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1301. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝟑𝐫)𝐤

𝟐𝐑𝟐
, 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=∑

(𝐰𝒂

𝐤
𝟐)

𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(∑ 𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐜𝐲𝐜
≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
(∑ 𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜 )

𝟐

𝟏𝟖𝐑𝟐
≥
? (𝟑𝐫)𝐤

𝟐𝐑𝟐
 

⇔∑𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑(𝟑𝐫)
𝐤
𝟐 

𝐍𝐨𝐰,∑𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √(∏𝐰𝒂
𝐜𝐲𝐜

)

𝐤
𝟐𝟑

≥
?
𝟑(𝟑𝐫)

𝐤
𝟐 ⇔ (∏𝐰𝒂

𝐜𝐲𝐜

)

𝐤
𝟐

≥
?
(𝟐𝟕𝐫𝟑)

𝐤
𝟐 

⇔
𝐤

𝟐
. 𝐥𝐧 (

∏ 𝐰𝒂𝐜𝐲𝐜

𝟐𝟕𝐫𝟑
) ≥

?
𝟎 ⇔ 𝐥𝐧(

∏ 𝐰𝒂𝐜𝐲𝐜

𝟐𝟕𝐫𝟑
) ≥

?
𝟎 (∵ 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐) ⇔∏𝐰𝒂

𝐜𝐲𝐜

≥
?
⏟
(∗∗)

𝟐𝟕𝐫𝟑 

𝐀𝐠𝒂𝐢𝐧,∏𝐰𝒂
𝐜𝐲𝐜

≥∏𝐡𝒂
𝐜𝐲𝐜

=
𝟐𝐫𝟐𝐬𝟐

𝐑
≥
?
𝟐𝟕𝐫𝟑 ⇔ 𝟐𝐬𝟐 ≥

?
𝟐𝟕𝐑𝐫 → 𝐭𝐫𝐮𝐞 

∵ 𝟐𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐑𝐫 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝟑𝐫)𝐤

𝟐𝐑𝟐
, 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
  

1302. 𝑨𝑫 – altitude in acute 𝚫𝑨𝑩𝑪,𝑫𝑬,𝑫𝑭, 𝑶𝟏, 𝑶𝟐 – altitudes and 

circumcenters in 𝚫𝑨𝑩𝑫,𝚫𝑨𝑪𝑫. Prove that: 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] ≤ (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐
≤
𝑹𝑭

𝒓
 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India 

Since 𝚫𝑨𝑩𝑫 is right angle triangle 

∴ 𝑶𝟏 = circumcentre of 𝚫𝑨𝑩𝑫 = Mid point of 𝑨𝑩. Similarly, 𝑶𝟐 = Mid point of 𝑨𝑪 
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𝚫𝑨𝑩𝑪 = 𝚫𝑨𝑩𝑫 + 𝑨𝑫𝑪. 

𝑭 =
𝟏

𝟐
⋅ 𝑪 ⋅ 𝑫𝑬+

𝟏

𝟐
⋅ 𝒃 ⋅ 𝑫𝑭 ⇒ 𝟐𝑭 = 𝑪 ⋅ 𝑫𝑬+ 𝒃 ⋅ 𝑫𝑭 

∴ 𝑫𝑶𝟏 =
𝒄

𝟐
, 𝑫𝑶𝟐 =

𝒃

𝟐
 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] = 𝟒√
𝟏

𝟐
𝑨𝑩 ⋅ 𝑫𝑬 ⋅

𝟏

𝟐
𝑨𝑪 ⋅ 𝑫𝑭 = 𝟐√𝑪 ⋅ 𝑫𝑬 ⋅ 𝒃 ⋅ 𝑫𝑭              (1) 

Now (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐

≥
𝑨𝑴−𝑮𝑴

𝟒(√𝑫𝑬 ⋅ 𝑫𝑶𝟐 ⋅ 𝑫𝑭 ⋅ 𝑫𝑶𝟏) 

= 𝟒√
𝒄

𝟐
⋅ 𝑫𝑬 ⋅

𝒃

𝟐
⋅ 𝑫𝑭 = 𝟐√𝒄 ⋅ 𝑫𝑬 ⋅ 𝒃 ⋅ 𝑫𝑭            (2) 

From (1) and (2): 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] ≤ (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐

 

[√𝑫𝑬 ⋅ 𝑫𝑶𝟐 +√𝑫𝑭 ⋅ 𝑫𝑶𝟏]
𝟐
== [√𝑫𝑬 ⋅

𝒃

𝟐
+ √𝑫𝑭 ⋅

𝒄

𝟐
]

𝟐

= [√
𝑫𝑬 ⋅ 𝒄

𝟐
⋅
𝒃

𝒄
+ √

𝑫𝑭 ⋅ 𝒃

𝟐
⋅
𝒄

𝒃
]

𝟐

 

= [√[𝑨𝑩𝑫] ⋅
𝒃

𝒄
+ √[𝑨𝑩𝑪] ⋅

𝒄

𝒃
]

𝟐

≤
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒘𝒂𝒓𝒛

([𝑨𝑩𝑫] + [𝑨𝑫𝑪]) (
𝒃

𝒄
+
𝒄

𝒃
) = 

= [𝑨𝑩𝑪] ⋅ (
𝒃

𝒄
+
𝒄

𝒃
) ≤ 𝑭 ⋅

𝑹

𝒓
    

1303. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

)

𝟐

≥ (
𝟑𝒓

𝟐𝑹
)
𝟑

 

Proposed by Marin Chirciu – Romania  
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

≥∑
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ 𝐬𝐢𝐧

𝑩

𝟐
= 

=∑𝐜𝐨𝐬𝟐
𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑√∏(𝐜𝐨𝐬𝟐

𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
)

𝟑

= 
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= 𝟑 ⋅
√
∏𝐜𝐨𝐬𝟐

𝑨

𝟐⏟      

(
𝒔
𝟒𝑹
)
𝟐

⋅∏𝐬𝐢𝐧
𝑨

𝟐⏟      
𝒓
𝟒𝑹

𝟑 = 𝟑√(
𝒔

𝟒𝑹
)
𝟐

⋅
𝒓

𝟒𝑹

𝟑

= 

= 𝟑√
𝒔𝟐⋅𝒓

(𝟒𝑹)𝟑

𝟑
≥

𝒔𝟐≥𝟐𝟕𝒓𝟐

𝟑√
𝟐𝟕𝒓𝟑

(𝟒𝑹)𝟑

𝟑
= 𝟑(

𝟑𝒓

𝟒𝑹
)         (*) 

∑(
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

)

𝟐

≥
(∗)

𝟑 (
𝟑𝒓

𝟒𝑹
)
𝟐

=
𝟑

𝟒
(
𝟑𝒓

𝟐𝑹
)
𝟐

=
𝟑

𝟒
(
𝟑𝒓

𝟐𝑹
)
𝟐

≥
𝑬𝒖𝒍𝒆𝒓 𝟑

𝟒
⋅
𝟐𝒓

𝑹
⋅ (
𝟑𝒓

𝟐𝑹
)
𝟐

= (
𝟑𝒓

𝟐𝑹
)
𝟑

 

Solution 2 by Tapas Das-India 

NOTE:- 𝒎𝒂 ⋅ 𝒎𝒃 ⋅ 𝒎𝒄 ≥ √𝒓𝒂𝒓𝒃 ⋅ √𝒓𝒃𝒓𝒄 ⋅ √𝒓𝒄𝒓𝒂 = (𝒓𝒂𝒓𝒃𝒓𝒄) = 𝒔
𝟐𝒓 

NOTE:- ∏𝐬𝐢𝐧
𝑨

𝟐
=

𝒓

𝟒𝑹
 

Now: ∑(
𝒎𝒂
𝟐

𝒃𝒄⋅𝐜𝐬𝐜
𝑩

𝟐

)

𝟐

≥
𝑨𝑴−𝑮𝑴

𝟑 [(
𝒎𝒂𝒎𝒃𝒎𝒄

𝒂𝒃𝒄
)
𝟐

⋅ ∏ 𝐬𝐢𝐧
𝑨

𝟐
]

𝟐

𝟑

= 𝟑 [(
𝒔𝟐𝒓

𝟒𝑹𝑭
)
𝟐

⋅
𝒓

𝟒𝑹
]

𝟐

𝟑

 

≥ 𝟑 [(
𝒔𝟐 ⋅ 𝒓

𝟒𝑹 ⋅ 𝒓 ⋅ 𝒔
)

𝟐

⋅
𝒓

𝟒𝑹
]

𝟐
𝟑

= 𝟑 [
𝒔𝟐

𝟏𝟔𝑹𝟐
⋅
𝒓

𝟒𝑹
]

𝟐
𝟑

≥ 𝟑 [
𝟐𝟕𝒓𝟐 ⋅ 𝒓𝟐

𝟔𝟒𝑹𝟑
] (∵ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) 

= 𝟑 ⋅
𝟗𝒓𝟐

𝟏𝟔𝑹𝟐
=
𝟐𝟕𝒓𝟐

𝟏𝟔𝑹𝟐
=
𝟐𝟕𝒓𝟐 ⋅ 𝒓

𝟏𝟔𝑹𝟐 ⋅ 𝒓
≥

𝑬𝒖𝒍𝒆𝒓 𝟐𝟕𝒓𝟑

𝟏𝟔𝑹𝟐 ⋅
𝑹
𝟐

= (
𝟑𝒓

𝟐𝑹
)
𝟑

 

1304. In any triangle 𝑨𝑩𝑪 we have the inequality: 

(𝐭𝐚𝐧
𝑨̂

𝟐
𝐭𝐚𝐧

𝑩̂

𝟐
)

𝐭𝐚𝐧
𝑨̂
𝟐
𝐭𝐚𝐧

𝑩̂
𝟐

⋅ (𝐭𝐚𝐧
𝑩̂

𝟐
𝐭𝐚𝐧

𝑪̂

𝟐
)

𝐭𝐚𝐧
𝑩̂
𝟐
𝐭𝐚𝐧

𝑪̂
𝟐

⋅ (𝐭𝐚𝐧
𝑪̂

𝟐
𝐭𝐚𝐧

𝑨̂

𝟐
)

𝐭𝐚𝐧
𝑪̂
𝟐
𝐭𝐚𝐧

𝑨̂
𝟐

≤
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India  

Note: ∑ 𝐭𝐚𝐧
𝑨

𝟐
=
𝟒𝑹+𝒓

𝒔
 

∑𝐭𝐚𝐧
𝑨

𝟐
⋅ 𝐭𝐚𝐧

𝑩

𝟐
= 𝟏 

∴ (𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
)
𝐭𝐚𝐧

𝑨
𝟐
⋅𝐭𝐚𝐧

𝑩
𝟐
⋅ (𝐭𝐚𝐧

𝑩

𝟐
𝐭𝐚𝐧

𝑪

𝟐
)
𝐭𝐚𝐧

𝑩
𝟐
⋅𝐭𝐚𝐧

𝑪
𝟐
⋅ (𝐭𝐚𝐧

𝑪

𝟐
𝐭𝐚𝐧

𝑨

𝟐
)
𝐭𝐚𝐧

𝑪
𝟐
𝐭𝐚𝐧

𝑨
𝟐
≤ 
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≤
𝑨𝑴−𝑮𝑴

[
∑ 𝐭𝐚𝐧𝟐

𝑨
𝟐 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∑ 𝐭𝐚𝐧
𝑨
𝟐 ⋅ 𝐭𝐚𝐧

𝑩
𝟐

]

∑ 𝐭𝐚𝐧
𝑨
𝟐
⋅𝐭𝐚𝐧

𝑩
𝟐

=∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝐭𝐚𝐧𝟐

𝑩

𝟐
= 𝟏 −

𝟐𝒓𝟐 + 𝟖𝑹𝒓

𝒔𝟐
 

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 

Note:- ∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝐭𝐚𝐧𝟐

𝑩

𝟐
= 𝟏 −

𝟐𝒓𝟐+𝟖𝑹𝒓

𝒔𝟐
 

1305. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟗 ≤∑
𝒘𝒂
𝒉𝒂
∑

𝒉𝒂
𝒘𝒂

≤ 𝟗 (
𝑹

𝟐𝒓
)
𝟐

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India 

1st part: 

∑
𝒘𝒂
𝒉𝒂
⋅∑

𝒉𝒂
𝒘𝒂

≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

(𝟏 + 𝟏 + 𝟏)𝟐 = 𝟗 

2nd part: Now 

∑
𝒘𝒂
𝒉𝒂

≤
𝑪𝑩𝑺

√(∑𝒘𝒂𝟐) (∑
𝟏

𝒉𝒂𝟐
) ≤ √(∑𝒓𝒃𝒓𝒄) ⋅

∑𝒂𝟐

𝟒𝑭𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒛
√
𝒔𝟐𝟗𝑹𝟐

𝟒𝒓𝟐𝒔𝟐
=
𝟑𝑹

𝟐𝒓
 

∑
𝒉𝒂

𝒘𝒂
≤ ∑

𝒉𝒂

𝒉𝒂
 (∵ 𝒉𝒂 ≤ 𝒘𝒂)   (analog)= 𝟑 

∴ ∑
𝒘𝒂
𝒉𝒂
⋅∑

𝒉𝒂
𝒘𝒂

≤
𝟑𝑹

𝟐𝒓
⋅ 𝟑 = 𝟗(

𝑹

𝟐𝒓
) ≤ 𝟗 ⋅

𝑹 ⋅ 𝑹

𝟐𝒓𝑹
≤

𝑬𝒖𝒍𝒆𝒓
𝟗

𝑹𝟐

𝟐𝒓 ⋅ 𝟐𝒓
= 𝟗(

𝑹

𝟐𝒓
)
𝟐

 

1306. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 ≥
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Tapas Das-India 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = 𝟒𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
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= 𝟒√
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒄𝒂
⋅ √
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

=
𝟒 ⋅ 𝒔 ⋅ (𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃𝒄
=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄(𝒔 − 𝒄)
=
𝟒 ⋅ 𝒔 ⋅ 𝒔𝒓𝟐

𝒂𝒃𝒄(𝒔 − 𝒄)
 

=
𝟒 ⋅ 𝒔𝟐𝒓𝟐

𝟒𝑹 ⋅ 𝒓 ⋅ 𝒔 ⋅ (𝒔 − 𝒄)
=

𝒔𝒓

𝑹(𝒔 − 𝒄)
≥

𝒔𝟐≥𝟐𝟕𝒓𝟐 𝟑√𝟑𝒓 ⋅ 𝒓

𝑹(𝒔 − 𝒄)
=
𝟑√𝟑𝒓𝟐

𝑹(𝒔 − 𝒄)
 

Note: 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬 𝑩 − 𝐜𝐨𝐬 𝑪 = 𝟐𝐜𝐨𝐬
𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
− 𝐜𝐨𝐬𝑪 

= 𝟐 𝐜𝐨𝐬
𝝅 − 𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
− 𝐜𝐨𝐬 (𝟐 ⋅

𝑪

𝟐
) = 𝟐𝐬𝐢𝐧

𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝟐𝐬𝐢𝐧𝟐

𝑪

𝟐
− 𝟏 

= 𝟐𝐬𝐢𝐧
𝑪

𝟐
(𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝐬𝐢𝐧

𝝅 − (𝑨 + 𝑩)

𝟐
) − 𝟏 = 𝟐𝐬𝐢𝐧

𝑪

𝟐
(𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝐜𝐨𝐬

𝑨 + 𝑩

𝟐
) − 𝟏 

= 𝟐𝐬𝐢𝐧
𝑪

𝟐
⋅ 𝟐 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
− 𝟏 = 𝟒𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐬𝐢𝐧

𝑪

𝟐
− 𝟏 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝐬𝐢𝐧𝟐
𝑪

𝟐
=
𝒓𝒄−𝒓

𝟒𝑹
      (1) 

𝒔 ≥ 𝟑√𝟑𝒓      (2) 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 ≥
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

𝛁:∑𝐜𝐨𝐬 𝑨 + 𝟏 − 𝟐𝐜𝐨𝐬𝑪 =
𝒓

𝑹
+ 𝟐 ⋅ 𝟐 𝐬𝐢𝐧𝟐

𝑪

𝟐
=
𝒓

𝑹
+ 𝟒 ⋅ 𝐬𝐢𝐧𝟐

𝑪

𝟐
=
(𝟏)

 

=
𝒓

𝑹
+ 𝟒 ⋅

(𝒓𝒄 − 𝒓)

𝟒𝑹
=
𝒓𝒄
𝑹
=

𝑭

(𝒔 − 𝒄)𝑹
=

𝒔 ⋅ 𝒓

(𝒔 − 𝒄)𝑹
≥
(𝟐) 𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 3 by Ertan Yildirim-Izmir-Turkiye 

Lemma 1: 𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔−𝒂)

𝒃𝒄
 

Lemma 2: 𝐭𝐚𝐧
𝑨

𝟐
=

𝒓

𝒔−𝒂
 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) ⋅ 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟏 − 𝐜𝐨𝐬𝑪 
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= 𝟐 ⋅ 𝐬𝐢𝐧
𝑪

𝟐
⋅ 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐𝐬𝐢𝐧𝟐

𝑪

𝟐
= 𝟐 ⋅ 𝐬𝐢𝐧

𝑪

𝟐
⋅ (𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐬𝐢𝐧

𝑪

𝟐
) 

= 𝟐 ⋅ 𝐬𝐢𝐧
𝑪

𝟐
⋅ (𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐜𝐨𝐬 (

𝑨 + 𝑩

𝟐
)) = 𝟐 ⋅ 𝐬𝐢𝐧

𝑪

𝟐
⋅ 𝟐 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
 

= 𝟒 ⋅ 𝐜𝐨𝐬
𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪

𝟐
⋅ 𝐭𝐚𝐧

𝑪

𝟐
= 𝟒 ⋅ √

𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒂𝒄
⋅ √
𝒔(𝒔 − 𝒄)

𝒂𝒃
⋅
𝒓

𝒔 − 𝒄
 

= 𝟒 ⋅
𝒔 ⋅ 𝒔𝒓

𝒂𝒃𝒄
⋅ 𝒓 = 𝟒 ⋅

𝒔 ⋅ 𝒔𝒓

𝟒𝑹 ⋅ 𝒔𝒓
⋅
𝒓

𝒔 − 𝒄
=

𝒔 ⋅ 𝒓

(𝒔 − 𝒄)𝑹
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 4 by Aissa Hiyab-Morocco 

∑𝐜𝐨𝐬𝑨 = 𝟏 +
𝒓

𝑹
   (Lemma 1),  𝐬𝐢𝐧𝟐

𝑪

𝟐
=

𝒄

𝒔−𝒄
+

𝒓

𝟒𝑹
   (Lemma 2) 

𝒔 ≥ 𝟑√𝟑𝒓        (Lemma 3) 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = (∑𝐜𝐨𝐬𝑨) − 𝟐𝐜𝐨𝐬 𝑪 + 𝟏 

= (𝟏 +
𝒓

𝑹
) − 𝟐𝐜𝐨𝐬 𝑪 + 𝟏      (Lemma 1) 

=
𝒓

𝑹
+ 𝟐(𝟏 − 𝐜𝐨𝐬𝑪) =

𝒓

𝑹
+ 𝟒𝐬𝐢𝐧𝟐

𝑪

𝟐
=

𝒓

𝑹
+ 𝟒 ×

𝒄

𝒔−𝒄
×

𝒓

𝟒𝑹
    (Lemma 2) 

=
𝒓

𝑹
(𝟏 +

𝒄

𝒔 − 𝒄
) 

=
𝒓

𝑹
×

𝒔

𝒔 − 𝒄
≤

𝑳𝒆𝒎𝒎𝒂 𝟑 𝒓 × 𝟑√𝟑𝒓

𝑹 × (𝒔 − 𝒄)
=
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 5 by Soumitra Mandal-India 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 = 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐 𝐬𝐢𝐧𝟐 (

𝑪

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐𝐬𝐢𝐧𝟐 (

𝝅 − 𝑨 −𝑩

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨+ 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨− 𝑩

𝟐
) + 𝟐 𝐜𝐨𝐬𝟐 (

𝑨 + 𝑩

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) [𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐜𝐨𝐬 (

𝑨 + 𝑩

𝟐
)] 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) ⋅ 𝟐 𝐜𝐨𝐬 (

𝑨 − 𝑩
𝟐 +

𝑨 + 𝑩
𝟐

𝟐
)𝐜𝐨𝐬 (

𝑨 + 𝑩
𝟐 −

𝑨 − 𝑩
𝟐

𝟐
) 
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= 𝟒𝐜𝐨𝐬 (
𝝅 − 𝑪

𝟐
) 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
= 𝟒𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

= 𝟒 ⋅ √
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒄𝒂
⋅ √
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
=
𝟒

𝒄
⋅
𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
⋅
𝟏

𝒔 − 𝒄
=
𝟒𝚫𝟐

𝒂𝒃𝒄
⋅
𝟏

𝒔 − 𝒄
=
𝟒𝒔𝟐𝒓𝟐

𝟒𝑹𝒓𝒔
⋅
𝟏

𝒔 − 𝒄
[∵ 𝚫 = 𝒔𝒓] 

=
𝒔𝒓

𝑹(𝒔−𝒄)
≥

𝟑√𝟑𝒓𝟐

𝑹(𝒔−𝒄)
[∵ 𝒔 ≥ 𝟑√𝟑𝒓] (proved) 

1307. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

≥
𝟗. 𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Tapas Das-India 

∑(𝒓𝒂
𝟒 + 𝟐𝒓𝒃𝒓𝒂(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐) + 𝒓𝒃

𝟒) = [𝟐 (∑𝒓𝒂
𝟑) (∑𝒓𝒂)] 

∑[𝒓𝒂
𝟔 + 𝟐𝒓𝒃𝒓𝒂(𝒓𝒂

𝟒 + 𝒓𝒃
𝟒) + 𝒓𝒃

𝟔] = [𝟐 (∑𝒓𝒂
𝟒) (∑𝒓𝒂)] 

∑
(𝒓𝒂
𝟒 + 𝟐𝒓𝒂𝒓𝒃(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐) + 𝒓𝒃

𝟒)
𝟑

𝒓𝒂
𝟔 + 𝟑𝒓𝒂𝒓𝒃(𝒓𝒂

𝟒 + 𝒓𝒃
𝟒) + 𝒓𝒃

𝟔 ≥
𝑯𝒐𝒍𝒅𝒆𝒓 𝟏

𝟑
⋅
[𝟐(∑𝒓𝒂

𝟑) ⋅ (∑ 𝒓𝒂)]
𝟑

𝟐(∑𝒓𝒂𝟓)(∑𝒓𝒂)
=
𝟒

𝟑
⋅
(∑ 𝒓𝒂

𝟑)𝟑 ⋅ (∑ 𝒓𝒂)
𝟐

∑𝒓𝒂𝟓
 

≥
𝑨𝑴−𝑮𝑴 𝟒

𝟑
⋅
(𝟑𝒓𝒂𝒓𝒃𝒓𝒄)

𝟑(𝟒𝑹 + 𝒓)𝟐

∑𝒓𝒂𝟓
≥

𝑬𝒖𝒍𝒆𝒓 𝟒

𝟑
⋅
𝟐𝟕(𝒔𝟐𝒓)𝟑(𝟗𝒓)𝟐

∑𝒓𝒂𝟓
 

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟒

𝟑
⋅
𝟐𝟕(𝟐𝟕𝒓𝟑)𝟑(𝟗)𝟐 ⋅ 𝒓𝟐

∑𝒓𝒂𝟓
≥
𝟒

𝟑
⋅
𝟐𝟕 ⋅ 𝟑𝟗 ⋅ 𝒓𝟗 ⋅ 𝟗𝟐 ⋅ 𝒓𝟐

𝟑𝟔

𝟑𝟐
(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)

 

= (𝟗) ⋅
𝟐𝟕𝟗𝟗𝟑𝟔 ⋅ 𝒓𝟏𝟏

(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
=

𝟗 ⋅ 𝟔𝟕 ⋅ 𝒓𝟏𝟏

𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓
 

Now let 𝒂 = 𝒙 + 𝒚 + 𝒛, 𝒃 = 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙, 𝒄 = 𝒙𝒚𝒛 

∴∑𝒙𝟓 = 𝒂𝟓 − 𝟓𝒂𝟑𝒃 + 𝟓𝒂𝒃𝟐 + 𝟓𝒂𝟐𝒄 − 𝟓𝒃𝒄 

⇒∑𝒙𝟓 = (∑𝒙)
𝟓

− 𝟓(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

∴⇒∑𝒓𝒂
𝟓 = (∑𝒓𝒂)

𝟓

− 𝟓(𝒓𝒂 + 𝒓𝒃)(𝒓𝒃 + 𝒓𝒄)(𝒓𝒄 + 𝒓𝒂) 
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≥
𝑨𝑴−𝑮𝑴

= (𝟒𝑹+ 𝒓)𝟓 − 𝟓 ⋅ (𝟖 ⋅ 𝒓𝒂𝒓𝒃𝒓𝒄) (𝟐 ⋅ 𝟑(𝒓𝒂𝒓𝒃𝒓𝒄)
𝟐
𝟑) 

=
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

(𝟒𝑹 + 𝒓)𝟓 − 𝟓 ⋅ (𝟖 ⋅ 𝒔𝟐𝒓) (𝟐 ⋅ 𝟑(𝒔𝟐𝒓)
𝟐
𝟑) ≤

𝑬𝒖𝒍𝒆𝒓
(
𝟗𝑹

𝟐
)
𝟓

− 𝟓(𝟖 ⋅ 𝟑𝟑𝒓𝟑)(𝟐 ⋅ 𝟑𝟑𝒓𝟐) 

= 𝟑𝟔
(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)

𝟑𝟐
 

Solution 2 by Soumava Chakraborty-Kolkata-India 
 

∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 𝟖(∑ 𝐫𝒂

𝟒
𝐜𝐲𝐜 + ∑ 𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐)𝐜𝐲𝐜 )

𝟑

𝟔(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 + ∑ 𝐫𝐛𝐫𝐜(𝐫𝐛
𝟒 + 𝐫𝐜

𝟒)𝐜𝐲𝐜 )
 

=
𝟒(∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜 )

𝟑
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟑(∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 )
≥

𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒(∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜 )
𝟑
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟗(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥

𝐇𝐨𝒍𝐝𝐞𝐫 𝟒(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟗
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
 

=
𝟒(𝟒𝐑+ 𝐫)𝟗(𝟒𝐑+ 𝐫)𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥

𝐄𝐮𝐥𝐞𝐫 𝟒.𝟗𝟗. 𝐫𝟗. (𝟒𝐑 + 𝐫)𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥
? 𝟗. 𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

=
𝟑𝟗. 𝟐𝟕. 𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
⇔
𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟒𝐑+ 𝐫)𝟑

𝟑𝟐𝐫𝟐
≥
?
⏟
(∗)

∑𝐫𝒂
𝟔

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑𝐫𝒂
𝟔

𝐜𝐲𝐜

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑∏(𝐫𝐛
𝟐 + 𝐫𝐜

𝟐)

𝐜𝐲𝐜

≤
𝐂𝐞𝐬𝒂𝐫𝐨

((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)
𝟑
− 𝟐𝟒𝐫𝒂

𝟐𝐫𝐛
𝟐𝐫𝐜
𝟐 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟒𝐑+ 𝐫)𝟐 − 𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐))
𝟑

− 𝟔𝐫𝟐(𝟐𝐬𝟐)
𝟐

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐)
𝟑
− 𝟔𝐫𝟐(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝟐
  

(
∵ 𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐 = 𝟏𝟔𝐑(𝐑 − 𝟐𝐫)

+𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐 > 0
) ≤
𝐄𝐮𝐥𝐞𝐫

(𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐)
𝟑
 

−𝟔𝐫𝟐(𝟐𝟕𝐑𝐫)𝟐 ≤
? 𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟒𝐑+ 𝐫)𝟑

𝟑𝟐𝐫𝟐
 

⇔ 𝟏𝟓𝟓𝟓𝟐𝐭𝟖 + 𝟏𝟏𝟔𝟔𝟒𝐭𝟕 − 𝟏𝟐𝟖𝟏𝟓𝟔𝐭𝟔 + 𝟓𝟗𝟎𝟎𝟔𝟕𝐭𝟓 − 𝟏𝟏𝟓𝟓𝟎𝟕𝟐𝐭𝟒 + 𝟕𝟔𝟏𝟖𝟓𝟔𝐭𝟑 

−𝟏𝟎𝟐𝟐𝟕𝟖𝟒𝐭𝟐 + 𝟏𝟖𝟔𝟔𝟐𝟒𝐭− 𝟓𝟎𝟐𝟕𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(
(𝐭 − 𝟐) (𝟏𝟓𝟓𝟓𝟐𝐭

𝟔 + 𝟕𝟑𝟖𝟕𝟐𝐭𝟓 + 𝟏𝟎𝟓𝟏𝟐𝟒𝐭𝟒 + 𝟕𝟏𝟓𝟎𝟕𝟓𝐭𝟑

+𝟏𝟐𝟖𝟒𝟕𝟑𝟐𝐭𝟐 + 𝟑𝟎𝟒𝟎𝟒𝟖𝟒𝐭+ 𝟔𝟎𝟎𝟎𝟐𝟐𝟒
)

+𝟏𝟐𝟎𝟐𝟓𝟓𝟖𝟒

) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

 

≥
𝟗.𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1308. If 𝒙, 𝒚, 𝒛 > 0 and 𝒏 ∈ ℕ, then in 𝚫𝑨𝑩𝑪 holds: 

𝒂𝟒𝒏−𝟏 ⋅ 𝒙𝟐𝒏

𝒉𝒂
+
𝒃𝟒𝒏−𝟏 ⋅ 𝒚𝟐𝒏

𝒉𝒃
+
𝒄𝟒𝒏−𝟏 ⋅ 𝒛𝟐𝒏

𝒉𝒄
≥
𝟑

𝟐𝑭
(
𝟏𝟔

𝟗
𝑭𝟐∑𝒚𝒛)

𝒏

 

 Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  
 

𝒂𝟒𝒏−𝟏 ⋅ 𝒙𝟐𝒏

𝒉𝒂
+
𝒃𝟒𝒏−𝟏 ⋅ 𝒚𝟐𝒏

𝒉𝒃
+
𝒄𝟒𝒏−𝟏 ⋅ 𝒛𝟐𝒏

𝒉𝒄
=
𝒂𝟒𝒏𝒙𝟐𝒏

𝟐𝑭
+
𝒃𝟒𝒏𝒚𝟐𝒏

𝟐𝑭
+
𝒄𝟒𝒏𝒛𝟐𝒏

𝟐𝑭
 

(∵ 𝒉𝒂 =
𝟐𝑭

𝒂
  ) 

=
𝟏

𝟐𝑭
[(𝒂𝟐𝒙)𝟐𝒏 + (𝒃𝟐𝒚)𝟐𝒏 + (𝒄𝟐𝒛)𝟐𝒏] ≥

𝑪𝑩𝑺 𝟏

𝟐𝑭
⋅
𝟏

𝟑𝟐𝒏−𝟏
(𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛)𝟐𝒏 

≥
𝟏

𝟐𝑭
⋅

𝟏

𝟑𝟐𝒏−𝟏
(𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟐𝒏
(Oppenheim) 

=
𝟏

𝟐𝑭
⋅
𝟑

𝟑𝟐𝒏
(𝟏𝟔𝑭𝟐 (∑𝒙𝒚))

𝒏

=
𝟑

𝟐𝑭
(
𝟏𝟔

𝟗
(∑𝒙𝒚))

𝒏

 

1309. 𝚫𝑫𝑬𝑭,𝚫𝑿𝒀𝒁 – are the orthic and the circumcevian triangle of altitudes 

in acute 𝚫𝑨𝑩𝑪. Prove that: 

𝟔𝑹𝑭 ⋅ √
𝟐𝒓

𝑹
⋅∏𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

𝟑
≤∑𝑨𝑫 ⋅ 𝑨𝑿

𝒄𝒚𝒄

⋅ (𝒔 − 𝒂) ≤ 𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓) 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India  

 
From 𝚫𝑨𝑩𝑫 we get 

𝐬𝐢𝐧𝑩 =
𝑨𝑫

𝑨𝑩
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𝐬𝐢𝐧𝑩 =
𝑨𝑫

𝑪
 

∴ 𝑨𝑫 = 𝒄 𝐬𝐢𝐧𝑩 
(analog) 

 
∠𝑩𝑨𝑿 = ∠𝑩𝑪𝑿 = 𝟗𝟎° − 𝑩 
(angles are on the same arc) 

∴ ∠𝑨𝑪𝑿 = 𝑪 + 𝟗𝟎° − 𝑩 = 𝟗𝟎° − (𝑩 − 𝑪) 
From 𝚫𝑨𝑪𝑿 we get: 
𝑨𝑿

𝐬𝐢𝐧 ∠𝑨𝑪𝑿
=

𝑨𝑪

𝐬𝐢𝐧∠𝑨𝑿𝑪
 

[∠𝑨𝑿𝑪 = ∠𝑨𝑩𝑪 = 𝑩] ⇒
𝑨𝑿

𝐬𝐢𝐧[𝟗𝟎° − (𝑩 − 𝑪)]
=

𝒃

𝐬𝐢𝐧𝑩
 

∴ 𝑨𝑿 =
𝒃 𝐜𝐨𝐬(𝑩−𝑪)

𝐬𝐢𝐧𝑩
   (analog) 

∴ 𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) = 𝒄𝐬𝐢𝐧𝑩 ⋅
𝒃 𝐜𝐨𝐬(𝑩 − 𝑪)

𝐬𝐢𝐧𝑩
⋅ (𝒔 − 𝒂) = 𝒃𝒄(𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) 

RHS 

∴ ∑𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) =∑𝒃𝒄(𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) ≤ 𝒃𝒄(𝒔 − 𝒂) ⋅ 𝟏 

[Note: 𝐜𝐨𝐬(𝑩 − 𝑪) ≤ 𝟏] 

= 𝒔(∑𝒂𝒃) − 𝟑𝒂𝒃𝒄 = 𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟏𝟐𝑹𝒓𝒔 = 𝒔[𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓] 

LHS 

∑𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) =∑𝒃𝒄 (𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) 

= 𝒂𝒃𝒄∑
(𝒔 − 𝒂)

𝒂
⋅ 𝐜𝐨𝐬(𝑩 − 𝑪) 

≥
𝑨𝑴−𝑮𝑴

𝟑𝒂𝒃𝒄 [
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
⋅∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

 

≥ 𝟏𝟐𝑹𝑭 [
𝒔𝒓𝟐

𝟒𝑹𝒓𝒔
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

= 𝟏𝟐𝑹𝑭[
𝒓

𝟒𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑
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= 𝟏𝟐𝑹𝑭 [
𝟐𝒓

𝟖𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑
=
𝟏𝟐𝑹𝑭

𝟐
[
𝟐𝒓

𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

= 𝟔𝑹𝑭√
𝟐𝒓

𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)

𝟑

 

1310. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝐬𝐢𝐧
𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
≤
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
∑𝐬𝐢𝐧

𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

Proposed by Marin Chirciu – Romania  

Solution by Tapas Das – India  

Let 𝒇(𝒙) = 𝐬𝐢𝐧
𝑿

𝟐
, 𝒙 ∈ (𝟎,𝝅) 

∴ 𝒇′(𝒙) =
𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
, 𝒇′′(𝒙) = −

𝟏

𝟒
𝐬𝐢𝐧

𝒙

𝟐
< 0 

∴ 𝒇 is concave, using Jensen’s 

∴
𝐬𝐢𝐧

𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

𝟑
≤ 𝐬𝐢𝐧 (

𝑨 + 𝑩 + 𝑪

𝟔
) = 𝐬𝐢𝐧 (

𝝅

𝟔
) =

𝟏

𝟐
 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
≤
𝟑

𝟐
 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
≤

(𝐬𝐢𝐧
𝑨

𝟐
+𝐬𝐢𝐧

𝑩

𝟐
+𝐬𝐢𝐧

𝑪

𝟐
)
𝟐

𝟑
≤

(
𝟑

𝟐
)
𝟐

𝟑
=
𝟑

𝟒
       (1) 

[Note: ∑𝒙𝒚 ≤
(∑ 𝒙)𝟐

𝟑
] 

Now, 

∑𝐬𝐢𝐧
𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑 [∏𝐬𝐢𝐧

𝑨

𝟐
⋅∏𝐜𝐨𝐬

𝑨

𝟐
]

𝟏
𝟑
= 𝟑 [

𝒓

𝟒𝑹
⋅
𝒔

𝟒𝑹
]

𝟏
𝟑

 

≥ 𝟑 [
𝒓

𝟒𝑹
⋅
𝟑√𝟑𝒓

𝟒𝑹
⋅
𝟒𝑹

𝟒𝑹
]

𝟏
𝟑

 (∵ 𝒔 ≥ 𝟑√𝟑𝒓) ≥
𝑬𝒖𝒍𝒆𝒓

𝟑 [
𝒓

𝟒𝑹
⋅
𝟑√𝟑𝒓

𝟒𝑹
⋅
𝟖𝒓

𝟒𝑹
]

𝟏
𝟑

=
𝟑√𝟑𝒓 ⋅ 𝟐

𝟒𝑹
 

∴
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
∑𝐬𝐢𝐧

𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
≥
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
⋅
𝟑√𝟑𝒓⋅𝟐

𝟒𝑹
=

𝟏

𝟐
+
𝟏

𝟒
=

𝟑

𝟒
        (2) 

From (1) and (2) we get the desired result. 
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1311. Prove that in any triangle 𝑨𝑩𝑪 holds the inequality 

(
𝒂

𝟐𝒎𝒂
)
𝟐

+ (
𝒃

𝟐𝒎𝒃
)

𝟐

+ (
𝒄

𝟐𝒎𝒄
)
𝟐

≥ 𝟏 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu – Romania  
Solution by Tapas Das-India 

Let 𝒂 > 𝑏 > 𝑐 

∴ 𝒎𝒂 < 𝒎𝒃 < 𝒎𝒄 

∴ (
𝒂

𝟐𝒎𝒂
)
𝟐

+ (
𝒃

𝟐𝒎𝒃
)
𝟐

+ (
𝒄

𝟐𝒎𝒄
)
𝟐

≥ 

≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
(
𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐 +

𝟏

𝒎𝒄
𝟐
) 

≥
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅
(𝟏 + 𝟏 + 𝟏)𝟐

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐
=
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅

𝟗

𝟑
𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

 

=
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅

𝟑 × 𝟒

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
= 𝟏 

1312. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰,
𝐦𝒂
𝟐

𝐬(𝐬 − 𝒂)
− 𝟏 ≤

? 𝐛𝟐 + 𝐜𝟐

𝟐𝐛𝐜
− 𝟏 ⇔

(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) − 𝟒𝐬(𝐬 − 𝒂)

𝟒𝐬(𝐬 − 𝒂)
≤
? (𝐛 − 𝐜)𝟐

𝟐𝐛𝐜
 

⇔ (𝐛 − 𝐜)𝟐. (
𝟏

𝟐𝐛𝐜
−

𝟏

𝟒𝐬(𝐬 − 𝒂)
) ≥
?
𝟎 ⇔ (𝐛 − 𝐜)𝟐. (

𝟒𝐬(𝐬 − 𝒂) − 𝟐𝐛𝐜

𝟖𝐬𝐛𝐜(𝐬 − 𝒂)
) ≥
?
𝟎 

⇔ (𝐛− 𝐜)𝟐.
𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐

𝟖𝐬𝐛𝐜(𝐬 − 𝒂)
≥
?
𝟎 ⇔ (𝐛 − 𝐜)𝟐.

𝐜𝐨𝐬𝐀

𝟒𝐬(𝐬 − 𝒂)
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐜𝐨𝐬𝐀 > 0 
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𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝒈𝐥𝐞𝐬 ⇒
𝐦𝒂
𝟐

𝐬(𝐬 − 𝒂)
≤
𝐛𝟐 + 𝐜𝟐

𝟐𝐛𝐜
⇒ 𝐦𝒂

𝟐 .
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐
≤ 𝐬(𝐬 − 𝒂) 

⇒
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

=
𝐦𝒂
𝟐 .

𝟐𝐛𝐜
𝐛𝟐 + 𝐜𝟐

𝐡𝒂𝐫𝒂
≤
𝐬(𝐬 − 𝒂)

𝐡𝒂𝐫𝒂
=
𝟐𝐑. 𝐬(𝐬 − 𝒂)

𝐛𝐜𝐫𝒂
=

𝐯𝐢𝒂 (𝐢) 𝐫𝐛 + 𝐫𝐜
𝟐𝐫𝒂

⇒
𝟐𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

≤
𝐫𝐛 + 𝐫𝐜
𝐫𝒂

 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝐛 + 𝐫𝐜
𝐫𝒂

𝐜𝐲𝐜

=∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

∴ 𝐢𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine-Tanger-Morocco 
 

 

𝐋𝐞𝐭 𝐀′ 𝐛𝐞 𝐭𝐡𝐞 𝐦𝐢𝐝𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐁𝐂 𝐚𝐧𝐝 𝐎 𝐭𝐡𝐞 𝐜𝐢𝐫𝐜𝐮𝐦𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆𝑨𝑩𝑪.  𝐈𝐧 ∆𝑨𝑨′𝑶,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂 = 𝑨𝑨
′ ≤ 𝑨𝑶 +𝑶𝑨′ = 𝑹+ 𝑹𝐜𝐨𝐬 𝑨 = 𝑹(𝟏 + 𝐜𝐨𝐬𝑨) = 𝟐𝑹𝐜𝐨𝐬𝟐

𝑨

𝟐
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐫𝐞𝐬𝐮𝐥𝐭,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒉𝒂
𝒎𝒂𝒔𝒂

=
𝒃𝒄

𝟐𝑹
.
𝒃𝟐 + 𝒄𝟐

𝟐𝒃𝒄𝒎𝒂
𝟐
=
𝒃𝟐 + 𝒄𝟐

𝑹. 𝟒𝒎𝒂
𝟐
=
𝟏

𝟐𝑹
(𝟏 +

𝒂𝟐

𝟒𝒎𝒂
𝟐
) ≥

𝟏

𝟐𝑹
(𝟏+

(𝟒𝑹𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐
)
𝟐

𝟒 (𝟐𝑹𝐜𝐨𝐬𝟐
𝑨
𝟐
)
𝟐
) 

=
𝟏

𝟐𝑹
(𝟏 + 𝐭𝐚𝐧𝟐

𝑨

𝟐
) =

𝟏

𝟐𝑹𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒃𝒄

𝟐𝑹𝒔(𝒔 − 𝒂)
=
𝟐𝒓(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂. 𝒔𝒓𝟐
=

𝟐
𝒔𝒓
𝒔 − 𝒃

+
𝒔𝒓
𝒔 − 𝒄

=
𝟐

𝒓𝒃 + 𝒓𝒄
. 

𝐓𝐡𝐮𝐬,
𝟐𝒎𝒂𝒔𝒂
𝒉𝒂𝒓𝒂

≤
𝒓𝒃 + 𝒓𝒄
𝒓𝒂

. 𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐲𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐢𝐭𝐡 𝐬𝐢𝐦𝐢𝐥𝐚𝐫 𝐨𝐧𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐫𝐞𝐬𝐮𝐥𝐭. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
𝟖 ⋅ ∏

𝒎𝒂 ⋅𝒔𝒂

𝒉𝒂⋅𝒓𝒂
≤ ∏

𝒓𝒃+𝒓𝒄

𝒓𝒂
, 𝒃𝟐 + 𝒄𝟐 ≤ 𝟒𝑹 ⋅ 𝒎𝒂    (1) 
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𝒎𝒂 ≤ 𝟐𝑹𝐜𝐨𝐬
𝟐
𝑨

𝟐
 

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
=

𝟐𝒂

𝐬𝐢𝐧𝑨
⋅ 𝐜𝐨𝐬𝟐

𝑨

𝟐
= 𝒂 ⋅ 𝐜𝐨𝐭

𝑨

𝟐
=

𝒂 ⋅ 𝑭

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
(𝒔 − 𝒃 + 𝒔 − 𝒄) ⋅ 𝑭

(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭

𝒔 − 𝒃
+

𝑭

𝒔 − 𝒄
= 𝒓𝒃 + 𝒓𝒄 

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝒓𝒃 + 𝒓𝒄      (3) 

⇛
𝟐 ⋅ 𝒎𝒂 ⋅ 𝒔𝒂
𝒉𝒂 ⋅ 𝒓𝒂

=
𝟐𝒎𝒂 ⋅

𝟐𝒃𝒄
𝒃𝟐 + 𝒄𝟐

⋅ 𝒎𝒂

𝒉𝒂 ⋅ 𝒓𝒂
=
𝟒𝒃𝒄

𝒉𝒂
⋅

𝒎𝒂
𝟐

(𝒃𝟐 + 𝒄𝟐)𝒓𝒂
= 

=
𝟖𝑹

𝒓𝒂
(
𝟐(𝒃𝟐 + 𝒄𝟐) − 𝒂𝟐

𝟒(𝒃𝟐 + 𝒄𝟐)
) =

𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
) ≤
(𝟏)

 

≤
𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝟒𝑹 ⋅ 𝒎𝒂
) ≤
(𝟐) 𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝟖𝑹𝟐 ⋅ 𝐜𝐨𝐬𝟐
𝑨
𝟐

) = 

=
𝟐𝑹

𝒓𝒂
(𝟐 −

𝐬𝐢𝐧𝟐
𝑨
𝟐

𝟐𝐜𝐨𝐬𝟐
𝑨
𝟐

) =
𝟐𝑹

𝒓𝒂
(𝟐 − 𝟐𝐬𝐢𝐧𝟐

𝑨

𝟐
) =

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨
𝟐

𝒓𝒂
=
(𝟑) 𝒓𝒃 + 𝒓𝒄

𝒓𝒂
 

1313. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑(
𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)

𝐜𝐲𝐜

≥ 𝟏 +
𝟒𝐑

𝐫
 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
 

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
= 𝒂𝐬𝟐 −

𝟒∆𝟐

𝐬 − 𝒂
= 𝒂𝐬𝟐 − 𝟐𝒂(

𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) 
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= 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ⇒ 𝐧𝒂
𝟐 = 𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∑(

𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)

𝐜𝐲𝐜

 

= 𝐬𝟐∑
𝟏

𝐰𝒂
𝟐

𝐜𝐲𝐜

−∑
𝟐𝐡𝒂𝐫𝒂

𝐰𝒂
𝟐

𝐜𝐲𝐜

+ 𝟒((∑𝐫𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

)− 𝟑) =
𝐯𝐢𝒂 (𝐢)

 

𝐬𝟐∑
(𝐛+ 𝐜)𝟐𝒂

𝟒𝒂𝐛𝐜𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

−∑
𝟒𝐫𝟐𝐬𝟐(𝐛 + 𝐜)𝟐

𝒂(𝐬 − 𝒂).𝟒𝐛𝐜𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

+ 𝟒((𝟒𝐑+ 𝐫)∑
𝟏

𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

− 𝟑) 

=
𝐬𝟐

𝟏𝟔𝐑𝐫𝐬𝟐
∑(

𝒂(𝐬𝟐 + (𝐬 − 𝒂)𝟐 + 𝟐𝐬(𝐬 − 𝒂))

𝐬 − 𝒂
)

𝐜𝐲𝐜

 

−
𝐫𝟐𝐬𝟐

𝟒𝐑𝐫𝐬𝟐
.∑

𝐬𝟐 + (𝐬 − 𝒂)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

+
(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
𝟏

𝟏𝟔𝐑𝐫
(𝐬𝟐∑

𝒂− 𝐬 + 𝐬

𝐬 − 𝒂
𝐜𝐲𝐜

+ 𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟐𝐬.𝟐𝐬) 

−
𝐫

𝟒𝐑
(
𝟏

𝐫𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

+ 𝟑 +
𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) +

(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
𝟏

𝟏𝟔𝐑𝐫
(𝐬𝟐 (−𝟑 +

𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) + 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟒𝐬𝟐) 

−
𝐫

𝟒𝐑
(
(𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐 + 𝟑𝐫𝟐

𝐫𝟐
+
𝟐(𝟒𝐑+ 𝐫)

𝐫
) +

(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
(𝟐𝐑 + 𝟓𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟗𝟐𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝐫𝟐(𝟒𝐑+ 𝐫)𝟑

𝟖𝐑𝐫𝟐𝐬𝟐
≥ 𝟏 +

𝟒𝐑

𝐫
=
𝟒𝐑+ 𝐫

𝐫
 

⇔ (𝟐𝐑+ 𝟓𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟔𝟒𝐑𝟐 + 𝟏𝟎𝟎𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 ≥
(∗)

𝟎 𝒂𝐧𝐝 

∵ (𝟐𝐑 + 𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝟐𝐑 + 𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟒𝟎𝐑− 𝟓𝟑𝐫)𝐬𝟐 ≥
(∗∗)

𝐫(𝟓𝟕𝟔𝐑𝟐 − 𝟖𝟒𝟔𝐑𝐫 + 𝟏𝟏𝟕𝐫𝟐) 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟒𝟎𝐑 − 𝟓𝟑𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟓𝟕𝟔𝐑𝟐 − 𝟖𝟒𝟔𝐑𝐫 + 𝟏𝟏𝟕𝐫𝟐) 

⇔ 𝟑𝟐𝐑𝟐 − 𝟏𝟎𝟏𝐑𝐫 + 𝟕𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝟑𝟐𝐑− 𝟑𝟕𝐫)(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑(
𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)

𝐜𝐲𝐜

≥ 𝟏+
𝟒𝐑

𝐫
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞  𝒘𝒂
𝟐 =

𝟒𝒃𝒄

(𝒃 + 𝒄)𝟐
. 𝒓𝒃𝒓𝒄 ≤ 𝒓𝒃𝒓𝒄. 
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𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞   𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
=  𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 

= 𝒔𝟐 −
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂,   𝐭𝐡𝐞𝐧   𝒏𝒂

𝟐 + 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐. 

𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 
𝟏

𝒓𝒃
+
𝟏

𝒓𝒄
=
𝒂

𝑭
=
𝟐

𝒉𝒂
,   𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞  𝒓𝒃 + 𝒓𝒄 =

𝟐𝒓𝒃𝒓𝒄
𝒉𝒂

. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 
𝒏𝒂

𝟐

𝒘𝒂𝟐
+

𝟒𝒓𝒂
𝒓𝒃 + 𝒓𝒄

≥
𝒏𝒂

𝟐

𝒓𝒃𝒓𝒄
+
𝟐𝒉𝒂𝒓𝒂
𝒓𝒃𝒓𝒄

=
𝒔𝟐

𝒓𝒃𝒓𝒄
=
𝒓𝒂
𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

∑(
𝒏𝒂

𝟐

𝒘𝒂𝟐
+

𝟒𝒓𝒂
𝒓𝒃 + 𝒓𝒄

)

𝒄𝒚𝒄

≥∑
𝒓𝒂
𝒓

𝒄𝒚𝒄

= 𝟏 +
𝟒𝑹

𝒓
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1314. 

𝐈𝐧 ∆ 𝐀𝐁𝐂 𝐩𝐢𝐜𝐭𝐮𝐫𝐢𝐬𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐝𝐢𝒂𝐠𝐫𝒂𝐦, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬  

𝟐√𝟐 ∙ 𝐈𝐈𝒂 < 𝑰𝑨 

 

  Proposed by Aissa Hiyab-Morocco 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐬𝐢𝐧𝐞 𝒍𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐈𝐘,
𝐀𝐈

𝐬𝐢𝐧(𝐂 +
𝐁
𝟐
)
=

𝐘𝐈

𝐬𝐢𝐧
𝐀
𝟐

 

⇒
𝐀𝐈

𝐬𝐢𝐧
𝟏𝟖𝟎° − 𝐀 + 𝐂

𝟐

=
𝐘𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒ 𝐘𝐈 =
(𝐢) 𝐀𝐈 𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐂
𝟐

 

𝐕𝐢𝒂 𝐬𝐢𝐧𝐞 𝒍𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐈𝐙,
𝐀𝐈

𝐬𝐢𝐧(𝐁 +
𝐂
𝟐
)
=

𝐙𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒
𝐀𝐈

𝐬𝐢𝐧
𝟏𝟖𝟎° − 𝐀 + 𝐁

𝟐

=
𝐙𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒ 𝐙𝐈 =
(𝐢𝐢) 𝐀𝐈 𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐁
𝟐

 

𝐕𝐢𝒂 ∆ 𝐈𝐈𝒂𝐘, 𝐈𝐈𝒂 = 𝐘𝐈 𝐬𝐢𝐧 𝒙  𝒂𝐧𝐝 𝐯𝐢𝒂 ∆ 𝐈𝐈𝒂𝐙, 𝐈𝐈𝒂 = 𝐙𝐈 𝐬𝐢𝐧 𝐲 ∴ 𝐈𝐈𝒂
𝟐 = 𝐘𝐈. 𝐙𝐈. 𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝐲 

⇒
𝐯𝐢𝒂 (𝐢),(𝐢)

𝟖𝐈𝐈𝒂
𝟐 = 𝟖𝐬𝐢𝐧𝒙 𝐬𝐢𝐧𝐲 .

𝐀𝐈𝟐 𝐬𝐢𝐧𝟐
𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐂
𝟐

. 𝐜𝐨𝐬
𝐀 − 𝐁
𝟐

<
?
𝐀𝐈𝟐 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬(𝒙 + 𝐲)). 𝟖 𝐬𝐢𝐧𝟐
𝐀

𝟐
<
?
𝐜𝐨𝐬

𝟐𝐀 − (𝟏𝟖𝟎° − 𝐀)

𝟐
 

+𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
 (∵

−𝛑

𝟐
<
𝐀− 𝐂

𝟐
,
𝐀 − 𝐁

𝟐
<
𝛑

𝟐
⇒ 𝐜𝐨𝐬

𝐀 − 𝐂

𝟐
, 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
> 0) 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬
𝐁 + 𝐂

𝟐
) . 𝟖 𝐬𝐢𝐧𝟐

𝐀

𝟐
<
?
𝐬𝐢𝐧

𝟑𝐀

𝟐
+
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
 

= 𝟑𝐬𝐢𝐧
𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟑

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬
𝐁 + 𝐂

𝟐
) . 𝟖 𝐬𝐢𝐧

𝐀

𝟐
<
?
𝟑 − 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

⇔ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) − 𝟖 𝐬𝐢𝐧𝟐

𝐀

𝟐
<
?
𝟑 − 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛+ 𝐜

𝒂
 

⇔ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) <

?
⏟
(∗)

𝟑 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

𝐍𝐨𝐰, 𝒙 < 𝑥 + 𝐲 =
𝐁+ 𝐂

𝟐
= 𝟗𝟎° −

𝐀

𝟐
< 90° 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲, 𝐲 < 90° ∴ 𝟎 < 𝑥 < 90°   

𝒂𝐧𝐝 − 𝟗𝟎° < −𝑦 < 0 ⇒ −90° < 𝑥 − 𝐲 < 90° ∴ 𝟎 < 𝐜𝐨𝐬(𝒙 − 𝐲) < 𝟏 

⇒ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) < 𝟖 𝐬𝐢𝐧

𝐀

𝟐
⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) <

(⦁)

𝟖 𝐬𝐢𝐧
𝐀

𝟐
 𝒂𝐧𝐝 𝟑 + 𝟒 𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

> 3+ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
+ 𝟏 ⇒ 𝐑𝐇𝐒 𝐨𝐟 (∗) >

(⦁⦁)

𝟒 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
∴ (⦁), (⦁⦁) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟒 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
> 𝟖 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝟒(𝟏 − 𝐬𝐢𝐧

𝐀

𝟐
)
𝟐

> 0 

→ 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝟖𝐈𝐈𝒂
𝟐 < 𝐀𝐈𝟐 ⇒ 𝟐√𝟐 ∗ 𝐈𝐈𝒂 < 𝑰𝑨 (𝑸𝑬𝑫) 

1315. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

(∑
𝒏𝒂
𝒉𝒂

𝒄𝒚𝒄

)

𝟐

.∑(𝒔 − 𝒏𝒃)(𝒔 − 𝒏𝒄)

𝒄𝒚𝒄

> 4𝒔𝟐 

Proposed by Bogdan Fuștei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 𝐋𝐞𝐭 𝑵 𝐛𝐞 𝐭𝐡𝐞 𝐍𝐚𝐠𝐞𝐥′𝐬 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝜟𝑨𝑩𝑪 𝐚𝐧𝐝 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝐛𝐞 𝐭𝐡𝐞 𝐍𝐚𝐠𝐞𝐥′𝐬 𝐜𝐞𝐯𝐢𝐚𝐧𝐬. 

 

𝐒𝐢𝐧𝐜𝐞 𝑨𝑩′ = 𝒔 − 𝒄,   𝑨𝑪′ = 𝒔 − 𝒃,   𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂,  

𝐚𝐧𝐝 𝐮𝐬𝐢𝐧𝐠 𝐕𝐚𝐧 𝐀𝐮𝐛𝐞𝐥′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑵𝑨

𝑵𝑨′
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

⇒ 
𝒏𝒂
𝑵𝑨

= 𝟏 +
𝑵𝑨

𝑵𝑨′
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
 ⇒  𝑵𝑨 =

𝒂𝒏𝒂
𝒔
= 𝟐𝒓.

𝒏𝒂
𝒉𝒂
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐀𝐥𝐬𝐨, 𝐢𝐧 ∆𝑵𝑩𝑪,𝐰𝐞 𝐡𝐚𝐯𝐞 

   𝒂 < 𝑁𝐵 + 𝑁𝐶 = 2𝒓 (
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
)  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), (𝐬𝐞𝐞, 𝐟𝐨𝐫 𝐞𝐱𝐚𝐦𝐩𝐥𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 

𝐅𝐮ş𝐭𝐞𝐢 − 𝑨𝒃𝒐𝒖𝒕 𝒂 𝑭𝒆𝒘 𝑺𝒑𝒆𝒄𝒊𝒂𝒍 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 − 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨) 

𝐍𝐨𝐰,𝐰𝐞 𝐡𝐚𝐯𝐞 

  𝒔𝟐 − 𝒏𝒂
𝟐 = 𝒔𝟐 − (𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) =

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
=
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 

                                              =
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝟐𝒓𝒂𝒉𝒂. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞,  

  𝒔 − 𝒏𝒂 =
𝒔𝟐 − 𝒏𝒂

𝟐

𝒔 + 𝒏𝒂
=
𝟐𝒓𝒂𝒉𝒂
𝒔 + 𝒏𝒂

=
𝟐𝒓𝒂
𝒂
𝟐𝒓 +

𝒏𝒂
𝒉𝒂

>
𝟐𝒓𝒂

(
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
) +

𝒏𝒂
𝒉𝒂
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⇒ (
𝒏𝒂
𝒉𝒂
+
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
) (𝒔 − 𝒏𝒂) > 𝟐𝒓𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

(∑
𝒏𝒂
𝒉𝒂

𝒄𝒚𝒄

)

𝟐

.∑(𝒔 − 𝒏𝒃)(𝒔 − 𝒏𝒄)

𝒄𝒚𝒄

≥∑𝟐𝒓𝒃. 𝟐𝒓𝒄
𝒄𝒚𝒄

= 𝟒𝒔𝟐. 

    1316. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′ 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 + 𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖 +𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

. 𝟏. 𝟏
𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟐
𝟑
∑

𝟔𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

+
𝟐𝐰𝒂

𝐰𝐛 +𝐰𝐜
+ 𝟏𝐜𝐲𝐜

 

=
𝟔

√𝟐
𝟑
∑

𝐰𝒂
𝟐

𝟒𝐰𝒂
𝟐 +𝐰𝒂𝐰𝐛 +𝐰𝒂𝐰𝐜𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

∑ 𝐰𝒂𝐰𝐛𝐜𝐲𝐜  ≤ ∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜 𝟏

√𝟐
𝟑 .

𝟔(∑ 𝐰𝒂𝐜𝐲𝐜 )
𝟐

𝟒∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜 + 𝟐∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜

 

≥
𝐰𝒂≥ 𝐡𝒂  = 

𝟐𝐫𝐬
𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏

√𝟐
𝟑 .

(𝟐𝐫𝐬.∑
𝟏
𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝐬(𝐬 − 𝒂)𝐜𝐲𝐜
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

√𝟐
𝟑 .

𝟒 (𝟐𝐫𝐬.
𝟗
𝟐𝐬
)
𝟐

𝟐𝟕𝐑𝟐
 

⇒∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(∎) 𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
≥
? 𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

⇔
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 (𝟏 −

𝟒𝐫𝟐

𝐑𝟐
) =

𝟑

√𝟐
𝟑 .

𝐑𝟐 − 𝟒𝐫𝟐

𝐑𝟐
, 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞  

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟐. √𝟐
𝟑
. 𝐑𝟐 > 3𝐫𝟐  (∵ 𝐑𝟐 − 𝟒𝐫𝟐 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) → 𝐭𝐫𝐮𝐞 

∵ 𝟐. √𝟐
𝟑
. 𝐑𝟐 ≥

𝐄𝐮𝐥𝐞𝐫
𝟖. √𝟐

𝟑
. 𝐫𝟐 > 3𝐫𝟐 ∴∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁) 𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟐
𝟑
∑

𝟔𝐦𝒂
𝐦𝐛 +𝐦𝐜

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
+

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
+ 𝟏𝐜𝐲𝐜
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=
𝟔

√𝟐
𝟑
∑

𝐦𝒂
𝟐

𝟒𝐦𝒂
𝟐 +𝐦𝒂𝐦𝐛 +𝐦𝒂𝐦𝐜𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜  ≤ ∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 𝟏

√𝟐
𝟑 .

𝟔(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟐

𝟒∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 + 𝟐∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

 

≥
𝐦𝒂≥ 𝐡𝒂 = 

𝟐𝐫𝐬
𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏

√𝟐
𝟑 .

(𝟐𝐫𝐬.∑
𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑
𝟒
∑ 𝒂𝟐𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟏

√𝟐
𝟑 .

𝟒 (𝟐𝐫𝐬.
𝟗
𝟐𝐬
)
𝟐

𝟐𝟕𝐑𝟐
 

⇒∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≥
(∎∎) 𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
≥
? 𝟑

√𝟐
𝟑 −

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

⇔
𝟒(𝐑− 𝟐𝐫)

𝐫
≥
? 𝟑

√𝟐
𝟑 .

(𝐑 − 𝟐𝐫)(𝐑+ 𝟐𝐫)

𝐑𝟐
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞  

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟒𝐑𝟐 > 3𝐫(𝐑 + 𝟐𝐫) (∵ 𝐑𝟐 − 𝟒𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) 

⇔ (𝐑− 𝟐𝐫)(𝟒𝐑+ 𝟓𝐫) + 𝟒𝐫𝟐 > 0 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 

∴∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁⦁) 𝟑

√𝟐
𝟑 −

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

. 𝟏. 𝟏
𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟐
𝟑
∑

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟐

𝟑
.
𝟏

√𝟐
𝟑 (∑𝐰𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

) ≤
𝐀−𝐆 𝟏

𝟑
.
𝟏

√𝟐
𝟑
(√𝟑𝐬)(∑

𝟏

√𝐰𝐛𝐰𝐜𝐜𝐲𝐜

) ≤

𝐰𝒂≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 + 𝐂𝐁𝐒
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

𝟏

𝟑
.
𝟏

√𝟐
𝟑 . √𝟑.

𝟑√𝟑𝐑

𝟐
.√∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

⇒∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≤
(∎∎∎)

 

𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
≤
? 𝟑

√𝟐
𝟑 +

𝟒(𝐑 − 𝟐𝐫)

𝐫
⇔
𝟒(𝐑 − 𝟐𝐫)

𝐫
≥
? 𝟑

√𝟐
𝟑 .

𝐑 − 𝟐𝐫

𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞  

𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟖. √𝟐
𝟑

> 3 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) → 𝐭𝐫𝐮𝐞 

∴∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟑

√𝟐
𝟑 +

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟐
𝟑
∑

𝟐𝐦𝒂
𝐦𝐛 +𝐦𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟐

𝟑
.
𝟏

√𝟐
𝟑 (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

) ≤
𝐀−𝐆 𝟏

𝟑
.
𝟏

√𝟐
𝟑
(𝟒𝐑 + 𝐫)(∑

𝟏

√𝐦𝐛𝐦𝐜𝐜𝐲𝐜

) 
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≤

𝐦𝒂≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 + 𝐂𝐁𝐒

𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟑
.
𝟏

√𝟐
𝟑 (

𝟗𝐑

𝟐
) .√∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

 

⇒∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≤
(∎∎∎∎) 𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
≤
? 𝟑

√𝟐
𝟑 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

⇔
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 .

𝐑 − 𝟐𝐫

𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 

𝟒(𝐑+ 𝟐𝐫) > 3𝐫 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟒𝐑+ 𝟓𝐫 > 0 → 𝐭𝐫𝐮𝐞 

∴∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟑

√𝟐
𝟑 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

𝐀𝐠𝒂𝐢𝐧,
𝐑𝟐𝐑′

𝐫𝟐𝐫′
=
(𝐑𝟐 − 𝟒𝐫𝟐 + 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′ + 𝟐𝐫′)

𝐫𝟐𝐫′
 

=
𝟐𝐫′(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟒𝐫𝟐(𝐑′ − 𝟐𝐫′) + 𝟖𝐫𝟐𝐫′ + (𝐑𝟐 − 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′)

𝐫𝟐𝐫′
 

= 𝟖+
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
+
(𝐑𝟐 − 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′)

𝐫𝟐𝐫′
 

≥
𝐄𝐮𝐥𝐞𝐫

𝟖 +
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
∴
𝐑𝟐𝐑′

𝐫𝟐𝐫′
≥
(◆)

𝟖 +
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
 

𝐋𝐞𝐭 𝐦 = 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

}𝒂𝐧𝐝  

𝐌 = 𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟏  𝐦 =∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

;𝐌 =∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (∎), (∎∎∎∎), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
−

𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
+
𝐑𝟐𝐑′

𝐫𝟐𝐫′
− 𝟖 ≥

𝐄𝐮𝐥𝐞𝐫
−
𝟑

√𝟐
𝟑 (

𝐑

𝟐𝐫
−
𝟒𝐫𝟐

𝐑𝟐
) 

+
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
?
𝟎 ⇔

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 .

𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐑𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟒𝐑𝟐(𝐑 + 𝟐𝐫) > 3𝐫(𝐑𝟐 + 𝟒𝐫𝟐 − 𝟐𝐑𝐫)  

(∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟒𝐑𝟑 + 𝟓𝐑𝟐𝐫 + 𝟔𝐫𝟐(𝐑− 𝟐𝐫) > 0 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴ 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 
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𝐂𝒂𝐬𝐞 𝟐  𝐦 =∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

;𝐌 =∑√
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (∎∎), (∎∎∎), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫′
𝟐

𝐑′𝟐
−

𝟑

𝟐. √𝟐
𝟑 .

𝐑′

𝐫′
+
𝐑𝟐𝐑′

𝐫𝟐𝐫′
− 𝟖 ≥

𝐄𝐮𝐥𝐞𝐫
−
𝟑

√𝟐
𝟑 (

𝐑′

𝟐𝐫′
−
𝟒𝐫′

𝟐

𝐑′𝟐
) 

+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
≥
?
𝟎 ⇔

𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
≥
? 𝟑

√𝟐
𝟑 .

𝐑′𝟑 − 𝟖𝐫′𝟑

𝟐𝐑′𝟐𝐫′
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞  

𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟖𝐑′𝟐 > 3(𝐑′𝟐 + 𝟒𝐫′𝟐 − 𝟐𝐑′𝐫′)  

(∵ 𝐑′ − 𝟐𝐫′ ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟓𝐑′𝟐 + 𝟔𝐫′(𝐑′ − 𝟐𝐫′) > 0 → 𝐭𝐫𝐮𝐞 

∵ 𝐑′ ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫′ ∴ 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟑  𝐦 =∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

; 𝐌 =∑√
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

, 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (⦁), (⦁⦁⦁), (◆), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+ 𝟖 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
− 𝟖 −

𝟑

√𝟐
𝟑  

−
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
= 𝟎 ∴ 𝐦𝐢𝐧{∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟒  𝐦 =∑√
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

; 𝐌 =∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

, 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (⦁⦁), (⦁⦁⦁⦁), (◆), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟑

√𝟐
𝟑 −

𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
+ 𝟖 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
− 𝟖−

𝟑

√𝟐
𝟑  

−
𝟐(𝐑′𝟐 − 𝟒𝐫′𝟐)

𝐫′𝟐
= 𝟎 ∴ 𝐦𝐢𝐧{∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖 +𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∆ 𝐀′𝐁′𝐂′, 
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𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

}+
𝐑𝟐𝐑′

𝐫𝟐𝐫′

≥ 𝟖 +𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} , ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′ 𝒂𝐫𝐞 𝐞𝒂𝐜𝐡 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

  

1317. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

√𝟑∑𝐬𝐞𝐜𝑨

𝒄𝒚𝒄

+ 𝟗∑𝐜𝐬𝐜 𝑨

𝒄𝒚𝒄

≥ 𝟐𝟒√𝟑 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Adrian Popa-Romania 

𝒇(𝒙) =
𝟏

𝐜𝐨𝐬 𝒙
⇒ 𝒇′(𝒙) =

𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬𝟐 𝒙
> 0 (∀)𝒙 ∈ [𝟎;

𝝅

𝟐
] 

𝒇′′(𝒙) =
𝐜𝐨𝐬𝟑 𝒙 + 𝟐𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧𝟐 𝒙

𝐜𝐨𝐬𝟒 𝒙
> 0 (∀)𝒙 ∈ [𝟎;

𝝅

𝟐
] ⇒ 

⇒ 𝒇 → convex on [𝟎;
𝝅

𝟐
] ⇒

𝒇(𝑨)+𝒇(𝑩)+𝒇(𝑪)

𝟑
≥

𝑱𝒆𝒏𝒔𝒆𝒏

 𝒇 (
𝑨+𝑩+𝑪

𝟑
) ⇒ 

⇒ ∑𝐬𝐞𝐜𝑨 ≥ 𝟑𝐬𝐞𝐜
𝝅

𝟑
=

𝟑

𝐜𝐨𝐬
𝝅

𝟑

=
𝟑
𝟏

𝟐

= 𝟔     (1) 

𝒈(𝒙) = 𝐜𝐬𝐜𝒙 =
𝟏

𝐬𝐢𝐧𝒙
⇒ 𝒈′(𝒙) =

− 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝟐 𝒙
⇒ 𝒈′′(𝒙) =

𝐬𝐢𝐧𝟑 𝒙 + 𝟐𝐬𝐢𝐧𝒙 𝐜𝐨𝐬𝟑 𝒙

𝐬𝐢𝐧𝟒 𝒙
> 0 

⇒ 𝒈(𝒙) → convex on [𝟎;
𝝅

𝟐
] ⇒

𝒈(𝑨)+𝒈(𝑩)+𝒈(𝑪)

𝟑
≥ 𝒈(

𝑨+𝑩+𝑪

𝟑
) 

⇒ ∑𝐜𝐬𝐜𝑨 ≥ 𝟑
𝟏

𝐬𝐢𝐧
𝝅

𝟑

= 𝟑 ⋅
𝟏

√𝟑

𝟐

=
𝟔

√𝟑
=
𝟔√𝟑

𝟑
= 𝟐√𝟑     (2) 

From (1) and (2) ⇒ √𝟑∑𝐬𝐞𝐜𝑨 + 𝟗∑𝐜𝐬𝐜𝑨 ≥ 𝟔√𝟑+ 𝟏𝟖√𝟑 = 𝟐𝟒√𝟑 

Solution 2 by Marin Chirciu-Romania 

Lemma: In 𝚫𝑨𝑩𝑪 holds: 

∑𝐬𝐞𝐜𝑨 ≥ 𝟔 

∑𝐜𝐬𝐜𝑨 ≥ 𝟐√𝟑 

Proof. 
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∑𝐬𝐞𝐜𝑨 =∑
𝟏

𝐜𝐨𝐬 𝑨
=
𝒑𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒑𝟐 − (𝟐𝑹+ 𝒓)𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟔, 

∑𝐜𝐬𝐜𝑨 =∑
𝟏

𝐬𝐢𝐧𝑨
=
𝒑𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒑𝒓
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟐√𝟑. 

Let’s get back to the main problem.Using the Lemma we obtain: 

𝑳𝑯𝑺 = √𝟑∑𝐬𝐞𝐜𝑨 + 𝟗∑𝐜𝐬𝐜𝑨 ≥ 𝟐𝟒√𝟑 ≥
𝑳𝒆𝒎𝒎𝒂

√𝟑 ⋅ 𝟔 + 𝟗 ⋅ 𝟐√𝟑 = 𝟐𝟒√𝟑 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For acute triangle 𝑨𝑩𝑪 

√𝟑(𝐬𝐞𝐜𝑨 +𝐬𝐞𝐜𝑩 + 𝐬𝐞𝐜𝑪) + 𝟗(𝐜𝐬𝐜𝑨 + 𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜𝑪) 

= √𝟑(
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬 𝑪
) + 𝟗(

𝟏

𝐬𝐢𝐧 𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧 𝑪
) 

≥ √𝟑(𝟔) + 𝟗(𝟐√𝟑) = √𝟑(𝟐𝟒)  ok 

Because 𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪 ≤
𝟑

𝟐
 

⇒ 𝟏 ≤
𝟑

𝟐
⋅

𝟏

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪
⇒ 𝟏 ≤

𝟑

𝟐
(
𝟏

𝟗
(
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬 𝑪
)) 

⇒ 𝟔 ≤
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬𝑪
 

and 𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 ≤
𝟑√𝟑

𝟐
⇒ 𝟏 ≤

𝟑√𝟑

𝟐
(

𝟏

𝐬𝐢𝐧𝑨+𝐬𝐢𝐧𝑩+𝐬𝐢𝐧𝑪
) 

⇒ 𝟏 ≤
𝟑√𝟑

𝟐
(
𝟏

𝟗
(
𝟏

𝐬𝐢𝐧𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧𝑪
)) ⇒ 𝟐√𝟑 ≤

𝟏

𝐬𝐢𝐧𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧 𝑪
 

Therefore it is to be true. 

Solution 4 by Hikmat Mammadov-Azerbaijan 

∑𝐬𝐞𝐜𝑨 ≥ 𝟑√∏𝐬𝐞𝐜𝑨
𝟑

≥ 𝟑√𝐬𝐞𝐜𝟑
𝝅

𝟑

𝟑
= 𝟔 

∑𝐜𝐬𝐜𝑨 ≥ 𝟑√∏𝐜𝐬𝐜𝑨
𝟑

≥ 𝟑√𝐜𝐬𝐜
𝝅

𝟑

𝟑
= 𝟐√𝟑 ⇒ 𝑳𝑯𝑺 = √𝟑 ⋅ 𝟔 + 𝟗 ⋅ 𝟐√𝟑 = 𝟐𝟒√𝟑 

Therefore ⇒ √𝟑∑ 𝐬𝐞𝐜𝑨𝒄𝒚𝒄 + 𝟗∑ 𝐜𝐬𝐜𝑨𝒄𝒚𝒄 ≥ 𝟐𝟒√𝟑 
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1318. In any 𝚫𝑨𝑩𝑪 the following relationship holds: 

√
𝒂𝟐 + 𝒃𝒄

𝒃𝟐 + 𝒂𝒄
+ √

𝒃𝟐 + 𝒂𝒄

𝒄𝟐 + 𝒂𝒃
+ √

𝒄𝟐 + 𝒂𝒃

𝒂𝟐 + 𝒃𝒄
+
𝑹𝟐

𝟒𝒓𝟐
≥ 𝟏 +

𝟐𝒂

𝒃 + 𝒄
+

𝟐𝒃

𝒂 + 𝒄
+

𝟐𝒄

𝒂 + 𝒃
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 

First of all, we can easily prove the following equality 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
=
𝟐(𝒔𝟐 − 𝑹𝒓 − 𝒓𝟐)

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐
 

Consequently, it is sufficient to prove 

𝟐(𝒔𝟐−𝑹𝒓−𝒓𝟐)

𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐
≤

𝑹

𝟔𝒓
+
𝑭

𝟔
.  Let 𝒇(𝒔𝟐) =

𝑹

𝟔𝒓
+
𝟕

𝟔
−
𝟐(𝒔𝟐−𝑹𝒓−𝒓𝟐)

𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐
 

𝒇 is a decreasing function and we need to prove 𝒇(𝒔𝟐) ≥ 𝟎 

Applying Gerretsen’s inequality we deduce that: 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

Therefore, it is sufficient to prove  𝒇(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) ≥ 𝟎 

After some simplification, we get 

(𝑹 − 𝟐𝒓)(𝟐(𝑹 − 𝟐𝒓) + 𝟓(𝑹 − 𝟐𝒓) + 𝒓𝟐) ≥ 𝟎 

(Euler) 

∴
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≤
𝑹

𝟔𝒓
+
𝟕

𝟔
 

We need to show:  𝟏 + 𝟐 (
𝑹

𝟔𝒓
+
𝟕

𝟔
) ≤

𝑹𝟐

𝟒𝒓𝟐
+ 𝟑 

or 
𝑹𝟐

𝟒𝒓𝟐
+ 𝟑 − 𝟏 − 𝟐(

𝑹

𝟔𝒓
+
𝟕

𝟔
) ≥ 𝟎 or  

𝑹𝟐

𝟒𝒓𝟐
−

𝑹

𝟑𝒓
−
𝟏

𝟑
≥ 𝟎 

or (𝑹 − 𝟐𝒓)(𝟑𝑹+ 𝟐𝒓) ≥ 𝟎 (True) Euler 

Note:  √
𝒂𝟐+𝒃𝒄

𝒃𝟐+𝒂𝒄
+ √

𝒃𝟐+𝒂𝒄

𝒄𝟐+𝒂𝒃
+√

𝒄𝟐+𝒂𝒃

𝒂𝟐+𝒃𝒄
≥ 𝟑 

By (AM-GM) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) ∑√
𝒂𝟐+𝒃𝒄

𝒃𝟐+𝒄𝒂
+

𝑹𝟐

𝟒𝒓𝟐
≥

𝑨𝑴≥𝑮𝑴
𝟑 +

𝑹𝟐

𝟒𝒓𝟐
     (1) 
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2) 𝟏 + 𝟐∑
𝒂

𝒃+𝒄
= 𝟏 +

𝟏

𝟐
∑𝒂 ⋅

𝟒

𝒃+𝒄
≤ 𝟏 +

𝟏

𝟐
∑𝒂 (

𝟏

𝒃
+
𝟏

𝒄
) 

= 𝟏 +
𝟏

𝟐𝒂𝒃𝒄
⋅∑𝒂𝟐 (𝒃 + 𝒄) = 𝟏 +

∑𝒂∑𝒂𝒃 − 𝟑𝒂𝒃𝒄

𝟐𝒂𝒃𝒄
= 

= 𝟏 −
𝟑

𝟐
+
∑𝒂 ⋅ ∑𝒂𝒃

𝟐𝒂𝒃𝒄
= −

𝟏

𝟐
+
𝟐𝒑(𝒑𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐)

𝟖𝒑 ⋅ 𝑹𝒓
≤ 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

−
𝟏

𝟐
+
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟒𝑹𝒓
= 𝟐 −

𝟏

𝟐
+
𝑹

𝒓
+
𝒓

𝑹
= 

=
𝟑

𝟐
+
𝑹

𝒓
+
𝒓

𝑹
≤
?
𝟑 +

𝑹𝟐

𝟒𝒓𝟐
 

𝑹

𝒓
= 𝒚 

𝒚𝟐

𝟒
+
𝟑

𝟐
− 𝒚 −

𝟏

𝒚
≥ 𝟎 

𝒚𝟑 − 𝟒𝒚𝟐 + 𝟔𝒚 − 𝟒 ≥ 𝟎 

(𝒚 − 𝟐)(𝒚𝟐 − 𝟐𝒚 + 𝟐) = (𝒚 − 𝟐)⏟    
≥𝟎

((𝒚 − 𝟏)𝟐 + 𝟏)⏟          
>0

≥ 𝟎 

1319. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑√
𝐧𝒂

𝐧𝐛
𝐜𝐲𝐜

,∑√
𝐰𝒂

𝐰𝐛
𝐜𝐲𝐜

}+
𝐑 + √𝟑𝐬

𝐫
≥ 𝟏𝟏 + 𝟐 ∙ 𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑 ∴ 𝐦𝐢𝐧 {∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

} ≥ 𝟑 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐑 + √𝟑𝐬

𝐫
≥
(⦁)

𝟖 + 𝟐.𝐦𝒂𝒙{∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

}  

𝐍𝐨𝐰, 𝟖 + 𝟐∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

𝟖 +
∑ 𝒂𝟑𝐜𝐲𝐜

𝒂𝐛𝐜
= 𝟖 +

𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟒𝐑𝐫𝐬
  

=
𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑𝐫
≤
? 𝐑 + √𝟑𝐬

𝐫
⇔
𝐑𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐑𝐬

𝐫𝟐
≥
?
⏟
(∗)

(𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐

𝟒𝐑𝟐𝐫𝟐
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝐑𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐬.
𝟐𝐬

𝟑√𝟑
𝐫𝟐

 

=
𝟑𝐑𝟐 + 𝟏𝟑𝐬𝟐

𝟑𝐫𝟐
≥
? (𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐

𝟒𝐑𝟐𝐫𝟐
⇔ 𝟒𝐑𝟐(𝟑𝐑𝟐 + 𝟏𝟑𝐬𝟐) ≥

?
𝟑(𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐 

⇔ 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 + (𝟓𝟐𝐑𝟐 − 𝟔𝟎𝐑𝐫 + 𝟏𝟖𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗)

𝟑𝐬𝟒 

𝐍𝐨𝐰, 𝟑𝐬𝟒 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝐑𝟐 + 𝟏𝟐𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟐 

≤
?
𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 + (𝟓𝟐𝐑𝟐 − 𝟔𝟎𝐑𝐫 + 𝟏𝟖𝐫𝟐)𝐬𝟐 

⇔ (𝟒𝟎𝐑𝟐 − 𝟕𝟐𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟐 + 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 ≥
?
⏟
(∗∗∗)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟒𝟎𝐑𝟐 − 𝟕𝟐𝐑𝐫 + 𝟗𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 ≥
?
𝟎 

⇔ 𝟑𝐭𝟒 + 𝟏𝟔𝟎𝐭𝟑 − 𝟒𝟏𝟑𝐭𝟐 + 𝟏𝟕𝟏𝐭 − 𝟏𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝐭𝟑 + 𝟏𝟐𝟓𝐭𝟐 + 𝟒𝟏𝐭(𝐭 − 𝟐) + 𝐭 + 𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐑 + √𝟑𝐬

𝐫
≥
(∎)

𝟖 + 𝟐∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

𝐀𝐥𝐬𝐨,
𝐑 + √𝟑𝐬

𝐫
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝐑

𝐫
+ 𝟗 ≥

?
𝟖 + 𝟐∑

𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

 

⇔
𝐑

𝐫
+ 𝟏 ≥

?
𝟐(∑𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

) − 𝟔 

⇔
𝐑

𝐫
+ 𝟕 ≥

? 𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

) +∑𝒂𝐛

𝐜𝐲𝐜

) 

⇔
𝐑+ 𝟕𝐫

𝐫
≥
? 𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
⇔ (𝐑− 𝟑𝐫)𝐬𝟐 + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) ≥

?
⏟

(∗∗∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝐑 − 𝟑𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥ 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) > 0 
⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐑 − 𝟑𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) 
= −(𝟑𝐫 − 𝐑)𝐬𝟐 + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟑𝐫 − 𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) ≥
?
𝟎 

⇔ 𝟐𝐭𝟑 − 𝟑𝐭𝟐 − 𝐭 − 𝟐 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(𝟐𝐭𝟐 + 𝐭 + 𝟏) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐  
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⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐑 + √𝟑𝐬

𝐫
≥
(∎∎)

𝟖 + 𝟐∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

 

∴ (∎), (∎∎) ⇒
𝐑 + √𝟑𝐬

𝐫
≥ 𝟖 + 𝟐.𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐦𝐢𝐧 {∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

} +
𝐑 + √𝟑𝐬

𝐫
≥ 𝟏𝟏 + 𝟐.𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Tapas Das-India 
We show that: 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥∑

𝒂

𝒃+ 𝒄
 

We have, 
𝒂𝟐

𝒃𝟐+𝒄𝟐
−

𝒂

𝒃+𝒄
=
𝒂𝒃(𝒂−𝒃)+𝒂𝒄(𝒂−𝒄)

(𝒃𝟐+𝒄𝟐)(𝒃+𝒄)
 

𝒃𝟐

𝒄𝟐 + 𝒂𝟐
−

𝒃

𝒄 + 𝒂
=
𝒃𝒄(𝒃 − 𝒄) + 𝒂𝒃(𝒃 − 𝒂)

(𝒄𝟐 + 𝒂𝟐)(𝒃 + 𝒄)
 

𝒄𝟐

𝒂𝟐 + 𝒃𝟐
−

𝒄

𝒂 + 𝒃
=
𝒂𝒄(𝒄 − 𝒂) + 𝒃𝒄(𝒄 − 𝒃)

(𝒃𝟐 + 𝒂𝟐)(𝒃 + 𝒂)
 

Now we obtain, 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
+

𝒃𝟐

𝒄𝟐 + 𝒂𝟐
+

𝒄𝟐

𝒂𝟐 + 𝒃𝟐
− (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) =∑

𝒂𝒃(𝒂 − 𝒃) + 𝒂𝒄(𝒃 − 𝒄)

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂𝒃(𝒂 − 𝒃)𝟐

(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
≥ 𝟎 

∴ ∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥∑

𝒂

𝒃 + 𝒄
 

∴ 𝐦𝐚𝐱 {∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
;∑

𝒂

𝒃 + 𝒄
} ≤∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
 

∑√
𝒓𝒂

𝒓𝒃
≥ 𝟑   (AM-GM),  ∑√

𝒘𝒂

𝒘𝒃
≥ 𝟑    (AM-GM) 

∴ 𝐦𝐢𝐧 {∑√
𝒓𝒂
𝒓𝒃
,∑√

𝒘𝒂
𝒘𝒃
} ≥ 𝟑 



 
www.ssmrmh.ro 

31 RMM-GEOMETRY MARATHON 1301-1400 

 

We need to show 

𝟑 +
𝑹+√𝟑𝒔

𝒓
≥ 𝟏𝟏 + 𝟐∑

𝒂𝟐

𝒃𝟐+𝒄𝟐
  or  

𝑹+√𝟑𝒔

𝒓
≥ 𝟖 + 𝟐∑

𝒂𝟐

𝒃𝟐+𝒄𝟐
 

now  
𝑹+√𝟑𝒔

𝒓
≥
𝑹+√𝟑⋅𝟑√𝟑𝒓

𝒓
=
𝑹

𝒓
+ 𝟗      (1) 

(∵ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
=∑(

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
−
𝟏

𝟐
)

𝒄𝒚𝒄

+
𝟑

𝟐
=∑

𝟐𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
 

=∑
𝒂𝟐 − 𝒃𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
𝒄𝒚𝒄

+∑
𝒂𝟐 − 𝒄𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
𝒄𝒚𝒄

+
𝟑

𝟐
 

=∑(𝒂𝟐 − 𝒃𝟐) (
𝟏

𝟐(𝒃𝟐 + 𝒄𝟐)
−

𝟏

𝟐(𝒂𝟐 + 𝒄𝟐)
) +

𝟑

𝟐
 

=∑
(𝒂 − 𝒃)𝟐(𝒂 + 𝒃)𝟐

𝟐(𝒂𝟐 + 𝒄𝟐)(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
 

According Cauchy – Schwarz, 

(𝒂𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒃𝟐) ≥ 𝒄𝟐(𝒂 + 𝒃)𝟐 

By AM-GM 

𝒄𝟐 =
(𝒄 + 𝒂 − 𝒃 + 𝒄 + 𝒃 − 𝒂)𝟐

𝟒
≥ (𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒃 − 𝒂) 

∴ (𝒂𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒃𝟐) ≥ (𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒃 − 𝒂)(𝒂 + 𝒃)𝟐 

∴∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
=∑

(𝒂− 𝒃)𝟐(𝒂 + 𝒃)𝟐

𝟐(𝒂𝟐 + 𝒄𝟐)(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
≤∑

(𝒂 − 𝒃)𝟐

𝟐(𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒂 − 𝒃)
+
𝟑

𝟐
 

=
∑(𝒂 + 𝒃 − 𝒄) (𝒂 − 𝒃)𝟐

𝟐(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
+
𝟑

𝟐
=

𝒂𝒃𝒄

(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
+
𝟏

𝟐
 

=
𝑹

𝟐𝒓
+
𝟏

𝟐
 

∴ 𝟐∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝑹

𝒓
+ 𝟏 

∴ 𝟖 + 𝟐∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤ 𝟖 +

𝑹

𝒓
+ 𝟏 = 𝟗 +

𝑹

𝒓
≤
𝑹 + √𝟑𝒔

𝒓
 

(using (1))  
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1320. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟓 −
𝟒𝒓

𝑹
≤
𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
≤
𝟐𝑹

𝒓
− 𝟏 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
=
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝒂𝒃𝒄
=
𝟐(𝒔𝟑 − 𝟑𝒓𝟐𝑺 − 𝟔𝑹𝒓𝒔)

𝟒𝑹𝒓𝒔
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
=
𝟒𝑹𝟐 + 𝟒𝑹𝒓 − 𝟔𝑹𝒓

𝟐𝑹𝒓
=
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟐𝑹𝒓
 

=
𝟐𝑹

𝒓
− 𝟏 

Again, 

𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
 

=
𝟏𝟎𝑹𝒓 − 𝟖𝒓𝟐

𝟐𝑹𝒓
= 𝟓 −

𝟒𝒓

𝑹
 

1321.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+ (
𝐑

𝟐𝐫
)
𝐧

≥ 𝟏 +∑ √
𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳, 
𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(𝟏) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫
 

= 𝟏+
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

⇒ 𝟏+
𝟒𝐑

𝐫
=
(𝟐) 𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(𝟑) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (𝟏), (𝟐), (𝟑) ⇒

𝐬𝟐

𝐫𝟐
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≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (

𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

) 

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰 ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 

 𝐰𝟑 +𝐰𝟑 + 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 ∴ 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 

𝐯 = 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙,∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

∴∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝐬𝟐

𝐫𝟐
≥ (∑

𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(◆) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐀𝐥𝐬𝐨,∑
𝒂

𝐛
𝐜𝐲𝐜

=∑
𝐲+ 𝐳

𝐳 + 𝒙
𝐜𝐲𝐜

⇒∑
𝒂

𝐛
𝐜𝐲𝐜

=
(𝟒) ∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (𝟏), (𝟐), (𝟒) ⇒

𝐬𝟐

𝐫𝟐
 

≥ (∑
𝒂

𝐛
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (

𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)(𝐲 + 𝐳)𝟐

𝐜𝐲𝐜

) 

⇔∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢𝐢)

𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰 ∀ 𝐮, 𝐯,𝐰 > 0, 𝐯𝟑 + 𝐯𝟑 + 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐮,𝐰𝟑 +𝐰𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐯 𝒂𝐧𝐝  

𝐮𝟑 + 𝐮𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐰 ∴ 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶ ∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝐯𝟐

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 

𝐯 = 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙,∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 ≥ 𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

≥ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

∴∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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⇒
𝐬𝟐

𝐫𝟐
≥ (∑

𝒂

𝐛
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒∑

𝒂

𝐛
𝐜𝐲𝐜

≤
(◆◆) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟓
𝟑 .∑ √

𝟓𝒂

𝟐𝐛 + 𝟑𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟓
𝟑 .∑

𝟏𝟓𝒂
𝟐𝐛+ 𝟑𝐜

𝟓𝒂
𝟐𝐛+ 𝟑𝐜 +

𝟓𝒂
𝟐𝐛+ 𝟑𝐜 + 𝟏𝐜𝐲𝐜

 

=
𝟏𝟓

√𝟓
𝟑 .∑

𝒂𝟐

𝟏𝟎𝒂𝟐 + 𝟐𝒂𝐛+ 𝟑𝐜𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟓
𝟑 .

𝟏𝟓(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟏𝟎∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟓∑ 𝒂𝐛𝐜𝐲𝐜
 

=
𝟏

√𝟓
𝟑 .

𝟏𝟓(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟏𝟎∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟓∑ 𝒂𝟐𝐜𝐲𝐜
=
𝟏

√𝟓
𝟑 .

𝟒𝐬𝟐

∑ 𝒂𝟐𝐜𝐲𝐜
⇒ ∑√

𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁) 𝟏

√𝟓
𝟑 .

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
 

∑√
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟓
𝟑 .∑ √

𝟓𝒂

𝟑𝐛+ 𝟐𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟓
𝟑 .∑

𝟓𝒂
𝟑𝐛+ 𝟐𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟏

√𝟓
𝟑 . (

𝟓

𝟑
∑

𝒂

𝟑𝐛+ 𝟐𝐜
𝐜𝐲𝐜

+ 𝟐) ≤
𝐖𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐀−𝐇 𝟏

√𝟓
𝟑 .

(

 
 
 
 
𝟓

𝟑
∑

𝒂

(
𝟐𝟓
𝟑
𝐛 +

𝟐
𝐜

)
𝐜𝐲𝐜

+ 𝟐

)

 
 
 
 

 

=
𝟏

√𝟓
𝟑 . (

𝟏

𝟏𝟓
∑

𝟑𝐜𝒂 + 𝟐𝒂𝐛

𝐛𝐜
𝐜𝐲𝐜

+ 𝟐) =
𝟏

√𝟓
𝟑 . (

𝟏

𝟓
∑

𝒂

𝐛
𝐜𝐲𝐜 

+
𝟐

𝟏𝟓
∑

𝒂

𝐜
𝐜𝐲𝐜 

+ 𝟐) ≤
𝐯𝐢𝒂 (◆),(◆◆)

 

𝟏

√𝟓
𝟑 . (

𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
+ 𝟐) ⇒ ∑ √

𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

≤
(⦁⦁) 𝟏

√𝟓
𝟑 . (

𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
)  

∴∑ √
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
−∑ √

𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (⦁).(⦁⦁)

 

𝟏

√𝟓
𝟑 . (

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
−
𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑+ 𝐫)
)+

𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
?
𝟎 

⇔
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
? 𝟏

√𝟓
𝟑 . (

𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
−

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
) 

⇔
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
?
⏟
(∗)

𝟏

√𝟓
𝟑 .

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑+ 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

𝐍𝐨𝐰, (𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑+ 𝐫)𝐬𝟐 

= 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫

𝟑(𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 

−𝟔(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
= 𝟐(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫
𝟎 

∴
𝟏

√𝟓
𝟑 .

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑 + 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑+ 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
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≤
√𝟓
𝟑
 > 
𝟓
𝟑 𝟑

𝟓
.
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑 + 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
≤
? 𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
 

⇔ −𝟒𝐫𝐬𝟒 + (𝟐𝟎𝐑𝟑 + 𝟓𝐑𝟐𝐫 − 𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟔𝐫𝟑)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(
−𝟒𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟐𝟎𝐑𝟑

+𝟓𝐑𝟐𝐫 − 𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟔𝐫𝟑
)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ (𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
⏟
(∗∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ 𝟏𝟐𝟎𝐭𝟒 − 𝟏𝟓𝟖𝐭𝟑 − 𝟐𝟔𝟑𝐭𝟐 + 𝟏𝟓𝟐𝐭+ 𝟗𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟐𝟎𝐭𝟐 + 𝟑𝟐𝟐𝐭+ 𝟓𝟒𝟓) + 𝟏𝟎𝟒𝟒) 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
𝐂𝒂𝐬𝐞 𝟐  𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) 

= −(−(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑))𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)  

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ 𝟒𝟎𝐭𝟓 − 𝟐𝟐𝐭𝟒 − 𝟏𝟕𝟐𝐭𝟑 + 𝟏𝟏𝟕𝐭𝟐 − 𝟐𝟎 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)(𝟒𝟎𝐭𝟒 + 𝟑𝟎𝐭𝟑 + 𝟐𝟖𝐭𝟐(𝐭 − 𝟐) + 𝟓𝐭 + 𝟏𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
(∎)

∑√
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

−∑ √
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 (𝐧 − 𝟐). 𝐥𝐧(
𝐑

𝟐𝐫
) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 

⇒ 𝐥𝐧(
𝐑

𝟐𝐫
)
𝐧

≥ 𝐥𝐧 (
𝐑

𝟐𝐫
)
𝟐

⇒ (
𝐑

𝟐𝐫
)
𝐧

− 𝟏 ≥
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥

𝐯𝐢𝒂 (∎)

 

∑√
𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

−∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

⇒∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+ (
𝐑

𝟐𝐫
)
𝐧

 

≥ 𝟏 +∑ √
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐,′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1322. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ 𝟐, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu – Romania  
Solution 1 by Adrian Popa – Romania 

𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

≥
𝒉𝒂𝒉𝒃𝒉𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

=

𝟐𝒔
𝒂 ⋅

𝟐𝒔
𝒃 ⋅

𝟐𝒔
𝒄

𝒔
𝒑 − 𝒂 ⋅

𝒔
𝒑 − 𝒃 ⋅

𝒔
𝒑 − 𝒄

= 

=
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
=
𝟖𝒑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒑 ⋅ 𝒂𝒃𝒄
= 

=
𝟖𝒔𝟐

𝒑 ⋅ 𝟒𝑹𝒔
=
𝟖 ⋅ 𝒓 ⋅ 𝒑

𝒑 ⋅ 𝟒𝑹
=
𝟐𝒓

𝑹
⇒ 

⇒ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝟐𝒓

𝑹
)
𝒏

≥
𝑴𝑨≥𝑴𝑮

𝟐√(
𝑹

𝟐𝒓
)
𝒏

⋅ (
𝟐𝒓

𝑹
)
𝒏

= 𝟐 

Solution 2 by Tapas Das – India  

𝑹

𝟐𝒓
=

𝒂𝒃𝒄

(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
=

𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

≥
𝒉𝒂𝒉𝒃𝒉𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

=
𝟖𝑭𝟑

𝒂𝒃𝒄𝒔𝟐𝒓
=
𝟖𝑭 ⋅ 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄 ⋅ 𝒔𝟐 ⋅ 𝒓
 

=
𝟖𝑭(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄 ⋅ 𝑭
=
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
 

∴ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ 

≥ [
𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
]
𝟐

+ [
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
]

𝒏

 

≥
𝑨𝑴−𝑮𝑴

 𝟐√[
𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
⋅
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
]

𝒏

= 𝟐 
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1323. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ≥∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

;
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ≥∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

; 

𝒂𝐧𝐝 𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}, 𝐡𝐨𝒍𝐝𝐬 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 
 

𝒏𝒂

𝒏𝒃
+
𝒏𝒃

𝒏𝒄
+
𝒏𝒄

𝒏𝒂
≤ √(∑𝒏𝒂𝟐) (∑

𝟏

𝒏𝒂
𝟐)     (1) 

Since 𝒏𝒂 ≥ 𝒉𝒂 (analog) 

∴
𝟏

𝒏𝒂𝟐
+
𝟏

𝒏𝒃
𝟐 +

𝟏

𝒏𝒄𝟐
≤
𝟏

𝒉𝒂𝟐
+
𝟏

𝒉𝒃
𝟐 +

𝟏

𝒉𝒄𝟐
=
∑𝒂𝟐

(𝟐𝑭)𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛′𝒔
(
𝟑𝑹

𝟐𝑭
)
𝟐

 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 − 𝒔 ⋅

𝒂𝟐 − (𝒃 − 𝒄)𝟐

𝒂
 

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔𝟐𝒓𝟐

𝒂(𝒔 − 𝒂)
 

= 𝒔𝟐 − 𝟒𝒔𝒓𝟐 (
𝟏

𝒔−𝒂
+
𝟏

𝒂
) = 𝒔𝟐 − 𝟒𝒓𝒓𝒂 − 𝟐𝒓𝒉𝒂  (analog) 

∴ ∑𝒏𝒂
𝟐 = 𝟑𝒔𝟐 − 𝟒𝒓(∑𝒓𝒂) − 𝟐𝒓 (∑𝒉𝒂) 

= 𝟑𝒔𝟐 − 𝟒𝒓(𝟒𝑹+ 𝒓) − 𝟐𝒓
𝒔𝟐 + 𝒓(𝟒𝑹+ 𝒓)

𝟐𝑹
=
(𝟑𝑹− 𝒓)𝒔𝟐 − 𝒓(𝟒𝑹 + 𝒓)𝟐

𝑹
 

By Doucets, (𝟒𝑹 + 𝒓)𝟐 ≥ 𝟑𝒔𝟐 we get 

∑𝒏𝒂
𝟐 ≤

(𝟑𝑹− 𝒓)𝒔𝟐 − 𝟑𝒓𝒔𝟐

𝑹
= (𝟑−

𝟒𝒓

𝑹
) 𝒔𝟐 ≤

𝑨𝑴−𝑮𝑴
 (
𝑹

𝟐𝒓
)
𝟐

⋅ 𝒔𝟐 = (
𝑹𝒔

𝟐𝒓
)
𝟐

 

∴ ∑
𝒏𝒂
𝒏𝒃
≤
𝑹𝒔

𝟐𝒓
⋅
𝟑𝑹

𝟐𝑭
= 𝟑(

𝑹

𝟐𝒓
)
𝟐

 

Now √
𝒏𝒂

𝒏𝒃
≤
𝑪𝑩𝑺

√𝟑(∑
𝒏𝒂

𝒏𝒃
) ≤ √𝟑 ⋅ 𝟑 ⋅ (

𝑹

𝟐𝒓
)
𝟐

=
𝟑𝑹

𝟐𝒓
 

∴
𝑹

𝟐𝒓
(∑√

𝒏𝒂

𝒏𝒃
) ≥

𝟑𝑹

𝟐𝒓
 (AM-GM) [Since √

𝒏𝒂

𝒏𝒃
≥ 𝟑] 
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∴
𝑹

𝟐𝒓
(∑√

𝒏𝒂
𝒏𝒃
) ≥ √

𝒏𝒂
𝒏𝒃

 

∑
𝒈𝒃
𝒈𝒂
≤ √(∑𝒈𝒃

𝟐) (∑
𝟏

𝒈𝒂𝟐
) ≤ √(∑𝒔(𝒔 − 𝒂))(∑

𝟏

𝒓𝒂𝟐
) 

= √𝒔𝟐 ⋅
∑ 𝒂𝟐

𝟒𝑭𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛
 √
𝟗𝑹𝟐

𝟒𝒓𝟐
 

Now 
𝑹𝟐

𝟒𝒓𝟐
(∑√

𝒈𝒂

𝒈𝒃
) ≥

𝑹𝟐

𝟒𝒓𝟐
⋅ 𝟑 (AM-GM) 

We need to show 

𝟑𝑹𝟐

𝟒𝒓𝟐
≥
𝟑𝑹

𝟐𝒓
 or 

𝑹

𝟐𝒓
≥ 𝟏 ∴ 𝑹 ≥ 𝟐𝒓 (Euler) 

Note: 𝟗𝒂𝟐 = 𝒔(𝒔 − 𝒂) −
(𝒃−𝒄)𝟐(𝒔−𝒂)

𝒂
≤ 𝒔(𝒔 − 𝒂)  (analog) 

If we take: 𝒂 = 𝒄 = 𝟔 and 𝒃 = 𝟐 

We have 𝒔 =
𝟔+𝟔+𝟐

𝟐
= 𝟕 

𝒏𝒂
𝟐 =

𝒃𝟐(𝒔 − 𝒄) + 𝒄𝟐(𝒔 − 𝒃) − 𝒂(𝒔 − 𝒄)(𝒔 − 𝒃)

𝒂
 

=
𝟒(𝟕−𝟔)+𝟑𝟔(𝟕−𝟐)−𝟔(𝟕−𝟔)(𝟕−𝟐)

𝟔
=
𝟕𝟕

𝟑
∴ 𝒏𝒂 = √

𝟕𝟕

𝟑
= 𝟓 ⋅ 𝟎𝟔 (APP) 

𝒉𝒂
𝟐 =

𝟒𝑭𝟐

𝒂𝟐
=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐
=
𝟒 × 𝟕 × 𝟏 × 𝟏 × 𝟓

𝟗
=
𝟑𝟓

𝟗
 

∴ 𝒉𝒂 = √
𝟑𝟓

𝟗
= 𝟏 ⋅ 𝟗𝟕  (APP) 

𝒈𝒂
𝟐 = 𝒔(𝒔 − 𝒂) −

(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒂
 

= 𝟕 −
𝟏𝟔

𝟔
=
𝟏𝟑

𝟑
∴ 𝒈𝒂 = √

𝟏𝟑

𝟑
= 𝟐 ⋅ 𝟎𝟖 

∴ 𝒈𝒂 + 𝒉𝒂 = 𝟐. 𝟎𝟖 + 𝟏. 𝟗𝟕 = 𝟒. 𝟎𝟓 < 𝒏𝒂 

(∵ 𝒏𝒂 = 𝟓. 𝟎𝟔) 

∴ so 3rd problem-Not always true 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐦)

𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)   

𝒂𝐧𝐝 𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐧)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐦) + (𝐧) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐)  

= 𝟐𝒂(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) 
⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐 ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) ⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(𝟏)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

𝐍𝐨𝐰,∑
𝐧𝒂
𝐑

𝐜𝐲𝐜

=∑
𝟐𝐧𝒂𝐡𝒂
𝐛𝐜

𝐜𝐲𝐜

≤∑
𝟐𝐧𝒂𝒈𝒂
𝐛𝐜

𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐛𝐜
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

𝐛𝐜
 

=
𝟏

𝟒𝐑𝐫𝐬
(∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜))

𝐜𝐲𝐜

+ 𝟐𝐬∑(𝒂(𝐬 − 𝒂))

𝐜𝐲𝐜

) 

=
𝟏

𝟒𝐑𝐫𝐬
(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟑𝟔𝐑𝐫𝐬 + 𝟐𝐬(𝟐𝐬𝟐 − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐))) 

=
𝐬𝟐 − 𝟔𝐑𝐫+ 𝟑𝐫𝟐

𝟐𝐑𝐫
⇒ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤
(∗)

𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐 

∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐧𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐧𝒂
𝐜𝐲𝐜

≤ √∑𝐧𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

= √
∑ 𝐧𝒂𝐜𝐲𝐜

𝐫
≤
? 𝟑𝐑

𝟐𝐫
 

⇔
∑ 𝐧𝒂𝐜𝐲𝐜

𝐫
≤
? 𝟗𝐑𝟐

𝟒𝐫𝟐
⇔ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤
?
⏟
(⦁)

𝟗𝐑𝟐

𝟐
 𝒂𝐧𝐝 𝐯𝐢𝒂 (∗), 

𝟐𝐫∑𝐧𝒂
𝐜𝐲𝐜

≤ 𝐬𝟐 − 𝟔𝐑𝐫+ 𝟑𝐫𝟐 ≤
? 𝟗𝐑𝟐

𝟐
⇔ 𝟐𝐬𝟐 ≤

?
⏟
(⦁⦁)

𝟗𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟔𝐫𝟐 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, 

𝟐𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟖𝐑𝟐 + 𝟖𝐑𝐫 + 𝟔𝐫𝟐 ≤
?
𝟗𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟔𝐫𝟐⇔ 𝐑𝟐 + 𝟒𝐑𝐫− 𝟏𝟐𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝐑+ 𝟔𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
≤
𝐀−𝐆 𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ∴
𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ≥∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, 𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 ⇔ (
𝐫

(
𝐫
𝟒𝐑
)
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
)

𝟐

 

= 𝟏𝟔𝐑𝟐𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝟏𝟔𝐑𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
⇔ 𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
 

= 𝐜𝐨𝐬
𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐬𝐢𝐧

𝐀

𝟐
→ 𝐭𝐫𝐮𝐞 

∴ 𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

≤
𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞−𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

∑
𝐀𝐈 + 𝐫

𝐡𝒂
𝐜𝐲𝐜
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=∑
𝒂.𝐀𝐈 + 𝐫. 𝒂

𝟐𝐫𝐬
𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝟐𝐫𝐬
.√∑𝒂𝟐

𝐜𝐲𝐜

. √∑𝐀𝐈𝟐

𝐜𝐲𝐜

+
𝟐𝐫𝐬

𝟐𝐫𝐬
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟑𝐑

𝟐𝐫𝐬
.√∑𝐛𝐜

𝐜𝐲𝐜

− 𝟏𝟐𝐑𝐫 + 𝟏 

=
𝟑𝐑.√𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝟐𝐫𝐬
+ 𝟏 ≤

? 𝟑𝐑𝟐

𝟒𝐫𝟐
⇔
𝐬𝟐(𝟑𝐑𝟐 − 𝟒𝐫𝟐)

𝟐

𝟒𝐫𝟐
≥
?
𝟗𝐑𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) 

⇔ (𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)𝐬𝟐 + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
?
⏟
(⦁⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) 

≥ 𝟐𝟕𝟎𝐑𝟑 + 𝟏𝟖𝐑𝟐(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝟎𝐑𝟑 > 0 ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) 

= −𝐬𝟐. (−(𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)) + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐). (−(𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)) + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
?
𝟎 

⇔ 𝟑𝟔𝐭𝟔 + 𝟑𝟔𝐭𝟓 − 𝟐𝟏𝟑𝐭𝟒 + 𝟒𝟖𝐭𝟑 − 𝟏𝟓𝟐𝐭𝟐 + 𝟔𝟒𝐭+ 𝟒𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (𝟑𝟔𝐭𝟓 + 𝟏𝟎𝟖𝐭𝟒 + 𝟑𝐭𝟑 + 𝟐𝟔𝐭𝟐 + 𝟐𝟐𝐭(𝐭 − 𝟐) + 𝟔(𝐭 − 𝟐)(𝐭 + 𝟐)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

⇒∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
≤
𝐀−𝐆 𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ∴
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ≥∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

 

𝐖𝐞 𝐧𝐨𝐰 𝒔𝒉𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂 𝒊𝒏 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜} 
𝐛 + 𝐜

𝒂
≥
𝐑

𝐫
=
𝒂𝐛𝐜𝐬

𝟒𝐅𝟐
=

𝟐𝒂𝐛𝐜

(𝐛 + 𝐜 − 𝒂)(𝐜 + 𝒂 − 𝐛)(𝒂 + 𝐛 − 𝐜)
 

⇔ (𝐛 + 𝐜)(𝒂 + 𝐛 − 𝐜). (𝐛 + 𝐜 − 𝒂)(𝐜 + 𝒂 − 𝐛) ≥ 𝟐𝒂𝟐𝐛𝐜 
⇔ (𝒂𝐛+ 𝐛𝟐 − 𝐛𝐜 + 𝐜𝒂 + 𝐛𝐜 − 𝐜𝟐)(𝐛𝐜 + 𝒂𝐛 − 𝐛𝟐 + 𝐜𝟐 + 𝐜𝒂 − 𝐛𝐜 − 𝐜𝒂 − 𝒂𝟐 + 𝒂𝐛) 

≥ 𝟐𝒂𝟐𝐛𝐜 

⇔ 𝟐𝒂𝟐𝐛𝟐 + 𝟐𝒂𝟐𝐛𝐜+ 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐) − (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜 + 𝐛𝟐 − 𝐜𝟐) ≥ 𝟐𝒂𝟐𝐛𝐜 

⇔ 𝟐𝒂𝟐𝐛𝟐 − (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐) − 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐). 𝐜𝐨𝐬𝐂 ≥ 𝟎 

⇔ 𝟐𝒂𝟐𝐛𝟐 − 𝒂𝟐(𝒂𝐛 + 𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐). 𝟐 𝐬𝐢𝐧𝟐
𝐂

𝟐
≥ 𝟎 

⇔ 𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛 − 𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − (𝒂 − 𝐛)𝟐) ≥ 𝟎 

⇔ 𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − 𝒂𝟐 − 𝐛𝟐 + 𝟐𝒂𝐛− 𝒂𝐛 − 𝒂𝐜) ≥ 𝟎 

⇔ ((𝒂𝟐 − 𝐛𝟐 + 𝐜𝟐) + (𝐛𝟐 − 𝐜𝟐)) (𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) 

+(𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − 𝒂𝟐 − 𝐛𝟐 + 𝒂𝐛− 𝒂𝐜) ≥ 𝟎 

⇔ (𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐)(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝒂𝐜) ≥ 𝟎 

⇔ (𝐛𝟐 − 𝐜𝟐)(𝐛𝟐 + 𝐜𝟐 − 𝟐𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) 

+𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) − 𝒂𝟐(𝐛𝟐 − 𝐜𝟐) ≥ 𝟎 

⇔ (𝐛𝟐 − 𝐜𝟐) ((𝐜𝟐 − 𝐜𝒂) − (𝐛𝟐 − 𝒂𝐛))+ 𝒂𝟐 ((𝐜𝟐 − 𝐜𝒂) + (𝐛𝟐 − 𝒂𝐛)) ≥ 𝟎 

⇔ (𝐜𝟐 − 𝐜𝒂)(𝐛𝟐 − 𝐜𝟐 + 𝒂𝟐) + (𝐛𝟐 − 𝒂𝐛)(𝒂𝟐 + 𝐜𝟐 − 𝐛𝟐) ≥ 𝟎 

⇔ 𝐜(𝐜 − 𝒂)(𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐) + 𝐛(𝐛 − 𝒂)(𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐) ≥ 𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ ∆ 𝐀𝐁𝐂 𝐛𝐞𝐢𝐧𝐠 𝒂𝐜𝐮𝐭𝐞 ⇒ (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐), (𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐) > 0 𝑎𝐧𝐝  
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𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜} ⇒ (𝐜 − 𝒂), (𝐛 − 𝒂) ≥ 𝟎 ∴
𝐛 + 𝐜

𝒂
≥
𝐑

𝐫
 

∴
𝟒𝐑𝐜𝐨𝐬

𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐬𝐢𝐧

𝐀
𝟐

≥
𝐑

𝟒𝐑𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

 

⇒ 𝟐(𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥ 𝟏 ⇒ 𝟐𝐜𝐨𝐬𝟐

𝐁− 𝐂

𝟐
− 𝟐𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
− 𝟏 ≥

(∎)

𝟎 

𝐖𝐞 𝐡𝒂𝐯𝐞 𝐧𝒂 + 𝐫𝒂 ≤
𝐂𝐁𝐒

√𝟐(𝐧𝒂
𝟐 + 𝐫𝒂

𝟐) =
𝐯𝐢𝒂 (∗)

√𝟐(𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 + 𝐫𝒂
𝟐) ≤

?
𝟐𝐡𝒂 

⇔ 𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 + 𝐬
𝟐 𝐭𝒂𝐧𝟐

𝐀

𝟐
≤
?
𝟐𝐡𝒂

𝟐 

⇔
𝟖𝐬𝟐. 𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐
𝐬𝐢𝐧𝟐

𝐁
𝟐
𝐬𝐢𝐧𝟐

𝐂
𝟐

𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐
𝐀
𝟐 𝐜𝐨𝐬

𝟐 𝐀
𝟐

+
𝟒. 𝟒𝐑𝐬𝐢𝐧

𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
𝐬. 𝐬 𝐭𝒂𝐧

𝐀
𝟐

𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐 𝐭𝒂𝐧

𝐀
𝟐

≥
?
𝐬𝟐𝐬𝐞𝐜𝟐

𝐀

𝟐
 

⇔ 𝟖𝐬𝐢𝐧𝟐
𝐁

𝟐
𝐬𝐢𝐧𝟐

𝐂

𝟐
+ 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
≥
?
𝟏 

⇔ 𝟐(𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
)
𝟐

+ 𝟐𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) ≥
?
𝟏 

(∵ 𝟐 𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
= 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) 

⇔ 𝟐(𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
+ 𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟐𝐬𝐢𝐧

𝐀

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
) + 𝟐 𝐬𝐢𝐧

𝐀

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
 

−𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
− 𝟏 ≥

?
𝟎 ⇔ 𝟐𝐜𝐨𝐬𝟐

𝐁− 𝐂

𝟐
− 𝟐𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
− 𝟏 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (∎) 

∴ 𝐧𝒂 + 𝐫𝒂 ≤ 𝟐𝐡𝒂 ≤ 𝐡𝒂 +𝒈𝒂 ⇒ 𝒈𝒂 + 𝐡𝒂 ≥ 𝐧𝒂 + 𝐫𝒂 > 𝐧𝒂 

∴ 𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜}, 𝐡𝐨𝒍𝐝𝐬 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂  (𝐐𝐄𝐃) 

 

1324. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 + 𝐰𝐜)
𝟐 +

𝐰𝐛
𝐧(𝐰𝐛

𝟐 + 𝐰𝐜𝐰𝒂)

(𝐰𝐜 + 𝐰𝒂)
𝟐 +

𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 + 𝐰𝐛)
𝟐 ≥

𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐰𝒂
𝒙 ≤ 𝐰𝐛

𝒙 ≤ 𝐰𝐜
𝒙 𝒂𝐧𝐝  

𝐰𝒂
𝟐

(𝐰𝐛 +𝐰𝐜)𝟐
≤

𝐰𝐛
𝟐

(𝐰𝐜 +𝐰𝒂)𝟐
≤

𝐰𝐜
𝟐

(𝐰𝒂 +𝐰𝐛)𝟐
 𝒂𝐧𝐝 

𝟏

(𝐰𝐛 +𝐰𝐜)𝟐
≤

𝟏

(𝐰𝐜 +𝐰𝒂)𝟐
≤

𝟏

(𝐰𝒂 +𝐰𝐛)𝟐
 𝐰𝐡𝐞𝐫𝐞 𝒙 > 0 → (𝟏) 

𝐰𝒂𝐰𝐛𝐰𝐜 ≥ 𝐡𝒂𝐡𝐛𝐡𝐜 =
𝟐𝐫𝟐𝐬𝟐

𝐑
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐫𝟐(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝐑
≥

𝐄𝐮𝐥𝐞𝐫 𝐫𝟐(𝟐𝟕𝐑𝐫)

𝐑
 

∴ 𝐰𝒂𝐰𝐛𝐰𝐜 ≥ 𝟐𝟕𝐫
𝟑 → (𝟐) 

∑𝐰𝒂
𝐜𝐲𝐜

≥∑𝐡𝒂
𝐜𝐲𝐜

= 𝟐𝐫𝐬∑
𝟏

𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟐𝐫𝐬.𝟗

𝟐𝐬
∴∑𝐰𝒂
𝐜𝐲𝐜

≥ 𝟗𝐫 → (𝟑) 
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𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

 

=∑
𝐰𝒂(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

∑
𝟐𝐰𝒂

𝟐. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟐
𝐜𝐲𝐜

= 𝟐∑
(

𝐰𝒂
𝐰𝐛 +𝐰𝐜

)
𝟐

𝟏

√𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟐(∑
𝐰𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜 )

𝟐

∑
𝟏

√𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐂𝐁𝐒

𝟐.𝟗
𝟒

√∑
𝟏
𝐰𝐛𝐜𝐲𝐜 . √∑

𝟏
𝐰𝐜𝐜𝐲𝐜

≥
𝐰𝒂 ≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

𝟗
𝟐

∑
𝟏
𝐡𝒂

𝐜𝐲𝐜

=
𝟗𝐫

𝟐
 

∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

𝐂𝒂𝐬𝐞 𝟐  𝐧 = 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
 

=∑
𝐰𝒂
𝟐(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

∑
𝟐𝐰𝒂

𝟑. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟐
𝐜𝐲𝐜

≥
𝐆−𝐇

∑
𝟒𝐰𝒂

𝟑𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟑
𝐜𝐲𝐜

= 𝟒∑
(

𝐰𝒂
𝐰𝐛 +𝐰𝐜

)
𝟑

𝟏
𝐰𝐛𝐰𝐜

𝐜𝐲𝐜

 

≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟒(∑

𝐰𝒂
𝐰𝐛 +𝐰𝐜𝐜𝐲𝐜 )

𝟑

𝟑∑
𝟏

𝐰𝐛𝐰𝐜𝐜𝐲𝐜

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭

𝟒.𝟐𝟕
𝟖 .𝐰𝒂𝐰𝐛𝐰𝐜

𝟑∑ 𝐰𝒂𝐜𝐲𝐜
≥
𝟗.

𝟏𝟔𝐑𝐫𝟐𝐬𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

𝟐. √𝟑𝐬
≥
? 𝟐𝟕𝐫𝟐

𝟐
 

⇔ 𝟐𝟓𝟔𝐑𝟐𝐬𝟐 ≥
?
⏟
(∗)

𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
𝟐
 𝒂𝐧𝐝 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝟓𝟔.𝟒𝐬𝟒

𝟐𝟕
 

≥
?
𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

𝟐
⇔ 𝟑𝟐𝐬𝟐 ≥

?
𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ⇔ 𝟓𝐬𝟐 ≥

?
𝟐𝟕(𝟐𝐑𝐫 + 𝐫𝟐) 

𝒂𝐧𝐝 𝟓𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟓

𝟐
(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫)) ≥

𝐄𝐮𝐥𝐞𝐫 𝟓

𝟐
(𝟐𝟕𝐑𝐫) ≥

?
𝟐𝟕(𝟐𝐑𝐫 + 𝐫𝟐) ⇔ 𝐑 ≥

?
𝟐𝐫 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴∑
𝐰𝒂
𝟐(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝟐𝟕𝐫𝟐

𝟐
 

∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

𝐂𝒂𝐬𝐞 𝟑  𝐧 = 𝟑 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
 

 

=∑
𝐰𝒂
𝟑(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝐀−𝐆 𝟐𝐰𝒂

𝟒. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)𝟐

≥
𝐆−𝐇

∑
𝟒𝐰𝒂

𝟒𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)𝟑

𝐜𝐲𝐜

 

= 𝟒𝐰𝒂𝐰𝐛𝐰𝐜∑(
𝐰𝒂

𝐰𝐛 + 𝐰𝐜
)
𝟑

𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟒

𝟗
.𝐰𝒂𝐰𝐛𝐰𝐜 . (∑

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

)

𝟑

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
(𝟐) 𝟒

𝟗
. 𝟐𝟕𝐫𝟑.

. 𝟐𝟕

𝟖
 

=
𝟖𝟏𝐫𝟑

𝟐
∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 + 𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
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𝐂𝒂𝐬𝐞 𝟒  𝐧 ∈ ℕ − {𝟏,𝟐, 𝟑} 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

 

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

=∑(𝐰𝒂
𝐧. (

𝐰𝒂
𝐰𝐛 +𝐰𝐜

)
𝟐

)

𝐜𝐲𝐜

+𝐰𝒂𝐰𝐛𝐰𝐜 .∑
𝐰𝒂
𝐧−𝟏

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

 

≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯,𝐯𝐢𝒂 (𝟏)

𝒂𝐧𝐝
(𝟐) 𝟏

𝟑
(∑𝐰𝒂

𝐧

𝐜𝐲𝐜

)(∑(
𝐰𝒂

𝐰𝐛 +𝐰𝐜
)
𝟐

𝐜𝐲𝐜

) 

+𝟗𝐫𝟑. (∑𝐰𝒂
𝐧−𝟏

𝐜𝐲𝐜

)(∑
𝟏𝟑

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

) ≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝
𝐑𝒂𝐝𝐨𝐧 𝟏

𝟑. 𝟑. 𝟑𝐧−𝟏
(∑𝐰𝒂
𝐜𝐲𝐜

)

𝐧

(∑
𝐰𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

)

𝟐

 

+
𝟗𝐫𝟑

𝟑𝐧−𝟐
(∑𝐰𝒂
𝐜𝐲𝐜

)

𝐧−𝟏

.
𝟐𝟕

𝟒(∑ 𝐰𝒂𝐜𝐲𝐜 )
𝟐 ≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟑𝐧+𝟏
.
𝟗

𝟒
. (∑𝐰𝒂

𝐜𝐲𝐜

)

𝐧

 

+
𝟑𝟓𝐫𝟑

𝟒. 𝟑𝐧−𝟐
. (∑𝐰𝒂

𝐜𝐲𝐜

)

𝐧−𝟑

≥
𝐯𝐢𝒂 (𝟑) 𝟏

𝟑𝐧+𝟏
.
𝟗

𝟒
. 𝟑𝟐𝐧. 𝐫𝐧 +

𝟑𝟓𝐫𝟑

𝟒.𝟑𝐧−𝟐
. 𝟑𝟐𝐧−𝟔. 𝐫𝐧−𝟑 

=
𝟑𝐧+𝟏. 𝐫𝐧

𝟒
+
𝟑𝐧+𝟏. 𝐫𝐧

𝟒
∴∑

𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐡𝐚𝐯𝐞: 

  
𝒘𝒂

𝒏(𝒘𝒂
𝟐 + 𝒘𝒃𝒘𝒄)

(𝒘𝒃 +𝒘𝒄)𝟐
=

𝒘𝒂
𝒏

(𝒘𝒃 +𝒘𝒄)𝟐
(𝒘𝒂 − 𝒘𝒃)(𝒘𝒂 −𝒘𝒄) +

𝒘𝒂
𝒏+𝟏

𝒘𝒃 +𝒘𝒄
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒘𝒂 ≥ 𝒘𝒃 ≥ 𝒘𝒄 .   

𝐖𝐞 𝐡𝐚𝐯𝐞  
𝒘𝒂

𝒏

(𝒘𝒃 + 𝒘𝒄)𝟐
≥

𝒘𝒃
𝒏

(𝒘𝒄 +𝒘𝒂)𝟐
≥

𝒘𝒄
𝒏

(𝒘𝒂 + 𝒘𝒃)𝟐
, 

𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂

𝒏

(𝒘𝒃 +𝒘𝒄)𝟐
(𝒘𝒂 − 𝒘𝒃)(𝒘𝒂 −𝒘𝒄)

𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒘𝒂

𝒏(𝒘𝒂
𝟐 +𝒘𝒃𝒘𝒄)

(𝒘𝒃 + 𝒘𝒄)
𝟐

𝒄𝒚𝒄

≥∑
𝒘𝒂

𝒏+𝟏

𝒘𝒃 +𝒘𝒄
𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
(𝒘𝒂 + 𝒘𝒃 +𝒘𝒄)

𝒏+𝟏

𝟑𝒏−𝟏. 𝟐(𝒘𝒂 + 𝒘𝒃 +𝒘𝒄)
≥
(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

𝟐

𝟔
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      ≥⏞
𝑨𝑴−𝑯𝑴

 
𝟏

𝟔
(

𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

)

𝟐

=
(𝟗𝒓)𝟐

𝟔
=
𝟐𝟕𝒓𝟐

𝟐
. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥.  
 

1325. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐦, 𝐧 ∈ ℕ 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝐧 ≥ 𝐦 − 𝟐, 

𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥
(◆) 𝟑

𝟒
 

∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

=∑
𝒙𝟑

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

+ 𝒙𝐲𝐳∑
𝟏𝟒

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝
𝐑𝒂𝐝𝐨𝐧

 

𝟏

𝟑
(∑

𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

)(∑
𝒙𝟐

(𝐲 + 𝐳)𝟐
𝐜𝐲𝐜

)+
𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟑
.
𝟑

𝟐
.∑

𝒙𝟒

𝒙𝟐𝐲𝟐 + 𝒙𝟐𝐳𝟐 + 𝟐𝒙𝟐𝐲𝐳
𝐜𝐲𝐜

 

+
𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐

𝟒(∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜 )
+

𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
? 𝟑

𝟒
 

⇔
(∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜
+

𝟖𝟏𝒙𝐲𝐳

𝟐(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥

?
⏟
(∎)

𝟑  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑿,𝒁 + 𝑿 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍  

𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒙 = 𝐬− 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 ⇒ 𝒙𝐲𝐳 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 𝐬𝐮𝐜𝐡 

𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 

∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 
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⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ∴ ∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟒), (𝟓), (∎) ⇔
(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐

𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐫𝟐𝐬. 𝐬
+
𝟖𝟏𝐫𝟐𝐬

𝟐𝐬𝟑
≥ 𝟑 

⇔ 𝟐𝐬𝟔 − (𝟑𝟐𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟕𝟗𝐫𝟐) 

+𝐫𝟒(𝟏𝟐𝟗𝟔𝐑𝟐 + 𝟔𝟒𝟖𝐑𝐫 + 𝟖𝟏𝐫𝟐) ≥
(∎∎)

𝟎 𝒂𝐧𝐝 ∵ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∎∎) 

≥ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
⇔ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟓𝟎𝟒𝐑𝟐 − 𝟗𝟕𝟔𝐑𝐫 + 𝟐𝟐𝟗𝐫𝟐) 

+𝐫𝟑(𝟖𝟏𝟗𝟐𝐑𝟑 − 𝟔𝟑𝟖𝟒𝐑𝟐𝐫 + 𝟑𝟎𝟒𝟖𝐑𝐫𝟐 − 𝟏𝟔𝟗𝐫𝟑) ≥
(∎∎∎)

𝟎 𝒂𝐧𝐝 

∵ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎, ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎∎), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∎∎∎) ≥ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟓𝟒𝟒𝐑𝟐 − 𝟔𝟖𝟖𝐑𝐫 + 𝟗𝟏𝐫𝟐)𝐬𝟐 ≥ 𝐫(𝟖𝟏𝟗𝟐𝐑𝟑 − 𝟏𝟐𝟎𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟔𝟑𝟏𝐫𝟑) 

⇔ 𝟔𝟒𝐭𝟑 − 𝟐𝟏𝟎𝐭𝟐 + 𝟏𝟓𝟑𝐭 + 𝟐𝟐 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟔𝟒𝐭 + 𝟒𝟔) + 𝟖𝟏) 

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∎∎∎) ⇒ (∎∎) ⇒ (∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥
𝟑

𝟒
 ∀ 𝒙, 𝐲, 𝐳 > 0 

𝐂𝒂𝐬𝐞 𝟏  𝐧 − 𝐦 = −𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐦−𝟐(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
𝐜𝐲𝐜

≥
(∗) 𝟑

𝟐𝐦−𝟏
 

𝐍𝐨𝐰, 𝐧 −𝐦 = −𝟐 ⇒ 𝐦− 𝟐 = 𝐧 ≥ 𝟏 ⇒ 𝐦− 𝟑 ≥ 𝟎 ∴∑
𝐫𝒂
𝐦−𝟐(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
𝐜𝐲𝐜

 

=∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

. (
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝟑

))

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

(∑(
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

𝐜𝐲𝐜

)(∑
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝟑

𝐜𝐲𝐜

) 

(

 
 
 
 

∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ (
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

≥ (
𝐫𝐛

𝐫𝐜 + 𝐫𝒂
)
𝐦−𝟑

(
𝐫𝐜

𝐫𝒂 + 𝐫𝐛
)
𝐦−𝟑

𝒂𝐧𝐝 

𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 ≥ 𝐫𝐛

𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 ≥ 𝐫𝐜
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 𝒂𝒍𝐨𝐧𝐠𝐰𝐢𝐭𝐡 

𝟏

(𝐫𝐛 + 𝐫𝐜)𝟑
≥

𝟏

(𝐫𝐜 + 𝐫𝒂)𝟑
≥

𝟏

(𝐫𝒂 + 𝐫𝐛)𝟑

⇒
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)

𝟑
≥
𝐫𝐛
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐜 + 𝐫𝒂)

𝟑
≥
𝐫𝐜
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝒂 + 𝐫𝐛)

𝟑 )
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≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝

𝐯𝐢𝒂 (◆) 𝟏

𝟑
.
𝟏

𝟑𝐦−𝟒
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐦−𝟑

.
𝟑

𝟒
≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟒. 𝟑𝐦−𝟒
.
𝟑𝐦−𝟑

𝟐𝐦−𝟑
=

𝟑

𝟐𝐦−𝟏
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

𝐂𝒂𝐬𝐞 𝟐  𝐧 − 𝐦 = −𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐦−𝟏(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

𝐜𝐲𝐜

≥
(∗∗) 𝟗𝐫

𝟐𝐦−𝟏
 

𝐍𝐨𝐰,∑
𝐫𝒂
𝐦−𝟏(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐦. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)

𝐦
𝐜𝐲𝐜

= 𝟐∑
(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐦

𝟏

√𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫

 

𝟐.
(∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜𝐜𝐲𝐜 )

𝐦

𝟑𝐦−𝟐. ∑
𝟏

√𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐂𝐁𝐒 𝟐

𝟑𝐦−𝟐
.
𝟑𝐦

𝟐𝐦
.

𝟏

√∑
𝟏
𝐫𝒂𝐜𝐲𝐜 . √∑

𝟏
𝐫𝒂𝐜𝐲𝐜

=
𝟗𝐫

𝟐𝐦−𝟏
⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

𝐂𝒂𝐬𝐞 𝟑  𝐧 − 𝐦 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐧
𝐜𝐲𝐜

≥
(∗∗) 𝟐𝟕𝐫𝟐

𝟐𝐧−𝟏
 

𝐍𝐨𝐰,∑
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐧

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐧+𝟏. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)

𝐧
𝐜𝐲𝐜

≥
𝐆−𝐇

𝟒𝐫𝒂𝐫𝐛𝐫𝐜∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐧

.
𝟏

𝐫𝐛 + 𝐫𝐜
)

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

 

𝟒𝐫𝐬𝟐

𝟑
(∑(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐧

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

) ≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟒𝐫𝐬𝟐

𝟑.𝟑𝐧−𝟏
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐧

.
𝟗

𝟐(𝟒𝐑 + 𝐫)
 

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟐𝐫𝐬𝟐

𝟑𝐧
.
𝟑𝐧

𝟐𝐧
.

𝟗

𝟒𝐑+ 𝐫
≥
? 𝟐𝟕𝐫𝟐

𝟐𝐧−𝟏
⇔ 𝐬𝟐 ≥

?
𝟑𝐫(𝟒𝐑 + 𝐫) → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑𝐫(𝟒𝐑 + 𝐫) + 𝟒𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝐫(𝟒𝐑 + 𝐫) 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

𝐂𝒂𝐬𝐞 𝟒  𝐧 − 𝐦 ≥ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
 

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐧+𝟏. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝐦

𝐜𝐲𝐜

≥
𝐆−𝐇

𝟒𝐫𝒂𝐫𝐛𝐫𝐜.∑
𝐫𝒂
𝐧

(𝐫𝐛 + 𝐫𝐜)𝐦+𝟏
𝐜𝐲𝐜
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= 𝟒𝐫𝐬𝟐.∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦+𝟏

. 𝐫𝒂
𝐧−𝐦−𝟏)

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒𝐫𝐬𝟐

𝟑
(∑(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐦+𝟏

𝐜𝐲𝐜

)(∑𝐫𝒂
𝐧−𝐦−𝟏

𝐜𝐲𝐜

) 

≥
𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒𝐫𝐬𝟐

𝟑.𝟑𝐦
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐦+𝟏

.
𝟏

𝟑𝐧−𝐦−𝟐
. (∑𝐫𝒂

𝐜𝐲𝐜

)

𝐧−𝐦−𝟏

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

 

𝟒𝐫𝐬𝟐

𝟑𝐦+𝟏
.
𝟑𝐦+𝟏

𝟐𝐦+𝟏
.

𝟏

𝟑𝐧−𝐦−𝟐
. (𝟗𝐫)𝐧−𝐦−𝟏 ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑𝟑. 𝐫𝟑. 𝐫𝐧−𝐦−𝟏

𝟐𝐦−𝟏
.

𝟏

𝟑𝐧−𝐦−𝟐
. 𝟑𝟐𝐧−𝟐𝐦−𝟐 

=
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐦,𝐧 ∈ ℕ 

𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝐧 ≥ 𝐦− 𝟐,
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1326. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝 ∶ 

𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ≥∑√
𝒂

𝐛
𝐜𝐲𝐜

;
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ≥∑√
𝐰𝒂

𝐰𝐛
𝐜𝐲𝐜

;
𝐑

𝟐𝐫
∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜

>∑𝐧𝒂
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
 

= 𝒔𝟐 −
𝟒𝒔(𝒔−𝒃)(𝒔−𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔⋅𝒔𝒓𝟐

𝒂(𝒔−𝒂)
= 𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂   (1) 

also 𝟐𝒓𝒂(𝒏𝒂 + 𝒉𝒂) ≤ 𝒓𝒂
𝟐 + 𝒏𝒂

𝟐 + 𝟐𝒓𝒂𝒉𝒂 = 𝒓𝒂
𝟐 + 𝒔𝟐    (using (1)) 

(AM-GM) 

= 𝒔𝟐 (𝐭𝐚𝐧𝟐
𝑨

𝟐
+ 𝟏) =

𝒔𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒔 ⋅ 𝒃𝒄

𝒔 − 𝒂
=
𝒓𝒂
𝒓
⋅ 𝟐𝑹𝒉𝒂 

𝒏𝒂 + 𝒉𝒂 ≤ 𝑹 ⋅
𝒉𝒂

𝒓
 or 

𝒏𝒂

𝒉𝒂
≤
𝑹

𝒓
− 𝟏 

∴ 𝒏𝒂 ≤ (
𝑹

𝒓
− 𝟏)𝒉𝒂   (analog) 

∴ ∑𝒏𝒂 ≤ (
𝑹

𝒓
− 𝟏) (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) 
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𝑹

𝟐𝒓
⋅∑(𝟗𝒂 + 𝒉𝒂) ≥

𝑹

𝟐𝒓
∑(𝒉𝒂 + 𝒉𝒂)     (∵ 𝒓𝒂 ≥ 𝒉𝒂) =

𝑹

𝒓
∑𝒉𝒂 

We need to show 

𝑹

𝒓
∑𝒉𝒂 ≥ (

𝑹

𝒓
− 𝟏) (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) or 

𝑹

𝒓
(∑𝒉𝒂) − (

𝑹

𝒓
− 𝟏)∑𝒉𝒂 ≥ 𝟎 

or ∑𝒉𝒂 ≥ 𝟎  (True) 

1) √
𝒂

𝒃
≤
𝑪𝑩𝑺

√(∑𝒂) (∑
𝟏

𝒂
) ≤ √𝟐𝒔 ⋅

𝟗𝑹

𝟒𝑭
= √𝟐𝒔 ⋅

𝟗𝑹

𝟒𝒓𝒔
= √

𝟗𝑹

𝟐𝒓
= √

𝟗𝑹𝟐

𝟐𝒓⋅𝑹
≤

𝑬𝒖𝒍𝒆𝒓
√𝟗𝑹

𝟐

𝟗𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

Now 

𝑹

𝟐𝒓
∑√

𝒃

𝒂
≥
𝟑𝑹

𝟐𝒓
 

(AM-GM) 

Note √
𝒃

𝒂
≥ 𝟑 (AM-GM) 

𝑹

𝟐𝒓
∑√

𝒂

𝒃
≥∑√

𝒂

𝒃
 

Note: 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝒂𝒃+𝒃𝒄+𝒄𝒂

𝒂𝒃𝒄
=
𝒔𝟐+𝒓𝟐+𝟒𝑹𝒓

𝟒𝑹𝑭
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐+𝟖𝑹𝒓+𝟒𝒓𝟐

𝟒𝑹𝑭
=

(𝑹+𝒓)𝟐

𝑹𝑭
≤

𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝟐

𝟒𝑹𝑭
=

𝟗𝑹

𝟒𝑭
 

∑√
𝒘𝒂
𝒘𝒃

≤ √𝟑 (∑
𝒘𝒂
𝒘𝒃
) ≤ √

𝟑𝑹

𝟐𝒓
⋅ 𝟑 = √

𝟗𝑹

𝟐𝒓
= √

𝟗𝑹𝟐

𝟐𝑹 ⋅ 𝒓
≤

𝑬𝒖𝒍𝒆𝒓
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

Note: 

∑
𝒘𝒂
𝒘𝒃

≤ √(∑𝒘𝒂𝟐) (∑
𝟏

𝒘𝒃
𝟐) ≤ √∑(𝒔(𝒔 − 𝒂))∑

𝟏

𝒉𝒂𝟐
≤ √𝒔𝟐 ⋅

∑ 𝒂𝟐

𝟒𝒓𝟐𝒔𝟐
 

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛

√
𝒔𝟐 ⋅ 𝟗𝑹𝟐

𝟗𝒓𝟐𝒔𝟐
=
𝟑𝑹

𝟐𝒓
 

We need to show 

𝑹𝟐

𝟒𝒓𝟐
∑(√

𝒎𝒂

𝒎𝒃
) ≥

𝟑𝑹

𝟐𝒓
 or 

𝑹𝟐

𝟒𝒓𝟐
× 𝟑 ≥

𝟑𝑹

𝟐𝒓
 

[Note: √
𝒎𝒂

𝒎𝒃
≥ 𝟑] (AM-GM) or 

𝑹𝟐

𝟒𝒓𝟐
≥

𝑹

𝟐𝒓
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𝑹 ≥ 𝟐𝒓 (True) Euler 

∴
𝑹𝟐

𝟒𝒓𝟐
(∑√

𝒎𝒂

𝒎𝒃

) ≥
𝟑𝑹

𝟐𝒓
≥∑√

𝒘𝒂
𝒘𝒃

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑√
𝒂

𝐛
𝐜𝐲𝐜

≤
𝐀−𝐆

∑

𝒂
𝐛 + 𝟏

𝟐
𝐜𝐲𝐜

=∑
𝒂+ 𝐛 + 𝐜

𝟐𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑

𝐜

𝐛
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟐𝐬

𝟐
.
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫𝐬
−
𝟑

𝟐
 

≤
? 𝟑𝐑

𝟐𝐫
⇔
𝟑𝐑+ 𝟑𝐫

𝟐𝐫
≥
? 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
⇔ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 ≤

?
𝟔𝐑𝟐 + 𝟔𝐑𝐫 

⇔ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝟑𝐫𝟐) − 𝟐(𝐑 + 𝐫)(𝐑 − 𝟐𝐫) ≤
?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝒂𝐧𝐝  

𝐄𝐮𝐥𝐞𝐫 ∴∑√
𝒂

𝐛
𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
≤
𝐀−𝐆 𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ∴
𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ≥∑√
𝒂

𝐛
𝐜𝐲𝐜

 

∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆

∑

𝐰𝒂
𝐰𝐛

+ 𝟏

𝟐
𝐜𝐲𝐜

=∑
𝐰𝒂 +𝐰𝐛 +𝐰𝐜

𝟐𝐰𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑

𝐰𝐜
𝐰𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆 ∑ 𝐰𝒂𝐜𝐲𝐜

𝟐
.∑

𝟏

𝐰𝒂
𝐜𝐲𝐜

−
𝟑

𝟐
 

≤
∑ 𝐦𝒂𝐜𝐲𝐜

𝟐
.∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

−
𝟑

𝟐
≤

𝐁𝒂𝐠𝐞𝐫 𝟒𝐑+ 𝐫

𝟐𝐫
−
𝟑

𝟐
≤
? 𝟑𝐑𝟐

𝟒𝐫𝟐
⇔
𝟑𝐑𝟐 + 𝟔𝐫𝟐

𝟒𝐫𝟐
≥
? 𝟒𝐑+ 𝐫

𝟐𝐫
 

⇔ 𝟑𝐑𝟐 − 𝟖𝐑𝐫+ 𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝟑𝐑 − 𝟐𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

∴∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
≤
𝐀−𝐆 𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ∴
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ≥∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐦)

𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)    

𝒂𝐧𝐝 𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐧)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐦) + (𝐧) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐)  

= 𝟐𝒂(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) 
= 𝟐(𝐧𝒂

𝟐 +𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐 ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) ⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(𝟏)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

𝐍𝐨𝐰,∑
𝐧𝒂
𝐑

𝐜𝐲𝐜

=∑
𝟐𝐧𝒂𝐡𝒂
𝐛𝐜

𝐜𝐲𝐜

≤∑
𝟐𝐧𝒂𝒈𝒂
𝐛𝐜

𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐛𝐜
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

𝐛𝐜
 

=
𝟏

𝟒𝐑𝐫𝐬
(∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜))

𝐜𝐲𝐜

+ 𝟐𝐬∑(𝒂(𝐬 − 𝒂))

𝐜𝐲𝐜

) 

=
𝟏

𝟒𝐑𝐫𝐬
(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟑𝟔𝐑𝐫𝐬 + 𝟐𝐬(𝟐𝐬𝟐 − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐))) 

=
𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐑𝐫
⇒ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤ 𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐 <
?
𝟐𝐑.∑𝐡𝒂

𝐜𝐲𝐜

= 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐 
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⇔ 𝟗𝐑𝐫+ 𝐫(𝐑 − 𝟐𝐫) >
?
𝟎 ∴ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

< 𝟐𝐑.∑𝐡𝒂
𝐜𝐲𝐜

≤ 𝐑∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜

 

∴
𝐑

𝟐𝐫
∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜

>∑𝐧𝒂
𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

1327. Let 𝚫𝑨′𝑩′𝑪′ be the circumcevian triangle of incenter in acute 𝚫𝑨𝑩𝑪 

with 𝒓′ - inradii. Prove that: 

𝒓′ ≥
𝒔

𝟑√𝟑
 , [𝑨′𝑩′𝑪′] =

𝟏

𝟒
[𝑰𝒂𝑰𝒃𝑰𝒄] 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Tapas Das-India 

 

𝑨𝑰 = 𝒓 𝐜𝐬𝐜
𝑨

𝟐
. From 𝚫𝑨𝑵𝑰: 𝑰𝑵 = perpendicular from 𝑰 on 𝑨𝑩 = 𝒓 (in-radius) 

Again ∠𝑩𝑰𝑬 = ∠𝑩𝑨𝑰 + ∠𝑨𝑩𝑰 = ∠𝑪𝑨𝑬 + ∠𝑰𝑩𝑪 = ∠𝑪𝑩𝑬 + ∠𝑰𝑩𝑪 = ∠𝑬𝑩𝑰 

∴ 𝑰𝑬 = 𝑬𝑩 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
, ∴ 𝑰𝑬 = 𝟐𝑹𝐬𝐢𝐧

𝑨

𝟐
     (analog) 
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From 𝚫𝑰𝑨′𝑩′  

∠𝑨𝑨′𝑩′ = ∠𝑨𝑩𝑩′ =
𝑩

𝟐
, ∠𝑩𝑩′𝑨′ = ∠𝑩𝑨𝑨′ =

𝑨

𝟐
, ∠𝑨′𝑰𝑩′ = 𝝅− (

𝑨+ 𝑩

𝟐
) 

From 𝚫𝑨′𝑰𝑩′ 

𝑨′𝑩′

𝐬𝐢𝐧∠𝑨′𝑰𝑩′
=
𝑨′𝑰

𝐬𝐢𝐧
𝑨
𝟐

⇒
𝑨′𝑩′

𝐬𝐢𝐧 (𝝅 −
𝑨 + 𝑩
𝟐 )

=
𝟐𝑹 𝐬𝐢𝐧

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐

= 𝟐𝑹 

𝑨′𝑩′ = 𝟐𝑹𝐬𝐢𝐧
𝑨 + 𝑩

𝟐
= 𝟐𝑹𝐜𝐨𝐬

𝑪

𝟐
 

[𝑨′𝑩′𝑪′] =
𝟏

𝟐
𝑩′𝑪′ ⋅ 𝑨′𝑩′ ⋅ 𝐬𝐢𝐧 ∠𝑨′𝑩′𝑪′ =

𝟏

𝟐
𝟐𝑹 𝐜𝐨𝐬

𝑪

𝟐
⋅ 𝟐𝑹𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑨 + 𝑪

𝟐
 

[𝑨′𝑩′𝑪′] = 𝟐𝑹𝟐 𝐜𝐨𝐬
𝑪

𝟐
⋅ 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
   (1) 

Now [𝑨′𝑩′𝑪′] = 𝒓′𝒔′  (𝒔′ = semi – perimeter of 𝚫𝑨′𝑩′𝑪′) 

or 𝟐𝑹𝟐∏𝐜𝐨𝐬
𝑨

𝟐
=
𝒓′

𝟐
𝟐𝑹(𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
) 

𝒓′ =
𝟐𝑹∏𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐 + 𝐜𝐨𝐬

𝑩
𝟐 + 𝐜𝐨𝐬

𝑪
𝟐

, ∴ 𝒓′ ≥
𝟐𝑹 ⋅

𝒔
𝟒𝑹

𝟑√𝟑
𝟐

=
𝒔

𝟑√𝟑
 

Note: 

𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
≤ 𝟑𝐜𝐨𝐬(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) =
𝑱𝒆𝒏𝒔𝒆𝒏

 𝟑 𝐜𝐨𝐬 (
𝝅

𝟔
) =

𝟑√𝟑

𝟐
 

𝒇(𝒙) = 𝐜𝐨𝐬 𝒙  ∴ 𝒇′(𝒙) = −𝐬𝐢𝐧 𝒙 , 𝒇′′(𝒙) = −𝐜𝐨𝐬 𝒙 < 0, ∴ 𝒇 is concave 

2nd part: 
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Since 𝚫𝑨𝑩𝑪 is orthic triangle of 𝚫𝑰𝒂𝑰𝒃𝑰𝒄 then 

𝑩𝑪 = 𝒂 = 𝑰𝒂𝑰𝒄 ⋅ 𝐜𝐨𝐬 (𝟗𝟎° −
𝑨

𝟐
) = 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
, 𝒂 = 𝟐𝑹𝐬𝐢𝐧 𝑨 = 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
 

𝟐𝑹 𝟐 ⋅ 𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
= 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
, 𝑰𝒃𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬

𝑨

𝟐
   (analog) 

[𝑰𝒂𝑰𝒃𝑰𝒄] =
𝟏

𝟐
⋅ 𝟒𝑹𝐜𝐨𝐬

𝑩

𝟐
𝟒𝑹𝐜𝐨𝐬

𝑪

𝟐
𝐬𝐢𝐧 (𝟗𝟎° −

𝑨

𝟐
) = 𝟖𝑹𝟐 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

[𝑨′𝑩′𝑪′] = 𝟐𝑹𝟐 𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

(From (1)) ∴ [𝑨′𝑩′𝑪′] =
𝟏

𝟒
[𝑰𝒂𝑰𝒃𝑰𝒄] 

1328. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒘𝒂
𝒘𝒃

+
𝑹𝟑

𝒓𝟑
≥ 𝟖 +∑

𝒘𝒃
𝒘𝒂

 

Proposed by Marin Chirciu – Romania  

Solution by Tapas Das – India  

∑
𝒘𝒃
𝒘𝒂

≤∑
√𝒔(𝒔 − 𝒃)

𝒘𝒂
≤∑

√𝒔(𝒔 − 𝒃)

𝒉𝒂
 

≤
𝑪𝑩𝑺

√(∑𝒔(𝒔 − 𝒃)) (∑
𝟏

𝒉𝒂𝟐
) = √𝒔𝟐 ⋅

∑𝒂𝟐

𝟒𝒓𝟐𝒔𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛′𝒔
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

∴ 𝟖 +∑
𝒘𝒃
𝒘𝒂

≤
𝟑𝑹

𝟐𝒓
+ 𝟖 

Note: ∑
𝒘𝒃

𝒘𝒂
≥ 𝟑 (AM-GM) 

We need to show 

𝟑 +
𝑹𝟑

𝒓𝟑
≥
𝟑𝑹

𝟐𝒓
+ 𝟖 or  

𝑹𝟑

𝒓𝟑
≥
𝟑𝑹

𝟐𝒓
+ 𝟓 

or 𝒙𝟑 ≥
𝟑

𝟐
𝒙 + 𝟓     (

𝑹

𝒓
= 𝒙 ≥ 𝟐) or 𝟐𝒙𝟑 − 𝟑𝒙 − 𝟏𝟎 ≥ 𝟎 

𝟐𝒙𝟑 − 𝟒𝒙𝟐 + 𝟒𝒙𝟐 − 𝟖𝒙 + 𝟓𝒙 − 𝟏𝟎 ≥ 𝟎 

or 𝟐𝒙𝟐(𝒙 − 𝟐) + 𝟒𝒙(𝒙 − 𝟐) + 𝟓(𝒙 − 𝟐) ≥ 𝟎 

(𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟒𝒙 + 𝟓) ≥ 𝟎      (True) 

as 𝒙 ≥ 𝟐. 
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1329. Prove that: 

𝑳𝒂𝑳𝒃 =
𝟒𝑭√𝑹(𝑹 + 𝟐𝒓𝒄)

(𝒂 + 𝒄)(𝒃 + 𝒄)
 

 

Proposed by Aissa Hiyab-Morocco 
Solution by Tapas Das-India 

 

𝑩𝑳𝒂
𝑪𝑳𝒂

=
𝒄

𝒃
 

∴ 𝑪𝑳𝒂 =
𝒂𝒃

𝒃 + 𝒄
 

𝑪𝑳𝑩 =
𝒂𝒃

𝒄 + 𝒂
 

∴ 𝑳𝒂𝑳𝒃
𝟐 =

𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)𝟐
+

𝒂𝟐𝒃𝟐

(𝒄 + 𝒂)𝟐
− 𝟐 𝐜𝐨𝐬𝑪  𝑪𝑳𝒂 ⋅ 𝑪𝑳𝒃 

=
𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)𝟐
+

𝒂𝟐𝒃𝟐

(𝒄 + 𝒂)𝟐
− 𝟐

𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)(𝒄 + 𝒂)
⋅
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
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=
𝒂𝟐𝒃𝟐(𝒄 + 𝒂)𝟐 + 𝒂𝟐𝒃𝟐(𝒃 + 𝒄)𝟐 − 𝒂𝒃(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
 

=
𝒂𝟐𝒃𝟐(𝒄𝟐 + 𝒂𝟐 + 𝟐𝒄𝒂 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) − 𝒂𝒃(𝒃𝒄 + 𝒂𝒃 + 𝒄𝟐 + 𝒂𝒄)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
 

=
𝒂𝟐𝒃𝟐(𝒄𝟐+𝒂𝟐+𝟐𝒄𝒂+𝒃𝟐+𝒄𝟐+𝟐𝒃𝒄)−𝒂𝟐𝒃𝟐(𝒂𝟐+𝒃𝟐−𝒄𝟐)−𝒂𝒃(𝒄𝟐+𝒂𝒄+𝒃𝒄)(𝒂𝟐+𝒃𝟐−𝒄𝟐)

(𝒃+𝒄)𝟐(𝒄+𝒂)𝟐
   (1) 

Now, 𝒂𝟐𝒃𝟐(𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒄𝒂 + 𝟐𝒃𝒄) − 𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐) − 

−𝒂𝒃(𝒄𝟐 + 𝒂𝒄 + 𝒃𝒄)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐) 

= 𝒂𝟐𝒃𝟐[𝒄𝟐 + 𝟐(𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)] − (𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝒂𝒃 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + (𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)(𝟐𝒂𝟐𝒃𝟐 − (𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝒂𝒃) 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃 [𝟐𝒂𝒃 − (𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)] 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃[𝒄𝟐 − (𝒂 − 𝒃)𝟐] 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃(𝒄 + 𝒂 − 𝒃)(𝒄 − 𝒂 + 𝒃) 

= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟐𝒔(𝟒𝑹𝑭)(𝟐𝒔 − 𝟐𝒃)(𝟐𝒔 − 𝟐𝒂) = 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒔𝑹𝑭(𝒔 − 𝒃)(𝒔 − 𝒂) 

= 𝟏𝟔𝑭𝟐𝑹𝟐 +
𝟑𝟐𝑭𝟐 ⋅ 𝑭𝑹

(𝒔 − 𝒄)
= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒓𝒄 ⋅ 𝑭

𝟐𝑹 

= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒓𝒄𝑭
𝟐𝑹 = 𝟏𝟔𝑭𝟐𝑹(𝑹 + 𝟐𝒓𝒄) 

∴ From (1) we get, 

𝑳𝒂𝑳𝒃
𝟐 =

𝟏𝟔𝑭𝟐𝑹(𝑹+ 𝟐𝒓𝒄)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
, 𝑳𝒂𝑳𝒃 =

𝟒𝑭√𝑹(𝑹 + 𝟐𝒓𝒄)

(𝒃 + 𝒄)(𝒄 + 𝒂)
 

1330. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
≥
𝟏𝟔𝒓𝟑

𝟑𝑹𝟓
 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
=

𝟏

𝒎𝒂𝒎𝒃𝒎𝒄
∑

𝒎𝒂
𝟐

𝒎𝒃 +𝒎𝒄
 

≥
𝟏

𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝟐

𝟐(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
=

𝟏

𝟐𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 

Note: 
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𝒎𝒂𝒎𝒃𝒎𝒄 ≤
𝑹𝟑𝒉𝒂𝒉𝒃𝒉𝒄
𝟖𝒓𝟑

=
𝑹𝟑

𝟖𝒓𝟑
𝟖𝑭𝟑

𝒂𝒃𝒄
=

𝑹𝟑𝑭𝟑

𝒓𝟑 ⋅ 𝟒𝑹𝑭
=
𝑹𝟑𝑭𝟐

𝟒𝑹𝒓𝟑
 

Note: 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝟗𝒓 

∴∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
≥

𝟏

𝟐𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) ≥
𝟏

𝟐

𝟒𝑹𝒓𝟑

𝑹𝟑𝑭𝟐
⋅ 𝟗𝒓 

≥
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐

𝟒(𝟐𝒓)𝒓𝟑 ⋅ 𝟗𝒓

𝑹𝟑𝒓𝟐𝒔𝟐
≥
𝟏

𝟐
⋅
𝟒(𝟐𝒓)𝒓𝟑 ⋅ 𝟗𝒓

𝑹𝟑𝒓𝟐 ⋅
𝟐𝟕
𝟒 𝑹

𝟐
 

(𝒔𝟐 ≤
𝟐𝟕

𝟒
𝑹𝟐) 

=
𝟏

𝟐
⋅ 𝟖𝒓 ⋅ 𝟗𝒓𝟒 ×

𝟒

𝟐𝟕𝑹𝟓𝒓𝟐
=
𝟏𝟔𝒓𝟑

𝟑𝑹𝟓
 

Note: 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ √𝒔(𝒔 − 𝒂) + √𝒔(𝒔 − 𝒃) + √𝒔(𝒔 − 𝒄) 

≥
𝑨𝑴−𝑮𝑴

𝟑(√𝒔𝟑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄))

𝟏
𝟑
= 𝟑(√𝒔𝟑 ⋅ 𝒔𝒓𝟐)

𝟏
𝟑
= 𝟑(𝒔𝟐𝒓)

𝟏
𝟑 

(𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) ≥ 𝟑(𝟐𝟕𝒓𝟐 ⋅ 𝒓)
𝟏
𝟑 = 𝟗𝒓 

1331. Prove that in any triangle 𝑨𝑩𝑪 with usual notations, 𝒙, 𝒚 ∈ ℝ+
∗ , 𝒙𝒚 = 𝟏, 

holds the following inequalities: 

i) (𝒂𝒙𝟐 + 𝒃 + 𝒄𝒚𝟐)(𝒂𝒚𝟐 + 𝒃 + 𝒄𝒙𝟐) ≥ 𝟒𝒔𝟐 

ii)  (𝒂𝒙 + 𝒃 + 𝒄𝒚)(𝒂𝒚 + 𝒃 + 𝒄𝒙) ≥ 𝟒𝒔𝟐 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Tapas Das – India  

i) (𝒂𝒙𝟐 + 𝒃+ 𝒄𝒚𝟐)(𝒂𝒚𝟐 + 𝒃 + 𝒄𝒙𝟐) 

≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 (𝒂𝒙𝒚 + 𝒃 + 𝒄𝒙𝒚)𝟐 = (𝒂 + 𝒃 + 𝒄)𝟐  (∵ 𝒙𝒚 = 𝟏) = (𝟐𝒔)𝟐 = 𝟒𝒔𝟐 

ii) (𝒂𝒙 + 𝒃 + 𝒄𝒚)(𝒂𝒚 + 𝒃 + 𝒄𝒙) ≥ (𝒂√𝒙𝒚 + 𝒃 + 𝒄√𝒙𝒚)
𝟐

 (Cauchy – Schwarz) 

= (𝒂+ 𝒃 + 𝒄)𝟐 = (𝟐𝒔)𝟐 = 𝟒𝒔𝟐 

∵ (𝒙𝒚 = 𝟏) 
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1332. In 𝚫𝑨𝑩𝑪 the following relationships holds: 

(
(√𝒎𝒂)

𝟑
+ (√𝒘𝒂)

𝟑

𝟐
)

𝟐

≥ (𝟐√𝒔(𝒔 − 𝒂))
𝟑

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

Note: 𝒎𝒂 ≥
𝒃+𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
 

𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
 

∴ 𝒎𝒂𝒘𝒂 =
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
⋅
𝟐𝒃𝒄

𝒃 + 𝒄
⋅ 𝐜𝐨𝐬

𝑨

𝟐
= 𝒃𝒄 𝐜𝐨𝐬𝟐

𝑨

𝟐
= 𝒃𝒄

𝒔(𝒔 − 𝒂)

𝒃𝒄
= 𝒔(𝒔 − 𝒂) 

∴ [
(√𝒎𝒂)

𝟑
+ (√𝒘𝒂)

𝟑

𝟐
]

𝟐

≥
𝑨𝑴−𝑮𝑴

[√(√𝒎𝒂)
𝟑
⋅ (√𝒘𝒂)

𝟑
]

𝟐

= (√𝒎𝒂 ⋅ 𝒘𝒂)
𝟑
≥ (√𝒔(𝒔 − 𝒂))

𝟑

 

 

1333. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟒𝒓𝟐(𝟓𝒓 − 𝒓) ≤∑𝒓𝒂 ⋅ 𝑰𝑨
𝟐 ≤ 𝟒𝒓(𝑹 + 𝒓)𝟐 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

∑𝒓𝒂𝑰𝒂
𝟐 =∑𝒓𝒂𝒓

𝟐 𝐜𝐬𝐜𝟐
𝑨

𝟐
=∑𝒓𝒂𝒓

𝟐 (𝟏 + 𝐜𝐨𝐭𝟐
𝑨

𝟐
) 

=∑𝒓𝒂𝒓
𝟐 (𝟏 +

𝒔𝟐

𝒓𝒂𝟐
) =∑(𝒓𝒂𝒓

𝟐) + (
𝒓𝟐𝒔𝟐

𝒓𝒂
) = 𝒓𝟐∑𝒓𝒂 +∑

𝒓𝟐𝒔𝟐

𝒓 ⋅ 𝒔
(𝒔 − 𝒂) 

= 𝒓𝟐∑𝒓𝒂 +∑𝒓𝒔(𝒔 − 𝒂) = 𝒓𝟐(𝟒𝑹 + 𝒓) + (𝟑𝒔𝟐 − 𝟐𝒔𝟐)𝒓 = 𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒔𝟐𝒓 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔

𝒓𝟐(𝟒𝑹 + 𝒓) + (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)𝒓 
= 𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) = 𝟒𝒓(𝑹 + 𝒓)𝟐 

Again, ∑𝒓𝒂 ⋅ 𝑰𝑨
𝟐 = 𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒔𝟐𝒓 ≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔
𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒓(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) 

= 𝒓[𝟒𝑹𝒓 + 𝒓𝟐 + 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐] = 𝒓[𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐] = 𝟒𝒓𝟐(𝟓𝑹 − 𝒓) 
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1334. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝒂𝟐𝒏 ≥ 𝟑(
𝟒𝑭

𝟑
√∑

𝒂𝟐

𝒃𝟐
)

𝒏

, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

Oppenheim, ∀𝒙, 𝒚, 𝒛 > 0 in 𝚫𝑨𝑩𝑪 

𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛 ≥ 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 

Let 𝒙 =
𝒃𝟐

𝒂𝟐
, 𝒚 =

𝒄𝟐

𝒃𝟐
, 𝒛 =

𝒂𝟐

𝒄𝟐
 

∴ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝒂𝟐 ⋅
𝒃𝟐

𝒂𝟐
+ 𝒃𝟐 ⋅

𝒄𝟐

𝒃𝟐
+ 𝒄𝟐 ⋅

𝒂𝟐

𝒄𝟐
≥ 𝟒𝑭√

𝒃𝟐

𝒂𝟐
⋅
𝒄𝟐

𝒃𝟐
+
𝒄𝟐

𝒃𝟐
⋅
𝒂𝟐

𝒄𝟐
+
𝒂𝟐

𝒄𝟐
⋅
𝒃𝟐

𝒂𝟐
 

= 𝟒𝑭√
𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
          (1) 

∴ 𝒂𝟐𝒏 + 𝒃𝟐𝒏 + 𝒄𝟐𝒏 = (𝒂𝟐)𝒏 + (𝒃𝟐)𝒏 + (𝒄𝟐)𝒏 ≥
𝑪𝑩𝑺 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝒏

𝟑𝒏
 

≥ 𝟑 [
𝟒𝑭

𝟑
√𝒂

𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
]

𝒏

(Using (1)) 

1335. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝑹𝟐

𝒓𝟐
+ 𝟏 ≤∑

(𝟏 + 𝐬𝐞𝐜𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
≤ (

𝟐𝑹

𝒓
− 𝟏)

𝟐

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India 

1st part: 

∑
(𝟏+ 𝐬𝐞𝐜𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
=∑

(𝟏 + 𝐬𝐞𝐜𝑨)𝟐

(𝐬𝐞𝐜𝟐 𝑨 − 𝟏)
=∑

𝟏+ 𝐬𝐞𝐜𝑨

𝐬𝐞𝐜𝑨 − 𝟏
=∑

𝟏+ 𝐜𝐨𝐬𝑨

𝟏 − 𝐜𝐨𝐬𝑨
=∑𝐜𝐨𝐭

𝑨

𝟐
 

∴ ∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=∑

𝟏

𝐭𝐚𝐧𝟐
𝑨
𝟐

=
∑ 𝐭𝐚𝐧𝟐

𝑨
𝟐 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∏𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝟏 −

𝟐𝒓𝟐 + 𝟖𝑹𝒓
𝒔𝟐

𝒓𝟐

𝒔𝟐

 

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐

𝒓𝟐
= (

𝟐𝑹

𝒓
− 𝟏)

𝟐
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2nd part: 

∑
(𝟏+ 𝐬𝐞𝐜 𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
=∑𝐜𝐨𝐭𝟐

𝑨

𝟐
=∑

𝟏

𝐭𝐚𝐧𝟐
𝑨
𝟐

=
∑𝐭𝐚𝐧𝟐

𝑨
𝟐 ⋅ 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∏𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 

≥

(𝑾𝒂𝒍𝒌𝒆𝒓′𝒔)

𝒔𝒊𝒏𝒄𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆 𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
=
𝟐𝑹𝟐

𝒓𝟐
+ 𝟏 

1336. 𝐈𝐧 𝐚𝐧𝐲 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝒎𝒂√𝐜𝐨𝐭 𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭 𝑪 > 6𝒓, 
𝐰𝐡𝐞𝐫𝐞 𝒎𝒂, 𝒎𝒃, 𝒎𝒄 𝐚𝐫𝐞 𝐭𝐡𝐞 𝐦𝐞𝐝𝐢𝐚𝐧𝐬 𝐚𝐧𝐝 𝒓 𝐢𝐬 𝐭𝐡𝐞 𝐢𝐧𝐫𝐚𝐝𝐢𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞. 

Proposed by Vasile Mircea Popa-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≤ 𝒃 ≤ 𝒄.   

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒎𝒂 ≥ 𝒎𝒃 ≥ 𝒎𝒄  𝐚𝐧𝐝 √𝐜𝐨𝐭𝑨 ≥ √𝐜𝐨𝐭 𝑩 ≥ √𝐜𝐨𝐭 𝑪, 
𝐭𝐡𝐞𝐧 𝐛𝐲 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐠𝐞𝐭 

𝒎𝒂√𝐜𝐨𝐭 𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭𝑪 ≥
𝟏

𝟑
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)(√𝐜𝐨𝐭 𝑨 + √𝐜𝐨𝐭 𝑩 + √𝐜𝐨𝐭 𝑪). 

𝐒𝐢𝐧𝐜𝐞 𝒎𝒂 ≥ 𝒉𝒂 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 

 
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
=
𝟏

𝒓
, 𝐭𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐀𝐌 −𝐇𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥
𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

= 𝟗𝒓. 

𝐍𝐨𝐰, 𝐥𝐞𝐭 𝐱 ≔ 𝐜𝐨𝐭𝑨 , 𝒚 ≔ 𝐜𝐨𝐭𝑩 , 𝒛 ≔ 𝐜𝐨𝐭 𝑪.  
𝐖𝐞 𝐡𝐚𝐯𝐞 𝒙 ≥ 𝒚 ≥ 𝒛 > 0, 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟏 𝐚𝐧𝐝 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 

𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

(
√𝒙 + (√𝒚 + √𝒛)

𝟐
)

𝟒

≥ (√𝒙(√𝒚 + √𝒛))
𝟐

= 𝒙𝒚 + 𝟐𝒙√𝒚𝒛 + 𝒛𝒙 > 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 1, 

𝐭𝐡𝐞𝐧 √𝐜𝐨𝐭 𝑨 + √𝐜𝐨𝐭 𝑩 + √𝐜𝐨𝐭𝑪 = √𝒙+ √𝒚 + √𝒛 > 2. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝒎𝒂√𝐜𝐨𝐭𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭 𝑪 >
𝟏

𝟑
. 𝟗𝒓. 𝟐 = 𝟔𝒓. 

 

1337. 𝑶 – the circumcenter of 𝚫𝑨𝑩𝑪 lies on the incircle of 𝚫𝑨𝑩𝑪. Prove that: 

𝟖√𝟐 + 𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
> 12 

Proposed by Daniel Sitaru – Romania  
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Solution by Tapas Das – India  

𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
= 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔 − 𝒂)

𝒃𝒄
, 𝐬𝐢𝐧

𝑨

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
 

Using Ravi’s transformation 

𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚 

Now we need to show 𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

Now the inequality is equivalent to with 𝒔 = 𝒙 + 𝒚 + 𝒛 

𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒄 ⋅ 𝒂𝒃
+ √

(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒂𝒄
⋅
(𝒔 − 𝒃)(𝒔 − 𝒂)

𝒂𝒃
 

This is equivalent to:  (𝟐𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟖𝒙(𝒚 + 𝒛) 

This is true using AM-GM 

∴ 𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

∴ 𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
⋅ 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
≥
𝟐𝒓

𝑹
√
𝟐𝒓

𝑹
 

Now incircle passes through circumcentre 

∴ 𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 

∴ (
𝒓

𝑹
)
𝟐

+ 𝟐(
𝒓

𝑹
) − 𝟏 = 𝟎 

∴
𝒓

𝑹
=
−𝟐 ± √𝟒 + 𝟒

𝟐
∴
𝒓

𝑹
= (√𝟐 − 𝟏)     (

𝒓

𝑹
> 0) 

We need to show 

𝟖√𝟐 +∏𝐜𝐨𝐬
𝑨−𝑩

𝟐
> 12 or 𝟖√𝟐 +

𝟐𝒓

𝑹
√
𝟐𝒓

𝑹
> 12 

or 𝟖√𝟐 + 𝟐(√𝟐 − 𝟏)√𝟐(√𝟐 − 𝟏) > 12 or 𝟒√𝟐+ (√𝟐 − 𝟏)√𝟐(√𝟐 − 𝟏) > 6 
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or 𝟒 + (√𝟐 − 𝟏)√√𝟐 − 𝟏 > 3√𝟐 or (𝟒 − 𝟑√𝟐) > −(√𝟐 − 𝟏)√√𝟐 − 𝟏 

or 𝟏𝟔 + 𝟏𝟖 − 𝟐𝟒√𝟐 > (√𝟐 − 𝟏)
𝟐
(√𝟐 − 𝟏) or 𝟑𝟒 − 𝟐𝟒√𝟐 > 3√𝟐− 𝟕 + 𝟐√𝟐 

or 𝟒𝟏 > 29√𝟐   True. 

∏𝐜𝐨𝐬
𝑨 −𝑩

𝟐
=
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
∏𝐬𝐢𝐧

𝑨

𝟐
 

=
(𝒂+ 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄

𝒂𝒃𝒄
⋅
𝒓

𝟒𝑹
=
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐
 

When incircle passes through circumcircle  

𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 or (
𝒓

𝑹
)
𝟐

+ 𝟐 (
𝒓

𝑹
) − 𝟏 = 𝟎 

or 
𝒓

𝑹
=
−𝟐±√𝟒+𝟒

𝟐
∴
𝒓

𝑹
= √𝟐 − 𝟏 

(
𝒓

𝑹
> 0) 

We need to show: 

𝟖√𝟐 +
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐
> 12 

Or 𝟖√𝟐 +
𝟐𝟕𝒓𝟐+𝒓𝟐+𝟐𝑹𝒓

𝟖𝑹𝟐
> 12   (Mitrinovic) 

or 𝟖√𝟐 +
𝟐𝟕(√𝟐−𝟏)

𝟐
⋅𝑹𝟐+(√𝟐−𝟏)

𝟐
𝑹𝟐+𝟐𝑹𝟐(√𝟐−𝟏)

𝟖𝑹𝟐
> 12 

(using 
𝑹

𝒓
= √𝟐 − 𝟏) 

or 𝟔𝟒√𝟐 + 𝟐𝟖(√𝟐 − 𝟏)
𝟐
+ 𝟐(√𝟐 − 𝟏) > 96 or 𝟔𝟒√𝟐+ 𝟐𝟖(𝟑 − 𝟐√𝟐) + 𝟐√𝟐 − 𝟐 > 96 

or 𝟔𝟒√𝟐 + 𝟖𝟒 − 𝟓𝟔√𝟐 + 𝟐√𝟐− 𝟐 > 96 or 𝟏𝟎√𝟐+ 𝟖𝟐 > 96 or 𝟏𝟎√𝟐 > 14 

or (𝟏𝟎√𝟐)
𝟐
> (𝟏𝟒)𝟐 or 𝟐𝟓𝟎 > 196 (True) 

𝐜𝐨𝐬
𝑩−𝑪

𝟐
=

𝒉𝒂

𝒘𝒂
 (analog) 

We show that 

∏𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ 𝟖∏𝐬𝐢𝐧

𝑨

𝟐
 or 

𝒉𝒂𝒉𝒃𝒉𝒄

𝒘𝒂𝒘𝒃𝒘𝒄
≥ 𝟖 ⋅

𝒓

𝟒𝑹
 or 𝑹𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝒓(𝒘𝒂𝒘𝒃𝒘𝒄) 

or 𝑹 ⋅
(𝟐𝑭)𝟑

𝒂𝒃𝒄
≥ 𝟐𝒓√𝒔(𝒔 − 𝒂)√𝒔(𝒔 − 𝒃)√𝒔(𝒔 − 𝒄) or 𝟖𝑭𝟑𝑹 ≥ 𝟐𝒓𝟐𝒔𝟐 ⋅ 𝟒𝑹𝒓𝒔 

or 𝟖𝒓𝟑𝒔𝟑𝑹 ≥ 𝟖𝒓𝟑𝒔𝟑𝑹     (True) 
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∴∏𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
≥ 𝟖∏𝐬𝐢𝐧

𝑨

𝟐
= 𝟐 ⋅

𝒓

𝑹
 

= 𝟐(√𝟐 − 𝟏) 

Now, incircle passes through circumcircle 

∴ 𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 ⇒ (
𝒓

𝑹
)
𝟐

+ 𝟐(
𝒓

𝑹
) − 𝟏 = 𝟎 

∴
𝒓

𝑹
=
−𝟐 ± √𝟒+ 𝟒

𝟐
∴
𝒓

𝑹
= √𝟐 − 𝟏 

(
𝒓

𝑹
> 0) 

We need to show  

𝟖√𝟐 +∏𝐜𝐨𝐬
𝑩−𝑪

𝟐
> 12 or 𝟖√𝟐 + 𝟐(√𝟐 − 𝟏) > 12 

or 𝟏𝟎√𝟐 > 14 or 𝟐𝟓𝟎 > 196    (True) 

1338. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

≥
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 𝟗

𝟒𝐑+ 𝐫
≥

𝐄𝐮𝐥𝐞𝐫 𝟗

𝟗𝐑
𝟐

⇒∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

≥
(𝐢) 𝟐

𝐑
 

𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

=∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
𝐦𝐛𝐦𝐜

𝐦𝒂𝐦𝐛 +𝐦𝒂𝐦𝐜
𝐜𝐲𝐜

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟑

𝟐
+
𝟑

𝟐
= 𝟑 =

𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 

𝐂𝒂𝐬𝐞 𝟐  𝐧 ∈ ℕ − {𝟏} 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

=∑
(
𝟏
𝐦𝒂
)
𝐧−𝟐

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
(
𝟏
𝐦𝒂
)
𝐧

𝐦𝐛 +𝐦𝐜

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝐧−𝟐

𝟑𝐧−𝟒 ∗ 𝟐 ∗ ∑ 𝐦𝒂𝐜𝐲𝐜
+

(∑
𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝐧

𝟑𝐧−𝟐 ∗ 𝟐 ∗ ∑
𝟏
𝐦𝒂

𝐜𝐲𝐜

 

≥

𝐯𝐢𝒂 (𝐢)

𝒂𝐧𝐝
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫 (

𝟐
𝐑
)
𝐧−𝟐

𝟑𝐧−𝟒 ∗ 𝟐 ∗
𝟗𝐑
𝟐

+
(
𝟐
𝐑
)
𝐧−𝟏

𝟑𝐧−𝟐 ∗ 𝟐
=

𝟐𝐧−𝟐

𝟑𝐧−𝟐 ∗ 𝐑𝐧−𝟏
+

𝟐𝐧−𝟐

𝟑𝐧−𝟐 ∗ 𝐑𝐧−𝟏
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=
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

≥
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒎𝒂 ≥ 𝒎𝒃 ≥ 𝒎𝒄 . 

𝐒𝐢𝐧𝐜𝐞   
𝟏

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

≤
𝟏

𝒎𝒃
𝒏(𝒎𝒄 +𝒎𝒂)

≤
𝟏

𝒎𝒄
𝒏(𝒎𝒂 +𝒎𝒃)

,  

 
𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

=∑(
(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

+
𝟏

𝒎𝒂
𝒏−𝟏
)

𝒄𝒚𝒄

≥∑
𝟏

𝒎𝒂
𝒏−𝟏

𝒄𝒚𝒄

 

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟑𝒏

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝒏−𝟏
≥⏞

𝑮𝒐𝒕𝒎𝒂𝒏

 
𝟑𝒏

(
𝟗𝑹
𝟐 )

𝒏−𝟏 =
𝟏

𝟑𝒏−𝟐
. (
𝟐

𝑹
)
𝒏−𝟏

, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

 

1339. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝟓(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝟓(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝟓(𝐦𝒂 +𝐦𝐛)

≥
𝟏𝟔

𝟐𝟕𝐑𝟒
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝟓(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝟓(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝟓(𝐦𝒂 +𝐦𝐛)

 

=∑
(
𝟏
𝐦𝒂
)
𝟑

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
(
𝟏
𝐦𝒂
)
𝟓

𝐦𝐛 +𝐦𝐜

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟑

𝟔∑ 𝐦𝒂𝐜𝐲𝐜
+

(∑
𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟓

𝟐𝟕 ∗ 𝟐∑
𝟏
𝐦𝒂

𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟑

𝟔∑ 𝐦𝒂𝐜𝐲𝐜
+

(
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟒

𝟓𝟒
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 𝟕𝟐𝟗

𝟔(𝟒𝐑 + 𝐫)𝟒
+

𝟕𝟐𝟗 ∗ 𝟗

𝟓𝟒(𝟒𝐑+ 𝐫)𝟒
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟕𝟐𝟗 ∗ 𝟐𝟒

𝟔 ∗ 𝟕𝟐𝟗 ∗ 𝟗𝐑𝟒
+

𝟕𝟐𝟗 ∗ 𝟗 ∗ 𝟐𝟒

𝟓𝟒 ∗ 𝟕𝟐𝟗 ∗ 𝟗𝐑𝟒
=

𝟏𝟔

𝟐𝟕𝐑𝟒
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒂
𝟓(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

≥∑
𝟐𝒎𝒂√𝒎𝒃𝒎𝒄

𝒎𝒂
𝟓(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

≥ 𝟐. 𝟑√
𝒎𝒂

𝟐𝒎𝒃
𝟐𝒎𝒄

𝟐

𝒎𝒂
𝟓𝒎𝒃

𝟓𝒎𝒄
𝟓(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄)(𝒎𝒄 +𝒎𝒂)

𝟑

 

=
𝟔

𝒎𝒂𝒎𝒃𝒎𝒄√(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄)(𝒎𝒄 +𝒎𝒂)
𝟑

 

≥
𝟔

(
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑 )
𝟑

.
(𝒎𝒂 +𝒎𝒃) + (𝒎𝒃 +𝒎𝒄) + (𝒎𝒄 +𝒎𝒂)

𝟑

=
𝟐𝟒𝟑

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝟒
 

≥⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝟐𝟒𝟑

(𝟒𝑹+ 𝒓)𝟒
≥⏞

𝑬𝒖𝒍𝒆𝒓 𝟐𝟒𝟑

(
𝟗𝑹
𝟐 )

𝟒 =
𝟏𝟔

𝟐𝟕𝑹𝟒
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1340. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂(𝐰𝐛
𝟐 + 𝐰𝐜

𝟐)

𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 + 𝐰𝒂
𝟐)

𝐰𝐛
𝟐 + 𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 + 𝐰𝒂𝐰𝐛

≥ 𝟗𝐫 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ 𝒙, 𝐲, 𝐳 > 0 ,∏(𝐲𝟐 + 𝐳𝟐)

𝐜𝐲𝐜

≥∏(𝒙𝟐 + 𝐲𝐳)

𝐜𝐲𝐜

  

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 

𝐋𝐇𝐒 𝐨𝐟 (𝐢) =∑
𝒙𝟒𝐲𝟐 + 𝒙𝟒𝐳𝟐

𝟐
𝐜𝐲𝐜

+∑
𝒙𝟒𝐲𝟐 + 𝒙𝟐𝐲𝟒

𝟐
𝐜𝐲𝐜

≥
𝐀−𝐆

∑𝒙𝟒𝐲𝐳

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 

= 𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∀ 𝒙, 𝐲, 𝐳 > 0,
∏ (𝐲𝟐 + 𝐳𝟐)𝐜𝐲𝐜

∏ (𝒙𝟐 + 𝐲𝐳)𝐜𝐲𝐜
≥ 𝟏 → (𝟏) 

𝐍𝐨𝐰,
𝐰𝒂(𝐰𝐛

𝟐 +𝐰𝐜
𝟐)

𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 +𝐰𝒂
𝟐)

𝐰𝐛
𝟐 +𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 +𝐰𝒂𝐰𝐛

≥
𝐀−𝐆

 

𝟑√𝐰𝒂𝐰𝐛𝐰𝐜.
∏ (𝐰𝐛

𝟐 +𝐰𝐜
𝟐)𝐜𝐲𝐜

∏ (𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜)𝐜𝐲𝐜

𝟑

≥
𝐯𝐢𝒂 (𝟏)

𝟑. √𝐰𝒂𝐰𝐛𝐰𝐜
𝟑 ≥ 𝟑. √𝐡𝒂𝐡𝐛𝐡𝐜

𝟑 = 𝟑. √
𝟐𝐫𝟐𝐬𝟐

𝐑

𝟑

 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑. √
𝐫𝟐. (𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫))

𝐑

𝟑

≥
𝐄𝐮𝐥𝐞𝐫

𝟑. √
𝐫𝟐. 𝟐𝟕𝐑𝐫

𝐑

𝟑

= 𝟗𝐫 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 
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𝐰𝒂(𝐰𝐛
𝟐 +𝐰𝐜

𝟐)

𝐰𝒂
𝟐 + 𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 +𝐰𝒂
𝟐)

𝐰𝐛
𝟐 +𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 +𝐰𝒂𝐰𝐛

≥ 𝟗𝐫, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂(𝒘𝒃

𝟐 + 𝒘𝒄
𝟐)

𝒘𝒂𝟐 +𝒘𝒃𝒘𝒄
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺

∑
𝒘𝒂(𝒘𝒃

𝟐 +𝒘𝒄
𝟐)

√(𝒘𝒂𝟐 +𝒘𝒃𝟐)(𝒘𝒂𝟐 +𝒘𝒄𝟐)𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√∏
𝒘𝒂(𝒘𝒃𝟐 +𝒘𝒄𝟐)

√(𝒘𝒂𝟐 +𝒘𝒃𝟐)(𝒘𝒂𝟐 +𝒘𝒄𝟐)𝒄𝒚𝒄

𝟑
 

                               = 𝟑√𝒘𝒂𝒘𝒃𝒘𝒄
𝟑 ≥⏞

𝒘𝒂 ≥ 𝒉𝒂 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)

𝟑√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑  ≥⏞

𝑮𝑴−𝑯𝑴 𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

= 𝟗𝒓. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1341. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

≥
𝟒

𝟖𝟏𝐑𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟓(𝒙𝟐 + 𝐲𝟐) + 𝒙(𝟔𝐲 + 𝟏𝟏𝐳))
𝐜𝐲𝐜

 

=∑
𝒙𝟐

𝟓𝒙𝟑𝐲 + 𝟓𝒙𝐲𝟑 + 𝟔𝒙𝟐𝐲𝟐 + 𝟏𝟏𝒙.𝒙𝐲𝐳
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟓∑ 𝒙𝟑𝐲𝐜𝐲𝐜 + 𝟓∑ 𝒙𝐲𝟑𝐜𝐲𝐜 + 𝟔∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝟏𝟏𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜
≥
? 𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟐 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

≥
?
𝟓∑(𝒙𝐲(∑𝒙𝟐

𝐜𝐲𝐜

− 𝐳𝟐))

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟏𝟏𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

≥
?
⏟
(∗)

𝟓(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

)+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟔𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 
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𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 ∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟒) 

∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑), (𝟒), (∗) ⇔ 𝐬𝟒 ≥ 𝟓(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

+𝟔𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟔(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

)𝐬 

= 𝟓(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟔𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟔𝐫𝟐𝐬 

⇔ 𝐬𝟒 − (𝟐𝟎𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟒𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟒𝐑− 𝟑𝐫)𝐬𝟐 ≥
(∗∗∗)

𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) 

𝐍𝐨𝐰, (𝟒𝐑 − 𝟑𝐫)𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟒𝐑 − 𝟑𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫) 

≥
?
𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) ⇔ (𝟒𝐑 − 𝟑𝐫)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐) − 𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) 

≥
?
𝟐(𝟒𝐑− 𝟑𝐫)(𝐑− 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟐(𝐑− 𝟐𝐫)(𝟒𝐑𝟐 − 𝟕𝐑𝐫+ 𝐫𝟐) ≥
?
𝟐(𝟒𝐑− 𝟑𝐫)(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 𝒂𝐧𝐝  

𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐝𝐨𝐧𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟒𝐑𝟐 − 𝟕𝐑𝐫 + 𝐫𝟐 > (𝟒𝐑 − 𝟑𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

(∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) ⇔ (𝟒𝐑𝟐 − 𝟕𝐑𝐫 + 𝐫𝟐)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑 − 𝟑𝐫)𝟐 

⇔ 𝟒𝐑𝐫𝟑 + 𝐫𝟒 > 0 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟓(𝒙𝟐 + 𝐲𝟐) + 𝒙(𝟔𝐲 + 𝟏𝟏𝐳))
𝐜𝐲𝐜

≥
𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟐 

⇒∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

≥
𝟏

(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟐 ≥

𝟏

𝟑∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

 

=
𝟒

𝟗∑ 𝒂𝟐𝐜𝐲𝐜
≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟒

𝟖𝟏𝐑𝟐
∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 

∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

 

≥
𝟒

𝟖𝟏𝐑𝟐
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐋𝐞𝐭 𝒙, 𝒚, 𝒛 > 0.𝐵𝑦 𝐶𝐵𝑆 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,𝑤𝑒 ℎ𝑎𝑣𝑒 

      ∑
𝒙

𝒚[𝟓(𝒙𝟐 + 𝒚𝟐) + 𝒙(𝟔𝒚 + 𝟏𝟏𝒛)]
𝒄𝒚𝒄

≥
(𝒙 + 𝒚 + 𝒛)𝟐

∑ 𝒙𝒚[𝟓(𝒙𝟐 + 𝒚𝟐) + 𝒙(𝟔𝒚 + 𝟏𝟏𝒛)]𝒄𝒚𝒄

=
(𝒙 + 𝒚 + 𝒛)𝟐

𝟑(∑ 𝒙𝒚𝒄𝒚𝒄 )
𝟐
+ 𝟓(∑ 𝒙𝒚𝒄𝒚𝒄 )(∑ 𝒙𝟐𝒄𝒚𝒄 ) + 𝟑∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄

≥
(𝒙 + 𝒚 + 𝒛)𝟐

𝟐(∑ 𝒙𝟐𝒄𝒚𝒄 )
𝟐
+ 𝟔(∑ 𝒙𝒚𝒄𝒚𝒄 )(∑ 𝒙𝟐𝒄𝒚𝒄 ) + (∑ 𝒙𝟐𝒄𝒚𝒄 )

𝟐 =
𝟏

𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)
. 

𝐓𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐋𝐞𝐢𝐛𝐧𝐢𝐳′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐠𝐞𝐭 

∑
𝒎𝒂

𝒎𝒃[𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) + 𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]
𝒄𝒚𝒄

≥
𝟏

𝟑(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)

=
𝟒

𝟗(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
≥

𝟒

𝟖𝟏𝑹𝟐
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝒎𝒃[𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) + 𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺 (∑ √

𝒎𝒂

𝒎𝒃
𝒄𝒚𝒄 )

𝟐

∑ [𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) +𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]𝒄𝒚𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟑𝟐

𝟏𝟎∑ 𝒎𝒂
𝟐

𝒄𝒚𝒄 + 𝟏𝟕∑ 𝒎𝒃𝒎𝒄𝒄𝒚𝒄
≥

𝟗

𝟐𝟕∑ 𝒎𝒂
𝟐

𝒄𝒚𝒄
=

𝟒

𝟗∑ 𝒂𝟐𝒄𝒚𝒄
≥⏞

𝐋𝐞𝐢𝐛𝐧𝐢𝐳 𝟒

𝟖𝟏𝑹𝟐
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1342. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝒂

𝐫𝐛 (𝟔(𝐫𝒂
𝟑 + 𝐫𝐛

𝟑) + 𝟏𝟎𝐫𝒂𝐫𝐛(𝐫𝒂 + 𝐫𝐛) + 𝐫𝒂𝐫𝐜(𝟏𝟗𝐫𝒂 + 𝟑𝟎𝐫𝐛))𝐜𝐲𝐜

≥ (
𝟐

𝟗𝐑
)
𝟑

 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟔(𝒙𝟑 + 𝐲𝟑) + 𝟏𝟎𝒙𝐲(𝒙+ 𝐲) + 𝒙𝐳(𝟏𝟗𝒙 + 𝟑𝟎𝐲))
𝐜𝐲𝐜

 

=∑
𝒙𝟐

𝟔𝒙𝟒𝐲 + 𝟔𝒙𝐲𝟒 + 𝟏𝟎𝒙𝟑𝐲𝟐 + 𝟏𝟎𝒙𝟐𝐲𝟑 + 𝒙𝐲𝐳(𝟏𝟗𝒙𝟐 + 𝟑𝟎𝒙𝐲)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟔∑ 𝒙𝟒𝐲𝐜𝐲𝐜 + 𝟔∑ 𝒙𝐲𝟒𝐜𝐲𝐜 + 𝟏𝟎∑ 𝒙𝟑𝐲𝟐𝐜𝐲𝐜 + 𝟏𝟎∑ 𝒙𝟐𝐲𝟑𝐜𝐲𝐜 + 𝒙𝐲𝐳(𝟏𝟗∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟑𝟎∑ 𝒙𝐲𝐜𝐲𝐜 )
 



 
www.ssmrmh.ro 

67 RMM-GEOMETRY MARATHON 1301-1400 

 

≥
? 𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟑⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
𝟔∑(𝒙𝐲(∑𝒙𝟑

𝐜𝐲𝐜

− 𝐳𝟑))

𝐜𝐲𝐜

 

+𝟏𝟎∑(𝒙𝟐𝐲𝟐(∑𝒙

𝐜𝐲𝐜

− 𝐳))

𝐜𝐲𝐜

+ 𝟏𝟗𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟑𝟎𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)− 𝟔𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) 

−𝟏𝟎𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝟏𝟗𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟑𝟎𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

 

= 𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)+ 𝟏𝟑𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

) 

−𝟔𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

) 

⇔

(∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
⏟
(∗)

𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)

+𝟏𝟑𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟔𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 ∑𝒙𝟑

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟑∏(𝐲 + 𝐳)

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝐗𝐘𝐙 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 ⇒∑𝒙𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 → (𝟑) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
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−𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 = (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

→ (𝟒) ∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑), (𝟒), (∗) ⇔ 𝐬𝟓 ≥ 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) 

+𝟏𝟎𝐬𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟏𝟑(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

)𝐬𝟐 − 𝟔𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐) 

⇔ 𝐬𝟒 ≥ 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫) + 𝟏𝟎𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟏𝟑𝐬𝐫𝟐. 𝐬 

−𝟔𝐫𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇔ 𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟒𝐫𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐) ≥ 𝟎 

⇔ 𝐬𝟐 ≥
𝟐𝟒𝐑𝐫 − 𝐫𝟐 +√(𝟐𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − 𝟏𝟔𝐫𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
 

⇔ 𝐬𝟐 ≥
(∗∗) 𝟐𝟒𝐑𝐫 − 𝐫𝟐 + 𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐

𝟐
 

𝐍𝐨𝐰, 𝟐𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

𝟐(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝟐𝟒𝐑𝐫 − 𝐫𝟐 

+𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐 

⇔ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 − 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
⏟
(∗∗∗)

𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐  

∵ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
− 𝟏𝟔(𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 

= 𝐫(𝟔𝟒𝐑𝟑 − 𝟏𝟖𝟒𝐑𝟐𝐫 + 𝟏𝟑𝟔𝐑𝐫𝟐 + 𝐫𝟑) 

= (𝐑 − 𝟐𝐫)(𝟑𝟔𝐑𝟐 + 𝟐𝟖𝐑(𝐑 − 𝟐𝐫) + 𝟐𝟒𝐫𝟐) + 𝟒𝟗𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟒𝟗𝐫𝟑 > 𝟎 

∴ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 > 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇒ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 − 𝟒(𝐑− 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 > 𝟎 ⇒ (∗∗∗) ⇔ 

(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

≥ 𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐) 

⇔ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
+ 𝟏𝟔(𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 − 𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐) 

≥ 𝟖(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ (𝐑− 𝟐𝐫)(𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑) ≥ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)  

⇔ 𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑 > √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇔ (𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
⇔ 𝐫𝟓(𝟒𝐑+ 𝐫) > 0  

→ 𝐭𝐫𝐮𝐞 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∀ 𝒙, 𝐲, 𝐳 > 0, 

∑
𝒙

𝐲(𝟔(𝒙𝟑 + 𝐲𝟑) + 𝟏𝟎𝒙𝐲(𝒙 + 𝐲) + 𝒙𝐳(𝟏𝟗𝒙+ 𝟑𝟎𝐲))
𝐜𝐲𝐜

≥
𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟑 

⇒∑
𝐫𝒂

𝐫𝐛 (𝟔(𝐫𝒂
𝟑 + 𝐫𝐛

𝟑) + 𝟏𝟎𝐫𝒂𝐫𝐛(𝐫𝒂 + 𝐫𝐛) + 𝐫𝒂𝐫𝐜(𝟏𝟗𝐫𝒂 + 𝟑𝟎𝐫𝐛))𝐜𝐲𝐜

≥
𝟏

(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟑 

=
𝟏

(𝟒𝐑 + 𝐫)𝟑
≥

𝐄𝐮𝐥𝐞𝐫 𝟏

(𝟒𝐑 +
𝐑
𝟐
)
𝟑 = (

𝟐

𝟗𝐑
)
𝟑

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝑯𝑺 ≥⏞
𝑪𝑩𝑺

 

(∑ √
𝒓𝒂
𝒓𝒃𝒄𝒚𝒄 )

𝟐

∑ [𝟔(𝒓𝒂
𝟑 + 𝒓𝒃

𝟑) + 𝟏𝟎𝒓𝒂𝒓𝒃(𝒓𝒂 + 𝒓𝒃) + 𝒓𝒂𝒓𝒄(𝟏𝟗𝒓𝒂 + 𝟑𝟎𝒓𝒃)]𝒄𝒚𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟑𝟐

𝟏𝟐∑ 𝒓𝒂𝟑𝒄𝒚𝒄 + 𝟏𝟎∑ 𝒓𝒂𝟐𝒓𝒃𝒄𝒚𝒄 + 𝟐𝟗∑ 𝒓𝒂𝒓𝒃𝟐𝒄𝒚𝒄 + 𝟗𝟎𝒓𝒂𝒓𝒃𝒓𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟗

𝟏𝟐∑ 𝒓𝒂𝟑𝒄𝒚𝒄 + 𝟐𝟗∑ 𝒓𝒂𝒓𝒃(𝒓𝒂 + 𝒓𝒃)𝒄𝒚𝒄 + 𝟑𝟑𝒓𝒂𝒓𝒃𝒓𝒄
 

=
𝟗

𝟏𝟐(∑ 𝒓𝒂𝒄𝒚𝒄 )
𝟑
− 𝟕∑ 𝒓𝒂𝒄𝒚𝒄 . ∑ 𝒓𝒃𝒓𝒄𝒄𝒚𝒄 − 𝟏𝟖𝒓𝒂𝒓𝒃𝒓𝒄

=
𝟗

𝟏𝟐(𝟒𝑹 + 𝒓)𝟑 − 𝟕(𝟒𝑹+ 𝒓)𝒔𝟐 − 𝟏𝟖𝒔𝟐𝒓
 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟗

𝟏𝟐(𝟒𝑹 + 𝒓)𝟑 − (𝟐𝟖𝑹+ 𝟐𝟓𝒓)(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)
 ≥⏞
?

 (
𝟐

𝟗𝑹
)
𝟑

 

⇔ 𝟒𝟏𝟕𝑹𝟑 − 𝟏𝟎𝟐𝟒𝑹𝟐𝒓 + 𝟗𝟐𝟖𝑹𝒓𝟐 − 𝟏𝟎𝟗𝟔𝒓𝟑 ≥ 𝟎 
⇔  (𝑹 − 𝟐𝒓)(𝟒𝟏𝟕𝑹𝟐 − 𝟏𝟗𝟎𝑹𝒓 + 𝟓𝟒𝟖𝒓𝟐) ≥ 𝟎 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐄𝐮𝐥𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝑹 ≥ 𝟐𝒓.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1343. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐫𝒂𝐰𝐛)
𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓 +
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 + 𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓 ≤ (
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

𝐰𝒂 =
𝟐√𝐛𝐜

𝐛 + 𝐜
.√𝐬(𝐬 − 𝒂) ≤

𝐀−𝐆 √𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

√(𝐬 − 𝐛)(𝐬 − 𝐜)
≤
𝐆−𝐇

 

𝐫𝐬(𝐬 − 𝒂)(𝐬 − 𝐛+ 𝐬 − 𝐜)

𝟐(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
=
𝐫𝐬𝒂(𝐬 − 𝒂)

𝟐𝐫𝟐𝐬
=
𝒂(𝐬 − 𝒂)

𝟐𝐫
 

⇒ 𝐰𝒂
𝟓 ≤ 𝐬𝟐(𝐬 − 𝒂)𝟐.

𝒂(𝐬 − 𝒂)

𝟐𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐰𝒂
𝟓

𝐜𝐲𝐜

≤
𝐬𝟐

𝟐𝐫
.∑𝒂(𝐬 − 𝒂)𝟑

𝐜𝐲𝐜

=
𝐬𝟐

𝟐𝐫
.∑𝒂(𝐬𝟑 − 𝟑𝐬𝟐𝒂 + 𝟑𝐬𝒂𝟐 − 𝒂𝟑)

𝐜𝐲𝐜

 

=
𝐬𝟐

𝟐𝐫
. (
𝐬𝟑(𝟐𝐬) − 𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟔𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

+𝟏𝟔𝐫𝟐𝐬𝟐 − 𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐)

) 

=
𝐬𝟐

𝟐𝐫
. (𝟒𝐑𝐫𝐬𝟐 − 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐬𝟐

𝟐𝐫
. (𝟒𝐑𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐) 
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⇒∑𝐰𝒂
𝟓

𝐜𝐲𝐜

≤
(𝐢)

𝐬𝟐(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

𝐫𝒂 ≤
𝒂𝟐

𝟒𝐫
⇒ 𝐫𝒂

𝟓 ≤ 𝐬𝟒 𝐭𝒂𝐧𝟒
𝐀

𝟐
.
𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀
𝟐 𝐜𝐨𝐬

𝟐 𝐀
𝟐

𝟒𝐫
=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 − 𝐜𝐨𝐬𝟐

𝐀

𝟐
)
𝟐

 

=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 + 𝐜𝐨𝐬𝟒

𝐀

𝟐
− 𝟐𝐜𝐨𝐬𝟐

𝐀

𝟐
) =

𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+
𝐬𝐢𝐧𝟐 𝐀

𝟒
− (𝟏 − 𝐜𝐨𝐬 𝐀)) 

⇒ 𝐫𝒂
𝟓 ≤

𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+

𝒂𝟐

𝟏𝟔𝐑𝟐
− 𝟏 + 𝐜𝐨𝐬𝐀)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
+
∑ 𝒂𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
− 𝟑 + 𝟏 +

𝐫

𝐑
) 

≤
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟒𝐬𝟐

𝐬𝟐
+
𝟗

𝟏𝟔
+
𝐫

𝐑
) 

=
𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)𝐬𝟐) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)) 

⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
(𝐢𝐢) 𝐑𝐬𝟐

𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

∵ 𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑 
 

= (𝐑 − 𝟐𝐫)(𝟏𝟑𝟔𝐑𝟐 + 𝟏𝟐𝟎𝐑(𝐑 − 𝟐𝐫) + 𝟔𝟕𝐫𝟐) + 𝟓𝟒𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟓𝟒𝐫𝟑 > 0 𝑎𝐧𝐝  

𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟖𝐑𝟐 + 𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐) + 𝟐𝟕𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐫𝟑 > 0 

∴
(𝐫𝒂𝐰𝐛)

𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓
+
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 +𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓
≤
𝐀−𝐇 𝟏

𝟒
(∑𝐰𝒂

𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

) 

≤
𝐯𝐢𝒂 (𝐢),(𝐢𝐢) 𝐬𝟐

𝟒
(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) +

𝐑𝐬𝟐

𝟏𝟔𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝟕𝐑𝟐

𝟏𝟔
(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

+
𝟐𝟕𝐑𝟑

𝟔𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) ≤

?
(
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 

⇔ 𝟐𝟕(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
𝟐
≥
?
𝟑𝟐𝐫𝟒 (

𝟒𝐑𝟐𝐫(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑)

+𝐑𝟑(𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑)
) 

⇔ 𝟏𝟕𝟕𝟏𝟒𝟕𝐭𝟏𝟎 − 𝟖𝟏𝟗𝟐𝐭𝟔 − 𝟏𝟏𝟏𝟕𝟒𝟒𝟎𝟎𝐭𝟓 − 𝟏𝟔𝟒𝟖𝟎𝐭𝟒 + 𝟐𝟖𝟏𝟔𝐭𝟑 + 𝟏𝟐𝟖𝐭𝟐 

+𝟏𝟕𝟔𝟗𝟒𝟕𝟐𝟎𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 
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⇔ (𝐭 − 𝟐)

(

 
 

(𝐭 − 𝟐) ∗

(
𝟏𝟕𝟕𝟏𝟒𝟕𝐭𝟖 + 𝟕𝟎𝟖𝟓𝟖𝟖𝐭𝟕 + 𝟐𝟏𝟐𝟓𝟕𝟔𝟒𝐭𝟔

+𝟓𝟔𝟔𝟖𝟕𝟎𝟒𝐭𝟓 + 𝟏𝟒𝟏𝟔𝟑𝟓𝟔𝟖𝐭𝟒 + 𝟐𝟐𝟖𝟎𝟓𝟎𝟓𝟔𝐭𝟑

+𝟑𝟒𝟓𝟒𝟗𝟒𝟕𝟐𝐭𝟐 + 𝟒𝟔𝟗𝟖𝟎𝟒𝟖𝟎𝐭+ 𝟒𝟗𝟕𝟐𝟒𝟏𝟔𝟎

)

+𝟏𝟎𝟗𝟕𝟒𝟕𝟐𝟎 )

 
 
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒
(𝐫𝒂𝐰𝐛)

𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓
+
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 +𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓
 

≤ (
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1344. 𝐋𝐞𝐭 𝑨𝑩𝑪 𝐛𝐞 𝐚𝐧 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐚𝐧𝐝 𝐥𝐞𝐭 𝑯, 𝑰 𝐛𝐞 𝐭𝐡𝐞 𝐨𝐫𝐭𝐡𝐨𝐜𝐞𝐧𝐭𝐞𝐫, 
 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆𝑨𝑩𝑪 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲 𝐚𝐧𝐝 𝐀𝟏𝐁𝟏𝐂𝟏𝐭𝐡𝐞 𝐨𝐫𝐭𝐡𝐢𝐜 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞.  𝐓𝐡𝐞𝐧 

𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏
𝑰𝑨𝟏. 𝑰𝑩𝟏. 𝑰𝑪𝟏

.
𝑯𝑨.𝑯𝑩.𝑯𝑪

𝑰𝑨. 𝑰𝑩. 𝑰𝑪
≤

𝑹𝟓

𝟑𝟐𝒓𝟓
 

Proposed by Radu Diaconu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞 𝑯𝑨 = 𝟐𝑹𝐜𝐨𝐬𝑨  𝐚𝐧𝐝 𝑯𝑨𝟏 = 𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 

𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 ≤⏞
𝑨𝑴−𝑮𝑴

(
𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪

𝟑
)
𝟑

 ≤⏞
𝑱𝒆𝒏𝒔𝒆𝒏

𝐜𝐨𝐬𝟑
𝝅

𝟑
=
𝟏

𝟖
,   𝐭𝐡𝐞𝐧 

𝑯𝑨.𝑯𝑩.𝑯𝑪 = 𝟖𝑹𝟑 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 ≤ 𝑹𝟑 𝐚𝐧𝐝 

 𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏 = 𝟖𝑹
𝟑(𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪)𝟐 =

𝑹𝟑

𝟖
. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 𝑰𝑨. 𝑰𝑩. 𝑰𝑪 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

.
𝒓

𝐬𝐢𝐧
𝑩
𝟐

.
𝒓

𝐬𝐢𝐧
𝑪
𝟐

=
𝒓𝟑

𝒓
𝟒𝑹

= 𝟒𝑹𝒓𝟐. 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝑰𝑨𝟏 ≥ 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆(𝑰, (𝑩𝑪)) = 𝒓 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐭𝐡𝐞𝐧  𝑰𝑨𝟏. 𝑰𝑩𝟏 . 𝑰𝑪𝟏 ≥ 𝒓
𝟑. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏
𝑰𝑨𝟏. 𝑰𝑩𝟏. 𝑰𝑪𝟏

.
𝑯𝑨.𝑯𝑩.𝑯𝑪

𝑰𝑨. 𝑰𝑩. 𝑰𝑪
≤

𝑹𝟑

𝟖
𝒓𝟑
.
𝑹𝟑

𝟒𝑹𝒓𝟐
=

𝑹𝟓

𝟑𝟐𝒓𝟓
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
1345. 
𝐈𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪 𝐚𝐧𝐝 𝒏,𝒎 ∈ ℕ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒏 ≥ 𝒎− 𝟐 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
+
𝒓𝒃
𝒏(𝒓𝒃

𝟐 + 𝒓𝒄𝒓𝒂)

(𝒓𝒄 + 𝒓𝒂)𝒎
+
𝒓𝒄
𝒏(𝒓𝒄

𝟐 + 𝒓𝒂𝒓𝒃)

(𝒓𝒂 + 𝒓𝒃)𝒎
≥
𝟑𝒏−𝒎+𝟑. 𝒓𝒏−𝒎+𝟐

𝟐𝒎−𝟏
 

Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐡𝐚𝐯𝐞 

  
𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
=

𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
(𝒓𝒂 − 𝒓𝒃)(𝒓𝒂 − 𝒓𝒄) +

𝒓𝒂
𝒏+𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒓𝒂 ≥ 𝒓𝒃 ≥ 𝒓𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞  

 
𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
≥

𝒓𝒃
𝒏

(𝒓𝒄 + 𝒓𝒂)𝒎
≥

𝒓𝒄
𝒏

(𝒓𝒂 + 𝒓𝒃)𝒎
, 

𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
(𝒓𝒂 − 𝒓𝒃)(𝒓𝒂 − 𝒓𝒄)

𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
𝒄𝒚𝒄

≥∑
𝒓𝒂
𝒏+𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
𝒄𝒚𝒄

≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟏

𝟑
.∑𝒓𝒂

𝒏+𝟏

𝒄𝒚𝒄

.∑
𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
𝒄𝒚𝒄

 

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟏

𝟑
.
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝒏+𝟏

𝟑𝒏
.

𝟑𝒎

𝟐𝒎−𝟏(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
=
(𝟒𝑹 + 𝒓)𝒏−𝒎+𝟐

𝟑𝒏+𝟏−𝒎. 𝟐𝒎−𝟏
 

≥⏞
𝑬𝒖𝒍𝒆𝒓 (𝟗𝒓)𝒏−𝒎+𝟐

𝟑𝒏+𝟏−𝒎. 𝟐𝒎−𝟏
=
𝟑𝒏−𝒎+𝟑. 𝒓𝒏−𝒎+𝟐

𝟐𝒎−𝟏
. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1346. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐬 ∶ 

𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ −

𝛑

𝟒
)

𝐜𝐲𝐜

− 𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ +

𝛑

𝟒
)

𝐜𝐲𝐜

 

=
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − 𝟔𝐑𝟐) 𝐜𝐨𝐬(𝐁̂ − 𝐂̂)

𝐑
 

  Proposed by Radu Diaconu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ −
𝛑

𝟒
)

𝐜𝐲𝐜

= 𝐑∑𝟐𝐜𝐨𝐬 𝐀̂ 𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ −
𝛑

𝟒
)

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (𝐀̂ + 𝐁̂ − 𝐂̂ −
𝛑

𝟒
) + 𝐜𝐨𝐬 (𝐀̂ − 𝐁̂ + 𝐂̂ +

𝛑

𝟒
))

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (
𝟑𝛑

𝟒
− 𝟐𝐂̂) + 𝐜𝐨𝐬 (

𝟓𝛑

𝟒
− 𝟐𝐁̂))

𝐜𝐲𝐜

 

= 𝐑∑(−
𝟏

√𝟐
𝐜𝐨𝐬𝟐𝐂̂ +

𝟏

√𝟐
𝐬𝐢𝐧𝟐𝐂̂ −

𝟏

√𝟐
𝐜𝐨𝐬 𝟐𝐁̂ −

𝟏

√𝟐
𝐬𝐢𝐧𝟐𝐁̂)

𝐜𝐲𝐜
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=
𝐑

√𝟐
(∑𝐬𝐢𝐧𝟐𝐂̂

𝐜𝐲𝐜

−∑𝐬𝐢𝐧𝟐𝐁̂

𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟐𝐂̂

𝐜𝐲𝐜

−∑𝐜𝐨𝐬 𝟐𝐁̂

𝐜𝐲𝐜

) 

= −𝐑 ∗ √𝟐(∑𝐜𝐨𝐬𝟐𝐀̂

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∵ 𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ +
𝛑

𝟒
) 

=
𝟏

√𝟐
(𝐜𝐨𝐬(𝐁̂ − 𝐂̂) + 𝐬𝐢𝐧(𝐁̂ − 𝐂̂))

∴ 𝐬𝐢𝐧(𝐁̂ − 𝐂̂ +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ −

𝛑

𝟒
)

𝐜𝐲𝐜

=
(∗)
𝐑(∑𝐜𝐨𝐬 𝟐𝐀̂

𝐜𝐲𝐜

)(−𝐜𝐨𝐬(𝐁̂ − 𝐂̂) − 𝐬𝐢𝐧(𝐁̂ − 𝐂̂))  

𝐀𝐥𝐬𝐨,∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ +
𝛑

𝟒
)

𝐜𝐲𝐜

= 𝐑∑𝟐𝐜𝐨𝐬 𝐀̂ 𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ +
𝛑

𝟒
)

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (𝐀̂ + 𝐁̂ − 𝐂̂ +
𝛑

𝟒
) + 𝐜𝐨𝐬 (𝐀̂ − 𝐁̂ + 𝐂̂ −

𝛑

𝟒
))

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (
𝟓𝛑

𝟒
− 𝟐𝐂̂) + 𝐜𝐨𝐬 (

𝟑𝛑

𝟒
− 𝟐𝐁̂))

𝐜𝐲𝐜

 

= 𝐑∑(−
𝟏

√𝟐
𝐜𝐨𝐬𝟐𝐂̂ −

𝟏

√𝟐
𝐬𝐢𝐧𝟐𝐂̂ −

𝟏

√𝟐
𝐜𝐨𝐬 𝟐𝐁̂ +

𝟏

√𝟐
𝐬𝐢𝐧𝟐𝐁̂)

𝐜𝐲𝐜

 

=
𝐑

√𝟐
(−∑𝐜𝐨𝐬𝟐𝐂̂

𝐜𝐲𝐜

−∑𝐬𝐢𝐧𝟐𝐂̂

𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟐𝐁̂

𝐜𝐲𝐜

+∑𝐬𝐢𝐧𝟐𝐁̂

𝐜𝐲𝐜

) 

= −𝐑 ∗ √𝟐(∑𝐜𝐨𝐬𝟐𝐀̂

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∵ −𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ −
𝛑

𝟒
) 

=
𝟏

√𝟐
(𝐜𝐨𝐬(𝐁̂ − 𝐂̂) − 𝐬𝐢𝐧(𝐁̂ − 𝐂̂))

∴ − 𝐬𝐢𝐧(𝐁̂ − 𝐂̂ −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ +

𝛑

𝟒
)

𝐜𝐲𝐜

=
(∗∗)

𝐑(∑𝐜𝐨𝐬 𝟐𝐀̂

𝐜𝐲𝐜

)(𝐬𝐢𝐧(𝐁̂ − 𝐂̂) − 𝐜𝐨𝐬(𝐁̂ − 𝐂̂))  

∴ (∗), (∗∗) ⇒ 𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ −

𝛑

𝟒
)

𝐜𝐲𝐜

 

−𝐬𝐢𝐧 (𝐁̂ − 𝐂̂ −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (𝐁̂ − 𝐂̂ +

𝛑

𝟒
)

𝐜𝐲𝐜

= −𝟐𝐑(−𝟏− 𝟒∏𝐜𝐨𝐬 𝐀̂

𝐜𝐲𝐜

)𝐜𝐨𝐬(𝐁̂ − 𝐂̂) 

= 𝟐𝐑𝐜𝐨𝐬(𝐁̂ − 𝐂̂) ∗ (𝟏 +
𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐑𝟐
) 

= 𝟐𝐑𝐜𝐨𝐬(𝐁̂ − 𝐂̂) ∗ (
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟑𝐑𝟐

𝐑𝟐
) 

=
𝐜𝐨𝐬(𝐁̂ − 𝐂̂)

𝐑
∗ (𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐑𝟐) 
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=
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − 𝟔𝐑𝟐) 𝐜𝐨𝐬(𝐁̂ − 𝐂̂)

𝐑
 (𝐐𝐄𝐃) 

 

1347. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′
,∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜𝐜𝐲𝐜

} +
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥ 𝟖 +𝐦𝒂𝒙{∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

,∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐦𝒂𝐦𝐛 ≥
𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧

∑
(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)

𝟏𝟔𝐑𝟐
=
𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +∑ 𝒂𝟒𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
 

≥
𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
=∑

𝒂𝟐𝐛𝟐

𝟒𝐑𝟐
𝐜𝐲𝐜

⇒
𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
 

≤
𝟒𝐑𝟐 ∗

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜
≤
? 𝐑

𝟐𝐫
⇔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
?
𝟏𝟐𝐑𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐 ≥

?
𝟏𝟐𝐑𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟔𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝐫𝟐) ≥
?
𝟎 

⇔ 𝐬𝟐 ≥
𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐 +√(𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝟐 − 𝟒𝐫𝟐(𝟔𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝐫𝟐)

𝟐
 

⇔ 𝐬𝟐 ≥
𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐 + 𝟒𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫

𝟐
⇔ 𝐬𝟐 ≥

(∗)

𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 

𝐍𝐨𝐰, 𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 

𝟐𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 ⇔ 𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
⏟
(∗∗)

𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 

∵ 𝐑𝟒 − (𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 = 𝟐𝐑𝐫(𝟑𝐑𝟐 − 𝟔𝐑𝐫+ 𝟒𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝐑𝐫𝟑 > 𝟎 

⇒ 𝐑𝟐 > (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ⇒ 𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 > 𝟎 

⇒ (∗∗) ⇔ (𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

≥ 𝐫𝟐(𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫) 

⇔ 𝐑𝟒 + (𝐑𝟐 − 𝟐𝐑𝐫)(𝐑 − 𝟐𝐫)𝟐 − 𝐫𝟐(𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫) ≥ 𝟐𝐑𝟐 ∗ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝐑(𝐑− 𝟐𝐫)(𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐) ≥ 𝟐𝐑𝟐 ∗ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟐𝐑𝟐 − 𝟐𝐑𝐫− 𝐫𝟐 > 2𝐑 ∗ √𝐑𝟐 − 𝟐𝐑𝐫 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇔ (𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐)
𝟐
− 𝟒𝐑𝟐(𝐑𝟐 − 𝟐𝐑𝐫) > 0 

⇔ 𝐫𝟑(𝟒𝐑+ 𝐫) > 0 → 𝑡𝑟𝑢𝑒 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
≤
𝐑

𝟐𝐫
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⇒
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟑

𝟐
+ 𝟖 ∗

𝐑𝟐

𝟒𝐫𝟐
≥
𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥ 𝟖 +∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

≥
(∎)

𝟖 +∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

 

𝐍𝐨𝐰,
𝟑

𝟐
+ 𝟖(

∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

≥
?
𝟖 +∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

⇔
𝟖

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?
𝟐𝐬∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟗

𝟐
 

⇔
𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐
≥
? 𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
−
𝟗

𝟐
 

=
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
⇔ 𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)(𝟐𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 

≥
?
⏟

(∎∎)

(𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐

 

𝟐𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐 ≥
?
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝒂𝐧𝐝 𝐄𝐮𝐥𝐞𝐫 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) > (𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐
 

⇔ 𝟐𝟑𝐬𝟒 + (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟖𝟎𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟗𝐫𝟐) >
(∎∎∎)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∎∎∎) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟑(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)) (𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

−𝐫𝟐(𝟖𝟎𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟗𝐫𝟐) = 𝐫𝟐 ((𝐑 − 𝟐𝐫)(𝟓𝟗𝟑𝟔𝐑 + 𝟖𝟑𝟐𝟎𝐫) + 𝟏𝟕𝟏𝟑𝟔𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫

 

𝟏𝟕𝟏𝟑𝟔𝐫𝟒 > 0 ⇒ (∎∎∎) ⇒ (∎∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝟑

𝟐
+ 𝟖(

∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

≥ 𝟖+∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

≥ 𝟖+∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

⇒ (∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥
(◆)

𝟖 +∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,
𝟑

𝟐
+
𝟒𝐑

𝐫
≥
?
𝟖 +∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝟒𝐑

𝐫
− 𝟖 ≥

?
𝟐𝐬∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟗

𝟐
 

=
𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
−
𝟗

𝟐
=
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
⇔
𝟒(𝐑 − 𝟐𝐫)

𝐫
≥
? 𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

⇔ (𝟖𝐑 − 𝟏𝟕𝐫)𝐬𝟐 + 𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
𝟎 
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⇔ (𝟖𝐑 − 𝟏𝟔𝐫)𝐬𝟐 − 𝐫𝐬𝟐 + 𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
⏟
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑 − 𝟏𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

+𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
𝟎 ⇔ 𝟕𝟎𝐑𝟐 − 𝟏𝟓𝟕𝐑𝐫 + 𝟑𝟒𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟕𝟎𝐑− 𝟏𝟕𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒

𝟑

𝟐
+
𝟒𝐑

𝐫
 

≥ 𝟖+∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

∴
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟑

𝟐
+
𝟒𝐑′

𝐫′
≥ 𝟖 +∑

𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

 

∴
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥
(◆◆)

𝟖 +∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

 

∴ 𝐦𝐢𝐧{∑
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′
,∑

𝒂

𝐛+ 𝐜
𝐜𝐲𝐜𝐜𝐲𝐜

} +
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐯𝐢𝒂 (◆),(◆◆)

 

𝟖 +𝐦𝒂𝒙{∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

,∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

} ,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂,∆ 𝐀′𝐁′𝐂′ 𝒂𝐫𝐞 𝐛𝐨𝐭𝐡 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

  

1348. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟐+ √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟗

𝟐
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

 
𝟏

𝟏 + 𝟑𝒙𝟐
≥
?
𝟏 −

√𝟑𝒙

𝟐
⇔
√𝟑𝒙

𝟐
≥
?
𝟏 −

𝟏

𝟏 + 𝟑𝒙𝟐
=

𝟑𝒙𝟐

𝟏 + 𝟑𝒙𝟐
⇔ 𝟏+ 𝟑𝒙𝟐 ≥

?
𝟐√𝟑𝒙 

⇔ (𝟏− √𝟑𝒙)
𝟐
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴

𝟏

𝟏 + 𝟑𝒙𝟐
≥ 𝟏 −

√𝟑𝒙

𝟐
 

⇒
𝟏

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

− (𝟏 −
√𝟑 𝐭𝒂𝐧

𝐀
𝟐

𝟐
) ≥ 𝟎 

⇒ (𝟐+ √𝟑 𝐭𝒂𝐧
𝐁

𝟐
)(

𝟏

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

− (𝟏 −
√𝟑 𝐭𝒂𝐧

𝐀
𝟐

𝟐
)) ≥ 𝟎 

⇒
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

≥ (𝟐 + √𝟑 𝐭𝒂𝐧
𝐁

𝟐
)(𝟏 −

√𝟑 𝐭𝒂𝐧
𝐀
𝟐

𝟐
) 
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= 𝟐 + √𝟑 𝐭𝒂𝐧
𝐁

𝟐
− √𝟑 𝐭𝒂𝐧

𝐀

𝟐
−
𝟑

𝟐
𝐭𝒂𝐧

𝐀

𝟐
𝐭𝒂𝐧

𝐁

𝟐
 

∴
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

≥ 𝟐+ √𝟑 𝐭𝒂𝐧
𝐁

𝟐
− √𝟑 𝐭𝒂𝐧

𝐀

𝟐
−
𝟑𝐫𝒂𝐫𝐛
𝟐𝐬𝟐

 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝟐+ √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟔 + √𝟑∑𝐭𝒂𝐧
𝐁

𝟐
𝐜𝐲𝐜

− √𝟑∑𝐭𝒂𝐧
𝐀

𝟐
𝐜𝐲𝐜

−
𝟑

𝟐𝐬𝟐
∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

= 𝟔 −
𝟑𝐬𝟐

𝟐𝐬𝟐
=
𝟗

𝟐
 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟗

𝟐
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1349. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐈 → 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝟐𝐑

𝐫
.∑

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐𝐜𝐲𝐜

≥
𝟏

√𝟐
.∑√

𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
𝐜𝐲𝐜

+
𝟏

𝐫
∑𝐀𝐈

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰, (𝐛 + 𝐜)𝟐 ≥
?
𝟑𝟐𝐑𝐫𝐜𝐨𝐬𝟐

𝐀

𝟐
=

𝐯𝐢𝒂 (𝐢)
𝟖𝐫(𝐫𝐛 + 𝐫𝐜) = 𝟖𝐫

𝟐𝐬 (
𝟏

𝐬 − 𝐛
+

𝟏

𝐬 − 𝐜
) 

= 𝟖(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝒂

(𝐬 − 𝐛)(𝐬 − 𝐜)
= 𝟒𝒂(𝐛 + 𝐜 − 𝒂) 

⇔ (𝐛 + 𝐜)𝟐 + 𝟒𝒂𝟐 − 𝟒𝒂(𝐛 + 𝐜) ≥
?
𝟎 ⇔ (𝐛 + 𝐜 − 𝟐𝒂)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∴ 𝐛 + 𝐜 ≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬
𝐀

𝟐
⇒ 𝟒𝐑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬

𝐀

𝟐
⇒ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥
(𝐢𝐢)

√
𝟐𝐫

𝐑
 

𝐀𝐠𝒂𝐢𝐧, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
 

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
⇒ 𝒂𝟐𝐧𝒂

𝟐 = 𝒂𝟐𝐬𝟐 − 𝐬𝒂(𝒂𝟐 − (𝐛− 𝐜)𝟐) 

⇒ 𝒂𝟐𝐧𝒂
𝟐 = 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =

?
𝟒𝐫𝟐𝐬𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 

⇔ 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =
?
𝐬(𝐬 − 𝒂)(𝒂𝟐 − (𝐛 − 𝐜)𝟐) + 𝐬𝟐(𝐛 − 𝐜)𝟐 

= 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 − 𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 
= 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 − 𝐬𝟐(𝐛 − 𝐜)𝟐 + 𝐬𝒂(𝐛 − 𝐜)𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 
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⇔ 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =
?
𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 → 𝐭𝐫𝐮𝐞 

∴
𝐧𝒂
𝟐

(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
=
𝐬𝟐

𝒂𝟐
⇒ √

𝟐𝐑

𝐫
.

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
= √

𝐑

𝟐𝐫
.
𝟐𝐬

𝒂
 

= √
𝐑

𝟐𝐫
.
𝟒𝐑.𝟐 𝐜𝐨𝐬

𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐
𝐬𝐢𝐧

𝐀
𝟐

= √
𝐑

𝟐𝐫
.
𝐬𝐢𝐧

𝐀
𝟐
+ 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐

= √
𝐑

𝟐𝐫
+ √

𝐑

𝟐𝐫
.
𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐

 

≥
𝐯𝐢𝒂 (𝐢𝐢)

√
𝐑

𝟐𝐫
+√

𝐑

𝟐𝐫
.

√𝟐𝐫
𝐑

𝐬𝐢𝐧
𝐀
𝟐

= √
𝐑

𝟐𝐫
+
𝐀𝐈

𝐫
≥
√

𝐦𝐛
𝐡𝐜
+
𝐦𝐜
𝐡𝐛

𝟐
+
𝐀𝐈

𝐫
 

 

(

 
∵
𝐑

𝐫
≥
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
; 𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞: 𝒂𝐫𝐭𝐢𝐜𝐥𝐞 𝐭𝐢𝐭𝐥𝐞𝐝 ′′𝐍𝐞𝐰𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐖𝐢𝐭𝐡 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝐀𝐧𝐠𝐥𝐞′′

 𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢,𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂; 𝐋𝐞𝐦𝐦𝒂 𝟏𝟐,𝟔 − 𝟕,
𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨 )

  

∴ √
𝟐𝐑

𝐫
.

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
≥
𝟏

√𝟐
.√
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
+
𝐀𝐈

𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ √
𝟐𝐑

𝐫
.∑

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐𝐜𝐲𝐜

≥
𝟏

√𝟐
.∑√

𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
𝐜𝐲𝐜

+
𝟏

𝐫
∑𝐀𝐈

𝐜𝐲𝐜

, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲  
(𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧  
𝐀𝐣𝐢𝐛𝐚, 𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 𝑨𝒏𝒈𝒍𝒆, 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐, 𝟔

− 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨) 
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤
𝑹

𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞  

𝑨𝑰

𝒓
=

𝟏

𝐬𝐢𝐧
𝑨
𝟐

= √
𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
= √

𝟐𝑹𝒔𝒓. (𝒃 + 𝒄 − 𝒂). 𝒂

𝒔𝒓𝟐. 𝒂𝟐
≤⏞

𝑨𝑴−𝑮𝑴

√
𝑹

𝟐𝒓
.
(𝒃 + 𝒄 − 𝒂) + 𝒂

𝒂

= √
𝑹

𝟐𝒓
.
𝒃 + 𝒄

𝒂
. 

(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐 = (𝒃 − 𝒄)𝟐 +
(𝒔 − 𝒂). 𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔

= (𝒃 − 𝒄)𝟐 +
(𝒔 − 𝒂)[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒔
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=
𝒂𝟐(𝒔 − 𝒂) + 𝒂(𝒃 − 𝒄)𝟐

𝒔
=
𝒂𝟐

𝒔𝟐
(𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) = (

𝒂𝒏𝒂
𝒔
)
𝟐

.    

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

√𝟐
.√
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
+
𝑨𝑰

𝒓
≤ √

𝑹

𝟐𝒓
+ √

𝑹

𝟐𝒓
.
𝒃 + 𝒄

𝒂
= √

𝟐𝑹

𝒓
.
𝒔

𝒂

= √
𝟐𝑹

𝒓
.

𝒏𝒂

√(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝟏

√𝟐
∑√

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
𝒄𝒚𝒄

+
𝟏

𝒓
.∑𝑨𝑰

𝒄𝒚𝒄

≤ √
𝟐𝑹

𝒓
.∑

𝒏𝒂

√(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐𝒄𝒚𝒄

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
  

1350. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟏

𝒎𝒂
𝟒𝒎𝒃

+
𝟏

𝒎𝒃
𝟒𝒎𝒄

+
𝟏

𝒎𝒄
𝟒𝒎𝒂

≥
𝟑𝟐

𝟖𝟏(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 

∑
𝟏

𝒎𝒂
𝟒𝒎𝒃

𝒄𝒚𝒄

=∑
(
𝟏
𝒎𝒂
)
𝟒

𝒎𝒃
𝒄𝒚𝒄

≥⏞
𝑯𝑶𝑳𝑫𝑬𝑹 (

𝟏
𝒎𝒂

+
𝟏
𝒎𝒃

+
𝟏
𝒎𝒄
)
𝟒

𝟗(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
≥ 

 

≥⏞
𝑳𝑬𝑼𝑬𝑵𝑩𝑬𝑹𝑮𝑬𝑹 (

𝟏
𝒎𝒂

+
𝟏
𝒎𝒃

+
𝟏
𝒎𝒄
)
𝟒

𝟗(𝟒𝑹 + 𝒓)
≥⏞

𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (
𝟗

𝒎𝒂 +𝒎𝒃 +𝒎𝒄
)
𝟒

𝟗(𝟒𝑹 + 𝒓)
≥ 

 

≥⏞
𝑳𝑬𝑼𝑬𝑵𝑩𝑬𝑹𝑮𝑬𝑹 (

𝟗
𝟒𝑹 + 𝒓)

𝟒

𝟗(𝟒𝑹+ 𝒓)
≥⏞

𝑬𝑼𝑳𝑬𝑹
(

𝟗

𝟒𝑹 +
𝑹
𝟐

)

𝟒

𝟗(𝟒𝑹 + 𝒓)
=

(
𝟐
𝑹)

𝟒

𝟗(𝟒𝑹+ 𝒓)
=

𝟏𝟔

𝟗𝑹𝟒(𝟒𝑹 + 𝒓)
 

 
Remains to prove: 

𝟏𝟔

𝟗𝑹𝟒(𝟒𝑹 + 𝒓)
≥

𝟑𝟐

𝟖𝟏(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
 

 
𝟏

𝑹𝟒(𝟒𝑹 + 𝒓)
≥

𝟐

𝟗(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
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𝟕𝟐𝟏𝑹𝟓 − 𝟐𝑹𝟒𝒓 − 𝟗 ∙ 𝟐𝟓𝟔𝟎𝒓𝟓 ≥ 𝟎 
 

𝟕𝟐𝟏𝑹𝟒(𝑹 − 𝟐𝒓) + 𝟐𝟓 ∙ 𝟑𝟐 ∙ 𝟓𝒓(𝑹𝟒 − 𝟏𝟔𝒓𝟒) ≥ 𝟎 
 

(𝑹 − 𝟐𝒓) (𝟕𝟐𝟏𝑹𝟒 + 𝟐𝟓 ∙ 𝟑𝟐 ∙ 𝟓𝒓(𝑹 + 𝟐𝒓)(𝑹𝟐 + 𝟒𝒓𝟐)) ≥ 𝟎 

𝑹 − 𝟐𝒓 ≥ 𝟎 
𝑹 ≥ 𝟐𝒓 (Euler) 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

1351. 𝑯 orthocenter of 𝚫𝑨𝑩𝑪, 𝑩𝑵 ⊥ 𝑨𝑪,𝑪𝑲 ⊥ 𝑨𝑩, 𝑬,𝑯,𝑫, 𝑭 collinears 

Prove that: 𝑩𝑯𝑪𝑭 parallelogram 

 

Proposed by Eldeniz Hesenov-Georgia 
Solution by Rajarshi Chakraborty-India 

𝑬,𝑯,𝑫, 𝑭 are colinears 

Also since 𝑯 is the orthocentre, 𝑩,𝑯,𝑵 are colinear and 𝑲,𝑯, 𝑪 are colinear 

∠𝑬𝑯𝑲 = ∠𝑬𝑨𝑲 = ∠𝑬𝑨𝑩 = ∠𝑬𝑭𝑩 ⇒ 𝑯𝑪 ∥ 𝑩𝑭, ∠𝑷𝑬𝑩 = ∠𝑨𝑪𝑩 

∠𝑷𝑬𝑭 = ∠𝑨𝑵𝑩 = 𝟗𝟎° 

∴ ∠𝑩𝑬𝑭 = 𝟗𝟎° − ∠𝑨𝑪𝑩 ⇒ ∠𝑩𝑪𝑭 = 𝟗𝟎° − ∠𝑨𝑪𝑩 ⇒ ∠𝑩𝑪𝑭 + ∠𝑨𝑪𝑩 = 𝟗𝟎° 

⇒ ∠𝑨𝑪𝑭 = 𝟗𝟎°.Also ∠𝑨𝑵𝑩 = 𝟗𝟎°,  ∴ 𝑩𝑯 ∥ 𝑭𝑪,  ∴ 𝑩𝑯𝑪𝑭 is a parallelogram 

1352. (𝒘) − mixtilinear incircle of 𝚫𝑨𝑩𝑪, 𝑩𝑪 = 𝑪𝑭, 

 𝑨𝑭 ∩ (𝒘) = {𝑫, 𝑬}.Prove: 
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𝑨𝑫

𝟑𝟎
=
𝑨𝑬

𝟑𝟏
=
𝑨𝑭

𝟑𝟐
 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Rajarshi Chakraborty-India 

 

Let the sides of 𝚫𝑨𝑩𝑪 be 1 unit length each. 

∠𝑩𝑨𝑭 = 𝟗𝟎° 

𝑷𝑫𝑬𝑹 is the 𝑩 – mixtilinear incircle of 𝚫𝑨𝑩𝑪 

Radius 𝒓𝑩 of 𝑷𝑫𝑬𝑹 =
𝚫

𝒔𝟐
⋅

𝒂𝒃𝒄

𝒃(𝒔−𝒃)
=

√𝟑

𝟒
⋅
𝟏
𝟗

𝟒
⋅
𝟏

𝟐

=
𝟐

𝟑√𝟑
 

𝑷𝑩 =
𝒂𝒄

𝒔
=
𝟐

𝟑
, 𝑨𝑷 =

𝟏

𝟑
 

𝑫𝑸 = √𝒓𝒃
𝟐 − 𝑨𝑷𝟐 = √(

𝟐

𝟑√𝟑
)
𝟐

− (
𝟏

𝟑
)
𝟐

=
𝟏

𝟑√𝟑
 

𝑫𝑬 = 𝟐 ⋅ 𝑫𝑸 =
𝟐

𝟑√𝟑
, 𝑨𝑫 = 𝒓𝑩 −𝑫𝑸 =

𝟐

𝟑√𝟑
−

𝟏

𝟑√𝟑
=

𝟏

𝟑√𝟑
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𝑨𝑬 = 𝑨𝑫+ 𝑫𝑬 =
𝟐

𝟑√𝟑
+

𝟏

𝟑√𝟑
=

𝟑

𝟑√𝟑
 

𝑨𝑭 = √𝑩𝑭𝟐 − 𝑨𝑩𝟐 = √𝟐𝟐 − 𝟏 = √𝟑 =
𝟗

𝟑√𝟑
.  Thus 

𝑨𝑫

𝟑𝟎
=
𝑨𝑬

𝟑𝟏
=
𝑨𝑭

𝟑𝟐
 

1353. (𝒘) − mixtilinear incircle of 𝚫𝑨𝑩𝑪, 𝑫 touch point.Prove: 

𝑨𝑫

𝑨𝑬
=
𝟏

𝟕
 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Rodrigo Santos-Brazil 

 

𝑨𝑩 = 𝑨𝑪 = 𝑪𝑨 = 𝒙 

𝑫,𝑻, 𝑷: touch points 

𝑩𝑰 =
𝟐

𝟑
⋅ 𝑨𝑸 =

𝟐

𝟑
⋅
𝒙√𝟑

𝟐
=
𝒙√𝟑

𝟑
⇒ 𝑩𝑷 = 𝑩𝑰 ⋅ 𝐬𝐞𝐜𝟑𝟎° =

𝟐𝒙

𝟑
⇒ 

⇒ {
𝑷𝑪 = 𝒙 −

𝟐𝒙

𝟑
=
𝒙

𝟑
= 𝑨𝑻 = 𝑨𝑫

𝑸𝑷 =
𝟐𝒙

𝟑
−
𝒙

𝟐
=
𝒙

𝟔

,  𝚫𝑩𝑷𝑱:𝑷𝑱 = 𝑩𝑷 ⋅ 𝐭𝐚𝐧𝟑𝟎° =
𝟐𝒙√𝟑

𝟗
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𝚫𝑨𝑸𝑬 (𝑬𝑫 = 𝑬𝑷 = 𝒕): 𝐜𝐨𝐬 𝟐𝜶 =
𝒕 +

𝒙
𝒕

𝒕 +
𝒙
𝟑

=
𝟔𝒕 + 𝒙

𝟔𝒕 + 𝟐𝒙
 

𝐬𝐢𝐧𝟐𝜶 =
𝒙√𝟑

𝟐

𝒕+
𝒙

𝟑

=
𝟑𝒙√𝟑

𝟔𝒕+𝟐𝒙
,  𝚫𝑬𝑱𝑷:  𝐭𝐚𝐧 𝜶 =

𝟐𝒙√𝟑

𝟗

𝒕
⇒

𝐬𝐢𝐧 𝟐𝜶

𝟏+𝐜𝐨𝐬 𝟐𝜶
=
𝟐𝒙√𝟑

𝟗𝒕
 

𝟑𝒙√𝟑
𝟔𝒕 + 𝟐𝒙

𝟏 +
𝟔𝒕 + 𝒙
𝟔𝒕 + 𝟐𝒙

=
𝟐𝒙√𝟑

𝟗𝒕
,

𝟑

𝟏𝟐𝒕 + 𝟑𝒙
=
𝟐

𝟗𝒕
∴ 𝒕 = 𝟐𝒙 = 𝑫𝑬 

So, 

𝑨𝑫

𝑨𝑬
=

𝒙
𝟑

𝒙
𝟑 + 𝟐𝒙

∴
𝑨𝑫

𝑨𝑬
=
𝟏

𝟕
 

1354. 𝐈𝐟 𝒂, 𝒃, 𝒄, 𝒅 𝐚𝐫𝐞 𝐬𝐢𝐝𝐞𝐬 𝐢𝐧 𝐚 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝐚𝐝𝐫𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅 < 2√𝝅(𝟐 + 𝝅)𝑹𝟑 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco. 

 

𝐖𝐞 𝐡𝐚𝐯𝐞 ∶ 

 𝒂 = 𝟐𝑹𝐬𝐢𝐧
∠𝑨𝑶𝑩

𝟐
,   𝒃 = 𝟐𝑹𝐬𝐢𝐧

∠𝑩𝑶𝑪

𝟐
,   𝒄 = 𝟐𝑹𝐬𝐢𝐧

∠𝑪𝑶𝑫

𝟐
,   𝒅 = 𝟐𝑹𝐬𝐢𝐧

∠𝑫𝑶𝑨

𝟐
. 

𝐓𝐡𝐞𝐧 ∶  𝒂 + 𝒃 + 𝒄 + 𝒅 = 𝟐𝑹(𝐬𝐢𝐧
∠𝑨𝑶𝑩

𝟐
+ 𝐬𝐢𝐧

∠𝑩𝑶𝑪

𝟐
+ 𝐬𝐢𝐧

∠𝑪𝑶𝑫

𝟐
+ 𝐬𝐢𝐧

∠𝑫𝑶𝑨

𝟐
) 

≤⏞
𝑱𝒆𝒏𝒔𝒆𝒏

𝟐𝑹. 𝟒 𝐬𝐢𝐧 (
∠𝑨𝑶𝑩 + ∠𝑩𝑶𝑪 + ∠𝑪𝑶𝑫+ ∠𝑫𝑶𝑨

𝟖
) = 𝟖𝑹. 𝐬𝐢𝐧 (

𝝅

𝟒
) = 𝟒√𝟐𝑹  (𝟏) 
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𝐍𝐨𝐰, 𝐮𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭 (𝟏),𝐰𝐞 𝐠𝐞𝐭 ∶ 

𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅 ≤ 𝟒(
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
)
𝟑

≤ 𝟒(√𝟐𝑹)
𝟑
= 𝟖√𝟐𝑹𝟑 

= 𝟐√𝟐. 𝟒𝑹𝟑 < 2√𝝅(𝟐 + 𝝅)𝑹𝟑 

Solution 2 by Adrian Popa-Romania  
 

𝑨𝑩𝑪𝑫 − 𝑻𝒂𝒏𝒈𝒆𝒏𝒕𝒊𝒂𝒍 ⇒ 𝒂 + 𝒄 = 𝒃 + 𝒅
𝒂 + 𝒃 + 𝒄 + 𝒅 = 𝟐𝒑

} ⇒ 𝒂 + 𝒄 = 𝒃 + 𝒅 = 𝒑 

𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅 = 𝒂𝒄(𝒃 + 𝒅) + 𝒃𝒅(𝒂 + 𝒄) = 

= 𝒂𝒄𝒑 + 𝒃𝒅𝒑 = 𝒑(𝒂𝒄 + 𝒃𝒅) ≤
𝑴𝑮−𝑴𝑨

𝒑 [(
𝒂 + 𝒄

𝟐
)
𝟐

+ (
𝒃 + 𝒅

𝟐
)
𝟐

] = 

= 𝒑 (
𝒑𝟐

𝟒
+
𝒑𝟐

𝟒
) = 𝒑 ⋅

𝒑𝟐

𝟐
=

𝒑𝟑

𝟐
    (1) 

In a bicentric quadrilateral we have: 

𝑩𝒍𝒖𝒏𝒅𝒐𝒏 − 𝑬𝒅𝒅𝒚 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝒑 ≤ √𝟒𝑹𝟐 + 𝒓𝟐 + 𝒓

𝑹 ≥ 𝒓√𝟐 ⇒ 𝒓 ≤
𝑹

√𝟐

} ⇒ 

⇒ 𝒑 ≤ √𝟒𝑹𝟐 +
𝑹𝟐

𝟐
+
𝑹

√𝟐
= √

𝟗𝑹𝟐

𝟐
+
𝑹

√𝟐
=
𝟑𝑹

√𝟐
+
𝑹

√𝟐
=
𝟒𝑹

√𝟐
=
𝟒𝑹√𝟐

𝟐
 

= 𝟐𝑹√𝟐   (2) 

From (1) and (2) ⇒ 𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅 ≤
(𝟐𝑹√𝟐)

𝟑

𝟐
=

𝟖𝑹𝟑⋅𝟐√𝟐

𝟐
= 

= 𝟖𝑹𝟑√𝟐 <
?
𝟐√𝝅(𝟐 + 𝝅)𝑹𝟑

𝟐√𝝅(𝟐 + 𝝅) >
𝑴𝑨≥𝑴𝑮

𝟐√𝝅 ⋅ 𝟐√𝟐𝝅 = 𝟒𝝅√𝟐 > 4 ⋅ 2√𝟐 = 𝟖√𝟐
} ⇒ 

⇒ 𝟖√𝟐𝑹𝟐 < 2√𝝅(𝟐 + 𝝅)𝑹𝟑 ⇒ the inequality from enunciation holds. 

 
 
1355. 𝐈𝐧 ∆𝑨𝑩𝑪, 𝑰 − 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫, 𝑵𝒂 − 𝐍𝐚𝐠𝐞𝐥

′𝐬 𝐩𝐨𝐢𝐧𝐭.  
 𝐈𝐟 𝑩, 𝑰, 𝑵𝒂, 𝑪 𝐚𝐫𝐞 𝐜𝐨𝐧𝐜𝐲𝐜𝐥𝐢𝐜 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐𝑹 − 𝒓 ≥ 𝒉𝒂 ≥ 𝟑𝒓 
Proposed by Thanasis Gakopoulos-Greece 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝑩𝑪 = 𝒂,𝑪𝑨 = 𝒃, 𝑨𝑩 = 𝒄 𝐚𝐧𝐝 
 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄.  𝐈𝐧 𝐛𝐚𝐫𝐲𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬 𝐫𝐞𝐥𝐚𝐭𝐢𝐯𝐞 𝐭𝐨 (𝐀, 𝐁, 𝐂), 

𝐰𝐞 𝐡𝐚𝐯𝐞 𝑰 = (𝒂 ∶ 𝒃 ∶ 𝒄) 𝐚𝐧𝐝 𝑵𝒂 = (𝒔 − 𝒂 ∶ 𝒔 − 𝒃 ∶ 𝒔 − 𝒄). 
𝐖𝐞 𝐤𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐜𝐢𝐫𝐜𝐥𝐞 𝚪 𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐁, 𝐈, 𝐂 𝐡𝐚𝐬 𝐚𝐧 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐨𝐫𝐦 

𝒂𝟐𝒚𝒛 + 𝒃𝟐𝒛𝒙 + 𝒄𝟐𝒙𝒚 = (𝒙 + 𝒚 + 𝒛)(𝜶𝒙 + 𝜷𝒚 + 𝜸𝒛). 
𝐄𝐱𝐩𝐫𝐞𝐬𝐬𝐢𝐧𝐠 𝐭𝐡𝐚𝐭 𝑩(𝟎 ∶ 𝟏 ∶ 𝟎), 𝑪(𝟎 ∶ 𝟎 ∶ 𝟏), 𝑰(𝒂 ∶ 𝒃

∶ 𝒄) 𝐚𝐫𝐞 𝐨𝐧 𝐭𝐡𝐢𝐬 𝐜𝐢𝐫𝐜𝐥𝐞,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 
𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐨𝐟 𝚪 𝐢𝐬 

𝒂𝟐𝒚𝒛 + 𝒃𝟐𝒛𝒙 + 𝒄𝟐𝒙𝒚 = (𝒙 + 𝒚 + 𝒛)𝒙𝒃𝒄. 
𝑵𝒂 ∈ 𝚪 ⇒  𝒂

𝟐(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝒃𝟐(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝒄𝟐(𝒔 − 𝒃)(𝒔 − 𝒄) = 𝒔(𝒔 − 𝒂)𝒃𝒄 
⇔ 𝒔𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝒔[(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄] + 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

= 𝒔𝟐𝒃𝒄 − 𝒔𝒂𝒃𝒄 
       ⇔ 𝒔𝟐. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − 𝒔[𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟑. 𝟒𝑹𝒔𝒓] + 𝟒𝑹𝒔𝒓. 𝟐𝒔

= 𝒔𝟐𝒃𝒄 − 𝒔. 𝟒𝑹𝒔𝒓 

       ⇔ 𝒃𝒄 = 𝟒𝒓(𝟐𝑹 − 𝒓)  ⇔ 𝒉𝒂 =
𝒃𝒄

𝟐𝑹
=
𝟐𝒓(𝟐𝑹− 𝒓)

𝑹
. 

𝐁𝐲 𝐄𝐮𝐥𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝑹 ≥ 𝟐𝒓,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝟐𝑹− 𝒓 ≥
𝟐𝒓(𝟐𝑹− 𝒓)

𝑹
= 𝒉𝒂 = 𝟑𝒓 +

𝒓(𝑹 − 𝟐𝒓)

𝑹
≥ 𝟑𝒓. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
  

1356. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

𝟏

𝟑
(
𝒎𝒂

𝒉𝒄
+
𝒘𝒂
𝒉𝒃
+
𝒓𝒂
𝒉𝒂
) ≥ √

𝑹

𝟐𝒓

𝟑

+
𝟏

𝟑
𝒎𝒂𝒙{(√

𝒎𝒂

𝒉𝒄
−√

𝒘𝒂
𝒉𝒃
)

𝟐

, (√
𝒘𝒂
𝒉𝒃
− √

𝒓𝒂
𝒉𝒂
)

𝟐

, (√
𝒓𝒂
𝒉𝒂
−√

𝒎𝒂

𝒉𝒄
)

𝟐

} 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞, 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒙, 𝒚, 𝒛 > 𝟎 

𝟏

𝟑
(𝒙 + 𝒚 + 𝒛) =

𝟏

𝟑
(𝒛 + √𝒙𝒚 + √𝒙𝒚)+

𝟏

𝟑
(√𝒙 − √𝒚)

𝟐
≥ √𝒙𝒚𝒛

𝟑 +
𝟏

𝟑
(√𝒙 −√𝒚)

𝟐
   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐓𝐡𝐞𝐧 

𝟏

𝟑
(𝒙 + 𝒚 + 𝒛) ≥ √𝒙𝒚𝒛

𝟑 +
𝟏

𝟑
𝒎𝒂𝒙{(√𝒙 − √𝒚)

𝟐
, (√𝒚 − √𝒛)

𝟐
, (√𝒛 − √𝒙)

𝟐
}. 

𝐓𝐚𝐤𝐢𝐧𝐠 𝒙 =
𝒎𝒂

𝒉𝒄
, 𝒚 =

𝒘𝒂
𝒉𝒃
, 𝒛 =

𝒓𝒂
𝒉𝒂
, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝟏

𝟑
(
𝒎𝒂

𝒉𝒄
+
𝒘𝒂
𝒉𝒃
+
𝒓𝒂
𝒉𝒂
) ≥ √

𝒎𝒂𝒘𝒂𝒓𝒂
𝒉𝒂𝒉𝒃𝒉𝒄

𝟑
+
𝟏

𝟑
𝒎𝒂𝒙{(√

𝒎𝒂

𝒉𝒄
−√

𝒘𝒂
𝒉𝒃
)

𝟐

, (√
𝒘𝒂
𝒉𝒃
− √

𝒓𝒂
𝒉𝒂
)

𝟐

, (√
𝒓𝒂
𝒉𝒂
− √

𝒎𝒂

𝒉𝒄
)

𝟐

} 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝒔𝟐𝒓𝟐

𝑹
  𝐚𝐧𝐝  𝒎𝒂𝒘𝒂𝒓𝒂 ≥

𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
.
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
. 𝒓𝒂 = 𝒃𝒄.

𝒔(𝒔 − 𝒂)

𝒃𝒄
.
𝒔𝒓

𝒔 − 𝒂
= 𝒔𝟐𝒓. 

𝐓𝐡𝐞𝐧 

𝒎𝒂𝒘𝒂𝒓𝒂
𝒉𝒂𝒉𝒃𝒉𝒄

≥
𝑹

𝟐𝒓
. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1357. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂

𝟒𝐫𝐛
𝟐 + 𝐫𝐛𝐫𝐜 + 𝟒𝐫𝐜

𝟐
+

𝐫𝐛
𝟒𝐫𝐜

𝟐 + 𝐫𝐜𝐫𝒂 + 𝟒𝐫𝒂
𝟐 +

𝐫𝐜

𝟒𝐫𝒂
𝟐 + 𝐫𝒂𝐫𝐛 + 𝟒𝐫𝐛

𝟐 ≥
𝟐

𝟗𝐑
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝒂

𝟒𝐫𝐛
𝟐 + 𝐫𝐛𝐫𝐜 + 𝟒𝐫𝐜

𝟐
+

𝐫𝐛

𝟒𝐫𝐜
𝟐 + 𝐫𝐜𝐫𝒂 + 𝟒𝐫𝒂

𝟐
+

𝐫𝐜

𝟒𝐫𝒂
𝟐 + 𝐫𝒂𝐫𝐛 + 𝟒𝐫𝐛

𝟐
 

=∑
𝐫𝒂
𝟒

𝟒𝐫𝒂
𝟑𝐫𝐛
𝟐 + 𝐫𝒂

𝟑𝐫𝐛𝐫𝐜 + 𝟒𝐫𝒂
𝟑𝐫𝐜
𝟐

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝐫𝒂

𝟐
𝐜𝐲𝐜 )

𝟐

𝟒∑ 𝒙𝟑𝐲𝟐𝐜𝐲𝐜 + 𝟒∑ 𝒙𝟐𝐲𝟑𝐜𝐲𝐜 + 𝒙𝐲𝐳∑ 𝒙𝟐𝐜𝐲𝐜
  

(𝒙 = 𝐫𝒂, 𝐲 = 𝐫𝐛, 𝐳 = 𝐫𝐜) → (𝟏) 

𝐍𝐨𝐰, 𝟒∑𝒙𝟑𝐲𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒙𝟐𝐲𝟑

𝐜𝐲𝐜

+ 𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

 

= 𝟒∑(𝒙𝟐𝐲𝟐(∑𝒙

𝐜𝐲𝐜

− 𝐳))

𝐜𝐲𝐜

+ 𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

 

= 𝟒(∑𝒙

𝐜𝐲𝐜

)

(

 
 
(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

)

 
 
− 𝟒𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

 

= 𝟒(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟖𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

)− 𝟒𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜
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= 𝟒(𝟒𝐑 + 𝐫)𝐬𝟒 − 𝒙𝐲𝐳((𝟕∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟏𝟒∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝟔∑𝒙𝐲

𝐜𝐲𝐜

) 

= 𝟒(𝟒𝐑+ 𝐫)𝐬𝟒 − 𝟕𝐫𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝟔𝐫𝐬𝟒 ∴ (𝟏) ⇒ 𝐋𝐇𝐒 ≥ 

((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)
𝟐

𝟒(𝟒𝐑+ 𝐫)𝐬𝟒 − 𝟕𝐫𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝟔𝐫𝐬𝟒
≥
? 𝟐

𝟗𝐑
 

⇔ (𝟒𝐑+ 𝟒𝐫)𝐬𝟒 + 𝟐𝟑𝟎𝟒𝐑𝟓 + 𝟐𝟑𝟎𝟒𝐑𝟒𝐫 + 𝟖𝟔𝟒𝐑𝟑𝐫𝟐 + 𝟏𝟒𝟒𝐑𝟐𝐫𝟑 + 𝟗𝐑𝐫𝟒 

≥
?
⏟
(∗)

(𝟓𝟕𝟔𝐑𝟑 + 𝟔𝟒𝐑𝟐𝐫 − 𝟕𝟔𝐑𝐫𝟐 − 𝟏𝟒𝐫𝟑)𝐬𝟐 𝒂𝐧𝐝 ∵ (𝟒𝐑+ 𝟒𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝟒𝐑 + 𝟒𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ 𝟐𝟑𝟎𝟒𝐑𝟓 + 𝟐𝟑𝟎𝟒𝐑𝟒𝐫 − 𝟏𝟔𝟎𝐑𝟑𝐫𝟐 − 𝟐𝟒𝟎𝐑𝟐𝐫𝟑 + 𝟓𝟒𝟗𝐑𝐫𝟒 − 𝟏𝟎𝟎𝐫𝟓 

≥
(∗∗)

(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑)𝐬𝟐 

𝐀𝐠𝒂𝐢𝐧, 𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑)(
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 +

𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫
) ≤
?
𝐋𝐇𝐒 𝐨𝐟 (∗∗) 

⇔ 𝟏𝟏𝟓𝟐𝐑𝟓 − 𝟑𝟑𝟐𝟖𝐑𝟒𝐫 + 𝟏𝟑𝟖𝟒𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟖𝟒𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟓𝐑𝐫𝟒 − 𝟕𝟒𝐫𝟓 ≥
?

 

𝟐(𝐑 − 𝟐𝐫)(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝐑− 𝟐𝐫)(𝟏𝟏𝟓𝟐𝐑𝟒 − 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟔𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟒𝟒𝐑𝐫𝟑 + 𝟑𝟕𝐫𝟒) ≥
?

 

𝟐(𝐑 − 𝟐𝐫)(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟏𝟏𝟓𝟐𝐑𝟒 − 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟔𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟒𝟒𝐑𝐫𝟑 + 𝟑𝟕𝐫𝟒 >
?
  

𝟐(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

(
∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎 𝒂𝐧𝐝 𝟏𝟏𝟓𝟐𝐑𝟒 − 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟔𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟒𝟒𝐑𝐫𝟑 + 𝟑𝟕𝐫𝟒

= (𝐑 − 𝟐𝐫)(𝟏𝟏𝟓𝟐𝐑𝟑 + 𝟏𝟐𝟖𝟎𝐑𝟐𝐫 + 𝟏𝟖𝟗𝟔𝐑𝐫𝟐 + 𝟑𝟕𝟒𝟖𝐫𝟑) + 𝟕𝟓𝟑𝟑𝐫𝟒 ≥
𝐄𝐮𝐥𝐞𝐫

𝟕𝟓𝟑𝟑𝐫𝟒 > 0
) 

⇔ (𝟏𝟏𝟓𝟐𝐑𝟒 − 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟔𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟒𝟒𝐑𝐫𝟑 + 𝟑𝟕𝐫𝟒)
𝟐
>
?

 

𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟓𝟕𝟔𝐑𝟑 − 𝟔𝟒𝐑𝟐𝐫 − 𝟏𝟔𝟒𝐑𝐫𝟐 + 𝟐𝟔𝐫𝟑)
𝟐

 

⇔ 𝟓𝟖𝟗𝟖𝟐𝟒𝐭𝟕 − 𝟑𝟑𝟏𝟕𝟕𝟔𝐭𝟔 − 𝟒𝟐𝟑𝟗𝟑𝟔𝐭𝟓 + 𝟗𝟐𝟗𝟓𝟑𝟔𝐭𝟒 + 𝟐𝟎𝟓𝟑𝟏𝟐𝐭𝟑 − 𝟏𝟏𝟖𝟏𝟐𝟖𝐭𝟐 

+𝟐𝟏𝟓𝟐𝐭 + 𝟏𝟑𝟔𝟗 >
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟓𝟖𝟗𝟖𝟐𝟒𝐭
𝟔 + 𝟖𝟒𝟕𝟖𝟕𝟐𝐭𝟓 + 𝟏𝟐𝟕𝟏𝟖𝟎𝟖𝐭𝟒 + 𝟑𝟒𝟕𝟑𝟏𝟓𝟐𝐭𝟑 +

𝟕𝟏𝟓𝟏𝟔𝟏𝟔𝐭𝟐 + 𝟏𝟒𝟏𝟖𝟓𝟏𝟎𝟒𝐭+ 𝟐𝟖𝟑𝟕𝟐𝟑𝟔𝟎
) 

+𝟓𝟔𝟕𝟒𝟔𝟎𝟖𝟗 >
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐫𝒂

𝟒𝐫𝐛
𝟐 + 𝐫𝐛𝐫𝐜 + 𝟒𝐫𝐜

𝟐
+

𝐫𝐛

𝟒𝐫𝐜
𝟐 + 𝐫𝐜𝐫𝒂 + 𝟒𝐫𝒂

𝟐
+

𝐫𝐜

𝟒𝐫𝒂
𝟐 + 𝐫𝒂𝐫𝐛 + 𝟒𝐫𝐛

𝟐
≥
𝟐

𝟗𝐑
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1358. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂

𝐦𝐛(𝐦𝒂
𝟑 +𝐦𝐛

𝟑)
+

𝐦𝐛

𝐦𝐜(𝐦𝐛
𝟑 +𝐦𝐜

𝟑)
+

𝐦𝐜

𝐦𝒂(𝐦𝐜
𝟑 +𝐦𝒂

𝟑)
≥

𝟏𝟔𝐫𝟐

𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟐 ≤
? 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
⇔ 𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≤

?
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥
?
𝟐𝒂(𝐛𝟐 + 𝐜𝟐) 

⇔∑(𝐲 + 𝐳)𝟑

𝐜𝐲𝐜

+∏(𝐲 + 𝐳)

𝐜𝐲𝐜

≥
?
𝟐(𝐲 + 𝐳)((𝐳 + 𝒙)𝟐 + (𝒙 + 𝐲)𝟐) 

(
𝒙 = 𝐬 − 𝒂,𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒙+ 𝐲 + 𝐳 = 𝟑𝐬 − 𝟐𝐬 = 𝐬

⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲;𝒙, 𝐲, 𝐳 > 0
) 

⇔ 𝒙𝟑 + 𝐲𝟐𝐳 + 𝐲𝐳𝟐 ≥
?
𝟑𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀 − 𝐆 ∴ 𝐦𝒂

𝟐 ≤
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
 

⇒ 𝐦𝒂
𝟑 ≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
.
𝐑𝐬

𝒂
=

𝐑𝐬

𝟒. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
. 𝐛𝟐𝐜𝟐(𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜) 

⇒ 𝐦𝒂
𝟑 ≤

𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
(𝐛𝟐𝐜𝟐(∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜) − 𝒂𝟑𝐛𝟐𝐜𝟐)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐦𝒂
𝟑

𝐜𝐲𝐜

≤
𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
((∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)− 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)) 

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 (𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟒𝐑𝐫𝐬)(𝟒𝐑𝟐𝐬𝟐) − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)

𝟔𝟒𝐑𝐫𝟐𝐬
 

=
𝟐𝐬.𝟒𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟔𝟒𝐑𝐫𝟐𝐬
⇒∑𝐦𝒂

𝟑

𝐜𝐲𝐜

≤
𝐑𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝟕𝐫𝟐)

𝟖𝐫𝟐
 

∴
𝐦𝒂

𝐦𝐛(𝐦𝒂
𝟑 +𝐦𝐛

𝟑)
+

𝐦𝐛

𝐦𝐜(𝐦𝐛
𝟑 +𝐦𝐜

𝟑)
+

𝐦𝐜

𝐦𝒂(𝐦𝐜
𝟑 +𝐦𝒂

𝟑)
=∑

√
𝐦𝒂
𝐦𝐛

𝟐

𝐦𝒂
𝟑 +𝐦𝐛

𝟑
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ √
𝐦𝒂
𝐦𝐛

𝐜𝐲𝐜 )
𝟐

𝟐∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆 𝟗

𝟐∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜

≥
𝟗 ∗ 𝟏𝟔𝐫𝟐

𝐑(𝟒𝐬𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
𝒂𝐧𝐝

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝟗 ∗ 𝟏𝟔𝐫𝟐

𝟐𝟕𝐑𝟑(𝟒𝐑𝟐 − 𝟒𝐫𝟐)
≥
? 𝟏𝟔𝐫𝟐

𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
⇔ 𝟐𝟑𝟗𝐭𝟓 + 𝟒𝐭𝟑 − 𝟕𝟔𝟖𝟎 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝟑𝟗𝐭𝟒 + 𝟒𝟕𝟖𝐭𝟑 + 𝟗𝟔𝟎𝐭𝟐 + 𝟏𝟗𝟐𝟎𝐭+ 𝟑𝟖𝟒𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 
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⇒
𝐦𝒂

𝐦𝐛(𝐦𝒂
𝟑 +𝐦𝐛

𝟑)
+

𝐦𝐛

𝐦𝐜(𝐦𝐛
𝟑 +𝐦𝐜

𝟑)
+

𝐦𝐜

𝐦𝒂(𝐦𝐜
𝟑 +𝐦𝒂

𝟑)
≥

𝟏𝟔𝐫𝟐

𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1359. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

∑√𝒓𝒂 (
𝟐(𝒃𝒎𝒄 + 𝒄𝒎𝒃 − 𝟐𝑭)

𝒂
− 𝒓𝒂)

𝒄𝒚𝒄

≤∑𝒏𝒂
𝒄𝒚𝒄

 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤
𝑹

𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

(𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝐚, " 𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 

𝑨𝒏𝒈𝒍𝒆 ", 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐,𝟔 − 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨). 

𝒓𝒂 (
𝟐(𝒃𝒎𝒄 + 𝒄𝒎𝒃 − 𝟐𝑭)

𝒂
− 𝒓𝒂) = 𝟐𝒓𝒂𝒉𝒂 (

𝒎𝒄

𝒉𝒃
+
𝒎𝒃

𝒉𝒄
− 𝟏) − 𝒓𝒂

𝟐 

≤ 𝟐𝒔 𝐭𝐚𝐧
𝑨

𝟐
.
𝟐𝒔𝒓

𝟐𝑹𝐬𝐢𝐧𝑨
.
𝑹

𝒓
− 𝒓𝒂

𝟐 − 𝟐𝒓𝒂𝒉𝒂 = 𝒔
𝟐 𝐬𝐞𝐜𝟐

𝑨

𝟐
− 𝒔𝟐 𝐭𝐚𝐧𝟐

𝑨

𝟐
− 𝟐𝒓𝒂𝒉𝒂 = 𝒔

𝟐 −
𝟒𝒔𝟐𝒓𝟐

𝒂(𝒔 − 𝒂)
 

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
= 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒏𝒂

𝟐. 

⇒ √𝒓𝒂 (
𝟐(𝒃𝒎𝒄 + 𝒄𝒎𝒃 − 𝟐𝑭)

𝒂
− 𝒓𝒂) ≤ 𝒏𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑√𝒓𝒂 (
𝟐(𝒃𝒎𝒄 + 𝒄𝒎𝒃 − 𝟐𝑭)

𝒂
− 𝒓𝒂)

𝒄𝒚𝒄

≤∑𝒏𝒂
𝒄𝒚𝒄

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
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1360. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐡𝒂 +𝐰𝐛 +𝐦𝐜)
𝟓

𝐫𝒂𝟓
+
(𝐡𝐛 +𝐰𝐜 +𝐦𝒂)

𝟓

𝐫𝐛
𝟓

+
(𝐡𝐜 +𝐰𝒂 +𝐦𝐛)

𝟓

𝐫𝐛
𝟓

≥
𝟑 ∙ 𝟔𝟓 ∙ 𝐫𝟓

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∑𝐫𝒂
𝟓

𝐜𝐲𝐜

= (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

− 𝟓(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

+∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)(∏(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

) 

≤

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫,
𝐂𝐞𝐬𝒂𝐫𝐨,
𝐀−𝐆

(𝟒𝐑+
𝐑

𝟐
)
𝟓

− 𝟓(𝟐∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) (𝟖𝐫𝒂𝐫𝐛𝐫𝐜) = (
𝟗𝐑

𝟐
)
𝟓

− 𝟓.𝟐𝐬𝟐. 𝟖𝐫𝐬𝟐 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

(
𝟗𝐑

𝟐
)
𝟓

− 𝟓. 𝟐.𝟖𝐫. 𝟕𝟐𝟗𝐫𝟒 =
𝟕𝟐𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟑𝟐
 

∴∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
(⦁) 𝟕𝟐𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟑𝟐
 

𝐍𝐨𝐰,
(𝐡𝒂 +𝐰𝐛 +𝐦𝐜)

𝟓

𝐫𝒂
𝟓

+
(𝐡𝐛 +𝐰𝐜 +𝐦𝒂)

𝟓

𝐫𝐛
𝟓

+
(𝐡𝐜 +𝐰𝒂 +𝐦𝐛)

𝟓

𝐫𝐛
𝟓

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝐡𝒂𝐜𝐲𝐜 +∑ 𝐰𝒂𝐜𝐲𝐜 +∑ 𝐦𝒂𝐜𝐲𝐜 )

𝟓

𝟐𝟕∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (⦁) 𝟑𝟐(𝟑 ∗ ∑

𝟐𝐫𝐬
𝒂𝐜𝐲𝐜 )

𝟓

𝟑𝟗 ∗ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟑𝟐 ∗ 𝟑𝟓 ∗ (
𝟐𝐫𝐬 ∗ 𝟗
𝟐𝐬

)
𝟓

𝟑𝟗 ∗ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
=

𝟐𝟓 ∗ 𝟑𝟔 ∗ 𝐫𝟓

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
=

𝟑 ∗ 𝟔𝟓 ∗ 𝐫𝟓

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐒𝐢𝐧𝐜𝐞 𝒘𝒂 ,𝒎𝒂 ≥ 𝒉𝒂 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 

 
𝟏

𝒓𝒂
+
𝟏

𝒓𝒃
+
𝟏

𝒓𝒄
=
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
=
𝟏

𝒓
, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

 

∑
(𝒉𝒂 + 𝒘𝒃 +𝒎𝒄)

𝟓

𝒓𝒂𝟓
𝒄𝒚𝒄

≥∑
(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

𝟓

𝒓𝒂𝟓
𝒄𝒚𝒄

 ≥⏞
𝑯𝒐𝒍𝒅𝒆𝒓

 
(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

𝟓

𝟑𝟒
. (
𝟏

𝒓𝒂
+
𝟏

𝒓𝒃
+
𝟏

𝒓𝒄
)
𝟓

 

=
𝟏

𝟑𝟒
. ((𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) (

𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
))

𝟓

 ≥⏞
𝑪𝑩𝑺

 
𝟏

𝟑𝟒
. 𝟗𝟓  ≥⏞

?

 
𝟑. 𝟔𝟓. 𝒓𝟓

𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓
 ⇔  𝑹𝟓 ≥ 𝟑𝟐𝒓𝟓, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐄𝐮𝐥𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝑹 ≥ 𝟐𝒓.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
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1361. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝟒𝐑 + 𝐫)𝟐.
𝐑 + 𝟐𝐫

𝐑 + 𝐫
≤∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒

𝟑
(𝟒𝐑 + 𝐫)𝟐 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑
𝐫𝟐𝐬𝟐. 𝐛𝐜

(𝐬 − 𝒂)𝟐(𝐬 − 𝐛)(𝐬 − 𝐛)
𝐜𝐲𝐜

=
𝐫𝟐𝐬𝟑

𝐫𝟐𝐬
∑

𝐛𝐜

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

= 𝐬𝟐∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

 

= 𝐬𝟐.
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
∴∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=
(∗)
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 

∴ (𝟒𝐑+ 𝐫)𝟐.
𝐑 + 𝟐𝐫

𝐑 + 𝐫
≤∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

⇔
𝐯𝐢𝒂 (∗)

𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 ≥ (𝟒𝐑 + 𝐫)𝟐.
𝐑 + 𝟐𝐫

𝐑 + 𝐫
 

⇔ (𝐑+ 𝐫)𝐬𝟐 ≥
(𝐢)

𝐫(𝟒𝐑 + 𝐫)𝟐 

𝐍𝐨𝐰, (𝐑 + 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟐⇔ 𝟑𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟒𝐑 + 𝐫)𝟐.
𝐑 + 𝟐𝐫

𝐑 + 𝐫
≤∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 (∗),∑
𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

= 𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 ≤
𝐃𝐨𝐮𝐜𝐞𝐭 / 𝐓𝐫𝐮𝐜𝐡𝐭 𝟏

𝟑
(𝟒𝐑 + 𝐫)𝟐 + (𝟒𝐑 + 𝐫)𝟐 

=
𝟒

𝟑
(𝟒𝐑 + 𝐫)𝟐 ∴∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒

𝟑
(𝟒𝐑 + 𝐫)𝟐 

∴ (𝟒𝐑+ 𝐫)𝟐.
𝐑 + 𝟐𝐫

𝐑 + 𝐫
≤∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒

𝟑
(𝟒𝐑 + 𝐫)𝟐 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1362. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐭𝒂𝐧

𝐀
𝟐
𝐭𝒂𝐧

𝐁
𝟐

𝐭𝒂𝐧𝟐
𝐀
𝟐
+ 𝐭𝒂𝐧𝟐

𝐁
𝟐𝐜𝐲𝐜

+
𝛌(𝟒𝐑 + 𝐫)

𝟑𝐫
≥
𝟑

𝟐
(𝟐𝛌 + 𝟏) ∀ 𝛌 ≥

𝟑

𝟒
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
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∑
𝐭𝒂𝐧

𝐀
𝟐
𝐭𝒂𝐧

𝐁
𝟐

𝐭𝒂𝐧𝟐
𝐀
𝟐
+ 𝐭𝒂𝐧𝟐

𝐁
𝟐𝐜𝐲𝐜

=∑
𝐫𝒂𝐫𝐛

𝐫𝒂
𝟐 + 𝐫𝐛

𝟐
𝐜𝐲𝐜

= 𝐫𝐬𝟐∑
𝟏

𝐫𝐜(𝐫𝒂
𝟐 + 𝐫𝐛

𝟐)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟗𝐫𝐬𝟐

∑ (𝐫𝒂𝐫𝐛(∑ 𝐫𝒂𝐜𝐲𝐜 − 𝐫𝐜))𝐜𝐲𝐜

=
𝟗𝐫𝐬𝟐

(∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) − 𝟑𝐫𝒂𝐫𝐛𝐫𝐜
=

𝟗𝐫𝐬𝟐

(𝟒𝐑 + 𝐫)𝐬𝟐 − 𝟑𝐫𝐬𝟐
 

⇒∑
𝐭𝒂𝐧

𝐀
𝟐
𝐭𝒂𝐧

𝐁
𝟐

𝐭𝒂𝐧𝟐
𝐀
𝟐
+ 𝐭𝒂𝐧𝟐

𝐁
𝟐𝐜𝐲𝐜

+
𝛌(𝟒𝐑 + 𝐫)

𝟑𝐫
≥

𝟗𝐫

𝟒𝐑 − 𝟐𝐫
+
𝛌(𝟒𝐑 + 𝐫)

𝟑𝐫
≥
? 𝟑

𝟐
(𝟐𝛌 + 𝟏) 

⇔ 𝛌(
𝟒𝐑 + 𝐫

𝟑𝐫
− 𝟑) ≥

? 𝟑

𝟐
−

𝟗𝐫

𝟒𝐑 − 𝟐𝐫
⇔ 𝛌(

𝟒𝐑 − 𝟖𝐫

𝟑𝐫
) ≥
?
⏟
(∗)

𝟑𝐑 − 𝟔𝐫

𝟐𝐑 − 𝐫
 

∵ 𝛌 ≥
𝟑

𝟒
 𝒂𝐧𝐝 

𝟒𝐑 − 𝟖𝐫

𝟑𝐫
≥

𝐄𝐮𝐥𝐞𝐫
𝟎 ∴ 𝛌 (

𝟒𝐑− 𝟖𝐫

𝟑𝐫
) ≥

𝐑− 𝟐𝐫

𝐫
≥
? 𝟑𝐑 − 𝟔𝐫

𝟐𝐑 − 𝐫
 

⇔ 𝟐𝐑− 𝐫 ≥
?
𝟑𝐫 (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) ⇔ 𝟐𝐑 ≥

?
𝟒𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝐭𝒂𝐧

𝐀
𝟐
𝐭𝒂𝐧

𝐁
𝟐

𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝐭𝒂𝐧

𝟐 𝐁
𝟐𝐜𝐲𝐜

+
𝛌(𝟒𝐑 + 𝐫)

𝟑𝐫
≥
𝟑

𝟐
(𝟐𝛌 + 𝟏) ∀ 𝛌 ≥

𝟑

𝟒
 

𝒂𝐧𝐝  ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝐭𝐚𝐧
𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧𝟐
𝑩
𝟐 + 𝐭𝐚𝐧

𝟐 𝑪
𝟐

+
𝐭𝐚𝐧𝟐

𝑩
𝟐 + 𝐭𝐚𝐧

𝟐 𝑪
𝟐

𝟒 𝐭𝐚𝐧
𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

≥ 𝟏  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐧 

∑
𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧𝟐
𝑩
𝟐 + 𝐭𝐚𝐧

𝟐 𝑪
𝟐𝒄𝒚𝒄

+
𝝀(𝟒𝑹 + 𝒓)

𝟑𝒓
≥∑(𝟏 −

𝐭𝐚𝐧𝟐
𝑩
𝟐 + 𝐭𝐚𝐧

𝟐 𝑪
𝟐

𝟒 𝐭𝐚𝐧
𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

)

𝒄𝒚𝒄

+
𝝀(𝟒𝑹 + 𝒓)

𝟑𝒓
 

= 𝟑 − (
(∑ 𝐭𝐚𝐧

𝑨
𝟐𝒄𝒚𝒄 ) (∑ 𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐𝒄𝒚𝒄 )

𝟒 𝐭𝐚𝐧
𝑨
𝟐
𝐭𝐚𝐧

𝑩
𝟐
𝐭𝐚𝐧

𝑪
𝟐

−
𝟑

𝟒
) +

𝝀(𝟒𝑹 + 𝒓)

𝟑𝒓
 

=
𝟏𝟓

𝟒
−
𝟒𝑹 + 𝒓

𝟒𝒓
+
𝝀(𝟒𝑹 + 𝒓)

𝟑𝒓
=
𝟏𝟓

𝟒
+
𝟒𝑹 + 𝒓

𝟑𝒓
(𝝀 −

𝟑

𝟒
) ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟏𝟓

𝟒
+ 𝟑(𝝀 −

𝟑

𝟒
) =

𝟑

𝟐
(𝟐𝝀 + 𝟏), 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1363. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝛚 →

𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝒂𝐧𝐠𝐥𝐞, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
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𝟏

𝐬𝐢𝐧𝛚
≥ 𝐦𝒂𝒙(√

𝟐𝐑

𝐫
,√
𝟐𝐑

𝐫
.√

𝐫𝒂𝐫𝐛𝐫𝐜

𝐰𝒂𝐰𝐛𝐰𝐜
) 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝐬𝐢𝐧𝛚
≥ √

𝟐𝐑

𝐫
.√

𝐫𝒂𝐫𝐛𝐫𝐜
𝐰𝒂𝐰𝐛𝐰𝐜

⇔
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐫𝟐𝐬𝟐
≥
𝟐𝐑

𝐫
.
𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟏𝟔𝐑𝐫𝟐𝐬𝟐
 

⇔ 𝟐((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐) ≥ 𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟏𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
(∗)

𝟎 

 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
⇔ (𝟏𝟒𝐑− 𝟕𝐫)𝐬𝟐 ≥

(∗∗)

𝐫(𝟐𝟐𝟒𝐑𝟐 − 𝟏𝟕𝟔𝐑𝐫 + 𝟐𝟑𝐫𝟐) 

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟏𝟒𝐑 − 𝟕𝐫)(
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

−𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐫(𝟐𝟐𝟒𝐑𝟐 − 𝟏𝟕𝟔𝐑𝐫 + 𝟐𝟑𝐫𝟐) 

⇔ (𝐑− 𝟐𝐫)(𝟏𝟒𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐) ≥
?
(𝟏𝟒𝐑 − 𝟕𝐫)(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝟏𝟒𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐)
𝟐
≥
?
(𝐑𝟐 − 𝟐𝐑𝐫)(𝟏𝟒𝐑− 𝟕𝐫)𝟐  (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) 

⇔ 𝟐𝐫𝟐(𝟏𝟖𝐑(𝐑− 𝟐𝐫) + 𝟑𝟖𝐑𝟐 +𝐑𝐫 + 𝟖𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝐬𝐢𝐧𝛚
≥
(⦁)

√
𝟐𝐑

𝐫
.√

𝐫𝒂𝐫𝐛𝐫𝐜
𝐰𝒂𝐰𝐛𝐰𝐜

≥
𝐰𝒂 ≤ √𝐬(𝐬−𝒂) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

√
𝟐𝐑

𝐫
.√

𝐫𝐬𝟐

√𝐬(𝐬 − 𝒂) ∗ √𝐬(𝐬 − 𝐛) ∗ √𝐬(𝐬 − 𝐜)
 

= √
𝟐𝐑

𝐫
.√
𝐫𝐬𝟐

𝐬. 𝐫𝐬
∴

𝟏

𝐬𝐢𝐧𝛚
≥
(⦁⦁)

√
𝟐𝐑

𝐫
∴ (⦁), (⦁⦁) ⇒ 

𝟏

𝐬𝐢𝐧𝛚
≥ 𝐦𝒂𝒙(√

𝟐𝐑

𝐫
,√
𝟐𝐑

𝐫
.√

𝐫𝒂𝐫𝐛𝐫𝐜
𝐰𝒂𝐰𝐛𝐰𝐜

) ,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 𝒘𝒂 =
𝟐√𝒃𝒄

𝒃 + 𝒄
. √𝒓𝒃𝒓𝒄  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 

 𝐬𝐢𝐧𝝎 =
𝟐𝑭

√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝟏

𝐬𝐢𝐧𝝎
≥ √

𝟐𝑹

𝒓
.√

𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

 ⇔  
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟒𝑭𝟐
≥
𝟐𝑹

𝒓
.
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟖𝒂𝒃𝒄
 

⇔ 𝟒(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ 𝒔(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂). 
𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐬𝐮𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧  𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒛, 𝒙, 𝒚, 𝒛

> 0, 𝐚𝐧𝐝 𝐚𝐟𝐭𝐞𝐫 𝐞𝐱𝐩𝐚𝐧𝐝𝐢𝐧𝐠 
𝐚𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠 𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐞𝐱𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 

𝟐[𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)] ≥ 𝒙𝒚(𝒙 + 𝒚)𝟐 + 𝒚𝒛(𝒚 + 𝒛)𝟐 + 𝒛𝒙(𝒛 + 𝒙)𝟐 
𝐁𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟐[𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)] ≥ 𝒙𝒚. 𝟐(𝒙𝟐 + 𝒚𝟐) + 𝒚𝒛. 𝟐(𝒚𝟐 + 𝒛𝟐) + 𝒛𝒙. 𝟐(𝒛𝟐 + 𝒙𝟐) 

≥ 𝒙𝒚(𝒙 + 𝒚)𝟐 + 𝒚𝒛(𝒚 + 𝒛)𝟐 + 𝒛𝒙(𝒛 + 𝒙)𝟐, 
𝐓𝐡𝐞𝐧 

𝟏

𝐬𝐢𝐧𝝎
≥ √

𝟐𝑹

𝒓
.√

𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

. 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒘𝒂 =
𝟐√𝒃𝒄

𝒃 + 𝒄
.√𝒓𝒃𝒓𝒄 ≤ √𝒓𝒃𝒓𝒄  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

 𝒘𝒂𝒘𝒃𝒘𝒄 ≤ 𝒓𝒂𝒓𝒃𝒓𝒄,   𝐚𝐧𝐝 

𝟏

𝐬𝐢𝐧𝝎
≥ √

𝟐𝑹

𝒓
.√

𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

= 𝒎𝒂𝒙{√
𝟐𝑹

𝒓
,√
𝟐𝑹

𝒓
.√

𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

}. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1364. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝛚 → 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝒂𝐧𝐠𝐥𝐞, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐

𝐬𝐢𝐧𝛚
≥ √

𝐑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝐫𝒂𝐛𝐜
 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝟐

𝐬𝐢𝐧𝛚
≥ √

𝐑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝐫𝒂𝐛𝐜
⇔
𝟒∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐫𝟐𝐬𝟐
≥
𝐑 ∗ 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝐫 ∗ 𝟒𝐑𝐫𝐬
 

⇔ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥ 𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 

⇔ 𝟐((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐) ≥ 𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟏𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
(∗)

𝟎 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 
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∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟏𝟒𝐑− 𝟕𝐫)𝐬𝟐 ≥
(∗∗)

𝐫(𝟐𝟐𝟒𝐑𝟐 − 𝟏𝟕𝟔𝐑𝐫 + 𝟐𝟑𝐫𝟐) 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟏𝟒𝐑− 𝟕𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫) 

≥
?
𝐫(𝟐𝟐𝟒𝐑𝟐 − 𝟏𝟕𝟔𝐑𝐫 + 𝟐𝟑𝐫𝟐) 

⇔ (𝐑− 𝟐𝐫)(𝟏𝟒𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐) ≥
?
(𝟏𝟒𝐑 − 𝟕𝐫)(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝟏𝟒𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐)
𝟐
≥
?
(𝐑𝟐 − 𝟐𝐑𝐫)(𝟏𝟒𝐑− 𝟕𝐫)𝟐  (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) 

⇔ 𝟐𝐫𝟐(𝟏𝟖𝐑(𝐑− 𝟐𝐫) + 𝟑𝟖𝐑𝟐 +𝐑𝐫 + 𝟖𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟐

𝐬𝐢𝐧𝛚
≥ √

𝐑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

𝐫𝒂𝐛𝐜
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 𝐬𝐢𝐧𝝎 =
𝟐𝒔𝒓

√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
, 𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝟒(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ 𝒔(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂). 
𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐬𝐮𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧  

 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒛, 𝒙, 𝒚, 𝒛 > 0, 𝐚𝐧𝐝 𝐚𝐟𝐭𝐞𝐫 𝐞𝐱𝐩𝐚𝐧𝐝𝐢𝐧𝐠 
𝐚𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠 𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐞𝐱𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 

𝟐[𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)] ≥ 𝒙𝒚(𝒙 + 𝒚)𝟐 + 𝒚𝒛(𝒚 + 𝒛)𝟐 + 𝒛𝒙(𝒛 + 𝒙)𝟐 
𝐁𝐲 𝐭𝐡𝐞 𝐟𝐨𝐮𝐫𝐭𝐡 𝐝𝐞𝐠𝐫𝐞𝐞 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟐[𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)] ≥ 𝒙𝒚. 𝟐(𝒙𝟐 + 𝒚𝟐) + 𝒚𝒛. 𝟐(𝒚𝟐 + 𝒛𝟐) + 𝒛𝒙. 𝟐(𝒛𝟐 + 𝒙𝟐) 

≥ 𝒙𝒚(𝒙 + 𝒚)𝟐 + 𝒚𝒛(𝒚 + 𝒛)𝟐 + 𝒛𝒙(𝒛 + 𝒙)𝟐, 
𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1365. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟐𝒔 + 𝒂

𝟒𝒔 − 𝒂
+
𝟐𝒔 + 𝒃

𝟒𝒔 − 𝒃
+
𝟐𝒔 + 𝒄

𝟒𝒔 − 𝒄
≥
𝟒𝟖

𝟓
∙ (
𝒓

𝑹
)
𝟐

 

 
Proposed by Emil Popa-Romania 

Solution by Daniel Sitaru-Romania 
 

𝟐𝒔 + 𝒂

𝟒𝒔 − 𝒂
+
𝟐𝒔 + 𝒃

𝟒𝒔 − 𝒃
+
𝟐𝒔 + 𝒄

𝟒𝒔 − 𝒄
= 

 

=∑
𝒂+ 𝒃 + 𝒄 + 𝒂

𝟐𝒂 + 𝟐𝒃 + 𝟐𝒄 + 𝒂
=∑

𝟐𝒂 + 𝒃 + 𝒄

𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄
𝒄𝒚𝒄𝒄𝒚𝒄

= 
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=∑
(𝟐𝒂+ 𝒃 + 𝒄)𝟐

(𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄)(𝟐𝒂 + 𝒃 + 𝒄)
𝒄𝒚𝒄

= 

=∑
(𝟐𝒂 + 𝒃 + 𝒄)𝟐

𝟐𝒂𝟐 + 𝟐𝒃𝟐 + 𝟐𝒄𝟐 + 𝟓𝒂𝒃 + 𝟓𝒂𝒄 + 𝟒𝒃𝒄
𝒄𝒚𝒄

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

≥
(𝟒𝒂 + 𝟒𝒃 + 𝟒𝒄)𝟐

𝟔∑ 𝒂𝟐 + 𝟏𝟒∑ 𝒂𝒃𝒄𝒚𝒄𝒄𝒚𝒄
= 

=
𝟏𝟔(𝒂 + 𝒃 + 𝒄)𝟐

𝟔 ∙ 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟏𝟒(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)
= 

 

=
𝟖 ∙ (𝟐𝒔)𝟐

𝟏𝟑𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
≥⏞

𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵 𝟖 ∙ 𝟒𝒔𝟐

𝟏𝟑(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟐 + 𝟒𝑹𝒓
≥ 

 

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟑𝟐 ∙ 𝟐𝟕𝒓𝟐

𝟓𝟐𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟒𝟎𝒓𝟐
≥⏞

𝑬𝑼𝑳𝑬𝑹

 

 

≥
𝟑𝟐 ∙ 𝟐𝟕𝒓𝟐

𝟓𝟐𝑹𝟐 + 𝟓𝟔𝑹 ∙
𝑹
𝟐 + 𝟒𝟎 ∙

𝑹𝟐

𝟒

=
𝟑𝟐 ∙ 𝟐𝟕𝒓𝟐

𝟓𝟐𝑹𝟐 + 𝟐𝟖𝑹𝟐 + 𝟏𝟎𝑹𝟐
=
𝟑𝟐 ∙ 𝟐𝟕𝒓𝟐

𝟗𝟎𝑹𝟐
=
𝟒𝟖

𝟓
∙ (
𝒓

𝑹
)
𝟐

 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1366. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐍𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝐚𝐭 𝐢𝐟 𝒂 ≤ 𝒃 ≤ 𝒄 𝐭𝐡𝐞𝐧 𝒉𝒂 ≥ 𝒉𝒃 ≥ 𝒉𝒄  𝐚𝐧𝐝  𝐜𝐬𝐜
𝑨

𝟐
≥ 𝐜𝐬𝐜

𝑩

𝟐
≥ 𝐜𝐬𝐜

𝑪

𝟐
. 

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐟𝐟𝐢𝐫𝐦𝐬 𝐭𝐡𝐚𝐭 

∑
𝒉𝒂

𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

≥
𝟏

𝟑
∑𝒉𝒂

𝟐

𝒄𝒚𝒄

.∑
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

≥
𝟏

𝟑
∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

.
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 ≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝟑
.
𝟐𝒔𝟐𝒓

𝑹
.
𝟖𝑹 − 𝟒𝒓

𝒓
≥⏞

𝑬𝒖𝒍𝒆𝒓

𝟒𝒔𝟐. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟐𝒓

𝑹
.∑

𝒓𝒂
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

=
𝟐𝒓

𝑹
.∑

𝑭𝟐𝒃𝒄

(𝒔 − 𝒂)𝟐(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

=
𝟐𝒔𝟐𝒓𝟑

𝑹
.∑

𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒔𝒓𝟐)𝟐
𝒄𝒚𝒄

 

≤⏞
𝑨𝑴−𝑮𝑴 𝟐

𝑹𝒓
.∑

𝒃𝒄[(𝒔 − 𝒃) + (𝒔 − 𝒄)]𝟐

𝟒
𝒄𝒚𝒄

=
𝟏

𝟐𝑹𝒓
.∑𝒃𝒄𝒂𝟐

𝒄𝒚𝒄

= 𝟒𝒔𝟐. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 



 
www.ssmrmh.ro 

97 RMM-GEOMETRY MARATHON 1301-1400 

 

∑
𝒉𝒂

𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

≥ 𝟒𝒔𝟐 ≥
𝟐𝒓

𝑹
.∑

𝒓𝒂
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

Solution 2 by Soumava Chakraborty-Kolkata-India 
 

∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑(𝐡𝒂
𝟐 (𝟏 + 𝐜𝐨𝐭𝟐

𝐀

𝟐
))

𝐜𝐲𝐜

=∑𝐡𝒂
𝟐

𝐜𝐲𝐜

+ 𝐬𝟐∑
𝐡𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

 

=∑
𝒂𝟐𝐛𝟐

𝟒𝐑𝟐
𝐜𝐲𝐜

+
𝐬𝟐

𝐫𝟐𝐬𝟒
∑𝐡𝒂

𝟐𝐫𝐛
𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟒𝐫𝟐𝐬𝟒

𝐫𝟐𝐬𝟐
∑

(𝐬 − 𝒂)𝟐

𝒂𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝐬𝟐(𝐬𝟐∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

− 𝟐𝐬∑
𝟏

𝒂
𝐜𝐲𝐜

+ 𝟑) 

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟒𝐬𝟒

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−
𝟖𝐬𝟑

𝟒𝐑𝐫𝐬
∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟏𝟐𝐬𝟐 

=
(𝐬𝟐 + 𝐫𝟐) ((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) + 𝟒𝟖𝐑𝟐𝐫𝟐𝐬𝟐

𝟒𝐑𝟐𝐫𝟐
 

=
𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟖𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟒(𝟒𝐑+ 𝐫)𝟐

𝟒𝐑𝟐𝐫𝟐
=
(∗)
∑

𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,∑
𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑
𝐫𝟐𝐬𝟐. 𝐛𝐜

(𝐬 − 𝒂)𝟐(𝐬 − 𝐛)(𝐬 − 𝐛)
𝐜𝐲𝐜

=
𝐫𝟐𝐬𝟑

𝐫𝟐𝐬
∑

𝐛𝐜

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

= 𝐬𝟐∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

 

= 𝐬𝟐.
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
∴∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=
(∗∗)

𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 

∴ 𝐯𝐢𝒂 (∗), (∗∗)∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

⇔
𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟖𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟒(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑𝟐𝐫𝟐
 

≥
𝟐𝐫

𝐑
(𝐬𝟐 + (𝟒𝐑+ 𝐫)𝟐) ⇔ 𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟏𝟔𝐑𝐫 + 𝟑𝐫𝟐) 

−𝐫𝟑(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) ≥
(𝐢)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟒 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 

+𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟏𝟔𝐑𝐫 + 𝟑𝐫𝟐) − 𝐫𝟑(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) ≥
?
𝟎 

⇔ (𝟑𝟐𝐑𝟐 − 𝟏𝟔𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 − 𝐫(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) ≥
?
⏟
(𝐢𝐢)

𝟐𝐬𝟒 

𝐀𝐠𝒂𝐢𝐧,𝟐𝐬𝟒 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)𝐬𝟐 ≤
?

 

(𝟑𝟐𝐑𝟐 − 𝟏𝟔𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 − 𝐫(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) 
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⇔ (𝟐𝟒𝐑𝟐 − 𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 ≥
?
⏟
(𝐢𝐢𝐢)

𝐫(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) 

𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (𝐢𝐢𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟒𝐑𝟐 − 𝟐𝟒𝐑𝐫 − 𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟏𝟐𝟖𝐑𝟑 + 𝟒𝟖𝐑𝟐𝐫 − 𝐫𝟑) ⇔ 𝟑𝟐𝐭𝟑 − 𝟔𝟗𝐭𝟐 + 𝟗𝐭 + 𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝟗𝐭𝟐 + 𝟑𝐭(𝐭 − 𝟐) + (𝐭 − 𝟐) + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ∴ (𝐢𝐢𝐢) ⇒ (𝐢𝐢) 

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
∑

𝐫𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 

1367. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐡𝒂
𝟐 +𝐰𝐛

𝟐 +𝐦𝐜
𝟐)
𝟓

(𝐫𝒂
𝟓 + 𝐫𝐛

𝟓)
𝟐 +

(𝐡𝐛
𝟐 + 𝐰𝐜

𝟐 +𝐦𝒂
𝟐)
𝟓

(𝐫𝐛
𝟓 + 𝐫𝐜

𝟓)
𝟐 +

(𝐡𝐜
𝟐 +𝐰𝒂

𝟐 +𝐦𝐛
𝟐)
𝟓

(𝐫𝐜
𝟓 + 𝐫𝒂

𝟓)𝟐
≥

𝟒 ∙ 𝟔𝟔 ∙ 𝐫𝟏𝟎

(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

𝐫𝒂 ≤
𝒂𝟐

𝟒𝐫
⇒ 𝐫𝒂

𝟓 ≤ 𝐬𝟒 𝐭𝒂𝐧𝟒
𝐀

𝟐
.
𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀
𝟐
𝐜𝐨𝐬𝟐

𝐀
𝟐

𝟒𝐫
 

=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 − 𝐜𝐨𝐬𝟐

𝐀

𝟐
)
𝟐

=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 + 𝐜𝐨𝐬𝟒

𝐀

𝟐
− 𝟐𝐜𝐨𝐬𝟐

𝐀

𝟐
) 

=
𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+
𝐬𝐢𝐧𝟐 𝐀

𝟒
− (𝟏 − 𝐜𝐨𝐬𝐀)) ⇒ 𝐫𝒂

𝟓 ≤
𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+

𝒂𝟐

𝟏𝟔𝐑𝟐
− 𝟏+ 𝐜𝐨𝐬𝐀) 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
+
∑ 𝒂𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
− 𝟑+ 𝟏+

𝐫

𝐑
) 

≤
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟒𝐬𝟐

𝐬𝟐
+
𝟗

𝟏𝟔
+
𝐫

𝐑
) 

=
𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)𝐬𝟐) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)) 

⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
(⦁) 𝐑𝐬𝟐

𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

𝐍𝐨𝐰,
(𝐡𝒂

𝟐 +𝐰𝐛
𝟐 +𝐦𝐜

𝟐)
𝟓

(𝐫𝒂
𝟓 + 𝐫𝐛

𝟓)
𝟐 +

(𝐡𝐛
𝟐 +𝐰𝐜

𝟐 +𝐦𝒂
𝟐)
𝟓

(𝐫𝐛
𝟓 + 𝐫𝐜

𝟓)
𝟐 +

(𝐡𝐜
𝟐 + 𝐰𝒂

𝟐 +𝐦𝐛
𝟐)
𝟓

(𝐫𝐜
𝟓 + 𝐫𝒂

𝟓)
𝟐 = 
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∑
(𝐡𝒂

𝟐 +𝐰𝐛
𝟐 +𝐦𝐜

𝟐)
𝟑

(
𝐫𝒂
𝟓 + 𝐫𝐛

𝟓

𝐡𝒂
𝟐 +𝐰𝐛

𝟐 +𝐦𝐜
𝟐)

𝟐

𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝐡𝒂

𝟐
𝐜𝐲𝐜 +∑ 𝐰𝐛

𝟐
𝐜𝐲𝐜 +∑ 𝐦𝐜

𝟐
𝐜𝐲𝐜 )

𝟑

(∑
𝐫𝒂
𝟓 + 𝐫𝐛

𝟓

𝐡𝒂
𝟐 +𝐰𝐛

𝟐 +𝐦𝐜
𝟐𝐜𝐲𝐜 )

𝟐 ≥
𝐰𝒂,𝐦𝒂 ≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟐𝟕(∑ 𝐡𝒂

𝟐
𝐜𝐲𝐜 )

𝟓

𝟒(∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 )
𝟐  

≥
𝟐𝟕(

𝟏
𝟑
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐
)
𝟓

𝟒(∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 )
𝟐 =

(∑ 𝐡𝒂𝐜𝐲𝐜 )
𝟏𝟎

𝟑𝟔(∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 )
𝟐 ≥
? 𝟒 ∗ 𝟔𝟔 ∗ 𝐫𝟏𝟎

(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐
 

⇔ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(∑𝐡𝒂
𝐜𝐲𝐜

)

𝟓

≥
?
⏟
(∗)

𝟏𝟐 ∗ 𝟐𝟏𝟔𝐫𝟓(∑𝐫𝒂
𝟓

𝐜𝐲𝐜

) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(∑𝐡𝒂
𝐜𝐲𝐜

)

𝟓

 

= (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟐𝐫𝐬∑
𝟏

𝒂
𝐜𝐲𝐜

)

𝟒

(
𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝟐𝐑
) ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟐𝐫𝐬 ∗
𝟗

𝟐𝐬
)
𝟒

(
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
) ≥

?
𝟏𝟐 ∗ 𝟐𝟏𝟔𝐫𝟓(∑𝐫𝒂

𝟓

𝐜𝐲𝐜

) 

⇔
𝐯𝐢𝒂 (⦁)

(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) ∗ 𝟖𝟏 ∗ 𝟖𝟏𝐫𝟒 

≥
?
𝟐𝟒 ∗ 𝟐𝟏𝟔𝐫𝟓 ∗

𝐑𝐬𝟐

𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

⇔ (𝟐𝟒𝟔𝟓𝐑𝟓 + 𝟏𝟐𝟎𝟑𝟐𝐑𝟒𝐫 − 𝟖𝟕𝟓𝟐𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟖𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟎𝟕𝟑𝟔𝟎𝐫𝟓)𝐬𝟐 

+𝟖𝟏(𝟒𝐑𝐫 + 𝐫𝟐)(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓) ≥
?
⏟
(∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝟒𝟔𝟓𝐑𝟓 + 𝟏𝟐𝟎𝟑𝟐𝐑𝟒𝐫 − 𝟖𝟕𝟓𝟐𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟖𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟎𝟕𝟑𝟔𝟎𝐫𝟓 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝟖𝟏(𝟒𝐑𝐫 + 𝐫𝟐)(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓) 

= 𝟖𝟏(𝟒𝐑𝐫 + 𝐫𝟐)(𝟖𝟏(𝐑𝟓 − 𝟑𝟐𝐫𝟓) + 𝟑𝟐𝐫𝟓) ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝟏 ∗ 𝟑𝟐(𝟒𝐑𝐫 + 𝐫𝟐)𝐫𝟓 > 0 

 
⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟐𝟒𝟔𝟓𝐑𝟓 + 𝟏𝟐𝟎𝟑𝟐𝐑𝟒𝐫 − 𝟖𝟕𝟓𝟐𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟖𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟎𝟕𝟑𝟔𝟎𝐫𝟓 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) = −(−(𝟐𝟒𝟔𝟓𝐑
𝟓 + 𝟏𝟐𝟎𝟑𝟐𝐑𝟒𝐫 − 𝟖𝟕𝟓𝟐𝐑𝟑𝐫𝟐

+𝟏𝟐𝟖𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟎𝟕𝟑𝟔𝟎𝐫𝟓
))𝐬𝟐 

+𝟖𝟏(𝟒𝐑𝐫 + 𝐫𝟐)(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(−(𝟐𝟒𝟔𝟓𝐑𝟓 + 𝟏𝟐𝟎𝟑𝟐𝐑𝟒𝐫 − 𝟖𝟕𝟓𝟐𝐑𝟑𝐫𝟐 + 𝟏𝟐𝟖𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟎𝟕𝟑𝟔𝟎𝐫𝟓))( 𝟒𝐑𝟐 +
𝟒𝐑𝐫 + 𝟑𝐫𝟐

) 

+𝟖𝟏(𝟒𝐑𝐫 + 𝐫𝟐)(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓) ≥
?
𝟎 

⇔ 𝟐𝟒𝟔𝟓𝐭𝟕 + 𝟐𝟏𝟎𝟓𝟖𝐭𝟔 + 𝟔𝟕𝟔𝟗𝐭𝟓 + 𝟏𝟓𝟓𝟐𝐭𝟒 − 𝟓𝟐𝟖𝟒𝐭𝟑 − 𝟐𝟎𝟔𝟒𝟎𝟎𝐭𝟐 

−𝟒𝟏𝟒𝟕𝟐𝟎𝐭 − 𝟐𝟎𝟕𝟑𝟔𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝟒𝟔𝟓𝐭
𝟔 + 𝟐𝟓𝟗𝟖𝟖𝐭𝟓 + 𝟓𝟖𝟕𝟒𝟓𝐭𝟒 + 𝟏𝟏𝟗𝟎𝟒𝟐𝐭𝟑

+𝟐𝟑𝟐𝟖𝟎𝟎𝐭𝟐 + 𝟐𝟓𝟗𝟐𝟎𝟎𝐭 + 𝟏𝟎𝟑𝟔𝟖𝟎
) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 
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⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

⇒
(𝐡𝒂

𝟐 +𝐰𝐛
𝟐 +𝐦𝐜

𝟐)
𝟓

(𝐫𝒂
𝟓 + 𝐫𝐛

𝟓)
𝟐 +

(𝐡𝐛
𝟐 +𝐰𝐜

𝟐 +𝐦𝒂
𝟐)
𝟓

(𝐫𝐛
𝟓 + 𝐫𝐜

𝟓)
𝟐 +

(𝐡𝐜
𝟐 +𝐰𝒂

𝟐 +𝐦𝐛
𝟐)
𝟓

(𝐫𝐜
𝟓 + 𝐫𝒂

𝟓)
𝟐  

≥
𝟒 ∗ 𝟔𝟔 ∗ 𝐫𝟏𝟎

(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1368. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬 

𝒏𝒂
𝟐 + 𝟐𝒓𝒂𝒉𝒂 ≥ 𝒓𝒃𝒓𝒄 +𝒎𝒃𝒉𝒃 +𝒎𝒄𝒉𝒄 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝒏𝒂
𝟐 + 𝟐𝒓𝒂𝒉𝒂 − 𝒓𝒃𝒓𝒄 = (𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) +

𝟒𝒔𝟐𝒓𝟐

𝒂(𝒔 − 𝒂)
− 𝒔(𝒔 − 𝒂) 

=
𝒔(𝒃 − 𝒄)𝟐

𝒂
+
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
=
𝒔(𝒃 − 𝒄)𝟐 + 𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
= 𝒔𝒂 =

𝒔𝒂𝒃𝒄

𝟒𝑭𝟐
. 𝒉𝒃𝒉𝒄 =

𝑹

𝒓
. 𝒉𝒃𝒉𝒄. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑹

𝒓
≥
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
 

(𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝐚,𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 

 𝑨𝒏𝒈𝒍𝒆, 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐,𝟔 − 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝒏𝒂
𝟐 + 𝟐𝒓𝒂𝒉𝒂 = 𝒓𝒃𝒓𝒄 +

𝑹

𝒓
. 𝒉𝒃𝒉𝒄 ≥ 𝒓𝒃𝒓𝒄 + (

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
)𝒉𝒃𝒉𝒄 = 𝒓𝒃𝒓𝒄 +𝒎𝒃𝒉𝒃 +𝒎𝒄𝒉𝒄. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1369. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒎𝒂
𝟒

𝒂(𝟏 + 𝐜𝐨𝐬 𝑨)𝟒
𝒄𝒚𝒄

≥ 𝟗√𝟑𝒓𝟑 

Proposed by Daniel Sitaru – Romania  
Solution by Tapas Das – India  
 

𝟒𝒎𝒂
𝟐 = 𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐 = (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) + 𝒃𝟐 + 𝒄𝟐 = 𝟐𝒃𝒄𝐜𝐨𝐬 𝑨 + (𝒃𝟐 + 𝒄𝟐) 
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≥
𝑨𝑴−𝑮𝑴

 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨 + 𝟐𝒃𝒄 = 𝟐𝒃𝒄(𝟏 + 𝐜𝐨𝐬 𝑨) 

∴ 𝟒𝒎𝒂
𝟐 = 𝟐𝒃𝒄 (𝟏 + 𝐜𝐨𝐬 𝑨) 

𝒎𝒂
𝟒 =

𝟏

𝟒
𝒃𝟐𝒄𝟐(𝟏 + 𝐜𝐨𝐬 𝑨)𝟐     (analog) 

∴ ∑
𝒎𝒂
𝟒

𝒂(𝟏 + 𝐜𝐨𝐬𝑨)𝟒
≥
𝟏

𝟒
∑

𝒃𝟐𝒄𝟐(𝟏 + 𝐜𝐨𝐬𝑨)𝟐

𝒂(𝟏 + 𝐜𝐨𝐬 𝑨)𝟒
 

=
𝟏

𝟒
∑

𝒃𝟐𝒄𝟐

𝒂
⋅

𝟏

(𝟏 + 𝐜𝐨𝐬𝑨)𝟐
=
𝟏

𝟒
∑

𝒃𝟐𝒄𝟐

𝒂
⋅

𝟏

𝟒 𝐜𝐨𝐬𝟒
𝑨
𝟐

 

≥
𝑨𝑴−𝑮𝑴 𝟑

𝟒
[(𝒂𝒃𝒄)𝟑 ⋅

𝟏

𝟔𝟒
⋅

𝟏

∏𝐜𝐨𝐬𝟑
𝑨
𝟐 ⋅
∏ 𝐜𝐨𝐬

𝑨
𝟐

]

𝟏
𝟑

=
𝟑

𝟒
𝒂𝒃𝒄 ⋅

𝟏

𝟒
⋅

𝟏

∏𝐜𝐨𝐬
𝑨
𝟐

[
𝟏

∏𝐜𝐨𝐬
𝑨
𝟐

]

𝟏
𝟑

 

=
𝟑

𝟏𝟔
⋅ 𝟒𝑹𝒓𝒔 ⋅

𝟒𝑹

𝒔
[
𝟒𝑹

𝒔
]

𝟏
𝟑
=
𝟑

𝟏𝟔
× 𝟏𝟔 𝑹𝟐𝒓 [

𝟒𝑹

𝒔
]

𝟏
𝟑
 

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄−𝑬𝒖𝒍𝒆𝒓

 𝟑(𝟐𝒓)𝟐𝒓[
𝟒𝒓

𝟑√𝟑𝑹
𝟐

]

𝟏
𝟑

= 𝟑 ⋅ 𝟒𝒓𝟑 ⋅
𝟐

√𝟑
= 𝟖√𝟑𝒓𝟑 

Equality when 𝒂 = 𝒃 = 𝒄. 

1370. 𝐈𝐟 𝐢𝐧 ∆ 𝐀𝐁𝐂, 𝐛 = 𝐜 𝐭𝐡𝐞𝐧 ∶ 

𝟖 𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
≤ √𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
𝐜𝐨𝐬

𝐀 − 𝐂

𝟐
 

  Proposed by Daniel Sitaru-Romania 
Solution 1 by Tapas Das-India 

We will show 𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ √

𝟐𝒓

𝑹
      (1) 

𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
= 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

Now 𝐜𝐨𝐬
𝑩

𝟐
= √

𝒔(𝒔−𝒃)

𝒂𝒄
, 𝐬𝐢𝐧

𝑩

𝟐
= √

(𝒔−𝒂)(𝒔−𝒄)

𝒂𝒄
 

Using Ravi’s transformation 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚 

The inequality (1) is equivalent to (𝟐𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟖𝒙(𝒚 + 𝒛) 
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which this is true by (AM-GM) 

𝟐𝒔 = 𝟐(𝒙 + 𝒚 + 𝒛) 

∴ 𝒔 = 𝒙 + 𝒚 + 𝒛 

∴ 𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ √

𝟐𝒓

𝑹
  (analog) 

∴ 𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
≥ √

𝟐𝒓

𝑹
, 𝐜𝐨𝐬

𝑨 − 𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

[since 𝒃 = 𝒄 ∴ 𝑩 = 𝑪] 

Now √𝐜𝐨𝐬
𝑨−𝑩

𝟐
𝐜𝐨𝐬

𝑨−𝑪

𝟐
≥ √√

𝟐𝒓

𝑹
⋅ √

𝟐𝒓

𝑹
= √

𝟐𝒓

𝑹
 

𝟖 𝐬𝐢𝐧
𝑨

𝟐
⋅ 𝐬𝐢𝐧𝟐

𝑩

𝟐
= 𝟖𝐬𝐢𝐧

𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
 

= 𝟖 𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
   (∵ 𝒃 = 𝒄,𝑩 = 𝑪) = 𝟖 ⋅

𝒓

𝟒𝑹
=
𝟐𝒓

𝑹
 

We need to show 
𝟐𝒓

𝑹
≤ √

𝟐𝒓

𝑹
 or 𝟐𝑹𝒓 ≥ 𝟒𝒓𝟐 or 𝑹 ≥

𝑬𝒖𝒍𝒆𝒓
𝟐𝒓  (true) 

Solution 2 by Aissa Hiyab-Morocco 
𝒃 = 𝒄 ⇒ 𝑩 = 𝑪 

⇒ 𝐜𝐨𝐬 (
𝑨 − 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨 − 𝑪

𝟐
) = 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨 − 𝑪

𝟐
) 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) 

= (
𝒂+ 𝒃

𝒄
𝐬𝐢𝐧

𝑪

𝟐
) (
𝒂 + 𝒄

𝒃
𝐬𝐢𝐧

𝑩

𝟐
) ⋅ (

𝒃 + 𝒄

𝒂
𝐬𝐢𝐧

𝑨

𝟐
) =

(𝒂 + 𝒃)(𝒂 + 𝒄)(𝒃 + 𝒄)

𝒂𝒃𝒄
∏𝐬𝐢𝐧

𝑨

𝟐
 

=
𝟐𝒔(𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)

𝟒𝑹𝒓𝒔
× (

𝒓

𝟒𝑹
) =

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝟖𝑹𝟐
 

𝟖 𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧𝟐

𝑩

𝟐
≤
?
√𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) 𝐜𝐨𝐬 (

𝑨 − 𝑪

𝟐
) 

⇔ 𝟖𝐬𝐢𝐧
𝑨

𝟐
(𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
) ≤
?
√𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) 𝐜𝐨𝐬 (

𝑨 − 𝑪

𝟐
) 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) 

⇔ 𝟖 ×
𝒓

𝟒𝑹
≤
?
√
𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝟖𝑹𝟐
⇔ 𝟑𝟏𝒓𝟐 − 𝟐𝑹𝒓 ≤ 𝒔𝟐 
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𝟑𝟏𝒓𝟐 − 𝟐𝑹𝒓 ≤
(∗)

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟓 

(*) ⇒ 𝟑𝟏𝒓𝟐 + 𝟓𝒓𝟐 ≤ 𝟏𝟔𝑹𝒓 + 𝟐𝑹𝒓 ⇒ 𝟐𝒓 ≤ 𝑹 true 

Solution 3 by Soumava Chakraborty-Kolkata-India 
 

𝐛 = 𝐜 ⇒ 𝐁 = 𝐂 ∴ √𝐜𝐨𝐬
𝐀 − 𝐁

𝟐
𝐜𝐨𝐬

𝐀 − 𝐂

𝟐
− 𝟖𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
 

= √𝐜𝐨𝐬
𝐀 − 𝐁

𝟐
𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
− 𝟒𝐬𝐢𝐧

𝐁

𝟐
(𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
− 𝐬𝐢𝐧

𝐁

𝟐
) 

= 𝐜𝐨𝐬
𝛑 − 𝟐𝐁 − 𝐁

𝟐
− 𝟒𝐬𝐢𝐧

𝐁

𝟐
∗ (𝐜𝐨𝐬

𝛑 − 𝟐𝐁− 𝐁

𝟐
− 𝐬𝐢𝐧

𝐁

𝟐
) 

= 𝐬𝐢𝐧
𝟑𝐁

𝟐
− 𝟒𝐬𝐢𝐧

𝐁

𝟐
∗ (𝐬𝐢𝐧

𝟑𝐁

𝟐
− 𝐬𝐢𝐧

𝐁

𝟐
) 

= 𝟑𝐬𝐢𝐧
𝐁

𝟐
− 𝟒𝐬𝐢𝐧𝟑

𝐁

𝟐
− 𝟒𝐬𝐢𝐧

𝐁

𝟐
∗ (𝟐 𝐬𝐢𝐧

𝐁

𝟐
− 𝟒𝐬𝐢𝐧𝟑

𝐁

𝟐
) 

= 𝟑𝐭 − 𝟒𝐭𝟑 − 𝟖𝐭𝟐 + 𝟏𝟔𝐭𝟒  (𝐭 = 𝐬𝐢𝐧
𝐁

𝟐
) = 𝐭(𝟒𝐭 + 𝟑)(𝟐𝐭 − 𝟏)𝟐 ≥ 𝟎,′′=′′  𝐢𝐟𝐟 𝐭 = 𝐬𝐢𝐧

𝐁

𝟐
 

=
𝟏

𝟐
⇔ 𝐢𝐟𝐟 

𝐁

𝟐
=
𝐂

𝟐
=
𝛑

𝟔
⇔ 𝐀 = 𝐁 = 𝐂 =

𝛑

𝟑
 

∴ 𝟖 𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
≤ √𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
𝐜𝐨𝐬

𝐀 − 𝐂

𝟐
 ∀ ∆ 𝐀𝐁𝐂│𝐛 = 𝐜, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1371. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
(𝒓𝒂 + 𝒓𝒃)(𝒓𝒄 + 𝒓𝒃)

𝒂𝒄
𝒄𝒚𝒄

≤
𝟏

𝟏𝟔
(∑

𝒃𝒉𝒃
(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒄𝒚𝒄

)

𝟐

+
𝟗

𝟒
 

Proposed by Gheorghe Molea – Romania  
Solution 1 by Tapas Das-India 

We have, 
𝟏

𝒓𝒃
+

𝟏

𝒓𝒄
=

𝟗

𝑭
=

𝟐

𝒉𝒂
 

∴ 𝒓𝒃 + 𝒓𝒄 =
𝟐𝒓𝒃𝒓𝒄
𝒉𝒂

 

and 𝒓𝒃 + 𝒓𝒂 =
𝟐𝒓𝒃𝒓𝒄

𝒉𝒄
 

∴∑
(𝒓𝒂 + 𝒓𝒃)(𝒓𝒃 + 𝒓𝒄)

𝒂𝒄
𝒄𝒚𝒄

=∑
𝟐𝒓𝒃𝒓𝒂
𝒉𝒄

𝒄𝒚𝒄

⋅
𝟐𝒓𝒃𝒓𝒄
𝒉𝒂

⋅
𝟏

𝒂𝒄
= ∑

𝟒 ⋅ 𝒓𝒂𝒓𝒃𝒓𝒄
𝒉𝒂𝒉𝒄 ⋅ 𝒂𝒄

𝒄𝒚𝒄

⋅ 𝒓𝒃 
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= ∑
𝟒⋅𝒔𝟐𝒓

𝟐𝑭⋅𝟐𝑭𝒄𝒚𝒄 𝒓𝒃 = ∑
𝒓𝒃𝒔

𝟐𝒓

𝒔𝟐𝒓𝟐𝒄𝒚𝒄 =
𝟏

𝒓
∑𝒓𝒃 =

𝟒𝑹+𝒓

𝒓
     (1) 

Now (𝒔 − 𝒂) =
𝑭

𝒓𝒂
, (𝒔 − 𝒄) =

𝑭

𝒓𝒄
 

∴ (∑
𝒃𝒉𝒃

(𝒔 − 𝒂)(𝒔 − 𝒄)
𝒄𝒚𝒄

)

𝟐

= (∑
𝒃𝒉𝒃
𝑭 ⋅ 𝑭

𝒄𝒚𝒄

𝒓𝒂𝒓𝒄)

𝟐

= (∑

𝟐𝑭
𝒃 ⋅ 𝒃

𝑭𝟐
𝒄𝒚𝒄

𝒓𝒂𝒓𝒄)

𝟐

 

=
𝟒

𝑭𝟐
(∑𝒓𝒂𝒓𝒄)

𝟐

=
𝟒

𝑭𝟐
⋅ 𝒔𝟗 =

𝟒𝑺𝟗

𝒓𝟐𝒔𝟐
=
𝟒𝒔𝟐

𝒓𝟐
 

∴
𝟏

𝟏𝟔
(∑

𝒃𝒉𝒃

(𝒔−𝒂)(𝒔−𝒄)
)
𝟐

+
𝟗

𝟒
=

𝟏

𝟏𝟔
⋅
𝟒𝒔𝟐

𝒓𝟐
+
𝟗

𝟒
=
𝟏

𝟒

𝒔𝟐

𝒓𝟐
+
𝟗

𝟒
     (2) 

From (1) and (2) we need to show  
𝟏

𝟒
⋅
𝒔𝟐

𝒓𝟐
+
𝟗

𝟒
≥
𝟒𝑹+𝒓

𝒓
 

or 𝒔𝟐 + 𝟗𝒓𝟐 ≥ 𝟏𝟔𝑹𝒓 + 𝟒𝒓𝟐 or 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐   (True) 

(Gerretsen’s) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) 𝒂𝒄 = 𝚫𝟐 (
𝟏

𝒓𝒂
+

𝟏

𝒓𝒃
) ⋅ (

𝟏

𝒓𝒃
+

𝟏

𝒓𝒄
) = 

=
𝚫𝟐(𝒓𝒂+𝒓𝒃)(𝒓𝒃+𝒓𝒄)

𝒓𝒃(𝒓𝒂𝒓𝒃𝒓𝒄)
=
𝒓(𝒓𝒂𝒓𝒃𝒓𝒄)(𝒓𝒂+𝒓𝒃)𝒓𝒂𝒓𝒃𝒓𝒄

𝒓𝒃(𝒓𝒂𝒓𝒃𝒓𝒄)
=
𝒓(𝒓𝒂+𝒓𝒃)(𝒓𝒃+𝒓𝒄)

𝒓𝒃
= 𝒂𝒄       (*) 

∑
(𝒓𝒂+𝒓𝒃)(𝒓𝒃+𝒓𝒄)

𝒓(𝒓𝒂+𝒓𝒃)(𝒓𝒃+𝒓𝒄)

𝒓𝒃

= ∑
𝒓𝒃

𝒓
=
𝟒𝑹+𝒓

𝒓
    (1) 

𝑳𝑯𝑺 =
𝟒𝑹+𝒓

𝒓
     (1) 

2) 
𝟏

𝟏𝟔
(∑

𝟐𝚫

(𝒑−𝒂)(𝒑−𝒃)
) +

𝟗

𝟒
=
𝟏

𝟒
(∑√

𝒑(𝒑−𝒄)

(𝒑−𝒂)(𝒑−𝒃)
) +

𝟗

𝟒
=
𝟏

𝟒
(∑𝐜𝐨𝐭

𝒄

𝟐
)
𝟐

+
𝟗

𝟒
= 

=
𝟏

𝟒
(∑

𝒑

𝒓𝒂
)
𝟐

+
𝟗

𝟒
=
𝒑𝟐

𝟒
(
∑𝒓𝒂𝒓𝒃

𝒓𝒂𝒓𝒃𝒓𝒄
)
𝟐

+
𝟗

𝟒
=

𝒑𝟐

𝟒
(
𝒑𝟐

𝒑𝟐𝒓
)
𝟐

+
𝟗

𝟒
=

𝒑𝟐

𝟒𝒓𝟐
+
𝟗

𝟒
      (**) 

(1); (**) ⇒
𝟒𝑹+𝒓

𝒓
≤
? 𝒑𝟐

𝟒𝒓𝟐
+
𝟗

𝟒
 

𝒑𝟐 + 𝟗𝒓𝟐 ≥
?
𝟒𝒓(𝟒𝑹 + 𝒓) 

𝒑𝟐 + 𝟗𝒓𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝟗𝒓𝟔𝟐 = 𝟏𝟔𝑹𝒓 + 𝟒𝒓𝟐 

1372. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐 ⋅ √𝒃𝒄
𝟑

+ 𝒃𝟐 ⋅ √𝒄𝒂
𝟑

+ 𝒄𝟐 ⋅ √𝒂𝒃
𝟑

≤ 𝑹𝟐(√𝒂
𝟑

+ √𝒃
𝟑

+ √𝒄
𝟑
)
𝟐
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Proposed by Daniel Sitaru – Romania  

Solution by Tapas Das – India  

𝒂𝟐 ⋅ √𝒃𝒄
𝟑

+ 𝒃𝟐 ⋅ √𝒄𝒂
𝟑

+ 𝒄𝟐 ⋅ √𝒂𝒃
𝟑

 

WLOG 𝒂 ≥ 𝒃 ≥ 𝒄 

∴ 𝒂𝒃 ≥ 𝒂𝒄 ≥ 𝒃𝒄 

∴ 𝒂𝟐√𝒃𝒄
𝟑

+ 𝒃𝟐√𝒄𝒂
𝟑 + 𝒄𝟐√𝒂𝒃

𝟑
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒆𝒗 𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(√𝒃𝒄

𝟑
+ √𝒄𝒂

𝟑 + √𝒂𝒃
𝟑

) 

≤
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

(𝒂
𝟏
𝟑 + 𝒃

𝟏
𝟑 + 𝒄

𝟏
𝟑)
𝟐

𝟑
 

[Note: (∑𝒙)𝟐 ≥ 𝟑(∑𝒙𝒚)] 

∀𝒙, 𝒚, 𝒛 > 0 

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟏

𝟑
⋅ 𝟗𝑹𝟐

(𝒂
𝟏
𝟑 + 𝒃

𝟏
𝟑 + 𝒄

𝟏
𝟑)
𝟐

𝟑
= 𝑹𝟐(√𝒂

𝟑 + √𝒃
𝟑

+ √𝒄
𝟑 )

𝟐
 

1373. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟑∑
𝐡𝒂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
Solution  by Soumava Chakraborty-Kolkata-India 
 

∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑(𝐡𝒂
𝟐 (𝟏 + 𝐜𝐨𝐭𝟐

𝐀

𝟐
))

𝐜𝐲𝐜

=∑𝐡𝒂
𝟐

𝐜𝐲𝐜

+ 𝐬𝟐∑
𝐡𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

 

=∑
𝒂𝟐𝐛𝟐

𝟒𝐑𝟐
𝐜𝐲𝐜

+
𝐬𝟐

𝐫𝟐𝐬𝟒
∑𝐡𝒂

𝟐𝐫𝐛
𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟒𝐫𝟐𝐬𝟒

𝐫𝟐𝐬𝟐
∑

(𝐬 − 𝒂)𝟐

𝒂𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝐬𝟐(𝐬𝟐∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

− 𝟐𝐬∑
𝟏

𝒂
𝐜𝐲𝐜

+ 𝟑) 

=
𝟏

𝟒𝐑𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟒𝐬𝟒

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−
𝟖𝐬𝟑

𝟒𝐑𝐫𝐬
∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟏𝟐𝐬𝟐 

=
(𝐬𝟐 + 𝐫𝟐) ((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) + 𝟒𝟖𝐑𝟐𝐫𝟐𝐬𝟐

𝟒𝐑𝟐𝐫𝟐
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=
𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟖𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟒(𝟒𝐑+ 𝐫)𝟐

𝟒𝐑𝟐𝐫𝟐
=
(∗)
∑

𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,∑
𝐡𝒂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

=∑𝐡𝒂
𝟐

𝐜𝐲𝐜

+∑𝐡𝒂
𝟐 𝐭𝒂𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
+ 𝟒𝐫𝟐∑

𝐫𝒂
𝟐

𝒂𝟐
𝐜𝐲𝐜

 

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
+ 𝟒𝐫𝟐((∑

𝐫𝒂
𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑
𝐫𝐛𝐫𝐜
𝐛𝐜

𝐜𝐲𝐜

) 

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
+ 𝟒𝐫𝟐((∑

𝐬𝒕𝒂𝒏
𝐀
𝟐

𝟒𝐑𝐭𝒂𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝟐𝐀
𝟐𝐜𝐲𝐜

)

𝟐

− 𝟐∑
𝐬(𝐬 − 𝒂)

𝐛𝐜
𝐜𝐲𝐜

) 

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟒𝐑𝟐
+ 𝟒𝐫𝟐((

𝐬

𝟒𝐑
.
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
)

𝟐

−∑(𝟏+ 𝐜𝐨𝐬𝐀)

𝐜𝐲𝐜

) 

=
(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟔𝐑𝐫𝐬𝟐

𝟒𝐑𝟐
+ 𝟒𝐫𝟐(

(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐)
𝟐

𝟏𝟔𝐑𝟐𝐬𝟐
−
𝟒𝐑+ 𝐫

𝐑
) 

=
𝐬𝟔 − (𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝟐 − 𝟖𝐑𝐫− 𝟑𝐫𝟐) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟒

𝟒𝐑𝟐𝐬𝟐
=
(∗∗)

∑
𝐡𝒂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

 

∴ 𝐯𝐢𝒂 (∗), (∗∗),∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟑∑
𝐡𝒂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

 

⇔
𝐬𝟔 − (𝟏𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 − 𝟖𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟒(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑𝟐𝐫𝟐
 

≥ 𝟑.
𝐬𝟔 − (𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟒

𝟒𝐑𝟐𝐬𝟐
 

⇔ 𝐬𝟖 − 𝟏𝟔𝐑𝐫𝐬𝟔 + 𝐫𝟐𝐬𝟒(𝟑𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟔𝐫𝟐) 

+𝐫𝟒𝐬𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐) − 𝟑𝐫𝟒(𝟒𝐑 + 𝐫)𝟒 ≥
(𝐢)

𝟎 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟔 − 𝟏𝟔𝐑𝐫𝐬𝟔 + 𝐫𝟐𝐬𝟒(𝟑𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟔𝐫𝟐) 

+𝐫𝟒𝐬𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐) − 𝟑𝐫𝟒(𝟒𝐑 + 𝐫)𝟒 ≥
?
𝟎 

⇔ (𝟑𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐) − 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟒 ≥
?
⏟
(𝐢𝐢)

𝟓𝐬𝟔 

𝐀𝐠𝒂𝐢𝐧, 𝟓𝐬𝟔 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟓(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟒 ≤
?
𝐋𝐇𝐒 𝐨𝐟 (𝐢𝐢) 

⇔ (𝟏𝟐𝐑𝟐 − 𝟒𝐑𝐫− 𝟐𝟏𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐)𝐬𝟐 − 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟒 ≥
?
⏟
(𝐢𝐢𝐢)

𝟎 

𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (𝐢𝐢𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝐑𝟐 − 𝟒𝐑𝐫 − 𝟐𝟏𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 

 

+𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐)𝐬𝟐 − 𝟑𝐫𝟐(𝟒𝐑 + 𝐫)𝟒 

= 𝐫(𝟏𝟗𝟐𝐑𝟑 − 𝟔𝟎𝐑𝟐𝐫 − 𝟑𝟑𝟐𝐑𝐫𝟐 + 𝟗𝟕𝐫𝟑)𝐬𝟐 − 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟒 
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≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟗𝟐𝐑𝟑 − 𝟔𝟎𝐑𝟐𝐫 − 𝟑𝟑𝟐𝐑𝐫𝟐 + 𝟗𝟕𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟒  

(
∵ 𝟏𝟗𝟐𝐑𝟑 − 𝟔𝟎𝐑𝟐𝐫 − 𝟑𝟑𝟐𝐑𝐫𝟐 + 𝟗𝟕𝐫𝟑 =

(𝐑 − 𝟐𝐫)(𝟏𝟗𝟐𝐑𝟐 + 𝟑𝟐𝟒𝐑𝐫 + 𝟑𝟏𝟔𝐫𝟐) + 𝟕𝟐𝟗𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟕𝟐𝟗𝐫𝟑 > 0
) 

≥
?
𝟎 ⇔ 𝟓𝟕𝟔𝐭𝟒 − 𝟔𝟕𝟐𝐭𝟑 − 𝟏𝟑𝟐𝟓𝐭𝟐 + 𝟕𝟗𝟏𝐭 − 𝟏𝟐𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟓𝟕𝟔𝐭𝟑 + 𝟐𝟗𝟕𝐭𝟐 + 𝟏𝟖𝟑𝐭(𝐭 − 𝟐) + 𝐭 + 𝟔𝟏)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴ (𝐢𝐢𝐢) ⇒ (𝐢𝐢) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑
𝐡𝒂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟑∑
𝐡𝒂
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1374. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂

𝒔
∙ (
𝒔𝒉𝒂
𝒃𝒄
)

𝒏

+
𝒃

𝒔
∙ (
𝒔𝒉𝒃
𝒄𝒂
)

𝒏

+
𝒄

𝒔
∙ (
𝒔𝒉𝒄
𝒂𝒃
)

𝒏

≥
𝟑𝒏√𝟑𝒏

𝟐𝒏−𝟏
∙ (
𝒓

𝑹
)
𝒏

, 𝒏 ∈ ℕ∗ 

 
Proposed by Emil Popa-Romania 

Solution by Daniel Sitaru-Romania 
 

∑
𝒂

𝒔
𝒄𝒚𝒄

∙ (
𝒔𝒉𝒂
𝒃𝒄
)
𝒏

=∑
𝒂

𝒔
𝒄𝒚𝒄

∙ (
𝒔𝒂𝒉𝒂
𝒂𝒃𝒄

)
𝒏

=
𝟏

𝒔
∙ (

𝒔

𝒂𝒃𝒄
)
𝒏

∑𝒂 ∙ (𝒂𝒉𝒂)
𝒏

𝒄𝒚𝒄

= 

 

=
𝒔𝒏−𝟏

(𝒂𝒃𝒄)𝒏
∙∑𝒂 ∙ (𝟐𝑭)𝒏

𝒄𝒚𝒄

=
𝒔𝒏−𝟏 ∙ (𝟐𝑭)𝒏

(𝒂𝒃𝒄)𝒏
∙∑𝒂

𝒄𝒚𝒄

= 

 

=
𝒔𝒏−𝟏 ∙ (𝟐𝑭)𝒏

(𝒂𝒃𝒄)𝒏
∙ 𝟐𝒔 =

𝒔𝒏−𝟏 ∙ (𝟐𝑭)𝒏

(𝟒𝑹𝑭)𝒏
∙ 𝟐𝒔 =

𝒔𝒏−𝟏 ∙ 𝟐𝒏 ∙ 𝟐𝒔

𝟒𝒏 ∙ 𝑹𝒏
= 

 

=
𝟐𝒏+𝟏

𝟐𝟐𝒏
∙
𝒔𝒏

𝑹𝒏
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪
𝟏

𝟐𝒏−𝟏
∙
(𝟑√𝟑𝒓)

𝒏

𝑹𝒏
=
𝟑𝒏√𝟑𝒏

𝟐𝒏−𝟏
∙ (

𝒓

𝑹
)
𝒏

.Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

1375. If 𝒙, 𝒚, 𝒛 > 0 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝒙 + 𝒚

𝒛
∙ (
𝒓𝒂
𝒉𝒂
)
𝟐

+
𝒚 + 𝒛

𝒙
∙ (
𝒓𝒃
𝒉𝒃
)
𝟐

+
𝒛 + 𝒙

𝒚
∙ (
𝒓𝒄
𝒉𝒄
)
𝟐

≥ 𝟔 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
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𝒙 + 𝒚

𝒛
∙ (
𝒓𝒂
𝒉𝒂
)
𝟐

+
𝒚 + 𝒛

𝒙
∙ (
𝒓𝒃
𝒉𝒃
)
𝟐

+
𝒛 + 𝒙

𝒚
∙ (
𝒓𝒄
𝒉𝒄
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

 

≥
𝟐√𝒙𝒚

𝒛
∙ (
𝒓𝒂
𝒉𝒂
)
𝟐

+
𝟐√𝒚𝒛

𝒙
∙ (
𝒓𝒃
𝒉𝒃
)
𝟐

+
𝟐√𝒛𝒙

𝒚
∙ (
𝒓𝒄
𝒉𝒄
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑√
𝟐√𝒙𝒚

𝒛
∙ (
𝒓𝒂
𝒉𝒂
)
𝟐

∙
𝟐√𝒚𝒛

𝒙
∙ (
𝒓𝒃
𝒉𝒃
)
𝟐

∙
𝟐√𝒛𝒙

𝒚
∙ (
𝒓𝒄
𝒉𝒄
)
𝟐𝟑

= 

= 𝟑√𝟖(
𝒓𝒂
𝒉𝒂
)
𝟐

(
𝒓𝒃
𝒉𝒃
)
𝟐

(
𝒓𝒄
𝒉𝒄
)
𝟐𝟑

= 𝟔√(
𝒓𝒂
𝒉𝒂
)
𝟐

(
𝒓𝒃
𝒉𝒃
)
𝟐

(
𝒓𝒄
𝒉𝒄
)
𝟐𝟑

≥ 𝟔 ⟺ 

(
𝒓𝒂
𝒉𝒂
)
𝟐

(
𝒓𝒃
𝒉𝒃
)
𝟐

(
𝒓𝒄
𝒉𝒄
)
𝟐

≥ 𝟏 ⟺ 𝒓𝒂𝒓𝒃𝒓𝒄 ≥ 𝒉𝒂𝒉𝒃𝒉𝒄⟺ 

𝑭

𝒔 − 𝒂
∙
𝑭

𝒔 − 𝒃
∙
𝑭

𝒔 − 𝒄
≥
𝟐𝑭

𝒂
∙
𝟐𝑭

𝒃
∙
𝟐𝑭

𝒄
⟺ 

𝒂𝒃𝒄 ≥ 𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) ⟺ 

(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)(𝒂 + 𝒃 − 𝒄) ≤ 𝒂𝒃𝒄 (Padoa’s inequality) 

Equality holds for 𝒂 = 𝒃 = 𝒄, 𝒙 = 𝒚 = 𝒛. 

Note: 

(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)(𝒂 + 𝒃 − 𝒄) =∏√(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)

𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

 

≤∏
(𝒃+ 𝒄 − 𝒂) + (𝒄 + 𝒂 − 𝒃)

𝟐
𝒄𝒚𝒄

= 𝒂𝒃𝒄 

1376. If 𝒙, 𝒚, 𝒛 > 0 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝒙 + 𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

+
𝒚+ 𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)

𝟐

+
𝒛 + 𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐

≥ 𝟐𝟏𝟔 (
𝒓

𝒔
)
𝟐

 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
 

𝒙 + 𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

+
𝒚 + 𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)
𝟐

+
𝒛+ 𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴
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≥
𝟐√𝒙𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

+
𝟐√𝒚𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)
𝟐

+
𝟐√𝒛𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑√
𝟐√𝒙𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

∙
𝟐√𝒚𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)
𝟐

∙
𝟐√𝒛𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐𝟑

= 

= 𝟑√𝟖(
𝒂

𝒓𝒂
)
𝟐

(
𝒃

𝒓𝒃
)
𝟐

(
𝒄

𝒓𝒄
)
𝟐𝟑

= 𝟔√(
𝒂

𝒓𝒂
)
𝟐

(
𝒃

𝒓𝒃
)
𝟐

(
𝒄

𝒓𝒄
)
𝟐𝟑

= 

= 𝟔√(
𝒂𝒃𝒄

𝒓𝒂𝒓𝒃𝒓𝒄
)
𝟐𝟑

= 𝟔√(
𝟒𝑹𝒓𝒔

𝒓𝒔𝟐
)
𝟐𝟑

= 𝟔√(
𝟒𝑹

𝒔
)
𝟐𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

 

≥  𝟔√(

𝟒 ∙
𝟐𝒔

𝟑√𝟑
𝒔

)

𝟐

𝟑

= 𝟔√(
𝟒

𝟑
)
𝟑𝟑

= 𝟔 ∙
𝟒

𝟑
= 𝟖 ≥ 𝟐𝟏𝟔(

𝒓

𝒔
)
𝟐

⟺ 

⟺ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐 ⟺ 𝒔 ≥ 𝟑√𝟑𝒓 (Mitrinovic). 

Equality holds for: 𝒂 = 𝒃 = 𝒄, 𝒙 = 𝒚 = 𝒛. 

1377. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝐛𝐡𝐜

(𝐫 − 𝐡𝐛)(𝐫 − 𝐡𝐜)
𝐜𝐲𝐜

≤∑
𝐫𝐛𝐫𝐜

(𝐫 − 𝐫𝐛)(𝐫 − 𝐫𝐜)
𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐡𝐛𝐡𝐜

(𝐫 − 𝐡𝐛)(𝐫 − 𝐡𝐜)
𝐜𝐲𝐜

=∑

𝟒𝐫𝟐𝐬𝟐

𝐛𝐜

𝐫𝟐 (
𝟐𝐬
𝐛
− 𝟏)(

𝟐𝐬
𝐜
− 𝟏)𝐜𝐲𝐜

=∑
𝟒𝐬𝟐(𝐛 + 𝐜)

(𝐜 + 𝒂)(𝒂 + 𝐛)(𝐛 + 𝐜)
𝐜𝐲𝐜

 

=
𝟒𝐬𝟐. 𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
⇒∑

𝐡𝐛𝐡𝐜
(𝐫 − 𝐡𝐛)(𝐫 − 𝐡𝐜)

𝐜𝐲𝐜

=
(𝐢) 𝟖𝐬𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 

∑
𝐫𝐛𝐫𝐜

(𝐫 − 𝐫𝐛)(𝐫 − 𝐫𝐜)
𝐜𝐲𝐜

=∑

𝐫𝟐𝐬𝟐

(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐫𝟐 (
𝐬

𝐬 − 𝐛
− 𝟏)(

𝐬
𝐬 − 𝐜

− 𝟏)𝐜𝐲𝐜

=∑
𝐬𝟐𝒂

𝟒𝐑𝐫𝐬
𝐜𝐲𝐜

=
𝐬𝟐 ∗ 𝟐𝐬

𝟒𝐑𝐫𝐬
 

⇒∑
𝐫𝐛𝐫𝐜

(𝐫 − 𝐫𝐛)(𝐫 − 𝐫𝐜)
𝐜𝐲𝐜

=
(𝐢𝐢) 𝐬𝟐

𝟐𝐑𝐫
∴ (𝐢), (𝐢𝐢) ⇒ 
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∑
𝐡𝐛𝐡𝐜

(𝐫 − 𝐡𝐛)(𝐫 − 𝐡𝐜)
𝐜𝐲𝐜

≤∑
𝐫𝐛𝐫𝐜

(𝐫 − 𝐫𝐛)(𝐫 − 𝐫𝐜)
𝐜𝐲𝐜

⇔
𝟖𝐬𝟐

𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐
≤
𝐬𝟐

𝟐𝐑𝐫
 

⇔ 𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐 ≥ 𝟏𝟔𝐑𝐫 ⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑− 𝟐𝐫) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟐𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴∑
𝐡𝐛𝐡𝐜

(𝐫 − 𝐡𝐛)(𝐫 − 𝐡𝐜)
𝐜𝐲𝐜

 

≤∑
𝐫𝐛𝐫𝐜

(𝐫 − 𝐫𝐛)(𝐫 − 𝐫𝐜)
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1378. In ∆𝑨𝑩𝑪 the following relationship holds: 

(
𝒓𝒂
𝒉𝒂
)
𝟐

+ (
𝒓𝒃
𝒉𝒃
)
𝟐

+ (
𝒓𝒄
𝒉𝒄
)
𝟐

≥ 𝟏 +
𝟒𝒓

𝑹
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
 

(
𝒓𝒂
𝒉𝒂
)
𝟐

+ (
𝒓𝒃
𝒉𝒃
)
𝟐

+ (
𝒓𝒄
𝒉𝒄
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√(
𝒓𝒂
𝒉𝒂
)
𝟐

∙ (
𝒓𝒃
𝒉𝒃
)
𝟐

∙ (
𝒓𝒄
𝒉𝒄
)
𝟐𝟑

= 

= 𝟑√(
𝒓𝒂𝒓𝒃𝒓𝒄
𝒉𝒂𝒉𝒃𝒉𝒄

)
𝟐𝟑

≥ 𝟑√(
𝒉𝒂𝒉𝒃𝒉𝒄
𝒉𝒂𝒉𝒃𝒉𝒄

)
𝟐𝟑

= 𝟑 = 𝟏 + 𝟐 = 𝟏 + 𝟒 ∙
𝟏

𝟐
= 𝟏 + 𝟒 ∙

𝒓

𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1379. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝐑𝐦𝒂

𝐫
≥ (𝐫𝐛 + 𝐫𝐜)(√

𝐦𝒂

𝐡𝐛
+ √

𝐦𝐛

𝐡𝒂
) 

  Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁
𝟐 𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰, (𝐛 + 𝐜)𝟐 ≥
?
𝟑𝟐𝐑𝐫𝐜𝐨𝐬𝟐

𝐀

𝟐
=

𝐯𝐢𝒂 (𝐢)
𝟖𝐫(𝐫𝐛 + 𝐫𝐜) = 𝟖𝐫

𝟐𝐬 (
𝟏

𝐬 − 𝐛
+

𝟏

𝐬 − 𝐜
) 
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= 𝟖(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝒂

(𝐬 − 𝐛)(𝐬 − 𝐜)
= 𝟒𝒂(𝐛 + 𝐜 − 𝒂) 

⇔ (𝐛 + 𝐜)𝟐 + 𝟒𝒂𝟐 − 𝟒𝒂(𝐛 + 𝐜) ≥
?
𝟎 ⇔ (𝐛 + 𝐜 − 𝟐𝒂)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∴ 𝐛 + 𝐜 ≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬
𝐀

𝟐
⇒

𝟐𝐑𝐦𝒂

𝐫(𝐫𝐛 + 𝐫𝐜)
≥

𝐋𝒂𝐬𝐜𝐮 𝒂𝐧𝐝 (𝐢) 𝟐𝐑 ∗
𝐛 + 𝐜
𝟐

𝐜𝐨𝐬
𝐀
𝟐

𝐫 ∗ 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐

 

≥
𝟐𝐑 ∗ √𝟖𝐑𝐫. 𝐜𝐨𝐬

𝐀
𝟐
∗ 𝐜𝐨𝐬

𝐀
𝟐

𝐫 ∗ 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐

= √
𝟐𝐑

𝐫
∴

𝟐𝐑𝐦𝒂

𝐫(𝐫𝐛 + 𝐫𝐜)
≥
(∗)

√
𝟐𝐑

𝐫
 

𝐀𝐠𝒂𝐢𝐧,√
𝐦𝒂

𝐡𝐛
+√

𝐦𝐛

𝐡𝒂
≤
𝐂𝐁𝐒

√𝟐 ∗ √
𝐦𝒂

𝐡𝐛
+
𝐦𝐛

𝐡𝒂
≤ √

𝟐𝐑

𝐫
  

(

 
∵
𝐑

𝐫
≥
𝐦𝒂

𝐡𝐛
+
𝐦𝐛

𝐡𝒂
𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝒂𝐫𝐭𝐢𝐜𝐥𝐞 𝐭𝐢𝐭𝐥𝐞𝐝 ′′𝐍𝐞𝐰 𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐖𝐢𝐭𝐡 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝐀𝐧𝐠𝐥𝐞′′

 𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢,𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂;
𝐋𝐞𝐦𝐦𝒂 𝟏𝟐,𝟔 − 𝟕, 𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨 )

  

∴ √
𝐦𝒂

𝐡𝐛
+ √

𝐦𝐛

𝐡𝒂
≤
(∗∗)

√
𝟐𝐑

𝐫
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 (∗) 𝒂𝐧𝐝 (∗∗),

𝟐𝐑𝐦𝒂

𝐫(𝐫𝐛 + 𝐫𝐜)
≥ √

𝐦𝒂

𝐡𝐛
+√

𝐦𝐛

𝐡𝒂
 

⇒
𝟐𝐑𝐦𝒂

𝐫
≥ (𝐫𝐛 + 𝐫𝐜) (√

𝐦𝒂

𝐡𝐛
+ √

𝐦𝐛

𝐡𝒂
) ∀ ∆ 𝐀𝐁𝐂,′′=′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1380. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝟓

𝐫𝒂
𝟑𝐫𝐛𝐫𝐜 + 𝟏

+
𝐫𝐛
𝟓

𝐫𝐛
𝟑𝐫𝐜𝐫𝒂 + 𝟏

+
𝐫𝐜
𝟓

𝐫𝐜
𝟑𝐫𝒂𝐫𝐛 + 𝟏

≥
𝟖𝟏𝐫𝟕𝐫𝒂

𝟐𝐜𝐭𝐠𝟐
𝐀
𝟐

𝐫𝟒𝐫𝒂
𝟑𝐫𝐛𝐫𝐜𝐜𝐭𝐠

𝟐 𝐀
𝟐
+ 𝐫(𝐫𝒂𝐫𝐛𝐫𝐜 − 𝟐𝟒𝐫

𝟑)
 

  Proposed by Elsen Kerimov-Azerbaijan 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐫𝒂
𝟓

𝐫𝒂
𝟑𝐫𝐛𝐫𝐜 + 𝟏

+
𝐫𝐛
𝟓

𝐫𝐛
𝟑𝐫𝐜𝐫𝒂 + 𝟏

+
𝐫𝐜
𝟓

𝐫𝐜
𝟑𝐫𝒂𝐫𝐛 + 𝟏

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟓

𝟐𝟕(𝐫𝐬𝟐(∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 ) + 𝟑)
≥
?

 

𝟖𝟏𝐫𝟕𝐫𝒂
𝟐𝐜𝐭𝐠𝟐

𝐀
𝟐

𝐫𝟒𝐫𝒂
𝟑𝐫𝐛𝐫𝐜𝐜𝐭𝐠𝟐

𝐀
𝟐 + 𝐫

(𝐫𝒂𝐫𝐛𝐫𝐜 − 𝟐𝟒𝐫𝟑)
=

𝟖𝟏𝐫𝟕 ∗ 𝐬𝟐 𝐭𝒂𝐧𝟐
𝐀
𝟐 ∗ 𝐜𝐭𝐠

𝟐𝐀
𝟐

𝐫𝟒 ∗ 𝐫𝐬𝟐 ∗ 𝐬𝟐 𝐭𝒂𝐧𝟐
𝐀
𝟐 ∗ 𝐜𝐭𝐠

𝟐𝐀
𝟐 + 𝐫

𝟐(𝐬𝟐 − 𝟐𝟒𝐫𝟐)
 

⇔ (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

(𝐬𝟐 − 𝟐𝟒𝐫𝟐) + (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

∗ 𝐫𝟑𝐬𝟒 ≥
?
⏟
(∗)

𝟐𝟏𝟖𝟕𝐫𝟔𝐬𝟒(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)+ 𝟖𝟏𝟐𝐫𝟓𝐬𝟐  

𝐍𝐨𝐰,(∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

∗ 𝐫𝟑𝐬𝟒 ≥
𝐀−𝐆

𝟐𝟕𝐫𝐬𝟐(∑𝐫𝒂
𝐜𝐲𝐜

)

𝟐

∗ 𝐫𝟑𝐬𝟒 ≥
?
𝟐𝟏𝟖𝟕𝐫𝟔𝐬𝟒(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

) 
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⇔ 𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟖𝟏𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

⇔ 𝐬𝟐((𝟒𝐑+ 𝐫)𝟐 + 𝟏𝟔𝟐𝐫𝟐) ≥
?
⏟
(𝟏)

𝟖𝟏𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (𝟏) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)((𝟒𝐑+ 𝐫)𝟐 + 𝟏𝟔𝟐𝐫𝟐) ≥
?
𝟖𝟏𝐫𝟐(𝟒𝐑+ 𝐫)𝟐  

⇔ 𝟖𝐭𝟑 − 𝟑𝟗𝐭𝟐 + 𝟔𝟎𝐭 − 𝟐𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝟖𝐭 − 𝟕)(𝐭 − 𝟐)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

∗ 𝐫𝟑𝐬𝟒 ≥
(⦁)

𝟐𝟏𝟖𝟕𝐫𝟔𝐬𝟒(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)  

𝐀𝐠𝒂𝐢𝐧, (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

(𝐬𝟐 − 𝟐𝟒𝐫𝟐) ≥
𝐀−𝐆

𝟐𝟕𝐫𝐬𝟐(𝟒𝐑+ 𝐫)𝟐(𝐬𝟐 − 𝟐𝟒𝐫𝟐) ≥

𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

𝟐𝟕𝐫𝐬𝟐(𝟗𝐫)𝟐 ∗ 𝟑𝐫𝟐 = 𝟖𝟏𝟐𝐫𝟓𝐬𝟐 ∴ (∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

(𝐬𝟐 − 𝟐𝟒𝐫𝟐) ≥
(⦁⦁)

𝟖𝟏𝟐𝐫𝟓𝐬𝟐 ∴ (⦁) + (⦁⦁) 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝟓

𝐫𝒂
𝟑𝐫𝐛𝐫𝐜 + 𝟏

+
𝐫𝐛
𝟓

𝐫𝐛
𝟑𝐫𝐜𝐫𝒂 + 𝟏

+
𝐫𝐜
𝟓

𝐫𝐜
𝟑𝐫𝒂𝐫𝐛 + 𝟏

 

≥
𝟖𝟏𝐫𝟕𝐫𝒂

𝟐𝐜𝐭𝐠𝟐
𝐀
𝟐

𝐫𝟒𝐫𝒂
𝟑𝐫𝐛𝐫𝐜𝐜𝐭𝐠

𝟐𝐀
𝟐 + 𝐫

(𝐫𝒂𝐫𝐛𝐫𝐜 − 𝟐𝟒𝐫
𝟑)
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒓𝒂
𝟓

𝒓𝒂𝟑𝒓𝒃𝒓𝒄 + 𝟏
𝒄𝒚𝒄

=∑
𝒓𝒂
𝟐

𝒓𝒃𝒓𝒄 +
𝟏
𝒓𝒂𝟑

𝒄𝒚𝒄

≥
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐

∑ (𝒓𝒃𝒓𝒄 +
𝟏
𝒓𝒂𝟑

)𝒄𝒚𝒄

=
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐 + (∑
𝟏
𝒓𝒂𝒄𝒚𝒄 )

𝟑

− 𝟑∏ (
𝟏
𝒓𝒃
+
𝟏
𝒓𝒄
)𝒄𝒚𝒄

 

≥⏞
𝑬𝒖𝒍𝒆𝒓 (𝟒. 𝟐𝒓 + 𝒓)𝟐

𝒔𝟐 + (
𝟏
𝒓)

𝟑

− 𝟑.
𝟒𝑹𝒔𝟐

(𝒔𝟐𝒓)𝟐

=
𝟖𝟏𝒔𝟐𝒓𝟕

𝒔𝟒𝒓𝟓 + 𝒔𝟐𝒓𝟐 − 𝟏𝟐𝑹𝒓𝟑
≥⏞

𝑬𝒖𝒍𝒆𝒓 𝟖𝟏𝒓𝟕𝒔𝟐

𝒔𝟒𝒓𝟓 + 𝒓(𝒔𝟐𝒓 − 𝟐𝟒𝒓𝟑)
, 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒓𝒂𝒓𝒃𝒓𝒄 = 𝒔
𝟐𝒓 𝐚𝐧𝐝 𝒓𝒂 𝐜𝐨𝐭

𝑨

𝟐
= 𝒔, 𝐭𝐡𝐞𝐧 

∑
𝒓𝒂
𝟓

𝒓𝒂𝟑𝒓𝒃𝒓𝒄 + 𝟏
𝒄𝒚𝒄

≥
𝟖𝟏𝒓𝟕𝒓𝒂

𝟐 𝐜𝐨𝐭𝟐
𝑨
𝟐

𝒓𝟒𝒓𝒂𝟑𝒓𝒃𝒓𝒄 𝐜𝐨𝐭𝟐
𝑨
𝟐 + 𝒓

(𝒓𝒂𝒓𝒃𝒓𝒄 − 𝟐𝟒𝒓𝟑)
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
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1381. In acute 𝚫𝑨𝑩𝑪 holds: 

𝐬𝐢𝐧𝟒 𝑨 (𝟏 − 𝐬𝐢𝐧 𝑨)𝟓 + 𝐬𝐢𝐧𝟒 𝑩 (𝟏 − 𝐬𝐢𝐧𝑩)𝟓 + 𝐬𝐢𝐧𝟒 𝑪 (𝟏 − 𝐬𝐢𝐧 𝑪) <
𝟑

𝟐𝟓𝟔
 

Proposed by Daniel Sitaru – Romania  
Solution by Tapas Das-India 
 

𝐬𝐢𝐧𝟒 𝑨 (𝟏 − 𝐬𝐢𝐧𝑨)𝟓 = (𝟏 − 𝐬𝐢𝐧𝑨)[𝐬𝐢𝐧𝑨 (𝟏 − 𝐬𝐢𝐧 𝑨)]𝟒 

≤
𝑨𝑴−𝑮𝑴

 (𝟏 − 𝐬𝐢𝐧𝑨) [
𝐬𝐢𝐧𝑨+𝟏−𝐬𝐢𝐧𝑨

𝟐
]
𝟖

= (𝟏 − 𝐬𝐢𝐧𝑨) ⋅
𝟏

𝟐𝟓𝟔
  (analog) 

∴∑𝐬𝐢𝐧𝟒 𝑨(𝟏 − 𝐬𝐢𝐧 𝑨)𝟓 ≤∑(𝟏 − 𝐬𝐢𝐧 𝑨) ⋅
𝟏

𝟐𝟓𝟔
<∑

𝟏

𝟐𝟓𝟔
=

𝟑

𝟐𝟓𝟔
(∵ 𝐬𝐢𝐧𝑨 < 1) 

1382. 

𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑡ℎ𝑒𝑛, 𝑖𝑛 𝑎𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒙

𝐲 + 𝐳
.𝐦𝒂

𝟐 +
𝐲

𝐳 + 𝒙
.𝐦𝐛

𝟐 +
𝐳

𝒙 + 𝐲
.𝐦𝐜

𝟐 ≥
𝟏𝟔𝐅𝐬 − 𝟐𝟕𝐑𝟑

𝟖𝐑
 

  Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution 1 by Tapas Das-India 

Let us consider 𝒎𝒂, 𝒎𝒃, 𝒎𝒄 as sides of a triangle and 

𝑭′ = Area of the new triangle 

∴ 𝟏𝟔𝑭′𝟐 = 𝟐∑(𝒎𝒂
𝟐𝒎𝒃

𝟐) −∑𝒎𝒂
𝟒 

𝟏𝟔𝑭′𝟐 = 𝟐∑
𝟏

𝟒
(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐) (𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐) −∑

𝟏

𝟏𝟔
(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)𝟐 

𝟏𝟔𝑭′𝟐 = 𝟗𝑭𝟐, 𝑭′ =
𝟑

𝟒
𝑭 

∴
𝒙

𝒚 + 𝒛
𝒎𝒂
𝟐 +

𝒚

𝒛 + 𝒙
𝒎𝒃
𝟐 +

𝒛

𝒙 + 𝒚
𝒎𝒄
𝟐 ≥
𝑻𝒔𝒊𝒏𝒕𝒊𝒇𝒂𝒔

 𝟐√𝟑𝑭′ = 𝟐√𝟑 ⋅
𝟑

𝟒
𝑭 

=
𝟔√𝟑𝑭

𝟒
=
𝟔√𝟑𝑭𝒔

𝟒𝒔
≥

𝟔√𝟑𝑭𝒔

𝟒 ⋅
𝟑√𝟑𝑹
𝟐

=
𝑭𝒔

𝑹
=
𝟖𝑭𝒔

𝟖𝑹
=
𝟏𝟔𝑭𝒔 − 𝟖𝑭𝒔

𝟖𝑹
=
𝟏𝟔𝑭𝒔 − 𝟖𝒓𝒔𝟐

𝟖𝑹
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≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄−𝑬𝒖𝒍𝒆𝒓 𝟏𝟔𝑭𝒔 − 𝟖 ⋅

𝑹
𝟐 ⋅
𝟐𝟕𝑹𝟐

𝟒
𝟖𝑹

=
𝟏𝟔𝑭𝒔 − 𝟐𝟕𝑹𝟑

𝟖𝑹
 

Solution 2 by Tapas Das-India 
Let 𝒙 + 𝒚 = 𝒂′, 𝒙 + 𝒛 = 𝒃′, 𝒛 + 𝒚 = 𝒄′ 

∴ 𝒙 + 𝒚 + 𝒛 =
𝟏

𝟐
(𝒂′ + 𝒃′ + 𝒄′) 

∴ 𝒙 =
𝟏

𝟐
(𝒂′ + 𝒃′ + 𝒄′) − 𝒄′ =

𝒂′ + 𝒃′ − 𝒄′

𝟐
 

∴
𝒙

𝒚 + 𝒛
=
𝟏

𝟐
(
𝒂′

𝒄′
+
𝒃′

𝒄′
− 𝟏) 

(𝒎𝒂
𝟐 ⋅ 𝒎𝒃

𝟐 ⋅ 𝒎𝒄
𝟐)
𝟏
𝟑 ≥ [𝒔(𝒔 − 𝒂)(𝒔)(𝒔 − 𝒃)𝒔(𝒔 − 𝒄)]

𝟏
𝟑 = 

(𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂)) = [𝒔
𝟐𝑭𝟐]

𝟏
𝟑 = [

𝒔𝟑𝑭

𝒔𝑭
]

𝟏
𝟑

= 𝒔𝑭 [
𝟏

𝒔𝑭
]

𝟏
𝟑

 

= 𝒔𝑭 [
𝟏

𝒓 ⋅ 𝒔𝟐
]

𝟏
𝟑

≥
𝑬𝒖𝒍𝒆𝒓−𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝑭𝒔

(
𝑹
𝟐 ⋅
𝟐𝟕
𝟒 𝑹

𝟐)

𝟏
𝟑

=
𝟐𝑭𝑺

𝟑𝑹
 

∴ ∑
𝒙

𝒚 + 𝒛
⋅ 𝒎𝒂

𝟐 =
𝟏

𝟐
∑(

𝒂′

𝒄′
+
𝒃′

𝒄′
− 𝟏)𝒎𝒂

𝟐  

=
𝟏

𝟐
[(
𝒂′

𝒄′
𝒎𝒂
𝟐 +

𝒄′

𝒃′
𝒎𝒃
𝟐 +

𝒃′

𝒂′
𝒎𝒄
𝟐 ) + (

𝒃′

𝒄′
𝒎𝒂
𝟐 +

𝒂′

𝒃′
𝒎𝒃
𝟐 +

𝒄′

𝒂′
𝒎𝒄
𝟐) −∑(𝒎𝒂

𝟐)] 

≥
𝑨𝑴−𝑮𝑴 𝟏

𝟐
[𝟑(𝒎𝒂

𝟐𝒎𝒃
𝟐𝒎𝒄

𝟐)
𝟏
𝟑 × 𝟐 −

𝟑

𝟒
∑𝒂𝟐] 

≥
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟏

𝟐
[𝟐 × 𝟑 ×

𝟐𝑭𝑺

𝟑𝑹
−
𝟑

𝟒
𝟗𝑹𝟐] =

𝟏

𝟐
[𝟐 ×

𝟐𝑭𝑺

𝑹
−
𝟐𝟕𝑹𝟐

𝟒
] =

𝟏𝟔𝑭𝒔 − 𝟐𝟕𝑹𝟑

𝟖𝑹
 

Solution 3 by Soumava Chakraborty-Kolkata-India 
𝒙

𝐲 + 𝐳
.𝐦𝒂

𝟐 +
𝐲

𝐳 + 𝒙
.𝐦𝐛

𝟐 +
𝐳

𝒙 + 𝐲
.𝐦𝐜

𝟐 =∑(
∑ 𝒙𝐜𝐲𝐜 − (𝐲 + 𝐳)

𝐲 + 𝐳
.𝐦𝒂

𝟐)

𝐜𝐲𝐜

 

= (∑𝒙

𝐜𝐲𝐜

)(∑
𝐦𝒂
𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

)−∑𝐦𝒂
𝟐

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(
∑ 𝒙𝐜𝐲𝐜

𝟐∑ 𝒙𝐜𝐲𝐜
)(∑𝐦𝒂

𝐜𝐲𝐜

)

𝟐

−∑𝐦𝒂
𝟐

𝐜𝐲𝐜
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=∑𝐦𝒂𝐦𝐛

𝐜𝐲𝐜

−
∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜

𝟐
≥

𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧
∑

(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)

𝟏𝟔𝐑𝟐
𝐜𝐲𝐜

−
𝟏

𝟐
∗
𝟑

𝟒
∗∑𝒂𝟐

𝐜𝐲𝐜

≥

𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒
+

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
 

∑
(𝐛𝐜 + 𝐜𝒂)𝟐

𝟏𝟔𝐑𝟐
𝐜𝐲𝐜

−
𝟐𝟕𝐑𝟐

𝟖
≥
𝐀−𝐆

∑
𝐜𝟐 ∗ 𝟒𝒂𝐛

𝟏𝟔𝐑𝟐
𝐜𝐲𝐜

−
𝟐𝟕𝐑𝟐

𝟖
=
𝟒 ∗ 𝟒𝐑𝐫𝐬 ∗ 𝟐𝐬

𝟏𝟔𝐑𝟐
−
𝟐𝟕𝐑𝟐

𝟖
 

=
𝟏𝟔𝐅𝐬− 𝟐𝟕𝐑𝟑

𝟖𝐑
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1383. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝒘𝒂
𝒉𝒂
(√

𝒎𝒃

𝒉𝒄
+ √

𝒎𝒄

𝒉𝒃
) ≤

𝑹

𝒓
 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐡𝐚𝐯𝐞 

𝒘𝒂
𝒉𝒂

=
𝟐√𝒃𝒄. 𝒔(𝒔 − 𝒂)

𝒃 + 𝒄
.
𝟐𝑹

𝒃𝒄
=

𝟒𝑹√𝒔(𝒔 − 𝒂)

[𝟐(𝒔 − 𝒂) + 𝒂]√𝒃𝒄
≤⏞

𝑨𝑴−𝑮𝑴

 

≤
𝟒𝑹√𝒔(𝒔 − 𝒂)

𝟐√𝟐(𝒔 − 𝒂)𝒂. 𝒃𝒄
= 𝟐𝑹√

𝒔

𝟖𝑹𝒔𝒓
= √

𝑹

𝟐𝒓
. 

𝐍𝐨𝐰 𝐰𝐞 𝐰𝐢𝐥𝐥 𝐮𝐬𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤
𝑹

𝒓
 

(𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝐚, 
𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 
𝑨𝒏𝒈𝒍𝒆, 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐, 𝟔 − 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨) ∶ 

√
𝒎𝒃

𝒉𝒄
+√

𝒎𝒄

𝒉𝒃
≤ √𝟐 (

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
) ≤ √

𝟐𝑹

𝒓
. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝒘𝒂
𝒉𝒂
(√
𝒎𝒃

𝒉𝒄
+ √

𝒎𝒄

𝒉𝒃
) ≤ √

𝑹

𝟐𝒓
.√
𝟐𝑹

𝒓
=
𝑹

𝒓
. 

1384. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟐𝐫𝒂
𝟒𝐡𝒂

𝐫𝒂𝐡𝒂 +𝐦𝒂𝒂
𝟐
+

𝐛𝟐𝐫𝐛
𝟒𝐡𝐛

𝐫𝐛𝐡𝐛 +𝐦𝐛𝐛
𝟐
+

𝐜𝟐𝐫𝐜
𝟒𝐡𝐜

𝐫𝐜𝐡𝐜 +𝐦𝐜𝐜
𝟐
≥

𝟐𝟗𝟏𝟔𝐫𝟓

𝐫𝒂
𝟑 + 𝐫𝐛

𝟑 + 𝐫𝐜
𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟔𝐑

 

  Proposed by Elsen Kerimov-Azerbaijan 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒂𝟐𝐫𝒂
𝟒𝐡𝒂

𝐫𝒂𝐡𝒂 +𝐦𝒂𝒂𝟐
+

𝐛𝟐𝐫𝐛
𝟒𝐡𝐛

𝐫𝐛𝐡𝐛 +𝐦𝐛𝐛𝟐
+

𝐜𝟐𝐫𝐜
𝟒𝐡𝐜

𝐫𝐜𝐡𝐜 +𝐦𝐜𝐜𝟐
=∑

𝐫𝒂
𝟒

𝐫𝒂
𝒂𝟐
+
𝐦𝒂

𝐡𝒂𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 )
𝟐

∑
𝐫𝒂
𝒂𝟐𝐜𝐲𝐜 +∑

𝐦𝒂

𝐡𝒂
𝐜𝐲𝐜

≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 (∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 )
𝟐

𝟏
𝟑 ∗

(𝟒𝐑 + 𝐫) ∗ ∑
𝟏
𝒂𝟐𝐜𝐲𝐜 +

𝟑𝐑
𝟐𝐫

 (
𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒

𝐫𝒂 ≥ 𝐫𝐛 ≥ 𝐫𝐜 𝒂𝐧𝐝 
𝟏

𝒂𝟐
≤
𝟏

𝐛𝟐
≤
𝟏

𝐜𝟐
) 

≥

𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 (∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 )
𝟐

𝟗𝐑
𝟔
∗

𝟒𝐑𝟐𝐬𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
+
𝟑𝐑
𝟐𝐫

=
𝟖𝐫𝟐(∑ 𝐫𝒂

𝟐
𝐜𝐲𝐜 )

𝟐

𝟑𝐑 + 𝟏𝟐𝐑𝐫
≥
? 𝟐𝟗𝟏𝟔𝐫𝟓

𝐫𝒂
𝟑 + 𝐫𝐛

𝟑 + 𝐫𝐜
𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟔𝐑

 

⇔ 𝟐(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

∗
∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜

𝐫𝐬𝟐
+ 𝟏𝟐𝐑(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

)

𝟐

≥
?
⏟
(∗)

𝟐𝟏𝟖𝟕𝐑𝐫𝟑 + 𝟖𝟕𝟒𝟖𝐑𝐫𝟒  

𝐍𝐨𝐰, 𝟐(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

∗
∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜

𝐫𝐬𝟐
≥
𝐀−𝐆

𝟔(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

𝟐

=
𝟔

𝟒
(𝟒𝐬𝟒) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧+𝐄𝐮𝐥𝐞𝐫 𝟑

𝟐
(𝟐𝟕𝐑𝐫)𝟐 

= 𝟐𝟏𝟖𝟕𝐑𝐫𝟐.
𝐑

𝟐
≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝟏𝟖𝟕𝐑𝐫𝟑 ∴ 𝟐(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

)

𝟐

∗
∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜

𝐫𝐬𝟐
≥
(⦁)

𝟐𝟏𝟖𝟕𝐑𝐫𝟑  

𝐀𝐠𝒂𝐢𝐧, 𝟏𝟐𝐑(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

≥ 𝟏𝟐𝐑(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

𝟐

= 𝟑𝐑(𝟒𝐬𝟒) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧+𝐄𝐮𝐥𝐞𝐫

𝟑𝐑(𝟐𝟕𝐑𝐫)𝟐 

≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝐑(𝟓𝟒𝐫𝟐)
𝟐
= 𝟖𝟕𝟒𝟖𝐑𝐫𝟒 ∴ 𝟏𝟐𝐑(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

)

𝟐

≥
(⦁⦁)

𝟖𝟕𝟒𝟖𝐑𝐫𝟒 ∴ (⦁) + (⦁⦁) 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟐𝐫𝒂

𝟒𝐡𝒂
𝐫𝒂𝐡𝒂 +𝐦𝒂𝒂𝟐

+
𝐛𝟐𝐫𝐛

𝟒𝐡𝐛
𝐫𝐛𝐡𝐛 +𝐦𝐛𝐛𝟐

+
𝐜𝟐𝐫𝐜

𝟒𝐡𝐜
𝐫𝐜𝐡𝐜 +𝐦𝐜𝐜𝟐

 

≥
𝟐𝟗𝟏𝟔𝐫𝟓

𝐫𝒂
𝟑 + 𝐫𝐛

𝟑 + 𝐫𝐜
𝟑

𝐫𝒂𝐫𝐛𝐫𝐜
+ 𝟔𝐑

 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐚𝐧𝐝 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒂𝟐𝒓𝒂

𝟒𝒉𝒂
𝒓𝒂𝒉𝒂 +𝒎𝒂𝒂𝟐

𝒄𝒚𝒄

≥
(∑ √𝒓𝒂𝟒𝒉𝒂𝒄𝒚𝒄 )

𝟐

∑ (
𝒓𝒂𝒉𝒂
𝒂𝟐

+𝒎𝒂)𝒄𝒚𝒄

≥
𝟗√(𝒓𝒂𝒓𝒃𝒓𝒄)𝟒. (𝒉𝒂𝒉𝒃𝒉𝒄)
𝟑

∑
𝒓𝒂𝒉𝒂
𝒂𝟐𝒄𝒚𝒄 +∑ 𝒎𝒂𝒄𝒚𝒄

. 
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𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 

• 𝒓𝒂𝒓𝒃𝒓𝒄 = 𝒔
𝟐𝒓 ≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟐𝟕𝒓𝟐. 𝒓 = (𝟑𝒓)𝟑 .      • 𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝒔𝟐𝒓𝟐

𝑹
 ≥⏞
𝑪𝒐𝒔𝒏𝒊𝒕𝒂−𝑻𝒖𝒓𝒕𝒐𝒊𝒖

 
𝟐𝟕𝑹𝒓. 𝒓𝟐

𝑹
= (𝟑𝒓)𝟑. 

• 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝟒𝑹 + 𝒓 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 𝟒𝑹 +
𝑹

𝟐
=
𝟗𝑹

𝟐
. 

•∑
𝒓𝒂𝒉𝒂
𝒂𝟐

𝒄𝒚𝒄

=
𝟏

𝟒𝑭𝟐
∑𝒓𝒂𝒉𝒂

𝟑

𝒄𝒚𝒄

≤⏞

𝒉𝒂 ≤ √𝒔(𝒔−𝒂)=√𝒓𝒃𝒓𝒄
𝒓𝒂𝒓𝒃𝒓𝒄
𝟒𝑭𝟐

∑√𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 
∑ 𝒓𝒂𝒄𝒚𝒄

𝟒𝒓

=
(∑ 𝒓𝒂𝒄𝒚𝒄 )(∑ 𝒓𝒃𝒓𝒄𝒄𝒚𝒄 )

𝟒𝒔𝟐𝒓
 

≤
(∑ 𝒓𝒂𝒄𝒚𝒄 )(∑ 𝒓𝒂

𝟐
𝒄𝒚𝒄 )

𝟒𝒓𝒂𝒓𝒃𝒓𝒄
 ≤⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟑(𝒓𝒂

𝟑 + 𝒓𝒃
𝟑 + 𝒓𝒄

𝟑)

𝟒𝒓𝒂𝒓𝒃𝒓𝒄
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒂𝟐𝒓𝒂

𝟒𝒉𝒂
𝒓𝒂𝒉𝒂 +𝒎𝒂𝒂𝟐

𝒄𝒚𝒄

≥
𝟗(𝟑𝒓)𝟓

𝟑(𝒓𝒂𝟑 + 𝒓𝒃𝟑 + 𝒓𝒄𝟑)
𝟒𝒓𝒂𝒓𝒃𝒓𝒄

+
𝟗𝑹
𝟐

=
𝟐𝟗𝟏𝟔𝒓𝟓

𝒓𝒂𝟑 + 𝒓𝒃𝟑 + 𝒓𝒄𝟑

𝒓𝒂𝒓𝒃𝒓𝒄
+ 𝟔𝑹

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1385. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

𝑹𝒘𝒂

𝒓√𝒓𝒃𝒓𝒄
≥ √

𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

. (√
𝒏𝒂
𝒓𝒂
+√

𝒓𝒂
𝒏𝒂
)(√

𝒎𝒃

𝒉𝒄
+√

𝒎𝒄

𝒉𝒃
) 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐋𝐞𝐦𝐦𝐚 ∶   𝐈𝐧 ∆𝑨𝑩𝑪,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
                                                            (∗) 

𝐏𝐫𝐨𝐨𝐟 ∶  𝐒𝐢𝐧𝐜𝐞  𝟏𝟔𝑭𝟐 = 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒),   𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

(∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒)[𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 
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   ⇔  −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞  √𝒂, √𝒃, √𝒄 𝐜𝐚𝐧 𝐛𝐞 𝐭𝐡𝐞 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐚𝐫𝐞𝐚 𝑭′ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

𝑭′ =
𝟏

𝟒
. √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) =

√𝟒𝒓(𝟒𝑹+ 𝒓)

𝟒
=
√𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐
, 

𝐭𝐡𝐞𝐧  

√𝒃

√𝒄
+
√𝒄

√𝒃
≤
√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐𝑭′
=
√𝟐𝑹(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

√𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
= √

𝟐𝑹

𝒓
. (
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

). 

⇒ 
𝒘𝒂

√𝒓𝒃𝒓𝒄
=
𝟐√𝒃𝒄

𝒃 + 𝒄
=

𝟐

√𝒃
𝒄 +

√
𝒄
𝒃

≥ √
𝟐𝒓

𝑹
(
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

) 

𝐍𝐨𝐰 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
= 𝒔𝟐 −

𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 

                               = 𝒔𝟐 −
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂,   𝐚𝐧𝐝  𝒓𝒂 = 𝒔 𝐭𝐚𝐧

𝑨

𝟐
. 

𝐓𝐡𝐞𝐧 

√
𝒏𝒂
𝒓𝒂
+ √

𝒓𝒂
𝒏𝒂
= √

𝒏𝒂
𝟐 + 𝒓𝒂

𝟐

𝒓𝒂𝒏𝒂
+ 𝟐 ≤⏞

𝒏𝒂 ≥ 𝒉𝒂

 √
𝒔𝟐 + 𝒔𝟐 𝐭𝐚𝐧𝟐

𝑨
𝟐
− 𝟐𝒉𝒂𝒓𝒂

𝒓𝒂𝒉𝒂
+ 𝟐 = √

𝒂(𝒔 − 𝒂)

𝟐𝒓𝟐 𝐜𝐨𝐬𝟐
𝑨
𝟐

= √
𝒂𝒃𝒄

𝟐𝒔𝒓𝟐
= √

𝟐𝑹

𝒓
. 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝐚𝐯𝐞 

 
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤
𝑹

𝒓
 (𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝐚, 𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 

𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 𝑨𝒏𝒈𝒍𝒆, 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐, 𝟔 − 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨), 𝐭𝐡𝐞𝐧 

√
𝒎𝒃

𝒉𝒄
+√

𝒎𝒄

𝒉𝒃
≤ √𝟐 (

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
) ≤ √

𝟐𝑹

𝒓
. 

𝐓𝐡𝐞𝐫𝐞𝐨𝐫𝐞, 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 
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𝑹𝒘𝒂

𝒓√𝒓𝒃𝒓𝒄
≥ √

𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

.
𝟐𝑹

𝒓
≥ √

𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

. (√
𝒏𝒂
𝒓𝒂
+ √

𝒓𝒂
𝒏𝒂
)(√

𝒎𝒃

𝒉𝒄
+√

𝒎𝒄

𝒉𝒃
). 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
1386. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑(𝐰𝒂
𝟐. √𝐰𝐛𝐰𝐜

𝟑 )

𝐜𝐲𝐜

≤ 𝐩𝟐. √
𝟏

𝟑
𝐩𝟐

𝟑

 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐰𝒂
𝟐 ≤ 𝐰𝐛

𝟐 ≤ 𝐰𝐜
𝟐 𝒂𝐧𝐝  

√𝐰𝐛𝐰𝐜
𝟑 ≥ √𝐰𝐜𝐰𝒂

𝟑 ≥ √𝐰𝒂𝐰𝐛
𝟑 ∴ 𝐯𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯, 

∑(𝐰𝒂
𝟐. √𝐰𝐛𝐰𝐜

𝟑 )

𝐜𝐲𝐜

≤
𝟏

𝟑
(∑𝐰𝒂

𝟐

𝐜𝐲𝐜

)(∑ √𝐰𝐛𝐰𝐜
𝟑

𝐜𝐲𝐜

) 

≤
𝟏

𝟑
(∑𝐩(𝐩 − 𝒂)

𝐜𝐲𝐜

)(∑(√𝐰𝒂𝐰𝐛𝐰𝐜
𝟑 .

𝟏

√𝐰𝒂
𝟑

)

𝐜𝐲𝐜

) 

≤
𝐬𝟐

𝟑
∗ √√𝐩(𝐩− 𝒂).√𝐩(𝐩 − 𝐛).√𝐩(𝐩 − 𝐜)
𝟑

∗∑
𝟏

√𝐡𝒂
𝟑

𝐜𝐲𝐜

=
𝐩𝟐

𝟑
∗ √

𝐩. 𝐫𝐩

𝟐𝐫𝐩

𝟑

∗∑ √𝒂
𝟑

𝐜𝐲𝐜

 

≤
𝐇𝐨𝐥𝐝𝐞𝐫 𝐩𝟐

𝟑
∗ √

𝐩.

𝟐

𝟑
∗ √𝟗∑𝒂

𝐜𝐲𝐜

𝟑 =
𝐩𝟐

𝟑
∗ √

𝟗𝐩.𝟐𝐩

𝟐

𝟑

= 𝐩𝟐. √
𝟏

𝟑
𝐩𝟐

𝟑

 

∴∑(𝐰𝒂
𝟐. √𝐰𝐛𝐰𝐜

𝟑 )

𝐜𝐲𝐜

≤ 𝐩𝟐. √
𝟏

𝟑
𝐩𝟐

𝟑

 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1387. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂
𝟑(𝐦𝐛

𝟑 + 𝐫𝐜
𝟑)

𝐰𝒂
𝟑 +𝐦𝐛

𝟑 + 𝐫𝐜
𝟑
+
𝐰𝐛
𝟑(𝐦𝐜

𝟑 + 𝐫𝒂
𝟑)

𝐰𝐛
𝟑 +𝐦𝐜

𝟑 + 𝐫𝒂
𝟑
+
𝐰𝐜
𝟑(𝐦𝒂

𝟑 + 𝐫𝐛
𝟑)

𝐰𝐜
𝟑 +𝐦𝒂

𝟑 + 𝐫𝐛
𝟑 ≤

𝟐𝟕(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐

𝟑𝟐𝐫𝟑
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐰𝒂 =
𝟐√𝐛𝐜

𝐛 + 𝐜
.√𝐬(𝐬 − 𝒂) ≤

𝐀−𝐆 √𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

√(𝐬 − 𝐛)(𝐬 − 𝐜)
≤
𝐆−𝐇
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𝐫𝐬(𝐬 − 𝒂)(𝐬 − 𝐛+ 𝐬 − 𝐜)

𝟐(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
=
𝐫𝐬𝒂(𝐬 − 𝒂)

𝟐𝐫𝟐𝐬
=
𝒂(𝐬 − 𝒂)

𝟐𝐫
 

⇒ 𝐰𝒂
𝟑 ≤ 𝐬(𝐬 − 𝒂).

𝒂(𝐬 − 𝒂)

𝟐𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐰𝒂
𝟑

𝐜𝐲𝐜

≤
𝐬

𝟐𝐫
.∑𝒂(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

=
𝐬

𝟐𝐫
.∑(𝒂𝐬𝟐 − 𝟐𝐬𝒂𝟐 + 𝒂𝟑)

𝐜𝐲𝐜

 

=
𝐬

𝟐𝐫
. (𝐬𝟐(𝟐𝐬) − 𝟒𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)) 

⇒ ∑𝐰𝒂
𝟑

𝐜𝐲𝐜

≤ (𝟐𝐑 − 𝐫)𝐬𝟐 → (𝟏) 

𝐍𝐨𝐰,𝐦𝒂
𝟐 ≤
? 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
⇔ 𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≤

?
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥
?
𝟐𝒂(𝐛𝟐 + 𝐜𝟐) 

⇔∑(𝐲 + 𝐳)𝟑

𝐜𝐲𝐜

+∏(𝐲 + 𝐳)

𝐜𝐲𝐜

≥
?
𝟐(𝐲 + 𝐳)((𝐳 + 𝒙)𝟐 + (𝒙 + 𝐲)𝟐) 

(
𝒙 = 𝐬 − 𝒂,𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒙+ 𝐲 + 𝐳 = 𝟑𝐬 − 𝟐𝐬 = 𝐬

⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲;𝒙, 𝐲, 𝐳 > 0
) 

⇔ 𝒙𝟑 + 𝐲𝟐𝐳 + 𝐲𝐳𝟐 ≥
?
𝟑𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀 − 𝐆 ∴ 𝐦𝒂

𝟐 ≤
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
 

⇒ 𝐦𝒂
𝟑 ≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
.
𝐑𝐬

𝒂
=

𝐑𝐬

𝟒. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
. 𝐛𝟐𝐜𝟐(𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜) 

⇒ 𝐦𝒂
𝟑 ≤

𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
(𝐛𝟐𝐜𝟐(∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜) − 𝒂𝟑𝐛𝟐𝐜𝟐)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐦𝒂
𝟑

𝐜𝐲𝐜

≤
𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
((∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)− 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)) 

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 (𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟒𝐑𝐫𝐬)(𝟒𝐑𝟐𝐬𝟐) − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)

𝟔𝟒𝐑𝐫𝟐𝐬
 

=
𝟐𝐬.𝟒𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟔𝟒𝐑𝐫𝟐𝐬
⇒ ∑𝐦𝒂

𝟑

𝐜𝐲𝐜

≤
𝐑𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟖𝐫𝟐
→ (𝟐) 

𝐀𝐠𝒂𝐢𝐧, 𝐫𝒂 ≤
𝒂𝟐

𝟒𝐫
⇒ 𝐫𝒂

𝟑 ≤ 𝐬𝟐 𝐭𝒂𝐧𝟐
𝐀

𝟐
.
𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀
𝟐 𝐜𝐨𝐬

𝟐𝐀
𝟐

𝟒𝐫
⇒∑𝐫𝒂

𝟑

𝐜𝐲𝐜

≤
𝟒𝐑𝟐𝐬𝟐

𝐫
∑𝐬𝐢𝐧𝟒

𝐀

𝟐
𝐜𝐲𝐜

 

 

=
𝟒𝐑𝟐𝐬𝟐

𝐫
((∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐜𝐲𝐜

) 

=
𝟒𝐑𝟐𝐬𝟐

𝐫
(
(𝟐𝐑 − 𝐫)𝟐

𝟒𝐑𝟐
−
𝟐𝐫𝟐

𝟏𝟔𝐑𝟐
∑

𝐛𝐜(𝐬 − 𝒂)

𝐫𝟐𝐬
𝐜𝐲𝐜

) 
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=
𝟒𝐑𝟐𝐬𝟐

𝐫
(
(𝟐𝐑 − 𝐫)𝟐

𝟒𝐑𝟐
−

𝟏

𝟖𝐑𝟐
.
𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝐬
) 

⇒ ∑𝐫𝒂
𝟑

𝐜𝐲𝐜

≤
𝐬𝟐(𝟖𝐑𝟐 + 𝐫𝟐 − 𝐬𝟐)

𝟐𝐫
→ (𝟑) 

𝐀𝐥𝐬𝐨,∑𝐰𝒂
𝟑

𝐜𝐲𝐜

+∑𝐦𝒂
𝟑

𝐜𝐲𝐜

+∑𝐫𝒂
𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆

∑𝐦𝒂𝐰𝒂(𝐦𝒂 +𝐰𝒂)

𝐜𝐲𝐜

+ 𝟑𝐫𝒂𝐫𝐛𝐫𝐜 ≥

𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆
𝒂𝐧𝐝

𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧
 

∑(𝐬(𝐬 − 𝒂) (
𝐛𝟐 + 𝐜𝟐

𝟒𝐑
+
𝐛𝐜

𝟐𝐑
))

𝐜𝐲𝐜

+ 𝟑𝐫𝐬𝟐 ≥
𝐀−𝐆

∑
𝐬(𝐬 − 𝒂)(𝟒𝐛𝐜)

𝟒𝐑
𝐜𝐲𝐜

+ 𝟑𝐫𝐬𝟐 

=
𝐬.𝟒𝐑𝐫𝐬

𝐑
∑

𝐬 − 𝒂

𝒂
𝐜𝐲𝐜

+ 𝟑𝐫𝐬𝟐 =
𝟒𝐫𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫
+ 𝟑𝐫𝐬𝟐 

⇒ ∑𝐰𝒂
𝟑

𝐜𝐲𝐜

+∑𝐦𝒂
𝟑

𝐜𝐲𝐜

+∑𝐫𝒂
𝟑

𝐜𝐲𝐜

≥
𝐬𝟐(𝐬𝟐 − 𝟓𝐑𝐫 + 𝐫𝟐)

𝐑
→ (𝟒) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
𝐰𝒂
𝟑(𝐦𝐛

𝟑 + 𝐫𝐜
𝟑)

𝐰𝒂
𝟑 +𝐦𝐛

𝟑 + 𝐫𝐜
𝟑
+
𝐰𝐛
𝟑(𝐦𝐜

𝟑 + 𝐫𝒂
𝟑)

𝐰𝐛
𝟑 +𝐦𝐜

𝟑 + 𝐫𝒂
𝟑
+
𝐰𝐜
𝟑(𝐦𝒂

𝟑 + 𝐫𝐛
𝟑)

𝐰𝐜
𝟑 +𝐦𝒂

𝟑 + 𝐫𝐛
𝟑

 

=∑
𝐰𝒂
𝟑(𝐰𝒂

𝟑 +𝐦𝐛
𝟑 + 𝐫𝐜

𝟑 −𝐰𝒂
𝟑)

𝐰𝒂
𝟑 +𝐦𝐛

𝟑 + 𝐫𝐜
𝟑

𝐜𝐲𝐜

=∑𝐰𝒂
𝟑

𝐜𝐲𝐜

−∑
𝐰𝒂
𝟔

𝐰𝒂
𝟑 +𝐦𝐛

𝟑 + 𝐫𝐜
𝟑

𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

∑𝐰𝒂
𝟑

𝐜𝐲𝐜

−
(∑ 𝐰𝒂

𝟑
𝐜𝐲𝐜 )

𝟐

∑ 𝐰𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜

 

=
(∑ 𝐰𝒂

𝟑
𝐜𝐲𝐜 )(∑ 𝐰𝒂

𝟑
𝐜𝐲𝐜 +∑ 𝐦𝒂

𝟑
𝐜𝐲𝐜 +∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜 ) − (∑ 𝐰𝒂

𝟑
𝐜𝐲𝐜 )

𝟐

∑ 𝐰𝒂
𝟑

𝐜𝐲𝐜 +∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜 +∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜

 

=
(∑ 𝐰𝒂

𝟑
𝐜𝐲𝐜 )(∑ 𝐦𝒂

𝟑
𝐜𝐲𝐜 +∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜 )

∑ 𝐰𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑),(𝟒)

(𝟐𝐑− 𝐫)𝐬𝟐. (
𝐑𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟖𝐫𝟐
+
𝐬𝟐(𝟖𝐑𝟐 + 𝐫𝟐 − 𝐬𝟐)

𝟐𝐫
)

𝐬𝟐(𝐬𝟐 − 𝟓𝐑𝐫 + 𝐫𝟐)
𝐑

 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐑(𝟐𝐑 − 𝐫)𝐬𝟐

𝟏𝟏𝐑𝐫 − 𝟒𝐫𝟐
.
𝐑(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐) + 𝟒𝐫(𝟖𝐑𝟐 + 𝐫𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟖𝐫𝟐
 

≤
? 𝟐𝟕(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟐

𝟑𝟐𝐫𝟑
 

⇔ 𝟖𝟖𝟑𝐭𝟕 − 𝟑𝟖𝟒𝐭𝟔 + 𝟏𝟔𝟖𝐭𝟓 − 𝟏𝟐𝟕𝟖𝟖𝐭𝟒 + 𝟒𝟔𝟑𝟐𝐭𝟑 + 𝟒𝟓𝟎𝟓𝟔𝐭 − 𝟏𝟔𝟑𝟖𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐) ( 𝟖𝟖𝟑𝐭
𝟓 + 𝟑𝟏𝟒𝟖𝐭𝟒 + 𝟗𝟐𝟐𝟖𝐭𝟑

+𝟏𝟏𝟓𝟑𝟐𝐭𝟐 + 𝟏𝟑𝟖𝟒𝟖𝐭 + 𝟗𝟐𝟔𝟒
) + 𝟐𝟔𝟕𝟐𝟎) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒
𝐰𝒂
𝟑(𝐦𝐛

𝟑 + 𝐫𝐜
𝟑)

𝐰𝒂
𝟑 +𝐦𝐛

𝟑 + 𝐫𝐜
𝟑
+
𝐰𝐛
𝟑(𝐦𝐜

𝟑 + 𝐫𝒂
𝟑)

𝐰𝐛
𝟑 +𝐦𝐜

𝟑 + 𝐫𝒂
𝟑
+
𝐰𝐜
𝟑(𝐦𝒂

𝟑 + 𝐫𝐛
𝟑)

𝐰𝐜
𝟑 +𝐦𝒂

𝟑 + 𝐫𝐛
𝟑

 

≤
𝟐𝟕(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟐

𝟑𝟐𝐫𝟑
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂

𝟑(𝒎𝒃
𝟑 + 𝒓𝒄

𝟑)

𝒘𝒂𝟑 +𝒎𝒃
𝟑 + 𝒓𝒄𝟑

𝒄𝒚𝒄

=∑(𝒘𝒂
𝟑 −

(𝒘𝒂
𝟑)𝟐

𝒘𝒂𝟑 +𝒎𝒃
𝟑 + 𝒓𝒄𝟑

)

𝒄𝒚𝒄

≤∑𝒘𝒂
𝟑

𝒄𝒚𝒄

−
(∑ 𝒘𝒂

𝟑
𝒄𝒚𝒄 )

𝟐

∑ (𝒘𝒂𝟑 +𝒎𝒂
𝟑 + 𝒓𝒂𝟑)𝒄𝒚𝒄

 

=
∑ 𝒘𝒂

𝟑
𝒄𝒚𝒄 . (∑ 𝒎𝒂

𝟑
𝒄𝒚𝒄 +∑ 𝒓𝒂

𝟑
𝒄𝒚𝒄 )

∑ 𝒘𝒂𝟑𝒄𝒚𝒄 + ∑ 𝒎𝒂
𝟑

𝒄𝒚𝒄 + ∑ 𝒓𝒂𝟑𝒄𝒚𝒄
.                         

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝒓𝒂
𝟑 + 𝒓𝒃

𝟑 + 𝒓𝒄
𝟑 = (𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟑 − 𝟑(𝒓𝒂 + 𝒓𝒃)(𝒓𝒃 + 𝒓𝒄)(𝒓𝒂 + 𝒓𝒄)

= (𝟒𝑹 + 𝒓)𝟑 − 𝟑.𝟒𝑹𝒔𝟐 

≤⏞
𝑬𝒖𝒍𝒛𝒓 & 𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

(
𝟗𝑹

𝟐
)
𝟑

− 𝟏𝟐. 𝟐𝒓. 𝟐𝟕𝒓𝟐 =
𝟖𝟏(𝟗𝑹𝟑 − 𝟔𝟒𝒓𝟑)

𝟖
.                                         

𝒘𝒂
𝟑 +𝒘𝒃

𝟑 +𝒘𝒄
𝟑 ≤ 𝒎𝒂

𝟑 +𝒎𝒃
𝟑 +𝒎𝒄

𝟑

= (𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝟑 − 𝟑(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄)(𝒎𝒂 +𝒎𝒄) 

≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

(𝟒𝑹 + 𝒓)𝟑 − 𝟑. 𝟖𝒎𝒂𝒎𝒃𝒎𝒄 ≤⏞

𝑬𝒖𝒍𝒆𝒓 & 𝒎𝒂≥√𝒔(𝒔−𝒂)

(
𝟗𝑹

𝟐
)
𝟑

− 𝟐𝟒𝒔𝟐𝒓 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟖𝟏(𝟗𝑹𝟑 − 𝟔𝟒𝒓𝟑)

𝟖
. 

∑𝒘𝒂
𝟑

𝒄𝒚𝒄

+∑𝒎𝒂
𝟑

𝒄𝒚𝒄

+∑𝒓𝒂
𝟑

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑𝒘𝒂𝒘𝒃𝒘𝒄 + 𝟑𝒎𝒂𝒎𝒃𝒎𝒄 + 𝟑𝒓𝒂𝒓𝒃𝒓𝒄

≥ 𝟔𝒉𝒂𝒉𝒃𝒉𝒄 + 𝟑𝒔
𝟐𝒓 

=
𝟏𝟐𝒔𝟐

𝑹
. 𝒓𝟐 + 𝟑𝒔𝟐𝒓 ≥⏞

𝑪𝒐𝒔𝒏𝒊𝒕𝒂−𝑻𝒖𝒓𝒕𝒐𝒊𝒖 & 𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐 𝟏𝟐. 𝟐𝟕𝒓

𝟐
. 𝒓𝟐 + 𝟑. 𝟐𝟕𝒓𝟑 = 𝟐𝟒𝟑𝒓𝟑. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂

𝟑(𝒎𝒃
𝟑 + 𝒓𝒄

𝟑)

𝒘𝒂𝟑 +𝒎𝒃
𝟑 + 𝒓𝒄𝟑

𝒄𝒚𝒄

≤
𝟐 (
𝟖𝟏(𝟗𝑹𝟑 − 𝟔𝟒𝒓𝟑)

𝟖 )
𝟐

𝟐𝟒𝟑𝒓𝟑
=
𝟐𝟕(𝟗𝑹𝟑 − 𝟔𝟒𝒓𝟑)𝟐

𝟑𝟐𝒓𝟑
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥 𝐢𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1388. If 𝒙, 𝒚, 𝒛 > 0 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝒙 + 𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

+
𝒚 + 𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)

𝟐

+
𝒛 + 𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐

≥ 𝟐 + 𝟖(
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒂 + 𝒃 + 𝒄

)
𝟐
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𝒙 + 𝒚

𝒛
∙ (
𝒂

𝒓𝒂
)
𝟐

+
𝒚 + 𝒛

𝒙
∙ (
𝒃

𝒓𝒃
)
𝟐

+
𝒛 + 𝒙

𝒚
∙ (
𝒄

𝒓𝒄
)
𝟐

= 

 

= (
𝒙 + 𝒚 + 𝒛

𝒛
− 𝟏) ∙ (

𝒂

𝒓𝒂
)
𝟐

+ (
𝒚 + 𝒛 + 𝒙

𝒙
− 𝟏) ∙ (

𝒃

𝒓𝒃
)
𝟐

+ (
𝒛 + 𝒙 + 𝒚

𝒚
− 𝟏) ∙ (

𝒄

𝒓𝒄
)
𝟐

= 

 

= (𝒙 + 𝒚 + 𝒛)∑
(
𝒂

𝒓𝒂
)
𝟐

𝒛
𝒄𝒚𝒄

−∑(
𝒂

𝒓𝒂
)
𝟐

𝒄𝒚𝒄

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 

 

= (𝒙 + 𝒚 + 𝒛) ∙
(
𝒂
𝒓𝒂
+
𝒃
𝒓𝒃
+
𝒄
𝒓𝒄
)
𝟐

𝒙 + 𝒚 + 𝒛
−∑(

𝒂

𝒓𝒂
)
𝟐

𝒄𝒚𝒄

= 

 

=∑(
𝒂

𝒓𝒂
)
𝟐

𝒄𝒚𝒄

+ 𝟐∑
𝒂𝒃

𝒓𝒂𝒓𝒃
𝒄𝒚𝒄

−∑(
𝒂

𝒓𝒂
)
𝟐

𝒄𝒚𝒄

= 

 

= 𝟐∑
𝒂𝒃

𝑭
𝒔 − 𝒂 ∙

𝑭
𝒔 − 𝒃𝒄𝒚𝒄

= 𝟐∑
𝒂𝒃

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
(𝒔 − 𝒂)(𝒔 − 𝒃)𝒄𝒚𝒄

= 𝟐∑
𝒂𝒃

𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

= 

 

=
𝟐

𝒔
∑

𝒂𝒃

𝒔 − 𝒄
𝒄𝒚𝒄

=
𝟐𝒂𝒃𝒄

𝒔
∑

𝟏

𝒄(𝒔 − 𝒄)
𝒄𝒚𝒄

= 

 

=
𝟐 ∙ 𝟒𝑹𝒓𝒔

𝒔
∙
𝒔𝟐 + (𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝑹𝒓
= 𝟐(𝟏 +

(𝟒𝑹+ 𝒓)𝟐

𝒔𝟐
) = 

 

= 𝟐(𝟏 +
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐

(𝒂 + 𝒃 + 𝒄)𝟐

𝟒

) = 𝟐 + 𝟖(
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒂 + 𝒃 + 𝒄

)
𝟐

 

 
1389. If 𝒙, 𝒚, 𝒛 > 0 then in ∆𝑨𝑩𝑪 the following relationship holds: 

𝒙 + 𝒚

𝒛
∙
𝟏

𝒂𝟐
+
𝒚 + 𝒛

𝒙
∙
𝟏

𝒃𝟐
+
𝒛 + 𝒙

𝒚
∙
𝟏

𝒄𝟐
≥
𝟏

𝑹𝒓
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Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
 

𝒙 + 𝒚

𝒛
∙
𝟏

𝒂𝟐
+
𝒚 + 𝒛

𝒙
∙
𝟏

𝒃𝟐
+
𝒛 + 𝒙

𝒚
∙
𝟏

𝒄𝟐
= 

= (
𝒙 + 𝒚 + 𝒛

𝒛
− 𝟏) ∙

𝟏

𝒂𝟐
+ (

𝒙 + 𝒚 + 𝒛

𝒙
− 𝟏) ∙

𝟏

𝒃𝟐
+ (
𝒙 + 𝒚 + 𝒛

𝒚
− 𝟏) ∙

𝟏

𝒄𝟐
= 

= (𝒙 + 𝒚 + 𝒛)(

𝟏
𝒂𝟐

𝒛
+

𝟏
𝒃𝟐

𝒙
+

𝟏
𝒄𝟐

𝒚
)−∑

𝟏

𝒂𝟐
𝒄𝒚𝒄

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

(𝒙 + 𝒚 + 𝒛) ∙
(
𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄)

𝟐

𝒙 + 𝒚 + 𝒛
−∑

𝟏

𝒂𝟐
𝒄𝒚𝒄

= 

= (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

−∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

= 𝟐∑
𝟏

𝒂𝒃
= 𝟐 ∙

𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
𝒄𝒚𝒄

= 𝟐 ∙
𝟐𝒔

𝟒𝑹𝑭
=

𝒔

𝑹𝒓𝒔
=
𝟏

𝑹𝒓
 

Equality holds for 𝒂 = 𝒃 = 𝒄, 𝒙 = 𝒚 = 𝒛. 

1390. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐰𝒂
𝟑 +𝐦𝐛

𝟑)
𝟑

𝐡𝐛
𝟑 + 𝐫𝐜

𝟑
+
(𝐰𝐛

𝟑 +𝐦𝐜
𝟑)
𝟑

𝐡𝐜
𝟑 + 𝐫𝒂

𝟑 +
(𝐰𝐜

𝟑 +𝐦𝒂
𝟑)𝟑

𝐡𝒂
𝟑 + 𝐫𝐛

𝟑 ≥
𝟗 ∙ 𝟔𝟓 ∙ 𝐫𝟗

𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟐 ≤
? 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
⇔ 𝒂(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≤

?
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥
?
𝟐𝒂(𝐛𝟐 + 𝐜𝟐) 

⇔∑(𝐲 + 𝐳)𝟑

𝐜𝐲𝐜

+∏(𝐲 + 𝐳)

𝐜𝐲𝐜

≥
?
𝟐(𝐲 + 𝐳)((𝐳 + 𝒙)𝟐 + (𝒙 + 𝐲)𝟐) 

(
𝒙 = 𝐬 − 𝒂,𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒙+ 𝐲 + 𝐳 = 𝟑𝐬 − 𝟐𝐬 = 𝐬

⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲;𝒙, 𝐲, 𝐳 > 0
) 

⇔ 𝒙𝟑 + 𝐲𝟐𝐳 + 𝐲𝐳𝟐 ≥
?
𝟑𝒙𝐲𝐳 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀 − 𝐆 ∴ 𝐦𝒂

𝟐 ≤
𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
 

⇒ 𝐦𝒂
𝟑 ≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜

𝟒𝒂
.
𝐑𝐬

𝒂
=

𝐑𝐬

𝟒. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
. 𝐛𝟐𝐜𝟐(𝐛𝟑 + 𝐜𝟑 + 𝒂𝐛𝐜) 

⇒ 𝐦𝒂
𝟑 ≤

𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
(𝐛𝟐𝐜𝟐(∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜) − 𝒂𝟑𝐛𝟐𝐜𝟐)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 
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⇒∑𝐦𝒂
𝟑

𝐜𝐲𝐜

≤
𝟏

𝟔𝟒𝐑𝐫𝟐𝐬
((∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)− 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)) ≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞

 

(𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟒𝐑𝐫𝐬)(𝟒𝐑𝟐𝐬𝟐) − 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐(𝟐𝐬)

𝟔𝟒𝐑𝐫𝟐𝐬
=
𝟐𝐬.𝟒𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟔𝟒𝐑𝐫𝟐𝐬
 

⇒ ∑𝐦𝒂
𝟑

𝐜𝐲𝐜

≤
𝐑𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟖𝐫𝟐
→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧, 𝐫𝒂 ≤
𝒂𝟐

𝟒𝐫
⇒ 𝐫𝒂

𝟑 ≤ 𝐬𝟐 𝐭𝒂𝐧𝟐
𝐀

𝟐
.
𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀
𝟐 𝐜𝐨𝐬

𝟐𝐀
𝟐

𝟒𝐫
⇒∑𝐫𝒂

𝟑

𝐜𝐲𝐜

≤
𝟒𝐑𝟐𝐬𝟐

𝐫
∑𝐬𝐢𝐧𝟒

𝐀

𝟐
𝐜𝐲𝐜

 

=
𝟒𝐑𝟐𝐬𝟐

𝐫
((∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐜𝐲𝐜

) 

=
𝟒𝐑𝟐𝐬𝟐

𝐫
(
(𝟐𝐑 − 𝐫)𝟐

𝟒𝐑𝟐
−
𝟐𝐫𝟐

𝟏𝟔𝐑𝟐
∑

𝐛𝐜(𝐬 − 𝒂)

𝐫𝟐𝐬
𝐜𝐲𝐜

) 

=
𝟒𝐑𝟐𝐬𝟐

𝐫
(
(𝟐𝐑 − 𝐫)𝟐

𝟒𝐑𝟐
−

𝟏

𝟖𝐑𝟐
.
𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝐬
) 

⇒ ∑𝐫𝒂
𝟑

𝐜𝐲𝐜

≤
𝐬𝟐(𝟖𝐑𝟐 + 𝐫𝟐 − 𝐬𝟐)

𝟐𝐫
→ (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶
(𝐰𝒂

𝟑 +𝐦𝐛
𝟑)
𝟑

𝐡𝐛
𝟑 + 𝐫𝐜

𝟑
+
(𝐰𝐛

𝟑 +𝐦𝐜
𝟑)
𝟑

𝐡𝐜
𝟑 + 𝐫𝒂

𝟑
+
(𝐰𝐜

𝟑 +𝐦𝒂
𝟑)
𝟑

𝐡𝒂
𝟑 + 𝐫𝐛

𝟑
≥

𝐇𝐨𝐥𝐝𝐞𝐫
 

(∑ 𝐰𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜 )
𝟑

𝟑(∑ 𝐡𝒂
𝟑

𝐜𝐲𝐜 +∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜 )
≥
𝐀−𝐆

(𝟔 ∗ √∏ (𝐦𝒂
𝟑𝐰𝒂

𝟑)𝐜𝐲𝐜
𝟔

)

𝟑

𝟑(∑ 𝐦𝒂
𝟑

𝐜𝐲𝐜 + ∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜 )
≥

𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐) + 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

𝟔𝟑 ∗ (∏ (𝐦𝒂𝐰𝒂)𝐜𝐲𝐜 )
𝟑
𝟐

𝟑 (
𝐑𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝟒𝐑𝐫 − 𝟕𝐫𝟐)

𝟖𝐫𝟐
+
𝐬𝟐(𝟖𝐑𝟐 + 𝐫𝟐 − 𝟏𝟔𝐑𝐫+ 𝟓𝐫𝟐)

𝟐𝐫
)
≥

𝐋𝒂𝐬𝐜𝐮 𝟔𝟑 ∗ (∏ (𝐬(𝐬 − 𝒂))𝐜𝐲𝐜 )
𝟑
𝟐 ∗ 𝟐𝐫𝟐

𝟑𝐬𝟐(𝐑𝟑 + 𝟖𝐑𝟐𝐫 − 𝟏𝟕𝐑𝐫𝟐 + 𝟔𝐫𝟑)
 

=
𝟔𝟑 ∗ 𝐬𝟔𝐫𝟑 ∗ 𝟐𝐫𝟐

𝟑𝐬𝟐(𝐑𝟑 + 𝟖𝐑𝟐𝐫 − 𝟏𝟕𝐑𝐫𝟐 + 𝟔𝐫𝟑)
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟔𝟑 ∗ 𝟕𝟐𝟗𝐫𝟒 ∗ 𝟐𝐫𝟓

𝟑(𝐑𝟑 + 𝟖𝐑𝟐𝐫 − 𝟏𝟕𝐑𝐫𝟐 + 𝟔𝐫𝟑)
≥
? 𝟗 ∗ 𝟔𝟓 ∗ 𝐫𝟗

𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑
 

⇔ 𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑) ≥
?
𝟐(𝐑𝟑 + 𝟖𝐑𝟐𝐫 − 𝟏𝟕𝐑𝐫𝟐 + 𝟔𝐫𝟑) 

⇔ 𝟐𝟓𝐭𝟑 − 𝟏𝟔𝐭𝟐 + 𝟑𝟒𝐭− 𝟐𝟎𝟒 ≥
?
𝟎(𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟐𝟓𝐭𝟐 + 𝟑𝟒𝐭+ 𝟏𝟎𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴
(𝐰𝒂

𝟑 +𝐦𝐛
𝟑)
𝟑

𝐡𝐛
𝟑 + 𝐫𝐜

𝟑
+
(𝐰𝐛

𝟑 +𝐦𝐜
𝟑)
𝟑

𝐡𝐜
𝟑 + 𝐫𝒂

𝟑
+
(𝐰𝐜

𝟑 +𝐦𝒂
𝟑)
𝟑

𝐡𝒂
𝟑 + 𝐫𝐛

𝟑
 

≥
𝟗 ∗ 𝟔𝟓 ∗ 𝐫𝟗

𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1391. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐡𝒂𝐰𝐛(𝐦𝐛
𝟓 + 𝐫𝐜

𝟓)

𝐦𝐛
𝟓 + 𝐡𝒂𝐰𝐛 + 𝐫𝐜𝟓

+
𝐡𝐛𝐰𝐜(𝐦𝐜

𝟓 + 𝐫𝒂
𝟓)

𝐦𝐜
𝟓 + 𝐡𝐛𝐰𝐜 + 𝐫𝒂𝟓

+
𝐡𝐜𝐰𝒂(𝐦𝒂

𝟓 + 𝐫𝐛
𝟓)

𝐦𝒂
𝟓 + 𝐡𝐜𝐰𝒂 + 𝐫𝐛

𝟓
≤ (

𝟐𝟕𝐑

𝟖𝐫
)
𝟐

.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟓𝟒𝐫𝟑 + 𝟏
 

  Proposed by Zaza Mzhavanadze-Georgia 
 
 
 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐦𝒂
𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

= (∑𝐦𝒂

𝐜𝐲𝐜

)

𝟓

− 𝟓(∑𝐦𝒂
𝟐

𝐜𝐲𝐜

+∑𝐦𝒂𝐦𝐛

𝐜𝐲𝐜

)(∏(𝐦𝐛 +𝐦𝐜)

𝐜𝐲𝐜

) 

+(∑𝐫𝒂
𝐜𝐲𝐜

)

𝟓

− 𝟓(∑𝐫𝒂
𝟐

𝐜𝐲𝐜

+∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)(∏(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

) ≤

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫,
𝐂𝐞𝐬𝒂𝐫𝐨,
𝐀−𝐆

 

𝟐(𝟒𝐑 +
𝐑

𝟐
)
𝟓

− 𝟓(𝟔 ∗ √𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐𝟑
)(𝟖𝐦𝒂𝐦𝐛𝐦𝐜) − 𝟓(𝟐∑𝐫𝒂𝐫𝐛

𝐜𝐲𝐜

) (𝟖𝐫𝒂𝐫𝐛𝐫𝐜) 

≤ 𝟐(
𝟗𝐑

𝟐
)
𝟓

− 𝟓(𝟔 ∗ √𝐡𝒂
𝟐𝐡𝐛

𝟐𝐡𝐜
𝟐𝟑
)(𝟖𝐡𝒂𝐡𝐛𝐡𝐜) − 𝟓(𝟐∑𝐫𝒂𝐫𝐛

𝐜𝐲𝐜

) (𝟖𝐫𝒂𝐫𝐛𝐫𝐜) 

= 𝟐(
𝟗𝐑

𝟐
)
𝟓

− 𝟓(𝟔 ∗ √
𝟒𝐫𝟒𝐬𝟒

𝐑𝟐

𝟑

)(𝟖.
𝟐𝐫𝟐𝐬𝟐

𝐑
) − 𝟓.𝟐𝐬𝟐. 𝟖𝐫𝐬𝟐 

≤ 𝟐(
𝟗𝐑

𝟐
)
𝟓

− 𝟓(𝟔 ∗ √
𝐫𝟒. 𝟕𝟐𝟗𝐑𝟐𝐫𝟐

𝐑𝟐

𝟑

)(𝟖.
𝐫𝟐. 𝟐𝟕𝐑𝐫

𝐑
) − 𝟓. 𝟐.𝟖𝐫. 𝟕𝟐𝟗𝐫𝟒 

(∵ 𝟐𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐑𝐫 𝒂𝐧𝐝 𝐬𝟐 ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟐𝟕𝐫𝟐) 

=
𝟕𝟐𝟗 ∗ 𝟖𝟏𝐑𝟓

𝟏𝟔
− 𝟐 ∗ 𝟓 ∗ 𝟐 ∗ 𝟖 ∗ 𝟕𝟐𝟗𝐫𝟓 ⇒∑𝐦𝒂

𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
(⦁) 𝟕𝟐𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟏𝟔
 

𝒂𝐧𝐝 ∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐡𝒂
𝟐

𝐜𝐲𝐜

∗ √∑𝐰𝒂
𝟐

𝐜𝐲𝐜

≤∑𝐰𝒂
𝟐

𝐜𝐲𝐜

≤∑𝐬(𝐬 − 𝒂)

𝐜𝐲𝐜

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝟕𝐑𝟐

𝟒
 

⇒∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

≤
(⦁⦁) 𝟐𝟕𝐑𝟐

𝟒
 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶  

𝐡𝒂𝐰𝐛(𝐦𝐛
𝟓 + 𝐫𝐜

𝟓)

𝐦𝐛
𝟓 + 𝐡𝒂𝐰𝐛 + 𝐫𝐜

𝟓
+
𝐡𝐛𝐰𝐜(𝐦𝐜

𝟓 + 𝐫𝒂
𝟓)

𝐦𝐜
𝟓 + 𝐡𝐛𝐰𝐜 + 𝐫𝒂

𝟓
+
𝐡𝐜𝐰𝒂(𝐦𝒂

𝟓 + 𝐫𝐛
𝟓)

𝐦𝒂
𝟓 + 𝐡𝐜𝐰𝒂 + 𝐫𝐛

𝟓
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=∑
𝐡𝒂𝐰𝐛(𝐦𝐛

𝟓 + 𝐫𝐜
𝟓 + 𝐡𝒂𝐰𝐛 − 𝐡𝒂𝐰𝐛)

𝐦𝐛
𝟓 + 𝐡𝒂𝐰𝐛 + 𝐫𝐜

𝟓
𝐜𝐲𝐜

=∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

−∑
𝐡𝒂
𝟐𝐰𝐛

𝟐

𝐦𝐛
𝟓 + 𝐡𝒂𝐰𝐛 + 𝐫𝐜

𝟓
𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

−
(∑ 𝐡𝒂𝐰𝐛𝐜𝐲𝐜 )

𝟐

∑ 𝐦𝒂
𝟓

𝐜𝐲𝐜 +∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 + ∑ 𝐡𝒂𝐰𝐛𝐜𝐲𝐜

=
(∑ 𝐦𝒂

𝟓
𝐜𝐲𝐜 + ∑ 𝐫𝒂

𝟓
𝐜𝐲𝐜 )(∑ 𝐡𝒂𝐰𝐛𝐜𝐲𝐜 )

∑ 𝐦𝒂
𝟓

𝐜𝐲𝐜 + ∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 +∑ 𝐡𝒂𝐰𝐛𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (⦁),(⦁⦁) 𝟕𝟐𝟗(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟏𝟔
.
𝟐𝟕𝐑𝟐

𝟒
.

𝟏

∑ 𝐦𝒂
𝟓

𝐜𝐲𝐜 +∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 +∑ 𝐡𝒂𝐰𝐛𝐜𝐲𝐜

 

≤
?
(
𝟐𝟕𝐑

𝟖𝐫
)
𝟐

.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟓𝟒𝐫𝟑 + 𝟏
⇔∑𝐦𝒂

𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

+∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟏𝟒𝟓𝟖𝐫𝟓 + 𝟐𝟕𝐫𝟐 

𝐍𝐨𝐰,∑𝐦𝒂
𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

+∑𝐡𝒂𝐰𝐛
𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑(𝐦𝒂𝐦𝐛𝐦𝐜)
𝟓
𝟑 + 𝟑(𝐫𝒂𝐫𝐛𝐫𝐜)

𝟓
𝟑 + 𝟑√𝐡𝒂

𝟐𝐡𝐛
𝟐𝐡𝐜

𝟐𝟑
 

≥ 𝟑(𝐡𝒂𝐡𝐛𝐡𝐜)
𝟓
𝟑 + 𝟑(𝐫𝐬𝟐)

𝟓
𝟑 + 𝟑 ∗ √𝐡𝒂

𝟐𝐡𝐛
𝟐𝐡𝐜

𝟐𝟑
= 𝟑 ∗ (

𝟐𝐫𝟐𝐬𝟐

𝐑
)

𝟓
𝟑

+ 𝟑(𝐫𝐬𝟐)
𝟓
𝟑 + 𝟑 ∗ √

𝟒𝐫𝟒𝐬𝟒

𝐑𝟐

𝟑

 

≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
𝒂𝐧𝐝

𝟐𝐬𝟐 ≥ 𝟐𝟕𝐑𝐫
𝟑 ∗ (

𝐫𝟐. 𝟐𝟕𝐑𝐫

𝐑
)

𝟓
𝟑

+ 𝟑 ∗ (𝐫. 𝟐𝟕𝐫𝟐)
𝟓
𝟑 + 𝟑 ∗ √

𝐫𝟒. 𝟕𝟐𝟗𝐑𝟐𝐫𝟐

𝐑𝟐

𝟑

= 𝟏𝟒𝟓𝟖𝐫𝟓 + 𝟐𝟕𝐫𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐡𝒂𝐰𝐛(𝐦𝐛

𝟓 + 𝐫𝐜
𝟓)

𝐦𝐛
𝟓 + 𝐡𝒂𝐰𝐛 + 𝐫𝐜

𝟓
+
𝐡𝐛𝐰𝐜(𝐦𝐜

𝟓 + 𝐫𝒂
𝟓)

𝐦𝐜
𝟓 + 𝐡𝐛𝐰𝐜 + 𝐫𝒂

𝟓
+
𝐡𝐜𝐰𝒂(𝐦𝒂

𝟓 + 𝐫𝐛
𝟓)

𝐦𝒂
𝟓 + 𝐡𝐜𝐰𝒂 + 𝐫𝐛

𝟓
 

≤ (
𝟐𝟕𝐑

𝟖𝐫
)
𝟐

.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝟓𝟒𝐫𝟑 + 𝟏
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1392. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟓

(𝐡𝐛𝐰𝐜)
𝟑 +

𝐦𝐛
𝟓

(𝐡𝐜𝐰𝒂)
𝟑 +

𝐦𝐜
𝟓

(𝐡𝒂𝐰𝐛)
𝟑 ≥

𝟔𝟒𝐫𝟓

𝐑𝟔
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟓

(𝐡𝐛𝐰𝐜)𝟑
+

𝐦𝐛
𝟓

(𝐡𝐜𝐰𝒂)𝟑
+

𝐦𝐜
𝟓

(𝐡𝒂𝐰𝐛)𝟑
=∑

(
𝐦𝒂
𝐡𝐛𝐰𝐜

)
𝟑

(
𝟏
𝐦𝒂
)
𝟐

𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑

𝐦𝒂
𝐡𝐛𝐰𝐜𝐜𝐲𝐜 )

𝟑

(∑
𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟐  

≥
(∑

𝐦𝒂
𝐰𝐛𝐰𝐜𝐜𝐲𝐜 )

𝟑

(∑
𝟏
𝐡𝒂𝐜𝐲𝐜 )

𝟐 ≥

𝐦𝒂  ≥ √𝐬(𝐬−𝒂) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝐯𝐢𝒂 𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆

𝒂𝐧𝐝

𝐰𝒂 ≤ √𝐬(𝐬−𝒂) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬
(∑

√𝐬(𝐬 − 𝒂) ∗ √𝐬(𝐬 − 𝒂)

√𝐬(𝐬 − 𝐛) ∗ √𝐬(𝐬 − 𝐜) ∗ √𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜 )

𝟑

(
𝟏
𝐫
)
𝟐  
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= 𝐫𝟐 ∗ (
𝐬

𝐬. 𝐫𝐬
∗∑(𝐬 − 𝒂)

𝐜𝐲𝐜

)

𝟑

=
𝐫𝟐

𝐫𝟑
=
𝟏

𝐫
=
𝐫𝟓

𝐫𝟔
≥

𝐄𝐮𝐥𝐞𝐫 𝐫𝟓

(
𝐑
𝟐
)
𝟔 =

𝟔𝟒𝐫𝟓

𝐑𝟔
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1393. In 𝚫𝑨𝑩𝑪 holds: 

√𝟐𝒂 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= 𝒔 ⇒ 𝐬𝐞𝐜(𝟐𝑩) + 𝐭𝐚𝐧(𝟐𝑩) =

𝒄 + 𝒃

𝒄 − 𝒃
 

Proposed by Daniel Sitaru – Romania  
 

Solution 1 by Ravi Prakash-New Delhi-India 

√𝟐𝒂√
𝒔(𝒔 − 𝒃)

𝒂𝒃
⋅ √
𝒔(𝒔 − 𝒄)

𝒂𝒄
= 𝒔 ⇒ √𝟐√

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
= 𝟏 

⇒ 𝐬𝐢𝐧
𝑨

𝟐
= 𝟏 ⇒

𝑨

𝟐
=
𝝅

𝟒
⇒ 𝑨 =

𝝅

𝟐
 

Now, 𝐬𝐞𝐜(𝟐𝑩) + 𝐭𝐚𝐧(𝟐𝑩) =
𝟏+𝐬𝐢𝐧(𝟐𝑩)

𝐜𝐨𝐬(𝟐𝑩)
=
(𝐬𝐢𝐧𝑩+𝐜𝐨𝐬𝑩)𝟐

𝐜𝐨𝐬𝟐 𝑩−𝐬𝐢𝐧𝟐𝑩
=
𝐜𝐨𝐬 𝑩+𝐬𝐢𝐧𝑩

𝐜𝐨𝐬 𝑩−𝐬𝐢𝐧𝑩
=
𝐬𝐢𝐧𝑪+𝐬𝐢𝐧𝑩

𝐬𝐢𝐧𝑪−𝐬𝐢𝐧𝑩
 

[∵ 𝑩 + 𝑪 =
𝝅

𝟐
] 

=
𝒄+𝒃

𝒄−𝒃
 [using law of sines] 

Solution 2 by Cosqun Memmedoff-Azerbaijan 

√𝟐𝐚𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= 𝒔, 𝒔 =

𝒂 + 𝒃 + 𝒄

𝟐
 

𝒔𝟐 = 𝟐𝒂𝟐 𝐜𝐨𝐬𝟐
𝑩

𝟐
𝐜𝐨𝐬𝟐

𝑪

𝟐
 

𝒔𝟐 = 𝟐𝒂𝟐 (
𝟏 + 𝐜𝐨𝐬𝑩

𝟐
) (
𝟏 + 𝐜𝐨𝐬 𝑪

𝟐
) , 𝐜𝐨𝐬𝑩 =

𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟐𝒂𝒄
, 𝐜𝐨𝐬𝑪 =

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
 

𝒔𝟐 = 𝟐𝒂𝟐 (
𝟏

𝟐
+
𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟒𝒂𝒄
)(
𝟏

𝟐
+
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟒𝒂𝒃
) 

𝒔𝟐 = 𝟐𝒂𝟐 (
(𝒂 + 𝒄)𝟐 − 𝒃𝟐

𝟒𝒂𝒄
)(
(𝒂 + 𝒃)𝟐 − 𝒄𝟐

𝟒𝒂𝒃
) 
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𝒔𝟐 =
(𝒂+ 𝒃 + 𝒄)𝟐(𝒂 + 𝒄 − 𝒃)(𝒂 + 𝒃 − 𝒄)

𝟖𝒃𝒄
 

(𝒂 + 𝒃 + 𝒄)𝟐

𝟒
=
(𝒂 + 𝒃 + 𝒄)𝟐(𝒂 + 𝒄 − 𝒃)(𝒂 + 𝒃 − 𝒄)

𝟖𝒃𝒄
 

(𝒂 + 𝒄 − 𝒃)(𝒂 + 𝒃 − 𝒄) = 𝟐𝒃𝒄 

𝒂𝟐 + 𝒂𝒃 − 𝒂𝒄 + 𝒄𝒂 + 𝒄𝒃 − 𝒄𝟐 − 𝒂𝒃 − 𝒃𝟐 + 𝒃𝒄 = 𝟐𝒃𝒄 

𝒂𝟐 − 𝒄𝟐 − 𝒃𝟐 = 𝟎 ⇔ 𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐 ⇒ 𝐜𝐨𝐬𝑩 =
𝒄

𝒂
, 𝐬𝐢𝐧𝑩 =

𝒃

𝒂
 

𝐬𝐞𝐜(𝟐𝑩) + 𝐭𝐚𝐧(𝟐𝑩) =
𝟏

𝐜𝐨𝐬(𝟐𝑩)
+
𝐬𝐢𝐧(𝟐𝑩)

𝐜𝐨𝐬(𝟐𝑩)
=
𝐬𝐢𝐧(𝟐𝑩) + 𝟏

𝐜𝐨𝐬𝟐𝑩
= 

=
𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝑩

𝐜𝐨𝐬𝑩 − 𝐬𝐢𝐧𝑩
=

𝒄
𝒂 +

𝒃
𝒂

𝒄
𝒂 −

𝒃
𝒂

=
𝒄 + 𝒃

𝒄 − 𝒃
 

Solution 3 by Tapas Das-India 

√𝟐𝒂𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= 𝒔 

√𝟐 ⋅ 𝟐𝑹 ⋅ (𝟐 𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
) 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪

𝟐
= 𝒔 

𝟐√𝟐 × 𝟐 × 𝑹 ⋅ 𝐬𝐢𝐧
𝑨

𝟐
⋅
𝒔

𝟒𝑹
= 𝒔 

√𝟐𝐬𝐢𝐧
𝑨

𝟐
= 𝟏 ∴ 𝐬𝐢𝐧

𝑨

𝟐
=
𝟏

√𝟐
= 𝐬𝐢𝐧

𝝅

𝟒
 

𝑨 =
𝝅

𝟐
 

∴ 𝐜𝐨𝐬𝑩 =
𝒄

𝒂
 

𝐬𝐢𝐧𝑩 =
𝒃

𝒂
 

𝐬𝐞𝐜 𝟐𝑩 + 𝐭𝐚𝐧 𝟐𝑩 =
𝟏 + 𝐬𝐢𝐧𝟐𝑩

𝐜𝐨𝐬𝟐𝑩
=

(𝐬𝐢𝐧𝑩 + 𝐜𝐨𝐬𝑩)𝟐

(𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝑩)(𝐜𝐨𝐬𝑩 − 𝐬𝐢𝐧𝑩)
 

=
𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝑩

𝐜𝐨𝐬𝑩 − 𝐬𝐢𝐧𝑩
=

𝒄
𝒂
+
𝒃
𝒂

𝒄
𝒂 −

𝒃
𝒂

=
𝒄 + 𝒃

𝒄 − 𝒃
 

1394. In 𝚫𝑨𝑩𝑪 holds: 
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∑𝒂𝟑

𝒄𝒚𝒄

= 𝟔𝒔𝑹𝟐 ⇒∏(𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄 − 𝒂𝟐)

𝒄𝒚𝒄

= 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution  by Tapas Das-India 

(𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄 − 𝒂𝟐) = 𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐 − 𝒃𝒄 = 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨 − 𝒃𝒄 = 𝒃𝒄(𝟐 𝐜𝐨𝐬 𝑨 − 𝟏)   

(analog) 

∴∏𝒃𝒄(𝟐 𝐜𝐨𝐬 𝑨 − 𝟏)

𝒄𝒚𝒄

 

= 𝒂𝒃 ⋅ 𝒃𝒄 ⋅ 𝒄𝒂(𝟐 𝐜𝐨𝐬𝑨 − 𝟏)(𝟐𝐜𝐨𝐬 𝑩 − 𝟏)(𝟐𝐜𝐨𝐬 𝑪 − 𝟏) 

= 𝒂𝟐𝒃𝟐𝒄𝟐{−(𝟏 − 𝟐𝐜𝐨𝐬 𝑨)(𝟏 − 𝟐𝐜𝐨𝐬𝑩)(𝟏 − 𝟐 𝐜𝐨𝐬𝑪)} 

= −𝒂𝟐𝒃𝟐𝒄𝟐 [
𝟏 − 𝟐(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪) +

+𝟒(𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 + 𝐜𝐨𝐬𝑪 𝐜𝐨𝐬𝑨) −
−𝟖𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪

] 

= −𝒂𝟐𝒃𝟐𝒄𝟐 [𝟏 − 𝟐 (𝟏 +
𝒓

𝑹
) + 𝟒

𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
− 𝟖

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[𝑹𝟐 − 𝟐𝑹𝟐 − 𝟐𝑹𝒓 + 𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝒔𝟐 + 𝟐(𝟐𝑹 + 𝒓)𝟐] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[−𝑹𝟐 − 𝟐𝑹𝒓 + 𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝒔𝟐 + 𝟖𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[𝟑𝑹𝟐 + 𝟔𝑹𝒓 − 𝒔𝟐 + 𝟑𝒓𝟐] = 𝟎 

Note: ∑𝒂𝟑 = 𝟔𝒔𝑹𝟐, ∴ 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) = 𝟔𝒔𝑹𝟐, ∴ 𝟑𝑹𝟐 + 𝟔𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐 = 𝟎 

Using the following relationships: 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪 = 𝟏 +
𝒓

𝑹
, ∑𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩 =

𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 

𝟒𝑹𝟐
 

∏𝐜𝐨𝐬𝑨 =
𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
 

1395. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒕𝒂𝒏
𝑨

𝟒
+ 𝒕𝒂𝒏

𝑩

𝟒
+ 𝒕𝒂𝒏

𝑪

𝟒
=
𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 − 𝒔

𝒓
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
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Solution by Daniel Sitaru-Romania 
 
Denote: 

𝒕𝒂𝒏
𝑨

𝟒
= 𝒙, 𝒕𝒂𝒏

𝑨

𝟐
=

𝟐𝒕𝒂𝒏
𝑨
𝟒

𝟏 − 𝒕𝒂𝒏𝟐
𝑨
𝟒

=
𝟐𝒙

𝟏 − 𝒙𝟐
 

 

(𝟏 − 𝒙𝟐)𝒕𝒂𝒏
𝑨

𝟐
− 𝟐𝒙 = 𝟎, 𝒙𝟐𝒕𝒂𝒏

𝑨

𝟐
+ 𝟐𝒙 − 𝒕𝒂𝒏

𝑨

𝟐
= 𝟎 

 

∆= 𝟒 + 𝟒𝒕𝒂𝒏𝟐
𝑨

𝟐
=

𝟒

𝒄𝒐𝒔𝟐
𝑨
𝟐

, 𝒕𝒂𝒏
𝑨

𝟒
= 𝒙 =

−𝟐 +
𝟐

𝒄𝒐𝒔
𝑨
𝟐

𝟐𝒕𝒂𝒏
𝑨
𝟐

=

𝟏

𝒄𝒐𝒔
𝑨
𝟐

− 𝟏

𝒔𝒊𝒏
𝑨
𝟐

𝒄𝒐𝒔
𝑨
𝟐

=
𝟏 − 𝒄𝒐𝒔

𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐

 

𝒕𝒂𝒏
𝑨

𝟒
+ 𝒕𝒂𝒏

𝑩

𝟒
+ 𝒕𝒂𝒏

𝑪

𝟒
=∑

𝟏− 𝒄𝒐𝒔
𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐

=

𝒄𝒚𝒄

∑
𝟏

𝒔𝒊𝒏
𝑨
𝟐𝒄𝒚𝒄

−∑𝒄𝒐𝒕
𝑨

𝟐
𝒄𝒚𝒄

= 

 

=∑
𝟏
𝒓
𝑨𝑰𝒄𝒚𝒄

−
𝒔

𝒓
=
𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 − 𝒔

𝒓
 

1396. In ∆𝐀𝐁𝐂, 𝐈𝐚, 𝐈𝐛, 𝐈𝐜 −excenters,  the following relationship holds: 
 

𝑰𝒃𝑰𝒄
𝒘𝒂

+
𝑰𝒄𝑰𝒂
𝒘𝒃

+
𝑰𝒂𝑰𝒃
𝒘𝒄

=
𝟐𝑹

𝑭
∙ (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) 

 
Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 
 

∑
𝑰𝒃𝑰𝒄
𝒘𝒂

𝒄𝒚𝒄

=∑
𝟒𝑹𝒄𝒐𝒔

𝑨
𝟐

𝟐𝒃𝒄
𝒃 + 𝒄 𝒄𝒐𝒔

𝑨
𝟐𝒄𝒚𝒄

= 𝟐𝑹∑
𝒃 + 𝒄

𝒃𝒄
𝒄𝒚𝒄

= 𝟐𝑹∑(
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

= 

 

= 𝟒𝑹∑
𝟏

𝒂
𝒄𝒚𝒄

=
𝟐𝑹

𝑭
∑

𝟐𝑭

𝒂
𝒄𝒚𝒄

=
𝟐𝑹

𝑭
∙ (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) 

1397. 

𝐈𝐧 𝒂𝐧𝐲 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 → 𝒂, 𝐛, 𝐜, 𝐝, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠  
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𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝐬 + 𝒂

𝟒𝐬 − 𝒂
+
𝟐𝐬 + 𝐛

𝟒𝐬 − 𝐛
+
𝟐𝐬 + 𝐜

𝟒𝐬 − 𝐜
+
𝟐𝐬 + 𝐝

𝟒𝐬 − 𝐝
≥
𝟒𝟎

𝟕
(
𝐫

𝐑
)
𝟐

 

  Proposed by Emil C. Popa-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐁𝐫𝒂𝐡𝐦𝒂𝐠𝐮𝐩𝐭𝒂 𝒂𝐧𝐝 𝐏𝒂𝐫𝒂𝐦𝐞𝐬𝐡𝐯𝒂𝐫𝒂,𝟏𝟔𝐅𝟐𝐑𝟐 
= (𝒂𝐜 + 𝐛𝐝)(𝒂𝐛 + 𝐜𝐝)(𝒂𝐝 + 𝐛𝐜) 

⇒ 𝒙(𝐛𝐝((𝒂+ 𝐜)𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜((𝐛 + 𝐝)𝟐 − 𝟐𝐛𝐝)) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 (𝒙 = 𝒂𝐜 + 𝐛𝐝) 

⇒ 𝒙(𝐛𝐝(𝐬𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜(𝐬𝟐 − 𝟐𝐛𝐝)) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 ⇒ 𝒙(𝐬𝟐𝒙− 𝟒𝐫𝟐𝐬𝟐) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 

⇒ 𝒙𝟐 − 𝟒𝒙. 𝐫𝟐 − 𝟏𝟔𝐑𝟐𝐫𝟐 = 𝟎 ⇒ 𝒙 =
𝟒𝐫𝟐 ±√𝟔𝟒𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒

𝟐
 

⇒ 𝒂𝐜+ 𝐛𝐝 = 𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 → (𝟏) 

∴∑𝒂𝟐

𝐜𝐲𝐜

= 𝟒𝐬𝟐 − 𝟐(𝒂𝐜+ 𝐛𝐝 + (𝒂𝐛+ 𝐛𝐜) + (𝒂𝐝 + 𝐜𝐝)) =
𝐯𝐢𝒂 (𝟏)

 

𝟒𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 − 𝟐(𝐛𝐬 + 𝐝𝐬) = 𝟒𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 − 𝟐𝐬𝟐 

∴∑𝒂𝟐

𝐜𝐲𝐜

= 𝟐𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 → (𝟐) 

𝟐𝐬 + 𝒂

𝟒𝐬 − 𝒂
+
𝟐𝐬 + 𝐛

𝟒𝐬 − 𝐛
+
𝟐𝐬 + 𝐜

𝟒𝐬 − 𝐜
+
𝟐𝐬 + 𝐝

𝟒𝐬 − 𝐝
≥
𝟒𝟎

𝟕
(
𝐫

𝐑
)
𝟐

⇔∑
𝟒𝐬 − 𝒂 + 𝟑𝒂

𝟒𝐬 − 𝒂
𝐜𝐲𝐜

≥
𝟖𝟎

𝟕
(
𝐫

𝐑
)
𝟐

 

⇔ 𝟒+ 𝟑∑
𝒂

𝟒𝐬 − 𝒂
𝐜𝐲𝐜

≥
(∗) 𝟖𝟎

𝟕
(
𝐫

𝐑
)
𝟐

 

𝐀𝐠𝒂𝐢𝐧,𝟒 + 𝟑∑
𝒂

𝟒𝐬 − 𝒂
𝐜𝐲𝐜

= 𝟒+ 𝟑∑
𝒂𝟐

𝟒𝐬𝒂 − 𝒂𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟒 +
𝟏𝟐𝐬𝟐

𝟒𝐬(𝟐𝐬) − ∑ 𝒂𝟐𝐜𝐲𝐜
 

≥
? 𝟖𝟎

𝟕
(
𝐫

𝐑
)
𝟐

⇔ (𝟕𝟕𝐑𝟐 − 𝟏𝟔𝟎𝐫𝟐)𝐬𝟐 ≥
?
(∑𝒂𝟐

𝐜𝐲𝐜

)(𝟕𝐑𝟐 − 𝟐𝟎𝐫𝟐) 

⇔
𝐯𝐢𝒂 (𝟐)

(𝟕𝟕𝐑𝟐 − 𝟏𝟔𝟎𝐫𝟐)𝐬𝟐 ≥
?
(𝟕𝐑𝟐 − 𝟐𝟎𝐫𝟐)(𝟐𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) 

⇔ (𝟔𝟑𝐑𝟐 − 𝟏𝟐𝟎𝐫𝟐)𝐬𝟐 + (𝟕𝐑𝟐 − 𝟐𝟎𝐫𝟐)(𝟒𝐫𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) ≥
?
⏟
(∗∗)

𝟎 

∵ 𝟔𝟑𝐑𝟐 − 𝟏𝟐𝟎𝐫𝟐 = 𝟔𝟑(𝐑𝟐 − 𝟐𝐫𝟐) + 𝟔𝐫𝟐 ≥
𝐋.𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡,𝟏𝟗𝟒𝟖

𝟔𝐫𝟐 > 0 

∴ 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧 − 𝐄𝐝𝐝𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟔𝟑𝐑𝟐 − 𝟏𝟐𝟎𝐫𝟐) ∗ 𝟖𝐫 ∗ (√𝟒𝐑𝟐 + 𝐫𝟐 − 𝐫) 

+(𝟕𝐑𝟐 − 𝟐𝟎𝐫𝟐) (𝟒𝐫𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) ≥
?
𝟎 

⇔ √𝟒𝐑𝟐 + 𝐫𝟐 ∗ (𝟏𝟑𝟑𝐑𝟐 − 𝟐𝟔𝟎𝐫𝟐) ≥
?
⏟
(∗∗∗)

𝐫(𝟏𝟏𝟗𝐑𝟐 − 𝟐𝟐𝟎𝐫𝟐) 

𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 𝐋. 𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ 
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𝟑𝐫(𝟏𝟑𝟑𝐑𝟐 − 𝟐𝟔𝟎𝐫𝟐) ≥
?
𝐫(𝟏𝟏𝟗𝐑𝟐 − 𝟐𝟐𝟎𝐫𝟐) ⇔ 𝟐𝟖𝟎𝐑𝟐 ≥

?
𝟓𝟔𝟎𝐫𝟐 

→ 𝐭𝐫𝐮𝐞, 𝐯𝐢𝒂 𝑳. 𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟐𝐬 + 𝒂

𝟒𝐬 − 𝒂
+
𝟐𝐬 + 𝐛

𝟒𝐬 − 𝐛
+
𝟐𝐬 + 𝐜

𝟒𝐬 − 𝐜
+
𝟐𝐬 + 𝐝

𝟒𝐬 − 𝐝
≥
𝟒𝟎

𝟕
(
𝐫

𝐑
)
𝟐

 

 ∀ 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 (𝐐𝐄𝐃) 
 

1398. 

𝐈𝐧 𝒂𝐧𝐲 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐀𝐁 = 𝒂,𝐁𝐂 = 𝐛, 𝐂𝐃 = 𝐜,𝐃𝐀 = 𝐝,𝐀𝐂 = 𝐞, 

𝐁𝐃 = 𝐟,𝐦 = 𝐦𝐢𝐧(𝐞, 𝐟) 𝒂𝐧𝐝
𝐑

𝐫
= 𝛂 ≥ √𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐 ≥ 𝟒√
𝛂𝟐

𝐦𝟐

𝟑

. 𝐅
𝟒
𝟑 

  Proposed by Emil. C. Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India  
 

𝐕𝐢𝒂 𝐁𝐫𝒂𝐡𝐦𝒂𝐠𝐮𝐩𝐭𝒂 𝒂𝐧𝐝 𝐏𝒂𝐫𝒂𝐦𝐞𝐬𝐡𝐯𝒂𝐫𝒂,𝟏𝟔𝐅𝟐𝐑𝟐 

= (𝒂𝐜 + 𝐛𝐝)(𝒂𝐛 + 𝐜𝐝)(𝒂𝐝+ 𝐛𝐜) ⇒ 𝒙(𝐛𝐝((𝒂 + 𝐜)𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜((𝐛 + 𝐝)𝟐 − 𝟐𝐛𝐝)) 

= 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 (𝒙 = 𝒂𝐜+ 𝐛𝐝) ⇒ 𝒙(𝐛𝐝(𝐬𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜(𝐬𝟐 − 𝟐𝐛𝐝)) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 

⇒ 𝒙(𝐬𝟐𝒙 − 𝟒𝐫𝟐𝐬𝟐) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 ⇒ 𝒙𝟐 − 𝟒𝒙. 𝐫𝟐 − 𝟏𝟔𝐑𝟐𝐫𝟐 = 𝟎 

⇒ 𝒙 =
𝟒𝐫𝟐 ± √𝟔𝟒𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒

𝟐
⇒ 𝒂𝐜 + 𝐛𝐝 = 𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 → (𝟏) 

∴∑𝒂𝟐

𝐜𝐲𝐜

= 𝟒𝐬𝟐 − 𝟐(𝒂𝐜+ 𝐛𝐝 + (𝒂𝐛+ 𝐛𝐜) + (𝒂𝐝 + 𝐜𝐝)) =
𝐯𝐢𝒂 (𝟏)

 

𝟒𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 − 𝟐(𝐛𝐬 + 𝐝𝐬) = 𝟒𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 − 𝟐𝐬𝟐 

∴∑𝒂𝟐

𝐜𝐲𝐜

= 𝟐𝐬𝟐 − 𝟒𝐫𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 → (𝟐) 

𝐕𝐢𝒂 𝐏𝐭𝐨𝐥𝐞𝐦𝐲′𝐬 𝐟𝐢𝐫𝐬𝐭 𝒂𝐧𝐝 𝐬𝐞𝐜𝐨𝐧𝐝 𝐭𝐡𝐞𝐨𝐫𝐞𝐦𝐬 ∶ 𝐞𝐟 = 𝒂𝐜 + 𝐛𝐝 𝒂𝐧𝐝
𝐞

𝐟
=
𝒂𝐝 + 𝐛𝐜

𝒂𝐛 + 𝐜𝐝
 

⇒ 𝐞𝟐 =
(𝒂𝐜 + 𝐛𝐝)(𝒂𝐛 + 𝐜𝐝)(𝒂𝐝 + 𝐛𝐜)

(𝒂𝐛 + 𝐜𝐝)𝟐
=

𝐁𝐫𝒂𝐡𝐦𝒂𝐠𝐮𝐩𝐭𝒂 𝒂𝐧𝐝 𝐏𝒂𝐫𝒂𝐦𝐞𝐬𝐡𝐯𝒂𝐫𝒂 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝒂𝐛 + 𝐜𝐝)𝟐
 

≥
𝐂𝐁𝐒 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝒂𝟐 + 𝐜𝟐)(𝐛𝟐 + 𝐝𝟐)
 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲, 𝐟𝟐 =

(𝒂𝐜 + 𝐛𝐝)(𝒂𝐛 + 𝐜𝐝)(𝒂𝐝+ 𝐛𝐜)

(𝒂𝐝+ 𝐛𝐜)𝟐
 

≥
𝐂𝐁𝐒 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝒂𝟐 + 𝐜𝟐)(𝐛𝟐 + 𝐝𝟐)
∴ 𝐞𝟐, 𝐟𝟐 ≥

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝒂𝟐 + 𝐜𝟐)(𝐛𝟐 + 𝐝𝟐)
∴ 𝐦𝟐 ≥

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝒂𝟐 + 𝐜𝟐)(𝐛𝟐 + 𝐝𝟐)
 

=
𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

(𝐬𝟐 − 𝟐𝒂𝒄)(𝐬𝟐 − 𝟐𝐛𝐝)
=

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

𝐬𝟒 − 𝟐𝐬𝟐(𝒂𝐜 + 𝐛𝐝) + 𝟒𝒂𝐛𝐜𝐝
=

𝐯𝐢𝒂 (𝟏)
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𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

𝐬𝟒 − 𝟐𝐬𝟐 (𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) + 𝟒𝐫𝟐𝐬𝟐
⇒ 𝐦𝟐 ≥

(∗) 𝟏𝟔𝐑𝟐𝐫𝟐

𝐬𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐
 

𝐍𝐨𝐰, (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐)
𝟑
≥
𝟏

𝟒
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

(∑𝒂

𝐜𝐲𝐜

)

𝟐

=
𝐯𝐢𝒂 (𝟐)

 

𝟒𝐬𝟐

𝟒
((𝟐𝐬𝟐 − 𝟒𝐫𝟐)

𝟐
+ 𝟏𝟔𝐫𝟐(𝟒𝐑𝟐 + 𝐫𝟐) − 𝟖(𝟐𝐬𝟐 − 𝟒𝐫𝟐)𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) 

⇒𝐦𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐)
𝟑
≥ 

(
(𝟐𝐬𝟐 − 𝟒𝐫𝟐)

𝟐
+ 𝟏𝟔𝐫𝟐(𝟒𝐑𝟐 + 𝐫𝟐)

−𝟖(𝟐𝐬𝟐 − 𝟒𝐫𝟐)𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐
)(

𝟏𝟔𝐑𝟐𝐫𝟐

𝐬𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐
) ≥
?
𝟔𝟒𝛂𝟐𝐅𝟒 

= 𝟔𝟒𝐑𝟐𝐫𝟐𝐬𝟒  (∵
𝐑

𝐫
= 𝛂 𝒂𝐧𝐝 𝐅 = 𝐫𝐬) 

⇔ (𝟐𝐬𝟐 − 𝟒𝐫𝟐)
𝟐
+ 𝟏𝟔𝐫𝟐(𝟒𝐑𝟐 + 𝐫𝟐) − 𝟖(𝟐𝐬𝟐 − 𝟒𝐫𝟐)𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 

≥
?
𝟒𝐬𝟐 (𝐬𝟐 − 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) 

⇔ 𝟏𝟔𝐫𝟐(𝟒𝐑𝟐 + 𝟐𝐫𝟐 − 𝐬𝟐) + (𝟏𝟔𝐫𝐬𝟐 − 𝟏𝟔𝐫𝐬𝟐 + 𝟑𝟐𝐫𝟑) ∗ √𝟒𝐑𝟐 + 𝐫𝟐 ≥
?
𝟎 

⇔ 𝐬𝟐 ≤
?
𝟒𝐑𝟐 + 𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 = (√𝟒𝐑𝟐 + 𝐫𝟐 + 𝐫)

𝟐

⇔ 𝐬 ≤
?
√𝟒𝐑𝟐 + 𝐫𝟐 + 𝐫 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧− 𝐄𝐝𝐝𝐲 ∴ 𝐦𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐)
𝟑
≥ 𝟔𝟒𝛂𝟐𝐅𝟒 

⇒ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐 ≥ 𝟒√
𝛂𝟐

𝐦𝟐

𝟑

. 𝐅
𝟒
𝟑 ∀ 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 (𝐐𝐄𝐃) 

 

1399. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂
𝟓𝐦𝐛

𝟓

𝐡𝐛
𝟐𝐫𝐜
𝟐
+
𝐰𝐛
𝟓𝐦𝐜

𝟓

𝐡𝐜
𝟐𝐫𝒂
𝟐
+
𝐰𝐜
𝟓𝐦𝒂

𝟓

𝐡𝒂
𝟐𝐫𝐛
𝟐 ≥

𝟐𝟕 ∙ 𝟔𝟒 ∙ 𝐫𝟏𝟎

𝐑𝟒
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐫𝐜
𝐡𝒂

𝐜𝐲𝐜

=∑(
𝐫𝐬

𝐬 − 𝐜
.
𝒂

𝟐𝐫𝐬
)

𝐜𝐲𝐜

=
𝟏

𝟐𝐫𝟐𝐬
∑𝒂(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

 

≤
𝐀−𝐆 𝟏

𝟖𝐫𝟐𝐬
∑𝒂(𝟐𝐬 − 𝒂 − 𝐛)𝟐

𝐜𝐲𝐜

=
𝟏

𝟖𝐫𝟐𝐬
∑𝒂𝐜𝟐

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

𝟖𝐫𝟐𝐬
∑𝒂𝟑

𝐜𝐲𝐜

=
𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟖𝐫𝟐𝐬
 

∴∑
𝐫𝐜
𝐡𝒂

𝐜𝐲𝐜

≤
(𝐢) 𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐫𝟐
 

∑𝐰𝒂𝐰𝐛
𝐜𝐲𝐜

≥∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

=∑
𝐛𝐜. 𝐜𝒂

𝟒𝐑𝟐
𝐜𝐲𝐜

=
𝐫𝐬

𝐑
∑𝒂

𝐜𝐲𝐜

=
𝟐𝐫𝐬𝟐

𝐑
⇒∑𝐰𝒂𝐰𝐛

𝐜𝐲𝐜

≥
(𝐢𝐢) 𝟐𝐫𝐬𝟐

𝐑
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𝐍𝐨𝐰,
𝐰𝒂
𝟓𝐦𝐛

𝟓

𝐡𝐛
𝟐𝐫𝐜
𝟐
+
𝐰𝐛
𝟓𝐦𝐜

𝟓

𝐡𝐜
𝟐𝐫𝒂
𝟐
+
𝐰𝐜
𝟓𝐦𝒂

𝟓

𝐡𝒂
𝟐𝐫𝐛
𝟐
=∑

(𝐰𝒂𝐦𝐛)
𝟑

(
𝐡𝐛𝐫𝐜
𝐰𝒂𝐦𝐛

)
𝟐

𝐜𝐲𝐜

≥∑
(𝐰𝒂𝐰𝐛)

𝟑

(
𝐫𝐜
𝐡𝒂
)
𝟐

𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑ 𝐰𝒂𝐰𝐛𝐜𝐲𝐜 )

𝟑

(∑
𝐫𝐜
𝐡𝒂

𝐜𝐲𝐜 )
𝟐  

≥
𝐯𝐢𝒂 (𝐢),(𝐢𝐢) 𝟖𝐫𝟑𝐬𝟔 ∗ 𝟏𝟔𝐫𝟒

𝐑𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝟐
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒𝐫𝟑 ∗ 𝟏𝟔𝐫𝟒𝐬𝟒 ∗ (𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝐑𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝟐
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟒𝐫𝟑 ∗ 𝟏𝟔𝐫𝟒𝐬𝟒 ∗ 𝟐𝟕𝐑𝐫

𝐑𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝟐
≥
? 𝟐𝟕 ∗ 𝟔𝟒 ∗ 𝐫𝟏𝟎

𝐑𝟒
=
𝟐𝟕 ∗ 𝟖𝟏 ∗ 𝟏𝟔 ∗ 𝐫𝟏𝟎

𝐑𝟒
 

⇔ 𝟐𝐑𝐬𝟐 ≥
?
𝟗𝐫(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) ⇔ (𝟐𝐑 − 𝟗𝐫)𝐬𝟐 + 𝟗𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐) ≥

?
⏟
(∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝐑 − 𝟗𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟗𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐) > 0 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟐𝐑 − 𝟗𝐫 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) = −(𝟗𝐫 − 𝟐𝐑)𝐬𝟐 + 𝟗𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟗𝐫 − 𝟐𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟗𝐫(𝟔𝐑𝐫 + 𝟑𝐫𝟐) ≥
?
𝟎 

⇔ 𝟒𝐑(𝟐𝐑𝟐 − 𝟕𝐑𝐫 + 𝟔𝐫𝟐) ≥
?
𝟎 ⇔ 𝟒𝐑(𝟐𝐑− 𝟑𝐫)(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴
𝐰𝒂
𝟓𝐦𝐛

𝟓

𝐡𝐛
𝟐𝐫𝐜
𝟐
+
𝐰𝐛
𝟓𝐦𝐜

𝟓

𝐡𝐜
𝟐𝐫𝒂
𝟐
+
𝐰𝐜
𝟓𝐦𝒂

𝟓

𝐡𝒂
𝟐𝐫𝐛
𝟐
≥
𝟐𝟕 ∗ 𝟔𝟒 ∗ 𝐫𝟏𝟎

𝐑𝟒
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1400. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟒 𝐭𝒂𝐧
𝐀
𝟐
+ 𝐭𝒂𝐧

𝐁
𝟐
+ 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

≤
𝟒𝐑 + 𝐫

𝟐𝐬
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐬

𝟒𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

=∑
𝐬

𝟒𝐑+ 𝐫 + 𝟑𝐫𝒂
𝐜𝐲𝐜

 

= 𝐬 ∗
∑ (𝟒𝐑 + 𝐫 + 𝟑𝐫𝐛)(𝟒𝐑+ 𝐫 + 𝟑𝐫𝐜)𝐜𝐲𝐜

(𝟒𝐑 + 𝐫 + 𝟑𝐫𝒂)(𝟒𝐑+ 𝐫 + 𝟑𝐫𝐛)(𝟒𝐑 + 𝐫 + 𝟑𝐫𝐜)
 

= 𝐬 ∗
𝟑(𝟒𝐑 + 𝐫)𝟐 + 𝟔(𝟒𝐑+ 𝐫)(∑ 𝐫𝒂𝐜𝐲𝐜 ) + 𝟗∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜

(𝟒𝐑 + 𝐫)𝟑 + 𝟗(𝟒𝐑+ 𝐫)(∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜 ) + 𝟑(𝟒𝐑+ 𝐫)𝟐(∑ 𝐫𝒂𝐜𝐲𝐜 ) + 𝟐𝟕𝐫𝐬𝟐
 

= 𝐬 ∗
𝟑(𝟒𝐑 + 𝐫)𝟐 + 𝟔(𝟒𝐑+ 𝐫)(𝟒𝐑 + 𝐫) + 𝟗𝐬𝟐

(𝟒𝐑 + 𝐫)𝟑 + 𝟗(𝟒𝐑 + 𝐫)𝐬𝟐 + 𝟑(𝟒𝐑 + 𝐫)𝟐(𝟒𝐑 + 𝐫) + 𝟐𝟕𝐫𝐬𝟐
≤
? 𝟒𝐑 + 𝐫

𝟐𝐬
 

⇔ 𝟐(𝟒𝐑+ 𝐫)𝟒 ≥
?
⏟
(∗)

(𝟕𝟐𝐑𝟐 − 𝟏𝟖𝐑𝐫 − 𝟗𝐫𝟐)𝐬𝟐 + 𝟗𝐬𝟒 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟕𝟐𝐑𝟐 − 𝟏𝟖𝐑𝐫 − 𝟗𝐫𝟐)𝐬𝟐 + 𝟗(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 

≤
?
𝟐(𝟒𝐑+ 𝐫)𝟒⇔ (𝟒𝐑+ 𝐫)𝟒 ≥

?
⏟
(∗∗)

(𝟓𝟒𝐑𝟐 + 𝟗𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟐 
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𝐀𝐠𝒂𝐢𝐧,𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟓𝟒𝐑𝟐 + 𝟗𝐑𝐫+ 𝟗𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
(𝟒𝐑 + 𝐫)𝟒  

⇔ 𝟒𝟎𝐭𝟒 + 𝟒𝐭𝟑 − 𝟏𝟑𝟖𝐭𝟐 − 𝟒𝟕𝐭− 𝟐𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟒𝟎𝐭𝟑 + 𝟖𝟒𝐭𝟐 + 𝟑𝟎𝐭+ 𝟏𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ∴ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 

∑
𝟏

𝟒𝐭𝒂𝐧
𝐀
𝟐 + 𝐭𝒂𝐧

𝐁
𝟐 + 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

≤
𝟒𝐑+ 𝐫

𝟐𝐬
 ∀ ∆ 𝐀𝐁𝐂,′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


