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If a,b,c > 0,c < 3,2(ab + bc + ca) z\/(9+3abc)(\/a+\/ﬁ+\/6) and

a3 +b3+c3=33c%+abc—3ab—9c+9),thena,b,c=7?
Proposed by Pavlos Trifon-Greece
Solution by Soumava Chakraborty-Kolkata-India

a® + b3 + ¢ = 3(3c? + abc— 3ab — 9c + 9)
= a® + b3+ (c® —9¢? +27¢—27) +3ab(3-¢) =0
2a3+b3+(c-3)2+3ab(3-0c)=0

= 3ab(c—-3)+(a+b+c—-3) <abai :(l::z_+3()c__l?()(:2__3)) +3ab(3-¢)=0

:'%(a+b+c—3)((a—b)2+(a—(c—3))2+(b—(c—3))2) Yo
Now,(a—b)z+(a—(c—3))2+(b—(c—3))2:0=>a:b:c—3;but
c—3<0=a,b <0 - contradiction
2l@a-b)2+(a-(c-3) ' +(b-(c-3)%0:()>

3
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atb+c-3Z 0 :9:%;(9+3abc)(\/ﬁ+\/ﬁ+\/€) >

(chc a)3 2a _ (chc a)3 + 9abc 2a? \ Bergstrom
( 3 T3abe za+1 - 3 Za2+a =

cyc cyc

((chc a)3 + 9abc)< Z(chc a)2 ) atb+c=3 ((chc a)3 + 9abc> Z(chc a)2
2

3 Yeye a2 + Yeyca 3
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az + (chca)
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> 4(ab + bc + ca)?
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cyc cyc cyc cyc cyc

- (za)3+9abc (za>3;6<zab>2 3zaz+<za>2

cyc cyc O cyc cyc cyc

Assigningb+c=x,ct+ta=ya+b=z>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x2+x>y=xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=25=>Za=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2) and such substitutions = Z ab = Z(s —x)(s—y)

cyc cyc
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:Zab=4Rr+r2—>(3)and

cyc

2
ia (1) and (3)
Za2= Za —ZZabvm =" s? — 2(4Rr + r?)

cyc cyc cyc

R Z a? = s? — 8Rr— 212 - (4) - via (1), (2), (3) and (4), (+)
cyc

& (s% +9r%s)s® > 6r?(4R + r)?(3(s? — 8Rr — 2r?) + s?)

(D)
& |s° + 9r?s* — r2s%(384R? + 192Rr + 24r%) + 36r°(4R +1)® > 0|and

3 Gerretsen
+ (s* — 16Rr + 5r?) > 0. inorder to prove (s¢),it suffices to prove :
LHS of (++) > (s? — 16Rr + 5r2)°
& (48Rr — 6r%)s* — r?s?(1152R? — 288Rr + 99r?)

(CCC)
+r3(6400R® — 2112R?r + 1632Rr?> — 89r%) > 0and

2 Gerretsen

+ (48Rr — 6r?)(s* — 16Rr + 5r%) > 0. inorder to prove (ss¢),
it suffices to prove : LHS of (+++) > (48Rr — 6r?)(s? — 16Rr + 5r2)2

& (384R% — 384Rr — 39r%)s? > r(5888R> — 7104R’r + 528Rr? — 61r3)
Gerretsen

Now, (384R? — 384Rr — 39r%)s? >
?
(384R? — 384Rr — 39r2)(16Rr — 5r%) > r(5888R% — 7104R’r + 528Rr? — 61r3)
Euler

? R ?
& 4t3 —15t2 +12t+4>0 (t=;)<:>(4t+1)(t—2)220—>true R )

= (oooo) = (ooo) = (oo) = (0) is true ..

\/(9+3abc)(\/a+\/5+\/E) > 2(ab+bc+ca)with” =" iffa=b =c|| - (1)

But, 2(ab + bc + ca) > \/(9 +3abc)(Va + Vb +c)

~2(ab+bc+ ca) = \/(9 + 3abc)(Va + vb + +/c) and

(D) = |la=b=c—> G|~ (%), (xxx) > a=b = c =1 (ans)




