z W — =11tz max z:b2+c2 Zb+c
cyc

cyc cyc cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

w, A Wa
— > 3 -~ min >3
Wy Wp

cyc cyc cyc cyc

it £fi t ) R+\/§S(Q8+2 z az Z a
< 1t suirices to prove : r = .max b2+C2’ b+c

cyc cyc

a’? A-G Yeveal 2s(s? — 6Rr — 3r?)
Now, 8 22— <8+ _—g
ow, 8+ b2 + ¢2 + abc + 4Rrs
cyc
sz+10Rr—3rzéR+\/§s R% + 3s2 + 2V/3Rs ? (s + 10Rr — 3r?)?2
— =
2Rr - r r2 4R2r2

(*)
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2s
2 2

Mitrinovic R® +3s” + Zﬁsﬁ
Now,LHS of (x) > =

3R% +13s? 7 (s? + 10Rr — 3r?%)?
= >
3r2 4R2y2 ,
& 12R* — 300R?r2 + 180Rr3 — 27r* + (52R? — 60Rr + 18r2)s? ; 3s?
(+)

& 4R2(3R? + 13s2) > 3(s2 + 10Rr — 3r2)?2

Gerretsen

Now,3s* <  (12R? + 12Rr + 9r?)s?
?
< 12R* — 300R?r? + 180Rr3 — 27r* + (52R? — 60Rr + 18r?)s?

< (40R? — 72Rr + 9r?)s? + 12R* — 300R?r? + 180Rr3 — 27r* 5 0
(***)
Gerretsen
Again, LHS of (xxx) >
(40R% — 72Rr + 9r2)(16Rr — 5r2) + 12R* — 300R?r? + 180Rr3 — 27r* > 0

? R
o 3t* +160t3 —413t2 + 171t - 18>0 (t = ;)

Euler

<:>(t—2)(3t3+125t2+41t(t—2)+t+9)>0—>true t > 2

( )
= (*¥*x) = (¥x) = (%) is true . R+\/_S > Zb2+c2

cyc

R + /3 Mitrinovic R ?
Also, . = —+ 9>8+2

b+c

R ? 1
@F+122 Za -6

cyc cyc

Ri72 1s Z 2+zz b +Z b
o — :
r — 2s(s2 + 2Rr +r?) @ a a

cyc cyc cyc

R+ 7r ? 5s? + 4Rr + r? 5 5 o 2
& > < (R—3r)s“+r(2R“+7Rr+5r%) > 0
r s2 + 2Rr + r? ()
R — 3r > 0 and then : LHS of (x***) > r(2R? + 7Rr + 5r2) > 0
= (x*x*x) is true (strict inequality)
[Case 2]R — 3r < 0 and then : LHS of (+#x)
= —(3r — R)s? + r(2R? + 7Rr + 5r?)
Gerretsen

> —(3r- R)(4R2 + 4Rr + 3r?%) + r(ZR2 + 7Rr + 5r?%) > 0
Euler

®2t3—3t2—t—220®(t—2)(2t2+t+1)20—>true t > 2
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= (**xx) is true -

R+\/_s(“)
> Zz
b+c

cyc

(l),(ll)=>R+\/— > 8 + 2. max{2b2+c2’2b+ }:)()mtrue

cyc cyc

W, R + \/_s a? a
. min =11+ 2. max z Z
Wy b2 + c? b+c
cyc CYC cyc cyc

=""iff A ABC is equilateral (QED)

Solution 2 by Tapas Das-India
We show that:

z:b2+c2 Zb+c

__ab(a-b)+ac(a-c)

We have, 7 b2+ 2 E T (B2+c2)(b+o)
b? b bc(b—c)+abb-a)
c2+a? c+a  (c2+a*)(b+0)
c? ¢ _ac(c—a)+bc(c—b)
a?+b? a+b  (b2+a?)(b+a)
Now we obtain,
a? N b? N c? (a N b N c )_Zab(a—b)+ac(b—c)
b2+c%2 c2+a? a? +b? \b+c c+a a+bl (b2 + c2)(b + ¢)
ab(a — b)?
S R B
(a*+b*+c +ab+bc+ca)2(b+c)(c+a)(b2+c2)(c2+a2) 0

Z a? >Z a
TLib?4+ 2T Luib+c

a? a a?
'.'max{sz+02;Zb+c}£zb2+c2

T 223 (AM-GM), ¥ [7£>3 (AM-GM)

r w
mm{z 3 —“}2 ;
Tp Wh
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We need to show

3+ R+“>11+22 r’”“>8+22
now R++3s > RV33V3r _ R +9 (1)
T T Tr
(- s?2>27r%)
Z a? _Z a? 1 +3_ Zaz—bz—cz+3
b +¢c2 bz +c¢2 2 2 2(b% + ¢?) 2

cyc

Z — a’ — c? +3
2(b% + cZ) Z(b2 c?) 2

cyc
- Z(az - b (2(b21+ c2) 2(a21+ cz)) + ;
(a—b)%?(a + b)? 3
2(a? + c?)(b? + c?)
According Cauchy — Schwarz,
(a®? + c?)(c? + b?) = c*(a + b)?
By AM-GM

(cta—b+c+b-—a)
4
~(@+c®)(c+b*)=(c+a—-b)(c+b—a)(a+ b)?

2

ct = >(c+a—-b)(c+b—a)

a? (a— b)?(a + b)? 3 (a — b)?
'.'Zb2+02: 2(az+c2)(b2+c2)+zS 2(c+a—b)(c+a—b)+§
Y(a+b—c)(a—b)? 3 abc
:2(a+b—c)(b+c—a)(c+a—b)+E: (a+b—c)(b+c—a)(c+a—b)+§
R 1
“2r 2

-zz @ R
" b2+c2 " r

R R R++/3s
8+Zz ;SB+_+1=9+-<
b? + r r

(usmg (1))
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1320. In AABC the following relationship holds:

c 4r<az+b2 c> 2R
R bc ca ab r
Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India
a’> b> & a*+b>+c® 2(s’—3r’S—6Rrs) s?—3r*—6Rr

bc Tca T ab abc 4Rrs 2Rr
Gerrétsen 4R? + 4Rr + 31* — 3r%2 — 6Rr _ 4R? + 4Rr — 6RT _ 4R? — 2Rr
- 2Rr 2Rr 2Rr
2R
=—-
Again,
a’? b? N ¢ s?—3r2—6Rr Gerretsen 16Rr — 51 — 3r? — 6RT
bc ca ab 2Rr - 2Rr
10Rr — 812 4r
=" 2rr ° R

1321. In any A ABC,and V n > 2, the following relationship holds :
zzf a +<R>n>1+23, a
2b + 3¢ 2r) 2c+ 3b
cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—c=z-.s=x+y+z=>a=y+z
b=z+xandc=x+y

3
sz st st @ (Zeyex) 4R
Now’r_2 T A2 s(s—a)is —b)(s —¢)  xyz and 1 T
4sab +z
1+ sanc =1+Hcyc(y )
4s(s — a)(s — b)(s —¢) XyZ
4R (2) XyZ + +z
o4 (=) y Hcyc(y )
r xXyz
b Z+x b 3 Yeye(x + ¥)2(y + 2) s?
NOW'ZE_ZY‘FZ:)ZE B [eye(y +2) ’ (1)'(2)'(3)=>l‘_2
cyc cyc
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3 (14 48) o (B 0)° _ (172 + Tegey + 2\ (Zeyelx + 920 +2)
@ r xyz. Xyz [eye(y +2)

cyc

=

3

n(y+z) Zx > xyz+n(y+z) Z(x+y)2(y+z)

cyc cyc cyc cyc
4,2 3 3(i) 2 22,2
@ny +ny > XyZ ny + 3x°y“°z
cyc cyc cyc
3 3 A6, 2 3 3 3AZ6,
NowVuv,w>0,u’>+u’+v> = 3u‘v,v°+v>+w’ > 3v:wand

A-G
w3 +w3+u® > 3w?u .. summingup : z ud > z u?vand choosing u = xy,

cyc cyc

v=yzandw=zx,2x3y32xyz ny andz 2 > 3x%y?%z?

cyc cyc cyc
z xty? + z x3y3 > xyz z xy? |+ 3x%y?z? = (i) is true
cyc cyc cyc
:sz> zb (1+4R)=>zb(:) s?
rz - a r a r(4R+r)
cyc cyc

a y+z (4) chc(x + Y)(y + )2 s?

Al ’Z— = z 1 B 2 B 4 -

s0, ) + o b Moy +2) ()()():rz

cyc cyc
= (Y E)(1+5) o (Zeye o N (xyz + Teyey + z)) <zcyc(x YO+ z)2>
- b r xyz xXyz [eye(y +2)

cyc
3

n(y+z) Zx > xyz+1_[(y+z) Z:(x+y)(y+z)2

cyc cyc cyc cyc
(i)
o Z x’y* + Z x3y? > xyz szy + 3x%y?z?
cyc cyc cyc

A-G A-G
NowVuv,w>0,vi+v:i+u > 3viuwd +w3+v: > 3w?vand

A-G
u? +ud+w? > 3u’w . summingup : Z ud > Z uv? and choosing u = xy,
cyc cyc
v=yzandw=zx,2x3y3 > xyz ny andz y* > 3x2y?z?
cyc cyc cyc
Z x2y* + Z x3y3 > xyz Z x%y | + 3x%y?z? = (ii) is true
cyc cyc cyc
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2

s al( (") s?
> i —_ -
rz - Z ( + ) z b = r(4R+r)

cyc cyc
15a

z 1 SF 1 Z 2b + 3c
5 2b+3c = 35 Sa S5a

cye 2b+3c+2b+3c+1

Bergstrom 1 15 (Z cyc a) :

> .
£ 10a? + Zab +3ca ~ ¥5°10 Yeyc @2 + 5y ca

b

ca) 1 4s? z 01
=—. =—. = / —
V5 10X yca? +5)yca? Y5 Yeyca? 2b+3c  3/5's

R? —4r? 7 1 (s?2 — 4Rr — r?)(s? + 24Rr + 6r%) — 6r(4R + r)s?
< 4r? (f)% 3r(4R +r)(sZ — 4Rr — r2)
Now, (s? — 4Rr — r?)(s? + 24Rr + 6r%) — 6r(4R + r)s?
=s*— (4Rr +r?)s? — 6(4Rr + rz)z permetsg v hdler 3(4Rr + r?)s? — (4Rr + r?)s?
_6(4Rr + 12)” = 2(4Rr +12)(s2 — 12Rr — 3r2) o2
-1 (s?—4Rr —r?)(s? + 24Rr + 6r%) — 6r(4R + r)s”
T 3r(4R + r)(s?2 — 4Rr — r?)

cyc

1 5 a Weighted A-H 1
L[Sy e | L
35\ 34L3b+ 2¢ 5

cyc \

G 1 Sa
. b+ 2c
\}2c+3b i/_z 3b+2c \/_zy: 3

SZ

sZ — 4Rr — r?

I/\I

N
DRSS

+

c“lw
nIN

\.
5) )

1 ({1 ~x"3ca+2ab via (#),(0#)
= —Z—cabc Z+2 =\/_( Zb+1szc+2> =

~3 5\ 15
cyc

cyc cyc

1 s? o z <--) 1 sZ + 24Rr + 6r
_— — ﬁ <
35 \3r(4R +r) 2c+ 3b 3r(4R +r)

\/7 41- \/—vm()(--)
Z 2b+ 3c Z 2c+3b

)

il

RZ

S ——2==.
4r2 35

2+24Rr+6r > R? — 4r2;0
—4Rr—r2  3r(4R+r) 4rz
—4r? 2 1 (s?+ 24Rr + 6r? 2s2

( 3r@AR+r)  s2—4Rr— r2>

34
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3
W>33 (s? — 4Rr —r2)(s? + 24Rr + 6r2) — 6r(4R + 1)s” ? R? — 4r”

= 5 3r(4R +71)(s2 — 4Rr — rz) ~  4r2
& —4rs* + (20R3 + 5R?r — 64Rr? — 16r3)s?

?
—r(80R* + 40R®r — 699R*r2 — 352Rr’ — 44r*) > 0
&
Gerretsen [ _ 2 2 3
Now, LHS of (++) > < 4r(4R? + 4Rr + 3r2) + 20R >s2
+5R%r — 64Rr? — 1613

?
—r(80R* + 40R®r — 699R?*r? — 352Rr> — 44r*) > 0
& (20R3 — 11R?r — 80Rr? — 28r3)s?

?
—r(80R* + 40Rr — 699R*r? — 352Rr? — 44r*) > 0
(%)
[Case 1]20R® — 11R?r — 80Rr? — 2813 > 0 and then, LHS of (x+x)

Gerretsen

(20R3 — 11R?*r — 80Rr? — 28r%)(16Rr — 5r?)
—r(80R4 + 40R%r — 699R?r? — 352Rr? — 44r*) >0
& 120t* — 158¢% — 2632 + 152t 4+ 92 > 0 (t = g)

& (t—2) ((t—2)(120t? + 322t + 545) + 1044)

Euler .
> true vt > 2= (xxx)istrue

20R? — 11R?r — 80Rr? — 28r® < 0 and then, LHS of (+xx)
= — (~(20R? — 11R?r — 80Rr? — 28r3) ) s
—r(80R* + 40R3r — 699R?*r? — 352Rr? — 44r*)

Gerretsen

> - (—(20R3 — 11R?r — 80Rr? — 28r3)) (4R? + 4Rr + 3r2)

?
—r(80R* + 40R®r — 699R?*r? — 352Rr® — 44r*) > 0
?
& 40t° — 22t* — 17263 + 117¢% — 20=0
Euler

& (t—2)(40t* + 30t% + 28t (t—2) + 5t + 10) S0otruest > 2
= (***) is true .- combining cases 1 and 2, (xxx) = (x%) = (*) is true V A ABC

4-1‘2(') d 21 Eulero
>
Zx]Zc+3b ZJ2b+3 and (n —2). "( ) =

cyc cyc

I > R R R2 41?2 via (m)
>
= n ( ) n <2r) ( ) = 4r2

Z\]2c+3b Z\]2b+3c \]2b+3c 2r

cyc

=1+ Z 3/20 T3b inany AABCand vV n > 2, =" iff A ABC is equilateral (QED)
cyc
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1322. In AABC the following relationship holds:

R\" /w,woaw\"
(—) +(“—”C) >2neN
2r TaTpT ¢

Proposed by Marin Chirciu — Romania
Solution 1 by Adrian Popa — Romania

25 25 2s
WWpW, hahb hc a b c
> = =
LA rqTpTe S S S

p—-ap-bp-c
_8(s—a)(s—b)(s—c) _Bp(s—a)(s—b)(s—c) B
B abc B p - abc B

8s? 8- r-p 2r
= = = —=
p-4Rs ©p-4R R

R\" /wowyw\" R\" /2r\" mazmc R\" /2r
= () *Gimr) 2@ + (%) 7= 2 @) (7)
2r TaTpTc 2r R 2r R

Solution 2 by Tapas Das — India

n

=2

R _ abc _ abc
2r (@a+b-c)(b+c—a)ic+a—-b) 8(s—a)(s—b)(s—c)

WaWpWe _ hohyh,  8F*  8F-s(s—a)(s—b)(s—c)

T rpre  Tal'pTe. abcs?ir abc - s? - r
_8F(s— a)(s—b)(s—rc) _ 8(s— a)(s—b)(s—rc)
B abc - F - abc

(i)" + (Heere)”
2r T TpTc

abc 2 8(s—a)s=b)(s—0"
= [8(3—(1)(S—b)(S—C)] + I abc
AM-GM abc 8(s—a)(s—b)(s— c)'“ B
= 2 I8(s—a)(s—b)(s—c)' abc =2
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1323. In any A ABC, the following relationships holds :

Z @ R* ga
2r n, q 4r? Ib
cyc cyc cyc

and in acute A ABC with a = min{a, b, c},holds : g, + h, > n,

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

mymytg [Eap)(2h) @

Since n, > h, (analog)

1 1 1 1 1 1 Ya? Leibnitz's (3R\?
Pt < ( )

=2 27
R R VAN Al VAN CTOE 2F
s(b — ¢)? a? — (b —c)?
n§=s(s—a)+¥=sz_s.#
a a
, 4s(s—b)(s—c) 4522
= §“ — — -
a a(s—a)

1,1
= 52 — 4s1? (; + ;) = s? — 4rr, — 2rh, (analog)

z n2 = 3s% — 4r (Z re)—2r (z hy)

s?+r(4R+71) (BR-1)s* —r(4R +1)?
2R B R
By Doucets, (4R + 1)? > 3s% we get

=3s2—4r(4R+71) - 2r

2

Z (3R — r)s? — 3rs? (3 4r> ZAM;GM (R) 2_<RS>2
na— R R s < o §2 — N
z Rs 3R 3<R)2
n, 21‘ ZF
CBS -
NOW\/7 \/7a< 3.3. 3R
2r
R
" Z(Z \/:b> = _(AM GM) [Since ( > 3]
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H{ER)E
% j(zglz,) E j(Zs@— ?)(27)

aZ Lelbnltz 9RZ2
SZ
4F?2 4-1‘2
Now—<2f> > & . 3 (AM-GM)
9b 4r?

We need to show

2
L r—>1 . R > 2r (Euler)

4z = 2r

(b—c)? (s a)

Note: 9a% = s(s — a) — < s(s — a) (analog)

Ifwetake:a=c=6andb =2

6+6+2

We have s = S, = 7
, b*(s—c)+c*(s—b)—a(s—c)(s—b)
nz =
a
_ AT-0436(T-D6(T-6)(TD) _ 7T \/72 — 5. 06 (APP)

6 3 3
B2 _4F* 4s(s—a)(s—b)(s—c) 4x7x1x1x5 35
¢ az a? B 9 )

" hy = \/%z 1-97 (APP)

(s—a)(b-c)?

2 _ _ _
ga=s(s—a) 2

_,_16_13 13
= 6 3..ga— 3_

“gqa+h,=2.08+1.97=4.05<n,
(~n, =5.06)

= 50 3" problem-Not always true
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Solution 2 by Soumava Chakraborty-Kolkata-India
(m)
Stewart’s theorem = b%(s — ¢) + c2(s — b) 2 an? +a(s—b)(s—c)
(n)
and b?(s —b) + c%(s — ¢) x ag? + a(s—b)(s—c) and (m) + (n) >
(b2 +¢?)(2s —b—c¢) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(m%+ g3 +a(a+b-c)(ct+a—b)
= 2(b%+c?) =2m2+g%)+a%?— (b—c)?=>2(b%+c?) —a’+ (b—c)?
=2(nZ+g%)=>4m2+ (b-c)? =2(n2+g2)=> (b—c)? +4s(s—a) + (b —c)?
2, a2 2, 2 W 2
= 2(na+ga) =>Ng+9gg = (b-0o*+2s(s—a)
ng _ Zna 2n,9, A-6 \ N2 + g2 via(1) (b —c)? + 2s(s — a)
o, 3" _ Y 2 _ 32000 5y v

bc bc B bc

cyc cyc cyc cyc

= 4lirs z (a(b2 +c% - Zbc)) + ZSZ(a(S —a))

cyc cyc

(25(5 + 4Rr + r?) — 36Rrs+2s(Zs —2(s?—4Rr—r )))

s —6Rr+3r )
=>2an < s? — 6Rr + 3r?

cyc

ny CBS chc na
— na —< na <
na h Zr
cyc cyc cyc cyc cyc

— F@Zr naéT and via (%),

? 9R2 ?
ZrZ n, <s?—6Rr+3r?< - 252 < 9R? + 12Rr — 6r? and via Gerretsen,

)
Gerretsen ? ?
2s2 < 8RZ+8Rr+ 6r2 <9R? + 12Rr—-6r>2 © R2 +4Rr—12r>>0
Euler
< (R—2r)(R+ 6r) > 0 - true - > 2r = (e¢) = (o) is true

nb 3RA G R ng Z n, S Z n,
na - n, "|2r n, | n,
cyc cyc cyc cyc
2

r B
Again,AI? = bc — 4Rr © (T)sin—sin—

~ 4Rrs

cyc O

cyc

— 2 2
4R
— 16R2sin Bsin € cos B cosC — 16R%sin sin B sin® o sin® sin©
= Sin—sin 2 Cos 2 Cos 2 sin 2 sin 2 Sln2 sin 2 Sll‘l2
B Cc A B+C_ . A
= by - — & = ol
Ccos 2 COS2 sin 2 Cos sin 2 rue
9o Triangle—inequality Al +r
. AI* = bc — 4Rr and analogs . ) — < .

a
cyc cyc
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aAl+r.acss 1 er Leibnitz 3R
=Z— < Zaz ZAIZ < Zbc—lZRr+1
2rs er er
cyc cyc cyc cyc

3R.\/sZ—8Rr+r2 _ 2 3R? s2(3RZ—4r2)"?
- +t1<-— o
2rs 4r2 4r?
& (9R* — 60R?r? + 161*)s? + r3(288R% — 36R?r) > 0
(CCC)
[Case 1]9R* — 60R?r? + 16r* > 0 and then, LHS of (s¢¢)

Euler
> 270R3 + 18R*(R—2r) > 270R3 > 0 = (ess) is true (strict inequality)

[Case 2] 9R* — 60R?*r? + 161* < 0 and then, LHS of (+*)
Gerretsen
= —s2.(—(9R* — 60R?r? + 161*) ) + r*(288R® — 36R’r)

> 9R? (s2 — 8Rr +r?)

?
—(4R? + 4Rr + 3r?). (—(9R* — 60R?r? + 16r*)) + r?(288R° — 36R2r) >0
? R
& 36t° + 36t5 — 213t* + 48t3 — 152t2 + 64t + 48>0 (t = F)

?
e (t-2) (36t5 + 108t* + 3t3 + 262 + 22t(t—2) + 6(t — 2)(t + 2)) > 0 - true

Euler
:t = 2 = (eee)istrue and combining cases 1 and 2, (e++) is true V triangles
g <= 3R2 A G RZ ga ga
o = ar2 = 4r2 )
cyc Ga 4r 4r cyc 9b 41‘ cyc 9v cyc

We now shall prove : g, + h, > n, in acute A ABC with a = min{a, b, c}
b+c>R_abcs 2abc

a “r 4F2 (b+c—a)c+ta—-b)la+b—-0)
e Mb+c)a+b-0c).(b+c—a)(c+a—-b)>2a’bc
& (ab +b% —bc + ca + bc — ¢2)(bc + ab — b% + ¢% + ca — bc — ca — a? + ab)
> 2a’bc
& 2a’?b? + 2a®be + 2ab(b? — ¢?) — (a® + b? — ¢?)(ab + ac + b? — ¢?) > 2a’bc
& 2a?b? — (a? + b% — c?)(ab + ac) + 2ab(b? — c¢?) — 2ab(b? — c?).cosC > 0
& 2a*b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — ¢?).2 sinzg >0
& a?(2b? — ab — ac) — (b? — c¢?)(ab + ac) + (b?* — c?)(c? — (a—b)?) = 0
& a?(2b? —ab — ac) + (b? — c?)(c* —a* —b% + 2ab—ab —ac) = 0
e ((a2 —b%+c2) + (b% - cz)) (2b? — ab — ac)
+(b%? —c?)(c? —a®* —b*+ab—ac) =0
& (c? + a? — b?)(2b? — ab — ac) + (b? — ¢?)(b? + c? — a? — 2ac) = 0
& (b% - c?)(b? + ¢% — 2ac) — (b* — ¢?)(2b% — ab — ac)
+a?(2b? —ab — ac) — a*(b* - ¢?) > 0
& (b? - c?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
& (c?2 — ca)(b? — ¢ + a?) + (b* —ab)(a? + c* —b%) = 0
s clc—a)(a®+b%—c2)+bdb-a)(c?+a*—-b%) =0
— true ~ A ABC being acute = (a? + b? — ¢2),(c? + a®> —b?) > 0 and
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a = min{a,b,c}= (c—a),(b—a) >0 -

b+c R
> —
r

A
. 4R COS 5 COS—— R

4R cos%sin% a 4R sin%singsing

B-C B-C B-C A (m)
=>2(cos > 1 = 2 cos? — 2 cos s1n——1>0

v1a (*)
We have n, + ra ’Z(na +12) \/Z(S —2rgh, + 1'3) < 2h,

© s? — 2r h, + s? tan? 2<2h2

B-C

A
- sm cos

852.16R25in2%sinzgsin2% 4. 4Rsin%singsin%s.stan% ? A
< A A + A > szseczi
26in2 B cos2 B 28, A
16R%sin 5 C0S* 5 4Rcos > tans
A B C?

B C
—_— —_ —_ —_ >
& 8sin? 2sm 2+4-smzsmzsm2_1

B—C A)Z A( B-C A)?
COS

Canit . A _sin2) <
®2<cos 2 sm2 +Zsm2 2 sm2 >1
<“2 . B C B-C B+C B-C . A)

. smzsmz—cos > cos > = coS > sm2
B-—-C A A B—C) A B-C

2 .2__ - - - -
®2<cos +sm2 Zsmz.cos 2 +Zsm2.cos 2

=2 ? ZB_C B—C . ? .
—2sin 5—120=>2cos —2cos snnE—120—>trueV1a(I)
~ng+r,<2h,<h,+g,2>9g,+h,=2n,+r, >n,

|in acute A ABC with a = min{a,b, c},holds : g, + h, > na| (QED)

1324. In any A ABC and V n € N, the following relationship holds :

Wg(wg + wac) W{:(Wﬁ + cha) wé‘(wcz + wawb) 3n+1. o

(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z N 2

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India

WLOG assuminga > b > ¢ = w; < wj, <wg and
w2 wi w?

< < and
(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z
1

wherex > 0 - (1)

< <
(Wb + wc)z - (Wc + Wa)z - (Wa + Wb)z
2r%s? Gerretsen r?(27Rr + 5r(R — 2r)) Euler r2(27Rr)
R - R - R
S WeWpWe = 2713 - (2)

1 Bergstrom 2yg 9
Zwa_Zh = 2rs > Zwa29r—>(3)

cyc cyc cyc cyc

w,wpwe = hhyh, =
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w{,‘(wﬁ + wbwc) wl‘,‘(wg + wcwa) wé’(wc2 + wawb)

Case 1|n = 1 and then, + +
(wp, + w)? (We + wg)? (Wg + wy)?

2
A%
2 2 (—“ )
_ Z Wa(Wa + Wch) A;G 2wWg. |/ WpW _ 9 z Wy + W, Berg;t“’m

wp + W)z~ (wp + W2 1 >
cyc cyc
+/ WpWe
w 2 Nesbitt 2.9 o
__a d
2 (chc Wp +aWc) l(l:gs =+ W 2hg and analogs > or
1 = — 1= 7
ZCYC (_wac \/chc Wy \/chc chc ha
. W(rl1 (Wg + wac) Wy (Wb + cha) W, (Wg + Wawb) 3n+1 n

wi(wZ +wyw,) wip(wi +wew,) wi(w2 4+ wowy)

Case 2|n = 2 and then, + +
(wp, + we)? (W + w,)? (wy + wp)?

w, \3
B z w2(wZ + wyw,) AG 2w3. [wyw, Gt AWSWLW, 42 (wb T Wc)
(Wb + Wc)z - (Wb + Wc)z - (Wb + Wc)3 1
Ccy! cyc cyc Wch
(Z ) 27 16Rr?s?
Holder ™ \&eye + W,/ Nesbitt —g— - WaWpWe 957 opr i 12 7 2707
- Z L B 3 chc Wq B 2. \/§S 2
cyc wac

Mitrinovic 256.4s%
2 J—

?
& 256R%s? > 27(s% + 2Rr + r2)” and LHS of () —

®
> 27(s? + 2Rr + 12)° & 3252 > 27(s2 + 2Rr +1r?) & 552 > 27(2Rr +r2)

Gerretsen 5 ? ?
and 5s? = (27Rr +5r(R— 2r)) = (27Rr) >27(2Rr+r?) © R>2r
2 2
w5 + Wy w, 27r
— true via Euler .. Z ( 2 bz c) >
(Wb + Wc) 2

) wé‘(wf + Wch) W{,‘(Wg + cha) wé‘(wc2 + Wawb) gn+l pn

(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z - 2
W, (Wa + Wch) Wy (Wb + cha) We (Wc + Wawb)

-Case 3|n = 3 and then, + +
( Wy + Wc)z (Wc + Wa)z (Wa + Wb)z

_ Z w3 (w2 + wyw,) A6 2wy [wpw, 6H Awiwyw,

(Wb + wc)z - (Wb + wc)z - (wb + wc)3
cyc
Nesbitt
and
4 Z w, 3 Holder 4 W, 2 4 27p3 27
= 4w, W, W, S = —.W,WpW,. S > =.27r°.—/—
@b e (wb+wc) g TamhTe 2 Wi, + W 9 8
cyc C

81r® wi(wZ+w,w.) wih(wZ+ww,) wh(w?+wewy) 3™t

- 2 h (Wb + wc)z (wc + wa)z (Wa + wb)z - 2
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wi(wZ + wpw,)  wi(wE + wew,)
-Case 4In € N—{1,2,3} and then,
{ } ( Wp + wc)z (Wc + Wa)z

wl(w? + w,w 2 wh-1
§HEwe o) z( (2 Y s e Y
(Wg + Wp) W + We T (wp + w,)

Chebyshev, v1a (1)

and
) 1 ! 2
> —
- 3 z“’“ Z(Wb+wc)
cyc cyc
Repeated Chebyshev
and 2
1 13 Radon W,
e (Swr (Y2 ) e L e _
(wp + W) 3.3.3"~ wb + w,
cyc cyc cyc
n-1
9r3 27 Nesbltt
20 (S ) 2
n-2 a n+1°
3 cyc 4 (2 cyc Wa) 3 4 cyc
n-3
35r3 vie® 1 9 35r3
2 2n-6 .n-3
+m. ZWa = 3n+1.13n.l‘ +—— 4302 3o "
' cyc
3t pn 3‘“r1 zw}}(wﬁ + wpw,) - 3n+l pn
4 (wp +wW )2 — 2
~ combining all cases inany AABCand vV n € N,
wi(wZ +wyw,) Wi (wg +wew,) wa(w? +wgwg) 301 pn
(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z N 2 '
" =""iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:
w, (W2 +wyw,) w," w,"1
i I; = - s(We —wp)(Wg —we) + ——— (and analogs)
(wb + wc) (wb + Wc) Wp t+w
WLOG, we may assume thatw, > w;, > w,.
w," wp" w,"
We have 7 2 5 = 2
(Wb + wc) (Wc + wa) (Wa + Wb)
then by the Generalized Schur inequality, we have
wa
—w,—wy)w, —w,) = 0.
z (Wb +Wc)2( a b)( a C)
cyc
Therefore
Z Wan(waz + wac) z n+1 Holder (Wa + Wy + wc)n+1 > (ha + hb + hc)z
(wy, + w,)? wp + w, = 31 2(w, +wy +w,) 6
cyc
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2

AMZAM 4 9 (9r)2  27r2
> —_ — = = :
= 6|1 1T 1 6 2

ha hb hc

as desired. Equality holds if and only if AABC is equilateral.

1325. In any AABCand Vm,n € Nsuchthat: n>m — 2,
the following relationship holds :

r*(r? + ryr) r{,‘(rg + rcra) r’(r? +r,r,) - 3n-—m+3 pn-m+2
(rp + ro)™m (re+ry)™ (rg +rp)™ — 2m-1

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
x3 + xyz (#) 3

We shall first prove that Vv x,y,z > 0, z —_— 2
P y (y+2z)3 4
cyc
Chebyshev
and

x% +xyz z x3 N Z 14 Radon
G+23 L+z3 TV Ly+3 ©
cyc cyc cyc
4

1 Z x z x? . 81xyz Nesbitt1 3 x
2 2 3 = g3°'9° 24,2 2,2 2
3 y+z cyc(y+z) B(chcx) 32 cycxy + x%z2?% + 2x%yz

cyc

81xyz Bergstrom (Zeye x2)* 8lxyz 3
8(chcx)3 4(Zeye x2y? + xyZ Leye X) B(chcx)s 4
2
o (chcxz) 81xyz ; 3

ZCyC x2y2 + xyz chcx Z(chc x)3 (E)

Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+7Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+ZI>XZ+X>Y=>X Y, Z
form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx=ZX=25:2x=s—> (1)

cyc cyc cyc
>x=s-X,y=s-Y,z=s—Z= xyz=r?s - (2) and also, such

substitutions = Z xy = Z(s -X)(s—-Y)=> Z xy = 4Rr + r? - (3) and

cyc cyc cyc
2
ia (1) and (3)
Zx2= Zx —Znyvm =" s2 — 2(4Rr +r?2)
cyc cyc cyc
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2

= Z x* =s? —8Rr —2r? -» (4) and alSO,Z xty? = ny - nysz

cyc e e o
ia (1),(2) and (3)
viatlaiz an (4Rr + rz)2 —2r%s.s - Z x%*y? =r?((4R+1)* — 25%) > (5)
cyc
2 2)? 2
(s> — 8Rr — 2r?) 81r“s
oo i 1 ) 2 ) 4' ) 5 ’ Aad 2
via (1), (2), (4),(5), (m) r2((4R + r)?2 — 2s2) + r2s.s * 2s3

& 2s® — (32Rr + 2r?)s* + r?s?(32R? + 16Rr — 79r?)

) 3 Gerretsen

(mm
+r*(1296R* + 648Rr + 81r?) > Oand - 2(s’ —16Rr+5r?)" > 0
. in order to prove (mm), it suffices to prove : LHS of (mm)
> 2(s? — 16Rr + 5r2)° & (64Rr — 32r2)s* — r2s2(1504R? — 976Rr + 229r2)
(mmm)
+r3(8192R3% — 6384R’r + 3048Rr?> — 169r®) > 0and

Gerretsen

+ (64Rr — 32r?)(s? — 16Rr + 5r2)2 > 0, inorder to prove (mmm),
it suffices to prove : LHS of (mmm) > (64Rr — 32r?)(s? — 16Rr + 5r2)2
& (544R? — 688Rr + 91r?)s? > r(8192R3® — 12048R?r + 3672Rr? — 631r?)

R
& 6413 — 210t2 + 153t +22 > 0 (t = F) e (t—2)((t—2)(64t+ 46) + 81)

Euler
>0->true~t = 2= (mmum) = (mm) = (m)is true

x3+xyz>3v >0

L) ————>-Vuxy,z

(y+2z)?3 4 y
cyc

[Case 1]n — m = —2 and then : ra(rd +tore)  m(r +rera) | r8( + ran)

(rb + rc)m (rc + ra)m (ra + rb)m
- 3n—m+3.rn—m+2 z r&n—z(r‘% + rbrc) (;) 3
(—4
- 2m-1 (rp +r)m = 2m-1

r?2(r2 + npr,
Now,n—m=—2:>m—2:n21:>m—320:.E & (rd + ore)
cve (rb+rc)m

y

Z ( I, )m‘3 13 + rgryre Chebfhe" Z ( I, )m‘3 3 + rarpre
B I, + Ie "\ (rp +1)3 - I, + I (rp + )3
cyc cyc

cyc

I, m-3 Iy m-3 I, m-3
~ WLOG assuminga >b>c=> ( ) > ( ) ( ) and \
I, + I Ie + I, I, + 1
1 1 1 I
32 32 3 !
(rb + rc) (rc + ra) (ra + rb) |

Iz

+ rarpre = rs + Iyt = 18 + rprpre alongwith

I3+ Iglple TP + TIple | I3 + Iprpre
= = =
(rb + rc)s (rc + ra)3 (ra + rb)3

(
'\
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Repeated Chebyshev
and m-3
via (#) 1 1 I, 3 Nesbitt 1  3m-3 3
3 3m-4 I + I 4 4.3m-4'2m-3 ~ pm-1
cyc

r*(r2 + nyr, r?(r? + r.r r*(r2 + r,mn 3gn-m+3 pn-m+2
=>(*)istrue.'. a(u bc) b(b ca) c(c ab)>

(rp + re)™ (re + rp)m (rg +rp)™ — 2m-1
rllll(rl% + rbrc) rll:(rl? + rcra) l'cn(rcz + l'arb)
Case2|n —m = —1 and then: + +
(rb + rc)m (rc + ra)m (ra + rb)m
- gn-m+3 pn-m+2 z P 1(r2 + rpre) (:) 9r
=3
=7 2m1 (rp +rom = 2m-1

(1 + ) v &)
g (rg + npre) A-G . /Tl I +T Holder
Now,z > 2 =2 ) —b ¢

(rp + ro)m - (rp + )™ 1
cyc

Nesbitt

(Z )m and
v, + I, cBs 2 3m 1 9r .
= 7 = (x+) is true

' > 3 _2 ' 2 ) I 2 -
m-2 E: _1 Z 1 Z
3 e I \/ cyca' \/ e E

bTc
r(E ) (g +rerg)  rP(rZ +rgr,) | 303 poomi
(rb + rc)m (rc + ra)m 5 (ra + rb)m ) - 2m—1 )
rMri + nyr, i (rs + r.r, r®(rs + r,r
n—m=0andthen:a(a bc)+b(b ca)+c(c ab)
(rp + ro)m (re +ry)m (rg + )™
3n-m+3 pn-m+2 r2(rZ + nyre) (g) 2712

> =3 =
2m-1 (rp + )" 2n-1
cyc

+1 n Chebyshev
rg(rg + rpre) A-G ry Iy G-H Iy 1 y
Nm~§;< )7 i Y () ) %
cyc

(rp, + )" - (rb + )" n,+r./ n+r

Repeated Chebyshev

and n
2

4rs? Z ( I, )“ Z 1 Berg;tmm 4rs z I, 9
3 n, + Ie N, + I, . 3.3n-1° n+r./ 2(4R+r)
cyc cyc

cyc

Nesbitt 2rsZ2 3" 9 2 27r2
> — >
3n ‘2n°4R+r 201
Gerretsen

Euler
'S > 3r(4R+r)+4r(R—2r) > 3r(4R+r)
(2 +rpr.) (g +rerg) rd(rZ +ren) - 3n-m+3 pn-m+2

?
& s?2 > 3r(4R+r) - true

= (*x) is true -

M +1™  (etr)™ ()™ © 2wl
[Case4]n— m > 1 and then : r2(r2 + rpr.) N (rf + rery) N r?(r¢ + rorp)
) N R TR

AG ot /nr. G- H4
> ———— = A nr. z
o (rp + )™ (rp +r, )m+1
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1 Chebysh 2 1
= 4rs?, E ( fa >m+ rp-m-1 eés « s E ( Ta )m+ E g™t
e Iy + Ic 3 Iy + I'c

cyc cyc

Nesbitt

m+1 n-m-1 " 4
Repeated Chebyshev 4pg2 I, 1 Euler
: (3 )
3.3m I, + I 3n-m-2
cyc

cyc
4rs? 3m+1 1

neme1 Mitrinovic 33, 3, pn—m-1 1 rne2m2
3m+1 ' 2m+1 ' 3n—m—2 ' (91‘) - Zm—l ) 3n—m—2 -3
3 m+3 pn-m+2 . r},‘(rg +rpr) (i +rr,) rd(rd +r.r)
2m-1 (rp + ro)m (re+ry)m (rg+ )™
3n—m+3. rn—m+2
= om-1 ~ combining all cases,in any AABCand V m,n € N
r,;‘(r,f + rbrc) rl;‘(rlf + rcra) rg‘(rc2 + rarb)
suchthat : n>m— 2,
(rp + ro)™ (re + rp)m (rg + )™
3n—m+3. rn—m+2
= om—1 ;' =""iff A ABCis equilateral (QED)
1326.

In any A ABC, the following relationships hold :

2r a b’ 4r2 m, wb Ja T la
cyc

cyc cyc cyc CYC cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

nf,:s(s—a)+s(b_c)2:sz—s[az_(b_c)z]
a a

_ SZ _ 4s(s=b)(s—c) _ o _ 4s-s12%

— <2 _
prompal 2r,h, (1)

also 2r,(n, + hy) < 1%+ n2 + 2r h, = r% + s?

a

(using (1))
(AM-GM)

2
=sz(tan2é+1>= S’ _sibe_Ta
2 coszé s—a r

a T

na+haSR-%orﬂ<5—1
an, < (g— 1) h, (analog)

.-.Znas (2—1)(ha+hb+hc)
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R R R
— Z(9a +h) > EZ(ha +hy) (vry=hy) = 72 h,

We need to show
Byhez (2-1)(hg +hy +h) or2(The) — (2-1)Ehe 2 0
or) h, = 0 (True)

a CBS 1 9R _ ’9R2 Euler /9R2 3R
1)\/; S \[(Za)(Z;)S\[ZsE—\[ 4-rs f 2r-R 9r2
R Z\/Z 3R
- - >
2r a 2r

(AM-GM)

Note \/é > 3 (AM-GM)

F

ab+bctca _ s +r2+4Rr Gerre‘se" 4R2+8Rr+4r (R+r)2 Euler 9R2 __9R

Note: - + + - = =F
Z a 3 wa 3R R2 Euler 9R? _3R
wp wb 2r 2r 47

Note:

v (2 (Do) = [Tt Y= o 2

Leibnitz S2 . 9R2 3R
< —_—— S =
9ris2 2r

We need to show
R? mg 3R R? 3R
—ZZ — )= —or—X3=—
4r my 2r 4r 2r

[Note:\/7>3](AM GM)or > R

4r2 — 2r
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R > 27 (True) Euler

(2 )= e

Solution 2 by Soumava Chakraborty-Kolkata-India

a
ZJEA;GZB+1_Za+b+c 1 cA<GZS s2+4Rr+r2 3
b ~ 2 2b 2/.b = 27 4Rrs 2
cyc cyc cyc cyc

? 3R 3R+3r;sz+4Rr+r

,
VN o s? +4R 2 < 6R? + 6R
_Zr ot > ARE s + r+r< < 6R“+ 6Rr

?
& (s? — 4R? — 4Rr — 3r2) — 2(R+ r)(R — 2r) < 0 - true via Gerretsen and

e Y (BB (S B) R[S B
uler- _Zr_ Zr
cyc cyc

cyc cyc

wll
Wa A~ G + Wo+Wp +We 157 We AZG Yicyc Wa 1 3
2wy, 24wy, 2 Lw, 2
cyc cyc cyc cyc cyc
chcma 3Bager 4R+r 3 ? 3R? 3R%?+6r%? 4R+r
< ——= < -=< S =
2 ha 2 2r 27 4r? 4r2 2r

cyc

? ?
< 3R?—-8Rr+4r2>0< (3R-2r)(R— Zr) > 0 - true via Euler

wa RZ A G RZ ma ma Z wa
W 4r2 - 4r2 m, 4r2 my, Wi,
cyc cyc cyc

Now, Stewart's theorem = b? (s —c) +c%(s— b) ana +a(s—b)(s—c¢)

and b%(s — b) + c%(s —c) w ag?+ a(s—b)(s—c)and (m) + (n) =
(b%2 +c?)(2s—b—c¢) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(m%+ g% +a(a+b-c)(c+a—b)=2(0b?+c?
=22+ g% +a?—(b—c)?=>2(b?*+c?) —a’+(b-c)?
=2(n% + g2) = 4mZ + (b — ¢)? :2(n¢2,+g‘2,):>(b—c)2+4$(s—a)+(b—c)2

1)
=2(n2+g2)>n%+g%=(b-0?+2s(s—a)

n, Zna 2n,g, A-6 X N2 + g2 via(1) (b —c)? + 2s(s — a)
Now, Z < < —a dJa
bc bc bc
cyc cyc cyc cyc
1
= TRes Z (a(b2 +c? - 2bc)) + ZSZ(a(s - a))
cyc cyc
1
= IRrs (25(5 + 4Rr + r?) — 36Rrs + 2s (Zs —2(s? — 4Rr - rz)»
s? — 6Rr + 3r? .
= SRE =:»21'Z:nuSsZ—6Rr+3r2<2R.Z:ha=sz+4-Rr+r2

cyc cyc
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?
©9Rr+r(R—2r) >0 - ZrZ n, < ZR'Zh“ < RZ(ga + h,)

cyc cyc cyc

+|5e Y (8a+ha) > Y g (QED)

cyc cyc

1327. Let AA’'B'C’ be the circumcevian triangle of incenter in acute AABC

with 7’ - inradii. Prove that:

E

1
r > [A'B'C) = [Halpl]

&

3

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Tapas Das-India

A

AN

)

E

B

Al = rcsc g. From AANI: IN = perpendicular from I on AB = r (in-radius)
Again £BIE = £BAI + £ABI = £CAE + £IBC = £CBE + £IBC = £EBI

~ IE=EB=2R sing, ~ IE = 2R sing (analog)
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From AIA'B’
B A A+ B
¢tAA'B' = 4/ABB' = 2 2.BB'A' = £1BAA' = 2 2A'IB' =1 — (T)
From AA'IB’
. A
A'B Al A'B’ 2R siny
sinZA'IB . A A+ B\ A %R
smi sin (Tl’ - T) smi
A+ C
A'B' = 2R sin = 2R cosi
A A+C

1 1 C
[A'B'C'] = EB,C, -A'B’ -sin£A'B'C’' = EZR cos 2R cos - sin >
[A'B'C'] = 2R? cosg : cosg . cosg (1)
Now [A'B'C'] = r's’ (s’ = semi—- perimeter of AA'B'C’)

2 a_r ( A B E)
or 2R l—[c:os2 22R cosz+cosz+cos2

ZRHcos%4 2R 35 s
r=—4 B c Tz =
cos5 + cos 5 + cos > 3V3 3v3
2 2 2 5
Note:
A B C
A+ B+ C<3 7"‘7"‘7 ]erEen (1‘[)_3\/§
coS 7 + €05 + cos - < 3 cos 3 = cos()=—
f(x) =cosx - f'(x) = —sinx, f"(x) = —cosx <0, fis concave

2" part:
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Since AABC is orthic triangle of Al 1,1 then

A A A
BC=a=1,,-cos (90° - E) =1I,l, sinE, a=2RsinA =1, sini

2R2- singcosg =11, sing, I,I. = 4R cosg (analog)

1 B (o , 4 ) A B Cc

U 1) = E-4R cosE4-R cos - sin (90 _E) =8R €OS - COS - COS
[A'B'C'] = 2R? cosécosgcosE
2 2 2

(From (1)) = [A'B'C'] = [ I, 1]
1328. In AABC the following relationship holds:

w, R3 w
z—“+—328+ -
w, T w,

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India

W _ Z,/s(s— b) - Zw/s(s— b)
- Wa - ha

Wa
CBS 1 Y a? Leibnitz’s |9R? 3R
— V= [s2. =2
= j(z s(s b)) (Z hﬁ) B JS sz S 1/ 4r2  2r

. 8 Z—s— 8
+ 21'+

Note: Zw—” > 3 (AM-GM)

We need to show

R3
SZ+5

R® _ 3R
> > —
3+5=, +t8or 5=

orx32;x+5 (§:x22)0r2x3—3x—1020
2x3 —4x?2 +4x* - 8x+5x—10>0

or2x?(x —2)+4x(x—2)+5(x—-2)=>0
(x—2)2x2+4x+5) >0 (True)

asx = 2.
RMM-GEOMETRY MARATHON 1301-1400
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1329. Prove that:

_4FJR(R + 2r)
~ (a+o)(b+0)
A

LaLb

Ly

L,

Proposed by Aissa Hiyab-Morocco
Solution by Tapas Das-India

5 C
La
BL, ¢
CL, b
ab
Lo = b+c
ab
¢l =1y
a’b? a’b?
w L LE = CEPL + Cra? 2cosC CL, - CL,
a’b? a’b? a’b? a? + b? — ¢?

:(b+c)2+(c+a)2_z(b+c)(c+a)' 2ab
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3 a’b?(c + a)? + a’?b*(b + ¢)?> — ab(b + ¢)(c + a)(a? + b? — ¢?)
B (b + ¢)2(c + a)?

3 a’b?*(c? + a® + 2ca + b? + c¢? + 2bc) — ab(bc + ab + ¢ + ac)(a? + b? — ¢?)
a (b + ¢)%(c + a)?

__ a?b?(c?+a’+2ca+b*+c?+2bc)—a’b?(a?+b*—c?)—ab(c?+ac+bc)(a?+b%-c?) (1)

(b+¢)2(c+a)?

Now, a’b?(c? + a? + b? + ¢? + 2ca + 2bc) — a’b?(a? + b? — ¢?) —

—ab(c? + ac + bc)(a? + b? — ¢?)
= a’b?[c? + 2(bc + ca + ¢?)] — (bc + ca + c?)(a? + b%> — c¢?)ab
= a’b?*c? + (bc + ca + c¢?)(2a?b? — (a? + b? — c¢?)ab)
= a’b?*c? + 2sc - ab [2ab — (a? + b? — ¢?)]
= a?b?*c? + 2sc - ab[c? — (a — b)?]
= a’b?*c? + 2sc-ab(c+a—b)(c—a+Db)
= 16F?R? + 2s(4RF)(2s — 2b)(2s — 2a) = 16F?R? + 32sRF(s — b)(s — a)
= 16F%R? + —3§:2_£R = 16F?*R? + 32r. - F?R
= 16F?R? + 32r.F*R = 16F*R(R + 2r,)
~ From (1) we get,
, 16F?R(R+2r) 4F\/R(R + 2r,)

a¥b = (b + 0)%(c + a)?’ T b+olcta)
1330. In AABC the following relationship holds:

LaLb

Z m, - 1613
mym.(m, + m.) ~ 3R>
Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India
2

D, D
mym.(m, + m;) momym Lam,+m,

- 1 (mg +my, + m)?*
“mymym.2(m, + my + m,) 2m,mym,

(ma + my + mc)

Note:
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R°h,h,h, R’ 8F°  R?F°  R°F?
8r3  8r3abc 13 -4RF A4Rr3

Note: m, + my, + m, = 9r

momym, <

Z m, - (m 4 m, +m) > 14Rr3 9
> m,+my+m,) > -—=- 9r
mym.(m, + m,) ~ 2m,ymym, b ¢ = 2R3F?
Euler 142r)r3-9r 1 4Q2r)r3-9r
= 3,22 2 2’ 27
2 R°res R37r2 . TRZ

27
2 <_RZ)
(s =72

L 1613
= —. . X =
2 T T X g Rs2 T 3RS

Note:

mg,+m, +m,>/s(s—a)++s(s—b)+s(s —c)
1 1

AM;M 3 (\/33 (s—a)(s—b)(s— c))§ =3 (\/ s3- srz)§ = 3(szr)%

1
(s2>27r?) > 3(Q27r% - r)3 =9r

1331. Prove that in any triangle ABC with usual notations, x,y € R}, xy = 1,
holds the following inequalities:
i) (ax? + b + cy?)(ay* + b + cx?) > 4s?
ii) (ax + b + cy)(ay + b + cx) > 4s?
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Tapas Das — India

i) (ax? + b + cy?)(ay? + b + cx?)

Cauchy—-Schwarz

> (axy+b+cxy)? =(a+b+c)? (~xy=1)=(2s5)? = 4s>

i) (ax + b+ cy)(ay+ b+ cx) = (a,/xy +b+ c,/xy)2 (Cauchy — Schwarz)
=(a+b+c)? = (25)% = 4s?
v (xy=1)
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1332. In AABC the following relationships holds:

G+ (')
. -

2./s(s — a))3

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

Note: m, = %cosg
B 2bc A
Wa= 2
. _b+c é 2bc é—b Zé_bs(s—a)_( )
L Mmaw, = 2 cosz-b_l_c-cosz— ccosz— c be =s(s—a
3 372 2
Jm + (/W AM-GM 3 3 3 3
l( a) 2( a)‘ > \/( /ma) (/Wa)| :(/ma-wa) 2(/5(5_(1))

1333. In AABC the following relationship holds:
4r*(5r —r) < Z re 1A% < 4r(R + 1)?

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

A A
Z r 0% = Z r.1r? csc? 5= Z T r? (1 + cot? E)

= zrarz (1 + :—;> = Z(rarz) + <r:Z2> = rzzra + Zg(s —a)

=r? Zra + er(s —a)=1*(4R+ 1)+ (352 =282 )r =r*(4R + 1) + s*r
Gerretsen's
< 7r*(4R+71)+ (4R* + 4Rr + 3r¥)r
=1(4R* + 4Rr + 31> + 4Rr +1?) = 4r(R +1)?

Gerretsen's

Again, Y1, - IA> =1*(4R+71) +s*r >  7r?2(4R+71) +1r(16Rr — 51?)
=r[4Rr + r? + 16Rr — 5r*] = r[20Rr — 41r?*] = 4r*(5R — 1)
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1334. In AABC the following relationship holds:

n
Sanas( 5] mer
a — — | ,n
- 3 b2

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

Oppenheim, Vx,y,z > 0in AABC

a’x + b’y + ¢*z > 4F /xy + yz + zx

b2 c? a?
Letx——z,y——z Z=—2

c

+b% + b2+b2 cz+ a2>4F b c2+c2 a2+a2 b
a C —a — . —_— c — 2 —_— —— —_— — — 0 —
a? b? c? a’? b2 b? ¢ % a?

¢z a2 b2

=4-F §+b—2+5 (1)

Bs 3(a? + b? + c*)"
311

Zn + bZn + c2n — (aZ)n + (bZ)n + (CZ)n

ﬂ /—+ + l(Using(l))

1335. In acute AABC the following relationship holds:

2R? (1+secA)®> /2R
1<y Sy

r tanZ A4 r

>3

2

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

1% part:
(1+secA)® (1+secA)2_zl+secA_ 1+cosA tA
tan24A  ZLu(sec2A—-1) ZLusecA—1 Zil—cosA cots
2r?2 + 8R
A 1 Y. tan? %tanzg 1—%
S
r
tanzf Htan27 5

= =(=-1
T2 r2 r
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2" part:
2 24 2B, )
(1 +secAd) ,A 1 Ytan’3-tan’5  s2 — 272 — 8Rr

tanZ 4 =ZCOt E=Z A~ A - 12
tan2 5 [[tanZ 5
2 2

(Walker's)
since triangle is acute ZRZ + 8Rr + 31‘2 _ 21.2 — 8Rr 2R2
> rz = r2 +1

1336. In any acute triangle ABC holds :
mg,VcotA + myvcotB + m.VcotC > 6r,

where m,, m;,, m. are the medians and r is the inradius of the triangle.
Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we may assume thata < b < c.

We have m, > m;, > m. and VcotA4 > vcot B > Vcot C,
then by Chebyshev’s inequality, we get

1
m,VcotA + myvcot B + m.\VcotC > §(ma +my, + m.)(Vcot A + Vcot B + Vcot C).

Since m, = h, (and analogs) and

1 1 1 1
—+ —+ — = —, then by using AM — HM inequality, we have
h, h, h, r
9
ma+mb+m62ha+hb+hc2m=9r.
h, "h, TR,

Now,letx := cotA,y := cotB,z = cotC.
Wehavex >y >2z>0,xy+yz+ zx = 1 and by using
AM — GM inequality, we obtain

4

then Vcot A + Vcot B + VeotC = Vx + [y +Vz > 2.
Therefore

1
mg,\VcotA + myVcotB + m. VcotC > §.9r. 2 =6r.

1337. O — the circumcenter of AABC lies on the incircle of AABC. Prove that:
A—-—B B-C C-—A
8V2 + cos 2 cosS > CcOS 2 > 12

Proposed by Daniel Sitaru — Romania
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Solution by Tapas Das — India

B-C_ B _C _B_C
cos > —coszcosz+smzsm2
A s(s—a) A (s—b)(s—o0)

cos o = be sino = be

Using Ravi’s transformation
a=y+zb=z+xc=x+y

B—C ,2r
Now we need to show cos —~ > 3

Now the inequality is equivalenttowiths = x+y + z

B—C_j(s—b)(s—c) \[(s—a)(s—c)_(s—b)(s—a)

cos
2 ac-ab ac ab

This is equivalent to: (2x +y + z)? > 8x(y + 2)
This is true using AM-GM

B-C 2r
>

B-C A-B C—A_ 2r |2r

. . > [ —
2 cos 2 cos 2 =R R

Now incircle passes through circumcentre

~0l=r=+R*—-2Rr=r
() +2(k)-1=0
4

—2+V4+4
-SRI (V-1 (5>0)

T
"R 2
We need to show

8\/§+Hcos%> 120r8\/§+%r\/%>12

or8vV2Z+2(vV2—-1) [2(vV2-1)>120r4V2+ (V2 -1) [2(V2-1) > 6
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or4+(VZ-1)VvV2-1>3V2or(4-3v2)>-(V2-1)VvV2 -1
or16+18 —24vZ > (VZ—1) (VZ— 1) or 34 — 24vZ > 3vZ — 7 + 2v2
or41 > 29v/2 True.

1—[ A—B (a+b)(b+c)(c+a)
cos =
2 abc
(a+b+c)(ab+bc+ca)—abc T s + 1%+ 2Rr
abc 4R~ 8R?

When incircle passes through circumcircle

OI=r:>\/RZ—2Rr=ror(£)2+2(£)—1=0

T —2+V4+4 T
r_ S 1
orR 2 R Vr_

(7>0)

We need to show:

s2 + 1%+ 2Rr
8v2 > 12
V2 + e

27r%+r? +2Rr

or8v2 + > 12 (Mitrinovic)

2 2 2
or 8\/_+27(ﬁ 1) ‘R +(\/§R21) R*+2R*(v2-1)

(usingg =2 -1)

2
or 642 +28(vV2 — 1) +2(vV2 - 1) > 96 or 64v2 + 28(3 — 2v/2) + 2V2 — 2 > 96
or 64v2 + 84 — 56V2 + 22 — 2 > 96 or 10v2 + 82 > 96 or 102 > 14

> 12

or (10v2)” > (14)2 or 250 > 196 (True)

B-C
cos—— < (analog)
a

We show that

hqhph, >8- —OI’ Rh hbh ZT(Wawac)

WaWpWe

]’[cos% > 8Hsin§or

(ZF)

orR- > 2r./s(s — a)/s(s — b)/s(s — c¢) or 8F3R > 2r%s* - 4Rrs

or 8r3s3R > 8r3s3R (True)
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o3 20 [sng -2 ;
o Ccos 2 = Sln2— R
=2(vV2-1)

Now, incircle passes through circumcircle

.-.01=r=>\/R2—2Rr=r=>(1)2+2(£)—1=0

R R
r —-24+v4+4 r
S—_—— o — = -1
R 2 R \/_
r
(§>°)

We need to show
8\/f+l-[cos¥> 120r8vV2 +2(vV2—-1) > 12

or 10v2 > 14 or 250 > 196 (True)
1338. In any A ABC and V n € N, the following relationship holds :

n—-1

m2+mym, m2+mm, m?+m,m, 1 (2)
R

mg(mb + mc) mg(mc + ma) mlcl(ma + mb) B 3n—2 .

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

1 Bergstrom 9 Leuenberger 9 Euler 9 1 @2
— = = > =5 > — ==
m, Teye Mg 4R+r = 9B~ Lim, "R
cyc 2 cyc
m2+mym, mZ+mm, m?+m,m,

Case 1/n = 1 and then :

mg(mb + mc) mg(mc + ma) mg(ma + mb)

m, mym,  Neshitt 3 3 1 2\"!
= +Z > —+—:3:F.(—>

my + mg m,my + m,mg 2 2 R
cyc cyc

m2+mym, mZ+mm, m?+m,m,
mg(mb + mc) mg(mc + ma) m::l(ma + mb)

[Case 2|n € N — {1} and then :

1 n—-2 1 n 1 n-2 1 n
-y () Y (m) Holder (Zevems) N (Zevems)

° myp + m my +me - 3n_4*2*2cycn'la 3242 %Y 1
yc cyc mpm, cyc m,

via () n-2 n-1

d -
Leuenbegger + Euler (%) (%) 2n—2 2n—2
= 9R + 3n-2 . 3n-2,Ro-1 + 3n-2 , gn-1
3T 2o
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1 2 n-1
=30z (E) and combining both cases,in any AABCand V n € N,
mﬁ + mpm, mlz, +mcmg, m% + m,my
mg(mb + mc) mg(mc + ma) mg(ma + mb)
1 2\"1!
> 3z (E) /' =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we may assume that m, > m;, > m,.

Since
1 1 1

< <
m,"(my, + m,) ~ my"(m,+m,) ~ m,*(m, + my)’

then by the Generalized Schur inequality, we have

7na2 +mpym, Z <(ma - mb)(ma - mc) 1 > > 1

m,"(my, + m,) m,"(m, +m,) m, "1
yc cyc

Holger 3n Gol:zlan 3n 1

2
> = A=
(m, + my + m)H)™1  — (9R)"_1 3n-2 (R)
2
as desired. Equality holds iff AABC is equilateral.

1339. In any A ABC, the following relationship holds :

m2+mym, mi+mm, m?+m,m, 16
m;(m, + my) mi(m, +m,) m(m,+m,)  27R*

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India
m2 + mpm, mZ+mm, m?+m,m,

mtsl(mb + mc) mls)(mc + ma) m(5: (ma + mb)

3 5 3 5
5 )y ) )| (o)
my, + m, -

a
m, +m 1
o o W 6YcycMa 27,2 ey
4
9 9
Bergstrom chc m, chc m, / Leuenberger 729 729 %9
> + >
6 Ycyc My 54 6(4R+1)* 54(4R+1r)*
Euler 729 % 2% 729 % 9 % 24 16

> — "n_rr i - .
Z ©+7290-9R% + 54:7299R% _ 27R%’ iff A ABCis equilateral (QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
mg% + mym, 2m,/mym,

mas(mb + mc) N mas(mb + mc)
cyc cyc

-y 33 m,2m,>m,2
- masmbsmcs(ma + mb)(mb + mc)(mc + ma)
_ 6
mambmci/(ma + mb)(mb + mc) (mc + ma)
- 6 _ 243
- (ma +my + mc)3 (m, +mp) + (my + my) + (m,+m,) (mg + my, + m)*
3 ' 3
Leuengerger 243 Elg\er 243 16
= (4R +1)* ~ (%)4 "~ 27R¥
2

as desired. Equality holds iff AABC is equilateral.
1340. In any A ABC, the following relationship holds :

2
wo(wi +w?)  wy(wZ +w?

w2 + wpw,

) . we(w2 + wi

> > ) = 9r
Wi + Wew, we + wWwy,

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

Firstly, we shall prove thatVv x,y,z > 0, 1_[(y2 +12z2) > 1_[(962 +yz)

cyc

®
o Z xty? + Z x2y* > xyzz x3 + Z x3y3

cyc

cyc cyc cyc cyc
402 o 4.2 402 4 204
xt*y? + x*z x*y? + x%y* A-G
LHS of (i) = ZY#+Z% > Zx4yz+2x3y3
cyc cyc cyc cyc
= xyzz x3 + Z:Jﬁy3 = (i) is true ~ V x,y,z > O,M >1- (1)
[leyc(x* +yz)
cyc cyc
2 2
wo(wi +w2)  wy(wZ +w2)  we(wZ+wi)aa
Now, > + > > =
w2 + Wy W, wE + wew, w2 + Wow,

3 Hcyc(wl% +Wcz) via (1) 3 3 32r2s?
3 [WowpW. = 3.yYwawpyw, = 3./hhyh, = 3.
\/ aVWbWc Hcyc(wc% + wwa) \/ aWWbWc \/ a''bc R

Gerretsen _ 3[r2, (27Rr + 5r(R — 2r)) Euler _ 3[r2,27Rr )
> 3. R > 3. R = 9r .. in any A ABC,
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) 2
wa(wi +wZ)  wy(wZ +ws)  we(ws +wp) > 9r
Wi WpWe WP Wew,  WEtwewg,
" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
CBS AM-GM
Vva(wb2 + Wcz) f>"\ Wa(WbZ + Wcz) r“>'\ 33 1_[ ‘/Va(vvb2 + Wcz)
2 =
&4 Wa T+ wpw, — VW2 + wp2) (w2 + w,?) " VW2 + wp2) (w2 + w,2)
Wq 2 hg (and analogs) GM-HM

= 33/woww, > 3/h hyh, =

as desired. Equality holds iff AABC is equilateral.

9 —
_1—+ 1 . 1 =9r.
ha hb hc

1341. In any A ABC, the following relationship holds :

4
2, o > 5
m,, (S(mﬁ +mf) + my(6m, + 11mc)) 81R

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India
X

vVxyz> O,Z > 3
T y(5(x +y?%) + x(6y + 11z))

x2 Bergstrom
- z 5x3y + 5xy3 + 6x2y2 + 11x.xyz
cyc
2
(chc x) ; 1

Schc x3y + 5chc xy3 + 6ZCYC x2y2 + llxyzzcycx B (chcx)z

@<zx)4gsz y<z> oY eyt 11y

cyc cyc cyc cyc cyc

4
?
=N Zx >5 ny sz +6Z:x2y2 +6xysz
cyc (\:) cyc cyc cyc cyc
Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z+X>Y=>XY,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22x=zx=25=>2x=s—>(1)=>x=s—X,y=s—Y,

cyc cyc cyc
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Z = s — Z and such substitutions = Z xy = Z(s -X)(s—-Y)

cyc cyc
ia (1) and (2)
:ny=4Rr+r2—>(2)ande2: Zx —szyvm ="
cyc cyc cyc cyc

s? —2(4Rr +r?) = Z x% =s? —8Rr —2r% - (3) and also,z x%y?

cyc cyc

2
(1) d(2)
= ny — 2xyzZ Zx viethzn (4-Rr+r2) -2 n(s—x) .S
cyc cyc cyc
= (4Rr + r2)2 —2ris.s = szyz =r?((4R+1)% — 25%) > (4)

~via (1),(2),(3),(4), (») gcs“ > 5(4Rr + r?)(s? — 8Rr — 2r?)

+6r’((4R+1)? —2s%) + 6 H(s -X) |s

cyc

= 5(4Rr +r?)(s? — 8Rr — 2r?) + 6r%((4R + r)? — 2s%) + 61r2s

(** 2 Gerretsen

& s* — (20Rr —r?)s? + 4r?(4R+r1)? > 0 and - (s — 16Rr + 5r?)
. in order to prove (xx), it suffices to prove : LHS of (x*) > (s —16Rr + 5r2)2

(***

& (4R-3r)s? > r(64R? — 64Rr + 7r?)
Rouche
Now, (4R —3r)s? > (4R —3r) (ZRZ +10Rr — r2 — 2(R — 2r) */R% — 2Rr)

> r(64R? — 64Rr + 7r?) & (4R — 3r)(2R? + 10Rr — r?) — r(64R? — 64Rr + 7r?)
> 2(4R - 3r)(R— 21) «VRZ — 2Rr
o 2(R—2r)(4R2 — 7Rr + r2) > 2(4R — 3r)(R — 2r) »/RZ — 2Rr and
proving it will be done if we can prove : 4R? — 7Rr + r? > (4R — 3r) * VR% — 2Rr
( R_2r > 0) & (4R? — 7Rr + 1?)” > (R? — 2Rr)(4R — 31)?

& 4Rr3 +r* > 0 - true = (xxx) = (xx) = () is true
X 1

.-.Vx,y,z>0,z > > > 5
T y(5(x2 +y2) + x(6y + 11z)) (Zeyex)
m, 1 1
= Z > 5> .
e my, 5(m2 +m?) + mg(6m, + 11mc)) (Beyemg)”  3LeyeMa
4 Leibnitz 4
e —— > JR—
9% yca? =  8IRZ

~ inany A ABC,

ma
Z my, (S(mﬁ +m?) + mg(6m, + 11mc))

cyc

" =""iff A ABCis equilateral (QED)

>
~ 81R?’
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let x,y,z > 0.By CBS inequality, we have

Z x - (x+y+2)?
£t y[5(x% +y%) + x(6y + 112)] ~ X\ xy[5(x% + y*) + x(6y + 112)]
(x+y+2)?

T 3(Seyexy) + 5(Zeye 1y) (Beye 1) + 3 Sy 2292
(x+y+2)? 1

2 = .
Z(chc xz)z + 6(chc xY)(chc xZ) + (chc x2)2 3(x2 + y? + z2)

Then by using Leibniz’s inequality, we get
ma

>
Z m,[5(m,2 + my?) + my(6my, + 11m,)] = 3(m,2 + my2 + m,2)
cyc
_ 4 - 4
"~ 9(a? + b% + ¢%) ~ 81R?
as desired. Equality holds iff AABC is equilateral.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
m
m, ; (Zore J522)

my [S(Tna2 + me) + ma(6mb + 11mc)] chc[s(maz + me) + ma(6mb + 11mc)]
2 2 = > —,
10Yycmy2 + 17 Yy empm, — 27 Y, cmy? 9, a? 81R?
as desired. Equality holds iff AABC is equilateral.

2

V3 S

cyc

1342. In any A ABC, the following relationship holds :

cyc

r, 2\3
D, > (5%)
I, (6(r§’ + 1) + 10r,1;, (1, + 1) + rr(19r, + 30rb)) 9R

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India
X

vVXxvyz> O,Z
d T y(6(x3 +y3) + 10xy(x + y) + xz(19x + 30y))

x2 Bergstrom

- Z 6xty + 6xy* + 10x3y2 + 10x2y3 + xyz(19x% + 30xy)

cyc
2
(chc x)
6 Yoy XY + 6 Teye xy* + 10 ey x3y2 + 10 X oy x2y3 + xyz(19 Teye 22 + 30 Xy xy)
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5

? 1 ?
22— Zx 262 xy ng—z3
(chcx)

cyc cyc cyc

+1OZ x%y? Zx—z + 19xyz2x2 +30xyszy
cyc cyc cyc cyc
5
?
o Zx >6 ny ZxS — 6xyz sz +10 Zx szyZ
cyc cyc cyc cyc cyc cyc
—10xyz z xy |+ 19xyzz x% + 30xyzz xy
cyc cyc cyc
= ny Zx3 +10 Zx szyz + 13xyz Zx2+22xy
cyc cyc cyc cyc cyc cyc

—6XyZ z Xy

cyc

5

?
Zx >6 ny Zx3 +10 Zx szyz

cyc ) cyc cyc cyc cyc
< 2
+13xyz z x| —6xyz z Xy
cyc cyc

Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=2z>0,Y+7Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z4+X>Y=>XY,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yieldingZZx:ZX:25:>Zx:s—>(1):>x:s—X,y=s—Y,

cyc cyc cyc
zZ = s — Z and such substitutions = Z xy = Z(s -X)(s—Y)
cyc cyc
3
:ny= 4Rr +r? - (2) and Zx3 = Zx —31_[(y+z)
cyc cyc cyc cyc

ia (1)
YCV §3 _3XYZ = s3 — 12Rrs > Zx3 =s3 — 12Rrs - (3) and also,

cyc
2

ia (1) and (2)
Zx2y2= ny — 2xyz Zx et (4Rr+r2)2

cyc cyc cyc
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-2 H(s —X) |.s=(4Rr + rz)z —2ris.s = Z:xzy2 =r?((4R +1)? — 25?)

cyc cyc

- (4) ~via (1),(2),(3),(4),(*) © s° > 6(4Rr + r?)(s® — 12Rrs)

+10sr?((4R +1r)? — 25%) + 13 H(s —X) |s% — 6r?s(4Rr +r?)
cyc
& s* > 6(4Rr + r?)(s? — 12Rr) + 10r?((4R + r)? — 2s?) + 13sr2.s
—6r%(4Rr + r?) & s* — (24Rr — r?)s? + 4r%(32R?* + 4Rr —r?) > 0
_ 24Rr - r? +/(24Rr — r2)2 — 16r2(32R? + 4Rr — r2)
- 2
, ) 24Rr — r2 +r*+64R2 — 112Rr + 17r2

2
Rouche ?
Now,2s2 > 2 (ZR2 +10Rr —r2 — 2(R — 2r) *yR? — 2Rr) > 24Rr — r2

+r */64R% — 112Rr + 17r2

?
& |4R? — 4Rr — r2 — 4(R — 2r) */R2 — 2Rr > r* J64RZ — 112Rr + 17r2
(***)

+ (4R? — 4Rr — r2)” — 16(R? — 2Rr)(R — 2r)?
=r(64R3 — 184R’r + 136Rr? + r?)
Euler
= (R—2r)(36R? + 28R(R — 2r) + 24r%) + 49r® > 49r3>0

~4R? —4Rr — r? > 4(R — 2r) *\/R2 — 2Rr
= 4R? —4Rr —r? — 4(R—2r) * VR2 — 2Rr > 0 = (x*x) ©

(4R? — 4Rr —r? — 4(R - 2r) + M)Z > r2(64R% — 112Rr + 17r2)
& (4R? — 4Rr — 12)” + 16(R? — 2Rr)(R — 2r)? — r2(64R? — 112Rr + 17r?)
> 8(R — 2r) * vRZ — 2Rr = (4R% — 4Rr — r?)
& |(R—2r)(4R3 — 8R?r + Rr? + r?) > (R — 2r) * {/R? — 2Rr * (4R? — 4Rr — r?)
& 4R3 — 8R?r + Rr? + r? > \/RZ — 2Rr = (4R% — 4Rr — r?) ( R_2r > 0)

& (4R3 — 8R?r + Rr? + r3)” > (R? — 2Rr) (4R% — 4Rr — r2)’ &[S (4R + 1) > 0]
> true = (x*x) = (xx) > (x) istrue ~ Vx,y,z > 0,

2

& S

& |S

x 1
Z y(6(x3 +y3) + 10xy(x +y) + xz(19x + 30y)) = (chcx)3

cyc

= Z a = ! 3
Iy (6(r3 +13) + 101,13, (rg + 1) + Tre (1971, + 30rb)) (ZeyeTa)

cyc

1 Euler 1 243
~ 4R+ )3 = RE (ﬁ) /' =""iff A ABC is equilateral (QED)
(4R +3)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
T
cBs (chc / T_Z)
LHS >

Yeycl6(rg3 +1p3) + 1071, (rg + 1) + 147 (197, + 307)]

AM-GM 32
T A2%yc 1o 10 Xy TP T + 29 Yoy ToTp? + 90T, 1p1,
AM-GM 9
>
T 12¥ycTo® + 29Xy Tl p (g + 1) + 331,11
9
= 3
12(chc ra) - 72cyc L -chc rpyre — 18rarbrc
9
" 12(4R +1)3 —7(4R + 1r)s? — 18s%r
Gerrritsen 9

a2\
= 12(R+1)° — (28R + 251)(16Rr — 512) = (58)
< 417R3 — 1024R%*r + 928Rr? — 109613 > 0
& (R—2r)(417R* — 190Rr + 548712) > 0
which is true by Euler’s inequality R > 2r. Equality holds iff AABC is equilateral.

1343. In any A ABC, the following relationship holds :

2
(rywy)®  (rpwe)®  (rew,)’ _ <3>6 (81R5 — 2560r°)
rg+wp rpA+wd o re+wg o \2 32r>

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

2vbc A-G \/s(s—a)(s —b)(s —¢) G-H
Wo = s(s—a) < m <
rs(s—a)(s—b+s—c)_rsa(s—a)_a(s—a)
2(s—a)(s—b)(s—¢c)  2r2s  2r

a(s—a)

= ws <s?(s—a) and analogs

2 2
s s
:Zwss—. a(s—a)3=—.Za(s3—352a+3sa2—a3)
2r 2r
cyc cyc cyc

s2 [s3(2s) — 6s%(s? — 4Rr — r?) + 6s%(s? — 6Rr — 3r?)
T or +16r%s2 — 2((s? + 4Rr +12)" — 16Rrs?)

2 Gerretsen

S
=5 (4Rrs? — 2r?(4R +1r)?) <

2
%. (4Rr(4R? + 4Rr + 3r2) — 2r?(4R + r)?)
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= Zwﬁ (2 s%(8R% — 8R?r — 2Rr? — r?)
cyc
2 i Zé Zé
raSa—:rg <s4tan‘té 1oR" st 27" 2 :4RZS4 (tan2 %) (1 ZA>

4r - 2 4r r - cos 2

4R?s* A A A\ 4R%*s*(r? sin’A
= (tan E) <1+cos E—Zcosz—) = —+ —(1—-cosA)

2 r s? 4
4R%s* ra a?
16R2

4R?%s* (4R+r)2 252 Ycat

:z fa = s HETIT

Leibnitz 4R2s* (4R+I‘)2 9 r

< +_ —

s? 16 R

2

=>ry < — 1+ cos A) and analogs

3+1+r
R

r
2

Rs

=— (16R(4R +1)%2 — (55R — 16r)s?)
2

4—‘1. (16R(4R +1)% — (55R — 16r)(16Rr — 5r2))

Gerretsen

(i) Rs?2
R e . (256R® — 752R?r + 547Rr? - 80r°)
» 256R3 — 752R?r + 547Rr? — 80r3
Euler
= (R—2r)(136R? + 120R(R — 2r) + 67r%) + 54r® > 54r3 > 0and
Euler
8R% — 8R’r — 2Rr? —r® = (R— 2r)(8R? + 8Rr + 14r%) + 27r* > 27r3>0

5 5 5
I, W, I, W, I'.W, Aﬂlz Z
._.(a b) +(b c) +(c a) < Wa+ IS

re+wp e +wd ord+w

cyc cyc
via (i),(ii) S RS2
< Z(8R3 8R?r — 2Rr? — r?) + Tor (256R3 — 752R?r + 547Rr? — 80r3)
Mitrinovic 27R2
< (8R3 8R?r — 2Rr? — r?)

27R3
64r

?
& 27(81R5 — 2560r%)” > 32r4<

— 2560r5)

32r5
4R%r(8R3 — 8R?r — 2Rr? — r3) )

+R3(256R3 — 752R?r + 547Rr? — 80r?)
& 17714710 — 8192t% — 11174400t° — 16480t* + 2816t3 + 128t2

? R
+176947200 = 0 (t = F)

? 13,°(81R5
— 752R%r + 547Rr? — 80r%) < (E) (
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( pos08 )
1771478 + 708588t7 + 2125764t° ?
e (t-2) <+5668704t5 +14163568t* + 22805056t3> >0
+34549472t% + 46980480t + 49724160 /

+10974720
S true - t Elger 2 = (rawb)s (I‘ch)s (rcwa)s

rg+wp 4wl ord+ws
3 (3)6 (81RS — 2560r5)”
—\2 32r5

v AABC,”’ =" iff A ABC is equilateral (QED)

1344. Let ABC be an acute triangle and let H, I be the orthocenter,
incenter of AABC respectively and A;B;C;the orthic triangle. Then
HA,.HB,.HC, HA.HB.HC R®
IA,.IB,.IC; " IA.IB.IC = 32r>
Proposed by Radu Diaconu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have HA = 2R cos A and HA; = 2R cos B cos C (and analogs), and since

AM_GM c0s A + cos B + cos C 3]errlfen ;T 1
cosAcosBcosC < ( 3 ) < cos §=§, then

HA.HB.HC = 8R3 cos A cos Bcos C < R® and
3

R
HA,.HB,.HC, = 8R3(cos Acos B cos C)? = —.

8
r r r r3 5
Also,we have IA.IB.IC = 1 . c= T = 4Rr-.

. . B’ . r
siny sin siny 7R
Now, since 14, > distance(l, (BC)) = r (and analogs), then IA,.IB,.IC; > 13.
Therefore

R3
HA,.HB{.HC; HA.HB.HC < g R _ RS
IA,.IB,.IC; ~ IA.IB.IC ~— 13 4Rr? 32r%
Equality holds iff AABC is equilateral.

1345.
In any AABC and n,m € N such that n > m — 2 the following relationship holds :
r"(r 2 +ryry) Mt tray) r ol +rgr) - gn-m+3 pn-m+2
(rb + rc)m (rc + ra)m (ra + rb)m - 2m-1

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
r " (r 2 +1pr.) "
= r,—1Tp)ry—1r:)+
(rp +ro )™ (rp +ro )™ (ra=mp)(ra— 7o)
WLOG, we may assume thatr, > r, > r.. We have
" "

(rb + rc)m_ 1

n+1
a

r,

(rp+r)™ (re+ry)™ (rg+r,)™

then by the Generalized Schur inequality, we have

r n
E m(ra —1p)(re—71) 2 0.
c
cyc

Therefore
Chebyshev

Z r"(rg? +rpre) Z T, A |

= —_— = -.

(rb + rc)m (rb + rc)m_1 3
cyc

n+1

cyc cyc

(and analogs)

S Y e
. (rp+ro)m 1t
cyc

3 (4R + r)n—m+2

Héger 1 (rg+r, +r )"t 3m

-3 3n 2m(r, + 1y 1m0 3nilom gm-d
Euler (9r)n-—m+2 gn-—m+3 pn-m+2

= 3gnt+l-m 2m-1 2m-1
as desired. Equality holds if and only if AABC is equilateral.

1346. In any acute A ABC, the following identity occurs :

sin(ﬁ—é+g)ZAHcos(§—C—g)—sin(ﬁ—C—z)ZAHcos(

cyc

_ (a? +b* + c* — 6R*) cos(B - C)
- R

Proposed by Radu Diaconu-Romania

Solution by Soumava Chakraborty-Kolkata-India

cyc

ZAHCOS(E—C—E)=R22cosf\cos(§—é—g)

cyc cyc

=RZ(COS(Z\-I—E—C—E)+COS(Z\—§+C+;))

4

cyc

o (20 a2

cyc

1 _ 1 _ 1 __ 1 _
=RZ(——COSZC+—sin2C——cosZB——sin2B)

V2 V2 V2

cyc

V2

B_C4+21
4

)
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R _ __ __ _
=— sinZC—ZsinZB—ZcosZC—ZcosZB

cyc cyc cyc cyc

__ -~ . T
= —R*\/E(Z cosZA) and sin(B—C+Z)

cyc

= %(cos(ﬁ —C) +sin(B-C))

=~ |sin (ﬁ -C+ E) Z AH cos (ﬁ -C- 1t) © R (Z cos 27\) (—cos(B—€) —sin(B - ())

cyc

Also,ZAHcos(ﬁ—C+E = RZZcosf\cos(ﬁ—C+E)
4- 4
cyc cyc

—Rz cos K

cyc

T

-C+ +cos(A B+C_Z))

UU)

cyc

-

1 _ __ 1 __ __
= Rz (——cosZC ——sin2C — —cos 2B +—sinZB)
V2 V2 V2 V2

Juy

cyc

R _ _ __ __
=— —ZcosZC—ZsinZC—ZcosZB+Zsin2B
N3

cyc cyc cyc cyc

=—R*\/E<ZCOSZ7\> and-.-—sin(ﬁ—ﬁ—g)

cyc

- i(cos(ﬁ ~ ) —sin(B - €))

cyc

“ |- sm § AH cos ﬁ C+ *— R (Z cos 27\) (sin(B — €) — cos(B - C))

cyc

=~ ~

o (%), (**):>sm B C+ AH cos B C——

cyc

—sm ﬁ ZAHcos — = —2R —1—41_[cosf\ cos(B - C)
cyc cyc
2 —4R? — 4Rr —r?
R?
s? —4Rr —r? —3R2>

= 2Rcos(B-C) = <1 42

= 2Rcos(B-C) *< P
_cos(B—C)

= + (2(s? — 4Rr —r?) — 6R?)
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_ (a*+1b?+c* - 6R?) cos(B - C) (
B R

QED)
1347.In any A ABC,A A'B'C’, the following relationship holds :

) m,’ a R'R? m, a’
min zﬁz + > = 8+ max z Z
my, + m b+c r'r my, + m, b’ + ¢’
cyc cyc

cyc cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

z Tere>shin z (bz + CZ)(C2 + az) 3 chc a’b? + chc a*
memy, =2 16R2 B 16R?
- 3 Yeyc a%b? + Yoy a?b? z a’b? m2 + mZ + m?
= =
- 16R? 4R?  m,my + mym, + m.m,

cyc

4RZ 3 (s2 — 4Rr - 1?) , . ) )
<— o ) a’b? > 12Rr(s? — 4Rr —
S <5 ) a?b? > 12Re(s? - 4Rr - 1?)

?
& (s% + 4Rr +r2)” — 16Rrs? > 12Rr(s? — 4Rr — r2)
?
& s* — (20Rr — 2r?)s? + r?(64R% + 20Rr + 1) > 0
20Rr — 2r% + \/(20Rr — 2r2)2 — 4r2(64R? + 20Rr + r2)
2

» _ 20Rr—2r®> +4r+v9R2—10Rr _ , ® )
© st > > & s > 10Rr — r” + 2r */9R? — 10Rr

Rouche ?
Now,s? > 2R?+10Rr—r?—2(R—2r)*+/R%2 —2Rr > 10Rr — r? +

?
2r */9RZ — 10Rr & R? — (R — 2r) * VR% — 2Rr = r *y/9R? — 10Rr

o)
» R* — (R? — 2Rr)(R — 2r)? = 2Rr(3R? — 6Rr + 4r?) ST 8Rr? > 0
= R2> (R—2r) */RZ — 2Rr = R% — (R — 2r) */RZ — 2Rr > 0
= (++) & (R* - (R—2r) » \/M)Z > r2(9R? — 10Rr)
o R* + (R? — 2Rr)(R — 2r)? — r2(9R? — 10Rr) > 2R? + (R — 2r) * YR — 2Rr
& R(R — 2r)(2R% — 2Rr — r2) > 2R? * (R — 2r) * /R? — 2Rr
& 2R% — 2Rr —r? > 2R */R% — 2Rr ( R_2r > o)

<

cyc

o s>

& (2R? - 2Rr —r2)” — 4R%(R? — 2Rr) > 0

2 2 2
PN m2 + mi + m R
r3(4R+r) > 0 - true = (xx) = (¥) is true = a b c <

m,m, + mym, + mem, = 2r
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2

3  R'RZ Euler 3 RZ 3 Yeye g .
>>+—— = 5+8*—=>-+8|5————| - inordertoprove:
2 r'r 2 4rz — 2 YcycMgMmy,
3  RR? m, .
5+t 728+ Z ,it suffices to prove :
2 r'r my, + m,
cyc
2
3 » m? (m) m
—+8 <L> > 8+ _a
2 chc m,my, my + m,

cyc

2
3 Teyea®\ 2 a

Now,> + 8 >8+ )

ow2+ <chcab * b+c

cyc

o TR L e b | Yt - Yab | 225 oo
(s2 + 4Rr +r2)2 a a a ab | =28 b+c 2

cyc cyc cyc cyc cyc
8(3s? — 4Rr — r?)(s? — 12Rr — 3r?) ? 2s(5s® + 4Rr +r%) 9
o _Z
(s2 + 4Rr +r2)2 ~ 2s(s2+2Rr+r?2) 2

3 sZ —10Rr — 7r?
" 2(s? + 2Rr + r?)

& 8(3s? — 4Rr — r?)(2s% — 24Rr — 6r?)(s? + 2Rr + r?)

?

> (s? — 10Rr — 7r?)(s? + 4Rr + rz)2
(mm)
? ?
252 — 24Rr — 6r2 > s —10Rr — 7r> © s —16Rr+ 5r> + 2r(R—2r) > 0
— true via Gerretsen and Euler .. in order to prove (mm), it suffices to prove :
8(3s? —4Rr —r?)(s? + 2Rr+r?) > (s> + 4Rr + rz)z
(mmm)
& 23s* + (8Rr + 14r?)s? — r?(80R%? + 56Rr + 9r2) > 0

Gerretsen

Now,LHSof (mmm) ~ >  (23(16Rr —5r?) + (8Rr + 14r?)) (16Rr — 5r7)

Euler

—r?(80R? + 56Rr + 9r?) = r? ((R —2r)(5936R + 8320r) + 17136r2) >

2
3 Y v a? a
171361‘4>0:>(lll):>(ll)istrue:>5+8< ks ) 28+z

chcab b+C
cyc
. . . . . . 2n'la 2n'lb ch .
and implementing it on a triangle with sides 3 "3 '3 ,we arrive at :
2
3 Y evem? m
—+8<#> 28+Z—a:>(l)istrue
2 Yicyc MgmMmy, o my, + m,
3 RRZ® m,
S24— > 8+Z—
2 r'r? my, + m,
cyc
again 2+ 3R1g S & IR gl L9
ain,— + —> & —-—8>2s —-=
g 2 r b+c r b+c 2

cyc cyc
2s(5s? +4Rr+r?) 9 s2—10Rr—7r> 4(R-2r) 2 s — 10Rr — 7r?
— ——= S
2s(s2+2Rr+r2) 2 2(s?+2Rr+r?) r ~ 2(s% + 2Rr +r2)
?
& (8R—17r)s? + r(16R? — 14Rr — 9r%) > 0
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?
& (8R —16r)s? —rs? + r(16R? — 14Rr — 9r%) > 0

(o]
()
Gerretsen

Now,LHSof (+) > (8R- 16r)(16Rr —5r2) — r(4R? + 4Rr +3r?)

+r(16R? — 14Rr — 9r2) > 0 & 70R? — 157Rr + 3412 > 0

3 4R
< (R—-2r)(70R—-17r) > 0 - true via Euler = (¢) is true = — > +—

8 3 RRZEuler3 4R > g
> o= >
+Zb+c 2 r'rz +Zb’ c

cyc cyc

3 RRZ(“)
5 z ,
2 b’ + ¢

cyc
. z m,’ z a R'R2 Nes>bitt 3 R’RZ? via (,()
< min , + = —+ =
m,’ +m. b+c r'r? 2 r'r?
cyc cyc

8 + max z Tl "=""iff A ABC,A A'B'C’ are both equilateral (QED)
mb + m, b’ +

1348. In any A ABC, the following relationship holds :

2+\/§tang 9
). A=2
cyc 1+3tan27

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

1 ? V3x V3x? 1 3x2 ?
- S1- o >1-— = &1+ 3x%>2V3
1+ 3x2 2 2 1+3x2 14322 x* 2 2V/3x
V3x

2? 1
< (1-v3 >0-t a—2>1——
(1-V3x) =0 - true 1+3x[2\_ >
1 \/§tan7
s (1-—2

1+3tan2%

1 \/§tané—\
— 1_—

1+3tan2%

B
> (2 +\/§tan5)

2+\/§tang B
:—2(2+\/§tani) 1-

2 A
1+ 3tan )

ﬁtan%
2
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B A 3 A B
;+\/_tani—\/_tan5—ztan2 tanE
2 ++3tanz B A 3r,
a—— 2 >2+ \/_tani - \/_tanE ~5e2 ® and analogs
1+ 3tan?3 3 S
2+v3 tanlz3 B A 3 3s2 9
= —A_6+\/§Ztan5—\/§ztan5—2—22rarb=6—F=E
cyc 1+ 3tan?= 2 cyc cyc S cyc S
2+ ﬁtang 9
. in any A ABC, Z ———3 2 E'” =""iff A ABC is equilateral (QED)
cyc 1+3 tanz 7
1349.
In any A ABC with I - incenter, the following relationship holds :

2R n, 1 Z \

J (b — ©)2 + 4r2 v‘ £
Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

cyc

. B . C . (B+C A 2A
siny  sing ssin (T) Cos7  SCOos” 5 AR ,A
n,+r.=s + = = = 4Rcos”
P cosE cosE cosécosEcosE (i) 2
2 2 2 2 2 4R
O) 2 A
~ Ty + 1. = 4Rcos 2

? Av () 1 1
Now, (b + ¢)? > 32choszi Vet 8r(r, +r.) =8r s( —+ )

b s—c
=8(s—a)(s—b)(s—0¢)

4@
(s—b)(s—c)_4a( +c—a)

: ?
o Mb+c)?+4a2—4ab+c)>0< (b+c—2a)? >0 - true

b+c>+v32R 4R >vV32R (;) 2r
o . e — . —_ J—
Cc= I.Ccos 2 cos 2 cos 5 = I.CoS 2 cos 2 = |R

Again, Stewart’s theorem = b%(s — ¢) + ¢®(s — b) = an? + a(s — b)(s —¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as?

= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin2;—\
4sbc(s—b)(s—c)(s—a)
be(s — a)
= a’n? = a*s? — sa® + sa(b — c)? L 4r2s2 4 s?(b —c)?
& a?s? —sa3 +sa(b — ¢)? = s(s—a)(a?— (b-c)?) +s%(b—c)?
=a?s? —sa® —s(s—a)(b—c)? +s%(b —c)?
= a?s? —sa® — s2(b — ¢)? + sa(b — ¢)? + s%(b — c)?

2

=as? — a’*n? = a*s? — sa(a? — (b — ¢)?)
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o a’s? —sa +sa(b—c)2—as —sa +sa(b—c)2—>true

n? R
-0 +4r2 (b _ c)z i 4r2 2r' a
B ’R 4R2cosgcoszcosz_ ’R s1n2+c0s ’ ’R cos
2r’ 4R cosAsm‘g s1n 2r’ sm
mb
via ) LA + hb Al
Zr Zr Zr

- |
r|§

hb
by Bogdan Fustei, Mohamed Amine Ben Ajiba; Lemma 12,6 — 7,
published at : www. ssmrmh.ro

2R n, 1 mb m, Al
- + + — and analogs
(b—c)?% + 4r2 \/— hy,

my, mc
fcycm \/—z/ ;A‘

" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We prove the result by using the following inequality
(see, Bogdan Fustei, Mohamed Amine Ben
Ajiba, New Triangle Inequalities With Brocard’'s Angle,Lemma 12,6

— 7, www.ssmrmbh.ro)
my m,

R
J— . < J—
I, + h, (and analogs)

Also, we have

;reference: article titled "NewTriangle Inequalities With Brocard’'s Angle"”

Al 1 bc B 2Rsr.(b+c—a).aAMéGM R (b+c—a)+a
r _siné_ (s—b)(s—c) sr2. a? = 2r a
2

_Rb+c
C2r a

(b—c)?+4r*=(b-0c)* + (s—a).4(s—b)(s—0)

(s — a)[a? —S(b —0)?]

S

=(b-c)?+
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=az(s—a)+a(b—c)2=a_2 s(s—a)+s(b_c) (ana).
s2 a

S S

Using these results, we have

Therefore

1 mb R b+c |2R s
N 2r r a
2R

—. (and analogs)

r J(b- c)2 + 412
N

Al <
V2 T T J (b— c)2 + 472

Equality holds lff AABC is equllateral.

1350. In AABC the following relationship holds:

1 N 1 N 1 - 32
mim, mim, mim,  81(81R5 —2560r°)

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru- Romania

HOLDER (ni + — 1 +i)4

z my m
m4mb mb ~ 9(mg+my+m,)
cyc cyc
LEUENBERGER (i + 1 + i)4 BERGSTROM ( 9 )4
- m m, m, Q m, +m, + mg
= 9(4R + 1) = 9(4R + 1)
4
9 R 2
LEUENBERGER EULER x “
2 (ar+7) 2 \R+3) _ () ___ 16
- 9(4R+1r) ~ 9(4R+1r) 9(4R+71r) 9R*(4R+T)

Remains to prove:
16 32

>
9R*(4R + 1) ~ 81(81R5 — 256015)

1 2
>
R*(4R + 1) ~ 9(81R5 — 256015)

79
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721R> — 2R*r — 9-25601° > 0
721R*(R — 2r) +25-3%2-5r(R*—-161r*) >0

(R — 2r) (721R4 +25.32-5r(R + 2r)(R? + 4r2)) >0
R—-2r>0
R > 271 (Euler)
Equality holds for:a = b = c.
1351. H orthocenter of AABC, BN 1 AC,CK 1 AB, E, H,D,F collinears

Prove that: BHCF parallelogram

Proposed by Eldeniz Hesenov-Georgia

Solution by Rajarshi Chakraborty-india
E H,D,F are colinears

Also since H is the orthocentre, B, H, N are colinear and K, H, C are colinear
<EHK = +EAK = 4EAB = £tEFB = HC | BF,~.PEB = £ACB
£PEF = £ANB = 90°
~ £BEF =90° — £LACB = £BCF =90° — £LACB = £BCF + £ACB = 90°
= £LACF = 90°.Also ZANB = 90°, . BH || FC, .. BHCF is a parallelogram

1352. (w) — mixtilinear incircle of AABC, BC = CF,
AF n (w) = {D, E}.Prove:
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AD AE AF

equilateral (62 o

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Rajarshi Chakraborty-india

equilateral "R C
1 1

Let the sides of AABC be 1 unit length each.
£4BAF = 90°
PDER is the B — mixtilinear incircle of AABC

Radius 1y of PDER = 5 - >~ = BL_2

b(s-b) 4 ;% 3v3
ac 2 1
PB=—=2, AP=3
oo- == (2 -6 - 57
3V3 3 3v3
DE=2-DQ=L, AD =15 —DQ = 2 1 _1
3V3 3v3 3V3 3v3

81 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 3

2
3V3  3v3 3V3

_ 2 _AR2 = /22 _ 1 = -9 AD _AE _ AF
AF =VBF? - AB*=V22-1=\3=_Z. Thus 5 =7 =73

AE = AD + DE =

1353. (w) — mixtilinear incircle of AABC, D touch point.Prove:
AD 1

AE 7

equilateral

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Rodrigo Santos-Brazil
A

D

s
(23
[ & E
B equilateral @ P C
AB =AC=CA=x
D, T, P: touch points
2 2 xvV3 xV3 2x
= — . =—— = — = = . °:—:}
BI 3AQ 3 3 3 BP = BI - sec30 3
PC=x-"=2=AT =AD -
= o x  x , ABPJ:P] = BP - tan 30° = —
9
P =7"37%
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t+%_ 6t + x

AAQE (ED = EP =t): 2 = =
Q ( )COS « t+% 6t + 2x

xV3

2xV3
sin2a = 2% =28 Apyp: tanq = 2 o Sn2e _ 203
H% 6t+2x’ ' 1+cos 2a 9t
3xV3
6t+2x _ 2xV3 3 2 .o
14 08tFx ot 12e+3x 9t T
6t + 2x
So,
X
AD 3 AD 1
AE X, 9, "AE 7

3
1354. If a, b, ¢, d are sides in a bicentric quadrilateral then :

abc + abd + acd + bed < 2\ (2 + m)R3

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco.

We have :

¢<AOB <BOC 2COD ¢<DOA
a = 2R sin > b = 2R sin > ¢ = 2R sin > d = 2R sin

2 + sin 2 + sin 2 + sin 2

2AOB £4BOC 2C0D ¢<2DOA
Then:a+b+c+d=2R(sin i i i )

Jensen

~ . (LAOB + £BOC + 2COD + «DOA . T
< 2R.4sm( 3 ) = 8R.sin (Z) =4V2R (1)
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Now, using Maclaurin’s inequality and the result (1), we get :

a+b+c+d

3
: ) < 4(VZR)® = 8VZR?

abc+abd+acd+bcd§4(

= 2V2.4R3 < 2J(2 + m)R3
Solution 2 by Adrian Popa-Romania
ABCD — Tangential > a+c=b+d

a+b+c+d=2p
abc + abd + acd + bcd = ac(b+ d) + bd(a + ¢) =

M6-MA  [ra+c\% (b+d\®
=acp + bdp = p(ac+ bd) < p( 5 ) -|-( > )

}:a+c=b+d=p

2 2 2 3
-p(5 ) =p =% o

In a bicentric quadrilateral we have:

R
R>r2=>r<—

V2
- 4R2+R2+R 9R2+R 3R+R 4R 4R\V2
= < e —_— =  — _—— _—_——= —
P 2" 2 {2 V2 V2 vz vz 2

=2RV2 (2)

Blundon — Eddy inequality:p < \4R?> + r? + r}
=

From (1) and (2) = abc + abd + acd + becd <

(2RVZ)° _ 8R32V2
2 2

?
= 8R3*V2 < 2Vm(2 + m)R? -
MA=MG
2Va(2+m) > 2Vm-2V2Zm=4mV2Z > 4-2V2 =8V2
= 8vV2R? < 2/m(2 + m)R? = the inequality from enunciation holds.

1355. In AABC, I — incenter, N, — Nagel's point.
If B,I, N, C are concyclic then prove that
2R—1r > h, = 3r
Proposed by Thanasis Gakopoulos-Greece

84 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let BC = a,CA = b,AB = c and
2s = a+ b + c. In barycentric coordinates relative to (A, B, C),
wehavelI=(a:b:c)andN,=(s—a:s—b:s—c).
We know that the circle I' through B, I, C has an equation of the form
a’yz + b*zx + c’xy = (x + y + z)(ax + By + y2).
Expressing that B(0:1:0),(0:0:1),I(a: b
: ¢) are on this circle, we obtain that the
equation of T is
a’yz + b*zx + ¢*xy = (x + y + z)xbc.
N,€T = a?(s—b)(s—c) +b*(s—b)(s—c) + c*(s —b)(s — ¢) = s(s —a)bc
o s?(a? + b?> +c?) —s[(a+ b +c)(ab + bc + ca) — 3abc] + abc(a+ b + ¢)
= s?2bc — sabc
& s2.2(s> — 1> —4Rr) — s[2s(s> + r* + 4Rr) — 3.4Rsr] + 4Rsr.2s
= s?2bc — s.4Rsr

b 2r(2R
S bc=4r2R—-71) © h, = ¢ u

"2R° R
By Euler’s inequality, R > 2r, we obtain
2r(2R—r1) r(R — 2r)
2R—rZT=ha=3r+TZSr.

So the proof is complete. Equality holds iff AABC is equilateral.

1356. In AABC the following relationship holds:

B (E-B (8

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have, for all x,y,z > 0

%(x+y+z) = %(z+\/x_y+\/x_y) +%(\/§—\/§)2 > 3,/xyz+%(\/§—\/§)2 (and analogs).

Then
%(x+ y+2)=3 xyz+%max{(\/§— \/;)Z (\/;—\/E)Z, (\/E—\/})Z}.

T k. _ma _Wa _ra h
aking x = hc,y— hb,z—ha,we ave
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2 2

2
1 (ma + w, + ra) S8 m,w,r, + 1 m, w, w, T, T, m,
3\h, " h, k)= [hyhyh, 3TN R, |n, h, |h, h, |h,

Also,we have

hhh_Zszrz d >b+c A 2bc A s(s—a) sr
ahph. = and m W, rq 2 —— €085 .3 C0s .17, = be.—p —.—— = s°r.

Then
mew,r, R
h hyh, — 27

So the proof is complete. Equality holds iff AABC is equilateral.

1357. In any A ABC, the following relationship holds :

r, I I, 2

+ + >
4rZ + ryre + 4r2 A2 4 rr, +4r2 0 4r2 + 1, + 42 T 9R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Iq Iy Ie
2 2T 12 2 T 12 2
4arf + rpre + 4ré Are +rrg +4r;  4rg +rgn, + 41

2
4 2
B Z r} Berg;trom (chc rg )
A3 + irpre +4r3r2 T 4 X3y + 4y X2y3 + XYZ Yoy X2

cyc
x=rpy=r,z=r.) - (1)

Now,4z x3y? + 4Zx2y3 + xyszZ

cyc cyc cyc

Y y<z> ey

cyc cyc cyc

VAN \
(z xy> e (z ) [ (z xy>+xyzgxz

iy (z ) (z xy)z ayn (Z e zxy> - (z xy> oy

cyc cyc cyc cyc cyc cyc

cyc cyc cyc cyc
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= 4(4R + r)s* — xyz 7Zx2 +14ny +6ny

cyc cyc cyc
=4(4R+ r)s* — 7rs?(4R + r)? — 6rs* . (1) = LHS >
(4R + 1)? — 252)’ 12

4(4R+r)s* — 7rs2(4R +r)? — 6rs4 9R
& (4R + 4r)s* + 2304R> + 2304R*r + 864R3r? + 144R?r3 + 9Rr*
?
> (576R3 + 64R*r — 76Rr? — 14r%)s? and ~ (4R + 4r)(s? — 16Rr + 5r2)Z
()

Gerretsen ] ] ]
> 0 - in order to prove (*), it suffices to prove :

LHS of (+) > (4R + 4r)(s? — 16Rr + 5r2)"

< 2304R5 + 2304R*r — 160R3r2 — 240R?r3 + 549Rr* — 100r°
(+%)
> (576R® — 64R’r — 164Rr? + 2613)s?
Rouche

Again, RHS of (xx) <
(576R® — 64R?r — 164Rr? + 2613) <2(2RRj ;;2%) < LHS of (++)
& 1152RS — 3328R%r + 1384R%r2 + 1284R%r? + 125Rr* — 7415 >
2(R — 2r)(576R3 — 64R?r — 164Rr? + 2613) /R? — 2Rr
& (R—2r)(1152R* — 1024R%r — 664R*r? — 44Rr> + 37r*) >
2(R — 2r)(576R® — 64R?*r — 164Rr? + 261%) » \/RZ — 2Rr
& 1152R* — 1024R°r — 664R2r? — 44Rr® + 37r* >
2(576R% — 64R?r — 164Rr? + 2613) * /R% — 2Rr

Euler
“R—-2r > 0and1152R* — 1024R3r — 664R?*r? — 44Rr3 + 37r*

Euler
= (R—2r)(1152R3 + 1280R?*r + 1896Rr? + 3748r%) + 7533r* > 7533r* >0

?
& (1152R* — 1024R%r — 664R?r2 — 44Rr3 + 37r%)" >
4(R? — 2Rr)(576R® — 64R?r — 164Rr? + 2613)
& 589824t7 — 331776t° — 423936t° + 929536t* + 205312t3 — 118128t?
? R
+2152t+ 1369 > 0 (t = ;)

o (t—2) (589824t6 + 847872t5 + 1271808t* + 3473152t3 +)
7151616t2 + 14185104t + 28372360

Euler

+56746089 > 0->true~t > 2= (¥x) > (%) is true

Iq Iy Ic
L +— +— = —
4rf + rpre + 4r2  Ar? +ror, +4r2  ArZ + 1 + 4rb 9R
v AABC,' =" iff A ABCis equilateral (QED)
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1358. In any A ABC, the following relationship holds :

m, . my, . m, - 1612
m,(m3 + m3) m.(m} +m?) m,(m+ m3)  9(81R> — 2560r°)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

? b3+ ¢ + abc ?

mi<———— o a(2b?+2c2—a?) <b®+c3 +abc
4a ,

@Za3 +abc > 2a(b? + c?)

cyc

)

@Z(y+z)3 +1—[(y+z) >2(y+2)(z+ 2?2+ (x+y)?)
cyc cyc

x=s—ay=s—bz=s—-c=>x+y+z=3s—2s=s

( :a=y+zb=z+xc=x+y;xy,z>0 )

b3 + ¢ + abc

oxd+ty z+yz2>3xyz—>truev1aA G.m2< 4a

5 Panaéprl b3 + ¢ + abc Rs Rs b2c?(b3 + c3 + abc)
m < = TP b2 c® + abc
a 4 a 4.16R2r2s?

1
>md < CARLZs b2c? z a3 + abc | — a3b?c? | and analogs

cyc

1
= z mj < GARTZS z a3 + abc szcz — 16R?r2s2(2s)

cyc cyc cyc
Goldstone (2s(s* — 6Rr — 3r?%) + 4Rrs)(4R?s?) — 16R*r?s?(2s)
64Rr2s
25.4R?s%(s? — 4Rr — 7r?) ; _ Rs?(s?— 4Rr — 7r?)
= = m, <
64Rr?2s Z @

cyc

a

m, my, Bergstrom
. ' z
mb(ma + mb) mc(mb + mc) ma(mc + ma) + mb

m 2 Mitrinovic
—a d
(chc \’ m[,) A-G 9 9 x 1612 Ger?eltsen
> > =
2 Y cycm; 2Ycm3  R(4s%)(s? — 4Rr — 7r?%)
9 % 1612 ? 16r?

? R
> & 239t +4t3 — 7680 > 0 (t = —)

27R3(4R2 — 4r2) ~ 9(81R5 — 2560r5) r
Euler

& (t—2)(239t* + 478t% + 960t? + 1920t + 3840) S0 true~t > 2
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m, N my, N m, - 16r?
= =
my(m3 +m}) m(m}+md) my(mi+md) 9(81R5 - 2560r>)
v AABC,”" =" iff A ABC is equilateral (QED)

1359. In AABC the following relationship holds:

2(bm, + cmy — 2F)
Z Ta a — T, Sz:na

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We prove the result by using the following inequality

m, m, R
h, + h, =T (and analogs)

(see, Bogdan Fustei, Mohamed Amine Ben Ajiba," New Triangle Inequalities With Brocard's

Angle ",Lemma 12,6 — 7, www.ssmrmbh.ro).

2(bm,+ cmy — 2F m, m
ra<( < b )—ra>=2raha(—c+—b—1)—ra2

a h, h,

A 2sr R , LA , A ,  A4sir?
SZstanE.m.;—ra — 2r,h, = s” sec E_S tan E—Zrahazs —m

4s(s—b)(s—c s|la? — (b — ¢)? s(b — ¢)?
_ ( )( ):sz_ | ( )]:S(S_a)+ ( ) —n2.

a a
2(bm,+ cmy — 2F
= \/ra< (bm . b )—ra>Sna (and analogs)
Therefore

Z\/ra <Z(bmc + Zmb —2F) _ Ta) < Zna-

cyc cyc

Equality holds iff AABC is equilateral.
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1360. In any A ABC, the following relationship holds :

(ha+wb+mc)5+(hb+wc+ma)5+(hc+wa+mb)5 3:6°-r°
re ry ry ~ 81R5 — 2560r5

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

S - (z ) s (z 2y ) (ﬂm, . rc>>

cyc cyc cyc cyc cyc
Leuenberger + Euler,
Cesaro, 5

A-G R\’ 9R 2o o
< <4R+E) -5 ZZrarb (8rr,re) = (7) — 5.25%.8rs

cyc

Mitrinovic (9R\> 729(81R5 — 2560r5)
< (7) —5.2.8r.729r* = 32

. z <<) 729(81R5 — 2560r°)
B 32

cyc
(he + Wy + m® | (hy, + We + mg)°

e o

Now,

Bergstrom

2rs\°
(h +w, + mb)5 Holder (chch + chc w, + chc ma) via(+) 32 (3 * chc )

>
ry 27 Y eyt ~ 39x(81RS5 — 2560r5) -
2rs*9 5
32*35*( 7s ) B 25 %36 x5 _ 3 %6 *r°
39 « (81R5 — 2560r5) 81R5 —2560r> 81R5 —2560r°
v AABC,’ =" iff A ABCis equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since w,,m, = h, (and analogs) and

1+1+1—1+1+1— th h
e el S A S en we have

Z(h +wb+mc) z(h +h,,+h)5""’>d"(h +h, + h)® (_ 1 1)5
£ i - 34 \r, r, 1.

5
1 1 1\ T L 36008 ; ;
:g. (h +hb+hc)( +h_b+hc> = ?9 = 81R5 — 256015 < R° = 32r°,

which is true by Euler’s inequality R > 2r. Equality holds iff AABC is equilateral.
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1361. In any A ABC, the following relationship holds :

R+ 2r r2 4
(4R + )2 < g 2 _<_—(4R +r1)?
R+r . ,A7T 3

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

r?s2.bc rzs3 bc 5 ,A
z z u h z —s Zsec 2
sin? (s—a) (s—b)(s—b) rZs s(s—a) 2
cyc cyc cyc
s+ (4R +r)? ' ANO)
=s?. ( 3 ) aA=sz+(4R+r)2
s cyc Sil‘lzi
R+ 2r r2 via(® R+ 2r
~ (4R +1r)2. Rir sz “A & s+ (4R+1)?2 > (4R +1)2 Ry

oye sin? = 5

o)
© (R+1)s? >r(4R +r)?
Gerretsen ? ?
Now,(R+1)s? > (R+r)(16Rr—5r?) >r(4R+r)? ©3r(R—2r) >0
2

R+ 2r T,
- true via Euler = () is true . (4R +r)2. T < Z 2

cyc Sillz 7
I',% Doucet / Trucht 1
Again, via (*),z 5= sZ + (4R +1)? < - (4R +1)% + (4R +1)?
cyc Sinz 7
4 r2
S @RED? Y < 2R 42
3 A 3
oy sin? >
R+ 2r r? 4
- (4R + P2, <) —tr< @R+
R+r ) A™3
cyc sin 7
v AABC,” =" iff A ABCis equilateral (QED)

1362. In any A ABC, the following relationship holds :

>3(2)x+1)v1>3
2 4

A B
taniwanf A4R+ 1)
> +

oye tan? % + tan? g 3r

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
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tan tan I'. T Bergstrom
a'b
Z Z 7 Z =
B + rb rc(ra +1?)

cye tar; 2+ta nZ =

2 2

Ors ors Ors

Yeye (rarb(chc rg — )) (chc ra)(chc I'vtrb) 31T (4R +1)s? — 3rs?

A B
tanstan A(4R+71) 9r A(4R + ) ? 3

= + > + > (A +1)
£ tan2%+tan2g 3r 4R - 2r 3r
4R+r ? 3 Or 4R—-8r\ ? 3R—6r
= )t( - ) >—-— s ( ) =
3r 2 4R -2r 3r (:«J)ZR—r
)t>3 4R — 8rElger0.l4R—8r >R—2r;3R—6r
_4a - h ( 3r )_ r ~ 2R-r
? Euler
< 2R—r=3r ( R—-2r > 0) < 2R > 4r - true via Euler = (%) is true
tan2tan> A(4R+ 1) 23
r
z —Lg+— —(21+1)v >3
e tan? = 7+ tan2 5 5 r
and vV A ABC,” =" iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
tan gtang tan? g + tan? g
B ct 5 ¢ =1 (and analogs)
tan?5 + tan?5  4tanstans
2 2 2 2
Then
tan 2 tan& A(4R + 1) tan2 2 + tan? ¢ A(4R +71)
Z 2 2 - Z 1— 2 2
oyc tan? g + tan? g 3r cyc 4 tan tan 3r
A
3 (chc tan ) (chc tan tan A(4R +71)

A B
4 tans 2 tans 7 tan

15 4R+r A(4R+1) 15 4R+r( )E""" 15 (

=% T T3 —atm Mg

as desired. Equality holds iff AABC is equilateral.

4 4

1363. In any A ABC with w —

Brocard’s angle, the following relationship holds :

92 RMM-GEOMETRY MARATHON 1301-1400

3
A——)=§(21+1),



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 2R |2R | g 0N o
- = max /— /— /—
sin r r |[Wo,wpw,

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1 - 2R | rprpre Y eyc a®b? - 2R rs%(s? + 2Rr +r?)
—. =3 —.
sinw ~ [ r [w,wpw, 4r2s2 " r 16Rr2s?

o2 ((52 + 4Rr + rz)2 - 16Rrsz) > s%(s? + 2Rr + r?)

()
& s* — (18Rr —3r?)s? + 2r?(4R+1r)2 > 0
2 Gerretsen
and ~ (s? — 16Rr + 5r?) 0 - in order to prove (), it suffices to prove :

**

LHS of () > (s? — 16Rr + 5r2) & (14R - 7r)s? > r(224R? — 176Rr + 23r?)
2R? + 10Rr —r?
—2(R—2r) * 2Rr>
> r(224R? — 176Rr + 23r?)
& (R — 2r)(14R? — 21Rr + 4r%) > (14R — 7r)(R — 2r) * VRE — 2Rr
& (14R? — 21Rr + 4r2)* > (R? — 2Rr)(14R — 7r)? ( R_2r > 0)

Rouche
and again, LHS of (xx) > (14R-—7r) (

?
=3 2r2(18R(R —2r) + 38R? + Rr + 8r?) > 0 - true = (x+) = (x) is true

( ) rarbrc Wg </s(s—a) and analogs (2R rs2

= —.

sinw = W W, W r |Js(s—a)xs(s—b)x*s(s—c)

IZR ’ rs2 1 (9 ’ZR
= —_—., | S > _ (o)’ (oo) =
r s.rs sinw r
1 2R (2R Iy . . .
- >max| [—, [—. /' =""iff A ABC is equilateral (QED)

sin w r r Wa WL W,

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2\/_

b+c

Since w, =

rpr.

2F
sinw = ,then we have
va?b? + b%c? + c2a?
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ZR TTpT ¢ a’b? + b*c? + c*a? 2R (a+b)(b+c)(c+a)
sin w r wawbwc 4F? r 8abc

& 4(a?b? + b%*c? + c?a?) = s(a+ b)(b + ¢)(c + a).

Using the following sustitution a=y+z,b=z+x,c=x+2,x,y,2

> 0, and after expanding
and simplifying we get the equivalent expression
2x*+yr*+ 2t +xyz(x + y+ 2)] = xy(x + y)? + yz(y + 2)? + zx(z + x)?
By the fourth degree Schur’s inequality, we have
2[x* +y* + z* + xyz(x + y + 2)] = xy.2(x? + y?) + yz.2(y? + 22) + zx.2(Z% + x?%)
> xy(x+y)? + yz(y + 2)? + zx(z + x)?,

1 - 2R | 1 TpT,
sinw ~ || r |[wwyw,

< Jrpr. (and analogs), then we have

Then

2\/b_
b+

and since w, =

W WpW, < 1,77, and

ToTpTc 2R (2R | 1, TypT,
——=maxy [—, |—. [—-
sin w W WpW, r T |[WWpW,

Equality holds iff AABC is equilateral.

1364.

In any A ABC with w — Brocard’s angle, the following relationship holds :

2 - R(a+ b)(b+ c)(c+ a)
sinw rabc

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2 - Ra+b)(b+c)(c+a) 4Yca’b? - R = 2s(s? + 2Rr + r?)
=N
rabc 4r2s2 r * 4Rrs

& ZZ a’b? > s%(s? + 2Rr + r?)

sinw

cyc
& 2 ((52 + 4Rr + rz)z - 16Rrsz) > s%(s? + 2Rr + r?)

2 Gerretsen

& s* — (18Rr — 3r?)s? + 2r?(4R + r)? > 0 and - (s? — 16Rr + 5r?) 0
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=~ in order to prove (*), it suffices to prove : LHS of (x) > (s2 —16Rr + 5r2)Z

Rouche

& (14R — 7r)s? (;) r(224R? — 176Rr + 23r?) and again, LHS of (x+) >
(14R — 7r) (ZR2 +10Rr — r2 — 2(R — 2r) * M)
> r(224R? — 176Rr + 23r?)
& (R - 2r)(14R? — 21Rr + 4r?) > (14R - 7)(R — 2r) » VR — 2Rr
& (14R? — 21Rr + 4r2)* > (R? — 2Rr)(14R — 7r)? ( R-2r > 0)
& 2r?(18R(R — 2r) + 38R? + Rr + 8r?) ; 0 - true = (*x) = (%) is true
2 wjR(a+b)(b+c)(c+a)

>
rabc

AABC,” =" iff AABCi i ED
Sine = v C i Cis equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since sinw = 2st ,then the desired inequality is equivalent to
va?b? + b2c? + c2a?

4(a’b? + b*c? + c*a?) > s(a+ b)(b + ¢)(c + a).

Using the following sustitution
a=y+zb=z+x,c=x+2x,yz> 0 and after expanding
and simplifying we get the equivalent expression
2[x*+y*+ 2t +xyz(x + y + 2)] = xy(x + )% + yz(y + 2)? + zx(z + x)?
By the fourth degree Schur’s inequality, we have
2[x* +y* + 2t + xyz(x + y + 2)] = xy.2(x? + y?) + yz.2(y?* + z%) + zx. 2(2% + x?)
> xy(x +y)? + yz(y + 2)? + zx(z + x)?,

So the proof is complete. Equality holds iff AABC is equilateral.

1365. In AABC the following relationship holds:
2s+a 2s+b 2s+c 48 (r)z

> (=
4s—a+4s—b+4s—c_ 5 \R

Proposed by Emil Popa-Romania
Solution by Daniel Sitaru-Romania

Zs+a+2s+b+Zs+c_
4s—a 4s—b 4s—c

at+b+c+a _ 2a+b+c _
Li2a+2b+2c+a Li3a+2b+2c

cyc cyc
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(2a+ b + ¢)?

(3a+2b+2c0)(2a+b+c)

cyc
~ Z (2a+b +c)? PHRESROM  (4a+ab+ac?®
2a% + 2b? + 2¢? + 5ab + 5ac + 4bc - T 6Xcat+14Ycab

B 16(a+ b + c)? 3
" 6-2(s2—12—4Rr) +14(s2 +r2 + 4Rr)

cyc

8- (2 S)Z GERRETSEN 8- 452
= > >
13s2 + 12 + 4Rr - 13(4R%? + 4Rr + 31%) + r2 + 4Rr —

MITRINOVIC EULER
~ 32- 271‘2 -

>
52R?% + 56Rr + 4072

32 - 27r2 32 - 27r2 32-27r2 48 (r)z
= R R?  52R?+28RZ+ 10R2 90R*? 5 \R
2 -
52R? +56R -7 +40 -

Equality holds fora = b = c.
1366. In any A ABC, the following relationship holds :

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A B c
Notice thatifa < b < cthenh, > h, > h, and cscE > cscE > cscE.

Chebyshev’s inequality affirms that

) Yeer DI Yo

cye sm2 cye cye sm2 5
S + 1‘ — 8Rr Gerretsen1 ZS r 8R — 4r Euler
>
cyc

452,

> . >
3" R r

W |

Also, we have
2r .2 2r F?bc 25273 bc(s — b)(s —¢)

R’ SinzA R’ (s—a)z(s—b)(s—c) R (s12)?
cyc 2 cyc

AM-GM 2
~ 2 bc s—b)+(s—c
< —Z L€ )+ ( )] Z bca? = 4s2.
Rr 4 ZRr

cyc cyc

Therefore

96 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Z haz >4SZ >2_r L
A

. R . A
cyc Slnz 2 cyc Slnz 7

Equality holds iff AABC is equilateral.

2

Solution 2 by Soumava Chakraborty-Kolkata-India

> B> (ha (1 cortg)) = N

cyc sin? 5 2 cyc cyc
212 2
a’b (s —a)
_ 2 212
B 4R?2 r2 4zh Ty 1 _4Rzzab + rzszz a?
cyc cyc cyc cyc
z 2b? + 45?2 szzl—ZSz +3
4R? a?
cyc cyc cyc
1 4s* 8s3
=5 ) @ Y a?h? - ) ab+ 1257
4R? Z . 16R?r2s2 2. % ° " 4Rrs L. S
cyc cyc cyc
(s? +1?) ((s2 + 4Rr +r?) — 16Rrs2) — 8Rrs?(s? + 4Rr + r?) + 48R%r?s?
- RZr2
s% — (16Rr — 3r2)s* + r?s%(32R%? — 8Rr + 3r?) + r* (4R + 1)? (» h2
4R*r Ge sin? 5
Avai z z r?s2.bc rzs3z bc Zz , A
gam, sinz A (s—a)®’(s—b)(s—b) r2s Lus(s—a) S Sec’2
cyc 2 cyc cyc
sZ 4+ (4R +1r)? D)
— s2. ( ) . 2 = 52+ (4R +7r)?
s? 2 A A
e sin
h?

~via (*), (* *)

A A
Ve sm2 R sm2

cyc
s® — (16Rr — 3r?)s* + r2s2(32R2 8Rr + 3r2) +r*(4R + r)?
2 = 4R?r?
2 Er(s2 + (4R +1)?) © s® — (16Rr — 3r?)s* + r2s?(32R? — 16Rr + 3r?)

Q
—r3(128R3% + 48R*r—r%) > 0
Gerretsen
Now,LHSof (i) = (16Rr— 5r?)s* — (16Rr — 3r?)s*
?
+r?s?(32R? — 16Rr + 3r?) — r®(128R3 + 48R*r —r3) > 0

?
& (32R? -~ 16Rr + 3r?)s® — r(128R* + 48R%*r — r?) > 2s*
&)
Gerretsen !

Again,2s* < 2(4R? + 4Rr + 3r?)s? <
(32R? — 16Rr + 3r?)s? — r(128R3 + 48R*r — r?)
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& (24R? — 24Rr — 3r?)s? > r(128R3 + 48R%r — r?)

(i)
Gerretsen m
Once again, LHS of (iii) >  (24R? — 24Rr — 3r%)(16Rr — 5r2)

? ? R
>r(128R% + 48R*r — 1r?) © 323 — 69t2 + 9t + 2 > 0 (t = ;)

? Euler
o (t-2)(292+3t(t—2)+(t—2)+1) >0 ->true v t > 2 - (iii) = (ii)
2

. h? L 2r 2r r2
= (i) is true = A AR sm—Zé
cyc 2 cyc 2
v AABC, =" iff A ABCis equilateral (QED)

1367. In any A ABC, the following relationship holds :

(h2 + wZ + m2)° L (0w + m?)° (hZ+wZ+mi)  4-60r1
(rs +1g)° (rf +15)° (rf+r13)2 = (81RS — 2560r°)?

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

a? LA 16R? SiﬂZ%COSZ%
raSE:ra<s tani ar
_4st4(t 2A><1 ZA)2_4RZS4(t ZA)(1+ A ZA)
=— an® - cos®o) =— an® > cos® - cos” -
_4R%s* (1} sin’A s _AR*s* (2 a?
=— SZ+ m —(1—-cosA) |>r; <—— S—2+ﬁ—1+cosA
4R%*s* (4R +1)? — 252 Y ca” r
d anal :Z < Y _34+1+-
and analogs Iy - < 2 + 16R2 + +R
cyc
Leibnitz 4R%*s* ((4R +1)? — 9 r
< . +—+—
r S 16 R

Rs?
T (16R(4R + r)? — (55R — 161)s?)
2
(16R(4R +1)2 — (55R — 161)(16Rr — 5r2))

Gerretsen

= Z s — (256R3 752R?r + 547Rr? — 80r?)
cyc

(hZ + w? +mg) (b} + w2 +m2)° (hZ+wZ+mi)

Now, 3 3 3
(rf +rd) (5 +rd) (ré+713)

98 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Z (hz + wb + mc) Holder (chc h + chc Wb + chc mc) Wg g = h, ;nd analogs 27(chc h%)

v A o ) A ’ B 4(chc )
h2 + w? + m? YhZ + wg + m2
1 2,3 10
7 (g (chc ha) ) _ (chc ha) ; 4 % 6° % r10
4(Zeyers)” 36(Teycrs)”  (B1R® —2560r°)?

?
& (81R% — 2560r5) z h, | >12+216r° Z re

* cyc

~
—

cyc

We have : (81R° — 2560r°) z h
cyc
4

1\ [s?+ 4Rr + r?) Bergstrom
= (81R% — 2560r°) | 2rs E - ——) =
a 2R

cyc

4 /.2 2
(81R5 — 2560r°) (er *1) <m> > 12 2161 g e
2s 2R - “
cyc

via (

(81R5> — 2560r%)(s? + 4Rr + r?) 81 = 81r*

? Rs?
> 24 * 2161° * i .(256R3 — 752R?r + 547Rr? — 80r?)
& (2465R5 + 12032R*r — 8752R3r? + 1280R?r® — 207360r°)s?
?
+81(4Rr +r?)(81R® — 2560r°) = 0
()
2465R5% + 12032R*r — 8752R3r? + 1280R?*r® — 207360r° > 0 and then :
LHS of (x+) > 81(4Rr + r?)(81R° — 2560r°)

= 81(4Rr + r?)(81(R5 — 32r°) + 32r%) S 81« 32(4Rr + r?)r’ > 0

= (*x) is true (strict inequality)
2465R5 + 12032R*r — 8752R3r? + 1280R?r3 — 207360r> < 0 and then :

5 4. _ 3.2
LHS of (x+) = — _(24-65R + 1220332R r — 8752R°r ) s2
+1280R —207360r>

+81(4-Rr + 1'2)(81R5 25601'5) Gerretsen

2
- (_(2465R5 + 12032R*r — 8752R3r? + 1280R?r3 — 207360r5))( —is )

4Rr + 3r?

?
+81(4Rr + r?)(81R% — 2560r°) > 0
& 2465t7 +21058t° + 6769t° + 1552t* — 528413 — 206400t>

? R
—414720t—- 207360 = 0 (t = ;)

6 5 4 3\ ? Euler
o (t—2) (2465t + 259828t + 58745t* + 119042t ) S0otrue -t > 2
+232800t> + 259200t + 103680
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= (xx) is true .. combining cases 1 and 2, (+*) = (xx) is true V A ABC

_ @i rwrmd)’ (nf 4w tmd)’ (b2 4w+ mp)’
(rs + rtf)2 (5 + rc5)2 (rd + rg)2
4 66 * r10
= (81R5 — 2560r5)2
1368. In AABC the following relationship holds

v A ABC,” =" iff A ABC is equilateral (QED)

ny + 2r h, > rpr. + myhy, + m h,

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

s(b — ¢)? 45212
ng2+2r h, —rpre. = <s(s—a)+ >+a(s_a)—s(s—a)
s(b—c)? 4s(s—b)(s—c) sb—c)*+s[a®—(b-c)?] sabc R
= p + . = a =Ssa-= 4F2 -hbhczF'hbhc-

Also,we have

R m, m,
ro hc hb

(see, Bogdan Fustei, Mohamed Amine Ben Ajiba, New Triangle Inequalities With Brocard’s

Angle,Lemma 12,6 — 7, www.ssmrmh.ro)

Therefore

2 R m, m,
ng,” + 2r h, = ryr. + L hyh, = ryr. + (h— + h—) hyh, = ryr. + myh, + m_ h,.
c b

Equality holds iff AABC is equilateral.

1369. In AABC the following relationship holds:

Z Ma > 9+/313
a(l+ cosA)* — r

cyc

Proposed by Daniel Sitaru — Romania
Solution by Tapas Das — India

4m? = 2b? + 2¢? — a? = (b? + ¢* — a?) + b? + ¢* = 2bccos A + (b? + ¢?)
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AM-GM
> 2bccosA+ 2bc = 2bc(1 + cos A)
=~ 4m2 = 2bc (1 + cos A)

mi = lbzcz(l + cos A)?> (analog)

. Z Z b%c?(1 + cos A)?
a(l + cos A)4 a(1l+ cosA)*
Z bZ 2 1 bZ 2 1
=10
"4 (1+cosA) 4 4cos4
1 1
AM—GM 3 1 1 3 3
> (abc)3

64 I1 cos3 I cosA

3 b 1 1 1
T4 4 Hcos Hcos

1
= [ 3 X 16 R? [4R]§
= Rrs - 16 r p
1
3
Mitrinovic—Euler r 2
> 3(2r)2%r =3-4r3. — =833
(2r) V3R V3
2
Equality whena = b = c.
1370. If in A ABC,b = c then :
3 si A 2 B - A—B A-C
SIn—SIn™ — = COoS COoS
2 2 2 2

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

. B-C 2
We will show cosTZ ?r (1)

B-¢ B C. .. B.C
COoS = COS — COS — sin — sin —
2 272 272
Now cos 2 = [$672) gjpnZ - |6-0G—9
2 ac ac

Using Ravi’s transformationa =y +2z, b=z+x, c=x+Yy
The inequality (1) is equivalent to (2x + y + z)? > 8x(y + z)
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which this is true by (AM-GM)

2s=2(x+y+2)
~s=x+ty+z

[sinceb=c .. B =C]

Now\[cos—cos—> / Zr f f

8SlnE sin? E—Bsmi smi smE
_3 A B C b B=C)=8. T _2r
smzsmzsm =, AR-R

Euler

We need to show % < for 2Rr > 4r’orR > 2r (true)

Solution 2 by Aissa Hiyab-Morocco

b=c=>B=C
A—B A—-C A—B A—-C B-C
:>cos( > )cos( > )zcos( > )cos( > )cos( > )
a+b C\/a+c _ B\ (b+c A (a+b)(a+c)(b+c)
= (sing) (sing) (aing) =g
:23(32+2Rr+r2) (L):sz+2Rr+r2
4Rrs 4R 8R?

g A B; (A—B) (A—C)
s1n2s1n > cos > cos >

8 si A(_ B C); (A—B) (A—C) (B—C)
<:> J— J— —
sin > sin > sin 5) = cos > cos > cos >

o8x—< 8R? & 3112 — 2Rr < s?

r ? |s2+2Rr+ 12
4R —
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(%) Gerretsen

31r2 —2Rr < 16Rr—-5r> < 5
(*) = 31r% + 512 < 16Rr + 2Rr = 2r < R true

Solution 3 by Soumava Chakraborty-Kolkata-India

2 2 2 2

A-B A—-B . B A-B . B

= |cos > cos > —4smi(cos > —smE)

m—2B—B . B m—2B—-B . B

=cosT—4smE*(cos#—smE)
. 3B . B . 3B . B
:sm7—4smi*(sm7—smi)

_ ... B . 3B . B . B . ;B
—351n5—4sm 5_45"15*(251“5_48“1 E)
= 3t —4t3 — 8t% + 16t* (t = sing) =t(4t+3)2t—-1)2> 0, =" ifft = sing
1 .. B C = T
=E@1ffE=E=E®A=B= =§
_ . A ,B A—B A— _
-.BSInEsm ES cos 2 cos 2 VAABC|b—c,

" =" iff A ABC is equilateral (QED)

1371. In AABC the following relationship holds:

(ro+rpy)r.+ry) 1 bh, 9
z ac SE ;(s—a)(s—c) +Z

Proposed by Gheorghe Molea — Romania

cyc

Solution 1 by Tapas Das-India

1,1 _9 2
Wehave, —+—=-=—
"rp T e F hq
2ryr,
S Tp + re.=
h,
2rpTe
andr, +r, =——
h¢
Z (ro+ry)ry,+r.) 2ryr, 211, 1 4 1,11,
o =  _ . = _ . r
ac h, h, ac h,h, - ac b
cyc cyc cyc
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_ 4-s%r _ rbszr _1 _ 4R+r
= Leye 2F2F b = Leye sz ;Zrb =—
F F
Now (s — a) —;,(s—c) =
2 2 2F 2
Z bh, bh, B b
= —7r,T = T,T
(s—a)(s—o0) F-F%°¢ Fz2 " %°¢
cyc cyc cyc

4 2 4 45°
— — 9 — —
—E(E rarc) “F2 % TrgT 2

LA (g b NP9 _ 1 4’ 915 9

"16(Z(s—a)(s—c)) te= ty= t (2)
4R+1r
s

2
From (1) and (2) we need to show i . :—2 + % =
or s> + 9r% > 16Rr + 4r? or s* > 16Rr — 51> (True)
(Gerretsen’s)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Nac=M(2+-) (2+3)=

a Th Th Tc

— Az(ra+rb)(rb+rc) — T(rarprc)(Ta+Tp)TalpTc — 1(rq+1p) (rp+rc) = ac (*)

Tp(Tarp?c) Tp(TarpTc) Th
(ra+rp)(rp+re) _ Th _ 4R4T
2z r(ratrp)(rp+re) 2z r r (1)
Th
LHS = 4R+1 ( 1)

L(y_2a ;o _1fy [ 200 ), 9_1 L9
2)16(2(p—a)(p—b))+4_4(2 (p—a)(p—b))+4_4(2(:0t2) +4_

_E(ZA)ZJFEZE(M)ZJFE:ﬁ(i) P G R
4 Ta 4 4 \rqrpre 4 4 \p2r 4 42 4
7?72
4R+1r P 9
-**:> < — -
;)= ——=<_7+;

?
p?+9r2 >4r(4R + 1)
p? +9r% > 16Rr — 5% + 9162 = 16Rr + 41*

1372. In AABC the following relationship holds:
2
a? - Vbc + b? - Yca + % - Vab < R?(Va+ Vb + V¢)
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Proposed by Daniel Sitaru — Romania

Solution by Tapas Das — India
a?-bc + b? -3ca +c% - Vab
WLOGa=b =>c

~ab > ac = bc
Chebysev 1

~a®bc + b*Yca+c*Vab < 3 (@ + b2 + ¢2)(Vbc + Yca + Vab)

11 132
(a3+b3+c3)

S%(a2+b2+c2) 3
[Note: (X x)? > 3(X xy)]
vVx,y,z> 0
Pibhcs)
L2 o G - o) R2(a + Vb + Ye)”

1373. In any A ABC, the following relationship holds :

h2 h2
Z. A=3 A

2 2
cyc Sin 7 cyc CoS 7

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

S (s (r o)) - Y 12

cyc sin? = 2 cyc

azb2 5 2,2 4 4rzs4 (s—a)2
= 2R T s 4Zh rpTe = 4Rzza b Z

cyc cyc cyc cyc

1 1 1
— E 212 2 22 _ E_
= IR a“b“ + 4s (s 2 2s a+3>

cyc cyc cyc

1 4s* 8s3
=— 2b2+—z Zp2 — Z b + 12s?
AR? Z a 16R?r2s2 L. ¢ 4Rrs 2. ¢ S

cyc cyc cyc
(s? +1?) ((52 + 4Rr + r?) — 16Rrsz) — 8Rrs?(s? + 4Rr + r?) + 48R*r?s?
B 4R?rZ
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s® — (16Rr — 3r2)s* + r?s?(32R? — 8Rr + 3r2) + r*(4R + r)? (» h2
_s*—( 0 2

2p2
4R r cyc Sinz 7
A Z a b
Again, Z Z hZ + Z hZ tan? cyc + 4r Z —
cyc cos? cyc cyc cyc
4R? a
cyc cyc
Y eyc a?b? s tan% s(s — a)
=—rz T 4r? z 1 -2 z
cye 4Rtanz cos2 cye
chc a2b2 S S + (4R + I')Z
=== i 4r?||— z 1 A
AR + 4r IR (1 + cosA)
cyc
_ (s? +4Rr + r?) — 16Rrs? T ar? (s2+(@R+1)?)* 4R+t
- 4R r 16R?s? R
s% — (8Rr — 3r2)s* — r2s%(16R? — 8Rr — 3r%) + r2(4R + n)* (=0 h2
4R*s Se cos? 5
h2
o via (), (%), z L>3 z
cyc sin? cyc cos? =
s% — (16Rr — 3r?)s* + r2s2(32R2 8Rr + 3r2) +r*(4R + r)?
=
R2r2
— (8Rr — 3r?)s* — r?s2(16R? — 8Rr — 3r%) + r?(4R + n)*
- 4R?%s?

& s% — 16Rrs® + r?s*(32R? + 16Rr — 61?)
Q)
+r*s?(64R? — 16Rr — 8r?) — 3r*(4R+1)* > 0

Gerretsen

Now,LHSof (i) > (16Rr— 5r?)s® — 16Rrs® + r?s*(32R? + 16Rr — 6r?)
+r*s?(64R? — 16Rr — 8r?) — 3r*(4R + r)* >0
& (32R% + 16Rr — 612)s* + r?s?(64R?* — 16Rr — 8r?) — 3r?(4R + r)* é 5s6
)
Again, 556 < " 5(4RZ + 4Rr + 3r2)s* < LHS of (ii)
& (12R% — 4Rr — 21r?)s* + r?(64R? — 16Rr — 8r?)s? — 3r?(4R + r)* é 0
Gerretsen i

Once again, LHS of (iii) > (12R?—4Rr — 21r?)(16Rr — 5r?)s?

+r?(64R? — 16Rr — 8r?)s? — 3r?(4R + r)*
=r(192R3 — 60R?*r — 332Rr? + 97r%)s? — 3r?(4R + r)*

106 RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

r(192R3 — 60R?*r — 332Rr? + 97r3)(16Rr —5r%) — 3r2(4R + n)*
<  192R3 — 60R?r — 332Rr? + 9713 =

Euler

(R 2r)(192R? + 324Rr + 316r?) + 729r3 =3 729r3 > o)
R

> 0 & 576t* — 67263 — 13252 + 791t — 122 > 0 ( r)

Gerretsen

Euler

e (t—2) ((t —2)(576t% +297t% + 183t(t — 2) + t+ 61)) S0otruest > 2

~ (iii) = (i) = (i) is true = Z

cyc Slll 2 cyc COSZ 7
v AABC,’ =" iff A ABC is equilateral (QED)

1374. In AABC the following relationship holds:
3m/3"

a (sha>"+b (shb>"+c (shc)"> (r)" -
s \ bc s \ca s \ap) = 2t \g) '™

Proposed by Emil Popa-Romania
Solution by Daniel Sitaru-Romania
a (sh,\" a (sah,\" 1 , s \" .
D5 (5e) =25 () =5 (ape) Qe ahor =

S
cyc cyc cyc

Sn—l . Sn—l . (ZF)n B
-Za- (2F)" = (abo)™ -Za—

- (abo)™
cyc cyc
B s 1. (2F)" B s 1. (2F)" B st1.2m.2¢ B
B G A ¢V T L A T T

w1 MITRINOVIC (3vE)" _ 3nyEm n

2 s I 1 T 33T (1 .

== > . = . (—) .Equality holds fora = b = c.
22n  gn R

- 2n-1 ): - 2n-1

1375.If x, ¥,z > 0 then in AABC the following relationship holds:
x + r,\2 +z rp\2 z+x [T.\2
G S G =
z h, X hy y h,
Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Daniel Sitaru-Romania
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x+y_<r_a)2+y+z_(ﬁ>2 +z+x.(i)

z h, x h,, y h,
S L O N L
z h, x h,, y h,

. 37@. (L) 222 (o) 2 ()

h, x h,, y h,

-5 o ) () () = ) () () = 0

ro\2 (Tp\? (T2
(h—‘;> (h—b> (h—z> >1er,ryr.=>hhpyh, &

F F F >2F 2F 2F

2 AM—GM
)

abc >8(s—a)(s—b)(s—¢c)
(b+c—a)(c+a—-Db)(a+b—c) < abc (Padoa’s inequality)
Equality holdsfora=b=c¢, x=y = z.

Note:

AM-GM
(b+c—a)(c+a—b)(a+b—c)=1_[\/(b+c—a)(c+a—b) 2

cyc

abc

(b+c—a)+ (c+a—b)
Sﬂ 2 -

cyc
1376. If x,y,z > 0 then in AABC the following relationship holds:
x + a\2 +z /b\? z+4+x /c\2 7\ 2
L (S) 2 (D) (Y 5 a6 (D)
z T, b T y T, s

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

2

x+y (a\* y+z (b z+x [c\2M M
(@ 22 @ v
z T, x \ry y \r,
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>2,/xy (a)2+2 yz (b)z 2Vzx ( )
Tz Tra

X

0 ]
=%@WH%G@H=

abc 4Rrs
r rbr rs2

2

ZAM GM

C
2 MITRINOVIC
4-R

3 2

3‘/_ _6 (g) =6-§=82216(§) N

& 5% > 27r% & s > 3+/3r (Mitrinovic).
Equality holdsfor:a=b =c,x =y = z.
1377. In any A ABC, the following relationship holds :

z IpI'c
(r—hb)(r— c) = r—m)(r-ry)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

4rzs2
Z hph, Z Z 4s%(b + ¢)
(r—hyp)(r—h,) __ __ (c+a)a+b)(b+c)
cyc 1 1
B 4s? 4s hbh ® 8s?
-~ 2s(s? + 2Rr+r2) (r—hb)(r— h.) s2+ 2Rr +r?
IpTe _ (s — b)(s -0 3 s’a  s%x2s
— _ - S S - -
— r-n)Tr-r.) £ r2 (m _ 1) (s e 1) L 4Rrs  4Rrs
Iy I (11) S

= . -t -r) 2R ~ (1), (i) =
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Z hph, Ip T 8s? - s2
o
(r—hy)(r - c) T Li(r-r)r-r) s?2+2Rr+r?” 2Rr
cyc yc
& s? 4+ 2Rr + r? 216Rr<:)sz—16Rr+5r2+2r(R—2r)20—>true

2_16Rr+5r2 > Oand2r(R—2r) > 0 Buhe
s — r+5r and 2r(R—2r) > 0 -
— (r—hy)(r —h)

v A ABC,” =" iff A ABCis equilateral (QED)

IpTe
T (r—rp)(r—r)
ycC

1378. In AABC the following relationship holds:

ra>2 (rb)z <rc)2 4r
—) +(—=) +(~) =21+~
(ha hy, h, R
Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

<f—:>2+<r—: +Z—z>””5”3j<zz> @6

rarbrc hhb 1
/ /hhb 3—1+2—1+42—1 4R
=c.

Equality holds fora = b =

1379. In any A ABC, the following relationship holds :

2Rm, m, m,,
> ’_ /_
T = (rb + rc) hb + ha

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A 2 A
siny  sing ssin (T) Co0s75  SCos” o A
I, + Irc=S + C = A B C = 3 = 4RCOSZE
cosz Cos3 C0S75 COS+ COS 5 (ﬁ)
® 2 A
~ Iy + 1. = 4Rcos 2
A via (i) 1 1
Now(b+c)2>32chos 2 alsr(rb+rc)_3r s( —b+s—c)
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=8(s—a)(s—b)(s—o¢) =4a(b+c—a)

a
(s—=b)(s—o¢)

? ?
o Mb+c)?+4a’—4ab+c) >0 (b+c—2a)?>>0 - true

A 2Rm, Lascu and (i) 2R * # Ccos %
~b+c=v32Rr. cos —_— = A
7 x(y + 10 r = 4Rcos? 5

IV

A A
R+ V8Rr.cos5 * cos > 2R 2Rm ZR
2 2 _ e >
I * 4Rcos2 r(m, +1o)

Again \[7 \/ITbCBS\/_* ’ g\/7

R m
/ T = h—a + h_ ® reference : article titled "New Triangle Inequalities With Brocard's Angle’ \
a

by Bogdan Fustei, Mohamed Amine Ben Ajiba; /
Lemma 12,6 — 7, published at : www.ssmrmh.ro

’ma ’mb (+5) ’ ZRma ’ ,
~ combining cases (x) and (**

ma m, my, "o . .
> (r, + 1) h_b + T v A ABC,” =" iff A ABC is equilateral (QED)
a

1380. In any A ABC, the following relationship holds :

A
ras N rg N rcs - 811'71"%Ctg2 7
erpre +1  rdror,+1  rdrgrn, +1

rtr3r,r.ctg? % + r(ryr,r, — 24r3)

Proposed by Elsen Kerimov-Azerbaijan
Solution 1 by Soumava Chakraborty-Kolkata-India
1'3 rlf rcs Holder (chc l'a) ®

+ + >

drre+1 rrrg+1 drern, +1 27(rs?(Xeyerd) + 3)
A

2

)
=

81r7r3ctg2% 81r’ * s®tan A*ctg

rr3n,r.ctg? % + r(r rpre — 24r3)  r# xrs? « s? tan? % * ctg? 7 + r2(s2 — 24r2)

5 5

=N Zra (s% — 24r%) + Zra *T s‘*>2187r6s4 Zrﬁ + 812r5s?

cyc cyc ( ) cyc

5 2

A-G ?
Now, Zra *r3s* > 27rs? Zra *r3s* > 2187rbs* er

cyc cyc cyc
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?
& s2(4R +1)% > 81r?((4R + )2 — 2s?)
?
& s*((4R +1)? +162r?) > 81r?(4R + 1)?

€Y
Gerretsen ?
Wehave: LHSof (1) >  (16Rr—5r?)((4R+r)? + 162r%) > 81r?(4R + r)?
? R ? Euler
& 8t3-39t2 +60t—28>0 <t=;) cBt—-7)t-2)2>0->true~t > 2

5
)
= (1) is true - (2 ra> +r3st > 2187r6s* (Z r,f)

cyc cyc

Euler
and
Mitrinovic

5
A-G
Again, z r, | (s2—24r%) > 27rs?(4R+1)?(s? —24r%) >

cyc

5
(CD)
27rs2(9r)? * 3r2 = 812r°s? - (Z r, | (s? —24r%) > 81%r5s2| . (o) + (o)
cyc

Iz Ty re

2rpre+ 1 rira,+ 1 rdrgp +1

= (%) is true .

81r7r§ctg2%
>

r4r2rbrcctg2% + r(r r,re — 24r3)

v AABC,’ =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have
5

Z Tq _Z ra®  (@atrptr)?
réryr. +1 1 1

cyc cyc TpTc + r3 chc (rbrc + ﬁ)
a a

B (4R +1)?
- 143 1,1

2 1y _ 1.1

s+ (Zoveys) = 3Meve 5+ 1)
E'i;fr (4.2r + 1) 3 81s%r7 E"é" 81r7s?
T e <1)3 3 ARs? ~ s*rS 4+ 52r2 —12Rr3 T s*rS + r(s?r — 2413)

s = YERE

A
and since r,r,r, = s’randr, cotE = s, then

Z r,S 81r7r,? cotz%4

>
3 = A :
cyc Ta TpTe +1 r4r3ryr, cot? 7+ r(rorpr. — 2413)

Equality holds iff AABC is equilateral.
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1381. In acute AABC holds:

3
sin* A (1 — sin 4)° + sin* B (1 — sin B)® + sin* C(l—smC)<ﬁ

Proposed by Daniel Sitaru — Romania
Solution by Tapas Das-India

sin* 4 (1 —sinA4)®> = (1 —sinA)[sin 4 (1 — sin 4)]*

AM-GM

< (1 — sin A) [smA+1 smA]

= (1-sin4) - (analog)

1

1
5< — - -
E sin*4(1 —sin A) E(l sin A) - 256 756 256( sin4< 1)

1382.
If x,y,z > 0, then,in any A ABC, the following relationship holds :
3
X ) y 2 y/ 16Fs — 27R

m .m: >
b x+y N 8R

anN

a

y+z Z+Xx

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution 1 by Tapas Das-India
Let us consider m,, m;, m, as sides of a triangle and

F' = Area of the new triangle

~ 16F% =2 Z(mgm,z,) — z mj

1 1
16F'% = ZZZ(ZbZ + 2¢% — a?) (2a? + 2¢% — b?) — ZE(ZI’Z + 2¢% — a?)?

3
16F'? = 9F?, F'=—F

4
x y z Tsintifas 3
2 2 2 = 2V3F =2V3-SF
y+zma+z+xmb+x+ymc - V3 V3 4
_6V3F _6V3Fs_ 6V3Fs _Fs 8Fs_16Fs—8Fs _16Fs—8rs’
4 4s _43\/§R_R_8R_ 8R B 8R
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R 27R?
Mitrinov>ic—Euler 16Fs — 8 - 7 4 16Fs — 27R3
8R B 8R

Solution 2 by Tapas Das-India
letx+y=a,x+z=b,z+y="c

1
.-.x+y+z=2(a’+b’+c’)

—1(’+b’+’) ,_a’+b’—c’
—Za c c = >

x 1<a’ b’ >
=—(=+—-1
y+z 2\c (¢

3)% > [s(s—a)(s)(s— b)s(s — c)]%

(m?2-m?-m

(ma 2 V56 —a)) = [ZFZ]s——] - [

1
F[ 1 ]§ Euler—Mitrinovic Fs 2FS
=S —2 = 1=
TS (R.27 g2y 3R
2 4

1[/a’ c’ b’ b’ a’ c
=3 (—mﬁ +— b m; + —mc ) + <C m} + szz; + E’”?) —Z(m?z)l
AM-GM 1
> [B(mambm )3 x 2 ——Z
Letbniz 1 1 5% 3% 2FS 3 9R2] 1 5 2FS 27R*| 16Fs—27R3
) 3R 4 T2 R 4 | 8R

Solution 3 by Soumava Chakraborty-Kolkata-India

x z x—(y+z
——.m2 + y .m? .m? =Z ZoyeX — ¥ ).mﬁ
y+z Z+Xx x+y < y+z

) eion) 2

cyc cyc cyc
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Reverse CBS
+

2 : 2 2 2 2 s
m5 Tereshin b- + ¢ c“+a 1 3 Leibnitz
=Zmamb_m cs Z( )( ) 1.3 ¥,

>
2 = 16R2 2 2" LY =
cyc cyc cyc
(bc + ca)? 27R? A;G c2x4ab 27R? _ 4+ 4Rrs*2s 27R?
16R2 8 = 16R2 8 16R2 8
cyc cyc

_ 16Fs— 27R3

SR /" ="" iff A ABC is equilateral (QED)

Wal mp |m| R
h,\ |h, " |hy |~ 7

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
w, 2bc.s(s—a) 2R 4R\s(s—a) AMéGM

1383. In AABC holds :

h, b+c  "bc [2(s—a)+ a]Vbc

4R.\/s(s — a) s R
< = 2R = |
2./2(s —a)a.bc 8Rsr 2r

Now we will use the following inequality
m, m, < R

’lc ’lb T r
(see, Bogdan Fustei, Mohamed Amine Ben Ajiba,
New Triangle Inequalities With Brocard'’s
Angle,Lemma 12,6 — 7, www.ssmrmh.ro) :

Mo e (T o 2R
’lc ’lb ’lc ’lb r
W my —|mc) _ |R 2R _R
h, h, h, 2r | r T

1384. In any A ABC, the following relationship holds :

Therefore

a’rih, b?rih,, c’rih, - 2916r°
r,h, + mea?  ryhy + myb?  rche + mee? T3 +rd + 13 R
Falp I

Proposed by Elsen Kerimov-Azerbaijan
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Solution 1 by Soumava Chakraborty-Kolkata-India

ngha b2r hb CZI.célhc Z r“ll Berg;trom
rshg + mga?  rpyhy + mpb?  rche + mec? o Mg =
cyc aZ ha
Chebyshev
2 and 2 WLOG assuminga >b > ¢ >
(chc 2) Pana;topol (chc 1'3) ( g1 = 1— 1>
m = 1 R -
chca2+zcyc o —*(4R+I‘) chc 2+:;I' Iy =1, =r.and z—bzS 2
Euler
and 2 2
Gold;tone (chc r,f) 8r2 (chc r‘%) ? 2916r°
- 9R__4R%s? _|_3_R_ 3R+12Rr "~ rd+rd +1d
6 16R?r?s? " 2r Tyl | 6R
2 2

Z ?
s |2 zrg $ 2L ra +12R zr,f > 2187Rr® + 8748Rr*
cyc cyc ()
2 2

Yeye IS A-G 6 Gerretsen+Euler 3
Now, 2 Zr,f X2 > 6 Zrarb = —(4s*) > —( 7Rr)?

rs?
cyc cyc

R Euler Z Q)
=z187Rr2.E > 2187Rr3 - |2 Zr,f $ 2 Fa > 2187Rr3

cyc

2 2
Gerretsen+Euler

Again, 12R ng > 12R Zrarb = 3R(4s%) > 3R(27Rr)?

cyc cyc

2

Euler ()
> 3R(54r2)” = 8748Rr* - |12R Z rZ | = 8748Rr*|: (s) + (e0)
cyc
Zrth, b2 hy, c?rih,
r.h, + mga?  ryhy + mpb?  rche + mec?

= (%) is true .

2916r°
Tt 4rd
IalpIc

v AABC, =" iff A ABCis equilateral (QED)
+ 6R

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS and AM — GM inequalities, we have

Z a’r,*h, (chc\/r *h ) 9\/(7” rpr )t (hahyh c)

roh, + mga? — r.h r.h
chc( a2a+ma> chc a2a+2(;ycm

cyc
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Also,we have

, Mltrg‘wmc ) 5 2521‘2 Cosnlta;‘TurtOlu 27Rr. 1"2
*TglplVe = S°T = 27r°.r=(3r)°. o hshpyh, = R = R
= (3r)3.
Leuenberger Euler

o - R O9R
em, +my, +m, < 4R+r < 4R+ -=—.

2 2
hq < \s(s—a)=\[rpr, _
T S R B S e
a? ~ 4F2 a’a = 4F2 bte = Ar

cyc cyc cyc
_ (chc ra) (chc rbrc)
B 4s2r
< (Beyera) BeyeTa?) Cheb"<y"5hev 3(r3 +1,3 +1.23)
- A1, 17, - 41,17, '
Using these results, we have
Z a’r,*h, - 9(3r)5 B 29161°
Lirgh, + mgea? = 3(r3 + 1,3 +1r.3) +9R T r34r3+rs3 +6R
ye 4r, 1)1, 2 TalpTc

Equality holds iff AABC is equilateral.

1385. In AABC the following relationship holds:

Rw, - Tgqt+1ryt+r, na+ Tq mb+ m,
rJryre  |Rathy+he\ (1o [N h. hy

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : In AABC,we have

b
c

¢ Va?b? + b%c? + c2a?
+-<
b 2F
Proof : Since 16F? = 2(a?b? + b?*c? + c?a?) — (a* + b* + ¢*), then we have

(*) & (b? + c2)y/2(a?b? + b%c? + c2a?) — (a* + b* + c*)
< 2bcy a?b? + b%c? + c2a?

squaring
S (2b%c% + b* + cH[2(a?b? + b2 + c2a?) — (a* + b* + )]
< 4b?*c?(a?b? + b?*c? + c*a?)
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o —a*(b? + c?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + c?) — (b* + cH)]?* < 0,
which is true and the proof of the lemma is complete.

Now, since va, Vb, /c can be the sides of triangle with area F’ such that

\/4r(4R + 1) \/r(ra +r,+1.)

1
F’=Z.\/2(ab+bc+ca)—(az+b2 +c2) =

4 2 ’
then
ﬁ £<\/ab+bc+ca=\/ZR(ha+hb+hc): E(ha+h,,+hc)
Ve b 2F Jrrg+ry+10) r\rgt+rytr/

rqt+ryt+r, )

,/rbrc b+C f f \[ hq + hy + h,

Now we have

s(b — ¢)? s[a? — (b — ¢)? 4s(s— b)(s —c
na2=s(s—a)+¥=sz— [ ( )]=sz— ( )( )
a a a
o, 4s. sr? _ 2 _on dr = st A
=s a(s—a)_s aTw and r, = stan-.

Then

A
M |Ta _ ng? +1,° mazha |52 | 52 tan? 5 —2h,r,
ra na rana raha
abc
2512

and since we have

m, m,
Ly < — (see, Bogdan Fustei, Mohamed Amine Ben Ajiba, New Triangle

hc hb
Inequalities With Brocard’'s Angle,Lemma 12,6 — 7, www.ssmrmbh.ro), then

my e [y (M mey 2R
hc hb hc hb r

Thereore, using these results, we obtain
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Rw, S Tet+r,+r, ZR> Tat+Tp+1e na mb m,
rryre JRath,+ho T hy+h, +h, n, hy |

Equality holds iff AABC is equilateral.
1386. In any A ABC, the following relationship holds :

2(w§ wpwe) < p2. ’

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume a > b > c and then : w? < w? < w? and
Y WpWe = 3/wew, = 3/w,w,, - via Chebyshev,

D (w23 fwowe) <—<Zwa><z W)

cyc cyc cyc

< %(Z P - a>> (Z (W%))

cyc cyc

s% \/\/p(p a)./p(p —b).{/p(p

Holderp 3\/E*392 p_ 3(9p. Zp_ ’
cyc 3

Z(wﬁ 3wpw,) < p2. ’gpz v AABC,” =" iff A ABC is equilateral (QED)

cyc

1387. In any A ABC, the following relationship holds :

w3 (mg + rc) wp(m? +rd) wi(md+ry) 27(9R3 — 64r13)?
w3 +my +rd w§+m§+rg’ +m3+rb 32r3

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

2+/bc A-G \/s(s —a)(s —b)(s — ¢) G-H
Wq = ASs(s—a) < <
btec Js-b)(s -0
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rs(s—a)(s—b+s—c) _rsa(s—a) _a(s—a)

2s—a)(s—b)(s—¢)  2r s  2r
a(s—a)
> wa <s(s—a). o7 and analogs
S
:ng Sz— a(s — a)? :E.Z(asz—25a2+a3)
cyc cyc cyc

-2 (sz(Zs) — 4s(s? — 4Rr — r?) + 2s(s* — 6Rr — 3r2))

2r
= ZWE <(2R-1ns?|- (1)
cyc

N 2;b3+c + abc
owmi<———— o
a 4a

& z a3 + abc > 2a(b? + c?)

?
& a(2b? +2¢?2 —a?) < b3 + 3 + abc

cyc

)
@Z(y+z)3 +1—[(y+z) >2(y+2)(z+ 2?2+ (x+y)?)
cyc cyc
x=s—ay=s—bz=s—-c=>x+y+z=3s—2s=s
( >a=y+zb=z+xc=x+y;x,y,2>0 )
b3 + ¢3 + abc
4a

?
o x3 +y?z +yz? > 3xyz > trueviaA— G ~ m2 <

s PanaitopOI b3 + (:3 + abc Rs Rs bz 2(b3 + 3 + ab )
= m < _—_—mm— ——— C C abc
a 4 a 4.16R2r2s2

1
=>m3 < GARTZS b2c? z a3 + abc | — a3b?c? | and analogs

cyc

1
= z mj < GARTZS z a3 + abc szcz — 16R?r2s%(2s)

cyc cyc cyc
Goldstone (2s(s? — 6Rr — 3r?) + 4Rrs)(4R%*s?) — 16R?*r?s%(2s)
- 64Rr2s
2s.4R?s?%(s? — 4Rr — 7r? Rs?(s? — 4Rr — 7r?
_ (s* )oY my < 2 ). @
64Rr2s 8r2
cyc

a’ 5 ,A 16R? sin? cos 4R2 2 LA
AgamraSE:raSs tani :Z Zsm 2

cyc cyc

2
4R?2s2 Z A Z A B
=2 = 2 = 2
= J— — 2 — —
r sin 2 Sin 2 Sin 2

cyc cyc

B 4R?s?2 [ (2R-1)? 2r? Z be(s — a)
or 4R2 16R2

cyc

r2s
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_ 4R%s? <(2R -2 1 s(s’+4Rr+r?)— 12Rrs>

r 4R2  8R?’ s
s2 2
8RZ+r?%—s5s
IRE ( )@
2r
cyc
Lascu + A-G
and
A-G Tereshin
AlSO,ZWg +Zm,31 +Zr,§ > zmawa(ma+wa) + 3r,IpT, >
cyc cyc cyc cyc
b% +c? b A-G " s(s — a)(4bc)
s(s—a +——])|+3rs? > Z:—+3rsZ
z( ( )< 4R 2R 4R
cyc cye
S.4Rrs"s—a 4.1-52(52 — 8Rr +12) ,
- + 3rs? + 3rs
R 4R
cyc
s2 2
s“—5Rr+r
=>2Wa+2ma+2ra_ (s* ) - (4)
cyc cyc cyc
m; +, wi (m? +r m3 + 1,
We have : 3( b C) ( c a) ( a b)
+mb+rc Wb+mc+l'a wc+ma+rb
z Wg (Wg + mb + I'c - Wa) z z Wg Bergstrom
= w
3 a
- w3 +md +rd — w3 +mj +r?
z w3 — (ZCyc Wa)
cye ¢ chc Wg + chc mz + chc rg
2
(chc WS)(ZCYC wg + z:CYC m; + ZCyc rg) - (chc W;:’)
ZCyC wg + chc mg + chc ra
(2R — r)s? Rsz(s —4Rr — 7r2) s2(8R? + r? —s2)
(Zeye W) Zeyem3 + Leyera) vie D@, s 8r2 2r
= <
B s2(s? — 5Rr +r?)

chc W,:’; + chc mg + chc rg

Gerretsen R(2R — r)s? R(4R? + 4Rr + 3r2 — 4Rr — 7r%) + 4r(8R% +r
8r2

2 27(9R® - 6413)
- 32r3
& 883t7 — 384t5 + 168t° — 12788t* + 4632t3 + 45056t — 16384 > 0 (t = ;)

5 4 3 ?
+11532t + 13848t + 9264

2 — 16Rr + 5r?)

- 11Rr — 4r2°

Euler m’ +r 3 m3 +l'3 m +n
> true vt > 2=> ( b C) ( c a) ( a b)?'
Wirmi A Wi Amd g w4 m
27(9R3 — 64r3)” _ _ _
s V AABC,” =" iff A ABC is equilateral (QED)

- 32r3
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality we have
W a3 ("'rb3 1 c3) ( 3 (WaS)Z >
= E w,” —

wed +myd +r3 wed +my3 +r3
cyc cyc

2
< Z w3 _ (chc Was)
- s C o YW +mg3 +1,3)

_ chc Wa3 . (chc ma3 + chc ras)
chc Wa3 + chc 7n'a3 + chc ra3 .

Also, we have
r3+ryd+rl=Ga+r,+r)3 -3, +1ry)p+r )T, +1.0)
= (4R +1)% — 3.4Rs?

Eulzr&lflflhftrinovic 9R 3 81(9R3 _ 64-1"3)
< (7) —12.2r. 271‘2 = 8 .

wed +wpd +wl <mgd +my +m3
= (ma +m, + mc)3 - 3(ma + mb)(mb + mc)(ma + mc)

Leuenberger Euler & my=2./s(s—a) 9R 3
< (4R +1)3 - 3.8m,m,m, < (7)
Mitrinovic 81 (9R3 — 6413)
—24s’r < 3 :
AM-GM

-
Z wy3 + Z m,3 + Z rd = 3wawpw, +3momym, + 3r,r,r,
cyc cyc cyc

> 6h,h,h, + 3s*r

1232 ) ) Cosnita—Turt(:iu & Mitrinovic 12.27r ) ; ,
= .r“ + 3s°r = 2 1+ 3.27r° = 243r°.
Using these results, we have
, (81(9R® — 641%) 2
wy3(m,3 +1r3) 8 _ 27(9R® — 6413)?
w3 +my33+r3 243713 B 3213

cyc

Equality holds if and onl if AABC is equilateral.
1388. If x, ¥,z > 0 then in AABC the following relationship holds:
2

X+ a\?2 +z (b Z+x [c\? r, +ry+ 1>
() ) 5 ) s )
z T, X Tp y T a+b+c

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

122 | RMM-GEOMETRY MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
x + a\? +z /b\> zZ+x /c\2
() ) () =
z T, X Tp y T,

=(#_1).(%)2+(w_1).(%)2+($_1).<%)2=
_ (x+ y +Z)Z z( )2 BERGSTROM

cyc cyc

2

a b _c
=(x+y+z)-(r“+r"+rc) —2(3):

X+y+z T,

cyc
a 2

Z ( ) Z rarb (7'_a) -

cyc cyc cyc
ab ab ab
F F s(s—a)(s—b)(s—c) s(s—c)
Cy(.'s_a S_b cyc (S—a)(S—b) cyc
_ Z Zabcz 1 _
B s—c c(s—c)
cyc cyc

2-4Rrs s*>+ (4R +1)? (4R + 1)?
= =2(1+—— )=

s 4s2Rr s2

_, 1_I_(ra+r,,+‘rc)2 _2+8<ra+rb+r6)2
B (a+b+c)? | a+b+c

4

1389. If x, ¥,z > 0 then in AABC the following relationship holds:
x+y 1 y+z 1 z+x 1 1

z a? x b2 y Rr
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Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Daniel Sitaru-Romania

x+y 1 y+z 1+z+x 1
z a? x b? y -
X+y+z 1 xX+y+z 1 xXt+y+z 1
(EEYEI )L () (e ) L
z a b y c
1 1 1 1 1 1\°
_ - il BERGSTROM sl il il
z x y a? x+y+z a?
cyc

cyc

(111) Z Z a+b+c225_s_1
az ab abc ~~ 4RF Rrs Rr

cyc cyc

Equality holdsfora=b=c,x =y = z.

1390. In any A ABC, the following relationship holds :

3
(w2+mp)”  (w+ mc) (wc3 +m3)3 .2 6°-r
h} +r3 h3 +r3 h3+r2 ~ 9R3 - 64r3

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

? b3+ c3 + abc ?
mi<——— o a(2b? + 2¢? — a?) < b3 + ¢ + abe
4a ,
e Z a® + abc > 2a(b? + c?)
cyc

PN Z(y +2)3 + H(y +2) ; 2y +z2)(z+2)?% + (x +y)?)

cyc cyc
x=s—a,y=s—b,z=s—c=>x+y+z=35—25=s)

( s>a=y+zb=z+x,c=x+y;x,y,z2>0
b3 + ¢3 + abc

?
& x3 +y?z+yz? > 3xyz > truevia A — G . m2 < =

5 Penaltopol b? + ¢ + abe Rs Rs b2 2(b3 + ¢3 + abc)
omd < tetabcRs RS 2 ¢ +abc
a 4a a 4.16R2%r2s2

>md < 1 b2c? Za
¢~ 64Rr2s

cyc

3 +abc |- a3b2c2> and analogs
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1 Goldstone
= Z m3 < GARTZS Z a® + abc Z b?%c? | — 16R?*r?s%(2s) <
cyc cyc cyc
(2s(s? — 6Rr — 3r%) + 4Rrs)(4R?*s?) — 16R?*r?s%(2s)  2s.4R*s?(s? — 4Rr — 7r?)
64Rr?s N 64Rr2s
Rs?(s? — 4Rr — 7r2)
3
= Z m; < ar2 - (1)
cyc
. 2 A A
_ a? ., LA 16R? sin? Ecos2 5 , _ AR?%s? LA
Agam,rasazraSs tan 7 ar :Zras - Zsm 2
cyc cyc
2
4R?%s? A A B
. 2 .28 Lo
- z sin® > sin® > sin® >
cyc cyc

_4R%*s?(2R-1)?  2r? z be(s — a)
oo 4R? 16R2

cyc
_4R?s? ((2R-r1)2 1 s(s?+4Rr+r?)—12Rrs
B 4R? 8R2’ s
s?(8R% +r? —s?
zrg s )

2r

r’s

r

=

- (2)

cyc

(w2 +m)’ (W@ +md)’ L (wet m3)?® Holder
h3 + 3 h2 + 2 hd +r3

3
6 / 33
(chc Wg + chc m,sl)3 A;G (6 * Hcyc(mawa)> via (1) and (2>) + Gerretsen

S(chc hg + chc rg) B 3(chc m?z + chc l‘;’) B

We have :

3 3
6% (Hcyc(mawa))z La;cu 63 * (Hcyc(S(S _ a)))z * 212
3 (Rsz(4R2 + 4Rr + 3r2 — 4Rr — 7r2) + s2(8R2 + r2 — 16Rr + 5r2)) ~ 3s2(R3 + 8R2%r — 17Rr? + 613)
8r2 2r
63 * s®r3 x 2r? Mitrinovic 63 % 72914 % 2r5 7 9%65 % r?

= > >
3s2(R3 + 8R%2r— 17Rr2+6r3) ~—  3(R3+8R?*r—17Rr? + 6r3) — 9R3 — 64r3
?
& 3(9R3 — 64r%) > 2(R3 + 8R’r — 17Rr? + 613)
? R ?
& 25t — 16t% + 34t — 204> 0 (t = ;) & (t—2)(25t> +34t+102) >0
3 3 3
Euler w2 + m} wi +m? w3 + md
- true~t > 2( a3 :) ( b3 ;) +( C3 :)
hy +r¢ hg +rg h; + r;

9 %65 «r?

> 9R® —ear3 v A ABC,” =" iff A ABCis equilateral (QED)
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1391. In any A ABC, the following relationship holds :

how,(mj +r¥)  hyw.(md+rf) hw,(m]+r3) _ <Z7R)2 81R> — 2560r°
mp +howy +18 m2 +hywe +17  m3 +hew, +r; ~ \ 8r 54r3 +1

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

St =[S ) -s{ Tt S [ 3

cyc cyc cyc cyc cyc cyc
Leuenberger + Euler,

5 Cesaro,
A-G
+ z r,|] —5 z r? + z Ty H(rb +r.) <

cyc cyc cyc cyc

R 5
2 <4R + E) -5 <6 % /mﬁm%m%) (8m,mym,) — 5 (2 Z o, | (8rarpry)

cyc

9R\°
<2 (7> -5 <6 - / h§h§h3> (8hghyh) — 5 (2 z Ialy | (8rarpre)

cyc

9R\® 3 [4rtst 2r2s? 2 o 2

=2(7) —5|6+x Rz 8. R — 5.2s°.8rs
9R\° 3r*.729R?r2 \ ( r2.27Rr .
<2 (7) —5( 6 ¥ 8.———— | —5.2.8r.729r

ule Mitrinovic

Gerretsen E r
( 2s2 > 27Rr+5r(R—2r) > 27Rrands? > 27r2

729 x 81R5 . . s () 729(81R° — 2560r°)
=—————2x5%2%8%729r :Zma+2ras
16 16
cyc cyc
CBS Mitrinovic 27 R?
anthaWb < Zhﬁ* ZW‘%SZW‘%SZS(S—M < 2
cyc cyc cyc cyc cyc

(e0) 27R2
= Z h,wy, < 2 and we have :
cyc
howy,(my +18)  hyw(md +rf) hw,(m]+r3)

m; + howy, +18 md +hyw +r md+hw, + 1
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_ Z h,wy (mts, + I‘c5 +h,wy, — awb) Z how Z h(zlwg Bergitrom
m; + howy, + 12 a®h mg +howy, +18

cyc cyc

Z h.w (chc awb) (chc ma + chc 1‘3) (chc hawb)
ab —
cyc chc ma + chc ra + chc aWb chc mtsl + chc l‘g + chc hawb

s () 729(81R5 — 2560r°) 27R? 1
B 16 -4 Teyemg + Koyt + Zeye haWn

? (27R\* 81R® — 2560r° s s
S(gr) T B3 11 @zma+z +Zhuwb>1458r + 27r?
cyc cyc cyc

Now,z mJ + z + z h,w, > 3(mambmc)3 + 3(rarbrc)3 +3 /hzhzh2

cyc cyc cyc

5
5 5 2r2s2?\3 5 3 [4rtst
> 3(hghyh)3 + 3(rs?)3 + 3 « 3/h§h§h§ =3 ( M ) +3(rs?)3 + 3 « P

Mitrinovic
and 5
252> 27Rr r2.27Rr\3 s 3[4, 729R2r2
= 3|, — +3%(r.27r?)3+ 3+ | ———— = 1458r° + 27r?

> v
howp(mg +12)  hywe(md +1r5) how,(mj + rb)

= (%) is true . = 5 5 5 5
my +h,wy, +1r2 mg +hyw, +r; my +hw, + rb

- (27R>2 81R°% — 2560r°
~—\ 8r 54r3 +1

v A ABC,” =" iff A ABC is equilateral (QED)

1392. In any A ABC, the following relationship holds :

m> m; m? 64r°
3 + 3 + 3 = 6
(hbwc) (hcwa) (hawb) R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

P mh wt () e (o)
mg, my, me Z hb‘/Vc Ragon e hbwc
mpwe? ' (ewe)? * (gwy)? - ( 1 )2 - (Z 1 )2
m, Yem,
. 5 m, = ./s(s—a) and azg(liogs via Lascu + A-G <Z \/S(S — a) . \/S(S — a) )3
a
- (chc wac) W < ‘/s(s—a)>and analogs cye \/S(S —b) « \/S(S —¢)* \/S(S —a)
(chc h_a> (F)
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3
5 s Z( ) r2 1 r° Elger r’ 64r>
= * * —_ === — = —
r S.TS s—a r3 r ré® — /R\® R6 ’
o ()

" =" iff A ABC is equilateral (QED)

1393. In AABC holds:

B c c+b
V2a oS COS- =5 = sec(2B) + tan(2B) = 3

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

\/Ea\/s(s—b).\[s(s—c)zszﬂ/i\[(s—b)(s—c)=1
ab ac bc

A A =m
:>smE= 1=>§=Z=>A=§
Now, sec(2B) + tan(28) = "0 = CHe = Sl - St
.o n
[. B+C= f]

c+b . .
= [using law of sines]

Solution 2 by Cosqun Memmedoff-Azerbaijan

B C a+b+c
\/EaCOSECOSE:S,S:T
s? =2a? cosz—cos2£
2 2
2_22(1+cosB>(1+cosC> _az+c2—b2 C_a2+b2—c2
s = 2 2 )P T T 20 T T 2w
2 _og? 1_|_az+c2—b2 1_|_a2+b2—c2
S ¢ 4ac 2 4ab
5 , ((@+c)?—b?\ ((a+b)?—c?
s =2a
4ac 4ab
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(a+b+c)?a+c—b)a+b-rc)
- 8bc
(a+b+c)? (a+b+c)*(a+c—b)a+b-oc)
4 - 8bc
(a+c—b)(a+b—c)=2bc

a’? +ab—-ac+ca+cb—c*—ab—b?+ bc =2bc

SZ

c
az—cz—b2=0=>a2=b2+c2:cosB=E,smB=E

1 N sin(2B) B sin(2B) + 1 B
cos(2B) cos(2B) cos2B

sec(2B) +tan(2B) =

+

_cosB+sin _c+b

" ¢c—b

B
" cosB—sinB

QlaQla
QTIQIT

Solution 3 by Tapas Das-India

B C
\/Eacosicosi =s

VZ 2R (2 A A) B C_
smzcos2 cos2 cosz—s

A s
2V2X2XR-sin—-—-=s

2 4R
A A 1 (1
\/fsmi—l-- smi——z—smz
A_n
)
c
s~ CcoOSB =—
a
. b
sinB = —
1+sin2B (sin B + cos B)?

2B +tan2B = =
secsb +tan cos2B (cos B + sin B)(cos B — sin B)

_ cosB + sin B
B

a
cos B — sin b c¢c—-b
a

1394. In AABC holds:
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Za3 = 6sR? =>1_[(b2+c2 —bc—a*>)=0
cyc cyc
Proposed by Daniel Sitaru — Romania
Solution by Tapas Das-India
(b? +c? —bc—a?) =b*+c*—a?—bc=2bccosA—bc=bc(2cosA—1)
(analog)

1_[ bc(2cosA—1)

cyc
=ab-bc-ca(2cosA—1)(2cosB—1)(2cosC—1)
= a’b?*c?*{—-(1—-2cosA)(1—2cosB)(1 —2cosC)}

1—2(cosA+ cosB + cosC) +
+4(cosAcosB + cosBcosC + cosCcosA) —
—8cosAcosBcosC

s?2 + 1% — 4R? 832 — (2R +1)?

— —a’b?c?

= —a?b?c? l1—2(1+1)+4

R 4R? 4R?
a’b?c?
=——Fq2 [R? — 2R? — 2Rr + s®> + 1> — 4R%* — 25% + 2(2R + 1)?]
a’bh?c?
=——Fqz [-R? — 2Rr + s? + 2 — 4R? — 25% + 8R? + 8Rr + 21?]
a’b?c?
=-—Fq2 [3R? + 6Rr —s? +31r%] =0

Note: Y. a3 = 6sR?, .. 2s(s> — 31?2 — 6Rr) = 6sR?, ~3R?* +6Rr+31r2—-5s2=0

Using the following relationships:

A+cosB+cosC=1+— Z A 13—52+r2_4R2
COS COS COS = R ) COS A COS = 4-R2

1—[ A_sz—(2R+r)2
cosA = iR?

1395. In AABC the following relationship holds:

A B C AI+BI+CI-s

tan—+ tan—+ tan— =
4 4 4 r

Proposed by Mehmet Sahin-Ankara-Turkiye
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Solution by Daniel Sitaru-Romania

Denote:
A
A Ztanz 2x
tan—=x tan— = =
’ — .2
4 2 1- tanzé 1-x
A A A
(1-x)tan=—-2x =0, x’tan=+2x—tan==10
2 2 2
2 1
2+ a1 A
A 4 A cos5 Ccos3 1- cosy
A= 4 + 4tan®? - = ——, tan—=x = = =
2 24 4 Ztané siné siné
cos?5 5 > >
A
cosz
A cos 2
tanZ+tan—+tan— Z Z i Zcot—=

-y 1 s AI+BI+CI—s
N r

xr
cye Al

1396. In AABC, I, I}, I, —excenters, the following relationship holds:

I, I, I, 2R
beyca,ab_ " (hg + hy + he)

Wq Wp W¢

Proposed by Ertan Yildirim-lzmir-Turkiye
Solution by Daniel Sitaru-Romania

Il 4Rcos RSPt 1 1)
2w, ZZbc =2R) S =2k ) () -

b ¢
cyc cyc b + C cyc cyc
ZF ZR
— 4R Z - (hy + hy + )
cyc cyc

1397.

In any bicentric quadrilateral ABCD with sides — a, b, ¢, d, the following
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relationship holds :
Zs+a_|_25+b_l_Zs+(:_|_Zs+d>40(r)2
4s—a 4s—b 4s—c 4s—d 7 \R

Proposed by Emil C. Popa-Romania

Solution by Soumava Chakraborty-Kolkata-India

Via Brahmagupta and Parameshvara, 16F?R?
= (ac + bd)(ab + cd)(ad + bc)

> x (bd((a +¢)? — 2ac) + ac((b + d)? — Zbd)) = 16R?*r?s? (x = ac + bd)
=>x (bd(s2 —2ac) + ac(s? - Zbd)) = 16R?*r?s? = x(s%x — 4r?s?) = 16R?*r?s?
4r? +/64R%r2 + 1614
2
= ac+bd=2r?+2r*y4R2+r2 > (1)
z a? = 4s? —2(ac+ bd + (ab + bc) + (ad + cd)) view

>x2—4x.1r2—16R*r2=0>x =

cyc
4s? —4r? — 4r */4R2 + r2 — 2(bs + ds) = 4s% — 4r? — 4r * /4R2 +r2 — 252

:-Zaz =252 —4r? —4r+/4R2 + 1?2 > (2)

cyc

Zs+a+Zs+b+Zs+c+Zs+d>40(r)2 4s—a+3a>80(r)2
4s—a 4s—b 4s—c 4s—-d 7 4s—a 7

R R
cyc
4+32 a9 80(r)2
@ —_—
4s—a 7 ‘R
cyc
a a’ Bergstrom 12s2
A ',4+3Z =4+32— = 4+
gam 4s — a 4sa — a? 4s5(2s) — Yoy a?
cyc cyc
? 80 /r\?2 ?
> 7(E) o (77R? — 160r2)s? > z a? | (7R? - 20r2)

cyc
ia (2) .
'S (77R2 - 160r2)s? > (7R? — 20r2) (2% — 4r? — 4r « JaR? + 12)

& (63R? — 120r?)s? + (7R? — 20r2) (417 + 4r « /4R? + r2) é 0
L.Fejes Toth,1948 ¢
 63R? — 120r? = 63(R? — 2r?) + 612 > 6r2 >0

 via Blundon — Eddy, LHS of (++) > (63R? — 120r?) » 8r « (V4RZ + r2 —r)
+(7R? — 20r%) (4r? + 4r + 4R 1 1?) >0

?
& 4R? + 1%« (133R? - 260r?) > r(119R* - 220r?)
(k%)
Once again, via L. Fejes Toth, LHS of (x*x) >
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? ?
3r(133R? — 260r?) > r(119R? — 220r?) & 280R? > 560r?
- true,via L.Fejes Toth = (xxx) = (xx) = (x) is true
. Zs+a_}_Zs+b_|_Zs+c_}_Zs+d>40(r)2

"4s—a 4s—-b 4s—c 4s—-d” 7 \R
V bicentric quadrilateral ABCD (QED)

1398.

In any bicentric quadrilateral ABCD with AB = a,BC = b,CD = ¢, DA =d,AC = e,

R
BD = f,m = min(e, f) and; = a > /2, the following relationship holds :

3 az é
a’*+b*>+c?+d* >4 |—.F3
m
Proposed by Emil. C. Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

Via Brahmagupta and Parameshvara, 16F*R?
= (ac + bd)(ab + cd)(ad + bc) = x (bd((a +¢)? — 2ac) + ac((b + d)? — Zbd))
=16R?r’s? (x = ac+bd) > x (bd(s2 —2ac) + ac(s? — 2bd)) = 16R?r?s?

= x(s?x — 4r?s?) = 16R?*r?s? = x? — 4x.r? — 16R*r? = 0

4r? + \/64R2r? + 1614
= v = ac+bd=2r?+2r+y4R2 +r2 - (1)

2
ia(1
z a? = 4s? — 2(ac+ bd + (ab + bc) + (ad + cd)) view

cyc

452 — 4r2 — 4r x/4R% 4+ r2 — 2(bs + ds) = 4s% — 4r2 — 4r x /4R? + r2 — 252
Zaz =2s%2 —4r? —4r++4R%2 + 12 > (2)

cyc

=X

e ad+bc

Via Ptolemy's first and second theorems : ef = ac+ bd and - =
f ab+cd

(ac + bd)(ab + cd)(ad + bc) Brahmagupta and Parameshvara 16R?r?s?
- (ab + cd)? - (ab + cd)?
Cgs 16R?*r?s? and similarly f2 = (ac + bd)(ab + cd)(ad + bc)
~ (a? + c2)(b2 + d?) y.rm= (ad + bc)?
s 16R’r’s’ o2l 16R?r?s? 2 > 16R?r?s?
“ (@2+c2)(b2+d2) " T (a?+c2)(b%2+d?) " T (a?+c?2)(b2+d?)
16R?r?s? 16R?r?s? via (1)
- (s2 —2ac)(s? — 2bd) ~ st — 252 (ac+ bd) + 4abcd -

e2
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16R?r?s? , & 16R?r?
= (m* =
s+ — 252 (2r2 + 2r « 4RZ + 12) + 4r2s? sZ — 41+ /4RZ 1 12
2 2
Now, (a? + b2 + c% + d2)’ 2% Z a? Z al| VP
cyc cyc

4TSZ ((Zs2 — 4r2)2 +16r%(4R? + r?) — 8(2s% — 4r?)r« \/W)
> m?(a?+b? +c? +d2)’ >
(252 — 4r2)" + 16r2(4R? + 1?) 16R?r?
< —8(2s% —4r?)r=« J4aR? + 12 ) <s2 — 4r+J4R2 + 12
= 64R?r%s* ( % =aandF = rs)
e (252 - 4r2)2 +16r%(4R? +r?) — 8(2s2 — 4r?)r + J4R? + 12
é 4s? (s2 — 4r* \M)
& 16r%(4R? + 2r% — s2) + (16rs2 — 16rs% + 32r3) » /4R? + r? >0
& s? éllR2 +2r2 + 2r«+4R2 + 12 = (\/4R2+r2+r)2 @sé 4RZ+r2+4r

?
) > 64a’F*

> true via Blundon — Eddy - m?(a? + b? + c? + d?)° > 64«?F*

3 (XZ 4
s>a?+b?+c2+d*>4 ’m.ﬁ V bicentric quadrilateral ABCD (QED)

1399. In any A ABC, the following relationship holds :

woimy wpmd wilmd 27-6* r10
hir2 = hZr? = h2rZ R*

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

l:_; - Z (sr—sc'%) - Z:ZSZa(S ~@)(-b)

cyc cyc cyc
AG 1 1 A-G 1 2s(s? — 6Rr — 3r?)
< —— Y a(2s—a—b)? = Z:ac2 S—Za3=
8rzsz ( ) 8rs 8ris 8ris
cyc cyc cyc
'Zrc(g 2 — 6Rr — 3r?
" Lih, T 4r2
cyc
bc.ca rs 2rs? (i) 2rs?
ZWaWbZZhahb: W:E a= R ﬁZWaWbZ R
cyc cyc cyc cyc cyc
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wc?mlsa ngg wc ma Z (Wamb)3 Z (Wawb) Radon (chc Wawb)
2.2 2.2 2 2
T ) () ()
w,my h, &ch

a

via@,()  8r3s®x 16r*  Gerretsen 413 x 16r*s* « (27Rr + 5r(R — 2r))

Now,

> >
~  R3(s2-6Rr-—-3r2)2 — R3(sZ — 6Rr — 3r%)2
Euler 413 x 16r*s* « 27Rr ? 27 x6* xr1® 27 %8116 *r1?
> > =
~ R3(s2 —6Rr —3r2)2 — R* R*

? ?
& 2Rs? > 9r(s? — 6Rr — 3r?) & (2R — 9r)s? + 9r(6Rr + 3r?) >0
()
2R — 9r > 0 and then : LHS of () > 9r(6Rr + 3r?) > 0
= (x) is true (strict inequality)
2R — 9r < 0 and then : LHS of (x) = —(9r — 2R)s? + 9r(6Rr +3r?)

Gerretsen

> —(9r-— ZR)(4R2 +4Rr + 3r%) + 9r(6Rr + 3r?%) >0
Euler

& 4R(2R?% — 7Rr + 61?) S0 4R(2R - 3r)(R — 2r) S0-true<R > 2r
= (*) is true . combining cases 1 and 2, (x) is true V A ABC

. wimi wim? wimd 27 x6%xr10
hZr? = h%r? = hir? R*
v AABC,”’ =" iff A ABC is equilateral (QED)

1400. In any A ABC, the following relationship holds :

z 1 <4R+r
A B C— 2s
Cyc4tan7+tan7+tan7

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z4ra+rb +r. :Z4R+r+3ra
Cy!
Yeyc(4R + 1+ 3rb)(4R +r+3r.)
(4R +r+3r,)(4R+r+3r,)(4R+r + 3r,)
3R+ 12+ 6(4R+1)(ZeycTa) + 9 Loy ole
(4R +1)% + 9(4R+ 1)(Teyetpre) + 3AR+ 1)2(Teye Iy ) + 27rs?
3(4R+1r)?2 + 6(4R+1)(4R + 1) + 952 ? 4R+r
S * <
(4R+1r)3 +9(4R+r1)s? + 3(4R+1)2(4R + 1) + 27rs? 2s
?
© 2(4R+ 1)* 2 (72R? — 18Rr — 9r?)s? + 9s*

©)
Gerretsen

Now,RHSof (+x) < (72R?—18Rr —9r?)s? + 9(4R? + 4Rr + 3r?)s?

? ?
<2(4R+1)* o 4R+ 0* = (54R* + 9Rr + 9r?)s?
(%)
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Gerretsen

?
Again,RHS of (++) <  (54R% + 9Rr + 9r?)(4R? + 4Rr + 3r?) < (4R + r)*

? R
© 40t* +4t3 —138t2 —47t—- 26> 0 (t = F)
? Euler
& (t—2)(40t3 + 84t> +30t+13) >0 > true =t > 2. (xx) > (x)istrue -
1 4R +

<
A B C—
cyc 4tan7 + tani + tani 2s

r
v AABC, =" iff A ABC is equilateral (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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