
 

If 𝟐𝒂𝟐 + 𝒃 = 𝟐𝒃𝟐 + 𝒄 = 𝟐𝒄𝟐 + 𝒂 =
𝟏

𝟐
 then find: 

𝜴 = 𝒂 + 𝒃 + 𝒄 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

{
 
 

 
 𝟐𝒂𝟐 + 𝒃 =

𝟏

𝟐

𝟐𝒃𝟐 + 𝒄 =
𝟏

𝟐

𝟐𝒄𝟐 + 𝒂 =
𝟏

𝟐

⇒ {
𝟒𝒂𝟐 + 𝟐𝒃 = 𝟏
𝟒𝒃𝟐 + 𝟐𝒄 = 𝟏
𝟒𝒄𝟐 + 𝟐𝒂 = 𝟏

⇒ {
𝟒𝒂𝟐 = 𝟏 − 𝟐𝒃
𝟒𝒃𝟐 = 𝟏 − 𝟐𝒄
𝟒𝒄𝟐 = 𝟏 − 𝟐𝒂

⇒ 

𝒂, 𝒃, 𝒄 ∈ (−∞;
𝟏

𝟐
] 

(∗) {
𝟒𝒂𝟐 + 𝟐𝒃 = 𝟏
𝟒𝒃𝟐 + 𝟐𝒄 = 𝟏
𝟒𝒄𝟐 + 𝟐𝒂 = 𝟏

⇒Summarize the system of equatons side by side: 

 
(𝟒𝒂𝟐 + 𝟐𝒂) + (𝟒𝒃𝟐 + 𝟐𝒃) + (𝟒𝒄𝟐 + 𝟐𝒄) = 𝟑 

 

(𝟐𝒂 +
𝟏

𝟐
)
𝟐

+ (𝟐𝒃 +
𝟏

𝟐
)
𝟐

+ (𝟐𝒄 +
𝟏

𝟐
)
𝟐

=
𝟏𝟓

𝟒
  (𝟏) 

(∗)The system of equations is symmetric with respect to the variables 𝒂, 𝒃, 𝒄  . 
Therefore 𝒂 = 𝒃 = 𝒄 . 

 

Or from (∗) {

𝟒(𝒂 + 𝒃)(𝒂 − 𝒃) = 𝟐(𝒄 − 𝒃)
𝟒(𝒂 + 𝒄)(𝒂 − 𝒄) = 𝟐(𝒂 − 𝒃)
𝟒(𝒃 + 𝒄)(𝒃 − 𝒄) = 𝟐(𝒂 − 𝒄)

⇒ 

 
𝟔𝟒(𝒂 + 𝒃)(𝒂 − 𝒃)(𝒂 − 𝒄)(𝒂 + 𝒄)(𝒃 − 𝒄)(𝒃 + 𝒄) = 𝟖(𝒄 − 𝒃)(𝒂 − 𝒃)(𝒂 − 𝒄) 

 
𝟖(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒂 − 𝒄)(𝟖(𝒂 + 𝒄)(𝒃 + 𝒄)(𝒂 + 𝒄) + 𝟏) = 𝟎 ⇒ 𝒂 = 𝒃 = 𝒄, 

 

Then by (𝟏)  ∶    𝟑 (𝟐𝒂 +
𝟏

𝟐
)
𝟐

=
𝟏𝟓

𝟒
 

𝒂𝟏 =
−𝟏 − √𝟓

𝟒
  ,   𝒂𝟐 =

−𝟏 + √𝟓

𝟒
 

So          𝒂𝟏 = 𝒃𝟏 = 𝒄𝟏 =
−𝟏−√𝟓

𝟒
 ; 𝒂𝟐 = 𝒃𝟐 = 𝒄𝟐 =

−𝟏+√𝟓

𝟒
  

Then    𝒂𝟏 + 𝒃𝟏 + 𝒄𝟏 =
−𝟑−𝟑√𝟓

𝟒
  ,     𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 =

−𝟑+𝟑√𝟓

𝟒
 

 
 


