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JP.166. If a,b € [0; +0) andn € N* An > 2 then:

n 22—0 akbn—k a® + p"
b))z < — <
@by < == —H—=—

Proposed by Nguyen Van Nho — Nghe An — Vietnam

Solution 1 by Tran Hong-Vietnam

n () p" + ab™ 1 + a?p" 2+. . +a* 1p + a™ @ a™ + b
(ab)z < <
n+1 2

Using Cauchy’s inequality:

b +ab™ 1+a2p"2+4...+a™ 1p+ant n+1 n(n+1) n .
A n+1+ ot > ,/(ab) 2 = (ab)z = (1) is true.

If a = b then (2) true. If a # b (suppose b > a) we have

n+1__n+1 n n
(2)@b+ a+sa;b (b—a)

(n+1)

Let f(x) = x"(Vx € [a, b]) and 0(0, 0), A(a, 0), B(b,0),C(a, f(a)), D(b, f(b)) we have

bn+1 _ an+1

(a™® + b")(b — a)
2

n 1
n+1 = X deSABCD:E(OC+0D)(0B_0A):

a

Proved.
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Let f(x) =x"forallx >0andn > 2, now f'(x) =n(n—1)x"2%2 >0

Hence f is a convex function, by Hermite — Hadamard

a™+pm"
2

n

b

(ﬂ) <L [Pxrdx <
2 b-a“a

wherea, b € [0,0)and b > a

EAME\GM pn+l _ gnt+l a®™ + b
= (ab)z <

<
- b—-a)n+1)- 2
n n akbn—k a®™ + p"
e k=0
2 < <
@)y <=— 1 <3

(Proved)

Solution 3 by Michael Sterghiou-Greece

1) Xi=oab" " > (n+ 1)n+1\] [T o(akb®-R) = (n+1) - "'V aZtk . T =
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1

(n+1) @) 5| =+ 1) (@b)i (et
2) (@ +bY)(n+1)=2 Yiab™* > ¥ (a™+ b" — akb™k — akpk) > 0
- Yr_o(ak — b¥)(am* — bm=k) > 0 which is true as the terms of the sum have the
same sign. (Right)

JP.167. Let 0ABC be a tetrahedron with LAOB = £BOC = 2C0A = 90°
and let P be any point inside the triangle ABC. Denote respectively by
d,. d,, d_ the distances from P to faces (OBC(C),(0CA), (OAB). Prove that:
(a) d% + d? + d? = OP?,

(b) dodyd, < 2725

(c)0A-d3+0OB-di+o0C-d3>opP*
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Ravi Prakash-New Delhi-India

|

Let 0A = ai, OB = bj,0C = ck,a,b > 0. Equation of plane ABCis: > +7 +~ =1
Let P(x,y, z) be any point in the interior of AABC. Then
@d,=xd,=yd =z

Now, d% + df + b2 = x* + y* + 2> = OP?
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1
(b)l:l(f+l’+f) Z(ﬂy
3 3 \a b c abc

= xyz < 27abc > d,d,d. < 27(0A4)(0B)(0C)

(©) ax® + by3 + cz3 = (ax3® + by3 + cz3) (E + % + S) =

b a c a b c
=xt+yt+ 4+(— 3+—3)+— 3+ — 3+(—3 +— 3)>
x*+y*t+z XY Xy (axz cxz) Yyzrpzy’) 2
>xt + oyt + 2t + 222y + 2x%222 + 2y% 22 = (X2 + YR+ 22)2 >

= (04)(d3) + (0B)(d3) + (0C)(d3) = oP*

JP.168. Let a, b, ¢ be positive real numbers such that:

1 1 1
-+ -+ < 1
Vi+a® V1+b® VJ1+c3
Prove that:

a’ + b? +c* > 12
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

\/a3+1=\/(a+1)(a2—a+1)

G=A 2_ 2
p (a+D)+(a?-a+1) _ a2+2, equality ata = 2.

) 2
L @) 249 . B3 24 -
Similarly, Vb3 +1 < equalityathb=2&Ve2 +1 < , equality at ¢ = 2.

2! 2

1 1

(1)@, @)= =225
Bergstrom ;4 1141)2 18 1
- Ya2+6  Ya?+6 &1z a3+1

18
~ Ya’+6

= > a? > 12, equalitywhena=b = ¢ =2

(proved)
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JP.169. Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3.

Prove that:
a4— b4— C4— - aZ + bZ + C2
+ + >
b*/2c(a3+1) c*J2a(b3+1) a*/2b(c3+1) 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
at bt ct @Y aq?
+ + =
b%/2c(a3 +1) c*J2a(b3+1) a*/2b(c3+1) 2
&, & @) @ze
- 2

JZc(a3+1) JZa(b3+1) JZb(c3+1)

Now, y/2c(a3 + 1) = J(c(a +1))(2a% — 2a + 2)

GiA ca+c+2a*—-2a+2
(a) 2

(b) 2 (0 2
Similarly, \m < ab+a+2: 2b+2 &\m < bc+b+2; 2c+2
(a), (b), (c) > LHS of (2) =
a? c2\? 1
(52) @) |

(&)

[
|

| + +
[ca+c+2a2—2a+2 ab+a+2b%2—-2b+2 bc+b+2c2—2c+2J

~
~

e

2

2

e
Berggmmzahzzgzzb—;)az_()% (2 g
2(25:)
Sab+lCarezza “2.073)
o(z:) o(zf)

ZSZab+ZaZ+ZZab+6ZaZ :7Za2+52ab
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- 1<2 x a2

2

_(Z ) 23

2Y a? =

@ZﬁZZ
o(Ya ()2

@ [+ (Xa) =9)
=) (Fa) 20
o z 2h6 + 2abc (z ab*) +2 z a’b’ + 2abc (z 2p3)

(+5) ab<5) a?)

2
+z a*b* > 8a’b?c? (z az)
3)

4

Now, Y. a?b® = a?b?c? (

c a4
c—z+;+b—z)
Bergstrom (Z aZ)Z
> a’b?c? 2p2,2 z 2
& S a2 = a*b“c ( a)
4y — gp2p2.2 (2 B2 A 5 20 p(at Bt
Also, 2abc(}; ab*) = 2a*b*c ( +—+ ) 2a’b (ab+bc+ac)
Bergstrom a?)? Y a*z3 ab
> ZaZchZ& >
@) Y. ab

ab3 + bc3 3

ca ab? bc? caz)
Z +28 2 2
c2 a? b2 c a
2B 2 [(ab3 bc2> <bc3 ca?
=2a*b“c? || —+— |+
2
[

2a’b?c? (z az)
Again, 2 Y. a®b® + 2abc (3 a’b3) = 2a*b?c? (

b
ca® ab?
—+ + +
a a? b b2 c
> 2a’b%c?(2b? + 2¢? + 2a?) = 4a?b?*c? (z az)
(iiQ)
Y x22Y xy
Lastly, > a*b* > a?b?-
(iv)

bZCZ+bZ Z_CZaZ+C a aZbZ_

- an2c2 (Y a2)

D)+ (i) +(iir) +(iv)=>(3) is true (proved)
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Solution 2 by Michael Sterghiou-Greece

4

= > %chc a? (1) Let (p,q,r,m) = (chc a,¥.cab,abcy, ., a?)

Yeye—F——2
e b* /Zc(a3+1)
p=3,q<37r<1m=p?—2q=9-2qByAMGM2c(@®+1) < (2c+a®+1)

with equality when ¢ = a = 1; same in a cyclic manner. By this and BCS we get

2
Teyez) 2
% > 7 (2). For x,y,z > 0 we know that (AM-GM)
cyc 2

1 2 2

ZCYC; > (Zeyex) - (xyz)s with x = a?,y = b?,z = ¢? this - chc:—z >m-rs
4
2-m2r73

4 4
Now, (2) » ————>"0r36r 3+9q—8qr3—3r—-36>0 (3)
2

Seyc ad+6+3

where Y., a3 = p3 — 3pq + 3r = 27 — 9q + 3r. From (3) using the facts
y

q*> = 3pr=9randq = (Schur) we get the stronger inequality

3
+9 2749
L Pior r
4 12

27+49r -
. . r

4 1 4
36r3+27r2—8 3 —3r = 0 (4). This using the transformation

1
t = re reduces to: —3t1* — 3678 + 27t11 — 6t°+ 18>0
4 1
[(4) xr3andrs > tlor3(1 —t) - (¢13 +t12 + 11 — 8¢10 — 8t% — 8t + 417 + 4t +
+6t5 + 6t* + 6t3 + 6t + 6t + 6 > 0 (5). We can observe that 6t — 6t1° > 0
2t7 — 2t1° > 0 (t < 1) and similarly, we work with —8t° and —8t2. As the rest in the

term t13 + t1%2 + ... + 6 are all positive we see that (5) holds. Done.

JP.170. Let x, y, z be positive real numbers such that: x + y + z = 3. Find the

minimum value of:

4 4 4

x y z
P = + +
y4/az(x5+ 1) z43/4x(y5 +1) x%34y(z5 + 1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution by Tran Hong-Vietnam

Vaz(xS + 1) = 32z(x + 1){2x* — 223 + 2x2 — 2x + 2}

(Cauchy) 27 + x + 1 + 2x* — 2x3 + 2x2 — 2x + 2
<
- 3

2z+2x* —2x3 +2x* —x+3
3 1

.. 3 5 Zx+2y4—2y3+2y2—y+3.
Similarly, /4x(y> + 1) < 3 ;
2y +2z* —223+ 2722 —-z+3

VAy(z5 +1) < Y 3 ;

x2\? a?\>
(}7) (Schwarsz) 3 (Z ﬁ)
_ >
23\/4z(x5+1) T 2Ya*-2Yad+2Ya’+12
( a:x,b:y,(_‘:z)
az z

3 (%) L

= 2 (Z a4_za3+z a2+6) ( )

2\ 2 2 (2)
Must show that: (Z:—z) 22a4—2a3+2a2+6.8ut2%22a2
Must show that: G a?)?> > Ya*—Y a3 +Ya%?+6
e2Ya*b?*+Ya®-Ya*-6=>0 (¥
Letp=a+b+c=3,q=ab+ bc+ ca,r = abc;

e 2(g*—-6r)+(27-9q+3r)—(9-2q)—-6=>0
©2¢°-79-9r+12>0
©(@*-9r)+(q-3)(g-4) =20 (*)

(**) true because:qs’;—ZZS,q229r.

:(1)2% ;
= Pin zgc)a:b:c:l.

Now, we will prove (2) true:

YreYae (Y (m)zeya(-Ya=3)
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© Y a’b® + 2abcy ab* + 2Y a®b® + 2abc Y a?b? + Y, a*b* > 8(abc)? Y a®> (3);

4 (Schwarz)

~ Y a?b® = (abc)? Z — > (abc)? @ = (abc)?Y a? (4);

at (Schwarz)

4= 2 >
2abc z ab* = 2(abc) ap 2

Z(abc)z% > Z(abc)Z(ZZL:Z) = 2(abc)? Y a*? (5);
) 355 2p3 — 2 a_b3 a_bz
..ZZa b +2abc2a b® = 2(abc) {z + .
5 ab3 Lca
~2twvor{ [ ] [+ S [

(Cauchy)
> 2(abc)?(2b?* + 2¢? + 2a?) = 4(abc)? Y a® (6).

~ Y a*b* = ¥{(ab)?}* = (abc)* Y a* (7);
From (4)+(5) +(6) +(7)= (3) true = (2) true.

JP.171. Let ABC be an acute triangle with perimeter 3. Prove that:

1 1 1 3
— 5t 2
mg my, mg R+r

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A-G 3 1
LHS > 3 |———
(1) mim,m¢
weight GM<AM (2)
3 a+b+c > am, 3 1 3(2s)
ambmc — ambmc 4% a
Now, \} MaMM,Mme = \} MaMyMe = s 3 m&mpm¢ = Yam,
325) [ 3

2
(1), (2)=> LHS 2 Sam 2w Y. am, (% 2s(R+71)

R+r

s(s—a)

“mg,<R(1+cosA)etc,Yam, <Y a’R-2——— —

2Rs
= 2 _ - 2 _ 3
4Rrsza (s —a) Zr(sza Z“
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1
= ﬁ{s -2(s> — 4Rr — r?) — 2s(s* — 6Rr — 31?%)}

= f(ZRr + 2r?) = 2s(R + r) = (3) is true (Proved)

JP.172. Let a, b, c be positive real numbers such that: abc = 1.

Prove the inequality:

at N b* N ct - 3(a+ b +c)
b*+Var+4 cbr*+4 atVer+4 5

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Forabc =1, glvea——b -

y z
Z

yz+—>f+z+f
y?

y z x

b
Hence + - + >a+b+c|f >+

If (xy)3 + (yz)3 + (zx)3 > x3yz? + y3zx? + z3xy? and it's true because
(xy)3 + (xy)3 + (y2)3 = 3(x%y32)
(yz)3 + (yz)3 + (zx)3 = 3(y?23x)
(zx)3 + (zx)3 + (xy)3 > 3(z%x%y)

b* a3 c3 b3
m + +—=>—+—+—
Hence, si |IarIy i =l sl
B 12 12 12 > x84,,3 3 8 d% ot b
ecause x“ +y'-+z x8yz3 + y8zx3 + z8xy3 an +b4+ = - +
a c a

b3 3
Because x12 + y12 + z12 > x7z5 + y7x5 + z7y5 and a® + b5 + ¢% > 7 + 24+ &

c a
@4 consider —& 4 S /3(“”’”)
¢ b a b4\/a4+4 c4\/b4+4 a4\/c4+4 - 5

2
If(f+f+ﬁ) > X9 (Vi 4+ Vbt + 4+t + 4)

b2 2  aZ

2
|f(“—2+b—2+ﬁ) 2J§(a+b+c)(a4+b4+c4+12)

bz 2 a2

2 2 244
If(“—+b—+:—2) g(a+b+c)(a +b* + c* +12)

bz 2
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b8 P
If= ( + 5+ )+30(C +b—4+ )+60( + 0+ )+
a6 b6 C6 ac a4bZ b4a2 - ) i
P20\ it G g T he T as T T ee >9(a’ + b5 +c%) +

—_— 4 — 4+ —+ —
b a

a b® 2 a® & b3
+9< >+108(a+b+c)
c a ¢

If 5(a® + b® + c®) + 40(a’ +b5+c5)+15( +b—+ )+15( +b+b:)+

A b 2 a® 3 b3
—+—+—+—+?+—)+108(a+b+c)
a

+60(a? +b%+c?)>9(a®+ b5+ c5)+9
(a ¢*) 2 9(a <) b ¢ a c
Therefore, it's true.

Solution 2 by Tran Hong-Vietnam

a> 2 b2 2 c2 2 a> 2 a>
5 (&) (@) cwes CR) g

LHS = + > =
Vat+4 Vb*+4 Jct+4 YVa*+4  [3(a* + b* + c* + 12)

22
Must show that: (Z :—2) > @\/S(a4 + b* + c* + 12);

az\*
@5(2—) >9(a+ b +c)(a*+ b*+c*+12)

2

b2
2q10 4 q2p10 4 p2c10 4 (Bgl0 4 810 4 B8 10} 4

16p8 + h1648} + 20{c
+ b%c*} > 9{a5 + b% + 5} +

5{a'®c® + ¢

+30{b*a® + a*c® + c*b®} + 60{c*a* + a’b*

+9{ab* + ac* + ba* + bc* + ca* + cb*} + 108{a + b + ¢} (*)
a+b+c)?

Z 2¥>(a+b+C)('-‘a+b+c233\/ab =3)

(Chebyshev+Cauchy)
5 a > 5>a’ (1)

(Chebyshev+Cauchy)
= 60 a’b* >
(Cauchy)

(Chebyshev) 1
36) a° > 36-§Za22a3 > 36Ya’>36Ya (3)

30y a®b* > 15Y a*c+ 15 a*b = {9 a*c +9Y a*b} + 6{ a*c + Y a*h} (4)

60> a’>60Ya (2)

(Chebyshev) 1 (Cauchy)
6 a*c > 6§Za2a4 > 6Yya (5
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Same6Ya*h>6Ya (6)

(Chebyshev+Cauchy)
20 a?b10 + Y a8h10) > 40Y a® (7)

From (1)+(2) +(3) +(4) +(5) +(6) +(7)= (*) true.

JP.173. Prove that in any triangle ABC,

1 1 1 6R

- + — + — >
sinA sinB sinC r

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Lahiru Samarakoon-Sri Lanka

1 s2R+4Rr)
sin A 2sr

We have to prove, ( >
(s2+1%2+4Rr)? 6R
452y2 T r

s*+1r*+ 16R%r% + 2s%r% + 8r3R + 8Rrs? > 24Rrs?

s2(s®2 +2r%2 —16Rr) +r* + 16R*r> + 81r*R >0

Since, s > 16Rr — 512, then we have to prove,
(16Rr — 51%)(s%2 + 21r* —16Rr) +r* + 16R?>r2 + 81r*R >0
again, we have to prove,
(16Rr — sr?)? + 32Rr3 — 10r* — 256R?*r?> + 80Rr3 + r* + 16R*r> + 8r3R >0
161r* + 16R?*r? —40R13 >0
8r2(2R* —sRr+2r2) >0
8r2(2R—-1r) (R —2r)

(+) euler

(proved)
Solution 2 by Ruanghaw Chaoka-Chiangrai-Thailand

1 1 1 \* 7 6R
( ) =

- + - + - —
sin4 sinB sinC r

S, . a _ b _ ¢ _ abc
Sine'law;, — = —=—=—
sin A sinB sinC 2A
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_ abc
R‘E 6R 3abc(a+b+c)
20 T 472

"Ta+b+c
Now inequality becomes (ab + bc + ca)? ; 3abc(a+ b+ c)
« (ab + bc + ca)? = (ab)? + (bc)? + (ca)? + 2abc(a + b + ¢)
>abc(a+b +c)+ 2abc(a+ b+ ¢)
=3abc(a+ b +c)holdsata=b =c
Solution 3 by Marian Ursdrescu-Romania

We must show:

(i s tsme) 25 @

sinA sinB sinC

Y (A N U LS S WP
sin A sin B sin C - sin AsinB sinC
1 _2R
Butz:sinAsinB_ r (3)

1 1 1
+ +

sinA sinB sinC

From (2)+(3)= ( )Z > % = (1) it's true.

JP.174. Prove that in any triangle ABC,
ha hb

h
—+—+—>./6(1+cosAcosBcosC)
a b ¢

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Lahiru Samarakoon-Sri Lanka

For any AABC, ), % > ,/6(1 + cos A cos B cos ()

SZ—4R%*-4Rr-R
4R2 !

22A> 6 1+SZ—4RZ—4Rr—rZ
az — 4R2

ZAZ 1 - 6(S2 — 4Rr — r?)
az — 4R?

[IcosA =
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2
- we have to prove 4A*R? x 4 (Z %) >3 x 2(S2—1r%2—4Rr)

aZpZc2 (3 a?)

2522
- we have to prove, a?b?c? % >3C a?)

(z azbz)z > 3a2h?c? (z a?)

It's true.

-+ 3a2b2c2 (z az) = 3[(a2b?)(a2c?) + (b2a?)(b%c?) + (b2c?)(a2c?)]

Solution 2 by Soumava Chakraborty-Kolkata-India

h, ®
z; > ,/6(1 + cos A cos B cos C)

b2c2 s2—4R%2—4Rr—r2
OLP) 8R%rs 2 \]6 (1 * 4R? )

G a?b?)? 33 a? 2 (2)

> 2p2) S 2 z 2

= CARTES? 2 AR & (Z a’b ) > 3(abc) a
(* 4Rs = abc)

Lets—a=x,s—b=y,s—c=z~a=y+zb=z+xc=x+y

Using the above substitution, (2) becomes (upon simplification):
sz + 4Zx7y+ 42"}’7 +4§:x6yZ + 42 x%y® + 12xyz(2x5) +
(3)
+6xyz(z x4y+2xy4) >2 ) x5y3+ 22x3y5 + 52x4y4+
+10xyz (z x3y? + z x2y3) + 4x%y? 72 (z xz) + 8x2y27? (z xy)
Chebysev 2
Wehave, 2Y x0y% +23x%y° > “Ra%y? (x2 +y?)(x? + y?)

4-G
Z2 Zz:xzyz(xZ +y?) - xy= ZZ:xSy3 + Zz x3y5
a

A-G
Also, 2 Y, xy% + 2 Y x%y* (%) 4y xty*
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A-G
Also, Y x7y + Y xy”’ (2) 2y xtyt
(4

Chebyshev 1
Again, 12xyz(¥ x5) = 6xyz Y (x5 +y5) > 5 6xyzT(x? + y?)(a® + y°)

A-G
Again, 4xyz(Q x*y + Y xy*) = 4xyz Y xy (x3 + y3)
(e)
> 4xyzz x2y*(x +y) = 4xyz (z x3y? + z x2y3)
Moreover, 2xyz(X x*y + Y xy*) = 2xyz{} z(x* + y*)}
Chebyshev Q2 yvyz A-G
< zy z 2(x2 + y2)? (% xyz {z 2xyz(x? + yZ)} = 4x2y27? (z xz)

AlSO, Zx4y4 > nyZ . yZZZ + yZZZ . ZZxZ + nyZ . ZZxZ

= x2y?z? (z xz) (g) x2y?z? (z xy)

by (9)
Also, Y x8 > ¥ x*y* (% x2y?z2 (3 xy)

Chebyshev
Lastly, 3(Z 27y +Xxy") =3{8z(z7 +y)} = 3Xz(x+y)(x* +y*)

3 A-G
> sy Gty 2 3xyz ) (x4 y) %
A-G
= 3xyzZ{z3(xZ +y2)} > 3xyzZ(z3 - 2xy)
(0]
= 6x%y?z? (z xZ) > 6x%y?z? (z xy)

(@)+(b) +(c) +(d) +(e) +(f) +(9) +(h) +(i)= (3)

Itis true (proved)

JP.175. Prove that in any acute triangle ABC,
myr, + myr, + myr, < s*

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution 1 by Bogdan Fustei-Romania

In any acute-angled AABC we have the following inequality:

m, < 2R cos? %1 (and the analogs)

T = p%a (and the analogs)

S S 1 1 Sp-b+p-c
rp+r.= = ( + )— o p—o)

p—b+p—c_s p—-b p—-c/ (@-b)p-o0
=/p(p—-a)p-b)p —c)

Tt T Gy S

a/pp—)p-b)p-c) _ J p(p — a)

e T T G T -b)  “|@-bm-o

sin%l = % (and the analogs)

cos%l p(’; 9 (and the analogs)

. A
i M (and the analogs)

A
cos p(p-a

a = 2Rsin A (and the analogs)

— in2cos?
sinA =2 singcosg (and the analogs)} = a=4Rsin; cos; (and the analogs)

A
A A cosy A
r, + 17 = 4R sin = cos = - = 4R cos? =
2 2 . A 2

sin

rp+re

, = 2R cos? %1 (and the analogs)

So, we have the following: m, < 2R cos? g (and the analogs)

e m, < ”+ ¢ (and the analogs)

Myry < w (and the analogs)

But r,ry, + rpr. + 1,1, = p%. Summing we have

2 2
Moy + myry + myr, < % = p? for AABC acute — angled.
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Solution 2 by Soumava Chakraborty-Kolkata-India
~ AABC is acute, . m, < 2R cos? g, etc., ~ Y myr, < Y. 2R cos? gstang
= 2Rs Y, cosgsing =Rs) (ﬁ) = %(Z a) = s? (proved)
Solution 3 by Marian Ursdrescu-Romania

In any acute AABC we have: m, < 2R cos?2 (1)
2

24
andr, = ﬁ (2). From (1)+(2)= X m,r, < 2RS¥, c:j,f =
24
Ym,r, < 2Rrs), C:jaz 3
C()SZé
. . 2 —_S_
Butin any AABC we have: ¥ —2=——- (4)

From (3)+(4)= Y m,r, < 2Rrs - z% =s?
Solution 4 by Marin Chirciu — Romania
We prove the following lemma:

Lemmal
2) Inacute AABC:

m, < 2R cos? >

Mircea Lascu’s inequality
Proof
Let M be the middle of BC side and 0 the circumcenter of AABC. In AAMO we have

A A
AMSA0+0M<:>maSR+RcosA=R(1+cosA)=R-2cosZE=2RcosZE

Equality holds ifand only if b = cor if A = 90°.
Back to the main problem:

Using Lemmalandr, = ﬁwe obtain:

2 A s(s—a)
2. 2. 24 S E:“’s 2 E' bc
m,r, < 2R cos” - =2RS =2Rrs ) ——=
2 s—a s—a s—a
= 2Rrs?Y L = 2Rrs? - 2 — opps? . 2 =2
bc abc 4Rrs
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Equality holds if and only if the triangle is equilateral.

Remark.
Let’s hightlight an inequality having an opposite sense:
3) InAABC:
myr, + myry, + m.r, > 27r?

Proposed by Marin Chirciu — Romania

Solution
We prove the following lemma:
Lemma 2.
4) In AABC:
b? + ¢?
Ma=""4p
Tereshin’s inequality

Proof

We write the power of M point (the middle of BC side) towards the circumcircle of

AABC:
a a?
MA-MD =MB-MC < m,(AD — ma)—E 2O Ma- AD—I+ma<:>ma AD
b? + ¢?
2

2 2
As AD < 2R itfollows m, > %. Equality holds if b = corif A = 90°.
Back to the main problem:

UsingLemmaZ2andr, = %We obtain:

z - b? + c? z b*+c* S 2[s2(2R +3r)—r(4R + r)z]
Mal'a = 4R s-—a 4R —a S

_ s2(2R+3r)—r(4R+r)

= ” 1)

Using (1) is sufficient to prove that:
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2 _ 2
SEREIN-TAR 5 2712 & s%2(2R + 3r) > r(16R? + 62Rr + r?), which follows from

2R

Gerretsen’s inequality: s> > 16Rr — 5r2. It remains to prove that:
(16Rr — 512)(2R + 37r) > r(16RZ+ 62Rr +1r?) @ 2R? —3Rr-2r* >0 &
< (R —2r)(2R + 1) = 0 obviously form Euler’s inequality R > 2r-.
Equality holds if and only if the triangle is equilateral.
Remark.
We can prove the double inequality:
1) In acute-angled AABC:
2712 < mar, + myr, + m.r, < s2.
Solution
See inequalities 1) and 3).

Equality holds if and only if the triangle is equilateral.

JP.176.If a,b > O, then:

sinx 2ab tanx>4\/7ab y E(O'n)
X a+b x a+b’ . "2

Proposed by Rovsen Pirguliyev — Sumgait — Azebaijan
Solution 1 by Tran Hong-Vietnam

Inequality < (a + b)? tan x + 2ab sin x > 4v/2abx

(a+ b)? tanx + 2ab(sinx — 24/2x) >0 (*¥)

Let f(x) = (a + b)? tan x + 2ab(sin x — 2v2x), (0 <x< g)

1
f'(x) = (a + b)? oz 2ab(cos x — 2V2)
sin x
f'(x) =2(a+ b)>* —5——2absinx
cos3 x

) [a + b]? ) [a + b]? — ab cos® x
=2sinx —ab ) =2sinx
cos3 x cos3 x

> 2absi 2 —cos3 x -0y E(On)
2 2absinx | ———— Vx 2



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

= f'(x) 70 (0,5) = f'(x) > /(0) = (a + b)* + 2ab(1 - 2V2)
= a’ + b* + 2ab(2 — 2v2) = 2ab(3 - 22) >0
= f(x) 7on (Og) = f(x) > £(0) = 0 = (*) true.
Solution 2 by Ravi Prakash-New Delhi-India
For 0 < x <7, let f(x) = (a + b)? sin x + 2ab tan x — 4v2abx

f'(x) = (a+ b)? cos x + 2ab sec? x — 4V2ab > 4ab cos x + 2absec? x — 4\/2ab

1
> 6ab|(cos x)*b(sec? x)z“b]gab — 4+/2ab > 6ab — 4v/2ab > 0
= f(x) is an increasing function on [0%] = f(x) > f(0)for0 <x < g

sinx 2ab tanx 4+/2ab
+ >

+ b)? sin x + > + .
= (a+ b)?sinx + 2abtanx > 4vV2ab x = (a + b) a+b x a+th

JP.177. If a, b, c = 0 then:

2(a+b+c)+z\/a2+b2—ab23(\/@+\/IE+\/H)

cyc

Proposed by Daniel Sitaru — Romania

Solution 1 by Kelvin Hong-Rawang-Malaysia

Cauchy—-Schwarz Inequality

We have: (a+ b+ c)(b +c + a) > (x/ab+\/E+\/a)Z
~a+b+c>+ab++bc++ca.Also, that

AM-GM
z\/az +b2—ab > Z\/Zab—abZZ\/ab

cyc cyc cyc
Therefore
2(a+b+c) +z\/a2 + b2 —ab > Z(Vab+\/E+\/c_a) +Z\/ab = BZVab
cyc cyc cyc

Solution 2 by Amit Dutta-Jamshedpur-India

-~ We know that: (a? + b* — ab) = i(a + b))% + %(a — b)?
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1 3 a+b
m/aubz—ab:jz(mb)nz(a—byz( )

2

V@i —ab=z("27)
z\/a2+b2—ab22(a+b)22a

2
cyc cyc cyc
:>Z(a+b)+z\/a2 + b%Z —ab 22(a+b)+2a
cyc cyc cyc cyc

23(a+b+c)2;(22a)2%{(a+b)+(b+c)+(c+a)}

AM-G6M 3

> 2 (2Vab+2Vbc + 2Vac)
2(a+b+c)+z\/a2+b2—ab23(\/%+\/E+\/ﬁ)

cyc
(proved)
Solution 3 by Boris Colakovic-Belgrade-Serbia

a’*+b*—ab > ab & Va?+b% —ab >ab & Y.\ a? +b?—ab > ab+Vbc+ca (1)

2(a+b+c)=(a+b)+(b+c)+(c+a) AM;M 2vVab + 2vbc + 2\ca (2)
From (1) and (2) = LHS > 3(Vab + Vbc + vca)
Solution 4 by Michael Sterghiou-Greece
2Fepc @+ SeyeVa? + bZ—ab 2 3%, Vab (1)
LHS (1) = 2 By @+ Neye VZab — ab = 25yca + Loy Vab
It suffices to show that: ¥,ca > X, Vab or chc(\/t_l)z > Y.y Vab
which holds (rearrangement inequality).

Solution 5 by Ravi Prakash-New Delhi-India
a+b++a?+b2—ab—3Vab>a+b+2ab— ab - 3Vab =
—a+b-2Vab=(Va-vb) =0
=>a+b+Va?+b%—ab>3Vab (1)
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Similarly, b + ¢ + Vb2 + ¢ — bc > 3vbc (2)
andc+a+Ve2+ a? —ca > 3vVca (3)
Adding (1), (2), (3), we get:

2(a+b+c)+z\/a2+b2—ab23(\/@+\/E+\/c_a)

cyc

Solution 6 by Seyran Ibrahimov-Maasilli-Azerbaijan

Za+b+z\/a2+b2—ab232\/ab

cyc cyc cyc

a+b++Va%+b%—ab>3Vab=> (1)
> (Va—+b)' +VaZ+b% —ab —vab > 0 (va,b (a—b)? > 0)

a?+b%z2ab

5 (Va-vb)* +Vab—Vab = (Ya-vb) 20 (¥

(=)
= b +c+Vb%+c2—bc>3Vbc (2)
Aa+c+Va?+c%—ac=>3Vac (3)

1D+(2)+(3)=
22a+z\/a2+b2—ab2 32\/@
cyc cyc cyc
(Proved)

Solution 7 by Tran Hong-Vietnam
Using Cauchy’s inequality, we have: a + b > 2vab; b + ¢ = 2Vbc; c + a = 2vac
- 2(a+b+c)=2(Vab ++ac++bc) (1)
Va? + b2 —ab > \2ab—ab =+ab (2)
Vb2 + ¢2 — bc = V2bc— bc = Vbc (3)

Vaz + ¢z — ac > V2ac— ac =+ac (4)
- (1)+(2)+(3)+(4) we proved. Equality thena = b = c.

Solution 8 by Soumava Chakraborty-Kolkata-India

22a+z\/a2+b2—ab(§3(ZM)
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1 3 (a + b)?
o 2 + 2 — - + 2 + _ — 2 >
a’?+b%*—ab 4(a b) 4(a b) 2
~va%z+b%2—ab ZaTH’(':a+b2 Oasa,b > 0) etc.

LHSof(l)(§)22a+§Z(a+b)=SZa

CBS by (a)
Also,RHSof (1) < 3Ya+Ya=3Ya < LHSof (1) (Proved)

Solution 9 by Sanong Huayrerai-Nakon Pathom-Thailand
2 2 x+y 2
For x,y = 0, we have x* —xy + y* > (T)

Hence for a, b,c = 0, we get

2(a+b+c)++a%—ab+b%++b%2—bc+c?2+/c2—ca+a?
22(a+b+c)+a+b+b+c+c+a
2 2 2
:(a+b)+(b+c)+(c+a)+a-;-b+b-zl-c+c-l2-a
> 2vab + 2vVbc + 2y/ca + Vab + Vbc + vca = 3(Vab + Vbc + Vca)

Therefore, itis to be true.

JP.178.If a, b > O then:

3 4a?b?
a3+ b3+ (a2 +b%) + > 4ab-/ a? + b?
( ) a+b +Va? + b?

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India

Puta=rcos0,b=1rsinf,0<6 <§. The inequality

3 4a?b?
a3+b3+(\/a2+b2) +a+b+ —az+bz>4ab a? + b?
4 cos? Bsin% 6

becomes cos3 6 +sin® @ + 1+ ——— > 4 cos 0 sin
cos 0+sinf+1

) 2 cos 0 sin 0 [(sin O + cos 6)% — 1] )
& cos30+sin®0+1+ - > 4 cos 0 sin 0
cos O +sinf +1
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& cos?0+sin0+1+2cosOsinB(cosf +sinf —1)—4cosOsinh >0

& 1+ cos3 0 +sin 0 +2cos?0sinfh+ 2cosOsin?0 —6cosOsinf >0
& 1+ cos 0 (cos? 0 + sin? @) + sin 0 (sin? @ + cos? @) +
+ cos2 sin O + sin? @ cos @ — 6sin O cos § > 0
& 1+ cos 0 +sinf + cos?Osin + sin? @ cosh — 6sinBcosh >0
& (sin @ — cos )% + (cos 0 + sin? @ cos @ — 2 sin 0 cos 0) +
+(sin? 0 + cos? 0sin O — 2 sin B cos 0) > 0
& (sin@ — cos 0)? + cos 0 (1 —sin 0)? + sin@ (1 — cos 0)2 >0

which is true as at least one factor is positive.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For a,b > 0, we have 2(a? + b?) > 4ab = 4ab + 2(a? + b?) > 8ab =

4a’b?
= (Va2 + b2 ) (a+ b) + 2(a% + b?) + > 8ab
( ) (1/a2+b2)(a+b)
8a’b?
= (vaz+ b%)(a+ b) +2(a? + b?) + > 8ab
( ) (Va? + b%)(a+ b) + (a? + b?)
= (a®> + b*)(a+ b) + 2(a? + b*)\/a? + b% + 8a’b” > 8ab+/a? + b?
(a+b)+Va2+b%
(a? + b?)(a + b) 4a?b?
= + (a? + b*)\/a? + b? + > 4ab+/a? + b?
2 (a + b) +Va? + b?
3 4a’b?
=>a®+b3+ (Va2 +b?) + > 4ab+/a? + b?
( ) (a + b) +Va? + b?
3 3 3 4a2b2
Therefore a® + b3 + (Va2 + b2) + P i 4abVa? + b? (true)

Solution 3 by Serban George Florin-Romania

4a2b2(a+b—\/a2+b2)
3_|_ 3_|_ Z_|_ 2 2 + p2 +
a® + b3 + (a? + b*)\Ja? +b @+ b —(Z+DbD)

2p2(g+ b —VaZz + b2
a3+b3+(a2+b2)\/a2+b2+4ab(a be a’+b?)
a

(a+ b)(a® — ab + b?) + (a® + b?)ya? + b2 + 2ab(a + b) — 2ab+/ a + b% > 4ab+/a? + b?

> 4ab+/ a% + b2

> 4ab+/ a% + b2
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(a+ b)(a? — ab + b? + 2ab) + (a? + b?)\/ a? + b% > 6ab+/ a? + b?
(a + b)(a? + ab + b?) + (a? + b?)\/a? + b?2 > 6ab+ a? + b?|: b3

@ oo o] 3 2 =00) @71 2o

(V)x>0
+1)(x2+x+1)+ (2 +1DVx2+1>6x/x2+1
(x )(x X )+ (x Wx XV X L)ﬁm
(x+1)(x2+x+1)+(x2+1)\/x2+1>6

xVxZ+1 xVxZ +1
x+1Dx (x+1DK%*+1) x*+1
+ >0
xVxZ +1 xVxZ +1 x
x+1 x+1 x2+1
+ VaxZz+1+ >6
Vil x x

x+1 x+1 (MqzM,) x+1 x+1 2(x + 1) Ma2Mg) 2 . 2./
+ vxz+1 = 2 . a2 +1= ( ) = \/—=4
VxZ+1 x Jxz+1 X Vx Vx

x2+1
>2ox*+1>2xo (x—1)2>0

+1 +1 241
o T Vxz+1+42
NEZEN | x x

Solution 4 by Tran Hong-Vietnam

= >4+2=6 true

a®+ b3 >ab(a+b)>

3 2p2
LHS > ab(a + b) + (Va? + b?) +—+,,tah )
a a

We need to prove: (*) > 4abVa? + b?

a+b a?+b? 4ab
{—4 + + >4 (1
Va2+b? ab (a+b+\/a2+b2 |V aZ+b? @)
We have

a+b a’+b? 4ab ab a’+b? 4ab
+ + >2 + + (**)
VaZ+p? ab (a+b+\/ a2+b2)\/ a’+b? a?+b? ab (V2+1)(a%+b?%)

_ 1 4t . _ ab V2
Letf(t)—2t+t—2+ﬁ+1W|tht— =i (0<tS Z)
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t = 2<2t4[ﬁ_1] i _1> <O0,Vt e <0,\/2—E]

2 8
") =2—-——=+
Sf@=2-5F+-

V2 t3
:>f(t)\on(0,‘/z—i]:f(t)zf(g)=ﬁ+2+(ﬁ#+l)=3\/f>4

= (**) > 4 = (1) true. Proved.

Solution 5 by Soumava Chakraborty-Kolkata-India

3 4a’b* ™
a3+b3+(\/a2+b2) +a+b+ 5 > 4ab+/a? + b?

Lo (a® +b3) (a +b+a?+ bz) + (a? + b?)y a2 + b2 (a +b+a?+ bz) +4a’b* >
> 4ab aZ+b2(a+b+\/aZ +b2)
& 2a* + 2b* + 6a?b? — 3ab(a? + b?) ++/a? + b2 (Za3 + 2b3 — 2ab(a + b)) >

()
> ab(a + b)\/ a? + b2

“a®+ b3 >ab(a+b) = 2a®+2b3—2ab(a+b) >0

a+b
2

(.. a2+b2>a+b>a+b)
o 2 >

= 3a* + 3b* + 4a?b? — 3ab(a?® + b?)
Also, =~ Va? + b? < a + b, ~ RHS of (2)

@
+LHS of (2) > 2a* +2b* + 6a?b* — 3ab(a? + b%) + “£ (243 + 2b* — 2ab(a + b))

(i) ab(a + b)?
(a), (b)= in order to prove (2), it suffices to prove:
3a* + 3b* + 4a%b? — 3ab(a? + b?) > ab(a + b)?
< 3a* + 3b* + 2a?b? — 4ab(a? + b*) >0
& 3{(a? + b?)? — 2a’b?*} + 2a’b? — 4ab(a® + b*) > 0
& 3x% — 4xy — 4y? > 0 (where x = a® + b2 & y = ab)
& 3x2—6xy+2xy—4y? >0 (x—2y)(3x+2y) =0
—>trueva’?+b*>2ab=>x>2y&x,y>0
(Proved)
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JP.179. In acute AABC the following relationship holds:

acosA bcosB ccosC 3

+ + <
bcosB ccosC acosA 8cosAcosBcosC
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

acosA bcosB ccosC @) 3

+ + <
bcosB <ccosC acosA 8cosAcosBcosC

(a cos A)(b cos B)2+(b cos B)(c cos €)%+ (c cos C)(a cos A)> < 3
abc cos A cos B cos C ~ 8cosAcosBcosC

e

o 8 Z(a cos A)(b cos B)Z 3abc

2 2
2 _ a(b2+c2—a2) B2, (c2+a2—b2) _ b(b2+c2—a2)(c2+a2—b2)
Now, (a cos A)(b cos B) T b rcia -

@ a?b*(b? + c? — a?)(c? + a® — b2)?
B 8(abc)3

(B) p2c*(c2+a?-b?)(a?+b2-c?)"
8(abc)3

Similarly, (b cos B)(ccos C)? = &

© c*a*(a® + b* — c*)(b* + c? — a®)*

(ccosC)(acos A)? = 8(abo)?

Letb?+c*—a?=x,c?+a*—-b*=y,a’>+b*—c*=1z

+z zZ+x x+
Then Y a® = ¥ x = a? =y—2 b?===,c? :_zy

Using the above substitution & (a), (b), (),

2 2 2
o ()22 () e ()22 00

e ey

& 3(x+y)2(y + 2)*(z + x)* = 8xy*(y + 2)(z + x)* + 8yz*(z + x) (x + y)* +

+8zx%(x + y)(y + 2)*

3 Z:x“yZ +3 z x*y* + 6xyz z x3) + 2xyz (z xzy)

3)
>2) x3y3+6xyz (z xyz) + 18x%y?z?

It should be noted that, - (b% + ¢ —a?) etc> 0
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(+ AABC is acute-angled), - x,y,z> 0

Now, x% + z2%x > 2zx2,y3 + x%y > 2xy? & z3 + y?z > 2yz?
® (ii) (iii)

(D)+(i) +(@ii)=> Xad + X x%y > 2Y xy? = 3xyz(QE x3 + Y x%y) Z 6xyz(Y xy?)

)
Also, Y x2y* > xy? - yz? + yz? - zx? + zx? - xy* = xyz(3 x%y)

4-G
Again, ¥ x*y? + Y x%y* (2_) 2y x3y3
Vi

Lastly, 2 ¥ x*y? + 3. x2y* + 3xyz(X 2%) :};) 2 - (3x2y22%) + (3x%y?22) + 3xyz - 3xyz = 18x2y* 22
(iv)+(v) +(vi) +(vii)=(3) is true
(Hence proved)

Solution 2 by Marian Ursdrescu-Romania

We use the orthic triangle: Because AABC is acuteleta’ = acosA,b’ = b cos B,

¢’ = ccos C the sides of the orthic triangle of ABC: but R’ = g,R’ = circumradii of
orthic AABC,r" =2RcosAcosB cosC,r" =inradius=r' = 4R’ cos Acos BcosC =

b’ ¢ _3R

< —, which means we

a = 2

= cos Acos B cos C = — Y

mustshow5+2 +-< ;for anyA (1)

(%+E+ ) < (a? +b2+c2)( += 4+ ) (2) (from Cauchy)

c b2

Buta? +b*+c? <9R?and ;+ -+ < — (3)

< e +b+ <—:>(1) it is true.
4r2 b a

From (2)+(3)= ( +- b+ )Z

JP.180. If a, b = 0 then:

4ab <\ a? + b2 (a+b+\/a2+b2)
4ab+/ a® + b? S(a2+b2)(a+b+\/a2+b2)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Amit Dutta-Jamshedpur-India

Let f(t) =5t> —8t+5
D=64—-100=-36<0+-D<0=F(t)>0
Putt:§>o,{a,b>o}:>F(t):5t2—8t+5>o

a

Putting t = (;)

5<a_2>_8(g)+5>0
b? b
5a? — 8ab + 5b% > 0 = 4a® + 4b? + 8ab < 9a? + 9b?
= 4(a + b)? < 9(a? + b?) = 2(a + b) < 3\/a? + b?
:>2(a+b—\/az+b2)<\/az+bZ

:>2(a+b—\/m)(a+b+\/m)< o~
(a+ b +aZ+ b?)

= 2(2ab) <\m(a+b+m)
Also, if a = b = 0, equality holds = 4ab < Va? + b%(a + b + Va? + b?)
Proved
Multiplying both sides by Va2 + b2
4ab+/a? + b2 < (a2+b2)(a+b+\/m)

Proved

Solution 2 by Khaled Abd Almuty-Damascus-Syria
Ifa,b = 0 then:
1) 4ab < VaZ + b%(a + b +VaZ + b?)
2) 4abVaZ + b2 < (a? + b?*)(a + b + VaZ + b?)
1) We know: \/xTy(% +\/i;) > 2v/2,vx,y € R}
Forx=a?y= bz:\/m(§+%) > 242

b+a
JaZ+ b2 (Z-2) 2 2V2 = (a+ b)a2 + b7 = 2VZab
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(a + b)Va? + b2 + a? + b? > a® + b?> + 2\/2ab (*)
?
Let us prove that a? + b? + 2v/2ab > 4ab

a? 2 > a b ? a b 1
—_— — >4 —+— >4 l—=x—-—==
ab+ab+2ﬁ_4’b+a+2ﬁ_4{b x’a x}

In order to prove that: let f(x) = x +i,D =10, +oo[

1 x2-1 3
f(X):l—ﬁ:T,f(X):():)x:l,f(l):E
X 0 1 + oo
fx)pl |- -\ ——f———— ———— oO+++++++++++++++
2
3 1 3
Vxe]0,+oo[:f(x)2E:>x+;2§24—2\/i

So:§+§z4—2\/i:>§+9+2\/iz4; ab>0

a
a’ + b? + 2v2ab > 4ab
From relation (*): (a + b)Va? + b2 + a? + b? > a? + b? + 2+/2ab > 4ab

So: (a + b)Va? + b%2 +Va? + b2 -Va? + b? > 4ab
Jaz +b%(a+ b+/a? + b?) > 4ab
2) From relation 1):
4absm(a+b+m);xm

4ab+/a? + b2 < (a2+b2)(a+b+\m)
Note if a = 0 and b = 0 the relation (1) it is true.
Andifa=0and b # 0: 0 < a(2a);2a? > 0 itis true
Solution 3 by Michael Sterghiou-Greece
Both inequalities are homogeneous so we can assume a? + b?> = 1
The both become:4ab<a+b+1 (2)

Now,a?+ b’ =1-a<1Ab<1-a*’<aAb’-a+b=>1

Alsoa2+bZ=122ab—>abS%
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(2) > 4ab <2 < a+ b+ 1whichistrue.

Solution 4 by Soumava Chakraborty-Kolkata-India
Va,b > 0,4ab (2 VaZ + b%(a+b +VaZ +b?) &
4ab+/ a? + b? (2 (a? + b?) (a +b++a?+ bz)
(1) © 4ab < (a+ b)VaZ + b2 + a? + b?> & (a — b)? +(a+b)\/m(12a) 2ab
+ (Va-vb) 20,-a+b 2 2vab
« a? + b%? > 2ab(as (a — b)? > 0),

~\Jaz + b2 (Q V2ab(- a,b > 0)
(a).(b)= (a + b)Va? + b2 > 2v/2ab
(+a+b>0asab>08&Vab>0asa,b > 0)
> 2ab & 2ab(vV2 - 1) > 0 - true
vab>=0(~a,b>0)&V2-1>0
~ (1) isproved
(2) © (a? + b?)(a + b) + (a? + b%)VaZ + b? (Zza) 4abVa? + b?

Now, (a% + b?)(a + b) = Va? + b%2Va? + b%(a + b)
(c)

> \a? + b>V2ab(2Vab)
( a’?+b%>2abas(a—b)?>08&a+b > 2\/cﬁas(\/c_l—\/5)z > 0)

= 2v2ab+/ a? + b?

(d)
Also, (a? + b?)Va? + b2 > 2abVa? + b%2(- a? + b? > 2ab)
(c) + (d) = RHS of (2) > 2abVa? + b%(1 +V2)

> 4ab a2+b2(': 1++vV2>28&abJa?+b2>0asab > 0)
= (2) istrue. (Done).

Solution 5 by Tran Hong-Vietnam
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Vaz + b2(a+ b +a? + b2) > 4ab (1)

b
We have: VaZ + b2 > 22
N

a+b a+b 1++/2
> = 2
LHS(l) = \/E (a+b+ \/E ) < 2 >(a+b)
>1+\/f

2= -4ab > 4ab = (1) true, equality © a = b = 0.

Using (1) we have

& Va2 +b? a2+ b2 (a+b+/a? + b?) > 4abya? + b?

& (a? +b?) (a+b +/a? + b?) > 4abya? + b?

Proved.

SP.166. Letn € N*and a;, € R,Vk = 1;n. Find:

Q= f In (H(x — ak)> dx

(x > max{a,|vk = 1,n})
Proposed by Nguyen Van Nho —Nghe An — Vietnam

Solution by Tran Hong-Vietnam

Q:f(ﬂ(x—a@)dxzZfln(x—ak)dx

LetI = [In(x — a;) dx. (x > max{ay|k =1,2,..,n})

=xln(x—ak)—f

X

dxlen(x—ak)—f(1+ W )dx

X — Qg X — Qg

=xIn(x—aq;) —x—aIn(x—a;) +C

= (x —a;)In(x — a;) — x + C (C: const)
n
>0= —nx+2(x— a;) In(x — a;) + D;
k=1

(D: const)
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SP.167. Let x, y, z be positive real numbers such that: xyz = 1. Prove that:

x . y . z +2(x+y+z)>5
V2(xt*+y*) +4xy J2(y*+z*) +4yz J2(z* +x*) + 4zx 3 T2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Bao Truong-Vietnam

a

—%(a— b)2 — 3ab]

z a - Z a _ z
V2@a*+b%) + 4ab~ £2(@t b+ ab) - Ly [3 (g py
>

>z a z a +Z:S(a+b)2—6ab>2 Va
= -
~ £Lu3(a+b)? —6ab [2(a* + b%) + 4ab 9(a+b)? ~3Lia+b

>

> 2 > 3 :z 2 +EZa2
*M(a+b) (a+b+c) J2(@*+b*) +4ab 3

3 2 ab 2 3 2 2

2%*52—@”)2‘“52“2%%%7 +_b>z+§z“‘

a 2 - 3 9 2 1= 3 Ya
zmwab*i“-ﬂ*z(xa)“EZ“ “Ya 3"

9 Ya

2 3 —E
TGy T+__1 $2m+52a2 2+>-1=2(RHD)
Solution 2 by Michael Sterghiou-Greece

2 cycx 5
x,y,2>0Axyz=1-7Y, : +=X=>- (1)
e /Z(x4+y4)+4xy 3

Let (p,q,7) = (chcx,zcycxy,xyz). r=1,p=3,q = 3. (AM-GM)

2
Because [,/2(x4 + y4)] —4(x? +y? —xy)? = -2(x— y)* < 0, (1) can be written as
> L +— Zp > 0. Using BCS we need to show that: ——— -52>0.
Y€ 2(x2+y2+xy) (Z 2-3 )
(2) because (Vx + [y + x/E) > 3% and Xyc(x? + y? + xy) = 2p% — 3q. (2) reduces to

(4p —15)(2p%> —3q) + 27 =0. (3).Asp? —3q = 0if4p — 15 = 0 we are done. If
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4p — 15 < 0 then (3) reduces to: 8p3 — 30p? + 3q(15 — 4p) + 27 which must be

> 0. We know that g? > 3pr = 3p and as 15 — 4p > 0Ot suffices to show that

8p° — 30p7 + 3V3p(15 — 4p) + 27 = f() > 0,f(3) = 0,f' () = —— - g(p),

2p
5 3 5 L
g(p) = 16pz — 40pz — 12v3p + 15V3; g'(p) = 40pz — 60pz + 12v/3 and

g'(p)= &J’:{l) > 0 so easily we can deduce that g(p) >0- f'(p) >0 -

f() - f(p) > f(3) = 0. Done!

SP.168. Let x, y, z be positive real numbers.

Find the minimum possible value of:

X y 1 z
+ +2’—+
y+z z+x 2 x+y

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kelvin Kong-Malaysia

z

I will provethat 4 = ——+ -2+ 2 %+—23

y+z  z+x x+y
LetB:L+L’C:2 1+L
y+z  z+x 2 x+y
2 2 2 /(y+2z2)(z+x
C= Jy+2)+(z+x) = —\/2 G+2)(z+x) = Vi +2)( )
x+y x+y \/m
By using QM-AM inequality: szZ,yz > we have x? +y2 > %(x +y)?

_xt+y 4 xz+yz %(x+y>2+(x+y>z_(x+y)[(y+z)+(z+x)]

B="00G+n 2 O0+29@+n = 20+2D@+x)
B>(x+y)-2\/(y+2)(2+x): x+y
- 2(y +2)(z+x) Joy+2)(z+x)

Therefore
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+ Yy + + Yy + +
depacs_ Xty VOFDErn YOrnEr)

J+2)(z+x) Jx+y Jx+y

g x+y .ﬁ/(y+z)(z+x).‘{/(y+z)(z+x):3
- \/(y+z)(z+x) JX Ty JX+Yy

In conclusion: 4 = =— + -2+ 2 E + x:—y > 3 where equality holdswhen x = y = z.

y+z  z+x

Solution 2 by Soumava Chakraborty-Kolkata-India

X y x(z+ %) + y(y + 2) 4-6 4{x% + y* + z(x + y)} Chebyshev 4 [% (x+y)?+z(x+ y)]
+ = > =
y+z z+x +2)z+x) @ (2z + x + y)? 2z + x + y)?
_2(x+y)2z+x+y)  2(x+y)
B (2z+x+1y)? C2z+x+y
(1) = X 4+ ¥ +2 1 4+ z_ > 2(x+y) 4+ \]Zz+x+y 4+ \]Zz+x+y
y+z  z+x 2 x+y 2z+x+y 2(x+y) 2(x+y)

-6 32(x+y)2z+x+y) _
- T J2x+y)@2z+x+y)

= regd. min value = 3, which occursatx =y = z.

Solution 3 by Tran Hong-Vietnam

x y 1 z x? y? xX+y+2z
P = + +2 =+ = + +2
y+z z+Xx 2 x+y xy+xz yz+yx 2(x+y)
(Schwarz) 2
g (x+y) o x+y+2z
2xy +z(x +y) 2(x+y)

2(x +y)? +\/x+y+Zz \/x+y+Zz

ZryEr2zix+y) [ 2Gry) | | 2(x+y)

_ 2(x+y) . x+y+Zz+ x+y+2z
Cx+y+2z | 2(x+y) 2(x+y)

(Schwarz) 3° 2(x+y) x+y+2z
> . =
- x+y+2z 2(x+y)
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> Ppin =3 ©x=y=12

SP.169. Prove that for all non-negative real numbers a, b, ¢

az+2 b% + 2 cZ+2

+ +
b+c+1 c+a+1 a+b+1

>3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Tran Hong-Vietnam

Suppose:a+b+c=3=>0<a,b,c<3
Inequallty@\]“ +2 \/lf_+;+\jc 2 >3 (1)

For all 0 < x < 3 we have; ’ > ( +1) (%)

(x—1)2(x+4)
4—x

. >0 . (Truebecause 0 < x < 3)

Using (*) with 0 < a, b,c < 3 we have

aZ+2+ b2+2+ c2+2 1( +1)+ (b+1)+ (+1)
1—a ta-pt]a—c=2¢@ ¢

:%(a+b+c+3)zgz3.Proved.EquaIity<:>a:b:c:1.

Solution 2 by Tran Hong-Vietnam

LHS =

J(@2+2)2+1) N (b2 +2)(2+1) N (c2+2)(2+1)
Jb+c+1)(2+1) (c+a+1)2+1) (a+b+1)(2+1)

J(a+ 2)2 (b +2)2 Je+2)2  2a+4 . 2b+4 . 2c+4

Zh+c+1+3 " c+a+ri+3 a+b+1+3_b+c+4 c+ta+4 a+b+4
2 2 2

2a+ 4 2b+ 4 2c+4
= 424 — 424+
b+c+4 c+ta+4 a+b+4

12 12 12
=2(a+b+c+6)< + + >—6

+2+6

b+c+4 c+a+4 a+b+4
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1+1+1)2

>2(a+b+c+6)- —6=9-6=
>2(a+b+c 6)2(a+b+c+6) 6=9-6=3

Proved. Equality @ a=b = c.

Solution 3 by Remus Florin Stanca-Romania

x2+y2+22

We know that for any real numbers x,y, z > 0 we have that /T >

xX+y+z a?+1+1 a+2 a+2
>— > = a2+2>—:>
3 3 3 V3

a?+2 - a+2
b+c+1" /3(b+c+1)
b +2 b+2
arcr1s V3(a+c+1)
c2+2 c+2
a+b+i- J3(a+b+1)
______________________________________ +
a?+2 b2+2 c2+2
\/b+c+1+\/a+c+1+\/a+b+1 _Z,/3(b+c+1 @)
b+c+4 a-+2 2a+4

J3(b+c+1) < >

> >
3(b+c+1) b+c+4

a+2 a+
= Zﬁ >2) e (&), we know also, that
Z;T> ,weputx =a+2,y= b+22—c+2>22b+2++2 3(3)

a+c+1

O@@) [+ [z, [&12 53 qeD)
Solution 4 by Soumava Chakraborty-KoIkata—India

abc>0 o etC>O

(b+c+1)(c+a+1)(a+b+1) —

- by A-G, LHS > 33\/ \/ (@+2)(p2+2)(242) 3 4
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?
e @+2)b?+2)(?+2)>(b+c+1)(c+a+1)(a+b+1)

<:>a2b2¢-2+22 2b2+32a +7 >Za b+Zab2+2abc+3zab+zz
1 ®
NOW,EaZ(b—l)Z > 0:>E(a2b2+a2) > a?b

1 1 (id)
Ebz(c -1)?>0> E(bzcZ + b?%) > b?c

(iii)

1 1
Ecz(a—1)220:>i(c2a2+c2) > c%a

1 1 (iv)
Ebz(a — 1)2 >0= E(azbz + bz) > ab?

1 1 )
Ecz(b -1)*=>0> E(bzcZ +c?) = bc?
1 1 (w)
Eaz(c -1)?2>0> E(czaZ +a?) > ca?

(vii)

Also, - —[Z(a b)?]1>0,~Ya? > Yab

(viii)

...Z(a_1)220,.-.2a2+3 = 2

(ix)
v (abc—1)2 >0, a’?b?>c*+1 > 2abc

-.-Z(ab 1)2>0,- Z a’bh? +3 > 2 ) ab
O+ (i) +(iD)+(v)+(v)+(vi) + (vii) + (viii) + (ix) + (x) = (1) is true (proved)
Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand
For a,b,c > 0, we have
(@®>+1+1)Bh?*+1+1)>(a+b+1)?
(b2+1+1)(c?+1+1)>(b+c+1)?
(c2+1+1)(@*+1+1)>(c+a+1)?

=>@+2)(b2+2)(c2+2)=>(a+b+1)(b+c+1)(c+a+1)

2 2 2 32 2 2 2
Hence a+2+ b+2+ c+223 (a+2)(b+2)(c+2)23
b+c+1 ct+a+1 a+b+1 b+c+1 c+a+1 a+b+1
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2+Z b2+2 242 .
Iff\] ? < ) > 1 and itis to be true.
b+c+1 c+a+1 a+b+1

Therefore, itis to be true
Solution 6 by Soumitra Mandal-Chandar Nagore-India

By Cauchy-Schwarz inequality,

(a? +1+1)(b2+1+1)>(\/aZ 1+b2-1+1 ) =(a+b+1)2

Similarly, (b2 +2)(c? +2) > (b+c+ 1)? and (¢?* + 2)(a®? + 2) > (c + a + 1)?
Multiplying the above we have [.,.(a® + 2) = [].).(a + b + 1)

z a? +2 AMEM 3 1—[ az+2
b+c+1 = b+c+1
cyc cyc

SP.170. Let a, b, c, d be positive real numberssuchthata+ b+ c+d = 2.

Prove that:
a b [ d

+ + +
\/b+3\/cda \/c+3\/dab \/d+ Vabc \/a+3\/bcd
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

> 2

Solution 1 by Tran Hong-Vietnam

Using Cauchy’s inequality, we have:

a b c d
LHS > + + + =

c+d+a a+b+d a+b+c b+c+d
\]’” 3 \]” 3 \/‘“ 3 \]‘” 3

E a b c "
\/; (\/1+b * Vi+c * Vi+d \/1+a) ( )

Let f(x) = 2= (0<x<2) = f"(x) =——5 >0 (vx € (0,2));

4(1+x)2

Using Jensen'’s inequality:

3 b d 3 b+b d+d
2-\E[%f(b)+5f(c)+%f(d)+§f(a)]Zz\gf(a — -
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— 3. ___ 1  _ oL (e
Zﬁ ey V12 e )
Because:
4—4(ab+bc+cd+da)=(a+b+c+d)?—4(ab+ bc+ cd+da) =
=(a-b+c—-d)?>0->ab+bc+cd+da<il;

=> (") =v12: /;11: 2. Proved. Equality @ a=b =c=d:%.

Solution 2 by Minh Tam Le-Vietnam

ab.cd ab.cd

z BS (Z a)? AM>GM z 4
= 4 — 4 AM-GM 4 B
i Tamed a\/ZTTZb B Zgybfd 2 /3(z+2b) = Zg,ybc,c.d% (3+22—+2b) =
- Szg}f,cc‘i“‘l.za,b,c.dﬂ - —+Z‘c‘y”cc d“gb =2 (*)
6 cyc 3

*) 2 Zgﬂc‘d ab = (Zg,’ﬁc‘d a)z - Zgybfd 2_2ac+2bd=4—-[(a+c)?>+ (b+d)?]

ab,cd a,b,c.d
CBS 1
S4—2<Za> —Z@Zab<1

cyc cyc

SP.171. Let a, b, c be positive real numbers such that: abc = 1. Find the
minimum value of:
at b* ct
= + +
b5./5(a*+4) 5/5(b*+4) a5,/5(c*+4)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Forabc=1,a,b,c > 0 we have
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4 2
a? b?* c? a* b* * a? c¢* b?
rrete) 2\ptate i at et e

at* b* a? c¢? b?
>9| ——+—+—+2| = +—=+—
- b ct at <c2 b2 a2>

4 b4- C4

+ +
b JS(a4+4) ¢ JS(b4+4) a5 JS(C4+4)
a? b* c?
- (F tez” ?)
B J5(a*b? + 4b2) + \/5(b*c? + 4c2) + /5(c*a? + 4c?)

a? b* c?
N e SR .
b2  c¢?2 a2

Consider

2

2

>

1| W

=
\]15(a4b2 + b*cZ + c*a? + 4(a? + b% + ¢2))

a? b2 (2 z
If (bz c2 az) 2
15(a4b2+b4c2+c4a2+4(a2+b2+c2)) — 25
9 a4|b4|(:4|2(a2|c2 Ibz)
bt 4 gt “\p2 7 b2 2 9

If >—

15(a4b2+b4c2+c4a2+4(a2+b2+c2)) — 25

a4Lb4Lc4L achszz 3

5 A ot C\e2T 2T 2
472 pA 21 Ag2 2 p2 12 = ok
ab+bc+ca+4(a+b+c) 5

If

and if is to be true, because

at bt

5 <F g F) + 7(a*b? + b*c* + c*a?) =

= 5(a8c* + b8a* + c®b*) + 7(a*b? + b*a? + c*a?)
2

5 5 5 a* ¢ b*\_ at* b* *
> 10(a5c + c5b + b5a) + 2 FrgEt o) =102

at bt & at b
>6(-—+—+—|+6(a®+b*+c?):—+—+—>3a®
b ¢ a b a
4 pt o4
212(a2+b2+c2);%+_+c_2a2+bz+cz
c a

- - . 3
Therefore, it's minimum is =

<a2 c2 b?

)
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Solution 2 by Michael Sterghiou-Greece

a?

b® /5(a2+4)

Let (p,q,7) = (chc a,Ycycab, abc). r=1.As/5(a2+4) < %(aZ + 9) (AM-GM)

P = chc (1)

az 2
and using BCS in (1) in the form chc(”_;) =P
b /s(a2+4)
2.2
Z(chc:_z)
wegetP > m (2)
. 3 xyz=1 x
We will show RHS of (2) > - We know that for {x,y,z > O} chc; >x+y+2zso,

a? 2 2 (Z a)z 2 4 B B
(chcb_z) > (Yeyca?) = [%] = % (2) reduces to the (stronger) inequality

It 3 10
2 >=or

4 3 2 3
W Z 7o ?p - Schcac - 27p > 0. Buthycac < chca

(rearrangement) so it suffices to show that

%p‘* —-3(p3®—-3pq+3)-27p=> Oorgp4 —-3p3—-27p+9(pq—-1) =0
Aspq =9 (forr =1,p = 3,q > 3) itis enough that%p4 -3p3-27p+722>0
or 10p* — 27p3 — 243p + 648 > 0 or (p — 3)(10p3 + 3p% +9p — 216) > 0

which clearly holds for p > 3. Donel! [Pmin = g]

SP.172. Prove that for any real numbers x, y, z:
(x+y+2)(y+z—x)z+x—y)(x+y—2z) < 4y*7?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Tran Hong-Vietnam

Lemma: For x,y,z > 0 we have:
(x+y-2z)y+z-x)(z+x—-y) <xyz (1)
LetP(x,y,2) = (x +y +2)(x +y —2)(y + z— x)(z + x — y) — 4y*Z*
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= P(xx,+y,+z) = P(x,y,z)Vx,y,z € R

= Suppose x,y,z > 0andx <y < z. Then,

ity + D) +y—Dy+z-0GE+x—) < (+y+Dayz

Must show that: (x + y + z)xyz < 4y?z>

e x(x+y+2z) <4yz (*)

x(x+y+2z)<yRy+z) (2 4yz
wIfy=0then (2) true. = Ify>0then (2) ©2y+z< 4z
© 2y <3z (truebecause 0 <y <z =2y <2z <32)
Now, we must show (1) true:
Ifx+y—z<O0orx+z—y<O0ory+z—x<0then (1) true.

x+y—z<0

If{x+z_y <0> 2x <0 = x < 0 (contrary)
(etc).

Ifx+y—zx+z—yy+z—x>0then

(Cauchy)
m+n)(n+p)(p+m) = 8mnp(m,n,p>0)

letm=x+y—zn=x+z—-yp=y+2z—x,weproved.
Solution 2 by Michael Sterghiou-Greece
(x+y+2)(y+z-x)(z+x-y)(x+y—2z) <4y*z* (1)
(1) reduces to —(x? + y? — z2)? < 0 which is true.
SP.173. Prove that for any positive real numbers x,y, z:

x2yZ + 22 + y2\ZZ + 2% + 22,[x% + y2 <z

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Amit Dutta-Jamshedpur-India

2 4+ 72 2 + 72 GM=AM Z 4+ 72 + 2x?
- x2/y? + 22 = V2x3 ’y T V2x3 ’y oz S V2x3 <)’T>
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1
< ——x(y? + 2% + 242
2V2 & )

+ z2
= x%/y% + z2 =223 y \/_(y + 7% + 2x?%)

x
= z x3\Jy?+ 22 < z ﬁ(yZ + 72+ 2x%) < —Z:(xyZ + xz% + 2x3)

cyc(x,y,z) cyc(xy,z)
Now,~w (x—y)2=20=>x*+y? —xy>xy = (x+y)(x* +y? —xy) > xy(x +y)
=@ +y%) = Py +xy?) > Z(xzy +xy?) < Z(x3 +y¥) <2 z x?

cyc cyc cyc

= 3 wfeas(2) e ran)s (423;3)

cyc(xy z)

x2y? + 22 < V2(x% + y3 + 2%)

cyc(xy,z)

xZ /:yZ_|_ZZ_|_:yZ\/ZZ_|_xZ_|_ZZ\/xZ_|_:yZ<\/E

(F+yi+77)

=

(proved) Equality whenx =y = z.
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Weknow,2 Y., x> > ¥y xy(x +y)

Yeye X2\ y? + 22 chc xZw/xyZ + xz2 sccéllégfgz J(chcx ) Zeye xy(x +y))

ZCyC x3 ZCyC x _ ZCyC x
Z(Zc cxg)(Zc cxg)
< J yz > =~ =2 (proved)
cyc
Solution 3 by Tran Hong-Vietnam
Let x2 +y2 + z2 =3,
L2 — .2 3x+x3 (;\cz—l)2
s x“V3 Xt ST e > 0 (true)
2 ) 3(x+y+z)+(x3+y3+z3) *
= 3x*V3—x2 < 2z ™
(Chebyshev)

3x+y+z)=(x+y+2)(x*+y*+z%) < 3(F+yP+2%)
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& x+y+z<x3+y3+ 23 Hence,

M=
Solution 4 by Sanong Huayreral-Nakon Pathom-Thailand

. 2(ab+a3b3+a3c3
For all a, b, ¢ > 0, we have this fact /w > Va*a? + a*c?

2(a6+a3b3+a3c3)

M =2(x3 + y3 + z3). Proved.

If > a*b? + a*c?
If 2(a* + ab?® + ac3) > 3(a?b? + a%c?) and it’s true. Because

a* + ab3® + ab3 > 3a*b? a* + ac® + ac® > 3a?c?. Consider for x,y,z > 0, we get

2 3237242 2 a2t 72 X2 FvE
thatX\/y +22+y2/ 22 +x2+22\[x2 +y <2

x3+y3+23
If \/x‘*yz + x472 + \/y4zz + y4x? + \/zﬁxz +z4y2 < \/E(x3 _,_y3 + 73)
= \/2(x3 + y3 + 23)2

= J2(x® + y° + 25) + 2((xy)3 + (y2)3 + (2x)3)

3x2
:\/_((x6+x3y3 +x323) + (y3 + y3x3 + y323) + (23 + z3x3 + 23 3))

If \/x‘*yz + x472 + \/y‘*xz + ytz2 + \/z‘*xz +z4y2 <

- \/z(xﬁ + x3y3 + x3z3) . \/z(yﬁ + y3z3 + y3x3) . \/2(26 + Z3x3 + Z3y3)
- 3 3 3

and it’s true. Therefore, it’s true.

Solution 5 by Soumava Chakraborty-Kolkata-India

S et [T e
\/szi/igzxz Y ; V2 & (Zx3)z é (Z xz) (Z nyZ)
‘:’Zx "'ZZ 3%Z:x‘lyz+z:x2y4+3x2yzzZ

Schur A-G
Now, Y x% + 3x%y?z? (>) Yxtyr+ Y xlyt & 23 x3y3 ?) 6x2y*z?
ll
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(|)+("):> Zx6 + 3nyZZZ + 2 Zx3y3 2 Zx4-y2 + Z x2y4- + 6nyZZZ

. zxe + sz3y3 > zx4yz + zxzy4 + 3x2y? 22

= (1) is true (Hence proved)

SP.174. Prove that for any positive real numbers a, b, ¢, x,y, z:
(a3 + 3x3)(b3 +3y3)(c® + 323) > (ayz + bzx + cxy + xyz)3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Nguyen Tan Phat-Vietnam

(a3 + 3x3)(b® + 3y3)(c3 + 323) =
=@+x33+x3+x3)(3 +b3+y3 +y3)(23 + 23 + 3 + 23)
Using Holder’s inequality, we have:
(@ +x3+x3+x3) (3 + b3 +y3 +y3)(2% + 23 + 3 + 23) > (ayz + bzx + cxy + xyz)3
= (a3 + 3x3)(b3 + 3y3)(c3 + 323) > (ayz+ bzx + cxy + xyz)3
Solution 2 by Tran Hong-Vietnam

Using Cauchy’s inequality:

3 3 3

a y z

.. > 3ayz 1
(a3+3x3)  (b3+3y3) (C3+323)_3\/((13+3x3)(b3+3y3)(03+323)

x3 b3 z3 3bxz

+ + =
(@2+3%) © (8343%) © (3432) = 343 303) (434399) (c3+32%)

(2

x3 y3 c3 3xyc 3

>
(a43x®) © (03435%) ©(432%) 7 203, 30) (34399 (¢34 329)

x3 y3 z

+ >
(a43x%) © (02435%) © (432) ™ 303, 303) (534393 (¢34 329)

3 3xyz

(4)

From (1)+(2) +(3) +(4) we have:

= i/(a3 + 3x2)(b3 + 3y3)(c3 +323) = (xyz + xyc + bxz + ayz) = Proved.

SP.175. Let x, y, z be positive real numbers such that:
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x% + y% + z% + 2xyz = 1. Find the minimum value of:

x3 y3 ZB

= + +
1+3y—-2yz 1+3z—-2zx 1+ 3x-—2xy

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Tran Hong-Vietnam

x4' (Schwarz)
LHS = Z
x + 3xy — 2xyz

(T x2)? B (X x?)?
Yx+3Yxy—6xyz Yx+3Yxy+3YCx2-1)

(3 x2)2 _ 4 (.
Zw/32x2+62x2—3_\/§t+6t2—3’<t_\}zxz>

W (2 +y? +2%)3 > 27x%y? 7% = t° > 27(xyz)?

£3
et?>3\3Bxyze xyz < ——

3V3
3

t V3
'.'1=2xyz+ZxZS2-—+tZ@tz—z0.8660
3V3 2

te[— +oo):>f()

3t3(at? +y/3t-4)

Let f(t) = (6t2 +\/§t—3)2

3t+6t2

|[ ~ 0,8067 ¢ [— +oo>
f’(t)=0<:)4-t2+\/§t—4=0<:>|[ _\/_ 3 \/_.+OO>
5

= f'(t) > OVtZ\/Z—§:>f(t) 7 [73;+oo>
V3 3 3 1
:>f(t)2f<7>:E:>Pmin =16 SXTYTz=5
Solution 2 by Soumava Chakraborty-Kolkata-India

A-G
Yx?=1-2xyz > 33x2y2z2 = 1 —2p3 > 3p? (wherep = 3/xyz)

1 1 1
+ 1< +1)% < < - < - < -
52p3+3p2-1<0=>2p-1DPp+1)?<0=>p 5> xyz ;P Xyz<g
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XYZ = XyYZ E ’ E X< =2

Now, 1 +3x — 2xy = Y, x% + 2xyz + 3x — 2xy
=(x—y)?+z*+2xyz+3x>0(-x,y,2>0)

Similarly,1+3y—-2yz>0&1+3z—-2xz>0

4 4 4

x y z
ap = + +
x+3xy—2xyz y+3yz—2xyz z+ 3zx-—2xyz
Bergstrom (Z xZ)Z (Z xZ)Z
= =
Xx+3Xxy—6xyz  3x2+3Yx%2— 6xyz
2
< (Zx) < SZxZ&ny < Zx2>
x2)2
= (2 x%) ( —2xyz = z x% — 1)
V32X x2+3)yx2+3)x%2-3
6 e
= a3 (Wheret=.33x?)
3 t* ? 3

P — 16t4>272t2+t—3
216922 +t-3)-16 ( )

“22+t—-3=(t-1)2t+3)>0

ast= /BZxZ 2;> 1 (from (1))

? ?
& 16t* —54t2 —27t+81>0< (2t —3)(8t3 + 12t> -9t —-27) >0

by(1)
Struewt=.J3%a2 > §:> (2t —3) > 0 & 8t3 + 12t% — 9t — 27

= (8t3 —27) +3t(4t —3) = (2t — 3)(4t> + 6t +9) + 3t(2(2t — 3) + 3)

3
>Oast25

~p = 13—6 = Poin = %&the minimum occurswhenx =y =z&3x?+2x3 =1
= when 2x —1)(x +1)? = 0 = when x :y:z:%
Solution 3 by Michael Sterghiou-Greece

(Zeyex?) +2xyz =1 (T)
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P=%cye 13,750 1+3y 252 ()
Let (p, q.T, m) = (chcx ' chc XYy, XYyZ, chc xZ)
2 2

From(T) m+2r=1.Butm>3r3-3r3+2r-1<0-

S@r+1)’2¥r-1)<oorr s%which meanst%andm< lasr > 0. We will

4 (BCS) 2

m 3

25 @

x+3yz-2xyz ~—  p+3q-6r 16

X

3
showthatP > = (1) > P = Yeye
Butm = p? — 2q,r = 1_Tmso, 2)-32m?*-9m—-9p?>—-6p+18=>0 (3)
2
But % < m so, (3) becomes the stronger inequality

32m? —9m —27m— 6V3m+ 18 > 0or 32m? —36m — 6v/3m + 18 > 0 (4) with

2
<m<1letm=2with><t<v3 (4)- 16t - 54t? — 27t +81 > 0

» |l w

or (2t —3) [ (2t —3)(8t% + 24t + 27) + ] > 0 whichis true for t > %

Equalityforx =y =2z = E' Donel!

SP.176. Prove that if m € [0, ), x,y,z,t € (0,), then in any triangle ABC,

with the usual notations holds:

S

3
Z (xm + ymb) N 3m+7(x + y)m+1
(zb?% + twcz)m — (4z+3t)™

cyc
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Tran Hong-Vietnam

We have: Y w2 <Y s(s—a) =s? (1)
Radon m+1
Then, LHS > GEmatyymg)
(ZZ a2+t2w,21)
3 m+1 3 m+1
_larpzmit (e 3] o) G@epmt@amt
(zYaz+tyw)m zYaz+tywz)m — (zY a? + ts2)m
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()

m (x + y)m+1(z aZ)m+1

e %tZaZ)m < 452 = (Z a)Z < 32 a2>

(§) (x+ y)™ (T a?)™ 1 gmii(y 4 yymtl (Weitzenbock)
e (1)
4

3
3m+1(x + y)m+1 . 4\/§S B 3m+7(x + y)m+ls
4(4z + 3™ T (4z+3t)m

(proved)

Solution 2 by Soumava Chakraborty-Kolkata-India

)m+1 2)m+1

Radon (x+y)mH (3 mé)mﬂ Y whss? (x+y)m+1(% za

(zZa+exwd)" (z3 aZ+ts2)™

4s2<3Y a? (x + y)m+1 i 3m+1(z aZ)m+1 4_m(x + y)m+1 i 3m+1 i (Z aZ)m+1
> _

= m T m+1 m 2\m
gm+1 (zZaZ + t-%ZaZ) 4m+1(4z + 30)™(X a?)

LHS

Ionescu—

3m*+(x + y)m+1(Y a?) Weitzenbock 3™ (x + y)m+14+/3§

3
_ 3" 2 x4yt
= a3 S (Proved)

SP.177. Prove that if m € [0, ), x,y, z,t € (0,), then in any triangle ABC,

with the usual notations holds:

S

z (va +ym%))m+1 y (4x + 3y)m+1

2 2ym = 1
cye (th + tha) 3m—7(z + t)m

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Tran Hong-Vietnam

m+1

(Radon) 2 4 2
& (xZ a‘+yy mb)

LAS =2 G+ hm
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2 2 m+1
> (x(ZZC_l'_ t;rglé ::éb))m (v ha < maete= ) < ) m?)

3 m+1
Z(xZaZ+ZyZaZ) (‘-‘ZWﬁSzS(S—a)ZSZ)

(a+t)m(s?)m

B (Z aZ)m+1(4_x + 3y)m+1 - (Z aZ)m+1(4_x + 3y)m+1
B 4(z + t)m(4s2)m ~ 4(z+t)m3B Y a2)m

B (X a?)(4x + 3y)m+1 Finsler-Hadwiger 4./3§(4x + 3y)m+1 B (4x + 3y)m+1

S

. - . - 1
4-3m(z+ )™ 4-3mEHO™  gmey, 4 pm
(proved)
Solution 2 by Soumava Chakraborty-Kolkata-India
LHS Ragon (x2a2+y2m§)m+1 L (x2a2+y.gz az)m+1 _ (Ax+3y)mH(3 a2)m+1
= (zxnZ+zmd)"™ (z+Oym(3 h2)" 4mH (g4 )™ (47252 zaiz)m
Goldstone (4_x + 3y)m+1(z aZ)m+1 (4_x + 3y)m+1(z aZ)m+1
> =
- 41252 . 4R2s2\™ (4s2)m . 4(z + t)m
m+1 m
ami(z+1t) ( 16R2r2s2 )

(4_x + 3y)m+1(z aZ)m+1 2
> 2 — z < z 2
2 By a2y 4z + O 4s ( a) <3 a
_ (4x+3y)™1(X a?) WIe‘;:lze;Srfz;ck (4x + 3y)™+1.4./3§ _ (4x+ 3y)m+15
~ 3m4(z+ )™ = 3m . 4(z + )™

= 1
3" 2(z+ )™

(proved)

SP.178. Show that:
If m € [0,),x,y,2,t € (0,), then in any triangle ABC, with usual

notations holds:

S

5 ot ymi) ™ o v 3y

(zm? + tm2)m — qm

1
cyclic 2(z+t)m

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution by the authors

BY Xcyctic Ma = %chc,ic a?, andJ. Radon’s inequality, we obtain:

m+1

S (a5 ym)" g (ot - ymi))"
Lotk (Zm% + tmﬁ)m B (chclic(zm% + tmé))m

m+1
m+1 2,3y 2
_ (x chclic aZ +y chclic mlz;) _ (x ZCJ’C“C a®+ TZCJ’C“C a )

@+ 0" Eoaemd)”  (3)" G+ (Lo a?)"”

_ (4x+3y)M+1(chclica2)’"+1 4043y (Seyeric a?) @
4m+1(%)m(z+t)m(2cyclicaz)m 4.3M.(z+t)m

By lon lonescu — Weitzenbdéck inequality, we have: a? + b? + ¢? > 4V/3S  (2)
From (1) and (2) we obtain:

S

(et em)" o vy

(zm? + tm2)m — gm

1
cyclic 2 (Z + t)m

Q.E.D.

SP.179. If x € [0, 1) then:

1x+ex

cosx < x3 + tan3 x + sin”
Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian
Solution by Tran Hong-Vietnam

Let f(x) =x3 +tan3x +sin"1x+e*—cosx;Vx €[0,1)

1
= f'(x) = 3x* + ———=+sinx+ 3tan’x -sec’x>0,vx € [0,1) =

V1 — x?2
= f(x) 7on[0,1) = f(x) = £(0) = 0 = Proved.

SP.180. If x,y,z € Rt Ax? + y? + z2 = 3" n € N then:

Vx+y+Vx+z+ify+z< 41/54\/3"+1
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Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian

Solution 1 by Amit Dutta-Jamshedpur-India

- . . . m|gMyqM4...+qM
Using Power mean inequality, with f,, = f%

ifm>n=f,>f.

N ma*+aj +-+ay > nlal+a+-+ap (1)
k k

Puttinga; = (x+y),a, = (y +2),a3 = (x + z)

m = ,n_Z
4 4 4 4
:%[(x+y)+(y+z)+(x+z)]2{\/96+y+ \/y3+z+ \/x+z}

2{2(x+y+z)

1
+ 1
3 } 25[1/x+y+‘{/y+z+‘{/x+z]

2(x+y+ z)}%

YUx+y+ty+z+3x+z<
=>Yx+y+iy+z+Vx z_3{ 3

Knowthat, (x + y +2)? <3(x2+y?2+22) <3(3") = (x+y+2z) <V3ntl >

:>‘{/x+y+‘{/y+z+§/x+zs4/54\/3"+1

(Proved)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a+b a? + b2 4(a% + b?)
< s>a+bs [————
2 2 2

Zi/m’sz

8|x2 + y2 CBS 4|x2 4+ y2
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4|x2 + y2 cBS x2 + y2
=18 - Z/ zy < V18- 3-2 zy:

4 x2 + y2 CBS 8 x2 + y2
=452 Z/ zy < 453 32 zy =
:“\/54-8/ x2-3=4/54-\/3"+1

x:y:z:\/:)m

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

ForneNandx?2+y2+2z2=3"> (x+y+2z)? <3(x2+y?+2z%) =31

Sx+y+z< Y3l tx+y+{fy+z+Vz+x
1
(x+y+y+z+z+x)

1
327!

1 1 1
=(x+y)+(y+2z)i+(z+x)i<

1
= 3%(2(x +y+ z))Z
4 4

3 1 (n+1) 1 x+1
<31 x 2% x (37) =(3% x 2) (37) = V54371 ok

Therefore, itis true.

Solution 4 by Soumava Chakraborty-Kolkata-India

LHs S V3 |5 Jx+y < V3 ﬁ@?ﬁjﬁﬁ NI

-3 \/E\/@ (+ sz = 3")

11 1 1 3 1 1 1 1
623137 = 32\/22 3G = 32\/2i 3" .37 = %%Ji/snﬂ = i/54- gt
(proved)

w
N[ =

Solution 5 by Tran Hong-Vietnam
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Let f(t) = VE > 0= f(£) = — £+ <OVt>0

Using Jensen’s inequality, we have

fae)+ [+ D+ fr+2) <37 (22 2) =3 Ly )

BCS 42 4|2 4
< 3\/5\/30;Z +y2 +z2) = 3\/5\/3"+1 = /54\/3"+1

(proved)

Solution 6 by Marian Ursdrescu-Romania

We must show: (‘{/x +y+ix+z+ Vy+ 2)4 < 54+/37+1 (1)

From Hdélder’s inequality, we have:

()’ + () + () s Y TE )

2z

(Yx+y+Vx+z+ ‘{/y+z)4s 54(x+y+2z) (2
From (1)+(2) we mustshow: x +y + z < V3"l & (x + y + z)? < 3"*1 (3)
From Cauchy’s inequality, we have:

32 +y?2+22) > (x+y+2)?=> (x+y+2)? < 3™ 5 (J)it'strue.

UP.166. Solve the equation in R:

xt —3x3
Vad —2x2 + 2x + 33 a2 — x + 1 + 23 4x—3x4:T+7

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Amit Dutta-Jamshedpur-India

x3—2x2+2x>0
4x —3x*>0

x3—=2x2+2x =x(x? = 2x+2) = x[(x —1)? + 1]

Domain - {

wx3—2x2+2x>0=>x[(x-1)2+1]>0=>x>0

(x2—2x2+2x)+1

GM <AMVx2 —2x2 +2x <
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x3—2x2+2x < (xz_uz&) (a)
Equality holds when x2 —2x? +2x =1 (1)
Again, using GM < AM
3V —x+1<(x®—-x+1)+1+1<(x2—x+3) (2)
Equality holdswhenx2 —x+1=1 (2)
Again, using GM < AM

(4-x—3x4)+1+1+1}
4

21 4x—3x4S2{

< (4x—32x4+3) )
Equality holds when 4x — 3x* =1 (3)
Adding (1), (2), (3):

Jad —2x2 +2x+3Yx2 —x+1+24x —3xt <

3 —2x2+2x+1 4x —3x*+3
< +(P—x+3)+[—— %
2 2
xt —3x3 —3x*+4x+10 + x3
:T+75 >

>x*—3x3+14 < -3x* +4x+ 10 +x3
S>4xt—4x3 - 4x+4<0
>5xt—x3-x+1<0=222(x-1D)-1x-1) <0
50 -1)E-1)<0=>(x-1)E*+x+1)(x-1)<0
> x-1)*(x*+x+1)<0
-.-x2+x+1:(x+%)2+%>0:>(x—1)2so
(x—1)?=0=>x=1 (4)
From (1), (2), (3) & (4):

The only real solutionis x = 1.

UP.167. Let a, b, c be positive real numbers such that: abc = 1.
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Find the maximum value of:

1 1 1
P = 3 + 3 + 3
V3a* —4a+2b2+11 V3b*—4b+2c2+11 V3c*—4c+2a%+11
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Tran Hong-Vietnam
3a* —4a + 2b* + 11 = {a* — 4a® + 6a®? — 4a + 1} + {2a* + 4a® — 6a* + 10 + 2b?}
= (a—1)* +2(a* + 2a® — 3a% + b* +5)
> 2(a4+2a3—4a2+a2+b2+5)(*2)4(a+ab+1)
e a*+2a®—-4a®>+2ab+5=>2(a+ab+1)
Meat+2a®-4a>+5=>2(a+1)
sa*t+2a®-4a>-2a+3=>05 (a—1)*(a+1)(a+3) =0 (truewitha > 0)

Hence: 3a* — 4a + 2b%? + 11 > 4(a + ab + 1), etc. Now,

Let f(t) =¥t t>0= f'(t) = —%t_g <0(vt>0)

Using Jensen’s inequality, we have: P < 33\/2

1 1 1
~0 = + +
Q 3a* —4a+2b2+11 3b*—4b+2c2+11 3c*—4c+2a?2+11
1 1 1 1
< - + +
4<a+ab+1 b+bc+1 c+ca+1)
_1( 1 . a . ab )_1(1+a+ab>_1
4\a+ab+1 a+ab+1 a+ab+1) 4\1+a+ab) 4

3[1 3 39 .
=>P<3 /E:ﬁ:\/;' Equality @ a=b=c=1.

Solution 2 by Michael Sterghiou-Greece

1

3
V3a*—4a+2b%+11

5
As f(x) = ¥/x,x > 0is concave <f”(x) = —%xi) we have by Jensen that

(1) P=Xeye

P<3 E . chc;]% or3 (2)3 < Yeye !

3a*—4a+2b%+11 3a*-4a+2b%+11

Now we have successively
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1

P3
3a* +3 > 6a? —<Z
a =0 "9 =/ 6a?—4a+2b2+8

cyc

p3 1
2a2 +2b%2 > 4ab - — < _
- 9 — ZW” 4a’-4a+4ab+8

1

4
-P3 < :
9 - chc a’-a+ab+2

Also, a? + 1 > 2a so, the last inequality becomes

-P3 < chc; = 1 because abc = 1. Therefore P < 3\Pwhich is the required
9 a+ab+1 4

maximum fora=b =c = 1.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

fora,b,c > 0and abc = 1, we have

1 1 1 3(9
3 2 2 *3 2 2 *3 4 2 = 4
V3a* —4a+2b%2+11 V3b*—4b+2c2+11 V3c*—4c+2a?+11

2 1 1 1 3|9
If |3 + <2
3a*-4a+2b%2+1  3b*-4b+2c2+11  3c*-4c+2a?+11 4

132 ()<

3a*-4a+2b%+11  3b*-4b+2c¢2+11  3c*-4c+2a?+11

1 1 1 1
+ + <-
2a*+2b%2+8  2b*+2c2+8  2c*+2a%2+8 T 4
1 1 1 1
+ + <=
a*+b2+4  b*+c?+4  c*+a?+4 T 2
1 1 1 1
If 2. p2 2. 2 2.2 =3
2a%+b=~+3 2b4*+c~+3 2c*+a“+4 2
1 1 1
+ <1
ab+a+1 bc+b+1 ca+c+1
1 1 1 x y z
If <la==b==c==
i 2y 22— y' z’ x
z'y X z y x
V4 XZ XX Xy+yz+zx
e + = D — 1 ok

xy+xz+yz  yz+xy+xz  zx+yz+xy — xy+yz+zx

Therefore, it's true (Its maximum isg\/%)

UP. 168. Letbe a>0and f:(—o,—a — 1) U (—a, +x) - R;

f(x) = ! . Find:

x2+(2a+1)x+a?%+a
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n2

P
lim ||lim Z FO (k)
n—o>00 p—)oo

p—o oo

Proposed by Marian Ursdrescu — Romania

Solution 1 by Naren Bhandari-Bajura-Nepal

For a > 0, defined

f(X): 2 12 = 1 =
(x2+2xa+a?)+(x+a) (x+a)+((x+a)
B 1 1 1
T (x+a+1Dx+a) x+a x+a+1
Thus
d d(d[d 1 1
f(x):E<'"a<a<a(x+a_x+a+1)>>'">
(-=1)™n! (-=1)™n!

= (-

n [(x +a)™tl (x+ ai- 1)"+1]

replacing x by k and thus

n? p nl2
. n! n!
) - ;lal—{?o (kzl [(k +a)ntl (k+a+ 1)"+1]>
>0 -

Since the partial sum of

“Gra)™ (x+a+ 1)t

(

P
lim ) f*(k)
p—© kZ]_

2 n! n! n! n!
kz—l [(k + q)n+1 - (k+a+ 1)n+1] - (a + 1)1 - (p +a+ 1)+l

As p — oo and hence the

n! n!
lim ]

< n! ! !
pooo kZ1 [(k + 1)1 (k+a+ 1)1~ (a+1)ntl 0

Finally, we obtain that
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li n! n! _ n! 0
pL“; kZ1 [(k + q)nt1 - (k+a+ 1)n+1] ~ (a+ 1)1 -
Finally, we obtain that
1 1
: n! nZ lim 2nn (n)" n?
L= (tim o Syn)” = (i ey
1 1+2n

. (2m)2n? -n n? ) (1+2n)logn 0

= lim mr ~Mmexp| =)=’ =1

en’(a+ 1) n?
Solution 2 by Ravi Prakash-New Delhi-India

x> +QRa+1)x+a*+a=x+a)i’+x+a=(x+a+1)(x+a)

1 1
:’f(x):x+a_x+a+1
(-1)"n! (-1)"n!

ftx) =

(x + a)"*1 - (x +a+ 1)ntt
n (=1)"n! (-1)"n! 3
= z f (k) z [(k + a)n+1 k +a+ 1)n+1] -

1
= (_1) n! (1+a)n+1 - (1 +a+p)n+1]

P
—-1)"n!

im > 00 = (15 gyin

P k=1

P P 1
I (k)| = = n? ||l n()| = —
im > 20| = gy = (|im ) 00| =
k=1 k=1 (1+a) n?
Forn>22"1<nl<n"
1 1 1

(2" Hn? < (nh)n? < (n™)n?

11 1 1
Or2» =2 < (n)? < nn
1 1 L
lim,_ . 27 »2 = 1,lim,_ nn =1 lim,_,.,(n)~z =1

@+1) 1,1
Also, lim,_ (1 +a) »» =lim, (1 +a) =2 =1
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Thus, lim,,_, nz\]|limp_,c,o Yh_ k)| = % =1

Solution 3 by Remus Florin Stanca-Romania

Letbea>0and f:(—o; —a — 1) U (—a; +x) > R
1

f(x) = 22+ (a+1)x+a%+a’ Find:
1'.2 p
Q = lim lime(")(k)
n—-o0o p—)oo
k=1
1
flx)=— 2a+1 4a’ +4a+1 _ 4a> + da+ 1
x2+2-x- + +al+a-—F——
2 4 4
_ 1 _ 1 _x+a+1-(x+a) 1 1
_( +2a+1)2 1 (x+a)(x+a+1) (k+a)lx+a+1) x+a x+a+1
2 4

1

>f®(x)=n!-(-1)"- + (—1)™1 . nl

Grat ' Grar D
P 1 1 P
(n) =nl.(=1)". _ : (n) —
= D OG0 = nt- (D" (e ~ e ) = |im ) f0 00
k=1 =
n!
n! n! nll LW) Ing
= i —_— = li 2 = li =
- (a + 1)n+1 = ,lll_{g ((a + 1)n+1) rlll_>nolo e n l!ll—p;) e2n+1
n+2
) lnm
=lime 2 =e’=1>0=1

n—-oo

UP.169. Let be the sequence x; > 0and x% + xb + -+ xb) =

ey
vn € N,p € N*. Find:

p2+p+1

lim nP*1. xP

n—>oo

Proposed by Marian Ursdrescu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India
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n

1 1

p+i/x—n

— P —
= X, =

p+1
vV xn+ 1 k=1

=ah >0

) 1 1
+x, = —
n +1 +1
8 i Xn+1 8 i Xn

~ Xy > Xa4q forallm € N, hence {x,,};>_, is decreasing, hence bounded

Letlimn_,ooxn=lthenp%=#+l?’:>l=0
1

Vi
,  CAESARO ntl—mn
. 2 p+1 . STOLZ -
Q=limnP+l. 2 P 5 PG = lim———— =7 lim
p*+p+1 p2+p+1
x p+1 x p+1 1
n n p*+p+1
p+1
n
1 1
= lim > = lim 5
n-o 1 pe+p+1 1 n-oo p24+p+1\ P +p+1
———— +xP _ p+1
p+1 x n pZ+p+1 1+ X, -1
n p+1
xn
p*+p+1
p+1
xn
_ 1 _ 1
== = Q = ———3 (Answer)
p+p+1 (p%+p+1)
Solution 2 by Remus Florin Stanca-Romania
. +1 _p*+p+1 . 1. @+1)? 1 . np+1x$lp+1)2xn
lim,, ., n?" ' x, = lim,,_,, n?"'x,, == lim,,o I 1)
n n
1 1 p 1

P —

we prove by using the Mathematical induction that x,, > 0;vn € N:
1. we prove that P(0): “x, > 0" is true (true).
2. we suppose that P(n): “x,, > 0" is true
3. we prove that P(n + 1): “x,,,1 > 0" is true by using P(n):

1 1 1
=X+ o= 1%, >0 5—>0=2 %,y >0=>true=x,>0;vneN

p+1 n p+1 ’
Vxn+1 VXxn Xn+1




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
» 1

1 1 1
—_ — P p+1 p+1
= > — =aP>0> X1 < \/x_
p+1 n p+1 p+1 p+1 n n+1 n
\/ Xn \/ Xn+1 \/ Xn+1 \/ Xn
> Xnpe1 < Xn > (x)nen iS @ decreasing sequence, x, > 0 > |l € R such that:
1

: 1 : _
rlll-{?ox":l:P+W:lp+P+—w:>l:0:>rlll_Tox"_0

+ Xx

1

2 p+1_ p+1 pt
. +p+1 . TP x

(1) = lim,,_,, nP*1xb P77 =lim,_,, ("—")

Xn

=lim(xf - n- ”Jri/x_n)p+1 = Lp*1

n—-oo

ab = ! 1 = L = lim < ! ! >np+11/x =
n — p+1 T p+1 - p+1 T p+l L n|—
W Xn+1 W Xn n=e \/xn+1 \/xn+1
. p+1l| x
lim, .| n- e | (2)
Xn+1
ab = ! 1 N P o Y
n — p+1 T p+1 -
i Xn+1 i Xn n-o Xn
@ - 1
2
. X . Xn
= L=limn- Sl o= +1-llmn( —1)2
n—-oo n—-oo X
(p+1 X, ) . (p+1 X, ) |4 n+1
Xn+1 Xn+1
p2+p+1 p+1
+1
=—— lim| | x,” -1
p -+ 1 n—-oo
2
p°+p+1
1 . p+1 . n Stolz Cesaro
= ‘limn-x, p+1)=lim——— =
p+ 1 noo n-oo _p°+p+1l
p+1
n
li 1
= 11m
n-oo p*+p+1 p*+p+1
p+1 p+1
xn+1 xn
p2+p+1 p+p+1 1 p’+p+1 _pP+p+1
. p+1 p+1 _ §: p+1
— = T+ — =
,lll_,lg xn+1 Xn ,lll_,lg Xn p+i/x— n
n
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\p2+p+1 \

1
AT e .//xﬁ”“Jx_n |
=M\ kkf} - 1)

p+i/x—n

1 p2+p+1
Pip+
1 P2 +p+1 <xn P+ 1) -1 L1
= lim <p+1—> . 1 Z p+1 =
n—oco ,xn p+p+1
n
p2+p+1 p2+p+1
_ . +1 1 _
=@*+p+1)-lmx, P -x, P =pP+p+1
1 2 1
— ; p+1 P tp+l _
=L p2+p+1:>rlll->nolon Tn (p? +p+ 1)r*1
UP.170. Find:
1
) arctan(nx) In(1 + x)
lim dx
n—oo 1+ x2

0
Proposed by Marian Ursdrescu — Romania

Solution 1 by Sagar Kumar-Patna Bihar-India

1
tan '(nx) In(1 + x)

Tlll—>n;) (1 +x2) x=1
0
In(1 + x)
T (In(1+x
1= [ o
0
Putx =tan@
dx = sec?6do

I= gfozln(l +tan@) (1)

I = Eﬁln (1+tan 6+1—tan 9) (2)
270

1+tan @

L+@
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2

=" In2
16"
Solution 2 by Avishek Mitra-India
1
In(1 + x)  (In(1+ x)
=1 -1 R =— | ———
Q rlano}) tan1(nx) D) x=5 D)
0
_ (1In(1+x)d 1tan~1xd
LetI—fO n(l P =[In(1 +x) - tan"1x]} — fo ar(l”:)x

[let x = tanz = dx = sec? zdz]
T

4

14 z-sec’zdz m zdz
B L T
4 (1+tanz) 4 cos z(sin z + cos z)
0

T
4

: A B

zdz
Lethy = J tmrreosn ~ 0 conE fn( e reas(E)]

L]

_ n'f dz [
" 4) cosz(sinz+cosz) !
0

: d

n [ sec’zdz

- = f(1+tanz) 4[ln(1+taﬂz)]4ln2 =1 = §1,12
0

Hencel =ZIn2 - ZIn2=ZIn2
4 8 8
_m m _11:2
Hence Q = > Eln 2= Eln 2 (answer)

Solution 3 by Abdul Mukhtar-Nigeria

! 1
] arctan(nx) In(1 + x) _ » In(1 + x)
naeh 1+ x2 dx—f(lll_l}(}tan (nx)) x— 7 dx
0 0
T m +1In(1+x)

_ Aoy . v) — -1 _r_ =
we known = o« = tan (°° x) tan (oo) 2 270 1+4+x2
letx =tan@
dx = sec?6do
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I
ln(1+x) m (In(1+ tan@) )
zf 1+ 2 Ef 1+tanzg Sec 04do
0 0
T
4
/4
Ef In(1 + tan@) do
0
Setd):E—B
0
~fm(1+
Efn tan ——q))) do
V3
4
T T
4 s ¢ ¢
/4 /4 1 — tan
—_ + —_— e —
2fln(l tan( Zf 1+tanq) do
0 0
r n r
7 )
”fl( ”f 2d fl(1+t )
= — = — - —1
2 n1+tan¢ 2| In2d¢— [ In(1+tané
0 0 0
T
4

2

:>21—Eln2:>1—fln(1+tanq)) d(])—z(zlnz):n—lnz
4 B - 2\8 16

Solution 4 by Shivam Sharma-New Delhi-India

=

1
) In(1 + x) m (In(1+x)
(LLn.}O ax tan(nx)) T+ 22 dx = Ef 1+ 22

o\n—k

0

Letx=tanB:EfZln(1+tan0)d0 :%fofln(1+tan(%—0))d0:>

T T T
4 ) 4
' 1-tanb\) oo (n2)as - = [ In(1 + tan 8) do
:zf 1+t n0> ﬁzf" _an an

0 0 0

T

y

T
:Efln(Z)—Q
0

(OR)
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1
T
2=7n@ Of 0
(OR)

2
Q= %ln(z) (Answer)

UP.171. Find that in any acute-angled AABC the following inequality holds:

. ( sin A sin B sinC ) cosA +cosB + cosC -
ml - - 1 - - 1 - - — —
sinB + sin C sin A +sinC sin A + sin B 3
sin4 sin B sin C
S maX - - 1 - - H - L]
sinB +sinC sinA +sinC sinA + sin B

Proposed by Marian Ursdrescu — Romania

Solution 1 by Tran Hong-Vietnam

LetT:{

sinA | sinB | sinC }
sin B+sin C ' sin A+sinC ’ sin A+sin B

a<bh<c : (with4, B, C: acute angled)

Suppose: A< B<C={g < sinB < sinC’

We will prove that:

(*) cos A+ cos B + cos C (+¥)

minT < 3 < maxT
First:
mlnT:&—i (1)

sin B+sinC b+c

.. cosA+cos B+cosC __ a2b+b2a+a2c+c2a+b2c+c2b—(a3+b3+c3) (2)

3 6abc

From (1) and (2) we have:
6bca? < (b + c){a?b + b%*a + a*c + c*a + b*c + c?*b — (a® + b® + ¢?)}
e (a+ b+ c){b(a? —c?) +c(a? — b?) —2a(b? —bc+c?)+b*+c3}<0
e (a+b+c){b(a?—-c?)+c(a®?—-b?)+B*—-bc+c*)(b+c—-2a)}<0
e b-a)f-c)?-act+(c—a){(b—c)>*—ab} <0 (3)
b-c)—-ac<b-c)-a’=—-(b+a—-c)(c+a—-b)<O0

>b-a){(b—c)*—ac}<0 (4)
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b-c)—-ab<(b—-c)?—-a*=—-(b+c—c)(c+a—-b)<O0

> (c—a){(b—c)?—ab}<0 (5
(4).(5)

3 (3) true = (*) true.

3
Second: cos A+cos B+cos C < 2 — 1 (6)
3 3 2
Cc 1
maxT = L — == (7)
sin A+sinB +b — 2
(6).(7)

= (**) true. Hence: For any acute-angled AABC
Solution 2 by Soumava Chakraborty-Kolkata-India

) sin A sin B sin C (1) Y cosA
min ( : . 'V x . v : ) < <
sinB +sinC sinA + sinC sin A + sin B 3
() sin 4 sin B i

< max(

sin C )
sin B + sin C’'sin A + sin C 'sin A + sin B
RHS of (2) > ; X —>22

sinB+sinC _Z E =
_1Ya(c+a)(a+b)  Ya(Xab+a?)
" 32s(s2+2Rr +1r?)

3-2s(s2+2Rr +12)
_ (X ab) (2s) +2s(s* — 6Rr — 3r?)

3-2s(s2+ 2Rr +12)

252 — 2Rr — 212 7ZcosA R+r
3(s2+2Rr+r2)

3 3R
& R(2s%? — 2Rr — 2r?) 2 (R+1)(s?+2Rr +1?)

& (R—1)s?2 > (R+1)(2Rr + 1) + R(2Rr + 271?)
(2a)

2R?*r + Rr?2 + 2Rr? + r3 + 2R?*r + 2Rr?* = 4R?*r + 5Rr? +r
Gerretsen ?
Now, LHS of (2a) > (R—-71)(16Rr — 51?) > 4R?*r + 5Rr* +r

?
& 16R? —21Rr + 512 > 4R?> + 5Rr +r

? ?
& 12R? —26Rr +412 >0 © 6R%2 —13Rr+2r: >0

Euler

< (R-2r)(6R—T1) > 0 ->truew R > 2r = (2a)&hence (1) istrue

We shall now focus on proving (1), which is
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a b c )(10) A 4A

i) i) 1+_._
b+cc+aa+bhb s abc

4 — —-b — 4
14 s(s—a)(s—b)(s—c) _ Xyz

B sabc T TGO+

3min(

(wheres—a=x,s—b=y,s—c=12z)
_ bxyz+ Y x%y + Y xy?
() (y+2)(z+x)

. a b c _a
Case 1) min (53, 1= =5 ) =7

a
<
b+c c+a

S>a<b=>y+z<z+x=>x>y

a c
E—<—>a<ca2y+z<x+y=2x>
btc = atb asc y Z< X y X =Z
3(y+2) <6xyz+2x2y+2xy2

Now, (1a) = 2x+y+z = (x+y)(y+2z)(z+x)

(1b)
o x3y+x3z+4x’yz — 2y?z% —xy3 —xz3 —y3z—yz3 > 0

Now, 2x%yz — 2y%z%? = 2yz(x? — yz) > 0 (= x > yz),
x’yz —y*z =yz(x* = y*) 2 0 (v x 2 y),
x*yz—yz3 = yz(x* —z*) > 0 (= x > z),
3y —xy* =xy(x* —y?) 20 (vx 2 y),
x3z—xz3=xz(x* —2?) >0 (v x = 2)
Adding the last 5 inequalities, (1b) & hence (1a) & hence (1) is true.

Case 2) min (i L L) =2

b+c'c+a'a+b ct+a
b

n— < osh<a>Dz+x<y+z2y>x&
+a b+c

S

c
<
c+a a+b

>b<c>z+x<x+ty=Sy=>z

3(z+x) 6xyz+Y x2y+Y xy?
x+2y+z = (x+y)(y+2z)(z+x)

Now, (1a)

(1c)
e xy +ydz+4axy?z —272%x? —xz23 —yz3 —x3y —x32 > 0

Now, 2xy%z — 2z%x% = 2zx(y?> —zx) > 0 (~ y = z,x),
xy*z—xz3=zx(y>* —z?) 20 (~ y > z),

xy’z—x3z=xz(y>* —x*) >0 (= y=>x),
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yz—yz? =yz(y* -z*) =20 (v y = 2),

xy? =23y =xy(y* —x*) 20 (v y = x)
Adding the last 5 inequalities, (1c) & hence, (1a) & hence, (1) is true.

. a b c _c
Case 3) min (55, =, -5 ) = =5

"< oc<azx+ty<y+z=2z>x&

" a+b ~ b+c
c
<
a+b c+a

>c<b>x+y<z+x=z2>y

3(x+y) < 6xyz+Y x2y+Y xy?
x+y+2z = (x+y)(y+2z)(z+x)

Now, (1a)

(1d)
© yz3 +zx3 + 4xyz? — x3y — x3z2 - 2x%y?2 —xy3 —y3z > 0

Now, 2xyz? — 2x%y? = 2xy(z®> —xy) = 0 (= z > x,y),
xyz? —xy3 =xy(z2 —y*) > 0 (~ z > x),
xyz? —x3y = xy(z> —x?) > 0 (~ z > x),
yz3 -y’ z=yz(z* - y*) 20(~ z2>y)
xz3 —x3z2=xz(z* —x*) >0 (~ z> x)
Adding the last 5 inequalities, (1d) & hence (1a) & hence (1) is true.
Combining the 3 cases, (1) is always true.

(This completes the proof)

UP.172. Let be A € M(R), invertible such that: det(4% + I5) = 0.
Prove that:
TrA*=1+detA -Tr A™!
Proposed by Marian Ursdrescu — Romania
Solution by Ravi Prakash-New Delhi-India
Asdet(A? +15) =0

det[(A4 + il:)(A—il)] = 0 = det(Ad + il;) = 0 or det(A — ils) = 0

= ior —iis an eigenvalue of A.
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As characteristic equation of 4 it has real coefficients, both i, —i are eigenvalues of

A. Let 44, 1;, 43 be other eigenvalues of A.
Tr(A*) = (A + Ay + 23)(i — ©) + A4 + 143 + 2,45 + i(=0)
= A1A, + A1 A3 + 4,45 + 1. Also, det A = 2,4, A3 (i)(—i) = 1,4,44
1 1 1 1 1 1 1
TrA" ) =—+—+—+———=—+—+ —
A’l A’Z 13 l l A’l A’Z 13
det(A) tr(A_l) = AIAZ + 1113 + 1213

Thus, tr(4*) = 1 + det(4) tr(4~1)

UP.173. Find:

n n

a=im"6-23 10 (2) 43 ()
i=2 i=2

Proposed by Daniel Sitaru — Romania

Solution 1 by Remus Florin Stanca-Romania
3i+1

n 1 2. n 2. n 2.
6—22m(i')+3z(i'):6+z(i') it1
i=2 i=2 i=2

_ n-1(2i (3it1 2n 3n+l _ n-1(2i 3i+1 . (2m)! 3n+1
_6+Zi=2(') i+1+( ) _6+Zi=2( ) i+1+(n!)2 n+1 )

i n n+1 i
" (2n)! 3n+1 _ . (2n)!
e )2 m+1 O nie (nl)?

Let _ @Cn)! _ xnyq _ (2n42)! mH? _ (2n+1)(2n+2)
=@ " Tk () @l D@D

2n)!

>limx"+1=4>1>limx =o0 > lim ——==
n-o X, n—oo " n-w (n!)?2
(2n)! 3n+1 o) =1 -
] n)! 3n _ ) 2i 20\ _
ﬂ%w'm—mﬂ%<6 ) 2:,-+1 (i)+32_2(i))_00:>
1= i=
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n

> lim |6 —2 %(i’%si(z"):

n—-oo

i=2 i=2

1 1 n (20 3i+1
. 21 2i " o0 . n(6+2i:2( i ) i+1 ) Stolz Cesaro
=lim| 6— ZZI+1 Z( ) = lime n =
n—oo n—-oo
i=2
6zt (20) 31t
m( i=2 Zi_ 3i_-:_11 (Zn + 4) 3n +37
— 1 6+Z?:2( _l). A ; Stolzgesaro n+2 n+ —

rlll—>n;>e e nlllolo(zn+2).3n+4
n+1 n+2

lim (2n +4)! 3n+7 n+2 (n+1)'(n+1)I
= lim

nom+2)(n+2) n+3 3n+4 (2n +2)!
2n+3)(2n+4)

= hm T mez) T4

Solution 2 by Pierre Mounir-Cairo-Egypt

Let S, = 1+ X5 (350) (Zk") = L=1lim,. /S,

S S S,
lim 2% % Jim L (5,2 o asn— )

n—oo n n—moS — S

3In+4\/2n+2
GG )  Grrom+ D@En+2) )2

= lim (3n + 1) (Zn) T ae Bn+ Dn+2)2n)! (n+ 112
n+1
.. @Bn+4)(n+1)2n+2)2n+1)
Tt @GrnrDm+2)n+1)?2

= lim /S, = lim Sni1 =4
n—->oo

n—-oo
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UP.174.If f:[a,b] — [1,0);0 < a < b; f integrable then:

bbb 3
34 £(x) + £) + £(2) L fax
I f f FOFO) + @) + ff () Ty dz=(b-a)y+ ( f(x)>

Proposed by Daniel Sitaru — Romania
Solution by proposer

fQ) f).f(2) e, 0)= f(x) =1, f(y) =1
> fOFO)-D+fMFHx)-1)=0
2ff - f)-f» =0 ()
fz1f(y) 21> fx)f(¥)-1=20 (2)
By (1); (2):

D U - DEFOFO) - f) - F()) 2 0

cyc
z(f(x)+f(y)+2fz(x)fz(y) 2f(OF ) - PR ) - f(x)fZ(y)>
o 2f()f(y)

fx)+ f(y) fx) f()
;<2f(x‘)f(y) O -1-m - )—"

fx) + f(y)
Cﬂm Zf( ) () >3+Zf(x)

cyc

Dt D023+ ) £

cyc cyc cyc

1
(Z f(x)f(y)> DTS Z F@FM) 23+ f@)

cyc cyc

e 1 3@ O)+f()
FOFOf@ =~ FEF0) + O @ + F@f )

f”( 3+ + () +f(2)
J ) INFfO) + FOf (@) + f@f ()

>dxdydz£
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bbb b b dx dy dz .. b dx
= f f f ey "“af f (Farorm) == -9+ f 16

a

3

UP.175. In acute AABC the following relationship holds:

b2+ c%2+2bc c*+a*+2ca a®+b%+2ab
+ +

Proposed by Daniel Sitaru — Romania

>9

Solution 1 by Tran Hong-Vietnam

LHS = (b + c)? (c +a)? (a + b)?
Tbh2+c2—a? c2+a’—b2 a?+b2-c?
- 4bc . 4ca . 4ab
“b2+c2—a? c2+a%—b2 a?+ b%—c2
2 2 2 ( 1 1 1 )
= + + = + +
cosA cosB cosC cosA cosB cosC

2 2 2
. poHr —4R *
pz—(ZR—r)Z ( )

We prove
=12
o p?+1r?—4R? > 6p*> —6(2R —1)? © p* + 1> — 4R? > 6p* — 6(4R? — 4Rr + 1?)
& 20R?% + 7r% + 24Rr > 5p?

Which is true because

€h)
p? < 4R%? + 4Rr + 3r? & 5p? < 20R% + 20Rr + 1572 < 20R? + 24Rr + 7r?
(1)© 4Rr > 8r2 © R = 2r = (*) = 12 > 9. Proved.
Solution 2 by Soumava Chakraborty-Kolkata-India

b%?+c%2+2bc c%+a?+2ca a2+b2+2ab>12
+ +
bZ+CZ—aZ CZ+aZ_bZ aZ+bZ_CZ -

Z+x x+
c2==2

+z
Le‘[b2+c2—a2:x’c2+a2_bZ:y’aZ+bZ_cZ:Z'..aZ:y_’bZ:T’ >

2
b%2+c2-a%?+a%+2bc | c?2+a?-b%*+b*+2ca , a?+b*—c?+c%+2ab _
b%+c2-a? c2+a2%-b2 a?+b2%—c?

Now, LHS
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_3+z a . 2bc _3+z a? +z 2bc
B b% + c2 — a? b2+ c2—a? b% + c2 — a? 2bccos A
SAON G ED Y
B cos A

) ) ) Bergstrom 1 x 9 A-G 9
(using above substitution) > 3+ (E)Z (; +;) +ZCO5A > 3+3+ oo d >6+

( 2. cosA < ;) =12 > 9 (equality when AABC is equilateral)

Solution 3 by Lahiru Samarakoon-Sri Lanka
a? + b? + 2ba
z a? +b? — ¢?
for acute ABC,cos A, cos B, cos C > 0 then:
a? + b* + 2ba _aM-GM 4ba 2Y cosAcosB
LHS = z = = =
a? + b2 — ¢2 2bacosC [Icos A

We have to prove, 2 cos Acos B > 9] cos A

2(s%2 +r?2 — 4R?) - 9(s? —4R? — 4Rr — 1r?)
4R2 4R?

28R?% + 36Rr + 111 > 752
Since, s < 4R? + 4Rr + 372, then we have to prove,
28R? + 36Rr + 1112 > 7(4R + 4R + 3R)
8Rr > 101?

R > % rit’s true (proved)

Solution 4 by Ravi Prakash-New Delhi-India
b% + ¢? + 2bc > 2bc + 2bc = 4bc
b? + ¢? — a? = 2bccos A, etc

4bc 4ca 4ab
~ LHS > + +
2bccosA 2accosB 2abcosC

Z+Z+Z (1)

cos A cos B cos C

For0<x<§,|et

niw o
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f(x) =——=secx
COS X
f'(x) =secxtanx
/5
f(x) =secxtan®x +sec3x>0,Vx € (0,—)

Thus, %(secA + sec B + sec C) > sec (w)

= secA+secB+secC>6 (2)

From (1), (2): LHS > 12 > 9

UP.176. Let a, b be positive real numbers such that: a + b = 2. Find the
minimum value of:

1 1
“Erp3+z ap T V?

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Tran Hong-Vietnam

1 1,
“@+b)(a+b)?—3ab]+2 apt V=
1 1, 1
= 2@ —3ab)+2 Tap VAT

1
— +—+ Y
10—6ab T ap VP
Lett =3ab = t3 =ab (0 <t < 1,because: 0 < ab <

1 1 , 3 9t?
P=fO) =1y _epgtptt=>f=1-4

t4+m<0,\7’t€ (0,1]
> f(&)von(0;1] = f(8) = f(1) == Ppin =, @ a=b=1.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

(a+b)? —

1)

Forab>0anda+2=2=ab<1.Giveab=x}*<1=2x3<x<1

. 1 1 3 1 1 3 1 1 3 9
——  +—+3ab= +—+3ab = +—+3ab>-
Consider a3+b%2+2  ab ab (a+b)3-3ab(a+b)+2  ab ab 10-6ab ab ab = 4
1
If

2 9
+ S +2x>-
5-3x3 3 2x 2 2

Iff 2x3 + 20 — 12x3 + 20x* — 12x7 > 45x3 — 275
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Iff (12x° — 12x7) + (20x* — 20x3) + (15x% — 15x3) + (20— 20x3) > 0

Iff 12x6(1 — x) —20x3(1 — x) — 15x3(1 — x3) +20(1 —x3) >0
Iff 12x% —20x3 — 15x3(1+x +x2) +20(1 +x+x%) >0
Iff 12x6 + 20x2 + 20x + 20 > 35x3 + 15x* + 15x° and it is to be true.
Because (10x° + 2) + (2x® + 1) > 12x° + 3x* > 15x°
20x% > 15x* + 5x3
20x > 20x3
10 > 10x3

- - .9
Therefore, it's minimum is "

UP.177.If x,y,z,t > 1 then:

1
(logxzt x) (logxyt Y) (logxyz Z) (logyzt t) < R

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Vietnam

1 1 1 1 _
logy(zxt) logy(xyt) log,(xyz) log.(yzt)

LHS =

1 1 1
B (1 +log, z + log, t) . <1 +log, x + log,, t> . (1 + log, x + log, y)

1 _ 1 *
(1+logt y+log; z) - (1+log, z+log, t)(1+logy x+logy t)(1+log, x+log, y)(1+log, y+log; y) ( )

1+log, z +log, t > 33}/log, z - log, t

1+log, x +log,t = 33/logyx -log, t

1+log,x +log,y > 33/log, x -log,y

1+log,y +log,z > 33/log,y - log, z
1

1 1
> ()< = -, < —. Proved.
( ) - 343\/logx z-log, tlogy x-logy t-log, x-log, y-log; ylogsz  3* 16 oved

Solution 2 by Amit Dutta-Jamshedpur-India
~ AM = GM
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log x +logz +logt > 3}/log xlog zlog t = log(xzt) > i/ (log x)(log z)(log t)

Similarly, log(xyt) > 33/(logx)(log y)(logt)

log(xyz) > 3 i/(log x)(log y)(log z)
log(yzt) > 3 i/(log y)(log z)(logt)
Let P = (108, x) (108, ¥) (l0gyy, z)(log . t)

p= < logx )( logy )( logz )( logt )
“ \logx +logz +logt/ \logx + logy + logt/ \logx + log y + log z/ \logy + logz + log t

p AM>GM < log x > < logy > < log z > < logt >
3/logxlogzlogt/ \33/logxlogylogt/ \33/logxlogylogz/ \3{/logylogzlogt

P< i < 11—6 (proved)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,zt > 1, we have: (log,, x) (logytx y) (logzxy z)(logtyz t) =

1 1 1 1
B (1 +log, z + log, t) <1 +log, t +log, x> (1 +log, x + log, y) (1 +log; y + log; z)
1 _1_1 _1
= (1+1+1)* 3%+ 81 <16 Ok
Therefore, itis to be true
1 = (log, z)(log, x)(log, y)(1)
1 = (log, t)(log, x)(log, z)(1)

1 = (log, t)(log, z)(log,t)(1)

UP.178. Letbe A = ((1) i) ‘B = (i ‘1’)

Find: @ = e - (eB)~1; (e? — exponential matrix)

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

-G et

- -2 0
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1 1
A — 2 ~ 43 +...
e _I+A+2!A +3!A +

- 9+ D36 D36 D
SHE R

similarly, e? = (¢ g):e(i (1))

a=een=e(q (e 9)=6 D D= )

UP.179.1fin AABC,a = b > c then the following relationship holds:

5 (M 5 (/M 5 /M 5 (M 5/M 5/M
a+ b+ c a b_ c<1
my m, mg, m, mg, my

Proposed by Daniel Sitaru — Romania

Solution by proposer

First, we prove thatif x <y < z then:

f+Z+£ZZ+E+f (1)
x y z

y z x
x z z x
__X+X__+___20
y x z X z

2 2 2 2 2 2
X — —-z¢ z¢—x
4 +y + =0
xy 2y Xz

z(x* —y?) +x(y? - 2)) +y(z> - x*) =2 0
x%z — zy? + xy? — xz? + yz? — yx2 > 0
xz(x—2z)+y*(x—2)+y(z—-x)(z+x) =0
x—2z2)(xz+y>*—yz—yx) =0
(x-2)y(y —x) —z(y—x)]=0
(x—2)(y—x0)(y-2)=0
(z — x)(y — x)(z — y) = 0 which is true because,

z—-x20y—-x=20,z—y=>0
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Bya<b<c=>m,>m,>m,=3m,<3im,<3m,

We take in (1):

x =Ygy =gz = Y,

5 5 5
ma+ mb+1/mc>1/mb+1/mc+ m,
5 5 5 -
m, i m, mg, ma \/ m, \/ m,
5|M 5/M 5/M 5|/M 5 5|/M,
_a+ _b+ —_c_ 7|2 _ _b _C<1
myp

UP.180. If f: (0, ) — (0, ) such that exists

lim,_, % = a > 0 and exists lim,._,,, —— (f( )) then find:

1 1
2 1))x+1 x
@ = lim ((f(x))x+1 (U ((’; . 1)))2 B (fixz)) \

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Pierre Mounir Cairo-Egypt

Given: f: (0,0) — (0,»),lim,_, fg:)) =a>0

2 =t :
o 2 fer)x+ T fo)x
Find: @ = lim,_ f(x)x“[ (x+1)2 x2 ]

We'll make use of the following two theorems of Cauchy:

(1) Let f be defined on (a, »), and f(x) > 0 Vx and
flx+1) . . r . f(x+1)
) exists, then lim,_, ., f(x)x = lim,_,, S

(2) Let f be defined on (a, «0) and lim,_, . [f(x + 1) — f(x)]

lim,_,

exists, then limx_,ooL:) =lim,_ . [f(x+ 1) — f(x)]
Now, let g(x) = % then g(x) >0 (x, f(x) > 0)

BRI VRN (L VINUE
T e DM f)
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flx+1) 1
=lim—/—— xlim———=a x—=—
X—00 xf(x) X—00 (1 N 1)x+1 e e

X

~ According to theorem (1) above:

1
lim g(x)x = lim

X— 00 X— 00

[f( )] i gx+1) _a
o gx) e
f(x +1)x+1

xX)x a
limf( )x=—=lim— (x->x+1)
e xX—00 x+1

x—-»0o X

1
Also, let h(x) = fixz)x, then:

1 1
fx+1)x+1  f(x)x

’lcl_g})[h(x +1) — h(x)] = ’lcl_{g (x + 1)2 T x2 =
1 ( 1)L 1 f( )1
x + 1)x+1 X)x a a
lim f —lim—><f =0 x—==0x—-=0
x—o0o X + 1 x+1 x—-0o X X e e

~ According to theorem (2) above:

1
f();)x N (*)

lim,_ M = lim,_[h(x + 1) — h(x)] = lim,_

flx+ 1)x+1 f(x)i

(x +1)2 x2

Q= llm f(x)x+1

= ,lcl_glo f(x)xJZr_l x Jl}_}lg[h(x +1) — h(x)]

1
2 x
= lim,.. () x limo, 72" [from ()]

3x+1 3x+1
2,1 1 (x)x(+1) () x+1
= lim f(x)x+1+x X - lim f T X 3
X— 00 X X— 00 (x) 1 X
3x+1
17 x+1 2x

= lim fx) X (é)‘ﬁ

X—00 X
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3x+1

1] im=oT 2x
. fo)x 1\ 0 5T
= (lim (llm xx)

X—00 X X— 00

(@) <= ()

Solution 2 by Shafigur Rahman-Bangladesh

1 1
_ llm(f(x))"+1 <(f(x 1))x+1 ~ (f(x))x> _

(x +1)2 x2

1
[ <(f(x + 1))x+1> <(f(x)) )
| x+1

2 | _

fx+1) fx+1)
m (x + 1)x+1 (x + 1)x+1
B fx) f (x)
xx

llm(f(x))x+1 <(f(x 1))m _ (f(x))x> _ (%)3

\__/
|
T:T
=

I
o2t
=y
8
—

(x+1)2 x2



