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JP.166. If ࢈,ࢇ ∈ [૙; +∞) and ࢔ ∈ ℕ∗ ∧ ࢔ ≥ ૛ then: 

(࢈ࢇ)
࢔
૛ ≤

∑ ࢔࢑ି࢔࢈࢑ࢇ
ୀ૙࢑

࢔ + ૚
≤
࢔ࢇ + ࢔࢈

૛
 

Proposed by Nguyen Van Nho – Nghe An – Vietnam  

Solution 1 by Tran Hong-Vietnam 

(࢈ࢇ)
࢔
૛ ≤

(૚) ࢔࢈ + ૚ି࢔࢈ࢇ + .+૛ି࢔࢈૛ࢇ . ࢈૚ି࢔ࢇ+ + ࢔ࢇ

࢔ + ૚ ≤
(૛) ࢔ࢇ + ࢔࢈

૛  

Using Cauchy’s inequality: 

࢔ࢇା࢈ష૚࢔ࢇష૛ା⋯ା࢔࢈૛ࢇష૚ା࢔࢈ࢇା࢔࢈

ା૚࢔
≥ ට(࢈ࢇ)

(శ૚࢔)࢔
૛

శ૚࢔

= (࢈ࢇ)
࢔
૛ ⇒ (1) is true. 

If ࢇ = ࢇ then (2) true. If ࢈ ≠ ࢈ suppose) ࢈ > ܽ) we have 

(2) ⇔ శ૚࢔ࢇశ૚ି࢔࢈

(ା૚࢔)
≤ ࢔࢈ା࢔ࢇ

૛
−࢈)  (ࢇ

Let (࢞)ࢌ = ࢞∀)࢔࢞ ∈ ,ࢇ൫࡯,(૙,࢈)࡮,(૙,ࢇ)࡭,(૙,૙)ࡻ and ([࢈,ࢇ]  ൯ we have(࢈)ࢌ,࢈൫ࡰ,൯(ࢇ)ࢌ

ା૚࢔࢈ − ା૚࢔ࢇ

࢔ + ૚ = න࢔࢞
࢈

ࢇ

࢞ࢊ ≤ ࡰ࡯࡮࡭ࡿ =
૚
૛ ⋅

࡯ࡻ) + −࡮ࡻ)(ࡰࡻ (࡭ࡻ =
࢔ࢇ) + −࢈)(࢔࢈ (ࢇ

૛  

Proved. 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let (࢞)ࢌ = ࢞ for all ࢔࢞ ≥ ૙ and ࢔ ≥ ૛, now ࢌᇱᇱ(࢞) = ࢔)࢔ − ૚)ି࢔࢞૛ ≥ ૙ 

Hence ࢌ is a convex function, by Hermite – Hadamard 

ቀࢇା࢈
૛
ቁ
࢔
≤ ૚

∫ࢇି࢈ ࢈࢔࢞
ࢇ ࢞ࢊ ≤ ࢔࢈ା࢔ࢇ

૛
 where ࢈,ࢇ ∈ [૙,∞) and ࢈ > ܽ 

⇒ (࢈ࢇ)
࢔
૛ ≤⏞
ࡹࡳஹࡹ࡭ ା૚࢔࢈ − ା૚࢔ࢇ

࢈) − +࢔)(ࢇ ૚) ≤
࢔ࢇ + ࢔࢈

૛  

(࢈ࢇ)
࢔
૛ ≤

∑ ࢔࢑ି࢔࢈࢑ࢇ
ୀ૙࢑

+࢔ ૚ ≤
࢔ࢇ + ࢔࢈

૛  

(Proved) 

Solution 3 by Michael Sterghiou-Greece 

1) ∑ ࢔࢑ି࢔࢈࢑ࢇ
ୀ૙࢑ ≥ +࢔) ૚) ට∏ ࢔((࢑ି࢔)࢈࢑ࢇ)

ୀ૙࢑
శ૚࢔

= +࢔) ૚) ⋅ ඥࢇ∑ ૙࢔࢑ ⋅ ∑࢈ ࢔(࢑ି࢔)
૙

శ૚࢔
= 
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+࢔) ૚) ⋅ ൤(࢈ࢇ)
(శ૚࢔)࢔

૛ ൨
૚

శ૚࢔
= +࢔) ૚) ⋅ (࢈ࢇ)

࢔
૛   (Left) 

࢔ࢇ) (2 + +࢔)(࢔࢈ ૚) ≥ ૛ ⋅ ∑ ࢔࢑ି࢔࢈࢑ࢇ
ୀ૙࢑ → ∑ ൫࢔ࢇ + ࢔࢈ − ࢑ି࢔࢈࢑ࢇ − ࢔൯࢑࢈࢑ି࢔ࢇ

ୀ૙࢑ ≥ ૙ 

→ ∑ ൫࢑ࢇ − ࢑ି࢔ࢇ൯൫࢑࢈ − ࢔൯࢑ି࢔࢈
ୀ૙࢑ ≥ ૙ which is true as the terms of the sum have the 

same sign. (Right) 

JP.167. Let ࡯࡮࡭ࡻ be a tetrahedron with ∠࡮ࡻ࡭ = ࡯ࡻ࡮∠ = ࡭ࡻ࡯∠ = ૢ૙° 

and let ࡼ be any point inside the triangle ࡯࡮࡭. Denote respectively by 

,(࡯࡮ࡻ) to faces ࡼ the distances from ࢉࢊ,࢈ࢊ,ࢇࢊ ,(࡭࡯ࡻ)  :Prove that .(࡮࡭ࡻ)

(a) ࢇࢊ૛ + ૛࢈ࢊ + ૛ࢉࢊ =  .૛ࡼࡻ

(b) ࢉࢊ࢈ࢊࢇࢊ ≤
࡯ࡻ⋅࡮ࡻ⋅࡭ࡻ

૛ૠ
 

(c) ࡭ࡻ ⋅ ૜ࢇࢊ + ࡮ࡻ ⋅ ૜࢈ࢊ + ࡯ࡻ ⋅ ૜ࢉࢊ ≥  ૝ࡼࡻ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Ravi Prakash-New Delhi-India 

 

Let ࡭ࡻ = ࡮ࡻ,ଙ̂ࢇ = ࡯ࡻ,ଚ̂࢈ = ࢈,ࢇ,෡࢑ࢉ > 0. Equation of plane ࡯࡮࡭ is: ࢞
ࢇ

+ ࢟
࢈

+ ࢠ
ࢉ

= ૚ 

Let ࢟,࢞)ࡼ,   Then .࡯࡮࡭be any point in the interior of ઢ (ࢠ

(a) ࢇࢊ = ࢈ࢊ,࢞ = ࢉࢊ,࢟ =  ࢠ

Now, ࢇࢊ૛ + ૛࢈ࢊ + ૛࢟࢈ = ૛࢞ + ૛࢟ + ૛ࢠ = ૛ࡼࡻ  
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(b) ૚
૜

= ૚
૜
ቀ࢞
ࢇ

+ ࢟
࢈

+ ࢠ
ࢉ
ቁ ≥ ቀࢠ࢟࢞

ࢉ࢈ࢇ
ቁ
૚
૜ 

⇒ ࢠ࢟࢞ ≤ ૛ૠࢉ࢈ࢇ ⇒ ࢉࢊ࢈ࢊࢇࢊ ≤ ૛ૠ(࡭ࡻ)(࡮ࡻ)(࡯ࡻ) 

(c) ࢞ࢇ૜ + ૜࢟࢈ + ૜ࢠࢉ = ૜࢞ࢇ) + ૜࢟࢈ + ࢞૜)ቀࢠࢉ
ࢇ

+ ࢟
࢈

+ ࢠ
ࢉ
ቁ = 

= ૝࢞ + ૝࢟ + ૝ࢠ + ൬
࢈
ࢇ ࢟࢞

૜ +
ࢇ
࢈ ࢞

૜࢟൰+ ቀ
ࢉ
ࢇ ࢠ࢞

૜ +
ࢇ
ࢉ ࢠ࢞

૜ቁ + ൬
࢈
ࢉ ࢟

૜ࢠ +
ࢉ
࢟ࢠ࢈

૜൰ ≥ 

≥ ૝࢞ + ૝࢟ + ૝ࢠ + ૛࢞૛࢟૛ + ૛࢞૛ࢠ૛ + ૛࢟૛ࢠ૛ = ૛࢞) + ૛࢟ + ૛)૛ࢠ ⇒ 

⇒ (૜ࢇࢊ)(࡭ࡻ) + ૜൯࢈ࢊ൫(࡮ࡻ) + (૜ࢉࢊ)(࡯ࡻ) ≥  ૝ࡼࡻ

 

JP.168. Let ࢈,ࢇ,  :be positive real numbers such that ࢉ

૚
√૚ + ૜ࢇ

+
૚

√૚ + ૜࢈
+

૚
√૚ + ૜ࢉ

≤ ૚ 

Prove that: 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૚૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

ඥࢇ૜ + ૚ = ඥ(ࢇ + ૚)(ࢇ૛ − +ࢇ ૚) 

≤
(૚)

࡭ஸࡳ ା૚൯ࢇ૛ିࢇା൫(ା૚ࢇ)
૛

= ૛ା૛ࢇ
૛

, equality at ࢇ = ૛. 

Similarly, √࢈૜ + ૚ ≤
(૛) ૛ା૛࢈

૛
, equality at ࢈ = ૛ & √ࢉ૜ + ૚ ≤

(૜) ૛ା૛ࢉ
૛

, equality at ࢉ = ૛. 

(1), (2), (3) ⇒ ∑ ૚
ඥࢇ૜ା૚

≥ ૛∑ ૚
૛ା૛ࢇ

 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(૚ା૚ା૚)૛

૛ା૟ࢇ∑
= ૚ૡ

૛ା૟ࢇ∑
 & ∵ ૚ ≥ ∑ ૚

ඥࢇ૜ା૚
 

∴ ૚ ≥ ૚ૡ
૛ା૟ࢇ∑

⇒ ૛ࢇ∑ ≥ ૚૛, equality when ࢇ = ࢈ = ࢉ = ૛  

(proved) 
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JP.169. Let ࢈,ࢇ, ࢇ :be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜.  

Prove that: 

૝ࢇ

૜ࢇ)ࢉ૝ඥ૛࢈ + ૚)
+

૝࢈

૜࢈)ࢇ૝ඥ૛ࢉ + ૚)
+

૝ࢉ

૜ࢉ)࢈૝ඥ૛ࢇ + ૚)
≥
૛ࢇ + ૛࢈ + ૛ࢉ

૛  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

૝ࢇ

૜ࢇ)ࢉ૝ඥ૛࢈ + ૚)
+

૝࢈

૜࢈)ࢇ૝ඥ૛ࢉ + ૚)
+

૝ࢉ

૜ࢉ)࢈૝ඥ૛ࢇ + ૚)
≥
(૚) ૛ࢇ∑

૛  

(1) ⇔
൬ࢇ

૛

૛࢈
൰
૛

ට૛ࢉ൫ࢇ૜ା૚൯
+

൬࢈
૛

૛ࢉ
൰
૛

ට૛ࢇ൫࢈૜ା૚൯
+

൬ࢉ
૛

૛ࢇ
൰
૛

ට૛࢈൫ࢉ૜ା૚൯
≥
(૛) ૛ࢇ∑

૛
 

Now, ඥ૛ࢇ)ࢉ૜ + ૚) = ට൫ࢇ)ࢉ+ ૚)൯(૛ࢇ૛ − ૛ࢇ + ૛) 

≤
(ࢇ)

࡭ஸࡳ +ࢇࢉ ࢉ + ૛ࢇ૛ − ૛ࢇ+ ૛
૛  

Similarly, ඥ૛࢈)ࢇ૜ + ૚) ≤
(࢈) ା૛࢈૛ି૛࢈ା૛ࢇା࢈ࢇ

૛
  & ඥ૛ࢉ)࢈૜ + ૚) ≤

(ࢉ) ା૛ࢉ૛ି૛ࢉା૛࢈ାࢉ࢈
૛

 

(a), (b), (c) ⇒ LHS of (2) ≥ 

૛

⎣
⎢
⎢
⎢
⎡ ൬ࢇ

૛

૛൰࢈
૛

ࢇࢉ + ࢉ + ૛ࢇ૛ − ૛ࢇ + ૛ +
൬࢈

૛

૛൰ࢉ
૛

+࢈ࢇ ࢇ + ૛࢈૛ − ૛࢈ + ૛ +
൬ࢉ

૛

૛൰ࢇ
૛

ࢉ࢈ + ࢈ + ૛ࢉ૛ − ૛ࢉ + ૛
⎦
⎥
⎥
⎥
⎤
 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛ ൬∑ ࢇ

૛

૛൰࢈
૛

࢈ࢇ∑ + +ࢇ∑ ૛∑ࢇ૛ − ૟ + ૟			
ቀ∵ ૛෍ࢇ = ૟ቁ 

=
૛ ൬∑ ࢇ

૛

૛൰࢈
૛

࢈ࢇ∑ + ૚
૜ ૛(ࢇ∑) + ૛∑ࢇ૛

		ቀ∵ ෍ࢇ = ૜ቁ 

=
૟ ൬∑ࢇ

૛

૛൰࢈
૛

૜∑࢈ࢇ+ ૛ࢇ∑ + ૛∑࢈ࢇ + ૟∑ࢇ૛ =
૟൬∑ࢇ

૛

૛൰࢈
૛

ૠ∑ࢇ૛ + ૞∑࢈ࢇ 
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≥
૟൬∑ࢇ

૛

૛൰࢈
૛

૚૛∑ࢇ૛ 	ቀ∵ ૞෍࢈ࢇ ≤ ૞෍ࢇ૛ቁ 

=
൬∑ࢇ

૛

૛൰࢈
૛

૛∑ࢇ૛ ≥
? ૛ࢇ∑

૛ ⇔෍
૛ࢇ

૛࢈ ≥
?
෍ࢇ૛ 

⇔ ቀ෍ࢇቁ
૛
ቆ෍

૛ࢇ

૛ቇ࢈ ≥
?
ૢ෍ࢇ૛ 		ቆ∵ ቀ෍ࢇቁ

૛
= ૢቇ 

⇔ ቀ෍ࢇቁ
૛
ቆ
૝࢈૛ࢇ∑

૛ቇࢉ૛࢈૛ࢇ ≥
?
ૢ෍ࢇ૛ 

⇔෍ࢇ૛࢈૟ + ૛ࢉ࢈ࢇ ቀ෍࢈ࢇ૝ቁ + ૛෍ࢇૠ࢈૞ + ૛ࢉ࢈ࢇ ቀ෍ࢇ૛࢈૜ቁ+ 

+෍ࢇ૝࢈૝ ≥
(૜)

?
ૡࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

Now, ∑ࢇ૛࢈૟ = ૛ࢉ૛࢈૛ࢇ ቀ࢈
૝

૛ࢉ
+ ૝ࢉ

૛ࢇ
+ ૝ࢇ

૛࢈
ቁ 

≥
(࢏)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
	 ૛ࢉ૛࢈૛ࢇ

૛(૛ࢇ∑)

૛ࢇ∑ = ૛ࢉ૛࢈૛ࢇ ቀ෍ࢇ૛ቁ 

Also, ૛ࢉ࢈ࢇ(∑࢈ࢇ૝) = ૛ࢇ૛࢈૛ࢉ૛ ቀࢇ
૜

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
ቁ = ૛ࢇ૛࢈૛ࢉ૛ ቀࢇ

૝

࢈ࢇ
+ ૝࢈

ࢉ࢈
+ ૝ࢉ

ࢉࢇ
ቁ 

≥
(࢏࢏)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
૛ࢇ૛࢈૛ࢉ૛

૛(૛ࢇ∑)

࢈ࢇ∑ ≥
∑૛ஹࢇ∑ ࢈ࢇ

૛ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

Again, ૛∑ࢇ૜࢈૞ + ૛ࢉ࢈ࢇ(∑ࢇ૛࢈૜) = ૛ࢇ૛࢈૛ࢉ૛ ቀ࢈ࢇ
૜

૛ࢉ
+ ૜ࢉ࢈

૛ࢇ
+ ૜ࢇࢉ

૛࢈
+ ૛࢈ࢇ

ࢉ
+ ૛ࢉ࢈

ࢇ
+ ૛ࢇࢉ

࢈
ቁ 

= ૛ࢇ૛࢈૛ࢉ૛ ቈቆ
૜࢈ࢇ

૛ࢉ +
૛ࢉ࢈

ࢇ ቇ + ቆ
૜ࢉ࢈

૛ࢇ +
૛ࢇࢉ

࢈ ቇ + ቆ
૜ࢇࢉ

૛࢈ +
૛࢈ࢇ

ࢉ ቇ቉ 

≥
(࢏࢏࢏)

ࡳି࡭
૛ࢇ૛࢈૛ࢉ૛(૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛) = ૝ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

Lastly, ∑ࢇ૝࢈૝ ≥
(࢜࢏)

࢟࢞∑૛ஹ࢞∑
૛࢈૛ࢇ ⋅ ૛ࢉ૛࢈ + ૛ࢉ૛࢈ ⋅ ૛ࢇ૛ࢉ + ૛ࢇ૛ࢉ ⋅ ૛࢈૛ࢇ = 

= ૛ࢉ૛࢈૛ࢇ ቀ෍ࢇ૛ቁ 

(i)+(ii)+(iii)	+(iv)⇒(3) is true (proved) 
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Solution 2 by Michael Sterghiou-Greece 

∑ ૝ࢇ

૜ା૚൯ࢇ൫ࢉ૝ට૛࢈
ࢉ࢟ࢉ ≥ ૚

૛
∑ ࢉ࢟ࢉ૛ࢇ   (1) Let (ࢗ,࢖, (࢓,࢘ = ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ∑ࢉ࢈ࢇ, ࢉ࢟ࢉ૛ࢇ ൯ 

࢖ = ૜,ࢗ ≤ ૜, ࢘ ≤ ૚,࢓ = ૛࢖ − ૛ࢗ = ૢ − ૛ࢗ. By AM-GM ඥ૛ࢇ)ࢉ૜ + ૚) ≤ ૚
૛

(૛ࢉ + ૜ࢇ + ૚) 

with equality when ࢉ = ࢇ = ૚; same in a cyclic manner. By this and BCS we get 

ቀ∑ ࢇ
ࢉ࢟ࢉ૛࢈ ቁ

૛

∑ శ૚ࢉ૜శ૛ࢇ
૛ࢉ࢟ࢉ

≥
? ࢓

૛
 (2). For ࢠ,࢟,࢞ > 0 we know that (AM-GM) 

∑ ࢞
ࢉ࢟ࢉ࢟ ≥ ൫∑ ࢉ࢟ࢉ࢞ ൯ ⋅ (ࢠ࢟࢞)

૚
૜ with ࢞ = ૛ࢇ ࢟, = ,૛࢈ ࢠ = → ૛ thisࢉ ∑ ૛ࢇ

ࢉ࢟ࢉ૛࢈ ≥ ࢓ ⋅ ି࢘
૛
૜ 

Now, (2) → ૛⋅࢓૛࢘ష
૝
૜

∑ ࢉ࢟ࢉ૜ࢇ ା૟ା૜
≥ ࢓

૛
 or ૜૟ି࢘

૝
૜ + ࢗૢ − ૡି࢘ࢗ

૝
૜ − ૜࢘ − ૜૟ ≥ ૙   (3) 

where ∑ ࢉ࢟ࢉ૜ࢇ = ૜࢖ − ૜ࢗ࢖ + ૜࢘ = ૛ૠ − ࢗૢ + ૜࢘. From (3) using the facts  

૛ࢗ ≥ ૜࢘࢖ = ࢗ and ࢘ૢ ≤ ࢘૜ାૢ࢖
૝࢖

= ૛ૠାૢ࢘
૚૛

 (Schur) we get the stronger inequality 

૜૟ି࢘
૝
૜ + ૛ૠ࢘

૚
૛ − ૡ ⋅ ૛ૠାૢ࢘

૚૛
⋅ ି࢘

૝
૜ − ૜࢘ ≥ ૙  (4). This using the transformation 

࢚  = ࢘
૚
૟ reduces to: −૜࢚૚૝ − ૜૟࢘ૡ + ૛ૠ࢚૚૚ − ૟࢚૟ + ૚ૡ ≥ ૙ 

[(૝) × ࢘
૝
૜ and ࢘

૚
૟ → or ૜(૚ [࢚ − (࢚ ⋅ ૚૜࢚) + ૚૛࢚ + ૚૚࢚ − ૡ࢚૚૙ − ૡૢ࢚ − ૡ࢚ૡ + ૝࢚ૠ + ૝࢚૟ + 

+૟࢚૞ + ૟࢚૝ + ૟࢚૜ + ૟࢚૛ + ૟࢚ + ૟ ≥ ૙   (5). We can observe that ૟࢚૜ − ૟࢚૚૙ ≥ ૙ 

૛࢚ૠ − ૛࢚૚૙ ≥ ૙	(࢚ ≤ ૚) and similarly, we work with −ૡૢ࢚ and −ૡ࢚ૡ. As the rest in the 

term ࢚૚૜ + ૚૛࢚ + ⋯+ ૟ are all positive we see that (5) holds. Done. 

 

JP.170. Let ࢟,࢞, ࢞ :be positive real numbers such that ࢠ + +࢟ ࢠ = ૜. Find the 

minimum value of: 

ࡼ =
૝࢞

૞࢞)ࢠ૝ඥ૝࢟ + ૚)૜ +
૝࢟

૞࢟)࢞૝ඥ૝ࢠ + ૚)૜ +
૝ࢠ

૞ࢠ)࢟૝ඥ૝࢞ + ૚)૜  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution by Tran Hong-Vietnam 

ඥ૝࢞)ࢠ૞ + ૚)૜ = ඥ૛࢞)ࢠ + ૚){૛࢞૝ − ૛࢞૜ + ૛࢞૛ − ૛࢞+ ૛}૜  

≤
(࢟ࢎࢉ࢛ࢇ࡯) ૛ࢠ + +࢞ ૚ + ૛࢞૝ − ૛࢞૜ + ૛࢞૛ − ૛࢞ + ૛

૜  

=
૛ࢠ + ૛࢞૝ − ૛࢞૜ + ૛࢞૛ − ࢞ + ૜

૜ ; 

Similarly, ඥ૝࢟)࢞૞ + ૚)૜ ≤ ૛࢞ା૛࢟૝ି૛࢟૜ା૛࢟૛ି࢟ା૜
૜

; 

ඥ૝ࢠ)࢟૞ + ૚)૜ ≤
૛࢟ + ૛ࢠ૝ − ૛ࢠ૜ + ૛ࢠ૛ − ࢠ + ૜

૜ ; 

∴ ෍
൬࢞

૛

૛൰࢟
૛

ඥ૝࢞)ࢠ૞ + ૚)૜ ≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ) ૜ ൬∑ ࢇ

૛

૛൰࢈
૛

૛∑ࢇ૝ − ૛∑ࢇ૜ + ૛∑ࢇ૛ + ૚૛ 

(∴ ࢇ = ࢈,࢞ = ,࢟ ࢉ =  (ࢠ

= ૜
૛
⋅

൬∑ࢇ
૛

૛࢈
൰
૛

൫∑ࢇ૝ି∑ࢇ૜ା∑ࢇ૛ା૟൯
   (1) 

Must show that: ቀ∑ ૛ࢇ

૛࢈
ቁ
૛
≥ ૝ࢇ∑ ૜ࢇ∑− + ૛ࢇ∑ + ૟. But ∑ ૛ࢇ

૛࢈
≥
(૛)

૛ࢇ∑  

Must show that: (∑ࢇ૛)૛ ≥ ૝ࢇ∑ − ૜ࢇ∑ + ૛ࢇ∑ + ૟ 

⇔ ૛∑ࢇ૛࢈૛ + ૜ࢇ∑ − ૛ࢇ∑ − ૟ ≥ ૙  (*) 

Let ࢖ = ࢇ + ࢈ + ࢉ = ૜;ࢗ = ࢈ࢇ + +ࢉ࢈ ࢘,ࢇࢉ =  ;ࢉ࢈ࢇ

(*) ⇔ ૛(ࢗ૛ − ૟࢘) + (૛ૠ − +ࢗૢ ૜࢘)− (ૢ − ૛ࢗ) − ૟ ≥ ૙ 

⇔ ૛ࢗ૛ − ૠࢗ − ࢘ૢ + ૚૛ ≥ ૙ 

⇔ ૛ࢗ) − (࢘ૢ + ࢗ) − ૜)(ࢗ − ૝) ≥ ૙  (**) 

(**) true because: ࢗ ≤ ૛࢖

૜
= ૜,ࢗ૛ ≥  .࢘ૢ

⇒ (1) ≥ ૜
૛
⋅ ૚ = ૜

૛
. 

⇒ ܖܑܕࡼ 	 = ૜
૛
⇔ ࢇ = ࢈ = ࢉ = ૚. 

Now, we will prove (2) true: 

෍
૛ࢇ

૛࢈ ≥෍ࢇ૛ ⇔ ቀ෍ࢇቁ
૛
ቆ
૝࢈૛ࢇ∑

૛ቇࢉ૛࢈૛ࢇ ≥ ૢ෍ࢇ૛ ቀ∴ ෍ࢇ = ૜ቁ 
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⇔ ૟࢈૛ࢇ∑ + ૛࢈ࢇ∑ࢉ࢈ࢇ૝ + ૛∑ࢇ૜࢈૞ + ૛ࢇ∑ࢉ࢈ࢇ૛࢈૜ + ૝࢈૝ࢇ∑ ≥ ૡ(ࢉ࢈ࢇ)૛∑ࢇ૛   (3); 

∴ ૟࢈૛ࢇ∑ = ∑૛(ࢉ࢈ࢇ) ૝ࢇ

૝࢈
≥

(ࢠ࢘ࢇ࢝ࢎࢉࡿ)
૛(ࢉ࢈ࢇ) ൫∑ࢇ

૛൯
૛

૛ࢇ∑
=  ;૛   (4)ࢇ∑૛(ࢉ࢈ࢇ)

∴ ૛ࢉ࢈ࢇ෍࢈ࢇ૝ = ૛(ࢉ࢈ࢇ)૛෍
૝ࢇ

࢈ࢇ ≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ)

 

૛(ࢉ࢈ࢇ)૛ ൫∑ࢇ
૛൯
૛

࢈ࢇ∑
≥ ૛(ࢉ࢈ࢇ)૛ ൫∑ࢇ

૛൯
૛

૛ࢇ∑
= ૛(ࢉ࢈ࢇ)૛∑ࢇ૛    (5); 

∴ ૛෍ࢇ૜࢈૞ + ૛ࢉ࢈ࢇ෍ࢇ૛࢈૜ = ૛(ࢉ࢈ࢇ)૛ ቊ෍
૜࢈ࢇ

૛ࢉ + ෍
૛࢈ࢇ

ࢉ ቋ 

= ૛(ࢉ࢈ࢇ)૛ ቊቈ
૜࢈ࢇ

૛ࢉ +
૛ࢉ࢈

ࢇ ቉ + ቈ
૜ࢉ࢈

૛ࢇ +
૛ࢇࢉ

࢈ ቉ + ቈ
૜ࢇࢉ

૛࢈ +
૛࢈ࢇ

ࢉ ቉ቋ 

≥
(࢟ࢎࢉ࢛ࢇ࡯)

૛(ࢉ࢈ࢇ)૛(૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛) = ૝(ࢉ࢈ࢇ)૛∑ࢇ૛  (6). 

∴ ૝࢈૝ࢇ∑ = ૛{૛(࢈ࢇ)}∑ ≥  ;૛  (7)ࢇ∑૛(ࢉ࢈ࢇ)

From (4)+(5)	+(6)	+(7)⇒ (3) true ⇒ (2) true. 

 

JP.171. Let ࡯࡮࡭ be an acute triangle with perimeter ૜. Prove that: 

૚
ࢇ࢓

ࢇ +
૚
࢈࢓

࢈ +
૚
ࢉ࢓

ࢉ ≥
૜

ࡾ +  ࢘

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥
(૚)

ࡳି࡭
૜ඨ

૚
ࢇ࢓

࢈࢓ࢇ
ࢉ࢓࢈

ࢉ

૜
 

Now, ටࢇ࢓
࢈࢓ࢇ

ࢉ࢓࢈
૜ࢉ

= ටࢇ࢓
࢈࢓ࢇ

ࢉ࢓࢈
ࢉశ࢈శࢇࢉ

≤
ࡹ࡭ஸࡹࡳ	࢚ࢎࢍ࢏ࢋ࢝ ࢇ࢓ࢇ∑

૛࢙
⇒ ૜ට

૚
ࢇ࢓
࢈࢓ࢇ

ࢉ࢓࢈
ࢉ

૜ ≥
(૛) ૜(૛࢙)

ࢇ࢓ࢇ∑
 

(1), (2) ⇒ ࡿࡴࡸ ≥ ૜(૛࢙)
ࢇ࢓ࢇ∑

≥
? ૜
࢘ାࡾ

⇔ ࢇ࢓ࢇ∑ ≥
(૜)

?
૛ࡾ)࢙+  (࢘

∵ ࢇ࢓ ≤ ૚)ࡾ + ܛܗ܋ ࢇ࢓ࢇ∑ ,etc (࡭ ≤ ࡾ૛ࢇ∑ ⋅ ૛ (ࢇି࢙)࢙
ࢉ࢈ࢇ

 

=
૛࢙ࡾ
૝࢙࢘ࡾ෍ࢇ૛(࢙ − (ࢇ =

૚
૛࢘

ቀ࢙෍ࢇ૛ −෍ࢇ૜ቁ 



 
www.ssmrmh.ro 

=
૚
૛࢘

࢙} ⋅ ૛(࢙૛ − ૝࢘ࡾ − (૛࢘ − ૛࢙)࢙૛ − ૟࢘ࡾ − ૜࢘૛)} 

= ࢙
࢘

(૛࢘ࡾ+ ૛࢘૛) = ૛ࡾ)࢙+ (࢘ ⇒ (3) is true (Proved) 

 

JP.172. Let ࢈,ࢇ, ࢉ࢈ࢇ :be positive real numbers such that ࢉ = ૚. 

 Prove the inequality: 

૝ࢇ

૝ࢇ√૝࢈ + ૝
+

૝࢈

૝࢈√૝ࢉ + ૝
+

૝ࢉ

૝ࢉ√૝ࢇ + ૝
≥ ඨ૜

ࢇ) + ࢈ + (ࢉ
૞

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢉ࢈ࢇ = ૚, give ࢇ = ࢞
࢟

࢈; = ࢟
ࢠ

, ࢉ = ࢠ
࢞
 

Hence ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥ +ࢇ ࢈ + ࢟࢞ If .ࢉ

૛ࢠ
+ ࢠ࢟

૛࢞
+ ࢞ࢠ

૛࢟
≥ ࢞

࢟
+ ࢟

ࢠ
+ ࢠ

࢞
 

If (࢟࢞)૜ + ૜(ࢠ࢟) + ૜(࢞ࢠ) ≥ ૛ࢠ࢟૜࢞ + ૛࢞ࢠ૜࢟ +  ૛ and it’s true because࢟࢞૜ࢠ

૜(࢟࢞) + ૜(࢟࢞) + ૜(ࢠ࢟) ≥ ૜(࢞૛࢟૜ࢠ) 

૜(ࢠ࢟) + ૜(ࢠ࢟) + ૜(࢞ࢠ) ≥ ૜(࢟૛ࢠ૜࢞) 

૜(࢞ࢠ) + ૜(࢞ࢠ) + ૜(࢟࢞) ≥ ૜(ࢠ૛࢞૜࢟) 

Hence, similarly ࢇ
૝

૝ࢉ
+ ૝ࢉ

૝࢈
+ ૝࢈

૝ࢇ
≥ ૜ࢇ

ࢉ
+ ૜ࢉ

࢈
+ ૜࢈

ࢇ
 

Because ࢞૚૛ + ૚૛࢟ + ૚૛ࢠ ≥ ૜ࢠ࢟ૡ࢞ + ૜࢞ࢠૡ࢟ + ࢇ ૜ and࢟࢞ૡࢠ
૝

૝ࢉ
+ ૝ࢉ

૝࢈
+ ૝࢈

૝ࢇ
≥ ૜ࢇ

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
 

Because ࢞૚૛ + ૚૛࢟ + ૚૛ࢠ ≥ ૞ࢠૠ࢞ + ૞࢞ૠ࢟ + ૞࢟ૠࢠ  and ࢇ૞ + ૞࢈ + ૞ࢉ ≥ ૜ࢇ

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
, 

૜ࢇ

ࢉ
+ ૜ࢉ

࢈
+ ૜࢈

ࢇ
 consider ࢇ૝

૝ା૝ࢇ૝ඥ࢈
+ ૝࢈

૝ା૝࢈૝ඥࢉ
+ ૝ࢉ

૝ା૝ࢉ૝ඥࢇ
≥ ට૜(ࢇା࢈ାࢉ)

૞
 

If ቀࢇ
૛

૛࢈
+ ૛࢈

૛ࢉ
+ ૛ࢉ

૛ࢇ
ቁ
૛
≥ ට૜(ࢇା࢈ାࢉ)

૞
൫√ࢇ૝ + ૝ + ૝࢈√ + ૝ + ૝ࢉ√ + ૝൯ 

If ቀࢇ
૛

૛࢈
+ ૛࢈

૛ࢉ
+ ૛ࢉ

૛ࢇ
ቁ
૛
≥ ටૢ

૞
ࢇ) + ࢈ + ૝ࢇ)(ࢉ + ૝࢈ + ૝ࢉ + ૚૛) 

If ቀࢇ
૛

૛࢈
+ ૛࢈

૛ࢉ
+ ૛ࢉ

૛ࢇ
ቁ
૝
≥ ૢ

૞
+ࢇ) ࢈ + ૝ࢇ)(ࢉ + ૝࢈ + ૝ࢉ + ૚૛) 
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If ૚
૜
ቀࢇ

ૡ

ૡ࢈
+ ૡ࢈

ૡࢉ
+ ૡࢉ

ૡࢇ
ቁ + ૜૙ ቀࢇ

૝

૝ࢉ
+ ૝ࢉ

૝࢈
+ ૝࢈

૝ࢇ
ቁ + ૟૙ ቀࢇ

૛

૛࢈
+ ૛࢈

૛ࢉ
+ ૛ࢉ

૛ࢇ
ቁ + 

+૛૙ቆ
૟ࢇ

૛ࢉ૝࢈ +
૟࢈

૛ࢇ૝ࢉ +
૟ࢉ

૛࢈૝ࢇ +
૛ࢉ૝ࢇ

૟࢈ +
૛࢈૝ࢇ

૟ࢇ +
૛ࢇ૝࢈

૟ࢉ ቇ ≥ ૢ൫ࢇ૞ + ૞࢈ + ૞൯ࢉ + 

+ૢቆ
૜ࢇ

࢈ +
૜࢈

ࢉ +
૜ࢉ

ࢇ +
૜ࢇ

ࢉ +
૜ࢉ

࢈ +
૜࢈

ࢇ ቇ + ૚૙ૡ(ࢇ + +࢈  (ࢉ

If ૞(ࢇૡ + ૡ࢈ + (ૡࢉ + ૝૙൫ࢇ૞+࢈૞ + ૞൯ࢉ + ૚૞ ቀࢇ
૜

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
ቁ + ૚૞ቀࢇ

૜

ࢉ
+ ૜ࢉ

࢈
+ ૜࢈

ࢇ
ቁ + 

+૟૙൫ࢇ૛ + ૛࢈ + ૛൯ࢉ ≥ ૢ൫ࢇ૞ + ૞࢈ + ૞൯ࢉ + ૢቆ
૜ࢇ

࢈
+
૜࢈

ࢉ
+
૛ࢉ

ࢇ
+
૜ࢇ

ࢉ
+
૜ࢉ

࢈
+
૜࢈

ࢇ
ቇ + ૚૙ૡ(ࢇ+ ࢈ +  (ࢉ

Therefore, it’s true. 

Solution 2 by Tran Hong-Vietnam 

ࡿࡴࡸ =
൬ࢇ

૛

૛൰࢈
૛

૝ࢇ√ + ૝
+

൬࢈
૛

૛൰ࢉ
૛

૝࢈√ + ૝
+

൬ࢉ
૛

૛൰ࢇ
૛

૝ࢉ√ + ૝
≥

(ࢠ࢘ࢇ࢝ࢎࢉࡿ) ൬∑ࢇ
૛

૛൰࢈
૛

૝ࢇ√∑ + ૝
≥

൬∑ࢇ
૛

૛൰࢈
૛

ඥ૜(ࢇ૝ + ૝࢈ + ૝ࢉ + ૚૛)
 

Must show that: ቀ∑ ૛ࢇ

૛࢈
ቁ
૛
≥ ට૜(ࢇା࢈ାࢉ)

૞
ඥ૜(ࢇ૝ + ૝࢈ + ૝ࢉ + ૚૛); 

⇔ ૞ቆ෍
૛ࢇ

૛ቇ࢈
૝

≥ +ࢇ)ૢ ࢈ + ૝ࢇ)(ࢉ + ૝࢈ + ૝ࢉ + ૚૛) 

૞{ࢇ૚૟ࢉૡ + ૡ࢈૚૟ࢉ + {ૡࢇ૚૟࢈ + ૛૙{ࢉ૛ࢇ૚૙ + ૚૙࢈૛ࢇ + ૚૙ࢉ૛࢈ + ૚૙ࢇૡࢉ + ૚૙࢈ૡࢇ + {૚૙ࢉૡ࢈ + 

+૜૙{࢈૝ࢇૡ + ૡࢉ૝ࢇ + {ૡ࢈૝ࢉ + ૟૙{ࢉ૛ࢇ૝ + ૝࢈૛ࢇ + {૝ࢉ૛࢈ ≥ ૢ൛ࢇ૞ + ૞࢈ + ૞ൟࢉ + 

૝࢈ࢇ}ૢ+ + ૝ࢉࢇ + ૝ࢇ࢈ + ૝ࢉ࢈ + ૝ࢇࢉ + {૝࢈ࢉ + ૚૙ૡ{ࢇ + ࢈ +  (*)  {ࢉ

෍ࢇ૛ ≥
+ࢇ) ࢈ + ૛(ࢉ

૜ ≥ +ࢇ) ࢈ + ∵൫	(ࢉ ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ = ૜൯ 

૞∑ࢇૡ ≥
(࢟ࢎࢉ࢛ࢇ࡯ା࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૞∑ࢇ૞    (1) 

⇒ ૟૙∑ࢇ૛࢈૝ ≥
(࢟ࢎࢉ࢛ࢇ࡯ା࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૟૙∑ࢇ૛ ≥ ૟૙∑(2)   ࢇ 

૜૟∑ࢇ૞ ≥
(࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૜૟ ⋅ ૚
૜
૛ࢇ∑ ૜ࢇ∑ ≥

(࢟ࢎࢉ࢛ࢇ࡯)
૜૟∑ࢇ૛ ≥ ૜૟∑(3)  ࢇ 

૜૙∑ࢇૡ࢈૝ ≥ ૚૞∑ࢇ૝ࢉ + ૚૞∑ࢇ૝࢈ = ࢉ૝ࢇ∑ૢ} + {࢈૝ࢇ∑ૢ + ૟{∑ࢇ૝ࢉ +  (4)   {࢈૝ࢇ∑

૟∑ࢇ૝ࢉ ≥
(࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૟ ૚
૜
૝ࢇ∑ࢇ∑ ≥

(࢟ࢎࢉ࢛ࢇ࡯)
૟∑(5)   ࢇ 



 
www.ssmrmh.ro 

Same ૟∑ࢇ૝࢈ ≥ ૟∑(6)   ࢇ 

૛૙(∑ࢇ૛࢈૚૙ + (૚૙࢈ૡࢇ∑ ≥
(࢟ࢎࢉ࢛ࢇ࡯ା࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૝૙∑ࢇ૞  (7) 

From (1)+(2)	+(3)	+(4)	+(5)	+(6)	+(7)⇒ (*) true. 

 

JP.173. Prove that in any triangle ࡯࡮࡭, 

૚
࡭࢔࢏࢙ +

૚
࡮࢔࢏࢙ +

૚
࡯࢔࢏࢙ ≥

ඨ૟ࡾ
࢘  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

We have to prove, ቀ∵ ∑ ૚
ܖܑܛ ࡭

= ࢘ࡾା૝ࡾ૛࢙
૛࢙࢘

ቁ 

૛࢙) + ૛࢘ + ૝࢘ࡾ)૛

૝࢙૛࢘૛ ≥
૟ࡾ
࢘  

૝࢙ + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૛࢙૛࢘૛ + ૡ࢘૜ࡾ + ૡ࢙࢘ࡾ૛ ≥ ૛૝࢙࢘ࡾ૛ 

૛࢙)૛࢙ + ૛࢘૛ − ૚૟࢘ࡾ) + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૡ࢘૜ࡾ ≥ ૙ 

Since, ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛, then we have to prove, 

(૚૟࢘ࡾ − ૞࢘૛)(࢙૛ + ૛࢘૛ − ૚૟࢘ࡾ) + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૡ࢘૜ࡾ ≥ ૙ 

again, we have to prove, 

(૚૟࢘ࡾ− ૛)૛࢙࢘ + ૜૛࢘ࡾ૜ − ૚૙࢘૝ − ૛૞૟ࡾ૛࢘૛ + ૡ૙࢘ࡾ૜ + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૡ࢘૜ࡾ ≥ ૙ 

૚૟࢘૝ + ૚૟ࡾ૛࢘૛ − ૝૙࢘ࡾ૜ ≥ ૙ 

ૡ࢘૛(૛ࡾ૛ − +࢘ࡾ࢙ ૛࢘૛) ≥ ૙ 

ૡ࢘૛(૛ࡾ− (࢘ −ࡾ) ૛࢘)ᇣᇧᇧᇤᇧᇧᇥ
(ା)	࢘ࢋ࢒࢛ࢋ

 

(proved) 

Solution 2 by Ruanghaw Chaoka-Chiangrai-Thailand 

൬
૚

࡭ܖܑܛ +
૚

ܖܑܛ ࡮ +
૚

ܖܑܛ ൰࡯
૛

≥
?? ૟ࡾ

࢘  

Sine’ law; ࢇ
ܖܑܛ ࡭

= ࢈
࡮ܖܑܛ

= ࢉ
࡯ܖܑܛ

= ࢉ࢈ࢇ
૛ઢ
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൞
ࡾ =

ࢉ࢈ࢇ
૝ઢ

࢘ =
૛ઢ

ࢇ + +࢈ ࢉ

⇒
૟ࡾ
࢘ =

૜ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ
૝ઢ૛  

Now inequality becomes (࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ ≥
??
૜ࢇ)ࢉ࢈ࢇ+ +࢈  (ࢉ

∵ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ = ૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢇࢉ) + ૛ࢇ)ࢉ࢈ࢇ + +࢈  (ࢉ

≥ +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ + ૛ࢇ)ࢉ࢈ࢇ+ +࢈  (ࢉ

= ૜ࢇ)ࢉ࢈ࢇ+ ࢈ + ࢇ holds at (ࢉ = ࢈ =  ࢉ

Solution 3 by Marian Ursărescu-Romania 

We must show: 

ቀ ૚
࡭ܖܑܛ

+ ૚
࡮ܖܑܛ

+ ૚
࡯ܖܑܛ

ቁ
૛
≥ ૟ࡾ

࢘
   (1) 

But ቀ ૚
࡭ܖܑܛ

+ ૚
࡮ܖܑܛ

+ ૚
ܖܑܛ ࡯

ቁ
૛
≥ ૜∑ ૚

࡭ܖܑܛ ࡮ܖܑܛ ࡯ܖܑܛ
    (2) 

But ∑ ૚
ܖܑܛ ࡭ ࡮ܖܑܛ

= ૛ࡾ
࢘

   (3) 

From (2)+(3)⇒ ቀ ૚
࡭ܖܑܛ

+ ૚
࡮ܖܑܛ

+ ૚
ܖܑܛ ࡯

ቁ
૛
≥ ૟ࡾ

࢘
⇒ (1) it’s true. 

 

JP.174. Prove that in any triangle ࡯࡮࡭, 

ࢇࢎ
ࢇ

+
࢈ࢎ
࢈

+
ࢉࢎ
ࢉ
≥ ඥ૟(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  (࡯ܛܗ܋

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Lahiru Samarakoon-Sri Lanka 

For any ઢ࡯࡮࡭, ∑ ࢇࢎ
ࢇ
≥ ඥ૟(૚ + ܛܗ܋ ࡭ ࡮ܛܗ܋  (࡯ܛܗ܋

࡭ܛܗ܋∏ = ࡾି࢘ࡾ૛ି૝ࡾ૛ି૝ࡿ
૝ࡾ૛

 so, 

෍
૛ઢ
૛ࢇ ≥

ඨ૟ቆ૚ +
૛ࡿ − ૝ࡾ૛ − ૝࢘ࡾ − ૛࢘

૝ࡾ૛ ቇ 

૛ઢ෍
૚
૛ࢇ ≥

ඨ૟(ࡿ૛ − ૝࢘ࡾ− (૛࢘
૝ࡾ૛  
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∴ we have to prove ૝ઢ૛ࡾ૛ᇣᇤᇥ
૛ࢉ૛࢈૛ࢇ

	× 	૝ ቀ∑ ૚
૛ࢇ
ቁ
૛
≥ ૜	× 	૛(ࡿ૛ − ૛࢘ − ૝࢘ࡾ)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

൫∑ ૛൯ࢇ

 

∴ we have to prove, ࢇ૛࢈૛ࢉ૛ ൫∑ࢇ૛࢈૛൯
૛

൫ࢇ૛࢈૛ࢉ૛൯૛
≥ ૜(∑ࢇ૛) 

ቀ෍ࢇ૛࢈૛ቁ
૛
≥ ૜ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ 

It’s true. 

∵ ૜ࢇ૛࢈૛ࢉ૛ ቀ෍ࢇ૛ቁ = ૜[(ࢇ૛࢈૛)(ࢇ૛ࢉ૛) + (૛ࢉ૛࢈)(૛ࢇ૛࢈) +  [(૛ࢉ૛ࢇ)(૛ࢉ૛࢈)

≤ ૜ ൫ࢇ૛࢈૛ା࢈૛ࢉ૛ାࢇ૛ࢉ૛൯
૛

૜
. So, proved 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
ࢇࢎ
ࢇ ≥

(૚)
ඥ૟(૚ + ܛܗ܋ ࡮ܛܗ܋࡭ ܛܗ܋  (࡯

(1) ⇔ ∑ ૛ࢉ૛࢈

ૡࡾ૛࢙࢘
≥ ට૟ቀ૚ + ૛࢘ି࢘ࡾ૛ି૝ࡾ૛ି૝࢙

૝ࡾ૛
ቁ 

⇔
૛(૛࢈૛ࢇ∑)

૟૝ࡾ૝࢘૛ࡿ૛ ≥
૜∑ࢇ૛

૝ࡾ૛ ⇔ ቀ෍ࢇ૛࢈૛ቁ
૛
≥
(૛)

૜(ࢉ࢈ࢇ)૛෍ࢇ૛ 

(∵ ૝࢙ࡾ =  (ࢉ࢈ࢇ

Let ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ = ࢠ ∴ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ,࢞ ࢉ = ࢞ +  ࢟

Using the above substitution, (2) becomes (upon simplification): 

෍࢞ૡ + ૝෍࢞ૠ ࢟ + ૝෍࢟࢞ૠ + ૝෍࢞૟࢟૛ + ૝෍࢞૛࢟૟ + ૚૛ࢠ࢟࢞ ቀ෍࢞૞ቁ + 

+૟ࢠ࢟࢞ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ ≥
(૜)

૛෍࢞૞࢟૜ + ૛෍࢞૜࢟૞ + ૞෍࢞૝࢟૝ + 

+૚૙ࢠ࢟࢞ቀ෍࢞૜࢟૜ + ෍࢞૛࢟૜ቁ + ૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ + ૡ࢞૛࢟૛ࢠ૛ ቀ෍࢟࢞ቁ 

We have, ૛∑ ૛࢟૟࢞ + ૛∑࢞૛࢟૟ ≥
࢜ࢋ࢙࢟࢈ࢋࢎ࡯ ૛

૛
૛࢟૛࢞∑ ૛࢞) + ૛࢞)(૛࢟ +  (૛࢟

≥
(ࢇ)

ࡳି࡭
૛෍࢞૛࢟૛(࢞૛ + (૛࢟ ⋅ ࢟࢞ = ૛෍࢞૞࢟૜ + ૛෍࢞૜࢟૞ 

Also, ૛∑ ૛࢟૟࢞ + ૛∑ ૟࢟૛࢞ ≥
(࢈)

ࡳି࡭
૝∑࢞૝࢟૝ 
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Also, ∑࢞ૠ࢟ + ૠ࢟࢞∑ ≥
(ࢉ)

ࡳି࡭
૛∑࢞૝࢟૝ 

Again, ૚૛ࢠ࢟࢞൫∑ ૞൯࢞ = ૟ࢠ࢟࢞∑൫࢞૞ + ૞൯࢟ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛
૟࢞)∑ࢠ࢟࢞૛ + ૜࢞)(૛࢟ +  (૜࢟

≥
(ࢊ)

ࡳି࡭
૟ࢠ࢟࢞෍࢟࢞ ⋅ ࢞)࢟࢞ + (࢟ = ૟ࢠ࢟࢞ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 

Again, ૝࢞∑)ࢠ࢟࢞૝࢟ + (૝࢟࢞∑ = ૝࢟࢞∑ࢠ࢟࢞ ૜࢞) +  (૜࢟

≥
(ࢋ)
૝ࢠ࢟࢞෍࢞૛࢟૛(࢞ + (࢟ = ૝ࢠ࢟࢞ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 

Moreover, ૛࢞∑)ࢠ࢟࢞૝࢟ + (૝࢟࢞∑ = ૛࢞)ࢠ∑}ࢠ࢟࢞૝ +  {(૝࢟

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૛ࢠ࢟࢞

૛ ෍࢞)ࢠ૛ + ૛)૛࢟ ≥
(ࢌ)

ࡳି࡭
ࢠ࢟࢞ ቄ෍૛࢞)ࢠ࢟࢞૛ + ૛)ቅ࢟ = ૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ 

Also, ∑࢞૝࢟૝ ≥ ૛࢟૛࢞ ⋅ ૛ࢠ૛࢟ + ૛ࢠ૛࢟ ⋅ ૛࢞૛ࢠ + ૛࢟૛࢞ ⋅  ૛࢞૛ࢠ

= ૛ࢠ૛࢟૛࢞ ቀ෍࢞૛ቁ ≥
(ࢍ)

૛ࢠ૛࢟૛࢞ ቀ෍࢟࢞ቁ 

Also, ∑࢞ૡ ≥ ૝࢟૝࢞∑ ≥
(ࢎ)

(ૢ)	࢟࢈
 (࢟࢞∑)૛ࢠ૛࢟૛࢞

Lastly, ૜(∑࢞ૠ࢟ + (ૠ࢟࢞∑ = ૜{∑ࢠ ૠࢠ) + {(ૠ࢟ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૜

૛
∑ ૜࢞)ࢠ + ૝࢞)(૜࢟ +  (૝࢟

≥
૜
૛෍࢞)࢟࢞ࢠ + ૝࢞)(࢟ + (૝࢟ ≥

ࡳି࡭
	૜ࢠ࢟࢞෍(࢞ +  ૛࢟૛࢞(࢟

= ૜ࢠ࢟࢞෍{ࢠ૜(࢞૛ + {(૛࢟ ≥
ࡳି࡭

૜ࢠ࢟࢞෍(ࢠ૜ ⋅ ૛࢟࢞) 

= ૟࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ ≥
(࢐)
૟࢞૛࢟૛ࢠ૛ ቀ෍࢟࢞ቁ 

(a)+(b)	+(c)	+(d)	+(e)	+(f)	+(g)	+(h)	+(j)⇒ (3) 

It is true (proved) 

 

JP.175. Prove that in any acute triangle ࡯࡮࡭, 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤  ૛࢙

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution 1 by Bogdan Fustei-Romania 

In any acute-angled ઢ࡯࡮࡭ we have the following inequality: 

ࢇ࢓ ≤ ૛ܛܗ܋ࡾ૛ ࡭
૛
	 (and the analogs) 

ࢇ࢘ = ࡿ
ࢇି࢖

  (and the analogs) 

࢈࢘ + ࢉ࢘ =
ࡿ

࢖ − ࢈ +
ࡿ

࢖ − ࢉ = ൬ࡿ
૚

࢖ − ࢈ +
૚

࢖ − ൰ࢉ =
−࢖)ࡿ ࢈ + ࢖ − (ࢉ

࢖) − ࢖)(࢈ − (ࢉ  

࢈࢘ + ࢉ࢘ = ࢇࡿ
(ࢉି࢖)(࢈ି࢖)

ࡿ; = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ −     (ࢉ

࢈࢘ + ࢉ࢘ =
࢖)࢖ඥࢇ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ

࢖) − ࢖)(࢈ − (࢈ = ඨࢇ
࢖)࢖ − (ࢇ

࢖) − ࢖)(࢈ −  (ࢉ

ܖܑܛ ࡭
૛

= ට(࢈ି࢖)(ࢉି࢖)
ࢉ࢈

  (and the analogs) 

ܛܗ܋ ࡭
૛

= ට(ࢇି࢖)࢖
ࢉ࢈

   (and the analogs) 

૛࡭ܖܑܛ
૛࡭ܛܗ܋

= ට(࢈ି࢖)(ࢉି࢖)
(ࢇି࢖)࢖

 (and the analogs) 

ࢇ = ૛ܖܑܛࡾ (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢋࢎ࢚	ࢊ࢔ࢇ)	࡭
࡭ܖܑܛ = ૛ ܖܑܛ ࡭

૛
ܛܗ܋ ࡭

૛
ቋ(࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢋࢎ࢚	ࢊ࢔ࢇ)	 ⇒ ࢇ = ૝ࡾ ܖܑܛ ࡭

૛
ܛܗ܋ ࡭

૛
   (and the analogs) 

࢈࢘ + ࢘ = ૝ࡾ ܖܑܛ
࡭
૛ ܛܗ܋

࡭
૛ ⋅

૛࡭ܛܗ܋
૛࡭ܖܑܛ

= ૝ࡾ ૛ܛܗ܋
࡭
૛ 

ࢉ࢘ା࢈࢘
૛

= ૛ܛܗ܋ࡾ૛ ࡭
૛

 (and the analogs) 

So, we have the following: ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋ ࡭
૛

  (and the analogs) 

ࢇ࢓⇔ ≤
ࢉ࢘ା࢈࢘
૛

  (and the analogs) 

ࢇ࢘ࢇ࢓ ≤
(ࢉ࢘ା࢈࢘)ࢇ࢘

૛
   (and the analogs) 

But ࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢉ࢘ࢇ࢘ = ૛࢖ . Summing we have 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤
૛࢖૛

૛
=  .acute – angled ࡯࡮࡭૛ for ઢ࢖
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ઢ࡯࡮࡭ is acute, ∴ ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋ ࡭
૛

, etc., ∴ ࢇ࢘ࢇ࢓∑ ≤ ∑૛ܛܗ܋ࡾ૛ ࡭
૛
࢙ ܖ܉ܜ ࡭

૛
 

= ૛ܛܗ܋∑࢙ࡾ ࡭
૛
ܖܑܛ ࡭

૛
= ቀ∑࢙ࡾ ࢇ

૛ࡾ
ቁ = ࢙

૛
(ࢇ∑) =  ૛   (proved)࢙

Solution 3 by Marian Ursărescu-Romania 

In any acute ઢ࡯࡮࡭ we have: ࢇ࢓ ≤ ૛ܛܗ܋ࡾ૛ ࡭
૛

   (1) 

and ࢇ࢘ = ࡿ
ࢇି࢙

   (2). From (1)+(2)⇒ ࢇ࢘ࢇ࢓∑ ≤ ૛ࡿࡾ∑
૛࡭૛ܛܗ܋
ࢇି࢙

⇒ 

ࢇ࢘ࢇ࢓∑ ≤ ૛࢙࢘ࡾ∑
૛࡭૛ܛܗ܋
ࢇି࢙

   (3) 

But in any ઢ࡯࡮࡭ we have: ∑
૛࡭૛ܛܗ܋
ࢇି࢙

= ࢙
૛࢘ࡾ

   (4) 

From (3)+(4)⇒ ࢇ࢘ࢇ࢓∑ ≤ ૛࢙࢘ࡾ ⋅ ࢙
૛࢘ࡾ

=  ૛࢙

Solution 4 by Marin Chirciu – Romania  

We prove the following lemma: 

Lemma 1 

2) In acute ઢ࡯࡮࡭: 

ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋
࡭
૛ 

Mircea Lascu’s inequality 

Proof 

Let ࡹ be the middle of BC side and ࡻ the circumcenter of ઢ࡯࡮࡭. In ઢࡻࡹ࡭ we have 

ࡹ࡭ ≤ ࡻ࡭ + ࡹࡻ ⇔ ࢇ࢓ ≤ ࡾ + ࡭ܛܗ܋ࡾ = ૚)ࡾ + (࡭ܛܗ܋ = ࡾ ⋅ ૛ ૛ܛܗ܋
࡭
૛ = ૛ܛܗ܋ࡾ૛

࡭
૛ 

Equality holds if and only if ࢈ = ࡭ or if ࢉ = ૢ૙°. 

Back to the main problem: 

Using Lemma 1 and ࢇ࢘ = ࡿ
ࢇି࢙

 we obtain: 

෍ࢇ࢘ࢇ࢓ ≤෍૛ܛܗ܋ࡾ૛
࡭
૛ ⋅

ࡿ
࢙ − ࢇ = ૛ࡿࡾ෍

૛ܛܗ܋ ૛࡭
࢙ − ࢇ = ૛࢙࢘ࡾ෍

࢙)࢙ − (ࢇ
ࢉ࢈
࢙ − ࢇ = 

= ૛࢙࢘ࡾ૛∑ ૚
ࢉ࢈

= ૛࢙࢘ࡾ૛ ⋅ ࢉା࢈ାࢇ
ࢉ࢈ࢇ

= ૛࢙࢘ࡾ૛ ⋅ ૛࢙
૝࢙࢘ࡾ

=  .૛࢙
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Equality holds if and only if the triangle is equilateral. 

Remark. 

Let’s hightlight an inequality having an opposite sense: 

3) In ઢ࡯࡮࡭: 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≥ ૛ૠ࢘૛ 

Proposed by Marin Chirciu – Romania  

Solution 

We prove the following lemma: 

 

Lemma 2. 

4) In ઢ࡯࡮࡭: 

ࢇ࢓ ≥
૛࢈ + ૛ࢉ

૝ࡾ  

Tereshin’s inequality 

Proof 

We write the power of  ࡹ point (the middle of ࡯࡮ side) towards the circumcircle of 

ઢ࡯࡮࡭: 

࡭ࡹ ⋅ ࡰࡹ = ࡮ࡹ ࡯ࡹ⋅ ⇔ (ࢇ࢓−ࡰ࡭)ࢇ࢓ =
ࢇ
૛ ⋅

ࢇ
૛ ⇔ ࢇ࢓ ⋅ ࡰ࡭ =

૛ࢇ

૝ + ࢇ࢓
૛ ࢇ࢓⇔ ⋅ ࡰ࡭

=
૛࢈ + ૛ࢉ

૛  

As ࡰ࡭ ≤ ૛ࡾ it follows ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
. Equality holds if ࢈ = ࡭ or if ࢉ = ૢ૙°. 

Back to the main problem: 

Using Lemma 2 and ࢇ࢘ = ࡿ
ࢇି࢙

 we obtain: 

෍ࢇ࢘ࢇ࢓ ≥෍
૛࢈ + ૛ࢉ

૝ࡾ ⋅
ࡿ

࢙ − ࢇ =
ࡿ
૝ࡾ෍

૛࢈ + ૛ࢉ

࢙ − ࢇ =
ࡿ
૝ࡾ ⋅

૛[࢙૛(૛ࡾ+ ૜࢘)− ࡾ૝)࢘ + [૛(࢘
ࡿ = 

= ૛(࢘ାࡾ૝)࢘ି(࢘ା૜ࡾ૛)૛࢙

૛ࡾ
   (1) 

Using (1) is sufficient to prove that: 
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૛(࢘ାࡾ૝)࢘ି(࢘ା૜ࡾ૛)૛࢙

૛ࡾ
≥ ૛ૠ࢘૛ ⇔ +ࡾ૛(૛࢙ ૜࢘) ≥ ૛ࡾ૚૟)࢘ + ૟૛࢘ࡾ+  ૛), which follows from࢘

Gerretsen’s inequality: ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛. It remains to prove that: 

(૚૟࢘ࡾ − ૞࢘૛)(૛ࡾ+ ૜࢘) ≥ ૛ࡾ૚૟)࢘ + ૟૛࢘ࡾ+ (૛࢘ ⇔ ૛ࡾ૛ − ૜࢘ࡾ − ૛࢘૛ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૛ࡾ + (࢘ ≥ ૙ obviously form Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

Remark. 

We can prove the double inequality: 

1) In acute-angled  ઢ࡯࡮࡭: 

૛ૠ࢘૛ ≤ ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤  .૛࢙

Solution 

See inequalities 1) and 3). 

Equality holds if and only if the triangle is equilateral. 

 

JP.176. If ࢈,ࢇ > 0, then: 

ࢇ) + (࢈ ⋅
࢔࢏࢙ ࢞
࢞

+
૛࢈ࢇ
ࢇ + ࢈

⋅
࢔ࢇ࢚ ࢞
࢞

>
૝√૛࢈ࢇ
ࢇ + ࢈

࢞∀, ∈ ቀ૙;
࣊
૛
ቁ 

Proposed by Rovsen Pirguliyev – Sumgait – Azebaijan  

Solution 1 by Tran Hong-Vietnam 

Inequality ⇔ +ࢇ) ૛(࢈ ࢞ܖ܉ܜ + ૛࢈ࢇ ܖܑܛ ࢞ > 4√૛࢞࢈ࢇ 

+ࢇ) ૛(࢈ ࢞ܖ܉ܜ + ૛࢈ࢇ൫ܖܑܛ ࢞ − ૛√૛࢞൯ > 0   (*) 

Let (࢞)ࢌ = ࢇ) + ૛(࢈ ܖ܉ܜ ࢞ + ૛࢈ࢇ൫ܖܑܛ ࢞ − ૛√૛࢞൯, ቀ૙ < ݔ < ࣊
૛
ቁ 

(࢞)ᇱࢌ = ࢇ) + ૛(࢈
૚

૛ܛܗ܋ ࢞ + ૛࢈ࢇ൫ܛܗ܋ ࢞ − ૛√૛൯ 

(࢞)ᇱᇱࢌ = ૛(ࢇ+ ૛(࢈
ܖܑܛ ࢞
૜ܛܗ܋ ࢞ − ૛࢈ࢇ ܖܑܛ  ࢞

= ૛ ܖܑܛ ࢞ ቆ
ࢇ] + ૛[࢈

૜ܛܗ܋ ࢞ − ቇ࢈ࢇ = ૛ܖܑܛ ࢞ ቆ
+ࢇ] ૛[࢈ − ૜ܛܗ܋࢈ࢇ ࢞

૜ܛܗ܋ ࢞ ቇ 

≥ ૛࢈ࢇ ܖܑܛ ࢞ ቆ
૛ − ૜ܛܗ܋ ࢞
૜ܛܗ܋ ࢞ ቇ > ݔ∀,0 ∈ ቀ૙,

࣊
૛
ቁ 
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⇒ (࢞)ᇱࢌ ↗ on ቀ૙, ࣊
૛
ቁ ⇒ (࢞)ᇱࢌ > ᇱ(૙)ࢌ = ࢇ) + ૛(࢈ + ૛࢈ࢇ൫૚ − ૛√૛൯ 

= ૛ࢇ + ૛࢈ + ૛࢈ࢇ൫૛ − ૛√૛൯ ≥ ૛࢈ࢇ൫૜ − ૛√૛൯ > 0 

⇒ (࢞)ࢌ ↗ on ቀ૙, ࣊
૛
ቁ ⇒ (࢞)ࢌ > ݂(૙) = ૙ ⇒ (*) true. 

Solution 2 by Ravi Prakash-New Delhi-India 

For ૙ ≤ ࢞ < ࣊
૛

, let (࢞)ࢌ = ࢇ) + ૛(࢈ ܖܑܛ ࢞ + ૛࢈ࢇ ࢞ܖ܉ܜ − ૝√૛࢞࢈ࢇ 

(࢞)ᇱࢌ = +ࢇ) ૛(࢈ ܛܗ܋ ࢞ + ૛࢈ࢇ ૛܋܍ܛ ࢞ − ૝√૛࢈ࢇ ≥ ૝࢈ࢇ ܛܗ܋ ࢞ + ૛܋܍ܛ࢈ࢇ૛ ࢞ − ૝√૛࢈ࢇ 

≥ ૟ܛܗ܋)ൣ࢈ࢇ ૛܋܍ܛ)࢈ࢇ૝(࢞ ൧࢈ࢇ૛(࢞
૚
૟࢈ࢇ − ૝√૛࢈ࢇ ≥ ૟࢈ࢇ − ૝√૛࢈ࢇ > 0 

⇒ ,is an increasing function on ቂ૙ (࢞)ࢌ ࣊
૛
ቃ ⇒ (࢞)ࢌ > ݂(૙) for ૙ < ݔ < ࣊

૛
 

⇒ +ࢇ) ૛(࢈ ܖܑܛ +࢞ ૛࢈ࢇ ࢞ܖ܉ܜ > 4√૛࢈ࢇ	࢞ ⇒ +ࢇ) (࢈
ܖܑܛ ࢞
࢞ +

૛࢈ࢇ
+ࢇ ࢈ ⋅

ܖ܉ܜ ࢞
࢞ >

૝√૛࢈ࢇ
ࢇ + ࢈  

 

JP.177. If ࢈,ࢇ, ࢉ ≥ ૙ then: 

૛(ࢇ + ࢈ + (ࢉ + ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૜൫√࢈ࢇ + ࢉ࢈√ +  ൯ࢇࢉ√

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kelvin Hong-Rawang-Malaysia 

We have: (ࢇ + +࢈ +࢈)(ࢉ ࢉ + (ࢇ ≥
࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔ࡵ	ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

൫√࢈ࢇ + ࢉ࢈√ + ൯ࢇࢉ√
૛

 

∴ ࢇ + ࢈ + ࢉ ≥ ࢈ࢇ√ + ࢉ࢈√ +  Also, that .ࢇࢉ√

෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥
ࡹࡳିࡹ࡭

෍√૛࢈ࢇ − ࢈ࢇ
ࢉ࢟ࢉ

= ෍√࢈ࢇ
ࢉ࢟ࢉ

 

Therefore 

૛(ࢇ+ ࢈ + (ࢉ + ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૛൫√࢈ࢇ+ +ࢉ࢈√ ൯ࢇࢉ√ + ෍√࢈ࢇ
ࢉ࢟ࢉ

= ૜෍√࢈ࢇ
ࢉ࢟ࢉ

 

Solution 2 by Amit Dutta-Jamshedpur-India 

∵ We know that: (ࢇ૛ + ૛࢈ − (࢈ࢇ = ૚
૝

ࢇ) + ૛(࢈ + ૜
૝

ࢇ) −  ૛(࢈
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⇒ ඥࢇ૛ + ૛࢈ − ࢈ࢇ = ඨ૚
૝

+ࢇ) ૛(࢈ +
૜
૝

ࢇ) − ૛(࢈ ≥ ൬
ࢇ + ࢈
૛ ൰ 

⇒ ඥࢇ૛ + ૛࢈ − ࢈ࢇ ≥ ൬
+ࢇ ࢈
૛ ൰ 

෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥෍൬
ࢇ + ࢈
૛ ൰

ࢉ࢟ࢉ

≥෍ࢇ
ࢉ࢟ࢉ

 

⇒෍(ࢇ + (࢈
ࢉ࢟ࢉ

+ ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥෍(ࢇ + (࢈
ࢉ࢟ࢉ

+ ෍ࢇ
ࢉ࢟ࢉ

 

≥ ૜(ࢇ + +࢈ (ࢉ ≥
૜
૛
ቀ෍૛ࢇቁ ≥

૜
૛

+ࢇ)} (࢈ + ࢈) + (ࢉ + +ࢉ)  {(ࢇ

≥
ࡹࡳିࡹ࡭ ૜

૛ ൫૛√࢈ࢇ+ ૛√ࢉ࢈+ ૛√ࢉࢇ൯ 

૛(ࢇ+ ࢈ + (ࢉ + ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૜൫√࢈ࢇ+ +ࢉ࢈√  ൯ࢉࢇ√

(proved) 

Solution 3 by Boris Colakovic-Belgrade-Serbia 

૛ࢇ + ૛࢈ − ࢈ࢇ ≥ ࢈ࢇ ⇔ ඥࢇ૛ + ૛࢈ − ࢈ࢇ ≥ ࢈ࢇ√ ⇔ ∑ ඥࢇ૛ + ૛࢈ − ࢉ࢟ࢉ࢈ࢇ ≥ ࢈ࢇ√ + ࢉ࢈√ +  (1)   ࢇࢉ√

૛(ࢇ+ ࢈ + (ࢉ = +ࢇ) (࢈ + ࢈) + (ࢉ + +ࢉ) (ࢇ ≥
ࡹࡳିࡹ࡭

૛√࢈ࢇ + ૛√ࢉ࢈ + ૛√(2)    ࢇࢉ 

From (1) and (2) ⇒ LHS ≥ ૜൫√࢈ࢇ + +ࢉ࢈√  ൯ࢇࢉ√

Solution 4 by Michael Sterghiou-Greece 

૛∑ ࢉ࢟ࢉࢇ + ∑ ૛ࢇ√ + ૛࢈ − ࢉ࢟ࢉ࢈ࢇ ≥ ૜∑ ࢉ࢟ࢉ࢈ࢇ√   (1) 

LHS (1) = ૛∑ ࢉ࢟ࢉࢇ + ∑ √૛࢈ࢇ − ࢉ࢟ࢉ࢈ࢇ = ૛∑ ࢉ࢟ࢉࢇ + ∑ ࢉ࢟ࢉ࢈ࢇ√  

It suffices to show that: ∑ ࢉ࢟ࢉࢇ ≥ ∑ ࢉ࢟ࢉ࢈ࢇ√   or ∑ ൫√ࢇ൯
૛

ࢉ࢟ࢉ ≥ ∑ ࢉ࢟ࢉ࢈ࢇ√  

which holds (rearrangement inequality). 

Solution 5 by Ravi Prakash-New Delhi-India 

ࢇ + ࢈ + ඥࢇ૛ + ૛࢈ − ࢈ࢇ − ૜√࢈ࢇ ≥ +ࢇ ࢈ + √૛࢈ࢇ − ࢈ࢇ − ૜√࢈ࢇ = 

= +ࢇ ࢈ − ૛√࢈ࢇ = ൫√ࢇ − ൯࢈√
૛
≥ ૙ 

⇒ +ࢇ ࢈ + ૛ࢇ√ + ૛࢈ − ࢈ࢇ ≥ ૜√(1)   ࢈ࢇ 
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Similarly, ࢈ + ࢉ + ૛࢈√ + ૛ࢉ − ࢉ࢈ ≥ ૜√(2)   ࢉ࢈ 

and ࢉ + +ࢇ ૛ࢉ√ + ૛ࢇ − ࢇࢉ ≥ ૜√(3)   ࢇࢉ 

Adding (1), (2), (3), we get: 

૛(ࢇ+ ࢈ + (ࢉ + ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૜൫√࢈ࢇ+ +ࢉ࢈√  ൯ࢇࢉ√

Solution 6 by Seyran Ibrahimov-Maasilli-Azerbaijan 

෍ࢇ + ࢈
ࢉ࢟ࢉ

+ ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૜෍√࢈ࢇ
ࢉ࢟ࢉ

 

+ࢇ ࢈ + ૛ࢇ√ + ૛࢈ − ࢈ࢇ ≥ ૜√࢈ࢇ ⇒  (1) 

⇒ ൫√ࢇ − ൯࢈√
૛

+ ૛ࢇ√ + ૛࢈ − ࢈ࢇ − ࢈ࢇ√ ≥ ૙	 (∀࢈,ࢇ	ࢇ) − ૛(࢈ ≥ ૙) 

⇒
࢈ࢇ૛ஹ૛࢈૛ାࢇ

൫√ࢇ − ൯࢈√
૛

+ ࢈ࢇ√ − ࢈ࢇ√ = ൫√ࢇ − ൯࢈√
૛
≥ ૙    (*) 

⇒
(∗)
࢈ + ࢉ + ૛࢈√ + ૛ࢉ − ࢉ࢈ ≥ ૜√(2)   ࢉ࢈ 

∧ +ࢇ ࢉ + ૛ࢇ√ + ૛ࢉ − ࢉࢇ ≥ ૜√(3)   ࢉࢇ 

(1)+(2)+(3)⇒ 

૛෍ࢇ
ࢉ࢟ࢉ

+ ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ
ࢉ࢟ࢉ

≥ ૜෍√࢈ࢇ
ࢉ࢟ࢉ

 

(Proved) 

Solution 7 by Tran Hong-Vietnam 

Using Cauchy’s inequality, we have: ࢇ + ࢈ ≥ ૛√࢈;࢈ࢇ + ࢉ ≥ ૛√ࢉ;ࢉ࢈ + ࢇ ≥ ૛√ࢉࢇ 

→ ૛(ࢇ + ࢈ + (ࢉ ≥ ૛൫√࢈ࢇ+ ࢉࢇ√ +  ൯   (1)ࢉ࢈√

૛ࢇ√ + ૛࢈ − ࢈ࢇ ≥ √૛࢈ࢇ− ࢈ࢇ =  (2)   ࢈ࢇ√

૛࢈√ + ૛ࢉ − ࢉ࢈ ≥ √૛ࢉ࢈− ࢉ࢈ =  (3)   ࢉ࢈√

૛ࢇ√ + ૛ࢉ − ࢉࢇ ≥ √૛ࢉࢇ − ࢉࢇ =  (4)   ࢉࢇ√

→ (1)+(2)+(3)+(4) we proved. Equality then ࢇ = ࢈ =  .ࢉ

Solution 8 by Soumava Chakraborty-Kolkata-India 

૛෍ࢇ + ෍ඥࢇ૛ + ૛࢈ − ࢈ࢇ ≥
(૚)

૜ ቀ෍√࢈ࢇቁ 
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∵ ૛ࢇ + ૛࢈ − ࢈ࢇ =
૚
૝

ࢇ) + ૛(࢈ +
૜
૝

ࢇ) − ૛(࢈ ≥
ࢇ) + ૛(࢈

૝  

∴ ૛ࢇ√ + ૛࢈ − ࢈ࢇ ≥ ࢈ାࢇ
૛

(∵ ࢇ + ࢈ ≥ ૙	࢙ࢇ	࢈,ࢇ ≥ ૙)  etc. 

∴ LHS of (1) ≥
(ࢇ)

૛∑ࢇ + ૚
૛
+ࢇ)∑ (࢈ = ૜∑ࢇ 

Also, RHS of (1) ≤
ࡿ࡮࡯

૜ඥ∑ࢇඥ∑ࢇ = ૜∑ࢇ ≤
(ࢇ)	࢟࢈

 LHS of (1) (Proved) 

Solution 9 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢟,࢞ ≥ ૙, we have ࢞૛ − ࢟࢞ + ૛࢟ ≥ ቀ࢞ା࢟
૛
ቁ
૛

 

Hence for ࢈,ࢇ, ࢉ ≥ ૙, we get 

૛(ࢇ + ࢈ + (ࢉ + ඥࢇ૛ − ࢈ࢇ + ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ + ඥࢉ૛ − ࢇࢉ +  ૛ࢇ

≥ ૛(ࢇ + ࢈ + (ࢉ +
ࢇ + ࢈
૛ +

࢈ + ࢉ
૛ +

ࢉ + ࢇ
૛  

= +ࢇ) (࢈ + ࢈) + (ࢉ + ࢉ) + (ࢇ +
+ࢇ ࢈
૛ +

+࢈ ࢉ
૛ +

ࢉ + ࢇ
૛  

≥ ૛√࢈ࢇ + ૛√ࢉ࢈+ ૛√ࢇࢉ + ࢈ࢇ√ + +ࢉ࢈√ ࢇࢉ√ = ૜൫√࢈ࢇ + +ࢉ࢈√  ൯ࢇࢉ√

Therefore, it is to be true. 

 

JP.178. If ࢈,ࢇ > 0 then: 

૜ࢇ + ૜࢈ + ቀඥࢇ૛ + ૛ቁ࢈
૜

+
૝ࢇ૛࢈૛

ࢇ + ࢈ + ૛ࢇ√ + ૛࢈
> ૛ࢇඥ࢈ࢇ4 +  ૛࢈

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

Put ࢇ = ࢘ ࣂܛܗ܋ ࢈, = ࢘ ࣂܖܑܛ ,૙ < ߠ < ࣊
૛

. The inequality 

૜ࢇ + ૜࢈ + ቀඥࢇ૛ + ૛ቁ࢈
૜

+
૝ࢇ૛࢈૛

ࢇ + +࢈ ૛ࢇ√ + ૛࢈
> ૛ࢇඥ࢈ࢇ4 +  ૛࢈

becomes ܛܗ܋૜ +ࣂ ૜ܖܑܛ ࣂ + ૚ + ૝ ૛ܛܗ܋ ࣂ ૛ܖܑܛ ࣂ
ܛܗ܋ ା૚ࣂܖܑܛାࣂ

> 4 ࣂܛܗ܋ ܖܑܛ  ࣂ

⇔ ૜ܛܗ܋ +ࣂ ૜ܖܑܛ ࣂ + ૚ +
૛ ࣂܛܗ܋ ܖܑܛ ࣂ ܖܑܛ)] ࣂ + ܛܗ܋ ૛(ࣂ − ૚]

ܛܗ܋ +ࣂ ܖܑܛ ࣂ + ૚ > 4 ܛܗ܋ ࣂ  ࣂܖܑܛ
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⇔ ૜ܛܗ܋ ࣂ + ૜ܖܑܛ +ࣂ ૚ + ૛ ܛܗ܋ ܖܑܛࣂ ࣂ ࣂܛܗ܋) + ܖܑܛ ࣂ − ૚) − ૝ࣂܛܗ܋ ܖܑܛ ࣂ > 0 

⇔ ૚ + ૜ܛܗ܋ ࣂ + ૜ܖܑܛ ࣂ + ૛ ૛ܛܗ܋ ܖܑܛࣂ +ࣂ ૛ ࣂܛܗ܋ ૛ܖܑܛ ࣂ − ૟ ܛܗ܋ ࣂ ܖܑܛ ࣂ > 0 

⇔ ૚ + ࣂܛܗ܋ ૛ܛܗ܋) +ࣂ ૛ܖܑܛ (ࣂ + ܖܑܛ ࣂ ૛ܖܑܛ) ࣂ + ૛ܛܗ܋ (ࣂ + 

+ ૛ܛܗ܋ ࣂ ܖܑܛ +ࣂ ૛ܖܑܛ ࣂ ࣂܛܗ܋ − ૟ ܖܑܛ ࣂ ܛܗ܋ ࣂ > 0 

⇔ ૚ + ܛܗ܋ +ࣂ ܖܑܛ ࣂ + ૛ܛܗ܋ ࣂ ࣂܖܑܛ + ૛ܖܑܛ ࣂܛܗ܋ࣂ − ૟ܖܑܛ ࣂܛܗ܋ࣂ > 0 

⇔ ܖܑܛ) ࣂ − ܛܗ܋ ૛(ࣂ + +ࣂܛܗ܋) ૛ܖܑܛ ࣂ ࣂܛܗ܋ − ૛ ܖܑܛ ࣂ (ࣂܛܗ܋ + 

૛ܖܑܛ)+ +ࣂ ૛ܛܗ܋ ܖܑܛࣂ ࣂ − ૛ ࣂܖܑܛ (ࣂܛܗ܋ > 0 

⇔ ܖܑܛ) ࣂ − ܛܗ܋ ૛(ࣂ + ࣂܛܗ܋ (૚− ܖܑܛ ૛(ࣂ + ܖܑܛ ࣂ (૚ − ܛܗ܋ ૛(ࣂ > 0 

which is true as at least one factor is positive. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ > 0, we have ૛(ࢇ૛ + (૛࢈ ≥ ૝࢈ࢇ ⇒ ૝࢈ࢇ + ૛(ࢇ૛ + (૛࢈ ≥ ૡ࢈ࢇ ⇒ 

⇒ ቀඥࢇ૛ + ૛ቁ࢈ +ࢇ) (࢈ + ૛(ࢇ૛ + (૛࢈ +
૝ࢇ૛࢈૛

൫√ࢇ૛ + +ࢇ)૛൯࢈ (࢈
≥ ૡ࢈ࢇ 

⇒ ቀඥࢇ૛ + ૛ቁ࢈ ࢇ) + (࢈ + ૛(ࢇ૛ + (૛࢈ +
ૡࢇ૛࢈૛

൫√ࢇ૛ + +ࢇ)૛൯࢈ (࢈ + ૛ࢇ) + (૛࢈
>  ࢈ࢇ8

⇒ ૛ࢇ) + +ࢇ)(૛࢈ (࢈ + ૛(ࢇ૛ + ૛ࢇ૛)ඥ࢈ + ૛࢈ +
ૡࢇ૛࢈૛

ࢇ) + (࢈ + ૛ࢇ√ + ૛࢈
≥ ૡ࢈ࢇඥࢇ૛ +  ૛࢈

⇒
૛ࢇ) + +ࢇ)(૛࢈ (࢈

૛ + ૛ࢇ) + ૛ࢇ૛)ඥ࢈ + ૛࢈ +
૝ࢇ૛࢈૛

ࢇ) + (࢈ + ૛ࢇ√ + ૛࢈
≥ ૝࢈ࢇඥࢇ૛ +  ૛࢈

⇒ ૜ࢇ + ૜࢈ + ቀඥࢇ૛ + ૛ቁ࢈
૜

+
૝ࢇ૛࢈૛

ࢇ) + (࢈ + ૛ࢇ√ + ૛࢈
≥ ૝࢈ࢇඥࢇ૛ +  ૛࢈

Therefore ࢇ૜ + ૜࢈ + ൫√ࢇ૛ + ૛൯࢈
૜

+ ૝ࢇ૛࢈૛

૛࢈૛ାࢇାඥ(࢈ାࢇ)
> ૛ࢇ√࢈ࢇ4 +  ૛   (true)࢈

Solution 3 by Serban George Florin-Romania 

૜ࢇ + ૜࢈ + ૛ࢇ) + ૛ࢇ૛)ඥ࢈ + ૛࢈ +
૝ࢇ૛࢈૛൫ࢇ + ࢈ − ૛ࢇ√ + ૛൯࢈

+ࢇ) ૛(࢈ − ૛ࢇ) + (૛࢈ > ૛ࢇඥ࢈ࢇ4 +  ૛࢈

૜ࢇ + ૜࢈ + ૛ࢇ) + ૛ࢇ૛)ඥ࢈ + ૛࢈ +
૝ࢇ૛࢈૛൫ࢇ + ࢈ − ૛ࢇ√ + ૛൯࢈

૛࢈ࢇ > ૛ࢇඥ࢈ࢇ4 +  ૛࢈

ࢇ) + ૛ࢇ൫(࢈ +࢈ࢇ− ૛൯࢈ + ൫ࢇ૛ + ૛ࢇ૛൯ඥ࢈ + ૛࢈ + ૛ࢇ)࢈ࢇ + −(࢈ ૛࢈ࢇඥࢇ૛ + ૛࢈ > ૛ࢇඥ࢈ࢇ4 +  ૛࢈
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+ࢇ) ૛ࢇ)(࢈ − ࢈ࢇ + ૛࢈ + ૛࢈ࢇ) + ૛ࢇ) + ૛ࢇ૛)ඥ࢈ + ૛࢈ > ૛ࢇඥ࢈ࢇ6 +  ૛࢈

+ࢇ) ૛ࢇ)(࢈ + +࢈ࢇ (૛࢈ + ૛ࢇ) + ૛ࢇ૛)ඥ࢈ + ૛࢈ > ૛ࢇඥ࢈ࢇ6 +  ૜࢈:|૛࢈

ቀ
ࢇ
࢈ + ૚ቁ ቈቀ

ࢇ
࢈
ቁ
૛

+
ࢇ
࢈ + ૚቉ + ቈቀ

ࢇ
࢈
ቁ
૛

+ ૚቉ඨቀ
ࢇ
࢈
ቁ
૛

+ ૚ > 6 ቀ
ࢇ
࢈
ቁඨቀ

ࢇ
࢈
ቁ
૛

+ ૚,
ࢇ
࢈ = ,࢞ ࢞ > 0 

࢞) + ૚)(࢞૛ + ࢞ + ૚) + ૛࢞) + ૚)ඥ࢞૛ + ૚ > ૛࢞ඥ࢞6 + ૚|	
࢞(∀) > 0

૛࢞ඥ࢞: + ૚
 

+࢞) ૚)(࢞૛ + ࢞ + ૚)
૛࢞√࢞ + ૚

+
૛࢞) + ૚)√࢞૛ + ૚

૛࢞√࢞ + ૚
> 6 

࢞) + ૚)࢞
૛࢞√࢞ + ૚

+
࢞) + ૚)(࢞૛ + ૚)

૛࢞√࢞ + ૚
+
૛࢞ + ૚
࢞ > 6 

࢞ + ૚
૛࢞√ + ૚

+
࢞ + ૚
࢞

ඥ࢞૛ + ૚ +
૛࢞ + ૚
࢞ > 6 

࢞ + ૚
ඥ࢞૛ + ૚

+
࢞ + ૚
࢞

ඥ࢞૛ + ૚ ≥
൫ࢇࡹஹࢍࡹ൯

૛ඨ
࢞ + ૚
ඥ࢞૛ + ૚

⋅
࢞ + ૚
࢞

⋅ ඥ࢞૛ + ૚ =
૛(࢞ + ૚)

࢞√
≥

൫ࢇࡹஹࢍࡹ൯ ૛ ⋅ ૛√࢞
࢞√

= ૝ 

૛࢞ + ૚
࢞ ≥ ૛ ⇔ ૛࢞ + ૚ > ࢞2 ⇔ ࢞) − ૚)૛ ≥ ૙ 

⇒ ା૚࢞
ඥ࢞૛ା૚

+ ା૚࢞
࢞
૛࢞√ + ૚ + ૛ା૚࢞

࢞
> 4 + 2 = 6   true 

Solution 4 by Tran Hong-Vietnam 

૜ࢇ + ૜࢈ ≥ ࢇ)࢈ࢇ + (࢈ ⇒ 

ࡿࡴࡸ ≥ ࢇ)࢈ࢇ + (࢈ + ൫√ࢇ૛ + ૛൯࢈
૜

+ ૝ࢇ૛࢈૛

૛࢈૛ାࢇାඥ࢈ାࢇ
   (*) 

We need to prove: (*) > ૛ࢇ√࢈ࢇ4 +  ૛࢈

⇔ ࢈ାࢇ
ඥࢇ૛ା࢈૛

+ ૛࢈૛ାࢇ

࢈ࢇ
+ ૝࢈ࢇ

ቀࢇା࢈ାඥࢇ૛ା࢈૛ቁඥࢇ૛ା࢈૛
> 4  (1) 

We have 

࢈ାࢇ
ඥࢇ૛ା࢈૛

+ ૛࢈૛ାࢇ

࢈ࢇ
+ ૝࢈ࢇ

ቀࢇା࢈ାඥࢇ૛ା࢈૛ቁඥࢇ૛ା࢈૛
≥ ૛ට ࢈ࢇ

૛࢈૛ାࢇ
+ ૛࢈૛ାࢇ

࢈ࢇ
+ ૝࢈ࢇ

൫√૛ା૚൯൫ࢇ૛ା࢈૛൯
   (**) 

Let (࢚)ࢌ = ૛࢚ + ૚
૛࢚

+ ૝࢚૛

√૛ା૚
 with ࢚ = ට ࢈ࢇ

૛࢈૛ାࢇ
		ቀ૙ < ݐ ≤ √૛

૛
ቁ 
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⇒ (࢚)ᇱࢌ = ૛ −
૛
૜࢚ +

ૡ
૚ + √૛

⋅ ࢚ = ૛ቆ
૛࢚૝ൣ√૛ − ૚൧ + ૜࢚ − ૚

૜࢚ ቇ < ݐ∀,0 ∈ ቆ૙,
√૛
૛ ቉ 

⇒ (࢚)ࢌ ↘ on ቀ૙, √૛
૛
ቃ ⇒ (࢚)ࢌ ≥ ࢌ ቀ√૛

૛
ቁ = √૛ + ૛ + ૛

൫√૛ା૚൯
= ૜√૛ > 4 

⇒ (**) > 4 ⇒ (1) true. Proved. 

Solution 5 by Soumava Chakraborty-Kolkata-India 

૜ࢇ + ૜࢈ + ቀඥࢇ૛ + ૛ቁ࢈
૜

+
૝ࢇ૛࢈૛

+ࢇ ࢈ + ૛ࢇ√ + ૛࢈
>
(૚)

૝࢈ࢇඥࢇ૛ +  ૛࢈

(1)⇔ ൫ࢇ૜ + ૜൯࢈ ቀࢇ + ࢈ +ඥࢇ૛ + +૛ቁ࢈ ൫ࢇ૛ + ૛ࢇ૛൯ඥ࢈ + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ + +૛ቁ࢈ ૝ࢇ૛࢈૛ > 

> ૛ࢇඥ࢈ࢇ4 + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ +  ૛ቁ࢈

⇔ ૛ࢇ૝ + ૛࢈૝ + ૟ࢇ૛࢈૛ − ૜ࢇ)࢈ࢇ૛ + (૛࢈ + ඥࢇ૛ + ૛࢈ ቀ૛ࢇ૜ + ૛࢈૜ − ૛ࢇ)࢈ࢇ+ ቁ(࢈ > 

>
(૛)

+ࢇ)࢈ࢇ ૛ࢇඥ(࢈ +  ૛࢈

∵ ૜ࢇ + ૜࢈ ≥ +ࢇ)࢈ࢇ (࢈ ⇒ ૛ࢇ૜ + ૛࢈૜ − ૛ࢇ)࢈ࢇ+ (࢈ ≥ ૙ 

∴ LHS of (2) >
(ࢇ)

૛ࢇ૝ + ૛࢈૝ + ૟ࢇ૛࢈૛ − ૜ࢇ)࢈ࢇ૛ + (૛࢈ + ࢈ାࢇ
૛
ቀ૛ࢇ૜ + ૛࢈૜ − ૛ࢇ)࢈ࢇ +  ቁ(࢈

൬∵ ඥࢇ૛ + ૛࢈ ≥
+ࢇ ࢈
√૛

>
ࢇ + ࢈
૛ ൰ 

= ૜ࢇ૝ + ૜࢈૝ + ૝ࢇ૛࢈૛ − ૜ࢇ)࢈ࢇ૛ +  (૛࢈

Also, ∵ ૛ࢇ√ + ૛࢈ < ܽ + ܾ,∴ RHS of (2) 

<
(࢈)

ࢇ)࢈ࢇ +  ૛(࢈

(a), (b)⇒ in order to prove (2), it suffices to prove:  

૜ࢇ૝ + ૜࢈૝ + ૝ࢇ૛࢈૛ − ૜ࢇ)࢈ࢇ૛ + (૛࢈ ≥ +ࢇ)࢈ࢇ  ૛(࢈

⇔ ૜ࢇ૝ + ૜࢈૝ + ૛ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ 

⇔ ૜{(ࢇ૛ + ૛)૛࢈ − ૛ࢇ૛࢈૛} + ૛ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ 

⇔ ૜࢞૛ − ૝࢟࢞ − ૝࢟૛ ≥ ૙ (where ࢞ = ૛ࢇ + ࢟ & ૛࢈ =  (࢈ࢇ

⇔ ૜࢞૛ − ૟࢟࢞+ ૛࢟࢞ − ૝࢟૛ ≥ ૙ ⇔ ࢞) − ૛࢟)(૜࢞+ ૛࢟) ≥ ૙ 

→ true ∵ ૛ࢇ + ૛࢈ ≥ ૛࢈ࢇ ⇒ ࢞ ≥ ૛࢟,࢞ & ࢟ > 0  

(Proved) 
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JP.179. In acute ࡯࡮࡭ࢤ the following relationship holds: 

ࢇ ࡭࢙࢕ࢉ
࡮࢙࢕ࢉ࢈ +

࢈ ࡮࢙࢕ࢉ
ࢉ ࡯࢙࢕ࢉ +

ࢉ ࡯࢙࢕ࢉ
ࢇ ࡭࢙࢕ࢉ ≤

૜
ૡ࡮࢙࢕ࢉ࡭࢙࢕ࢉ  ࡯࢙࢕ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࢇ ܛܗ܋ ࡭
ܛܗ܋࢈ ࡮ +

࢈ ࡮ܛܗ܋
ࢉ ࡯ܛܗ܋ +

ࢉ ࡯ܛܗ܋
ࢇ ܛܗ܋ ࡭ ≤

(૚) ૜
ૡ ࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮  ࡯

(1) ⇔ ࢇ) ࢈)(࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࢈)૛ା(࡮ ࢉ)(࡮ ܛܗ܋ ࢉ)૛ା(࡯ ܛܗ܋ ࢇ)(࡯ ૛(࡭ܛܗ܋

ࢉ࢈ࢇ ܛܗ܋ ࡭ ܛܗ܋ ܛܗ܋࡮ ࡯
≤ ૜

ૡ ܛܗ܋ ܛܗ܋࡭ ܛܗ܋࡮ ࡯
 

⇔ ૡ෍(ࢇ ܛܗ܋ ܛܗ܋࢈)(࡭ ૛(࡮ 	 ≤
(૛)

૜ࢉ࢈ࢇ 

Now, (ࢇ ܛܗ܋ ܛܗ܋࢈)(࡭ ૛(࡮ = ૛൯ࢇ૛ିࢉ૛ା࢈൫ࢇ
૛ࢉ࢈

⋅ ૛࢈ ⋅ ൫ࢉ
૛ାࢇ૛ି࢈૛൯

૛

૝ࢉ૛ࢇ૛
= ૛൯࢈૛ିࢇ૛ାࢉ૛൯൫ࢇ૛ିࢉ૛ା࢈൫࢈

૛

ૡࢉ૜ࢇ
 

=
(ࢇ) ૛࢈)૝࢈૛ࢇ + ૛ࢉ − ૛ࢉ)(૛ࢇ + ૛ࢇ − ૛)૛࢈

ૡ(ࢉ࢈ࢇ)૜  

Similarly, (ܛܗ܋࢈ ࢉ)(࡮ ૛(࡯ܛܗ܋ =
(࢈) ૛൯ࢉ૛ି࢈૛ାࢇ૛൯൫࢈૛ିࢇ૛ାࢉ૝൫ࢉ૛࢈

૛

ૡ(ࢉ࢈ࢇ)૜
  & 

ࢉ) ܛܗ܋ࢇ)(࡯ܛܗ܋ ૛(࡭ =
(ࢉ) ૛ࢇ)૝ࢇ૛ࢉ + ૛࢈ − ૛࢈)(૛ࢉ + ૛ࢉ − ૛)૝ࢇ

ૡ(ࢉ࢈ࢇ)૜  

Let ࢈૛ + ૛ࢉ − ૛ࢇ = ,࢞ ૛ࢉ + ૛ࢇ − ૛࢈ = ૛ࢇ,࢟ + ૛࢈ − ૛ࢉ =  ࢠ

Then ∑ࢇ૛ = ࢞∑ ⇒ ૛ࢇ = ࢠା࢟
૛

૛࢈, = ࢞ାࢠ
૛

, ૛ࢉ = ࢟ା࢞
૛

 

Using the above substitution & (a), (b), (c),  

(2) becomes: ቀ࢟ାࢠ
૛
ቁ ૛(࢞ାࢠ)

૝
⋅ ૛࢟࢞ + ቀࢠା࢞

૛
ቁ ૛(࢟ା࢞)

૝
⋅ ૛ࢠ࢟ + ቀ࢞ା࢟

૛
ቁ ૛(ࢠା࢟)

૝
⋅ ૛࢞ࢠ ≤ 

≤ ૜൬
࢟ + ࢠ
૛ ൰

૛
൬
ࢠ + ࢞
૛ ൰

૛
൬
࢞ + ࢟
૛ ൰

૛
 

⇔ ૜(࢞ + ࢟)૛(࢟ + ࢠ)૛(ࢠ + ૛(࢞ ≥ ૡ࢟࢞૛(࢟ + +ࢠ)(ࢠ ૛(࢞ + ૡࢠ࢟૛(ࢠ+ ࢞)(࢞ + ૛(࢟ + 

+ૡ࢞ࢠ૛(࢞ + ࢟)(࢟ +  ૛(ࢠ

⇔ ૜෍࢞૝࢟૛ + ૜෍࢞૛࢟૝ + ૟ࢠ࢟࢞ቀ෍࢞૜ቁ + ૛ࢠ࢟࢞ ቀ෍࢞૛࢟ቁ 

≥
(૜)

૛෍࢞૜࢟૜ + ૟ࢠ࢟࢞ ቀ෍࢟࢞૛ቁ + ૚ૡ࢞૛࢟૛ࢠ૛ 

It should be noted that, ∵ ૛࢈) + ૛ࢉ − < ૛) etcࢇ 0 
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(∵ ઢ࡯࡮࡭ is acute-angled), ∴ ,࢟,࢞ ࢠ > 0 

Now, ࢞૛ + ࢞૛ࢠ ≥
(࢏)

ࡳି࡭
૛࢞ࢠ૛,࢟૜ + ࢟૛࢞ ≥

(࢏࢏)

ࡳି࡭
૛࢟࢞૛  & ࢠ૜ + ࢠ૛࢟ ≥

(࢏࢏࢏)

ࡳି࡭
૛ࢠ࢟૛ 

(i)+(ii)	+(iii)⇒ ૜࢞∑ + ࢟૛࢞∑ ≥ ૛∑࢟࢞૛ ⇒ ૜࢞∑)ࢠ࢟࢞૜ + (࢟૛࢞∑ ≥
(࢜࢏)

૟ࢠ࢟࢞(∑࢟࢞૛) 

Also, ∑࢞૛࢟૝ ≥
(࢜)

૛࢟࢞ ⋅ ૛ࢠ࢟ + ૛ࢠ࢟ ⋅ ૛࢞ࢠ + ૛࢞ࢠ ⋅ ૛࢟࢞ =  (࢟૛࢞∑)ࢠ࢟࢞

Again, ∑࢞૝࢟૛ + ૝࢟૛࢞∑ ≥
(࢏࢜)

ࡳି࡭
૛∑࢞૜࢟૜ 

Lastly, ૛∑࢞૝࢟૛ ૝࢟૛࢞∑+ + ૜ࢠ࢟࢞(∑࢞૜) ≥
(࢏࢏࢜)

ࡳି࡭
૛ ⋅ (૜࢞૛࢟૛ࢠ૛) + (૜࢞૛࢟૛ࢠ૛) + ૜ࢠ࢟࢞ ⋅ ૜ࢠ࢟࢞ = ૚ૡ࢞૛࢟૛ࢠ૛ 

(iv)+(v)	+(vi)	+(vii)⇒(3) is true  

(Hence proved) 

Solution 2 by Marian Ursărescu-Romania 

We use the orthic triangle: Because ઢ࡯࡮࡭ is acute let ࢇᇱ = ܛܗ܋ࢇ ࡭ ᇱ࢈, = ࢈  ,࡮ܛܗ܋

ᇱࢉ = ࢉ ᇱࡾ but :࡯࡮࡭ the sides of the orthic triangle of ࡯ܛܗ܋ = ࡾ
૛

ᇱࡾ, = circumradii of 

orthic ઢ࢘,࡯࡮࡭ᇱ = ૛࡭ܛܗ܋ࡾ ࡮ܛܗ܋ ࡯ܛܗ܋ ᇱ࢘, = inradius ⇒ ᇱ࢘ = ૝ࡾᇱ ܛܗ܋ ܛܗ܋࡭ ࡯ܛܗ܋࡮ ⇒ 

⇒ ܛܗ܋ ࡭ ࡮ܛܗ܋ ࡯ܛܗ܋ = ᇲ࢘

૝ࡾᇲ
⇒ we must show this: ࢇ

ᇲ

ᇲ࢈
+ ᇲ࢈

ᇲࢉ
+ ᇲࢉ

ᇲࢇ
≤ ૜ࡾᇲ

૛࢘ᇲ
 , which means we 

must show ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
≤ ૜ࡾ

૛࢘
 for any ઢ   (1) 

ቀࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
ቁ
૛
≤ ૛ࢇ) + ૛࢈ + (૛ࢉ ቀ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
ቁ   (2) (from Cauchy) 

But ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ૛ and ૚ࡾૢ
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘૛
   (3) 

From (2)+(3)⇒ ቀࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
ቁ
૛
≤ ૛ࡾૢ

૝࢘૛
⇔ ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
≤ ૜ࡾ

૛࢘
⇒ (1) it is true. 

 

JP.180. If ࢈,ࢇ ≥ ૙ then: 

ቐ
૝࢈ࢇ ≤ ඥࢇ૛ + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ + ૛ቁ࢈

૝࢈ࢇඥࢇ૛ + ૛࢈ ≤ ૛ࢇ) + (૛࢈ ቀࢇ + ࢈ +ඥࢇ૛ + ૛ቁ࢈
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Amit Dutta-Jamshedpur-India 

Let (࢚)ࢌ = ૞࢚૛ − ૡ࢚ + ૞ 

ࡰ = ૟૝ − ૚૙૙ = −૜૟ < 0 ∵ ܦ < 0 ⇒ (࢚)ܨ > 0 

Put ࢚ = ࢇ
࢈

> 0, ࢈,ࢇ} > 0} ⇒ (࢚)ࡲ = ૞࢚૛ − ૡ࢚ + ૞ > 0 

Putting ࢚ = ቀࢇ
࢈
ቁ 

૞ ቆ
૛ࢇ

−૛ቇ࢈ ૡቀ
ࢇ
࢈
ቁ + ૞ > 0 

૞ࢇ૛ − ૡ࢈ࢇ+ ૞࢈૛ > 0 ⇒ ૛ࢇ4 + ૝࢈૛ + ૡ࢈ࢇ < ૛ࢇ9 +  ૛࢈ૢ

⇒ ૝(ࢇ + ૛(࢈ < ૛ࢇ)9 + (૛࢈ ⇒ ૛(ࢇ + (࢈ < 3ඥࢇ૛ +  ૛࢈

⇒ ૛ቀࢇ + ࢈ −ඥࢇ૛ + ૛ቁ࢈ < ඥࢇ૛ +  ૛࢈

⇒
૛൫ࢇ + ࢈ − ૛ࢇ√ + ࢇ૛൯൫࢈ + ࢈ + ૛ࢇ√ + ૛൯࢈

൫ࢇ + ࢈ + ૛ࢇ√ + ૛൯࢈
< ඥࢇ૛ +  ૛࢈

⇒ ૛(૛࢈ࢇ) < ඥࢇ૛ + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ +  ૛ቁ࢈

Also, if ࢇ = ࢈ = ૙, equality holds ⇒ ૝࢈ࢇ ≤ ૛ࢇ√ + +ࢇ૛൫࢈ ࢈ + ૛ࢇ√ +  ૛൯࢈

Proved 

Multiplying both sides by √ࢇ૛ +  ૛࢈

૝࢈ࢇඥࢇ૛ + ૛࢈ ≤ ૛ࢇ) + (૛࢈ ቀࢇ+ +࢈ ඥࢇ૛ +  ૛ቁ࢈

Proved  

Solution 2 by Khaled Abd Almuty-Damascus-Syria 

If ࢈,ࢇ ≥ ૙ then: 

1) ૝࢈ࢇ ≤ ૛ࢇ√ + +ࢇ૛൫࢈ ࢈ + ૛ࢇ√ +  ૛൯࢈

2) ૝ࢇ√࢈ࢇ૛ + ૛࢈ ≤ ૛ࢇ) + ࢇ૛)൫࢈ + ࢈ + ૛ࢇ√ +  ૛൯࢈

1) We know: ඥ࢞ + ൬࢟ ૚
࢞√

+ ૚
ඥ࢟
൰ ≥ ૛√૛,∀࢟,࢞ ∈ ℝା

∗  

For ࢞ = ࢟,૛ࢇ = ૛ࢇ√:૛࢈ + ૛࢈ ቀ૚
ࢇ

+ ૚
࢈
ቁ ≥ ૛√૛ 

ඥࢇ૛ + ૛࢈ ⋅ ൬
+࢈ ࢇ
࢈ࢇ ൰ ≥ ૛√૛ ⇒ +ࢇ) ૛ࢇඥ(࢈ + ૛࢈ ≥ ૛√૛࢈ࢇ 
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+ࢇ) ૛ࢇ√(࢈ + ૛࢈ + ૛ࢇ + ૛࢈ ≥ ૛ࢇ + ૛࢈ + ૛√૛࢈ࢇ    (*) 

Let us prove that ࢇ૛ + ૛࢈ + ૛√૛࢈ࢇ ≥
?
૝࢈ࢇ 

૛ࢇ

࢈ࢇ +
૛࢈

࢈ࢇ + ૛√૛ ≥
?
૝,
ࢇ
࢈ +

࢈
+ࢇ ૛√૛ ≥

?
૝	 ൜

ࢇ
࢈ = ,࢞

࢈
ࢇ =

૚
 ൠ࢞

In order to prove that: let (࢞)ࢌ = ࢞ + ૚
࢞

ࡰ, = ]૙, +∞[ 

ᇱ	ࢌ (࢞) = ૚ −
૚
૛࢞ =

૛࢞ − ૚
૛࢞ , ᇱ	ࢌ (࢞) = ૙ ⇒ ࢞ = ૚,ࢌ(૚) =

૜
૛ 

																																																											૚																																																								૙ ࢞ + ∞ 

	′ࢌ −−   (࢞) −− − − −−	− − −− 		૙ + + + + + + + + + + + + + + + 

																																																∞+   (࢞)ࢌ
૜
૛																																																										+ ∞ 

࢞∀ ∈ ]૙, (࢞)ࢌ:]∞+ ≥
૜
૛ ⇒ ࢞ +

૚
࢞ ≥

૜
૛ ≥ ૝ − ૛√૛ 

So: ࢇ
࢈

+ ࢈
ࢇ
≥ ૝− ૛√૛ ⇒ ࢇ

࢈
+ ࢈

ࢇ
+ ૛√૛ ≥ ૝; ࢇ		 ⋅ ࢈ > 0 

૛ࢇ + ૛࢈ + ૛√૛࢈ࢇ ≥ ૝࢈ࢇ 

From relation (*): (ࢇ + ૛ࢇ√(࢈ + ૛࢈ + ૛ࢇ + ૛࢈ ≥ ૛ࢇ + ૛࢈ + ૛√૛࢈ࢇ ≥ ૝࢈ࢇ 

So: (ࢇ+ ૛ࢇ√(࢈ + ૛࢈ + ૛ࢇ√ + ૛࢈ ⋅ ૛ࢇ√ + ૛࢈ ≥ ૝࢈ࢇ 

ඥࢇ૛ + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ + ૛ቁ࢈ ≥ ૝࢈ࢇ 

2) From relation 1): 

૝࢈ࢇ ≤ ඥࢇ૛ + ૛࢈ ቀࢇ + +࢈ ඥࢇ૛ + ૛ቁ࢈ ૛ࢇඥ࢞; +  ૛࢈

૝࢈ࢇඥࢇ૛ + ૛࢈ ≤ ૛ࢇ) + (૛࢈ ቀࢇ+ +࢈ ඥࢇ૜ +  ૜ቁ࢈

Note if ࢇ = ૙ and ࢈ = ૙ the relation (1) it is true. 

And if ࢇ = ૙ and ࢈ ≠ ૙: ૙ ≤ ૛ࢇ૛;(ࢇ૛)ࢇ ≥ ૙ it is true 

Solution 3 by Michael Sterghiou-Greece 

Both inequalities are homogeneous so we can assume ࢇ૛ + ૛࢈ = ૚ 

The both become: ૝࢈ࢇ ≤ ࢇ + ࢈ + ૚      (2) 

Now, ࢇ૛ + ૛࢈ = ૚ → ࢇ ≤ ૚ ∧ ࢈ ≤ ૚ → ૛ࢇ ≤ ࢇ ∧ ૛࢈ → +ࢇ ࢈ ≥ ૚ 

Also ࢇ૛ + ૛࢈ = ૚ ≥ ૛࢈ࢇ → ࢈ࢇ ≤ ૚
૛
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(2) → ૝࢈ࢇ ≤ ૛ ≤ +ࢇ ࢈ + ૚ which is true. 

Solution 4 by Soumava Chakraborty-Kolkata-India 

࢈,ࢇ∀ ≥ ૙,૝࢈ࢇ ≤
(૚)

૛ࢇ√ + +ࢇ૛൫࢈ ࢈ + ૛ࢇ√ +   & ૛൯࢈

૝࢈ࢇඥࢇ૛ + ૛࢈ ≤
(૛)

૛ࢇ) + (૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ +  ૛ቁ࢈

(1) ⇔ ૝࢈ࢇ ≤ +ࢇ) ૛ࢇ√(࢈ + ૛࢈ + ૛ࢇ + ૛࢈ ⇔ ࢇ) − ૛(࢈ + +ࢇ) ૛ࢇ√(࢈ + ૛࢈ ≥
(૚ࢇ)

૛࢈ࢇ 

∵ ൫√ࢇ − ൯࢈√
૛
≥ ૙,∴ +ࢇ ࢈ ≥

(ࢇ)
૛√࢈ࢇ 

∵ ૛ࢇ + ૛࢈ ≥ ૛࢙ࢇ)࢈ࢇ	ࢇ) − ૛(࢈ ≥ ૙), 

∴ ඥࢇ૛ + ૛࢈ ≥
(࢈)

√૛࢈ࢇ(∵ ࢈,ࢇ ≥ ૙) 

(a).(b)⇒ +ࢇ) ૛ࢇ√(࢈ + ૛࢈ ≥ ૛√૛࢈ࢇ 

(∵ ࢇ + ࢈ ≥ ૙ as ࢈,ࢇ ≥ ૙ & √࢈ࢇ ≥ ૙ as ࢈,ࢇ ≥ ૙) 

≥
?
૛࢈ࢇ ⇔ ૛࢈ࢇ൫√૛ − ૚൯ ≥

?
૙ → true 

∵ ࢈ࢇ ≥ ૙(∵ ࢈,ࢇ ≥ ૙) & √૛ − ૚ > 0 

∴ (1) is proved 

(2) ⇔ ૛ࢇ) + +ࢇ)(૛࢈ (࢈ + ૛ࢇ) + ૛ࢇ√(૛࢈ + ૛࢈ ≥
(૛ࢇ)

૝ࢇ√࢈ࢇ૛ +  ૛࢈

Now, (ࢇ૛ + +ࢇ)(૛࢈ (࢈ = ૛ࢇ√ + ૛ࢇ√૛࢈ + +ࢇ)૛࢈  (࢈

≥
(ࢉ)
ඥࢇ૛ +  ൯࢈ࢇ√൫૛࢈ࢇ૛√૛࢈

ቀ∵ ૛ࢇ + ૛࢈ ≥ ૛࢈ࢇ	࢙ࢇ	ࢇ)− ૛(࢈ ≥ ૙	&ܽ + ܾ ≥ ࢇ√൫࢙ࢇ	࢈ࢇ√2 − ൯࢈√
૛
≥ ૙ቁ 

= ૛√૛࢈ࢇඥࢇ૛ +  ૛࢈

Also, (ࢇ૛ + ૛ࢇ√(૛࢈ + ૛࢈ 	 ≥
(ࢊ)

૛ࢇ√࢈ࢇ૛ + ∵)૛࢈ ૛ࢇ + ૛࢈ ≥ ૛࢈ࢇ) 

(c) + (d) ⇒ RHS of (2) ≥ ૛ࢇ√࢈ࢇ૛ + ૛൫૚࢈ + √૛൯ 

≥ ૝࢈ࢇඥࢇ૛ + ૛࢈ ቀ∵ ૚ + √૛ > 2	&ܾܽඥࢇ૛ + ૛࢈ ≥ ૙	࢙ࢇ	࢈,ࢇ ≥ ૙ቁ 

⇒ (2) is true. (Done). 

Solution 5 by Tran Hong-Vietnam 
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૛ࢇ√ + +ࢇ૛൫࢈ ࢈ + ૛ࢇ√ + ૛൯࢈ ≥ ૝(1)  ࢈ࢇ 

We have: √ࢇ૛ + ૛࢈ ≥ ࢈ାࢇ
√૛

 

(૚)ࡿࡴࡸ ≥
+ࢇ ࢈
√૛

൬ࢇ + ࢈ +
ࢇ + ࢈
√૛

൰ = ቆ
૚ + √૛
૛ ቇ +ࢇ)  ૛(࢈

≥ ૚ା√૛
૛

⋅ ૝࢈ࢇ ≥ ૝࢈ࢇ ⇒ (1) true, equality ⇔ ࢇ = ࢈ = ૙. 

Using (1) we have 

⇔ ඥࢇ૛ + ૛࢈ ⋅ ඥࢇ૛ + ૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ + ૛ቁ࢈ ≥ ૝࢈ࢇඥࢇ૛ +  ૛࢈

⇔ ૛ࢇ) + (૛࢈ ቀࢇ + ࢈ + ඥࢇ૛ + ૛ቁ࢈ ≥ ૝࢈ࢇඥࢇ૛ +  ૛࢈

Proved. 

 

SP.166. Let ࢔ ∈ ℕ∗ and ࢑ࢇ ∈ ℝ,∀࢑ = ૚;࢔തതതതത. Find: 

ષ = නܖܔ൭ෑ(࢞ − (࢑ࢇ
࢔

ୀ૚࢑

൱࢞ࢊ 

࢞) > ࢑∀|࢑ࢇ}ܠ܉ܕ = ૚,࢔തതതതത}) 

Proposed by Nguyen Van Nho –Nghe An – Vietnam  

Solution by Tran Hong-Vietnam 

ષ = න൭ෑ(࢞ − (࢑ࢇ
࢔

ୀ૚࢑

൱࢞ࢊ = ෍න࢞)ܖܔ− (࢑ࢇ
࢔

ୀ૚࢑

 ࢞ࢊ

Let ࡵ = ∫ ࢞)ܖܔ − ࢞)		.࢞ࢊ(࢑ࢇ > ࢑|࢑ࢇ}ܠ܉ܕ = ૚,૛, …  ({࢔,

= ࢞ ࢞)ܖܔ − (࢑ࢇ − න
࢞

࢞ − ࢑ࢇ
࢞ࢊ = ࢞ ࢞)ܖܔ − (࢑ࢇ − න൬૚ +

࢑ࢇ
࢞ − ࢑ࢇ

൰࢞ࢊ 

= ࢞ ࢞)ܖܔ − (࢑ࢇ − ࢞ − ࢑ࢇ ࢞)ܖܔ − (࢑ࢇ +  ࡯

= ࢞) − (࢑ࢇ ࢞)ܖܔ − (࢑ࢇ − ࢞ +  (const :࡯)  ࡯

⇒ ષ = ࢞࢔− + ෍(࢞ − (࢑ࢇ
࢔

ୀ૚࢑

࢞)ܖܔ − (࢑ࢇ +  ;ࡰ

 (const :ࡰ)
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SP.167. Let ࢟,࢞, ࢠ࢟࢞ :be positive real numbers such that ࢠ = ૚. Prove that: 

࢞
ඥ૛(࢞૝ + (૝࢟ + ૝࢟࢞

+
࢟

ඥ૛(࢟૝ + (૝ࢠ + ૝ࢠ࢟
+

ࢠ
ඥ૛(ࢠ૝ + (૝࢞ + ૝࢞ࢠ

+
૛(࢞ + ࢟ + (ࢠ

૜ ≥
૞
૛ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Bao Truong-Vietnam 

෍
ࢇ

ඥ૛(ࢇ૝ + (૝࢈ + ૝࢈ࢇ
≥෍

ࢇ
૛(ࢇ૛ + ૛࢈ + (࢈ࢇ = ෍

ࢇ

૛ቂ૜૛ +ࢇ) ૛(࢈ − ૚
૛ ࢇ) − ૛(࢈ − ૜࢈ࢇቃ

≥ 

≥෍
ࢇ

૜(ࢇ + ૛(࢈ − ૟࢈ࢇ ⇒෍
ࢇ

ඥ૛(ࢇ૝ + (૝࢈ + ૝࢈ࢇ
+ ෍

૜(ࢇ+ ૛(࢈ − ૟࢈ࢇ
+ࢇ)ૢ ૛(࢈ ≥

૛
૜෍

ࢇ√
ࢇ + ࢈

≥ 

≥
૛

ඥ∏(ࢇ+ ૜(࢈ ≥
૜

+ࢇ) ࢈ + (ࢉ ⇒෍
ࢇ

ඥ૛(ࢇ૝ + (૝࢈ + ૝࢈ࢇ
+
૛
૜෍ࢇ ≥ 

≥
૜
ࢇ∑ +

૛
૜෍

࢈ࢇ
+ࢇ) ૛(࢈ − ૚ +

૛
૜෍ࢇ ≥

૜
ࢇ∑ +

૛
ඥ∏(ࢇ + ૛૜(࢈ +

૛
૜෍ࢇ− ૚ 

෍
ࢇ

ඥ૛(ࢇ૝ + (૝࢈ + ૝࢈ࢇ
+
૛
૜෍ࢇ ≥

૜
ࢇ∑ +

ૢ
૛(∑ࢇ)૛ +

૛
૜෍ࢇ− ૚ =

૜
ࢇ∑ +

ࢇ∑
૜ + 

+ ૢ
૛(∑ࢇ)૛

+ ࢇ∑
૟

+ ࢇ∑
૟
− ૚ ⇒ ∑ ࢇ

ට૛൫ࢇ૝ା࢈૝൯ା૝࢈ࢇ
+ ૛

૜
ࢇ∑ ≥ ૛ + ૜

૛
− ૚ = ૞

૛
 (R.H.D.) 

Solution 2 by Michael Sterghiou-Greece 

,࢟,࢞ ࢠ > 0 ∧ ݖݕݔ = 1 → ∑ ࢞

ට૛൫࢞૝ା࢟૝൯ା૝࢟࢞
ࢉ࢟ࢉ + ૛∑ ࢉ࢟ࢉ࢞

૜
≥ ૞

૛
   (1) 

Let (ࢗ,࢖, (࢘ = ൫∑ ࢉ࢟ࢉ࢞ ,∑ ࢉ࢟ࢉ࢟࢞ , ࢘ .൯ࢠ࢟࢞ = ૚,࢖ ≥ ૜,ࢗ ≥ ૜.	(AM-GM) 

Because ቂඥ૛(࢞૝ + ૝)ቃ࢟
૛
− ૝(࢞૛ + ૛࢟ − ૛(࢟࢞ = −૛(࢞ − ૝(࢟ ≤ ૙, (1) can be written as 

∑ ൫√࢞൯
૛

૛൫࢞૛ା࢟૛ା࢟࢞൯ࢉ࢟ࢉ + ૛࢖
૜
− ૞

૛
≥ ૙. Using ࡿ࡯࡮ we need to show that: ૢ

൫૛࢖૛ି૜ࢗ൯
+ ૝࢖

૜
− ૞ ≥ ૙.  

(2) because ൫√࢞ +ඥ࢟ + ൯ࢠ√
૛
≥ ૜૛ and ∑ ൫࢞૛ + ૛࢟ + ࢉ࢟ࢉ൯࢟࢞ = ૛࢖૛ − ૜(2)  .ࢗ reduces to 

(૝࢖ − ૚૞)(૛࢖૛ − ૜ࢗ) + ૛ૠ ≥ ૙.	  (3). As ࢖૛ − ૜ࢗ ≥ ૙ if ૝࢖ − ૚૞ ≥ ૙ we are done. If  
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૝࢖ − ૚૞ < 0 then (3) reduces to: ૡ࢖૜ − ૜૙࢖૛ + ૜ࢗ(૚૞ − ૝࢖) + ૛ૠ which must be 

 ≥ ૙. We know that ࢗ૛ ≥ ૜࢘࢖ = ૜࢖ and as ૚૞ − ૝࢖ > 0 it suffices to show that 

ૡ࢖૜ − ૜૙࢖૛ + ૜√૜࢖(૚૞ − ૝࢖) + ૛ૠ = (࢖)ࢌ ≥ ૙, (૜)ࢌ = ૙,ࢌᇱ(࢖) =
૜

૛ඥ࢖
⋅  ,(࢖)ࢍ

(࢖)ࢍ	 = ૚૟࢖
૞
૛ − ૝૙࢖

૜
૛ − ૚૛√૜࢖+ ૚૞√૜;ࢍᇱ(࢖) = ૝૙࢖

૜
૛ − ૟૙࢖

૚
૛ + ૚૛√૜ and  

(࢖)ᇱᇱࢍ = ૜૙(૛ି࢖૚)

ඥ࢖
≥ ૙ so easily we can deduce that (࢖)ࢍ > 0 → (࢖)ᇱࢌ > 0 → 

(࢖)ࢌ ↑→ (࢖)ࢌ > ݂(૜) = ૙. Done! 

 

SP.168. Let ࢟,࢞,   .be positive real numbers ࢠ

Find the minimum possible value of: 

࢞
࢟ + ࢠ

+
࢟

ࢠ + ࢞
+ ૛ඨ

૚
૛

+
ࢠ

࢞ + ࢟
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kelvin Kong-Malaysia 

I will prove that ࡭ = ࢞
ࢠା࢟

+ ࢟
࢞ାࢠ

+ ૛ට૚
૛

+ ࢠ
࢟ା࢞

≥ ૜ 

Let ࡮ = ࢞
ࢠା࢟

+ ࢟
࢞ାࢠ

࡯, = ૛ට૚
૛

+ ࢠ
࢟ା࢞

 

࡯ = ඨ
૛

࢞ + ඥ࢟
࢟) + (ࢠ + +ࢠ) (࢞ ≥ ඨ

૛
࢞ + ࢟

ට૛ඥ(࢟ + +ࢠ)(ࢠ (࢞ =
૛ඥ(࢟ + +ࢠ)(ࢠ ૝(࢞

ඥ࢞+ ࢟
 

By using QM-AM inequality: ට࢞૛ା࢟૛

૛
≥ ࢟ା࢞

૛
, we have ࢞૛ + ૛࢟ ≥ ૚

૛
࢞) +  ૛(࢟

࡮ =
૛࢞ + ૛࢟ + ࢠ࢞ + ࢠ࢟

࢟) + +ࢠ)(ࢠ (࢞ ≥
૚
૛ ࢞) + ૛(࢟ + ࢞) + ࢠ(࢟

࢟) + +ࢠ)(ࢠ (࢞ =
࢞) + ࢟)](࢟ + (ࢠ + ࢠ) + [(࢞

૛(࢟ + +ࢠ)(ࢠ (࢞  

࡮ ≥
࢞) + (࢟ ⋅ ૛ඥ(࢟ + +ࢠ)(ࢠ (࢞

૛(࢟ + +ࢠ)(ࢠ (࢞ =
࢞ + ࢟

ඥ(࢟ + +ࢠ)(ࢠ (࢞
 

Therefore 
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࡭ = ࡮ + ࡯ ≥
࢞ + ࢟

ඥ(࢟ + +ࢠ)(ࢠ (࢞
+
ඥ(࢟ + +ࢠ)(ࢠ ૝(࢞

ඥ࢞+ ࢟
+
ඥ(࢟ + ࢠ)(ࢠ + ૝(࢞

ඥ࢞ + ࢟
 

≥ ૜ඨ
࢞ + ࢟

ඥ(࢟ + +ࢠ)(ࢠ (࢞
⋅
ඥ(࢟ + +ࢠ)(ࢠ ૝(࢞

ඥ࢞ + ࢟
⋅
ඥ(࢟ + +ࢠ)(ࢠ ૝(࢞

ඥ࢞ + ࢟
૜

= ૜ 

In conclusion: ࡭ = ࢞
ࢠା࢟

+ ࢟
࢞ାࢠ

+ ૛ට૚
૛

+ ࢠ
࢟ା࢞

≥ ૜ where equality holds when ࢞ = ࢟ =  .ࢠ

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢞
࢟ + ࢠ +

࢟
ࢠ + ࢞ =

ࢠ)࢞ + (࢞ + ࢟)࢟ + (ࢠ
࢟) + ࢠ)(ࢠ + (࢞ ≥

(૚)

ࡳି࡭ ૝{࢞૛ + ૛࢟ + +࢞)ࢠ {(࢟
(૛ࢠ + +࢞ ૛(࢟ ≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૝ ቂ૚૛ +࢞) ૛(࢟ + ࢞)ࢠ + ቃ(࢟
(૛ࢠ + ࢞ + ૛(࢟  

=
૛(࢞ + +ࢠ૛)(࢟ ࢞ + (࢟

(૛ࢠ + ࢞ + ૛(࢟ =
૛(࢞ + (࢟
૛ࢠ+ ࢞ +  ࢟

(1) ⇒ ࢞
ࢠା࢟

+ ࢟
࢞ାࢠ

+ ૛ට૚
૛

+ ࢠ
࢟ା࢞

≥ ૛(࢞ା࢟)
૛ࢠା࢞ା࢟

+ ට૛ࢠା࢞ା࢟
૛(࢞ା࢟)

+ ට૛ࢠା࢞ା࢟
૛(࢞ା࢟)

 

≥
ࡳି࡭

૜ඨ
૛(࢞ + +ࢠ૛)(࢟ ࢞ + (࢟
૛(࢞ + +ࢠ૛)(࢟ ࢞ + (࢟

૜
= ૜ 

⇒ regd. min value = ૜, which occurs at ࢞ = ࢟ =  .ࢠ

Solution 3 by Tran Hong-Vietnam 

ࡼ =
࢞

࢟ + ࢠ +
࢟

ࢠ + ࢞ + ૛ඨ
૚
૛ +

ࢠ
࢞ + ࢟ =

૛࢞

࢟࢞ + ࢠ࢞ +
૛࢟

+ࢠ࢟ ࢞࢟ + ૛ඨ
࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟  

≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ) ࢞) + ૛(࢟

૛࢟࢞ + ࢞)ࢠ + (࢟ + ૛ඨ
࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟  

≥
૛(࢞ + ૛(࢟

+࢞) ૛(࢟ + ૛࢞)ࢠ + (࢟ + ඨ
࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟ + ඨ

࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟  

=
૛(࢞+ (࢟
࢞ + ࢟ + ૛ࢠ+ ඨ

࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟ + ඨ

࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟  

≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ)

૜ඨ
૛(࢞ + (࢟
࢞ + ࢟ + ૛ࢠ ⋅

࢞ + ࢟ + ૛ࢠ
૛(࢞ + (࢟

૜
= ૜ 
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⇒ ܖܑܕࡼ 	 = ૜ ⇔ ࢞ = ࢟ =  ࢠ

 

SP.169. Prove that for all non-negative real numbers ࢈,ࢇ,  ࢉ

ඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚

+ ඨ ૛࢈ + ૛
ࢉ + ࢇ + ૚

+ ඨ ૛ࢉ + ૛
ࢇ + ࢈ + ૚

≥ ૜ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

Suppose: ࢇ+ ࢈ + ࢉ = ૜ ⇒ ૙ < ܽ, ܾ, ܿ < 3 

Inequality ⇔ ටࢇ૛ା૛
૝ିࢇ

+ ට࢈૛ା૛
૝ି࢈

+ ටࢉ૛ା૛
૝ିࢉ

≥ ૜.   (1) 

For all ૙ < ݔ < 3 we have: ට࢞૛ା૛
૝ି࢞

≥ ૚
૛

࢞) + ૚)   (*) 

⇔ ૛ା૛࢞
૝ି࢞

≥ ૚
૛

࢞) + ૚)૛ ⇔ (ା૝࢞)૛(૚ି࢞)
૝ି࢞

≥ ૙  . (True because ૙ < ݔ < 3) 

Using (*) with ૙ < ܽ, ܾ, ܿ < 3 we have 

ඨࢇ
૛ + ૛
૝ − ࢇ + ඨ࢈

૛ + ૛
૝ − ࢈ + ඨࢉ

૛ + ૛
૝ − ࢉ ≥

૚
૛

+ࢇ) ૚) +
૚
૛

࢈) + ૚) +
૚
૛

ࢉ) + ૚) 

= ૚
૛

ࢇ) + ࢈ + +ࢉ ૜) = ૟
૛

= ૜. Proved. Equality ⇔ ࢇ = ࢈ = ࢉ = ૚. 

Solution 2 by Tran Hong-Vietnam 

ࡿࡴࡸ =
ඥ(ࢇ૛ + ૛)(૛ + ૚)

ඥ(࢈ + ࢉ + ૚)(૛ + ૚)
+ ඨ

૛࢈) + ૛)(૛ + ૚)
ࢉ) + +ࢇ ૚)(૛ + ૚) + ඨ

૛ࢉ) + ૛)(૛ + ૚)
+ࢇ) ࢈ + ૚)(૛+ ૚) 

≥
ඥ(ࢇ+ ૛)૛

+࢈ ࢉ + ૚ + ૜
૛

+
ඥ(࢈+ ૛)૛

ࢉ + ࢇ + ૚ + ૜
૛

+
ඥ(ࢉ + ૛)૛

+ࢇ +࢈ ૚ + ૜
૛

=
૛ࢇ+ ૝
࢈ + ࢉ + ૝

+
૛࢈+ ૝
ࢉ + ࢇ + ૝

+
૛ࢉ + ૝

ࢇ + ࢈ + ૝
 

=
૛ࢇ+ ૝
࢈ + ࢉ + ૝ + ૛ +

૛࢈ + ૝
ࢉ + +ࢇ ૝ + ૛ +

૛ࢉ + ૝
ࢇ + ࢈ + ૝ + ૛ + ૟ 

= ૛(ࢇ + +࢈ ࢉ + ૟) ቆ
૚૛

+࢈ ࢉ + ૝ +
૚૛

ࢉ + +ࢇ ૝ +
૚૛

ࢇ + +࢈ ૝ቇ− ૟ 
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≥ ૛(ࢇ+ +࢈ +ࢉ ૟) ⋅
(૚ + ૚ + ૚)૛

૛(ࢇ + +࢈ ࢉ + ૟) − ૟ = ૢ − ૟ = ૜ 

Proved. Equality ⇔ ࢇ = ࢈ =  .ࢉ

Solution 3 by Remus Florin Stanca-Romania 

We know that for any real numbers ࢟,࢞, ࢠ > 0 we have that ට࢞૛ା࢟૛ାࢠ૛

૜
≥ 

≥
࢞ + ࢟ + ࢠ

૜ ⇔ ඨࢇ
૛ + ૚ + ૚

૜ ≥
ࢇ + ૛
૜ ⇒ ඥࢇ૛ + ૛ ≥

+ࢇ ૛
√૜

⇒ 

≻ ඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚ ≥

ࢇ + ૛
ඥ૜(࢈ + ࢉ + ૚)

 

ඨ ૛࢈ + ૛
ࢇ + ࢉ + ૚ ≥

࢈ + ૛
ඥ૜(ࢇ+ ࢉ + ૚)

 

ඨ ૛ࢉ + ૛
ࢇ + ࢈ + ૚ ≥

ࢉ + ૛
ඥ૜(ࢇ+ ࢈ + ૚)

 

-------------------------------------- + 

ට ૛ା૛ࢇ
ା૚ࢉା࢈

+ ට ૛ା૛࢈
ା૚ࢉାࢇ

+ ට ૛ା૛ࢉ
ା૚࢈ାࢇ

≥ ∑ ା૛ࢇ
ඥ૜(࢈ାࢉା૚)

   (1) 

ඥ૜(࢈+ +ࢉ ૚) ≤
࢈ + ࢉ + ૝

૛
≻

ࢇ + ૛
ඥ૜(࢈ + ࢉ + ૚)

≥
૛ࢇ + ૝
+࢈ ࢉ + ૝

≻ 

⇒ ∑ ା૛ࢇ
ඥ૜(࢈ାࢉା૚)

≥ ૛∑ ା૛ࢇ
ା૛ࢉା૛ା࢈

   (2), we know also, that 

∑ ࢞
ࢠା࢟

≥ ૜
૛
, we put ࢞ = ࢇ + ૛, ࢟ = ࢈ + ૛, ࢠ = ࢉ + ૛ ≻ ૛∑ ା૛ࢇ

ା૛ࢉା૛ା࢈
≥ ૜ (3) 

(૚)(૛)(૜)
≻

ට ૛ା૛ࢇ
ା૚ࢉା࢈

+ ට ૛ା૛࢈
ା૚ࢉାࢇ

+ ට ૛ା૛ࢉ
ା૚࢈ାࢇ

≥ ૜.	  (Q.E.D.) 

Solution 4 by Soumava Chakraborty-Kolkata-India 

∵ ࢉ,࢈,ࢇ ≥ ૙, ࢇ
૛ା૛

ା૚ࢉା࢈
, etc > 0 

∴ by A-G, LHS ≥ ૜ඨට ൫ࢇ૛ା૛൯൫࢈૛ା૛൯൫ࢉ૛ା૛൯
(ା૚࢈ାࢇ)(ା૚ࢇାࢉ)(ା૚ࢉା࢈)

૜
≥
?
૜ 
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⇔ ૛ࢇ) + ૛)(࢈૛ + ૛)(ࢉ૛ + ૛) ≥
?

࢈) + ࢉ + ૚)(ࢉ+ +ࢇ ૚)(ࢇ+ ࢈ + ૚) 

⇔ ૛ࢉ૛࢈૛ࢇ + ૛෍ࢇ૛࢈૛ + ૜෍ࢇ૛ + ૠ ≥
(૚)

?
෍ࢇ૛ ࢈ + ෍࢈ࢇ૛ + ૛ࢉ࢈ࢇ + ૜෍࢈ࢇ+ ૛෍ࢇ 

Now, ૚
૛
࢈)૛ࢇ − ૚)૛ ≥ ૙ ⇒ ૚

૛
૛࢈૛ࢇ) + (૛ࢇ ≥

(࢏)
 ࢈૛ࢇ

૚
૛࢈

૛(ࢉ − ૚)૛ ≥ ૙ ⇒
૚
૛

૛ࢉ૛࢈) + (૛࢈ ≥
(࢏࢏)

 ࢉ૛࢈

૚
૛ ࢉ

૛(ࢇ − ૚)૛ ≥ ૙ ⇒
૚
૛

૛ࢇ૛ࢉ) + (૛ࢉ ≥
(࢏࢏࢏)

 ࢇ૛ࢉ

૚
૛࢈

૛(ࢇ − ૚)૛ ≥ ૙ ⇒
૚
૛

૛࢈૛ࢇ) + (૛࢈ ≥
(࢜࢏)

 ૛࢈ࢇ

૚
૛ ࢉ

૛(࢈− ૚)૛ ≥ ૙ ⇒
૚
૛

૛ࢉ૛࢈) + (૛ࢉ ≥
(࢜)

 ૛ࢉ࢈

૚
૛ ࢇ

૛(ࢉ − ૚)૛ ≥ ૙ ⇒
૚
૛

૛ࢇ૛ࢉ) + (૛ࢇ ≥
(࢏࢜)

 ૛ࢇࢉ

Also, ∵ ૚
૛

ࢇ)∑] − [૛(࢈ ≥ ૙, ∴ ૛ࢇ∑ ≥
(࢏࢏࢜)

 ࢈ࢇ∑

∵෍(ࢇ − ૚)૛ ≥ ૙, ∴෍ࢇ૛ + ૜ ≥
(࢏࢏࢏࢜)

૛෍ࢇ 

∵ ࢉ࢈ࢇ) − ૚)૛ ≥ ૙,∴ ૛ࢉ૛࢈૛ࢇ + ૚ ≥
(࢞࢏)

૛ࢉ࢈ࢇ 

∵෍(࢈ࢇ − ૚)૛ ≥ ૙,∴෍ࢇ૛࢈૛ + ૜ ≥
(࢞)

૛෍࢈ࢇ 

(i)+(ii)+(iii)+(iv)+(v)+(࢏࢜) + (࢏࢏࢜) + (࢏࢏࢏࢜) + (࢞࢏) + (࢞) ⇒ (1) is true (proved) 

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ ≥ ૙, we have 

૛ࢇ) + ૚ + ૚)(࢈૛ + ૚ + ૚) ≥ ࢇ) + ࢈ + ૚)૛ 

૛࢈) + ૚ + ૚)(ࢉ૛ + ૚ + ૚) ≥ ࢈) + ࢉ + ૚)૛ 

૛ࢉ) + ૚ + ૚)(ࢇ૛ + ૚ + ૚) ≥ ࢉ) + ࢇ + ૚)૛ 

⇒ ૛ࢇ) + ૛)(࢈૛ + ૛)(ࢉ૛ + ૛) ≥ ࢇ) + +࢈ ૚)(	࢈+ ࢉ + ૚)(ࢉ+ ࢇ + ૚) 

Hence ට ૛ା૛ࢇ
ା૚ࢉା࢈

+ ට ૛ା૛࢈
ା૚ࢇାࢉ

+ ට ૛ା૛ࢉ
ା૚࢈ାࢇ

≥ ૜ඨටቀ ૛ା૛ࢇ
ା૚ࢉା࢈

ቁ ቀ ૛ା૛࢈
ା૚ࢇାࢉ

ቁ ቀ ૛ା૛ࢉ
ା૚࢈ାࢇ

ቁ
૛૜

≥ ૜ 
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Iff ටቀ ૛ା૛ࢇ
ା૚ࢉା࢈

ቁ ቀ ૛ା૛࢈
ା૚ࢇାࢉ

ቁ ቀ ૛ା૛ࢉ
ା૚࢈ାࢇ

ቁ
૟

≥ ૚ and it is to be true.  

Therefore, it is to be true 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

By Cauchy-Schwarz inequality, 

૛ࢇ) + ૚ + ૚)(࢈૛ + ૚ + ૚) ≥ ቀඥࢇ૛ ⋅ ૚ + ඥ࢈૛ ⋅ ૚ + √૚ ⋅ ૚ቁ
૛

= +ࢇ) ࢈ + ૚)૛	 

Similarly, (࢈૛ + ૛)(ࢉ૛ + ૛) ≥ ࢈) + ࢉ + ૚)૛ and (ࢉ૛ + ૛)(ࢇ૛ + ૛) ≥ ࢉ) + ࢇ + ૚)૛ 

Multiplying the above we have ∏ ૛ࢇ) + ૛)ࢉ࢟ࢉ ≥ ∏ +ࢇ) ࢈ + ૚)ࢉ࢟ࢉ  

෍ඨ ૛ࢇ + ૛
+࢈ ࢉ + ૚

ࢉ࢟ࢉ

≥⏞
ࡹࡳஹࡹ࡭

૜ඩෑඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚

ࢉ࢟ࢉ

૜

= ૜ 

 

SP.170. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢊ,ࢉ + ࢈ + ࢉ + ࢊ = ૛. 

Prove that: 

ࢇ

ඥ࢈ + ૜ࢇࢊࢉ√
+

࢈

ඥࢉ + ૜࢈ࢇࢊ√
+

ࢉ

ඥࢊ+ ૜ࢉ࢈ࢇ√
+

ࢊ

ඥࢇ + ૜ࢊࢉ࢈√
≥ ૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

Using Cauchy’s inequality, we have: 

ࡿࡴࡸ ≥
ࢇ

ට࢈ + ࢉ + ࢊ + ࢇ
૜

+
࢈

ටࢉ + ࢇ + +࢈ ࢊ
૜

+
ࢉ

ටࢊ + ࢇ + ࢈ + ࢉ
૜

+
ࢊ

ටࢇ + ࢈ + ࢉ + ࢊ
૜

= 

ට૜
૛
ቀ ࢇ
√૚ା࢈

+ ࢈
√૚ାࢉ

+ ࢉ
√૚ାࢊ

+ ࢊ
√૚ାࢇ

ቁ   (*) 

Let (࢞)ࢌ = ૚
√૚ା࢞

	(૙ < ݔ < 2) ⇒ (࢞)ᇱᇱࢌ = ૜

૝(૚ା࢞)
૞
૛

> 0	൫∀࢞ ∈ (૙,૛)൯; 

Using Jensen’s inequality: 

૛ ⋅ ඨ
૜
૛ ൤
ࢇ
࢈ ࢌ

(࢈) +
࢈
૛ࢌ

(ࢉ) +
ࢉ
૛ࢌ

(ࢊ) +
ࢊ
૛ ࢌ

൨(ࢇ) ≥ ૛ඨ
૜
૛ࢌ ൬

࢈ࢇ + ࢉ࢈ + +ࢊࢉ ࢇࢊ
૛ ൰ = 
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= ૛ට૜
૛
⋅ ૚

ට૚ା࢈ࢇశࢉ࢈శࢊࢉశࢇࢊ૛

= √૚૛ ⋅ ૚
√૛ା࢈ࢇାࢉ࢈ାࢊࢉାࢇࢊ

  (**) 

Because: 

૝ − ૝(࢈ࢇ+ ࢉ࢈ + +ࢊࢉ (ࢇࢊ = ࢇ) + ࢈ + ࢉ + ૛(ࢊ − ૝(࢈ࢇ + +ࢉ࢈ +ࢊࢉ (ࢇࢊ = 

= ࢇ) − ࢈ + ࢉ − ૛(ࢊ ≥ ૙ → ࢈ࢇ + ࢉ࢈ + ࢊࢉ + ࢇࢊ ≤ ૚; 

⇒ (**) ≥ √૚૛ ⋅ ට ૚
૛ା૚

= ૛. Proved. Equality  ⇔ ࢇ = ࢈ = ࢉ = ࢊ = ૚
૛
. 

Solution 2 by Minh Tam Le-Vietnam 

෍
ࢇ

ඥ࢈ + ૜ࢊࢉࢇ√

ࢊ,ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

≥
ࡿ࡮࡯ ૛(ࢇ∑)

∑ ࢈ඥࢇ + ࢊࢉࢇ√
૜ࢊ,ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

	 ≥
ࡹࡳିࡹ࡭

෍
૝

࢈ටࢇ + +ࢇ ࢉ + ࢊ
૜

ࢊ,ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

 

=
૝

∑ ට૛ࢇ + ૛࢈
૜

ࢊ.ࢉ,࢈,ࢇ
ࢉ࢟ࢉ

=
૝

∑ ࢇ
૜

ࢊ.ࢉ,࢈,ࢇ
ࢉ࢟ࢉ ඥ૜(૛ + ૛࢈)

≥
ࡹࡳିࡹ࡭ ૝

∑ ࢇ
૜ ቀ

૜ + ૛ + ૛࢈
૛ ቁࢊ.ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

= 

= ૝
૞ ∑ ࢊ.ࢉ,࢈,ࢇࢇ

ࢉ࢟ࢉ
૟ ା∑ ࢈ࢇ

૜
ࢊ.ࢉ,࢈,ࢇ
ࢉ࢟ࢉ

= ૝
૞
૜ା∑

࢈ࢇ
૜

ࢊ.ࢉ,࢈,ࢇ
ࢉ࢟ࢉ

≥ ૛   (*) 

(*) ૛∑ ࢊ.ࢉ,࢈,ࢇ࢈ࢇ
ࢉ࢟ࢉ = ൫∑ ࢊ.ࢉ,࢈,ࢇࢇ

ࢉ࢟ࢉ ൯
૛
− ∑ ࢊ.ࢉ,࢈,ࢇ૛ࢇ

ࢉ࢟ࢉ − ૛ࢉࢇ + ૛ࢊ࢈ = ૝ − +ࢇ)] ૛(ࢉ + ࢈) +  [૛(ࢊ

≤
ࡿ࡮࡯

૝ −
૚
૛
ቌ ෍ ࢇ
ࢊ.ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

ቍ

૛

= ૛ ⇔ ෍ ࢈ࢇ
ࢊ.ࢉ,࢈,ࢇ

ࢉ࢟ࢉ

≤ ૚ 

 

SP.171. Let ࢈,ࢇ, ࢉ࢈ࢇ :be positive real numbers such that ࢉ = ૚. Find the 

minimum value of: 

ࡼ =
૝ࢇ

૝ࢇ)૞ඥ૞࢈ + ૝)
+

૝࢈

૝࢈)૞ඥ૞ࢉ + ૝)
+

૝ࢉ

૝ࢉ)૞ඥ૞ࢇ + ૝)
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢉ࢈ࢇ = ૚,ࢉ,࢈,ࢇ > 0 we have 
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ቆ
૛ࢇ

૛࢈ +
૛࢈

૛ࢉ +
૛ࢉ

૛ቇࢇ
૝

≥ ൭
૝ࢇ

૝࢈ +
૝࢈

૝ࢉ +
૝ࢉ

૝ࢇ + ૛ቆ
૛ࢇ

૛ࢉ +
૛ࢉ

૛࢈ +
૛࢈

૛ቇࢇ
൱
૛

 

≥ ૢ൭
૝ࢇ

૝࢈ +
૝࢈

૝ࢉ +
૝ࢉ

૝ࢇ + ૛ቆ
૛ࢇ

૛ࢉ +
૛ࢉ

૛࢈ +
૛࢈

૛ቇࢇ
൱ 

Consider ࢇ૝

૝ା૝൯ࢇ૞ට૞൫࢈
+ ૝࢈

૝ା૝൯࢈૝ට૞൫ࢉ
+ ૝ࢉ

૝ା૝൯ࢉ૞ට૞൫ࢇ
 

≥
൬ࢇ

૛

૛࢈ + ૛࢈
૛ࢉ + ૛ࢉ

૛൰ࢇ
૛

ඥ૞(ࢇ૝࢈૛ + ૝࢈૛) + ඥ૞(࢈૝ࢉ૛ + ૝ࢉ૛) + ඥ૞(ࢉ૝ࢇ૛ + ૝ࢉ૛)
 

≥
൬ࢇ

૛

૛࢈ + ૛࢈
૛ࢉ + ૛ࢉ

૛൰ࢇ
૛

ට૚૞൫ࢇ૝࢈૛ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + ૝(ࢇ૛ + ૛࢈ + 	૛)൯ࢉ
≥
૜
૞ 

If 
൬ࢇ

૛

૛࢈
ା࢈

૛

૛ࢉ
ାࢉ

૛

૛ࢇ
൰
૛

૚૞ቀࢇ૝࢈૛ା࢈૝ࢉ૛ାࢉ૝ࢇ૛ା૝൫ࢇ૛ା࢈૛ାࢉ૛൯ቁ
≥ ૢ

૛૞
 

If 
ૢቆࢇ

૝

૝࢈
ା࢈

૝

૝ࢉ
ାࢉ૝

૝ࢇ
ା૛൬ࢇ

૛

૛࢈
ାࢉ

૛

૛࢈
ା࢈

૛

૛ࢉ
൰ቇ

૚૞ቀࢇ૝࢈૛ା࢈૝ࢉ૛ାࢉ૝ࢇ૛ା૝൫ࢇ૛ା࢈૛ାࢉ૛൯ቁ
≥ ૢ

૛૞
 

If 
૝ࢇ

૞࢈
ା࢈

૝

૝ࢉ
ାࢉ૝

૝ࢇ
ା૛൬ࢇ

૛

૛ࢉ
ାࢉ

૛

૛࢈
ା࢈

૛

૛ࢉ
൰

૛൯ࢉ૛ା࢈૛ାࢇ૛ା૝൫ࢇ૝ࢉ૛ାࢉ૝࢈૛ା࢈૝ࢇ
≥ ૜

૞
 ok 

and if is to be true, because 

૞ቆ
૝ࢇ

૝࢈ +
૝࢈

૝ࢉ +
૝ࢉ

૝ቇࢇ + ૠ(ࢇ૝࢈૛ + ૛ࢉ૝࢈ + (૛ࢇ૝ࢉ = 

= ૞(ࢇૡࢉ૝ + ૝ࢇૡ࢈ + (૝࢈ૡࢉ + ૠ(ࢇ૝࢈૛ + ૛ࢇ૝࢈ +  (૛ࢇ૝ࢉ

≥ ૚૙൫ࢇ૞ࢉ + ࢈૞ࢉ + ൯ࢇ૞࢈ + ૛ ቆ
૛ࢇ

૛ࢉ +
૛ࢉ

૛࢈ +
૛࢈

૛ቇࢇ = ૚૙ቆ
૝ࢇ

࢈ +
૝࢈

ࢉ +
૝ࢉ

ࢇ ቇ + ૛ቆ
૛ࢇ

૛ࢉ +
૛ࢉ

૛࢈ +
૛࢈

 ૛ቇࢇ

≥ ૟ቆ
૝ࢇ

࢈ +
૝࢈

ࢉ +
૝ࢉ

ࢇ ቇ+ ૟(ࢇ૛ + ૛࢈ + :(૛ࢉ
૝ࢇ

࢈ +
૝ࢇ

࢈ +
૛࢈

૛ࢇ ≥ ૜ࢇ૛ 

≥ ૚૛(ࢇ૛ + ૛࢈ + :(૛ࢉ
૝ࢇ

࢈ +
૝࢈

ࢉ +
૝ࢉ

ࢇ ≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

Therefore, it’s minimum is ૜
૞
. 
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Solution 2 by Michael Sterghiou-Greece 

ࡼ = ∑ ૝ࢇ

૛ା૝൯ࢇ૞ට૞൫࢈
ࢉ࢟ࢉ   (1) 

Let (ࢗ,࢖, (࢘ = ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ ࢘ .൯ࢉ࢈ࢇ, = ૚. As ඥ૞(ࢇ૛ + ૝) ≤ ૚
૛

૛ࢇ) + ૢ) (AM-GM) 

and using BCS in (1) in the form ∑
൬ࢇ
૛

૛࢈
൰
૛

૛ା૝൯ࢇ൫࢙ට࢈
ࢉ࢟ࢉ =  ࡼ

we get ࡼ ≥
૛൬∑ ૛ࢇ

ࢉ࢟ࢉ૛࢈ ൰
૛

∑࢈ ൫ࢇ૛ାૢ൯ࢉ࢟ࢉ
  (2) 

We will show RHS of (2) ≥ ૜
૞
. We know that for ൜ ࢠ࢟࢞ = ૚

,࢟,࢞ ࢠ > 0ൠ ∑
࢞
ࢉ࢟ࢉ࢟ ≥ ࢞ + ࢟ +  ,so ࢠ

 ቀ∑ ૛ࢇ

ࢉ࢟ࢉ૛࢈ ቁ
૛
≥ ൫∑ ࢉ࢟ࢉ૛ࢇ ൯

૛
≥ ቈ൫∑ ࢉ࢟ࢉࢇ ൯

૛

૜
቉
૛

= ૝࢖

ૢ
 (2) reduces to the (stronger) inequality 

૚
࢖ૢ

૝

൫∑ ࢉ࢟ࢉ૛ࢉࢇ ൯ାૢ࢖
≥ ૜

૚૙
 or ૚૙

ૢ
૝࢖ − ૜∑ ࢉ࢟ࢉ૜ࢉࢇ − ૛ૠ࢖ ≥ ૙. But ∑ ࢉ࢟ࢉ૛ࢉࢇ ≤ ∑ ࢉ࢟ࢉ૜ࢇ  

(rearrangement) so it suffices to show that 
૚૙
ૢ
૝࢖ − ૜(࢖૜ − ૜ࢗ࢖ + ૜) − ૛ૠ࢖ ≥ ૙ or ૚૙

ૢ
૝࢖ − ૜࢖૜ − ૛ૠ࢖+ ࢗ࢖)ૢ − ૚) ≥ ૙ 

As ࢗ࢖ ≥ ૢ (for ࢘ = ૚,࢖ ≥ ૜,ࢗ ≥ ૜)	 it is enough that ૚૙
ૢ
૝࢖ − ૜࢖૜ − ૛ૠ࢖ + ૠ૛ ≥ ૙ 

or ૚૙࢖૝ − ૛ૠ࢖૜ − ૛૝૜࢖ + ૟૝ૡ ≥ ૙ or (࢖ − ૜)(૚૙࢖૜ + ૜࢖૛ + ࢖ૢ − ૛૚૟) ≥ ૙ 

which clearly holds for ࢖ ≥ ૜. Done! ቂܖܑܕࡼ 	 = ૜
૞
ቃ 

 

SP.172. Prove that for any real numbers ࢟,࢞,  :ࢠ

࢞) + ࢟ + ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ − ࢞)(࢟ + ࢟ − (ࢠ ≤ ૝࢟૛ࢠ૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

Lemma: For ࢟,࢞, ࢠ ≥ ૙ we have: 

࢞) + ࢟ − ࢟)(ࢠ + ࢠ − +ࢠ)(࢞ ࢞ − (࢟ ≤  (1)  ࢠ࢟࢞

Let ࢟,࢞)ࡼ, (ࢠ = ࢞) + ࢟ + +࢞)(ࢠ ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ − −(࢟ ૝࢟૛ࢠ૛ 
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⇒ ,࢞±)ࡼ ,࢟± (ࢠ± = ,࢟,࢞)ࡼ ,࢟,࢞∀(ࢠ ࢠ ∈ ℝ 

⇒ Suppose ࢟,࢞, ࢠ ≥ ૙ and ࢞ ≤ ࢟ ≤  ,Then .ࢠ

࢞) + ࢟ + ࢞)(ࢠ + ࢟ − +࢟)(ࢠ ࢠ − +ࢠ)(࢞ ࢞ − (࢟ ≤
(૚)

࢞) + ࢟ +  ࢠ࢟࢞(ࢠ

Must show that: (࢞ + ࢟ + ࢠ࢟࢞(ࢠ ≤ ૝࢟૛ࢠ૛ 

⇔ ࢞)࢞ + ࢟ + (ࢠ ≤ ૝ࢠ࢟  (*) 

࢞)࢞ + ࢟ + (ࢠ ≤ ࢟૛)࢟ + (ࢠ ≤
(૛)

૝ࢠ࢟ 

∵ If ࢟ = ૙ then (2) true. ∵ If ࢟ > 0 then (2) ⇔ ૛࢟ + ࢠ ≤ ૝ࢠ 

⇔ ૛࢟ ≤ ૜ࢠ  (true because ૙ < ݕ ≤ ݖ ⇒ ࢟2 ≤ ૛ࢠ <  (ࢠ3

Now, we must show (1) true: 

If ࢞ + ࢟ − ࢠ < 0 or ࢞+ ࢠ − ࢟ < 0 or ࢟ + ࢠ − ࢞ < 0 then (1) true. 

If ൜࢞ + ࢟ − ࢠ < 0
࢞ + ࢠ − ࢟ < 0 ⇒ ૛࢞ < 0 ⇒ ݔ < 0 (contrary) 

(etc). 

If ࢞ + −࢟ ࢞,ࢠ + ࢠ − ࢟,࢟ + ࢠ − ࢞ > 0 then 

࢓) + ࢔)(࢔ + +࢖)(࢖ (࢓ ≥
(࢟ࢎࢉ࢛ࢇ࡯)

ૡ࢖,࢔,࢓)࢖࢔࢓ > 0) 

Let ࢓ = ࢞ + ࢟ − ࢔,ࢠ = ࢞ + ࢠ − ࢖,࢟ = ࢟ + ࢠ −  .we proved ,࢞

Solution 2 by Michael Sterghiou-Greece 

࢞) + ࢟ + ࢟)(ࢠ + ࢠ − +ࢠ)(࢞ ࢞ − +࢞)(࢟ ࢟ − (ࢠ ≤ ૝࢟૛ࢠ૛   (1) 

(1) reduces to −(࢞૛ + ૛࢟ − ૛)૛ࢠ ≤ ૙ which is true. 

SP.173. Prove that for any positive real numbers ࢟,࢞,  :ࢠ

૛࢟૛ඥ࢞ + ૛ࢠ + ૛ࢠ√૛࢟ + ૛࢞ + ૛࢞૛ඥࢠ + ૛࢟

૜࢞ + ૜࢟ + ૜ࢠ
≤ √૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Amit Dutta-Jamshedpur-India 

→ ૛࢟૛ඥ࢞ + ૛ࢠ = √૛࢞૜ඨ
૛࢟ + ૛ࢠ

૛࢞૛ ⇒ √૛࢞૜ඨ
૛࢟ + ૛ࢠ

૛࢞૛ ≤
ࡹ࡭ஸࡹࡳ

√૛࢞૜ ቆ
૛࢟ + ૛ࢠ + ૛࢞૛

૝࢞૛ ቇ 
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≤
૚

૛√૛
૛࢟)࢞ + ૛ࢠ + ૛࢞૛) 

⇒ ૛࢟૛ඥ࢞ + ૛ࢠ = √૛࢞૜ඨ
૛࢟ + ૛ࢠ

૛࢞૛ ≤
࢞

૛√૛
૛࢟) + ૛ࢠ + ૛࢞૛) 

⇒ ෍ ૛࢟૛ඥ࢞ + ૛ࢠ
(ࢠ,࢟,࢞)ࢉ࢟ࢉ

≤ ෍
࢞

૛√૛(ࢠ,࢟,࢞)ࢉ࢟ࢉ

૛࢟) + ૛ࢠ + ૛࢞૛) ≤
૚
૛√૛

෍(࢟࢞૛ + ૛ࢠ࢞ + ૛࢞૜) 

Now, ∵ ࢞) − ૛(࢟ ≥ ૙ ⇒ ૛࢞ + ૛࢟ − ࢟࢞ ≥ ࢟࢞ ⇒ ࢞) + ૛࢞)(࢟ + ૛࢟ − (࢟࢞ ≥ ࢞)࢟࢞ +  (࢟

⇒ ૜࢞) + (૜࢟ ≥ ࢟૛࢞) + (૛࢟࢞ ⇒෍(࢞૛࢟ + (૛࢟࢞
ࢉ࢟ࢉ

≤෍(࢞૜ + (૜࢟
ࢉ࢟ࢉ

≤ ૛෍࢞૜
ࢉ࢟ࢉ

 

⇒ ෍ ૛࢟૛ඥ࢞ + ૛ࢠ
(ࢠ,࢟,࢞)ࢉ࢟ࢉ

≤
૚
૛√૛

ቀ૛෍࢞૜ + ૛࢞૜ቁ ≤ ቆ
૝∑࢞૜

૛√૛
ቇ 

∴ ෍ ૛࢟૛ඥ࢞ + ૛ࢠ
(ࢠ,࢟,࢞)ࢉ࢟ࢉ

≤ √૛(࢞૜ + ૜࢟ +  (૜ࢠ

⇒
૛࢟૛ඥ࢞ + ૛ࢠ + ૛ࢠ√૛࢟ + ૛࢞ + ૛࢞૛ඥࢠ + ૛࢟

૜࢞) + ૜࢟ + (૜ࢠ ≤ √૛ 

(proved) Equality when ࢞ = ࢟ =  .ࢠ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know, ૛∑ ࢉ࢟ࢉ૜࢞ ≥ ∑ ࢞)࢟࢞ + ࢉ࢟ࢉ(࢟  

∑ ૛࢟૛ඥ࢞ + ࢉ࢟ࢉ૛ࢠ

∑ ࢉ࢟ࢉ૜࢞
=
∑ ࢞

૜
૛ඥ࢟࢞૛ + ࢉ࢟ࢉ૛ࢠ࢞

∑ ࢉ࢟ࢉ૜࢞
≤

ࢅࡴ࡯ࢁ࡭࡯
ࢆࡾ࡭ࢃࡴ࡯ࡿ ට൫∑ ࢉ࢟ࢉ૜࢞ ൯൫∑ +࢞)࢟࢞ ࢉ࢟ࢉ(࢟ ൯

∑ ࢉ࢟ࢉ૜࢞
 

≤
ට૛൫∑ ࢉ࢟ࢉ૜࢞ ൯൫∑ ࢉ࢟ࢉ૜࢞ ൯

∑ ࢉ࢟ࢉ૜࢞
= √૛ (proved) 

Solution 3 by Tran Hong-Vietnam 

Let ࢞૛ + ૛࢟ + ૛ࢠ = ૜. 

∵ ૛√૜࢞ − ૛࢞ ≤ ૜࢞ା࢞૜

૛√૛
⇔ ൫࢞૛ି૚൯

૛

૛√૛
≥ ૙  (true) 

⇒ ૛࢞∑ √૜ − ૛࢞ ≤ ૜(࢞ା࢟ାࢠ)ା൫࢞૜ା࢟૜ାࢠ૜൯
૛√૛

  (*) 

૜(࢞ + ࢟ + (ࢠ = +࢞) ࢟ + ૛࢞)(ࢠ + ૛࢟ + (૛ࢠ ≤
(࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯)

૜(࢞૜ + ૜࢟ +  (૜ࢠ
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⇔ ࢞ + ࢟ + ࢠ ≤ ૜࢞ + ૜࢟ +  ,૜. Henceࢠ

(*) ≤ ૝൫࢞૜ା࢟૜ାࢠ૜൯
૛√૛

= √૛(࢞૜ + ૜࢟ +  .૜). Provedࢠ

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

For all ࢈,ࢇ, ࢉ > 0, we have this fact ට૛൫ࢇ૟ାࢇ૜࢈૜ାࢇ૜ࢉ૜൯
૜

≥ ૛ࢇ૝ࢇ√ +  ૛ࢉ૝ࢇ

If ૛൫ࢇ
૟ାࢇ૜࢈૜ାࢇ૜ࢉ૜൯

૜
≥ ૛࢈૝ࢇ +  ૛ࢉ૝ࢇ

If ૛(ࢇ૝ + ૜࢈ࢇ + (૜ࢉࢇ ≥ ૜(ࢇ૛࢈૛ +   ૛) and it’s true. Becauseࢉ૛ࢇ

૝ࢇ + ૜࢈ࢇ + ૜࢈ࢇ ≥ ૜ࢇ૛࢈૛,ࢇ૝ + ૜ࢉࢇ + ૜ࢉࢇ ≥ ૜ࢇ૛ࢉ૛. Consider for ࢠ,࢟,࢞ > 0, we get 

that ࢞
૛ඥ࢟૛ାࢠ૛ା࢟૛ඥࢠ૛ା࢞૛ାࢠ૛ඥ࢞૛ା࢟૛

૜ࢠ૜ା࢟૜ା࢞
≤ √૛ 

If ඥ࢞૝࢟૛ + ૛ࢠ૝࢞ + ඥ࢟૝ࢠ૛ + ૛࢞૝࢟ + ඥࢠ૟࢞૛ + ૛࢟૝ࢠ ≤ √૛(࢞૜ + ૜࢟ +  (૜ࢠ

= ඥ૛(࢞૜ + ૜࢟ +  ૜)૛ࢠ

= ඥ૛(࢞૟ + ૟࢟ + (૟ࢠ + ૛((࢟࢞)૜ + ૜(ࢠ࢟) +  (૜(࢞ࢠ)

= ඨ૜࢞
૛

૜ ൫(࢞૟ + ૜࢟૜࢞ + (૜ࢠ૜࢞ + ૜࢟) + ૜࢞૜࢟ + (૜ࢠ૜࢟ + ૜ࢠ) + ૜࢞૜ࢠ +  ૜)൯࢟૜ࢠ

If ඥ࢞૝࢟૛ + ૛ࢠ૝࢞ + ඥ࢟૝࢞૛ + ૛ࢠ૝࢟ + ඥࢠ૝࢞૛ + ૛࢟૝ࢠ ≤ 

≤ ඨ૛(࢞૟ + ૜࢟૜࢞ + (૜ࢠ૜࢞
૜ + ඨ૛(࢟૟ + ૜ࢠ૜࢟ + (૜࢞૜࢟

૜ + ඨ૛(ࢠ૟ + ૜࢞૜ࢠ + (૜࢟૜ࢠ
૜  

and it’s true. Therefore, it’s true. 

Solution 5 by Soumava Chakraborty-Kolkata-India 

෍࢞૛ඥ࢟૛ + ૛ࢠ = ෍࢞ඥ࢞૛࢟૛ + ૛ࢠ૛࢞ ≤
ࡿ࡮࡯

ට෍࢞૛ට૛෍࢞૛࢟૛ ⇒
૛࢟૛ඥ࢞∑ + ૛ࢠ

૜࢞∑  

≤
ඥ∑࢞૛ඥ૛∑࢞૛࢟૛

૜࢞∑ ≤
?
√૛ ⇔ ቀ෍࢞૜ቁ

૛
≥
?
ቀ෍࢞૛ቁ ቀ෍࢞૛࢟૛ቁ 

⇔෍࢞૟ + ૛෍࢞૜࢟૜ ≥
(૚)

?
෍࢞૝࢟૛ + ෍࢞૛࢟૝ + ૜࢞૛࢟૛ࢠ૛ 

Now, ∑࢞૟ + ૜࢞૛࢟૛ࢠ૛ ≥
(࢏)

࢛࢘ࢎࢉࡿ
૛࢟૝࢞∑ + ૜࢟૜࢞∑૝ & ૛࢟૛࢞∑ ≥

(࢏࢏)

ࡳି࡭
૟࢞૛࢟૛ࢠ૛ 
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(i)+(ii)⇒ ૟࢞∑ + ૜࢞૛࢟૛ࢠ૛ + ૛∑࢞૜࢟૜ ≥ ૛࢟૝࢞∑ + ૝࢟૛࢞∑ + ૟࢞૛࢟૛ࢠ૛ 

⇒෍࢞૟ + ૛෍࢞૜࢟૜ ≥෍࢞૝࢟૛ + ෍࢞૛࢟૝ + ૜࢞૛࢟૛ࢠ૛ 

⇒ (1) is true (Hence proved) 

 

SP.174. Prove that for any positive real numbers ࢈,ࢇ, ,࢟,࢞,ࢉ  :ࢠ

૜ࢇ) + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜) ≥ ࢠ࢟ࢇ) + ࢞ࢠ࢈ + +࢟࢞ࢉ  ૜(ࢠ࢟࢞

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Nguyen Tan Phat-Vietnam 

૜ࢇ) + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜) = 

= ૜ࢇ) + ૜࢞ + ૜࢞ + ૜࢟)(૜࢞ + ૜࢈ + ૜࢟ + ૜ࢠ)(૜࢟ + ૜ࢠ + ૜ࢉ +  (૜ࢠ

Using Holder’s inequality, we have:  

൫ࢇ૜ + ૜࢞ + ૜࢞ + ૜࢟૜൯൫࢞ + ૜࢈ + ૜࢟ + ૜ࢠ૜൯൫࢟ + ૜ࢠ + ૜ࢉ + ૜൯ࢠ ≥ +ࢠ࢟ࢇ) ࢞ࢠ࢈ + ࢟࢞ࢉ +  ૜(ࢠ࢟࢞

⇒ ૜ࢇ) + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜) ≥ +ࢠ࢟ࢇ) ࢞ࢠ࢈ + +࢟࢞ࢉ  ૜(ࢠ࢟࢞

Solution 2 by Tran Hong-Vietnam 

Using Cauchy’s inequality: 

∵ ૜ࢇ

(૜࢞૜ା૜ࢇ)
+ ૜࢟

൫࢈૜ା૜࢟૜൯
+ ૜ࢠ

൫ࢉ૜ା૜ࢠ૜൯
≥ ૜ࢠ࢟ࢇ

ට൫ࢇ૜ା૜࢞૜൯൫࢈૜ା૜࢟૜൯൫ࢉ૜ା૜ࢠ૜൯
૜

   (1) 

∵ ૜࢞

൫ࢇ૜ା૜࢞૜൯
+ ૜࢈

൫࢈૜ା૜࢟૜൯
+ ૜ࢠ

൫ࢉ૜ା૜ࢠ૜൯
≥ ૜ࢠ࢞࢈

ට൫ࢇ૜ା૜࢞૜൯൫࢈૜ା૜࢟૜൯൫ࢉ૜ା૜ࢠ૜൯૜
  (2) 

∵ ૜࢞

൫ࢇ૜ା૜࢞૜൯
+ ૜࢟

൫࢈૜ା૜࢟૜൯
+ ૜ࢉ

൫ࢉ૜ା૜ࢠ૜൯
≥ ૜ࢉ࢟࢞

ට൫ࢇ૜ା૜࢞૜൯൫࢈૜ା૜࢟૜൯൫ࢉ૜ା૜ࢠ૜൯૜
   (3) 

∵ ૜࢞

൫ࢇ૜ା૜࢞૜൯
+ ૜࢟

൫࢈૜ା૜࢟૜൯
+ ૜ࢠ

൫ࢉ૜ା૜ࢠ૜൯
≥ ૜ࢠ࢟࢞

ට൫ࢇ૜ା૜࢞૜൯൫࢈૜ା૜࢟૜൯൫ࢉ૜ା૜ࢠ૜൯
૜

  (4) 

From (1)+(2)	+(3)	+(4) we have: 

⇒ ඥ(ࢇ૜ + ૜࢞૛)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜)૜ ≥ ࢠ࢟࢞) + ࢉ࢟࢞ + +ࢠ࢞࢈  .Proved ⇒ (ࢠ࢟ࢇ

 

SP.175. Let ࢟,࢞,  :be positive real numbers such that ࢠ
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૛࢞ + ૛࢟ + ૛ࢠ + ૛ࢠ࢟࢞ = ૚. Find the minimum value of: 

ࡼ =
૜࢞

૚ + ૜࢟ − ૛ࢠ࢟
+

૜࢟

૚ + ૜ࢠ − ૛࢞ࢠ
+

૜ࢠ

૚+ ૜࢞ − ૛࢟࢞
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

 Solution 1 by Tran Hong-Vietnam 

ࡿࡴࡸ = ෍
૝࢞

࢞ + ૜࢟࢞ − ૛ࢠ࢟࢞ ≥
(ࢠ࢘ࢇ࢝ࢎࢉࡿ)

 

૛(૛࢞∑)

࢞∑ + ૜∑࢟࢞ − ૟ࢠ࢟࢞ =
૛(૛࢞∑)

࢞∑ + ૜∑ ࢟࢞ + ૜∑(∑࢞૛ − ૚) 

≥
૛(૛࢞∑)

ඥ૜∑࢞૛ + ૟∑࢞૛ − ૜
=

૝࢚

√૜࢚+ ૟࢚૛ − ૜
;ቆ࢚ = ට෍࢞૛ቇ 

∴ ૛࢞) + ૛࢟ + ૛)૜ࢠ ≥ ૛ૠ࢞૛࢟૛ࢠ૛ ⇒ ૟࢚ ≥ ૛ૠ(ࢠ࢟࢞)૛ 

⇔ ૜࢚ ≥ ૜√૜ࢠ࢟࢞ ⇔ ࢠ࢟࢞ ≤
૜࢚

૜√૜
 

∵ ૚ = ૛ࢠ࢟࢞ + ෍࢞૛ ≤ ૛ ⋅
૜࢚

૜√૜
+ ૛࢚ ⇔ ࢚ ≥

√૜
૛ ≈ ૙.ૡ૟૟૙ 

Let (࢚)ࢌ = ૝࢚

√૜࢚ା૟࢚૛ି૜
; ࢚ ∈ ቂ√૜

૛
; +∞ቁ ⇒ (࢚)ᇱࢌ = ૜࢚૜൫૝࢚૛ା√૜ି࢚૝൯

൫૟࢚૛ା√૜ି࢚૜൯
૛  

(࢚)ᇱࢌ = ૙ ⇔ ૝࢚૛ + √૜࢚ − ૝ = ૙ ⇔

⎣
⎢
⎢
⎢
࢚⎡ =

√૟ૠ − √૜
ૡ ≈ ૙,ૡ૙૟ૠ ∉ ቈ

√૜
૛ ; +∞ቇ

࢚ =
−√૟ૠ − √૜

ૡ ∉ ቈ
√૜
૛ ; +∞ቇ

 

⇒ (࢚)ᇱࢌ > ݐ∀	0 ≥
√૜
૛ ⇒ (࢚)ࢌ ↗ ቈ

√૜
૛ ; +∞ቇ 

⇒ (࢚)ࢌ ≥ ቆࢌ
√૜
૛ ቇ =

૜
૚૟ ⇒ ܖܑܕࡼ 	 =

૜
૚૟ ⇔ ࢞ = ࢟ = ࢠ =

૚
૛ 

Solution 2 by Soumava Chakraborty-Kolkata-India  

૛࢞∑ = ૚ − ૛ࢠ࢟࢞ ≥
ࡳି࡭

૜ඥ࢞૛࢟૛ࢠ૛૜ ⇒ ૚− ૛࢖૜ ≥ ૜࢖૛  (where ࢖ = ඥࢠ࢟࢞૜ ) 

⇒ ૛࢖૜ + ૜࢖૛ − ૚ ≤ ૙ ⇒ (૛࢖ − ૚)(࢖ + ૚)૛ ≤ ૙ ⇒ ࢖ ≤
૚
૛ ⇒ ඥࢠ࢟࢞૜ ≤

૚
૛ ⇒ ࢠ࢟࢞ ≤

૚
ૡ 
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⇒ −૛ࢠ࢟࢞ ≥ −
૚
૝ ⇒ ૚ − ૛ࢠ࢟࢞ = ෍࢞૛ ≥

૜
૝ ⇒

ට૜෍࢞૛ ≥
(૚) ૜

૛ 

Now, ૚ + ૜࢞ − ૛࢟࢞ = ૛࢞∑ + ૛ࢠ࢟࢞ + ૜࢞ − ૛࢟࢞ 

= −࢞) ૛(࢟ + ૛ࢠ + ૛ࢠ࢟࢞ + ૜࢞ > 0	(∵ ,࢟,࢞ ࢠ > 0) 

Similarly, ૚ + ૜࢟ − ૛ࢠ࢟ > 0 & ૚ + ૜ࢠ − ૛ࢠ࢞ > 0 

∴ ࢖ =
૝࢞

࢞ + ૜࢟࢞ − ૛ࢠ࢟࢞+
૝࢟

࢟ + ૜ࢠ࢟ − ૛ࢠ࢟࢞+
૝ࢠ

ࢠ + ૜࢞ࢠ − ૛ࢠ࢟࢞ 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(૛࢞∑)

࢞∑ + ૜∑ −࢟࢞ ૟ࢠ࢟࢞ ≥
૛(૛࢞∑)

√૜࢞૛ + ૜∑࢞૛ − ૟ࢠ࢟࢞
 

ቆ∵ ቀ෍࢞ቁ
૛
≤ ૜෍࢞૛ &෍࢟࢞ ≤෍࢞૛ቇ 

=
૛(૛࢞∑)

ඥ૜∑࢞૛ + ૜∑࢞૛ + ૜∑࢞૛ − ૜
	ቀ∵ −૛ࢠ࢟࢞ = ෍࢞૛ − ૚ቁ 

=
൬࢚
૛

૜ ൰
૛

૛ି૜࢚૛ା࢚ା࢚
    (where ࢚ = ඥ૜∑࢞૛) 

≥
? ૜
૚૟ ⇔

૝࢚

ૢ(૛࢚૛ + ࢚ − ૜) ≥
? ૜
૚૟ ⇔ ૚૟࢚૝ ≥

?
૛ૠ(૛࢚૛ + ࢚ − ૜) 

ቌ
∵ ૛࢚૛ + ࢚ − ૜ = ࢚) − ૚)(૛࢚ + ૜) > 0

࢚	࢙ࢇ = ට૜෍࢞૛ ≥
૜
૛ > 1		൫࢓࢕࢘ࢌ	(૚)൯

ቍ 

⇔ ૚૟࢚૝ − ૞૝࢚૛ − ૛ૠ࢚ + ૡ૚ ≥
?
૙ ⇔ (૛࢚ − ૜)(ૡ࢚૜ + ૚૛࢚૛ − ࢚ૢ − ૛ૠ) ≥

?
૙ 

→ true ∵ ࢚ = ඥ૜∑࢞૛ ≥
(૚)࢟࢈

૜
૛
⇒ (૛࢚ − ૜) ≥ ૙ & ૡ࢚૜ + ૚૛࢚૛ − ࢚ૢ − ૛ૠ 

= (ૡ࢚૜ − ૛ૠ) + ૜࢚(૝࢚ − ૜) = (૛࢚ − ૜)(૝࢚૛ + ૟࢚ + ૢ) + ૜࢚(૛(૛࢚ − ૜) + ૜) 

> 0 as ࢚ ≥ ૜
૛
 

∴ ࢖ ≥ ૜
૚૟
⇒ ܖܑܕࡼ 	 = ૜

૚૟
 & the minimum occurs when ࢞ = ࢟ = ૛࢞૜ & ࢠ + ૛࢞૜ = ૚ 

⇒ when (૛࢞ − ૚)(࢞ + ૚)૛ = ૙ ⇒ when ࢞ = ࢟ = ࢠ = ૚
૛
 

Solution 3 by Michael Sterghiou-Greece 

൫∑ ࢉ࢟ࢉ૛࢞ ൯ + ૛ࢠ࢟࢞ = ૚  (T) 
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ࡼ = ∑ ૜࢞

૚ା૜ି࢟૛ࢉ࢟ࢉࢠ࢟   (1) 

Let (࢓,࢘,ࢗ,࢖) = ൫∑ ࢉ࢟ࢉ࢞ ,∑ ࢉ࢟ࢉ࢟࢞ , ∑,ࢠ࢟࢞ ࢉ࢟ࢉ૛࢞ ൯ 

From (T): ࢓ + ૛࢘ = ૚. But ࢓ ≥ ૜࢘
૛
૜ → ૜࢘

૛
૜ + ૛࢘ − ૚ ≤ ૙ → 

→ ൫√࢘૜ + ૚൯
૛
൫૛√࢘૜ − ૚൯ ≤ ૙ or ࢘ ≤ ૚

ૡ
 which means ࢓ ≥ ૜

૝
 and ࢓ < 1 as ࢘ > 0. We will 

show that ࡼ ≥ ૜
૚૟

. (1) → ࡼ = ∑ ૝࢞

ࢉ࢟ࢉࢠ࢟࢞૛ିࢠ࢟ା૜࢞ ≥
(ࡿ࡯࡮) ૛࢓

࢘૟ିࢗା૜࢖
≥ ૜

૚૟
    (2) 

But ࢓ = ૛࢖ − ૛ࢗ, ࢘ = ૚ି࢓
૛

 so, (2) → ૜૛࢓૛ − −࢓ૢ ૛࢖ૢ − ૟࢖+ ૚ૡ ≥ ૙   (3) 

But ࢖
૛

૜
≤  so, (3) becomes the stronger inequality ࢓

૜૛࢓૛ − −࢓ૢ ૛ૠ࢓− ૟√૜࢓+ ૚ૡ ≥ ૙ or ૜૛࢓૛ − ૜૟࢓− ૟√૜࢓ + ૚ૡ ≥ ૙   (4) with 
૜
૝
≤ ࢓ < 1. Let ࢓ = ૛࢚

૜
 with ૜

૛
≤ ࢚ < √૜  (4)→ ૚૟࢚૝ − ૞૝࢚૛ − ૛ૠ࢚+ ૡ૚ ≥ ૙ 

or (૛࢚ − ૜) ቂ૚
૛

(૛࢚ − ૜)(ૡ࢚૛ + ૛૝࢚ + ૛ૠ) + ૛ૠ
૛
ቃ ≥ ૙ which is true for ࢚ ≥ ૜

૛
 

Equality for ࢞ = ࢟ = ࢠ = ૚
૛
. Done! 

  

SP.176. Prove that if ࢓ ∈ [૙,∞),࢟,࢞, ,ࢠ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, 

with the usual notations holds: 

෍
൫ࢇ࢓࢞

૛ + ࢈࢓࢟
૛൯࢓ା૚

૛࢈ࢠ) + ࢓(૛ࢉࢉ࢚࢝
ࢉ࢟ࢉ

≥
૜࢓ା૜૛(࢞ + ା૚࢓(࢟

(૝ࢠ + ૜࢓(࢚  ࡿ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Tran Hong-Vietnam 

We have: ∑ࢇ࢝
૛ ≤ ∑ ࢙)࢙ − (ࢇ =  ૛   (1)࢙

Then, ࡿࡴࡸ ≥
࢔࢕ࢊࢇࡾ ൫ࢇ࢓∑࢞

૛ାࢇ࢓∑࢟
૛൯
శ૚࢓

൫ࢠ ૛൯ࢇ࢝∑࢚૛ାࢇ∑
࢓  

=
࢞)] + ࢇ࢓∑(࢟

૛]࢓ା૚

૛ࢇ∑ࢠ) + ࢚ ࢇ࢝∑
૛)࢓ =

ቂ(࢞ + (࢟ ⋅ ૜૝ ࢇ∑
૛ቃ
ା૚࢓

∑ࢠ) ૛ࢇ + ࢇ࢝∑࢚
૛)࢓ ≥

(૚) ቀ૜૝ቁ
ା૚࢓

⋅ ࢞) + ା૚࢓(࢟ ⋅ ା૚࢓(૛ࢇ∑)

૛ࢇ∑ࢠ) + ࢓(૛࢙࢚  
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≥
ቀ૜૝ቁ

ା૚࢓
࢞) + ା૚࢓(૛ࢇ∑)ା૚࢓(࢟

ቀࢇࢠ૛ + ૜
૝ࢇ∑࢚

૛ቁ
࢓ 		ቆ∵ ૝࢙૛ = ቀ෍ࢇቁ

૛
≤ ૜෍ࢇ૛ቇ 

=
ቀ૜૝ቁ

ା૚࢓
+࢞) ା૚࢓(૛ࢇ∑)ା૚࢓(࢟

ቀࢠ + ૜
૝ቁ

࢓
࢓(૛ࢇ∑)

=
૜࢓ା૚(࢞ + ା૚࢓(࢟

૝ ⋅ (૝ࢠ + ૜࢓(࢚ ⋅ ቀ෍ࢇ૛ቁ ≥
(࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ)

 

૜࢓ା૚(࢞+ ା૚࢓(࢟ ⋅ ૝√૜ࡿ
૝(૝ࢠ+ ૜࢓(࢚ =

૜࢓ା૜૛(࢞ + ࡿା૚࢓(࢟
(૝ࢠ + ૜࢓(࢚  

(proved) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

LHS ≥
࢔࢕ࢊࢇࡾ ૛൯ࢇ࢓∑శ૚൫࢓(࢟ା࢞)

శ૚࢓

൫ࢠ ૛൯ࢇ࢝∑࢚૛ାࢇ∑
࢓ ≥

૛࢙૛ஸࢇ࢝∑ శ૚ቀ૜૝ቁ࢓(࢟ା࢞)
శ૚࢓

൫∑ ૛൯ࢇ
శ૚࢓

൫ࢇ∑ࢠ૛ା࢙࢚૛൯࢓
 

≥
૝࢙૛ஸ૜∑ࢇ૛ ࢞) + ା૚࢓(࢟ ⋅ ૜࢓ା૚(∑ࢇ૛)࢓ା૚

૝࢓ା૚ ቀࢠ ∑ ૛ࢇ + ࢚ ⋅ ૜૝∑ࢇ
૛ቁ

࢓ =
૝࢞)࢓ + ା૚࢓(࢟ ⋅ ૜࢓ା૚ ⋅ ା૚࢓(૛ࢇ∑)

૝࢓ା૚(૝ࢠ+ ૜࢓(࢚(∑ࢇ૛)࢓  

=
૜࢓ା૚(࢞ + (૛ࢇ∑)ା૚࢓(࢟

૝(૝ࢠ+ ૜࢓(࢚ ≥
ି࢛ࢉ࢙ࢋ࢔࢕ࡵ

࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ ૜࢓ା૚(࢞+ ࡿା૚૝√૜࢓(࢟
૝(૝ࢠ+ ૜࢓(࢚ = 

= ૜࢓శ૜૛(࢞ା࢟)࢓శ૚

(૝ࢠା૜࢚)࢓
 (Proved)  ࡿ

 

SP.177. Prove that if ࢓ ∈ [૙,∞),࢟,࢞, ,ࢠ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, 

with the usual notations holds: 

෍
൫ࢇ࢞૛ + ࢈࢓࢟

૛൯࢓ା૚

૛ࢉࢎࢠ) + ࢓(૛ࢇࢎ࢚
ࢉ࢟ࢉ

≥
(૝࢞ + ૜࢓(࢟ା૚

૜ି࢓૚૛(ࢠ + ࢓(࢚
 ࡿ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Tran Hong-Vietnam 

ࡿࡴࡸ ≥
(࢔࢕ࢊࢇࡾ) ൫࢞∑ ૛ࢇ + ࢈࢓∑࢟

૛൯
ା૚࢓

ࢠ)} + ࢓{૛ࢇࢎ∑(࢚  
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≥
൫ࢇ∑࢞૛ + ࢈࢓∑࢟

૛൯
ା૚࢓

+ࢠ) ࢇ࢝∑)࢓(࢚
૛)࢓ 	ቀ∵ ࢇࢎ ≤ ࢉ࢚ࢋ,ࢇ࢓ ⇒ ෍ࢇࢎ૛ ≤෍ࢇ࢓

૛ቁ 

≥
ቀࢇ∑࢞૛ + ૜

૝ࢇ∑࢟
૛ቁ

ା૚࢓

+ࢇ) ࢓(૛࢙)࢓(࢚ ቀ∵ ෍ࢇ࢝
૛ ≤෍࢙ ࢙) − (ࢇ =  ૛ቁ࢙

=
࢞ା૚(૝࢓(૛ࢇ∑) + ૜࢓(࢟ା૚

૝(ࢠ + ࢓(૛࢙૝)࢓(࢚ ≥
࢞ା૚(૝࢓(૛ࢇ∑) + ૜࢓(࢟ା૚

૝(ࢠ+ ࢓(૛ࢇ∑૜)࢓(࢚  

=
࢞૝)(૛ࢇ∑) + ૜࢓(࢟ା૚

૝ ⋅ ૜ࢠ)࢓+ ࢓(࢚ ≥
࢘ࢋࢍ࢏࢝ࢊࢇࡴି࢘ࢋ࢒࢙࢔࢏ࡲ ૝√૜ࡿ(૝࢞+ ૜࢓(࢟ା૚

૝ ⋅ ૜ࢠ)࢓+ ࢓(࢚ =
(૝࢞ + ૜࢓(࢟ା૚

૜ି࢓૚૛(ࢠ+ ࢓(࢚
⋅  ࡿ

(proved) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

LHS ≥
࢔࢕ࢊࢇࡾ ൫ࢇ∑࢞૛ାࢇ࢓∑࢟

૛൯
శ૚࢓

൫ࢠ ૛൯ࢇࢎ∑૛ାࢇࢎ∑
࢓ ==

ቀ࢞ ࢇ∑૜૝⋅࢟૛ାࢇ∑
૛ቁ

శ૚࢓

∑൫࢓(࢚ାࢠ) ૛൯ࢇࢎ
࢓ = (૝࢞ା૜࢟)࢓శ૚൫∑ ૛൯ࢇ

శ૚࢓

૝࢓శ૚(ࢠା࢚)࢓ቀ૝࢘૛࢙૛∑ ૚
૛ࢇ
ቁ
 ࢓

≥
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ (૝࢞ + ૜࢓(࢟ା૚(∑ࢇ૛)࢓ା૚

૝࢓ା૚(ࢠ+ ࢓(࢚ ൬૝࢘
૛࢙૛ ⋅ ૝ࡾ૛࢙૛
૚૟ࡾ૛࢘૛࢙૛ ൰

࢓ =
(૝࢞ + ૜࢓(࢟ା૚(∑ࢇ૛)࢓ା૚

(૝࢙૛)࢓ ⋅ ૝(ࢠ + ࢓(࢚  

≥
(૝࢞ + ૜࢓(࢟ା૚(∑ࢇ૛)࢓ା૚

(૜∑ࢇ૛)࢓ ⋅ ૝(ࢠ+ ࢓(࢚ 	ቆ∵ ૝࢙૛ = ቀ෍ࢇቁ
૛
≤ ૜෍ࢇ૛ቇ 

=
(૝࢞ + ૜࢓(࢟ା૚(∑ࢇ૛)

૜࢓ ⋅ ૝(ࢠ + ࢓(࢚ ≥
ି࢛ࢉ࢙ࢋ࢔࢕ࡵ

࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ (૝࢞ + ૜࢓(࢟ା૚ ⋅ ૝√૜ࡿ
૜࢓ ⋅ ૝(ࢠ + ࢓(࢚ =

(૝࢞+ ૜࢓(࢟ା૚

૜ି࢓૚૛(ࢠ+ ࢓(࢚
 ࡿ

(proved) 

 

SP.178. Show that: 

If ࢓ ∈ [૙,∞), ,࢟,࢞ ,ࢠ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, with usual 

notations holds: 

෍
൫ࢇ࢞૛ + ࢈࢓࢟

૛൯
ା૚࢓

ࢉ࢓ࢠ)
૛ + ࢇ࢓࢚

૛)࢓
ࢉ࢏࢒ࢉ࢟ࢉ

≥
(૝࢞ + ૜࢓(࢟ା૚

૜ି࢓૚૛(ࢠ + ࢓(࢚
 ࡿ

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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Solution by the authors 

By ∑ ࢇ࢓
૛

ࢉ࢏࢒ࢉ࢟ࢉ = ૜
૝
∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ , and J. Radon’s inequality, we obtain: 

෍
൫ࢇ࢞૛ + ࢈࢓࢟

૛൯
ା૚࢓

ࢉ࢓ࢠ)
૛ + ࢇ࢓࢚

૛)࢓
ࢉ࢏࢒ࢉ࢟ࢉ

≥
ࡺࡻࡰ࡭ࡾ ൫∑ ൫ࢇ࢞૛ + ࢈࢓࢟

૛൯ࢉ࢏࢒ࢉ࢟ࢉ ൯
ା૚࢓

൫∑ ࢉ࢓ࢠ)
૛ + ࢇ࢓࢚

૛)ࢉ࢏࢒ࢉ࢟ࢉ ൯
࢓ = 

=
൫࢞ ∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ + ∑࢟ ࢈࢓

૛
ࢉ࢏࢒ࢉ࢟ࢉ ൯

ା૚࢓

+ࢠ) ∑൫࢓(࢚ ࢇ࢓
૛

ࢉ࢏࢒ࢉ࢟ࢉ ൯
࢓ =

ቀ࢞∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ + ૜࢟
૝ ∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ ቁ

ା૚࢓

ቀ૜૝ቁ
࢓

+ࢠ) ∑൫࢓(࢚ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ ൯࢓
= 

= (૝࢞ା૜࢟)࢓శ૚൫∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ ൯
శ૚࢓

૝࢓శ૚ቀ૜૝ቁ
࢓

∑൫࢓(࢚ାࢠ) ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ ൯
࢓ = (૝࢞ା૜࢟)࢓శ૚൫∑ ࢉ࢏࢒ࢉ࢟ࢉ૛ࢇ ൯

૝⋅૜࢓⋅(ࢠା࢚)࢓
    (1) 

By Ion Ionescu – Weitzenböck inequality, we have: ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ૝√૜(2)    ࡿ 

From (1) and (2) we obtain: 

෍
൫ࢇ࢞૛ + ࢈࢓࢟

૛൯
ା૚࢓

ࢉ࢓ࢠ)
૛ + ࢇ࢓࢚

૛)࢓
ࢉ࢏࢒ࢉ࢟ࢉ

≥
(૝࢞ + ૜࢓(࢟ା૚

૜ି࢓૚૛(ࢠ+ ࢓(࢚
 ࡿ

Q.E.D. 

 

SP.179. If ࢞ ∈ [૙,૚) then: 

࢞ܛܗ܋ ≤ ૜࢞ + ૜ܖ܉ܜ ࢞ + ૚ିܖܑܛ ࢞ +  ࢞ࢋ

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian 

Solution by Tran Hong-Vietnam 

Let (࢞)ࢌ = ૜࢞ + ૜ܖ܉ܜ ࢞ + ૚ିܖܑܛ ࢞ + ࢞ࢋ − ࢞ܛܗ܋ ࢞∀; ∈ [૙,૚) 

⇒ (࢞)ᇱࢌ = ૜࢞૛ +
૚

√૚ − ૛࢞
+ ܖܑܛ ࢞ + ૜ ૛ܖ܉ܜ ࢞ ⋅ ૛܋܍ܛ ࢞ > ݔ∀,0 ∈ [૙,૚) ⇒ 

⇒ (࢞)ࢌ ↗ on [૙,૚) ⇒ (࢞)ࢌ ≥ (૙)ࢌ = ૙ ⇒ Proved. 

 

SP.180. If ࢟,࢞, ࢠ ∈ ℝା ∧ ૛࢞ + ૛࢟ + ૛ࢠ = ૜࢔,࢔ ∈ ℕ then: 

ඥ࢞ + ૝࢟ + ࢞√ + ૝ࢠ + ඥ࢟+ ૝ࢠ ≤ ට૞૝ඥ૜࢔ା૚
૝

 



 
www.ssmrmh.ro 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian 

Solution 1 by Amit Dutta-Jamshedpur-India 

Using Power mean inequality, with ࢓ࢌ = ටࢇ૚
૛ࢇା࢓

࢑ࢇା⋯ା࢓
࢓

࢑

࢓
 

if ࢓ > ݊ ⇒ ࢓ࢌ ≥   ࢔ࢌ

⇒ ටࢇ૚
૛ࢇା࢓

࢑ࢇା⋯ା࢓
࢓

࢑

࢓
≥ ටࢇ૚

૛ࢇା࢔
࢑ࢇା⋯ା࢓

࢔

࢑

࢔
    (1) 

Putting ࢇ૚ = ࢞) + ૛ࢇ,(࢟ = ࢟) + ૜ࢇ,(ࢠ = ࢞) +  (ࢠ

࢓ = ૚,࢔ =
૚
૝ 

⇒
૚
૜

࢞)] + (࢟ + ࢟) + (ࢠ + ࢞) + [(ࢠ ≥ ቊ
ඥ࢞ + ૝࢟ + ඥ࢟ + ૝ࢠ + ࢞√ + ૝ࢠ

૜ ቋ
૝

 

⇒ ቊ
૛(࢞+ ࢟ + (ࢠ

૜ ቋ

૚
૝
≥
૚
૜ൣඥ࢞ + ૝࢟ + ඥ࢟ + ૝ࢠ + ࢞√ + ૝ࢠ ൧ 

⇒ ඥ࢞ + ૝࢟ + ඥ࢟ + ૝ࢠ + ࢞√ + ૝ࢠ ≤ ૜ቊ
૛(࢞ + ࢟ + (ࢠ

૜ ቋ

૚
૝

 

Know that, (࢞ + ࢟ + ૛(ࢠ ≤ ૜(࢞૛ + ૛࢟ + (૛ࢠ ≤ ૜(૜࢔) ⇒ ࢞) + ࢟ + (ࢠ ≤ √૜࢔ା૚ ⇒ 

⇒ ඥ࢞ + ૝࢟ + ඥ࢟ + ૝ࢠ + ࢞√ + ૝ࢠ ≤ ට૞૝ඥ૜࢔ା૚
૝

 

(Proved) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

+ࢇ ࢈
૛ ≤ ඨࢇ

૛ + ૛࢈

૛ ⇒ +ࢇ ࢈ ≤ ඨ૝(ࢇ૛ + (૛࢈
૛  

෍ඥ࢞ + ૝࢟ ≤෍ඩඨ૝ ⋅
૛࢞ + ૛࢟

૛

૝

= ෍√૛૝ ⋅ ඨ
૛࢞ + ૛࢟

૛
ૡ

= 

= √૛૝ ⋅෍ ඨ࢞
૛ + ૛࢟

૛
ૡ

≤
ࡿ࡮࡯

√૛૝ ⋅ ඩ૜ ⋅෍ඨ࢞
૛ + ૛࢟

૛
૝

= 
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= √૚ૡ૝ ⋅ ඩ෍ඨ࢞
૛ + ૛࢟

૛
૝

≤
ࡿ࡮࡯

√૚ૡ૝ ⋅ ඪඩ૜ ⋅෍ඨ࢞
૛ + ૛࢟

૛ = 

= √૞૝૝ ⋅ ඩ෍ඨ࢞
૛ + ૛࢟

૛

૝

≤
ࡿ࡮࡯

√૞૝૝ ⋅ ඨ૜෍
૛࢞ + ૛࢟

૛
ૡ

= 

= √૞૝૝ ⋅ ට෍࢞૛ ⋅ ૜
ૡ

= ට૞૝ ⋅ ඥ૜࢔ା૚
૝

 

࢞ = ࢟ = ࢠ = ඥ૜ି࢔૚ 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢔ ∈ ℕ and ࢞૛ + ૛࢟ + ૛ࢠ = ૜࢔ ⇒ ࢞) + ࢟ + ૛(ࢠ ≤ ૜(࢞૛ + ૛࢟ + (૛ࢠ = ૜࢔ା૚ 

⇒ ࢞ + ࢟ + ࢠ ≤ ඥ૜࢔ା૚ ⇒ ඥ࢞ + ૝࢟ + ඥ࢟ + ૝ࢠ + ࢠ√ + ૝࢞  

= ࢞) + (࢟
૚
૝ + ࢟) + (ࢠ

૚
૝ + +ࢠ) (࢞

૚
૝ ≤

࢞) + ࢟ + ࢟ + ࢠ + ࢠ + (࢞
૚
૝

૜
૚
૝ି૚

= ૜
૜
૝൫૛(࢞ + ࢟ + ൯(ࢠ

૚
૝ 

≤ ૜
૜
૝ 	× 	૛

૚
૝ 	× 	൬૜

(శ૚࢔)
૛ ൰

૝
= (૜૜ 	× 	૛)

૚
૝ ቀ૜

శ૚࢞
૛ ቁ

૝
= ඥ૞૝√૜࢔ା૚

૝
  ok 

Therefore, it is true. 

 

Solution 4 by Soumava Chakraborty-Kolkata-India 

LHS ≤
ࡿ࡮࡯

√૜ට∑ඥ࢞ + ࢟ ≤
ࡿ࡮࡯

√૜ට√૜ඥ૛∑࢞ ≤
ࡿ࡮࡯

√૜ඨ√૜√૛ට√૜ඥ∑࢞૛ = 

= √૜ඨ√૟ට√૜૜
࢔
૛ ቀ∵ ෍࢞૛ = ૜࢔ቁ 

= ૜
૚
૛ට૟

૚
૛૜

૚
૝૜

࢔
૝ = ૜

૚
૛ට૛

૚
૛ ⋅ ૜ቀ

૜
૝ା

࢔
૝ቁ = ૜

૚
૛ට૛

૚
૛ ⋅ ૜

ା૚࢔
૝ ⋅ ૜

૚
૛ = √ૢ૝ √૟૝ ටඥ૜࢔ା૚૝ = ට૞૝ ⋅ ඥ૜࢔ା૚

૝
 

(proved) 

Solution 5 by Tran Hong-Vietnam 
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Let (࢚)ࢌ = ૝࢚√ , ࢚ > 0 ⇒ (࢚)ᇱࢌ = − ૜
૚૟
࢚
షૠ
૝ < ݐ∀0 > 0 

Using Jensen’s inequality, we have 

+࢞)ࢌ (࢟ + ࢞)ࢌ + (ࢠ + ࢟)ࢌ + (ࢠ ≤ ૜ࢌቆ
૛(࢞ + ࢟ + (ࢠ

૜ ቇ = ૜ඨ
૛
૜

࢞) + ࢟ + (ࢠ
૝

 

≤
ࡿ࡯࡮

૜ඨ
૛
૜
ඥ૜(࢞૛ + ૛࢟ + (૛ࢠ

૝
= ૜ඨ

૛
૜
ඥ૜࢔ା૚

૝
= ට૞૝ඥ૜࢔ା૚

૝
 

(proved) 

Solution 6 by Marian Ursărescu-Romania 

We must show: ൫ඥ࢞ + ૝࢟ + ࢞√ + ૝ࢠ + ඥ࢟ + ૝ࢠ ൯
૝
≤ ૞૝√૜࢔ା૚   (1) 

From Hölder’s inequality, we have: 

൫ඥ࢞ + ૝࢟ ൯
૝

+ ൫√࢞ + ૝ࢠ ൯
૝

+ ൫ඥ࢟ + ૝ࢠ ൯
૝
≥
൫ඥ࢞ + ૝࢟ + ࢞√ + ૝ࢠ + ඥ࢟ + ૝ࢠ ൯

૝

૛ࢠ ⇔ 

൫ඥ࢞ + ૝࢟ + ࢞√ + ૝ࢠ + ඥ࢟ + ૝ࢠ ൯
૝
≤ ૞૝(࢞ + ࢟ +  (2)   (ࢠ

From (1)+(2) we must show: ࢞ + ࢟ + ࢠ ≤ √૜࢔ା૚ ⇔ +࢞) ࢟ + ૛(ࢠ ≤ ૜࢔ା૚    (3) 

From Cauchy’s inequality, we have: 

૜(࢞૛ + ૛࢟ + (૛ࢠ ≥ ࢞) + ࢟ + ૛(ࢠ ⇒ ࢞) + ࢟ + ૛(ࢠ ≤ ૜࢔ା૚ ⇒ (3) it’s true. 

 

UP.166. Solve the equation in ℝ: 

ඥ࢞૜ − ૛࢞૛ + ૛࢞ + ૜ඥ࢞૛ − ࢞ + ૚૜ + ૛ඥ૝࢞ − ૜࢞૝૝ =
૝࢞ − ૜࢞૜

૛ + ૠ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Amit Dutta-Jamshedpur-India 

Domain → ൜࢞
૜ − ૛࢞૛ + ૛࢞ > 0
૝࢞ − ૜࢞૝ > 0

 

૜࢞ − ૛࢞૛ + ૛࢞ = ૛࢞)࢞ − ૛࢞ + ૛) = −࢞)]࢞ ૚)૛ + ૚] 

∵ ૜࢞ − ૛࢞૛ + ૛࢞ > 0 ⇒ ࢞)]ݔ − ૚)૛ + ૚] > 0 ⇒ ݔ > 0 

GM ≤ AM √࢞૛ − ૛࢞૛ + ૛࢞ ≤ ൫࢞૛ି૛࢞૛ା૛࢞൯ା૚
૛
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૜࢞√ − ૛࢞૛ + ૛࢞ ≤ ቀ࢞
૛ି૛࢞૛ା૛࢞ା૚

૛
ቁ    (a) 

Equality holds when ࢞૛ − ૛࢞૛ + ૛࢞ = ૚   (1) 

Again, using GM ≤ AM 

૜√࢞૛ − ࢞ + ૚૜ ≤ ૛࢞) − ࢞ + ૚) + ૚ + ૚ ≤ ૛࢞) − ࢞ + ૜)   (2) 

Equality holds when ࢞૛ − ࢞ + ૚ = ૚   (2) 

Again, using GM ≤ AM 

૛ඥ૝࢞ − ૜࢞૝૝ ≤ ૛ቊ
(૝࢞ − ૜࢞૝) + ૚ + ૚ + ૚

૝ ቋ 

≤ ቀ૝ି࢞૜࢞
૝ା૜

૛
ቁ   (3) 

Equality holds when ૝࢞ − ૜࢞૝ = ૚   (3) 

Adding (1), (2), (3): 

ඥ࢞૜ − ૛࢞૛ + ૛࢞ + ૜ඥ࢞૛ − ࢞ + ૚૜ + ૛ඥ૝࢞ − ૜࢞૝૝ ≤ 

≤ ቆ
૜࢞ − ૛࢞૛ + ૛࢞ + ૚

૛ ቇ + ૛࢞) − ࢞ + ૜) + ቆ
૝࢞ − ૜࢞૝ + ૜

૛ ቇ 

⇒
૝࢞ − ૜࢞૜

૛ + ૠ ≤
−૜࢞૝ + ૝࢞ + ૚૙ + ૜࢞

૛  

⇒ ૝࢞ − ૜࢞૜ + ૚૝ ≤ −૜࢞૝ + ૝࢞ + ૚૙ +  ૜࢞

⇒ ૝࢞૝ − ૝࢞૜ − ૝࢞ + ૝ ≤ ૙ 

⇒ ૝࢞ − ૜࢞ − ࢞ + ૚ ≤ ૙ ⇒ ࢞)૜࢞ − ૚) − ૚(࢞ − ૚) ≤ ૙ 

⇒ ૜࢞) − ૚)(࢞− ૚) ≤ ૙ ⇒ ࢞) − ૚)(࢞૛ + ࢞ + ૚)(࢞ − ૚) ≤ ૙ 

⇒ ࢞) − ૚)૛(࢞૛ + ࢞ + ૚) ≤ ૙ 

∵ ૛࢞ + ࢞ + ૚ = ൬࢞ +
૚
૛൰

૛

+
૜
૝ > 0 ⇒ ࢞) − ૚)૛ ≤ ૙ 

࢞) − ૚)૛ = ૙ ⇒ ࢞ = ૚   (4) 

From (1), (2), (3) & (4): 

The only real solution is ࢞ = ૚. 

 

UP.167. Let ࢈,ࢇ, ࢉ࢈ࢇ :be positive real numbers such that ࢉ = ૚.  
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Find the maximum value of: 

ࡼ =
૚

√૜ࢇ૝ − ૝ࢇ+ ૛࢈૛ + ૚૚૜ +
૚

√૜࢈૝ − ૝࢈ + ૛ࢉ૛ + ૚૚૜ +
૚

√૜ࢉ૝ − ૝ࢉ + ૛ࢇ૛ + ૚૚૜  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

૜ࢇ૝ − ૝ࢇ + ૛࢈૛ + ૚૚ = ૝ࢇ} − ૝ࢇ૜ + ૟ࢇ૛ − ૝ࢇ + ૚} + {૛ࢇ૝ + ૝ࢇ૜ − ૟ࢇ૛ + ૚૙ + ૛࢈૛} 

= −ࢇ) ૚)૝ + ૛(ࢇ૝ + ૛ࢇ૜ − ૜ࢇ૛ + ૛࢈ + ૞) 

≥ ૛(ࢇ૝ + ૛ࢇ૜ − ૝ࢇ૛ + ૛ࢇ + ૛࢈ + ૞) ≥
(∗)
૝(ࢇ+ ࢈ࢇ + ૚) 

(*) ⇔ ૝ࢇ + ૛ࢇ૜ − ૝ࢇ૛ + ૛࢈ࢇ+ ૞ ≥ ૛(ࢇ+ ࢈ࢇ + ૚) 

(*) ⇔ ૝ࢇ + ૛ࢇ૜ − ૝ࢇ૛ + ૞ ≥ ૛(ࢇ + ૚) 

⇔ ૝ࢇ + ૛ࢇ૜ − ૝ࢇ૛ − ૛ࢇ+ ૜ ≥ ૙ ⇔ ࢇ) − ૚)૛(ࢇ+ ૚)(ࢇ + ૜) ≥ ૙  (true with ࢇ > 0) 

Hence: ૜ࢇ૝ − ૝ࢇ + ૛࢈૛ + ૚૚ ≥ ૝(ࢇ+ +࢈ࢇ ૚), etc. Now, 

Let (࢚)ࢌ = ૜࢚√ , ࢚ > 0 ⇒ (࢚)ᇱࢌ = − ૛
ૢ
ି࢚

૞
૜ < ࢚∀)	0 > 0) 

Using Jensen’s inequality, we have: ࡼ ≤ ૜ටࡽ
૜

૜  

∴ ࡽ =
૚

૜ࢇ૝ − ૝ࢇ + ૛࢈૛ + ૚૚ +
૚

૜࢈૝ − ૝࢈+ ૛ࢉ૛ + ૚૚ +
૚

૜ࢉ૝ − ૝ࢉ + ૛ࢇ૛ + ૚૚ 

≤
૚
૝൬

૚
+ࢇ +࢈ࢇ ૚ +

૚
࢈ + +ࢉ࢈ ૚ +

૚
ࢉ + ࢇࢉ + ૚൰ 

=
૚
૝ ൬

૚
ࢇ + ࢈ࢇ + ૚ +

ࢇ
+ࢇ ࢈ࢇ + ૚ +

࢈ࢇ
+ࢇ ࢈ࢇ + ૚൰ =

૚
૝ ൬

૚ + +ࢇ ࢈ࢇ
૚ + +ࢇ ൰࢈ࢇ =

૚
૝ 

⇒ ࡼ ≤ ૜ට ૚
૝⋅૜

૜ = ૜

√૚૛૜ = ටૢ
૝

૜ .  Equality ⇔ ࢇ = ࢈ = ࢉ = ૚. 

Solution 2 by Michael Sterghiou-Greece 

(1) P= ∑ ૚

ඥ૜ࢇ૝ି૝ࢇା૛࢈૛ା૚૚
૜ࢉ࢟ࢉ  

As (࢞)ࢌ = ૜࢞√ ࢞, > 0 is concave ൬ࢌᇱᇱ(࢞) = − ૛
ૢ
࢞
૞
૜൰	 we have by Jensen that  

ࡼ ≤ ૜ ቂ૚
૜
⋅ ∑ ૚

૜ࢇ૝ି૝ࢇା૛࢈૛ା૚૚ࢉ࢟ࢉ ቃ
૚
૜ or ૜ ቀࡼ

૜
ቁ
૜
≤ ∑ ૚

૜ࢇ૝ି૝ࢇା૛࢈૛ା૚૚ࢉ࢟ࢉ .  

Now we have successively 
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૜ࢇ૝ + ૜ ≥ ૟ࢇ૛ →
૜ࡼ

ૢ ≤෍
૚

૟ࢇ૛ − ૝ࢇ+ ૛࢈૛ + ૡ
ࢉ࢟ࢉ

 

૛ࢇ૛ + ૛࢈૛ ≥ ૝࢈ࢇ → ૜ࡼ

ૢ
≤ ∑ ૚

૝ࢇ૛ି૝ࢇା૝࢈ࢇାૡࢉ࢟ࢉ    or 

૝
ૢ
૜ࡼ ≤ ∑ ૚

ࢉ࢟ࢉା૛࢈ࢇାࢇ૛ିࢇ . Also, ࢇ૛ + ૚ ≥ ૛ࢇ so, the last inequality becomes  

૝
ૢ
૜ࡼ ≤ ∑ ૚

ࢉ࢟ࢉା૚࢈ࢇାࢇ = ૚ because ࢉ࢈ࢇ = ૚. Therefore ࡼ ≤ ටૢ
૝

૜  which is the required 

maximum for ࢇ = ࢈ = ࢉ = ૚. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

for ࢈,ࢇ, ࢉ > 0 and ࢉ࢈ࢇ = ૚, we have 

૚
√૜ࢇ૝ − ૝ࢇ+ ૛࢈૛ + ૚૚૜ +

૚
√૜࢈૝ − ૝࢈ + ૛ࢉ૛ + ૚૚૜ +

૚
√૜ࢉ૝ − ૝ࢉ + ૛ࢇ૛ + ૚૚૜ ≤ ඨૢ

૝
૜

 

If ට૜૛ ቀ ૚
૜ࢇ૝ି૝ࢇା૛࢈૛ା૚

+ ૚
૜࢈૝ି૝࢈ା૛ࢉ૛ା૚૚

+ ૚
૜ࢉ૝ି૝ࢉା૛ࢇ૛ା૚૚

ቁ ≤ ටૢ
૝

૜  

If ૜૛ ቀ ૚
૜ࢇ૝ି૝ࢇା૛࢈૛ା૚૚

+ ૚
૜࢈૝ି૝࢈ା૛ࢉ૛ା૚૚

+ ૚
૜ࢉ૝ି૝ࢉା૛ࢇ૛ା૚૚

ቁ ≤ ૢ
૝
 

If ૚
૛ࢇ૝ା૛࢈૛ାૡ

+ ૚
૛࢈૝ା૛ࢉ૛ାૡ

+ ૚
૛ࢉ૝ା૛ࢇ૛ାૡ

≤ ૚
૝
 

If ૚
૛ା૝࢈૝ାࢇ

+ ૚
૛ା૝ࢉ૝ା࢈

+ ૚
૛ା૝ࢇ૝ାࢉ

≤ ૚
૛
 

If ૚
૛ࢇ૛ା࢈૛ା૜

+ ૚
૛࢈૛ାࢉ૛ା૜

+ ૚
૛ࢉ૛ାࢇ૛ା૝

≤ ૚
૛

 

If ૚
ା૚ࢇା࢈ࢇ

+ ૚
ା૚࢈ାࢉ࢈

+ ૚
ା૚ࢉାࢇࢉ

≤ ૚ 

If ૚
࢞
ାࢠ

࢞
ା૚࢟

+ ૚
࢟
ା࢞

࢟
ା૚ࢠ

+ ૚
ࢠ
ା࢟

ࢠ
ା૚࢞

≤ ૚,ࢇ = ࢞
࢟

࢈, = ࢟
ࢠ

, ࢉ = ࢠ
࢞
 

If ࢠ࢟
ࢠ࢟ାࢠ࢞ା࢟࢞

+ ࢠ࢞
ࢠ࢞ା࢟࢞ାࢠ࢟

+ ࢞࢞
࢟࢞ାࢠ࢟ା࢞ࢠ

= ࢞ࢠାࢠ࢟ା࢟࢞
࢞ࢠାࢠ࢟ା࢟࢞

= ૚ ok 

Therefore, it’s true (Its maximum isටૢ
૝

૜ ) 

 

UP. 168. Let be ࢇ > 0 and ࢌ: ࢇ−,∞−) − ૚) ∪ ,ࢇ−) +∞) → ℝ; 

(࢞)ࢌ = ૚
ࢇ૛ାࢇା࢞(ା૚ࢇ૛)૛ା࢞

. Find: 
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ܕܑܔ
ஶ→࢔

ඩቮܕܑܔ
ஶ→࢖

෍ (࢑)(࢔)ࢌ
࢖

ஶ→࢖

ቮ
૛࢔

 

Proposed by Marian Ursărescu – Romania 

Solution 1 by Naren Bhandari-Bajura-Nepal 

For ࢇ > 0, defined 

(࢞)ࢌ =
૚

૛࢞) + ૛ࢇ࢞ + (૛ࢇ + ࢞) + (ࢇ =
૚

࢞) + ૛(ࢇ + ࢞) + (ࢇ = 

=
૚

࢞) + +ࢇ ૚)(࢞ + (ࢇ =
૚

࢞ + ࢇ −
૚

࢞ + +ࢇ ૚ 

Thus 

(࢞)࢔ࢌ =
ࢊ
࢞ࢊ

ቌ…
ࢊ
࢞ࢊ

ቌ
ࢊ
࢞ࢊ

൭
ࢊ
࢞ࢊ ൬

૚
࢞ + ࢇ −

૚
࢞ + +ࢇ ૚൰

൱ቍ…ቍ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

࢙ࢋ࢓࢏࢚	࢔

 

=
(−૚)࢔࢔!

࢞) + ା૚࢔(ࢇ −
(−૚)࢔࢔!

࢞) + +ࢇ ૚)࢔ା૚ = (−૚)࢔࢔! ൤
૚

࢞) + ା૚࢔(ࢇ −
૚

࢞) + +ࢇ ૚)࢔ା૚൨ 

replacing ࢞ by ࢑ and thus 

ቌቮܕܑܔ
ஶ→࢖

෍(࢑)࢔ࢌ
࢖

ୀ૚࢑

ቮ

வ଴

ቍ

૚
૛࢔

= ܕܑܔ
ஶ→࢖

ቌ෍൤
!࢔

+࢑) ା૚࢔(ࢇ −
!࢔

࢑) + +ࢇ ૚)࢔ା૚൨
࢖

ୀ૚࢑

ቍ

૚
૛࢔

 

Since the partial sum of 

෍൤
!࢔

࢑) + ା૚࢔(ࢇ −
!࢔

࢑) + ࢇ + ૚)࢔ା૚൨
࢖

ୀ૚࢑

=
!࢔

ࢇ) + ૚)࢔ା૚ −
!࢔

+࢖) ࢇ + ૚)࢔ା૚ 

As ࢖ → ∞ and hence the 

ܕܑܔ
ஶ→࢖

෍൤
!࢔

࢑) + ૚)࢔ା૚ −
!࢔

࢑) + +ࢇ ૚)࢔ା૚൨
࢖

ୀ૚࢑

=
!࢔

+ࢇ) ૚)࢔ା૚ − ૙ 

Finally, we obtain that 
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ܕܑܔ
ஶ→࢖

෍൤
!࢔

+࢑) ା૚࢔(ࢇ −
!࢔

࢑) + +ࢇ ૚)࢔ା૚൨
࢖

ୀ૚࢑

=
!࢔

+ࢇ) ૚)࢔ା૚ − ૙ 

Finally, we obtain that 

ࡸ = ൬ܕܑܔ
ஶ→࢔

!࢔
ࢇ) + ૚)࢔ା૚൰

૚
૛࢔

= ቆܕܑܔ
ஶ→࢔

~√૛࢔࣊
ࢇ) + ૚)࢔ା૚ ቀ

࢔
ࢋ
ቁ
࢔
ቇ

૚
૛࢔

 

= ܕܑܔ
ஶ→࢔

(૛࣊)
૚
૛࢔૛ ⋅ ࢔

૚ା૛࢔
૛࢔

ࢋ
࢔
+ࢇ)૛࢔ ૚)

ା૚࢔
૛࢔

= ܕܑܔ
ஶ→࢔

ቆܘܠ܍
(૚ + ૛࢔) ࢔܏ܗܔ

૛࢔ ቇ = ૙ࢋ = ૚ 

Solution 2 by Ravi Prakash-New Delhi-India 

૛࢞ + (૛ࢇ + ૚)࢞ + ૛ࢇ + ࢇ = +࢞) ૛(ࢇ + ࢞ + ࢇ = ࢞) + +ࢇ ૚)(࢞ +  (ࢇ

∴ (࢞)ࢌ =
૚

࢞ + ࢇ −
૚

࢞ + ࢇ + ૚ 

(࢞)࢔ࢌ =
(−૚)࢔࢔!

࢞) + ା૚࢔(ࢇ −
(−૚)࢔࢔!

+࢞) ࢇ + ૚)࢔ା૚ 

⇒ ෍࢔ࢌ
࢖

ୀ૚࢑

(࢑) = ෍ቈ
(−૚)࢔࢔!

࢑) + ା૚࢔(ࢇ −
(−૚)࢔࢔!

+࢑) ࢇ + ૚)࢔ା૚቉
࢖

ୀ૚࢑

= 

= (−૚)࢔࢔! ൤
૚

(૚ + ା૚࢔(ࢇ −
૚

(૚ + +ࢇ  ା૚൨࢔(࢖

ܕܑܔ
ஶ→࢖

෍࢔ࢌ
࢖

ୀ૚࢑

(࢑) =
(−૚)࢔࢔!

(૚ +  ା૚࢔(ࢇ

ቮܕܑܔ
ஶ→࢖

෍(࢑)࢔ࢌ
࢖

ୀ૚࢑

ቮ =
!࢔

(૚ + ା૚࢔(ࢇ ⇒ ܕܑܔ૛ඩቮ࢔
ஶ→࢖

෍(࢑)࢔ࢌ
࢖

ୀ૚࢑

ቮ =
(!࢔)

૚
૛࢔

(૚ + (ࢇ
(ା૚࢔)
૛࢔

 

For ࢔ ≥ ૛,૛ି࢔૚ ≤ !࢔ ≤  ࢔࢔

(૛ି࢔૚)
૚
૛࢔ ≤ (!࢔)

૚
૛࢔ ≤ (࢔࢔)

૚
૛࢔  

Or ૛
૚
ି࢔

૚
૛࢔ ≤ (!࢔)

૚
૛࢔ ≤ ࢔

૚
࢔  

ஶ→࢔ܕܑܔ ૛
૚
ି࢔

૚
૛࢔ = ૚, ஶ→࢔ܕܑܔ ࢔

૚
࢔ = ૚ ∴ (!࢔)ஶ→࢔ܕܑܔ

૚
૛࢔ = ૚ 

Also, ࢔ܕܑܔ→ஶ(૚ + (ࢇ
(శ૚࢔)
૛࢔ = ஶ(૚→࢔ܕܑܔ + (ࢇ

૚
ା࢔

૚
૛࢔ = ૚ 
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Thus, ࢔ܕܑܔ→ஶ ∑ஶ→࢖ܕܑܔ૛ටห࢔ ࢖(࢑)࢔ࢌ
ୀ૚࢑ ห = ૚

૚
= ૚ 

Solution 3 by Remus Florin Stanca-Romania 

Let be ࢇ > 0 and ࢌ: ࢇ−;∞−) − ૚) ∪ ;ࢇ−) +∞) → ℝ 

(࢞)ࢌ = ૚
ࢇ૛ାࢇା࢞(ା૚ࢇ૛)૛ା࢞

. Find: 

ષ = ܕܑܔ
ஶ→࢔

ඩቮܕܑܔ
ஶ→࢖

෍(࢑)(࢔)ࢌ
࢖

ୀ૚࢑

ቮ
૛࢔

 

(࢞)ࢌ =
૚

૛࢞ + ૛ ⋅ ࢞ ⋅ ૛ࢇ + ૚
૛ + ૝ࢇ૛ + ૝ࢇ + ૚

૝ + ૛ࢇ + ࢇ − ૝ࢇ૛ + ૝ࢇ+ ૚
૝

 

=
૚

ቀ࢞ + ૛ࢇ + ૚
૛ ቁ

૛
− ૚
૝

=
૚

࢞) + ࢞)(ࢇ + ࢇ + ૚) =
࢞ + ࢇ + ૚ − ࢞) + (ࢇ
࢞) + ࢞)(ࢇ + +ࢇ ૚) =

૚
࢞ + ࢇ −

૚
࢞ + +ࢇ ૚ 

≻ (࢞)(࢔)ࢌ = !࢔ ⋅ (−૚)࢔ ⋅
૚

࢞) + ା૚࢔(ࢇ + (−૚)࢔ା૚ ⋅ !࢔ 	
૚

࢞) + ࢇ + ૚)࢔ା૚ 

⇒෍(࢔)ࢌ

࢖

ୀ૚࢑

(࢑) = !࢔ ⋅ (−૚)࢔ ⋅ ൬
૚

+ࢇ) ૚)࢔ା૚ −
૚

࢖) + +ࢇ ૚)࢔ା૚൰ ⇒ ቮܕܑܔ
ஶ→࢖

෍(࢑)(࢔)ࢌ
࢖

ୀ૚࢑

ቮ = 

=
!࢔

ࢇ) + ૚)࢔ା૚ ⇒ ܕܑܔ
ஶ→࢔

൬
!࢔

ࢇ) + ૚)࢔ା૚൰
૚
૛࢔

= ܕܑܔ
ஶ→࢔

ࢋ
൬ܖܔ !࢔

శ૚൰࢔(ା૚ࢇ)

૛࢔ = ܕܑܔ
ஶ→࢔

ࢋ
ା૚ࢇା૚࢔ܖܔ
૛࢔ା૚ = 

= ܕܑܔ
ஶ→࢔

ࢋ
ା૚࢔ା૛࢔ܖܔ
૛ = ૙ࢋ = ૚ ≻ ષ = ૚ 

 

UP.169. Let be the sequence ࢞૚ > 0 and ࢞૚
࢖ + ૛࢞

࢖ + ⋯+ ࢔࢞
࢖ = ૚

ඥ࢔࢞శ૚
శ૚࢖ ,	 

࢔∀ ∈ ℕ,࢖ ∈ ℕ∗. Find: 

ܕܑܔ
ஶ→࢔

ା૚࢖࢔ ⋅ ࢔࢞
 ା૚࢖૛ା࢖

Proposed by Marian Ursărescu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 
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૚
ඥ࢔࢞ା૚

శ૚࢖ = ෍࢑࢞
࢖

࢔

ୀ૚࢑

=
૚
ඥ࢔࢞

శ૚࢖ + ࢔࢞
࢖ ⇒

૚
ඥ࢔࢞ା૚

శ૚࢖ −
૚
ඥ࢔࢞

శ૚࢖ = ࢔࢞
࢖ > 0 

∴ ࢔࢞ > ࢔ ା૚ for all࢔࢞ ∈ ℕ, hence {࢔࢞}࢔ୀ૚ஶ  is decreasing, hence bounded 

Let ࢔ܕܑܔ→ஶ ࢔࢞ = then ૚ ࢒

࢒√
శ૚࢖ = ૚

࢒√
శ૚࢖ + ࢖࢒ ⇒ ࢒ = ૙ 

ષ = ܕܑܔ
ஶ→࢔

ା૚࢖࢔ ⋅ ࢔࢞
ା૚࢖૛ା࢖ ⇒ √ષ

శ૚࢖
= ܕܑܔ

ஶ→࢔

࢔
૚

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖

=
ࡻࡾ࡭ࡿࡱ࡭࡯
ࢆࡸࡻࢀࡿ ܕܑܔ

ஶ→࢔

࢔ + ૚ − ࢔
૚

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖ − ૚

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖

 

= ܕܑܔ
ஶ→࢔

૚

ቆ ૚
ඥ࢔࢞

శ૚࢖ + ࢔࢞
ቇ࢖

ା૚࢖૛ା࢖

− ૚

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖

= ܕܑܔ
ஶ→࢔

૚

൭૚ + ࢔࢞
ା૚࢖૛ା࢖
ା૚࢖ ൱

ା૚࢖૛ା࢖

− ૚

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖

 

= ૚
ା૚࢖૛ା࢖

⇒ ષ = ૚

൫࢖૛ା࢖ା૚൯࢖శ૚
  (Answer) 

 

 

Solution 2 by Remus Florin Stanca-Romania  

ஶ→࢔ܕܑܔ ା૚࢖࢔ ࢔࢞
ା૚࢖૛ା࢖ = ஶ→࢔ܕܑܔ ࢔࢞ା૚࢖࢔

૛(ା૚࢖) ⋅ ૚
࢔࢞
࢖ == ஶ→࢔ܕܑܔ

࢔࢞శ૚࢖࢔
࢔࢞૛(శ૚࢖)
࢔࢞
శ૚࢖     (1) 

૚࢞
࢖ + ⋯+ ࢔࢞

࢖ =
૚

ඥ࢔࢞ା૚
శ૚࢖ ≻

૚
ඥ࢔࢞

శ૚࢖ + ࢔࢞
࢖ =

૚
ඥ࢔࢞ା૚

శ૚࢖  

we prove by using the Mathematical induction that ࢔࢞ > 0;∀݊ ∈ ℕ: 

1. we prove that ࡼ(૙): “࢞૙ > 0” is true (true). 

2. we suppose that :(࢔)ࡼ	࢔࢞“  > 0” is true 

3. we prove that ࢔)ࡼ+ ૚): “࢔࢞ା૚ > 0” is true by using (࢔)ࡼ: 
૚

ඥ࢔࢞శ૚
శ૚࢖ = ࢔࢞

࢖ + ૚

ඥ࢔࢞
శ૚࢖ ; ࢔࢞ > 0 ⇒ ૚

ඥ࢔࢞శ૚
శ૚࢖ > 0 ⇒ ା૚࢔࢞ > 0 ⇒ true ⇒ ࢔࢞ > 0;∀݊ ∈ ℕ 
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૚
ඥ࢔࢞

శ૚࢖ + ࢔࢞
࢖ =

૚
ඥ࢔࢞ା૚

శ૚࢖ ≻
૚

ඥ࢔࢞ା૚
శ૚࢖ −

૚
ඥ࢔࢞

శ૚࢖ = ࢔࢞
࢖ > 0 ≻ ඥ࢔࢞ା૚

శ૚࢖ < ඥ࢔࢞
శ૚࢖  

≻ ା૚࢔࢞ < ࢔࢞ ≻ ࢔࢞ ,ℕ is a decreasing sequence∋࢔(࢔࢞) > 0 ≻ |݈ ∈ ℝ such that: 

ܕܑܔ
ஶ→࢔

࢔࢞ = ࢒ =
૚

࢒√
శ૚࢖ = ࢖࢒ +

૚

࢒√
శ૚࢖ ⇒ ࢒ = ૙ ⇒ ܕܑܔ

ஶ→࢔
࢔࢞ = ૙ 

(1) ⇒ ஶ→࢔ܕܑܔ ା૚࢖࢔ ࢔࢞
ା૚࢖૛ା࢖ = ஶ→࢔ܕܑܔ ൬

࢔࢞
⋅࢔⋅శ૚࢖ ඥ࢔࢞

శ૚࢖

࢔࢞
൰
ା૚࢖

 

= ܕܑܔ
ஶ→࢔

൫࢔࢞
࢖ ⋅ ࢔ ⋅ ඥ࢔࢞

శ૚࢖ ൯
ା૚࢖

=  ା૚࢖ࡸ

࢔࢞
࢖ =

૚
ඥ࢔࢞ା૚

శ૚࢖ −
૚
ඥ࢔࢞

శ૚࢖ ⇒ ࡸ = ܕܑܔ
ஶ→࢔

ቌቆ
૚

ඥ࢔࢞ା૚
శ૚࢖ −

૚
ඥ࢔࢞ା૚

శ૚࢖ ቇ ⋅ ࢔ ⋅ ඥ࢔࢞
శ૚࢖ ቍ = 

ஶ→࢔ܕܑܔ ൭࢔ ⋅ ቆ ට
࢔࢞
శ૚࢔࢞

శ૚࢖ − ૚ቇ൱   (2) 

࢔࢞
࢖ =

૚
ඥ࢔࢞ା૚

శ૚࢖ −
૚
ඥ࢔࢞

శ૚࢖ ⇒ ܕܑܔ
ஶ→࢔

ඨ
ା૚࢔࢞
࢔࢞

శ૚࢖
= ૚ 

⇒
(૛)

ࡸ = ܕܑܔ
ஶ→࢔

࢔ ⋅

࢔࢞
ା૚࢔࢞

− ૚

൬ ට ࢔࢞
ା૚࢔࢞

శ૚࢖
൰
૙

+ ⋯+ ൬ ට ࢔࢞
ା૚࢔࢞

శ૚࢖
൰
࢖ =

૚
+࢖ ૚ ⋅ ஶ→࢔ܕܑܔ

൬࢔
࢔࢞
ା૚࢔࢞

− ૚൰ = 

=
૚

࢖ + ૚
⋅ ܕܑܔ
ஶ→࢔

ቌ൭࢔࢞
ା૚࢖૛ା࢖
ା૚࢖ ൱

ା૚࢖

− ૚ቍ 

=
૚

࢖ + ૚ ⋅ ஶ→࢔ܕܑܔ
࢔ ⋅ ࢔࢞

ା૚࢖૛ା࢖
ା૚࢖ +࢖) ૚) = ܕܑܔ

ஶ→࢔

࢔

࢔࢞
࢖ି

૛ା࢖ା૚
ା૚࢖

 ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ=

= ܕܑܔ
ஶ→࢔

૚

ା૚࢔࢞
࢖ି

૛ା࢖ା૚
ା૚࢖ − ࢔࢞

࢖ି
૛ା࢖ା૚
ା૚࢖

 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢖ି

૛ା࢖ା૚
ା૚࢖ − ࢔࢞

࢖ି
૛ା࢖ା૚
ା૚࢖ = ܕܑܔ

ஶ→࢔
ቆ࢔࢞

࢖ +
૚
ඥ࢔࢞

శ૚࢖ ቇ
ା૚࢖૛ା࢖

− ࢔࢞
࢖ି

૛ା࢖ା૚
ା૚࢖ = 
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= ܕܑܔ
ஶ→࢔

ቆ
૚
ඥ࢔࢞

శ૚࢖ ቇ
ା૚࢖૛ା࢖

⋅

⎝

⎜⎜
⎛

⎝

⎜
⎛
࢔࢞
࢖ + ૚

ඥ࢔࢞
శ૚࢖

૚
ඥ࢔࢞

శ૚࢖

⎠

⎟
⎞

ା૚࢖૛ା࢖

− ૚

⎠

⎟⎟
⎞

 

= ܕܑܔ
ஶ→࢔

ቆ
૚
ඥ࢔࢞

శ૚࢖ ቇ
ା૚࢖૛ା࢖

⋅
൭࢔࢞

ା࢖ ૚
ା૚࢖ + ૚൱

ା૚࢖૛ା࢖

− ૚

࢔࢞
ା࢖ ૚

ା૚࢖
⋅ ࢔࢞

ା࢖ ૚
ା૚࢖ = 

= ૛࢖) + ࢖ + ૚) ⋅ ܕܑܔ
ஶ→࢔

࢔࢞
ା૚࢖૛ା࢖
ା૚࢖ ⋅ ࢔࢞

࢖ି
૛ା࢖ା૚
ା૚࢖ = ૛࢖ + ࢖ + ૚ 

⇒ ࡸ =
૚

૛࢖ + +࢖ ૚ ⇒ ܕܑܔ
ஶ→࢔

ା૚࢖࢔ ⋅ ࢔࢞
ା૚࢖૛ା࢖ =

૚
૛࢖) + +࢖ ૚)࢖ା૚ 

 

UP.170. Find: 

࢓࢏࢒
ஶ→࢔

න
(࢞࢔)࢔ࢇ࢚ࢉ࢘ࢇ ૚)࢔࢒ + (࢞

૚ + ૛࢞

૚

૙

 ࢞ࢊ

Proposed by Marian Ursărescu – Romania  

Solution 1 by Sagar Kumar-Patna Bihar-India 

ܕܑܔ
ஶ→࢔

න
(࢞࢔)૚ିܖ܉ܜ ૚)ܖܔ + (࢞

(૚ + (૛࢞

૚

૙

࢞ࢊ =  ࡵ

ࡵ =
࣊
૛ න

૚)ܖܔ + (࢞
૚ + ૛࢞

૚

૙

 ࢞ࢊ

Put ࢞ =  ࣂܖ܉ܜ

࢞ࢊ =  ࣂࢊࣂ૛܋܍ܛ

ࡵ = ࣊
૛
∫ ૚)ܖܔ + (ࣂܖ܉ܜ
࣊
૝
૙   (1) 

ࡵ = ࣊
૛ ∫ ܖܔ ቀ૚ାࣂܖ܉ܜା૚ିࣂܖ܉ܜ

૚ାࣂܖ܉ܜ
ቁ

࣊
૝
૙    (2) 

(1) + (2) 
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ࡵ =
૛࣊

૚૟  ૛ܖܔ

Solution 2 by Avishek Mitra-India 

ષ = ܕܑܔ
ஶ→࢔

නିܖ܉ܜ૚(࢞࢔)
૚)ܖܔ + (࢞
(૚+ (૛࢞

૚

૙

࢞ࢊ =
࣊
૛ න

૚)ܖܔ + (࢞
(૚ + (૛࢞

૚

૙

 ࢞ࢊ

Let ࡵ = ∫ ࢞ࢊ(࢞૚ା)ܖܔ
൫૚ା࢞૛൯

૚
૙ = ૚)ܖܔ] + (࢞ ⋅ ૚ିܖ܉ܜ ૙૚[࢞ − ∫ ష૚ܖ܉ܜ ࢞ࢊ࢞

(૚ା࢞)
૚
૙  

[let ࢞ = ࢠܖ܉ܜ ⇒ ࢞ࢊ = ૛܋܍ܛ  [ࢠࢊࢠ

=
࣊
૝ ૛ܖܔ − න

ࢠ ⋅ ૛܋܍ܛ ࢠ ࢠࢊ
(૚ + ܖ܉ܜ (ࢠ

࣊
૝

૙

=
࣊
૝ ૛ܖܔ −න

ࢠࢊࢠ
ܛܗ܋ ܖܑܛ)ࢠ ࢠ + ܛܗ܋ (ࢠ

࣊
૝

૙

 

Let ࡵ૚ = ∫ ࢠࢊࢠ
ܛܗ܋ ܖܑܛ)ࢠ ܛܗ܋ାࢠ (ࢠ

࣊
૝
૙ = ∫

ቀ࣊૝ିࢠቁ

ቀܖܑܛቁቂࢠ૝ି࣊ቀܛܗ܋
࣊
૝ିࢠቁାܛܗ܋ቀ

࣊
૝ିࢠቁቃ

࣊
૝
૙  ࢠࢊ

=
࣊
૝න

ࢠࢊ
ܛܗ܋ ࢠ ܖܑܛ) ࢠ + ܛܗ܋ (ࢠ

࣊
૝

૙

− ૚ࡵ ⇒ 

⇒ ૛ࡵ૚ =
࣊
૝න

૛܋܍ܛ ࢠࢊࢠ
(૚ + (ࢠܖ܉ܜ

࣊
૝

૙

=
࣊
૝

૚)ܖܔ] + ܖ܉ܜ ૙[(ࢠ
࣊
૝ ૛ܖܔ ⇒ ૚ࡵ =

࣊
ૡ  ૛ܖܔ

Hence ࡵ = ࣊
૝
ܖܔ ૛ − ࣊

ૡ
ܖܔ ૛ = ࣊

ૡ
ܖܔ ૛ 

Hence ષ = ࣊
૛
⋅ ࣊
ૡ
ܖܔ ૛ = ૛࣊

૚૟
ܖܔ ૛  (answer) 

Solution 3 by Abdul Mukhtar-Nigeria 

ܕܑܔ
ஶ→࢔

න
(࢞࢔)ܖ܉ܜ܋ܚ܉ ૚)ܖܔ + (࢞

૚ + ૛࢞

૚

૙

࢞ࢊ = නቀܕܑܔ
૙→࢔

ቁ(࢞࢔)૚ିܖ܉ܜ
૚

૙

	×
૚)ܖܔ + (࢞
૚ + ૛࢞  ࢞ࢊ

we know ࢔ = ∞ ⇒ ∞)૚ିܖ܉ܜ ⋅ (࢞ = (∞)૚ିܖ܉ܜ = ࣊
૛
⇒ ࣊

૛ ∫
(࢞૚ା)ܖܔ
૚ା࢞૛

૚
૙  ࢞ࢊ

let ࢞ =  ࣂܖ܉ܜ

࢞ࢊ =  ࣂࢊࣂ૛܋܍ܛ
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࣊
૛න

૚)ܖܔ + (࢞
૚ + ૛࢞

૚

૙

࢞ࢊ =
࣊
૛න

૚)ܖܔ + (ࣂܖ܉ܜ
૚ + ૛ܖ܉ܜ ࣂ

࣊
૝

૙

⋅  ࣂࢊࣂ૛܋܍ܛ

࣊
૛න ૚)ܖܔ + (ࣂܖ܉ܜ

࣊
૝

૙

 ࣂࢊ

Set ࣘ = ࣊
૝
−  ࣂ

=
࣊
૛ න ܖܔ ቀ૚ + ܖ܉ܜ ቀ

࣊
૝ −ࣘቁቁ

૙

࣊
૝

−  ࣘࢊ

࣊
૛ න ܖܔ ቀ૚ + ܖ܉ܜ ቀ

࣊
૝ −ࣘቁቁ

࣊
૝

૙

ࣘࢊ =
࣊
૛ න ൬૚ +

૚ − ࣘܖ܉ܜ
૚ + ൰ࣘܖ܉ܜ

࣊
૝

૙

 ࣘࢊ

=
࣊
૛න ܖܔ ൬

૛
૚ + ൰ࣘܖ܉ܜ

࣊
૝

૙

ࣘࢊ =
࣊
૛න ࣘࢊ૛ܖܔ

࣊
૝

૙

− න ૚)ܖܔ + (ࣘܖ܉ܜ

࣊
૝

૙

⇒ 

⇒ ૛ࡵ =
࣊
૝ ૛ܖܔ ⇒ ࡵ = න ૚)ܖܔ + 	(ࣘܖ܉ܜ

࣊
૝

૙

ࣘࢊ =
࣊
૛
ቀ
࣊
ૡ ૛ܖܔ

ቁ ⇒
૛࣊

૚૟  ૛ܖܔ

Solution 4 by Shivam Sharma-New Delhi-India 

⇒ නቀܕܑܔ
ஶ→࢔

࢞ࢇ ቁ(࢞࢔)ܖ܉ܜ
૚

૙

૚)ܖܔ + (࢞
૚ + ૛࢞ ࢞ࢊ ⇒

࣊
૛න

૚)ܖܔ + (࢞
૚ + ૛࢞

૚

૙

 ࢞ࢊ

Let ࢞ = ࣂܖ܉ܜ ⇒ ࣊
૛
∫ ૚)ܖܔ + ࣂࢊ(ࣂܖ܉ܜ
࣊
૝
૙ ⇒ ࣊

૛
∫ ቀ૚ܖܔ + ࣊ቀܖ܉ܜ

૝
− ቁቁࣂ

࣊
૛
૙ ࣂࢊ ⇒ 

⇒
࣊
૛න ቆ૚ܖܔ + ൬

૚ − ࣂܖ܉ܜ
૚ + ൰ቇࣂܖ܉ܜ

࣊
૝

૙

ࣂࢊ ⇒
࣊
૛ න (૛)ܖܔ

࣊
૝

૙

ࣂࢊ −
࣊
૛න ૚)ܖܔ + (ࣂܖ܉ܜ

࣊
૝

૙

 ࣂࢊ

⇒
࣊
૛ න (૛)ܖܔ

࣊
૝

૙

− ષ 

(OR) 
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ષ =
࣊
૝ ܖܔ

(૛)නࣂࢊ

࣊
૝

૙

 

(OR) 

ષ = ૛࣊

૚૟
 (Answer)   (૛)ܖܔ

 

UP.171. Find that in any acute-angled ઢ࡯࡮࡭ the following inequality holds: 

൬ܖܑܕ
ܖܑܛ ࡭

ܖܑܛ ࡮ + ܖܑܛ ࡯ ,
࡮ܖܑܛ

ܖܑܛ ࡭ + ܖܑܛ ࡯ ,
ܖܑܛ ࡯

ܖܑܛ ࡭ + ൰࡮ܖܑܛ ≤
࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋

૜ ≤ 

≤ ൬ܠ܉ܕ
࡭ܖܑܛ

ܖܑܛ ࡮ + ܖܑܛ ࡯ ,
ܖܑܛ ࡮

ܖܑܛ ࡭ + ܖܑܛ ࡯ ,
ܖܑܛ ࡯

ܖܑܛ ࡭ + ܖܑܛ  ൰࡮

Proposed by Marian Ursărescu – Romania  

Solution 1 by Tran Hong-Vietnam 

Let ࢀ = ቄ ࡭ܖܑܛ
࡯ܖܑܛା࡮ܖܑܛ

; ࡮ܖܑܛ
࡯ܖܑܛା࡭ܖܑܛ

; ܖܑܛ ࡯
࡮ܖܑܛା࡭ܖܑܛ

ቅ 

Suppose: ࡭ ≤ ࡮ ≤ ࡯ ⇒ ቄ ࢇ ≤ ࢈ ≤ ࢉ
ܖܑܛ ࡭ ≤ ܖܑܛ ࡮ ≤  (acute angled :࡯,࡮,࡭with) ;࡯ܖܑܛ

We will prove that: 

ࢀܖܑܕ ≤
(∗) ࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋

૜ ≤
(∗∗)

 ࢀܠ܉ܕ

First: 

∵ ࢀܖܑܕ = ࡭ܖܑܛ
࡯ܖܑܛା࡮ܖܑܛ

= ࢇ
ࢉା࢈

   (1) 

∵ ܛܗ܋ା࡭ܛܗ܋ ࡯ܛܗ܋ା࡮
૜

= ૜൯ࢉ૜ା࢈૜ାࢇ൫ି࢈૛ࢉାࢉ૛࢈ାࢇ૛ࢉାࢉ૛ࢇାࢇ૛࢈ା࢈૛ࢇ
૟ࢉ࢈ࢇ

   (2) 

From (1) and (2) we have: 

૟ࢇࢉ࢈૛ ≤ ࢈) + ࢈૛ࢇ}(ࢉ + +ࢇ૛࢈ ࢉ૛ࢇ + +ࢇ૛ࢉ +ࢉ૛࢈ −࢈૛ࢉ ૜ࢇ) + ૜࢈ +  {(૜ࢉ

⇔ +ࢇ) ࢈ + ૛ࢇ)࢈}(ࢉ − (૛ࢉ + ૛ࢇ)ࢉ − (૛࢈ − ૛࢈)ࢇ૛ − +ࢉ࢈ (૛ࢉ + ૜࢈ + {૜ࢉ ≤ ૙ 

⇔ ࢇ) + ࢈ + ૛ࢇ)࢈}(ࢉ − (૛ࢉ + ૛ࢇ)ࢉ − (૛࢈ + ૛࢈) − +ࢉ࢈ ࢈)(૛ࢉ + ࢉ − ૛ࢇ)} ≤ ૙ 

⇔ −࢈) ࢈)}(ࢇ − ૛(ࢉ − {ࢉࢇ + ࢉ) − −࢈)}(ࢇ ૛(ࢉ − {࢈ࢇ ≤ ૙  (3) 

−࢈) ૛(ࢉ − ࢉࢇ ≤ ࢈) − ૛(ࢉ − ૛ࢇ = ࢈)− + ࢇ − +ࢉ)(ࢉ ࢇ − (࢈ < 0 

⇒ −࢈) −࢈)}(ࢇ ૛(ࢉ − {ࢉࢇ ≤ ૙   (4) 
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࢈) − ૛(ࢉ − ࢈ࢇ ≤ ࢈) − ૛(ࢉ − ૛ࢇ = ࢈)− + ࢉ − +ࢉ)(ࢉ ࢇ − (࢈ < 0 

⇒ ࢉ) − ࢈)}(ࢇ − ૛(ࢉ − {࢈ࢇ ≤ ૙   (5) 

⇒⏞
(૝),(૞)

 (3) true ⇒ (*) true. 

Second: ࡭ܛܗ܋ାܛܗ܋ ܛܗ܋ା࡮ ࡯
૜

≤
૜
૛
૜

= ૚
૛
   (6) 

ࢀܠ܉ܕ = ࡯ܖܑܛ
࡮ܖܑܛା࡭ܖܑܛ

= ࢉ
࢈ାࢇ

≥ ૚
૛
   (7) 

⇒⏞
(૟),(ૠ)

(**) true. Hence: For any acute-angled ઢ࡯࡮࡭. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

൬ܖܑܕ
ܖܑܛ ࡭

ܖܑܛ ࡮ + ܖܑܛ ࡯ ,
ܖܑܛ ࡮

࡭ܖܑܛ + ܖܑܛ ࡯ ,
࡯ܖܑܛ

ܖܑܛ ࡭ + ൰࡮ܖܑܛ ≤
(૚) ࡭ܛܗ܋∑

૜ ≤ 

≤
(૛)

൬ܠ܉ܕ
ܖܑܛ ࡭

ܖܑܛ ࡮ + ܖܑܛ ࡯ ,
࡮ܖܑܛ

࡭ܖܑܛ + ࡯ܖܑܛ ,
ܖܑܛ ࡯

ܖܑܛ ࡭ + ܖܑܛ  ൰࡮

RHS of (2) ≥ ૚
૜
∑ ܖܑܛ ࡭

࡯ܖܑܛା࡮ܖܑܛ
= ૚

૜
∑ ࢇ

ࢉା࢈
= 

=
૚
૜
ࢇ∑ ࢉ) + +ࢇ)(ࢇ (࢈
૛࢙)࢙૛ + ૛࢘ࡾ+ (૛࢘ =

ࢇ∑ ࢈ࢇ∑) + (૛ࢇ
૜ ⋅ ૛࢙)࢙૛ + ૛࢘ࡾ +  (૛࢘

=
(࢙૛)	(࢈ࢇ∑) + ૛࢙)࢙૛ − ૟࢘ࡾ − ૜࢘૛)

૜ ⋅ ૛࢙)࢙૛ + ૛࢘ࡾ+ (૛࢘  

=
૛࢙૛ − ૛࢘ࡾ − ૛࢘૛

૜(࢙૛ + ૛࢘ࡾ+ (૛࢘ ≥
? ܛܗ܋∑ ࡭

૜ =
ࡾ + ࢘
૜ࡾ  

⇔ ૛࢙૛)ࡾ − ૛࢘ࡾ − ૛࢘૛) ≥
?

+ࡾ) ૛࢙)(࢘ + ૛࢘ࡾ+  (૛࢘

⇔ −ࡾ) ૛࢙(࢘ ≥
?

ࡾ) + +࢘ࡾ૛)(࢘ (૛࢘ + +࢘ࡾ૛)ࡾ ૛࢘૛) 

=
(૛ࢇ)

૛ࡾ૛࢘+ ૛࢘ࡾ + ૛࢘ࡾ૛ + ૜࢘ + ૛ࡾ૛࢘ + ૛࢘ࡾ૛ = ૝ࡾ૛࢘ + ૞࢘ࡾ૛ +  ૜࢘

Now, LHS of (2a) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 −ࡾ) −࢘ࡾ૚૟)(࢘ ૞࢘૛) ≥
?
૝ࡾ૛࢘ + ૞࢘ࡾ૛ +  ૜࢘

⇔ ૚૟ࡾ૛ − ૛૚࢘ࡾ + ૞࢘૛ ≥
?
૝ࡾ૛ + ૞࢘ࡾ +  ૛࢘

⇔ ૚૛ࡾ૛ − ૛૟࢘ࡾ + ૝࢘૛ ≥
?
૙ ⇔ ૟ࡾ૛ − ૚૜࢘ࡾ+ ૛࢘૛ ≥

?
૙ 

⇔ −ࡾ) ૛࢘)(૟ࡾ− (࢘ ≥
?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ ⇒ (2a) & hence (1) is true 

We shall now focus on proving (1), which is: 
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૜ܖܑܕ ൬
ࢇ

࢈ + ࢉ ,
࢈

+ࢉ ࢇ ,
ࢉ

ࢇ + ൰࢈ ≤
(૚ࢇ)

૚ +
ઢ
࢙ ⋅

૝ઢ
 ࢉ࢈ࢇ

= ૚ +
૝࢙)࢙ − ࢙)(ࢇ − −࢙)(࢈ (ࢉ

ࢉ࢈ࢇ࢙ = ૚ +
૝ࢠ࢟࢞

࢞) + ࢟)(࢟ + +ࢠ)(ࢠ  (࢞

(where ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ =  (ࢠ

=
૟ࢠ࢟࢞+ ࢟૛࢞∑ + ૛࢟࢞∑

࢞) + +࢟)(࢟ +ࢠ)(ࢠ (࢞  

Case 1) ܖܑܕ ቀ ࢇ
ࢉା࢈

, ࢈
ࢇାࢉ

, ࢉ
࢈ାࢇ

ቁ = ࢇ
ࢉା࢈

 

∴
ࢇ

࢈ + ࢉ ≤
࢈

ࢉ + ࢇ ⇒ ࢇ ≤ ࢈ ⇒ ࢟ + ࢠ ≤ ࢠ + ࢞ ⇒ ࢞ ≥  ࢟

ࢇ &
ࢉା࢈

≤ ࢉ
࢈ାࢇ

⇒ ࢇ ≤ ࢉ ⇒ ࢟ + ࢠ ≤ ࢞ + ࢟ ⇒ ࢞ ≥  ࢠ

Now, (1a) ⇔ ૜(࢟ାࢠ)
૛࢞ା࢟ାࢠ

≤ ૟ࢠ࢟࢞ା∑࢞૛࢟ା∑࢟࢞૛

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)
 

⇔ ࢟૜࢞ + ࢠ૜࢞ + ૝࢞૛ࢠ࢟ − ૛࢟૛ࢠ૛ − ૜࢟࢞ − ૜ࢠ࢞ − ࢠ૜࢟ − ૜ࢠ࢟ ≥
(૚࢈)

૙ 

Now, ૛࢞૛ࢠ࢟ − ૛࢟૛ࢠ૛ = ૛࢞)ࢠ࢟૛ − (ࢠ࢟ ≥ ૙		(∵ ࢞ ≥  ,(ࢠ࢟

ࢠ࢟૛࢞ − ࢠ૜࢟ = ૛࢞)ࢠ࢟ − (૛࢟ ≥ ૙	(∵ ࢞ ≥  ,(࢟

ࢠ࢟૛࢞ − ૜ࢠ࢟ = ૛࢞)ࢠ࢟ − (૛ࢠ ≥ ૙	(∵ ࢞ ≥  ,(ࢠ

࢟૜࢞ − ૜࢟࢞ = ૛࢞)࢟࢞ − (૛࢟ ≥ ૙		(∵ ࢞ ≥  ,(࢟

ࢠ૜࢞ − ૜ࢠ࢞ = ૛࢞)ࢠ࢞ − (૛ࢠ ≥ ૙		(∵ ࢞ ≥  (ࢠ

Adding the last 5 inequalities, (1b) & hence (1a) & hence (1) is true. 

Case 2) ܖܑܕ ቀ ࢇ
ࢉା࢈

, ࢈
ࢇାࢉ

, ࢉ
࢈ାࢇ

ቁ = ࢈
ࢇାࢉ

 

∴ ࢈
ࢇାࢉ

≤ ࢇ
ࢉା࢈

⇒ ࢈ ≤ ࢇ ⇒ +ࢠ ࢞ ≤ ࢟ + ࢠ ⇒ ࢟ ≥  & ࢞

࢈
ࢉ + ࢇ ≤

ࢉ
+ࢇ ࢈ ⇒ ࢈ ≤ ࢉ ⇒ +ࢠ ࢞ ≤ ࢞ + ࢟ ⇒ ࢟ ≥  ࢠ

Now, (1a) ⇔ ૜(ࢠା࢞)
ࢠା࢟ା૛࢞

≤ ૟ࢠ࢟࢞ା∑࢞૛࢟ା∑࢟࢞૛

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)
 

⇔ ૜࢟࢞ + ࢠ૜࢟ + ૝࢟࢞૛ࢠ − ૛ࢠ૛࢞૛ − ૜ࢠ࢞ − ૜ࢠ࢟ − ࢟૜࢞ − ࢠ૜࢞ ≥
(૚ࢉ)

૙ 

Now, ૛࢟࢞૛ࢠ − ૛ࢠ૛࢞૛ = ૛࢟)࢞ࢠ૛ − (࢞ࢠ ≥ ૙	(∵ ࢟ ≥  ,(࢞,ࢠ

ࢠ૛࢟࢞ − ૜ࢠ࢞ = ૛࢟)࢞ࢠ − (૛ࢠ ≥ ૙	(∵ ࢟ ≥  ,(ࢠ

ࢠ૛࢟࢞ − ࢠ૜࢞ = ૛࢟)ࢠ࢞ − (૛࢞ ≥ ૙	(∵ ࢟ ≥  ,(࢞
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ࢠ૜࢟ − ૜ࢠ࢟ = ૛࢟)ࢠ࢟ − (૛ࢠ ≥ ૙	(∵ ࢟ ≥  ,(ࢠ

૜࢟࢞ − ࢟૜࢞ = ૛࢟)࢟࢞ − (૛࢞ ≥ ૙	(∵ ࢟ ≥  (࢞

Adding the last 5 inequalities, (1c) & hence, (1a) & hence, (1) is true. 

Case 3) ܖܑܕ ቀ ࢇ
ࢉା࢈

, ࢈
ࢇାࢉ

, ࢉ
࢈ାࢇ

ቁ = ࢉ
࢈ାࢇ

 

∴ ࢉ
࢈ାࢇ

≤ ࢇ
ࢉା࢈

⇒ ࢉ ≤ ࢇ ⇒ ࢞ + ࢟ ≤ ࢟ + ࢠ ⇒ ࢠ ≥   & ࢞

ࢉ
ࢇ + ࢈ ≤

࢈
ࢉ + ࢇ ⇒ ࢉ ≤ ࢈ ⇒ ࢞ + ࢟ ≤ +ࢠ ࢞ ⇒ ࢠ ≥  ࢟

Now, (1a) ⇔ ૜(࢞ା࢟)
ࢠା૛࢟ା࢞

≤ ૟ࢠ࢟࢞ା∑࢞૛࢟ା∑࢟࢞૛

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)
 

⇔ ૜ࢠ࢟ + ૜࢞ࢠ + ૝ࢠ࢟࢞૛ − ࢟૜࢞ − ࢠ૜࢞ − ૛࢞૛࢟૛ − ૜࢟࢞ − ࢠ૜࢟ ≥
(૚ࢊ)

૙ 

Now, ૛ࢠ࢟࢞૛ − ૛࢞૛࢟૛ = ૛ࢠ)࢟࢞૛ − (࢟࢞ ≥ ૙	(∵ ࢠ ≥  ,(࢟,࢞

૛ࢠ࢟࢞ − ૜࢟࢞ = ૛ࢠ)࢟࢞ − (૛࢟ ≥ ૙	(∵ ࢠ ≥  ,(࢞

૛ࢠ࢟࢞ − ࢟૜࢞ = ૛ࢠ)࢟࢞ − (૛࢞ ≥ ૙	(∵ ࢠ ≥  ,(࢞

૜ࢠ࢟ − ࢠ૜࢟ = ૛ࢠ)ࢠ࢟ − (૛࢟ ≥ ૙	(∵ ࢠ ≥  (࢟

૜ࢠ࢞ − ࢠ૜࢞ = ૛ࢠ)ࢠ࢞ − (૛࢞ ≥ ૙	(∵ ࢠ ≥  (࢞

Adding the last 5 inequalities, (1d) & hence (1a) & hence (1) is true. 

Combining the 3 cases, (1) is always true. 

(This completes the proof) 

 

UP.172. Let be ࡭ ∈ ૛࡭)ܜ܍܌ :૞(ℝ), invertible such thatࡹ + (૞ࡵ = ૙. 

Prove that: 

∗࡭	࢘ࢀ = ૚ + ࡭ܜ܍܌ ⋅  ૚ି࡭	࢘ࢀ

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

As ࡭)ܜ܍܌૛ + (૞ࡵ = ૙ 

࡭)]ܜ܍܌ + ࡭)(૞ࡵ࢏ − [(૞ࡵ࢏ = ૙ ⇒ ࡭)ܜ܍܌ + (૞ࡵ࢏ = ૙ or ࡭)ܜ܍܌ − (૞ࡵ࢏ = ૙ 

⇒  .࡭ is an eigenvalue of ࢏− or ࢏
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As characteristic equation of ࡭ it has real coefficients, both ࢏−,࢏ are eigenvalues of 

,૚ࣅ Let .࡭ ,૛ࣅ  .࡭ ૜ be other eigenvalues ofࣅ

(∗࡭)࢘ࢀ = ૚ࣅ) + ૛ࣅ + ࢏)(૜ࣅ − (࢏ + ૛ࣅ૚ࣅ + ૜ࣅ૚ࣅ + ૜ࣅ૛ࣅ +   (࢏−)࢏

= ૛ࣅ૚ࣅ + ૜ࣅ૚ࣅ + ૜ࣅ૛ࣅ + ૚. Also, ࡭ܜ܍܌ = (࢏−)(࢏)૜ࣅ૛ࣅ૚ࣅ =  ૜ࣅ૛ࣅ૚ࣅ

(૚ି࡭)࢘ࢀ =
૚
૚ࣅ

+
૚
૛ࣅ

+
૚
૜ࣅ

+
૚
࢏ −

૚
࢏ =

૚
૚ࣅ

+
૚
૛ࣅ

+
૚
૜ࣅ

 

(࡭)ܜ܍܌ (૚ି࡭)࢚࢘ = ૛ࣅ૚ࣅ + ૜ࣅ૚ࣅ +  ૜ࣅ૛ࣅ

Thus, (∗࡭)࢚࢘ = ૚ + (࡭)ܜ܍܌  (૚ି࡭)࢚࢘

 

UP.173. Find: 

ષ = ܕܑܔ
ஶ→࢔

ඩ૟− ૛෍
૚

࢏ + ૚

࢔

ୀ૛࢏

ቀ૛࢏࢏ ቁ+ ૜෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

࢔

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Remus Florin Stanca-Romania 

૟ − ૛෍
૚

+࢏ ૚

࢔

ୀ૛࢏

ቀ૛࢏࢏ ቁ + ૜෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

= ૟ + ෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

⋅
૜࢏ + ૚
࢏ + ૚ = 

= ૟ + ∑ ቀ૛࢏࢏ ቁ
૚ି࢔
ୀ૛࢏ ⋅ ૜࢏ା૚

ା૚࢏
+ ቀ૛࢔࢔ ቁ ⋅ ૜࢔ା૚

ା૚࢔
= ૟ + ∑ ቀ૛࢏࢏ ቁ

૚ି࢔
ୀ૛࢏ ⋅ ૜࢏ା૚

ା૚࢏
+ (૛࢔)!

૛(!࢔)
⋅ ૜࢔ା૚
ା૚࢔

   (1) 

ܕܑܔ
ஶ→࢔

(૛࢔)!
૛(!࢔) ⋅

૜࢔ + ૚
࢔ + ૚ = ૜ ⋅ ܕܑܔ

ஶ→࢔

(૛࢔)!
૛(!࢔)  

Let ࢔࢞ = (૛࢔)!
૛(!࢔)

≻ శ૚࢔࢞
࢔࢞

= (૛࢔ା૛)!

൫(࢔ା૚)!൯
૛ ⋅

૛(!࢔)

(૛࢔)!
= (૛࢔ା૚)(૛࢔ା૛)

(ା૚࢔)(ା૚࢔)
≻ 

≻ ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞

= ૝ > 1 ≻ ܕܑܔ
ஶ→࢔

࢔࢞ = ∞ ≻ ܕܑܔ
ஶ→࢔

(૛࢔)!
૛(!࢔) = ∞ ≻ 

⇒ ܕܑܔ
ஶ→࢔

(૛࢔)!
૛(!࢔) ⋅

૜࢔ + ૚
࢔ + ૚ = ∞ ⇒

(૚)
ܕܑܔ
ஶ→࢔

൭૟−෍
૚

࢏ + ૚

࢔

ୀ૛࢏

⋅ ቀ૛࢏࢏ ቁ + ૜෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

൱ = ∞⇒ 
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≻ ܕܑܔ
ஶ→࢔

ඩ૟ − ૛෍
૚

+࢏ ૚ ⋅
ቀ૛࢏࢏ ቁ

࢔

ୀ૛࢏

+ ૜෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

࢔

= 

= ܕܑܔ
ஶ→࢔

൭૟ − ૛෍
૚

࢏ + ૚

࢔

ୀ૛࢏

ቀ૛࢏࢏ ቁ + ૜෍ቀ૛࢏࢏ ቁ
࢔

ୀ૛࢏

൱

૚
࢔

=ஶ
૙
ܕܑܔ
ஶ→࢔

ࢋ
∑ቀ૟ାܖܔ ቀ૛࢏࢏ ቁ

࢔
స૛࢏ ⋅૜࢏ା૚࢏ା૚ ቁ
࢔  ࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ=

= ܕܑܔ
ஶ→࢔

ࢋ
ቌܖܔ

૟ା∑ ቀ૛࢏࢏ ቁ
శ૚࢔
స૛࢏ ⋅૜࢏ା૚࢏ା૚

૟ା∑ ቀ૛࢏࢏ ቁ
࢔
స૛࢏ ⋅૜࢏ା૚࢏ା૚

ቍ

=
࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ

ܕܑܔ
ஶ→࢔

ቀ૛࢔ + ૝
࢔ + ૛ ቁ ⋅

૜࢔ + ૠ
࢔ + ૜

ቀ૛࢔ + ૛
࢔ + ૚ ቁ ⋅

૜࢔ + ૝
࢔ + ૛

= 

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૝)!
࢔) + ૛)! ࢔) + ૛)! ⋅

૜࢔ + ૠ
࢔ + ૜ ⋅

࢔ + ૛
૜࢔ + ૝ ⋅

࢔) + ૚)! ࢔) + ૚)!
(૛࢔ + ૛)! = 

= ܕܑܔ
ஶ→࢔

(૛࢔+ ૜)(૛࢔ + ૝)
+࢔) ૛)(࢔ + ૛) = ૝ ⇒ ષ = ૝ 

Solution 2 by Pierre Mounir-Cairo-Egypt 

ࡸ = ඩ૟ − ૛෍൬
૚

࢑ + ૚൰
࢔

ୀ૛࢑

ቀ૛࢑࢑ ቁ + ૜෍ቀ૛࢑࢑ ቁ
࢔

ୀ૛࢑

࢔

 

= ඩ૟ + ෍൬
૜࢑+ ૚
࢑ + ૚ ൰

࢔

ୀ૛࢑

ቀ૛࢑࢑ ቁ
࢔

= ඩ૚ + ෍൬
૜࢑ + ૚
࢑ + ૚ ൰

࢔

ୀ૙࢑

ቀ૛࢑࢑ ቁ
࢔

 

Let ࢔ࡿ = ૚ + ∑ ቀ૜࢑ା૚
ା૚࢑

ቁ࢔
ୀ૙࢑ ቀ૛࢑࢑ ቁ ⇒ ࡸ = ஶ→࢔ܕܑܔ ඥ࢔ࡿ

࢔  

ܕܑܔ
ஶ→࢔

ା૚࢔ࡿ
࢔ࡿ

࡯ࡿ= ܕܑܔ
ஶ→࢔

ା૚࢔ࡿ − ࢔ࡿ
࢔ࡿ − ૚ି࢔ࡿ

࢔ࡿ)			 ࢔	࢙ࢇ			∞→ → ∞) 

= ܕܑܔ
ஶ→࢔

ቀ૜࢔+ ૝
࢔ + ૛ ቁ ቀ

૛࢔ + ૛
࢔ + ૚ ቁ

ቀ૜࢔+ ૚
+࢔ ૚ ቁቀ

૛࢔
࢔ ቁ

= ܕܑܔ
ஶ→࢔

(૜࢔+ ૝)(࢔+ ૚)(૛࢔ + ૛)! ૛(!࢔)

(૜࢔+ ૚)(࢔+ ૛)(૛࢔)! +࢔) ૚)!૛ 

= ܕܑܔ
ஶ→࢔

(૜࢔ + ૝)(࢔+ ૚)(૛࢔+ ૛)(૛࢔+ ૚)
(૜࢔ + ૚)(࢔+ ૛)(࢔+ ૚)૛ = ૝ 

∴ ࡸ = ܕܑܔ
ஶ→࢔

ඥ࢔ࡿ
࢔ = ܕܑܔ

ஶ→࢔

ା૚࢔ࡿ
࢔ࡿ

= ૝ 
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UP.174. If ࢌ: [࢈,ࢇ] → [૚,∞);૙ < ܽ ≤ ܾ; ݂ integrable then: 

නනන
૜ + (࢞)ࢌ + (࢟)ࢌ + (ࢠ)ࢌ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)ࢌ(࢟)ࢌ + (࢟)ࢌ(ࢠ)ࢌ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ ≤ ࢈) − ૜(ࢇ + ቌන
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ

૜

 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

(ࢠ)ࢌ;(࢟)ࢌ;(࢞)ࢌ ∈ [૚,∞) ⇒ (࢞)ࢌ ≥ ૚;(࢟)ࢌ ≥ ૚ 

⇒ −(࢟)ࢌ)(࢞)ࢌ ૚) + −(࢞)ࢌ)(࢟)ࢌ ૚) ≥ ૙ 

૛(࢟)ࢌ(࢞)ࢌ− −(࢞)ࢌ (࢟)ࢌ ≥ ૙   (1) 

(࢞)ࢌ ≥ ૚;(࢟)ࢌ ≥ ૚ ⇒ −(࢟)ࢌ(࢞)ࢌ ૚ ≥ ૙   (2) 

By (1); (2): 

෍((࢟)ࢌ(࢞)ࢌ− ૚)൫૛(࢟)ࢌ(࢞)ࢌ− −(࢞)ࢌ ൯(࢟)ࢌ ≥ ૙
ࢉ࢟ࢉ

 

෍ቆ
(࢞)ࢌ + (࢟)ࢌ + ૛ࢌ૛(࢞)ࢌ૛(࢟)− ૛(࢟)ࢌ(࢞)ࢌ− −(࢟)ࢌ(࢞)૛ࢌ (࢟)૛ࢌ(࢞)ࢌ

૛(࢟)ࢌ(࢞)ࢌ ቇ
ࢉ࢟ࢉ

≥ ૙ 

෍ቆ
(࢞)ࢌ + (࢟)ࢌ
૛(࢟)ࢌ(࢞)ࢌ + −(࢟)ࢌ(࢞)ࢌ ૚−

(࢞)ࢌ
૛ −

(࢟)ࢌ
૛ ቇ

ࢉ࢟ࢉ

≥ ૙ 

෍
(࢞)ࢌ + (࢟)ࢌ
૛(࢟)ࢌ(࢞)ࢌ

ࢉ࢟ࢉ

+ ෍(࢞)ࢌ
ࢉ࢟ࢉ

(࢟)ࢌ ≥ ૜ + ෍(࢞)ࢌ
ࢉ࢟ࢉ

 

෍
૚

(࢞)ࢌ
ࢉ࢟ࢉ

+ ෍(࢞)ࢌ
ࢉ࢟ࢉ

(࢟)ࢌ ≥ ૜ + ෍(࢞)ࢌ
ࢉ࢟ࢉ

 

ቌ෍(࢟)ࢌ(࢞)ࢌ
ࢉ࢟ࢉ

ቍ
૚

(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ + ෍(࢞)ࢌ
ࢉ࢟ࢉ

(࢟)ࢌ ≥ ૜ + ෍(࢞)ࢌ
ࢉ࢟ࢉ

 

૚ +
૚

(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ ≥
૜ + (࢞)ࢌ + (࢟)ࢌ + (ࢠ)ࢌ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)ࢌ(࢟)ࢌ +  (࢞)ࢌ(ࢠ)ࢌ

නනනቆ
૜ + (࢞)ࢌ + (࢟)ࢌ + (ࢠ)ࢌ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)ࢌ(࢟)ࢌ + ࢞ࢊቇ	(࢞)ࢌ(ࢠ)ࢌ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

≤ 
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≤ නනන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

+ නනන൬
ࢠࢊ	࢟ࢊ	࢞ࢊ

൰(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

== −࢈) ૜(ࢇ + ቌන
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ

૜

 

 

UP.175. In acute ઢ࡯࡮࡭ the following relationship holds: 

૛࢈ + ૛ࢉ + ૛ࢉ࢈
૛࢈ + ૛ࢉ − ૛ࢇ

+
૛ࢉ + ૛ࢇ + ૛ࢇࢉ
૛ࢉ + ૛ࢇ − ૛࢈

+
૛ࢇ + ૛࢈ + ૛࢈ࢇ
૛ࢇ + ૛࢈ − ૛ࢉ

> 9 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Vietnam 

ࡿࡴࡸ =
࢈) + ૛(ࢉ

૛࢈ + ૛ࢉ − ૛ࢇ +
ࢉ) + ૛(ࢇ

૛ࢉ + ૛ࢇ − ૛࢈ +
ࢇ) + ૛(࢈

૛ࢇ + ૛࢈ −  ૛ࢉ

≥
૝ࢉ࢈

૛࢈ + ૛ࢉ − ૛ࢇ +
૝ࢇࢉ

૛ࢉ + ૛ࢇ − ૛࢈ +
૝࢈ࢇ

૛ࢇ + ૛࢈ −  ૛ࢉ

=
૛

࡭ܛܗ܋ +
૛

ܛܗ܋ ࡮ +
૛

࡯ܛܗ܋ = ૛ ൬
૚

࡭ܛܗ܋ +
૚

࡮ܛܗ܋ +
૚

ܛܗ܋  ൰࡯

= ૛ ⋅ ࢖
૛ା࢘૛ି૝ࡾ૛

૛(࢘ିࡾ૛)૛ି࢖
   (*) 

We prove 

(*)≥ ૚૛ 

⇔ ૛࢖ + ૛࢘ − ૝ࡾ૛ ≥ ૟࢖૛ − ૟(૛ࡾ − ૛(࢘ ⇔ ૛࢖ + ૛࢘ − ૝ࡾ૛ ≥ ૟࢖૛ − ૟(૝ࡾ૛ − ૝࢘ࡾ+  (૛࢘

⇔ ૛૙ࡾ૛ + ૠ࢘૛ + ૛૝࢘ࡾ ≥ ૞࢖૛ 

Which is true because 

૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ⇔ ૞࢖૛ ≤ ૛૙ࡾ૛ + ૛૙࢘ࡾ+ ૚૞࢘૛ ≤
(૚)

૛૙ࡾ૛ + ૛૝࢘ࡾ+ ૠ࢘૛ 

(1) ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘ ⇒ (*) ≥ ૚૛ > 9. Proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛࢈ + ૛ࢉ + ૛ࢉ࢈
૛࢈ + ૛ࢉ − ૛ࢇ +

૛ࢉ + ૛ࢇ + ૛ࢇࢉ
૛ࢉ + ૛ࢇ − ૛࢈ +

૛ࢇ + ૛࢈ + ૛࢈ࢇ
૛ࢇ + ૛࢈ − ૛ࢉ ≥ ૚૛ 

Let ࢈૛ + ૛ࢉ − ૛ࢇ = ,࢞ ૛ࢉ + ૛ࢇ − ૛࢈ = ૛ࢇ,࢟ + ૛࢈ − ૛ࢉ = ࢠ ∴ ૛ࢇ = ࢠା࢟
૛

૛࢈, = ࢞ାࢠ
૛

, ૛ࢉ = ࢟ା࢞
૛

 

Now, LHS ࢈
૛ାࢉ૛ିࢇ૛ାࢇ૛ା૛ࢉ࢈

૛ࢇ૛ିࢉ૛ା࢈
+ ࢇࢉ૛ା૛࢈૛ା࢈૛ିࢇ૛ାࢉ

૛࢈૛ିࢇ૛ାࢉ
+ ࢈ࢇ૛ା૛ࢉ૛ାࢉ૛ି࢈૛ାࢇ

૛ࢉ૛ି࢈૛ାࢇ
= 
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= ૜ + ෍
૛ࢇ

૛࢈ + ૛ࢉ − ૛ࢇ + ෍
૛ࢉ࢈

૛࢈ + ૛ࢉ − ૛ࢇ = ૜ + ෍
૛ࢇ

૛࢈ + ૛ࢉ − ૛ࢇ + ෍
૛ࢉ࢈

૛ܛܗ܋ࢉ࢈ ࡭ = 

= ૜ + ෍ቌ
࢟ + ࢠ
૛
࢞

ቍ + ෍
૚

 ࡭ܛܗ܋

(using above substitution) ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

૜ + ቀ૚
૛
ቁ∑ ቀ࢞

࢟
+ ࢟

࢞
ቁ + ૢ

ܛܗ܋∑ ࡭
≥
ࡳି࡭

૜ + ૜ + ૢ
ܛܗ܋∑ ࡭

≥ ૟ + ૢ
૜
૛

 

ቀ∵ ∑ ࡭ܛܗ܋ ≤ ૜
૛
ቁ = ૚૛ > 9   (equality when ઢ࡯࡮࡭ is equilateral) 

Solution 3 by Lahiru Samarakoon-Sri Lanka 

෍
૛ࢇ + ૛࢈ + ૛ࢇ࢈
૛ࢇ + ૛࢈ − ૛ࢉ > 9 

for acute ࡯࡮࡭, ܛܗ܋ ࡭ , ࡮ܛܗ܋ , ܛܗ܋ ࡯ > 0 then: 

ࡿࡴࡸ = ෍
૛ࢇ + ૛࢈ + ૛ࢇ࢈
૛ࢇ + ૛࢈ − ૛ࢉ = ≥

ࡹࡳିࡹ࡭
෍

૝ࢇ࢈
૛࡯ܛܗ܋ࢇ࢈ =

૛∑࡭ܛܗ܋ ࡮ܛܗ܋
∏ ܛܗ܋ ࡭  

We have to prove, ૛∑ ܛܗ܋ ܛܗ܋࡭ ࡮ >  ࡭ܛܗ܋∏9

૛(࢙૛ + ૛࢘ − ૝ࡾ૛)
૝ࡾ૛ >

૛࢙)ૢ − ૝ࡾ૛ − ૝࢘ࡾ − (૛࢘
૝ࡾ૛  

૛ૡࡾ૛ + ૜૟࢘ࡾ + ૚૚࢘૛ >  ૛ࡿ7

Since, ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛, then we have to prove, 

૛ૡࡾ૛ + ૜૟࢘ࡾ+ ૚૚࢘૛ > 7(૝ࡾ+ ૝ࡾ + ૜ࡾ) 

ૡ࢘ࡾ >  ૛࢘10

ࡾ > ૚૙
ૡ
 it’s true (proved) ࢘

Solution 4 by Ravi Prakash-New Delhi-India 

૛࢈ + ૛ࢉ + ૛ࢉ࢈ ≥ ૛ࢉ࢈+ ૛ࢉ࢈ = ૝ࢉ࢈ 

૛࢈ + ૛ࢉ − ૛ࢇ = ૛ࢉ࢈  etc ,࡭ܛܗ܋

∴ ࡿࡴࡸ ≥
૝ࢉ࢈

૛ࢉ࢈ ܛܗ܋ ࡭ +
૝ࢇࢉ

૛ࢉࢇ ܛܗ܋ ࡮ +
૝࢈ࢇ

૛࢈ࢇ  ࡯ܛܗ܋

= ૛
ܛܗ܋ ࡭

+ ૛
ܛܗ܋ ࡮

+ ૛
ܛܗ܋ ࡯

    (1) 

For ૙ < ݔ < ࣊
૛

, let 
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(࢞)ࢌ =
૚

ܛܗ܋ ࢞ =  ࢞܋܍ܛ

(࢞)ᇱࢌ = ܋܍ܛ ࢞  ࢞ܖ܉ܜ

(࢞)ᇱᇱࢌ = ܋܍ܛ ࢞ ૛ܖ܉ܜ ࢞ + ૜܋܍ܛ ࢞ > ݔ∀,0 ∈ ቀ૙,
࣊
૛
ቁ 

Thus, ૚
૜

࡭܋܍ܛ) + ࡮܋܍ܛ + ܋܍ܛ (࡯ ≥ ܋܍ܛ ቀ࡭ା࡮ା࡯
૜

ቁ 

⇒ ࡭܋܍ܛ + ࡮܋܍ܛ + ܋܍ܛ ࡯ ≥ ૟   (2) 

From (1), (2): ࡿࡴࡸ ≥ ૚૛ > 9 

 

UP.176. Let ࢈,ࢇ be positive real numbers such that: ࢇ + ࢈ = ૛. Find the 

minimum value of: 

ࡼ =
૚

૜ࢇ + ૜࢈ + ૛+
૚
࢈ࢇ + ૜࢈ࢇ√  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Vietnam 

ࡼ =
૚

ࢇ) + ࢇ)](࢈ + ૛(࢈ − ૜࢈ࢇ] + ૛ +
૚
+࢈ࢇ ૜࢈ࢇ√ = 

=
૚

૛(૝ − ૜࢈ࢇ) + ૛ +
૚
+࢈ࢇ ૜࢈ࢇ√ =

૚
૚૙ − ૟࢈ࢇ +

૚
࢈ࢇ + ૜࢈ࢇ√  

Let ࢚ = ૜࢈ࢇ√ ⇒ ૜࢚ = ૙) ࢈ࢇ < ݐ ≤ 1, because: ૙ < ܾܽ ≤ ૛(࢈ାࢇ)

૝
= ૚) 

ࡼ = (࢚)ࢌ =
૚

૚૙ − ૟࢚૜ +
૚
૜࢚ + ࢚ ⇒ (࢚)ᇱࢌ = ૚ −

૜
૝࢚ +

૛࢚ૢ

૛(૜࢞૜ − ૞)૜ < ݐ∀,0 ∈ (૙,૚] 

⇒ (࢚)ࢌ ↘ on (૙;૚] ⇒ (࢚)ࢌ ≥ (૚)ࢌ = ૢ
૝
⇒ ܖܑܕࡼ 	 = ૢ

૝
⇔ ࢇ = ࢈ = ૚. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ > 0 and ࢇ + ૛ = ૛ ⇒ ࢈ࢇ ≤ ૚. Give ࢈ࢇ = ૜࢞ ≤ ૚ ⇒ ૜࢞ ≤ ࢞ ≤ ૚ 

Consider ૚
૛ା૛࢈૜ାࢇ

+ ૚
࢈ࢇ

+ ૜࢈ࢇ√ = ૚
ା૛(࢈ାࢇ)࢈ࢇ૜ି૜(࢈ାࢇ)

+ ૚
࢈ࢇ

+ ૜࢈ࢇ√ = ૚
૚૙ି૟࢈ࢇ

+ ૚
࢈ࢇ

+ ૜࢈ࢇ√ ≥ ૢ
૝
 

If ૚
૞ି૜࢞૜

+ ૛
૜࢞

+ ૛࢞ ≥ ૢ
૛
 

Iff ૛࢞૜ + ૛૙ − ૚૛࢞૜ + ૛૙࢞૝ − ૚૛࢞ૠ ≥ ૝૞࢞૜ − ૛ૠ࢞૟ 
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Iff (૚૛࢞૟ − ૚૛࢞ૠ) + (૛૙࢞૝ − ૛૙࢞૜) + (૚૞࢞૟ − ૚૞࢞૜) + (૛૙ − ૛૙࢞૜) ≥ ૙ 

Iff ૚૛࢞૟(૚ − (࢞ − ૛૙࢞૜(૚ − −(࢞ ૚૞࢞૜(૚− (૜࢞ + ૛૙(૚ − (૜࢞ ≥ ૙ 

Iff ૚૛࢞૟ − ૛૙࢞૜ − ૚૞࢞૜(૚ + ࢞ + (૛࢞ + ૛૙(૚ + ࢞ + (૛࢞ ≥ ૙ 

Iff ૚૛࢞૟ + ૛૙࢞૛ + ૛૙࢞ + ૛૙ ≥ ૜૞࢞૜ + ૚૞࢞૝ + ૚૞࢞૞ and it is to be true. 

Because (૚૙࢞૟ + ૛) + (૛࢞૟ + ૚) ≥ ૚૛࢞૞ + ૜࢞૝ ≥ ૚૞࢞૞ 

૛૙࢞૛ ≥ ૚૞࢞૝ + ૞࢞૜ 

૛૙࢞ ≥ ૛૙࢞૜ 

૚૙ ≥ ૚૙࢞૜ 

Therefore, it’s minimum is ૢ
૝
. 

UP.177. If ࢞, ,࢟ ,ࢠ ࢚ > 1 then: 

࢚ࢠ࢞ࢍ࢕࢒) ࢚࢟࢞ࢍ࢕࢒൫(࢞ ࢠ࢟࢞ࢍ࢕࢒൯൫࢟ ࢚ࢠ࢟ࢍ࢕࢒൯൫ࢠ ൯࢚ <
૚
૚૟ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Vietnam 

LHS = ૚
(࢚࢞ࢠ)࢞܏ܗܔ

⋅ ૚
(࢚࢟࢞)࢟܏ܗܔ

⋅ ૚
(ࢠ࢟࢞)ࢠ܏ܗܔ

⋅ ૚
(࢚ࢠ࢟)࢚܏ܗܔ

= 

= ൬
૚

૚ + ࢞܏ܗܔ ࢠ + ࢞܏ܗܔ ࢚
൰ ⋅ ቆ

૚
૚ + ࢟܏ܗܔ ࢞ + ࢟܏ܗܔ ࢚

ቇ ⋅ ൬
૚

૚ + ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ ࢟
൰ 

⋅ ቀ ૚
૚ା࢚܏ܗܔ ࢚܏ܗܔା࢟ ࢠ

ቁ = ૚
(૚ା࢞܏ܗܔ ࢞܏ܗܔାࢠ ࢟܏ܗܔ൫૚ା(࢚ ࢟܏ܗܔା࢞ ࢠ܏ܗܔ൯(૚ା࢚ ࢠ܏ܗܔା࢞ ࢚܏ܗܔ૚ା)(࢟ ࢚܏ܗܔା࢟ (࢟

   (*) 

૚ + ࢞܏ܗܔ ࢠ + ࢞܏ܗܔ ࢚ ≥ ૜ඥ࢞܏ܗܔ ࢠ ⋅ ࢞܏ܗܔ ࢚
૜  

૚ + ࢟܏ܗܔ ࢞ + ࢟܏ܗܔ ࢚ ≥ ૜ට࢟܏ܗܔ ࢞ ⋅ ࢟܏ܗܔ ࢚
૜  

૚ + ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ ࢟ ≥ ૜ඥࢠ܏ܗܔ ࢞ ⋅ ࢠ܏ܗܔ ૜࢟  

૚ + ࢚܏ܗܔ ࢟ + ࢚܏ܗܔ ࢠ ≥ ૜ඥ࢚܏ܗܔ ࢟ ⋅ ࢚܏ܗܔ ࢠ
૜  

⇒ (*) ≤ ૚
૜૝ ඥ࢞܏ܗܔ ࢞܏ܗܔ⋅ࢠ ࢟܏ܗܔ⋅࢚ ࢟܏ܗܔ⋅࢞ ࢠ܏ܗܔ⋅࢚ ࢠ܏ܗܔ⋅࢞ ࢚܏ܗܔ⋅࢟ ࢚܏ܗܔ⋅࢟ ૜ࢠ = ૚

૜૝
< ૚

૚૟
. Proved. 

Solution 2 by Amit Dutta-Jamshedpur-India 

∵ ࡹ࡭ ≥  ࡹࡳ
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܏ܗܔ ࢞ + ܏ܗܔ ࢠ + ܏ܗܔ ࢚ ≥ ૜ඥ܏ܗܔ ࢞ ܏ܗܔ ࢠ ܏ܗܔ ૜࢚ ⇒ (࢚ࢠ࢞)܏ܗܔ ≥ ඥ(܏ܗܔ ܏ܗܔ)(࢞ ܏ܗܔ)(ࢠ ૜(࢚  

Similarly, (࢚࢟࢞)܏ܗܔ ≥ ૜ඥ(࢞܏ܗܔ)(࢟܏ܗܔ)(܏ܗܔ ૜(࢚  

(ࢠ࢟࢞)܏ܗܔ ≥ ૜ඥ(܏ܗܔ ܏ܗܔ)(࢟܏ܗܔ)(࢞ ૜(ࢠ  

(࢚ࢠ࢟)܏ܗܔ ≥ ૜ඥ(࢟܏ܗܔ)(܏ܗܔ ܏ܗܔ)(ࢠ ૜(࢚  

Let ࡼ = ࢚ࢠ࢞܏ܗܔ) ࢚࢟࢞܏ܗܔ൫(࢞ ࢠ࢟࢞܏ܗܔ൯൫࢟ ࢚ࢠ࢟܏ܗܔ൯൫ࢠ  ൯࢚

ࡼ = ൬
࢞܏ܗܔ

܏ܗܔ +࢞ ࢠ܏ܗܔ + ܏ܗܔ ࢚
൰൬

܏ܗܔ ࢟
+࢞܏ܗܔ ࢟܏ܗܔ + ܏ܗܔ ࢚

൰ ൬
܏ܗܔ ࢠ

܏ܗܔ +࢞ ܏ܗܔ +࢟ ࢠ܏ܗܔ
൰൬

܏ܗܔ ࢚
࢟܏ܗܔ + ࢠ܏ܗܔ + ܏ܗܔ ࢚

൰ 

ࡼ <
வீெࡹ࡭

ቆ
܏ܗܔ ࢞

૜ඥ܏ܗܔ ࢞ ܏ܗܔ ࢠ ܏ܗܔ ૜࢚ ቇቆ
܏ܗܔ ࢟

૜ඥ܏ܗܔ ࢞ ࢟܏ܗܔ ܏ܗܔ ૜࢚ ቇቆ
܏ܗܔ ࢠ

૜ඥ܏ܗܔ ࢞ ܏ܗܔ ࢟ ܏ܗܔ ૜ࢠ ቇቆ
܏ܗܔ ࢚

૜ඥ܏ܗܔ ࢟ ܏ܗܔ ࢠ ܏ܗܔ ૜࢚ ቇ 

ࡼ < ૚
ૡ૚

< ૚
૚૟

   (proved) 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢟,࢞, ,ࢠ ࢚ > 1, we have: (࢚ࢠ࢞܏ܗܔ ࢚࢞࢟܏ܗܔ൫(࢞ ࢟࢞ࢠ܏ܗܔ൯൫࢟ ࢠ࢚࢟܏ܗܔ൯൫ࢠ ൯࢚ = 

= ൬
૚

૚ + ࢞܏ܗܔ +ࢠ ࢞܏ܗܔ ࢚
൰ ቆ

૚
૚ + ࢟܏ܗܔ ࢚ + ࢟܏ܗܔ ࢞

ቇ൬
૚

૚ + ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ ࢟
൰ ൬

૚
૚ + ࢚܏ܗܔ ࢟ + ࢚܏ܗܔ ࢠ

൰ 

≤ ૚
(૚ା૚ା૚)૝

= ૚
૜૝

= ૚
ૡ૚

< ૚
૚૟

   Ok 

Therefore,  it is to be true 

૚ = ࢞܏ܗܔ) ࢟܏ܗܔ൫(ࢠ ࢠ܏ܗܔ)൯࢞  (૚)(࢟

૚ = ࢞܏ܗܔ) ࢠ܏ܗܔ)(࢚ ࢚܏ܗܔ)(࢞  (૚)(ࢠ

૚ = ൫࢟܏ܗܔ ࢚܏ܗܔ)൯࢚  (૚)(࢚ࢠࢍ࢕࢒)(ࢠ

 

UP.178. Let be ࡭ = ቀ૚ ૚
૙ ૚ቁ ࡮; = ቀ૚ ૙

૚ ૚ቁ. 

Find: ષ = ࡭ࢋ ⋅  (exponential matrix – ࡭ࢋ) ;૚ି(࡮ࢋ)

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

࡭ = ቀ૚ ૚
૙ ૚ቁ ࢔࡭, = ቀ૚ ࢔

૙ ૚ቁ 

࡮ = ቀ૚ ૙
૚ ૚ቁ ࢔࡮, = ቀ૚ ૙

࢔ ૚ቁ 
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࡭ࢋ = +ࡵ ࡭ +
૚
૛!࡭

૛ +
૚
૜!࡭

૜ + ⋯ 

= ቀ૚ ૙
૙ ૚ቁ + ቀ૚ ૚

૙ ૚ቁ +
૚
૛!
ቀ૚ ૛
૙ ૚ቁ +

૚
૜!
ቀ૚ ૜
૙ ૚ቁ + ⋯ 

= ቀࢋ ࢋ
૙ ቁࢋ = ࢋ ቀ૚ ૚

૙ ૚ቁ 

Similarly, ࡮ࢋ = ቀࢋ ૙
ࢋ ቁࢋ = ቀ૚ࢋ ૙

૚ ૚ቁ 

ષ = ૚ି(࡮ࢋ)࡭ࢋ = ቀ૚ࢋ ૚
૙ ૚ቁ ቆࢋ

ି૚ ቀ ૚ ૙
−૚ ૚ቁቇ = ቀ૚ ૚

૙ ૚ቁቀ
૚ ૙
−૚ ૚ቁ = ቀ ૙ ૚

−૚ ૙ቁ 

 

UP.179. If in ઢࢇ,࡯࡮࡭ ≥ ࢈ ≥  :then the following relationship holds ࢉ

ඨ
ࢇ࢓

࢈࢓

૞
+ ඨ

࢈࢓

ࢉ࢓

૞
+ ඨ

ࢉ࢓

ࢇ࢓

૞
− ඨ

ࢇ࢓

ࢉ࢓

૞
− ඨ

࢈࢓

ࢇ࢓

૞
− ඨ

ࢉ࢓

࢈࢓

૞
< 1 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

First, we prove that if ࢞ ≤ ࢟ ≤  :then ࢠ
࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞
≥ ࢟

࢞
+ ࢠ

࢟
+ ࢞

ࢠ
    (1) 

࢞
࢟ −

࢟
࢞ +

࢟
ࢠ −

ࢠ
࢟ +

ࢠ
࢞ −

࢞
ࢠ ≥ ૙ 

૛࢞ − ૛࢟

࢟࢞ +
૛࢟ − ૛ࢠ

૛࢟ +
૛ࢠ − ૛࢞

ࢠ࢞ ≥ ૙ 

૛࢞)ࢠ − (૛࢟ + ૛࢟)࢞ − (૛ࢠ + ૛ࢠ)࢟ − (૛࢞ ≥ ૙ 

ࢠ૛࢞ − ૛࢟ࢠ + ૛࢟࢞ − ૛ࢠ࢞ + ૛ࢠ࢟ − ૛࢞࢟ ≥ ૙ 

࢞)ࢠ࢞ − (ࢠ + ࢞)૛࢟ − (ࢠ + ࢠ)࢟ − ࢠ)(࢞ + (࢞ ≥ ૙ 

࢞) − +ࢠ࢞)(ࢠ ૛࢟ − ࢠ࢟ − (࢞࢟ ≥ ૙ 

࢞) − ࢟)࢟](ࢠ − (࢞ − ࢟)ࢠ − [(࢞ ≥ ૙ 

−࢞) ࢟)(ࢠ − −࢟)(࢞ (ࢠ ≥ ૙ 

ࢠ) − ࢟)(࢞ − ࢠ)(࢞ − (࢟ ≥ ૙ which is true because, 

ࢠ − ࢞ ≥ ૙; ࢟ − ࢞ ≥ ૙, ࢠ − ࢟ ≥ ૙ 
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By ࢇ ≤ ࢈ ≤ ࢉ ⇒ ࢇ࢓ ≥ ࢈࢓ ≥ ࢉ࢓ ⇒ ඥࢇ࢓
૞ ≤ ඥ࢈࢓

૞ ≤ ඥࢉ࢓
૞  

We take in (1): 

࢞ = ඥࢇ࢓
૞ ࢟; = ඥ࢈࢓

૞ ; ࢠ = ඥࢉ࢓
૞  

ඥࢇ࢓
૞

ඥ࢈࢓
૞ +

ඥ࢈࢓
૞

ඥࢉ࢓
૞ +

ඥࢉ࢓
૞

ඥࢇ࢓
૞ ≥

ඥ࢈࢓
૞

ඥࢇ࢓
૞ +

ඥࢉ࢓
૞

ඥ࢈࢓
૞ +

ඥࢇ࢓
૞

ඥࢉ࢓
૞  

ඨ
ࢇ࢓

࢈࢓

૞
+ ඨ

࢈࢓

ࢉ࢓

૞
+ ඨ

ࢉ࢓

ࢇ࢓

૞
− ඨ

ࢇ࢓

ࢉ࢓

૞
− ඨ

࢈࢓

ࢇ࢓

૞
− ඨ

ࢉ࢓

࢈࢓

૞
< 1 

UP.180. If ࢌ: (૙,∞) → (૙,∞) such that exists 

ஶ→࢞ܕܑܔ
(ା૚࢞)ࢌ
(࢞)ࢌ࢞ = ࢇ > 0 and exists ࢞ܕܑܔ→ஶ

൫(࢞)ࢌ൯
૚
࢞

࢞
 then find: 

ષ = ܕܑܔ
ஶ→࢞

⎝

⎛൫(࢞)ࢌ൯
૛

ା૚࢞ ⋅ ቌ
൫࢞)ࢌ + ૚)൯

૚
ା૚࢞

࢞) + ૚)૛ −
൫(࢞)ࢌ൯

૚
࢞

૛࢞ ቍ

⎠

⎞ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Pierre Mounir Cairo-Egypt 

Given: ࢌ: (૙,∞) → (૙,∞), ஶ→࢞ܕܑܔ
(ା૚࢞)ࢌ
(࢞)ࢌ࢞

= ࢇ > 0 

Find: ષ = ஶ→࢞ܕܑܔ (࢞)ࢌ
૛

శ૚࢞ ቈࢌ(࢞ା૚)
૚

శ૚࢞

૛(ା૚࢞)
− (࢞)ࢌ

૚
࢞

૛࢞
቉ 

We’ll make use of the following two theorems of Cauchy: 

(1) Let ࢌ be defined on (ࢇ,∞), and (࢞)ࢌ >  and ݔ∀	0

ஶ→࢞ܕܑܔ
(ା૚࢞)ࢌ
(࢞)ࢌ

 exists, then ࢞ܕܑܔ→ஶ (࢞)ࢌ
૚
࢞ = ஶ→࢞ܕܑܔ

(ା૚࢞)ࢌ
(࢞)ࢌ

 

 (2) Let ࢌ be defined on (ࢇ,∞) and ࢞ܕܑܔ→ஶ[࢞)ࢌ + ૚) −  [(࢞)ࢌ

exists, then ࢞ܕܑܔ→ஶ
(࢞)ࢌ
࢞

= ࢞)ࢌ]ஶ→࢞ܕܑܔ + ૚) −  [(࢞)ࢌ

Now, let (࢞)ࢍ = (࢞)ࢌ
࢞࢞

, then (࢞)ࢍ > (࢞)ࢌ,࢞)		0 > 0) 

∵ ܕܑܔ
ஶ→࢞

࢞)ࢍ + ૚)
(࢞)ࢍ = ܕܑܔ

ஶ→࢞

࢞)ࢌ + ૚)
࢞) + ૚)࢞ା૚ 	×

࢞࢞

 (࢞)ࢌ
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= ܕܑܔ
ஶ→࢞

࢞)ࢌ + ૚)
(࢞)ࢌ࢞ 	× ܕܑܔ

ஶ→࢞

૚

ቀ૚ + ૚
ቁ࢞

ା૚࢞ = 	ࢇ ×
૚
ࢋ =

ࢇ
 ࢋ

∴ According to theorem (1) above: 

ܕܑܔ
ஶ→࢞

(࢞)ࢍ
૚
࢞ = ܕܑܔ

ஶ→࢞
ቈ
(࢞)ࢌ
࢞࢞ ቉

૚
࢞

= ܕܑܔ
ஶ→࢞

࢞)ࢍ + ૚)
(࢞)ࢍ =

ࢇ
 ࢋ

∴ ܕܑܔ
ஶ→࢞

(࢞)ࢌ
૚
࢞

࢞ =
ࢇ
ࢋ = ܕܑܔ

ஶ→࢞

࢞)ࢌ + ૚)
૚

ା૚࢞

࢞ + ૚ ࢞)			 → ࢞ + ૚) 

Also, let (࢞)ࢎ = (࢞)ࢌ
૚
࢞

૛࢞
, then: 

∵ ܕܑܔ
ஶ→࢞

࢞)ࢎ] + ૚) − [(࢞)ࢎ = ܕܑܔ
ஶ→࢞

቎
࢞)ࢌ + ૚)

૚
ା૚࢞

࢞) + ૚)૛ −
(࢞)ࢌ

૚
࢞

૛࢞
቏ = 

ܕܑܔ
ஶ→࢞

૚
࢞ + ૚ 	×

࢞)ࢌ + ૚)
૚

ା૚࢞

࢞ + ૚ − ܕܑܔ
ஶ→࢞

૚
࢞ 	×

(࢞)ࢌ
૚
࢞

࢞ = ૙	 ×
ࢇ
ࢋ − ૙ ×

ࢇ
ࢋ = ૙ 

∴ According to theorem (2) above: 

ஶ→࢞ܕܑܔ
(࢞)ࢎ
࢞

= ࢞)ࢎ]ஶ→࢞ܕܑܔ + ૚) − [(࢞)ࢎ = ஶ→࢞ܕܑܔ
(࢞)ࢌ

૚
࢞

૜࢞
→  (*) 

∴ ષ = ܕܑܔ
ஶ→࢞

(࢞)ࢌ
૛

ା૚࢞ ቎
࢞)ࢌ + ૚)

૚
ା૚࢞

࢞) + ૚)૛ −
(࢞)ࢌ

૚
࢞

૛࢞
቏ 

= ܕܑܔ
ஶ→࢞

(࢞)ࢌ
૛

ା૚࢞ × 	 ܕܑܔ
ஶ→࢞

࢞)ࢎ] + ૚) −  [(࢞)ࢎ

= ஶ→࢞ܕܑܔ (࢞)ࢌ
૛

శ૚࢞ × ஶ→࢞ܕܑܔ
(࢞)ࢌ

૚
࢞

૜࢞
   [from (*)] 

= ܕܑܔ
ஶ→࢞

(࢞)ࢌ
૛

ା૚ା࢞
૚
࢞ ×

૚
૜࢞ = ܕܑܔ

ஶ→࢞

(࢞)ࢌ
૜࢞ା૚
(ା૚࢞)࢞

(࢞)
૜࢞ା૚
ା૚࢞

×
(࢞)

૜࢞ା૚
ା૚࢞

૜࢞  

= ܕܑܔ
ஶ→࢞

቎
(࢞)ࢌ

૚
࢞

࢞
቏

૜࢞ା૚
ା૚࢞

× ൬࢞
૚
൰࢞

ି ૛࢞
ା૚࢞
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= ቎ܕܑܔ
ஶ→࢞

(࢞)ࢌ
૚
࢞

࢞
቏

ܕܑܔ
ಮ→࢞

૜࢞ା૚
ା૚࢞

× ൬ܕܑܔ
ஶ→࢞

࢞
૚
൰࢞

ܕܑܔ
ಮ→࢞

ି ૛࢞
ା૚࢞

 

= ቀ
ࢇ
ࢋ
ቁ
૜

× (૚)ି૛ = ቀ
ࢇ
ࢋ
ቁ
૜

 

Solution 2 by Shafiqur Rahman-Bangladesh 

ષ = ܕܑܔ
ஶ→࢞

൫(࢞)ࢌ൯
૛

ା૚ቌ࢞
൫࢞)ࢌ + ૚)൯

૚
ା૚࢞

࢞) + ૚)૛ −
൫(࢞)ࢌ൯

૚
࢞

૛࢞
ቍ = 

= ܕܑܔ
ஶ→࢞

⎝

⎜
⎜
⎜
⎜
⎛

ି࢞
૛

ା૚࢞ ቌ
൫(࢞)ࢌ൯

૚
࢞

࢞
ቍ

૛

૚ା૚࢞

⎝

⎜
⎜
⎜
⎜
⎛

૛࢞

⎝

⎜
⎜
⎜
⎛ቌ

൫࢞)ࢌ + ૚)൯
૚

ା૚࢞

࢞ + ૚ ቍ

࢞ + ૚ −

ቌ
൫(࢞)ࢌ൯

૚
࢞

࢞ ቍ

࢞

⎠

⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎞

 

= ܕܑܔ
ஶ→࢞

⎝

⎜
⎛
൮

࢞)ࢌ + ૚)
࢞) + ૚)࢞ା૚

(࢞)ࢌ
࢞࢞

൲

૛

൮−

࢞)ࢌ + ૚)
+࢞) ૚)࢞ା૚

(࢞)ࢌ
࢞࢞

൲

⎠

⎟
⎞

= − ܕܑܔ
ஶ→࢞

൮

࢞)ࢌ + ૚)
(࢞)ࢌ࢞

ቀ૚ + ૚
ቁ࢞

ା૚൲࢞

૜

 

∴ ܕܑܔ
ஶ→࢞

൫(࢞)ࢌ൯
૛

ା૚ቌ࢞
൫࢞)ࢌ + ૚)൯

૚
ା૚࢞

࢞) + ૚)૛ −
൫(࢞)ࢌ൯

૚
࢞

૛࢞
ቍ = ቀ

ࢇ
ࢋ
ቁ
૜
 

 

 

 


