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JP.196. Let ࢈,ࢇ, ࢉ࢈ࢇ be the sides in a triangle such that ࢉ = ૚. Find the 

minimum value of: 

ࢀ =
૜ࢇ

૜࢈√ + ૜ࢉ − ૚૜ +
૜࢈

૜ࢉ√ + ૜ࢇ − ૚૜ +
૜ࢉ

૜ࢇ√ + ૜࢈ − ૚૜ +
૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

,࢈,ࢇ) ∵  ⇒ (the sides of a triangle – ࢉ

⇒ ඥ૚ ⋅ ૚ ⋅ ૜࢈) + ૜ࢉ − ૚)૜ ≤
ࡹࡳିࡹ࡭ ૜ି૚ା૚ା૚ࢉ૜ା࢈

૜
= ૜ା૚ࢉ૜ା࢈

૜
 (etc) 

⇒ ષ = ෍
૜ࢇ

૜࢈√ + ૜ࢉ − ૚૜ ≥ ૜෍
૜ࢇ

૜࢈ + ૜ࢉ + ૚ = ૜෍
૝ࢇ

૜࢈ࢇ + ૜ࢉࢇ + ࢇ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ

 

≥ ૜ ⋅
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜࢈ࢇ) + (૜ࢇ࢈ + ૜ࢉࢇ) + (૜ࢇࢉ + ૜ࢉ࢈) + (૜࢈ࢉ + ࢇ + ࢈ +  ࢉ

= ૜ ⋅
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉࢇ + (૛ࢉ + ૛࢈)ࢉ࢈ + (૛ࢉ + ࢇ + +࢈ ࢉ = ળ 

We need to prove: ળ = ૜ ⋅ ࢇ
૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
		(∴ ࢉ࢈ࢇ = ૚) 

⇔ +࢈ࢇ) ࢉ࢈ + ૛ࢇ൫(ࢇࢉ + ૛࢈ + ૛൯ࢉ = ૛ࢇ൫࢈ࢇൣ + +૛൯࢈ ૛ࢇ൫ࢉࢇ + +૛൯ࢉ ૛࢈൫ࢉ࢈ + ૛൯ࢉ + ࢇ + ࢈ +  ൧ࢉ

⇔ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢇ)ࢇࢉ + (૛ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ = 

૛ࢇ)࢈ࢇ] + (૛࢈ + ૛ࢇ)ࢉࢇ + (૛ࢉ + ૛࢈)ࢉ࢈ + (૛ࢉ + +ࢇ ࢈ + [ࢉ ⇔ 

⇔ +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ = ࢇ + ࢈ + ࢉ ⇔
ୀ૚ࢉ࢈ࢇ

+ࢇ ࢈ + ࢉ = +ࢇ ࢈ +  (true)   ࢉ

⇒ ષ ≥ ળ = ૜ ⋅
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ +  ࢇࢉ

⇒ ࢀ ≥ ૜ ⋅
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૜ ⋅
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ ≥

ࡹࡳିࡹ࡭
૛√૜ ⋅ ૜ = ૟ 

⇒ ܖܑܕࢀ 	 = ૟ ⇔ ቄ ࢉ࢈ࢇ = ૚
ࢇ = ࢈ = ࢉ > 0 ⇔ ࢇ = ࢈ = ࢉ = ૚ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢀ = ෍
૜ࢇ

૜࢈√ + ૜ࢉ − ૜ࢉ࢈ࢇ +
૜∑࢈ࢇ
૛ࢇ∑ 		(∵ ૚ =  (ࢉ࢈ࢇ

૜࢈ + ૜ࢉ − ࢉ࢈ࢇ ≥ +࢈)ࢉ࢈ −(ࢉ ࢉ࢈ࢇ = ࢈)ࢉ࢈ + ࢉ − (ࢇ > 0 ⇒ ૜࢈ + ૜ࢉ − ࢉ࢈ࢇ > 0 
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Similarly, ࢉ૜ + ૜ࢇ − ࢉ࢈ࢇ > ૜ࢇ,0 + ૜࢈ − ࢉ࢈ࢇ > 0 

෍
૜ࢇ

૜࢈√ + ૜ࢉ − ૜ࢉ࢈ࢇ = ෍
૜ࢇ

ඥࢉ࢈ࢇ ⋅ ૜࢈)ࢉ࢈ࢇ + ૜ࢉ − ૜(ࢉ࢈ࢇ ≤
࡭ஸࡳ

෍
૜ࢇ૜

૜࢈ + ૜ࢉ +  ࢉ࢈ࢇ

= ૜෍
૝ࢇ

૜࢈ࢇ + ૜ࢉࢇ + ࢉ࢈૛ࢇ
≥

࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮
૜

൫∑ࢇ૛൯૛

૜࢈ࢇ)∑ + ૜ࢉࢇ + (ࢉ࢈૛ࢇ = ૜
൫∑ࢇ૛൯૛

૛ࢇ)࢈ࢇ∑ + (૛࢈ + ࢉ࢈૛ࢇ∑
 

= ૜
૛(૛ࢇ∑)

૛ࢇ∑)࢈ࢇ∑ − (૛ࢉ + ࢉ࢈૛ࢇ∑ =
૜(∑ࢇ૛)૛

(૛ࢇ∑)(࢈ࢇ∑) ૛ࢉ࢈ࢇ∑− + ࢉ࢈૛ࢇ∑ =
૜∑ࢇ૛

࢈ࢇ∑  

⇒ ࢀ = ෍
૜ࢇ

૜࢈√ + ૜ࢉ − ૜ࢉ࢈ࢇ +
૜∑࢈ࢇ
૛ࢇ∑ ≥

૜∑ࢇ૛

࢈ࢇ∑ +
૜∑࢈ࢇ
૛ࢇ∑ ≥

ࡳି࡭
૟ 

∴ ܖܑܕࢀ 	 = ૟ (equality at ࢇ = ࢈ = ࢉ = ૚) 

 

JP.197. Solve for real numbers: 

૟ඥ૛࢞૛ − ૛࢞ + ૚૜ + ૝ඥ૜࢞૜ − ૛࢞૝૝ = ૛࢞૞ − ૞࢞ + ૚૜ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Amit Dutta-Jamshedpur-India 

૛࢞૛ − ૛࢞ + ૚ > 0		{∵ ઢ < 0} 

૜࢞૜ − ૛࢞૝ ≥ ૙  {Domain} 

૛࢞૝ − ૜࢞૜ ≤ ૙; ࢞૜(૛࢞	 − ૜) ≤ ૙; ࢞૛)࢞	 − ૜) ≤ ૙;	 

࢞ ∈ ቂ૙, ૜
૛
ቃ   (1) 

Now, using GM≤ ૛࢞ඥ(૛ :ࡹ࡭ − ૛࢞ + ૚) ⋅ ૚ ⋅ ૚૜ ≤ ൫૛࢞૛ି૛࢞ା૚൯ା૚ା૚
૜

 

૟ඥ(૛࢞૛ − ૛࢞ + ૚)૜ ≤ ૝࢞૛ − ૝࢞ + ૟   (2) 

Equality holds when (૛࢞૛ − ૛࢞ + ૚) = ૚   (a) 

Again, using GM≤AM: ඥ(૜࢞૜ − ૛࢞૝) ⋅ ૚ ⋅ ૚ ⋅ ૚૝ ≤ ቀ૜࢞
૜ି૛࢞૝ା૜

૝
ቁ 

⇒ ૝ඥ(૜࢞૜ − ૛࢞૝)૝ ≤ (૜࢞૜ − ૛࢞૝ + ૜)   (3) 

Equality holds when ૜࢞૜ − ૛࢞૝ = ૚   (b) 

Now, adding (2) and (3): 

૟ඥ૛࢞૛ − ૛࢞ + ૚૜ + ૝ඥ૜࢞૜ − ૛࢞૝૝ ≤ ૝࢞૛ − ૝࢞ + ૜࢞૜ − ૛࢞૝ + ૢ 
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૛࢞૞ − ૞࢞ + ૚૜ ≤ ૝࢞૛ − ૝࢞ + ૜࢞૜ − ૛࢞૝ + ૢ 

૛࢞૞ + ૛࢞૝ − ૜࢞૜ − ૝࢞૛ − ૝࢞ + ૝ ≤ ૙; (࢞ − ૚)૛(૛࢞૜ + ૟࢞૛ + ૠ࢞ + ૝) ≤ ૙ 

From (1), ࢞ ∈ ቂ૙, ૜
૛
ቃ ⇒ (૛࢞૜ + ૟࢞૛ + ૠ࢞ + ૝) > 0 ⇒ ࢞) − ૚)૛ ≤ ૙ ⇒ −࢞) ૚)૛ = ૙ 

࢞ = ૚  (c). From (a), (b), (c): we have only one real solution i.e. ࢞ = ૚. 

Solution 2 by Minh Tam Le-Vietnam 

Let √
࢞ = ࢇ

ඥ࢟ = ࢈
࢈,ࢇ)	 ≥ ૙). 

૟ࢇ	ࢋ࢜ࢇࢎ	ࢋࢃ + ૟࢈ = ૝ࢇ)࢈ࢇ + (૝࢈

	࢚࢛࡮ ൝૞ࢇ
૟ + ૟࢈ ≥

ࡹࡳିࡹ࡭
૟ࢇ૞࢈

૞࢈૟ + ૞ࢇ ≥
ࡹࡳିࡹ࡭

૟࢈ࢇ૞
⇒ ૟ࢇ + ૟࢈ ≥ ૝ࢇ)࢈ࢇ + ൢ(૝࢈ ⇒ ࢇ = ࢞ or ࢈ =  ࢟

If ࢞ = ૛࢞૟ඥ૛,࢟ − ૛࢟ + ૚૜ + ૝ඥ૜࢞૛࢟ − ૛࢞૝૝ = ૛࢟૞ − ૞ඥ࢟࢞ + ૚૜ 

⇔ ૟ඥ૛࢞૛ − ૛࢞ + ૚૜ + ૝ඥ૜࢞૛ − ૛࢞૝૝ = ૛࢞૞ − ૞࢞ + ૚૜ 

LHS = ૛ ⋅ ૜√૛࢞૛ − ૛࢞ + ૚૜ + ૝ඥ࢞૛ ⋅ ૜)࢞ − ૛࢞)૝ ≤
ࡹࡳିࡹ࡭

૛(૛࢞૛ − ૛࢞+ ૚ + ૚ + ૚) + 

= ૛࢞ + ࢞ + ૚ + ૜ − ૛࢞ = ૞࢞૛ − ૞࢞ + ૚૙ 

RHS = ૞࢞ + ૞࢞ + ૚ + ૚ + ૚ − ૞࢞ + ૚૙ ≥
ࡹࡳିࡹ࡭

	૞࢞૛ − ૝࢞ + ૚૙ 

So, the equality holds if ࢞ = ૚ ⇒ ࢟ = ૚. Hence, ࢞ = ૚ and  ࢟ = ૚. 

 

JP.198. Prove that in any ઢ࡯࡮࡭ the following inequality holds: 

,૛࢈,૛ࢇ)ܖܑܕ (૛ࢉ ≤ ૝ࡾ)࢘ + (࢘ ≤ ૛ࢇ)ܠ܉ܕ ,૛࢈,  (૛ࢉ

Proposed by Marian Ursărescu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

,૛࢈,૛ࢇ)ܖܑܕ (૛ࢉ ≤
(૚)

૝ࡾ)࢘ + (࢘ ≤
(૛)

,૛࢈,૛ࢇ)ܠ܉ܕ  (૛ࢉ

,૛࢈,૛ࢇ)ܠ܉ܕ (૛ࢉ ≥
૛ࢇ∑

૜ ≥
?
૝ࡾ)࢘ + (࢘ ⇔ ૛࢙ − ૝࢘ࡾ − ૛࢘ ≥ ૟ࡾ)࢘+  (࢘

⇔ ૛࢙ ≥ ૚૙࢘ࡾ + ૠ࢘૛ ⇔ ૛࢙) − ૚૟࢘ࡾ+ ૞࢘૛) + ૟ࡾ)࢘− ૛࢘) ≥ ૙ → true 

∵ ૛࢙ − ૚૟࢘ࡾ + ૞࢘૛ ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 and ࡾ − ૛࢘ ≥
࢘ࢋ࢒࢛ࡱ

૙ ∴ ,૛࢈,૛ࢇ)ܠ܉ܕ (૛ࢉ ≥ ૝ࡾ)࢘+  (࢘
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Now, ૝ࡾ)࢘+ (࢘ = ૝ ࢉ࢈ࢇ
૝ઢ
ቀઢ
࢙
ቁ + ૝ ઢ૛

૛࢙
= ࢉ࢈ࢇ

࢙
+ ૝(ࢇି࢙)(࢈ି࢙)(ࢉି࢙)

࢙
=
(࢏) ࢠ࢟࢞ା૝(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)

ࢠା࢟ା࢞
 

Letting ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ = ࢠ ∴ ࢙ = ∴ and ࢞∑ ࢇ = ࢟ + ࢈,ࢠ = +ࢠ ,࢞ ࢉ = ࢞ +  .࢟

Case 1: ࢇ)ܖܑܕ૛,࢈૛, (૛ࢉ = ⇔ ૛ ∴ (1)ࢇ ࢟) + ૛(ࢠ ≤ ૝ࢠ࢟࢞ା∏(࢞ା࢟)
࢞∑

  (by (i)) 

⇔ ࢟૛࢞ + +ࢠ૛࢞ ૝ࢠ࢟࢞ ≥
(૚ࢇ)

૜࢟ + ૜ࢠ + ૛࢟૛ࢠ + ૛ࢠ࢟૛ 

∵ ૛ࢇ ≤ ૛࢈ ∴ ࢟ + ࢠ ≤ ࢠ + ࢞ ⇒ ࢞ ≥ ∵ and ࢟ ૛ࢇ ≤ ૛ࢉ ∴ ࢟ + ࢠ ≤ ࢞ + ࢟ ⇒ ࢞ ≥  ࢠ

∴ ࢟૛࢞ ≥ ∵)૜࢟ ࢞ ≥ ,(࢟ ࢠ૛࢞ ≥ ∵)	૜ࢠ ࢞ ≥  (ࢠ

૛ࢠ࢟࢞ ≥ ૛࢟૛ࢠ(∵ ࢞ ≥ ࢞ࢠ࢟and ૛ (࢟ ≥ ૛ࢠ࢟૛	(∵ ࢞ ≥  (ࢠ

Adding the last 4 inequalities, (1a)⇒ (1) is true. 

Case 2: ࢇ)ܖܑܕ૛,࢈૛, (૛ࢉ = ⇔ ૛ ∴ (1)࢈ +ࢠ) ૛(࢞ ≤ ૝ࢠ࢟࢞ା∏(࢞ା࢟)
࢞∑

 

⇔ ࢞૛࢟ + ࢠ૛࢟ + ૝ࢠ࢟࢞ ≥
(૚࢈)

૛࢞૛ࢠ + ૛ࢠ࢞૛ + ૜࢞ +  ૜ࢠ

∵ ૛࢈ ≤ ૛ࢇ ∴ ࢠ + ࢞ ≤ ࢟ + ࢠ ⇒ ࢟ ≥ ∵ and ࢞ ૛࢈ ≤ ૛ࢉ ∴ +ࢠ ࢞ ≤ ࢞ + ࢟ ⇒ ࢟ ≥  ࢠ

∴ ࢞૛࢟ ≥ ∵)૜࢞ ࢟ ≥ ࢠ૛࢟,(࢞ ≥ ∵)	૜ࢠ ࢟ ≥  (࢞

૛ࢠ࢟࢞ ≥ ૛࢞૛ࢠ(∵ ࢟ ≥ ࢠ࢟࢞૛,(࢞ ≥ ૛ࢠ࢞૛(∵ ࢟ ≥  (ࢠ

Adding the last 4 inequalities, (1b)⇒ (1) is true. 

Case 3: ܖܑܕ(ࢇ૛,࢈૛,ࢉ૛) = ⇔૛ ∴ (1)ࢉ ࢞) + ૛(࢟ ≤ ૝ࢠ࢟࢞ା∏(࢞ା࢟)
࢞∑

 

⇔ ૛ࢠ࢞ + ૛ࢠ࢟ + ૝ࢠ࢟࢞ ≥
(૚ࢉ)

૛࢞૛࢟ + ૛࢟࢞૛ + ૜࢞ +  ૜࢟

∵ ૛ࢉ ≤ ૛ࢇ ∴ ࢞ + ࢟ ≤ ࢟ + ࢠ ⇒ ࢠ ≥ ∵ and ࢞ ૛ࢉ ≤ ૛࢈ ∴ ࢞ + ࢟ ≤ +ࢠ ࢞ ⇒ ࢠ ≥  ࢟

∴ ૛ࢠ࢞ ≥ ∵)૜࢞ ࢠ ≥ ૛ࢠ࢟,(࢞ ≥ ∵)૜࢟ ࢠ ≥  (࢟

૛ࢠ࢟࢞ ≥ ૛࢞૛࢟(∵ ࢠ ≥ ࢠ࢟࢞and ૛ (࢞ ≥ ૛࢟࢞૛(∵ ࢠ ≥  (࢟

Adding the last 4 inequalities, (1c)⇒(1) is true. 

Combining the 3 cases, ࢇ)ܖܑܕ૛,࢈૛, (૛ࢉ ≤ ૝ࡾ)࢘+  (Proved) (࢘
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JP.199. Let ࡰ࡯࡮࡭ࡿ be a pyramid with the base ࡰ࡯࡮࡭ parallelogram and ࡱ 

any point which belongs to the side ࡯ࡿ such that: ࡱࡿ
࡯ࡿ

=  Through the vertex .࢑

 we consider a variable plane which intersects the segment ࡱ and the point ࡭

 :Prove that .ࡺ in ࡰࡿ and the segment ࡹ in ࡮ࡿ

ࡺࡹࡱ࡭ࡿࢂ
ࡰ࡯࡮࡭ࡿࢂ

≥
૛࢑૛

࢑ + ૚
 

Proposed by Marian Ursărescu – Romania  

Solution by Marian Ursărescu – Romania 

 
ࡰ࡯࡮࡭ࡿࢂ =  ࢂ

ࡰ࡯࡮࡭ࡿࢂ = ࡯ࡰ࡮ࡿࢂ = ࡰ࡯࡭ࡿࢂ = ࡯࡮࡭ࡿࢂ =
ࢂ
૛ 
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ࡱࡺ࡭ࡿࢂ
ࢂ
૛

= ࢑ ⋅ ࡺࡿ
ࡰࡿ
⇒ ࡱࡺ࡭ࡿࢂ

ࢂ
= ࢑

૛
⋅ ࡺࡿ
ࡰࡿ

    (1) 

ࡱࡹ࡭ࡿࢂ
ࢂ
૛

= ࢑ ⋅ ࡹࡿ
࡮ࡿ

⇒ ࡱࡹ࡭ࡿࢂ
ࢂ

= ࢑
૛
⋅ ࡹࡿ
࡮ࡿ

   (2) 

From (1)+(2)⇒ ࡺࡹࡱ࡭ࡿࢂ
ࢂ

= ࢑
૛
ቀࡹࡿ
࡮ࡿ

+ ࡺࡿ
ࡰࡿ
ቁ   (3) 

ࡹࡺ࡭ࡿࢂ
ࢂ
૛

= ࡹࡿ
࡮ࡿ
⋅ ࡺࡿ
ࡰࡿ

   (4) 

ࡹࡺࡱࡿࡿ
ࢂ
૛

= ࢑ ⋅ ࡹࡿ
࡮ࡿ
⋅ ࡺࡿ
ࡰࡿ

   (5) 

From (4)+(5)⇒ ࡺࡹࡱ࡭ࡿࢂ
ࢂ

= ା૚࢑
૛
⋅ ࡹࡿ
࡮ࡿ
⋅ ࡺࡿ
ࡰࡿ

   (6) 

From (3)+(6)⇒ ࡺࡹࡱ࡭ࡿࢂ
ࢂ

= ࢑
૛
ቀࡹࡿ
࡮ࡿ

+ ࡺࡿ
ࡰࡿ
ቁ ≥ ࢑

૛
⋅ ૛ටࡹࡿ

࡮ࡿ
⋅ ࡺࡿ
ࡰࡿ

= ࡺࡹࡱ࡭ࡿࢂට࢑
ࢂ

⋅ ૛
ା૚࢑

⇒ ࡺࡹࡱ࡭ࡿࢂ
ࢂ

≥ ૛࢑૛

ା૚࢑
 

 

JP.200. Let be ࢌ:ℝ → ℝ such that: 

(࢞)ࢌ + (࢟)ࢌ ≥ ૛ࢌቌඨ
૛࢞ + ૛࢟

૛ ቍ ; ࢟,࢞(∀) ∈ ℝ 

Prove that: 

(૚࢞)ࢌ + (૛࢞)ࢌ + ⋯+ (࢔࢞)ࢌ ≥ ቌඨࢌ࢔
૚૛࢞ + ૛૛࢞ + ⋯+ ૛࢔࢞

࢔ ቍ ; ࢔(∀) ≥ ૛ 

,૚࢞(∀) ,૛࢞ … ࢔࢞, ∈ ℝ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution by Marian Ursărescu – Romania  

We prove by induction: I. ࡼ(૛):ࢌ(࢞૚) + (૛࢞)ࢌ ≥ ૛ࢌቆට࢞૚
૛ା࢞૛

૛

૛
ቇ ; ૛࢞,૚࢞(∀) ∈ ℝ  (true) 

II. Let ࡼ(૛),ࡼ(૜), … ࢔)ࡼ, − ૚) true. 

:(࢔)ࡼ (૚࢞)ࢌ + (૛࢞)ࢌ + ⋯+ (࢔࢞)ࢌ ≥ ቌඨࢌ࢔
૚૛࢞ + ૛૛࢞ + ⋯+ ૛࢔࢞

࢔ ቍ 



 
www.ssmrmh.ro 
Case I. If ࢔ = ૛࢑ 

(૚࢞)ࢌ + (૛࢞)ࢌ + ⋯+ (࢑࢞)ࢌ ≥ ቌඨࢌ࢑
૚૛࢞ + ૛૛࢞ + ⋯+ ૛࢑࢞

࢑
ቍ	ቀࡼ ቀ

࢔
૛
ቁ =  ቁࢋ࢛࢚࢘	(࢑)ࡼ

(ା૚࢑࢞)ࢌ + ⋯+ (࢑૛࢞)ࢌ ≥ ቌඨࢌ࢑
ା૚૛࢑࢞ + ⋯+ ૛࢑૛࢞

࢑
ቍ	ቀࡼ ቀ

࢔
૛
ቁ =  ቁࢋ࢛࢚࢘	(࢑)ࡼ

⇒ (૚࢞)ࢌ + ⋯+ (࢑૛࢞)ࢌ ≥ ૚࢞ቆටࢌቈ࢑
૛ା⋯ା࢑࢞

૛

࢑
ቇ + శ૚࢑࢞ቆටࢌ

૛ ା⋯ା࢞૛࢑
૛

࢑
ቇ቉   (1) 

From ࡼ(૛) ⇒ ૚࢞ቆටࢌ
૛ା⋯ା࢑࢞

૛

૛
ቇ + శ૚࢑࢞ቆටࢌ

૛ ା⋯ା࢞૛࢑
૛

૛
ቇ ≥ ૛ࢌ ቆට࢞૚

૛ା⋯ା࢞૛࢑
૛

૛࢑
ቇ   (2) 

From (1)+(2)⇒ (૚࢞)ࢌ + ⋯+ (࢑૛࢞)ࢌ ≥ ૛ࢌ࢑ቆට࢞૚
૛ା࢞૛

૛ା⋯ା࢞૛࢑
૛

૛࢑
ቇ 

Case II. If ࢔ = ૛࢑ − ૚ ⇒ we prove the relation for ࢔ = ૛࢑ ⇒ 

(૚࢞)ࢌ + (૛࢞)ࢌ + ⋯+ (૚ି࢑૛࢞)ࢌ + (࢑૛࢞)ࢌ ≥ ૛ࢌ࢑ቌඨ
૚૛࢞ + ૛૛࢞ + ⋯+ ૛࢑૛࢞

૛࢑
ቍ

࢑૛࢞	࢚ࢋࡸ = ඨ࢞૚
૛ + ૛૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚ (૜)	࢔࢕࢏࢚ࢇ࢒ࢋ࢘	࢔࢏	
⎭
⎪⎪
⎬

⎪⎪
⎫

⇒ 

(૚࢞)ࢌ + (૛࢞)ࢌ + ⋯+ (૚ି࢑૛࢞)ࢌ + ቌඨࢌ
૚૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚
ቍ ≥ 

≥ ૛ࢌ࢑

⎝

⎜
⎛ඩ࢞૚

૛ + ૛૛࢞ + ⋯+ ૚૛ି࢑૛࢞ + ૚૛࢞ + ૛૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚
૛࢑

⎠

⎟
⎞
⇒ 

(૚࢞)ࢌ + ⋯+ (૚ି࢑૛࢞)ࢌ + ቌඨࢌ
૚૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚
ቍ ≥ ૛ࢌ࢑ቌඨ

૚૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚
ቍ ⇒ 

(૚࢞)ࢌ + ⋯+ (૚ି࢑૛࢞)ࢌ ≥ (૛࢑− ૚)ࢌቌඨ
૚૛࢞ + ૛૛࢞ + ⋯+ ૚૛ି࢑૛࢞

૛࢑ − ૚
ቍ 
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JP.201. If ࢟,࢞, ࢠ > 0 then: 

࢞) + ૜(࢟

࢞ + ࢟ + ૛ࢠ
+

࢟) + ૜(ࢠ

࢟ + ࢠ + ૛࢞
+

ࢠ) + ૜(࢞

ࢠ + ࢞ + ૛࢟
≥ ૛ඥ૜࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Amit Dutta-Jamshedpur-India 

Let ࡼ = ∑ ૜(࢟ା࢞)

(ࢠ,࢟,࢞)ࢉ࢟ࢉ(ࢠା࢟)ା(ࢠା࢞) . Now, let (࢞ + (࢟ = ,࢖ +࢟) (ࢠ = ,ࢗ ࢞) + (ࢠ =  ࢘

࢖ = ෍
૜࢖

ࢗ + ࢘
(࢘,ࢗ,࢖)ࢉ࢟ࢉ

= ෍
૝࢖

ࢗ࢖ + ࢘࢖
(࢘,ࢗ,࢖)ࢉ࢟ࢉ

; ࢖	 ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛࢖) + ૛ࢗ + ૛)૛࢘

૛(ࢗ࢖ + ࢘ࢗ +  (࢘࢖

࢖ ≥ ቆ
૛࢖ + ૛ࢗ + ૛࢘

૛ ቇ {∵ ૛࢖ + ૛ࢗ + ૛࢘ ≥ ࢗ࢖ + ࢘ࢗ + ࢘,ࢗ,࢖∀,࢘࢖ ∈ ℝ} 

࢖ ≥
૚
૛

࢞)} + ૛(࢟ + ࢟) + ૛(ࢠ + ࢞) + ;{૛(ࢠ ࢖	 ≥ ૛࢞) + ૛࢟ + ૛ࢠ + ࢟࢞ + +ࢠ࢟  (ࢠ࢞

࢖ ≥ ૛(࢟࢞ + ࢠ࢟ + ∵}			(ࢠ࢞ ૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + ࢠ࢟ + ,࢟,࢞∀,ࢠ࢞ ࢠ ∈ ℝ} 

Now, since we know that: ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + +ࢉ࢈ ,࢈,ࢇ∀,ࢉࢇ ࢉ ∈ ℝ 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ+ ࢉ࢈ + ࢇ Put .(ࢉࢇ = ࢈,࢟࢞ = ,ࢠ࢟ ࢉ =  ࢠ࢞

࢟࢞) + ࢠ࢟ + ૛(ࢠ࢞ ≥ ૜࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

࢟࢞) + ࢠ࢟ + (ࢠ࢞ ≥ ඥ૜࢞)ࢠ࢟࢞ + ࢟ +  (1)    (ࢠ

∵ ࢖ ≥ ૛(࢟࢞+ +ࢠ࢟ ࢖ :Using (i) .(ࢠ࢞ ≥ ૛ඥ૜࢞)ࢠ࢟࢞+ ࢟ +  (Proved) (ࢠ

Solution 2 by Le Ngo Duc-Vietnam 

෍
࢞) + ૜(࢟

࢞ + ࢟ + ૛ࢠ
ࢉ࢟ࢉ

≥
࢘ࢋࢊ࢒࢕ࡴ ૡ(࢞ + ࢟ + ૜(ࢠ

૜ ⋅ ૝(࢞ + ࢟ + (ࢠ =
૛
૜

࢞) + ࢟ +  ૛(ࢠ

We need to prove ૛
૜

࢞) + ࢟ + ૛(ࢠ ≥ ૛ඥ૜࢞)ࢠ࢟࢞+ ࢟ +  (ࢠ

⇔
࢞) + ࢟ + ૝(ࢠ

ૢ ≥ ૜࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ⇔ +࢞) ࢟ + ૜(ࢠ ≥ ૛ૠࢠ࢟࢞ 

Which is correct by AM-GM. Inequality holds when ࢞ = ࢟ =  .ࢠ

Solution 3 by Soumava Chakraborty-Kolkata-India 

Let ࢞ + ࢟ = ࢟,ࢇ + ࢠ = ,࢈ ࢠ + ࢞ = ࢉ ∴ ࢇ + ࢈ > ܿ,ܾ + ܿ > ܽ, ܿ + ܽ > ܾ ⇒ ܽ,ܾ, ܿ 
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are sides of a triangle with semi – perimeter, circumradius, inradius = ,ࡾ,࢙  ࢘

respectively (say). Now, ૛∑ ࢞ = ࢇ∑ = ૛࢙ ⇒ ࢞∑ = ࢙ ⇒ ࢠ = ࢙ − ,ࢇ ࢞ = ࢙ − ࢟,࢈ = ࢙ −  ࢉ

Using this substitution, the given inequality becomes: ∑ ૜ࢇ

ࢉା࢈
≥
(૚)

૛ඥ૜࢘૛(࢙)࢙ = ૛√૜ઢ 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ૛ࢇ ,Then .ࢉ ≥ ૛࢈ ≥ ࢇ ૛ andࢉ
ࢉା࢈

≥ ࢈
ࢇାࢉ

≥ ࢉ
࢈ାࢇ

 

∴෍
૜ࢇ

࢈ + ࢉ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ቀ෍ࢇ૛ቁ ቀ෍

ࢇ
࢈ + ࢉ

ቁ 

≥
࢚࢚࢏࢈࢙ࢋࡺ ૚

૜
⋅ ૜
૛
૛ࢇ∑ = ૛ࢇ∑

૛
≥

࢛ࢉ࢙ࢋ࢔࢕ࡵ
࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ ૝√૜ઢ

૛
= ૛√૜ઢ ⇒ (1) is true (Proved) 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢟,࢞, ࢠ > 0, we get as follows: (࢞ା࢟)૜

(ࢠା૛࢟ା࢞)
+ ૜(ࢠା࢟)

(࢞ା૛ࢠା࢟)
+ ૜(࢞ାࢠ)

(࢟ା૛࢞ାࢠ)
= 

=
࢞) + ૝(࢟

࢞) + ࢞)(࢟ + ࢟ + ૛ࢠ) +
࢟) + ૝(ࢠ

࢟) + ࢟)(ࢠ + ࢠ + ૛࢞) +
+ࢠ) ૝(࢞

+ࢠ) +ࢠ)(࢞ ࢞ + ૛࢟) 

≥
࢞)] + ૛(࢟ + ࢟) + ૛(ࢠ + ࢠ) + ૛]૛(࢞

࢞) + +࢞)(࢟ ࢟ + ૛ࢠ) + ࢟) + ࢟)(ࢠ + ࢠ + (࢞ + ࢠ) + +ࢠ)(࢞ ࢞ + ૛࢟) = 

=
+࢞)] ࢟ + ૛(ࢠ + ૛࢞ + ૛࢟ + ૛]૛ࢠ

૛[(࢞ + ࢟ + ૛(ࢠ + ࢟࢞) + ࢠ࢟ +  [(࢞ࢠ

≥
࢞) + ࢟ + ૛(ࢠ + ૛࢞) + ૛࢟ + (૛ࢠ

૛ ≥
૛(࢞ + ࢟ + ૛(ࢠ

૜ ≥ ૛ඥ૜࢞)ࢠ࢟࢞+ ࢟ +  (ࢠ

If ૝
ૢ

࢞) + ࢟ + ૝(ࢠ ≥ ૝൫૜࢞)ࢠ࢟࢞ + ࢟ + ૜(ࢠା࢟ା࢞) ൯. If(ࢠ

ૢ
≥ ૜ࢠ࢟࢞. If ૛ૠࢠ࢟࢞

ૢ
= ૜ࢠ࢟࢞ ok. 

Therefore, it is true. 

Solution 5 by Tran Hong-Dong Thap-Vietnam 

By Holder’s inequality: (࢞ା࢟)૜

ࢠା૛࢟ା࢞
+ ૜(ࢠା࢟)

࢞ା૛ࢠା࢟
+ ૜(ࢠା࢞)

࢟ା૛ࢠା࢞
≥ ૚

૜
ቂ(૛࢞ା૛࢟ା૛ࢠ)૜

૝(࢞ା࢟ାࢠ)
ቃ 

= ૛(࢞ା࢟ାࢠ)૜

૜(࢞ା࢟ାࢠ)
= ૛

૜
࢞) + ࢟ + ૛. We must show that: ૛(ࢠ

૜
࢞) + ࢟ + ૛(ࢠ ≥ ૛ඥ૜࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ࢞) + ࢟ + ૛(ࢠ ≥ ૜ඥ૜࢞)ࢠ࢟࢞+ ࢟ + (ࢠ ⇔ ࢞) + ࢟ + ૝(ࢠ ≥ ૛ૠ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ࢞) + ࢟ + ૜(ࢠ ≥ ૛ૠࢠ࢟࢞ (true by AM-GM) 
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Solution 6 by Michael Sterghiou-Greece 

,࢟,࢞ ࢠ > 0 → ∑ ૜(࢟ା࢞)

ࢉ࢟ࢉࢠା૛࢟ା࢞ ≥ ૛ඥ૜࢞)ࢠ࢟࢞+ ࢟ +  (1)  (ࢠ

(1) homogeneous so, WLOG, let ࢞ + ࢟ + ࢠ = ૜. Consider (࢚)ࢌ = (૜ି࢚)૜

૜ା࢚
,૙ < ݐ < 3 

(࢚)ᇱᇱࢌ = ૛(૜ି࢚)൫࢚૛ା૚૛࢚ା૟૜൯
૛(ା૜࢚)

> 0 for ૙ < ݐ < 3. By Jensen: 

≤ (1) ࡿࡴࡸ ૜ ⋅ (૜ି૚)૜

૜ା૚
= ૟ ≥ ૛ඥૢࢠ࢟࢞ → ࢠ࢟࢞ ≤ ૚ which is true by AM-GM as long as  

࢞ + ࢟ + ࢠ = ૜ 

 

JP.202. Let ࢈,ࢇ,   be positive real numbers such that ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚. Prove that: 

૜ࢇ

√૛࢈૛ + ૚૟ࢉ࢈ + ૠࢉ૛
+

૜࢈

√૛ࢉ૛ + ૚૟ࢇࢉ+ ૠࢇ૛
+

૜ࢉ

√૛ࢇ૛ + ૚૟࢈ࢇ + ૠ࢈૛
≥

૜
૛૙ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Tran Hong-Dong Thap-Vietnam 

ඥ૛૞ࢇ૛ ⋅ ඥ૛࢈૛ + ૚૟ࢉ࢈+ ૠࢉ૛ ≤
ࡹࡳିࡹ࡭ ૛૞ࢇ૛ + ૛࢈૛ + ૚૟ࢉ࢈ + ૠࢉ૛

૛  

⇔ ඥࢇ૛ ⋅ ඥ૛࢈૛ + ૚૟ࢉ࢈+ ૠࢉ૛ ≤
૛૞ࢇ૛ + ૛࢈૛ + ૚૟ࢉ࢈ + ૠࢉ૛

૚૙  

⇒ ૜ࢇ

ඥ૛࢈૛ା૚૟ࢉ࢈ାૠࢉ૛
= ૝ࢇ

ඥࢇ૛ඥ૛࢈૛ା૚૟ࢉ࢈ାૠࢉ૛
≥ ૚૙ࢇ૝

૛૞ࢇ૛ା૛࢈૛ାૠࢉ૛ା૚૟ࢉ࢈
   (etc) 

⇒ ࡿࡴࡸ = ෍
૜ࢇ

√૛࢈૛ + ૚૟ࢉ࢈ + ૠࢉ૛
≥ ૚૙෍

૝ࢇ

૛૞ࢇ૛ + ૛࢈૛ + ૠࢉ૛ + ૚૟ࢉ࢈ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ

 

૚૙ ⋅
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜૝(ࢇ૛ + ૛࢈ + (૛ࢉ + ૚૟(࢈ࢇ + ࢉ࢈ + (ࢇࢉ =
૞(ࢇ૛ + ૛࢈ + ૛)૛ࢉ

૚ૠ(ࢇ૛ + ૛࢈ + (૛ࢉ + ૡ(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥ 

≥
൫∑࢈ࢇஸ∑ ૛൯ࢇ ૞(ࢇ૛ + ૛࢈ + ૛)૛ࢉ

૚ૠ(ࢇ૛ + ૛࢈ + (૛ࢉ + ૡ(ࢇ૛ + ૛࢈ + (૛ࢉ =
૞(ࢇ૛ + ૛࢈ + ૛)૛ࢉ

૛૞(ࢇ૛ + ૛࢈ + (૛ࢉ =
૛ࢇ + ૛࢈ + ૛ࢉ

૞
= ષ 

∵ Because: ࢇ૛ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚ 

⇒ ∃ઢࢆࢅࢄ such that: ࢇ = ܛܗ܋ ࢄ ࢈; = ࢅܛܗ܋ ; ࢉ =  ࢆܛܗ܋

⇒ ૛ࢇ + ૛࢈ + ૛ࢉ = ૛ܛܗ܋ +ࢄ ૛ܛܗ܋ ࢅ + ૛ܛܗ܋  ࢆ
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= ૜ − ૛ܖܑܛ) ࢄ + ૛ܖܑܛ ࢅ + ૛ܖܑܛ (ࢆ ≥ ૜ − ૢ
૝

= ૜
૝
ቀ∵ ∑ ૛ܖܑܛ ࢄ ≤ ૢ

૝
ቁ ⇒ ࡿࡴࡸ ≥ ષ ≥ ૜

૝⋅૞
= ૜

૛૙
. 

Proved. Equality ⇔ ࢇ = ࢈ = ࢉ = ૚
૛
. 

 

JP.203. If ࢈,ࢇ, ࢉ > 0; ૛࢈ࢇ ⋅ ૛ࢉ࢈ ⋅ ૛ࢇࢉ = ૚ then: 

૛࢈ ቀඥࢇࢇା࢈ାࢉ૜ − ࢇ ૜ࢉ࢈ࢇ√
ቁ + ૛ࢉ ቀඥࢇ࢈ା࢈ାࢉ૜ − ࢈ ૜ࢉ࢈ࢇ√

ቁ + ૛ࢇ ቀඥࢇࢉା࢈ାࢉ૜ − ࢉ ࢉ࢈ࢇ√
૜

ቁ ≥ ૙ 

Proposed by Daniel Sitaru-Romania  

Solution by proposer 

෍ቆ
૛࢈

૛ࢇ + ૛࢈ + ૛ࢉ ⋅ ࢇ
ࢉା࢈ାࢇ

૜ ቇ = ෍ቆ
૛࢈

૛ࢇ + ૛࢈ + ૛ࢉ ⋅ ࢇ
ࢉା࢈ାࢇ

૜ ି ૜ࢉ࢈ࢇ√ ା ૜ࢉ࢈ࢇ√
ቇ ≥ 

≥
ࢂࡱࡴࡿࢅ࡮ࡱ࡯ ૚

૛ࢇ) + ૛࢈ + ૛)૛ࢉ ቀ෍࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√
ቁ ൬෍࢈૛ ⋅ ࢇ

ࢉା࢈ାࢇ
૜ ି ૜ࢉ࢈ࢇ√

൰ 

෍൬࢈૛ ⋅ ࢇ
ࢉା࢈ାࢇ

૜ ൰ ≥
૚

૛ࢇ + ૛࢈ + ૛ࢉ
ቀ෍࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√

ቁ ൬෍࢈૛ ࢇ
ࢉା࢈ାࢇ

૜ ି ૜ࢉ࢈ࢇ√
൰ ≥ 

≥
ࡹࡳିࡹ࡭

ቀ෍࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√
ቁ ⋅ ට൫࢈ࢇ૛ ⋅ ૛ࢉ࢈ ⋅ ૛൯ࢇࢉ

ࢉା࢈ାࢇ
૜ ି ૛ࢉ૛శ࢈૛శࢇ૜ࢉ࢈ࢇ√

= 

= ቀ෍࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√
ቁ ⋅ ට૚

ࢉା࢈ାࢇ
૜ ି ૛ࢉ૛శ࢈૛శࢇ૜ࢉ࢈ࢇ√

= ෍ቀ࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√
ቁ 

෍൬࢈૛ ⋅ ࢇ
ࢉା࢈ାࢇ

૜ ൰ ≥෍ቀ࢈૛ ⋅ ࢇ ૜ࢉ࢈ࢇ√
ቁ 

෍࢈૛ ൬ࢇ
ࢉା࢈ାࢇ

૜ − ࢇ ૜ࢉ࢈ࢇ√
൰ ≥ ૙ 

૛࢈ ቀඥࢇࢇା࢈ାࢉ૜ − ࢇ ૜ࢉ࢈ࢇ√
ቁ + ૛ࢉ ቀඥࢇ࢈ା࢈ାࢉ૜ − ࢈ ૜ࢉ࢈ࢇ√

ቁ + ૛ࢇ ቀඥࢇࢉା࢈ାࢉ૜ − ࢉ ࢉ࢈ࢇ√
૜

ቁ ≥ ૙ 

 

JP.204. In ઢ࡯࡮࡭ the following relationship holds: 

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛

ܖ܉ܜ ૛࡯
+
૛࡮ܛܗ܋ ܛܗ܋

࡯
૛

૛࡭ܖ܉ܜ
+
૛࡯ܛܗ܋ ܛܗ܋

࡭
૛

૛࡮ܖ܉ܜ
>  ߨ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution by Soumava Chakraborty-Kolkata-India 

LHS = ∑ට(ࢇି࢙)࢙
ࢉ࢈

ට(࢈ି࢙)࢙
ࢇࢉ

ට ࢈ࢇ
(࢈ି࢙)(ࢇି࢙)

= ∑ ࢙
ࢉ

= ∑࢙ ૚
ࢇ

≥
࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮ ࢙ૢ

∑ ࢇ
= ૢ

૛
>  ߨ

(Proved) 

 

JP.205. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

ቆ
૝ࢇ + ૝࢈

૝ࢉ
+
૛
૜
ቇቆ

૝࢈ + ૝ࢉ

૝ࢇ
+
૛
૜
ቇቆ

૝ࢉ + ૝ࢇ

૝࢈
+
૛
૜
ቇ ≥ ൬

ૡ
૜
൰
૜

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Marian Ursărescu-Romania 

We must show: ൫૜ࢇ
૝ା૜࢈૝ା૛ࢉ૝൯൫૜࢈૝ା૜ࢉ૝ା૛ࢇ૝൯൫૜ࢉ૝ା૜ࢇ૝ା૛࢈૝൯

૜૜⋅ࢇ૝࢈૝ࢉ૝
≥ ቀૡ

૜
ቁ
૜
⇔ 

(૜ࢇ૝ + ૜࢈૝ + ૛ࢉ૝)(૜ࢇ૝ + ૜ࢉ૝ + ૛࢈૝)(૜࢈૝ + ૜ࢉ૝ + ૜ࢇ૝) ≥ ૛ૢࢇ૝࢈૝ࢉ૝   (1) 

૜ࢇ૝ + ૜࢈૝ + ૛ࢉ૝ = ૝ࢇ + ૝࢈ + ૛(ࢇ૝ + ૝࢈ + (૝ࢉ ≥ ૛ࢇ૛࢈૛ + ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ 

≥ ૛ࢇ૛࢈૛ + ૛ࢇ)ࢉ࢈ࢇ+ +࢈ (ࢉ = ૛࢈ࢇ)࢈ࢇ + ࢉࢇ + +ࢉ࢈  ૛) (2)ࢉ

From (1)+(2) we must show: 

૛૜ࢇ૛࢈૛ࢉ૛(࢈ࢇ+ ࢉࢇ + +ࢉ࢈ +࢈ࢇ)(૛ࢇ +ࢉࢇ +ࢉ࢈ +࢈ࢇ)(૛࢈ ࢉࢇ + ࢉ࢈ + (૛ࢉ ≥ ૛ૢࢇ૝࢈૝ࢉ૝ 

⇔ +࢈ࢇ) ࢉࢇ + +ࢉ࢈ +࢈ࢇ)(૛ࢇ ࢉࢇ + ࢉ࢈ + ࢈ࢇ)(૛࢈ + ࢉࢇ + ࢉ࢈ + (૛ࢉ ≥ ૛૟ࢇ૛࢈૛ࢉ૛  (3) 

But 
+࢈ࢇ ࢉࢇ + +ࢉ࢈ ૛ࢇ ≥ ૝√ࢇ૛࢈૛ࢉ૛૝

࢈ࢇ + ࢉࢇ + ࢉ࢈ + ૛࢈ ≥ ૝√ࢇ૛࢈૝ࢉ૛૝

+࢈ࢇ ࢉࢇ + ࢉ࢈ + ૛ࢉ ≥ ૝√ࢇ૛࢈૛ࢉ૝૝

ቑ ⇒ 

⇒ +࢈ࢇ) ࢉࢇ + +ࢉ࢈ +࢈ࢇ)(૛ࢇ +ࢉࢇ +ࢉ࢈ +࢈ࢇ)(૛࢈ ࢉࢇ + +ࢉ࢈ (૛ࢉ ≥ ૛૟ࢇ૛࢈૛ࢉ૛ ⇒ (3) it 

is true. 

Solution 2 by Amit Dutta-Jamshedpur-India 

∵ ࢉ,࢈,ࢇ > 0. Using ࡹ࡭ ≥ ,ࡹࡳ ࢇ
૝ା࢈૝

૝ࢉ
≥ ૛ࢇ૛࢈૛

૝ࢉ
 

ቆ
૝ࢇ + ૝࢈

૝ࢉ +
૛
૜ቇ ≥ ቆ

૛ࢇ૛࢈૛

૝ࢉ +
૛
૜ቇ 

ቆ
૝ࢇ + ૝࢈

૝ࢉ +
૛
૜ቇ ≥ ቆ

૛ࢇ૛࢈૛

૝ࢉ +
૛
૜ቇ ≥

૛
૜ ⋅

૛࢈૛ࢇ

૝ࢉ +
૛ࢇ૛࢈૛

૜ࢉ૝ +
૛ࢇ૛࢈૛

૜ࢉ૝ +
૛
૜ 
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≥
૛
૜ቊ

૛࢈૛ࢇ

૝ࢉ +
૛࢈૛ࢇ

૝ࢉ +
૛࢈૛ࢇ

૝ࢉ + ૚ቋ ≥
ࡹࡳିࡹ࡭ ૛

૜ × ૝ቐ
(࢈ࢇ)

૜
૛

૜ࢉ
ቑ 

ቀࢇ
૝ା࢈૝

૝ࢉ
+ ૛

૜
ቁ ≥ ૡ

૜
⋅ (࢈ࢇ)

૜
૛

૜ࢉ
   (1) 

Similarly, ቀ࢈
૝ାࢉ૝

૝ࢇ
+ ૛

૜
ቁ ≥ ૡ

૜
⋅ (ࢉ࢈)

૜
૛

૜ࢇ
    (2) 

ቀࢉ
૝ାࢇ૝

૝࢈
+ ૛

૜
ቁ ≥ ૡ

૜
⋅ (ࢉࢇ)

૜
૛

૜࢈
    (3) 

Multiplying (1), (2), (3): ቀࢇ
૝ା࢈૝

૝ࢉ
+ ૛

૜
ቁ ቀ࢈

૝ାࢉ૝

૝ࢇ
+ ૛

૜
ቁ ቀࢉ

૝ାࢇ૝

૝࢈
+ ૛

૜
ቁ ≥ ቀૡ

૜
ቁ
૜
ቄ(ࢉ࢈ࢇ)૜

૜(ࢉ࢈ࢇ)
ቅ ≥ ቀૡ

૜
ቁ
૜

 

Proved. Equality when ࢇ = ࢈ =  .ࢉ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ෑቆ
૝ࢇ + ૝࢈

૝ࢉ +
૛
૜ቇ

ࢉ࢟ࢉ

≥

ࡿᇲࡾࡱࡰࡸࡻࡴ
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ

ቌඨෑቆ
૝ࢇ + ૝࢈

૝ࢉ ቇ
ࢉ࢟ࢉ

૜ +
૛
૜
ቍ

૜

≥ ൬√ૡ૜ +
૛
૜൰

૜

= ൬
ૡ
૜൰

૜

 

Proved. 

Solution 4 by Tran Hong-Dong Thap-Vietnam 

Inequality ⇔ ൣ૜൫ࢇ૝ା࢈૝൯ା૛ࢉ૝൧ൣ૜൫࢈૝ାࢉ૝൯ା૛ࢇ૝൧ൣ૜൫ࢇ૝ାࢉ૝൯ା࢈૝൧
૜૜(ࢉ࢈ࢇ)૝

≥ ૡ૜

૜૜
 

⇔ෑ[૜(ࢇ૝ + (૝࢈ + ૛ࢉ૝]
ࢉ࢟ࢉ

≥ ૡ૜(ࢉ࢈ࢇ)૝ 

∵ ૜(ࢇ૝ + (૝࢈ + ૛ࢉ૝ = ૜ࢇ૝ + ૜࢈૝ + ૛ࢉ૝ = ૝ࢇ + ૝ࢇ + ૝ࢇ + ૝࢈ + ૝࢈ + ૝࢈ + ૝ࢉ +  ૝ࢉ

≥
ࡹࡳିࡹ࡭

ૡඥ(ࢇ૝)૜(࢈૝)૜(ࢉ૝)૛ૡ    (etc) 

⇒ෑ[૜(ࢇ૝ + (૝࢈ + ૛ࢉ૝]
ࢉ࢟ࢉ

≥ ૡ ⋅ ૡ ⋅ ૡඥ(ࢇ૝)ૡ(࢈૝)ૡ(ࢉ૝)ૡૡ = ૡ૜(ࢉ࢈ࢇ)૝ 

Proved. Equality ⇔ ࢇ = ࢈ =  .ࢉ

Solution 5 by Soumava Chakraborty-Kolkata-India 

Let ࢇ૝ + ૝࢈ = ૝࢈,࢞ + ૝ࢉ = ,࢟ ૝ࢉ + ૝ࢇ = ࢞ ,Then .ࢠ + ࢟ > ݕ,ݖ + ݖ > ,ݔ ݖ + ݔ > ݕ ⇒ 

⇒ ,࢟,࢞ = are sides of a triangle with semi-perimeter, circumradius, inradius ࢠ  ࢘,ࡾ,࢙

respectively (say). Now, ૛∑ࢇ૝ = ࢞∑ = ૛࢙ ⇒ ૝ࢇ∑ = ࢙ ⇒ ૝ࢉ = ࢙ − ૝ࢇ,࢞ = ࢙ −  	,࢟
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૝࢈ = ࢙ −  :Using this substitution, given inequality becomes .ࢠ

ෑ൬
࢞

࢙ − ࢞ +
૛
૜൰ ≥ ൬

ૡ
૜൰

૜

⇔ෑቈ
૜࢞ + ૛(࢙ − (࢞
૜(࢙ − (࢞ ቉ ≥ ൬

ૡ
૜൰

૜

⇔ෑ൬
૛࢙ + ࢞
࢙ − ࢞ ൰ ≥ ૞૚૛ 

⇔ (૛࢙ + ࢙૛)(࢞ + ࢙૛)(࢟ + (ࢠ ≥ ૞૚૛࢘૛࢙ ⇔ 

⇔ ૡ࢙૜ + ૝࢙૛ ቀ෍࢞ቁ + ૛࢙ ቀ෍࢟࢞ቁ + ࢠ࢟࢞ ≥ ૞૚૛࢘૛࢙ 

⇔ ૡ࢙૜ + ૝࢙૛(૛࢙) + ૛࢙)࢙૛ + ૝࢘ࡾ + (૛࢘ + ૝࢙࢘ࡾ ≥ ૞૚૛࢘૛࢙ ⇔ ૚ૡ࢙૜ + ૚૛࢙࢘ࡾ ≥ ૞૚૙࢘૛࢙ 

⇔ ૜࢙૛ + ૛࢘ࡾ ≥
(૚)

ૡ૞࢘૛. But, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜(૚૟࢘ࡾ − ૞࢘૛) + ૛࢘ࡾ ≥
?
ૡ૞࢘૛ 

⇔ ૞૙࢘ࡾ ≥
?
૚૙૙࢘૛ ⇔ ࡾ ≥

?
૛࢘ → true (Euler)⇒ (1) ⇒ given inequality is true (Proved) 

Solution 6 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0, we have: ቀࢇ
૝ା࢈૝

૝ࢉ
+ ૛

૜
ቁ ቀ࢈

૝ାࢉ૝

૝ࢇ
+ ૛

૜
ቁ ቀࢉ

૝ାࢇ૝

૝࢈
+ ૛

૜
ቁ = 

= ቆ
૝ࢇ

૝ࢉ +
૝࢈

૝ࢉ +
૛
૜ቇቆ

૝࢈

૝ࢇ +
૝ࢉ

૝ࢇ +
૛
૜ቇቆ

૝ࢉ

૝࢈ +
૝ࢇ

૝࢈ +
૛
૜ቇ ≥ ൬૚ + ૚ +

૛
૜൰

૜

= ൬૛ +
૛
૜൰

૜

= ൬
ૡ
૜൰

૜

 

Because: ቀࢇ
૝

૝ࢉ
ቁ ቀࢉ

૝

૝࢈
ቁ ቀ࢈

૝

૝ࢇ
ቁ = ૚, ቀ࢈

૝

૝ࢉ
ቁ ቀࢉ

૝

૝ࢇ
ቁ ቀࢇ

૝

૝࢈
ቁ = ૚. Therefore, it is true. 

Solution 7 by Michael Sterghiou-Greece 

∏ ቀࢇ
૝ା࢈૝

૝ࢉ
+ ૛

૜
ቁࢉ࢟ࢉ ≥ ቀૡ

૜
ቁ
૜

   (1) 

Let ࢞ = ࢟,૝ࢇ = ,૝࢈ ࢠ = ,࢟,࢞,૝ࢉ ࢠ > 0 

(1) → ∏ ቀ࢞ା࢟
ࢠ

+ ૛
૜
ቁࢉ࢟ࢉ ≥ ቀૡ

૜
ቁ
૜

  (2) 

(2) is homogeneous so, we can assume ࢞ + ࢟ + ࢠ = ૜ 

The function (࢚)ࢌ = ܖܔ ቀ૜ି࢚
࢚

+ ૛
૜
ቁ with ࢌᇱᇱ(࢚) = ૢ(ૢି૛࢚)

૛࢚૛(ૢି࢚)
> 0 is convex on (૙,૜) 

(2)→ ∏ܖܔ ቀ૜ିࢠ
ࢠ

+ ૛
૜
ቁࢉ࢟ࢉ = ∑ ܖܔ ቀ૜ିࢠ

ࢠ
+ ૛

૜
ቁࢉ࢟ࢉ ≥ ૜ ⋅ ܖܔ ቆ ૜

ࢠశ࢟శ࢞
࢞

− ૚ + ૛
૜
ቇ = ܖܔ ቀૡ

૜
ቁ
૜
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JP.206. Let ࡯࡮࡭ be a triangle with inradius ࢘ and circumradius ࡾ. Let 

,ࢇ࢘ respectively and let ࡮࡭,࡭࡯,࡯࡮ the altitudes to sides ࢉࢎ,࢈ࢎ,ࢇࢎ ,࢈࢘  the ࢉ࢘

exradii to ࡯,࡮,࡭ respectively. Prove that: 

૝࢘
૛ࡾ

≤
ࢇࢎ

࢈࢘ ⋅ ࢉ࢘
+

࢈ࢎ
ࢉ࢘ ⋅ ࢇ࢘

+
ࢉࢎ

ࢇ࢘ ⋅ ࢈࢘
≤

ࡾ
૛࢘૛

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Marian Ursărescu-Romania 

∑ ࢇࢎ
ࢉ࢘࢈࢘

= ∑
૛ࡿ
ࢇ

࢙
⋅࢈ష࢙

࢙
ࢉష࢙

= ૛
࢙
⋅ ∑ (ࢉି࢙)(࢈ି࢙)

ࢇ
= ૛

࢙࢘
∑ (ࢉି࢙)(࢈ି࢙)

ࢇ
   (1) 

But, ∑ (ࢉି࢙)(࢈ି࢙)
ࢇ

= ૛൧(࢘ାࡾ૝)૛ା࢙ൣ࢘
૝ࡾ࢙

   (2) 

From (1)+(2) we must show: ૛
࢙࢘
⋅ ࢙ൣ࢘

૛ା(૝ࡾା࢘)૛൧
૝ࡾ࢙

≥ ૝࢘
૛ࡾ
⇔ ૛࢙ + (૝ࡾ + ૛(࢘ ≥ ૡ࢙૛࢘

ࡾ
   (3) 

But ࡾ ≥ ૛࢘ ⇒ ૚
ࡾ
≤ ૚

૛࢘
   (4) 

From (3)+(4) we must show: 

૛࢙ + (૝ࡾ + ૛(࢘ ≥ ૝࢙૛ ⇔ (૝ࡾ+ ૛(࢘ ≥ ૜࢙૛, true because it is Doucet’s inequality. 

Now, ඥ(࢙ − ࢙)(࢈ − (ࢉ ≤ ࢉି࢙ା࢈ି࢙
૛

⇒ ࢙) − ࢙)(࢈ − (ࢉ ≤ ૛ࢇ

૝
⇒ 

⇒
૛
෍࢙࢘

࢙) − ࢙)(࢈ − (ࢉ
ࢇ ≤

૛
෍࢙࢘

ૢ
૝ =

૛
࢙࢘ ⋅

૛࢙
૝ =

૚
࢘ ⇒ 

we must show: ૚
࢘
≤ ࡾ

૛࢘૛
⇔ ૛࢘ ≤  .true Euler’s inequality ࡾ

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࢇࢎ
ࢉ࢘࢈࢘

+
࢈ࢎ
ࢇ࢘ࢉ࢘

+
ࢉࢎ
࢈࢘ࢇ࢘

≥
ࡹࡳିࡹ࡭

૜ඨ
ࢉࢎ࢈ࢎࢇࢎ

૛(ࢉ࢘࢈࢘ࢇ࢘)
૜

= ૜ඨ
૛࢙૛࢘૛

ࡾ ⋅
૚

૛(࢘૛࢙)
૜

= ૜ඨ
૛
ࡾ૛࢙

૜
 

We must show that: ૜ට ૛
ࡾ૛࢙

૜ ≥ ૝࢘
૛ࡾ
⇔ ૛ૠ ⋅ ૛

ࡾ૛࢙
≥ ૝૜࢘૜

൫ࡾ૛൯
૜ ⇔

૛ૠ
૛࢙
≥ ૜૛࢘૜

૞ࡾ
⇔ ૛ૠࡾ૞ ≥ ૜૛࢘૜࢙૛ 

It is true because: ቊ࢙
૛ ≤ ૛ૠ

૝
૛ࡾ

૜࢘ ≤ ૡࡾ૜
⇒ ૜࢘૛࢙ ≤ ૛ૠ

૜૛
૞ࡾ ⇒ ૜૛࢘૜࢙૛ ≤ ૛ૠࡾ૞ 

ࢇࢎ
ࢉ࢘࢈࢘

+
࢈ࢎ
ࢇ࢘ࢉ࢘

+
ࢉࢎ
࢈࢘ࢇ࢘

= ෍
ࢇࢎ
ࢉ࢘࢈࢘

≤
ࢉ࢘࢈࢘૛ஸࢇࢎ

෍
ࢇࢎ
૛ࢇࢎ

= ෍
૚
ࢇࢎ

=
૚
࢘ ≤

(૛) ࡾ
૛࢘૛ 
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(2)⇔ ૚
࢘
≤ ࡾ

૛࢘૛
⇔ ࡾ ≥ ૛࢘ (Euler) (proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

෍
ࢇࢎ
ࢉ࢘࢈࢘

= ෍
ࢇ࢘ࢇࢎ
૛࢙࢘ =

૚
૛෍ቌ࢙࢘

૛࢙࢘

૝ܖܑܛࡾ ૛࡭ ܛܗ܋
࡭
૛
ቍቌ

࢙ ૛࡭ܖܑܛ
૛࡭ܛܗ܋

ቍ =
૚
૛ࡾ෍

ࢉ࢈
࢙)࢙ −  (ࢇ

= ൬
૚

૛࢘ࡾ૛࢙૛൰
ቄ෍࢙)ࢉ࢈ − ࢙)(࢈ − ቅ(ࢉ = ൬

૚
૛࢘ࡾ૛࢙૛൰

ቄ෍(࢙)ࢉ࢈૛ − ࢙૛)࢙ − (ࢇ +  ቅ(ࢉ࢈

= ൬
૚

૛࢘ࡾ૛࢙૛൰ ቊ࢙
૛ ቀ෍࢈ࢇቁ − ૛࢙૛ ቀ෍࢈ࢇቁ + ૜ࢉ࢈ࢇ࢙+ ቀ෍࢈ࢇቁ

૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ 

= ൬
૚

૛࢘ࡾ૛࢙૛൰
{(૝࢘ࡾ+ ૛࢙)(૛࢘ + ૝࢘ࡾ + (૛࢘ − ૝࢙࢘ࡾ૛} 

= ൬
૚

૛࢘ࡾ૛࢙૛൰
૛࢘૛࢙) + ࡾ૛(૝࢘ + (૛(࢘ =

૛࢙ + (૝ࡾ+ ૛(࢘

૛࢙ࡾ૛ ∴ ෍
ࢇࢎ
ࢉ࢘࢈࢘

=
(૚) ૛࢙ + (૝ࡾ + ૛(࢘

૛࢙ࡾ૛  

∴෍
ࢇࢎ
ࢉ࢘࢈࢘

≤
ࡾ
૛࢘૛ ⇔

(૚)	࢟࢈ ૛࢙ + (૝࢘ࡾ + ૛(࢘

૛࢙ࡾ૛ ≤
ࡾ
૛࢘૛ ⇔

૛ࡾ) − ૛࢙(૛࢘ ≥
(ࢇ)

+ࡾ૛(૝࢘  ૛(࢘

Now, ∵ ૛࢙ ≥ ૛ૠ࢘૛ ∴ LHS of (a) ≥ ૛ૠ࢘૛(ࡾ૛ − (૛࢘ ≥
?
+ࡾ૛(૝࢘  ૛(࢘

⇔ ૚૚ࡾ૛ − ૡ࢘ࡾ − ૛ૡ࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૚૚ࡾ+ ૚૝࢘) ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ 

⇒ (a) is true ⇒ ∑ ࢇࢎ
ࢉ࢘࢈࢘

≤ ࡾ
૛࢘૛

 

Again, ૝࢘
૛ࡾ
≤ ∑ ࢇࢎ

ࢉ࢘࢈࢘
⇔

(૚)	࢟࢈ ૛(࢘ାࡾ૝)૛ା࢙

૛࢙࢘ࡾ૛
≥ ૝࢘

૛ࡾ
⇔ ૛࢙ࡾ + ࡾ૝)ࡾ + ૛(࢘ ≥ ૡ࢙࢘૛ 

⇔ ࡾ) − ૛࢙(࢘૛ + +ࡾ૝)ࡾ ૛(࢘ ≥
(࢈)

	૟࢙࢘૛ 

Now, LHS of (b) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ࡾ) − ૛࢘)(૚૟࢘ࡾ− ૞࢘૛) + +ࡾ૝)ࡾ  ૛(࢘

and, RHS of (b) ≥
(࢏࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૟࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(i), (ii) ⇒ in order to prove (b), it suffices to prove: 

ࡾ) − ૛࢘)(૚૟࢘ࡾ− ૞࢘૛) + ࡾ૝)ࡾ + ૛(࢘ ≥ ૟࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૝࢚૜ − ૚૞࢚ − ૛ ≥ ૙	 ቀ࢚ = ࡾ
࢘
ቁ ⇔ ࢚) − ૛)(૝࢚૛ + ૡ࢚ + ૚) ≥ ૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (b) is true ⇒ ૝࢘
૛ࡾ
≤ ∑ ࢇࢎ

ࢉ࢘࢈࢘
   (Proved) 
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JP.207. Let ࢈,ࢇ,  ࢘ with inradius ࡯࡮࡭ be the lengths of the sides of a triangle ࢉ

and circumradius ࡾ, and let ࢇ࢘, ,࢈࢘  respectively. Prove ࡯,࡮,࡭ the exradii to ࢉ࢘

that: 

૟࢘ ≤
૛ࢇ

࢈࢘ + ࢉ࢘
+

૛࢈

ࢉ࢘ + ࢇ࢘
+

૛ࢉ

ࢇ࢘ + ࢈࢘
≤
૛ࡾ૛ − ࢘ࡾ

࢘  

Proposed by George Apostolopulos-Messolonghi-Greece 

Solution 1 by Marian Ursărescu-Romania 

૛ࢇ

࢈࢘ + ࢉ࢘
=

૛ࢇ
ࡿ

࢙ − ࢈ + ࡿ
࢙ − ࢉ

=
૛ࢇ

ࡿ ൬ ࢙ − ࢉ + ࢙ − ࢈
࢙) − ࢙)(࢈ − ൰(ࢉ

=
࢙)૛ࢇ − ࢙)(࢈ − (ࢉ

ࢇ࢙ =
࢙)ࢇ − ࢙)(࢈ − (ࢉ

࢙  

⇒ ∑ ૛ࢇ

ࢉ࢘ା࢈࢘
= ૚

ࡿ
࢙)ࢇ∑ − ࢙)(࢈ −  (1)  (ࢉ

But ∑࢙)ࢇ − ࢙)(࢈ − (ࢉ = ૛ࡿ(૛ࡾ−  (2) (࢘

From (1)+(2)⇒ ∑ ૛ࢇ

ࢉ࢘ା࢈࢘
= ૛(૛ࡾ −  (3)   (࢘

First, we must show: ૟࢘ ≤ ૛(૛ࡾ − (࢘ ⇔ ૜࢘ ≤ ૛ࡾ − ࢘ ⇔ ૝࢘ ≤ ૛ࡾ ⇔ ૛࢘ ≤  (true)  ࡾ

Second, we must show: ૛(૛ࡾ − (࢘ ≤ (࢘ିࡾ૛)ࡾ
࢘

⇔ ૛࢘ ≤  .true ࡾ

Solution 2 by Tran Hong-Dong Thap-Vietnam 

૛ࢇ

࢈࢘ + ࢉ࢘
+

૛࢈

ࢉ࢘ + ࢇ࢘
+

૛ࢉ

ࢇ࢘ + ࢈࢘
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ࢇ) + ࢈ + ૛(ࢉ

૛(ࢇ࢘ + ࢈࢘ + (ࢉ࢘ =
૝࢙૛

૛(૝ࡾ+ (࢘ =
૛࢙૛

૝ࡾ +  ࢘

We must show that: ૛࢙
૛

૝ࡾା࢘
≥ ૟࢘ ⇔ ૛࢙ ≥ ૜࢘(૝ࡾ + (࢘ ⇔ ૛࢙ ≥ ૚૛࢘ࡾ+ ૜࢘૛ 

૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૛࢘ࡾ+ ૜࢘૛ ⇔ ૝࢘ࡾ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘ (Euler) 

૛ࢇ

࢈࢘ + ࢉ࢘
+

૛࢈

ࢉ࢘ + ࢇ࢘
+

૛ࢉ

ࢇ࢘ + ࢈࢘
= ෍

૛ࢇ

࢈࢘ + ࢉ࢘
= 

= 	෍
(૛ܖܑܛࡾ ૛(࡭

૝ࡾ ૛ܛܗ܋ ૛࡭
= ෍ࡾ

૛ܖܑܛ ࡭

૛ܛܗ܋ ૛࡭
= ૝ࡾ෍

૛ܖܑܛ ૛࡭ ܛܗ܋
૛ ࡭
૛

૛ܛܗ܋ ૛࡭
 

= ૝ࡾ෍ܖܑܛ૛
࡭
૛ = ૝ࡾ ൬

૛ࡾ− ࢘
૛ࡾ ൰ = ૛(૛ࡾ+ (࢘ ≤

(૛) ૛ࡾ૛ ࢘ࡾ−
࢘  

(2) ⇔ ૛࢘(૛ࡾ− (࢘ ≤ ૛ࡾ૛  ࢘ࡾ−



 
www.ssmrmh.ro 

⇔ ૛ࡾ૛ − ૞࢘ࡾ+ ૛࢘૛ ≥ ૙⇔ ࡾ) − ૛࢘)(૛ࡾ − (࢘ ≥ ૙ (True: ࡾ ≥ ૛࢘) (Proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

Firstly, ∑ࢇ࢘ࢇ = ∑ ቀ૝ࡾ ܖܑܛ ࡭
૛
ܛܗ܋ ࡭

૛
ቁ ࢙ ܖ܉ܜ ࡭

૛
= ૛࢙ࡾ∑(૚ − ܛܗ܋ (࡭ =

(૚)
૛࢙(૛ࡾ −  (࢘

෍
૛ࢇ

࢈࢘ + ࢉ࢘
= ෍

૜ࢇ

࢈࢘)ࢇ + (ࢉ࢘ ≥
࢘ࢋࢊ࢒࢕ࡴ ૡ࢙૜

૜∑ࢇ ࢈࢘) + (ࢉ࢘ =
ૡ࢙૜

૜∑ࢇ࢘∑)ࢇ −  (ࢇ࢘

=
(૚)	࢟࢈ ૡ࢙૜

૜{(૝ࡾ + −(࢙૛)(࢘ ૛࢙(૛ࡾ− {(࢘ =
૛࢙૛

૜(ࡾ + (࢘ ≥
?
૟࢘ ⇔ ૛࢙ ≥

?
+ࡾ)࢘ૢ  (࢘

⇔ ૛࢙) − ૚૟࢘ࡾ + ૞࢘૛) + ૠࡾ)࢘− ૛࢘) ≥
?
૙ → true ∵ ૛࢙ − ૚૟࢘ࡾ+ ૞࢘૛ ≥

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૙ 

and, ࡾ − ૛࢘ ≥
࢘ࢋ࢒࢛ࡱ

૙ ∴ ૟࢘ ≤ ∑ ૛ࢇ

ࢉ࢘ା࢈࢘
 

Now, Bogdan Fustei ⇒ ࢉା࢈
૛
≤ ඥ࢈࢘)ࡾ + (ࢉ࢘ ⇒ ࢈࢘ + ࢉ࢘ ≥

૛(ࢉା࢈)

૝ࡾ
, etc 

∴ ෍
૛ࢇ

࢈࢘ + ࢉ࢘
≤ ૝ࡾ෍

૛ࢇ

+࢈) ૛(ࢉ ≤
ࡳି࡭

૝ࡾ෍
૛ࢇ

૝ࢉ࢈ =
ࡾ

૝࢙࢘ࡾ෍ࢇ૜ =
૛࢙)࢙૛ − ૟࢘ࡾ − ૜࢘૛)

૝࢙࢘  

= ૛࢘૜ି࢘ࡾ૛ି૟࢙

૛࢘
≤
? ૛ࡾ૛ି࢘ࡾ

࢘
⇔ ૛࢙ ≤

?
૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ → true (Gerretsen) 

⇒ ∑ ૛ࢇ

ࢉ࢘ା࢈࢘
≤ ૛ࡾ૛ି࢘ࡾ

࢘
  (proved) 

Solution 4 by Bogdan Fustei-Romania 

We know that: ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ +  ࢘

૛ࢇ = ࢇ࢘) − ࢈࢘)(࢘ +  (and analogs) (ࢉ࢘
૛ࢇ

ࢉ࢘ା࢈࢘
= ࢇ࢘ − ⇒(and analogs)  ࢘ ∑ ૛ࢇ

ࢉ࢘ା࢈࢘
= ࢇ࢘ − ࢘ + ࢈࢘ − +࢘ ࢉ࢘ − ࢘ = 

= ૝ࡾ + ࢘ − ૜࢘ = ૝ࡾ − ૛࢘ = ૛(૛ࡾ −  (࢘

We will prove that: ૟࢘ ≤ ૛(૛ࡾ− (࢘ ≤ ૛ࡾ૛ି࢘ࡾ
࢘

 

૟࢘ ≤ ૛(૛ࡾ − (࢘ ⇒ ૜࢘ ≤ ૛ࡾ − ࢘ ⇒ ૝ࡾ ≤ ૛ࡾ ⇒ ૛࢘ ≤  (Euler’s inequality) ࡾ

૛(૛ࡾ − (࢘ ≤
૛ࡾ૛ − ࢘ࡾ

࢘ =
ࡾ
࢘

(૛ࡾ− ࡾ૛)	(࢘ − ࢘ ⇒ ૛ࡾ − ࢘ > 0) ⇒ 

⇒ ૛ ≤ ࡾ
࢘
⇒ ૛࢘ ≤  .So, the inequality from enunciation is proved .(Euler’s inequality) ࡾ
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JP.208. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

෍
૛࡮ܖ܉ܜ + ૛࡯ܖ܉ܜ

ࢇ࢓
૛ ≤

ࡾ
࢘ࡿ

 

Proposed by Marin Chirciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

We have in any ઢࢇ࢓ :࡯࡮࡭ ≥ ඥ࢙)࢙ − (ࢇ ⇒ ૛ࢇ࢓ ≥ ࢙)࢙ − (ࢇ ⇒ 

⇒ ∑
ܖ܉ܜ૛ା࡮ܖ܉ܜ

࡯
૛

ࢇ࢓
૛ ≤ ∑

ܖ܉ܜ૛ା࡮ܖ܉ܜ
࡯
૛

(ࢇି࢙)࢙
⇒ we must show: ∑

ܖ܉ܜ૛ା࡮ܖ܉ܜ
࡯
૛

(ࢇି࢙)࢙
≤ ࡾ

૛࢙࢘
⇔ ∑

ܖ܉ܜ૛ା࡮ܖ܉ܜ
࡯
૛

ࢇି࢙
≤ ࡾ

૛࢘
⇔ 

∑
૛࡮ܖ܉ܜ
ࢇି࢙

+ ∑
૛࡯ܖ܉ܜ
ࢇି࢙

≤ ࡾ
૛࢘

  (1) 

෍
૛࡮ܖ܉ܜ
࢙ − ࢇ = ෍

ට(࢙ − ࢙)(ࢇ − (ࢉ
−࢙)࢙ (࢈
࢙ − ࢇ = ෍ඨ

−࢙ ࢉ
࢙)࢙ − ࢙)(ࢇ − (ࢉ = ෍

−࢙ ࢉ
ࡿ = 

= ࢙
ࡿ

= ૚
࢘
   (2) 

෍
૛࡯ܖ܉ܜ
࢙ − ࢇ

= ෍
ට(࢙ − ࢙)(ࢇ − (࢈

࢙)࢙ − (ࢉ
࢙ − ࢇ

= ෍ඨ
࢙) − (࢈

࢙)࢙ − ࢙)(ࢇ − (ࢉ = ෍
࢈−࢙
ࡿ

= 

= ࢙
ࡿ

= ૚
࢘
  (3) 

From (1)+(2)+(3) we must show: ૛
࢘
≤ ࡾ

૛࢘
⇔ ૛࢘ ≤  .true ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
૛࡮ܖ܉ܜ + ૛࡯ܖ܉ܜ

ࢇ࢓
૛ ≤

ࡾ
࢘ࡿ ⇔෍

࢙ ૛࡮ܖ܉ܜ + ࢙ ૛࡯ܖ܉ܜ
ࢇ࢓

૛ ≤
ࡾ
૛࢘ ⇔෍

࢈࢘ + ࢉ࢘
ࢇ࢓

૛ ≤
(૚) ࡾ

 ૛࢘

WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢉ ∴ ࢈࢘ + ࢉ࢘ ≤ ࢉ࢘ + ࢇ࢘ ≤ ࢇ࢘ +  ,and ,࢈࢘
૚
ࢇ࢓

૛ ≥
૚
࢈࢓

૛ ≥
૚
ࢉ࢓

૛ 

∴෍
࢈࢘ + ࢉ࢘
ࢇ࢓

૛ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ࢈࢘)∑ + (ࢉ࢘

૜ ෍
૚
ࢇ࢓

૛ ≤
(ࢇି࢙)࢙૛ஹࢇ࢓ ૛(૝ࡾ + (࢘

૜ ෍
૚

−࢙)࢙  (ࢇ
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=
૛(૝࢘+ (࢘

૜࢙ ቊ
࢙)∑ − ࢙)(࢈ − (ࢉ

࢙૛࢘ ቋ =
૛(૝ࡾ + (࢘
૜࢘૛࢙૛ ෍(࢙૛ − +࢈)࢙ (ࢉ +  (ࢉ࢈

=
૛(૝ࡾ + (࢘
૜࢘૛࢙૛

(૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ + (૛࢘ =
૛(૝ࡾ+ ૛(࢘

૜࢙࢘૛ ≤
? ࡾ
 ૛࢘

⇔ ૜࢙ࡾ૛ ≥
(૛)

?
૛࢘(૚૟ࡾ૛ + ૡ࢘ࡾ +  (૛࢘

Now, LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜ࡾ(૚૟࢘ࡾ − ૞࢘૛) ≥
?
૛࢘(૚૟ࡾ૛ + ૡ࢘ࡾ+  (૛࢘

⇔ ૚૟ࡾ૛ − ૜૚࢘ࡾ − ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૚૟ࡾ + (࢘ ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ 

⇒ (2)⇒(1)⇒ given inequality is true (Proved) 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

∑
ܖ܉ܜ૛ା࡮ܖ܉ܜ

࡯
૛

ࢇ࢓
૛ ≤ ࡾ

࢘ࡿ
   (1) 

(1)⇔ ∑
ܖ܉ܜ૛ା࡮ܖ܉ܜ

࡯
૛

ࢇ࢓
૛ ≤ ࡾ

૛࢙࢘
 

⇔෍
࢈࢘
࢙ + ࢉ࢘

࢙
ࢇ࢓

૛ ≤
ࡾ
૛࢙࢘ ⇔෍

࢈࢘ + ࢉ࢘
ࢇ࢓

૛ ≤
ࡾ
૛࢘  

ቀ࢈࢘ + ࢉ࢘ = ૝ܛܗ܋ࡾ૛ ࡭
૛
ቁ ࢇ࢓; ≥

ࢉା࢈
૛
ܛܗ܋ ࡭

૛
; etc 

⇒෍
࢈࢘ + ࢉ࢘
ࢇ࢓

૛ = ෍
૝ܛܗ܋ࡾ૛ ૛࡭

ࢇ࢓
૛ ≤෍

૝ܛܗ܋ࡾ૛ ૛࡭

ቀ࢈ + ࢉ
૛ ૛ቁ࡭ܛܗ܋

૛ = 

= ૚૟ࡾ෍
૚

࢈) + ૛(ࢉ ≤
ࡹࡳିࡹ࡭

૚૟ࡾ෍
૚
૝ࢉ࢈ = ૝ࡾ෍

૚
ࢉ࢈ = ૝ࡾ൬

ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ ൰ = ૝ࡾ ⋅

૛࢙
૝࢙࢘ࡾ =

૛
 ࢘

We must show that: ૛
࢘
≤ ࡾ

૛࢘
⇔ ࡾ ≥ ૛࢘ (Euler) (Proved) 

Solution 4 by Bogdan Fustei-Romania 

෍
૛࡮ܖ܉ܜ + ૛࡯ܖ܉ܜ

ࢇ࢓
૛ ≤

ࡾ
 ࢘ࡿ

ࢇ࢘ = ࢙ ܖ܉ܜ ࡭
૛
 (and the analogs); ࢙)࢙ − (ࢇ = ࢙ ;(and analogs) ࢉ࢘࢈࢘ =  ࢙࢘

෍
૛࡮ܖ܉ܜ࢙ + ࢙ ૛࡯ܖ܉ܜ

ࢇ࢓
૛ ≤

ࡾ
૛࢘ ⇔෍

࢈࢘ + ࢉ࢘
ࢇ࢓

૛ ≤
ࡾ
 ૛࢘
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ࢇ࢓
૛ ≥ ࢉ࢘࢈࢘ = ࢙)࢙ − ⇒ (and analogs) (ࢇ ∑ ࢉ࢘ା࢈࢘

ࢇ࢓
૛ ≤ ∑ ࢉ࢘ା࢈࢘

ࢉ࢘࢈࢘
= 

= ෍൬
૚
ࢉ࢘

+
૚
࢈࢘
൰ = ૛෍

૚
ࢇ࢘

;
૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

=
૚
 ࢘

⇒ ∑ ࢉ࢘ା࢈࢘
ࢇ࢓
૛ ≤ ૛

࢘
. We will prove that: ૛

࢘
≤ ࡾ

૛࢘
⇒ ૛ ≤ ࡾ

࢘
⇒ ૛࢘ ≤  (Euler’s inequality) ࡾ

So, the inequality from the enunciation is proved. 

Solution 5 by Mustafa Tarek-Cairo-Egypt 

ܖ܉ܜ
࡭
૛ =

ܖܑܛ ૛࡭
૛࡭ܛܗ܋

= ඨ
࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈ ⋅ ඨ
ࢉ࢈

࢙)࢙ −  (ࢇ

= ඨ
࢙) − ࢙)(࢈ − (ࢉ

࢙)࢙ − (ࢇ =
࢙) − ࢙)(࢈ − (ࢉ

ඥ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
=

࢙) − ࢙)(࢈ − (ࢉ
ઢ

=
൫ࢇ૛ − ࢈) − ૛൯(ࢉ

૝ઢ
≤
૛ࢇ

૝ઢ
 

Similarly, ܖ܉ܜ ࡮
૛
≤ ૛࢈

૝ઢ
, ܖ܉ܜ ࡯

૛
≤ ૛࡯

૝ઢ
. Now, ∑

ܖ܉ܜ૛ା࡮ܖ܉ܜ
࡯
૛

ࢇ࢓
૛ ≤ ∑ ૛ࢉ૛ା࢈

૝ઢࢇ࢓
૛ ≤
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

∑ ૝ࢇ࢓⋅ࡾ
૝ઢ⋅ࢇ࢓

૛  

= ࡾ
ઢ
∑ ૚

ࢇ࢓
≤
?? ࡾ

ઢ࢘
⇔ ∑ ૚

ࢇ࢓
≤ ૚

࢘
   (1) 

But ࢇ࢓ ≥ ∴ ,etc ,ࢇࢎ ૚
ࢇ࢓

≤ ૚
ࢇࢎ

, etc. ∴ ∑ ૚
ࢇ࢓

≤ ∑ ૚
ࢇࢎ

= ૚
࢘
∴ (1) true (Proved) 

 

JP.209. If ࢈,ࢇ, ࢊ,ࢉ ∈ ℝ then: 

ࢉࢇ + ࢊ࢈ + ࢊࢇ| − |ࢉ࢈ ≤ ඥ૛(ࢇ૛ + ૛ࢉ)(૛࢈ +  (૛ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

We have: ࢉࢇ + ࢊ࢈ + ࢊࢇ| − |ࢉ࢈ ≤ ࢉࢇ| + |ࢊ࢈ + ࢊࢇ| −  |ࢉ࢈

We must show that: |ࢉࢇ + |ࢊ࢈ + ࢊࢇ| − |ࢉ࢈ ≤ ඥ૛(ࢇ૛ + ૛ࢉ)(૛࢈ +  (૛ࢊ

⇔ ࢉࢇ|} + |ࢊ࢈ + ࢊࢇ)| − ૛{|(ࢉ࢈ ≤ ૛(ࢇ૛ + ૛ࢉ)(૛࢈ +  (*)  (૛ࢊ

∵ ࢉࢇ|} + |ࢊ࢈ + ࢊࢇ| − ૛{|ࢉ࢈ ≤
ࡿ࡯࡮

૛{(ࢉࢇ + ૛(ࢊ࢈ + ࢊࢇ) −  {૛(ࢉ࢈

= ૛{(ࢉࢇ)૛ + ૛(ࢊ࢈) + ૛(ࢊࢇ) + {૛(ࢉ࢈) = ૛(ࢇ૛ + ૛ࢉ)(૛࢈ + (૛ࢊ ⇒ (*) true. Proved. 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢉࢇ) + ૛(ࢊ࢈ + ࢊࢇ) − ૛(ࢉ࢈ =
(૚)

૛ࢇ) + ૛ࢉ)(૛࢈ +  (૛ࢊ

ࡿࡴࡸ ≤
(૛)

ࢉࢇ| + |ࢊ࢈ + ࢊࢇ| −  |ࢉ࢈

Case 1: ࢊࢇ − ࢉ࢈ = ૙. Then, we have to prove: 

ࢉࢇ) + ૛(ࢊ࢈ ≤ ૛(ࢉࢇ + ૛(ࢊ࢈ + ૛(ࢊࢇ −  ૛   (by (1))(ࢉ࢈

⇔ ࢉࢇ) + ૛(ࢊ࢈ + ૛(ࢊࢇ − ૛(ࢉ࢈ ≥ ૙ 

⇔ ࢉࢇ) + ૛(ࢊ࢈ ≥ ૙ → true ⇒ the given inequality is true. 

Case 2: ࢉࢇ + ࢊ࢈ = ૙. Then we have to prove: 

ࢊࢇ) − ૛(ࢉ࢈ ≤ ૛(ࢉࢇ + ૛(ࢊ࢈ + ૛(ࢊࢇ −  ૛  (by(1))(ࢉ࢈

⇔ ࢊࢇ) − ૛(ࢉ࢈ ≥ ૙ → true ⇒ the given inequality is true. 

Case 3: ࢊࢇ − ࢉ࢈ = ࢉࢇ + ࢊ࢈ = ૙.  

Then, RHS ඥ૛[(ࢉࢇ + ૛(ࢊ࢈ + ࢊࢇ) − [૛(ࢉ࢈ = ૙ and of course,  

ࡿࡴࡸ = ૙ ⇒ ࡿࡴࡸ = ࡿࡴࡾ ⇒ the given inequality is true. 

Case 4: 

 
ࢊࢇ  − ࢉࢇ,ࢉ࢈ + ࢊ࢈ ≠ ૙ ⇒ ࢊࢇ| − ,|ࢉ࢈ ࢉࢇ| + |ࢊ࢈ > 0 

∵ ࢊࢇ) − ,૛(ࢉ࢈ ࢉࢇ) + ૛(ࢊ࢈ > 0 

∴ ࢊࢇ) − ૛(ࢉ࢈ + ࢉࢇ) + ૛(ࢊ࢈ > 0 ⇒ ૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ > 0 (by (1)) 

Let, ඥ(ࢇ૛ + ૛ࢉ)(૛࢈ + (૛ࢊ = ࢖ > 0 

∴ ࢊࢇ| − |ࢉ࢈ = ࢖ ܖܑܛ +ࢉࢇ| and ࣂ |ࢊ࢈ = ࢖ ܛܗ܋  ࣂ

∴ ࡿࡴࡸ ≤
(૛)	࢟࢈

ࣂܛܗ܋)࢖ + ܖܑܛ (ࣂ ≤ ࡿࡴࡾ = √૛࢖ 

⇔ ૛(૚࢖ + ܖܑܛ ૛ࣂ) ≤ ૛࢖૛ ⇔ ܖܑܛ ૛ࣂ ≤ ૚ → true ⇒ the given inequality is true. 
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Solution 3 by Ravi Prakash-New Delhi-India  

Let ࢇ = ࢘ ࣂܛܗ܋ ࢈, = ࢘ ܖܑܛ ࢘ where ࣂ = ૛ࢇ√ + = ૛. Now, LHS࢈ ࢉࢇ + +ࢊ࢈ ࢊࢇ| − |ࢉ࢈ = 

= ࢉ)࢘ ܛܗ܋ +ࣂ ܖܑܛࢊ (ࣂ = ࢊ|࢘ ࣂܛܗ܋ − ܖܑܛࢉ  |ࣂ

If ࢊ ࣂܛܗ܋ − ܖܑܛࢉ ࣂ ≥ ૙ 

LHS = ࢉ)]࢘ + (ࢊ ܛܗ܋ +ࣂ ࢊ) − (ࢉ ܖܑܛ [ࣂ ≤ ࢉ)ඥ࢘ + ૛(ࢊ + ࢊ) −  ૛(ࢉ

ቂ∵ ࢇ| ࣂܛܗ܋ + ܖܑܛ࢈ |ࣂ ≤ ඥࢇ૛ +  ૛ቃ࢈

⇒ ࡿࡴࡸ ≤ ૛ࢉ)ඥ૛࢘ + (૛ࢊ = ඥ૛(ࢇ૛ + ૛ࢉ)(૛࢈ + (૛ࢊ =  ࡿࡴࡾ

If ࢊ ࣂܛܗ܋ − ܖܑܛࢉ ࣂ < 0, 

ࡿࡴࡸ = ࢉ)࢘ ܛܗ܋ ࣂ + ࢊ ܖܑܛ (ࣂ + ࢉ)࢘ ܖܑܛ ࣂ − ࢊ ܛܗ܋  (ࣂ

= ࢉ)]࢘ − (ࢊ ܛܗ܋ ࣂ + ࢉ) + (ࢊ ܖܑܛ [ࣂ ≤ ࢉ)ඥ࢘ − ૛(ࢊ + ࢉ) +  ૛(ࢊ

= ૛ࢉ)ඥ૛࢘ + (૛ࢊ = ඥ(ࢇ૛ + ૛ࢉ)(૛࢈ +  (૛ࢊ

 

JP.210. Let ࢈,ࢇ, ૛ࢇ be positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜. Prove 

that: 

ࢇ + ࢈ + ࢉ
ૢ ≤

૚
૜ࢇ + ࢈) + ૜(ࢉ +

૚
૜࢈ + ࢉ) + ૜(ࢇ +

૚
૜ࢉ + ࢇ) + ૜(࢈ ≤

૚
૜ࢉ࢈ࢇ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 and ࢇ૛ + ૛࢈ + ૜ࢉ = ૜, we have: ࢇ+ ࢈ + ࢉ ≤ ૜. Hence: 

૛ࢇ) + ૛࢈ + +ࢇ)(૛ࢉ ࢈ + (ࢉ = ૜ࢇ + ૜࢈ + ૜ࢉ + ࢈૛ࢇ + ࢉ૛ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢇ૛ࢉ + ࢈૛ࢉ ≤ ૢ 

૛ࢇ) + ૛࢈ + +ࢇ)(૛ࢉ ࢈ + (ࢉ = ૜ࢇ + ૜࢈ + ૜ࢉ + ࢈૛ࢇ + ࢉ૛ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢇ૛ࢉ + ࢈૛ࢉ ≤ ૢ 

૛ࢇ) + ૛࢈ + +ࢇ)(૛ࢉ ࢈ + (ࢉ = ૜ࢇ + ૜࢈ + ૜ࢉ + ࢈૛ࢇ + ࢉ૛ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢇ૛ࢉ + ࢈૛ࢉ ≤ ૢ 

Find then: 

૜ࢇ + ૜࢈ + ૜ࢉ + ૜(ࢇ૛࢈ + (ࢇ૛࢈ + ૜ࢇ + ૜࢈ + ૜ࢉ + ૜(࢈૛ࢉ+ (࢈૛ࢉ + ૜ࢇ + ૜࢈ + 

૜ࢉ+ + ૜(ࢇ૛ࢉ+ (ࢇ૛ࢉ = ૜ࢉ + +ࢇ) ૜(࢈ + ૜ࢇ + ࢈) + ૜(ࢉ + ૜࢈ + ࢉ) + ૜(ࢇ ≤ ૛ૠ 

⇒
૚

૜ࢇ + +࢈) ૜(ࢉ +
૚

૜࢈ + ࢉ) + ૜(ࢇ +
૚

૜ࢉ + +ࢇ) ૜(࢈ ≥
૚
૜ ≥

ࢇ + +࢈ ࢉ
ૢ ࢇ: + ࢈ + ࢉ ≤ ૜ 
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Next, from this fact ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ

= ࢉା࢈ାࢇ
ࢉ࢈ࢇ

⇒ ૚
(ࢉା࢈ାࢇ)࢈ࢇ

+ ૚
(ࢉା࢈ାࢇ)ࢉ࢈

+ ૚
(ࢉା࢈ାࢇ)ࢇࢉ

= ૚
ࢉ࢈ࢇ

 

⇒
૚

૜ࢇ)࢈ࢇ+ ࢈ + (ࢉ +
૚

૜ࢇ)ࢉ࢈+ ࢈ + (ࢉ +
૚

૜ࢇ)ࢇࢉ+ ࢈ + (ࢉ =
૚

૜ࢉ࢈ࢇ 

⇒
૚

૜ࢉ࢈ࢇ + ૜(ࢇ૛࢈ + (૛࢈ࢇ +
૚

૜ࢉ࢈ࢇ + ૜(࢈૛ࢉ + (૛ࢉ࢈ +
૚

૜ࢉ࢈ࢇ + ૜(ࢉ૛ࢇ + (૛ࢇࢉ =
૚

૜ࢉ࢈ࢇ 

⇒
૚

૜ࢇ + ૜࢈ + ૜ࢉ + ૜(ࢇ૛࢈ + (૛࢈ࢇ +
૚

૛ࢇ + ૜࢈ + ૜ࢉ + ૜(࢈૛ࢉ + (૛ࢉ࢈ + 

+ ૚
૛൯ࢇࢉାࢇ૛ࢉ૜ା૜൫ࢉ૜ା࢈૜ାࢇ

≤ ૚
૜ࢉ࢈ࢇ

⇒ ૚
૜(࢈ାࢇ)૜ାࢉ

+ ૚
૜(ࢉା࢈)૜ାࢇ

+ ૚
૜(ࢇାࢉ)૜ା࢈

≤ ૚
૜ࢉ࢈ࢇ

  ok 

Therefore, it is true. 

 

SP.196. Find: 

ܕܑܔ
ஶ→࢔

૚
૜࢔ ෍ ඨ

૜࢔

࢑࢐࢏

࢖

૚ஸ࢏ழ௝ழ௞ஸ௡

࢖, ∈ ℕ∗,࢖ ≥ ૛ 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

Next, ∑ ࢔૜࢏ࢇ
ୀ૚࢏  contains ࢔ terms and ࢔ ≤ ∑ ࢔૜࢏ࢇ

ୀ૚࢏ ≤ (࢔) ቀ࢔
૚
ಮቁ ⇒ ૚

૛࢔
≤ ૚

૜࢔
∑ ࢔૜࢏ࢇ
ୀ૚࢏ ≤ ૚

࢔
૛ష૚
࢖

 

Taking limit as ࢔ → ∞, we get: ૚
૜࢔
∑ ࢔૜࢏ࢇ
ୀ૚࢏ = ૙. Also,  

૚
࢏ࢇ෍࢔

࢔

ୀ૚࢏

=
૚
෍࢔

૚

ቀ࢔࢏ቁ
૚
࢖

࢔

ୀ૚࢏

 

ܕܑܔ
ஶ→࢔

૚
࢏ࢇ෍࢔

࢔

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

૚
෍࢔

૚

ቀ࢔࢏ቁ
૚
࢖

࢔

ୀ૚࢏

= න
࢞ࢊ

࢞
૚
࢖

૚

૙

=
૚ି࢞

૚
࢖

૚ − ૚
࢖
൪

૙

૚

=
࢖

࢖ − ૚		
࢖) ≥ ૛) 

Now, 

൭
૚
࢏ࢇ෍࢔

࢔

ୀ૚࢏

൱
૜

=
૚
૜࢏ࢇ૜෍࢔

࢔

ୀ૚࢏

+ ૟
૚
૜࢔ ෍ ࢐ࢇ૛࢏ࢇ

૚ஸ࢏ழ௝

+ ૟
૚
૜࢔ ෍ ࢑ࢇ࢐ࢇ࢏ࢇ

૚ஸ࢏ழ௝ழ௞ஸ௡
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Taking limit as ࢔ → ∞, we get: ቀ ࢖
૚ି࢖

ቁ
૜

= ૙ + ૙ + ૟ ஶ→࢔ܕܑܔ
૚
૜࢔
∑ ழ௝ஸ௞ஸ௡࢏૚ஸ࢐ࢇ࢏ࢇ  ࢑ࢇ

Thus, ࢔ܕܑܔ→ஶ
૚
૜࢔
∑ ழ௝ழ௞ஸ௡࢏૚ஸ࢑ࢇ࢐ࢇ࢏ࢇ = ૚

૟
ቀ ࢖
૚ି࢖

ቁ
૜

. Let ࢏ࢇ = ቀ࢔
࢏
ቁ
૚
࢖ ,૚ ≤ ࢏ ≤ ࢖,࢔ ≥ ૛ 

∑ ழ௝ஸ௡࢏૚ஸ࢐ࢇ૛࢏ࢇ  contains ࢔(ି࢔૚)
૛

 terms. Also, ૚ ≤ ࢏ࢇ ≤ ࢔
૚
 ࢏∀		࢖

∴
࢔)࢔ − ૚)
૛࢔૜ ≤

૚
૜࢔ ෍ ࢐ࢇ૛࢏ࢇ

૚ஸ࢏ழ௝ஸ௡

≤
−࢔)࢔ ૚)
૛࢔૜ ࢔

૚
 ࢖

⇒
૚
૛࢔൬૚ −

૚
൰࢔ ≤

૚
૜࢔ ෍ ࢐ࢇ૛࢏ࢇ

૚ஸ࢏ழ௝ஸ௡

≤
૚

૛࢔૚ି࢖ ൬૚ −
૚
૛࢔൰ 

Taking limit, we get: ࢔ܕܑܔ→ஶ
૚
૜࢔
∑ ழ௝ஸ௡࢏૚ஸ࢐ࢇ૛࢏ࢇ = ૙ 

 

SP.197. If ࢟,࢞, ࢠ ≥ ૙ then: 

ૠඥ࢟࢞

૞ඥ࢟࢞ + ૜ඥ࢟࢞
+

ૠඥࢠ࢟

૞ඥࢠ࢟ + ૜ඥࢠ࢟
+

ૠ√࢞ࢠ

૞√࢞ࢠ + ૜√࢞ࢠ
≤ 

≤
√ૠ࢞ା࢟

√૞࢞ା࢟ + √૜࢞ା࢟
+

√ૠ࢟ାࢠ

√૞࢟ାࢠ + √૜࢟ାࢠ
+

√ૠࢠା࢞

√૞ࢠା࢞ + √૜ࢠା࢞
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ ≥ ૙, we have: ቀૠ
૞
ቁ

(࢈ࢇ)
૚
૛

≤ ቀૠ
૞
ቁ
࢈శࢇ
૛ ↔ ૠ(࢈ࢇ)

૚
૛૞

(࢈శࢇ)
૛ ≤ ૠ(ࢇା࢈) ⋅ ૞(࢈ࢇ)

૚
૛  

൬
ૠ
૜൰

(࢈ࢇ)
૚
૛

≤ ൬
ૠ
૜൰

࢈ାࢇ
૛
↔ ૠ(࢈ࢇ)

૚
૛ ⋅ ૜

࢈ାࢇ
૛ ≤ ૠ

࢈ାࢇ
૛ ⋅ ૜(࢈ࢇ)

૚
૛ 

⇒ ૠ(࢈ࢇ)
૚
૛ ⋅ ૞

࢈ାࢇ
૛ + ૠ(࢈ࢇ)

૚
૛ ⋅ ૜

࢈ାࢇ
૛ ≤ ૠ

࢈ାࢇ
૛ ⋅ ૞(࢈ࢇ)

૚
૛ + ૠ

࢈ାࢇ
૛ ⋅ ૜(࢈ࢇ)

૚
૛  

⇒ ૠ(࢈ࢇ)
૚
૛ ൬૞

࢈ାࢇ
૛ + ૜

࢈ାࢇ
૛ ൰ ≤ ૠ

࢈ାࢇ
૛ ൬૞(࢈ࢇ)

૚
૛ + ૜(࢈ࢇ)

૚
૛൰ ⇒

ૠ(࢈ࢇ)
૚
૛

૞(࢈ࢇ)
૚
૛ + ૜(࢈ࢇ)

૚
૛
≤

ૠ
࢈ାࢇ
૛

૞
࢈ାࢇ
૛ + ૜

࢈ାࢇ
૛

 

Hence for ࢠ,࢟,࢞ ≥ ૙, we get that: 
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ૠඥ࢟࢞

૞ඥ࢟࢞ + ૜ඥ࢟࢞
+

ૠඥࢠ࢟

૞ඥࢠ࢟ + ૜ඥࢠ࢟
+

ૠ√࢞ࢠ

૞√࢞ࢠ + ૜√࢞ࢠ
≤

ૠ
࢟ା࢞
૛

૞
࢟ା࢞
૛ + ૜

࢟ା࢞
૛

+
ૠ
ࢠା࢟
૛

૞
࢞ା࢟
૛ + ૜

ࢠା࢟
૛

+
ૠ
࢞ାࢠ
૛

૞
࢞ାࢠ
૛ + ૜

࢞ାࢠ
૛

 

Therefore, it is true. 

Solution 2 by Marian Ursărescu-Romania 

Inequality ⇔ ૚

ቀ૞ૠቁ
ඥ࢟࢞

ାቀ૜ૠቁ
ඥ࢟࢞

+ ૚

ቀ૞ૠቁ
ඥࢠ࢟

ାቀ૜ૠቁ
ࢠ࢞√

+ ૚

ቀ૞ૠቁ
ࢠ࢞√

ାቀ૜ૠቁ
ࢠ࢞√

≤ 

≤ ૚

ටቀ૞ૠቁ
࢟శ࢞

ାටቀ૜ૠቁ
࢟శ࢞ + ૚

ටቀ૞ૠቁ
ࢠశ࢟

ାටቀ૜ૠቁ
ࢠశ࢟ + ૚

ටቀ૞ૠቁ
࢞శࢠ

ାටቀ૜ૠቁ
 (1)   ࢞శࢠ

ඥ࢟࢞ ≤ ࢟ା࢞
૛

 and ૞
ૠ
 and ૜

ૠ
∈ (૙,૚) ⇒ 

൬
૞
ૠ൰

ඥ࢟࢞

≥ ൬
૞
ૠ൰

࢟ା࢞
૛

൬
૜
ૠ൰

ඥ࢟࢞

≥ ൬
૜
ૠ൰

࢟ା࢞
૛

⎭
⎪
⎬

⎪
⎫

⇒ ൬
૞
ૠ൰

ඥ࢟࢞

+ ൬
૜
ૠ൰

ඥ࢟࢞

≥ ඨ൬
૞
ૠ൰

࢟ା࢞

+ ඨ൬
૜
ૠ൰

࢟ା࢞

⇒ 

૚

ቀ૞ૠቁ
ඥ࢟࢞

ାቀ૜ૠቁ
ඥ࢟࢞

≤ ૚

ටቀ૞ૠቁ
࢟శ࢞

ାටቀ૜ૠቁ
 and two similar relationship, and by summing ⇒ (1) is  ࢟శ࢞

true. 

Solution 3 by Amit Dutta-Jamshedpur-India 

Let (࢚)ࡲ = ૠ࢚

૞࢚ା૜࢚
; (࢚)ᇱࡲ	 = ൫૜࢚ା૞࢚൯ૠ࢚ ࢚൫૞࢚ૠିૠܖܔ ܖܔ ૞ା૜࢚ ૜൯ܖܔ

(૞࢚ା૜࢚)૛
 

(࢚)ᇱࡲ =
૚

(૞࢚ + ૜࢚)૛
[(૜૞)࢚ ܖܔ ૠ + (૛૚)࢚ ܖܔ ૠ − (૜૞)࢚ ૞ܖܔ − (૛૚)࢚  	[૜ܖܔ

(࢚)ᇱࡲ = ૚
(૞࢚ା૜࢚)૛

ቄ(૜૞)࢚ ܖܔ ቀૠ
૞
ቁ + (૛૚)࢚ ܖܔ ቀૠ

૜
ቁቅ, clearly, ࡲᇱ(࢚) > 0 

࢟ା࢞ ,is an increasing function. By AM ≥ GM (࢚)ࡲ
૛
≥ ඥ࢟࢞ 

ࡲ ൬
࢞ + ࢟
૛ ൰ ≥  ൯࢟࢞൫ඥࡲ

ૠ
࢟శ࢞
૛

૞
࢟శ࢞
૛ ା૜

࢟శ࢞
૛
≥ ૠඥ࢟࢞

૞ඥ࢟࢞ା૜ඥ࢟࢞
   (1) 

Again, ࢟ାࢠ
૛
≥ ඥࢠ࢟   {AM ≥ GM}; ࡲ ቀ࢟ାࢠ

૛
ቁ ≥  ൯ࢠ࢟൫ඥࡲ

ૠ
ࢠశ࢟
૛

૞
ࢠశ࢟
૛ ା૜

ࢠశ࢟
૛
≥ ૠඥࢠ࢟

૞ඥࢠ࢟ା૜ඥࢠ࢟
    (2) 
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Also, again, by AM≥GM: ࢞ାࢠ
૛
≥ ;ࢠ࢞√ ࡲ	 ቀ࢞ାࢠ

૛
ቁ ≥  ൯ࢠ࢞√൫ࡲ

ૠ
ࢠశ࢞
૛

૞
ࢠశ࢞
૛ ା૜

ࢠశ࢞
૛
≥ ૠ√ࢠ࢞

૞√ࢠ࢞ା૜√ࢠ࢞
   (3) 

Adding (1), (2), (3), we have the desired inequality: ૠඥ࢟࢞

૞ඥ࢟࢞ା૜ඥ࢟࢞
+ ૠඥࢠ࢟

૞ඥࢠ࢟ା૜ඥࢠ࢟
+ ૠ√ࢠ࢞

૞√ࢠ࢞ା૜√ࢠ࢞
≤ 

≤ √ૠ࢞శ࢟

√૞࢞శ࢟ା√૜࢞శ࢟
+ √ૠ࢟శࢠ

√૞࢟శࢠା√૜࢟శࢠ
+ √ૠ࢞శࢠ

√૞࢞శࢠା√૜࢞శࢠ
 (Proved) 

Solution 4 by Michael Sterghiou-Greece 

∑ ૠඥ࢟࢞

૞ඥ࢟࢞ା૜ඥࢉ࢟ࢉ࢟࢞ ≤ ∑ √ૠ࢞శ࢟

√૞࢞శ࢟ା√૜࢞శࢉ࢟ࢉ࢟    (1) 

RHS of (1) → ∑ ૠ
࢟శ࢞
૛

૞
࢟శ࢞
૛ ା૜

࢟శ࢞
૛

ࢉ࢟ࢉ . Consider the function  

ૠ࢚

૞࢚ + ૜࢚ = ,(࢚)ࢌ ࢚ ≥ ૙, (࢚)ᇱࢌ =
૛૚࢚ ܖܔ ૠ૜ + ૜૞࢚ ⋅ ܖܔ ૝૛૜૙

(૜࢚ + ૞࢚)૛ > 0 

So, (࢚)ࢌ ↑ on [૙, +∞], But ඥ࢟࢞ ≤ ࢟ା࢞
૛

 and same in a cyclical manner so,  

∑ ࢉ࢟ࢉ൯࢟࢞൫ඥࢌ ≤ ∑ ࢟ା࢞ቀࢌ
૛
ቁࢉ࢟ࢉ → (1) is true. 

 

SP.198. If ࢟,࢞, ,ࢠ ࢚ ∈ ℝ;࢞૛ + ૛࢟ = ૛ࢠ + ૛࢚ = ૚૙ then: 

(૚૙ − ࢞ − ૜࢟)(૚૙ − ࢠ࢞ − ૚૙)(࢚࢟ − ࢠ − ૜࢚) < 10125 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

LHS = (૚૙ − ࢞ − ૜࢟)(૚૙− −ࢠ࢞ ૚૙)(࢚࢟ − ࢠ − ૜࢚) 

≤ |(૚૙ − ࢞ − ૜࢟)(૚૙ − ࢠ࢞ − ૚૙)(࢚࢟ − ࢠ − ૜࢚)| 

= ࢞)| + ૜࢟ − ૚૙)| ⋅ +ࢠ࢞)| ࢚࢟ − ૚૙)| ⋅ ࢠ)| + ૜࢚ − ૚૙)| 

≤ ࢞|) + ૜࢟| + ૚૙) ⋅ +ࢠ࢞|) |࢚࢟ + ૚૙) ⋅ ࢠ|) + ૜࢚| + ૚૙) 

≤
ࡿ࡯࡮

ቀඥ૚૛ + ૜૛ඥ࢞૛ + ૛࢟ + ૚૙ቁ ቀඥ࢞૛ + ૛ࢠ૛ඥ࢟ + ૛࢚ + ૚૙ቁ ቀඥ૚૛ + ૜૛ඥ࢚૛ + ૛ࢠ + ૚૙ቁ 

= ൫√૚૙ ⋅ √૚૙ + ૚૙൯൫√૚૙ ⋅ √૚૙ + ૚૙൯൫√૚૙ ⋅ √૚૙ + ૚૙൯ 

= ૛૙ ⋅ ૛૙ ⋅ ૛૙ = ૡ૙૙૙ < 10125. Proved. 
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Solution 2 by proposer 

Let be ࡭(૚,૜);ࢠ)࡯;(࢟,࢞)࡮,  (࢚

 

ࡾ = ࡭ࡻ = √૚૛ + ૜૛ = √૚૙  (1),  ࡯,࡮,࡭ ∈ ऍ(ࡾ,ࡻ); 	ऍ:࢞૛ + ૛࢟ = ૚૙ 

࡮࡭ = ඥ(࢞ − ૚)૛ + ࢟) − ૜)૛ = ඥ࢞૛ − ૛࢞ + ૚ + ૛࢟ − ૟࢟ + ૢ = 

= ඥ૚૙ − ૛࢞− ૟࢟ + ૚૙ = ඥ૛૙ − ૛࢞ − ૟࢟ 

࡯࡭ = ඥ(ࢠ − ૚)૛ + ࢚) − ૜)૛ = ඥࢠ૛ − ૛ࢠ+ ૚ + ૛࢚ − ૟࢚ + ૢ = 

= √૚૙ − ૛ࢠ − ૟࢚ + ૚૙ = √૛૙ − ૛ࢠ − ૟࢚ 

࡯࡮ = ඥ(࢞ − ૛(ࢠ + ࢟) − ૛(࢚ = ඥ࢞૛ − ૛ࢠ࢞ + ૛ࢠ + ૛࢟ − ૛࢚࢟ + ૛࢚ = 

= ඥ૛૙ − ૛ࢠ࢞ − ૛࢚࢟ 

The maximum of area of ઢ࡯࡮࡭ is obtained when ઢ࡯࡮࡭ is an equilateral one. 

The side ࡮࡭ can be obtained by: 

૛
૜ ⋅

૜√࡮࡭
૛ = ࡾ ⇒ ࡮࡭ =

૜ࡾ
√૜

= ૜√ࡾ 	 =
(૚)

√૜૙ 

ܠ܉ܕࡿ [࡯࡮࡭]	 =
൫√૜૙൯

૛
⋅ √૜

૝ =
૜૙√૜
૝ =

૚૞√૜
૛ →

࡮࡭ ⋅ ࡯࡭ ⋅ ࡯࡮
૝ ⋅ ࡾ <

૚૞√૜
૛  

࡮࡭ ⋅ ࡯࡭ ⋅ ࡯࡮ <
૚૞√૜ ⋅ ૝ ⋅ √૜૙

૛ = ૜૙√ૢ૙ = ૢ૙√૚૙ 

ඥ૛૙ − ૛࢞ − ૟࢟ ⋅ √૛૙− ૛ࢠ − ૟࢚ ⋅ ඥ૛૙ − ૛ࢠ࢞ − ૛࢚࢟ < 90	√૚૙ 

ඥ(૚૙ − ࢞ − ૜࢟)(૚૙ − ࢠ࢞ − ૚૙)(࢚࢟ − ࢠ − ૜࢚) < 45√૞ 

(૚૙ − ࢞ − ૜࢟)(૚૙ − ࢠ࢞ − ૚૙)(࢚࢟ − ࢠ − ૜࢚) < ൫૝૞√૞൯
૛

= ૚૙૚૛૞ 



 
www.ssmrmh.ro 

SP.199. If ࢔ > 1 then: 

૚
૛܏ܗܔ ൬

૛࢔ − ૚
࢔ ൰

૛࢔ା૚

<
૚ ⋅ ૜ ⋅ ૠ ⋅ … ⋅ (૛૛࢔ − ૚)

(૛࢔)!  

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Let be ࢔ࡵ = ∫ ૛࢞ࢊ࢞࢔૚
૙ ࢔; ≥ ૚ 

૛࢔ࡵ = ቌන૛࢞࢔
૚

૙

ቍ࢞ࢊ

૛

= ቌනቀඥ૛(࢑ି࢔)࢞ ⋅ ඥ૛(࢔ା࢑)࢞ቁ ࢞ࢊ
૚

૙

ቍ

૛

≤ 

≤ ቌන૛(࢑ି࢔)࢞ࢊ࢞
૚

૙

ቍቌන૛(࢔ା࢑)࢞

૚

૙

ቍ࢞ࢊ = ࢑ି࢔ࡵ ⋅  ࢑ା࢔ࡵ

૛࢔ࡵ ≤ ࢑ି࢔ࡵ ⋅ ;࢑ା࢔ࡵ ૙ ≤ ࢑ ≤  ࢔

૛࢔ࡵ ≤ ૚ି࢔ࡵ ⋅ ;ା૚࢔ࡵ ૛࢔ࡵ ≤ ૛ି࢔ࡵ ⋅ ;ା૛࢔ࡵ … ; ૛࢔ࡵ ≤ ૙ࡵ ⋅ ࢔૛ࡵ  

࢔૛࢔ࡵ < ૙ࡵ ⋅ ૚ࡵ ⋅ ૛ࡵ ⋅ … ⋅ ૚ି࢔ࡵ ⋅ ା૚࢔ࡵ ⋅ … ⋅ ࢔૛ࡵ  

ା૚࢔૛࢔ࡵ < ૙ࡵ ⋅ ૚ࡵ ⋅ ૛ࡵ ⋅… ⋅ ࢔૛ࡵ  

൬
૛࢞࢔

࢔ ܏ܗܔ ૛
ቚ૚૙൰

૛࢔ା૚

< ൬
૛࢞

૛܏ܗܔ
ቚ૚૙൰ ⋅ ቆ

૛૛࢞

૛ ܏ܗܔ ૛
ቚ૚૙ቇ ⋅ ቆ

૛૜࢞

૜ ܏ܗܔ ૛
ቚ૚૙ቇ ⋅… ⋅ ቆ

૛૛࢞࢔

૛࢔ ૛܏ܗܔ
ቚ૚૙ቇ 

൬
૛࢔ − ૚
࢔ ܏ܗܔ ૛൰

૛࢔ା૚

<
(૛ − ૚)(૛૛ − ૚)(૛૜ − ૚) ⋅ … ⋅ (૛૛࢔ − ૚)

(૛࢔)! ⋅ ࢔૛(૛܏ܗܔ)  

૚
૛܏ܗܔ ൬

૛࢔ − ૚
࢔ ൰

૛࢔ା૚

<
૚ ⋅ ૜ ⋅ ૠ ⋅… ⋅ (૛૛࢔ − ૚)

(૛࢔)!  

 

SP.200. If ࢈,ࢇ, ࢊ,ࢉ ∈ ℝ then: 

૛|ࢊࢇ − ࢉࢇ)|ࢉ࢈ + (ࢊ࢈ + ࢉࢇ) + ૛(ࢊ࢈ ≤ ࢊࢇ) − ૛(ࢉ࢈ + ૛ࢇ) + ૛ࢉ)(૛࢈ +  ૛)√૛ࢊ

Proposed by Daniel Sitaru-Romania  

Solution by proposer 

Let be ࢛ሬሬ⃗ = ଙ⃗ࢇ + ሬሬ⃗࢜;ଚ⃗࢈ = ଙ⃗ࢉ +  ଚ⃗ࢊ
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ሬሬ࢛⃗൫ܛܗ܋ ሬሬ⃗෢࢜, ൯ =
ࢉࢇ + ࢊ࢈

ඥ(ࢇ૛ + ૛ࢉ)(૛࢈ + (૛ࢊ
=

ሬሬ࢛⃗ ⋅ ሬሬ⃗࢜
ሬሬ࢛⃗| | ⋅ ሬሬ⃗࢜| | 

ሬሬ࢛⃗૛൫ܖܑܛ ሬሬ⃗෢࢜, ൯ = ૚ − ሬሬ࢛⃗૛൫ܛܗ܋ ሬሬ⃗෢࢜, ൯ = ૚ −
ࢉࢇ) + ૛(ࢊ࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ = 

=
૛ࢉ૛ࢇ + ૛ࢊ૛ࢇ + ૛ࢉ૛࢈ + ૛ࢊ૛࢈ − ૛ࢉ૛ࢇ − ૛ࢊ૛࢈ − ૛ࢊࢉ࢈ࢇ

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ = 

=
૛ࢊ૛ࢇ − ૛ࢊࢉ࢈ࢇ+ ૛ࢉ૛࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ =
ࢊࢇ) − ૛(ࢉ࢈

૛ࢇ) + ૛ࢉ)(૛࢈ +  (૛ࢊ

ሬሬ࢛⃗൫ܖܑܛ ሬሬ⃗෢࢜, ൯ =
ࢊࢇ| − |ࢉ࢈

ඥ(ࢇ૛ + ૛ࢉ)(૛࢈ + (૛ࢊ
 

ܖܑܛ ૛൫࢛ሬሬ⃗ ሬሬ⃗෢࢜, ൯ = ૛ ሬሬ࢛⃗൫ܖܑܛ ሬሬ⃗෢࢜, ൯ ሬሬ࢛⃗൫ܛܗ܋ ሬሬ⃗෢࢜, ൯ = ૛ ⋅
ࢊࢇ| − +ࢉࢇ)|ࢉ࢈ (ࢊ࢈
૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ  

ܛܗ܋ ૛൫࢛ሬሬ⃗ ሬሬ⃗෢࢜, ൯ = ૛ ሬሬ࢛⃗૛൫ܛܗ܋ ሬሬ⃗෢࢜, ൯ − ૚ = ૛ ⋅
ࢉࢇ) + ૛(ࢊ࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ − ૚ = 

=
૛(ࢇ૛ࢉ૛ + ૛ࢉ૛࢈ + ૛ࢊࢉ࢈ࢇ)− ૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ = 

=
૛ࢇ૛ࢉ૛ + ૛࢈૛ࢊ૛ + ૝ࢊࢉ࢈ࢇ − ૛ࢉ૛ࢇ − ૛ࢊ૛ࢇ − ૛ࢉ૛࢈ − ૛ࢊ૛࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ = 

=
૛ࢉ૛ࢇ + ૛ࢊ૛࢈ + ૝ࢊࢉ࢈ࢇ− ૛ࢊ૛ࢇ − ૛ࢉ૛࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ =
ࢉࢇ) + ૛(ࢊ࢈ − ࢊࢇ) − ૛(ࢉ࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ  

ܖܑܛ ૛࢞ + ܛܗ܋ ૛࢞ = ܖܑܛ ૛࢞ +
૝࣊ܖܑܛ
૝࣊ܛܗ܋

࢞૛ܛܗ܋ = 

=
ܖܑܛ ૛࢞ ૝࣊ܛܗ܋ + ܖܑܛ ૝࣊ ܛܗ܋ ૛࢞

√૛
૛

=
ܖܑܛ ቀ૛࢞ + ࣊

૝ቁ
૚
√૛

= √૛ ܖܑܛ ቀ૛࢞ +
࣊
૝
ቁ ≤ √૛ 

ܖܑܛ ૛࢞ + ܛܗ܋ ૛࢞ ≤ √૛ 

ܖܑܛ ૛൫࢛ሬሬ⃗ ሬሬ⃗෢࢜, ൯ + ܛܗ܋ ૛൫࢛ሬሬ⃗ ሬሬ⃗෢࢜, ൯ ≤ √૛ 

૛|ࢊࢇ − ࢉࢇ)|ࢉ࢈ + (ࢊ࢈
૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ +

ࢉࢇ) + ૛(ࢊ࢈ − ࢊࢇ) − ૛(ࢉ࢈

૛ࢇ) + ૛ࢉ)(૛࢈ + (૛ࢊ ≤ √૛ 

૛(ࢊࢇ − ࢉࢇ)(ࢉ࢈ + (ࢊ࢈ + ࢉࢇ) + ૛(ࢊ࢈ − ࢊࢇ) + ૛(ࢉ࢈ ≤ √૛(ࢇ૛ + ૛ࢉ)(૛࢈ +  (૛ࢊ

૛(ࢊࢇ − ࢉࢇ)(ࢉ࢈ + (ࢊ࢈ + ࢉࢇ) + ૛(ࢊ࢈ ≤ ࢊࢇ) − ૛(ࢉ࢈ + ૛ࢇ) + ૛ࢉ)(૛࢈ +  ૛)√૛ࢊ
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SP.201. Find: 

ષ = ܕܑܔ
ஶ→࢔

൭෍ିܖ܉ܜ૚ ൬
૚

૛(࢑ + ૚)૛൰
࢔

ୀ૚࢑

૚ିܖ܉ܜ ቆ
૛࢑૛ + ૝࢑ + ૚
૛(࢑ + ૚) ቇ൱ 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

૚ିܖ܉ܜ ൬
࢑ + ૛
࢑ + ૚൰ − ૚ିܖ܉ܜ ൬

࢑ + ૚
࢑ ൰ = ૚ቌିܖ܉ܜ

࢑ + ૛
࢑ + ૚ −

+࢑ ૚
࢑

૚ + ࢑ + ૛
࢑ + ૚ ⋅

+࢑ ૚
࢑

ቍ = 

= ૚ିܖ܉ܜ ቆ
૛࢑ + ૛࢑ − ૛࢑ − ૛࢑ − ૚

࢑)࢑ + ૚) ⋅
࢑)࢑ + ૚)

૛࢑ + ࢑ + ૛࢑ + ૜࢑ + ૛ቇ = 

= ૚ିܖ܉ܜ ൬−
૚

૛࢑૛ + ૝࢑ + ૚൰ = − ૚ିܖ܉ܜ ൬
૚

૛(࢑+ ૚)૛൰ 

૚ିܖ܉ܜ ൬
࢑ + ૛
࢑ + ૚൰+ ૚ିܖ܉ܜ ൬

࢑ + ૚
࢑ ൰ = ૚ቌିܖ܉ܜ

࢑ + ૛
࢑ + ૚ + +࢑ ૚

࢑
૚ − ࢑ + ૛

࢑ + ૚ ⋅
+࢑ ૚
࢑

ቍ = 

= ૚ିܖ܉ܜ ቆ
૛࢑ + ૛࢑+ ૛࢑ + ૛࢑ + ૚

+࢑)࢑ ૚) ⋅
࢑)࢑ + ૚)

૛࢑ + ࢑ − ૛࢑ − ૜࢑ − ૛ቇ 

= ૚ିܖ܉ܜ ቆ
૛࢑૛ + ૝࢑ + ૚
−૛࢑ − ૛ ቇ = ૚ିܖ܉ܜ− ቆ

૛࢑૛ + ૝࢑ + ૚
૛(࢑ + ૚) ቇ 

ષ = ܕܑܔ
ஶ→࢔

ቌ෍൬ିܖ܉ܜ૚ ൬
࢑ + ૛
࢑ + ૚൰ − ૚ିܖ܉ܜ ൬

࢑ + ૚
࢑ ൰൰

࢔

ୀ૚࢑

⋅ ൬ିܖ܉ܜ૚ ൬
࢑ + ૛
࢑ + ૛൰+ ૚ିܖ܉ܜ ൬

࢑ + ૚
࢑ ൰൰ቍ = 

= ܕܑܔ
ஶ→࢔

൭෍ቆ൬ିܖ܉ܜ૚ ൬
࢑ + ૛
࢑ + ૚൰൰

૛

− ൬ିܖ܉ܜ૚ ൬
+࢑ ૚
࢑ ൰൰

૛

ቇ
࢔

ୀ૚࢑

൱ = 

= ܕܑܔ
ஶ→࢔

ቆ൬ିܖ܉ܜ૚ ൬
࢔ + ૛
࢔ + ૚൰൰

૛

− ൬ିܖ܉ܜ૚ ൬
૚ + ૚
૚ ൰൰

૛

ቇ = 

= ૛(૚૚ିܖ܉ܜ) − ૛(૚૛ିܖ܉ܜ)  
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SP.202. Prove that in any triangle ࡯࡮࡭, the following relationship holds: 

ࢇ࢓

ࢇ࢒
+
࢈࢓

࢈࢒
+
ࢉ࢓

ࢉ࢒
≥ ૜ + ൬

࢈ − ࢉ
࢈ + ࢉ

൰
૛

+ ቀ
ࢉ − ࢇ
ࢉ + ࢇ

ቁ
૛

+ ൬
ࢇ − ࢈
ࢇ + ࢈

൰
૛

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Mustafa Tarek-Cairo-Egypt 

ࢇ࢓∑
ࢇ࢝

≥ ૜ + ∑ ૛(ࢉି࢈)

૛(ࢉା࢈)
   (1) 

∵ ࢇ࢓ ≥
࢈ + ࢉ
૛ ܛܗ܋

࡭
૛ =

૛ࢉ࢈
࢈ + ࢉ ܛܗ܋

࡭
૛ ⋅

࢈) + ૛(ࢉ

૝ࢉ࢈ = ࢇ࢝ ⋅
+࢈) ૛(ࢉ

૝ࢉ࢈  

Similarly, ࢈࢓ ≥ ࢈࢝
૛(ࢉାࢇ)

૝ࢉࢇ
ࢉ࢓, ≥ ࢉ࢝

૛(࢈ାࢇ)

૝࢈ࢇ
 

∴ ࢇ࢓∑
ࢇ࢝

≥ ∑ ૛(ࢉା࢈)

૝ࢉ࢈
, RHS of (1) = ∑ ቀ(࢈ାࢉ)૛ା(ࢉି࢈)૛

૛(ࢉା࢈)
ቁ = ∑ ૛൫࢈૛ାࢉ૛൯

૛(ࢉା࢈)
, so, we must prove that: 

࢈) + ૛(ࢉ

૝ࢉ࢈ ≥
૛(࢈૛ + (૛ࢉ

+࢈) ૛(ࢉ ⇔ ࢈) + ૝(ࢉ ≥ ૡ࢈૜ࢉ + ૡࢉ૜࢈ 

⇔ ૛࢈) + ૛ࢉ + ૛ࢉ࢈)૛ = ૝࢈ + ૝ࢉ + ૛࢈૛ࢉ૛ + ૝࢈૛ࢉ૛ + ૝࢈૜ࢉ + ૝ࢉ૜࢈ ≥ ૡ࢈૜ࢉ+ ૡࢉ૜࢈ 

⇔ ૝࢈ + ૝ࢉ + ૡ࢈૛ࢉ૛ − ૛࢈૛ࢉ૛ − ૝࢈૜ࢉ − ࢈૜ࢉૢ ≥ ૙ 

⇔ ૛࢈) − ૛)૛ࢉ − ૝࢈)ࢉ࢈૛ − ૛ࢉ − ૛ࢉ࢈) ≥ ૙ 

⇔ ࢈) − ࢈))૛(ࢉ + ૛(ࢉ − ૝ࢉ࢈) ≥ ૙ ⇔ ࢈) − ૝(ࢉ ≥ ૙ ⇔ true, similarly, (ࢇାࢉ)૛

૝ࢉࢇ
≥ ൫ࢇ૛ାࢉ૛൯

૛(ࢉାࢇ)
 

૜(࢈ାࢇ)

૝࢈ࢇ
≥ ૛൫ࢇ૛ା࢈૛൯

૛(࢈ାࢇ)
∴ ∑ ૜(ࢉା࢈)

૝ࢉ࢈
≥ ∑ ૛൫࢈૛ାࢉ૛൯

૛(ࢉା࢈)
  and ∑ࢇ࢓

ࢇ࢝
≥ ∑ ૛(ࢉା࢈)

૝ࢉ࢈
∴ ࢇ࢓∑

࢈࢝
≥ ∑ ૛൫࢈૛ାࢉ૛൯

૛(ࢉା࢈)
=  ࡿࡴࡾ

Proved 

Solution 2 by Marian Ursărescu-Romania 

In any ઢ࡯࡮࡭ we have: ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
 and ࢇ࢒ = ૛ࢉ࢈

ࢉା࢈
ܛܗ܋ ࡭

૛
⇒ ࢇ࢓

ࢇ࢒
≥ ૛(ࢉା࢈)

૝ࢉ࢈
⇒ we must 

show: ૚
૝
∑ ૛(ࢉା࢈)

ࢉ࢈
≥ ૜ + ∑ቀࢉି࢈

ࢉା࢈
ቁ
૛

   (1) 

But (࢈ + ૛(ࢉ ≥ ૝ࢉ࢈ ⇒ ૚
૛(ࢉା࢈)

≤ ૚
૝ࢉ࢈

⇒ ቀࢉି࢈
ࢉା࢈

ቁ
૛
≤ ૛(ࢉି࢈)

૝ࢉ࢈
  (2) 

From (1)+(2) we must show: ૚
૝
∑ ૛(ࢉା࢈)

ࢉ࢈
≥ ૜ + ૚

૝
∑ ૛(ࢉି࢈)

ࢉ࢈
⇔ ૚

૝
∑ ૛(ࢉି࢈)૛ି(ࢉା࢈)

ࢉ࢈
≥ ૜⇔ 

⇔ ૚
૝
∑ ૝ࢉ࢈

ࢉ࢈
≥ ૜ ⇔ ૜ ≥ ૜ true. 
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Solution 3 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢓
૛ =

૛(࢈૛ + −(૛ࢉ ૛ࢇ

૝ ; ૛ࢇ࢒ =
૝࢙)࢙ࢉ࢈ − (ࢇ

࢈) + ૛(ࢉ  

We must show that: ∵ ࢇ࢓
ࢇ࢒
≥ ૚ + ቀࢉି࢈

ࢉା࢈
ቁ
૛

= ૛൫࢈૛ାࢉ૛൯
૛(ࢉା࢈)

⇔ ࢇ࢓
૛

૛ࢇ࢒
≥ ૝൫࢈૛ାࢉ૛൯

૛

૝(ࢉା࢈)
 

⇔ ቈ
૛(࢈૛ + (૛ࢉ − ૛ࢇ

૝ ቉ ቈ
࢈) + ૛(ࢉ

૝࢙)࢙ࢉ࢈ − ቉(ࢇ ≥
૝(࢈૛ + ૛)૛ࢉ

࢈) + ૝(ࢉ  

⇔ [૛(࢈૛ + −(૛ࢉ ࢈][૛ࢇ + ૟[ࢉ ≥ ૟૝࢙)࢙ࢉ࢈ − ૛࢈)(ࢇ +  ૛)૛ࢉ

⇔ [૛(࢈૛ + −(૛ࢉ ࢈)[૛ࢇ + ૟(ࢉ ≥ ૚૟ࢇ)ࢉ࢈+ ࢈ + +࢈)(ࢉ ࢉ − ૛࢈)(ࢇ +  ૛)૛ࢉ

⇔ ࢈) − ૛(ࢉ ቈ
૛ࢇ

૛
૝࢈) + (૝ࢉ + ૟࢈} + ૟ࢉ − ૛࢈)૛ࢉ૛࢈ + {(૛ࢉ + ૝ࢇ૛࢈)ࢉ࢈૛ + +ࢉ࢈ ૛)቉ࢉ ≥ ૙ 

It is true because: (࢈− ૛(ࢉ ≥ ૙ 

૟࢈ + ૟ࢉ − ૛࢈)૛ࢉ૛࢈ + (૛ࢉ ≥ ૙ ⇔ ૛࢈) − ૛࢈)૛)૛ࢉ + (૛ࢉ ≥ ૙ 

૝ࢇ૛࢈)ࢉ࢈૛ + +ࢉ࢈ (૛ࢉ +
૝࢈) + ૛ࢇ(૝ࢉ

૛ > ,࢈,ࢇ)	0 ࢉ > 0) 

Similarly: ࢈࢓
࢈࢒
≥ ૚ + ቀࢉିࢇ

ࢉାࢇ
ቁ
૛

ࢉ࢓;
ࢉ࢒
≥ ૚ + ቀ࢈ିࢇ

࢈ାࢇ
ቁ
૛
⇒ ࢇ࢓∑

ࢇ࢒
≥ ૜ + ∑ ቀࢉି࢈

ࢉା࢈
ቁ
૛

Proved.  

Equality ⇔ ࢇ = ࢈ =  .ࢉ

Solution 4 by Soumava Chakraborty-Kolkata-India 

ࢇ࢓
૛ − ࢇ࢝

૛ =
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ −
૝࢈૛ࢉ૛

+࢈) ૛(ࢉ ⋅
࢙)࢙ − (ࢇ

ࢉ࢈  

=
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ −
+࢈)]ࢉ࢈ ૛(ࢉ − [૛ࢇ

࢈) + ૛(ࢉ = ቆ
૛࢈૛ + ૛ࢉ૛

૝ − +ቇࢉ࢈ ૛ࢇ ൤
ࢉ࢈

࢈) + ૛(ࢉ −
૚
૝൨ 

=
૛(࢈ − ૛(ࢉ

૝ −
−࢈)૛ࢇ ૛(ࢉ

૝(࢈ + ૛(ࢉ =
࢈) − ૛(ࢉ

૝ ቊ૛ −
૛ࢇ

+࢈) ૛ቋ(ࢉ =
(૚) −࢈) ૛(ࢉ

૝ ቈ
૛(࢈+ ૛(ࢉ − ૛ࢇ

࢈) + ૛(ࢉ ቉ 

Now, ࢇ࢓
ࢇ࢝

≥ ૚ + ૛(ࢉି࢈)

૛(ࢉା࢈)
= ૛൫࢈૛ାࢉ૛൯

૛(ࢉା࢈)
⇔ ૛ࢇ࢓

૛ࢇ࢝
≥ ૝൫࢈૛ାࢉ૛൯

૛

૝(ࢉା࢈)
 

⇔
ࢇ࢓

૛ − ࢇ࢝
૛

ࢇ࢝
૛ ≥

{૛(࢈૛ + (૛ࢉ + +࢈) ૛࢈)૛}{૛(ࢉ + −(૛ࢉ ࢈) + {૛(ࢉ
࢈) + ૝(ࢉ  

⇔
(૚)	࢟࢈ −࢈) ૛(ࢉ

૝ ቈ
૛(࢈ + ૛(ࢉ − ૛ࢇ

+࢈) ૛(ࢉ ቉	
࢈) + ૛(ࢉ

+࢈)}ࢉ࢈ ૛(ࢉ − {૛ࢇ ≥
૛(࢈૛ + (૛ࢉ + +࢈) ૛(ࢉ

࢈) + ૝(ࢉ ࢈) −  ૛(ࢉ
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⇔
−࢈) ૛(ࢉ

૝ ቈ
૛(࢈+ ૛(ࢉ − ૛ࢇ

࢈)} + ૛(ࢉ − ቉ࢉ࢈{૛ࢇ ≥
࢈) − ૛(ࢉ ቈ

૛(࢈૛ + (૛ࢉ + ࢈) + ૛(ࢉ

࢈) + ૝(ࢉ ቉ 

∵ −࢈) ૛(ࢉ ≥ ૙ ∴ it suffices to prove: (in order to prove: ࢇ࢓
ࢇ࢝

≥ ૚ + ૛(ࢉି࢈)

૛(ࢉା࢈)
) 

૛(࢈+ ૛(ࢉ − ૛ࢇ

૝࢈)}ࢉ࢈+ ૛(ࢉ − {૛ࢇ >
૛(࢈૛ + (૛ࢉ + ࢈) + ૛(ࢉ

࢈) + ૝(ࢉ  

⇔
+࢈)} ૛(ࢉ − {૛ࢇ + ࢈) + ૛(ࢉ

૝࢈)}ࢉ࢈+ ૛(ࢉ − {૛ࢇ >
૚

+࢈) ૛(ࢉ +
૛(࢈૛ + (૛ࢉ

+࢈) ૝(ࢉ  

⇔ ൤
૚
૝ࢉ࢈ −

૚
+࢈) ૛൨(ࢉ +

࢈) + ૛(ࢉ

૝࢈)}ࢉ࢈+ ૛(ࢉ − {૛ࢇ >
૛(࢈૛ + (૛ࢉ

+࢈) ૝(ࢉ  

⇔
−࢈) ૛(ࢉ

૝࢈)ࢉ࢈+ ૛(ࢉ +
࢈) + ૛(ࢉ

૝࢈)}ࢉ࢈+ ૛(ࢉ − {૛ࢇ >
+࢈) ૛(ࢉ

+࢈) ૝(ࢉ +
−࢈) ૛(ࢉ

+࢈)  ૝(ࢉ

⇔ −࢈) ૛(ࢉ ൤
૚

૝࢈)ࢉ࢈+ ૛(ࢉ −
૚

+࢈) ૝൨(ࢉ + ࢈) + ૛(ࢉ ൤
૚

૝࢈)}ࢉ࢈ + ૛(ࢉ − {૛ࢇ −
૚

࢈) + ૝൨(ࢉ > 0 

⇔ ࢈) − ૛(ࢉ
࢈) − ૛(ࢉ

૝࢈)ࢉ࢈+ ૝(ࢉ + ࢈) + ૛(ࢉ ቈ
࢈) + ૝(ࢉ − ૝࢈)}ࢉ࢈+ ૛(ࢉ − {૛ࢇ
૝࢈)ࢉ࢈+ ࢈)}૝(ࢉ + ૛(ࢉ − {૛ࢇ ቉ > 0 

⇔ ૝(ࢉି࢈)

૝ࢉ࢈(࢈ାࢉ)૝
+ ࢈) + ૛(ࢉ ൤ ࢉ࢈૛ࢇ૛ା૝(ࢉି࢈)૛(ࢉା࢈)

૝ࢉ࢈(࢈ାࢉ)૝൛(࢈ାࢉ)૛ିࢇ૛ൟ
൨ > 0 → true ∴ ࢇ࢓

ࢇ࢝
≥
(ࢇ)

૚ + ૛(ࢉି࢈)

૛(ࢉା࢈)
 

Similarly, ࢈࢓
࢈࢝

≥
(࢈)

૚ + ૛(ࢇିࢉ)

૛(ࢇାࢉ)
 and ࢉ࢓

ࢉ࢝
≥
(ࢉ)
૚ + ૛(࢈ିࢇ)

૛(࢈ାࢇ)
 

(a)+(b)+(c)⇒ ࢇ࢓∑
ࢇ࢝

≥ ૜ + ∑ ૛(ࢉି࢈)

૛(ࢉା࢈)
  (Proved) 

 

SP.203. Let ࢈,ࢇ,   :be positive real numbers such that ࢉ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ. Prove that: 

૚
ࢇ + ࢈ + ࢉ

+
૚

࢈ࢇ + ࢉ࢈ + ࢇࢉ
≥
૛
૜

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

Let ࢖ = +ࢇ ࢈ + ࢗ;ࢉ = ࢈ࢇ + ࢉ࢈ + ࢘;ࢇࢉ = ࢉ࢈ࢇ ⇒ ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ = ࢗ࢖ − ࢘ = ૡ 

⇒ ࢗ࢖ = ૡ + ࢗ࢖;࢘ ≥ ࢘ૢ ⇒ ૡ + ࢘ ≥ ࢘ૢ ⇒ ૙ < ݎ ≤ 1 
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૚
ࢇ + ࢈ + ࢉ +

૚
࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥

૛
૜ ⇔ ૜(࢖+ (ࢗ ≥ ૛ࢗ࢖ ⇔ ૜(࢖ + (ࢗ ≥ ૛(ૡ+  (࢘

⇔ ૜(࢖+ (ࢗ − ૛࢘ − ૚૟ ≥ ૙ ∵ But: ૜(࢖+ (ࢗ ≥
࢟ࢎࢉ࢛ࢇ࡯

	૟ඥࢗ࢖ = ૟√ૡ +  ࢘

We must show that: ૟√ૡ + ࢘ − ૛࢘ − ૚૟ ≥ ૙ ⇔ ૜√ૡ + ࢘ ≥ +࢘ ૡ ⇔ 

⇔ ૢ(ૡ+ (࢘ ≥ +࢘) ૡ)૛ ⇔ ࢘ + ૡ ≤ ૢ ⇔ ࢘ ≤ ૚  (true) Proved. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0 and (ࢇ + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ = +࢈૛ࢇ ࢉ૛ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢇ૛ࢉ + ࢈૛ࢉ + 

+૛ࢉ࢈ࢇ = ૡ ⇒ ࢈૛ࢇ + ࢉ૛ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢇ૛ࢉ + +࢈૛ࢉ ૜ࢉ࢈ࢇ ≤ ࢉ࢈ࢇ:ૢ ≤ ૚ 

⇒ +ࢇ) ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ ≤ ૢ ⇒
૚

࢈ࢇ) + +ࢉ࢈ +ࢇ)(ࢇࢉ ࢈ + (ࢉ ≥
૚
ૢ 

⇒ ඨ
૚

ࢇ) + ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + (ࢇࢉ ≥
૚
૜ ⇒ ૛ඨ

૚
ࢇ) + ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ ≥

૛
૜ 

⇒ ૚
(ࢉା࢈ାࢇ)

+ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ

≥ ૛
૜
 ok. Therefore, it is true. 

 

SP.204. Let ࢟,࢞, ࢞ be positive real numbers such that ࢠ + ࢟ + ࢠ = ૜. Prove 

that: 
࢞

૛࢟ + ૛ࢠ
+

࢟
૛ࢠ + ૛࢞

+
ࢠ

૛࢞ + ૛࢟
≥ ૚ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu-Romania 

࢞
૛࢟ + ૛ࢠ +

࢟
૛ࢠ + ૛࢞ +

ࢠ
૛࢞ + ૛࢟ =

૛࢞

૛࢟࢞ + ૛࢞ࢠ +
૛࢟

૛ࢠ࢟ + ૛࢟࢞ +
૛ࢠ

+ࢠ૛࢞ ૛ࢠ࢟ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥
࢞) + ࢟ + ૛(ࢠ

૛࢟࢞ + ૛ࢠ࢟ + ૛࢞ࢠ + ૛(࢟࢞ + +ࢠ࢟ (ࢠ࢞ =
ૢ

૛࢟࢞ + ૛ࢠ࢟ + ૛࢞ࢠ + ૛(࢟࢞ + +ࢠ࢟ (ࢠ࢞ ⇒ 

We must show: ૢ
(ࢠ࢟ାࢠ࢟ା࢟࢞)૛ା૛࢞ࢠ૛ାࢠ࢟૛ା࢟࢞

≥ ૚ ⇔ 

⇔ ૛࢟࢞ + ૛ࢠ࢟ + ૛࢞ࢠ + ૛(࢟࢞ + ࢠ࢟ + (ࢠ࢟ ≤ ૢ  (1) 

Because ࢞ + ࢟ + ࢠ = ૜	(࢟,࢞, ࢠ > 0) ⇒ ࢉ,࢈,ࢇ	∃ > 0 such that: 
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࢞ = ૜ࢇ
ࢉା࢈ାࢇ

࢟, = ૜࢈
ࢉା࢈ାࢇ

, ࢠ = ૜ࢉ
ࢉା࢈ାࢇ

   (2) 

From (1)+(2)⇒ we must show: ૛ૠ൫࢈ࢇ
૛ାࢉ࢈૛ାࢇࢉ૛൯

૜(ࢉା࢈ାࢇ)
+ ૛⋅ૢ(࢈ࢇାࢉ࢈ାࢉࢇ)

૛(ࢉା࢈ାࢇ)
≤ ૢ ⇔ 

⇔ +ࢇ) ࢈ + ૜(ࢉ ≥ ૜(࢈ࢇ૛ + ૛ࢉ࢈ + (૛ࢇࢉ + ૛(ࢇ + +࢈ ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢉࢇ ⇔ 

⇔ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢇ૛࢈ + ૜࢈ࢇ૛ + ૜ࢇ૛ࢉ+ ૜ࢉࢇ૛ + ૜࢈૛ࢉ + ૜ࢉ࢈૛ + ૟ࢉ࢈ࢇ ≥ 

≥ ૜࢈ࢇ૛ + ૜ࢉ࢈૛ + ૜ࢇࢉ૛ + ૛ࢇ૛࢈ + ૛ࢉ࢈ࢇ+ ૛ࢇ૛ࢉ + ૛࢈ࢇ૛ + ૛࢈૛ࢉ + 

+૛ࢉ࢈ࢇ + ૛ࢉ࢈ࢇ + ૛ࢉ࢈૛ + ૛ࢉࢇ૛ ⇔ 

⇔ ૛ࢇ + ૜࢈ + ૜ࢉ + ࢈૛ࢇ + ૛ࢉࢇ + ࢉ૛࢈ ≥ ૛࢈ࢇ૛ + ૛ࢇ૛ࢉ + ૛ࢉ࢈૛ (3) 

But 
૜ࢇ + ૛ࢉࢇ = ૛ࢇ)ࢇ + (૛ࢉ ≥ ૛ࢇ૛ࢉ
૜࢈ + ࢈૛ࢇ = ૛࢈)࢈ + (૛ࢇ ≥ ૛࢈ࢇ૛

૜ࢉ + ࢉ૛࢈ = ૛ࢉ)ࢉ + (૛࢈ ≥ ૛ࢉ࢈૛
ቑ ⇒ 

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ + ૛ࢉࢇ + ࢈૛ࢇ + ࢉ૛࢈ ≥ ૛(ࢇ૛ࢉ + ૛࢈ࢇ + (૛ࢉ࢈ ⇒ (3) is true. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢞ + ࢟ + ࢠ = ૜, ,࢟,࢞ ࢠ > 0 we have:  ࢞૛ + ૛࢟ + ૛ࢠ ≥ ૛࢟࢞ + ૛ࢠ࢟ +  ૛࢞ࢠ

⇒ ࢞) + ࢟ + ૛(ࢠ ≥ ૛࢟࢞ + ૛ࢠ࢟ + ૛࢞ࢠ + ૛(࢟࢞+ ࢠ࢟ +  (࢞ࢠ

⇒
࢞) + ࢟ + ૛(ࢠ

૛࢟࢞) + ૛ࢠ࢞) + ૛ࢠ࢟) + ૛࢟࢞) + ૛࢞ࢠ) + ૛ࢠ࢟) ≥ ૚ ⇒
࢞

૛࢟ + ૛ࢠ+
࢟

૛ࢠ + ૛࢞ +
ࢠ

૛࢞ + ૛࢟ ≥ ૚ 

Therefore, it is true. Remark: Because (࢞ + ࢟ + ࢞)(ࢠ − (࢞ࢠ + ࢟) − (࢟࢞ + ࢠ) − (ࢠ࢟ = 

= ૜[(࢞− (࢞ࢠ + ࢟) − (࢟࢞ + ࢠ) − [(ࢠ࢟ ≥ ૙.  

Hence ࢞)࢞ − (࢞ࢠ + ࢟)࢟ − (࢟࢞ + ࢠ)ࢠ − (ࢠ࢟ ≥ ૙. That is ࢞૛ + ૛࢟ + ૛ࢠ ≥ +ࢠ૛࢞ ࢟૛ࢠ +  ࢞૛࢟

Prove that: ࢞૛ + ૛࢟ + ૛ࢠ ≥ ૛࢟࢞ + ૛ࢠ࢟ + ࢞,૛࢞ࢠ + ࢟ + ࢠ = ૜, ,࢟,࢞ ࢠ > 0 

Proof: give ࢞ = ૜ࢇ
ࢉା࢈ାࢇ

࢟, = ૜࢈
ࢉା࢈ାࢇ

, ࢠ = ૜ࢉ
ࢉା࢈ାࢇ

 

૛࢞ + ૛࢟ + ૛ࢠ ≥ ૛࢟࢞ + ૛ࢠ࢟ + ૛࢞ࢠ ↔
࢞
ࢠ࢟ +

࢟
࢞ࢠ +

ࢠ
࢟࢞ ≥

࢞
࢟ +

࢟
ࢠ +

ࢠ
 ࢞

↔
+ࢇ)ࢇ ࢈ + (ࢉ

૜ࢉ࢈ +
+ࢇ)࢈ +࢈ (ࢉ

૜ࢇࢉ +
+ࢇ)ࢉ ࢈ + (ࢉ

૜࢈ࢇ ≥
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ࢇ

↔
૚
૜ቈ
૛ࢇ

+ࢉ࢈
૛࢈

+ࢇࢉ
૛ࢉ

࢈ࢇ +
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
ࢇ +

ࢇ
ࢉ +

ࢉ
࢈ +

࢈
቉ࢇ ≥

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ࢇ

↔
૚
૜ቈቆ

૛ࢇ

+ࢉ࢈
ࢉ
+ቇ࢈ ቆ

૛࢈

ࢇࢉ +
ࢇ
ቇࢉ + ቆ

૛ࢉ

࢈ࢇ +
࢈
ቇࢇ +

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
቉࢈ ≥

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ࢇ



 
www.ssmrmh.ro 

↔ ૚
૜
ቂ૛ ቀࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
ቁ + ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
ቃ ≥ ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
↔ ૚

૜
ቂ૜ ቀࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
ቁቃ = ࢇ

࢈
+ ࢈

ࢉ
+ ࢉ

ࢇ
 ok 

Therefore, it is true. 

SP.205. In ઢࢉ࢔,࢈࢔,ࢇ࢔,࡯࡮࡭ are lenght’s of Nagel’s cevians. Prove that: 

ࢉ࢔࢈࢔ࢇ࢔ ≥  ࢉ࢘࢈࢘ࢇ࢘

,࢈࢘,ࢇ࢘   .exradii of triangle – ࢉ࢘

Proposed by Daniel Sitaru-Romania 

Solution by proposer 

Lemma 1 (Tarek’s lemma) 

In ઢࢇ࢔:࡯࡮࡭ ≥  (1)   ࢇ࢓

Proof: 

 
Let ࡰ࡭ be the Nagel’s cevian of ࡰ࡭;࡭ =  ࢇ࢔

By Stewart’s theorem in ઢ࡯࡮࡭: 

ࢇ ⋅ ૛ࢇ࢔ = ࢙)૛ࢉ − (࢈ + ࢙)૛࢈ − −(ࢉ ࢙)ࢇ − ࢙)(࢈ −  (ࢉ

૛ࢇ࢔ =
࢙)૛ࢉ − (࢈ + ࢙)૛࢈ − (ࢉ

ࢇ − ࢙) − ࢙)(࢈ −  (ࢉ

ࢇ࢔ ≥ ࢇ࢓ ⇔ ૛ࢇ࢔ ≥ ࢇ࢓
૛  

࢙)૛ࢉ − (࢈ + ࢙)૛࢈ − (ࢉ
ࢇ − ࢙) − ࢙)(࢈ − (ࢉ ≥

૛(࢈૛ + (૛ࢉ − ૛ࢇ

૝  

+ࢇ)૛ࢉ ࢉ − (࢈ + +ࢇ)૛࢈ ࢈ − (ࢉ
૛ࢇ ≥

+ࢇ) ࢈ − +ࢇ)(ࢉ ࢉ − (࢈ + ૛(࢈૛ + −(૛ࢉ ૛ࢇ

૝  

ࢇ)૛ࢉ + ࢉ − (࢈ + +ࢇ)૛࢈ ࢈ − (ࢉ
૛ࢇ ≥

૛࢈ + ૛ࢉ + ૛ࢉ࢈
૝  

૛(ࢉ૛ࢇ+ ૜ࢉ − ૛ࢉ࢈ + ࢇ૛࢈ + ૜࢈ − (ࢉ૛࢈ ≥ ૛࢈)ࢇ + ૛ࢉ + ૛ࢉ࢈) 

૛ࢉ૛ࢇ+ ૛ࢉ૜ − ૛ࢉ࢈૛ + ૛࢈૛ࢇ+ ૛࢈૜ − ૛࢈૛ࢉ − ૛࢈ࢇ − ૛ࢉࢇ − ૛ࢉ࢈ࢇ ≥ ૙ 
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૛࢈ࢇ + ૛ࢉࢇ + ૛ࢉ૜ + ૛࢈૜ − ૛ࢉ࢈૛ − ૛࢈૛ࢉ − ૛ࢉ࢈ࢇ ≥ ૙ 

૛ࢉ૛(ࢉ − −(࢈ ૛࢈૛(ࢉ − (࢈ + ࢉ)ࢉࢇ − −(࢈ ࢉ)࢈ࢇ − (࢈ ≥ ૙ 

ࢉ) − ૛ࢉ૛](࢈ − ૛࢈૛ + ࢉ)ࢇ − [(࢈ ≥ ૙ 

ࢉ) − +ࢉ૛(૛(࢈ ૛࢈ + (ࢇ ≥ ૙ which is true. 

Lemma 2. 

In ઢࢇ࢓:࡯࡮࡭ ≥ ඥ࢙)࢙ −  (ࢇ

Proof: 

ࢇ࢓ ≥ ඥ࢙)࢙ − (ࢇ ࢇ࢓⇔
૛ ≥ ࢙)࢙ −  (ࢇ

૛൫࢈૛ାࢉ૛൯ିࢇ૛

૝
≥ (ࢇିࢉା࢈)(ࢉା࢈ାࢇ)

૝
  

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ ≥ ࢈) + ૛(ࢉ −  ૛ࢇ

૛࢈ + ૛ࢉ − ૛ࢉ࢈ ≥ ૙ ⇔ ࢈) − ૛(ࢉ ≥ ૙ 

Back to the problem: 

ࢉ࢔࢈࢔ࢇ࢔ ≥
૚	ࢇ࢓࢓ࢋࡸ

ࢉ࢓࢈࢓ࢇ࢓ ≥
૛	ࢇ࢓࢓ࢋࡸ

ඥ࢙)࢙ − (ࢇ ⋅ ඥ࢙)࢙− (࢈ ⋅ ඥ࢙)࢙ − (ࢉ = 

= ࢙)࢙ඥ࢙ − −࢙)(࢈ ࢙)(ࢉ − (ࢇ = ࡿ࢙ =
૜ࡿ࢙

૛࢙ =
࢙

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ⋅ ࡿ
૜ = 

=
૜ࡿ

࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
ࡿ

࢙ − ࢇ ⋅
ࡿ

࢙ − ࢈ ⋅
ࡿ

࢙ − ࢉ =  ࢉ࢘࢈࢘ࢇ࢘

 

SP.206. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

−૛ࡾ૛ + ૚ૠ࢘૛ ≤෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛
≤
૟
ࡾ

૜ࡾ) − ૞࢘૜) 

Proposed by Marin Chirciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

We have: ࢇ࢓ ≥ ඥ࢙)࢙− (ࢇ ⇒ 

ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
≥ ࢙)࢙∑ − (ࢇ ⋅ (ࢉି࢙)(࢈ି࢙)

(ࢇି࢙)࢙
= ࢙)∑ − ࢙)(࢈ − (ࢉ = ૝࢘ࡾ+ ૛࢘ ⇒ we must show: 

૝࢘ࡾ + ૛࢘ ≥ −૛ࡾ૛ + ૚ૠ࢘૛ ⇔ ૛ࡾ૛ + ૝࢘ࡾ ≥ ૚૟࢘૛ ⇔ ૛ࡾ + ૛࢘ࡾ ≥ ૡ࢘૛, which is true, 

because: ࡾ૛ ≥ ૝࢘૛ and ૛࢘ࡾ ≥ ૝࢘૛ ⇒ ૛ࡾ + ૛࢘ࡾ ≥ ૡ࢘૛. We have: ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋ ࡭
૛
⇒ 
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෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛ ≤෍૝ࡾ૛ ૝ܛܗ܋

࡭
૛ ⋅

૛ܖܑܛ ૛࡭
૛ܛܗ܋ ૛࡭

= ෍ࡾ૛ ⋅ ૝ ૛ܖܑܛ
࡭
૛ ⋅ ܛܗ܋

૛ ࡭
૛ = 

= ૛ࡾ ⋅ ∑ ૛ܖܑܛ ࡭ = ૛ࡾ ∑ ૛ࢇ

૝ࡾ૛
= ૚

૝
૛ࢇ) + ૛࢈ +  ૛)   (1)ࢉ

But ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ૛ࡾૢ   (2) 

From (1)+(2)⇒ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
≤ ૢ

૝
૛ࡾ ⇒ we must show: 

ૢ
૝
૛ࡾ ≤ ૟

ࡾ
૜ࡾ) − ૞࢘૜) ⇔ ૜ࡾ૜ ≤ ૡࡾ૜ − ૝૙࢘૜ ⇔ ૝૙࢘૜ ≤ ૞ࡾ૜ ⇔ ૡ࢘૜ ≤ ૜ࡾ ⇔ ૛࢘ ≤  true ࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

Firstly, ∑܋܍ܛ૛ ࡭
૛

= ∑ (ࢉି࢙)(࢈ି࢙)ࢉ࢈
(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)࢙

= ൯ࢉ࢈ା(ࢉା࢈)࢙૛ି࢙൫ࢉ࢈∑
૛࢙૛࢘

= 

=
−࢈ࢇ∑૛࢙ ࢙૛)࢈ࢇ∑࢙ − (ࢉ + ૛(࢈ࢇ∑) − ૛ࢉ࢈ࢇ(૛࢙)

૛࢙૛࢘  

=
(࢈ࢇ∑)૛࢙− + ૛(࢈ࢇ∑) − ૝࢙࢘ࡾ૛

૛࢙૛࢘ =
૛࢙) + ૝࢘ࡾ+ +࢘ࡾ૛)(૝࢘ (૛࢘ − ૝࢙࢘ࡾ૛

૛࢙૛࢘  

= ૛(࢘ାࡾ૝)૛࢘૛ା࢘૛࢙

૛࢙૛࢘
=
(࢏)
૚ + (૝ࡾା࢘)૛

૛࢙
. Now, ∑ࢇ࢓

૛ ૛܋܍ܛ ࡭
૛

= ૚
૝
∑(૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛) ૛܋܍ܛ ࡭

૛
 

= ቆ
૛∑ࢇ૛

૝ ቇ ൬෍܋܍ܛ૛
࡭
૛൰ −

૜
૝෍ࢇ૛

ࢉ࢈
࢙)࢙ −  (ࢇ

=
(࢏)	࢟࢈

૛࢙) − ૝࢘ࡾ − (૛࢘ ቊ૚ +
(૝ࡾ + ૛(࢘

૛࢙ ቋ −
૜
૝࢙ ⋅ ૝࢙࢘ࡾ෍

ࢇ
࢙ −  ࢇ

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
૛࢙) − ૝࢘ࡾ − +ࡾ૛)(૝࢘ ૛(࢘

૛࢙ − ૜࢘ࡾ෍ቆ
ࢇ − ࢙
࢙ − ࢇ +

࢙)࢙ − ࢙)(࢈ − (ࢉ
૛࢙࢘ ቇ 

= ૛࢙ − ૝࢘ࡾ− ૛࢘ +
૛࢙) − ૝࢘ࡾ − ࡾ૛)(૝࢘ + ૛(࢘

૛࢙ − ૜࢘ࡾቆ−૜ +
૛࢙)∑ − +࢈)࢙ (ࢉ + (ࢉ࢈

૛࢘ ቇ 

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
൫࢙૛ − ૝࢘ࡾ − ࡾ૛൯(૝࢘ + ૛(࢘

૛࢙
− ૜࢘ࡾቆ−૜+

૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ ૛࢘

૛࢘
ቇ 

=
(࢏࢏)

૛࢙ − ૝࢘ࡾ − ૛࢘ +
૛࢙) − ૝࢘ࡾ − ࡾ૛)(૝࢘ + ૛(࢘

૛࢙ − ૜࢘ࡾ ൬
૝ࡾ − ૛࢘

࢘ ൰ 

Now, ∑ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛
= ࢇ࢓∑

૛ ૛܋܍ܛ ࡭
૛
ࢇ࢓∑−

૛ = ૛࢙ − ૝࢘ࡾ − ૛࢘ + ൫࢙૛ି૝࢘ି࢘ࡾ૛൯(૝࢘ࡾା࢘)૛

૛࢙
− 

−૜ࡾ(૝ࡾ− ૛࢘) −
૜
૝ ⋅ ૛

૛࢙) − ૝࢘ࡾ − (૛࢘ ≤
૟
ࡾ

૜ࡾ) − ૞࢘૜) ⇔ 
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⇔
૛࢙ − ૝࢘ࡾ − ૛࢘

૛ + ૜ࡾ(૝ࡾ − ૛࢘) +
૟
ࡾ

૜ࡾ) − ૞࢘૛) ≥
૛࢙) − ૝࢘ࡾ − +࢘ࡾ૛)(૝࢘ ૛(࢘

૛࢙ ⇔ 

⇔ ૝࢙ࡾ − +࢘ࡾ૛(૝࢙ࡾ (૛࢘ + ૜ࡾ૛(૚૛࢙ − ૟૙࢘૜ + ૟ࡾ૛(૝ࡾ − ૛࢘) − ૛ࡾ(૝ࡾ+ (૛(࢘ + 

+૛࢘ࡾ(૝ࡾ + ૜(࢘ ≥
(૚)

૙. Now, LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘ࡾ૛(૚૛࢙ࡾ − ૟࢘૛) + 

૜ࡾ૛(૚૛࢙+ − ૟૙࢘૜ + ૟ࡾ૛(૝ࡾ − ૛࢘) − ૛ࡾ(૝ࡾ + (૛(࢘ + ૛࢘ࡾ(૝ࡾ + ૜(࢘ = 

= ૜ࡾ૛(૝࢙ − ૚૟ࡾ૛࢘ − ૡ࢘ࡾ૛ − ૟૙࢘૜	) + ૛࢘ࡾ(૝ࡾ+ ૜(࢘ ≥
?
૙ 

⇔ −ࡾ)૛࢙ ૛࢘)(૝ࡾ૛ − ૡ࢘ࡾ) + ૛࢘ࡾ(૝ࡾ + ૜(࢘ ≥
(૛)

?
૛࢘ࡾ૛(૛૝࢙ + ૟૙࢘૜) 

Now, LHS of (2) ≥
(ࢇ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)(ࡾ − ૛࢘)(૝ࡾ૛ − ૡ࢘ࡾ) + ૛࢘ࡾ(૝ࡾ +   ૜ and(࢘

RHS of (2) ≤
(࢈)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૛૝࢘ࡾ૛ + ૟૙࢘૜) 

(a), (b)⇒ in order to prove (2), it suffices to prove:  

(૚૟ࡾ − ૞ࡾ)(࢘ − ૛࢘)(૝ࡾ૛ − ૡ࢘ࡾ) + ૛ࡾ(૝ࡾ + ૜(࢘ ≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૛૝࢘ࡾ+ ૟૙࢘૛) 

⇔ ૢ૟࢚૝ − ૚૜ૡ࢚૜ + ૚૛࢚૛ − ૚ૢ૞࢚ − ૢ૙ ≥ ૙	 ൬࢚ =
ࡾ
 ൰࢘

⇔ ࢚) − ૛)(ૢ૟࢚૜ + ૞૝࢚૛ + ૚૛૙࢚+ ૝૞) ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ 

⇒ (2) ⇒ (1)⇒ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
≤ ૟

ࡾ
૜ࡾ) − ૞࢘૜) is true. 

Again, ∑ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛
≥

ࢇ࢓
૛ஹࢉ࢚ࢋ,(ࢇି࢙)࢙

࢙)࢙∑ − (ࢇ (ࢉି࢙)(࢈ି࢙)
(ࢇି࢙)࢙

 

= ෍{࢙૛ − ࢈)࢙ + (ࢉ + {ࢉ࢈ = ૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ ૛࢘ ≥ −૛ࡾ૛ + ૚ૠ࢘૛ 

⇔ ૛ࡾ૛ + ૝࢘ࡾ − ૚૟࢘૛ ≥ ૙⇔ ࡾ) − ૛ࡾ)(࢘+ ૝࢘) ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ⇒ 

⇒ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
≥ −૛ࡾ૛ + ૚ૠ࢘૛ (proved) 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢓ ≥
࢈ + ࢉ
૛ ܛܗ܋

࡭
૛ ⇒ ࢇ࢓

૛ ≥
+࢈) ૛(ࢉ

૝ ⋅ ૛ܛܗ܋
࡭
૛ ≥ ૛ܛܗ܋ࢉ࢈

࡭
૛ 

⇒ ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛
≥ ࢉ࢈ ⋅

૛࡭૛ܖܑܛ
૛࡭૛ܛܗ܋

⋅ ૛ܛܗ܋ ࡭
૛

= ૛ܖܑܛࢉ࢈ ࡭
૛
  (etc) 
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⇒෍൬ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛൰ ≥

ࡹࡳିࡹ࡭
૜ඨ(ࢉ࢈ࢇ)૛ ൬ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛൰

૛૜

 

= ૜ඨ(૝࢙࢘ࡾ)૛ ቀ
࢘
૝ࡾ

ቁ
૛૜

= ૜ඥ࢙૛࢘૝૜ ≥ ૜ට൫૜√૜࢘൯
૛
૝࢘

૜
= ૛࢘ૢ  

We must show that: ૢ࢘૛ ≥ −૛ࡾ૛ + ૚ૠ࢘૛ ⇔ ૛ࡾ૛ ≥ ૡ࢘૛ ⇔ ࡾ ≥ ૛࢘  (true). 

Suppose: ࡭ ≤ ࡮ ≤ ࡯ ⇒ ࢇ ≤ ࢈ ≤ ࢉ ⇒ ቊ
ࢇ࢓ ≥ ࢈࢓ ≥ ࢉ࢓

૛ܖ܉ܜ ࡭
૛
≤ ૛ܖ܉ܜ ࡮

૛
≤ ૛ܖ܉ܜ ࡯

૛
 

⇒෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛ ≤

૚
૜൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯ ൬ܖ܉ܜ૛
࡭
૛ + ૛ܖ܉ܜ

࡮
૛ + ૛ܖ܉ܜ

࡯
૛൰ 

=
૚
૜
⋅
૜
૝
⋅ ൫ࢇ૛ + ૛࢈ + ૛൯ࢉ ൬ܖ܉ܜ૛

࡭
૛

+ ૛ܖ܉ܜ
࡮
૛

+ ૛ܖ܉ܜ
࡯
૛
൰ ≤

૛ࡾૢ

૝
⋅

(૝ࡾ+ ૛(࢘ − ૛࢙૛

૛࢙
≤
(૛) ૟

ࡾ
൫ࡾ૜ − ૞࢘૜൯ 

(2)⇔ ૜ൣ(૝ା࢚)૛ି૛࢙૛൧
૝࢙૛

≤ ૛[૚ − ૞࢚૜] 	ቆ࢚ = ࢘
ࡾ

, ૛
૞
≤
(∗)
࢚ ≤ ૚

૛
ቇ ⇔ ૜(૝ + ૛(࢚ ≤ ૛࢙

૛ࡾ
(૚૝ − ૝૙࢚૜) 

∵ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ ૛࢙

૛ࡾ
≥ ૚૟ ⋅ ࢘

ࡾ
− ૞ ቀ࢘

ࡾ
ቁ
૛

= ૚૟࢚ − ૞࢚૛. So, we must show that: 

૜(૝+ ૛(࢚ ≤ (૚૟࢚ − ૞࢚૛)(૚૝ − ૝૙࢚૜) ⇔ ൬࢚ −
૚
૛൰ ൬

૚૛
૛૞ +

૛૟
૛૞࢞ +

૛ૠ
૛૙࢞

૛ +
૛ૠ
૚૙࢞

૜ − ૝൰࢞ ≤ ૙ 

It is true because: ૛
૞
≤ ࢚ ≤ ૚

૛
⇒ ቐ

࢚ − ૚
૛
≤ ૙

૚૛
૛૞

+ ૛૟
૛૞
࢞ + ૛ૠ

૛૙
૛࢞ + ૛ૠ

૚૙
૜࢞ − ૝࢞ ≥ ૡ૙૜

૟૛૞
− ૚

૚૟
> 1 > 0

 

⇒ (2) true. Proved. 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛,࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢙ + ૛࢘ + ૝࢘ࡾ 

and ૝ࢇ࢓
૛ = ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ = ૛ࢉ࢈ + ૛࢈ + ܛܗ܋ ૛ whereࢉ ࡭ = ૛ࢇ૛ିࢉ૛ା࢈

૛ࢉ࢈
 

∴
૛࢈ + ૛ࢉ

૛ ૛ܛܗ܋
࡭
૛ ≥ ࢇ࢓

૛ ≥ ૛ܛܗ܋ࢉ࢈
࡭
૛ ⇒

૛࢈ + ૛ࢉ

૛ ૛ܖܑܛ
࡭
૛ ≥ ࢇ࢓

૛ ≥ ૛ܖܑܛࢉ࢈
࡭
૛ 

⇒෍
૛࢈ + ૛ࢉ

૛
ࢉ࢟ࢉ

૛ܖܑܛ
࡭
૛ ≥෍ࢇ࢓

૛ ૛ܖ܉ܜ
࡭
૛

ࢉ࢟ࢉ

≥෍ܖܑܛࢉ࢈૛
࡭
૛

ࢉ࢟ࢉ

 

⇒
૚
૜
ቌ෍

૛࢈ + ૛ࢉ

૛
ࢉ࢟ࢉ

ቍቌ෍ܖܑܛ૛
࡭
૛

ࢉ࢟ࢉ

ቍ ≥

ࡿᇲࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ

෍
૛࢈ + ૛ࢉ

૛
ࢉ࢟ࢉ

૛ܖܑܛ
࡭
૛
≥෍ࢇ࢓

૛

ࢉ࢟ࢉ

૛ܖ܉ܜ
࡭
૛
≥෍ܖܑܛࢉ࢈૛

࡭
૛

ࢉ࢟ࢉ
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[let ࢈૛ + ૛ࢉ ≥ ૛ࢉ + ૛ࢇ ≥ ૛ࢇ + ૛ܖܑܛ ૛ then࢈ ࡭
૛
≤ ૛ܖܑܛ ࡮

૛
≤ ૛ܖܑܛ ࡯

૛
] 

⇒
૛
૜

૛࢙) − ૛࢘ − ૝࢘ࡾ)ቌ෍
࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈
ࢉ࢟ࢉ

ቍ ≥෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛

ࢉ࢟ࢉ

≥෍(࢙ − −࢙)(ࢇ (࢈
ࢉ࢟ࢉ

 

⇒
૛
૜

૛࢙) − ૛࢘ − ૝࢘ࡾ) ⋅
૚

૝࢙࢘ࡾ ⋅
ቌ෍࢙)ࢇ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

ቍ ≥෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡭
૛

ࢉ࢟ࢉ

≥ ૛࢘ + ૝࢘ࡾ 

⇒
૛
૜

(૝ࡾ૛ + ૛࢘૛)
૚

૝࢙࢘ࡾ
(૝࢙࢘ࡾ − ૛࢙࢘૛) ≥෍ࢇ࢓

૛ ૛ܖ܉ܜ
࡭
૛

ࢉ࢟ࢉ

≥ ૛࢘ + ૝࢘ࡾ 

⇔ ൫૝ࡾ૛ା૛࢘૛൯
૜ࡾ

(૛ࡾ − (࢘ ≥ ∑ ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛ࢉ࢟ࢉ ≥ ૛࢘ + ૝࢘ࡾ we need to prove, 

૟
ࡾ

૜ࡾ) − ૞࢘૜) ≥ ૛
૜ࡾ

(૛ࡾ૛ + −ࡾ૛)(૛࢘ ૛࢘ and (࢘ + ૝࢘ࡾ ≥ ૚ૠ࢘૛ − ૛ࡾ૛ 

⇒ ૞ࡾ૜ + ૛ࡾ૛࢘ − ૛࢘ࡾ૛ − ૝૝࢘૜ ≥ ૙ and ࡾ૛ + ૛࢘ࡾ − ૡ࢘૛ ≥ ૙ 

⇒ ૞࢚૜ + ૛࢚૛ − ૛࢚ − ૝૝ ≥ ૙, where ࢚ = ࡾ
࢘
≥ ૛ and (ࡾ− ૛ࡾ)(࢘+ ૝࢘) ≥ ૙ 

⇒ ࢚) − ૛)(૞࢚૛ + ૚૛࢚+ ૛૛) ≥ ૙ and (ࡾ − ૛ࡾ)(࢘+ ૝࢘) ≥ ૙, which are both true 

∴ ૚ૠ࢘૛ − ૛ࡾ૛ ≤ ∑ ࢇ࢓
૛ ૛ܖ܉ܜ ࡭

૛ࢉ࢟ࢉ ≤ ૟
ࡾ

૜ࡾ) − ૞࢘૜)(proved) 

 

SP.207. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

ૢ(ૡࡾ૛ − ૛૜࢘૛) ≤෍ࢇ࢓
૛ ૛ܜܗ܋

࡭
૛
≤
ૡ૚ࡾ
૜૛࢘૛

(૚૜ࡾ૜ − ૡૡ࢘૜) 

Proposed by Marin Chirciu – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

෍ࢇ࢓
૛ ૛܋ܛ܋

࡭
૛ ≤

૝
૛࢘

(૝ࡾ૝ − ૜ૠ࢘૝) ⇔෍ࢇ࢓
૛ ൬܋ܛ܋૛

࡭
૛ − ૚൰ ≤

૝
૛࢘

(૝ࡾ૝ − ૜ૠ࢘૝) −෍ࢇ࢓
૛ 

෍ࢇ࢓
૛ ⋅ ૛ܜܗ܋

࡭
૛ ≤

૝
૛࢘

(૝ࡾ૝ − ૜ૠ࢘૝) −
૜
૝෍ࢇ૛ 

⇔෍ࢇ࢓
૛ ૛ܜܗ܋

࡭
૛ ≤

૝
૛࢘

(૝ࡾ૝ − ૜ૠ࢘૝) −
૜
૝

(૛࢙૛ − ૡ࢘ࡾ − ૛࢘૛) = 

=
૚૟ࡾ૝

૛࢘ −
૜
૛࢙

૛ + ૟࢘ࡾ −
૛ૢ૜
૛ ૛࢘ ≤

(૚) ૡ૚ࡾ
૜૛࢘૛

(૚૜ࡾ૜ − ૡૡ࢘૜) 
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(1)⇔ ૢ૚૞
૝
࢘ࡾ − ૛ૢ૜

૛
૛࢘ ≤ ૞૝૚

૜૛
⋅ ࡾ

૝

૛࢘
+ ૜

૛
૛࢙ ⇔ ૢ૚૞

૝
⋅ ࡾ
࢘
− ૛ૢ૜

૛
≤ ૞૝૚

૜૛
ቀࡾ
࢘
ቁ
૝

+ ૜
૛
⋅ ࢙

૛

૛࢘
 

∵ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ ૛࢙

૛࢘
≥ ૚૟ ⋅ ࡾ

࢘
− ૞. Let ࢚ = ࡾ

࢘
࢚)	 ≥ ૛) 

We show that: ૢ૚૞
૝
࢚ − ૛ૢ૜

૛
≤ ૞૝૚

૜૛
૝࢚ + ૜

૛
(૚૟࢚ − ૞) 

⇔
૞૝૚
૜૛ ૝࢚ −

ૡ૚ૢ
૝ ࢚ + ૚૞૝ ≥ ૙ ⇔

૚
૜૛

(૞૝૚࢚૝ − ૟૞૞૛࢚ + ૝ૢ૛ૡ) ≥ ૙ 

(It is true because: Let (࢚)ࢌ = ૞૝૚࢚૝ − ૟૞૞࢚ + ૝ૢ૛ૡ 

⇒ (࢚)ᇱࢌ = ૝ ⋅ ૞૝૚࢚૜ − ૟૞૞ = ૙ ⇔ ࢚ = ඨ ૟૞૞
૝ ⋅ ૞૝૚

૜
 

⇒ (࢚)ᇱࢌ > ݐ∀	0 > ට ૟૞૞
૝⋅૞૝૚

૜
⇒ (࢚)ࢌ ≥ (૛)ࢌ = ૚૛૛ૠ૝ > 0. Hence, (1) true. 

⇒෍ࢇ࢓
૛ ૛ܜܗ܋

࡭
૛ = ෍ࢇ࢓

૛ ૛܋ܛ܋
࡭
૛ −෍ࢇ࢓

૛ = ષ 

෍ࢇ࢓
૛ ࢙)ࢉ࢈ − (ࢇ

࢙૛࢘ = ෍
ࢇ࢓ࢉ࢈

૛

૛࢘ −
૝࢙࢘ࡾ
࢙૛࢘ ⋅

૜
૝ ⋅ ૛

૛࢙) − ૝࢘ࡾ −  (૛࢘

=
૛࢈૛)ࢉ࢈∑ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛)

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૛(∑ࢇ૛)(∑࢈ࢇ) − ૜ ⋅ ૝࢙࢘ࡾ(૛࢙)

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૝(࢙૛ + ૝࢘ࡾ+ ૛࢙)(૛࢘ − ૝࢘ࡾ − (૛࢘ − ૛૝࢙࢘ࡾ૛

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૝࢙ − ૚૛࢙࢘ࡾ૛ + ࡾ૛(૝࢘ + −ࡾ૛)(࢘ (࢘

૛࢘  

෍ࢇ࢓
૛ =

૜
૝෍ࢇ૛ =

૜
૝ ⋅ ૛

૛࢙) − ૝࢘ࡾ − (૛࢘ =
૜
૛

૛࢙) − ૝࢘ࡾ −  (૛࢘

⇒ ષ =
૝࢙ − ૚૛࢙࢘ࡾ૛ + ࢘ࡾ૛(૝࢘ + −ࡾ૛)(࢘ (࢘

૛࢘ −
૜
૛

૛࢙) − ૝࢘ࡾ −  (૛࢘

=
૛࢙૝ − ૛૝࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ + −ࡾ૛)(࢘ (࢘ − ૜࢘૛࢙૛ + ૚૛࢘ࡾ૜ + ૜࢘૝

૛࢘૛  

We must show that: 

૛࢙૝ − ૛૝࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ + ࡾ૛)(࢘ − (࢘ − ૜࢘૛࢙૛ + ૚૛࢘ࡾ૜ + ૜࢘૝ ≥ ૛࢘૛(ૠ૛ࡾ૛ − ૛૙ૠ࢘૛) 

⇔ ૛࢙૛(૛࢙ − ૛૝࢘ࡾ − ૜࢘૛) + ૛࢘૛(ૡࡾ૛ − ૛࢘ࡾ − (૛࢘ + ૚૛࢘ࡾ૜ + 
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+૜࢘૝ ≥ ૚૝૝ࡾ૛࢘૛ − ૝૚૝࢘૝ ⇔ ૛࢙૛(૛࢙ − ૛૝࢘ࡾ − ૜࢘૛) + ૡ࢘ࡾ૜ ≥ ૚૛ૡࡾ૛࢘૛ − ૝૚૞࢘૝ 

∴ ૛࢙૛(૛࢙ − ૛૝࢘ࡾ − ૜࢘૛) ≥ (૚૟࢘ࡾ− ૞࢘૛)(ૡ࢘ࡾ − ૚૜࢘૛) = ࡾ૛(૚૟࢘ − ૞࢘)(ૡࡾ − ૚૜࢘) 

We need to prove: ૚૛ૡࡾ૛ − ૝૚૞࢘૛ ≥ ૚૛ૡࡾ૛ − ૛૝ૡ࢘ࡾ+ ૟૞࢘૛ ⇔ ૛૝ૡ࢘ࡾ ≥ ૝ૡ૙࢘૛ 

⇔ ࡾ > ૟૙
૜૚
ࡾ :True because) .࢘ ≥ ૛࢘ > ૟૙

૜૚
 .Proved .(࢘

 

SP.208. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

૜૟࢘૛ ≤෍ࢇ࢓
૛ ૛܋܍ܛ

࡭
૛
≤  ૛ࡾૢ

Proposed by Marin Chirciu – Romania  

Solution 1 by Tran Hong - Dong Thap – Vietnam 

Let ષ = ࢇ࢓∑
૛ ૛܋܍ܛ ࡭

૛
= ∑ ࢇ࢓

૛

૛࡭૛ܛܗ܋
 

ࢇ࢓ ≥
ࢉା࢈
૛
⋅ ܛܗ܋ ࡭

૛
 (etc) ⇒ ષ ≥ ∑ ૛(ࢉା࢈)

૝
≥

ࡹࡳିࡹ࡭
(ࢉ࢈)∑ = ࢈ࢇ∑ = ૛࢙ + ૝࢘ࡾ+ ૛࢘ ≥

(૚)
૜૟࢘૛ 

(1) ⇔ ૛࢙ ≥ ૜૞࢘૛ − ૝࢘ࡾ 

∵ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૜૞࢘૛ − ૝࢘ࡾ ⇔ ૛૙࢘ࡾ ≥ ૝૙࢘૛ ⇔ ࡾ ≥ ૛࢘ (Euler) ⇒ (1) true. 

ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋ ࡭
૛

  (etc) ⇒ ષ ≤ ∑ቊ(૝ࡾ૛) ⋅ ૝ܛܗ܋ ࡭
૛
⋅ ૚

૛࡭૛ܛܗ܋
ቋ = 

= ૝ࡾ૛෍ܛܗ܋૛
࡭
૛ = ૝ࡾ૛ ⋅

૝ࡾ + ࢘
૛ࡾ = ૡࡾ૛ + ૛࢘ࡾ ≤

(૛)
 ૛ࡾૢ

(2) ⇔ ૛࢘ࡾ ≤ ૛ࡾ ⇔ ૛࢘ ≤   .Proved (Euler)  ࡾ

Solution 2 by Soumava Chakraborty – Kolkata – India 

૜૟࢘૛ ≤
(૚)

෍ࢇ࢓
૛ ૛܋܍ܛ

࡭
૛ ≤

(૛)
 ૛ࡾૢ

Firstly, ∑܋܍ܛ૛ ࡭
૛

= ∑ (ࢉି࢙)(࢈ି࢙)ࢉ࢈
(ࢉି࢙)(࢈ି࢙)(ࢇି࢙)࢙

= ൯ࢉ࢈ା(ࢉା࢈)࢙૛ି࢙൫ࢉ࢈∑
૛࢙૛࢘

= 

=
࢈ࢇ∑૛࢙ − ࢈ࢇ∑࢙ (૛࢙ − (ࢉ + ૛(࢈ࢇ∑) − ૛ࢉ࢈ࢇ(૛࢙)

૛࢙૛࢘ = 

=
(࢈ࢇ∑)૛࢙− + ૛(࢈ࢇ∑) − ૝࢙࢘ࡾ૛

૛࢙૛࢘ =
૛࢙) + ૝࢘ࡾ + +࢘ࡾ૛)(૝࢘ (૛࢘ − ૝࢙࢘ࡾ૛

૛࢙૛࢘ = 
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=
૛࢘૛࢙ + ࡾ૛(૝࢘ + ૛(࢘

૛࢙૛࢘ =
(࢏)
૚ +

(૝ࡾ + ૛(࢘

૛࢙  

Now, ∑ࢇ࢓
૛ ૛܋܍ܛ ࡭

૛
= ૚

૝
∑(૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛) ૛܋܍ܛ ࡭

૛
= 

= ቆ
૛∑ࢇ૛

૝ ቇ ൬෍܋܍ܛ૛
࡭
૛൰ −

૜
૝෍ࢇ૛

ࢉ࢈
࢙)࢙ − (ࢇ = 

=
(࢏)	࢟࢈

૛࢙) − ૝࢘ࡾ − (૛࢘ ቊ૚ +
(૝ࡾ + ૛(࢘

૛࢙ ቋ −
૜
૝࢙ ⋅ ૝࢙࢘ࡾ෍

ࢇ
࢙ − ࢇ = 

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
૛࢙) − ૝࢘ࡾ − +ࡾ૛)(૝࢘ ૛(࢘

૛࢙ − ૜࢘ࡾ෍ቆ
ࢇ − ࢙
࢙ − ࢇ +

࢙)࢙ − ࢙)(࢈ − (ࢉ
૛࢙࢘ ቇ 

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
૛࢙) − ૝࢘ࡾ − +࢘ࡾ૛)(૝࢘ ૛(࢘

૛࢙ − ૜࢘ࡾቆ−૜ +
૛࢙)∑ − (ࢉ࢈)࢙ + (ࢉ࢈

૛࢘ ቇ 

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
൫࢙૛ − ૝࢘ࡾ − +࢘ࡾ૛൯(૝࢘ ૛(࢘

૛࢙
− ૜࢘ࡾቆ−૜ +

૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ ૛࢘

૛࢘
ቇ 

= ૛࢙ − ૝࢘ࡾ − ૛࢘ +
૛࢙) − ૝࢘ࡾ − +࢘ࡾ૛)(૝࢘ ૛(࢘

૛࢙ − ૜࢘ࡾ ൬
૝ࡾ − ૛࢘

࢘ ൰ ≤ ૛ࡾૢ ⇔ 

⇔ ૛࢙ +
૛࢙) − ૝࢘ࡾ − +࢘ࡾ૛)(૝࢘ ૛(࢘

૛࢙ ≤ ૛૚ࡾ૛ − ૛࢘ࡾ+ ૛࢘ ⇔ 

⇔ ૝࢙ + +࢘ࡾ૛(૝࢙ ૛(࢘ − +ࡾ૝)࢘ ૜(࢘ ≤
(૛ࢇ)

૛ࡾ૛(૛૚࢙ − ૛࢘ࡾ +  (૛࢘

Now, LHS of (2a) ≤ ૛ࡾ૛൫૝࢙ + ૝࢘ࡾ+ ૜࢘૛ + (૝ࡾ+ ૛൯(࢘ − +ࡾ૝)࢘ ૜(࢘ ≤
?
૛ࡾ૛൫૛૚࢙ − ૛࢘ࡾ+  ૛൯࢘

⇔ ૛ࡾ)૛࢙ − ૚૝࢘ࡾ − ૜࢘૛) + ࡾ૝)࢘ + ૜(࢘ ≥
?
૙ ⇔ 

⇔ −ࡾ)૛࢙ ૛࢘)૛ + ࡾ૝)࢘ + ૜(࢘ ≥
(૛࢈)

?
+࢘ࡾ૛(૚૙࢙ ૠ࢘૛) 

Now, LHS of (2b)	 ≥
(࢓)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ − ૞࢘૛)(ࡾ − ૛࢘)૛ + ࡾ૝)࢘ +  ૜ & RHS of (2b)(࢘

	 ≤
(࢔)

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૙࢘ࡾ+ ૠ࢘૛) 

(m), (n)⇒ in order to prove (2b), it suffices to prove: 

(૚૟ࡾ− ૞ࡾ)(࢘ − ૛࢘)૛ + (૝ࡾ+ ૜(࢘ ≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૙࢘ࡾ+ ૠ࢘૛) ⇔ 

⇔ ૝૙࢚૜ − ૡૢ࢚૛ + ૜ૡ࢚− ૝૙ ≥ ૙ ⇔ ࢚) − ૛){૝૙࢚)࢚ − ૛) + ૠ૚࢚+ ૛૙} ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ 

⇒ (2b)	⇒(2a)	⇒(2) is true. 
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Again, ∑ࢇ࢓
૛ ૛܋܍ܛ ࡭

૛
≥ ૚

૜
ቀ∑ࢇ࢓ ܋܍ܛ

࡭
૛
ቁ
૛

≥
࢛ࢉ࢙࢕ࡵ ૚

૜
ቀ∑ ࢉା࢈

૛
ቁ
૛

= 

= ૝࢙૛

૜
≥

૛࢘૛ஹ૛ૠ࢙ ૚૙ૡ࢘૛

૜
= ૜૟࢘૛ ⇒ (1) is true. Proved. 

Solution 3 by Soumitra Mandal-Chandar Nagore – India 

+࢈ࢇ +ࢉ࢈ ࢇࢉ = ૝√૜ઢ, ࢙ ≥ ૜√૜࢘,૝ࢇ࢓
૛ = ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ = ૛ࢉ࢈ ܛܗ܋ ࡭ + ૛࢈ +  ૛ࢉ

૛࢈) + +૛)(૚ࢉ ܛܗ܋ (࡭ ≥
ࡹࡳିࡹ࡭

૝ࢇ࢓
૛ ≥
ࡹࡳିࡹ࡭

૛ࢉ࢈(૚ +  (࡭ܛܗ܋

⇒
૛࢈ + ૛ࢉ

૛ ૛ܛܗ܋
࡭
૛ ≥ ࢇ࢓

૛ ≥ ૛ܛܗ܋ࢉ࢈
࡭
૛ ⇒

૛࢈ + ૛ࢉ

૛ ≥ ࢇ࢓
૛ ૛܋܍ܛ

࡭
૛ ≥  ࢉ࢈

⇒෍
૛࢈ + ૛ࢉ

૛
ࢉ࢟ࢉ

≥෍ࢇ࢓
૛

ࢉ࢟ࢉ

૛܋܍ܛ
࡭
૛ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ⇒෍ࢇ૛

ࢉ࢟ࢉ

≥෍ࢇ࢓
૛

ࢉ࢟ࢉ

≥෍࢈ࢇ
ࢉ࢟ࢉ

 

⇒ ૛ࡾૢ ≥ ∑ ࢇ࢓
૛ ૛܋܍ܛ ࡭

૛ࢉ࢟ࢉ ≥ ૝√૜ઢ = ૝√૜࢙࢘ ≥ ૝√૜࢘ ⋅ ૜√૜࢘ = ૜૟࢘૛ Proved 

 

SP.209. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

૛ૠࡾ૛ ≤෍ࢇ࢓
૛ ૛܋ܛ܋

࡭
૛ ≤

૝
૛࢘

(૝ࡾ૝ − ૜ૠ࢘૝) 

Proposed by Marin Chirciu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

In any ઢ࡯࡮࡭,૛ૠࡾ૛ ≤
(૚)

ࢇ࢓∑
૛ ૛܋ܛ܋ ࡭

૛
≤
(૛) ૝

૛࢘
(૝ࡾ૝ − ૜ૠ࢘૝) 

෍ࢇ࢓
૛ ૛܋ܛ܋

࡭
૛ = ෍ࢇ࢓

૛ ࢙)ࢉ࢈ − (ࢇ
ࡿ૛࢘ =

ࢇ࢓ࢉ࢈∑
૛

૛࢘ −
૝࢙࢘ࡾ
ࡿ૛࢘ ⋅

૜
૝ ⋅ ૛

૛࢙) − ૝࢘ࡾ −  (૛࢘

=
ࢉ࢈∑ (૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛)

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૛(∑ࢇ૛)(∑࢈ࢇ)− ૜ ⋅ ૝࢙࢘ࡾ(૛ࡿ)

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૝(࢙૛ + ૝࢘ࡾ+ ૛࢙)(૛࢘ − ૝࢘ࡾ − (૛࢘ − ૛૝࢙࢘ࡾ૛

૝࢘૛ −
૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  

=
૝ࡿ − (૝࢘ࡾ+ ૛)૛࢘ − ૟࢙࢘ࡾ૛ − ૟࢙)࢘ࡾ૛ − ૝࢘ࡾ − (૛࢘

૛࢘  
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=
૝ࡿ − ૚૛࢙࢘ࡾ૛ + (૝࢘ࡾ+ ࢘ࡾ૛)(૟࢘ − ૝࢘ࡾ − (૛࢘

૛࢘ =
(࢏) ૝ࡿ − ૚૛࢙࢘ࡾ૛ + +࢘ࡾ૛(૝࢘ ࡾ૛)(࢘ − (࢘

૛࢘  

(i)⇒(2)⇔ ૝ࡿ − ૚૛࢙࢘ࡾ૛ + +ࡾ૛(૝࢘ −ࡾ૛)(࢘ (࢘ ≤
(૛ࢇ)

૚૟ࡾ૝ − ૚૝ૡ࢘૝ 

Now, LHS of (2a) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛ࡾ૛(૝࢙ − ૡ࢘ࡾ+ ૜࢘૛) + +ࡾ૛(૝࢘ ࡾ૛)(࢘ −  (࢘

≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)(૝ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛) + +ࡾ૛(૝࢘ −ࡾ૛)(࢘  (࢘

൬∵ ૝ࡾ૛ − ૡ࢘ࡾ+ ૜࢘૛ = ૝ࡾ)ࡾ− ૛࢘) + ૜࢘૛ ≥
࢘ࢋ࢒࢛ࡱ

૜࢘૛ > 0൰ 

≤
?
૚૟ࡾ૝ − ૚૝ૡ࢘૝ ⇔ ૡ࢚૜ + ૠ࢚ − ૠૡ ≥

?
૙	 ൬࢚ =

ࡾ
 ൰࢘

⇔ ૡ(࢚ − ૛)(࢚૛ + ૛࢚ + ૝) + ૠ(࢚ − ૛) ≥
?
૙ 

Which is true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (2a)⇒(2) is true. Again, (i)⇒(1)⇔ 

૝ࡿ − ૚૛࢙࢘ࡾ૛ + ࡾ૛(૝࢘ + −ࡾ૛)(࢘ (࢘ ≥
(૚ࢇ)

૛ૠࡾ૛࢘૛ 

Now, LHS of (1a)	 ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘ࡾ૛(૝ࡿ − ૞࢘૛) + +ࡾ૛(૝࢘ −ࡾ૛)(࢘  (࢘

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ࡾ૛(૚૟࢘ − ૞࢘)(૝ࡾ − ૞࢘) + ࡾ૛(૝࢘ + −ࡾ૛)(࢘  (࢘

൬∵ ૝࢘ࡾ − ૞࢘૛ = ૝ࡾ)࢘ − ૛࢘) + ૜࢘૛ ≥
࢘ࢋ࢒࢛ࡱ

૜࢘૛ > 0൰ 

≥
?
૛ૠࡾ૛࢘૛ ⇔ ૚૞࢚૛ − ૜૝࢚ + ૡ ≥

?
૙	 ቀ࢚ = ࡾ

࢘
ቁ ⇔ ࢚) − ૛)(૚૞࢚ − ૝) ≥

?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒(1a)⇒(1) is true (Proved) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Let ષ = ࢇ࢓∑
૛ ૛܋ܛ܋ ࡭

૛
= ∑ ࢇ࢓

૛

૛࡭૛ܖܑܛ
 

ࢇ࢓ ≤ ૛ࡾ ૛ܛܗ܋
࡭
૛ ⇒ ࢇ࢓

૛ ≤ ૝ࡾ૛ ൬ܛܗ܋૛
࡭
૛൰

૛

= 

= ૝ࡾ૛ ൬૚ − ૛ܖܑܛ
࡭
૛൰

૛

= ૝ࡾ૛ ൬૚ − ૛ ૛ܖܑܛ
࡭
૛ + ૝ܖܑܛ

࡭
૛൰ 

⇒ ષ = ૝ࡾ૛෍
૚−૛ܖܑܛ૛ ૛࡭ + ૝ܖܑܛ ૛࡭

૛ܖܑܛ ૛࡭
= ૝ࡾ૛ ቐ෍

૚

૛ܖܑܛ ૛࡭
− ૟ + ෍ܖܑܛ૛

࡭
૛
ቑ 
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= ૝ࡾ૛ ቊ
૛࢙ + ૛࢘ − ૡ࢘ࡾ

૛࢘ − ૟ +
૛ࡾ − ࢘
૛ࡾ ቋ ≤ ૝ࡾ૛ ቊ

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ − ૡ࢘ࡾ
૛࢘ − ૞ −

࢘
૛ࡾቋ 

= ૝ࡾ૛ ቊ૝ ൬
ࡾ
൰࢘

૛

− ૝൬
ࡾ
൰࢘ − ૚ −

૚
૛
ቀ
࢘
ࡾ
ቁቋ 

We must show that: ૝ ቀࡾ
࢘
ቁ
૛
− ૝ቀࡾ

࢘
ቁ − ૚

૛
ቀ࢘
ࡾ
ቁ − ૚ ≤ ૝ ቀࡾ

࢘
ቁ
૛
− ૜ૠ ⋅ ቀ࢘

ࡾ
ቁ
૛

 

⇔ ૜ૠ࢚૛ −
࢚
૛ −

૝
࢚ − ૚ ≤ ૙ ൬∵ ૙ < ݐ ≤

૚
૛൰ 

⇔ ૠ૝࢚૜ − ૛࢚ − ૛࢚ − ૡ ≤ ૙ ⇔ ቀ࢚ − ૚
૛
ቁ ቀ࢚૛ + ૚ૡ࢚

૜ૠ
+ ૡ

૜ૠ
ቁ ≤ ૙ (true because ૙ < ݐ ≤ ૚

૛
) 

⇒ ષ ≤
૝
૛࢘

(૝ࡾ૛ − ૜ૠ࢘૝) 

ࢇ࢓ ≥ ඥ࢙)࢙ − (ࢇ ࢇ࢓⇒
૛ ≥ ࢙)࢙ − ⇒(etc) (ࢇ ષ ≥ ∑ (ࢇି࢙)࢙

૛࡭૛ܖܑܛ
= ∑࢙ ࢇି࢙

૛࡭૛ܖܑܛ
 

෍࢙ቐ࢙
૚

૛ܖܑܛ ૛࡭
−෍

ࢇ

૛ܖܑܛ ૛࡭
ቑ = ෍࢙ቐ࢙

૚

૛ܖܑܛ ૛࡭
−෍

૝ܖܑܛࡾ ૛࡭ ܛܗ܋
࡭
૛

૛ܖܑܛ ૛࡭
ቑ 

= ࢙ ቊ࢙ ⋅
૛࢙ + ૛࢘ − ૡ࢘ࡾ

૛࢘ − ૝ࡾ ⋅
࢙
ቋ࢘ = ૛࢙ ቆ

૛࢙ + ૛࢘ − ૡ࢘ࡾ
૛࢘ −

૝ࡾ
࢘ ቇ 

= ૛࢙ ቆ
૛࢙ + ૛࢘ − ૚૛࢘ࡾ

૛࢘ ቇ ≥
(૛)

૛ૠࡾ૛ 

(2)⇔ ૛࢙)૛࢙ + ૛࢘ − ૚૛࢘ࡾ) ≥ ૛ૠࡾ૛࢘૛ 

∵ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ ૛࢙ + ૛࢘ − ૚૛࢘ࡾ ≥ ૝࢘ࡾ − ૝࢘૛ 

⇒ ૛࢙)૛࢙ + ૛࢘ − ૚૛࢘ࡾ) ≥ (૚૟࢘ࡾ − ૞࢘૛)(૝࢘ࡾ − ૝࢘૛) = ૟૝ࡾ૛࢘૛ − ૡ૝࢘ࡾ૜ + ૛૙࢘૝  

We must show: ૟૝ࡾ૛࢘૛ − ૡ૝࢘ࡾ૜ + ૛૙࢘૝ ≥ ૛ૠࡾ૛࢘૛ ⇔ ૜ૠࡾ૛࢘૛ − ૡ૝࢘ࡾ૜ + ૛૙࢘૝ ≥ ૙ 

⇔ ૜ૠࡾ૛ − ૡ૝࢘ࡾ + ૛૙࢘૛ ≥ ૙ ⇔ (૜ૠࡾ− ૚૙ࡾ)(࢘− ૛࢘) ≥ ૙  (∵ true ࡾ ≥ ૛࢘) Proved. 

 

SP.210. Let ࡯࡮࡭ be an acute-angled triangle. If ࢇ + ࢈ + ࢉ =   and ࣊

࡭ ࢇܛܗ܋ + ࢈ܛܗ܋࡮ + ܛܗ܋࡯ ࢉ = ࣊
૛

 then ,(the measures in radians – ࡯,࡮,࡭) ;

ઢ࡯࡮࡭ is equilateral.  

Proposed by Marian Ursărescu – Romania  
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Solution 1 by Tran Hong-Dong Thap-Vietnam 

ࢇ + +࢈ ࢉ = ;࣊ ,࢈,ࢇ) ࢉ > 0) 

∵ +ࢇ ࢈ > ܿ ⇒ ܽ + ܾ + ܿ > ࢉ2 ⇒ ૙ < ܿ < ࣊
૛

. Similarly: ૙ < ܽ,ܾ < ࣊
૛

. 

Let (࢞)ࢌ = ܛܗ܋ ࢞ ቀ૙ < ݔ < ࣊
૛
ቁ ⇒ (࢞)ᇱࢌ = ܖܑܛ− ࢞ ⇒ (࢞)ᇱᇱࢌ = ࢞ܛܗ܋− < 0	 ቀ૙ < ݔ < ࣊

૛
ቁ 

Suppose: ࡭ ≤ ࡮ ≤ ࡯ ⇒ ࢇ ≤ ࢈ ≤ ࢉ ⇒ ܛܗ܋ ࢇ ≥ ࢈ܛܗ܋ ≥ ܛܗ܋ ࢉ 	൬∵ (࢞)ࢌ = ܛܗ܋ ࢞ ↘ ቀ૙; ࣊
૛
ቁ൰ 

⇒ ࡿࡴࡸ = ࢇܛܗ܋࡭ + ࢈ܛܗ܋࡮ + ܛܗ܋࡯ ࢉ ≤
૚
૜

࡭) + ࡮ + ࢇܛܗ܋)(࡯ + ࢈ܛܗ܋ + ܛܗ܋  (ࢉ

=
࣊
૜ ⋅

ࢇܛܗ܋) + ࢈ܛܗ܋ + ܛܗ܋ (ࢉ ≤
࢔ࢋ࢙࢔ࢋࡶ ࣊

૜ ⋅ ૜ ܛܗ܋ ൬
ࢇ + +࢈ ࢉ

૜ ൰ = ࣊ ⋅ ܛܗ܋ ቀ
࣊
૜
ቁ =

࣊
૛ 

Hence, LHS = ࣊
૛
⇔ ቄ࡭ = ࡮ = ࡯

ࢇ = ࢈ = ࢉ . Proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

If ࢇ ≥ ࣊
૛

, then ࢈ + ࢉ ≤ ࣊
૛

(∴ ࢇ∑ =  (࣊

⇒ ࢈ + ࢉ ≤ ࢇ ⇒ violation of triangle inequality ⇒ ࢇ < ࣊
૛

. Similar argument ⇒ ࢉ,࢈ < ࣊
૛

 

Let (࢞)ࢌ = ૛ܖܑܛ ࢞
૛

࢞∀, ∈ ቀ૙, ࣊
૛
ቁ. Then, ࢌᇱᇱ(࢞) = ܛܗ܋ ࢞

૛
> 0 ⇒  .is strictly convex (࢞)݂

෍ܛܗ܋࡭ ࢇ = ෍࡭ቀ૚ − ૛ ૛ܖܑܛ
ࢇ
૛
ቁ = ෍࡭−૛࣊෍൬

࡭
ܖܑܛ࣊

૛ ࢇ
૛൰ = ࣊ − ૛࣊෍൬

࡭
ܖܑܛ࣊

૛ ࢇ
૛൰ 

≤
(૚)

࢔ࢋ࢙࢔ࢋࡶ
࣊ − ૛ܖܑܛ࣊૛ ቆ

∑ቀࢇ࣊࡭ቁ

૛
ቇ (∵ ∑ ࡭

࣊
= ૚ and ܖܑܛ૛ ࢞

૛
࢞∀ ∈ ቀ૙, ࣊

૛
ቁ is strictly convex) 

Now, WLOG we may assume ࢇ ≥ ࢈ ≥   ࢉ

∴ ࡭ ≥ ࡮ ≥ ࡯ ∴
૚
૛෍൬

࡭
൰ࢇ࣊ ≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
૛࣊ ⋅

૚
૜
ቀ෍࡭ቁቀ෍ࢇቁ =

૛࣊

૟࣊ =
࣊
૟ ⇒

૚
૛෍൬

࡭
൰ࢇ࣊ ≥

(࢏) ࣊
૟ 

∵ ࡯,࡮,࡭ < ࣊
૛

,࢈,ࢇ &  > also ࢉ ࣊
૛
∴ ૚
૛
∑ቀ࡭

૛
ቁࢇ < ૚

૛࣊
ቀ૜࣊

૛

૝
ቁ = ૜࣊

ૡ
⇒ ૚

૛
ቀ∑ ࡭

࣊
ቁࢇ <

(࢏࢏) ૜࣊
ૡ

 

(i), (ii) ⇒ ࣊
૟
≤ ૚

૛
∑ቀ࡭

࣊
ቁࢇ < ૜࣊

ૡ
⇒ ܖܑܛ ቆ

∑ቀࢇ࣊࡭ቁ

૛
ቇ ≥

(૛)
ܖܑܛ ࣊

૟
= ૚

૛
 

(1), (2) ⇒ ܛܗ܋࡭∑ ࢇ ≤ −࣊ ૛࣊ቀ૚
૛
ቁ
૛

= ࣊
૛

, equality when ࢇ = ࢈ =  ,ࢉ

(∵ the equality of Chebyshev’s inequality holds at ࡭ = ࡮ = ܽ&)	࡯ = ܾ = ܿ) and the 

equality of Jensen’s inequality holds at ࢇ = ࢈ = (࢞)ࢌ as ,ࢉ = ૛ܖܑܛ ࢞
૛
࢞∀ ∈ ቀ૙, ࣊

૛
ቁ is 
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strictly convex) and ∴ equality relation holds (as ∑ܛܗ܋࡭ ࢇ = ࣊
૛

), ∴ ࢇ = ࢈ = ࢉ ⇒ ઢ࡯࡮࡭ 

is equilateral (proved) 

 

UP.196. Let be ࢔࢞, ࢔࢟ > 0, ࢔࢞ ≠  :such that ࢔࢟

ஶ→࢔ܕܑܔ  ࢔࢞ = ஶ→࢔ܕܑܔ ࢔࢟ = ࢖,࢖ ∈ ℕ∗. Find: 

ܕܑܔ
ஶ→࢔

࢔࢞
࢔࢟ − ࢔࢟

࢔࢞

ඥ࢔࢞
࢖ − ඥ࢔࢟

࢖  

Proposed by Marian Ursărescu – Romania  

Solution by proposer  

ષ = ܕܑܔ
ஶ→࢔

࢔࢞
࢔࢟ − ࢔࢟

࢔࢞

ඥ࢔࢞
࢖ − ඥ࢔࢞

࢖ = ܕܑܔ
ஶ→࢔

൫࢔࢞
࢔࢟ − ࢔࢟

൯࢔࢞ ቆට࢔࢞
࢖૚ି࢖

+ ⋯+ ට࢔࢟
࢖૚ି࢖

ቇ

࢔࢞ − ࢔࢟
 

= ૚ି࢖࢖ඥ࢖
࢖

ܕܑܔ
ஶ→࢔

࢔࢞
࢔࢟ − ࢔࢟

࢔࢞

࢔࢞ − ࢔࢟
= ૚ି࢖࢖ඥ࢖

࢖
ܕܑܔ
ஶ→࢔

࢔࢞
࢔࢟ − ࢔࢟

࢔࢟ + ࢔࢟
࢔࢟ − ࢔࢟

࢔࢞

࢔࢞ − ࢔࢟
= 

= ૚ି࢖࢖ඥ࢖
࢖

ቆܕܑܔ
ஶ→࢔

࢔࢞
࢔࢟ − ࢔࢟

࢔࢟

࢔࢞ − ࢔࢟
+ ܕܑܔ

ஶ→࢔

࢔࢟
࢔࢟ − ࢔࢟

࢔࢞

࢔࢞ − ࢔࢟
ቇ 

= ૚ି࢖࢖ඥ࢖
࢖

ቆܕܑܔ
ஶ→࢔

࢔࢟ࢋ ࢔࢞ܖܔ − ࢔࢟ܖܔି࢔࢟ࢋ
࢔࢞ − ࢔࢟

+ ܕܑܔ
ஶ→࢔

࢔࢟ ܖܔ ࢔࢟ − ࢔࢞ࢋ ࢔࢟ܖܔ
࢔࢞ − ࢔࢟

ቇ 

= ૚ି࢖࢖ඥ࢖
࢖ ൮ܕܑܔ

ஶ→࢔

࢔࢟ࢋ ܖܔ ࢔࢟ ൬࢔࢟ࢋ ܖܔ
࢔࢞

૚൰ି࢔࢟

࢔࢟ ܖܔ
࢔࢞
࢔࢟

⋅
࢔࢟ ܖܔ ቀ

࢔࢞
࢔࢟
ቁ

࢔࢞ − ࢔࢟
+ ܕܑܔ

ஶ→࢔

࢔࢞ࢋ ܖܔ (࢔࢞ି࢔࢟)࢔࢟ܖܔࢋ൫࢔࢟ − ૚൯
࢔࢟ܖܔ ࢔࢞) − (࢔࢟ ܖܔ  ൲࢔࢟

= ૚ି࢖࢖ඥ࢖
࢖ ቌ࢖࢖ ܕܑܔ

ஶ→࢔
࢔࢟

ܖܔ ቀ૚ + ࢔࢞ − ࢔࢟
࢔࢟

ቁ

࢔࢞ − ࢔࢟
− ࢖࢖ ቍ࢖ܖܔ = 

= ૚ି࢖࢖ඥ࢖
࢖ ࢖࢖) − ࢖࢖ ܖܔ (࢖ = ૚ି࢖࢖ା૚ඥ࢖࢖

࢖ (૚ −  (࢖ܖܔ
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UP.197. Let be ࢌ:ℝ → (૙,∞) continuous such that for ࢈,ࢇ, ࢉ > 0 fixed values: 

(࢞)ࢌ૜ࢇ + (࢟)ࢌ૜࢈ + (ࢠ)ࢌ૜ࢉ = ,࢟,࢞∀,(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ ࢠ ∈ ℝ 

Prove that: 

න(࢞)ࢌ

ࢼ

ࢻ

࢞ࢊ ≥
ࢼ) − ࢇ)(ࢻ + ࢈ + ࢇ√(ࢉ + ࢈ + ࢉ

૜
; (∀)૙ < ߙ ≤  ߚ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

෍ࢇ૜(࢞)ࢌ
ࢉ࢟ࢉ

= (ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ ⇒෍
૜ࢇ

(ࢠ)ࢌ(࢟)ࢌ
ࢉ࢟ࢉ

= ૚ 

⇒ ૚ ≥
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡾࡱࡰࡸࡻࡴ ࢇ) + +࢈ ૜(ࢉ

૜∑ ࢉ࢟ࢉ(࢟)ࢌ(࢞)ࢌ
⇒෍(࢟)ࢌ(࢞)ࢌ

ࢉ࢟ࢉ

≥ +ࢇ) ࢈ +  ૜(ࢉ

⇒ ቌ෍(࢞)ࢌ
ࢉ࢟ࢉ

ቍ

૛

≥ ૜෍(࢟)ࢌ(࢞)ࢌ
ࢉ࢟ࢉ

≥ ࢇ) + ࢈ + ૜(ࢉ ⇒෍(࢞)ࢌ
ࢉ࢟ࢉ

≥ ࢇ) + ࢈ + (ࢉ
૜
૛ 

෍න(࢞)ࢌ

ࢼ

ࢉ࢟ࢉࢻ

࢞ࢊ ≥ ࢇ) + +࢈ (ࢉ
૜
૛න࢞ࢊ

ࢼ

ࢻ

= ࢼ) − +ࢇ)(ࢻ ࢈ + +ࢇ√(ࢉ ࢈ +  ࢉ

⇒ ૜න(࢞)ࢌ

ࢼ

ࢻ

࢞ࢊ ≥ −ࢼ) +ࢇ)(ࢻ ࢈ + ࢇ√(ࢉ + +࢈  ࢉ

∴ ∫ ࢼ(࢞)ࢌ
ࢻ ࢞ࢊ ≥ ࢉା࢈ାࢇ√(ࢉା࢈ାࢇ)(ࢻିࢼ)

૜
 (Proved) 

Solution 2 by Srinivasa Raghava-AIRMC-India 

∫ ࢼ(࢞)ࢌ
ࢻ ࢞ࢊ = −ࢼ) ૜ࢇ√(ࢻ + ૜࢈ + ࢞ ૜ (ifࢉ = ࢟ = ࢠ ⇒ (࢞)ࢌ = ૜ࢇ√ + ૜࢈ + (࢞)ࢌ,૜ࢉ > 0) 

We know that: 

૚
૜

૜ࢇ) + ૜࢈ + (૜ࢉ ≥ ቆ
૚
૜

ࢇ) + ࢈ + ቇ(ࢉ
૜

⇒ ඥࢇ૜ + ૜࢈ + ૜ࢉ ≥
૚
૜

+ࢇ) ࢈ + +ࢇ√(ࢉ ࢈ +  ࢉ

Hence from above, ∫ ࢼ(࢞)ࢌ
ࢻ ࢞ࢊ ≥ (ࢻିࢼ)

૜
ࢇ) + +࢈ +ࢇ√(ࢉ ࢈ +  ࢉ
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Solution 3 by Ravi Prakash-New Delhi-India 

Taking ࢞ = ࢟ = ૜ࢇ) :we get ,ࢠ + ૜࢈ + (࢞)ࢌ(૜ࢉ =  ૜(࢞)ࢌ

As (࢞)ࢌ ≠ ૙, we get: (࢞)ࢌ૛ = ૜ࢇ + ૜࢈ + ૜ࢉ ⇒ (࢞)ࢌ = ૜ࢇ√ + ૜࢈ + (࢞)ࢌ ૜ asࢉ > 0 

Now,  

∫ ࢼ(࢞)ࢌ
ࢻ ࢞ࢊ = ૜ࢇ√ + ૜࢈ + ૜ࢉ ∫ ࢼ࢞ࢊ

ࢻ = ࢼ) − ૜ࢇ√(ࢻ + ૜࢈ +  ૜  (1)ࢉ

But, ࢇ
૜ା࢈૜ାࢉ૜

૜
≥ ቀࢇା࢈ାࢉ

૜
ቁ
૜

 

⇒ ૜ࢇ√ + ૜࢈ + ૜ࢉ ≥ ࢉା࢈ାࢇ√(ࢉା࢈ାࢇ)
૜

   (2) 

From (1), (2), we get: ∫ ࢼ(࢞)ࢌ
ࢻ ࢞ࢊ ≥ ࢉା࢈ାࢇ√(ࢉା࢈ାࢇ)(ࢻିࢼ)

૜
 

 

UP.198. Let ࢔ be a positive integer. Evaluate: 

ܕܑܔ
૙→࢞

૚ − ࢔(࢞ܛܗ܋) (࢞࢔)ܛܗ܋
૛࢞

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Marian Ursărescu-Romania 

ܕܑܔ
૙→࢞

૚ − ܛܗ܋) ࢔(࢞ ⋅ ࢞࢔ܛܗ܋
૛࢞ = ܕܑܔ

૙→࢞

૚ − ܛܗ܋) ࢔(࢞ + ܛܗ܋) ࢔(࢞ − ܛܗ܋) ࢔(࢞ ⋅ ࢞࢔ܛܗ܋
૛࢞  

= ܕܑܔ
૙→࢞

૚ − ܛܗ܋) ࢔(࢞

૛࢞ + ܕܑܔ
૙→࢞

ܛܗ܋) ૚)࢔(࢞ − ܛܗ܋ (࢞࢔
૛࢞ = 

= ܕܑܔ
૙→࢞

(૚ − ૚)(࢞ܛܗ܋ + ܛܗ܋ ࢞ + ⋯+ ܛܗ܋) (૚ି࢔(࢞
૛࢞ + ܕܑܔ

૙→࢞

ܛܗ܋) ࢔(࢞ − ૛ܖܑܛ૛ ૛࢞࢔
૛࢞ = 

= ܕܑܔ
૙→࢞

૛ ૛ܖܑܛ ૛࢞ (૚ + ܛܗ܋ ࢞ + ⋯+ ܛܗ܋) (૚ି࢔(࢞
૛࢞ + ܕܑܔ

૙→࢞

ܛܗ܋) ࢔(࢞ ⋅ ૛ ૛ܖܑܛ ૛࢞࢔
૛࢞  

= ૛ ⋅
૚
૝ ⋅ +࢔ ૛ ⋅

૛࢔

૝ =
࢔
૛ +

૛࢔

૛ =
࢔)࢔ + ૚)

૛  

Solution 2 by Abdul Hafeez Ayinde-Nigeria 

ષ = ܕܑܔ
૙→࢞

ቆ
૚− ܛܗ܋) ࢔(࢞ (࢞࢔)ܛܗ܋

૛࢞ ቇ 
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ષ = ૙
૙
; indeterminate. Applying L’Hospital’s rule. 

ષ = ܕܑܔ
૙→࢞

ቆ
ܛܗ܋) ܖܑܛ࢔)࢔(࢞ (࢞࢔ + ܛܗ܋)࢔ ૚ି࢔(࢞ ܖܑܛ ࢞ ⋅ (࢞࢔)ܛܗ܋

૛࢞ ቇ 

ષ = ૙
૙
. Applying L’Hospital’s rule again. 

ષ = ܕܑܔ
૙→࢞

⎝

⎜
⎜
⎜
⎜
⎜
⎛
ܛܗ܋)࢔− ૚ି࢔(࢞ ܖܑܛ ࢞ ⋅ ܖܑܛ࢔) (࢞࢔ + ܛܗ܋)૛࢔ (࢞࢔ܛܗ܋)࢔(࢞ +

ܛܗ܋))࢔+ ૚ି࢔(࢞ ܛܗ܋ ࢞ ⋅ ((࢞࢔)ܛܗ܋ +
ܖܑܛ ࢞ ܖܑܛ−) ࢞ −࢔) ૚) (࢞࢔)ܛܗ܋ ܛܗ܋) (૛ି࢔(࢞ −

࢔− (࢞࢔)ܖܑܛ ⋅ ܛܗ܋) ૚ି࢔(࢞
૛

⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

ષ = ቆ
૛࢔ + ૚)࢔ + ૙)

૛ ቇ ; 	ષ =
૛࢔ + ࢔
૛  

 

UP.199. Given the triangle ࡯࡮࡭. The internal angle bisectors from ࡯,࡮,࡭ 

meet sides ࡮࡭,࡭࡯,࡯࡮ at ࡭૚  :૚ respectively. Prove that࡯,૚࡮,

ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛

+ 

+
૚ሬሬሬሬሬሬሬሬ⃗࡮࡮൫ܛܗ܋ ૚ሬሬሬሬሬሬሬ⃗࡯࡯, ൯

૛࡭ܛܗ܋
+
૚ሬሬሬሬሬሬሬ⃗࡯࡯൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭, ൯

૛࡮ܛܗ܋
+
૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯

૛࡯ܛܗ܋

= ૙ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Marian Ursărescu – Romania  

We have ܖ܉ܜ ࡭
૛

+ ࡮ܖ܉ܜ
૛

+ ܖ܉ܜ ࡯
૛

= ૝ࡾା࢘
࢙

   (1) 

૚࡭࡭ = ૛ࢉ࢈
૝ାࢉ

⋅ ܛܗ܋ ࡭
૛
⇒ ܛܗ܋ ࡭

૛
= ૚࡭࡭(ࢉା࢈)

૛ࢉ࢈
 and similarly ⇒ 

૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯

૛࡯ܛܗ܋
= ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯

૚࡯࡯(࢈శࢇ)
૛࢈ࢇ

= ૛࢈ࢇ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯
૚࡯࡯(࢈ାࢇ)

= 

=
૛࢈ࢇ

ࢇ) + ૚࡯࡯(࢈
⋅
૚ሬሬሬሬሬሬሬሬ⃗࡭࡭ ⋅ ૚ሬሬሬሬሬሬሬሬ⃗࡮࡮
૚࡭࡭ ⋅ ૚࡮࡮

=
૛࢈ࢇ

૚࡭࡭ ⋅ ૚࡮࡮ ⋅ ࢇ)૚࡯࡯ + (࢈ ⋅
൫࡮࡭࢈ሬሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗࡯࡭ࢉ ൯

࢈ + ࢉ ⋅
൫࡭࡮ࢇሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗࡯࡮ࢉ ൯

ࢇ + ࢉ  



 
www.ssmrmh.ro 

=
૚

ࢇ) + ࢇ)(࢈ + ࢈)(ࢉ + ૚࡯࡯૚࡮࡮૚࡭࡭(ࢉ
൫−૛ࢇ૛࢈૛ࢉ૛ − ૛࢈ࢇ૛࡭࡮ࢉሬሬሬሬሬሬ⃗ ⋅ ሬሬሬሬሬሬ⃗࡯࡮ − ૛ࢇ૛࡯࡭ࢉ࢈ሬሬሬሬሬ⃗ ⋅ ሬሬሬሬሬሬ⃗࡮࡭ + ૛ࢉ࢈ࢇ૛࡭࡯ሬሬሬሬሬ⃗ ⋅ ሬሬሬሬሬሬ⃗࡮࡯ ൯ = 

= −૛ࢉ࢈ࢇ൫ࢉ࢈ࢇ+ ሬሬሬሬሬ⃗࡯࡭ࢇ ⋅ ሬሬሬሬሬሬ⃗࡮࡭ + ሬሬሬሬሬሬ⃗࡭࡮࢈ ⋅ ሬሬሬሬሬሬ⃗࡯࡮ − ሬሬሬሬሬ⃗࡭࡯ࢉ ⋅ ሬሬሬሬሬሬ⃗࡮࡯ ൯   (2) 

From (2) ⇒ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬ⃗࡯࡯, ൯

૛࡭ܛܗ܋
+ ૚ሬሬሬሬሬሬሬሬ⃗࡯࡯൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭, ൯

૛࡮ܛܗ܋
+ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯

૛࡯ܛܗ܋
= 

=
−૛ࢉ࢈ࢇ൫૜ࢉ࢈ࢇ+ ሬሬሬሬሬሬ⃗࡮࡭ࢇ ⋅ ሬሬሬሬሬ⃗࡯࡭ + ሬሬሬሬሬሬ⃗࡭࡮࢈ ⋅ ሬሬሬሬሬሬ⃗࡯࡮ + ሬሬሬሬሬሬ⃗࡮࡯ࢉ ⋅ ሬሬሬሬሬ⃗࡭࡯ ൯

+ࢇ) +ࢇ)(࢈ +࢈)(ࢉ ૚࡯࡯૚࡮࡮૚࡭࡭(ࢉ
= 

=
−૛ࢉ࢈ࢇ(૜ࢉ࢈ࢇ+ ࢇ ൬࢈

૛ + ૛ࢉ − ૛ࢇ
૛ ൰+ ࢈ ൬ࢇ

૛ + ૛ࢉ − ૛࢈
૛ ൰ + ࢉ ൬ࢇ

૛ + ૛࢈ + ૛ࢉ
૛ ൰

+ࢇ) +࢈)(࢈ +ࢇ)(ࢉ ૚࡯࡯૚࡮࡮૚࡭࡭(ࢉ
= 

= ି૛ࢉ࢈ࢇ൫૟ࢉ࢈ࢇା∑ࢉ࢈(࢈ାࢉ)ି∑ࢇ૜൯
૚࡯࡯૚࡮࡮૚࡭࡭(ࢉା࢈)(ࢉାࢇ)(࢈ାࢇ)

   (3) 

But ࢉ࢈ࢇ = ૝(4)  ࢘ࡾ࢙ 

ࢉ࢈∑ ࢈) + (ࢉ = ૛࢙)࢙૛ + ૛࢘ − ૛(5) (࢘ࡾ 

૜ࢇ∑ = ૛࢙)࢙૛ − ૜࢘૛ − ૟(6)   (࢘ࡾ 

and (ࢇ+ +ࢇ)(࢈ +࢈)(ࢉ ૚࡯࡯૚࡮࡮૚࡭࡭(ࢉ = 

= +ࢇ) +ࢇ)(࢈ ࢈)(ࢉ + (ࢉ ⋅
૛ࢉ࢈
࢈ + ࢉ ⋅ ܛܗ܋

࡭
૛ ⋅

૛ࢉࢇ
+ࢇ ࢉ ⋅ ܛܗ܋

࡮
૛ ⋅

૛࢈ࢇ
ࢇ + ࢈ ⋅ ܛܗ܋

࡯
૛ = 

= ૡࢇ૛࢈૛ࢉ૛ ⋅ ܛܗ܋
࡭
૛ ⋅ ܛܗ܋

࡮
૛ ⋅ ܛܗ܋

࡯
૛ = ૡࢇ૛࢈૛ࢉ૛ ⋅

࢙
૝ࡾ = ૛ࢇ૛࢈૛ࢉ૛ ⋅

࢙
ࡾ =

(૝)
 

= ૜૛࢙૛ࡾ૛࢘૛ ࢙
ࡾ

= ૜૛࢙૜࢘ࡾ૛  (7) 

From (3)+(4)+(5)+(6)+(7)⇒ (૚࡯࡯,૚࡮࡮)ܛܗ܋

૛࡭ܛܗ܋
+ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬ⃗࡯࡯, ൯

૛࡮ܛܗ܋
+ ૚ሬሬሬሬሬሬሬሬ⃗࡭࡭൫ܛܗ܋ ૚ሬሬሬሬሬሬሬሬሬ⃗࡮࡮, ൯

૛࡯ܛܗ܋
= − ૝ࡾା࢘

࢙
   (8) 

From (1)+(8)⇒ the relationship is true. 

 

UP.200. If ૙ < ܽ ≤ ܾ then: 

නනනන
࢞) + ࢟ + ࢠ + ࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ(࢚
ඥ࢟࢞+ ඥࢠ࢟ + ࢚ࢠ√ + ࢚࢞√

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤
࢈) + ࢈)૛(ࢇ − ૝(ࢇ

૝࢈ࢇ
 

Proposed by Daniel Sitaru-Romania  

Solution by proposer 

࢟,࢞ ∈  :By Schweitzer inequality . [࢈,ࢇ]
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࢞) + (࢟ ൬
૚
࢞ +

૚
൰࢟ ≤

ࢇ) + ૛(࢈

࢈ࢇ  

࢞) + ૛(࢟

࢟࢞ ≤
+ࢇ) ૛(࢈

࢈ࢇ  

࢞)࢈ࢇ + ૛(࢟ ≤ ࢇ)࢟࢞ +  ૛(࢈

࢞)࢈ࢇ√ + (࢟ ≤ ඥࢇ)࢟࢞+  (1)   (࢈

Analogous: 

+࢟)࢈ࢇ√ (ࢠ ≤ ඥࢇ)ࢠ࢟+  (2)  (࢈

+ࢠ)࢈ࢇ√ (࢚ ≤ ࢇ)࢚ࢠ√ +  (3)  (࢈

+࢚)࢈ࢇ√ (࢞ ≤ ࢇ)࢚࢞√ +  (4)  (࢈

By adding (1); (2); (3); (4): 

૛√࢞)࢈ࢇ+ ࢟ + ࢠ + (࢚ ≤ ࢇ) + ࢟࢞൫ඥ(࢈ + ඥࢠ࢟ + ࢚ࢠ√ +  ൯࢚࢞√

࢞ + ࢟ + ࢠ + ࢚
ඥ࢟࢞ + ඥࢠ࢟+ ࢚ࢠ√ + ࢚࢞√

≤
ࢇ + ࢈
૛√࢈ࢇ

= 

=
+ࢇ ࢈
૛ ⋅

૚
࢈ࢇ√

≤
ࡹࡴିࡹࡳ ࢇ + ࢈

૛ ⋅
૚
૛

૚
+ࢇ ૚

࢈

=
ࢇ + ࢈
૛ ⋅

૚
૛࢈ࢇ
ࢇ + ࢈

=
+ࢇ) ૛(࢈

૝࢈ࢇ  

࢞ + ࢟ + ࢠ + ࢚
ඥ࢟࢞ + ඥࢠ࢟ + ࢚ࢠ√ + ࢚࢞√

≤
ࢇ) + ૛(࢈

૝࢈ࢇ  

නනනන
࢞) + ࢟ + ࢠ + ࢚ࢊ	ࢠࢊ	࢟ࢊ	࢞ࢊ(࢚
ඥ࢟࢞ + ඥࢠ࢟ + ࢚ࢠ√ + ࢚࢞√

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ 

≤ නනනන
+ࢇ) ૛(࢈

૝࢈ࢇ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

ࢠࢊ
࢈

ࢇ

࢚ࢊ =
+࢈) −࢈)૛(ࢇ ૝(ࢇ

૝࢈ࢇ  

UP.201. Calculate the integral: ∫ ܖ܉ܜ܋ܚ܉ ࢞
૛ା૚࢞૝ି࢞

ஶ
૙  It is required to express the .࢞ࢊ

integral value with the usual mathematical constants and ࣒૚ ቀ
૚
૜
ቁ, where 

 .is the trigamma function (࢞)૚࣒

Proposed by Vasile Mircea Popa – Romania 
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Solution by Pedro Nagasava-Brazil 

∫ (࢞)ܖ܉ܜ܋ܚ܉
૛ା૚࢞૝ି࢞

ஶ
૙ ࡵ :Rewriting the integral .࢞ࢊ = ∫ ∫ ࢞

൫࢞૝ି࢞૛ା૚൯൫૚ା࢟૛࢞૛൯
૚
૙

ஶ
૙  ࢞ࢊ	࢟ࢊ

Using Fubini-Tonelli Theorem, it is possible to switch the order of integration: 

ࡵ = නන
࢞

૝࢞) − ૛࢞ + ૚)(૚ + (૛࢞૛࢟

ஶ

૙

࢞ࢊ
૚

૙

 ࢟ࢊ

Let ࢞૛ = ࡵ :ࢠ = ૚
૛ ∫ ∫ ૚

൫ࢠ૛ିࢠା૚൯൫૚ା࢟ࢠ૛൯
ஶࢠࢊ

૙
૚
૙ ࢟ࢊ = 

=
૚
૛න

૚
૝࢟ + ૛࢟ + ૚

૚

૙

න ቈ
ࢠ૛࢟−

૛ࢠ − ࢠ + ૚ +
૛࢟ + ૚

૛ࢠ − ࢠ + ૚ +
૝࢟

૚ + ૛቉࢟ࢠ ࢠࢊ
ஶ

૙

 ࢟ࢊ

ࡵ =
૚
૛න

૚
૝࢟ + ૛࢟ + ૚

૚

૙

න ൦−
૛࢟

૛ ൬
૛ࢠ − ૚

૛ࢠ − ࢠ + ૚൰+
૛࢟
૛ + ૚

૛ࢠ − +ࢠ ૚ +
૝࢟

૚ + ૛࢟ࢠ
൪ ࢠࢊ

ஶ

૙

 ࢟ࢊ

ࡵ =
૚
૛න

૚
૝࢟ + ૛࢟ + ૚૙

ஶ૚

૙

ቈ࢟૛ ܏ܗܔ ቆ
૚ + ૛࢟ࢠ

૛ࢠ√ − +ࢠ ૚
ቇ+

૛
√૜

ቆ
૛࢟

૛ + ૚ቇ ܖ܉ܜ܋ܚ܉ ൬
૛ࢠ − ૚
√૜

൰቉  ࢟ࢊ

ࡵ = න
૛࢟ (࢟)܏ܗܔ
૝࢟ + ૛࢟ + ૚࢟ࢊ

૚

૙

+
࣊
૜√૜

න
૛࢟ + ૛

૝࢟ + ૛࢟ + ૚

૚

૙

 ࢟ࢊ

Considering the following function to evaluate the first integral: 

(࢔)ࢌ = න
࢔࢟

૝࢟ + ૛࢟ + ૚

૚

૙

⋅
૚ − ૛࢟

૚ − ૛࢟ ࢟ࢊ = න
࢔࢟ − ା૛࢔࢟

૚ − ૟࢟

૚

૙

࢟ࢊ = ෍න൫࢔࢟ା૟࢑ − ା૛൯࢑ା૟࢔࢟
૚

૙

ஶ

ୀ૙࢑

 ࢟ࢊ

(࢔)ࢌ = ∑ ቀ ૚
ା૚࢑ା૟࢔

− ૚
ା૜࢑ା૟࢔

ቁஶ
ୀ૙࢑ . Therefore: 

ᇱ(૛)ࢌ = න
૛࢟ (࢟)܏ܗܔ
૝࢟ + ૛࢟ + ૚

૚

૙

࢟ࢊ = ෍൬−
૚

(૟࢑+ ૜)૛ +
૚

(૟࢑ + ૞)૛൰
ஶ

ୀ૙࢑

= 

= −
ቀ૚ − ૚

૝ቁࣀ(૛)

ૢ +
(૚)࣒ ቀ૞૟ቁ
૜૟  

For the second integral, notice that it can be rewritten as: 
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࣊
૜√૜

න
૛࢟ + ૛

૝࢟ + ૛࢟ + ૚

૚

૙

࢟ࢊ =
࣊
૜√૜

቎න
࢟ࢊ

૝࢟ + ૛࢟ + ૚

ஶ

૙

+ න
࢟ࢊ

૝࢟ + ૛࢟ + ૚

૚

૙

቏ 

Evaluating the indefinite integral: 

න
࢟ࢊ

૝࢟ + ૛࢟ + ૚ =
૚
૛
⎣
⎢
⎢
⎡
න

૚ + ૚
૛࢟

ቀ࢟ − ૚
ቁ࢟

૛
+ ૜

࢟ࢊ − න
૚− ૚

૛࢟

ቀ࢟ + ૚
ቁ࢟

૛
− ૚

࢟ࢊ

⎦
⎥
⎥
⎤
 

න
࢟ࢊ

૝࢟ + ૛࢟ + ૚ =
૚
૛
൦
૚
√૜

ܖ܉ܜ܋ܚ܉ ൦
ቀ࢟ − ૚

ቁ࢟

√૜
൪ +

૚
૛ ܏ܗܔ ቤ

૛࢟ + ࢟ + ૚
૛࢟ + ࢟ − ૚ቤ

൪ 

Therefore: ࣊
૜√૜

∫ ૛ା૛࢟
૛ା૚࢟૝ା࢟

૚
૙ ࢟ࢊ = ࣊

૟√૜
ቂ࣊√૜
૛

+ (૜)܏ܗܔ
૛

ቃ 

Gathering all results: ∫ (࢞)ܖ܉ܜ܋ܚ܉
૛ା૚࢞૝ି࢞

ஶ
૙ ࢞ࢊ = ૞࣊૛

ૠ૛
+ ࣊

૚૛√૜
(૜)܏ܗܔ +

ቀ૞૟ቁ(૚)࣒

૜૟
 

 

UP.202. Prove that: 

શ૚ ൬
૞
૚૛
൰ =

૜૛ − ૟√૜
૜

૛࣊ + ૝૙ࡳ − ૚૙શ૚ ൬
૚
૜
൰ 

શ૚ ൬
૚૚
૚૛
൰ =

૜૛ + ૟√૜
૜

૛࣊ − ૝૙ࡳ − ૚૙શ૚ ൬
૚
૜
൰ 

where શ૚(࢞) is the trigamma function and ࡳ is the Catalan’s constant. 

Proposed by Vasile Mircea Popa – Romania  

Solution by Dawid Bialek-Poland 

શ(૚) ൬
૚૚
૚૛൰ =

૜૛
૜ ૛࣊ + ૛√૜࣊૛ − ૝૙ࡳ − ૚૙શ(૚) ൬

૚
૜൰ 

−શ(૚) ൬
૞
૚૛൰ =

૜૛
૜ ૛࣊ − ૛√૜࣊૛ + ૝૙ࡳ− ૚૙શ(૚) ൬

૚
૜൰ 

−− −−− −− −− −− −− −− −− − −− −− − 

શ(૚) ቀ૚૚
૚૛
ቁ − શ(૚) ቀ ૞

૚૛
ቁ = ૝√૜࣊૛ − ૡ૙(1)      ࡳ 

To prove (1), we consider the known values of trigamma: 
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શ(૚) ቀ૚
૝
ቁ = ૛࣊ + ૡࡳ			શ(૚) ቀ૜

૝
ቁ = ૛࣊ − ૡ(2)     ࡳ 

Let’s apply the following triplication formula for trigamma function શ(૚) ቀ૚
૝
ቁ: 

ૢશ(૚)(૜࢞) = શ(૚)(࢞) + શ(૚) ൬࢞ +
૚
૜൰+ શ(૚) ൬࢞ +

૛
૜൰ 

Then, we get: ૢશ(૚) ቀ૚
૝
ቁ = શ(૚) ቀ ૚

૚૛
ቁ + શ(૚) ቀ ૞

૚૛
ቁ + શ(૚) ቀ ૢ

૚૛
ቁ 

શ(૚) ቀ ૚
૚૛
ቁ+ શ(૚) ቀ ૞

૚૛
ቁ = ૢશ(૚) ቀ૚

૝
ቁ −શ(૚) ቀ૜

૝
ቁ    (3) 

Using the reflection formula for શ(૚) ቀ ૚
૚૛
ቁ, we get: 

શ(૚) ቀ ૚
૚૛
ቁ = ૛࣊

૛ቀܖܑܛ ૚૛ቁ࣊
−શ(૚) ቀ૚૚

૚૛
ቁ = ૡ࣊૛ + ૝√૜࣊૛ −શ(૚) ቀ૚૚

૚૛
ቁ   (4) 

Rewriting (3) with (2), (4), we get:  

ૡ࣊૛ + ૝√૜࣊૛ −શ(૚) ൬
૚૚
૚૛൰ + શ(૚) ൬

૞
૚૛൰ = ૛࣊]ૢ + ૡࡳ] ૛࣊− + ૡࡳ 

શ(૚) ൬
૚૚
૚૛൰− શ(૚) ൬

૞
૚૛൰ = ૛࣊ૢ− − ૡ૙ࡳ + ૛࣊ + ૡ࣊૛ + ૝√૜࣊૛ = ૝√૜࣊૛ − ૡ૙ࡳ 

Where ࡳ – Catalan’s constant. 

 

UP.203. Given a triangle ࡯࡮࡭ with incenter ࡵ. The lines ࡵ࡯,ࡵ࡮,ࡵ࡭ meet the 

sides ࡮࡭,࡭࡯,࡯࡮ at ࡭ᇱ,࡮ᇱ,࡯ᇱ and meet the circumcircle at the second points 

 :૚ respectively. Prove that࡯,૚࡮,૚࡭

(a) ࡵ࡭
ᇲ࡭࡭

+ ࡵ࡮
ᇲ࡮࡮

+ ࡵ࡯
ᇲ࡯࡯

= ૛, 

(b) ࡭૚ࡵ
ࡵ࡭

+ ࡵ૚࡮
ࡵ࡮

+ ࡵ૚࡯
ࡵ࡯

= ૛ࡾ
࢘
− ૚ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution 1 by Marian Ursărescu-Romania 

 

a) In ઢ࡯࡮࡭ from bisector theorem ⇒ ᇲ࡭࡮

࡯࡭
= ࢉ

࢈
⇒ ᇲ࡭࡮

ࢇ
= ࢉ

ࢉା࢈
⇒ ᇱ࡭࡮ = ࢉࢇ

ࢉା࢈
 

In ઢ࡭࡭࡮ᇱ ⇒ ࡵ࡭
ᇲ࡭ࡵ

= ࢉ
ᇲ࡭࡮

= ࢉା࢈
ࢇ
⇒ ࡵ࡭

ᇲ࡭ࡵ
= ࢉା࢈

ࢉା࢈ାࢇ
 and similarly ⇒ 

⇒
ࡵ࡭
ᇱ࡭࡭ +

ࡵ࡮
ᇱ࡮࡮ +

ࡵ࡯
ᇱ࡯࡯ =

࢈ + ࢉ + ࢇ + ࢉ + ࢇ + ࢈
ࢇ + +࢈ ࢉ = ૛ 

b) (ࡵ)ࣆ = ࡵ࡭− ⋅ ࡵ࡭ = ૛ࡵࡻ ૛ࡾ− ⇒ ࡵ૚࡭ = ૛ࡵࡻ૛ିࡾ

ࡵ࡭
= ࢘ࡾ૛ା૛ࡾ૛ିࡾ

࢘

૛࡭ܖܑܛ

⇒ 

⇒ ࡵ૚࡭ = ૛ࡾ ܖܑܛ ࡭
૛
 and similarly ⇒ 

⇒ ࡵ૚࡭
ࡵ࡭

+ ࡵ૚࡮
ࡵ࡮

+ ࡵ૚࡯
ࡵ࡯

= ૛ࡾ
࢘
ቀܖܑܛ૛ ࡭

૛
+ ૛ܖܑܛ ࡮

૛
+ ૛ܖܑܛ ࡯

૛
ቁ   (1). But ∑ܖܑܛ૛ ࡭

૛
= ૚ − ࢘

૛ࡾ
   (2) 

From (1)+(2)	⇒ ࡵ૚࡭
ࡵ࡭

+ ࡵ૚࡮
ࡵ࡮

+ ࡵ૚࡯
ࡵ࡯

= ૛ࡾ
࢘
ቀ૚ − ࢘

૛ࡾ
ቁ = ૛ࡾ

࢘
− ૚ 

Solution 2 by Tran Hong-Dong Thap-Vietnam  

a) ࡭࡮
ᇲ

ᇲ࡯ᇲ࡭
= ࢉ

࢈
ᇱ࡭࡮; + ࡯ᇱ࡭ =  ࢇ

ᇱ࡭࡮ =
ࢉࢇ
࢈ + ࢉ ࡯ᇱ࡭; =

ࢉ࢈
+࢈ ࢉ ∵

ᇱ࡭࡮

ࡵ࡭ =
ᇱ࡭࡮

࡭࡮ =
ࢉࢇ

+࢈)ࢉ (ࢉ =
ࢇ

࢈ +  ࢉ

ᇱ࡭࡭

ࡵ࡭ =
ࡵ࡭ + ᇱ࡭ࡵ

ࡵ࡭ = ૚ +
ࢇ

+࢈ ࢉ =
ࢇ + +࢈ ࢉ
࢈ + ࢉ  

ࡵ࡭
ᇲ࡭࡭

= ࢉା࢈
ࢉା࢈ାࢇ

   (etc) 

⇒
ࡵ࡭
ᇱ࡭࡭ +

ࡵ࡮
ᇱ࡮࡮ +

ࡵ࡯
ᇱ࡯࡯ =

+࢈) (ࢉ + +ࢇ) (ࢉ + +ࢇ) (࢈
ࢇ + ࢈ + ࢉ =

૛(ࢇ+ ࢈ + (ࢉ
ࢇ + ࢈ + ࢉ = ૛ 

b) ࡭࡭ᇱ ⋅ ૚࡭ᇱ࡭ = ᇱ࡭࡮ ⋅ ࡯ᇱ࡭ ⇒ ૚࡭ᇱ࡭ = ࡯ᇲ࡭⋅ᇲ࡭࡮
ᇲ࡭࡭
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ࡵ૚࡭ = ࡵᇱ࡭ + ૚࡭ᇱ࡭ =
ࢇ

+ࢇ ࢈ + ࢉ ⋅ ࡭࡭	
ᇱ +

࢈ + ࢈ࢉ + ࢉ
ᇱ࡭࡭ =

ࢇ
ࢇ + ࢈ + ࢉ ⋅ ࡭࡭

ᇱ +
૛ࢇࢉ࢈

࢈) + ૛(ࢉ ⋅
૚
 ᇱ࡭࡭

⇒
ࡵ૚࡭
ࡵ࡭ =

ࢇ
+ࢇ ࢈ + ࢉ ⋅

ᇱ࡭࡭

ࡵ࡭ +
(૜ࢇࢉ࢈)

+࢈) ૛(ࢉ ⋅
૚

ᇱ࡭࡭ ⋅  ࡵ࡭

=
ࢇ

+ࢇ ࢈ + ࢉ ⋅
ࢇ + ࢈ + ࢉ
࢈ + ࢉ +

(૛ࢇࢉ࢈)
࢈) + ૛(ࢉ ⋅

૚
+࢈ ࢉ

+ࢇ ࢈ + ࢉ ⋅ ࡮࡭
૛

 

=
ࢇ

࢈ + ࢉ +
+ࢇ)(૛ࢇࢉ࢈) ࢈ + (ࢉ

࢈) + ૛࡮࡭૜(ࢉ =
ࢇ

࢈ + ࢉ +
+ࢇ)(૛ࢇࢉ࢈) ࢈ + (ࢉ

+࢈) ૜(ࢉ ⋅
࢈) + ૛(ࢉ

૛ࢇ)ࢉ࢈+ ࢈ + ࢈)(ࢉ −  (ࢇ

=
ࢇ

࢈ + ࢉ +
૛ࢇ

૛(࢈ + ࢙)(ࢉ − (ࢇ =
ࢇ

+࢈ ࢉ +
ࢇ

૛(࢙ − (ࢇ =
ࢇ

࢈ + ࢉ ⋅
૛࢙ − ࢇ
૛(࢙ −  (ࢇ

= ࢇ
ࢉା࢈

⋅ ࢉା࢈
૛(ࢇି࢙)

= ࢇ
૛(ࢇି࢙)

. Similarly: ࡮૚ࡵ
ࡵ࡮

= ࢈
૛(࢈ି࢙)

; ࡵ૚࡯
ࡵ࡯

= ࢉ
૛(ࢉି࢙)

 

⇒ ࡵ૚࡭
ࡵ࡭

+ ࡵ૚࡮
ࡵ࡮

+ ࡵ૚࡯
ࡵ࡯

= ૚
૛
⋅ ቂ ࢇ

ࢇି࢙
+ ࢈

࢈ି࢙
+ ࢉ

ࢉି࢙
ቃ = ૚

૛
ቂ૝ିࡾ૛࢘

࢘
ቃ = ૛ࡾ

࢘
− ૚ Proved 

 

UP.204. Let (࢔ࢇ)࢔ஹ૚ be a positive real sequence such that  

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇశ૚࢚࢔

= ࢇ ∈ ℝା
∗ , where ࢚ is a positive integer. Compute: 

ܕܑܔ
ஶ→࢔

૚
ඥ࢔࢔ࢇ ෍[࢚࢑ ⋅ [࢈

࢔

ୀ૚࢑

 

where ࢈ ∈ ℝ; we denote by [࢞] the integer part of ࢞. 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

ࡸ = ஶ→࢔ܕܑܔ
૚
ඥ࢔࢔ࢇ ⋅ ∑ ࢔[࢈࢚࢑]

ୀ૚࢑ = ஶ→࢔ܕܑܔ
శ૚࢚࢔

ඥ࢔࢔ࢇ ⋅ ૚
శ૚࢚࢔

⋅ ∑ ࢔[࢈࢚࢑]
ୀ૚࢑    (1) 

ஶ→࢔ܕܑܔ
∑ ࢔൧࢈࢚࢑ൣ
స૚࢑
శ૚࢚࢔

.ࡿ.࡯= ஶ→࢔ܕܑܔ
൧࢈࢚(ା૚࢔)ൣ

శ૚࢚࢔శ૚ି࢚(ା૚࢔)
= ஶ→࢔ܕܑܔ

൧࢈࢚(ା૚࢔)ൣ
శ૚࢚࡯
૚ శ૚࢚࡯ା⋯ା࢚࢔

శ૚࢚ = ࢈
ା૚࢚

  (2), because 

+࢔) ૚)࢈࢚ − ૚ < +࢔)] ૚)࢈࢚] ≤ ࢔) + ૚)࢈࢚ ⇒
+࢔) ૚)࢈࢚− ૚
࢈ା૚࢚࡯ ࢚࢔ + ⋯

<
+࢔)] ૚)࢈࢚]
࢈ା૚࢚࡯ ࢚࢔ + ⋯

≤
+࢔) ૚)࢈࢚
࢈ା૚࢚࡯ ࢚࢔ + ⋯

 

ܕܑܔ
ஶ→࢔

ା૚࢚࢔

ඥ࢔࢔ࢇ = ܕܑܔ
ஶ→࢔

ඨ
(ା૚࢚)࢔࢔

࢔ࢇ

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔

࢔) + ૚)(࢔ା૚)(࢚ା૚)

ା૚࢔ࢇ
⋅

࢔ࢇ
(ା૚࢚)࢔࢔ = 
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= ܕܑܔ
ஶ→࢔

࢔) + ૚)࢔(࢚ା૚)

(ା૚࢚)࢔࢔ ⋅
+࢔) ૚)࢚ା૚࢔ࢇ

ା૚࢔ࢇ
= ܕܑܔ

ஶ→࢔
ቆ൬
࢔ + ૚
࢔ ൰

࢔

ቇ
ା૚࢚

⋅
+࢔) ૚)࢚ା૚

ା૚࢚࢔ ⋅
࢔ࢇା૚࢚࢔
ା૚࢔ࢇ

= 

= ା૚࢚ࢋ ⋅ ૚ ⋅ ૚
ࢇ

= శ૚࢚ࢋ

ࢇ
   (3) 

From (1)+(2)+(3)⇒ ࡸ = ࢈
ࢇ
⋅ ࢋ

శ૚࢚

ା૚࢚
 

Solution 2 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

ା૚࢚࢔

ඥ࢔࢔ࢇ ⋅
૚

ା૚෍࢚࢔
[࢈࢚࢑]

࢔

ୀ૚࢑

= ܕܑܔ
ஶ→࢔

ା૚࢚࢔

ඥ࢔࢔ࢇ ⋅ ܕܑܔ
ஶ→࢔

∑ ࢔[࢈࢚࢑]
ୀ૚࢑

ା૚࢚࢔ = 

= ܕܑܔ
ஶ→࢔

ቆ
࢔(ା૚࢚)࢔

࢔ࢇ
ቇ

૚
࢔
⋅ ܕܑܔ
ஶ→࢔

∑ ࢔[࢈࢚࢑]
ୀ૚࢑

ା૚࢚࢔ = ܕܑܔ
ஶ→࢔

ࢋ
࢔ቆܖܔ

࢔(శ૚࢚)

࢔ࢇ
ቇ

࢔ ܕܑܔ
ஶ→࢔

∑ ࢔[࢈࢚࢑]
ୀ૚࢑

ା૚࢚࢔ = 

࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ܕܑܔ
ஶ→࢔

ቌ൬
࢔ + ૚
࢔ ൰

(ା૚࢚)࢔

⋅
૚

ା૚࢔ࢇ
࢔ࢇା૚࢚࢔

ቍ ⋅ ܕܑܔ
ஶ→࢔

∑ ࢔[࢈࢚࢑]
ୀ૚࢑

ା૚࢚࢔ = ା૚࢚ࢋ ⋅
૚
ࢇ ⋅ ஶ→࢔ܕܑܔ

∑ ࢔[࢈࢚࢑]
ୀ૚࢑

ା૚࢚࢔ = 

࢕࢘ࢇ࢙ࢋ࡯	ࢠ࢒࢕࢚ࡿ= ା૚࢚ࢋ

ࢇ ⋅ ܕܑܔ
ஶ→࢔

࢔)] + ૚)࢈࢚]
࢔) + ૚)࢚ା૚ − ା૚࢚࢔ =

ା૚࢚ࢋ

ࢇ ⋅ ܕܑܔ
ஶ→࢔

+࢔)] ૚)࢈࢚]

ା૚࢚࢔ ቆቀ࢔+ ૚
࢔ ቁ

ା૚࢚
− ૚ቇ

= 

= శ૚࢚ࢋ

ࢇ
⋅ ஶ→࢔ܕܑܔ

൧࢈࢚(ା૚࢔)ൣ

࢔శ૚࢔൬ቀ࢚࢔ ቁ
૙
ା⋯ାቀ࢔శ૚࢔ ቁ

࢚
൰

= శ૚࢚ࢋ

(ା૚࢚)ࢇ
⋅ ஶ→࢔ܕܑܔ

൧࢈࢚(ା૚࢔)ൣ
࢚࢔

   (1) 

࢔) + ૚)࢈࢚− ૚
࢚࢔ <

࢔)] + ૚)࢈࢚]
࢚࢔ <

+࢔) ૚)࢈࢚
࢚࢔ ; ܕܑܔ

ஶ→࢔

+࢔) ૚)࢈࢚ − ૚
࢚࢔ = ܕܑܔ

ஶ→࢔
൬
࢔ + ૚
࢔ ൰

࢚

࢈ =  ࢈

ܕܑܔ
ஶ→࢔

+࢔) ૚)࢈࢚
࢚࢔ = ࢈ ⇒ ܕܑܔ

ஶ→࢔

࢔)] + ૚)࢈࢚]
࢚࢔ = ࢈ ⇒

(૚)
ષ =

࢈
ࢇ ⋅

ା૚࢚ࢋ

࢚ + ૚ 

 

UP.205. Compute: 

ܕܑܔ
ஶ→࢔

ቆܕܑܔ
ஶ→࢔

ቆ൫ડ(࢞+ ૛)൯
࢔ࡲ

శ૚࢔ࡲ(ା૚࢞) − ൫ડ(࢞ + ૚)൯
࢔ࡲ

࢞శ૚ቇ࢔ࡲ࢞
ష૚࢔ࡲ
 శ૚ቇ࢔ࡲ

where (࢔ࡲ)࢔ஹ૙ ૙ࡲ, = ૙,ࡲ૚ = ૚,࢔ࡲା૛ = ା૚࢔ࡲ + ࢔ࡲ ࢔∀, ∈ ℕ is the Fibonacci 

sequence. 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
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Solution 1 by Srinivasa Raghava-AIRMC-India 

Let (࢔)ࢇ = ቆડ(࢔ା૛)
૚

శ૚࢔

ડ(࢔ା૚)
૚
࢔
ቇ

࢔ࡲ
శ૚࢔ࡲ

 for ࢔ = ૚,૛,૜… then we see that ࢔ܕܑܔ→ஶ (࢔)ࢇ = ૚ ⇒ 

⇒ ܕܑܔ
ஶ→࢔

(࢔)ࢇ − ૚
൯(࢔)ࢇ൫܏ܗܔ

= ૚ 

ஶ→࢔ܕܑܔ ࢔(࢔)ࢇ = ஶ→࢔ܕܑܔ ቆ
࢔

(ା૚࢔)
⋅ (ା૚࢔)

!(ା૚࢔)
૚

శ૚࢔
ቇ

࢔ࡲ
శ૚࢔ࡲ

= ࢋ
૚
ࣘ → ቀ࢔ܕܑܔ→ஶ

శ૚࢔ࡲ
࢔ࡲ

= ࣘቁ   (ࣘ = Golden 

Ratio) 

Hence, we have: 

ܕܑܔ
ஶ→࢔

൭ܕܑܔ
ஶ→࢞

࢞
ష૚࢔ࡲ
శ૚࢔ࡲ ቆડ(࢞ + ૛)

࢔ࡲ
శ૚࢔ࡲ(ା૚࢞) − ડ(࢞ + ૚)

࢔ࡲ
శ૚ቇ൱࢔ࡲ࢞ = ࢋ

૚
ࣘ ܏ܗܔ ቆࢋ

૚
ࣘቇ =

ࢋ
૚
ࣘ

ࣘ
= ૚.૚૝૟૟૛… 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢞ܕܑܔ
ඥડ(࢞ା૚)࢞

࢞
= ஶ→࢔ܕܑܔ

ℕ∋࢔

࢔!࢔√

࢔
= ஶ→࢔ܕܑܔ

࢔!࢔√

࢔
= ૚

ࢋ
. Let ࢔࢛ = ൬ ඥડ(࢔ା૛)࢔శ૚

ඥડ(࢔ା૚)࢔ ൰
࢔ࡲ

శ૚࢔ࡲ  for all ࢔ ∈ ℕ 

Now, ࢔ܕܑܔ→ஶ ࢔࢛ = ஶቌ→࢔ܕܑܔ
ඥડ(࢔శ૛)࢔శ૚

శ૚࢔
ඥડ(࢔శ૚)࢔

࢔

ቀ૚ + ૚
࢔
ቁቍ

࢔ࡲ
శ૚࢔ࡲ

= ૚, then ି࢔࢛૚
ܖܔ ࢔࢛

→ ૚ as ࢔ → ∞ 

ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

ቆ
ડ(࢔ + ૛)
ડ(࢔ + ૚) ⋅

૚
࢔ + ૚ ⋅

࢔ + ૚
ඥડ(࢔ + ૛)࢔శ૚ ቇ

࢔ࡲ
శ૚࢔ࡲ

= ܕܑܔ
ஶ→࢔

ቆ
࢔

+࢔ ૚ ⋅
࢔ + ૚
ඥ(࢔ + ૚)!࢔శ૚ ቇ

࢔ࡲ
శ૚࢔ࡲ

 

= ࢋ
૚
ஶ→࢔ܕܑܔ where ࣐

శ૚࢔ࡲ
࢔ࡲ

=  ࣐

∴ ܕܑܔ
ஶ→࢔

൭ቆܕܑܔ
ஶ→࢞

൫(ડ(࢞ + ૛)൯
࢔ࡲ

శ૚࢔ࡲ(ା૚࢞) − ൫ડ(࢞+ ૚)൯
࢔ࡲ

࢞శ૚ቇ࢔ࡲ࢞
ష૚࢔ࡲ
 శ૚൱࢔ࡲ

= ܕܑܔ
ஶ→࢔

ቆ
ડ(࢔ + ૚)

࢔ ቇ

࢔ࡲ
శ૚࢔ࡲ

⋅
࢔࢛ − ૚
ܖܔ ࢔࢛

⋅ ܖܔ ࢔࢔࢛ = ࢋ
૚
࣐ ⋅ ૚ ⋅ ࢋܖܔ

૚
࣐ =

ࢋ
૚
࣐

࣐  
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Solution 3 by Tobi Joshua-Nigeria 

ࡵ = ܕܑܔ
ஶ→࢔

ቌܕܑܔ
ஶ→࢞

൭ቆ൫ડ(࢞+ ૛)൯
࢔ࡲ

శ૚ቇ࢔ࡲ(ା૚࢞) − ቆ൫ડ(࢞+ ૚)൯
࢔ࡲ

࢞శ૚ቇ൱ቆ࢔ࡲ(࢞)
ష૚࢔ࡲ
 శ૚ቇቍ࢔ࡲ

Consider ࢔ࡲା૛ − ା૚࢔ࡲ − ࢔ࡲ = ૙ ⇒ ࢔ࡲ = ࢔૚ࣅ࡭ + ࢔૛ࣅ࡮ + ࢔∀⋯ ≥ ૙ ⇒ ૛ࣅ − ࣅ − ૚ = ૙ 

⇒ ቆࣅ −
૚ + √૞
૛ ቇቆࣅ +

૚ − √૞
૛ ቇ = ૙ ⇒ ૚ࣅ =

√૞ − ૚
૛ , ૛ࣅ =

√૞ + ૚
૛  

࢔ࡲ = ቀ√૞ି૚࡭
૛
ቁ
࢔

+ ቀ√૞ା૚࡮
૛
ቁ
࢔

, using ࡲ૙ = ૙,ࡲ૚ = ૚ 

࡭ = −૚,࡮ = ૚ ⇒ ࢔ࡲ = −ቀ√૞ି૚
૛
ቁ
࢔

+ ቀ√૞ା૚
૛
ቁ
࢔

 then ⇒ ା૚࢔ࡲ = −ቀ√૞ି૚
૛
ቁ
ା૚࢔

+ ቀ√૞ା૚
૛
ቁ
ା૚࢔

 

and ⇒ ૚ି࢔ࡲ = −ቀ√૞ି૚
૛
ቁ
૚ି࢔

+ ቀ√૞ା૚
૛
ቁ
૚ି࢔

. Now,  

ܕܑܔ
ஶ→࢔

࢔ࡲ
ା૚࢔ࡲ

=
−ቆ√૞ − ૚

૛ ቇ
࢔

+ ቆ√૞ + ૚
૛ ቇ

࢔

−ቆ√૞ − ૚
૛ ቇ

ା૚࢔

+ ቆ√૞ + ૚
૛ ቇ

ା૚࢔ = ቆ
√૞ + ૚
૛ ቇ =  ࣐

Then  

ࡵ = ܕܑܔ
ஶ→࢔

ቌܕܑܔ
ஶ→࢞

൭ቆ൫ડ(࢞+ ૛)൯
࢔ࡲ

శ૚ቇ࢔ࡲ(ା૚࢞) − ቆ൫ડ(࢞+ ૚)൯
࢔ࡲ

࢞శ૚ቇ൱ቆ࢔ࡲ(࢞)
ష૚࢔ࡲ
 శ૚ቇቍ࢔ࡲ

since ࢔ࡲା૚ − ࢔ࡲ = ૚ି࢔ࡲ 	⊕ 

ࡵ = ܕܑܔ
ஶ→࢞

൮ܕܑܔ
ஶ→࢔

൮൭
ඥડ(࢞ + ૛)࢞శ૚

ඥડ(࢞ + ૚)࢞
൱

࢔ࡲ
శ૚࢔ࡲ

− ૚൲൲× ܕܑܔ
ஶ→࢞

൮ܕܑܔ
ஶ→࢔

൮൭
ඥડ(࢞ + ૚)࢞శ૚

࢞
൱

࢔ࡲ
శ૚࢔ࡲ

൲൲ ×  ࢞

ࡵ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎜
⎜
⎜
⎛

ܕܑܔ
ஶ→࢞

⎝

⎜
⎜
⎜
⎜
⎛

ቆ ඥડ(࢞+ ૛)࢞శ૚

ඥડ(࢞ + ૚)࢞ ቇ

࢔ࡲ
శ૚࢔ࡲ

− ૚

൮ቆ܏ܗܔ ඥડ(࢞ + ૛)࢞శ૚

ඥડ(࢞ + ૚)࢞ ቇ

࢔ࡲ
శ૚࢔ࡲ

൲

⎠

⎟
⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎞

× ܕܑܔ
ஶ→࢔

൮ܕܑܔ
ஶ→࢞

൮൭
ඥડ(࢞ + ૚)࢞శ૚

࢞ ൱

࢔ࡲ
శ૚࢔ࡲ

൲൲ × 
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× ܕܑܔ
ஶ→࢔

൮ܕܑܔ
ஶ→࢞

൮܏ܗܔ൮൭
ඥડ(࢞ + ૛)࢞శ૚

ඥડ(࢞ + ૚)࢞
൱

࢔ࡲ
శ૚࢔ࡲ

൲൲

࢞

൲ 

ࡵ = ૚ × ܕܑܔ
ஶ→࢔

ቆࢋ
࢔ࡲ
శ૚ቇ࢔ࡲ × ܏ܗܔ ܕܑܔ

ஶ→࢔
൭ቆࢋ

࢔ࡲ
శ૚ቇ൱࢔ࡲ ; ࡵ	 = ቆࢋ

૚
ቇ࣐ × ܏ܗܔ ቆࢋ

૚
ቇ࣐ =

ࢋ
૚
࣐

࣐ ; ࡵ	 =
૛ࢋ

√૞ି૚
૛

√૞ + ૚
 

 

Compute: 

ܕܑܔ
ஶ→࢔

൭ܕܑܔ
ஶ→࢞

൭൫ડ(࢞ + ૛)൯
శ૚૛࢔ࡲ

శ૚࢔૛ࡲ(ା૚࢞) − ൫ડ(࢞ + ૚)൯
శ૚૛࢔ࡲ

࢞శ૚൱࢔૛ࡲ࢞
૛࢔ࡲ

 శ૚൱࢔૛ࡲ

where (࢔ࡲ)࢔ஹ૙ ૙ࡲ, = ૙,ࡲ૚ = ૚,࢔ࡲା૛ = ା૚࢔ࡲ + ࢔ࡲ ࢔∀, ∈ ℕ is the Fibonacci 

sequence. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by proposers 

We denote ࢔࢛ = శ૚࢔ࡲ
૛

శ૚࢔૛ࡲ
, we have ࢔ܕܑܔ→ஶ ࢔࢛ = ஶ→࢔ܕܑܔ

૚
√૞
⋅ ൫ࢻ

శ૚൯࢔ࢼశ૚ି࢔
૛

૛శ૚࢔ࢼశ૚ି࢔૛ࢻ
= ૚

૞√ࢻ
, where 

ࢻ = √૞ା૚
૛

ࢼ, = ૚ି√૞
૛

࢔ࡲ, = ૚
√૞

࢔ࢻ)  Also, we have .(࢔ࢼ−

ܕܑܔ
ஶ→࢔

൫ડ(࢞ + ૚)൯
૚
࢞

࢞ = ܕܑܔ
ஶ→࢔

൫ડ(࢔ + ૚)൯
૚
࢔

࢔ = ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ =
૚
 ࢋ

We denote (࢞)࢜ = ൭൫ડ(࢞ା૛)൯
૚

శ૚࢞

൫ડ(࢞ା૚)൯
૚
࢞
൱
࢔࢛

, we have ࢔ܕܑܔ→ஶ (࢞)࢜ = ૚, so ࢔ܕܑܔ→ஶ
૚ି(࢞)࢜
ܖܔ (࢞)࢜

= ૚ and  

ܕܑܔ
ஶ→࢞

൫(࢞)࢜൯
࢞

= ܕܑܔ
ஶ→࢞

ቌ
ડ(࢞ + ૛)
ડ(࢞ + ૚) ⋅

૚

൫ડ(࢞ + ૛)൯
૚

ା૚࢞
ቍ

࢔࢛

= ܕܑܔ
ஶ→࢞

ቌ
࢞ + ૚

൫ડ(࢞ + ૛)൯
૚

ା૚࢞
ቍ

࢔࢛

= ࢔࢛ࢋ  

therefore  ࢔ܕܑܔ→ஶ൫࢞ܕܑܔ→ஶ൫(࢞)࢜൯
࢞
൯ = ࢋ

૚
 :૞. Hence√ࢻ

ܕܑܔ
ஶ→࢔

൭ܕܑܔ
ஶ→࢞

൭൫ડ(࢞ + ૛)൯
శ૚࢔ࡲ
૛

శ૚࢔૛ࡲ(ା૚࢞) − ൫ડ(࢞ + ૚)൯
శ૚࢔ࡲ
૛

శ૚൱࢔૛ࡲ࢞ ࢞
૛࢔ࡲ

 శ૚൱࢔૛ࡲ
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= ܕܑܔ
ஶ→࢔

ቌ൬ܕܑܔ
ஶ→࢞

൫ડ(࢞+ ૛)൯
࢔࢛
ା૚࢞ − ൫ડ(࢞ + ૚)൯

࢔࢛
࢞ ൰ ࢞

૛࢔ࡲ
శ૚ቍ࢔૛ࡲ = 

= ܕܑܔ
ஶ→࢔

൭ܕܑܔ
ஶ→࢞

൬൫ડ(࢞ + ૛)൯
࢔࢛
ା૚࢞ − ൫ડ(࢞ + ૚)൯

࢔࢛
࢞ ൰ ࢞

శ૚࢔ࡲశ૚ି࢔૛ࡲ
૛

శ૚࢔૛ࡲ ൱ = 

= ܕܑܔ
ஶ→࢔

൬ܕܑܔ
ஶ→࢞

൬൫ડ(࢞ + ૚)൯
࢔࢛
࢞ ൰ −(࢞)࢜) ૚)࢞૚ି࢔࢛൰ = 

= ܕܑܔ
ஶ→࢔

ቆܕܑܔ
ஶ→࢞

൬൫ડ(࢞ + ૚)൯
࢔࢛
࢞ ൰

(࢞)࢜ − ૚
(࢞)࢜ܖܔ ࢔࢛૚ି࢞ ܖܔ ቇ(࢞)࢜ = 

= ܕܑܔ
ஶ→࢔

൮ܕܑܔ
ஶ→࢞

ቌ
൫ડ(࢞ + ૚)൯

૚
࢞

࢞
ቍ

࢔࢛

(࢞)࢜ − ૚
ܖܔ (࢞)࢜ ൯(࢞)࢜൫ܖܔ

൲࢞ = 

ܕܑܔ
ஶ→࢔

ቆ൬
૚
൰ࢋ

࢔࢛
⋅ ૚ ⋅ ܖܔ ቇ࢔࢛ࢋ = ൬

૚
൰ࢋ

૚
૞√ࢻ ܖܔ ࢋ

૚
૞√ࢻ =

૚

ࢋ૞√ࢻ
૚

૞√ࢻ

 

 

UP.207. Let be ࡭ ∈ ࡭ܜ܍܌ ૜(ℝ) such thatࡹ = −૚. Prove that: 

࡭ܚ܂) + ܚ܂ ૚ି࡭ + ૚)૛ ≥ ૜(ܚ܂ ࡭ ⋅ ૚ି࡭ܚ܂ − ૚) 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

(࢞)࡭࢖ = ૜࢞ ૛࢞࡭ܚ܂− + ∗࡭ܚ܂ ࢞ − ܜ܍܌ ࡭ ૜ࣅ,૛ࣅ,૚ࣅ		ࢎ࢚࢏࢝, ∈ ℂ
∗࡭ܚ܂ = ૛ࣅ૚ࣅ + ૜ࣅ૚ࣅ + ૜ࣅ૛ࣅ = ૚ି૚ࣅ૜൫ࣅ૛ࣅ૚ࣅ + ૛ି૚ࣅ + ૜ି૚൯ࣅ = ܜ܍܌ ࡭ ⋅ ૚ି࡭ܚ܂ = ૚ି࡭ܚ܂−

ቋ ⇒ 

(࢞)࡭࢖ = ૜࢞ − ૛࢞࡭ܚ܂ − ૚ି࡭ܚ܂ ࢞ + ૚ 

We have ࡭)ܜ܍܌૛ + ࡭ + (૜ࡵ ≥ ૙  (1). Let be (࢞)ࢌ = ૛࢞ + ࢞ + ૚ ⇒ 

૛࡭)ܜ܍܌ + ࡭ + (૜ࡵ = (૚ࣅ)ࢌ ⋅ (૛ࣅ)ࢌ ⋅ (૜ࣅ)ࢌ ≥
(૚)

૙   (2) 

(࢞)࡭࢖ = ࢞) − −࢞)(૚ࣅ −࢞)(૛ࣅ   .be a root of 3rd degree of the unit ࢿ ૜). Letࣅ

૛ࢿ + ࢿ + ૚ = ૙, ૜ࢿ = ૚ 

(ࢿ)࡭࢖ = ࢿ) − ࢿ)(૚ࣅ − ࢿ)(૛ࣅ − (૜ࣅ
(૛ࢿ)࡭࢖ = ૛ࢿ) − ૛ࢿ)(૚ࣅ − ૛ࢿ)(૛ࣅ − ૜)ൠࣅ ⇒ 
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(૛ࢿ)࡭࢖(ࢿ)࡭࢖ = ൫ࣅ૚૛ + ૚ࣅ + ૚൯൫ࣅ૚૛ + ૛ࣅ + ૚൯൫ࣅ૜૛ + ૜ࣅ + ૚൯ = (૜ࣅ)ࢌ(૛ࣅ)ࢌ(૚ࣅ)ࢌ ≥
(૛)

૙   (3) 

But ࡭࢖
(ࢿ) = ૛ − ܚ܂ ૛ࢿ − ૚ି࡭ܚ܂ ࢿ

(૛ࢿ)࡭࢖ = ૛࡭ܚ܂ ࢿ − ܚ܂ ૚ି࡭ ૛ࢿ
ቋ ⇒ 

(ࢿ)࡭࢖ ⋅ (૛ࢿ)࡭࢖ = ૝ + ૛(࡭ܚ܂) + ૛(૚ି࡭ܚ܂) + ૛࡭ܚ܂ + ૛ି࡭ܚ܂૚ −  ૚  (4)ି࡭ܚ܂࡭ܚ܂

From (3)+(4)⇒ ૛(࡭ܚ܂) + ૛(૚ି࡭ܚ܂) + ૛࡭ܚ܂ + ૛ି࡭ܚ܂૚ − ૚ି࡭ܚ܂࡭ܚ܂ + ૜ ≥ ૙ 

࡭ܚ܂) + ૚ି࡭ܚ܂ + ૚)૛ − ૜ି࡭ܚ܂࡭ܚ܂૚ + ૜ ≥ ૙ ⇒ 

࡭ܚ܂) + ૚ି࡭ܚ܂ + ૚)૛ ≥ ૜(ܚ܂ ૚ି࡭ܚ܂࡭ − ૚) 

UP.208. Let ࡯࡮࡭ be an acute-angled triangle and ࡭ᇱ,࡮ᇱ,࡯ᇱ, the points in 

which the heights of the triangle intersect the circumcircle of ઢ࡯࡮࡭. Prove 

that: 

ᇲ࡯ᇲ࡮ᇲ࡭ࡿ
࡯࡮࡭ࡿ

≤ ൬
૛࢘
ࡾ
൰
૛

 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

 
We have: ∠࡯ᇱ࡮ᇱ࡮ = ࡮࡯ᇱ࡯∠ = ૢ૙° ;࡮− ᇱ࡭ᇱ࡮࡮∠	 = ᇱ࡭࡭࡮∠ = ૢ૙°  ࡮−

⇒ ᇱ࡮ = ࡮ᇱ࡮ᇱ࡯∠ + ᇱ࡭ᇱ࡮࡮∠ = ૚ૡ૙° − ૛࡮ 

Similarly: ࡭ᇱ = ૚ૡ૙° − ૛࡮;࡭ᇱ = ૚ૡ૙°− ૛࡯ 

∵ ᇱ૛࡯ᇱ࡮ = ᇱ૛࡯ࡻ + ᇱ૛࡮ࡻ − ૛ ⋅ ᇱ࡯ࡻ ⋅ ᇱ࡮ࡻ ⋅  (ᇱ࡮ࡻᇱ࡯)ܛܗ܋
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= ૛ࡾ + ૛ࡾ − ૛ ⋅ ࡾ ⋅ ࡾ ⋅ ܛܗ܋ ૛࡭ᇱ = ૛ࡾ૛ − ૛ࡾ૛ °૜૟૙)ܛܗ܋ − ૝࡭) 

= ૛ࡾ૛(૚ − ܛܗ܋ ૝࡭) = ૝ࡾ૛ ૛ܖܑܛ ૛࡭ ⇒ ᇱ࡯ᇱ࡮ = ૛ࡾ ܖܑܛ ૛࡭ (∵  (acute :࡯,࡮,࡭

Similarly: ࡭ᇱ࡮ᇱ = ૛ܖܑܛࡾ ૛࡯ ᇱ࡯ᇱ࡭; = ૛ࡾ ܖܑܛ ૛࡮. Hence: 

ᇲ࡯ᇲ࡮ᇲ࡭ࡿ =
ᇱ࡮ᇱ࡭ ⋅ ᇱ࡯ᇱ࡮ ⋅ ᇱ࡯ᇱ࡭

૝ࡾ =
ૡࡾ૛ ⋅ ܖܑܛ ૛࡭ ⋅ ܖܑܛ ૛࡮ ⋅ ܖܑܛ ૛࡯

૝ࡾ = ૛ࡾ ⋅ ܖܑܛ ૛࡭ ⋅ ܖܑܛ ૛࡮ ⋅ ૛࡯ 

࡯࡮࡭ࡿ =
࡮࡭ ⋅ ࡯࡮ ⋅ ࡭࡯

૝ࡾ =
ૡࡾ૛ ⋅ ܖܑܛ ࡭ ⋅ ܖܑܛ ࡮ ⋅ ܖܑܛ ࡯

૝ࡾ = ૛ࡾ ⋅ ࡭ܖܑܛ ⋅ ࡮ܖܑܛ ⋅ ܖܑܛ  ࡯

⇒
ᇲ࡯ᇲ࡮ᇲ࡭ࡿ
ࢉ࡮࡭ࡿ

=
૛ܖܑܛ∏ࡾ ૛࡭
૛ܖܑܛ∏ࡾ ࡭ = ૡ ܛܗ܋ ࡭ ⋅ ܛܗ܋ ࡮ ⋅  ࡯ܛܗ܋

= ૡ ⋅
૛࢙ − (૛ࡾ+ ૛(࢘

૝ࡾ૛ = ૛ ⋅
૛࢙ − (૛ࡾ+ ૛(࢘

૛ࡾ  

We need to prove: ૛ ⋅ ࢙
૛ି(૛ࡾା࢘)૛

૛ࡾ
≤ ૝࢘૛

૛ࡾ
⇔ ૛࢙ − (૛ࡾ+ ૛(࢘ ≤ ૛࢘૛ 

⇔ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛  (true). Proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
ᇱ࡭∠ = ࢅ࡮࡭∠ + ࢆ࡯࡭∠ = (ૢ૙° − (࡭ + (ૢ૙°− (࡭ = ૚ૡ૙°− ૛࡭ 

Similarly, ∠࡮ᇱ = ૚ૡ૙°− ૛࡮ and ∠࡯ᇱ = ૚ૡ૙° − ૛࡯ 

∴ ᇲ࡯ᇲ࡮ᇲ࡭ࡿ =
૚
૛

°૚ૡ૙)ܖܑܛ(ᇱ࡮ᇱ࡭)(ᇱ࡯ᇱ࡭) − ૛࡭) 

=
૚
૛૛ܖܑܛࡾ

(૚ૡ૙° − ૛࡮) ⋅ ૛ࡾ °૚ૡ૙)ܖܑܛ − ૛࡯) ⋅ ܖܑܛ ૛࡭ 

= ૛ࡾ૛ ܖܑܛ ૛࡭ ܖܑܛ ૛ܖܑܛ࡮ ૛࡯ 
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= (૛ࡾ૛ ܖܑܛ ࡭ ࡮ܖܑܛ ܖܑܛ ૡ(࡯ ܛܗ܋ ࡭ ࡮ܛܗ܋ ࡯ܛܗ܋ = ࡯࡮࡭ࡿ
૛{࢙૛ − (૛ࡾ + {૛(࢘

૛ࡾ  

⇒
ᇲ࡯ᇲ࡮ᇲ࡭ࡿ
࡯࡮࡭ࡿ

=
૛{࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − {૛࢘

૛ࡾ ≤
૝࢘૛

૛ࡾ  

⇔ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૛࢘ + ૛࢘૛ = ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ → true (Gerretsen) 

(Proved) 

 

UP.209. Demonstrate the following inequality: 
૚࢞

૚࢞ + ࢔ +
૛࢞

૛࢞ + ࢔ + ⋯+
࢔࢞

࢔࢞ + ࢔ ≤
࢔

࢔ + ૚ 

where ࢞૚,࢞૛, … ,  are strictly positive real numbers which satisfy the ࢔࢞

relationship: ࢞૚૛ + ૛૛࢞ + ⋯+ ૛࢔࢞ =  ࢔

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by Serban George Florin-Romania 

෍
࢑࢞
࢔ା࢑࢞

࢔

ୀ૚࢑

= ෍൬૚ −
࢔

࢑࢞ + ൰࢔
࢔

ୀ૚࢑

= −࢔ ෍࢔
૚

࢑࢞ + ࢔

࢔

ୀ૚࢑

≤
࢔

+࢔ ૚ ⇒ ૚ −෍
૚

࢑࢞ + ࢔

࢔

ୀ૚࢑

≤
૚

࢔ + ૚ 

෍
૚

࢑࢞ + ࢔

࢔

ୀ૚࢑

≥ ૚−
૚

࢔ + ૚ ,෍
૚

࢑࢞ + ࢔

࢔

ୀ૚࢑

≥
࢔

࢔ + ૚ 

෍
૚

࢑࢞ + ࢔

࢔

ୀ૚࢑

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ (૚ + ૚ + ⋯+ ૚)૛

∑ ࢑࢞) + ࢔(࢔
ୀ૚࢑

=
૛࢔

∑ ࢑࢞ + ࢔૛࢔
ୀ૚࢑

≥
࢔

࢔ + ૚
 

⇒෍࢑࢞

࢔

ୀ૚࢑

+ ૛࢔ ≤
࢔)૛࢔ + ૚)

࢔ ,෍࢑࢞

࢔

ୀ૚࢑

≤ ૛࢔ + ࢔ −  ૛࢔

෍࢑࢞

࢔

ୀ૚࢑

≤ ࢑࢞൭෍,࢔

࢔

ୀ૚࢑

൱
૛

≤
ࡿ࡮࡯

૛࢑࢞෍࢔	
࢔

ୀ૚࢑

⇒ ൭෍࢑࢞

࢔

ୀ૚࢑

൱
૛

≤ ࢔ ⋅ ࢔ ⇒ ൭෍࢑࢞

࢔

ୀ૚࢑

൱
૛

≤ ૛࢔  

⇒ ∑ ࢔࢑࢞
ୀ૚࢑ ≤  .true ࢔

Solution 2 by Tran Hong-Dong Thap-Vietnam 

,૚࢞ ,૛࢞ … , ࢔࢞ > 0 
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૚࢞
࢔૚ା࢞

+ ૛࢞
࢔૛ା࢞

+ ⋯+ ࢔࢞
࢔ା࢔࢞

≤ ࢔
ା૚࢔

   (*) 

൭෍࢏࢞૛
࢔

ୀ૚࢏

=  ൱࢔

(*) ⇔ ቀ ૚࢞
࢔૚ା࢞

− ૚ቁ + ቀ ૛࢞
࢔૛ା࢞

− ૚ቁ + ⋯+ ቀ ࢔࢞
࢔ା࢔࢞

− ૚ቁ ≤ ࢔
ା૚࢔

−  ࢔

⇔ ૚
࢔૚ା࢞

+ ૚
࢔૛ା࢞

+ ⋯+ ૚
࢔ା࢔࢞

≥ ࢔
ା૚࢔

   (1) 

૚ࡿࡴࡸ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ (૚ + ૚ + ⋯+ ૚)૛

∑ ࢏࢞ + ࢔૛࢔
ୀ૚࢏

=
૛࢔

૛࢔ + ∑ ࢔࢏࢞
ୀ૚࢏

= ષ 

But ∑ ࢔࢏࢞
ୀ૚࢏ ≤

ࡿ࡯࡮
√૚૛ + ૚૛ + ⋯+ ૚૛ට࢞૚૛ + ૛૛࢞ + ⋯+ ૛࢔࢞ = ࢔√ ⋅ ࢔√ =  ࢔

⇒ ષ ≥ ૛࢔

࢔૛ା࢔
= ࢔

૚ା࢔
 (Proved) 

Solution 3 by Sudhir Jha-Kolkata-India 
૚࢞

૚࢞ + ࢔ = ૚ +
૚࢞

૚࢞ + ࢔ − ૚ = ૚ +
૚࢞ − ૚࢞ − ࢔
૚࢞ + ࢔ = ૚ −

࢔
૚࢞ +  ࢔

Similarly, ࢞૛
࢔૛ା࢞

= ૚ − ࢔
࢔૛ା࢞

… .. 

… … … … … … … … … … … … … … … … 

…
࢔࢞

࢔࢞ + ࢔ = ૚ −
࢔

࢔࢞ +  ࢔

Adding 

⇒ ૚࢞
࢔૚ା࢞

+ ૛࢞
࢔૛ା࢞

+ ⋯+ ࢔࢞
࢔ା࢔࢞

= ࢔ − ࢔ ቂ ૚
࢔૚ା࢞

+ ૚
࢔૛ା࢞

+ ⋯+ ૚
࢔ା࢔࢞

ቃ   (1) 

Considering (࢞૚ + ,(࢔ ૛࢞) + ,(࢔ … , ࢔࢞) +   applying mth power theorem by taking  (࢔

࢓ = −૚, we get: (࢞૚ା࢔)ష૚ା(࢞૛ା࢔)ష૚ା⋯ା(࢔࢞ା࢔)ష૚

࢔
≥ ቀ࢞૚ା࢞૛ା⋯ା࢔࢞ା࢔⋅࢔

࢔
ቁ
ି૚

 

⇒ ૚
࢔૚ା࢞

+ ૚
࢔૛ା࢞

+ ⋯+ ૚
࢔ା࢔࢞

≥ ૛࢔

૛࢔ା࢔࢞૛ା⋯ା࢞૚ା࢞
   (2) 

Again, considering ࢞૚,࢞૛, … , ࢓ and applying mth power theorem by taking ࢔࢞ = ૛, 

we get: ࢞૚
૛ା࢞૛

૛ା⋯ା࢔࢞૛

࢔
≥ ቀ࢞૚ା࢞૛ା⋯ା࢔࢞

࢔
ቁ
૛

 

⇒
࢔
࢔ ≥ ൬

૚࢞ + ૛࢞ + ⋯+ ࢔࢞
࢔ ൰

૛
∵ ൫࢞૚૛ + ૛૛࢞ + ⋯+ ૛࢔࢞ =  ൯࢔

⇒ ૚࢞) + ૛࢞ + ⋯+ ૛(࢔࢞ ≤  ૛࢔
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⇒ ૚࢞ + ૛࢞ + ⋯+ ࢔࢞ ≤  (3)   ࢔

Now, from (2), we get: ૚
࢔૚ା࢞

+ ૚
࢔૛ା࢞

+ ⋯+ ૚
࢔ା࢔࢞

≥ ૛࢔

૛࢔ା࢔
= ࢔

ା૚࢔
 

Then, from (1), we get: ࢞૚
࢔૚ା࢞

+ ૛࢞
࢔૛ା࢞

+ ⋯+ ࢔࢞
࢔ା࢔࢞

≤ ࢔ − ቀ࢔ ࢔
ା૚࢔

ቁ = ૛࢔ି࢔૛ା࢔

ା૚࢔
 

⇒ ૚࢞
࢔૚ା࢞

+ ૛࢞
࢔૛ା࢞

+ ⋯+ ࢔࢞
࢔ା࢔࢞

≤ ࢔
ା૚࢔

 (The equality holds for ࢞૚ = ૛࢞ = ⋯ = ࢔࢞ = ૚) 

(proved) 

Solution 4 by Michael Sterghiou-Greece 

࢏࢞ > 0, ݅ = ૚,࢔തതതതത:෍࢏࢞૛
࢔

૚

=  ࢔

Prove that: ∑ ࢏࢞
࢔ା࢏࢞

࢔
૚ ≤ ࢔

ା૚࢔
   (1) 

The function (࢚)ࢌ = ,૛ is convex on (૙࢚ +∞) hence by Jensen 

࢔ = ෍࢏࢞૛
࢔

૚

≥ ቆ࢔
࢏࢞∑
࢔ ቇ

૛

→෍࢏࢞

࢔

૚

≤  ࢔

The function (࢚)ࢌ = ࢚
࢔ା࢚

 is concave (*) on (૙, +∞) hence by Jensen 

∑ ࢏࢞
࢔ା࢏࢞

࢔
૚ ≤ ࢔ ⋅

∑ ࢏࢞
࢔

࢔
૚

࢏࢞∑
࢔ ା࢔

≤
? ࢔
ା૚࢔

→ ∑ ࢔࢏࢞
૚ ≤  .which holds  ࢔

(࢚)ᇱᇱࢌ (*) = − ૛࢔
૜(࢚ା࢔)

< 0 

 

UP.210. Prove that for any acute triangle ࡯࡮࡭ the following inequality holds: 

࡭ܜܗ܋ + ࡮ܜܗ܋ + ࡯ܜܗ܋ + √૜ ≥ ૛൬ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
൰ 

Proposed by Vasile Mircea Popa – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

ܜܗ܋∑ ࡭ + √૜ ≥ ૛∑ ܖ܉ܜ ࡭
૛
   (1) 

(1) ⇔ ࡭ܜܗ܋∑ − ૛∑ ܖ܉ܜ ࡭
૛
≥ −√૜  (2) 

Let (࢞)ࢌ = ܜܗ܋ ࢞ − ૛ ܖ܉ܜ ࢞
૛
		ቀ૙ < ݔ < ࣊

૛
ቁ 
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⇒ (࢞)ᇱࢌ = −
૚

૛ܖܑܛ ࢞ −
૚

૛ܛܗ܋ ૛࢞
⇒ (࢞)ᇱᇱࢌ =

૛ ܛܗ܋ ࢞
૜ܖܑܛ ࢞ +

ܖܑܛ ૛࢞
૜ܛܗ܋ ૛࢞

> 0			 ቀ૙ < ݔ <
࣊
૛
ቁ 

Using Jensen’s inequality: (࡭)ࢌ + (࡮)ࢌ + (࡯)ࢌ ≥ ૜ࢌ ቀ࡭ା࡮ା࡯
૜

ቁ = ૜ࢌ ቀ࣊
૜
ቁ = ૜ ⋅ ି√૜

૜
= −√૜ 

⇔෍࡭ܜܗ܋ − ૛෍ܖ܉ܜ
࡭
૛ ≥ −√૜ ⇔෍࡭ܜܗ܋ + √૜ ≥ ૛෍ܖ܉ܜ

࡭
૛ 

(proved). Equality ⇔ ࡭ = ࡮ = ࡯ = ࣊
૜

. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 


