Number 14

M M

ROMANIAN MATHEMATICAL MAGAZINE

Founding Editor

DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

SOLUTIONS



M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by

Daniel Sitaru — Romania
Hoang Le Nhat Tung — Hanoi — Vietnam
Marian Ursdrescu — Romania
D.M. Bdtinetu-Giurgiu — Romania
Neculai Stanciu — Romania
George Apostolopoulos — Messolonghi — Greece
Marin Chirciu — Romania
Nguyen Viet Hung — Hanoi — Vietnam

Vasile Mircea Popa — Romania



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solutions by

Daniel Sitaru — Romania,Srinivasa Raghava-AIRMC-India
Tran Hong-Dong Thap-Vietnam,Soumava Chakraborty-Kolkata-India
Amit Dutta-Jamshedpur-India, Minh Tam Le-Vietnam
Marian Ursdrescu — Romania,Le Ngo Duc-Vietnam
Sanong Huayrerai-Nakon Pathom-Thailand,Michael Sterghiou-Greece
Soumitra Mandal-Chandar Nagore-India,Bogdan Fustei-Romania
Mustafa Tarek-Cairo-Egypt,Ravi Prakash-New Delhi-India
Abdul Hafeez Ayinde-Nigeria,Pedro Nagasava-Brazil
Dawid Bialek-Poland,Remus Florin Stanca-Romania
Tobi Joshua-Nigeria,D.M. Bdtinetu-Giurgiu — Romania
Neculai Stanciu — Romania,Serban George Florin-Romania

Sudhir Jha-Kolkata-India



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
JP.196. Let a, b, ¢ be the sides in a triangle such that abc = 1. Find the

minimum value of;

a N b3 N c? +3(ab+bc+ca)
W3 +c3-1 Y3+a3-1 Va3+p3-1 a®>+b>+c?

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

 (a, b, c —the sides of a triangle) =

AM—-GM 3, .3 3,.3
3 b’ +c°-1+1+1 b°+c’+1
>yY1-1-(BB+c3-1) < 2 =

(etc)

4

a Schwarz

a3 a3
202 ) me23) 73 ) ac v a
- (a® + b? + ¢2)?
~ 7 (ab3 + ba3) + (ac3 +ca3) + (bc3+cb3)+a+b+c
~ (a® + b? + ¢2)? ~

_3.ab(az+b2)+ac(b2+c2)+bc(b2+c2)+a+b+c_

a?+b%+c?
ab+bc+ca

We need to prove: Y =3 - (. abc=1)
& (ab + bc + ca)(a® + b* + c?) = [ab(a? + b?) + ac(a® + c?) + bc(b? + ¢?) +a+ b + c|
& ab(a? + b?) + be(b? + c?) + ca(a? + ¢?) + abc(a+ b +¢) =

[ab(a? + b?) + ac(a®? + c?) + bc(b? +c?) +a+b+c]l &

abc=1
o abcla+b+c)=a+b+c & a+b+c=a+b+c (true)

a’ + b? + c?

S0>Y=3 ——
- ab + bc + ca
a? + b% + ¢? ab + bc + ca AM-GM
>T=>3: +3- > 2v3:-3=6
ab + bc + ca a2 + b? + c2

abc=1

a:b:c>o<:>a=b=c=1

= Tin 26@{

Solution 2 by Soumava Chakraborty-Kolkata-India
_ a’ 3%ab _
T—Zg b3+c3—abc+ . a? (+1 = abc)

b3+ c® —abc>bc(b+c)—abc=bc(b+c—a)>0=>b3+c3>—abc>0
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Similarly, ¢3 + a3 —abc > 0,a3 + b3 —abc >0
3

Z a Z a3 G=A Z 3a3
= < _—
Vb3 + 3 — abc Vabc - abc(b? + ¢3 — abc) b? + ¢3 + abc

B a? Bergstrém (Z aZ)Z B (Z aZ)Z
=3 Z ab3 + ac3 + a2bc - Y(ab3 + ac® +a?bc) " Y ab(a? + b?) + Y a’bc
_ (X a?)? B 32 a?)? _3XYa?
T Y abQa? —c2)+Yatbe (QCab)Ca?) -Yabc:+Yatbc Yab
al 3Yab 3Ya* 3YabAa-c
= > >
ST ) et v Yab T v = 0

& Thin =6 (equalityata=b=c=1)

JP.197. Solve for real numbers:

63/2x2 — 2x + 1+ 43/3x3 — 2x* =225 — 5x + 13
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Amit Dutta-Jamshedpur-India

2x2-2x+1>0 {-A <0}
3x3 — 2x* > 0 {Domain}

2x*—-3x3<0; x3(2x-3)<0; x(2x—-3) < 0;

xelod| @

(2x%?-2x+1)+1+1

Now, using GM< AM: {/(2x2 —2x+1)-1-1< .

67/ (2x2 —2x+1)<4x* —4x+ 6 (2)
Equality holds when (2x2 —2x +1) =1 (a)

Again, using GM<AM: {/(3x3 —2x%) - 1-1-1 < (%)
= 43/(3x3 — 2x*) < 3x® — 2x* +3) (3)
Equality holds when 3x3 — 2x* =1 (b)

Now, adding (2) and (3):

632x2 —2x+1+4Y3x3 — 2x* < 4x% —4x +3x3 — 2x* + 9
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2x5 —5x+13 <4x%2—4x+3x3-2x*+9

2x5 +2x* —3x3 —4x? —4x+4<0; (x —1)?2(2x3+ 6x*2+7x+4) <0
From(1),x € [0.%] = 23 + 622 +7Tx+4) > 0= (x— 12 < 0= (x—1)> =0
x =1 (c). From (a), (b), (c): we have only one real solution i.e. x = 1.

Solution 2 by Minh Tam Le-Vietnam

\/;_a(a,bZO).

Let -
Jy=b
We have a® + b°® = ab(a* + b*%)
AM—GM
5a®+b® > 6a°h
AM—GM
5b®+a®> > 6ab®

Ifx =y,61/2x% — 2y + 1+ 4/3x2y — 2x* = 2y° — 5,/xy + 13

>a=borx=y

But = a®+ b® > ab(a* + b*)

& 63/2x2 —2x+1+43/3x2 — 2x* = 2x5 — 5x + 13

B . = AM-GM )
LHS=2-3V2x2 —2x+1+4yx2-x(3—-2x) < 22x*-2x+1+1+1)+

=x*+x+1+3—-2x=5x2—-5x+10

AM-GM
=

RHS=x*+x5+1+1+1—-5x+10 5x% —4x + 10

So, the equality holdsifx =1 =y =1.Hence, x=1and y = 1.

JP.198. Prove that in any AABC the following inequality holds:
min(a?, b?, c?) < 4r(R + r) < max(a?, b?, c?)
Proposed by Marian Ursdrescu — Romania
Solution by Soumava Chakraborty-Kolkata-India
min(a?, b?, c?) (2 4r(R +71) (;) max(a?, b?, c?)

2 5

max(a?, b?, c?) > >4r(R+r) e s —4Rr—-r2>6r(R+7)

© s2 > 10Rr + 7r?*  (s? — 16Rr + 51%) + 61(R — 2r) > 0 - true

Gerretsen Euler

~§2—16Rr+5r> > andR-2r > 0 .- max(a?b?c?)>4r(R+71)
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Now, 4-T(R 4+ T) — 411_IJAL'(A) 4+ ﬁ __ abc 4+ 4(s—a)(s-b)(s—c) (:l) (x+y)(y+2z)(z+x)+4xyz
s

s2 s s x+y+z

Lettings—a=x,s—b=y,s—c=z.s=)xand~a=y+zb=z+x,c=x+Yy.

Case 1: min(a? b%,c?) =a* - (1) o (y+2)* < W%l’i(xm (by (i)

(1a)
o xly +x2z+4xyz > y3 + 723 +2y%z + 2yz°

va?<b?.y+z<z+x=>x=>yandva’<ct-.y+z<x+y=Sx>z
wxty>2y3Cox>y) x?z>23 (x> z)
2xyz > 2y?z(- x > y) and 2yzx > 2yz% (- x = z)
Adding the last 4 inequalities, (1a)= (1) is true.

Case 2: min(a? b?,c?) =b* - (1) & (z+x)? < 4xy2+211(x+y)

(1b)
& y2x +yiz+4xyz > 2x%z+ 2xz% + x3 + 23

-+ b?% < a? czZ+x<y+z=>y>xand~ b2 < ¢2 NZtX<X+tySYy>Z
ny > x3(... y > x),yZz > 23 ( y> x)
2xyz > 2x%z( y > x),2xyz > 2x2%(~ y > z)
Adding the last 4 inequalities, (1b)= (1) is true.

4xyz+[[(x+y)

Case 3: min(a? b%,c?)=c* - (D)o (x+y)?> < Sx

(10)
& xz2 +yz? +4xyz > 2x%y + 2xy* + x3 +y3

vct<atix+y<y+z=>z>xandvwc2<bPix+y<z+x>z=>y
wx22>x3(rz2x)y22 > y3 (v z>y)
2xyz > 2x%*y( z > x) and 2xyz > 2xy?(~ z > y)
Adding the last 4 inequalities, (1c)=(1) is true.

Combining the 3 cases, min(a?, b?, c?) < 4r(R + r) (Proved)
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JP.199. Let SABCD be a pyramid with the base ABCD parallelogram and E

any point which belongs to the side SC such that: :—i = k. Through the vertex

A and the point E we consider a variable plane which intersects the segment

SB in M and the segment SD in N. Prove that:

Vsagmn - 2k?
Vsapcp k+1

Proposed by Marian Ursdrescu — Romania

Solution by Marian Ursdrescu — Romania

5

Vsapcp =V

|74
Vsapco = Vsepe = Vsacp = Vsape =

N |
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Vsane _ SN Vsane _ k SN
vk e @
B = e S s =202

v k
From (1)+(2)= —s”'f"“" =3 (53 ) (©))
Vsanm _ SM SN
v =5 sp A

SSENM —k- SM SN (5)

E SB SD
VsSAEMN k+1 SM SN
+(5)= “SAEMN — Z2- . o= 2
From (4)+(5) " > <5 sp (©)
2
From (3)+(6)= Vsaemn _ E(ﬂ_F ﬂ) k.o SM SN _ k Vsagmn 2 _ Vsagmn > 2k
|4 2 \SB SD SB SD |4 k+1 |4 k+1

JP.200. Let be f: R — R such that:

2 2
fx)+ f(y) = 2f x;y ' (V)x,y €R

Prove that:

2 4 42 4 g y2
12 2l (V)n>2

n

f(x1) + f(xz) + -+ f(x,) = nf jx

(W)xq,x9,...,x, ER
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania
We prove by induction: I. P(2): f(xq) + f(x3) = 2f< fm> (V)xq1,x, €R (true)

Il. Let P(2),P(3),...,P(n — 1) true.

2 24 ... 2
x1+x2+ +xn>

P(n):f(xl)+f(xz)+"'+f(xn)an<\/ n
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Casel.If n =2k

Q) + fag) + -+ f () 2 kf ( j"i ik - xi) (P(3) = Pl true)

2 2
f(xpsr) + -+ f(xz) = kf (\/xkﬂ "‘k + x2k> (P (g) = P(k) true)

= f(xl) + ... +f(x2k) >k [f( /x%+k+xi> + f< /xi+1+l.c..+x%k>] (1)
From (1)+(2)= f(xy) + -+ f(x3) = 2kf< f%)

Casell. If n = 2k — 1 = we prove the relation forn = 2k =

2 4 .2 2
Xptxpt+-+ x2k>

f(xg) + f(x) + o+ fag_q) + fxg) = 2kf<\/ 2k

=

2 .2 2
xF+xE+ g,
Let x5 :\/ 1 ZZk—l 2k=1 in relation (3)

2

2
Flx) +f(xy) + o+ flag_1) + f (\/xl +2k i ’;Zk-1> >

2 2 2

/ x2+x2+--+x \
2 2 4 .. 2 1 2 2k—1

\/x1+x2+ +x5,4 +

> Zkfk T 2k—1 ) .
2 4 .. 2 24 .. 2
0 + -+ fppa) +f< jxl = fk) > 2kf ( j"l = ’1"‘) S

2 2 4.4 42
fxg) + -+ fxg_1) = 2k — Df (\/’“ * xzzz_ : ka—1>




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
JP.201. If x,y,z > O then:

(x+y)  O+2)?  (E+x)
x+y+2z y+z+2x z+x+2y

> 2./3xyz(x +y +z)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Amit Dutta-Jamshedpur-India
x 3
Let P = Ycpe(xyz) (xfz)%y()ym Now, let(x +y) =p,(y+2) =q.(x+2) =1

3 4

p p Bergstrom (pz + qz + rZ)Z
= = ; =
P z q+r z pq+pr' ¥ 2(pq + qr +pr)
cyc(p.q.r) cyc(p.qr)

2 2 2
A
pZ(—

5 >{...p2+q2+r22pq+qr+pr,vprquER}

1
pZE{(x+y)Z+(y+z)Z+(x+z)Z}; p=>(2+y2+z22+xy+yz+xz)

p=>2(xy+yz+xz) {-x*+y2+2z2>xy+yz+2xzVx,y z€R}
Now, since we know that: a? + b? + ¢ > ab + bc + ac,Va,b,c € R
(a+b+c)?>>3(ab+ bc+ac).Puta=xy,b=1yzc=xz

(xy +yz + x2)* > 3xyz(x +y + z)

(xy +yz +xz) > /3xyz(x +y +2z) (1)

+ p = 2(xy + yz+ xz). Using (i): p = 2,/3xyz(x + y + z) (Proved)
Solution 2 by Le Ngo Duc-Vietnam

+y)3 Holder 8(x+y+2)3
(x+y) 0_97' (x+y+2z) :_(x+y+z)2
xX+y+2z 3-4x+y+2z) 3

cyc

We need to proveg(x +y+2)?>2/3xyz(x+y+2z)

(x+y+2)*
9
Which is correct by AM-GM. Inequality holdswhen x =y = z.

>3xyz(x+y+z)o (x+y+2z)>3>27xyz

Solution 3 by Soumava Chakraborty-Kolkata-India

Letx+y=a,y+z=bz+x=c~a+b>cb+c>ac+a>b=a,b,c
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are sides of a triangle with semi — perimeter, circumradius, inradius = s, R, r

respectively (say). Now, 2 x=Ya=2s=>)x=s=>z=s—a,x=s—by=s—c

3 (1)
Using this substitution, the given inequality becomes: }; ﬁ > 2,/3r2s(s) = 2V/3A

WLOG, we may assume a > b > c. Then, a? > b? > ¢? and ﬁ =2 —b
a3 Chebyshev 1
> 52 Q5
b+c b+c
Ionescu
Nesbitt 2 Weitzenbock
1 3 4/3A
> coXat= za > L = 2+/3A = (1) is true (Proved)

2

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

Cae) N ae) M A
(x+y+2z) (y+z+2x) (z+x+2y) -

For x,y,z > 0O, we get as follows:

_ (x +y)* (y + 2)* (z+ x)*
TG+ y+2) Gro)y+z+2x)  G@ra)(z+x+2y)

[(x +y)* + (y +2)® + (z + x)*]?
S NGty 20+ r)yrz+ 0+ @r0Erx+2y)

[+ y+2)2+x2+y* +2%]?
C2[(x+y+2)2+ (xy + yz + zx)]

Syt (P ryt4 2t 2(x+y+2)°

> 2 > 3 > 2,/3xyz(x +y + z)

If%(x+y +2)* > 4(3xyz(x +y + 2)). 1 fm

= 3xyz ok.
Therefore, itis true.
Solution 5 by Tran Hong-Dong Thap-Vietnam

3
+
(x+y)” >
x+y+2z  y+z+2x  x+z+2y

By Holder’s inequality:

(y+2)3 + (x+2)3 >l[(2x+2y+22)3]
3L 4(x+y+2)

_ 20x+y+z)* _ 2 2 .2 2
= et ; (x+y+2)%. Wemust show that: S (x + y +2)? > 2/3xyz(x + y + 2)

e x+y+2)?2>23/3xyz(x+y+z) o (x+y+2)*>27xyz(x +y + 2)

& (x+y+z)3 > 27xyz (true by AM-GM)
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Solution 6 by Michael Sterghiou-Greece

3
Xy,2>0-%, ,f:f)zz >2,/3xyz(x+y +z) (1)
_ -3

= 0<t<3
3+t

(1) homogeneous so, WLOG, let x + y + z = 3. Consider f(t)

2(3-t)(t?+12t+63)
(t+3)2

f”(t) —

> 0for 0 <t < 3.BylJensen:

_1)3
LHS (1)>3- % =6 > 2,/9xyz — xyz < 1 which is true by AM-GM as long as

x+y+z=3

JP.202. Let a, b, c be positive real numbers such that
a? + b? + c¢* + 2abc = 1. Prove that:
a3 b3 c? 3
+ + > —
V2b2% + 16bc + 7¢2 V2c2 + 16ca+ 7a2 V2a?+ 16ab + 7b%2 20
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Tran Hong-Dong Thap-Vietnam

AM-GM 25a? + 2b% + 16bc + 7c?
J25a2 -\/2b2 + 16bc + 7c2 <

2
25a% + 2b% + 16bc + 7¢*
& \a?-\/2b%2 +16bc+ 7¢% < 0
a3 _ at 10a*
D ieerd Ve irieerd = e rdeiehe (o0
LHS a3 10 a4' Schwarz
= = > >
z\/ZbZ +16bc + 7c2 z 25a% + 2b%2 + 7c?2+16bc
. = >
34(a? + b% + c2) +16(ab + bc + ca) 17(a? + b% + c%) + 8(ab + bc + ca) —
@ ab<x a®) 5(a? + b? + c2)? _5(a®+b*+c?)? _ a’+b®+c?
= 17(a? + b% +c?) + 8(a? + b2+ %) 25(a?+b%+c?) 5 B

- Because: a2 + b2 + ¢?> + 2abc =1
= JAXYZ suchthat:a =cosX;b =cosY;c=cosZ

=>a?+b*+c?=cos?X+cos?Y +cos*Z
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:3—(sinZX+sinZY+sinZZ)23—2=§(':Zsinzxsg):>LHSZ92121.
VI 4 45 20

Proved. Equality @ a=b=c= %

2

JP.203.1fa, b, c > 0: ab” - b - ¢** = 1 then:

b2 (3/aa+b+c _ a%/m) + c2 (3/ba+b+c _ ,ﬂm) + a2 (3/Ca+b+c _ CW) >0
Proposed by Daniel Sitaru-Romania

Solution by proposer

z b—z . aa+g+c _ z b—z . aa+g+c_m+m -
aZ+bZ+CZ aZ+bZ+CZ -
CEBYSHEV 1 3 a+b+c 3
2, ,Vabc 2. —3abc
= (a? + b?% + ¢?%)? (zb a )(zb a s )
a+b+c 1 3 at+b+c 3
2, - - 2, 4Vabc 2 —Vabc
Z(b @3 )2a2+b2+c2(zb @ )(Z”“ ’ )2
_ a? +b? +c2 b
AMZGM (z b2 . ag‘/m) . o \](abz - be* . caz)a+3+c_m =
3 a®+b%+c% [ giptc 3 3
:(sz-aW)- 13 —WZZ(bz,aW)
+b+
Z(bz-aa 3 C)ZZ(bZ-ag‘/m)

S e (a5 - 015) 20

bZ (3 aa+b+c _ a3\/abc) + CZ (3/ba+b+c _ b3\/abc) + aZ (3 ca+b+c _ c3\/abc) >0

JP.204. In AABC the following relationship holds:

COSéCOSE COSECOSE COSECOSé
2°057 055087  0%2%%%7 _
t g t a t B
anz anz anz

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

Bergstrom
_ s(s—a) |[s(s—b) ab _vS_ 1 9 _ 9
LHS_Z\] bc \] ca \](s—a)(s—b)_zc_sza = Za_2>n

(Proved)

JP.205. Let a, b, ¢ be positive real numbers. Prove that:

at+bp* 2\/b*+c* 2\/c*+a* 2 (8)
- )+ D)+ ) > (=
ct 3 at 3 b* 3 3

3

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Marian Ursdrescu-Romania

3at+3b*+2c%)(3b*+3c*+2a%)(3c* +3a*+2b* 8\3
We must show: ( X X ) > (—) S
33.q4ptct 3

(3a* + 3b* + 2¢*)(3a* + 3c¢* + 2b*)(3b* + 3c* + 3a*) = 2%a*b*c* (1)
3a* + 3b* + 2¢* = a* + b* + 2(a* + b* + ¢*) > 2a%b? + 2(a®b? + b%c? + c%?a?) >
> 2a%b? + 2abc(a+ b + ¢) = 2ab(ab + ac + bc + ¢?) (2)
From (1)+(2) we must show:
23a%b%c%(ab + ac + bc + a?)(ab + ac + bc + b?)(ab + ac + bc + ¢?) > 2°a*b*c*
& (ab + ac + bc + a?)(ab + ac + bc + b?)(ab + ac + bc + ¢?) > 2%a*b?c? (3)

ab + ac + bc + a?® > 4V a?b?c?
But ab + ac + bc + b? > 4Va2b*c2 | =
ab + ac + bc + ¢* > 4V a?b2ct

= (ab + ac + bc + a?)(ab + ac + bc + b?)(ab + ac + bc + ¢?) > 2%a?b?*c? = (3) it
is true.
Solution 2 by Amit Dutta-Jamshedpur-India

at+p* 2a%p?

v a,b,c>0.UsingAM = GM,—— = —;

at+bp* 2 2a’b? 2
+—|> +—
ct 3 ct 3

<a4+b4 2> <2azbZ 2> 2 a’b?* 2a?b* 2a?’b* 2
+—|> += 25- + + +=

ct 3 ct 3 ct 3¢t 3¢t 3
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3
- 2 (a?b? . a’b? . a?b? 1 AM_GM 2 a (ab)2
~ 3| ¢t ct ct - 3 c3
4 4 ( )E
a*+b 2 8 (ab)2
(-+3)z %% @
3
. bt+ct 2 8 (bc)2
Slmllarly,( v +§) 23 3 (2)

ct+at 2 8 (ac)2
( p* * 3) 2 3 ©)

Muttiplying (1), 23, @) (%5 + ) (%5 +5) (5 +9) = () (G} 2 ()

a

Proved. Equality whena = b = c.

Solution 3 by Soumitra Mandal-Chandar Nagore-India

HOLDER'S 3
a*+ b* 2\ INEQuALITY |, a* + b4 2 g 2\3 8\3
+ — > + — > +=] ==
1_[< ct 3> - 1_[< ct > 3 _( 8 3) (3)
cyc cyc
Proved.

Solution 4 by Tran Hong-Dong Thap-Vietnam

[3(a4+b4)+2c4][3(b4+c4)+2a4][3(a4+c4)+b4] > f
33(abc)* — 33

=N 1_[[3(a4 + b*) + 2¢*] > 83(abc)*

cyc

Inequality

v 3(a*+b*) +2c*=3a*+3b*+2c* =a*+a*+a* + b*+ b* + b+ c* + ¢*

AM-GM

> 8Y(a?)3(b*)3(ch)? (etc)

- 1_[[3(a4 +b*) +2¢%] > 8- 8- 8%/(a?)B(b*)(c*)® = 8%(abc)*

cyc

Proved. Equality @ a=b = c.
Solution 5 by Soumava Chakraborty-Kolkata-India
Leta* +b*=x,b*+c*=y,c*+a* =z Thenx+y>zy+z>xz+x>y>
= x,y,z are sides of a triangle with semi-perimeter, circumradius, inradius = s,R,r

respectively (say). Now,2Y a*=Yx=2s=>Ya*t=s=>ct=s—-xa*=s-y,
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b* = s — z. Using this substitution, given inequality becomes:

1_[ (s f P g) > (g)g e 1_[ [3x;(szisx—) x)] (zsijx) > 512
© (2s+x)2s+y)(2s+z) >512r’s &

& 8s3 + 452 (z x) +2s (z xy) + xyz > 512r%s

& 853 + 45%(2s) + 2s(s? + 4Rr + %) + 4Rrs > 512r%s © 18s3 + 12Rrs > 510r2s

Gerretsen

1) ?
& 352+ 2Rr > 85r%2. But,LHSof (1) >  3(16Rr — 5r%) + 2Rr > 8512

? ?
& 50Rr > 10072 & R > 2r — true (Euler)= (1) = given inequality is true (Proved)

Solution 6 by Sanong Huayrerai-Nakon Pathom-Thailand

at+p?t 2 bt+c? 2 ct+at 2
> += += +=) =
For a,b,c > 0, we have: ( = 3)( — 3)( I 3)

3 3

_ a4+b4+2 b4+c4+2 c4+a4+2 >(1+1+2)3_(2+2) _(8)
"\t ¢t 3/\a* a* 3/)\b* b* 37 3/  \" 3/ 3

secause:(£)(2) (%) -

Solution 7 by Michael Sterghiou-Greece
at+pt 3
e (5432 (6) @

Letx=a*y=b*z=c*xy2>0

1 (b—4) (:—i) (a—4) = 1. Therefore, itis true.

"\c* b*

x+y . 2 8 3
=T (T +3) 2 (5) @
(2) ishomogeneous so, we can assumex+y +z =3

The function f(t) = In (— + )W|th f'(t) = Z(_Q;)Z)z > Qis convexon (0,3)

@ Tlee (5 +2) = el (5:+2) 2 3 1n 8y - 1+2) = 8)
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JP.206. Let ABC be a triangle with inradius r and circumradius R. Let

h,, hy, h, the altitudes to sides BC,CA, AB respectively and let r,, ry, r. the

exradii to A, B, C respectively. Prove that:

4r h h h R
— < a + b + c < .
R Tp Ty TeTq To'Tp 2T

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Marian Ursdrescu-Romania

h = ( b)( ) _ 2 5 (s-b)(s=0)

a a s—b)(s—c s—b)(s—c

2 . 2 =~ = Z Z . 1)
(s—b)(s—c) _ r[sz+(4-R+r)2]
But, ), = R 2
2
From (1)+(2) we must show: 2 % > 7o s+ (@R+1): > ser (3)

1 1
BUtR 2 2r =2 <— (4)
From (3)+(4) we must show:
s2+ (4R +1)? > 4s? & (4R + 1)? > 3s?, true because it is Doucet’s inequality.

a

Now,w/(s—b)(s—c)<s bs- = (s—b)(s—c) < =7>

(s—b)(s—c) z E 2s 1:>
4

sr 4 r

ST
we must show: e ﬁ © 2r < R true Euler’s inequality.

Solution 2 by Tran Hong-Dong Thap-Vietnam

h, h, h, AM;amgs\/ hyhyh, :33\/2s2r2_ 1 :33%

+ + >
rpre r.r, rqTp (rarbrc)Z R (sZr)Z

3,.3
We must show that: 3° = > 2 < 27 2 > 4r3@£232r & 27R5 > 32r3s
sZR = RZ s2R — (R?2) s2

227 p2

. S$°s —
Itis true because: { 4
r3 < 8R3

ha by ke :z h, hgssrbTCZEZZLZE(;)i
Tcrg Talp TpTe h? h, r ~ 2r?

rpre

27
= s2r3 < ERS = 32r3s2 < 27R°
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Qe % < Z% © R > 2r (Euler) (proved)
Solution 3 by Soumava Chakraborty-Kolkata-India

. A
z Zh ala _ 2rs ssiny\ 1 z bc
T, rsz rsZ . A A " 2RZL.us(s—a)

4R sin5 cos3 cos%
- <2Rr2s2) z be(s —b)(s — C)} <2Rr2s2) Z(bc(s —s(2s—a) + bc)}

- (ﬁ) {sz (z ab) - 25 (z ab) + 3sabc + (z ab) — 2abc(2s)}

) {(4Rr + r?)(s?> + 4Rr + %) — 4Rrs?}

_< 1
~ \2Rr2s?

s+ (4R+1)* z h, @ s*+ (4R +r)>

2Rs? ryr, 2Rs?

1

h, R by() s% + (4Rr +1)? (@)
< S o (R%2 —1%)s? > r2(4R +1)?
Z:r,,rC — 2r2 2Rs? — 212 ( )s® = r( r)

?
Now, = s2 > 27r% ~ LHS of (@) = 27r*(R? — r?) > r*(4R + 1)*

Euler

& 11R? — 8Rr — 2812 > 0 (R- 2r)(11R + 147) > 0->truevR > 2r

= (a) istrue = Z Z%

by (1) 52 +(4R+1)?

Trpre 2Rrs?

Agaln - < -2

> 2<:>Rs + R(4R +1)? > 8rs?

(b)
& (R—2r)s’+ R(4R+71)? > 6rs?
Gerretsen

Now, LHS of (b) 5) (R — 2r)(16Rr — 5r2) + R(4R + 1)?
Gerretsen
>
and, RHS of (b) (i_i) 6r(4R% + 4Rr + 31?)
(i), (ii) = in order to prove (b), it suffices to prove:
(R — 2r)(16Rr — 512) + R(4R + 1)? > 61 (4R* + 4Rr + 312)

Euler

o 43 -15t—-2>0 (tzg)@(t—z)(4t2+8t+1)20—>true-.-t > 2

= (b) is true :> Z (Proved)
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JP.207. Let a, b, ¢ be the lengths of the sides of a triangle ABC with inradius r

and circumradius R, and let r, 1, . the exradii to 4, B, C respectively. Prove
that:
a? b? c? 2R?> — Rr
<

6r < + + <
ry,+r., r.+r, r,+tr, r

Proposed by George Apostolopulos-Messolonghi-Greece

Solution 1 by Marian Ursdrescu-Romania

a? a? B a? _a*(s—=b)(s—c) a(s—b)(s—c)
ry+r. _S +L_S<w)_ sa B s
s—b s—c (s—b)(s—0)

=Y =1Sa(s—b)s—c) (1)

rp+re

But a(s—b)(s—c) =2S(2R—1) (2)

From ()+(2)= ¥ —%— = 2(2R-1) (3)

rp+re -

First, we must show: 6r <2(2R—r) ©3r <2R—r & 4r < 2R & 2r < R (true)

R(2R-7)
r

Second, we must show: 2(2R —r) < & 2r < R true.

Solution 2 by Tran Hong-Dong Thap-Vietnam

a? b? c?  Chebyshev (g + b + c)? 4s? 2s?
+ + > = =
T,+1T, Tr.+r, To+T1, 2(rg+rp,+1r.) 2(04R+7r) 4R+T

2
We must show that: % >6r o s:>3r(4R +r) © s? > 12Rr + 3r?

s? > 16Rr — 51% > 12Rr + 31> © 4Rr > 8r? & R > 2r (Euler)
2

a? b? c? z a
+ + = =
rb+rc rc+ra ra+rb rb+rc

. 2 A A
B (2Rsin A)* _ R z sin? A 4R z sin? 5 cos? 5

- A A A
24 24 242
4R cos > cos > cos >
A 2R—r (2) 2R? — Rr
=4RZSmZ—=4R< )22(2R+r)S7
2 2R r

(2)e 2r(2R—1) < 2R?> —Rr
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© 2R?—5Rr+2r>>0< (R—2r)(2R—1) = 0 (True: R > 2r) (Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

. (D
Firstly, Y ar, =), (4R sin gcos g) s tang =2RsY(1—cosA) = 2s(2R—71)
Z a’ Z a3 Holder 8s3 8s3
= S > =
rp + re a(rb + rc) 3 Z a (rb + rc) 3 Z a(z rq— ra)

by (1) 8s3 _ 2s? ;6 o 2;9 (R+1)
3{(4R +1)(25) —2s(R—1)} 3R+r) - OF TS =n8Tr

Gerretsen

)
& (s2—16Rr +5r%) + 7r(R—2r) > 0 > true - s2 — 16Rr + 512 >

Euler a?
and, R—2r > 0.-6r<y,
rp+re
. b+c (b+c)?
Now, Bogdan Fustei = 5 <JR(rp+r)=>r,+r. = T etc

Z a? <4RZ a? A;G4RZ a*> R Z 5 _ 25(s* — 6Rr — 31?)
S Llurytr, T (b+c)?2 ~ 4bc 4Rrs L% T 4rs

2_6Rr-3r2 . 2R’-R ?
S " o s2 < 4R? + 4Rr + 3r% - true (Gerretsen)

2r r

=y @ <R hroved)

Tb+r,_- r
Solution 4 by Bogdan Fustei-Romania
Weknowthat:r, +r, +r.=4R+r
a?=(r, —r)(r, +r.) (and analogs)
2

a az

rp+re =7, —7 (andanalogs)= X, Tptre

=4R+1r—-3r=4R-2r=2(2R-71)

2R%-Rr

=r,—r+ry—r+r,.—r=

We will prove that: 6r < 2(2R—1r) <

6r <2(2R—1r) = 3r <2R—r = 4R < 2R = 2r < R (Euler’s inequality)

2R>—Rr R
Z(ZR—r)sz;(ZR—r)(ZR—r:>2R—r>O):>

=>2< é = 2r < R (Euler’s inequality). So, the inequality from enunciation is proved.
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JP.208. Prove that in any ABC triangle the following inequality holds:

tanZ + tan & R
zz 2 2_R
m2 Y

Proposed by Marin Chirciu — Romania

Solution 1 by Marian Ursdrescu-Romania

We have in any AABC: m, > /s(s — a) > ma? > s(s —a) =

[ [ [ [
tan2+tanz tan +tan2 tanE+tan2 i tanE+tan2 i
= Z—mé < Z—S(S > = we must show: )’ P < @Z—S_a <=
tang tang < R 1
z:s—a+zs—a_r_2 ( )
B (s—a)(s—c)
ztani_z s(s—b) z s—cC s—c
s—a s—a (s—a)(s—c) s
_s_1
== @
J@—@@—w
ztanz_z s(s—¢) _z (s—b) _\(s—-b _
s(s—a)(s—o¢) S
_s_1
=5 ®

From (1)+(2)+(3) we must show: % < % & 2r < Rtrue.

Solution 2 by Soumava Chakraborty-Kolkata-India

2 = e 2
m; Sr m5;

B C B
ztan7+tan7 R stan2+stan zrb+rc (1) R

WLOG, wemay assumea=>b>c r,+r. <r.+r, <r,+r, and,

1>1>1
m2 — mb m?

r,+ 71, Chebyshev Z(rb +7r, )z gES(S a) 2(4-R +7r) z

m3 s(s—a)
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_2(4r+7) {Z(s —b)(s— c)} _2(4R+71)

3s ris 3ris?

Z:(sZ —s(b+c)+ bc)

2(4R+r 24R+1)* 2 R
:%(352_452+52+4Rr+r2):¥

3rs? ~r2

)
& 3Rs? (% 2r(16R? + 8Rr + 12)

Gerretsen

?
Now, LHSof (2) > 3R(16Rr — 51%) > 2r(16R? + 8Rr + 1?)

Euler

& 16R? — 31Rr — 2r? > 0= (R-2r)(16R +1) > 0->truewvR > 2r
= (2)=(1)= given inequality is true (Proved)

Solution 3 by Tran Hong-Dong Thap-Vietnam

tan + tan

R k()
B [

tan2+tan2 i

(1)@ Z m2 s sr2

Tp re
<~ T% R r,+1r. R
s s _ c
& S <—oe —<—
m2 sr m2 r
A b+c A
(r,, + 1. = 4R cos? E) ;m, > —~cosZ; etc

r, + Tc 4R coszg 4R coszg
Sprey ey et
mg b+c A

(Fzcos)

—16Rz ! AM%GM16RZ ! —4Rzl—4R<a+b+c)—4R s _2
B (b+c): ~— 4bc bc abc B 4Rrs r

We must show that: % < % © R = 2r (Euler) (Proved)

Solution 4 by Bogdan Fustei-Romania

tan§+tan£ R
2#<_
m2 - Sr

Ty = stang (and the analogs); s(s — a) = r,r. (and analogs); s = sr

stang+stan rb+r R
P
ma
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m2 > rpr. = s(s — a) (and analogs) = Z—r’;:zr‘ <X

a TpTc
1 1 1 1 1 1 1
BEREI IS S TES
re Tp g Tq Tp re T

> Zr”m—?‘ < % We will prove that: % < % =>2< § = 2r < R (Euler’s inequality)

a

rp+re

So, the inequality from the enunciation is proved.

Solution 5 by Mustafa Tarek-Cairo-Egypt

tané—sm%— (s—b)(s—c) bc
2 _cos%_ bc s(s—a)
_ |6=b)-9_  (s=b)s=c) _(s-b)s-0)_(*-(b-0?) a*
] sG-a)  [sG-aG-bG-0 A - 44 4A

B c s
P B _ b? c _c? tan-+tan; p24+c2 Tereshin _ 4p.
Similarly, tan- < — tan- < — Now, Y —2-—2< Y7 = < M
27 4A 27 4A m? 4Am? 4A-m2
?
R 1 R 1 1
=—)—<—)—<-=-
Azma_Ar Zma_r (1)
1 1 1 1 _ 1
Butm, > h,, etc, . — < — etc. . },— < );— ==~ (1) true (Proved)
mgq hq mg hq r

JP.209.Ifa, b, c,d € R then:

ac + bd + |ad — bc| < y/2(a? + b?)(c? + d?)
Proposed by Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

We have: ac + bd + |ad — bc| < |ac + bd| + |ad — bc|

We must show that: |ac + bd| + |ad — bc| < \/2(a? + b%)(c? + d?)

& {lac + bd| + [(ad — bc)|}? < 2(a? + b?)(c? + d?) (¥)

BCS
“{lac + bd| + |ad — bc|}?* < 2{(ac + bd)? + (ad — bc)?*}

= 2{(ac)? + (bd)? + (ad)? + (bc)?*} = 2(a? + b?)(c? + d?) = (*) true. Proved.
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Solution 2 by Soumava Chakraborty-Kolkata-India

1
(ac + bd)? + (ad — be)? 2 (a? + b2)(c? + d?)

LHS (;) |lac + bd| + |ad — bc|
Case 1: ad — bc = 0. Then, we have to prove:
(ac + bd)? < 2(ac + bd)? + 2(ad — bc)? (by (1))
& (ac+ bd)? +2(ad — bc)? >0
& (ac + bd)? = 0 - true = the given inequality is true.
Case 2: ac + bd = 0. Then we have to prove:
(ad — bc)? < 2(ac + bd)? + 2(ad — bc)? (by(1))
& (ad — bc)? = 0 - true = the given inequality is true.
Case3:ad — bc =ac+ bd = 0.

Then, RHS /2[(ac + bd)? + (ad — bc)?] = 0 and of course,
LHS = 0 = LHS = RHS = the given inequality is true.

Case 4:

V@ +0)(@+ &)

|lad — bc]

|ac + bd|

ad — bc,ac + bd # 0 = |ad — bc|,|ac + bd| > 0
« (ad — bc)?,(ac + bd)?> >0
~ (ad — bc)? + (ac + bd)? > 0 > (a? + b?)(c? + d?) > 0 (by (1))

Let, \/(az +b2)(c2+d*)=p>0
. |lad — bc| = psin @ and |lac + bd| = p cos 8

by (2)
~LHS < p(cos@ +sin@) < RHS =+2p

& p?(1 +sin 20) < 2p? & sin 20 < 1 - true = the given inequality is true.
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Solution 3 by Ravi Prakash-New Delhi-India

Leta =rcos@,b = rsin @ wherer = Va2 + b%. Now, LHS = ac + bd + |ad — bc| =
=1r(ccos@+dsinf) =r|d cosO — csin 9|

Ifdcos@ —csinf >0

LHS = r[(c + d) cos @ + (d — ¢) sin 8] < r/(c + d)2 + (d — )2
[ |acos@ + bsin 0| <+ a?+ bz]
= LHS < 1rJ2(c? + d?) = \/2(a? + b2)(c? + d?) = RHS

Ifdcos@ — csin@ <0,

LHS =r(ccos 08 + dsin@) + r(csin 0 — d cos 0)

= r[(c — d) cos 8 + (c + d) sin 8] < r/(c — d)? + (c + d)?
=rJ2(c? + d?) = \/(a? + b?)(c? + d?)

JP.210. Let a, b, ¢ be positive real numbers such that a® + b% + ¢? = 3. Prove
that:
a+b+c< 1 1 1 B 1
+ +
9 “—ad+(Mb+c)2 b3+(c+a)® 3+ (a+b)3 ~ 3abc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c > 0and a? + b? + ¢ = 3, we have: a + b + ¢ < 3. Hence:
(@2 +b%2+c*)(a+b+c)=a®+b3+c®+a*b+a?c+b*a+b*c+c*a+c?h<9
(@2 +b%2+c*)(a+b+c)=a®+b3+c®+a*b+a?c+b*a+b*c+c*a+c?h<9
(a2 +b%2+c*)(a+b+c)=a®+b3+c3+a?*b+a?c+b*a+b3*c+c*a+c2hb<9
Find then:
a3 + b3+ c2 + 3(a?b + b%a) + a® + b3 + ¢ + 3(b%c+ c?b) + a® + b3 +
+c3+3(a’c+cta)=cE+(a+b)P+al+(b+c)>+b3+(c+a) <27

1 1 1
= + +
ad+(b+c)d b3+(c+a)d c3+(a+b)3
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1 1 1 _ 1

Next, from this fact ﬁ * b_lc * i = a:::c = ab(a+b+c) bc(a+b+c) ca(a+b+c) " abc
1 1 1 1
= 3ab(a+b+c)+3bc(a+b+c)+ 3cal(a+ b+ c) ~ 3abc

1 1 1 1

~ 3abc + 3(a%b + ab?) + 3abc + 3(b%c + bc?) + 3abc + 3(c%a + ca?) ~ 3abc
1 1
a3 + b3 + ¢3 +3(a?b + ab?) NPT 3(b2%c + bc?) +

: s ; = c3+(;+b)3 a3+(:;+c)3 b3+(1+a)3 s 3albc ok

+
a3+b3+c3+3(c2a+ca?) ~— 3abc
Therefore, itis true.

SP.196. Find:

o1
lim — E
n-oon
1<i<j<ksn
Proposed by Marian Ursdrescu — Romania

1 3 1
2S5 i=1 @ =721
nbe

Solution by Ravi Prakash-New Delhi-India
1
Next, ¥, a} containsntermsandn < Y, a? < (n) (nE) = ni

Taking limitasn — o, we get: H%Z?zl a? = 0. Also,

1
i=1 i=1 (L\p
&)
n n 1 1_1 !
. o1 1 dx x P P
lim — ai=llm—z 1:f—1: il =73 (p=2)
n nl:1 n nl:1 (L)E 3 xﬁ 1_5 p
n 0
Now,
1< ) 1 1 1
(EZ‘“) ——3Za? 6$ z aja; +6— z a;a;a,
i=1 i=1 1<i<j <i<j<ksn
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3
Taking limitasn — o, we get: (ﬁ) =0+0+6lim, . L S sicjcken M Ay

1
3 -
. 1 _1(p _ (n\p .
Thus, lim,,_,, = Dsicj<k<n Qi@ = E(_p—1) .Leta; = (;) 1<i<np=>2

1

( 2D terms. Also,1 < a; <nr Vi

Y1<i<j<n @faj contains

nn - 1) nn-1) 1
e Z aja; < —5 P
1<i<jsn
1 1 _1 , 1 1
=m0 <w . du<gis(1-2,)
1<i<jsn

Taking limit, we get: lim,,_, n%ZlSKJ'S" aia; =0

SP.197.If x,y,z = 0 then:
7% 77 7V
5V + 3V | 5 437 | 5V 4 30
7X+Y Noiaz Nore=
= \/5x+y + \/3x+y * \/5y+z + \/3y+z * \/sz+x + \/3z+x
Proposed by Daniel Sitaru — Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

a+b

(ab) — 1 (a+b) 1
For a,b > 0, we have: G) < (g) ? & 7@b)255 < 7(ath) . 5(ab)?

5

1 b 1 1 b 1
= 7(ab)z 5% +7@b? 355 z <72 .5b)2 4 7% . 3(ab)2

N =

a+b
7\ 2 a+b a+b
< (-) o 7(ab)2 32 <72z 3(ab)2
—\3

1
(ab)2

1 +b
(ab)? a+b a+b a+b ( b)% ( b)% 7(ab)2 7a2
a T a a
=7 <52 +3Z>S72<5 +3 >:> 1 1S a+b a+b
5(ab)2 4 3(ab)2 572 4 372

Hence for x,y,z > 0, we get that:
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7V ez 7Ve 772 77 77
+ + =< x+y x+y + y+x y+z + Z+x zZ+x
SV 3V 5z a3V BVE+3VE T Y Y R 5 s 3T

Therefore, itis true.

Solution 2 by Marian Ursdrescu-Romania

Inequa“ty And X : X + z1 Xz + le Xz S
R 6 R ) )

= =

7

7

7

7 7

St =t ————— (1)
16 J(%) e e
Jxy <=XandZand> € (0,1) =

x Ty \/H x+y x+y
Ty} 7= 67 &)
)

(S)Jx_y+(3)Jx_y < (5)x+y+ (3)x+y and two similar relationship, and by summing = (1) is

7 7

true.

Solution 3 by Amit Dutta-Jamshedpur-India

_ (34547t In7-7t(5¢In5+3%1n3)
Let F(£) = 3“ F(t) = Gy

F'(t) = [(35)'In7 +(21)!In7 — (35)"In5 — (21)*1n 3]

1
(5t + 3t)2
F'(t) = m{(35)t1n( D)+ @) n (1)}, clearly, F'(£) > 0
- - - - X+_’y
F(t) is an increasing function. By AM > GM, - =Xy

P(57) 2 A0)

x+y

72 7VEy
5%4_3)‘[2& = 5\/_+3\/_ ( )
Again, 2= > [yz {AM>GM}; F (y;z) > F(|/yz)
yt+z
7z 7/y7

7z y—HZS«/y_z+3«/y_Z (2)

52 +3 2
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Also, again, by AM>GM: ﬂ >xz: F (’%Z) > F(V/xz)

x+z
72 7Vxz

TR S v O

[x Jyz Vxz
Adding (1), (2), (3), we have the desired inequality: Jl e + 5Jy—7z ygﬁ + 5¢x_7z+3m <
Y4 +

< 7xty + 7Ytz + \7X+z
— /5Xty+/3x+y \V5Y+z 1 \[3y+z \V5X+z 4 \[3x+z

Solution 4 by Michael Sterghiou-Greece

(Proved)

7ﬁ 1/7J|c+
ZC_’yC 5\/_+3\/— ZC_’yC \/Sx—++\/3x—+ (1)

+y

RHS of (1) = Xeye 55757 m E: ¥y Consider the function

2 43 2
7t 21tIn 2 +35¢ - In42

— 1(4) — 3 30
ez JOL20SO="0r gy

>0

So, f(t) Ton [0, +o0], But \/xy < % and same in a cyclical manner so,

Seye F(/2Y) < Teye f (X2) > (1) is true.

SP.198.If x,y,z,t € R; x* + y* = z2 + t* = 10 then:
(10 —x—-3y)(10 — xz — yt)(10 — z — 3t) < 10125
Proposed by Daniel Sitaru — Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam
LHS = (10 — x — 3y)(10 — xz — yt)(10 — z — 3t)
<|(10 —x—-3y)(10 — xz — yt)(10 — z — 3¢t)|
= |(x + 3y — 10)| - |(xz + yt — 10)| - |(z + 3t — 10)|
< (x+3y|+10) - (|Jxz + yt| + 10) - (|z + 3t| + 10)

g (‘/12 +32/x2 + y2 + 10) (\/xz +y2/z% + 2 + 10) (\/1Z + 3282 + 22 + 10)

= (¥V10-v10 +10)(¥10 - V10 + 10)(V10 - V10 + 10)
=20 - 20 - 20 = 8000 < 10125. Proved.
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Solution 2 by proposer

Let be A(1,3); B(x,y); C(z, t)

.

R=04=+v12+3%2=+10 (1), A,B,C € C(O,R); C:x2 +y2 =10

AB=(x-1)2+(y—3)2=\ax2-2x+1+y2—6y+9=

= /10 —2x— 6y + 10 = /20 — 2x — 6y

AC=J(z-1)2+(t—-3)2=z22—2z+1+2—6t+9=

=v10 —2z— 6t +10 =20 — 2z — 6t

BC=J(x—2)?+(y—0)2=[x2—2xz+ 22 +y2 — 2yt + 2 =

= /20 — 2xz — 2yt
The maximum of area of AABC is obtained when AABC is an equilateral one.
The side AB can be obtained by:

2 AB\V3 3R @
§'T—R:>AB—E—R\/§—V30
(V30)' V3 _30V3 _15V3 AB-AC-BC 153
Smax [ABC] = = = - <
4 4 2 4-R 2
15vV3-4-+/30
AB-AC-BC<————= 3090 = 90V10

J20—2x—6y-vV20—2z—6t-,/20 —2xZz — 2yt <9010

J(10 —x —3y)(10 — xz — yt)(10 — z — 3t) < 45V5

(10—-x—-3y)(10 —xz—yt)(10—z—3¢t) < (45\/§)Z =10125



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
SP.199. If n > 1 then:

1 (2"—1>2"+1<1-3-7-...-(22"—1)
n (2n)!

Proposed by Daniel Sitaru — Romania

log 2

Solution by proposer

Letbe I, = [, 2™dx;n>1

I = ( fl 2 dx)z = ( fl (V2or-iox . [20nvx) dx)z <

0 0

1 1
< ( f 2("‘k)"dx> ( f 2(m+k)x dx) =Ly i Insi
0 0

<@Ly Ly 0<k<n

) MIPRY SIS - MIPEY SIVHINY (I PR P

I AR PR PN PIIEY SEPRY SIS f
RS PR PR PR P
( gnx |1)Zn+1<( ox 1)< 92x |1>< 23x |1> < 22nx |1>
nlog2!0 log210/ \2log2!0 3log2!0/ = \2nlog2!0
antl _C-1R - -1)-..- 2" -1)
(n log 2 (2n)! - (log2)?n

1 (2" 1)2"+1<1-3-7-...-(22"—1)

log2 n (2n)!

SP.200. Ifa, b, c,d € R then:
2|lad — bc|(ac + bd) + (ac + bd)? < (ad — bc)? + (a? + b?)(c? + d?)V2
Proposed by Daniel Sitaru-Romania

Solution by proposer

Letbeu = ai+ bj;v = ci +dj
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(_,A_,) ac + bd u-v
cos(u,v) = = =
J@ +p2)(cz+az) lul-17l
(ac + bd)?

=2 = =\ __ _ 2 = =\ _ _ —_
sin (u,v)— 1-—cos (u,v) =1 (a2+b2)(c2+d2)_

_ a*c* + a*d? + b*c? + b*d* — a*c* — b*d* — 2abcd _
- (a2 + b2)(c? + d?) -

_ a*d*® —2abcd + b*c* (ad — bc)?
(a2 +b2)(c? +d?) ~ (a® +b?)(c? + d?)
— ad — bc
sin('ﬁ’,'ﬁ) = | |

\/(az + b2)(c2 + d?)
lad — bc|(ac + bd)
(o + B2)( + )
(ac + bd)?
(a? + b?)(c* + d?)
_ 2(a*c* + b*c? + 2abcd) — (a® + b*)(c* +d?) _
(@ + b2)(& + )
_ 2a*c?® + 2b%*d* + 4abcd — a*c* — a*d?* — b*c* — b*d* _
(a? + b2)(c* + d?)
a’c? + b*d* + 4abcd — a*d?* — b*c* _ (ac + bd)? — (ad — bc)?

sin 2('11’/,\'13) =2 sin('ﬁ’/,\'ﬁ) cos(if,\'ﬁ) =2.

1=

cos 2('11’/,\'13) =2 cosz('ﬁ’/,\'ﬁ) -1=2.

(a2 + b?)(c? + d?) — (a? + b?)(c? + d?)
. T
sinz
sin 2x + cos2x = sin 2x + 7z COS 2x =
cosy

b4 b4 . b4
sin2x cos— + sin—-cos2x sin (Zx + —)
_ 4 4 _ 4) _ . n
= 72 = 1 —\/Zsm(2x+4)sv2
2 V2

sin 2x + cos 2x < V2

sin 2('11’/,\'13) + cos 2('11’/,\'13) <42
2|lad — bc|(ac + bd) . (ac + bd)? — (ad — bc)?
(a? + b2)(c? + d?) (a% + b?)(c% + d?)

2(ad — bc)(ac + bd) + (ac + bd)? — (ad + bc)? < V2(a? + b?)(c? + d?)
2(ad — bc)(ac + bd) + (ac + bd)? < (ad — bc)? + (a? + b?)(c% + d?)V2

<2
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SP.201. Find:

01 "t LU\ (2K Akt
—am kzla“ (2(k+1)2> an 2(k + 1)

Proposed by Daniel Sitaru — Romania

Solution by proposer

k+2 k+1 —k+2——k+1
-1(_—___ =) _ (7 Y 1| k+1 k _
tan (k+1) tan ( K )—tan <1+k+2 k+1>_

k+1 Kk
kK> +2k—k*-2k-1 k(k+1)
=tan! . =
k(k+1) kZ+k+Kk%+3k+2

1 1
— -1 _ — _ tan-1
tan ( 2Kk + 4k + 1) tan (Z(k . 1)2)

k+2 k+1
(22 () B
+ 1

k+1 k _k+2 k+1
k+1 k

~ tan-1 K> +2k+Kk*?+2k+1 k(k+1)
- tan k(k+ 1) K2 +k—k? —3k—2

~ tan-1 2k*+ 4k +1\ can-1 2k* + 4k +1
—tan 2k-2 )-8 2(k + 1)

=3 o () () (e (153 o () ) -
-t (3 (o (22 - (o () -
- (o () o () )-

= (tan"11)? — (tan12)?
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SP.202. Prove that in any triangle ABC, the following relationship holds:

b — c\? — a\2 — b\?
ﬁ+ﬂ+ﬁ>3+( C) +(C “) +(“ )
b+ c c+a a+b

Proposed by Nguyen Viet Hung — Hanoi — Vietham
Solution 1 by Mustafa Tarek-Cairo-Egypt

a (b—c)?
Z:):_a23+2 b+c)2 ()

b+c A 2bc A (b+c)Z (b + ¢)?
=72 2 b+c %2 " abec """ abec

(a +c)2
Similarly, m, > w,, M > W

(a+b)?
¢ 4ab
Z(b2 +c2)

(b+c)2 '

2 2 _M2
L pe > 5 D RHs of (1) = 3 (200 =

Wq (b+c)?
(b + ¢)? - 2(b% + ¢?)
4bc ~— (b+c)?

& (b% + ¢ + 2bc)? = b* + ¢* + 2b%*c? + 4b%*c? + 4b3c + 4¢3b > 8b3c + 8c®b
& b* + c* + 8b%c? — 2b%*c? — 4b3c—9c*b > 0
& (b2 — c?)? —4bc(b®? —c? —2bc) >0

S0, we must prove that:

& (b+ c)* = 8b3c+8c3b

(a+c) (a2+c2)

& (b—c)2((b+c)?2—4bc) >0 < (b—c)* >0 < true, similarly, —— 2 aro?

(a+b)3 > Z(a2+b2)

(b+c)3 2(b%+c? mg (b+c)? . ﬂ 2(b%+c?)
4ab — (a+b)? Z - Z and Z wq = Z abc Z - Z = RHS

(b+c)? (b+c)?
Proved
Solution 2 by Marian Ursdrescu-Romania

b+c A 2bc A (b+c)2
: >— = == - =
Inany AABC we have: m, > 5 €OS> and l, e COS3 la = the we must

1@ (b+c)? b—c\?
show: 212 > 343 (25) (1)

2 1 b-c (b c)?
But (b * C) 2 4bc = o (b+ c)? = 4bc = (b+c) ~  4bc (2)

- 2_(h_r/\2
From (1)+(2) we mustshow:lZM >3 +12]M & iZWZ 3o

—24—I’C>3<:>3>3true
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Solution 3 by Tran Hong-Dong Thap-Vietnam
2(b*+c?)—a* , 4bcs(s—a)
4 e (b+c)?

2 —
4=

m

E)Z _2(b%4+c?) | md a(p2+c2)*
b+c -

We must show that: - % >1+ (

a

(b+c)? 12 = (b+c)*

2(b% +c?) —a?][ (b+c)? - 4(b? + c?)?
[ ] [4bcs(s —a)|~ (b+c)*
& [2(b% + ¢?) — a?][b + c]® = 64bcs(s — a)(b? + ¢?)?
e [2(b% + ¢2) — a?](b + ¢)® > 16bc(a+ b + c)(b + ¢ — a)(b? + c?)?

a?
& (b —c)? [7 (b* + ¢*) + {b® + c® — b2c*(b? + c?)} + 4a’bc(b? + bc + cz)] >0

Itistrue because: (b —c)? >0
b +c® — b%c?(b?> +c?) >0 < (b2 —c?)?(b*+c?) >0
(b* + c¢*)a?

4a’bc(b? + bc + ¢?) + 5

>0(a,b,c>0)

2 2 2

Slmllarly o >1+ (Z;) Te> 1+ (Z%Z) = Z% >3+ (ﬁ) Proved.
Equality ® a=b =c.

Solution 4 by Soumava Chakraborty-Kolkata-India

2b% +2c?—a* 4b*c* s(s—a)

2 _ 2 — _ .

Ma = Wa 4 (b + ¢)? bc
_2b*+2c2—a* bc[(b+c)*—a?] _ [(2b*+2c*
- 4 b+0? 4 ¢ (b + c)z 4
_2(b—c)* a*(b—-c)* (b-c)? a? @ (b—c)*[2(b+c)* — a®
T 4 4(b+c)2 4 (b+c)2| 4 (b + c)?

Mma (-0 _ 2(b?+c?) _ m _ 4(b?+c?)”
Now, Wa =1+ (b+c)2 ~ (b+c)? w2 = (b+c)*
m} — {Z(bZ +¢?) + (b + c)*H{2(b* + c?) — (b + ¢)*}

wZ = (b + c)*

by (1) (b —c)?[2(b + ¢)? — a? (b + c)? - 2(b% + c?) + (b + ¢)?
© T2 [ (b + c)? ]bc{(b+c)2—a2}_ b+ o)

(b—c)?
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(b—-c)?*[ 2(b+c)? —a?
2 {(b+c)2—a2}bc] > (b—c)z[

2(b% + c?) + (b + ¢)?
(b +c)*

a2
(b —c)? = 0 - itsuffices to prove: (in order to prove: % >1+ EZ+22)

2(b + ¢)? — a? 2(b%+ %)+ (b + ¢)?

abc{(b+ )2 —a?} (b +0)?
{(b+c)?—a?}+ (b+c)? 1 2(b? + c?)
abc{(b+ 02 —aZ} b+ oZ  (b+rot
1 1 (b + c)? 2(b?% + ¢?)
c [4bc T+o? Tabe{(b+ro)r—a?} (b+ o)t
(b —c)? (b +c)? (b+c)* (b—c)?
S abcb+0)?  abclb+ ) —a?} b+ ot (bro)t
< (b—c)’ [4bc(bl 0 (b : c)4] b+ | +1c)Z a5 & : c)4] =0
— 2 4 2 _ 2
& (b— c)Z% + (b + )2 (Z;cc(;; " ;E{c({,fllt)cz)_ ag} }] >0

(b+c¢)2(b—c)%+4a?bc . mg (a) (b—c)?
4bc(b+c)*{(b+c)2—a?) >0 - true - wa 21+ (b+c)?

(b—c)* 2
4bc(b+c)* + (b + C)

(b) 2 (o) 2
. my (c—a) m¢ (a—b)
Similarly, v >1+ (cra)? and . >1+ (@)

()+(b)+(0)= T2 > 3+ 3 LT (Proved)

SP.203. Let a, b, ¢ be positive real numbers such that:

(a+ b)(b + c)(c + a) = 8. Prove that:
1 1
+
a+b+c ab+bc+ca
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

2
2_
3

Solution 1 by Tran Hong-Dong Thap-Vietnam
Letp=a+b+c,q=ab+bc+ca,r=abc>(@a+b)(b+c)(c+a)=pqg—r=28

>5pq=8+1rpg=29r=>8+r=>29r=>0<r<l
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1 + 1 >2 3(p+q) =2 3(p+q)=>2(8+71)
a+b+c ab+bc+ca_§@ P+q)=2pq=3p+aq) = r

Cauchy
©3(p+q) -2r-16>0~But:3(p+q) > 6,/pq=6V8+r

We mustshow that: 68 +r—2r—16 >0 3/8+r>r+8 <
©98+1r)>(r+8) or+8<9or<1 (true) Proved.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c>0and (a+ b)(b+ c)(c+ a) = a’b + a*c + b*’a + b%*c + c*a + c*b +
+2abc = 8 = a’b + a’*c + b*a + b*c + c*a + c¢*b + 3abc < 9:abc < 1

1 1
>
(ab+ bc+ca)(a+b+c) 9

> (a+b+c)(ab+bc+ca)<9>

N

1 1
>— >
:>\/(a+b+c)(ab+bc+ca)_3:2\/(a+b+c)(ab+bc+ca)_3

1 1
(a+b+c) ab+bc+ca

> % ok. Therefore, it is true.

SP.204. Let x, y, z be positive real numbers such that x + y + z = 3. Prove

that:
x Yy .z N
y2+2z z2+2x x%*+2y

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Marian Ursdrescu-Romania

2 yZ 72 Bergstrom

x y z x
2 + 2 4 + 2 4+ - 2 4+ + 2 4 + 27 +
y-+2z z-+2x x-+2y xy-+2zx yz-+2xy x¢z+2yz

(x +y+2)? 9
> = =
xy? +yz?2 +zx2 +2(xy +yz+xz) xy*+yz?+zx2+2(xy+ yz+ xz)

9
We must show: g
xy2+yz?+zx% +2(xy+yz+yz)

& xy? +yz? +zx? + 2(xy + yz+yz) <9 (1)

Because x +y+z =3 (x,y,z > 0) = 3 a,b,c > 0such that:
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3a _ 3b 7= 3c (2)
a+b+c’y a+b+c’ a+b+c

. Z7(ab2+bc2+ca2) 2:9(ab+bc+ac)
From (1)+(2)= we must show: (@rbic)? (@rbio)?

<9¢&

o (a+b+c)>3(ab?+bc?+ca?)+2(a+b+c)(ab+ bc+ac) &
& a3 + b3 + ¢ +3a?b + 3ab? + 3a’c + 3ac? + 3b%*c + 3bc* + 6abc >
> 3ab? + 3bc? + 3ca? + 2a%b + 2abc + 2a%c + 2ab? + 2b%*c +
+2abc + 2abc + 2bc? + 2act
& a? + b3+ 3 + a’b + ac? + b%c > 2ab? + 2a’*c + 2bc? (3)
a3 + ac? = a(a? + ¢?) > 2a’c
But b® + a?b = b(b? + a2) > 2ab? { =
c3 + b%c = c¢(c? + b?) > 2bc?
= a3 + b3+ ¢3 + ac? + a’b + b%c = 2(a%c + ab? + bc?) = (3) is true.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Forx+y+z=3,xyz>0wehave: x? + y* + z? > xy* + yz? + zx*
> x+y+2)?>xy?+yz? +zx? + 2(xy + yz + zx)
+ 7y + z)?
=z (xy? + 2xz) +E:12212;;)+(zx2 + 2yz) =1 :>y2-y|c-22+zz i2x+x2i2y -

Therefore, itis true. Remark: Because (x + y + z)(x — zx) + (y — xy) + (z — yz) =
=3[(x—zx)+ (y—xy) +(z—yz)] = 0.
Hence x(x — zx) + y(y — xy) + z(z — yz) > 0. Thatis x* + y? + z* > x*z + z*y + y*x

Provethat: x2 + y2 + z2 > xy? + yz2? + zx’ x +y+z=3,x,5,2> 0
3b 3c

Proof: give x = —= = z

-9 a+b+c’y a+b+c’ a+b+c
X VA X VA
yz Zx Xy y zZ X

a(a+b+c)+b(a+b+c)+c(a+b+c) a
3bc 3ca 3ab b
1/la®> b* ¢2 a b ¢ a ¢ b

o —|—+—+ —
3lbc ca ab b ¢ a ¢ b a

1[/a? ¢ b? a c2 b
o—ll—+=|4+[—+=]+—+—-|+
3(\bc b ca ¢ ab a
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b

c

(_)1[2(2+2+£)+E+2+£] ZE+
3 b ¢ a b ¢ a b

1 b b
+5<—>—[3(E+—+5)] =24+2+50k
a 3 b c a b c a

Therefore, itis true.

SP.205. In AABC,n,,n,,n, are lenght’s of Nagel’s cevians. Prove that:
NgNpN, = TgTpT,
.. Tp T —exradii of triangle.
Proposed by Daniel Sitaru-Romania
Solution by proposer

Lemma 1 (Tarek’s lemma)

InAABC:n, > m, (1)

Proof:
B
Let AD be the Nagel's cevian of A; AD = n,
By Stewart’s theorem in AABC:
a-n:=c*(s—b)+b*(s—c)—a(s—b)(s—c)
c’(s—b)+b*(s—c
nz = ( ) ( )—(s—b)(s—c)
a
n,>m, © n:>m?
c’(s—b)+b*(s—c 2(b? + ¢?) — a?
(G-D)+bs=0) 2
a 4
cz(a+c—b)+b2(a+b—c)> (a+b—-c)(a+c—Db)+2(b*+c?)—a?
2a - 4
cz(a+c—b)+b2(a+b—c)>b2+c2+2bc
2a - 4

2(c2a + c® — bc? + b%a + b3 — b?%c) = a(b? + ¢% + 2bc)

2c?a+2c¢3® — 2bc? + 2b%a+ 2b3 — 2b%*c — ab? — ac? —2abc >0
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ab? + ac? + 2¢3 + 2b3 — 2bc? — 2b%c —2abc >0

2¢%(c — b) — 2b%(c — b) + ac(c — b) —ab(c—b) >0
(c=b)[2¢?2-2b%>+al(c-b)]=0
(c — b)?(2c + 2b + a) > 0 which is true.
Lemma 2.
INAABC:m, = /s(s — a)
Proof:

m, > .s(s—a) ©®m2>s(s—a)

Z(b2+c2)—a2 > (a+b+c)(b+c—a)
4 - 4

2b% +2c¢%? —a? > (b + ¢)? — a?
b2+c2—-2bc>0< (b—c)2=>0

Back to the problem:

Lemma 1 Lemma 2
n,nyn, > memym, = s(s—a) s(s—b) s(s—c)=

sS3 s

=s\/s(s—b)(s—c)(s—a):ssz?zs(s_a)(s_b)(s_c)-f:
B s3 s s s
" (G-a)s-b)(s—c) s—a s—b s—c

=TalpTe

SP.206. Prove that in any ABC triangle the following inequality holds:
A 6
—2RZ+17r% < z m?2 tan? 5 < E(R3 —51r3)
Proposed by Marin Chirciu — Romania
Solution 1 by Marian Ursdrescu-Romania

We have: m, > /s(s— a) >

Zmﬁtanzg >Ys(s—a) -% = Y(s — b)(s — ¢) = 4Rr + r? = we must show:

4Rr +1%2 > —2R?* + 17r%? © 2R? + 4Rr > 161% © R? + 2Rr > 8r%, which is true,

because: R? > 4r? and 2Rr > 41? = R? + 2Rr > 8r?. We have: m, < 2R coszg =
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A A sin? ,A
ZmﬁtanZESZLLRZcos“E ZRZ 4sm — - cos? 5=

cosZ

=R?.Ysin?A = RZZaI: (a +b%+c%) (1)
But a? + b% + ¢ < 9R? (2)
From (1)+(2)= Y m? tanzg < %RZ = we must show:
2R <2(R®-5r%) & 3R* < 8R® — 40r® & 4013 < 5R® & 8% < R & 2r < Rtrue
Solution 2 by Soumava Chakraborty-Kolkata-India

bc(s—b)(s—c) Zbc(s —s(b+c)+bc)
s(s—a)(s—=b)(s—c) ris2

Firstly, Y, seczg =Y

s2Yab—sY ab(2s —c)+ (3 ab)? — 2abc(2s)

ris?
_ —s?(Xab) + (X ab)? — 4Rrs* _ (s®> + 4Rr + r*)(4Rr + r*) — 4Rrs?
B r2s? B 72s2
_ s2r24+r2(4R+1)? (l) (4R+r) 1 2 2 2 2 24
==z -1+ .Now, ¥ mf sec?- = 3(2b* + 2¢* + 2a® — 3a®) sec?;

:<224a )(ZSECZ%I)‘% “Z%

0) 4R +1)? 3 a
=t (s? —4Rr—r2){1+u}—g-4Rrsz

s2 s—a

C 2 ARy 12+ (s? —4Rr —1r*)(4R +1)* 3er <a —s s(s —b)(s— c)>

s2 s—a s

=s2—4Rr—r* +

(s? —4Rr — 12'2)(4R +1)? 3pr <_3 . Y (s — s(bZ+ c)+ bc))
s T

=s2 —4Rr—1r%+

(s — 4Rr —12)(4R +1)? 352 — 4s% + §% + 4Rr + 1?2
—3Rr| -3+

2 2

S r

—4Rr — 1?2 +

@ (s2 —4Rr — r*)(4R + 1)? 4R - 2r
=s Z —3Rr (—)

(52—4Rr—r2)(4Rr+r)2
52

A A
Now,ZmﬁtanZEZZmﬁsecZE—Zma =s? —4Rr—-1r*+

3 6
—3R(4R - 21) — 7 2(s? —4Rr —1?) < E(R3 -5 e
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s —4Rr — r? 6
©—— —* 3R(4R — 2r) + E(R3 - 51%) >

& Rs* — Rs?(4Rr + r?) + s2(12R3® — 6013 + 6R*(4R — 2r) — 2R(4R + 1)?) +

(s2 —4Rr —1r?)(4Rr + 1)?
s2 <

erretsen

(1) G
+2Rr(4R +71)3 > 0.Now, LHSof (1) >  Rs?*(12Rr — 61?) +

+s2(12R%® — 6073 + 6R*(4R — 21r) —2R(4R +1)?) + 2Rr(4R + 1) =
2
= s2(4R® — 16R?>r —8Rr?> — 6013 ) + 2Rr(4R+1)3 >0

2
& s?2(R—2r)(4R? — 8Rr) + 2Rr(4R + 1)3 (% s%2(24Rr? + 6013)

Gerretsen
Now, LHSof (2) >  (16Rr —5r%)(R — 2r)(4R? — 8Rr) + 2Rr(4R + r)3 and

(a)

erretsen

G
RHS of (2) (%) (4R? + 4Rr + 31r%)(24R7r? + 6013)

(a), (b)= in order to prove (2), it suffices to prove:
(16R —57)(R — 2r)(4R? — 8Rr) + 2R(4R + 1)3 > (4R? + 4Rr + 3r%)(24Rr + 6071?)
R
& 96t* — 138t + 12t2 — 195t —90 =0 (t = 7)

Euler

e (t—2)(96t3 +54t> + 120t +45) >0 —>true~=t > 2
=>(2)=>1)=Xm} tanzg < %(R3 — 51r3)is true.

mi>s(s—a),etc

Again, Y, m? tan? g > Y s(s — a) (s=b)(s—c)

s(s—a)
= Z:{sZ —s(b+c)+bc}=3s>—4s2+ s +4Rr +r%2 > —2R* + 17r*

Euler

& 2R?+4Rr—16r2>0= (R—2r)(R+4r)>0->true~t > 2r=
= Y m? tanzg > —2R? + 17r? (proved)

Solution 3 by Tran Hong-Dong Thap-Vietnam

>b+c A 5 (b + c)? ZA>b ,A

—— - - . — —

m, = 2 COS2 mg, = 2 COS 2 = C COS 2
sinZé

A A . oA
= m2tan’= > bc-—% - cos?= = bcsin? = (etc)
2 cos?2 2 2
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A\ AM-6M 3 A B C
:z<m§tanzz) > 3 [(abc)? (sinzsinisin—)

2

2

2
= 33\/(4-RTS)Z (é) = 33 s2rt > 33’(3\/57.)27.4 = 9y2

We must show that: 972 > —2R? + 17r? © 2R? > 8r? © R > 2r (true).

m,=m,=m,

A<B<C=>a<b<c>
Suppose:A<Bs=C=asbsc {tanzgsmnzgsmnzg

4 1 A B C
= Y mitan?= < =(m2+m? + m? (tanZ — + tan? — + tan? —)
22 a 2 3( a b &) 2 2 2
13 C\ 9R? (4R+1r)*-25s2) 6
=32 (a® + b? + c?) (tanz— + tan? — + tan? E) < ( s)z < E(RS —513)

3[a+0)® 257 e (¢=" 2 1 2 <52 (14 — 4083
2)e " <21 5t]<t— SStSZ><:>3(4+t) < 7 (14 —40t%)

r
R’
S2 T T 2

~ §2>16Rr — 512 = Z216-2-5 (E) = 16t — 5t%. So, we must show that:

1\ /12 26 27 27
+ Z< — 2 — 3 ( __)<_+_ + — Z_|__ 3 _ 4‘)<
3(4+t)* <(16t—5t*)(14 —40t3) o (t 75 25x 2Ox 1Ox x*)<0

2
1
) . t—><0
Itistruebecause:=<t<-=
5 2 E+E +E Z+2x3_x42%_i>1>0
25 25 20 10 625 16

= (2) true. Proved.
Solution 4 by Soumitra Mandal-Chandar Nagore-India

s2 < 4R?> + 4Rr + 3r%,ab + bc + ca = s* + r* + 4Rr

and 4m?2 = 2b* + 2¢? — a* = 2bc + b? + c* where cos A = b2+ZC:C_a2
b*+c2 A 5 ,A b2+c* A 5 ,A
2 cos EZmaZbccos E:> 5 sin EZmaZbcsm 7
b*+c?2 A _— ,A
:z 2 sin EZZmatan —>Zbcsm 2
cyc cyc cyc

INEQUALITY b% + 2 ,A 5 ,A ,A
= sin —ZZm tan —ZZbcsin—
Z 2 2 “ 2 2
cyc cyc cyc

2 (Y
= — _
3 2 sin 2

) CHEBYSHEV'S
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c
[let b% + ¢? > ¢? + a? > a? + b? then sin? < sin? < sin? 5]

:>§(sz—rZ — 4R7r) Z(s—b)(s—c) Zmatan —>Z(s—a)(s—b)

cyc cyc cyc

1 A
= — (s — 1% —4Rr) - iRrs’ Za(s—b)(s—c) 22mﬁtan252r2+4Rr

cyc cyc

A
= — (4RZ + 2r2)—(4Rrs —2s1%) > Z m?2 tan? — 5 2 >71%2+ 4Rr
cyc

o (4R%+212)

=~ (2R—1) =%, m2 tanzg > r% + 4Rr we need to prove,

2 (R* - 51°) = - (2R? + 12)(2R — ) and 1% + 4Rr > 1712 — 2R?
= 5R3+ 2R*r — 2Rr* —44r3>0and R* + 2Rr — 8r? > 0
=53+ 2t2 -2t — 44 > O,Wheretzgz 2and (R—2r)(R+4r) >0
= (t —2)(5t> + 12t + 22) > 0 and (R — 2r)(R + 4r) > 0, which are both true

~17r* —2R* < ¥.pcmi tanzg < %(R3 — 57r3)(proved)

SP.207. Prove that in any ABC triangle the foIIowing inequality holds:

A
9(8R% — 232<z t2—
( ) s ) macot’s < 322

Proposed by Marin Chirciu — Romania

(13R3 8813)

Solution by Tran Hong-Dong Thap-Vietnam

4 A
Z m? cscZ — —Z(4R4 37rY) o Z m? (csc > 1) < —(4R4 37r%) — Z m?

2 2 4 4 2
Zma-cot Esr_2(4R —37r )—ZZa

A4 4 3
= Z m2cot? = < — (4R* —37r*) — —(2s> —8Rr — 2r?) =
2 1r2 4

16R* 3 293 _ (1) 81R
= —=s2+6Rr———1? <

T3 5T < 355 (13R° — 88r°)
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915 293 541 R* 3 915 R 293 _ 541 (R\* 3
(1)(:)—R ricis S +tslte =2 -———s—(—) +=.
2 32 r2 2 4 r 2 32 \r 2

2

©

N

.
2
s> 16Rr—5r2 =5 >16 -~ —5.Lett = (t > 2)

We show that: Et - % < t4 += (16t —-5)

541 819
= it - Tt+ 154>0¢% —(54-1t4 6552t +4928) > 0

(Itis true because: Let f(t) = 541t* — 655t + 4928

= f'(t) = 4 -541¢3 655—0<:>t—3 655
f= B ~ |4-541

= f'(t) >0vt> ’ ::f = f(t) = f(2) = 12274 > 0. Hence, (1) true.

:Zm cotZ Zm csc ——Zmz—

bc(s —a bcm? A4Rrs 3
Zm§¥=z 2 ——.Z.2(s®2—4Rr-1?

r2s r? r’s 4

Y bc(2b% + 2¢% + 2a? —3a?) 6Rr(s?—4Rr —1?)
- 472 B r2

2 a?)Q ab) — 3 -4Rrs(2s) 6Rr(s? —4Rr —1r?)
- 472 B r2

4(s? + 4Rr + r?)(s*> — 4Rr — r?) — 24Rrs*> 6Rr(s* —4Rr —1r?)
- 472 B r2
_ s*—12Rrs* +r*(4R+r)(2R—71)
72

3 3 3
Zm§=ZZaz =—-2(sZ—4Rr—r2)=—(sZ—4Rr—r2)

s*—12Rrs> +r*(4Rr +r)(2R—-1) 3
0= r(Z X )——(Z 4Rr —1?)
_ 2s*—24Rrs* + 2r*(4R +r)(2R — r) — 3r?s®> + 12Rr3 + 3r*
B 212

We must show that:

24Rrs? + 2r2(4R +1r)(2R — r) — 3r%s% + 12R13 + 3r* > 2r2(72R?
& s%2(2s? — 24Rr — 31r%) + 2r%(8R? — 2Rr — %) + 12R13 +

—2077r%)
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+3r* > 144R%*r? — 4141* & s2(2s% — 24Rr — 3r%) + 8Rr3 > 128R?*r? — 4151

~ §2(2s% — 24Rr — 3r%) > (16Rr — 57*)(8Rr — 137r?) = r?(16R — 57)(8R — 137)
We need to prove: 128R? — 415r% > 128R? — 248Rr + 651? & 248Rr > 48012

60 60
S R>_r. (True because: R > 2r > Hr)' Proved.

SP.208. Prove that in any ABC triangle the following inequality holds:
3612 < Z m2 sec? 4 < 9R?
< a 5 S

Proposed by Marin Chirciu — Romania

Solution 1 by Tran Hong - Dong Thap — Vietnam

m

2
Let @ = Ym?sec?a =y M,
2 coszz
2 AM—GM 1
maz%-cosg(etc)ﬁ QZZ@ > Y(bc) =Y ab = s?+ 4Rr +r? > 3612
(1) © s? = 35r2 —4Rr

+ §2 > 16Rr — 51% > 3512 — 4Rr © 20Rr > 40r* < R > 2r (Euler) = (1) true.

m, < 2R coszg (etoy= Q<) {(4-RZ) : cos“g- 12A} =
CO.

2 zA 2 4R+ 2 @) 2
= 4R ZCOS E:4R 2R = 8R“ + 2Rr < 9R

(2) © 2Rr < R? & 2r < R (Euler) Proved.

Solution 2 by Soumava Chakraborty — Kolkata — India

1 A2
361% < Zmﬁ seczi < 9R?
. 24 _ be(s-b)(s—c) _ Zbc(sz—s(b+c)+bc) _
Firstly, Y. sec 2 X s(s—a)(s—b)(s—c) r2s? B

_s2¥ab—sYab(2s—c)+ (X ab)? —2abc(2s) _

= — =
_ —s?*(Xab) + (X ab)*> —4Rrs* (s> +4Rr +r*)(4Rr + r?) — 4Rrs* _
B r2s? B r2s?2 B
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s2r2 +r2(4R +1)? () (4R +1)?
= =1+ —
ris? s2

Now, Zmg seczg = iZ(ZbZ +2¢% + 2a* — 3a?) seczg =

(5 Eed) T

by (i) 4R +1)? 3 a
= (sZ—4Rr—r2){1 +¥}——-4Rrsz =
S 4s s—a

=s2—4Rr —r* +

(s> —4Rr —r%*)(4R + 1)? B 3er <: -5, s(s—b)(s— c)>

s2 —a s

(s> —4Rr — r%)(4Rr +1)?
2 2
=s“—4Rr —r- + 52

— 3Rr <—3 + 2(s" sf.fC) - bC)>

=s2—4Rr—r% +

(s> —4Rr — %) (4Rr + 1)? 352 — 4s% + s* + 4Rr + r?
—3Rr| -3+

s2 T2

=s2—4Rr —r% +

(s2 — 4Rr — r%)(4Rr + 1r)? 4R - 2r 5

52 — 3Rr (—) <9R* s

. (s2 —4Rr —r?)(4Rr +1)?
52

o s?

<21R? - 2Rr+rt &

(2a)
& st +s2(4Rr +1)? —r(4R+71)? < s*(21R%? — 2Rr +1?)
?
Now, LHS of (2a) < s?(4R? + 4Rr + 3% + (4R +1)?) — (4R +1)% < s*(21R? — 2Rr +1?)
?
< s2(R> —14Rr - 3r2) +r(4R+1)3 >0 &

?
o s?2(R-2r)2+r(4R +71)3 (ZZb) s2(10Rr + 7r?)

ret

Gerretsen
Now, LHS of (2b) (2) (16Rr — 5r%)(R — 2r)? + r(4R + r)? & RHS of (2b)

n)
< (4R? + 4Rr + 3r%)(10Rr + 71%)
(m), (n)= in order to prove (2b), it suffices to prove:
(16R - 57)(R—2r)? + (4R +1)3 > (4R?> + 4Rr + 3r>)(10RTr + 71r?) &

Euler

<40t -89t2+38t—40>0 < (t—2){40t(t—2) + 71t +20} >0 > true~t > 2
= (2b) =(2a) =(2) is true.
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2 Joscu 2
. A_1 A 1 (@ b+
Again, Y m? secZE > E(Z m, secE) > 5( c) =

2

2 2
452 S°2271° {0g,2 B
== = ——=36r*=>(1)istrue Proved.

Solution 3 by Soumitra Mandal-Chandar Nagore — India

ab + bc+ ca = 4/3A, s > 3V/3r, 4m§ =2b%+ 2c* — a? = 2bccos A + b? + ¢?

M-GM AM-GM
(b? + c?)(1 + cos A) > 4m% > 2bc(1+ cosA)
b? + ¢? ,A A b%+c? ,A
= cos? —2 m2 > bccos? == > m?sec?— > bc
2 2 2
b?% + ¢?
z >Zm sec —>ab+bc+ca:>z Z>Z:m Zab
cyc cyc cyc cyc cyc

= 9R? > ¥, mi seczg > 4v/3A = 4\/3sr > 4+/3r - 3v/3r = 367% Proved

SP.209. Prove that in any ABC triangle the following inequality holds:
2 2 .24 _ 4 4 4
27R SZmacsc ESr_2(4R —37r%)

Proposed by Marin Chirciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
€)) RO
Inany AABC,27R? < Y m2 csc? S<3 (4R* - 371%)

bc(s —a bcm? A4Rrs 3
Zmacsc ——Zm (2 ) Z > - -2(s* —4Rr — 1r?)
r<s r

r2s 4
Y bc(2b% + 2¢? + 2a®> —3a?) 6Rr(s? —4Rr —1r?)
- 472 B r2
2 a?)(X ab) — 3 - 4Rrs(2S) 6Rr(s? —4Rr —1?)
- 472 B r2
4(s® + 4Rr + r?)(s®> — 4Rr — %) — 24Rrs* 6Rr(s? —4Rr —1r?)
- 472 B r2

— (4Rr + 1?)? — 6Rrs? — 6R1r (s> — 4Rr — 1?)
)
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S$* —12Rrs* + (4Rr + r*)(6Rr — 4Rr — 1%) () S* — 12Rrs* + r>(4Rr +r)(2R — 1)
T2 B T2

(2a)
H>2)e $* —12Rrs* +r?2(4R+1r)(2R—1) < 16R* — 148r*

erretsen

G
Now, LHSof (2a) <  s?(4R*—-8Rr+37r%)+r?(4R+1r)(2R—1)

Gerretsen

< (4R?> +4Rr + 31r%)(4R?> —8Rr + 3r2) +r2(4R+r)(2R—1)

Euler
( 4R?> —8Rr +31r* =4R(R—-2r)+3r? > 3r¢> o)

? ? R
<16R* - 148r* = 8t3+7t—-78>0 (t=7)

?
©8t—-2)t?+2t+4)+7(t—2)=>0
Euler
Whichistrue =t > 2= (2a)=(2)istrue. Again, (i))=(1)e

(1a)
S*—12Rrs? +r?2(4R+1r)(2R—1) = 27R?*r?

Gerretsen

Now, LHSof (1a) >  S?(4Rr —5r%*)+1r2(4R+1r)(2R-71)

Gerretsen

> 1’(16R—-5r)4R—-5r)+1r*AR+1)(2R—71)
Euler
( 4Rr —5r* =4r(R-2r)+31r* > 3r’2> O)

Euler

? ? ?
> 27R%r? & 15t — 34t +82 0 (t=%) o (t—2)(a5t—4) 2 0> true v ¢ > 2
=(1a)=>(1) is true (Proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

mg

LetQZZmﬁcsczgzz

sinzg
A Z
m, < 2R cos? 2> m? < 4R? (cosZ E) =

A\? A A
= 4R? (1 — sin? E) = 4R? (1 — 2 sin? 2 + sin? E)

1—Zsin2g+sin4% 1 A
:>Q=4Rzz = 4R? z —6+Zsinzi

A A
24 24
sin® sin® 5
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2R—r} Z{4R2+4Rr+3r2+r2—8Rr . r}

— 8Rr

2R

o 7413 — 12 2t—8<0<:>(t—l (tZ
2 37
4
= Q < — (4R* - 37r%)
r
mg = +/s(s — ):>m§2s(s—a)(etc):>Q>Zs(s a)—sZ —
2 SlnE
z 1 z a z Z4Rsm cos
S<s — )Y —— 1t =515 -
sin? % sin? % smZ smZ
s+ 1% —8Rr s s2+1r2 —8Rr 4R
=§{s§ —— 4R - — :sz -
T2 r T2 r

s2+ 12— 12Rr\ @
s? > > 27R?
T
(2)e s%(s? +1r?2 — 12Rr) > 27R*r?

2>16Rr — 51r* = s2 + 12 —12Rr > 4Rr — 4r
= s2(s2+1r? —12Rr) > (16Rr — 51%)(4Rr — 4r?%) = 64R*r? — 84R13 + 201*

We must show: 64R?r%2 — 84R1r3 + 20r* > 27R?*r? & 37R?*r? — 84Rr3 +20r* > 0

© 37R? —84Rr +20r2 > 0 © (37R— 10r)(R — 2r) > 0 (~ true R > 2r) Proved.

SP.210. Let ABC be an acute-angled triangle. Ifa + b + ¢ = w and
Acosa+ Bcosb+ Ccosc = g; (A, B, C —the measures in radians), then

AABC is equilateral.
Proposed by Marian Ursdrescu — Romania
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Solution 1 by Tran Hong-Dong Thap-Vietnam

a+b+c=m(ab,c>0)
va+b>c=>a+b+c>2c=0<c<zSimilarly:0<ab<7.

Let f(x) =cosx(0 <x <§) = f'(x) = —sinx = f"(x) = —cosx <0 (0 <x<§)

Suppose:A<B<C=a<b<c=cosa=>cosh >cosc ( f(x) =cosx\ (Og))
1
:>LHS=Acosa+Bcosb+CcoscSE(A+B+C)(cosa+cosb+cosc)

b4 Jensen ¢ a+b+c T b4
=§-(cosa+cosb+cosc) < §'3COS(T>:TL’-COS(§):E

A=B=C

a=b=c Proved.

Hence, LHS = g {
Solution 2 by Soumava Chakraborty-Kolkata-India
Ifa 2% thenb+c£§(-‘- Ya=m)

= b + ¢ < a = violation of triangle inequality = a < g Similar argument = b,c < g

cos x
2

. a A Ja A Ja
ZAcosaZZA(l—ZstE)ZZA—ZnZ(;stE)Zn—ZnZ(;stE>

Jensen A
< m—2msin? <Z("a)> & Z% = 1 and sin? §Vx € (0%
b >

Let f(x) = sin? E,Vx € (Og) Then, f""(x) = > 0 = f(x) is strictly convex.

N—

& — is strictly convex)

Now, WLOG we may assume a > c
=B C 1 A \ Chebyshev 1 1 2 m w1 A \Om
“A>B>C~=-) (= > .= = =5 (Za)>=
=5= 22(11“) = 2z 3(2 )(Z“) 6m 6:>22(na)_6
n T 1a/(A 1 322\ _ 31 1(w4 \ D 3g
ABC<j&abcalso<i:;%(ja)<, ()= =;(57e) <F

[

@), ()=>2<25(2a) <> sin <@> 2 sinZ =1

2
1),(2)=YAcosa<m—2m (%) =7 equality whena = b = c

(- the equality of Chebyshev's inequality holdsat A = B = € (&a = b = ¢) and the

equality of Jensen’s inequality holds ata = b = ¢, as f(x) = sin? EVx € (Og) is
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strictly convex) and .. equality relation holds (as }; Acos a = g), ~a=b=c=AABC

is equilateral (proved)

UP.196. Let be x,,, y,, = 0, x,, # y,, such that:

lim,_,x, =1lim,_.,y, =p p € N". Find:
S yn yfln
= {xy — 3 ¥n

Proposed by Marian Ursdrescu — Romania

Solution by proposer

Xn
Q= lim ——2_ “Yn = lim

n—oo p, / n—-oo

Yn Xn Y } Yn
yn p . xn yn yn yn
— p—-1 — p—-1 =
p p !Ll—l;glo Xn— Yn pPvp rlll—l;{)lo Xn— Yn

n-o Xp — Yn n-o Xy — Yn

— Yn _ ~%n
= pi/pP- 1<llm —y" +lim 22— y">

Ynlnx, _ eyn_lnyn lny — exnlnyn
=p"/ p-1<lime + lim 222 Yn >
PNP n-co Xn—Yn n—oo Xn—Yn
Xn
en Inyy, (eyn lny"_l) Yn In (}’_) e*n lnyn(elnyn(yn_xn) — 1)
= pi/pP-1| lim ¥ =+ lim Iny,
n=ee Yn In=2 ~Yn n-oo In Yn (xn - yn)
Yn
In (1 +Xn " Yn
y" —pPlnp | =

— p-1 P1li
pvpP | pPlimy, P

= p\/p*~1(p? — p? Inp) = p?**\/pP-1(1 - Inp)
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UP.197. Let be f: R — (0, o) continuous such that for a, b, ¢ > 0 fixed values:

a*f(x) + b*f(y) + f(2) = f(Of()f(2),vx,y,z € R

Prove that:

(B-—a)a+b+c)Wa+b+c
3

B
ff(x)dxz (V)0 <a<p

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

a3
z a*f(x) = fFO)f)f(2) = ZW -1

cyc

HOLDER'S INEQUALITY (q + b + ¢)3

= 350 fOVf )

=1

= > F@FG) 2 (a+b+o)?
cyc

2
= (Zf@)) >3 f(f0) = (@+b+e*= Y f() = (@+b+o)?

cyc cyc cyc

B B
ZJf(x)de(a+b+c);fdx=([i’—a)(a+b+c)\/a+b+c

cyc o
B
:>3ff(x)dx2 B-a)la+b+c)Va+b+c
a
f‘ff(x) dx > (B—a)(a+b;c)\/a+b+c

Solution 2 by Srinivasa Raghava-AIRMC-India

(Proved)

fff(x)dxz B-a)yNad3+b3+c3(fx=y=2z>= f(x)=Vva® +b3+c3 f(x) >0)

We know that:
1 1 3 1
3@ +b+c®) > (2(a+b+c) :>\/a3+b3+c32§(a+b+c)\/m

Hence from above, fff(x) dx > @ (a+b+c)Va+b+c



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Solution 3 by Ravi Prakash-New Delhi-India

Taking x = y = z, we get: (a® + b3 + ¢3)f(x) = f(x)3

As f(x) #0,weget: f(x)?=a®+b3+c2 > f(x)=Vva3+b3+c3asf(x) >0
Now,

fff(x)deVa3+b3+c3ffdx=([i’—a)\/a3+b3+c3 1)

ad+b3+c3 a+b+c 3
But, 3 2( 3 )

+b+ +b+
N a3+b3+632% Vvatbte

(2)

From (1), (2), we get: fff(x) dx > (ﬁ—a)(a+b;c)\/a+b+c

UP.198. Let n be a positive integer. Evaluate:

1 —(cosx)"cos(nx)
lim 5
x—0 X

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Marian Ursdrescu-Romania

1—(cosx)" - cosnx

) 1 — (cosx)® + (cosx)™ — (cos x)"™ - cos nx
lim = lim
x-0 xZ x-0 xZ
- 1—(cosx)® . (cosx)"(1—cosnx)
=lim 5 +lim 5 =
x-0 X x-0 X
. o, NX
. (1—=cosx)(1 +cosx+ -+ (cosx)* 1) (cos x)" — 2 sin? 5
= lim 5 5 =
x—0 X x-0 X
. 2 X . o, NX
2 sin? 5 (1+cosx+ -+ (cosx)™1) (cos x)™ - 2 sin? =5
= lim + lim
x—-0 x?2 x-0 x?
5 o n? n+nZ nn+1)
4 4 2 2

Solution 2 by Abdul Hafeez Ayinde-Nigeria

Q= lim <1 — (cosx)™ cos(nx)>

x-0 xZ
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Q= g; indeterminate. Applying L'Hospital’s rule.

Q =lim
x-0

<(cos x)"(nsinnx) + n(cosx)* !sinx - cos(nx)>
2x

Q= %. Applying L’'Hospital’s rule again.

—n(cos x)" 1sinx - (nsin nx) + n?(cos x)*(cos nx) +
+n((cos x)" 1 cosx - cos(nx)) +
sin x (—sin x (n — 1) cos(nx) (cos x)"2) —
— i . n-1
Q = lim n sin(nx) - (cos x)
x—0 2

2 ; 2

_ <n2 +n(1+0)> Q_nZ +n
UP.199. Given the triangle ABC. The internal angle bisectors from A, B, C

meet sides BC,CA, AB at A, B4, C respectively. Prove that:

t A+t B+t C+
an_— + tan - + tan
2 2

cos(BB;,CC;) cos(CC{,AA;) cos(AA;{,BB;)
+ v + 5 + =
cosz cos cos

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Marian Ursdrescu — Romania

A B C_ 4R
We have tan- +tan- + tan; = :r (1)
2b A A _ (b+c)AA .
AA; =25 cos? = cos2 = L1 ond similarly =
4+c 2 2 2bc
cos(441,BB;) _ cos(AA;,BB;) _ 2abcos(A44;1,BB;) _

cosg - (aJrZI;)bccl - (a+b)CCq N

2ab AA,-BB; _ 2ab (bﬁ + cﬂz) (aﬁ + cBC)

~“(a+b)CC, AA, BB, AA, BB, CC,(a+b)  b+c a+c
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1 ., N, .
(—2a%b%c? — 2ab*cBA - BC — 2a*bcAC - AB + 2abc*CA - CB) =

“(a+b)a+c)(b+c)AA,BB,CC,
= —2abc(abc+ aAC-AB +bBA -BC — cCA - Eﬁ) (2)

From (2) - cos(BBl,m) + cos(m,rh) + cos(m,TBl) —
g cos3 cos;

_ —2abc(3abc+aA_B)-R+bE[1'.R’+CZ'§'.E4’) _
(a+b)(a+c)(b+c)AA;BB,CC, -
2 2 _ 42 2 2 _p2 2 2 2
—2abc(3abc + a (“%) +b (W) +c (%)

(a+b)(b+c)(a+c)AABB,CC,

—Zabc(6abc+2bc(b+c) Za) ( )
(a+b)(a+c)(b+c)AA1BB1CC1

Butabc = 4sRr (4)
Y bc(b+c)=2s(s®>+1r%—2Rr) (5)
Ya® =2s(s>—-3r?—-6Rr) (6)
and (a + b)(a + c)(b + ¢c)AA;BB,CC, =
A 2ac B 2ab

= (a+b)a+ )b+ ) o

c
o COSS 0SS C0S 5 =
A B C s s 4
= 8a’b?c? - €OS - COS o - COS - = 8a?b?c? IR 2a’b*c? - -
= 32sR*r? = 325°Rr? (7)
From (3)+(4)+(5)+(6)+(7)= cos(BBlACC1) + cos(AAléccl) + cos(AAl,CBBl) — _4R+r @®)
COSE COSE COSE S

From (1)+(8)= the relationship is true.

UP.200. I1f 0 < a < b then:

bbbb
f f f f (x +y+ z + t)dxdydzdt - (b +a)?(b — a)*
y + yz +zt +Vtx 4ab
a a a a
Proposed by Daniel Sitaru-Romania

Solution by proposer

x,y € [a, b] . By Schweitzer inequality:
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(a + b)?
(x+y)( y) ab
(x+y)2<(at+b)Z
xy ~ ab

ab(x +y)? < xy(a + b)?
Vab(x +y) < /xy(a+b) (1)
Analogous:
Vab(y +z) < \[yz(a+b) (2)
Vab(z + t) < Vzt(a + b) (3)
Vab(t + x) < tx(a+b) (4)
By adding (1); (2); (3); (4):
2Vab(x+y+z+1t) < (a+b)(/xy +/yz + Vzt + Vix)

x+y+z+t a+b_
\/_y+\/_z+\/_+\/ﬁ 2vab
_a+b 1 GM;HMa+b 1 a+b 1 _ (a+b)?
2 Jab 2 2 2 2ab = 4ab
1,1 a+b
a b
xX+y+z+t (a+b)Z

[xy + ./ z+\/_+\/ﬁ 4ab
bbb b
ffff(x+y+z+t)dxdydzdt<
aaaa “xy+“yz+\/ﬁ+\/a

<ffff(a+b)zdxdydzdt=(b+a)2(b_a)4

4ab 4ab

oo arctan x

UP.201. Calculate the integral: f dx It is required to express the

integral value with the usual mathematical constants and ¥4 ( ) where

P ,(x) is the trigamma function.

Proposed by Vasile Mircea Popa — Romania
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Solution by Pedro Nagasava-Brazil

x
(x*-x2+1)(1+y%x2) d

foo arctan(x)
0 x*-xZ+1

dx. Rewriting the integral: I = [ f01 y dx

Using Fubini-Tonelli Theorem, it is possible to switch the order of integration:

1 o
x
I:ff dxdy
(x* — x2 + 1)(1 + y?x?)
00

Letx?=1z:1= zdy =

1 01 (oo 1
2o o @ @

1 oo
1 1 —y%z y:+1 y*
ny4+y2+1f[zz—z+1 z2—z+1 1+zy? dz dy
0 0

1 5] yZ
e | A e R S A T
T 2) yr+y2+1 2\z2—-z+1) z2—-z+1 1+2zy? zay
0

1
| 1f 1 * 2 1+ zy? +2 yZ+1 . (Zz—l)d
=l a > = og| ————|+—=|7* arctan
20y4+y2+10 Y R\ VZ—z+1) V3\2 V3 Y

1 1
_(Yleg) . m y:+2 4
Ty 1Y 33 yiryr a1

0 0

Considering the following function to evaluate the first integral:

1 1 o 1
= Y 1y (Yot n+6k _ N n+6k+2
f(n)_fy4+y2+1 1_y2dy— 1-—y5 dy—Zf(y -y )dy

0 0 k=09
— o0 1 1 i
f(n) - Zk:o (n+6k+1 B n+6k+3)' Therefore:

1 5
_= @ (2
_( 4)((2)+‘/’ &)
9 36
For the second integral, notice that it can be rewritten as:

oy [ Ylos®) X 1 1
f(2)—0 y4+y2+1dy_kzo(_(6k+3)2+(6k+5)2)_
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co 1
/4 y2+2 dv=T" f dy +f dy
3v3) i +yr+17 T3 3|) yiryra1 ) yrayEed
0 0 0

Evaluating the indefinite integral:

1

1 |
e [t
y4+y2+1_2| ( Y- +1) 3 y|
y- y y ]

( 1)

f dy 1)1 . Y=y +1l y2+y+1
Yy +1 2|3 ooV |2 By -1
Therefore: —f1 4’;;211 y === LR “’82(3)]

@
Gathering all results: [~ ‘a'rm“;(xl)clyc:i 12\/_log(3)+1p d

UP.202. Prove that:
5\ 32-63
(12) 3
w, (11> 32 + 643
12 3
where ¥, (x) is the trigamma function and G is the Catalan’s constant.

1
T n?+406 - 10w1(3)

1
% — 406G — 10w1(3)

Proposed by Vasile Mircea Popa — Romania

Solution by Dawid Bialek-Poland

11\ 32 1
lp<1>( )—?n’ + 2/31% — 406 — 10lp<1>(3)

12

5 32 1
gy () == — 2 4+ (1)()
b Y (12) 3 2 — 2V3m 40G — 10V¥ 3

O (1) 90 (2) = 4302 - 806 (1)

To prove (1), we consider the known values of trigamma:
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yO (L =n2+86 vO(3)=n>-86 (2

Let’s apply the following triplication formula for trigamma function ¥ G):

1 2

9PN (3x) =¥ (x) + ¢ (x + §) +y® (x + §)

gy (1) — @) (L (s (2
Then, we get: 9W (4) ¥ (12) +¥ (12) + W (12)
(L @ (5) = g (1) _ g (3
¥ (12) +¥ (12) =9 (4) ¥ (4) (3
Using the reflection formula for ¢V (i) we get:

WO () = iy~ PO () =8t - 43w () @)

Rewriting (3) with (2), (4), we get:

11 5
8n? + 4V3n? — ¢ (E) +yp® (E) = 9[n? + 8G] — n? + 8G

11 5
po (—) o 4 (E) = —9n? — 80G + n? + 8m? + 4/3n? = 4V/3n% — 806G

Where G - Catalan’s constant.

UP.203. Given a triangle ABC with incenter I. The lines AlI, BI, CI meet the
sides BC,CA,AB at A’, B’, C' and meet the circumcircle at the second points

A4, B4, Cq respectively. Prove that:
@+ 5w+ oo
AA BB cc

Al | B4l Ci1 2R
(b)_1+_1+L:__1
Al BI CI r

:2’

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution 1 by Marian Ursdrescu-Romania

a) In AABC from bisector theorem =24 =< 524 =< o pg = 2<
AC b a b+c b+c
INABAA' = AL = € _bre AL _ bre onq similarly =
A BA a IA at+b+c
Al BI CI b+c+a+c+a—+b
= + + = -9
AA'" BB’ CC arb+c
2_nr2 2_p2
b)ﬂ(l) = —AI - AI = OI? — R? = A0 = R*-0I° _ R RT+2Rr

Al "
sing

= Al = 2R singand similarly =

Aql B4l Cq1 2R - A - B . C . A r
:>—1+—1+L:—(smz—+smz—+smz—) (1).ButYsin?>=1—— (2)
Al BI CI r 2 2 2 2 2R

Ml Bil (Gl _2R(;  T)_2R_
From ()+(2) > A+ 2+ =2 (1 - 1) =2 _q

Solution 2 by Tran Hong-Dong Thap-Vietnam

Q) —c.pa+AC=a
ac " b
BA = ac 4C = bc “BA’_BA’_ ac  a
" b+c’ " b+c Al BA c¢(b+c) b+c

AA’_AI+IA’_1+ a a+b+c
Al Al N b+c b+c
AI: b+c (etc)

AA' a+b+c
AI+BI+CI_(b+c)+(a+c)+(a+b)_2(a+b+c)_2
AA’ BB CC a+b+c " a+b+c

_BA'A'C
AA

=

b)AA -A'A; = BA' -A'C=> A'A,
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b+cb+c a
A11:A’I+A’A1:m' AA' + =

Ad' + bca? 1
AA' a+b+c (b +c)2 AA
Al a AA'"  (bca3®) 1
= — = . + .

Al a+b+c Al (b+c)?2 AA - Al
a a+b+c (bca?) 1
= . + .
a+b+c b+c (b+c)2 b+c . AB?
a+b+c
_a (bca®*)(a+b+c) a (bca?)(a+ b +¢) (b + ¢)?
" b+c (b+¢c)3AB2  b+c (b+ c)3 2bc(a+b+c)(b—a)
__a ., a? __a  _a _ a 2s—a
" b+c 2(b+c)(s—a) b+c 2(s—a) b+c 2(s—a)
. a b+c __ a S .B1I __ b | C1I _ c
T btc 2(s-a)  2(s-a) Similarly: BI ~ 2(s-b)' €I _ 2(s—0)
Al Bol | Gd _ 1 b

Al BI CcI

N + c]:1[4R—Zr]_2R
2 ls—-a s-b s—c 2 r

1 Proved

UP.204. Let (a,,),,>1 be a positive real sequence such that
- a,
lim,_, 22

= a € R}, where t is a positive integer. Compute:

n

1
lim Z [kt - b]
n—>0oo n / an k=1

where b € R; we denote by [x] the integer part of x.

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Marian Ursdrescu-Romania

L =li _L.yn [kth] =i 1 ym [ktb] (1

= lm"_’m'i/ﬂ h=1 =My 5= 57 - Zk=1 (1)
n t

limn—mo Zk:l[k b] Bt

[(n+1)’p]  _ 1. [(n+1)tB] b
nt+1 - llmn—mo (n+1)t+1—nt+1 — llmn—mo Ct,}+1nt+"'+ciii — 1 (2), because
n+1)b—-1 n+1)h n+1)th
(n+1)tb_1<[(n+1)tb]S(n+1)tb:>( ) <[( ) ]_ ( )
cb, nt+- CP nt+--" CP

t
t+1 PR
. nt+1 on nn(t+1) . p  (n+ 1)(n+1)(t+1) a,
lim = lim = lim
n—-oo "/an n—-oo an n—-oo

an+ 1 nn(t+ 1)
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(n+ )" (n+1)"*a, . <(n + 1)">t+1 (n+ 1)1 nt*la,

= lim . = lim | (——
n-oo nn(t+1) an+1 n-oo

n nt+1 Ani1

et+1 1-

From (1)+(2)+(3)= L=~

Solution 2 by Remus Florin Stanca-Romania

t+1 t+1 n_ ktb
Q= llm — Z[ktb] = lim - lim M =
n—-oo " n

n n—-oo \/— n—-oo nt+1
l ln(n(t+1)n>
n(t+1)n n ] zzl[ktb] ] S\ an ) ] 2:1[ktb] 3
lim ——— Iim——=

= 1me n
n—-oo nt 1 n—-oo n—-oo nt+1

et+1 . li
An+1 n-oo nt+1 a n-oo nt+1
nt+1an

Stolz Cesaro et+1 [(n + 1)tb] et+1 [(n + 1)tb]

= a ',lli_,ll,}o(n+1)t+1_nt+1: a ,lll_,n,}o n+ 1\t =
nt+1 ( ) -1

n

Stolz Cesaro . n+1 n(t+1) 1 . 2:1[ktb] 1 2:1[ktb]
lim ( ) . lim ————= m—————=
n-oo

t+1 t t+1 t
=2 : limn—mo [("+1) b] =2 . limn—mo [("+t) b] (1)

“ (e () D

(n+1)tb—1<[(n+1)tb]<(n+1)tb;lim(n+1)tb_1 I (n+1)tb:b

= 11m
nt nt nt n—oo nt n-oo

lim——=b=lim————=bh= Q=
n— oo n n—-oo n

(n+1)'b . [(n +1)'b] b ¢)) b ettl
a

UP.205. Compute:
Fn Fn—l
lim <11m <(I‘(x + 2))<x+15Fn+1 (T(x + 1))an+1>an+1>
n—>0oo n—>0o

where (F,)ps0,Fo =0,F; =1,F,,,, = F,,1 + F,;,vn € Nis the Fibonacci
sequence.

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
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Solution 1 by Srinivasa Raghava-AIRMC-India

Fn

1 \F
ekt - (22

1
> forn=1,2,3 .. then we see thatlim,_,,, a(n) = 1=
r(n+1)n

o an)-1
=>lim———==1
n-w log(a(n))
Fn
F, 1
lim,_, a(n)" = lim,,_,, < - ﬂ) o

- . F
I =e% > (llmn_,Oo
(D) )

;—n“ = ¢) (¢ = Golden

Ratio)
Hence, we have:
1
Fp_1 _ Fy _Fn 1 1 ed
lim | lim xFn+1 <I‘(x +2) @+ DFns — T(x + 1)an+1) = e?log <e¢) = ; =1.14662 ...
n—-oo X— 00
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Fl’l
x\/ K n n+1 _—
limx_,oo [x+1) = limn-~ ﬂ = limn—mo ﬂ — l Let u, = ( VI(n+2)
x neN m n e

Fnt1
W) foralln e N

Fn
" rr2) Fr+1 .
= — 1z n+1 — Up—
Now, lim,,_,,, u,, = lim,,_,, RTOR 1+ n) =1, then - —lasn— o

Fn_ Fn_
lim u = li rn+2) 1 n+1 Fni1 i n n+1 Fni1

im u?! = lim . . = lim .

nowo ¢ now\IN+1) n+1 T (n+2) oo \n+1 "1 (p + 1))
1

— . F
= e¢ where lim,,_,,, 2 =

_ Fn Fn Fn_1
~ lim <<lim((r(x + 2))(x+1)Fn+1 — (I‘(x + 1))an+1> >
n-oo X—00

an+1
Fy 1
. (Tn+1)\Fat1 u,—1 1 1 e
=lim | —— . ‘Inul =e?-1-Ine?¢ =
n-oo n Inu,
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Solution 3 by Tobi Joshua-Nigeria

['=lim (lil?o <<(F(x + 2))"‘*3}”““) - <(F(x + 1))<x>‘;1+1>> <x£3+1>>

Consider Fpyp — Fpy1 —Fn=0>F, = AA} +BA} +--Vn>0=>12-2-1=0
1++/5 1-+5 V5-1 V5+1
(1) (1025 0y -

2 A2 = 2

F,=A4 (?) +B (‘/—H)n usingFo =0,F; =1

A=-1B=1>F,=- (22 ) +(5 l)n then = Fyyp == (@)m " (@;1)"“

n-1 n-1
and = £y =~ (52" + (52)" vow
_(VB-1)" (VE+1)
""an+1 \/§—1 n+1+ \/§+1 n+1 2
2
Then

L Fn Fn—l
I=lim (llm (F(x + 2))("+1)Fn+1> - <(I‘(x + 1))(x)Fn+1>> <an+1>>
n—-oo \ x—oo

sinceF,., —F,=F,_;1 ®
Fn

HIGED\
VI(x+1)

Fn
x+1 l—-(x ¥ 1)>Fn+1
—_— X x

X

x lim | lim <

x—00 | noo

Py
1
=
g2
O
§5
S

F

ey

VI(x+1)
F

I
|
B\\Vre+n

X

R\t \
) - );
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F
lo x+1/r(x+ 2) Fn+1
e

1 V5-1

1x1 < ey > log1 < Pt > I < 1) 1 < 1) e =2
I=1x%1lim/| efrn+t1 | X log lim efFn+1 I = X lo [ —: I =

m g m 8 @ V5 +1

Compute:

X

x lim | lim

n—-oo X— 00

Faiq F
lim (llm ((I‘(x + 2))Zx+15F2n+1 (I‘(x + 1))XF2n+1> xF2n+1>
n—oo X—
where (F,)ps0,Fo =0,F; =1,F,,,, = F,,1 + F,;,vn € Nis the Fibonacci
sequence.
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by proposers

_ F%l+1 h . . 1 (an+1_Bn+1)2 _ 1 h
We denote u,, = a, we have lim,,_,, u,, = lim,,_,, i m = e wnere
__V5+1 __1-5 _ 1.0 _ pn
== B=— ,Fn—ﬁ(a B™). Also, we have
1 1
rx+1) = (Ta+n)) = VYol 1
m———=]lim———=]lim—— = —
n—-oo X n—-oo n n-oc N e
1 \Un
We denote v(x) = (M) , we have lim,,_,,, v(x) = 1, so lim,,_, . 'l’(x)( ; =1and
(T(x+1))% nri
Upn Un
IF'(x+2 1 x+1
lim (v(x)) = lim ( ) =lim|——— = eln
x—00 x— 00 F( 1 x—00 1
(r(x + 2))x+1 (r(x + 2))x+1

therefore limn_,m(limx_,m(v(x))x) = ea_xlfﬁ. Hence:

FZ, FZ 4 F2
lim <llm ((I‘(x + 2))(x+1)F2n+1 — (I‘(x + 1))"F2n+1> szn+1>

n—>oo X— 00
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n—-oo

2
F2n+1_Fn+1

= lim (lim ((I‘(x + 2))% —(T(x+ 1))u7n) xTﬂ) =

n—-oo X— 00

= lim (lim ((I‘(x + 1))1%) w(x) - 1)x1_un) -

n—00 \x—>0oo

= lim <lim ((r(x + 1))"7") v(x) -1 1=t In ,,(x)> -

n—oo \ x—00 In v(x)

Un

1
= lim | lim ((I‘(x b 1))x> vix) -1 ln(v(x))x =

n-o | x-w x In v(x)

|~

1

<1

1
5 [—
In exVs =

] 1\"" 1\«
lim (—) ‘1-lne* | = (—)
n—oo e e

1
a\/gea\/g

UP.207. Let be A € M3(R) such that detA4 = —1. Prove that:
(TrA+TrA 1+1)2>3(TrA-TrA™ 1 - 1)

Proposed by Marian Ursdrescu — Romania
Solution by proposer

pax) =x3 —TrAx?>+TrA*x —detA,with 1;,A,,43 €C .
TrA" = 444, + 4443 + Ap3 = 1 ,23(A71 + 231 + 2A31) = detA - TrA ™' = —-TrA™!
palx) =x3—TrAx*—-TrA1x+1
We havedet(42 +A+13) >0 (1).Letbe f(x) =x>+x+1>

1)
det(A> + A+15) = f(41) - f(242) - f(43) 2 0 (2)
palx) = (x — 4;1)(x — 2,)(x — 13). Let £ be a root of 3rd degree of the unit.
e+eg+1=0,8 =

pa(e) = (e—21)(e—2;)(e—23) }
pa(e®) = (g2 — 2;)(e% — 2,)(e? — 43)
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Pa(OPa(e) = (4% + 1y + 1) (2 + 2y + 1)+ & +1) = FADFUDf ) = 0 (3)

pa(e) =2-Tre? —TrA e
pa(e®) =2TrAe—TrA1¢?

Pa(e) pa(e?) =4+ (TrA)? + (TrA )2+ 2TrA+2TrA ' —TrATrA™! (4)
From (3)+(4)= (TrA)? + (TrA )2 + 2TrA+2TrA ' —TrATrA 1+ 3 >0
(TrA+TrA1+1)2-3TrATrd4d1+3>0=>
(TrA+TrA 1 +1)2 >3(TrATrA1-1)
UP.208. Let ABC be an acute-angled triangle and A’, B’, C', the points in

But

which the heights of the triangle intersect the circumcircle of AABC. Prove

that:

2
Sa'B'c’ < (2)
SaBc R
Proposed by Marian Ursdrescu — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Wehave: 2zC'B'B = 2C'CB =90°— B; «BB’'A' = +BAA’ = 90°—B
= B'=+2C'B'B+ +«BB'A' =180° — 2B
Similarly: A" = 180° — 24; B’ = 180° — 2C
+ B'C'*=0C*+0B*—-2-0C' -0B' -cos(C'OB')
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=R?+R?>—2-R-R-cos2A’' = 2R? — 2R? cos(360° — 44)

= 2R?(1 — cos 4A) = 4R?sin? 2A = B'C’' = 2Rsin2A (- A, B, C: acute)
Similarly: A'B' = 2R sin 2C; A'C' = 2R sin 2B. Hence:
A'B'-B'C'-A'C' _ 8R? - sin 24 - sin 2B - sin 2C

Sypc = iR iR = 2R -sin 24 -sin2B - 2C
AB -BC-CA 8R?-sinA-sinB-sinC ) ) )
Sapc = AR = AR =2R-sinA-sinB -sinC

SAIBICI . 2R H sin 24
Sipc  2R][[sinA
s2—(2R+1)% _ 5 s2— (2R +71)?

4R? - R?

s2—(2R+71)? 42

We need to prove: 2 - ———— < —

=8cosA-cosB:-cosC

=8

e s2—R2R+1) <2r?
& s2 < 4R% + 4Rr + 3r? (true). Proved.

Solution 2 by Soumava Chakraborty-Kolkata-India

¢A' = LABY + £ACZ = (90° — A) + (90° — A) = 180° — 24
Similarly, 2B = 180° — 2B and 2C’ = 180° — 2C

1
“ Sype =5 (4'C)(A'B)sin(180° — 24)

1
= EZR sin(180° — 2B) - 2R sin(180° — 2C) - sin 24

= 2R? sin 2A sin 2B sin 2C
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2{s? — (2R +1r)?}

= (2R? sin Asin B sin C)8 cos Acos BcosC = S p¢

RZ2
S s 2 _ AR2 _ 2 2
s ABCZZ{S 4R? — 4Rr r}s4r
© s% < 4R%? + 4Rr + 1% + 2r? = 4R? + 4Rr + 3r? > true (Gerretsen)
(Proved)

UP.209. Demonstrate the following inequality:

X X X n
1 + 2 ot n <
Xi+n x,+n X,+n n+1

where x4, x4, ..., X,, are strictly positive real numbers which satisfy the
relationship: x3 + x5+ -+ x2 =n
Proposed by Vasile Mircea Popa — Romania

Solution 1 by Serban George Florin-Romania

n n n n
Xy n 1 n 1 1
z =2, e+ :"‘"z Tns +1:>1_z |
x X, +n Xp+tn n Xp+tn n
g M = k o1k o1k
n n
1 1 1 n
S e e
Xp+n n+1 Xxp+tn n+1
k=1 k=1
n
z 1 Bergstrom (1 +1+ -+ 1)2 nZ n
> = >
= 7 2
=1 Xk +n 22:1(xk + n) 22:1 Xk +n n+1
n n
, _nm+1) 5 5
= Xp+n , Xp<n“+n—n
n
k=1 k=1
n n 2 n n 2 n 2
CBS )
Zkan, Zxk < ank: Zxk <n-n= Zxk < n?
k=1 k=1 k=1 k=1 k=1

= Yp-1 Xk < ntrue.
Solution 2 by Tran Hong-Dong Thap-Vietnam

X1, X, .., X, >0
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x x x n
. I -G
xX1+n  x2+n Xp+n n+1

n
51
i=1

O GR-)rGh-) -+ Gn-y < d-n

1 1 1
= + + e+ > (1)
x1+n x2+n Xp+n n+1

Schwarz (1 + 1 + --- + 1)?2 n?
LHS, > s =Q
nox;+n nZ+Y", x;

BCS
But)lh,x; < \/12+12+"'+12\/x%+x%+"'+xn=\/ﬁ-\/ﬁ:n

2 n
=> Q> = — (Proved)
1+n

n?+n

Solution 3 by Sudhir Jha-Kolkata-India

X1 X1 X1 —X1—n n
=1+ —1=1+21 =g
X, +n X, +n X, +n x,+n
- - X n
Similarly, 2-=1—— ...
xX2+n xX2+n
Xn n
Tx,+n X, +n
Adding
1
S n[ + + .o ] QD
x1+n  x2+n Xp+n x1+n  x2+n x +n

Considering (x; + n), (x, +n), ..., (x, + n) applying mt" power theorem by taking

(x1+n) 4+ (xp+n) " T4+ (xp+n) 1 > (x1+x2+--~+xn+n~n)_1
n =

m = —1, we get:

n

2
SRR SRR S n

= = z @
x1+n xX2+n Xptn X1+x2++xp+n

Again, considering x4, x5, ..., X, and applying mth power theorem by taking m = 2,

we get:

2, .2 2 2
X{+ag et xn (x1+x2+--~+xn)
- n

2
n X1y txy +-r+x,

—>( ) v (xf+xi+ -+ xi=n)
n n

= (xy+x,+ - +2x,)% <n?
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>x1+tx,++x,<n (3)

L1 1 1 n” _ n
Now, from (2), we get: + + .-+ ==
x1+n  xz2+n Xp+n n+n n+1
2+ _n2
Then, from (1), we get: —2— + —2— + ... + - < n—n(—" ) ===
x1+n  x2+n Xptn n+1 n+1
X1 X2 Xn n -
= — 4+ —— 4+ ... + < — = = ... = =
P ot = el (The equality holds for x; = x, x,=1)
(proved)

Solution 4 by Michael Sterghiou-Greece
x;>0,i =1,_n:z:xlz =n
1
Prove that: 3} =< —— (1)

n+1

The function f(t) = t? is convex on (0, +o) hence by Jensen

n

n 2
— 2 XX
n= xiznl— | - xXp<n
- n

1

The function f(t) = ﬁ is concave (*) on (0, +c0) hence by Jensen

nXi 9
n_Xi 4l o n n .. .
Xitm S Mg S ooy~ Xix < nowhich holds.
n
2n
M f®=- <0

(n+t)3

UP.210. Prove that for any acute triangle ABC the following inequality holds:

A B C
cotA + cotB + cotC + V3 > Z(tani+tan5+tani>

Proposed by Vasile Mircea Popa — Romania
Solution by Tran Hong-Dong Thap-Vietnam
Tcotd+V3 =23 tans (1)
(1) & XcotA-2Ytans > —V3 (2)

— X T
Let f(x) = cotx — ZtanE (0 <x< E)
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. X
1 1 2cosx Singy

=)= -5~ > f'(x) =

in2 X
sin“ x COSZ7

>0 (0<x<f)
sin3 x cos3% 2

Using Jensen’s inequality: f(4) + f(B) + f(C) > 3f (A“;J) = 3f (g) —3.23__/3

3
A A
@ZcotA—ZZtanEZ—ﬁ@ZcotA+\/3_’2 ZZtanE

(proved). Equality ® A=B=C = g
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



