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JP.181. Let x, y, z be positive real numbers such that x + y + z = 3. Find the

minimum value of:

3yz 3zx

T = 2, + 2,
* 2y%2 — yz + 272 Y 1222 — zx + 242

3xy 27

+2z2 . +
“ 2x2 —xy+2y%2 xy+yz+zx

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Michael Sterghiou-Greece

_ 3yz 27 _ —
T= (chc x2 Zyz—yz+222) + - (1) Let(p,q,1) = (chcx,zcyc xy,xyz),p =3.We

will show that T > 12. If Z7xy = Zq—7 =212 -5q < %We aredone astherestof T is
cyc

Y- 9
positive, SO we assume 7 <q<3.

= 2, L E > . x? Z >
(D)~ T = (e =22 ) + 2 2 1200 V37 By s + 2 2 12

The function f(t) = %is convexon (0, 3) [f”(t) = is > o]

4¢2

Applying the generalized Jensen with a; = x%,y?%, z2 for i = 1,2, 3 we have

T > V31 Yoy x% - L +2>12 (2)Giventhat12 -2 > 0 and
\[chch(nyZ—r+2xzz) q q
chcxz

chc x3y2 + chc x3ZZ = (chc x)(z:cyc nyZ) - (chc xy) CXyZ = 3(q2 - 61') —qrwe

arrive at:

3r(9-2q)? _27\?
6(q%2-6r)-2qr—(9-2q)r = (12 q) or

f(q) =r[-24q° +324q* —1170¢® + 6075q> — 21870q + 26244| — 864q* +
+3600q3 — 1782q* — 7290q + 6561
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The function in the brackets g(q) can easily show to be > 0 (starting from 3rd

derivative g""(q) = —36(40q* — 216q + 195) > 0 for% < q < 3 and going up). So,

we can obtain the stronger inequality replacing r > 4"3—_9 (Schur):

=0 =0
h(q) = (49 —9) (3 — q) (8q* — 84q> + 354q* — 1377q + 2673)

=(49-9)(3—q) -v(q):Buty”(q) = 12(8¢* —42q +59) > 0> y'(q) 1< y'(3) <0
- y(q) 1- y(q) > y(3) > 0and hence h(q) = 0. Equalityforx =y=2z=1

Done!

JP.182. Let a, b, ¢ be positive real numbers such that ab + bc + ca = 3.

Prove that:

(a°—2a+4)(b5 —2b+4)(c® —2c +4) = 9y/3(a? + b% + c?)
Equality occurs if and only if?
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

Wehave:a® —2a+4>a%+2oa*-2a-a®>+2>0
& (a—1)%*(a® + 2a® +2a+ 2) > 0 (true for a > 0)
Similarly: b> —2b+4>b3+2;c>—2c+4 > c3+2;
By Holder’s inequality, we have:
(@@ +2)(B3+2)(+2)=(a®+13+13)(13+ b3+ 13)(13 + 13 + 3)

>(a+b+c)

Must show that: (a + b + ¢)3 > 9./3(a2 + b2 + c2)

e t3>9,/3(t2-6) (t=a+b+c2\/3(ab+bc+ac)=3)

2
o th > (9 3(1% — 6)) o 6 — 24312+ 1458 > 0  (t — 3)%(t + 3)2(¢2 + 18) > 0

(True)
Equalityea=b=c=1.
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For all x > 0, we get that:
—2x+4=(x5+1)+3-2x=(x+1)*—xP+x2—x+1)+3-2x
>(x+1)3—x+1)+3-2x=x*+x3—x*-2x+4
>x3+x2—-2x+3>x3+2:fact

Hence for a,b,c > 0 and ab + bc + ca = 3, we have

(a>—2a+4)(b5—-2b+4)(c>—2c+4)> 9,/3(a? + b? + c?)

If (@® + 2)(b3 + 2)(c? + 2) = 9./3(a% + b? + c2)

If (a+ b+ c)® = 93(a% + b2 + c2)
If (a+ b +c)® >243(a? + b? + c?)
3
If (az + b?% + c?+ 2(ab + bc + ca)) > 243(a? + b? + ¢?)

If (a® + b? + c? + 6)3 > 243(a® + b? + ¢?)

If a® + b% + ¢ + 6 = 33/9(a? + b2 + c2)

=2+ b2+ c2+6 ok

Z43+a2+b2+c2)3 _ 3(6+a’+b%*+c

3
Ifa2+b2+c2+623\]( . .

Therefore, it's true.

JP.183. In AABC the following relationship holds:
2

ss(7) < 25 o) =3
S\r) = a\p " ¢)="*
Proposed by Marin Chirciu — Romania

Solution 1 by Mustafa Tarek-Cairo-Egypt
TE (3 1) = e (50) =4y (1) =75 (%) @

abc a

b+c r b a

e X (T) >12_ but=+->2 efc
o (bte) _w(b , a n o L.
Z(T) _Z(;"';) >6=> 1ZE:>trueEEE
(1) (proved), we have Z— = bxe sing <1 etc

a
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. __sr b+c sr L A _ S ”
2=y (%) <Tysin2 =541 <35

1) (5)
We must prove ), AI < 3R, to prove that we will prove that} AI < /> ab < 2

(5) © s2+ 4Rr + 1% < 4R? + 41> + 8Rr & s? < 4R? + 4Rr + 3r?
True — (Gerretsen)— (5-proved)
&N AI <2(R+71) < 3R < 2r < R - true (Euler)
~ 2 AI < 3R, 2 (proved)
Solution 2 by Tran Hong-Dong Thap-Vietnam

2
Usinghazéweobtain:Zhﬁ(% ) Zﬂi ZE
_4SPCb+c zb+c
4RS a R

2s—a 1 1 1
z :zs(—+—+—)—3
a a b c

ab + bc + ca s + 4Rr + 12
s(—)—szzs i L S B

abc 4Rsr
sZ + 4Rr + r? _ §2—2Rr +7r?
N 2Rr N 2Rr
sr s% — 2Rr +r? s
>0=—"_ = 2 _2Rr + r?
R 2Rr T )

Q> 3s (%)Z (1)
© s2—2Rr +71?% > 24r* & s2 — 2Rr > 2372
s > 16Rr — 51% = 14Rr — 51% > 237r?
& 14Rr > 28r? & R = 2r (true) = (1) true.
Q<3s (2)
& s?2 — 2Rr + 1% < 6R?
s2 < 4R? + 4Rr + 3r? = 4R? + 2Rr + 4r% < 6R?

& 2Rr + 41?2 < 2R? © Rr + 2r?2 < R?

(Euler)
(True~ Rr+2r2 < R- 5 +2-=— = R?%)> (2) true.
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JP.184. In AABC the following relationship holds:

18r<zh2<1+1>2 — 0
R “\b ¢/ ~
Proposed by Marin Chirciu — Romania

Solution 1 by Marian Ursdrescu-Romania

2 2 2 2 2 2
2 l) =2 () =2 =0 @

a bc a?b?c? 4R?

2
From (1) we must show: % < % <9 72Rr < Y(b+c)? <36R? (2)
Y(b+c)>=2(a*+ b?>+c*>+ab+ac+bc) (3)
But ab + ac + bc < a? + b%2 + ¢2 < 9R? (4)

From (3)+ (4)= X(b + c)?> < 36R? (5)

1652
3 = we

From Cauchy’s inequality = Y.(b + ¢)? > %(Z(b +c))2eX(b+c)?>

must show: %SZ > 72Rr © 2s? > 27Rr which itis true (6)
From (4)+ (6) = 2 itis true.
Solution 2 by Tran Hong-Dong Thap-Vietnam

. 24 . 1 1\2 462 (b+c)? 442
Using h, = = (etc) we obtain: @ = Y h? (; + Z) = Z? . ((;C;)z = @bo? Y(b + c)?

2(a?+b*+c2+ab+bc+ca) a*+b?>+c?+ab+bc+ca

4R? 2R?
_ 25> —8Rr —2r*+s*+4Rr +r* 3s*—4Rr —r?
B 2R? B 2R?

18r
Q ZT@ 3s2 —4Rr —r* > 36Rr © 3s% > 40Rr + 1?

 §2 > 16Rr — 5r% = 48Rr — 151% > 40Rr + r?> © 8Rr > 161* < R > 2r (Euler)
Q<9 3s2—4Rr —1r* < 18R%? & 352 < 18R? + 4Rr +1*
5 52 <4R%?+ 3r%2+4Rr = 12R% + 912 + 12Rr < 18R? + 4Rr + 1?2

& 8Rr + 8r% < 6R? © 4Rr + 41* < 3R?

i (Euler) R R2
Itistrue because: 4Rr +4r* < 4R S t4 = 3RZ. Proved.
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Solution 3 by Soumava Chakraborty-Kolkata-India

18raOg 1 1 2(2)9
—< —+-) <
R ~— z “(b c) -
1 1\2 b%c?> (b + c)?
DGl -2
b c 4R?2  bZ%c?
Bogdan Fustei 1

:4—11322(b+c)2 < WZ(Z R(ry +rc))Z

-1 2(412 4R ZA)—zZ(1+ A)
_4-RZ COS 2 = COS

o (4R+r Euler gpi, .
—2( R) s =9 = (2)istrue

2 2 2 ?
2 (1 1) -1 25 1 2 _ 1657 _ 4s7  18r
Also, Z ha (b * c 4R2 Z(b * c) = 12R?2 {Z(b * c)} 12RZ2  3R2 = R

? ?
& 25 > 27Rr © 2(s* —16Rr +51?) +5r(R—2r) > 0

— true by Gerretsen & Euler = (1) is true (proved)

JP.185. In AABC the following relationship holds:

z 2<1+1>2>9R
Te\p™"¢) “2r

Proposed by Marin Chirciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

LHS = z r’s?  (b+c)a* » 1 a’(b + ¢)?
B (s—a)? 16R%r2s2  16R? (s — a)?

a?(b+c)?> _ «a®(s+s-a)? _ az{sz+(s—a)2+Zs(s—a)}
Now, 27 e =2 (e~ 2 (s-a)?

a? — s% + s? a? — s +s?
= g2 —+2(s2—4Rr—r2)+252—
(s — a)? (s—a)

a+s st rs?
ZSZZ + < >+2(s2—4Rr—r2)—

a—s sr2 (s —a)?

—2s2(a+s) +iTsj2(s —b)(s—c)
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2

a—s+2s s
=2 E - - 4 Z(E ra)+2(s —4-RT—7'Z) 25(55)+
a—s r

%Z(sz —s(b+c¢)+ bc)

= s2(3) - iTszZ(sz — s(b+c) +bc) + :«_Z{(4R +7)2 — 252} +

2s?
+2(s2 —4Rr — %) — 10s% + FZ(SZ —s(b+c)+bc)
2
= —-5s2—8Rr —2r% + r_Z{(4R +7r)? — 2s%}
_ —12(5s* + 8Rr + 21?) + s*(16R* + 8Rr + r?) — 2s*
= ~
(2) s*(16R* + 8Rr — 4r?) — 2r3(4R +r) — 2s*
= =

_ s%(8R%*+4Rr-21?)-r3(4R+1)-s* 9R
(1), (2)= LHS = 2 25
s2(8R? + 4Rr — 21%) —1r3(4R + 1) — s* — 36R3r
< >0
8R27r2

3)
& s2(8R? + 4Rr — 21?) > s*+r3(4R + 1) + 36R3r
Gerretsen
Now,RHSof (3) <  s%(4R?>+ 4Rr + 3r?) +r3(4R + 1) + 36R3r
2 2
< s2(8R? + 4Rr — 21?) © s*(4R?* — 5r%) — r3(4R +r) — 36R®r (% 0

Gerretsen

”
Again,LHSof(4) > r(16R —5r)(4R>—51%?) —r3(4R+1r)—36R3r >0

? R ?
© 7t3 —5t2 —-21t+6 >0 (tZ;)@(t—Z)(7tZ+9(t—2)+15)20

Euler
—truevt > 2= (4)=(3)=giveninequality is true (proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

1 1 Z_ A? (b+c) a(b+ o)
. (E " E) L G—a? (bo) (41!:)Z ). [

z [a(b + o) [z a(b + c) [z a(s+s— a)]
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i i I P Y
3 s—a 3 s—a
17 /4R 2 1 16s2R? sz (1) 9R
=3ls(F-2)res] =3 T =0z
(1) 252 = 27Rr

. 82> 16Rr — 5r% = 252 > 32Rr — 1012

= 32Rr — 10r? > 27Rr © 5Rr > 10r?> © R > 2r (Euler) = (1) true. Proved.

JP.186. Solve for real numbers:

227+ = 2y (247 + )
x5 -3 /xy+4<2y2 —2x+1+33x3-3xy+1

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam
x,y=>0;lety=tx (t=0)
2x2 + t2x% = x\tx(2Vx + Vtx) © x2(2 + t2) = x2\t(2 + t)

x% = x=0
@[2+t2—(2\/f+t):0@[tz—(t+2\/f)+2:0 (*)

~Ifx=0=y=0then:

05-3/0-0+4</2-02-2-0+1+3-03-3-0-0+1
& 4 <2 (contrary) ~ t2 — (t + 24/t) + 2= 0. Letu =t (u > 0)
ut— (W +2u)+2=0
sut—-uwr-2u+2=0 wUu-1?[(u+1)?*+1]=0

csu=-lot=1eoy=x

S>x5-3x+4<V2x2—2x+1+3V3x3-3x2+1 (1)

We must show that: V2x2 —2x + 1+ Y3x3 — 322 + 1< x5 —3x+4 (2)
x> —3x+4>2V2x2-2x+1 (3)
o (x5 —3x+4)" = 4(2x2 —2x+1)

& (x—1)?(x® +2x7 +3x° + 425 —x* + 223 +5x2 +8x + 12) > 0
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Itis truewith x > 0:

v0<x<1=2>x8+2x7+3x°+4x°+2x3 +5x2+8x+12—-x*>12-1=11>0
vx>1=2x* (%2 —-1)+2x7 +3x0 +4x5 +2x3 +5x2 +8x+12>0
x5 —3x+4>2V3x3-3x2+1 (4)
o (x5 —3x+4) = 83x° —3x2+1)
& (x—1)%(x13 + 2x12 + 311 + 4x10 — 4x° +
+4x7 + 8x% + 38x5 — 2x* + 5x3 + 12x% — 32x + 56) > 0
Itis true with x > O:
v0<x<1=x"8+2x12+3x" +4x10 + 8x% + 5x3 + 12x% + 56 —
—(4x° +2x*-32x)>56—-(4+2+32)=12>0
vx>1=24x(x-1)>0:2x*(x—-1)>0
56 + {x'3 + 2x12 + 3x11 + 6x5 + 5x° + 12x2 — 32x} =
=56+ x(x1? + 2x11 + 3x10 + 6x* + 5x% + 12x — 32)
>56+(1+2+3+6+5+12-32)=53>0
From (3) and (4) = (2) true.
From (1) and (2) we have equality ©® x =1 =y = x = 1. Hence: (x,y) = (1,1)
Solution 2 by Khaled Abd Imouti-Damascus-Syria

2x2 +y? = x[y(2vx+fy) (D)
x5 -3 /xy+4<2y?—2x+1+3/3x3-3xy+1 ()

From equation (1): y% + 2x% = 2xvVx,/y + xy
Let be the function: f(y) = y? —xy — 2xVx- [y + 2x2,y > 0
)= 2y—x—2x\/97-i; )= 2y—x+ﬂ; )= ZyJy — 2y xx
2,fy vy vy
f'@)=0=2y/y—xJy+x/x=0; 2y —x),/y = —xVx; (2y — x)*y = x*
4y —4y?x+x? - y=x3,4y3 — 4y’ x+x?’y—x3=0; (y —x)(4y* +x*) =0

y=x
<x =y = 0impossible

Df’ = ]01 +OO[
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Equation (1) satisfying when x = y: 2x2 + x% = xvVx(2Vx + Vx)

3x? = xvx(3Vx); 3x% = 3x2

y 0 X + oo
f&@» |- ———————— 0O+++++++++
f@y) | 2a? 0 + o0

For equation (I1),y = x

x5 —3x+4<2x2—2x+1+3x3-3x2+1

°—3x+4<2x(x—1)+1+3x2(x—-1)+1
This inequality is true ifandonly if: x = 1
2<V1++V1,2<2
So: the common solving is {(x,y) = (1, 1)}

JP.187. There is a positive integer n of 2018's digits such that the sequence:

s(s(3n)),5(s(2n)).s (s(s(n)))
IS an increasing arithmetic progression formed by prime numbers?
Obs.: S(n) denotes sum of the digits of n.
Proposed by Pedro H.O. Pantoja — Natal/RN - Brazil

Solution by proposer

Yes. We will show that the number n = 2 3 --- 3 5 satisfies the conditions of the
2016

problem. First, we calculate: 2n =46---670and3n=70---05.
2015 2016

Therefore, §(3n) =12 =
5(5(3n)) =3,5(2n) =11+ 6 -2015 = 12101 = S(S(2n)) = 5 and finally, we get

S(n) =7+3 2016 = 6055 = S(S(n)) = 16 = 5 (S(S(n))) = 7. Thus, the sequence

s(s3n)),s(s(zn)),s (S(S(n))) it's the same as 3,5, 7.
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JP.188. Let x, y, z be positive real numbers such that: x + y + z = 3. Find the

minimum value of:
3

x3 y
P= +
y(2y%? — yz + 22z2)2  z(22% — zx + 2x?)?
N z3 N Vx + W+ Vz
x(2x2% — xy + 2y2)2 27

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer
- By Cauchy - Schwarz inequality we have:

2 2 2 2
X X
x3 — Z (Zyz—yz+222) > (Zlyz—yz+222) (1)
y(ZyZ—yz+Zzz)2 xy - Xxy
2
LA x > (zx%) >1

+ Other, ), 2

2 —yz+22% Z 2x2y?-x?yz+2x?22 — Y(2x%y?-x’yz+2x%z%)

e Xx?) =4y x?y* —xyzYx o Yxt+xyzYx > 2Y x*y* (2)
+ By Schur’s and AM-GM inequality:

zxZ(x_y)(x—z)20:2x4+xyzzxzzxy(x2+y2)

Zxy(x? +y?) 2 Lxy-2xy =25 x*y? = Lt +xyzLx > 25 x*y? = (3) True.

_let(1), @)=Y —* > 1 (3

y(2y2-yz+222)" T Txy
— By AM-GM inequality for 6 positive real numbers we have:
x+x+4x+Yx+23+x2>6-Yx-x3 -x2 = 6x
Wy +y+y+y +yr 26y y =6y e
Vz+ 3z + 4z +%z2+23+22>6 -z -23 - 22 =6z

4.-3x > 6x—x%—x3
@{4-‘{/}26y—y2—y3
4.Yz>6z—2%—-73
54 Vx)26Xx—Yx?-Yx3=6-3—-Cx)?+2¥xy—-Yx®=2Txy+9-Yx%(4)
+ Other, because
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xX+y+z= 3;x,y,z>0:>2(x—3)(x—1)2 <0 @Z(x—S)(x2—2x+1) <0

(:)Zx3—52x2+72x—9S0=)Zx3 SSZxZ—7Zx+9:5-32—102xy—7-3+9
oXx¥<33-10)xy. Let(4):=>4—(2‘§/}) >2Yxy+9-(33-10xy) oYX Vx=>3%xy—6 (5
— Let (4), (5) and using AM-GM inequality:

1 3Xxy—-6 1 ny 2 2
> + ——> ’ 5 973"
:P_ny 27 T Yaxy z xy 2 3

x=y=z>0@ _
x+y+z=3"*"Y

4
9

Ol N

=>P= g = Pphin = %- Equality occurs if: {

JP.189. Prove that:

V(4 5wt
- in — — +
cot26 4 sin 13 13 + 213

Proposed by Vasile Mircea Popa — Romania
Solution by proposer

We use the relationship:

5w 1 4
sm—+sm—+sm—+sm—+sm—+sm ——cot— (1)
13 13 13 13 226
.. 5m 6w
sm—+sm—+sm—+sm —sin— +sm—=—\/13+2\/13 (2)
13 13 13 13 2

The relationship from the problem statement is resulting by subtracting the
relationships (1) and (2).

The relationship (1) result immediately from the known general relationship:

n

z.k__(n+1)x_nx x
k_lsm x = sin ————sin —-csco

The relationship (2) results by summing relationships:

_ 1 [13+3V13
sinZ +sin3Z +sin2Z =1 3)
13 13 13 2 2

5m 6m _ 1 [13-3Vi3
sm——sm—+sm—=— 4)
13 13 13~ 2 2
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We demonstrate relationships (3) and (4).

- . . 3 .4 .
We make the notation: E = sin % + sin % + sin % We obtain:

£ _3+1< 2w 61T+ 51r)+ 21T+ 6m 51T+ T . 3 Y 4
= cos 13 cos 13 cos 13 cos 13 cos 13 cos 13 cos 13 cos 13 cos 13

- . . 5m . .
We make the notation: F = sin E —sin_ + sin E' We obtain:

£ = 3 1 < 4T 3 T ) 3 61 . 41 . 5w T 21
2 2 COS13 COS13 COS13 COS13 COS13 COS13 COS13 COS13 COS13
4 1+vV13
Further, we use the following relationships: cos— + cos— - cosl—: = +4
5 2 1-v13
cos - — cos E — COST: == . For demonstration, we make the notations:
57
x = cos— + cos— — cos 3 y =cos - — cos—— cos— We obtain:

S:x+y:E;P:xy: _Z' From the equation: z2 — Sz + P = 0, we have:

x = 1+;/ﬁ;y 1- ;ﬁ Then, we get: E2 = 13+2\/ﬁ;F2 — 13—2@

so, relationships (3) and (4) is proved. Thus, the problem is solved.

JP.190. In AABC the following relationship holds:

9r m,w, mywy m.w, 9
+ + < —
(b +¢): (c+a)?2 (a+b)2~ 16

Proposed by Marin Chirciu — Romania

Solution 1 by proposer
2 - mg,l, myl, N m.l, - i
B8R~ (b+c)? (c+a)? (a + b))%~ 16

. mgl, mplp mcl,
LHS: (b+c)? * (c+a)? * (a+b)? =

|t follows from:

Using m,l, > s(s — a) it follows ¥ (’;‘a’;z ) EIE:';;,

s(s—a) s*+s%(20Rr +18r?) +r3(4R +71)

(b + c)? - 4(s2 + 12 + 2Rr)?

4+s2(20Rr+18r2)+r3(4R+r) S 9o
4(s%2+r? +2Rr) ~ 8R

It remains to prove that:
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s?[s?2(2R — 9r) + r(40R? — 18r2)] > r3(28R? + 34Rr + 912)

We distinguish the following cases:
Case 1). If (2R — 9r) = 0, using Gerretsen’s inequality: s> > 16Rr — 512
It remains to prove that:

(16Rr — 512)[(16Rr — 572)(2R — 91) + r(40R? — 18712)] > r3(28R?% + 34Rr + 91?)
& 288R3 — 713R%*r + 292Rr? — 3613 > 0 & (R — 2r)(288R% — 137Rr + 18r2) > 0
obviously from Euler’s inequality R > 2r.

Case 2). If (2R — 9r) < 0, with the observation that: [s?(2R — 9r) + r(40R? — 18r%)] > 0
using Gerretsen’s inequality: 16Rr — 5r% < s? < 4R% + 4Rr + 37?2, it remains to
prove that:

(16Rr — 512)[(4R? + 4Rr + 37?)(2R — 9r) + r(40R? — 1812)| > r3(28R? + 34Rr + 91?)
& 32R* +38R3r — 142R*r* —151Rr3 +54r* > 0 &

& (R—2r)(34R3 + 102R?*r + 62Rr*> — 2713) > 0
obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

mgl, mplp mel. 9 .
. < .
RHS: bro? T era? | ar)? = 16 it follows from:

. . 1 N2 mglg s(s—a) 1 (b—c)?
Usingmg,l, < s(s—a) + 5 (b — c)? it follows Y, bro? = 2 pro2 + 82 bro)?
s(s—a) s*+s?(20Rr +18r%) +r3(4R + 1)
(b+c¢)? 4(sZ2+1r2+ 2Rr)? ’
(b—c)? _ 25%+s*(3r2-24Rr)-s%r?(52R? +41%)-r3(4R+71)3
Z (b+c)2 s2(s2+12+2Rr) , wherefrom
m,l, _ 4s% + s*(16Rr + 3912) + s%r?(2r* + 4Rr — 52R?*) —r3(4R + )3
(b+c)2 ™~ 8s2(s2+ 12+ 2Rr)

It remains to prove that:
4s% + s*(16Rr + 3912) + s2r2(2r* + 4Rr — 52R?) — r3(4R +1)3 _ 9
— s
8s2(s?2+ 12+ 2Rr) ~ 16

s2[s2(s? + 4Rr — 601?%) + r2(140R? + 28Rr + 51r?)] + 2r3(4R+1r)* > 0

We distinguish the following cases:

Cases 1). If (s + 4Rr — 60r?%) > 0, the inequality is obvious.
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Case 2). If (s? + 4Rr — 60r?) < 0, with the observation that

[s2(s? + 4Rr — 601?) + r?(140R? + 28Rr + 5r? )] < 0, using the Blundon-

Gerretsen’s inequality 16Rr — 51% < s? < % < 4R? + 4Rr + 3r?

it remains to prove that:
71;((§fzt?)z [(4R? + 4Rr + 31%)(16Rr — 5r% + 4Rr — 601%) + r2(140R? + 28Rr + 5r%)| + 2r* (4R + 1)} > 0
& 40R* — 20R3r — 70R?*r? —99Rr3 —2r* > 0
& (R — 27)(40R3 + 60R?r + 50Rr? + %) > 0, obviously from Euler’s inequality R > 2.
Equality holds if and only if the triangle is equilateral.

Solution 2 by Tran Hong-Dong Thap-Vietnam

m, _ b? + ¢? myw, _(b*+c*)wi  2bc(b® +c?) ,A
we = 2bc _(b+c)2 2be(b+0)?  (b+or 2
< 1 cos?%; (because % <o (b+c)* 2 8bc(b? +c?) & (b—c)* > 0 (true))
ZcosA ) E
z m,w, z zl+cosA 1 3+2 1(3 3) 9
: — — = [R—
b+ =2.9 773 4\272)724\274) " 16
m. > b2 (etc):> 3 Mawa _Z {b2+c } > iZ (1 ) _ —Z ( ) 9r
a= (b+c)2 — (b+c)? Waj =4r % \2 B 8R

Me Xw, =9r

s?2+1r*+4Rr
'-'ZWaZZha=T29r@sz+r2+4Rr2 18Rr & s > 14Rr — r?

Itis true because:
s2 > 16Rr — 51r* > 14Rr — 1% & 16Rr — 512 > 14Rr — r? & 2Rr > 412
< R > 2r (Euler) . Hence, (*) true. Proved.

Solution 3 by Soumava Chakraborty-Kolkata-India

cos— be = MaWa > s(s—a)

b+c A/ 2bc A s(s—a) 1)
b+c 2

(2) 3)
Similarly, myw, > s(s— b) &m.w, > s(s —c)

A
bc cos?%

1D.(2),Q)> X 2 >3 steea) > > z ( 0 < cos? % < 1,etc)

(b+c)?2 — “ 16R? coszg c052¥ 16R2 coszg
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Yab ?

2
16R22ﬁ@s +4Rr +r >18Rr

? ?
& s2—14Rr+1r3>0 (s2—16Rr +5r¥) +2r(R—-2r) >0

Gerretsen Euler

—>true~ s2—16Rr +5r¢ > O&R-2r > 0

. maWq or maWq 1 (ma+wa)2
- 2 (b+c)? 2 Agaln ) (b+c)2 = Z (b+c)2
b? + ¢* 2
Tsinzifas 1 (W W, + Wa) _ 1 (b + C)4Wg
- 4 (b + ¢)? 4/£.4b%c¢%2(b + c)?
Z(b 4b*c? _12(1+ A)_1(3+1+r) 4R+7T? 9
~16 b+02% 2) "8 cosfi =g R/" B8R " 16
? ?
& 9R > 8R + 2r © R > 2r - true (Euler) = ¥ (':j‘rw)“z <— (proved)

JP.191. Solve for real numbers:

Xy = B2 + )
63/2x2 —2y+1+4-3x% - y—2x*=2y5 -5 /xy+13

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Serban George Florin — Romania

x3+y3 x+y
= < 34+ < (x+ 2 4 y2
NES I B 2(x° +y°) < (x + y)(x* + y%)

26° +2y} <P+ P +ay(x +y). 2% +y° < xy(x +y)
(x+)x*—xy+y?) —xy(x+y) <0, (x+y)(x-y)* <0
(x+y),(x—y)2=>0.1fx+y<0andxy>0=>

_x3+y3 3 3
=>xy<0=>/x = Ty < 0false, x°,y° <0

sxy>=@+y)E—-y)?2=20=>@+y)x—y)2=0
LIfx+y=0xy=0>x=y=0,6-1+4-0=0— 0+ 13 false.

I Ifx =y = 6V2x2 — 2x + 1+ 4V3x% — 2x* = 225 — 5x + 13
2x2 -2x+1>0A=-4<0,3x3-2x*>0,x3(3-2x)>0



R M M

ROMANIAN MATHEMATICAL MAGAZINE

WWW.ssmrmh ro

23-2x>20=>x<—- :>x€[0 2]

2x%> —2x+1+1+1

Vexr —2x+1=3@x*—2x+1)-1-1 < >6)2x2 - 2x+1<4x’—4x+6
MgsMa 3
33 —2xt+1+1+1
Ve —2e ={Br¥ —2a) 111 < : = 43/3x% — 2x* < 323 — 2x* + 3
g<Ma

=>2x5-5x+13<4x2—4x+6+3x3—-2x*+3
=>2x5+2x*—3x3 —4x2—x+4<0

(x2-2x+1)2x3+6x>2+7x+4)<0
2x3+6x2+7x+4>0(V)xe [0,;]

>@?-2x+1)<0=>x®-1)?<0
x-1)220=>x-1)?=0=>x-1=0x=1=y
=5 ={(1,1)}
Solution 2 by Minh Tam Le-Vietnam

We have a® + b° = ab(a* + b*)
Let VX~ % (a,b > 0) 6 46 oM € a5 >
y=b ' = 7 But 5a°+b >M6ab:>a6+b62ab(a4+b4)

AM
5b+a® > 6ab’

>a=borx=y.

Ifx =y,61/2x% — 2y + 1 +4/3x2y — 2x* = 2y° — 5,/xy + 13

& 63/2x2 —2x+1+43/3x3 —2xt = 2x5 — 5x + 13

AM-GM
LHS=2-3V2x2 —2x +1+43/x2 - x(3-2x) <

<2(2x*-2x+1+1+1)+x?+x+1+3—-2x=5x>—-5x+10

AM-GM
RHS=x5+x+1+1+1-5x+10 > 5x>—-5x+10
So, the equality holdsifx =1=y=1.Hence, x=1Ay =1

JP.192. If x,y,z > 1 then:

y + 7 25+x5 x5+y5
lng m + lo gy —x3 +lng m > 6

Proposed by Marian Ursdrescu — Romania
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Solution 1 by Tran Hong-Dong Thap-Vietnam

; etc

x> +yS>xy(x®+y
= LHS > log,(xy) + logx(yZ) +log, (x2)

= (log, x + log, z) + (log, y +log, x) + (log, z + log, )

AM—

M
= 2./logxz-logzx+ZJlogxy-logyx+2\]logyz-logzy:2+2+2=6

Proved.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

X3 495

ty

5 z5 25+
For x,y,z > 1, we have: log, 5 v logy 3+ 10 gzm

(P +2) (2 +2?) (£3+23) (2 +22) (= +y3_>(x ) S 6

Iflog, 2(y3+23) + log,, 2(23+x3) + log, Z(x3+y3)

If logx 2t log,~ xt >

If logx yz +log, zx +log,xy > 6

1137 (222 (e (222) > 6

If logy + log z)(log z + log x)(log x + log y) > 8logxlogylogzand it's true.

Because (logy +log z)(logz + log x)(log x + log y)

> 8,/(log xlog y log z)> = 8log x log y log z. Therefore, it's true.

JP.193. In AABC the following relationship holds:

é+tan"E "E+tan"£ "£+tan"é

tan™ tan tan AR
2 2+ = 2+ 2 2 <1+—neNn>1
tann+2 5+ tann+2 5 tann+2 5+ tann+2 5 tan™+2 5+ tan"*2 3 5 r

Proposed by Marian Ursdrescu — Romania
Solution by Tran Hong-Dong Thap-Vietnam
tan"+Z 2+ tann*2Z = tan"% tanZ- + tan" - - tan? (*)

Suppose:A>B =>C = tan; = tan; > tanE = tan"; = tan"; = tan"%
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(tan"g+ tan"g) (tam2 g+ tan? g)

2

By Chebyshev’s inequality: (*) >

Letx = tan%;yz tang;zztang (x,y,z>0)

(x +y+z= 4R+1 xVz = r) N xM+ym 2(x"+y™) 2 (etc)
y T os yz= s A2 pynt2 = (qnpyn)(x24y2)  x24+y?’
1 1 (AM-GM)
> LHS <2 ( + + ) <
x2_|_y2 yZ+ZZ ZZ+xZ

1 1 1 x+y+z 4R+r s 4R+r 4R
SN R s A 2= =1+ —. Proved.
xyl yz zx Xyz s r r r

JP.194.In AABC:; BE: CF internal bisectors;
E € (AC); F € (AB); O — circumcentre. Prove that:
E, O, F collinears © cos4 = cosB + cosC
Proposed by Marian Ursdrescu — Romania

Solution by Thanasis Gakopoulos-Athens-Greece

b2+c2-a? . a+c2-p?
;cosB =
2bc 2ac

E, O, F collinear & cos4A =cosB +cosC; cosA =

a? + b? — c2

C =
COS 2ab
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cosA=cosB+cosCob3+c3—a®—-a?(b+c)+b*(a—c)+c*(a—b)=0 (1)
PLAGIOGONAL system: AB = Ax,AC = Ay
bc bc

AF=h=rp ¥ ave

e; F(f1,0),E(0,e;)

_ bzc(az—b2+c2) _ bcz(a2+b2—c2)
0(04,0;) 0, = T lesz 02T T [z
1 1 1

fi o o4
(0] e; 0,

So, E, O, F collinear & (2) = (1) & cos A = cos B + cos C
JP.195. If m = 0 then in AABC the following relationship holds:

Ty r;’n+1 N rp - rz‘n+1 re- rzn+1 - SZ
(rp+r)m (. +ry))m (ro+ry)m 2m

Proposed by D.M. Bdtinetu — Giurgiu, Neculai — Stanciu — Romania

E, O, F collinear =0 b3+ —-ad+b*(a—c)+c*(a—b)—a*(b+c)(2)

Solution by Tran Hong-Dong Thap-Vietnam

L rzn+1 _ (rarb)m+1 Radon (Z rarb)m-'-1
(rb + rc)m B (rarb + rarc)m - 2"’(2 rarb)m
— Y Talp —

2
= Zs—m (Because: Y 1,1, = s2). Proved.

SP.181. If x,y,z > O then:

tan-1 xt+yt + tan-t yt+ z4 .
MA@ yHaT—ay+yn) " \GFF DO yz + 27)

+ tan-1 zt + x* - 3
M N\N@ D@ -—zx+xD)) " 2
Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

4 4
*ty >1 (x,y>0)

We have: Zry2) (2 —xyty?) =

o xt+y* > (3% + y2) (3% — xy + y2) © x* + y* > x* — 23y + 2x%y? — xy3 + y*

s xy(x—y)2 =0 (-true:x,y>0)
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xt+z4

yrezt
2+22)(y2—yz+22) — > 1and: (x2+22)(x2-xz+22) 21

Similarly: o
= LHS >3(tan"11) = 3 -f (proved)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Let a,b > 0. Now, (a + b)(a* + b*) > (a? + b%)(a® + b3) & ab(a — b)?(a+b) >0
Which is true. Hence (a + b)(a* + b*) > (a? + b?)(a3® + b3) is established

_ xt* + y4 (x + y)(x + y4) )
Ztan 1 <(x2 +y2)(x? —xy + y2)> Z tan < x2 + y2)(x3 +y3)> > 3tan~'(1)

cyc cyc

= %" (proved)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

For a,b > 0, we get: a* + b* = (a? + b?)(a? + b?) — 2a?b?

2a?b? 2a?b?
— (22 b2\ [ 2 2 B2 _ 2 0 B2V(2 4 B2 _ . _
=(a +b)<a +b a2+b2>2(a + b%)(a? + b? — ab): a2+b22 ab
a* + b*
S @b —ab+pr) > VL0
4-+y4- y4+z4
Hence, therefore arctan [( S T——y + arctan [(y2+z2)(y2-yz+z2) +
zt + x*
+arctan T xz)] > arctan(1) + arctan(1) + arctan(1) =

__ 3w  arctan(1)=m

. " . Therefore, it is true.

SP.182. If f(x + ) = —f(x) and f(—x) = f(x), f: (0,) — R, then:

s

o _ Z
ff X smx(x) dx = ff(x) cos(x) dx
0

0

Proposed by Shivam Sharma — New Delhi — India

Solution by Zaharia Burghelea — Romania
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[ee)

I=0ff(x)

sin x

w @m+Dm

f(=x)=f(x)=>2I= ff(x)smxdx— z f f(x)smx

n=-o ng

farm=—f@) 5" i | [(caypi E Sy f z

t+nm
n=-—o0o( n=—o

sint f( £)dt =

t+

™

:f i tant cost-f(t)dtt;xff(x)cosxdx
0

n=-—o 0

z
f f(x) cosxdx
0

Where the interchange of the sum and the integral is justified since the integrand is

positive, also, we have:

n n
sin x . 1 x? : (sin x) . (1 x?
= - | = — | = -
X no o L1 (k)2 " noo - n (km)?

Differentiating with respect to x gives:

1 2x 1 1 1 1
cotx ——=1lim ) ——F—— = lim (—+ et + )
X now k—1x2 —(km)? noo\x+m x—m x+nw x-—nnm

oo

1 - tanx
= cotx = z = z =1
X+ nmw X+ nmw

SP.183.1f 0 < a < b then:
f;(tan‘1 x) dx s b
f;fﬁ(tan‘1 x) dx a

Proposed by Daniel Sitaru — Romania

Solution by Avishek Mitra-West Bengal-India
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b

11 11
tan x> —E:>I1 =ftan‘1xdx25(a—b)

a

L Vab _ ™
Similarly, = [**"tan' xdx > 7(a — Vab)

vab
b b4 b b b4
>(1+ |= ftan‘lxdxz—(a—\/E) 1+ [=|=|1+ = |, >=(a-b)
a 2 a a 2
a
Hence11—<1+\/§>1220:’_121+\/§:>’_1><1+\/§>
a I a I a

SP.184. Let x, y, z be positive real numbers such that:
x +y +z = 3.Prove that: Vx + {/y + Yz + 12 > 5(xy + yz + zx).

Find the minimum value of:

T+ * + Y + z +(§/§+i/;+%
y+z z+x x+Yy 10

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer

— Using AM-GM inequality we have:

i+ T+ G S R+t 40+ 1210 47585 45 958520202 1=10. Y0 = 10x
>6Yx+3x2+1>10x = 6Yx > 10x—3x3 -1
+ Similar: 65/y > 10y —3y3 — 1,63z > 10z — 32> — 1
—Hence= 6(Yx+ 3y +%z) > 10(x +y +2) —-3(x3 +y3 +2%) - 3
o 6(Vx+ 3y +3z)>10-3-3(x3+y% +2%) — 3 =27-3(x%+y3 +23) (because
x+y+z=23)
e 6(Vx+fy+z)=227-3(3+y3+23) (1)

x,y,z>0

x+y+z=3>0<%y2<3=x-3<0y-3<0,z-3<0.

+Other, because {

Hence: (x —3)(x—1)2+(y—-3)(y—1)*+(z-3)(z—1)2<0
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ox-3)x*-2x+1)+(y-3)O?*-2y+1)+(z-3)(z*-2z+1)<0

©x3-5x2+7x—-3+y3—-5y2+7y—-3+23-522+72-3<0
ox3+y3+23<5(x?+y?+2%) - T(x+y+2) +9=5[(x+y+2)* - 2(xy+yz+zx)| - 7(x +y +2) + 9

ox3+y3+283<5(x+y+2?2-10(xy+yz+zx)—-7(x+y+2)+9
ox3+y3+23<5-32-10(xy+yz+2zx)—7-3+9=33-10(xy+ yz+ zx)
©27-3(x3+y3+2%)>27-3[33-10(xy+yz+zx)] =30(xy +yz+2x) — 72 (2)

—Let(l),(2):=>6(§/§+§/§+§/E)230(xy+yz+zx)—72=>§/§+§/§+§/225(xy+yz+zx)—12
= Vx + {fy +Vz + 12 > 5(xy + yz + zx) and we get the resullt.
— Using Cauchy Schwarz inequality, we have:

X Y .z _ x? LY N z? - (x +y+ 2)?
y+z z+x x+y x(y+z) y(z+x) z(x+y) x(y+z)+y(z+x)+z(x+y)

6/=,677.6 2 6~ 67,6

Vx+8[y+/z +y+ x+\/y+vz

+HenceT ==+ 2+ 2 + yrvz o _(ehy+)” | N Yy+Y
y+z  z+x  x+y 10 2(xy+yz+zx) 10

2

— Using AM-GM inequality and inequality: ¥/x + §/y + ¥z > 5(xy + yz + zx) — 12

> 9 +5(xy+yz+zx)—12_1 < 9 vt vyt 6>

= T 2(xy + yz + zx) 10 T2 \xy+yz+azx Xy yz Zx)_g_
>1 2 9 (xy + yz + z%) 6 1 2.3 6_3 6 9
2 xy+yz+zx XyTyzTzx 5 2 5 5 5

x+y+z=3
:>T2§:>Tmin :%Equalityoccursif x=y=z>0 ox=y=z=1
xy+yz+zx=3

.. 9
Hence, minimum value of T = Ewhen x=y=z=1.

SP.185. Let a, b, ¢ be positive real numbers such that:

12a + 8b + 6¢ = 3abc. Find the minimum value of:

a3+20 b*+249 ¢*+272
+ + .
a b c2

T =

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by proposer

- By AM-GM inequality we have:
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at+20 b*+249 c*+272 20 249 272

= + + =a?+—+b3+——+ct+—

a b c? a b c?

8 8 81 81 81 256 4- 6 16
r=(a )+ () () ta

>3 3 ) 8 8+44 b3 81 81 81+2 - 256+4+6+<16+1) 1
- a a a b b b ¢ c2 a b c?

4 6 ’16 4 6 8
:33\/64+4‘§/813+2\/256+E+_+z Fo1= 4+ +151

b

12a + 8b + 6¢ 3abc
>T>2|3-——+151=2 |3.——+151=157=T > 157 = T,;, = 157
abc abc

a,b,c>0:12a+ 8b + 6¢c = 3abc

2 _8.,3_ 81, 5 _ 25 a=2

. . a?==p3 === =22 —

+ Equality occurs if a’ b’ 2 ©i{b=3
2_3_1 c=4
a b ¢

Hence, the minimum value of Tis 157 thena=2;b = 3;c = 4.
Solution 2 by Michael Sterghiou-Greece

3 4 4

a3+20 | b*+249 | c*+272

T = + +—— (1)
a b c

3 AM—-GM
a3+20 20 4 3 4 4
=2 +20=g2+242 +- > 3Ve4+-=12+- (2)
a a a a a a
b*+249 249 81 168 AM_GM 162 6 AM_GM 6
— ——b3+T——b3+7+T > 18b+T+Z > 108+ (3)
4 AM-GM
c*+272 2 , 272 2 , 256 , 16 16
oz =c +c_2_c +c_2+c_2 = 32+c_2 (3)

(1)+(2)+(3)>T 2 152+ + 7+ (4) Letx = 12a,y = 8b,z = 6¢

48 576
(C)—>x+y+z—Eand(4)—>T>152+— 7"‘2—2:
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=152+48- (2 +1+12) (5). We will find the minimum of
x y z
1,1, 12 i = XVZ (o
f(x,y,2) = i under the constraintx +y +z = 77 (c)

by using the Lagrange multiplier method. Consider the function
1 12 ( xyz)

1
L A)=—+—+—+21 +v+z7z—
O(xvyrzr) x y ZZ X y VA 192
o _ _ 1 _ A _ Oo _ _ 1 _ A Doy _ _24 2y, ,®
ax %2 192yz+/1—0(6),0y— y2 192xz+/1—,0z— 23 19z+ll_0
Lo _ oz _myz) 1
and g —Xtytz 192—0 (9) From (6)and(7)—>x(x 192)—/1and

(v -3) = frencexty+ ) =~ fandy(a-+9) = -3 5=y (20)

2
(c)—»2x+z= % — zx? — 384x — 192z = 0 (10) and from either (6), (7)
and (8) with x = y we get zx? — 192x — 16z = 0 (11).From (11)—(10)-
192x + 192z - 1622 = 0 » x = z(Z — 1). Asx.0 - z > 12. Now (10) becomes

(z—-2y)(z% + 12z — 96) = 0 giving z = 2y and two roots < 12 and not acceptable.

1
2-2y2

Withz = 2ywehavex =y =2yand 1 = —

The point (xg, ¥9,2¢) = (24,24, 24) is global constrained min for f(x,y, z)

as d?Ly > 0 (All 2nd derivatives > 0 and mixed 2d order derivatives > 0)

1 1 12 5 5
f(xo,yo,zo) :f(24-,24-,24-) :ﬁ*‘ﬁ'l'ﬁ :EhenceT > 152 + 48 'E: 157
T,.. =157

SP.186. Let m,, mj;, and m, be the lengths of the medians of an acute triangle

ABC with inradius r and circumradius R. Prove that:

A B C
8\/3r c0t7+c0t7+cot§<\/§R
3R3 ~ m? m? m2 ~ 613

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Marian Ursdrescu-Romania
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In any acute triangle we have m, < 2R cos? - (1)

c
cot— cot cot; 3 cot -cotd cot2
24 24 >3 (2)
m2 m2 m? mZmim?

COt COt COt

From (1)+ 2:>Z]ﬁ>33 3
0 ( ) ( ) mi ~ 64R6cos4'24cos42 cos4C ( )

A B .C A B _.C
3 cot>cot--cot= 8V3r V3 3 cot—~cot—~cot 8r
From (3) we must show: 3 il P2 > — 2L lL.>—o
64R6~cos42 cos42 cos42 3R 4R cos42 cos4E cos“2 3R

3 cot— cot cot 25,

V3

A B
42 42
cos 2COS 2 cos 2

A B cC_s
But cot; - cot - cot =~ (5)

and cos? 2 cos2 2 cos? & = = (6)
2 2 2~ 16R
s 15..3
From (4)+(5)+(6) = 3V3—5-> —

28R4-
28R4
3V3 - =2" & 3*/3R7 > 27 - s3r* (7)

ButR > 2r = R* > 2*r* (8)andR > %s = 3v3R > 2s = 3*/3R3 > 235 (9)

27R3

From (8)+(9)= (7) itis true. Now, we have: m, > % cos >+/bc cos >

A
2>b INE IR SN 1 2 4R _
m,; = DCCOS — = > < — — —
2 my bccosé Mz pe. smA cosé bc-sinA abc
2 2 2
coty 12R 12R _ V3R 3
Zmzstzwemustshow—<_@ab c>2 ﬁ Butabc = 4sRr =

.22
sRr > %r3 & SR > 2 - 3V3r? true, because R > 2r and s > 3V3r

Solution 2 by Soumava Chakraborty-KoIkata—India
8V3r (1) @) V3R

<
3R3 = mZ -~ 6-r3
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cotg_z s _Zs(s—a)
m2 r om2 rsmi
m2>s(s—a)etc Z s(s—a) 3 23R

< A
rsz(s—a) rs — 613

< V3Rs (> 1812

Euler Mitrinovic

ButR > 2r&s > 3v3r=+3Rs>+V3(2r)(3V3r) = 1812

oth s Bergstrom

9s
2 — }:
Tqmg (11) z Tomg

= (2i) = (2) is true. Again, Z

WLOG, we may assumea > b >c 1, 21, > 1, &m2 < m? < m?

E 9s _ 9s
=~ Chebyshev & (1i) = Z - > ro@md)  areniya?
36s Leibnitz 36s
= >
(4R+1r)Xa?) ~— (4R+1)(9R?)
Euler 4 gs Mitrinovic 8-3\3 83
> é =5 2 e 3R3r = (1) is true (Proved)

2

SP.187. Let a, b, c be the lengths of sides in a triangle such that

a? + b% + ¢% = 3. Find the maximum value of:

1 1 1
= + + + + +
P 3a+bc 3b+ca 3c+ab ab +bc +ca

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by proposer
By AM-GM inequality we have:
a?+b*+c*+3=(a*+1)+(b*+1)+(c*+1)>2a+2b+2c=2(a+b+c)
26>2(a+b+c)=>3>a+b+c (a>?+b*+c*=3)

3a+bc=>(a+b+c)a+bc=a(a+b)+c(a+b)=(a+b)(a+c)
+Hence<3b+ca=(a+b+c)b+ca=bb+c)+alb+c)=(b+c)(b+a)
3c+ab>(a+b+c)c+ab=c(c+a)+b(c+a)=(+a)(c+b)

1 1 1 1 . 1 . 1 _
:3a+bc 3b+ca 3c+ab” (a+b)a+c) (b+c)b+a) (c+a)c+b)
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2(a+ b +c)

“@a+b)b+o)c+a)

1 1 1 2(a+b+c)
>P= + + +ab+bct+ca<——————7"— + bc +
p 3a+bc 3b+ca 3c+ab ab+bc+ca< (a+b)(b+c)(c+a) +ab+bc+ca (1)

— We have (a+b)(b;c)(c+a) > 2\/@-2\‘/31;-2\/& — 8(18bc — abc

= (a+ b+ c)(ab+ bc + ca) =(a+b)(b+c)(c+a)+abcS(a+b)(b+c)(c+a)+(a+b)(b;6)(c+a)

= (a+b+c)(ab+ bc +ca) < 9(a+b)b+c)(c+a)

o (a+b)(b+o)(cta) s 2T brolabbetca)
° B 9
2(a+b+c) 2(a+b+c) _ 9 ( )
(a+b)(b+c)(c+a) — w " 4(ab+bc+ca)

9 _9 I
—Let(l),(Z):PSm+ab+bc+ca—4t+t (ift=ab+ bc+ca>0) (3)

b+c>a (alb+c)>a®
— Other, by inequality in a triangle, we have {c + a > b = { b(c + a) > b?
a+b>c

c(a+b) > c?
sab+c)+blc+a)+cla+b)>a’?+b?’+c?=3=>2(ab+bc+ca)>32t>3<2t-3>0

— Other, by inequality a? + b2 + ¢ >ab+bc+ca=>3 >ab+bc+ca=1t

=53>t=>t-3<0,with2t—-3>0=(t—3)(2t-3)<02t-9t+9<0 o -+ <§
P<9+t<9 t<9 3 15 P<15 p 15
= — —+ < —+-=— — =—
T4t 4 274 2 4 4 max 4
a+b+c=3 o
+EquaI|tyoccurS|f{ _b_c>o<:>a—b—c—1.
Hence, maximum value of P is: 14—5then a=b=c=1.

Solution 2 by Michael Sterghiou-Greece

P=(Soyesare) 4 (D)
Let (p,q. 1) = (chca  Dcycab, abc). Yeyc @* = p* — 2q = 3. First, we show that:
q>2cyca2 (2):Asb <a+c(triangle)»a>b—candasc<a+b—-a>c—bor
la] > |b — c| and a® > (b — ¢)? (3). Now (2) can be written as Y. a® = ¥..,.(a — b)?

which holds true because of (3) and the cyclic relations.

Yeyc(3b+ca)(3c+ab) 15 .
@~ TloyeGatbd q < -~ aswe will show.
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pr+3pq—-9r+9a E i 2 2
36r 192 —18prir? +tqs- (4) [Note: we have replaced the terms (3 a®b) + (3 a®c)

with pq — 3r]. (4) reduces to
—72pqr + 12pq + 274pr + 36q° — 135q* + 4qr? + 144qr + 36q — 151> — 5761 < 0 or
36q° — 135q% + 36q + (4q — 15)r* + (274p — 72pq + 144q — 576)r + 2pq < 0.

Wehavep < 3;q < 3 (dueto ¥, x* =3)andq > %(from (2))so(4q —15) <0
We can show easily that (274p — 72pq + 144q — 576) = 0 (we can replace p by

\/2q + 3 and use analysis with q € [ ]) andasr > = p(4-q p?) [from Schur 3rd

degree, q < p ] andr < ( ) (q? = 3pr) we get the stronger inequality:

f(q) =12,/2q+ 3 -q +36q> — 135q* + 369 + (4q — 15) - —(2q +3)(2q - 3)* +

+(274,/2q + 3 + 144q — 72q,/2q + 3 — 576) - <3J_ 3) 0 (5)

) 1 [32w/2q +3-q*+804,/2q + 3¢° + 3888¢3 — 3429,/2q + 3 - <0 (6)
% 81./2g+3 —_—
81,2443 | . g2 — 13608q? + 3294.,/2q + 3 - q + 2916q — 405,/2q + 3

Keeping the function in the brackets as %,/Zq + 3 > 0and replacingp =,/2q + 3

we get:

Z2p7 +489p° — 22 pt — 7776p* +9288p® + 34922p? - = p — 48114 < 0 (7)

Withpe[\/g,B

£() = (p — 3)g(p) where g(p) = 8p® + 24p” + 378p° + 3078p° + 2619p* —

fo)=2p°+ =2

as p? = 3q. (7) reduces to:

—23247p3% — 32589p? + 42201p + 64152. We can show that q(p) > O:
g®(p) = 24 - (560p* + 840p3 + 5670p2 + 15390p + 2619) > 0

Hence g® (p) - g® () > g (ﬁ) >0- g"(p) Tetcupto g(p)

Therefore f(p) < 0 asp < 3 and g(p) > 0. We are done!

SP.188.In AABC,r,, 1,1 are exradii. Prove that:
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re .,A 7r, . _B r. __C 3
= .sin?—+—-sin?—+ —-sin?=>—
T 2 r, 2 r, 2 4

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

re .,A _s—b (s—-b)(s-c)r, _,B_s—c (s—a)(s—c)
— . sinc — = . ;—'Sln — .
T} 2 s—a bc T, 2 s-—b ac

Te . gin2 & = 22, 506D \yy ot show that:

Ta 2 s—c ab

a(s—b)3(s—c)>*+b(s—c)(s—a)’ +c(s—a)3(s—b)3
> %abc(s —a)(s—b)(s—c) (™
(Letx=s—a,y=s—bjz=s—c=>x+y+z=5>
a=y+z,b=x+2z,c=x+Yy)
(*) © 4l(y + 2)y32% + (x + 2)22x* + (x + y)x3y?] = Bxyz(x + y)(y + 2)(z + x)
o 4[y*z? + y373 + x32% + x2z* + y2xt + x3y3] >

> 3{2(xyz)? + zy*x3 + yx223 + xz%y3 + yz2x3 + zx%y3 + xy?z3} (*¥)

1)
3(y323 + x323 + x3y3) = 3(yx?23 + zy*x? + xz%y?)
(+X3+Y3+273 > XY?+YZ* + ZX?)
3(22y* + y*x* + x%2%) = 3{(zy?)* + (yx?)* + (x2%)?}

()
> 3(zx*y? + yz2x3 + xy*z3)

(AM-GM)
Y422 + 3274 + y2xt + x3y3 + Y323 + 23x3 >

65/ (xyz)12 = 3 - 2(xyz)? (3)
From (1)+(2)+(3)= (**) true = (*) true.
Solution 2 by Soumava Chakraborty-Kolkata-India

2
. 24 T T
TZ sz Be gSt om (

LHg = s’ PTG (Brasig)

Talb s2
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2

2
sin? 5
z:scosé sin? 4 ’ 2 3 sin24 , V3 1 - cos2
— 2/ _ z 2) 52 25 @z 2

COS >
2

z z : 7

(=4 _-— - —_—
Sec 282
Jensen

Now, ). secy (2) 3 sec% =2V3 (~ f(x) = secg isconvex V x € (0,m))

a

Jensen

Also, ) cosg < 3 cosE = 3E ¢ flx) = cosf is convex Vx € (0, 7))
A (b)
= — ZCOS— >— 3—

(a)+(b)=> LHS of (1) = (2 - E) V3 = 7 = (1) is true (Done)

SP.189. Letbe fiR — R; f(x) = x?**1 + e* L p e N;p # 0;
a,=f"1 (2 +%) ;n € N;n # 0. Find:
Q = lim a};
n—o>00

Proposed by Marian Ursdrescu — Romania

Solution 1 by proposer

f'(x) =@2p+1)x*” + e¥ >0,Vx € R = f increasing = f injective

X —00 + oo

ff(x) | ++++++++++++++++++

f(x) —0 - + 0

Im f = R = f surjective = f bijective
iMoo @y = Ny £ (2+2) = £1 (lim 2 +3) = £71(2) (1)

fFFl)=xef(x)=2ox?Pl+er1=2=x=1 (2)
()+(2)= lim,_,,a, =1
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n—oo n—oo n—oo

1 1(an-1)"
lim a? = lim(1 + a, — 1)" = lim [(1 +a, — 1)an—1] =
n limpeo———3——
= elimn—wo(an_l) =e n (3)

FY(z+0)-F @)

1
n

=(f)YQR) =—=—— (4)

lim, o, fl(1)  2p+2

1
From (3)+ (4)= lim,,_,, a® = e?+2

Solution 2 by Remus Florin Stanca-Romania
f(x) =x??*1+e*1:peN=p>0=x?P*1isincreasing; e > 1 = e 1isincreasing =

= e* 1 + x?P*1 isincreasing.

— -1 1 — 1 2p+1 an—1 — 1 . 1. .
a,=f (2+;) = f(a,) = 2+-=a, +enl= 2+;(a),2+;|sdecreasmg,
but f(x) = x***1 + e*~lisincreasing = a,, is a decreasing sequence.

We suppose that a, < 1 = a??*' < 1(1)(P > 0)

a,<1=>a,-1<0=>e"1<1(2)

nyn
a

2p+1
@ "

(a) 1 1
+emn1<?2 =2 +-< 2 =< 0 = false, because

n € N* (n # 0) = contradiction,soa, > 1

a, = 1and a, isdecreasing = a, isa verged sequence = 3l € R such thatlim,,_ a, =1

2p+1
n

_ 1 _ I ,
@, e l=2+-= PP+ ettt =2, f(1) = IPP*1 + e!"lisan increasing

ue

; . ; } : uniq .
function = f injective = we have a unique solution=1 = 1= lim, ,a,=1

’ anp—1
. . ———(ap—1)n . 1
Q=lim(a,)" =lim(a, —1+ 1) 1" =lime n
n-oo n-oo n—-oo
1 1 a,—1
2p+1 _ 2p+1 _ . 2p+1 —1 Stolz Cesaro
al" +ewl=2+—s—=qa " +e" 1 -2>Q=lime% *e" =
n n n—oo 0
0
1
Apt1—an 2p+1__2p+1 1 1
. Zp+1_ 2p+1 ap q-1_,ap-1 . n+l n +ean+1 —etn
= lim e%*+1 "% € e =lime %+1-a An+1—an =

n—oo n—-oo
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1

2p 2p-1 1 2p
(an+1—an)(an+1+awr1 an+-+ay - en+1—n_1 1 osa
=lime an+1—an N anri-an = @2p+2 = () = T'\/e

n—oo

SP.190. Letbe xy > 0; x;,41 = x, + 7 n EN,

1+xn +x5+ -+

p € N;p # 0; p —fixed. Find:

. Xt Xy Xy,
Q = lim i1
n—oo ,/np+2

Proposed by Marian Ursdrescu — Romania

Solution 1 by Remus Florin Stanca-Romania

1
Tz o MEN
1+xp+xp++xy,

Letbe xg > 0; xpy1 = x, +

we prove by using the Mathematical induction that x,, > 0;vn € N:
1) we know that P(0): x, > O is true.
2) we suppose that P(n): x,, > 0 is true.

3) we prove that P(n + 1): x,,,1 > Ois true by using the fact that P(n) is true:

1

7 >0
1+x,++x,

X, >0>1+x,++xl>0>

! 5>0=>x,,1>0=>P(n+1)istrue=

o Ltxgtetxl

>x,>0VneN (Proved)
1 1

>x —-Xx, = >0=>x >x, =
n+1 n 1+xn+_”+x£ n+1 n

X =x, t+
n+1 n 1+xn+_”+x£

> (x,)nen IS @n increasing sequence (1)

We suppose that x,, isverged > |a € Rsuchthatx, < a (2)

(2 _
= 3Jle Rsuchthatlim,_ ., x, = x1 = x, +

7
14--+xh

1

=>l=1+ = :
1+14+--+1P 1+---+1P

false because l € R\ {+o0; —o0}
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=>l=0=limx, =

n—oo
Q = lim X1 + et Xn Stolz Cesaro lim Xn+1 .
n-o p+11/np+2 ) n-o p+2 p+2
® (n+ 1)p+1 — pr+1
= lim Xn+1 = lim Xn+1
- N—00 2 p+2 - n-oo n+1 pt+2
P2 [ rm+ 1) \p+1 p+2 (_) -1
npi| | ——=] -1 p+i n
n np )
p+2 p+2\P
n+ 1\p+1 n+ 1\p+1
) e (e
n n
— lim xn+1

A ()

<(n_+1)51—5>0 ot <(n_+1)5%>p
n n

PH1\pi1
_pt+1l li Xny1 _ P . nt1 |’
=>—"lim =—-lim el 3
p+2 n-o n_pil p+2 n-o n ( )
2
1 xp—1 pt
X =x, + =x, + 1 X 4
n+1 n x?l_'_,_._'_xz n xfl+1_1 z+1 1 n+1 ( )

3 stolzcesarop +1 p+1 p+1 Ll p+1 . p+1 [ (Xn+2 p+1 p+1
> p+2 1111—>I£10(xn+2 - xn+1)p+ = pTZ ) ,{L‘E‘o Xn+1 ( ) -1 =

8181l

p+1 1 Xn+2 ~ Xnt1 P+t
:p+2}ll—>ng)<xz:1. "+xn+1"+ (p+1) -

+1 1 p+i
:p—_p+1p+1-lim<xfl+1. 5 7 > —
p+2 n-oo xn+1+...+xn+1
1
:p_ﬂ.”“ +1.1m:>92&1."+

p+rz VP prz VPTI
Solution 2 by Soumitra Mandal-Chandar Nagore-India

1
Xp+1 = Xn +Z—p — and x, > 0 hence x; > xg, X3 > X4, ..., Xp41 > X, for all
m=0"1n
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n € N. Hence {x,,};.—; is an increasing function. Hence its bounded above and

1

—— =21 > ®© iti
1+l+12+,,,+lp l 3 henCe It ISa

converges. Letlim,,,, x, = lthenl =1+

1 -1
Arw’-1 _ o \wherer € R

contradiction. So, lim,,_, , x,, = c0.lim,,_,¢

CAESARO

X1+ X+ e+ X, STOLZ Xn+1
- p+1 - p+2 p+2
N p+2
- | im 1 lim Xni1
o | n—->oo ﬂ n—->oo p+1/
(1+5) " -1 i
n
1
+1 CAESARO 1] p+1 p+1
p+1 im n+1 STOLZ p+1 X o= X,
m —_—
p+2n—>oo p+2n—>oo n+1—n
p+1
+1
p + 1 - p+1
+2 n_,oo Xn+1 xm ~ Xa+1
p m=0"n+1
p+1
_p+1 lim n+1 xn+1(2m 0 n+1) _p+ 1 p+i/m
p+2xn—>0 m0 n+1 p+2
\I (Zmzo n+1)

SP.191. Let be f:[a, b] — R; f — continuous and f: f(x)dx=0

Prove that exists ¢ € (a, b) such that:

c'f(c)'ff(t) dt = c'f(c)+ff(t) dt

Proposed by Marian Ursdrescu — Romania
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Solution by Tran Hong-Dong Thap-Vietnam

Let g(x) = x [7 f(£) dt - e /O (x € [a, b])
= g'(x) = e Ja FOU [xf(x) + fxf(t) de — xf(x)ff(t) dt]
We have: g(a) = g(b) = 0, by Rolle’s theo:em exists ¢ € (a, Z) such that: g'(c) = 0
& e St [cf(c) + f £(&) dt — cf(c) f f(t)dt] =0

& cf(c) f:f(t)dt =cf(c) + facf(t) dt . Proved

SP.192. Letbe A € M4(R); detA = 1; det(4% + I,,) = 0. Prove that:
Tr(A 1) = Tr4A
Proposed by Marian Ursdrescu — Romania
Solution by Ravi Prakash-New Delhi-India
Asdet(4% +1,) = 0 = det[(4 + i4,)(A — il,)] = 0
= det(4 +il,) det(4 —il,) = 0 > det(A+il,) = 0ordet(4A—il,) =0
= i or —i is an eigenvalue of A. As A € M,(R), both i, —i are eigenvalues of A
Let 4, u be other eigenvalues of 4, then 1 = det(4) = i(—i)Au = Au

1 o 1 1
:>/1u=1:>uzz.'. TI'(A):l+(—l)+/1+I:/1+I

Also, Tr(A™1) == + (1—) +2+ 4=+ A Thus, Tr(4™!) = Tr(4)
SP.193.1fA,B,C € M,(R);detA,det B,det C > 0; det(4BC) = 8 then:
det(4? + B? + C?) + det(4% + B? — C?) + det(4% — B%? + C?) +
+det(—A% + B2 + C?%) > 48

Proposed by Daniel Sitaru — Romania
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Solution by Marian Ursdrescu — Romania

We use the theorem: If M, N € M,(C) then:
P(x) = det(M + Nx) = det M + ax + det Nx?
Let p;(x) = det(4% + B? + C%*x) = det(4%? + B?) + a,x + det C*x?

P,(1) = det(4? + B? + C?) = det(4% + B?) + a, + det C?
P,(—1) = det(A%? + B? — C?) = det(4? + B?) — a, + det(C?

det(A4% + B? + C?) + det(4? + B? — C?) = 2(det(4% + B?) + det C?) (1)
Let P,(x) = det(C? + (4% — B?)x) = det C? + a,x + det(4? — B?)x?

P,(1) = det(C? + A% — B?) = det C? + a, + det(4%? — B?)
P,(—1) = det(C? — A? + B?) = detC? — a, + det(4%? — B?)

det(C? + A% — B?) + det(C? — A% + B?) = 2(detC? + det(4% — B?)) (2)
From (1)+(2)=> det(4% + B% + C?) + det(4? + B2 — C?) +
+det(A4% — B? + (?) + det(A? + B2 + C?) = 4 det C* + 2(det(A? + B?) + det(A? — B?))
Let P3(x) = det(A4? + xB?) = det A% + azx + det B?x? (3)

P;(1) = det(4? + B?) = detA? + a5 + det B?
P3(—1) = det(4? — B?) = detA? — a; + det B?

det(4? + B?) + det(4? — B?) = 2(det A% + detB?) (4)
From (3)+(4)= det(4% + B? + C?) + det(4? + B> — C?) +
+ det(4% — B + C?) + det(—A? + B? + C?) = 4(detA? + detB%? + detC?) (5)

But detA? + det B? + det C? > 33/(detA + detB + det()? =
= 33/(det(ABC))? = 364 = 12 (6)
From (5)+(6)= det(4% + B? + C?) + det(4? + B> — C?) +
+det(4% — B% + C?) + det(—A% + B% + (%) > 48

SP.194. Find all continuous functions f: R - (0, +) having the property:
f(x) - f(ax) - f(a®*x) = a*,Vx € R, a € (0,1) —fixed.

Proposed by Marian Ursdrescu — Romania
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Solution by Ravi Prakash-New Delhi-India

f)f(ax)f(a’x) =a* vxeR (1)
Putx =0, f(0)3 =1 > f£(0) = 1. Replacing x by ax
flax)f(a*x)f(a3x) = a®* (2)

L fx) _ a* -
From (1), (2), we get: @) <1

)

f(agx) — a3x(1-a)
————=a
f(a3a3x)
[Replacing x by a?x]
adx —a "
;Eaﬁx; = aagx(l ) ( )
a®x -a *
;Ea‘)x; = aa6x(1 ) ( )
f(@®3x) _  g3n-3x(1-q *
e = @O ()

Multiplying n equations marked with (*), we get

f(x)

= gx(1-a)[1+a3++a3"3] — x(1-a)(1-a3")/(1-a3)
f@mx)  * ¢

Taking limitasn — o
(a3"—>0asn—>00(':0<a<1))

we obtain using continuity of f that

;% = ax(l—a)/(l—ag) = ax/(1+a+a2) = f(X) = ax/(1+“+“2)

SP.195. Find:
’ n ’ (e* — cosx)(e?* — cos2x) - ...- (e™ — cosnx) — n!x™
Pt bt sin™1(n + 1)x

Proposed by Marian Ursdrescu — Romania
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Solution by Remus Florin Stanca — Romania
~ n|.. (e*—cosx)(e?* — cos2x) - .. - (e"™ — cos(nx)) —n!-x"
Q=1lim (lim -
n-o |[x-0 sn](""‘ﬂ((n + 1)x)
~ (e*—=cosx):..-(e™ — cos(nx)) —n!x" ((n + 1)x)n+1
lim - . — =
x—0 sm(n+1)((n + 1)x) ((n + 1)x)
. (e*—cosx):-..-(e™ —cosnx) —n!x"
= lim n+l =
x-0 ((n + 1)X)
. 1 (e*—cosx)-..-(e™ —cosnx) —nlx™ _
= Jm (n+ 1)1 X1 -
Let x,, = lim,_, (e —cos x)(:::l_ cosn)ni
. (e*—cosx)- .. (emD* —cos(n+ 1)x) — (n+ 1) x™+t
> Xy = lim = =
(n+1)x_ n(,(n+1)x_ n+1
=x,- liquo e cos(n+1)x 4+ liquo nlx (e xn+;os(n+1)x) _ liquo (n+x1n)J!r;; (1)
e Dx _cos(n+1)x . e™Dr_1 1 -—cos(n+1)x
lim =lim———— +lim =n+1+
x-0 X x—0 X x-0 X
o 1—cos(n+1)xpyg.. (m+1)sin(n+1)x
+lim = lim +n+1=n+1
x—0 X % x—0 1
e Dx _cos((n+1)x) — (n+1)x
lim o

> Xy =+ 1)x, +n!- <x_>0
e Dx —cos(n+1)x — (n+ 1)x 1’y
o

LI—I}(} x2
0
e+ 1)+ (n+1)sin((n+1)x) — (n+1)
= lim =
x—-0 2x
(n+1)x : (( + 1) ) -1 1 (n+1)x _ 1 1
. e + sin((n X _ . e
—(n+1)£1_1}13 2x —(n+1)£11132 x *2
sin((n + 1)x n+1 n+1
(« ))(n+1)=(n+1)<—2 +S) =S

. xl—>0 (n+ 1)x
S =M+ D, +nin+1D)n+1D)=m+Dx,+(n+ 1) (n+1) =x,,,
. *—cosx—x L'H _. X +sinx—1
xy = lim,_ 2 c::x = 3 llquo% =1=x, =1 (3)

(=]
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We prove by using the Mathematical induction that: x,, = n! 20 = 2!

2 2

_1 (1+1)

1. we prove that P(1): x4 is true

. 3)
P(1) & x, = 172! =1 > P(1)istrue

n(n+1)

2. we suppose that P(n): x,, = is true

(n+1)(n+2)!

3.we provethat P(n+ 1): x,,1 = is true by using the fact that P(n) is true:

xn+1=(n+1)xn+(n+1)!(n+1)<:>xn+1=(n+1)-w+(n+1)!(n+1)=
)_(n+1)!(n+1)(n+2)_(n+2)!(n+1):>

2 N 2

=(n+1)!(n+1)(g+1

=>P(n+1)istrue= x, = D! vne N* > proved
. (e*—=cosx) .- (e —cos(nx)) —n!x® n(n+1)!
> lim =
x—0 xn+1 2
Xn
Q=i n Xn — i 1(7""71)1[“ Stolz Cesaro li Xpe1 M+ 1 (n+1) 1 .
=lim [ = e n S i (L () )=
1 x, 1 1 (n+1)®m+2) 1 1 n+1 1 1
=— llm( -—)Z—- . =—.-lim——=—>0=—
e n X, n+2 e nn+1)! n+2 e noo n e e

UP.181.1f0 <a < b < gthen:

b

sm X+ Sln d
f e 2cos’x |dx > tanb —tana
a

Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

sin? x

2
sin? x+
2coslx >

1
coszx(0<X<§)

(l—cos2 x)z
o e(l—cosz x)+72c052x > (*)
COS X
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(1-0?
Lett=cos?x (0<t<1)wf(®)=e" ™"z -2 (0<t<1)

(1-v)?
2 — (2 +1)e 0 =

t? + 1 a-02 1
RN € ) T T <0
2t2 t2 2t2

= f'(t)=—

(- Because: (¢2 + 1) - 1~ 0+ 5 2 (0<t<1))
= f@)N(0;1) = f(8) > f(1) =0 = (*) true.

sin- x
b sin®x+

2cos2x dx > f

dx = tanb — tana. Proved.

Hence: [ 'e

cs2

Solution 2 by Soumitra Mandal-Chandar Nagore-India

e* > 1+ xforall x > 0 then:

b . b b ,
sinZx+-S0°% sin x(1+ta‘; x) sin%r(%)
e 2cos2xdx = | e dx= | e dx
a a 4
b b b
AM=GM . 2 sec x-1
> esecxsin®x gy — | psecx—cosx o = | g cosx  dx
a a o

b b
2 .
> fesec *“1dx [since,1>cosx >—1] > f sec2xdx =tanb — tana
a a

(proved)
UP.182. Find:

1
1
Ofx lnz(x){ }dx

where {-} denotes the Fractional Part.

Proposed by Shivam Sharma — New Delhi — India

Solution 1 by Zaharia Burghelea-Romania

Denote: Q = f01 x?1In? x {i} dx
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xX=
Consider: I(a) = folx“ {i} dx = [] tt{l?z dt =
-n t—n=y
22f ra+z dt = ZI(y+n)a+Z y
n=1n n=19
DN e Y e [
L)y \y+m)ert (y+n)“+2) Y= 1\ a (y+n)* a+1 (y+n)“+1)0
n= n=
1 (1 1 ) 1 i<n n ) 1 {(a+1)
T a ln“ (n+1)2) a+1 1n‘”l (n+1)et1) " q a+1
n= n=

1 1 d?
QZfonln x{x}dx Ta —(I(@))|q = 2
Using: —((S) Yn=17; L) = —Xe, = —{'(s)

n=2 ,s

_2 28(a+1) 20(a+1) {'(a+1)
ﬁw(’(“»‘ﬁ‘ @+1®  (@+1?  a+1
d? 1 1 1 1
:Q:m(l(“mazz—f x? In? x{ }dx—Z—ﬁc(s) —z'(s)—gc"(s)
Solution 2 by Tobi Joshua-Nigeria

1

1 1 °°1n2t
I=flen2x{ }dxt—; I=f [tDdt
0 1
ft-lnztdt fln t[t]dt
1= X —__
t4
1
[o'e) k+1 [o'e)
1_1 Zkf antdt [ = 1 Zk nZt 21n¢]!
4 4 27t3 9¢3
k=1 % k=1 k
I—1+§:k +2 _In’t 2Int et
4 27t3  3t3  at3
k=1 k

1 - 0 1w  [In?(k+ 1), In2k\ 2
=4 Ykl ) S .2
4 L \27(k+1)? “27Kk3) " 3 £\ (k+ 1% K3 9
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i . In(k+1) Ink
—~ (k+1)3 K3

B kIn?(k+1) Ink\ 2
I____I(3) 32( (k+1)3 _k2>+Z

 (kIn(k+1) Ink
Z( (k+1)3 k2>

 (kIn2(k+1) In?k
4= Z( (k+1)3 k2>

=1

92 1
A= zaaz|a 3(k+1)9 6a2|a—2k9

A=W|a:3(((a—1)—((a))—m|a=2((“)
A= @-3"(3) =@ =—"3) O
O (kIn(k+1) Ink
B—;( (k + 1)3 - k2>

B_z 6| k +z+6| 1
T4 9a T3+ L7 9al = 2

a
=—5gla=3@¢@-1)- c(a))+ —|a = 28(@)

B=-02)+{B)+{(2)=+73) (2)

PO
1 '"3) 2 ,
I_Z_ﬁ((B)_ +55°G)

Solution 3 by Kartick Chandra Betal-India
2

1 co
1 In“ x

fxz lnzx{—} dx :f —{x}dx
x x

0

1
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n-1k+1

. ( - k) . an k an
= lim E f -In? xdx = lim E f dx
n-oo n-o

k+1

. z In?x Inx 1 Tk ln2x+21nx+ 2
= e 2x2  2x2  4x2 3x3  9x3  27x3

k

[( In?’n Inx 1(1 1) +ln2n+21nn+2(1 1)
N 2nz2 202 2\n2 3n2  9n? 27 \n?

1
|
| _"i{mZ(Hk) 2In(1 + k) 2 } |
|

= liml
| 3A+ k)7 9+ k)P | 27(1 + k)3
. In?n_Slnn_ 19 19 Z": 1n2k+21nk+z(1 1)
“no||Ten? T 18n7 10807 108] L (3K 9k3 27\
19 2 ') 20B3) 2 1.0G), %3 2
108727 3 T 9 27°®= 3 5 ~27°®)

UP.183. Let x,,, Y., Z, be three sequences of real numbers such that:

X Yn . * *
llm—"—allm = b, lim - =c,abceR peN
n-oco N n—-oo np+1 n—-oo np+2

Find:

n—oo (xlylzl + et xnynzn)3

Proposed by Marian Ursdrescu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

CESARO

. (1+w)"-1 _ . Yho1x STOLZ . Xt
llmu_,o =relR, then lll'l‘ln_,Oo 3p i m;,_, m
" (xn+1)3 " 1 a’

= 11m - 11m =
n-o \ MP n-oo 1 3p+1 3p +1

1
n
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n 3 CESARO 3
lim 2=k STOLZ . Yn+1 = Lim ( Yn )3 1
noo n3pt+4 n-o (n + 1)3p+4 — n3p+4 nooo \nP+1 1 3p+4
(1 + —) -1
n
1
n
3 CESARO
— b®  Yi17 STOLZ ., zf’lﬂ
= im = lim
3p + 4now n3P+7 noowo (n+ 1)3P+7 — n3p+7
" ( Zy )3 " 1 c?
= lim - lim =
n-oo \pP+2 n-oo 1 3p+7 3p + 7
(1 + —) -1
n
1
n
n CESARO
lim Yk=1XkYKZk STOLZ im Xn+1Yn+1Zn+1 _ abc
n—oo n3r+4 n—co (n + 1)3p+4 — n3p+4 3p + 4
3 3 3 3\(,3 3
lim (xl+...+xn)(y1+...+yn)(zl+...+zn) .
n-oo (X1y121 + = + X, YnZy)3

n 3 n 3 n 3
k=1%Xk k=1 Yk k=17Zk
n3r+1 n3p+4 n3p+7

= lim 3
n—co n
(Zk:1 xkykzk)
nop+12
a3 b3 3
= it o GO0’ (ngyer)
( abc )3 (Bp+1)(3p+7)
3p+4

Solution 2 by Remus Florin Stanca-Romania

Let x,,, ¥, Z, be three sequences of real numbers such that:

Yn+1
np+1

limn_,mz—: =a,lim,_ = b,limn_,mn;% =c,a,b,c € R*,p € N*. Find:

N G R )€ e )] )
n—-oo (x1J’1Z1 + ..o+ xnynzn)3

3 3 3 3 3 3 9p+12
s xi+o+xn  yitotyn  zZit+zn (n+1)°P
Q =lim,,_,, . 3 (a)

(n+1)3P+1  (n+1)3P+4 (n+1)3P*7  (x1y1z1++XnYnZn

3 3 3
. X3t + X5 Stolz cesaro . Xn+1
lim lim

n-o (n + 1)3p+1 N n-ow (n + 2)3P+1 — (n + 1)3p+1 -
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= lim x:;H-l =
3p+1
n—oo 3p+1 n + 2 _
(n+1)% (n + 1) 1
= lim Xt 1
n—oo

vt (- (D) -+ (D))

3 3

. Xn+1 1 a
= lim ( nt ) . = 1
n=>% \ (n+1)P 3p+1  3p+1 (1)

yi + et y?l Stolz Cesaro _, y:r31+1
= m =
n-w (n + 1)3p+4 n-oo (n + 2)3P+4 — (n + 1)3r+4
3
= lim yn+1
n—co apia 1 [((m+2)° n + 2\%*3
(n+1)3p+4 . —— (_) +...+(_)
n+1\\n+1 n+1
3 3
1 b
= lim,_, (2)" L= 2
n=>% \ (n+1)Pt1 3p+4 3p+4 (2)
. Zi + ot Z;Sl Stolz Cesaro , Z:r31+1
lim -~———— = lim T —— =
n-oo (n + 1) p+ n-oo (n + 2) p+7 (n + 1) p+
3 3
— 1z z 1 C
=lim,,_, nt

0 3prey (3)
(n+1)3p+7.ﬁ((g) ++(g) 4 ) 3p+7

lim = lim

Stolz Cesaro
n-o (X1 Y121 + -+ XpYnZp)? now

(n + 1)%p+12 < (n + 1)3p+t >3

X1Y1Z1 + .o+ XnYnZ,

= lim

n—-oo

<(n +2)7H - (n+ 1)3p+4>3 _

Xn+1Yn+1Zn+1

/(n +1)3p+4 . nT11<(z+i)0 . (2—3)3“3)

= lim =
n—=e Xn+1Yn+1Zn+1

n+1)P (n+1)P* (n+1)p+2\°
:(3p+4)3-lim<( » P ( ) >
n-o Xn+1 yn+1 Zni1

1
= (3p +4)3 " 3pia 4)

@123 a3b3c3 Bp +4)3 B (3p + 4)?
= “Gp+DG@p+HBp+7) B33 . @p+DBp+7)
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UP.184.1f0 <a < b < gthen:

b
4 f((sin2 x +csc?x)? + (cos?x +sec?x)3)dx > 125(b — a)

a
Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
We prove that: 4[(sin? x + csc? x)? + (cos? x + sec?x)3] > 125
125

& [(sin? x + csc? x)3 + (cos? x + sec? x)3] > -

[(sin? x + csc? x) + (cos? x + sec? x)]3
22

“ LHS () =

1 1 P 4 P
— [1 *sinZx ' cos? x] _ [1 * sinZ Zx] > [1+4]° _ 125

N 22 N 22 = 22 4
b b

= élf[(sinZ x + csc? x)3 + (cos? x + sec? x)]dx > 125 f dx = 125(b — a)
a a

(Proved)
Solution 2 by Avishek Mitra-West Bengal-India

S = (sin? x + csc? x)? + (cos? x + sec? x)3
= (sin® x + csc® x) + 3(sin? x + cos? x) + 3(sec? x + csc? x) + (sec® x + csc® x)
. 6 6 1 . 2 . 2 . 6 6 1
= sin® x + cos® x = 1—§(sm2x) & (sin 2x)? < 1 = sin® x + cos xZZ
1 4
sin? x - cos?x  (sin 2x)2

= sec?x + csc?x = = (sec?x +csc’x) >4

sec? x + cscb x amM-6m 1

2

> —— Sp>-—" o (sin2x)?2<1>p>16

2 ~ sin3x-cos3x p_l(sian)Z (sin 2x)* < p=
8

b b

1 125 125
@52—+3+(3><4)+16:>52—:>f5dx:— dx
4 4 4
a

a
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b

= élf((sinZ x + csc? x)3 + (cos? x + sec?x)3)dx > 125(b — a)

a

(Proved)

UP.185. Calculate the integral:

[0¢]

f x? arctan x

——————dx
xt+x2+1

0

Proposed by Vasile Mircea Popa — Romania
Solution 1 by Zaharia Burghelea-Romania

__ o x?arctanx
Denote: I = f m

x=1
_t

P arctan H x?arctan x + % — arctanx
f dt =2l = f
0

th+ 12+ xt+x2+1 dx
0
T dx 1 c)o(xz—l)arctanx
I:_Iﬁ“L_ T x
4) x*+x-+1 2 x*+x-+1
0 0
Il_fx4+x2+1_ ft4+t2+1 t:>211—fx4+x2+1 o
0 0 0
o 1
1 d(x—;) x2—1\| w T
I, == f arctan | =—
2 ( 1) 2\/§ V3x /1= 243
x—=) +3
x
= ? +1 (xZ—l)arctanxd _m? +1I
83 2] xrxr+1 P T g3 22
0
) 1 0 !
1-5 1 [x+z-1
I, = | ———S——arctanxdx = —In| —5— arctanx dx
12 2 1
0 (x+§) -1 0 x+o+1

_1l x2—x+1 0 1001 x2—x+1\ dx
2 M xr1 arctanx|0—if M rx+1/1+2
0
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© 7
1 X2+ x+1)\ 1= tantl sec?+tant
=— 1 In dt
2 x2—x+1 sect —tant
0 o

z .
1 1+smtcost 2t=x 1 1+zsmx
fln ) t = —fln
0

1—sintcost 40 1—%smx

N|H

i

2 +1
2smx

fln —1 dx

0 1—ismx

Consider the following integral: I(a) = Fln (?_’Z:::i)

T
z _ 7
sin x sin x sin x
I'(a) = f - f dx =
1+asmx 1—asmx — a?sin? x

0 0

1
n sin x 2 d(cos x)
= Zf > dx = —Zf dx
a

2
5 azcos?x+ (V1 - a?) o C0st+<\/1—¢12>

a

2a 2 a
arctan ( )

ax 1
Z—arctan< ) =
a2v1 — a2 V1 — a? |0 aVv1l - a? V1 — a2

1 L3

2 6
1 /1 1 a =si X
10)=0>1, :—I<—)=f—arctan< )daa gnxf —dx =
2 J 2 1 — a2 ) sin x

W

2 avl—a

In (tan ;) dx

O — on

ool q

T

6

fx tan , dx =xIn (tang) ‘
0

Nla

—ln(z V3) - zf ln(tant)dt———ln(2+\/_) 21,

Consider: I, = fol_z In(tan(3t)) dt and use the following identity:

tan(3x) = tan(3x) tan (g — x) tan (g + x)

T
12
In(tant)dt + | In (tan (E — t)) dt + f In (tan (g + t)) dt =
0

N
S,



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
E 5
12

In(tanx) dx + f In(tanx) dx + f In(tanx) dx =

3

[l

4

e
NlA

5n

In(tanx) dx + f In(tan x) dx = f In(tanx) dx + f In(tanx) dx =
7

4

e

In(tanx) dx — f In(tan(3x))dx = I, = 2I; — 31,

5

T
1

2 2 Int
In(tan(3x)) dx = §f In(tanx) dx = §f T3¢ dt =
0

S, =21,=2
0

O\ :|=|

[oe] 1 [oe]

2 2 2 (—=1)n 2
=N ()" | Intdt==-= ) ———_=-2¢G
32( ) f n 3 3L @2n+1)? 3

n= 0 n=0

T
6
I, = ——G——l 2+
= fsmx n(2+V3)
0
[ x2 arctan x ?
:>I—fx4+x2+1dx G 121n(2+\/_)+ G
0
Solution 2 by Kartick Chandra Betal-India
[ee] [ee] 0011' _
=[x tan"lx cot™lx _ (7 tan lxd
_fx4+x2+1 f Are+1t _fx4+x2+1 o
0 0
g 2 -1 - Oo(1—1)-tan x
- 7+(x — 1) tan xd m dx N 5 p
B xt+x2+1 T2 ¥y xt+x2+1 x
0 0 0
o 1 1 o d 1
1+5z-(1-5) iz (**5)
dx + tan"lxdx
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x —x+1‘] 1 x2—x+1

L1
_T 1 1 X 1 N
x2+x+1

4|v3 )2

dx

x2+x+1 1+xZ

NI]

m 1 1 —sinxcosx
ln( )dx

4\/§ 2 1+ sinxcosx
0
T
2 13
_m 1fl (2—sin2x) _m 1fl —smx 4
43 2 "2+ sin2x x_4\/§ 4 n2+smx x
0 0
T T
2 2
2 1fl —smx d 2 +1fl 2+cosx)
4-\/§ n 2+smx = 4\/§ 2 n 2 —cosx
0 0
86 w
———ln2+\/_]
8\/_ 4[ ( )
11'2 26 w
+=5 —zIn(2 ++/3) = 0.978142302
n n 1
2 2
2+cosx 1+5cosx
fln dx=fln —1 dx
A 2 —cosx A 1-5cosx

m1 1 =
2 2 2 2
sz Ccos x dvd 5 1 d(ysin x) 4
= 2 enc2 L 4yax = f_f 2 y
00 1-y%cos®x 0 yo (\/1—}’2) + (y sin x)?

T

1 14
2 1 6
y y
_ . -1 < = _— =
fy T tan < 1_yz>dy zfsmycosycosydy nycscydy
0 0

T T
,, 3 12
Z[yln tan Zflntan dy = 2— In (tanl)— f In(tany) dy
6 12
0 0
3
T 1—‘/2—_ 26\ _86 m [2- V3| _86 m
= —1]n —4.<——) = — 4 — ln(2 \/§)
6\, V3 3) 3 "2+v3l T3
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Note:

T
12
2G
In(tanx) dx = -3
0

UP.186. |fxl = Z;XZ = 4;X3 = 10,
Xn+3 — DXpi2 + 7Xxp1 —3x, =0neNn=>1

then find:

1
Q = lim <x$l <3E — 1> — x, log 3>
n—o>0oo
Proposed by Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania

Because the equation x3 — 5x2 + 7x —3=0hasr, =r, = 1andr; = 3 roots =

. 1
lim, ,,x, =oc. let—=x,x>0=>

Xn

o 3*—-1 1 . 3*—1—xIn3 1'x
Q =lim ——In3 =1lim =
x—0 xZ X x-0 xZ
~ 3*Im3-In3 _ In3(3*-1) In%3
=lim—— = 1lim =
x—0 2x x-0 2x 2

Solution 2 by Tran Hong-Dong Thap-Vietnam

X1 =2,% =4,%3 = 10,X,43 — 5Xp42 + TXpyq — 3%, = 0 (%)

Ap=1
(=22 -512+74-3=0c 12
A3=3
:)xn:a+ﬂn+y-3"(n€N,n21,“,ﬁyYER)

~Find: a, B,y
x1=2=>a+B+3y=2 (1)
X, =4 a+28+9y=4 (2)
x3=10=>a+3p+27y =10 (3)
From (1), (2), (3) wehave:a =1, =0,y =3
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n
:>xn=1+?=1+3"‘1:>limxn=+oo

n—-oo

L 1
) <3xn—1>——log3
—_ xn
Q, = [x?l <3xn - 1> - x, logS] = 12
()
Lett:xi(xn—>+oo =>t—>0)

3t—1—tlog3 () . 3'log3—1log3
= lim

ltl—p(} t2 t-0 2t
log3  3'—1 log3 log? 3 ) _log?3
=g M= leg3=——=0=1limg, =—

Solution 3 by Dimitris Kastriotis-Athens-Greece
Xn+3 — 5xn+2 + 7Xp41 —3x, =0 (E)
X1 =2,x,=4,x3=10. Letx, =p" p# 0
(E)C) pn+3 _ spn+2 + 7pn+1 _ 3pn =0 pn(p3 _ spZ + 7p _ 3) =0
p#0 =3
S PP —5pP+Tp-3=0e (p—3)(p-1)? :0@: :
X,=¢ci+tcy, n+cy3-3%cq,63,c3ERN=1NnEN
Forn=1:¢c;+c;+3¢c3=2

n=2.¢c1+9c;, +9c;=4,n=3.¢c; +3c, +27¢c3 =10

1 1 3\/4 2
=1 2 9 |[|[¢cz2]=1| 4
1 3 27/ \C3 10

2

11 3 : r2er27ri/1 1 3 2
. r3er3-—r1 .
<1 2 9 : 4 > ~ <0 1 6 : 2)

1 3 27 i 10 0 2 24 : 8
pyera_zr, (11 3 1 2
~""lo 1 6 : 2
00 12 : 4
12c;=4>c3 =
cs3 =3 =3

cq+6c3:q:>cq+6-§:q:>cq=0

ci+tc,+3c3=q=>¢,+0+1=q=¢;=1
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1
xn=1+§-3"= 1+3"1n=1p4,..

n—-oo

1
Q = lim |x2 <35 - 1> — X, logB]

1
= lim [(1 + 3n-1)Z. <31+3" T _ 1> (1+3"Ylog 3]

1 log 3
3k—1— K
1

K2

= lim [kz <3k - 1) k-log 3] = lim

k—oo

x=p  3*—1-—xlog3 ) ~ 3*-log3 —log3 ) _ 3*-1log?(3) log?3
= lim =1 =
x—-0t x2 (x) x>0t 2x (*¥) x-0* 2 2
(*): L'Héspital’'s Rule
Solution 4 by Remus Florin Stanca-Romania

Ifx; =2;x, =4;x3 =10; x,,,3 — 5x,,42 + 7X,4.1 —3x, = 0;n € N;n > 1 then find:

1
Q = lim <x$l <35 - 1> —x,In 3>
n—->oo

Xn+3 = DXpyz + Txnp1 — 3%, = 0> Xy 3 — Xpyp — X2 + 42X 01 + 3X549 — 3%, = 0 >
> (xn+3 - xn+2) - 4'(xn+2 - xn+1) + 3(xn+1 - xn) =0 (1)1
Leta, =x, —x,_1 (2);n=>2

1))
> Qpiz —4au42 +3a541 = 0> api3 = 4a,,2 — 30541

t; =3

—4t+3=0=>1t;, = {t -1
, =

I
aZZZ;a3=6
a, =9a+ =2
a; =27a+f8

2
:>18czz=4:>az:§:>[}:0:>an=2-3"‘2:>xn—xn_1=2-3"‘Z
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Xy — Xp_q =2 - 37F2

LA
3n—1
2

Sx,—x,=2" >x,=3"1+1

1
= Q=1im(3" 1! +1)2 <33"‘1+1 - 1> -(3"1+1)In3

n—-oo

1
lim (3*~1 + 1)? <33"‘1+1 - 1> -(3*1+1)In3 =

n—-oo
; 1 1

x-1 3x-131 3x-141 —
(3 +1) 33*1+1—-1)—-In3 , 3_ In3 + 1 — 33*1+1

= lim = lim 31+1

3x—1 +1 (3x—1 + 1)2
| s 3YIn3+1-3Y L'H _, 37?3y _ In?3 _ In23
Lety—mﬁﬂ—llmy_,oy—zg llmy_,OT—Tﬁﬂ—T
0

Solution 5 by Srinivasa Raghava-AIRMC-India
7x(n+ 1) — x(n+ 2) + x(n + 3) = 3x(n). This can be written as
3x(n—1) — 2 = 4x(n— 1) — 3x(n — 2). Comparing to the Lucas Sequence
x(n) =Px(n—1) — Qx(n—2)

And by the Inverse binomial transforms yields the generating function

1 : i i —1 ny — -1+n
3 (1_3x + 1_x) from this we can see that x(n) = 3 3+3")=1+3 and

lim <x(n)Z <3$ - 1> —log(3) x(n)) =

n—-oo

3 3 3
= lim <_3n—1 lOg(3) _ lOg(3) + 33¥37 — 2 x 311—1 +2x 3n+—3+3n—1 _ 3211—2 + 32n+—3+3n—2 _ 1)
n—oo

collecting log(3) terms and cancellation we have

lim <x(n)Z <3ﬁ - 1> — x(n) log(3)> = l°g;(3)

n—-oo

Solution 6 by Tobi Joshua-Nigeria
Given x,,3 — 5x,42 + 7xp41 — 3x, =0
Forming a cubical equation with x,, = a + bn + ¢3™ (1)
(a,b,c € R) and (n € N)
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w—-5u*+7u-3=0u=11,3

From(l)xn=a+bn+c3"thenx0=a+c=§
a+c=§ (1)
x1=2,a+b+3c=2 (2);x,=4,a+2b+9c=4 (3)
az; =10,a+3b+27c =10 (4)

1

Solving (1)-(4),a=1b=0,c =

w,=x, =1+ =1+3"1 (2

1
Q= limxﬁ<35—1>—xnln3

n-oo
1 1
— In3 — In9
<3xn—1>_? . <31+3 1>—W
= rlll—?.}O 1 2
(3n+1 + 1)
3"-1-nlIn3

Q = lim,,_,, — Using L’'Hospital’s Rule:

Q_ln31_ 3"—1_ln3(l 3)_anS_Q_anS
T2 a0 on 2 Tz BT

UP.187. Find:

Q = lim (Vm)4 - (V)
noe 2 (("*W)Z - (m)2>

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu-Romania

n+1
W( /(n+1)!4_1>

n\/ ni4

4 nJ(Zn—l)l!Z/nHJ(ZnH)”z .
n 2 \ "Jm

Q =1lim,

€y
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. Vnl* . nfnl| . (n+1)! n"4_
nl—>n;> n4 - nl—>n;> F - nl—>n;>(n+1)"+1.m -

. Ven-1)1 po t@r-D) L (@et D o\’
e nz (nbe | an T ale\m+ D 2Zn- D)

= (tim,.. 220 (1)) =2 @)

n+1 n+1
n+1 n+1
_ "Vt _ Ve
Letx, = e andy, = oD
. xn—l T n(xn_l)
lim,,_, i lim,, y— 3)
| m(emmo1)
limn(x, — 1) =lim—————=x, = limnlnx, =
n—-oo n—oo ln xn n—oo
n+1 n
Jn+1)H
= lim Inx? = Inlim x! = In lim <#> =
n-oo n—-oo n—-oo n!4
- "+ 1) _ (n+1)! _ n+1
= 41nllm—I =4Inlim —————=4Inlim ———
n-o n n- B (n+ 1) n! n-o B (n + 1)!

n+1
@™ 2 glne=4 4)

(n+1)! nn

n 4
=4In limn_,w% =4Inlim,_ \/% =4Inlim,,_

n(e™n —1)

A nOn =D =l =

‘Iny, =rlli_>n.}onlnyn=

i v e o — 1o gien [ V@D
B S S (2n —1)12 B
" (2n+ 1)4! 2n+ 1! 2n+1

=2Inlim——————=2Inlim =2Inlim ————

noe (2n— 1N e (2n - I @r+ D! oo " 2n+ 1)1

) 2n—1 o 22n—-1)n . @n+1)™1 2n -1
=2Inlim—————=2Inlim |——=2Inlim

oG-I mee [@u=DIT T e @+ DI 2Zn-1)"
=2Ilne=2 (5
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From (1)+(2) +(3) +(4) +(5)= @ = —
Solution 2 by Shafigur Rahman-Bangladesh

(n+m)4 _ (W)4

Q = lim =

" 2 (("*1/(271 . 1)!!)Z - (':/(Zn — 1)!!)2)
( 1 “ A
lim kn*‘ (n+1)* < —<§"++1)13i1> () )
- : a\
lim kn‘l (n+1)2 <n+1 ((32’;)3'_'1) —n? <n\/ (an;l 1)”> )

(m+1) \*
n+1

| —4

) pam(ie )"

Cn+1DI\* . 1\ 2n + 1\2
2 x 1 (n+ 1)nt1 !ll—{g(l_kﬁ) (n+1)
e | @n= D0
nZ

(n+1 ,—(n ” 1)!)4 B (W)4 "

~ Q= lim =

oo, (("*1/(271 n 1)!!)Z — (Y@n~- 1)!!)2) 2e?

UP.188. If m,p > 0; m = p; m,n —fixed then find in terms of m, p:

. ("V@n+ 1)!!)m - (Y @n- 1)!!)m
= 11m
n—-oo nm-p ((n+1 /(n T 1)|)p o (W)p)

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Marian Ursdrescu — Romania
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%(Zn DI [ (2n+1)u> _1]

N@n-1n

Q =lim,_ 1)

n+1

nm Wp[(inj;r 1)!> - 1]

m
L V@n- ni porj@n-n) ep @Dt wr \"
ot nm gl s nn T \nosmn+r D) 2n-Dn)

P
li Wp =1\ li n[n! CD. li (n + 1)' n" 3 —
nl—>n;> np - nl—>12> ; - nl—g!) (n + 1)"+1 . F -

_ . n \" 4 _ 1
= (tim,. (7)) =5 @
n+1 m m n+1 14
Let x, = ( ,/(2n+1)..) andy, = ( ,/(n+1)!)

"/(2n—-1)! i
lim,,_, y:_i = limn_,Oo "(x" 1) 4)
n(elnxn _ 1) .
llm n(x,—1)=lim——— = Inx, = limnlnx,
—00 n—-oo ln xn n—-oo

<"+1/(2n + 1)!!)"’)“ ~
"[(Zn— 1! -

= limInx} =In (lim xﬁ) =In <lim

n—oo n—-oo n—oo

= tn (VG Zn+ 1!
_mln<}lL11c>10 Zn D1 —mln<rll1_{?o(2n I n+{/m>

: <l 2n+1 > : <l' 2n—1 > il tim " 2n-1)»
=min|{im-———|=min|(ilim ———— | = min m |(-—

(2n+1)n+1 (2n-1)1
@n+1)!! (2n-1)"

n(e™ —1
Hm n(y, = 1) ‘Lan;%

=mln (limn_,Oo ) =mlne =m (5)

-Iny, :,lli_{?onlny" =

n+1/—(n+1)! r "_
71{/? =

n

= limIlny; = ln(lim yﬁ) = ln<lim <

n—oo n—oo n—oo
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=pln (limﬁ—'(n_'_l)!> pln(

(n+1)! n+1
lim =pln|lim —————
n-o n! noo ™/ (n+ 1)1 - nl n-oo My + 1)1

—pln(limn_,m,v%) =plne=p (6)

From (1) + (2) + (3) + (4) + (5) + (6) > @ = - %_%-zm-et’-m
P
UP.189. Find:
M) - (Ya)™ .
Q= limn_wo( m ) (mn) 'm € N,m - fixed.
(V@n—11)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Marian Ursdrescu — Romania

Yn!
"2n -1

= lim "!m (u (1) )mﬂ -1) @
IR TC Py R Vnl

i n i - n+1) @n-1)M\"
nees (2n 1)” nl—>n0}> (2n 1)” n—>00(2n+1)” nl

llmn_,c,o

Wm"'l . <<n+1 ,*(n " 1)!>m+1 ) 1)

Q =1lim

n—oo

:

2n+1)m = z_m @)

li Vn! I "n'cnl (n+1)! L
nl_{g) n - nl—>n;o}) nn - nl—mom n! N
_qs n \" 1
=lim,. (J7) =7 @3
n+1 m+1
Letx, = ( 1/(n+1)!)

R/nl

n(e™* — 1
llm n(x,—1) = llmg-lnxn =
—00 n—-oo In Xn
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limnlnx, =limlnx} =In (lim xﬁ) =

n+1 [ —— m+1\ " "
=In}| lim <M) =(m+1)In <lim M) =
M\ tim Y
=(m+1)In <,lll_,nolo %) =(m+1)In <rllL11.}o %)

= (m+1)ln(limn_m,v%) =(m+1)lne=m+1 (4)

From (1)+(2)+(3)+(4)=> 0 = -~ (m+ 1) ===

UP.190. If @y, by > 0;n 2 13 limy, o, 2 = @;limy, o 222 = by, b > 0

n

then find:

. (n+1)> n?
ﬂ = llm 2n+2 o 2n
e VAt bn+1 \Van - bn
Proposed by D.M. Bdtinetu-Giurgiu; Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu-Romania

n? . (n+1)3 . 2“,/anbn . )
n < n3 2n+2\/ an+1bn+1 1 (l)

Q=1lim,_.3

"a,by,

- nz
lim

2n
n—oo / n—oo
anbn

- (n+1)+4 q b, . o/m+1 na, n3b, n+1)*
= [lim . = [lim < ) . . .
n->0 Apyqbpiq nin n-o n Qny1 by +1 n3

limn << )3 R — 1> = lim n[xn — 1] =
2n+2
n-o n /a +1b +1 n—o

Letx, = ("+ )3 “anby
" n 2n+2‘/ ant+1bni1
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_n(emm—1) _ :
= lim ‘Inx, = limnlnx, = lim Inx? =

n—oo ln xn n—oco n—oo

n+ 1 3n 2n [a b n
=In (lim xﬁ) =In| lim ( ) it =
noee e n 2n+2\/ an+1bn+1

n+1
. anbn Y. an+1bn+1
lim

n—oo an+1bn+1

In e3 lim

n—-oo

\/ (f/anbn)n =In eg\/
n+\1/ (an+1bn+1)n

na,n3b, Y/ a,b,

=lne3 [lim 7
n-00 Ay 1bpiq n

In e3 1 lim by =Ined El lim Dus1bnss n
abn-w | nin abn>o (n+ 1)+ aq b,
1 a b n* n \i
=1 3 i n+l “n+l —
ne \/a et na, n3b, (n+1)* (n + 1)
= 3 /i cab-L=1n¢ = 2 —
=Ine — ab ez—lne =lne*=2 (3)
_ 2e?
From (1)+(2)+(3)= Q = T

Solution 2 by Remus Florin Stanca-Romania

3 3 2n
Q= 1imn_m2"7(("_+1) N L v“n%_l) (a)

n\/ anby, n 2\/ ant1bnia
4
et
. n . In{ 5 > . _\Dn) ¢101z Cesaro
lim =lime anbn/ = lime 2n =
n-oo 21 b n-oo n—-oo
ayby,

ln((n+1)4"+4 anpbn >

. nin ant1bni1 . (n + 1)Zn+2 anbn B
= lime 2 = lim 5 . =
n—oo n—oo nn an+1bn+1

n+ 1)*a,b nt a.b
= e? lim Mzezlim\/— (n+1)4 —2 2 =¢2

(n+ 1)4 . an+1bn+1

na, n3b, e? . (n+1)?

2

e
lim —r2=—>>lim = — (1
no® \Jge1 buit [ab n—co 2n+2 [ans1bni1 lab ( )
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1):2) ( n )Z.Z"”\/anﬂbnu _ 4

= lim -
noe 1 a,b,
(@) el
>Q0=lim—-n-
n—->0oo a

. <<n * 1)3 . Zn\/ anbn . ( n )Z . 2n+2\/ an+1bn+1 _ ( n \?2 2n+2\/an+1bn+1> —

n ) T fapabyy wr V)  Wab,  wrl e,

2 2 2n+2— 3
limn—>oo n <i1 - (L) . an+1bn+1) (3)

__ e

Vab n n+1 Zm
2n+2 2n+2
. n+1 n \% %@ 1bui) _ . n \2 22/ ay 1buit
llmn—mo n\——\—%) —n—— | — 1-— llmn_,oo ni\—) —p7—m— (4)
i Tanbn — anbn

n—>oo

lim (( il e [PUNTS 1) . (W L 1)z> _
n+1 2n /anb_n 2m ,_anbn n

2n+2 2
=1im, ., n <7 Vant1bni1 1) —lim,_,n (("T“) - 1) (5)

n—-oo

an—anbn
. 4 i 1bns1 . n+1\2
Iy =lim,_,n <—2n ;‘nbn“ — 1) and l, = lim,,_,, ((—n ) - 1)
ln2n+2\/ an+1bni1
e 2n f—anbn _ 1
2n+2
l — l- i . l V an+1bn+1
1= e w2 bra S Yo
ln< i1 n+1> a,b,
2n
a,b,
1 1
— 1 (@pi1bpi)2n72\ (api1bpi1)Znvz |
= limnln T = lim(n + 1) In g —
n-oo — n-oo 1
(anbn)zn (anbn)Zn

= lim lln <an+1bn+1 . 1 > — 1 lim In <an+1 . bn+1 . n4 > —
22\ @by a,b, Wb, Yanb,
eZ

= %(ln(ab) + rlllllolo In <1{/%>> = ln(\/cE) +1In <m> = In(e?) =

:>11:2
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. n+1\2 . n+1 n+1
L, =limn (—) -1 =llmn(——1)(—+1)=
n n n

n—-oo n—oo

©) <( n )Z . 2n+2\/ an+1bn+1 _ 1> — 11 — lz =

=2=limn
n+1 “fa,b,

n—-oo
4 <n +1 ( n 2 2n+2\/ an+1bn+1> _

=0 i =
= nl—g})n n n+1 Zn,anbn
1-0=1 @ Q e’ 1 Q e’
=1—-0= = = — = = —
vab vab

Solution 3 by Soumitra Mandal-Chandar Nagore-India

: b
“ntl = g and lim,,_,, = = b then
n n’by,

lim
n—-0oo na

CAESARO

i 2n a, - bn _ im nla, - bn STOLZ im bn+1 ) a,i1 ) 1 ] 1
(1+5) (1+3)
_ Vab _ *[a, b, (n+1)3
= letu, = —— T foralln €N
2n 2 2
. . ayb, (n+1) ( n ) u,-1
= . - e -n -
lim,_, . u, = lim,_, ) W2 \1em 1 hence e 1
n+1 6n
. n — . V an+1bn+1 1 1 1 n 4 _
limu; = [lim —————|1+—] -5 . . =e
n—oo n-oo (’n + 1) n n+1 bn+1 n+1
na, n3p,
- lim < (n +1)° n’ > = lim < n’ a1 lnu"> = e’
R — = . . n)l=—
e 2nJri/an+1bn+1 Zr\l/anbn n-oo \ 21 anbn In Un vVab
(Answer)

UP.191. Letbe: w = 3%, ——+——
[3\/ (n3+2n+1)]

n
i 1
2= im0 )

k=1

Proposed by Daniel Sitaru — Romania

; [*] - great integer function. Find:
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Solution 1 by Zaharia Burghelea-Romania

We have that forn > 1:

n<nP+2n+1<n®+2n+1+3n2+n=mn+1)3

:>n<3\/n3+2n+1<n+1:>[3\/n3+2n+1]=n

Using the above relation yields:

[e/e) 1 .
W= —:>Q=llmn<

. 1
_.512%11 :E: }—'—-Alg%1l:£:ZIi;;;i;—iji lln111 lp1(1l'F 1)

j=n+1

Where the trigamma function ¥, (x) can be asymptotically approximated as:

=t Lo

2x2  6x3 30x5 x6

It follows that:

Q=1 1 + 1 + 1 +0<1) =1
Tast\n+1 2+ 1?2 6(n+1)? nt)) =

Solution 2 by Marian Ursdrescu-Romania

Another approach: Obvious: [¥n® + 2n + 1] = n, because

n<\/n3+2n+1<n+1:>oo—llmz:kZ —

n—-oo

2 1
Q=1 w1 . 7—22:1p_
=limn (‘- 5] =lim o =
k=1 E

. . 0
and now, using Cesaro-Stolz lemma for 0

IE___ n+1_1___1£i n _1_ _ 1
= lim 6 Zk:lkz 6 +Zk:1k2 = llleZ: llmL: 1
n-oo 1 _1 n—mon—n—l n-on+1
n+1l n nn+1)

Solution 3 by Naren Bhandari-Bajura-Nepal

Observe that: n3 + 2n + 1 = n? (1 + niz + nig)
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Therefore: |[¥n3 + 2n+ 1| = [n <3/1 + 24 %)]
n n
For n = 1 expression above is 1 and using Fractional Binomial Theorem we have:

n(l + l(1 +i2 + 13) + ) vn > 2 and the floor value we have
3 n n

[3\/n3 +2n+ 1] = n. Thus

01 2 1\ 1(n? Z":1
(-3 )45 32

k=1 ﬁ k=1

we have the limit 9 form so by Stolz — Cesaro Theorem

n+1
Q = i li n(n"'l)_
Tame 11 Z K2 Z K2)  nos(n+1)Z

n+1_ﬁ k=1

UP.192. Find:

Q = lim

n—>oo

=
[y

—F—F—— | —2log(2n+1
T kp 0g(2n +1)
k=1 p+1

{+} =+ —[*]; [*] - great integer function.

Proposed by Daniel Sitaru — Romania
Solution 1 by Yubian Andres Bedoya Henao-Colombia

n

Q=1li ) 2m@n+1)
_nL‘?oz ” {kp} T emian

Pl \&k=1|p+ 1

k—m

n
= lim z
n—->oo
=\ 2|

} —-2In2n+1)
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= 1
pZ( il{l—,,f1}>_2m(2n+1)

1 =1
—————|-2In(2n+1)| = lim 22——21n(2n+1)
_p(p+1) n—oo _lp

P 2(p+1) p=

=1 2n+1
=21lim Z——ln(n)—ln( )]
n-oo P n

[p=1

= lim

n—oo

p=1

n
= lim z
n—-oo

Q=2(y—-1In(2))
Solution 2 by Kamel Benaicha-Algeirs-Algerie

Q= rlllllolo (i#kp}_ 2In(2n + 1))

P=lli=11p+1

p-1

P
S(p) = kzﬂ{%} _ ; {(p s)p(11+11 1)}
p-1

p-1
. _ s+1) 1 1 (p(p-1) 3
"S(p)_z{p_l_s+p+1}_p+1;(s+1)_p+1< 2 +p>_

s=0

_p(p+1) p

T 2(p+1) 2

2= 21m (z Lz 1>> = (m ((Z% - m(n>> ~timn (1 1)))

= 2(y — In(2)), where y is Euler — Mascheroni’s constant.

1

rlll_To (i Tkp} —2In(2n + 1)) =2(y —In(2))

P=lli=11p+1
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UP.193.
) = /3 +1
w(n) = "1_[ -1
i=2
Find:
1
0 = tim [ w2 (1+ =) " - w2(n) cos )
_nl—>no1o w-“(n w(n) w~“(n)cos wz(n)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

/By D@ —i+1)
“’(")_"1;[<ﬂ>_"'i:Z(i—1)(i2+i+1)_

334 7 (n+1) n*-n+1_

_ (n+2) 3 — (1) 3 _3n*(n+1)
_n.(n—l)!.n2+n+1_nn M in+1 m2+n+1

1
1 1
Q = lim w?(n) [(1 + —))w(n) — cos —] =
n—->0oo

— 0

w(n w?(n)

1

(1 + 1 )W — cos _1
) w(n) w?(n)
lim
n—-oo 1 \ =
w?(n)
Let 1 0
=x -
e @) X
(A +x)*—cosx* . (1+x)*—1 _ 1-cosx?*y
Q =lim =lim——+lim———— =
x-0 xZ x—-0 xZ x-0 xZ

= lim [ 1+x}+lim—=

x>0 2x x—-0 2x

ln(1+x)+ 1 + lim sin 22 =
2x 201+ x)|  adoo X =

=lim(1 + x)*
x-0

N| =
.|.
N| =
1
[ExY
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Solution 2 by Srinivasa Raghava-AIRMC-India

_ i’+1 (l+1)(l —-i+1)
w(n) = nl_[l3—1 (l D@2 +i+1)

i=2

— n _2(i+2) 2 __ 3n%2(n+1) . . L
=n Hi:Z( 3(@+ir1) + 36-1) + 1) = Y(atine1) (partial fraction decomposition)

Now, if we observe the limit
1

21, 1 a(n? +n+1)°
2 2 3Gztarn) 4 2 anvn+l)
[t 1 (gt 1t my) Y m( ot + 17
~ale 4(n2 +n+1)>2 B 4(n2 +n+1)2

By convergence ratio test, we can see that:

. 1\ _ . a(n2+n+1)"\ _
lim,,_,, cos (—w(n2)> = lim,,_,, cos <—9n4(n+1)2 > =1 (A

2 2 +1)§(niz+ﬁl1)

302 3(n+1) =1 (B)

lim,,_, (

By filtering the common terms and in the view of A & B we obtain:

rlllllolo (w(n)Z (1 + ﬁ)w(ln) —w(n)? cos (ﬁ)) =1

Solution 3 by Naren Bhandari-Bajura-Nepal

Given
=[]
(1+1)(l —l+1) 1+1 i“—i+1
—1)@+i+1)| '_1”_[['Z+l+1]
) _ [n(n+1) 3n*(n+1)
..w(n)—n[ ][n2+n+1] 2(n* +n+1)
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Let @, =lim,_ | ® < 2(n) (1 + %)“‘”)

_ lim exp <Z(nZ +n+1) In (9(n4(nZ +n+1) N 3 (nz(n + 1)))) 0

n-oo n2(n+1) 4(n?2 +n+1)2 2(n2+n+1)

and Q, = lim,,_,, w?(n) cos (wz;(n))

oot +1)? O ((-1)k4n? +n+1)2\ _ 9nb
~4(n2 +n+1)2 ;( 9Int(n + 1)2(2k)! > ~4ns |1
- n

ThereforeQ=Q, +Q, =1

2

1+1
i 1 1-0=0
+ S+

nz n3

UP.194. Let a, b be two real numbers with 0 < a < b. Calculate the next

limit:

n—oo
a

b
_ n a-+2b\"
lim (—x+a+b)"+< 3 ) + x"dx

Proposed by Vasile Mircea Popa — Romania
Solution by Kamel Benaicha-Algeirs-Algerie

Q=lim, .. |, J(a+b—x)"+((“””)) +xrdx/0<a<bh

Let be (a, B, 4) € R:3 and let be & = max(a, B, 1)

1

e+ 2030 (9 + (8 + () =0

(i ()" 2+ (2)) = 1) ren:

On[a 2a+h [ max(a+b X, a+32b;x)=a+b—x,

Za+b a+2b
on [

[ max(a+b—x

On [a+2b ]max(a+b xa+32b,x)=x,

a+2b __a+2b
X | = 3
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b+2a a+2b

3 3 b
a+2b
:-QZf (a+b—x)dx+ 3 f dx + fxdx
a b+2a a+2b
3 3

b2-a? 1(/b+2a\* )\ a+2ba+2b b+2a\ 1( , (a+2b\’
(Y ) R e (45
3  2\\ 3 3 3 3 2 3

_bz—az_(b—a)(5a+b)+(b—a)(a+2b)+(b—a)(a+5b)

3 18 9 18
_(b—a)(2a+7b)
B 9
b
n a+2b)\" b—a)(2a+7b
n—+oo 3 9
a

UP.195. Calculate the integral:

fxz In(x + 1)

————dx
xt—x2+1

0
Itis required to express the integral value with the usual mathematical

constants, without using values of special functions.
Proposed by Vasile Mircea Popa — Romania

Solution by Zaharia Burghelea-Romania

dx

o rox2In(1+x)
Denote: I = [ ——5—

We now split the integral from [0, 1] to [1, o) and in the second integral we

substitute

X = i in order to arrive at:
(2In(1+x) . (In(+x) -1
x*In(1+x n(l1+x)—Ilnx
I=f dx+f dx

xt—x2+1 xt—x2+1
0 0
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B 1(x2+1)ln(1+x) fl Inx
~| =

xt—x2+1 —x2+1
0 0

dx=1,—-1,

In I; substituting x = % = dx = ——— dt we get:

e t)2

I, =
0

1 1
(x? +1)ln(1+x)d B 4f(tZ +1)(In 2 —ln(1+t)) Qs
*—x2+1 T t*+ 1422 + 1

1
4t \ |1 t?+1
[ —_— - +
1—t2)|0 4ft4+14t2+1ln(1 t)dt

0

—ln2—(2+\/_)f n(+0) dt+f In(+0
2+ (2+3) ) (2+v3) 2 +1

= In 2 arctan (

1 0o 1
In(1+¢ In(1+1¢ Int
f n(1+?) Zdt:f n(1+?) Zdt+f =
e @evE) | er@evE) | (@eE) e

1
In(1+¢) Int
—1 V3 d d
:>11 n2-— (2+ )<ft2+(2+\/_) t+0f(2+\/§)2t2+1 t>

Substituting ¢ = (2 + v3)x respectively (2 +/3)t = x we get:

2+v3 X
—Tin2— fln(1+(2+f)x) f l"<2+\/§)dx
T2 1+ x2 1+ a2
0 0

ln(l +(2+ \/_)x) _ 7\5 In(x) p

1+ x2 1+ x2

/4
= Eln 2+ ln(2 + \/§) arctan(x) |2 +0‘/§ — f

= Elnz +—ln(2 ++3) - (]1(2 +V3) +J,(2 +\/§))

Ooln(1+ax) , r x
’1(“)ZIW“"”’(“):](1+x2)(1+ax)dx:

0

(00 (00

_ a f 1 f )d _
T 1+ a? 1+xZ 1+aZ 1+2a2 1+ax =
0 0
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o a 1 <v1+x2>oo_1r a Ina

= . + = _. —
2 1+a2 1+ \1+vax JI0 T2 1+a2 1+ a2

2443
b4 a Ina )
a

J1(0) =0 = J3(2+V3) = f E

2 1+a2 1+a?
0

2+V3 2+V3 2+v3

a Ina Ina
11(2+\/§)+12(2+\/§)—f T azda—f —1+azda+f T zda
0 0 0
2+y3
a
:>IZ—Eln2+—ln(2+\/_)+—f 1+a2da—
0
2+\/__

ZEan +—ln(2 +\/_)+—ln(1+a2)

:Eln2+—ln(2 ++/3) +—ln (4'(2 +‘/_))

1
(x*+1)In(1 +x)
xt—x2+1

dx = ZIn(2+V3)

:>11:
0

1 . 1
1+ x?
I, = Inxdx= ) (-1)" | x°*(1 + x?) Inx dx
+ x6
0

1
0 n=0
- 1 - 1 1
k - _ - — _1\n+1 +
f" Inxdx=-m—Ty2 =L Z)( 1) ((6n+ D2 len+ 3)2)
0 n=

- (—1)n - (1"
S e () (D)
(n+D) i

1 1 1
+ +
Z(3x+k)Z z 3k\2 3k + 1\2 3k + 2\2

B\ 8 (o B (e 2

= 99;(3x) = P, (x) + ¢, (x +%) T (x +§)

And using: ¥, G) =n? + 8G, P, G) =mn?-8G
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o1 (3) =1 () 1 () 1 () = (5) + a () = o+ w0

2

With the reflection formula: ¥;(x) + ¥,(1 — x) = prcrmmedl il have:
5 7 ? 5 7
PR [ e —_ ] = — 2 — R
V1 (12) " (12) S (S_n =¥ (12) 42 -V3)m* — (12)
sin 12)

=P, (%) +4(2 -V3)n? -y, (1—72) = 8n2 + 806G >

1 7
“V_w. (L) = 2 4
= Py (12) P, (12) 4312 + 80G
1 G 2 2
I,=—— (4312 +806G) —~= ———— =G
2 =~z (437 )75 12V3 3

T T
=>I1,—I,=1==In(2 +V3) + G
ro g n ) 12v3 3
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



