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JP.211. Prove that there are infinitely many triples (a, b, c) of positive

integers satisfying:
a’+bd+¢3
3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

—abc=a+b+c

Solution 1 by Andrew Okukura-Romania
We will assume at least one of a, b or ¢ is a non-zero integer

al+b3+c2—-3abc=(a+b+c)a?+ b%+c?—ab—bc—ca)

3+b3+ 3
Thatmeans:%—abc:a+b+c@

1
@§(a+b+c)(a2+b2+c2—ab—bc—ca)=a+b+c<:)

sa’+b?*+c*—ab—bc—ca=3|-2o(@-b)*+(b-c)?*+(c—-a)>*=6
Fora=x+2,b=x+1andc=x,wherex € N
As such any triplet (x + 2, x + 1, x) satisfies the equation, meaning that we have
infinitely many triplets which satisfy the equation.
Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo
al+b3+c2—-3abc=(a+b+c)a?+b%+c?—ab—bc—ca)
a’?+b*+c*—ab—-bc—ca=3
a? + b? + c? + 2ab + 2bc+ 2ca=3(ab + bc+ca+ 1)
(a+b+c)>=3(ab+bc+ca+1)
leta=k—-lLb=kc=k+1;9k* =3(k? -4l +Kk*+4l+K*- > +1)
9k* =3(3k*—- 1> +1).Forl=1.9k? = 3 - 3k?.9k? = 9k?.
So,(k—1,k,k+1),k>1.

JP.212. Find all real roots of the following equation:
(x3-23+(%*-2)2=0
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Orlando Irahola Ortega-Bolivia

(2—x3)3 =(x%2-2)2

a=2-x32a-2=-x3..()?=>@-2)>=x% (2
b=x>-2=b+2=x*..()2=>B+2)3=x® (3)
a®=b% (1)

_ (b+2)=(a—2)*..(4)
@=@)= | @ = b?.. (1)
(4)—():

>b+2)2-a*=0W@@-2)>-b’=>(b+2—-a)a*+b*>+ab+4b+2a+4)=
=(b+2-a)(2—a->b)

(b+2—-a=0Aa?+ab+b*+3a+5b+2=0)
(4) (B)

Ab+2=a>x3+x>-2=0->(x—-1)(x*+2x+2)=0>x—-1=0>x,=1

x2+2x+2=0
Xp3=—-1xi
(B)a2+ab+b2+3a+5b+2=0:x6—£+x4—§q{3:+3x2+2=0
- (V)xeR -
x0—x>+x*—-3x3+3x2+2>0=x¢R
cS ={1}

JP.213. Prove that in any ABC triangle the following inequality holds:
r B C
ﬁsz —41?) < z m?2 tan? Etan2 5 < 4R? — 1377

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

N T\
,C sin3 = A
m? tan? —tan == ( ) Zm cotZ <4TR> Zmﬁ (csczi - 1)

I1 cos
2

r < , bc(s—a) 5 -4RrsS ma(s —a) 1r* 3 5
=— mi——,——— Y m2|= —-—=-—>Ya
s2 z ¢ ris z a sZ -r2s z sz 4
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2 -4Rrs*~m?% 4Rr 3 , 3r? z 5
= — > a

s2ris a sz 4 a " 4s2
2b% +2c? +2a%? —3a* 3) a?
= — — 2 >—(4Rr +1?)
s a 4s
2Rr ab 3Rr 3Y a?
=— aZ_Z ——( s) — Z —(4Rr +1?)
s 4Rrs
(s2 — 4Rr — r*)(s% + 4Rr + 1%) 3(4Rr +12)(s? — 4Rr — 1?)
= 5 — 6Rr — 5
s 2s
_ 2(s* — 4Rr — r*)(s* + 4Rr + r*) — 3(4Rr + r?)(s* — 4Rr — r?) — 12Rrs?
B 2s2
1) 2s* — s2(24Rr + 312) + r>(4R + 1)?
&) ( ) ( ) > T (7R — ar?)
252 4R

& 4Rs* — s2(55R?*r + 6R1r? — 413) + 32R3r? + 16 R*r3 + 2Rr* @ 0
Gerretsen
Now,LHSof (@) >  4Rs?(16Rr —5r%) —
—s%2(55R?*r + 6R1r? — 413) + 32R3r? + 16R?*r3 + 2Rr*
”
= s2(9R?r — 26R1r? + 4r3®) + 2Rr?(4R+1)? > 0
”
& s2(R—2r)(9R — 8r) + 2Rr(4R + r)? (%) 127?s?

ret

Gerretsen
Now, LHS of (b) (2) (16Rr — 51%)(R — 2r)(9R — 8r) +
i

Gerretsen

+2R(4R + r)? and RHS of (b) (;) 12r%(4R? + 4Rr + 31?)
(i), (i) = in order to prove (b), it suffices to prove:

(16R —51)(R — 2r)(9R — 8r) + 2R(4R + 1)? > 12r(4R? + 4Rr + 31?)

R
o 17613 —493t2+340t— 116> 0 (t = 7)

Euler
o (t—2){176(t —2) + 211t + 58} >0->truevt > 2= (b)>(a)istrue.

C
z m? tan? —tan 2 > E (7R? — 41?)
Again (1)= ¥ m2 tan?2 tan < 4R? — 13r?
2s* — s2(24Rr + 31r2%) + rZ(4R +1r)?
=

oo < 4R? - 1312
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(c)
& 2s* — s2(8R? + 24Rr — 23r*) +r’(4R+1)? < 0

(iii) (iv)
Now, Rouche=s2>m-n=s2—m+n > 0ands?2<m+n=s2—-m-n < 0,

where m = 2R? + 10Rr —r? andn = 2(R — 2r)VR% — 2Rr
(iii), (iv)=> s* —s2(2m) + m? —n?2 <0
= s* — s2(4R? + 20Rr — 21%) + 2R?+ 10Rr — 1r?*)? —4(R—-2r)’(R> - 2R1) <0

(d)
= 2s5* — s2(8R?> + 40Rr — 41%?) + 128R3*r + 96R*1r* + 24Rr3 +2r* < 0

(d)= in order to prove (c), it suffices to prove:
2s* — s2(8R% + 24Rr — 237r2) + r2(4Rr +1r)? <
< 2s* — s2(8R%? + 40Rr — 41?%) + 128R3r + 96R?*1r? + 24R13 + 2r*

(e)
& s2(16Rr + 191r2) + r?(4Rr +r)? = 2r(4R+1r)2 <0

Gerretsen

Now, LHSof (e) <  (4R? + 4Rr + 3r?)(16Rr + 197%) +

? ? R
+12(4Rr +1)> —2r(4Rr+ 1)} <0 = 1613 — 15t - 27t —14 >0 (t = ;)

Euler

?
e (t-2)(16t>+17t+7)=>0->true~t > 2

= (e)=>(c) is true . Y, m? tan? gtanzg < 4R? — 13r? (proved)

JP.214. Prove that in any ABC triangle the following inequality holds:
2713 <z 2 24 _27R

2R = L. ™S ="16
Proposed by Marin Chirciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

, . oA 2b* +2c? +2a®> -3a> A
Zmasm E:Z 2 sin” >

Y a? 3 a’(s—b)(s—c)
=S Ao =)

L (11 o st 00
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2R—r1 3
—_ Z_ 2 3_ 3 3 ] 2
_< 4R )Z“ 16Rrs(s Za SZ(a b + ab3) + 4rs za)
2R -1 3
= ? - 2 3 — 2 _¢2 ) 2
_< 4R )Z“ 16Rrs(s Z“ Szab(za C)+4Rrs za)
2R—r1 3
= z2 —_ . 2 2 3 3
_< iR )Za 16Rrs[( sZab+4Rrs) Za +s Za +8Rrs]

2R—-1r 3
= ( iR )Z a?— T6Rrs [-2s(s? + 12)(s? — 4Rr — r?) + 25%(s* — 6Rr — 3r%) + 8Rrs?|

_(2Rr- r)(s:; 4Rr—1%) %(zmz _ 3rs? + 4R + 1)
4(2R —r)(s®> — 4Rr — %) — 3[(2R — 31)s? + 4Rr? + r3]
- 8R
) s%(2R + 5r) — 32R*r — 4Rr? + 13 - 27R?
8R - 16

(@)
< s?(4R + 10r) — 64R*r — 8Rr? + 213 < 27R3

Gerretsen

Now,LHSof (@) < (4R?> +4Rr +3r?)(4R +10r) —
? ? R
—64R*r —8Rr* +2r3 <27R®* < 113+ 8t2 — 44t - 32> 0 (t = ;)

Euler

2
o (t—2)(11t2 + 30t +16) >0 > true~ t >

27r3
2R

2
« Y, mZ sin? g < %. Again, (1)= Y m3 sin® g >

o s2(2R+51) —32R*r —4Rr* + 13 - 2713
8R - 2R

(b)
& s2(2R+51r) — 32R*r —4Rr* — 10713 > 0

Now, LHS of (b) =" (16Rr — 5v2)(2R + 5v) — 32R?r — 4Rr? — 1073 = 0
& 66RT — 13212 é 0= R-2r é 0 — true (Euler)
= (b) is true .. Y, m2 sin? %1 > % (Proved)
Solution 2 by Mustafa Tarek-Cairo-Egypt

2713 (@ , . ,A® 27R?
>R < mg sin ES 16
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mg=/s(s—a)

First, we will prove (a): Y, m? sinzg > Y s(s—a) sinzg = Zbccoszgsinzg
be sin?2 2Asind _rs _ Ya r Mitrinovic 57,3
= 2 — = —=== > _—
X—; X TR , S0 () is true.

hq
. . 2 A r QhiR?: . 5 A b’c’R? . , A
Now, we will prove (b): ¥ mZsin?s < Y-lo-sin®2 =3 5o sin

4r2.4R?
A
in2
Z - Z Z

z Z ZAIZ
4sin? 5 cosZ 7 1612 1672 cos? 5 16 cosZ AIZ

[where I, I, I, are the excenters of AABC]. So, we must prove that }, AI%2 < 27R?
But: Al,, BI},, CI. are the altitudes of the excentral triangle Al I,I. of AABC (1)
and my, m,, m; are the medians of AI,I,I. and also, a’, b’, ¢’ are the sides of Al II,
(2) and v R’ (the circumradius of Al I,I.) = 2R (3)

(hgsmy) Leibniz g

From ()+(2)+(3)=> ZAIZ < ImZ=3Ya? < ;- 9R?
= % 9 -4R? = 27R? .. Y, AI? < 27R? .. (b) is true (Proved)
Equality holds in each side (b) and (a) randomly if AABC is equilateral.
Solution 3 by Tran Hong-Dong Thap-Vietnam

Using inequality: m2 - m2 - m? > 3v/38% (1)

MGM

1)
We have: Y m2 sinZ \]]'[ m2 smZ > 33\]3\/§ . 83 (H sin? g)

= 33\[3\/5 .§3. (&)Z = 33\[3\/5 373 (ﬁ)Z

Z7r s3.r5 9\3 0 3 4
We must show that: 3 /3\/_ e S e O3V o (E) -5 © Rs® 2 162V3r

. R = 2r 3 3 4
: - > =
It is true because {s S 343, Rs* = 2r(3v3r) = 162V3r

A . c
sin? = < sin? < smZ
Suppose:A<B<C~- 2

mﬁZmemc

. s . A Chebyshev 1 ) "
We have: Y, mZ sin 7 = 3 Em?3) (Z sin E)
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. 2A 3
_ 1 3 (z Z) (z . A) Lelimz 1 3 9.R2. (z ., A) ZSlrist
= 31 a sin 2 < 3 4 sin 2 =

JP.215. Prove that in any ABC triangle the following inequality holds:

(R+1)? <> mEcosts < 4R+ 1) (5 )
TR = LMt = """ 16 R

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-KoIkata-lndia

r(4R +17)? < z < (4R +1)? (5 Zr)
m? cos? 5 e R

S i --zma< o) zma (2

BZa A)+ (s—b)(s—c)(s—a)
cos bc(s — a)
3Y a? a? r\ 3ris a?
_32 _Z (3_1__)+ Y
4 4 R 4 bc(s —a)
) Y, a? (R + r) 3r2s z a?
= +
4 R 4 bc(s — a)
_ e a?-sZysz (s—a)(s+a) s2 a_
Now, Z bc(s a) Z bc(s—a) - Z bc(s—a) * 4Rrs ~ s—a
a? s? z a—s+s
= —s —_ +
bc 4Rrs A4Rrs s—a
_ s(2s) 2(s2—4Rr—r2)+ s2 z 14 sY(s=b)(s—c)
4Rrs 4Rrs 4Rrs s
_—2s2+4Rr+r2+ s? ( +4R+r>_—2s2+4Rr+r2+sZ(2R—r)
2Rrs 4Rrs r B 2Rrs 2R1r2s
@) s*(2R—3r) +r*(4R +71)
B 2R12s

Za R+r 3r2s [s2(2R-3r)+r*(4R+7)
(1) (2):>ZmaCOS 4 ( R )+T[ 2Rr2s ]
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B (R+r)(s2—4Rr—r2)+3s2(2R—3r)+3r2(4R+r)

2R 8R
4R+ 1)(s> —4Rr —r?) + 3(2R - 21r)s®> + 3r2(4R +71)
- 8R
(10R-571)s? —4r(R+r)(4R+ 1)+ 3r>(4R+71)
- 8R
@3) (10R — 571)s%2 —r(4R + 1)?
- 8R

2 cos2 A < GRAD? (¢ 21
(3):>Zmacoszs e (5 R)

(10R — 571)s?> —s(4R +1)? - (5R —2r)(4R + 1)?
=
8R - 16R

()
& (4R — 2r)s* < R(4R + r)?. Now, Rouche = LHS of (i) <

@
(4R — 27) {ZRZ +10Rr — 12 + 2(R — 2r)\R? — 2Rr} < R(4R + 1)?

?
& (8R3 — 28R%*r + 25Rr? — 2r3) > 2(R — 2r)(4R — 2r)\/R? — 2Rr

?
& (R-2r)(8R? — 12Rr +1%2) > 2(R — 2r)(4R — 2r)\/R? — 2Rr

? Euler
& 8R%? — 12Rr +1r% > 2(4R — 2r)\R? — 2Rr ( R—-2r > 0)

”
& (8R? — 12Rr — 1%)?2 > 4(R?> — 2Rr)(4R — 21r)? (- 8R? — 12Rr + 1?2 > 0)

2

A _ (4R+1) (5 _E)
2 16 R
4
2

2
© r?(4R + 1r)? > 0 - true = (i) is true . Y, m2 cos?

2
Again, (3)= % < ¥ m2 cos?

(10R — 51)s?> — r(4R + 1)? - r(4R + 1)?
=
8R - 2R

(ii)
& (10R —57r)s2>5r(4R+1)2 © (2R —1)s? > r(4R +1)?

.. Gerretsen ?
Now, LHS of (ii) > (2R — r)(16Rr — 51%) > r(4R + 1)?
Euler

? ?
& 8R2—17Rr+2r2>0< (R-2r)(8R—r)>0—->true~R > 2r

2
= (ii) is true . % <Yym? coszg (Proved)
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JP.216. Prove that in any ABC triangle the following inequality holds:

(4R +1r)?

B _3@R+r 2
m ( 2R? + 171"2) < Zm cot? — COt2 ( )

2 = 2gR )( - 51%)

Proposed by Marin Chirciu — Romania

Solution by Soumava Chakraborty-Kolkata-India

(4R +1)? B 3(4R +1)?
—_— 2RZ+17Z<Z t2— tZ ———(R3-513
TR+ 1) ) m cot’ S cot’ > < ar—n K 5
__ Y be(s—b)(s—c)
Firstly, Y sec?> =3 S(S a) .z

_ Y bc(s*—s(b+c)+bc) sZZab —sYbc(2s —a) + (3 ab)? — 2abc(2s)

r2s2 r2s2
_—s*Yab+ (X ab)? —4Rs®> (4R +1*)(s* + 4Rr + 1) — 4Rrs* (1) s* + (4R + r)?
B r2s2 B r2s2 B s2

)
secondly, ¥.(s — b)(s — ¢) = X(s? —s(b+ ¢) + bc) = 3s®> — 4s? + s> + 4Rr + 1% = 4Rr +1?

2
A

B c [Icos3 A
Now, Y, m?2 cot? 3 cot? 5= < j) ¥ m?2 tan? 5

]'[sinE
s\ A s? 2Y a? — 3a?
() St -E I et 25
4R
_s*[(Xa* A 3 3
_r_2< 2 >zse° 2 4 az__ s(s—a)]
by s?[(Xa*\ (s> + (4R +1)*\ 3 3-4Rrs\\"a—s+s
B r_2[< 2 >< s2 >_ZZ“Z_( 4s )z s—a ]
:i_z[<22¢12> <sz+(tf+r)z>_%zaz_3Rr2(_1+%2(s_b)(s_c))]
by(Z)s Y a?\ (s*+ (4R +1)? 4R+ T
r2 < 2 >< s2 > 42 3Rr(—3+ r )]

Al () e amen)

s+ (4R +71)?
P

s? 3
:ﬁ[(s2_4Rr—r2)< >_E(SZ_4Rr_r2)_3R(4R_2r)]
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1
=25z [2(s®> —4Rr —r*)(s®* + (4R +1)? — 35%(s* — 4Rr — r*) — 6Rs*(4R — 2r)]

@) —s* + s%(8R? + 32Rr + 3r%) — r(128R3 + 96R*r + 24Rr? + 213)

212
(4R +1)? 2 ) B C
(= < Z cot? - cot? -
T R+1) (—2R*+171%) < Zmacot > cot >
bJ(':(f) —s* + s2(8R? + 32Rr + 31%) —r(128R3 + 96R?*r + 24Rr? + 213) .
212
(4R +1r)?
+————(2R2—17r%) > 0
r(R+71) ( )z
- 1 (R +1r){—s* + s%(8R? + 32Rr + 3r?) — r(128R3 + 96 R?r + 24Rr? + 2r3)}] >0
2r2(R+71) +2r(2R? —17r?)(4R + 1)? -

& (R+1)s* +r(64R* + 192R3r + 660R?*1r? + 298R13 + 3671%)

()
< s%(8R3 + 40R?*r + 35Rr? + 313)

rretse

G
Now, LHS of (i) < (R+7)(4R?+ 4Rr + 3r2)s? +

+7r(64R* + 192R3r + 660R?%r? + 298R13 + 361%) <
()
< s%(8R3 + 40R?*r + 35Rr? + 313)

”
& s2(4R3 + 32R?*r + 28R1?) > r(64R* + 192R3r + 660R?*1r? + 298R13 + 3671%)

@id)
.. Gerretsen
Now, LHSof (ii) =  (16Rr —512)(4R3 + 32R?r + 28Rr?) >
?
> r(64R* + 192R3r + 660R?*r? + 298R13 + 361*%)

? ?
@50t3—62t2—73t—620(t:§)@(t—2)(50t2+38t+3)20—>true

Euler . .
vt > 2= (ii)=>(i)istrue

(4R +71)* 2 ) B C

. _ < § 2 t2 2"
TR (=2R*+17r%) < ) mZcot 2cot 5

. 2. 2B . 2C _3@4R+T)2 g 3 BYO)
Again, Y m?2 cot S cot? > < 2@Rr) (RP-51r) &

—s* + s2(8R? + 32Rr + 31%) — r(128R3 + 96R?*r + 24R1r? + 213)
212 B
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3(4R + 1)?

- 7 3 _ 3 <
r2(2R—1) (R*—5r°) <0
o (2R-1) (—s4 + s2(8R2% + 32Rr + 3r2) — r(128R3 + 96R%r + 24Rr? + 2r3))

—6(R?-51r3)(4R+1)? <0< 6(R®—5r3)(4R+1)* + 2R —1)s*
(iii)
+1r(2R —1r)(128R3 + 96 R?*r + 24Rr?* + 2r®) > (2R —1r)(8R? + 32Rr + 31?)s?
... Gerretsen
Now, LHS of (iii) >  6(R®—-5r3)(4R+1)?> + (2R —1r)(16Rr — 51%)s?
”
+1r(2R —r)(128R3 + 96 R*r + 24Rr? + 213) > (2R — r)(8R? + 32Rr + 31r?%)s?
”
& s%2(2R — r)(8R? + 16Rr + 81?) (_S) 6(R3 —5r®)(4R +1r)? +
147
+1r(2R — r)(128R3 + 96R?*r + 24Rr? + 213)
i Gerretsen
Now, LHSof (iv) <  (4R%*+ 4Rr +3r%)(2R — r)(8R%? + 16Rr + 812)
”
<6(R®-5r3)(4R+1)?2 +1r(2R — 1)(128R3 + 96R?*r + 24R1?* + 213)
”
o 16t° +72t* — 37t3 —284t2 — 114t -4 >0

? Eul
& (t—2)(16t* + 10483 + 171t2 + 58t +2) > 0 > true = t = 2 =(iv)= (iii)

3(4R+1)>2
r2(2R-71)

is true - Y, m2 cot? gcotZ g < (R3? — 573) (Proved)

JP.217. Prove that in any ABC triangle the following inequality holds:
nY sin?4—kY cos®A < %(611 — k), wheren, k>0

Proposed by Marin Chirciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

nz sinZA—chos3A = (n—k)Zsin2A+kz sinzA—chosA(l —sin? A)

= (n—k)ZsinZA—k2cosA+kz sin? A (1 + cos A)

A
ZnZSinZA—kZSinZA—kz cos A +2k25inZAcosZE
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+ J—
n<4RZ> stmA chosA ZkZSm A cos?

Leibnitz [9R?
< -7l stm A— chosA+2stm Acos?— ( n=>0)

9n . . , A7 9n 3k
=——k stA—k2cosA+2k25m2Aco ES (n—k) = ———

3
4 8 4 8

_ A _ 3\)

@k{ZZstAcosZE—(ZstA+2cosA—§)}S 0
y: e 3

c)ZZSinZAcosZ— < ZSinZA+2cosA—— (“k=0)
2 (D 8

(a) SZaB_Z a4-
ra’(s—a) <= 37—

Now, (Z a3)Xa) = Za4 +Ya3b + Y ab?
= —Za“z —25-2(13 +zab(za2_c2)
= sz al —Za“ = —2s%(s?> — 6Rr — 31?%) +Zab . Zaz — 4Rrs(2s)

= 2r{s?(2R + 3r) —r(4R + 1r)?}

. Z s(s a)
NOW, 2 Z sin“ A cos =2 Z 4R2 4R2 ‘4Rrs

(D s2(2R+3r)-r(4R+71)?

sYa3-Y a* (E) s2(2R+3r)-r(4R+1)>2
= =
4R3

8R3r 4R3

=LHS of (1) =

(using (a), (b))

2 2_ —2 _2p2
Again, RHS of (1) = Z& 4 Rtr _ 3 _ 2" -4Rr—r")+8R(R+r)-3R
4R R 8 8R

(ii) 4s® + 5R? + 8Rr — 4(4Rr + %)
B 8R?2
(i), (iN)=in order to prove (1), it is equivalent to proving:
s?2(2R+3r) 4(ARr+1?) r(AR+1r)? 4s?+5R?>+ 8Rr
+ < +
4R3 8R? 4R3 8R?
& 25%(2R + 3r) + 4R(4Rr + 1?) < 2r(4R + r)* + R(4s> + 5R* + 8Rr)

(2)
s2.6r < 5R®+ 8R%*r + 2r(4R +r)? — 4R(4Rr +1?)

tse

Gerretsen
Now, LHSof (2) <  6r(4R?+4Rr +37r?%)

? ? R
<5R®*+8R*’r +2r(4R+1r)? —4R(4Rr +r?) & 5t3 - 12t - 16 >0 (t = ;)
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?
&5t3-20t+8t—-16>0

Euler

”
o 5t(t+2)(t-2)+8(t—-2)=0->truevt >
= (2) = (1) = given inequality is true (Proved)

Solution 2 by Khaled Abd Imouti-Damascus-Syria
2 3
n(sin? A + sin? B + sin? C) — k(cos® A+ cos® B + cos® C) < 3 (6n—k)

2 3
n(sin? A + sin? B + sin? C) + k(—cos® A — cos®* B — cos3 C) < 3 (6n—k)

Let be the function: f(x) = —cos3 x, f'(x) = 3sinxcos?x > 0

So, f is a convex function and hence by using Popoviciu’s inequality:

25 (coont (7)o (57) -0 (55))
_3 COos 2 cos 2 cos 2

A+B+C
§(— cos3 A — cos® B — cos? C) — cos? (7>

1 1 2 c A B
—§(cos3 A+ cos® B + cos3C) — 3 > —E(sin3 2 + sin3 2 + sin3 E)
1 1 2 c A B
3 (cos® A + cos3 B + cos3 C) + 3 > E(sin3 2 + sin3 2 + sin3 E)

3 c A B
cos?A+cos®B+cos3C+—->2 (sin3 — + sin3 = + sin? —)
8 2 2 2
c A B
cos3 A+ cos® B + cos3 C > ~g + 2 (sin3 2 + sin3 > + sin3 E)

>

3B
but: sin3 +sm E+SI E

3
8
2( C+ + B) 6
sm2 sin3 sin > 3

/.3A.3C. ; A.B.C\
sin® — + sin3 = + sin® — > 3 [sin3 = sin3 —sin3 =

NU:J

2 2 2 2 2

A+ C+ B>3 A B C>3
sin3 > sin3 > sin3 5 2 smzsm smz_8

3 3 3 3
cos® A + cos’® B + cos 625

—k(cos® A+ cos® B+ cos3(C) < —% (€D}
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sinZ A+sin® B+sin? C < (sinA+sin B+sin C)Z
B S

AM-GM
. . . 1 . .
sin? A + sin? B + sin? C < 3 (sin A + sin B + sin C)?
As you know: sin A + sin B + sin C < Bzﬁ So: (sinA + sinB +sinC) < %

. ) ) 1 27 ) ) ) 9
sin A+sm2B+stCSE-T:>5m2A+stB+stCSZ
n(sin? A + sin? B + sin? C) < %" )

From (1) and (2):

In 3k
n(sin? A + sin? B + sin? C) — k(cos3 A + cos® B + cos3® C) < 28

3
n(sin? A + sin? B + sin? C) — k(cos® A + cos® B + cos3® C) < 3 (6n—k)

JP.218. Let a, b and c be positive real numbers. Prove that:

a*+p* b*+c* ct+at
(a) <6
(a2-ab+b%2)2  (b2-bc+c2)?2  (c?2-ca+a?)?

a’+b5 b5 +c5 ¢S +ab
(b) + + > 3vabc
a2+bp2 c2+a?

b2 +c2
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Ravi Prakash-New Delhi-India

5 a* + p* _ 2(a* + a®b* + b* — 2a®b — 2ab? + 2a*b?) — (a* + b*) _
(a? —ab + b2)2 (a? — ab + b?%)2 B
a* — 4a3b + 6a*b? — 4ab3 + b* (a—b)* a* + p*
= = =>0= <2
(a? — ab + b?2)? (a? — ab + b?2)? (a? — ab + b2)?

a*+p*

Similarly, for other two expressions. Thus: ), ————— <
(a%2-ab+b?)

Equality whena =b = c.

. a5 +b> __1 3 3 __Za5+2b5—(a5+a2b3+a3b2+b5)
Consider ——= —~(a’ + b’%) = D)
B aZ(a3 _ b3) + bZ(b3 _ a3) B (aZ _ bZ)(a3 _ b3) >0
- 2(aZ + b2) - 2(a?+b?) T
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a5+b5 a3+b3
:>\/a2+b22\/ 2 >(“")”Z 2+b2‘z(ab)z>3'

cyc cyc

Equality whena =b = c.
Solution 2 by Marian Ursdrescu-Romania

4-+b4-

(a) First, we show: ———
(a2- ab+b2)

<2 (1)

& a*+ b* < 2(a? — ab + b?)? & a* + b* < 2(a? + b?)? — 4ab(a? + b?) + 2a’b? &

o a* + b* + 6a’b? — 4ab(a? + b?) >0
o (a? + b?)? — 4ab(a? + b?) + 4a’b?* > 0 &

b4-

& (a? + b?> — 2ab)? > 0 © (a — b)* > 0 true. From (1) = Z—
(az—ab+b2)

(b) We show this: |%> > /abvab (2)
- 2 +b > abvab (3)

But a® + b° > ab(a® + b?) (4) (because © a’ — a*b + b° — ab* > 0)
e a*la-b)-b*(a-b)>0= (a-b)(a*-bH) >0
& (a— b)?(a+ b)(a? + b?) > 0 which itis true.

From (3) and (4) we must show: “”(;‘ Zf ) > abvab &
& a® + b3 >+ab(a? + b?%) (5)
a’® + b® = (a+ b)(a? — ab + b*) = 2vab(a? — ab + b*) (6)
From (5)+(6)= 2Vab(a? — ab + b?) > ab(a? + b?) &

o 2(a? —ab +b?) >a*+b? = a?—2ab+b%*>0< (a—b)? >0 true.

From (2)= Y. = >/ abvab + v bevbe + acyac >

bZ

3
> 3\[\/a2b2c2\/ a?b?c? = 3Vabc

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

1) For x,y > 0O, we get:
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(x —y)2(x% +x+y?) = 3xy(x — )2 = (x — y)(x3 — y3) = 3xy(x — y)?

= x3(x —y) +y3(y — x) = 3xy(x — y)?

= xt -’y +y* - yix 2 3%y + yix - 2x%y?)
= x* + _'y4 + 6x2y2 > 4-(x3y + y3x)
4 4 24,2 3 2 6 4 x4 + y4

= 2(x* + y*) + 6x°y* — 4(x’y + y°x) = x° +y :>(x2—xy+y2)zsz

at+p?t bt+c?t ct+a?t

(az—ab+b2)2 (bz—bc+c2)2 (cz—ca+az)2

5. p5 B5+c5 515
2)Fora,b,c>0,weknow:\]a \] < +\/c >

+
a2+ b2 bZ+4c2 cZ+a?

Hence for a, b, c > 0 we have: =24+2+2=60k

o @@ +b%)(a? +b2) (B2 + )b +c?) (e® +ad)(c? +a?)
=T 2@+ T 22+ | 2 +ad)

a3+b3 b3+C3 C3+a3 6 a3+b3 b3+c3 C3+a3
:\/ > +\/ > +\/ > 23\/( it 3 X )23\/abc

[ff (a3+b3)(b3+c3)(c3+b2) > (abc)3

(a3+b3)(b3+c3)(c3+a3) > (abc+abc)® __ (2abc)?
8 = 8 T8

and it is true because = (abc)?® ok

Therefore, itis true.

JP.219. Let be a, b, ¢ > 0 such that: a®?b? + b?%c? + c?a? = 3a?b*c?. Find
the maximum value of:

ab bc ca

P e bt a1 205 At bE A1 266 v atr 21

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Amit Dutta-Jamshedpur-India

First of all, we need to minimize the denominators.

ie,2a®—a®+b*+a?+1s0,2a%—a’+a%?+1=(a®+1)+(a®—a’+a?)

AM-GM
Now,a®+1 > 2a3. Equality holdswhena = 1.

a®—a*+a’=a®-a’*@®>-1)=a®-a®+a®-a?@@®-1) =
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=a)a@®-1)-a*@@-1D+a® =@ -a*)(a®*-1)+a?

a® —a®*+a’>=a’(a-1)*(a’> +a+1)+a®>ad
Equality holdswhen a = 1. . a® — a® + a® > a3

s0,2a®—a®+a?+1=(a®+1)+ (a®—a® +a?) > 2a® +a® > 3a®

AM—-GM 9
~2a—a*+b*+a*+1>3a2+b*>a*+at+a®>+b* > 4ba*
ab
P =
2a% —a®> +b5+a?2+1
cyc(a,b,c)
ab 1

PSZ 5 — —s

cyc 4ba4 cyc 4a4

Loy i)
4a -4

cyc 4aa4 cyc

P= z 4-1ax><14-( ) z 16a( )

cyc cyc

P<1{1+1+1} 3{1 1 1}
~16la2 bZ 2 16la b ¢

a’b? + b%c? + c%a? = 3a*b?c?

P <

.-.a—12+blz+clzz 3 (1)
. . . 1,1 1 1,1, 1\%
Using Cauchy’s Schwarz inequality: (—2 ++ —2) (12+12+1%) > (; +o Z)
1 1 1
9= (a b b E)

L1111
..a+b+C33 2)

-P<1(1+1+1) 3(1 1 1)
" =16\az b2 ¢2) 16\a b
Using(l)and(2):PsE><3+E><3

p< 3 N 9 <12<3'P<3
“16 16716 4 "~ 4
Equality holdswhena =b =c = 1.

3

~ P max Z
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JP.220. Let a, b, ¢ be positive real numbers. Prove that:

b+c+c+a+a+b 4(a? + b%* + c?) 2(ab + bc + ca)
a b c  ab+bc+ca a? + b2 + c2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Bogdan Fustei-Romania

2Z:b+c zz<a b) Zza _|_bZBergitrom (Zm)

a 2(ab + bc + ac)

_a?+b%+c?+Y/(a%+ b?)(a% +c?) - (a® + b* + c?) + X(a* + bc) _

ab + bc + ac - ab + bc + ac

_ Z(a2+b2+c2) Z(a2+b2+c2) + ab+bc+ac

+1> ———— 0% + b?+c? > ab + bc + ac - true
ab+bc+ac ab+bc+ac a“+b“+c
b+c a+b 4(a?+b%+c? 2(ab+bc+ac
o by cta  arh o & ), X ) QED.
a b c ab+bc+ac aZ+bZ +c2

Solution 2 by Soumava Chakraborty-Kolkata-India

Letb+c=x,c+a=y,a+b =2z Then, x,y,z are sides of a triangle with semi-

perimeter, circumradius, inradius = s, R, r (say)

'.'ZZaZZxZ2s,-‘-a=s—x,b=s—y,c=s—z

1)
Now, Y a? = Y (s? — 2sx + x%) = 352 — 25(2s) + 2(s? —4Rr — %) = s?> — 8Rr — 2r*
and Y ab = Y(s — x)(s — y) = X(s* — s(x + y) + xy)
(2)
=3s2—4s>+s?+4Rr +1r*> = 4Rr +1?
b+c x X—S+s s
AISO,ZT: Z; = Z?: -3 +EZ(SZ —s(y+2z)+yz)

3s2 —4s% + s + 4Rr +1? 4R +1r (3) 4R — 2r
= -3+ = -3+ =
T2 r r

(1), (2), (3) = given inequality &
2R—1r 2(s?—8Rr —21?) 4Rr + r? 2(s2 — 8Rr — 21?)? + (4Rr + r?)?
= + =
T 4Rr + 12 s2 —8Rr — 2r? (4Rr + r2)(s2 — 8Rr — 212)
< (2R —1)(4R + 1)(s?> — 8Rr — 21?) > 2(s? — 8Rr — 2r?)? + (4Rr + r?)?

(4)
& 2s* — s%(8R? + 30Rr + 71%) + 64R3*r + 144R*r* + 60Rr* +7r* < 0
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Now, Rouche = s? zm—n:sz—m+n(§ 0 and s? Sm+n:>s2—m—n(2 0,
wherem = 2R? + 10Rr —r? andn = 2(R — 2r)VR? — 2Rr

(@). (b)= s* —s2(2m) +m? —n? <0

= 2s* — s%(8R? + 40Rr — 41?%) + 128R3*r + 96R?*r? + 24Rr3 + 2r* 2 0
(4), (i) = it suffices to prove:
2s* — s2(8R? + 30Rr + 71%) + 64R3*r + 144R*r?* + 60Rr> + 7r* <
< 2s* — s2(8R? + 40Rr — 41?) + 128R3*r + 96R?*1r? + 24R1r3 + 21t &

(5)
< s2(10Rr — 11r?) < r(64R3® — 48R%*r — 36Rr? — 513)

Gerretsen

Now, LHS of (5) <  (4R?+ 4Rr + 3r2)(10Rr — 11r2)

? ? R
< r(64R3 — 48R%*r — 36Rr% — 513) © 1213 — 22t — 11t + 14> 0 (t = 7)

o (¢ — 2){(t — 2)(12¢ + 26) + 45} = 0

- true-t Euzler 2 = (5) = (4) = given inequality is true (Proved)
Solution 3 by Tran Hong-Dong Thap-Vietnam
Letp =a+b+c;q=ab+bc+ca,r =abc (p,q,r>0). Inequality:
o [be(b + ¢) + ca(c + a) + ab(a + b)](a? + b%? + c?)(ab + bc + ca) >
> abc[4(a? + b?% + ¢?)? + 2(ab + bc + ca)?]
o [pq — 3r][p? — 2qlq = r[4(p? — 2q)? + 24?]
o p3q® — 3qrp? — 2pq® + 6q*r = r(4p* — 16p%q + 18¢?%)
o p3q* +13qrp? — 2pq® — 12q¢*r — 4p*r >0
o (p*q* - 3p*r) + (13qrp® - 2pq® — 12¢*r —p*r) 2 0
© p*(q® — 3pr) + 4qr(p® — 3q) + p(9pqr — 2q* —pr) 20
Itis true because: g2 —3qr > 0; p? —3q =0
9pqr — 2q® —p3r =0 (1)
By Schur’s inequality: 97 > 4pq — p3 - 9pqr = 4(pq)? — pq - p3
(1)is true because: (pq)? > 3q3 « p? = 3q
3(pa)* —pq P’ +q*-p’r=0 (*)
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2
(*) is true, because: q > pr - 22 (pq)

2(pq)’
—3 ——Pa P +q°20-2(pq)°

Solution 4 by Anant Bansal-India

> p3r

—-3pq-p>+3¢>=>0

AMzHM
chcT—(a+b+c)( +b+) 3 > 9-3=6 (i)

Let x, y be two positive real numbers: By QM> AM: ,/32x* + 8y* > 4x% + 2y2 =k
Maximum k stands for 4x% = 2y%;y = x\/2

Maximum value of k = 8.

. 4x2 +2y2 8
Maximum value of =—=2 =

_\/—§<6

Puttingx = a2 + b2+ c?andy = ab + bc + ca

2,52, .2
Weget6>4(a +b +c)

2(ab+bc+ca)
ab+bc+ca (a?+b%+c?)
+b _ 4(a?+b%*+c?) | 2(ab+bc+
From (|) ﬁchcac = (a C)+ (ab+be+ea)

ab+bc+ca (a2+b2+c2)

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand

+b b+
For a,b,c > 0, we have: (aT + Tc +

a b ¢ a c¢c b
:(E+_+_+_+_+_

)(ab+bc+ca)(a2+b2+c2)
c a ¢c b a

= 2(a% + b% + c?)(a® + b? + %) +
<a2b a’c b?c b%*a c*a
+—+ +—
a

c+a) (ab + bc + ca)(a? + b? + ¢?)

c b

c*b
. T+ a)(a +b% + %) + 2(ab + bc + ca)(a? + b? + ¢?)

> 2(a? + b? + c%)” + 2(a? + b? + c?)(a? + b* + ¢?) + 2(ab + bc + ca)(ab + bc + ca)

= 4(a? + b? + c?)? + 2(ab + bc + ca)?

2
a+b . b+c . c+a 4(a®+b*+c? 2(ab+bc+ca)?
Hence — +—+=—=> ( 2)2 _ ( LY
a b (ab+bc+ca)(a +b%+c ) (ab+bc+ca)(a +b%+c )
_ 4(a2+b2+c2)

2(ab+bc+ca)
bibeica 2.z - vherefore itis true.
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JP.221. Let ABC be an acute-angled triangle. The perpendiculars from 0 on

AABC sides, intersect BC, AC and AB sidesin A4, A5, A3 and the circumcircle
of AABC in the points A,, B,, C,. Prove that:
AA% + BB} + C{C} = 3r",vn e N*
Proposed by Marian Ursdrescu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

A

A;

ABOA; = ACOA, - £LBOA, = £C0A,; and * £BOC = 2A (~ angle at center is true
angle at circumference) . zBOA; = A. Using ABOA{,0A; = Rcos A

(1)
+A1A; =0A, —0A; =R—Rcosa = R(1—cosA)

2 3
Similarly, B, B, @ R(1 - cosB) and C,C, @ R(1 - cos ()

Applying Chebysev successively, and * n € N*

AA7 + B1Bj + C,C3; (A1Az + B1B; + C,C)"

= 3n—1
1

= R~ cos )™ (by (H+(2)+(3))

n _.an Euler _.a\n n,n
_ 1 (BR _R(R+r)) — @R-n" BLET @@2n-n)" _ 3 ™ =3/ (Proved)

3n-1 R 3n-1 3n-1 3n-—
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A

£D>

4>
» C

Az

ABOA, = ACOA, - zBOA, = 2COA, and -. ZBOC = 24 . zBOA, = A
1)
From ABOA;,0A; = RcosA . AjA, = 0A, —0A; = R—RcosA = R(1 - cos A)

.. (2) @3)
Similarly, B4B, = R(1 —cosB) and C;C, = R(1 — cos (C)
Let f(x) =x™ - f'(x) =n(n—1)x"2>0vn>1andvx >0

Jensen A.A +BB+CC"
s (A14)" + (B1B,)™ + (€C,C,)" > 3( 142 132 1 z)

_3 (M)Z (by (D)+(2)+(3))

3

3R—@ " 2R—\" Euler 3\
=3 3 = 3( 3 ) > 3(?) = 3r™ (proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

A

BC\* a2 (2R sin A)2
= 2 _[— — 2 _ ___ — 2 _ > @ 7
1A, \/R ( > ) \/R 2 \/R n

cute

= R{/1—sin24 = RJ/cos2 4 “=° Rcos A
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- A1A, = 1A, —1A; = R—RcosA=R(1—-cosA) =2R sinzg (etc)

A\" B\" a\"
— LHS = (ZR sin? —) + (ZR sin? —) + (ZR sin? —) =
2 2 2
A B C
— n . Zn__|_ . Zn__|_ . Zn_):
(2R) (sm 5 s o+ sin o w

Letf(x) = sinZ"E;(O <x <§’n2 1) —>f”(x)

n x x x] n x x
=3 sin?n~2 > [(Zn — 1) cos? >~ sin? E] =3 sin?"~2 2 [Zn cos? 2~ 1]

n x x x T
ZisinZ"‘ZE[ZcosZE— 1] =ncosxsin2"‘zi> 0; (0 <x <E,n2 1)

Jensen A+B+C
-w > (2R)"-3- sinZ"T

ler

E
= (2R)"-3-sin?"T=(2R)"-3- % > (2-2r)" 35 =31 (Proved)

1
72n

JP.222. In ABC triangle the following relationship holds:

b he he he b L hy hy
a (E>Wc b (%)wc +b (g)wa +c (Z>Wa v (%)wb +a (E)Wb < 4s
Proposed by Daniel Sitaru — Romania

Solution 1 by Bogdan Fustei-Romania

he he he
b\w. b we b — a\w.
@ =(+e-1)"=(+"27)
a a a

% < 1 (and the analogs) because h, < w, (and the analogs)

bra_?_ 1> —1; We will apply Bernoulli’s inequality:

a a
he

() = (14— 1) <1022 (2)

analogs). Summing we will obtain:

a

he
-a:>a(b)'”c Sa+%(b—a) (and the

he h, hq hy hg hg

o b b e (O () a() s
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hq
S4S+Z—(b—c+c—b)=4s
W,
Solution 2 by Soumava Chakraborty-Kolkata-India
Let%: tandlet0 <9 <1
b\° a® 1
a(—) +b(3) <a+be bt +bt’<bt+b
b t?

a

t 1
@—9+t‘9St+1<:)t9—1St(1——9)
t t
@)
@(t9—1)(1—ti9)30@(t9—1)(t9-1—1) <0

(a)
Casel)t>1.Then, @lnt>0=>Int? >In1=t? -1 >0

(b)
Also,(0—1)Int<0=Int?’ 1<hni=t1<1=2t1-1<0

(2).(b)=(2)= (1) is true.
(c)
Case2)t<1.Then,@lnt<0=>Int? <1=>t?-1<0
(d)
Also, (0 —1)Int>0=Int?’ 1 >n1=>t"1-1>0

(©).(d)=(2)= (1) is true. - VO € (0,1], a(%)19 +b (g)e <a+b

S a(®) (%)
tp B (i)

Similarly, b (%)";_Z +c (b)";_t‘l‘ (2) b+candc (g)w_” +a (i)w” < c+a

c

e (i)

" < a+ b (choosing 8 = %)

(i)+(ii)+(iii)= LHS < Y(a + b) = 4s (proved)
Solution 3 by Tran Hong-Dong Thap-Vietnam
Let f(x) =x*(x>00<a<1)->f'(x) =a(a—1)x*2<0,(x>00<a<1)

We have: 0 < h—“,ﬂ,ﬁ < 1. Now, using Jensen’s inequality:

Wq Wp W

he h. h. he

a (b\we b aw, ¢ C\w, (bF+a+c\we
2 2s (a) 2s (b) 2s (a) _( 2s )
hp hp by hy
a \w, € (a\w, b (b)wb (a+c+b)w;,
2, 2s (a) 2s (c) 2s \b - 2s
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hg h

hg Na hy Na
tge () @ s @ <)
h,

abﬁba%cc%ac%
—>91+QZ+92:£-(—) +£-(—) +—-(—) +—-(—) +

a b 2s \c 2s \a
NN bywe ol
o (@ ) o ) e () @) s3
he h, hy, hy, hq hq
b\w. b we wp w, b Wa b\wa
& O R O O O
at+b+c
= 2s B

hp hq

o a7 9|00 7 €] 0+ (] < 4 rowes

JP.223. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that:

a(a®+ (b +¢)?) + bb® + (c+a)?®) +c(c® + (a+ b)?) <243R*

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Marian Ursdrescu-Romania
In any AABC we have: a? + b? + ¢? < 9R? >
= 81R* > (a? + b? + c2)? = 243R* > 3(a%? + b2 + ¢2)2 >
We must show:

3(@2+b>+c?)?>a*+b*+ct+ab+c)+b(c+a)+cla+ b} e

o 2(a* +b* + c*) + 6(a?b? + b2c?* + c?a?) —a(b+c)®* —b(c+a)® —c(a+b)® =0 (1)

Let f4(a,b,c) = 2(a* + b* + ¢*) + 6(a?b? + b%*c? + c*a?) —a(b + ¢)3 —

—b(c + a)® — c(a+ b)3

We use Cartoaje’s theorem: If f,(a, b, ¢) is a homogeneous and symmetric polygon of

degree 4 then f4(a,b,c) >0 Va,b,ce R f,(a,1,1) > 0,VaeR
Do 2(a*+2)+6(2a*+1)—-8a—-2(a+1)2* >0
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oat*+2+6a?+3—-4a-a*-3a*-3a-1>0&

sat-at+3a?-7a+4>0< (a—1)%(a? + a+4) > 0, which is true.

Solution 2 by Soumava Chakraborty-Kolkata-India

St b2 2@+ 522 'S N [2 - 2ab(a? + )
= Z(a3b +ab3) = Z(aﬁb + ab3) (2 2 z at
Now, LHS=Y a* + Y a (b3 +¢3 +3bc(b + c))

by (1) 2
= z a* + Z:(ab3 +a3b)+3abc-4s < 3 ) a*+3-16Rrs? < 243R*

o (z aZ)Z _2 [(z ab)z - Zabc(Zs)] + 16Rrs? < 81R*

2
& 4(s? — 4Rr —r?)? — 2(s? + 4Rr +1r*)? + 48Rrs? < 81R*
2
& 25t —12r%s? + 2r2(4R +1r)? (% 81R*

se

Gerret
Now, LHS of (2) erré " (2(4R? + 4Rr + 31%) — 12r?)s?> + 2r%(4R + 1)?
= (8R? + 8Rr — 61%)s? + 21r2(4R + 1r)?

Gerretsen

?
<  (4R%? + 4Rr + 31%)(8R? + 8Rr — 612%) + 21r2(4R + r)* < 81R*

?
& 49t* — 64t3 — 64t — 16t + 16 > 0

Euler

”
@(t—Z)(49t3+34t2+4(t—2))20—>true'-'t > 2

= (2) = given inequality is true (proved)

JP.224. Let a, b, c be the lengths of the sides of a triangle with circumradius R.

Prove that:

< (3R)*

Proposed by George Apostolopoulos — Messolonghi — Greece
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Solution 1 by Soumava Chakraborty-Kolkata-India

Y a*p* Y a3b3(a+b)3+3a3b3c3

Given inequality  (3R)*

(abc)* — (abc)3
o 81(abc)* - Y a*b* - Y a®b3 (a + b)? + 3a®b3c3
256s2([1(s — a))*(abc)* — (abc)3

o [81) '+ Y] |0+ 2

256x2y?%z? (z x)Z [Z(y +z)3(z+x)3(x+y+22)°3+3 n(y + z)3]

a=y+z
<b =z+ x> o 81 (z x1ty3 + zx3y14) +567 (z xByt + z x4y13) 4
c=x+y
+243xyz (z xBy + z xy13) +2268xyz (z x12y? + z xzylz) +
+1354x%y?*z? (z x11) +1701 (z x12y5 + z x5y12) +
+9072xyz (z x1ly3 + z x3y11) + 2835 (z x11y6 + z x6y11) +
+5399(xyz)? (z x0y + z xy1°) + 18757x%y?z* (z x°y? + z x2y9) +
+79112x3y323 (z x°y3 + z x3y5) +123720(xyz)3 (z x4y4) +
+20412xyz (z x10y* + z x4y1°) + 2997 (z x10y7 + z x7y1°) +
+29484xyz (z x°y5 + z x5y9) +46747x%*y?*z? (z xBy3 + z x3y8) +
+2511 (z x%y® + z x8y9) + 31428xyz (z x8yb + z x6y8) +
+81317x%y% 2> (z x"yt + z x4y7) + 4256x3y323 (z xby? + z xzyﬁ) +
1)
+30618xyz (z x7y7) + 104659x%y?* 22 (z x%y> + z x5y6) >
> 3784x3y323 (z x8) +19992x3y323 (z x’y+ z xy7) +
+102432x*y*z* (z x°) +121880x*y*2* (z xty + z xyt) +

+69816x*y*z* (z x3y* + z x2y3) +236664x°y°z> (z xz) +
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+277128x%y5z° (z xy)
(2)
z xtyt > x2y?z? (z xz) = 123720x3y3z% > 123720x°y°z° (z xz)
z x5y + z x3y> > 2 z xty* > 2x%y?2? (Z xZ) =
3)
= 56472x3y%z3 (z x°y3 + z x3y5) > 112944x°y°z5 (z xz)
z x5y + z x3y> > 2x%y2z? (z xZ) > 2x%y?z? (z xy)
4)
= 22640x3y3z3 (z x°y3 + z x3y5) > 45280x°y°z° (z xy)
A-G
Z x%y5 +Z x5yb = Z x5 (y°+2°) > ZZ x5y323 = 2x3y323 (Z xz) > 2(xyz)3 ny
(5)
= 104659x2y27? (z x6y5 + z x°y°) > 209318x%y52° (z xy)
747 7 (v7 4 7y CBC 1 7 (v + 74 (v3 4 #3) oL Tv2,2 (v3 4 73
23 w7y =Y w7+ ) BN W 08 ) T e 8+ )
A-G earlier
= x2y27? (z x5y3 + z x3y5) > 2x%y2z? z xtyt > 2xtytzt (z xy)
(6)
= 14018xyz (z Fy7) = 14018x°y52° (z xy)
earlier
2 z x7y’ > xPy*z* z x5 (y3 + 23) = x%y?2? z x5 yz(y + z)
= x3y373 (z xy(x® + y3)) > x3y373 z x2y%(x + y) = x3y323 (z xB3y? + z x2y3)
(7
= 16600xyz (z x7y7) > 8300x*y*z* (z x3y? + z x2y3)
4-G
z Xyt + z xty? = z X (yt+zt) > 2 z X7y2z2 = x2y?z? Z(xS +y5)
cBc 1 4-G
2 5x’y'z" Z(xZ +y)(* +y°) = xPy'z’ z xy -xy(x+y) =
= x2y272 (z x3y? + z x2y3)

(8)
= 61516x%y*z? (z X7yt + z x4y7) > 61516x*y*z* (z 3y + z x2y3)
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earlier 1 A-G
z Xyt + z xty? 5 Exzyzzz z(xz +y2) (3 +y3) > xty?z? z xy(x3 +y?)
9)
= 19801x%y?z? (z Xyt + z x4y7) > 19801x*y*z* (z xty + z xy“)
(CBO) 1 A-G
z 0y + szyg — z O(yS+ 25 > > (2 +22)(y3 +23) >
> z x°yz(y® +z°)
cBc 1
= xyzz x8(y3 + 23) = x%y?z? z xT(y+z) = ExzyzzZ z x (y2 +z2%)(y® + 2°)
4-G
> x2y?z? z xyz (y® + z°) = 2x3y32° (z x5) = 5580xyz (z x°y> + z x5y9)
(10)
> 11160x*y*z* (z x°)
A-G
z X0y + z x8y° = z 08 +28) > 2x%y%z* = 2xtytzt (z x5)
(11)
= 2511 (z x%y8 + z x8y9) > 5022x*y*z* (z x5)
A-G earlier
zxsye + z Xy > 2) a7y > xty2g? z X5 (3 + 23) >
> x3y3z3 z x*(y + 2)
(12)
= 31428xyz (z x8y% + z x6y8) > 31428x*y*z* (z xty + z xy“)
cBc 1 A-G
zxsy:; + z x3y8 = z X3 (y8 + 28) > sz:;(yz +22) (5 + 26) >
> z x*yz (y® +z°)
cBc 1 4-G
= xyzz x*(y*+2°) = Exyzz x(y?+22) (yt+2%) > xyzz xtyz (y* + z*)
(13)
= x2y?z? (z xty + z xy“) = 46747x*y?z> (z x8y3 + z x3y8) >
> 46747x*y*z* (z xty + z xy“)

cBs 1 4-6
z X0y + z X5y° = z (0 +29) > = SO +2)(y +77) >
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2 z x°yz(y’ +27)
earlier
— xyzz A7 +77) = x3y33 z xy(x® + y3) = x3y323 (z xty + z xy4)

(14)
= 23904xyz (z x°y° + z x5y9) > 23904x*y*z* (z xty + z xy“)

cBCc 1
z x1°y7 + z x7y1° — z x10 (y7 + Z7) > Ez x10 (ye + zﬁ)(y + z)

A-G

> x1%9373 (y + z) = x3y37° z X7 (y + z) = x3y323 z x(y” +27)

cBc 1 4-6
> Ex3y323 z x (P2 +22)(y5 +25) > 23y z xyz (5 + 25

1

(15)
= 2x*y*z x°) = 7 X + X = xX*y*z X
2xtyt 4(2 5) 299 (z 10,7 z 7y10) 5994xty* 4(2 5)
10,4 4,10 — 10 (v4 4 4 Cicl 10 3, ,3
X0yt iyt = 3 a0 (4 ) BN 0 (4 )07 + 22)
1 A-G
> Ez x1°(y +z)%yz > nyzz x°yz = x%y?z? Z:(x8 + y8)
€1 , 5, 2 2)( 46 6y 126 2.2.2 6 6
2 Sx°y'z Z(x +y4)(x° +y°) = x%y’z zxy(x +5°)
22,2 74,7 Ve 3.3 3 5
=xyZZx(y +z7) = 2x’y’z (Zx)
(16)
= 20412xyz (z x10y% + z x'y1%) > 40824x'ytz* (z x5)
A-G
X + X = X +z°) = 2xyz ) x° =xyz x° +
z °y? z ’y’ z °(y? +2%) ZyZ ° yZ(8 ¥°)
earlier 17)
> 2x%y%z? (z x5) = 18757x%y?z? (z x°y? +Zx2y9) >
> 37514x*y*z* (z x5)
10 10 — o, o BC1 2 4 v2Y(x7 4 v7
x4+ ) xy =) xy(+y7) 2 5 ) ay(F+yH) " +y7)
A-G earlier
> x2y? (x7+y7):zx9yz+zxzy9 > 2x%y2z? (sz)

(18)
= 959x%y?z? (z x0y + z xy1°) > 1918x*y*z* (z x5)



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
earlier A-G
z x10y + z xy® > x%y? + z x2y? = z x2(y* +22) = 2xyz (z x8)
cBc 1 A-G
= xyZZ(x8 +y°%) > ExyZZ(xZ +y)(x® +y°) = xyzz xy (x® +y°)
(19)
= 4440x%y?z2 > 4440x3y3z3 (z x'y+ z xy7)
A-G
z x11y6 + z x6y11 = z X1 (y8 +26) > 2 z x11y323 = 2x3y373 (z x8)
earlier
> x3y3z3 (z x7y + Z xy7) =
(20)
= 2835 (z x10y + z xy1°) > 2835x3y323 (z X'y + z xy7)
Z xlly3 + Z X3yl = Zx11(y3 +23) > Z xMyz(y +2) = xyzz X0 (y + z)
cBc 1 A-G
= xyzz x(y10+219) > Exyzz x(y* +22) (y8 +28) > 2x2y%z* z x®
earlier (21)
> xly?z? (z x7y + z xy7) = 9072xyz (z xlly3 + z x3y11) >
>9072x3y323 (z x’y+ z xy7)
cBc 1
z x12y5 + z XSylz = z Y57 +y7) > . Xy (a2 +y2) (x5 +y°)
A-G earlier
> x6y5(x5 +y5) = z x11y6 + z x6y11 > x3y373 (z Xy + z xy7)
(22)
= 1701 (z x2y5 + z x5y12) > 1701x3y323 (z Xy + z xy7)
cBc 1 A-G
2 zx” = Z(x11 +y!) = EZ(xZ +y)(x° +y°) = ny(x9 +°)
earlier (23)
= z x0y + z xyl® > xyz (z x7y + z xy7) = 1354x%y?z? (z x11) >
>677x3y323 (z x7y + z xy7)
A-G
z x12y2 + z x2y12 = z X2 (y2+22) > 2 zx“yz = 2xyz (z x11)
earlier (24)
> x%y?z? (z x7y+ z xy7) = 1267xyz (z x12y? + z xzylz) >
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>1267x3y323 (z x’y+ z xy7)
earlier CBC 1
z x12y2 4+ z xzytz “5 xyzZ(xll +yl1l) > Exyzz:(xz +y2)(x° + y9)
A-G earlier
> xyzz xy (x° +y°) = xyz (z x10y + z xy1°) > 2x%y*z? (z x8)
(25)
= 1001xyz (z x2y? + z xzylz) > 2002x3y323 (z x8)
cBc 1
z XBy+ z xy'3 = z xy (212 + y12) > EZ xy (62 + y2)(x10 + y10)

A-G earlier
> x2y? (x10 + y10) = z x12y2 + z x2y12 > 2x2y%72 (z x8)

(26)
= 243xyz (z xBy + z xy13) > 486x3y3273 (z x8)
cBC 1
z X3yt 4 z xtyl3 = z Xyt (0 +99) > EZ Xyt + y2) (27 + y7)
A-G cBC 1
S Sy (7 +y7) > EZ X5y5 (2 +y2) (2% +y°)
A-G

i
> ) x%y5 (x5 +y5) = z xllyb + z X6yl g 2x3y373 (z x8)
(27)
= 567 (z xBy* + z x4y13) > 1134x3y323 (z x8)

14,3 3,14 303 (11 4 11y 26 1 323 (x2 4 v2) (x9 + v2

Zx y +ny Zny (xtt+ylt) > szy(x +y%) (x° +y7)
A-G earlier
> xty*(x? + %) = z xByt + z xty3 > 2x3y373 (z x8)

- 81 (z xlty3 + z x3y14) (228) 162x3y323 (z x8)
(2)+(3)+(4)+(5)+(6)+(7)+(8) +(9) +(10) +(11) +(12) +(13) +(14) +(15) +(16) +
+(17) +(18) +(19) +(20) +(21) +(22) +(23) +(24) +(25) +(26) +(27) +(28)= (1)
is true (Proved)

Solution 2 by Tran Hong-Dong Thap-Vietnam

3 3 3
LetQ = (aJcr—b) +(%) +(C+Ta) +3 abc[(ab(a+b)3+(bc(b+c))3+(ca(c+a))3+3(abc)3]
€ B i4+i+i - a*b*+b*ct+ctat
at pt 4

9R% > a% + b% + ¢ -» (3R)* = (9R?%)? > (a? + b? + ¢?)?



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
We must show that:

abc [(ab(a + b))3 + (be(b + c))3 + (ca(c+ a))3 + 3(abc)3]
a*b* + brc* + ctat

< abc [(ab(a + b))3 + (bc(b + c))3 + (ca(c + a))3 + 3(abc)3]

< (a? + b? + c2)?

< (a*h* + b*c* + c*a*)(a® + b? + c2)?
o (a*b® + a®b* + a*c® + aBc* + b*c® + b8c*) + 2(a®b® + b®c® + c®a’) +
+2a?b?c?(a*b? + a*c? + b*a? + b*c? + c*a? + c*b?) >
> abc(a®b?® + a®c? + ba® + béc3 + cbad + c°b3) +
+3abc(a’b* + aSc* + bSc* + bSa* + cSa* + c5b*) ()
3abc < a® + b® + ¢% - 3abc(a’h* + aSc* + b5c* + b%a* + cSa* + c5b*) <
< (a3 + b3 + c3)(a5b4 + a5c4 + b5c4 + b5a4 + c5a4 + c5b4) —
= aB(b* + c*) + b8(c* + a%) + cB(b* + a*) +
+a3(b5c* + b%a* + c®a* + ¢b*) + b3(a®b* + aSc* + cSat + 5b*) +
+c3(a®p* + a®c* + bSc* + b%a*)
We must show that:
2(a®b® + boc® + c®a®) + 2a?b?c?(a*b? + a*c? + b*a? + b*c? + c*a? + c¢*b?) >
> abc(a®b?® + a®c? + b®a® + boc3 + c®ad + c°b?)
+a3(b5c* + b%a* + cSa* + ¢b*) + b3(a®b* + aSc* + cSat + 5b*) +
+c3(a®p* + a®c* + bSc* + b%a*)
= a®b3c*(a’b + b%a+ b%c + ¢*b + c*a+ ca?) + a’(b® + %) + b7(a® + ¢5) +

+c7(a5 + b®). Itis true because:

2(a®b® + boc® + ca®) > a®b3c3(a’b + b%*a + b?c + ¢*b + c?a + ca?) (1)

+a®bh® + boc® + c®a® > a®b3c3(a® + b3 + c3) > a®b3c3(a?b + b%*c + c2%a)

+a®h® + bc® + c®a® > a®b3c3 (a3 + b3 + ¢3) = a3b3c3(b%a + ca? + ¢?b) - (1) true.
2a?b?%c?(a*b? + a*c? + b*a? + b*c? + c*a? + ¢*b?) >
> abc(a®bh? + a®c3® + b%a3 + b°c3 + cba? + c®b3) +
+a’(b® + c5) + b7(a5 + c5) + ¢7(a® + b°) (2)

(2) true because: By ABC theorem: 2(a*b? + a*c? + b*a®? + b*c? + c¢*a? + ¢*b?) >0
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With f(a?b?*c?) = 2a?b?*c?*(a*b? + a*c? + b*a? + b*c? + c*a? + c*b?) —

abc(a®h® + a®c® + b®a3 + boc3 + a3 + c®b®) + a”(b5 + %) +
- +b7 (a5 + %) + ¢7(a5 + bY)

So, (*) true. Proved

JP.225. Solve the following system of equations:
{ x3+2x+3=8y3—6xy+4y
Jx2—2y+2+x2—4y+4=x2-3y+4

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Amit Dutta-Jamshedpur-India

Domain (x> —2y+2)>0,(x?—-4y+4)>0
GM < AM
(x2-2y+2)+1

Va2 —2y+2=J(x2-2y+2)-1<

2
x*-2y+3
P =
2
x*—4y+5
fE=ayra= a1 (T2

Adding these: /x2 —2y +2 +/x2 — 4y + 4 < (x? — 3y + 4)

Butwe have: /x2 —2y + 2+ /x2 —4y +4 = (x® — 3y + 4)
xX*-2y+2=1=>x*=2y-1
xX*—4y+4=1>x>=4y-3

x=il}
y=1

So, for equality, we must have: {

Solve these two equations, we get: {

But for the system of equation, we must check these solutions for the other equation
also:i.e., x3+2x+3 =8y3 — 6xy + 4y
For (x,y) =(1,1); LHS = 6;RHS = 6
Equality holds, so (1, 1) is a solution for other possible solution: (x,y) = (—1,1)
LHS = 0; RHS = 18
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Equality do not hold. So, (—1, 1) is not the solution for this system of equation.

Hence, (1, 1) is the only solution.

Solution 2 by Orlando Irahola Ortega-Bolivia

{ xX3+2x+3=8y3—6xy+4y (1)
Jx2—2y+2+x2—4y+4=x2-3y+4 (2)

2 % (2) 2(\/x2—2y+2+\/x2—4-y+4-)=\/x2—2y+22+\/x2—4-y+4-2+2

Sea:a=+x2—-2y+2;b=\/x2-4y+4
=>2a+2b=a*?+bh?*+2=2@-1)>2+b-1)2=0=2>a-1=0Ab—-1=0
a=1Ab=1
Siia=1=x2-2y+2=1=2y=x2+1 (21)
Sib=1=,x2-4y+4=1=4y=x*+3 (2.2)

(A) (1)- 23 +2x+3 =(2y)3 —3x(2y) +2(2y); (21) en (1)>
523 +2x+3=((x%2+1)2-3x(x*+1)+2(x*+1)
>x0+3x*—4x3+5x2 -5x=0=2x(x—1D(x*+x3+4x2+5)=0>
X1=0>y1=y; ;x%2=1>y;=1
xt+ax3+4xP+5=0 (*9)

4% (x+) = (4%)* + 4(4x)3 + 64 (4x% + 1280) = 0
> [(4x)% + 2(4%)]? + 60(4x)% + 1280 = 0
= (16x% + 8x)? + 960x% + 1280 = 0 — (16x* + 8x)?> +960x* + 1280 >0=>x € C

=0 >0
(B) 8 x (1)= 8x3 + 16x + 24 = (4y)3 — 12x(4y) + 8(4y); (22)en (1) =
= 8x3+16x+24=(x*+3)3—-12x(x?+3) +8(x3+3)
= x% +9x* — 20x3 +35x% — 52x+27 =0 > (x — 1)?(x* + 223 + 12x% + 2x + 27) = 0
Sx=1Ax*+2x3+12x2+2x+27=0

(x2+x)2+11x2+2x+27=0
=0 >0

(X2 +x)2+11x2+2x+27>0=2>x€C

(x,y) € R?|(x,y) = (1;1)
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SP.211. Find all real roots of the following equation:

N2 —x2+ 2k - 1= (x2 - 1) +2
where m, n are positive integers.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Michael Sterghiou-Greece

22+ 02k -1= (2 -1)"™+2 (1)

Lety=Ix| >0 (1)-*V2—-y2+%2y—1=(@p2-1)*™+2 (1)

1
=——2
Consider the function f(t) = *V/t,t > 0 with f''(t) = a-zmem = _

4n2

forn € N,n > 1, hence f(t) concave and from Jensen:

LHS of (1) < 2 - Z/Z‘ﬁ;& =2" (2 +2y+1) ()

From(l)’wehavez—yz20—>ys\/7and2y—120—>y2%or

<y < +2.Now, —y? + 2y + 1 > 0 and equality in (2) when

N | =

2-y*=2y—-1ey=1.From(1)and(2)

52, 2':]% (—y*+2y+1) > (y* —1)>™ + 2 (3).Consider the function

fiy) = %(—yZ + 2y + 1) with f'(y) = —y + 1 with root y = 1 and f”'(y) < 0 with

maxf =1aty= 1.AS%(—yZ+2y+1) <1- 21:]%(—y2+2y+1) <1and

2. %(—yZ + 2y + 1) < 2. The last inequality and (3) give

2 > LHS of (3) = 2 + (y? — 1)?2™ which can happenonly ify2 —1=00ory =1or
[x| = 1 or x = £1 which are the only real solution of (1).

Solution 2 by Khaled Abd Imouti-Damascus-Syria

2 —x2+"2]x|—1 = (x? — 1) + 2



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2|x| > 1
2-x2>0 x| > = _ 1 1
relvaval| a2 [p=[E=gfufzv

if we have substituted —x instead of x then the relation is True. So, we will solve the

equation and the interval E\/f]
Note in the interval E\/f] x| = x

22—+ 2x—1=((2-1)2m+2

—x2+2x-1
2

(x2—1)2m+2<2" —x2+2x+1
2 - 2
2_q)2m 4 —1)?

S 2) < /1—("2) <1

xZ_lZm xZ_lzm
PN

Thisholdswhen:x2 —1=0=x>=1;x=1.50:5' ={-1, +1}

2112
(x2—1)2m+2S2\/

SP.212. Evaluate:

lim

n—->0oo

o

where | x| denotes the integer part of x.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Samir HajAli-Damascus-Syria

[e%] + [e%]n+ et [e%] i LlT[e%] — f[ex] dx
0

lim
n—-oo n—-oo
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1 2
Let put e* = t:dx:%then fo[e"] dx:f:[t]%:fl[t]%+f:[t]%
2 e
dt dt
Zf7+f2721n2+2(1—ln2)=2—ln2
1

SP.213. Prove that in any ABC triangle the following inequality holds:

9,,2(2R2 512) < 2 sin2 B gin2& (4R* — 3714
m — or _Zmasm 25|n E_4R2 T

Proposed by Marin Chirciu — Romania
Solution by proposer
We prove the following lemma:
Lemma: In AABC:

, . ,B . ,C s?(s? —12Rr) +r(4R+1r)(2R - 1)
mg sin® —sin® o =

2 16R?
2 2_
Proof: Usingm? = m# and sin? % we obtain:
I _ZC_zzbZ+2c —a? (s—a)(s—c) (s—a)(s—b) _
mg sin” = sin’ o = 2 T b =
_(s=a)(s=b)(s— )" (2b* + 2¢* — a*)(s — a)
B 4abc a
T sz(s —12Rr) +r(4R +r)(2R — r) s2(s?2 —12Rr) +r(AR+1r)(2R—1)
T 4R 4Rr 16R?

Let’s get back to the main problem: Using the Lemma, the inequality can be written:

s?(s* —12Rr) +r(4R+1r)(2R -1 1
or2 ( JHTURY@R-T) _ L (b0
4R 16R 4R
which follows from Gerretsen’s inequality: 16Rr — 51% < s? < 4R? + 4Rr + 3r? and

(ZRZ 51r%) <

Euler’'s inequality R > 2r. Equality holds if and only if the triangle is equilateral.
SP.214. Prove that in any ABC triangle the following inequality holds:
312 cC 3
aR? (4R +1)% < Zm cos —coszi < R(4R +1)?
Proposed by Marin Chirciu — Romania
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Solution by Soumava Chakraborty-Kolkata-India

31?2 1 B c@2 3
it +1)2 < 2 2 2- £ 7 + 7)2
5 (4R +1)* < mg cos > cos > =716 (4R+71)

z mZ cos? gcosZ g = (ﬁ)z (Z m? sec? g)
_ s? z {<2bZ +2c¢2+2a? - 3a2> ( bc )}
~ 16R? 4 s(s—a)
= (# [2 Zaz)zsb_c - 3abczsfa]
= (64st) [4(s —4Rr—17) Z bc(s —b)(s —c) — 12Rrs (Z ? S__s :: s)]

:( S )[4(5 —4Rr—r2)zbc(s —S(ZS—a)'FbC)]

64R2
sY(s—b)(s — C)>

ris

(645RZ) 12Rrs< —3+

= (64SR2) [4(5 —:zlir — rz) { Z ab — 2s? Z ab + 3sabc + (Z ab)2 - 2abc(2s)}]

Y(s?2—s(b+c)+ bc)>

(6:RZ) 72

- (6:RZ) [4(SZ _:zlir —r) {(z ab) (4Rr +1?) — 4-Rrsz}]

s 3s%2 —4s% + s% + 4Rr + r?
—(gggz) 12Rrs( -3+ >

( s ) [4(5Z —4Rr —1?%)

12Rrs< 3+

4R — 2r
= Z 4+ +71)%} — ( )
CAR . {s?+ (4R +1)?*} —12Rrs = ]

_ (s* —4Rr —r*)(s*+ (4R +1r)*) — 6Rs*(2R — 1)

B 16R?
(@) s* + s2(4R* + 10Rr) — (64R3r + 48R*r? + 12R13 + r*)
B 16R?

4, .2 2 _ 3 2,2 3
s*+52(4R*+10Rr) - (64R3r+48R?*r2 +12Rr3 +r )——(4-R +7)2 >0
16R? 4R?

(@=Q)e

(1a)
& s* + s2(4R%? + 10Rr) — (64R3*r + 48R?*1r* + 12Rr3® +r*) — 12r2(4R+71)? > 0
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Gerretsen

Now, LHSof (1a) >  s?(4R?+26Rr — 51%) — (64R3r + 48R%*r? + 12Rr® +1*) —
—127r%2(4R + 1)?

Gerretsen

>  (16Rr — 51%)(4R? + 26Rr — 51%) — (64R3*r + 48R?*r? + 12Rr3 +r*) —
? ? ?
-12r>(4R+71)? >0 © 26R> —53Rr+2r* >0 < (R—2r)(26R—1) > 0

Eul
- true - R uzer 2r = (1la)= (1) is true. Again, (a)= (2)

s* + s2(4R? + 10Rr) — (64R3*r + 48R*r> + 12R1r3 +1*) 3
=N <—(4R +1)?
16R? 16

(2a)
& s* + s2(4R? + 10Rr) — (64R3r + 48R*1r* + 12Rr® +r*) —3R?(4R+1)?> < 0

Gerretsen

Now, LHSof (2a) <  s%(8R%+ 14Rr +3r%) — (64R%*r + 48R%*r? + 12Rr® +r*) —
—3R%*(4R +1)?

Gerretsen

<  (4R%* +4Rr +3r?)(8R? + 14Rr + 3r%) — (64R3r + 48R*r? + 12Rr3 +1*) —

? ? R
—3R?(4R+1r)>’ <0 = 16t* —41t> —42t-8>0 (t = 7)

? Eul
o (t—2)(1663 +3212 +23t+4) > 0 >true~t > 2= (2a)= (2)istrue
(proved)

SP.215. Let a, b, c be positive real numbers suchthata + b + ¢+ 1 = 4abc.
Prove that:

a’b b%c cza 1

+ + >
b+5c c+5a a+5b 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Michael Sterghiou-Greece

a+b+c+1=4abc (C)

a’b 1
Leye bise = 2 o)

2,2 BCS p)? ?
a“b S (chca ) > l (2)
bZ2+5bc (Zeyc @?)+5Fcycab — 2

(1)~ Leye
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Let (p7 q’ r) = (ZCyC a 1 ZC_’yC ab 1 abc)

2
(2)—>pz_;’m2%—>2q22p2+3q—>2q2—pz—3q20andas—3q2—p2 it

suffices that: 2(qg2 —p?) = 0-q=p (3)
(3)»ab+bc+ca—a—-b—c=>0.From(c):p+ 1= 4rsowe have to show that:
ab+bc+ca—4abc+1>00rq—4r+1=>0 (4). Thisis adecreasing function of
r so we need to show (4) where r becomes maximal. This according to V. Cirtoaje
theorem with fixed happens when a = b assuming WLOG thata < b < c¢. Assuming

a = b we have:

2a+1 1 1
From(c) 2a+ c+ 1= 4a?corc = 4:2_1 =0 As c > 0wehavea > e Now, (4)
2 4a? .
becomes: a2 + 2ac — 4a’c+ 1> 0ora? + 21:1 - 2aa—1 + 1 > 0 which reduces to:

2a® —5a*+4a—1>00r (a—1)%(2a - 1) > 0 which holds. Done!
Solution 2 by Marian Ursdrescu-Romania
One of my student, asked my if it is possible to decondition relationship
a+ b+ c+1=4abc. Theanswer isyes: first using Bergstrom inequality:
a?b? . b?c? . c’a? (ab + ac + bc)? s
b2+5chb c2+5ac a?+5ab  a?+ b%2+c%2+5(ab+ ac+ bc)

2
(ab+bc+ac) > % (1)

We must show: a2+b2+c2+5(ab+ac+bc)

NowletaZi,b Zi,c=%:>a+b+c+1=4abc<:)
S xy+xz+yz+xyt=4(2)=>
O R x2y?+x%22 f;:z;:‘):xyz(x+y+z) = % )
Because xy + xz + yz + xyz =4 = Im,n,p > O such that: x = :Tmp'y = nf_:‘p,
‘= % =)= ZZmznz(rrf-rrlr;inll;:z)rf:;frz();+n)(m+p) =21 (4

Relation (4) it is true because using Cirtoaje’s theorem: If f¢(m,n,p) it'sa
symmetric polygon of degree 6 then
fela,b,c) >0,Va,bceR & fe¢(a,1,1) >0,Va€eR
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SP.216. Let I be the incentre of a triangle ABC with inradius r, and let K, L, M

be the intersection points of the segments AI, BI, CI with the inscribed of the
triangle ABC, respectively. Prove that:
AK™+ BL"+ CM" > 3 - r"
for each positive integer n.
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Marian Ursdrescu — Romania

A
B C
From Hdélder’s inequality we have: AK™ + BL™ + CM™ > (an%w

(AK+BL+CM)"

We must show: pr=) >3r" ©AK+BL+CM =3r (1)

ButAKzAI—rz%—rzr(%—1> )
smE smE

From (1)+(2) we must show that: -+ -+ —-> 6 (3)
Slnz SlnE Slnz

A (s—b)(s—c)< a . 1 >2\/bc:>
sin— = < >
2 bc 2+/bc sin% a

522(£+@+@)22-33/Z—ZC:6:>(3) itis true.
2

a b c c
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SP.217. Let a, b, c be positive real numbers such that:

(a® + b3)(b® + c3)(c® + a®) = 8. Find the minimum value of:

a b c

r= (b% + bc + c2)(a + 2b)? N (c2+ca+a2)(b+ 2c)? N (a2 + ab + b2)(c + 2a)?

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

b c _  a? b? 2

+ = + +
a+2b b+Zc c+2a a%?+2ab  b%2+2bc  c2+2ca

Berg;trom (Za)z _ G a)? 1o z a @

c

Firstly,

= = _ >
- Ya:+2Yab (3 a)? a+2b_1
Chebyshev )(a+b)3
Now, a3 + b3 > —(a+b)(a +p2)>1 (a+b) —(a+b)2:>a + b3 >

®) (h+c)3 © (cra)?
Similarly, b3 + ¢ > & 4‘) and ¢3 + a3 > (c+4a)

(a+b)}

(@.(6).0)=> TP _ [1(a3 4 p3) =g = [[(a+b) < 8

() Perostrom  (Sgm)

a(b2+bc+c2) - Y a?b+Y ab%+3abc

Now, T =Y.

by (1) 1 by (2) 1 Cesaro 1
> > P —
~ Jl(a+b)+abc ~— 8+abc 8+H(a+b)

2

by (2)

= 8
= 9
8+8

1 1

& Trin = %, equality when a = b = ¢ = 1. (Answer)

Solution 2 by Tran Hong-Dong Thap-Vietnam

For a,b > 0 we have: a® + ab + b?> < 3(a? — ab + b?) & 2(a? — 2ab+ b?) > 0

o 2(a— b)? = 0 (true)

Hold
(b3 + a3)(a® + c3)(13 + 13) ozer (b-a-1+a-c-1)3 =(ba+ ac)?

(ba+ac)? a a

>
(b%2+bc+c2)(a+2b)2 — 3(b%2—bc+c2)(a+2b)?

- (b2 +ad)(a®+c3) = . Now,

a(b+c) _a(b+ )b+ c?)(a® +c3)
3(b3 +c3)(a+2b)?2 24(a + 2b)?
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- (ab +ac) (ba+ac)® (ab+ac)*
= 24(a + 2b)? 2 " 48(a + 2b)?

b > b(c+a)(a3+b3)(b3+c3) > (bc+ba)*
2+ca+a?)(b+2c)? — 24(b+2c)? — 48(b+2c)?

Similarly: z

. c = c(a+b)(a3+c3)(b3+c?) = (ca+ch)*
" (a2+ab+b?%)(c+2a)2 — 24(c+2a)? ~ 48(c+2a)?

And
a b c
- + + =
(b2 + bc+c2)(a+2b)2 (c2+ca+a2)(b+2c)?: (a%2+ab+ b2)(c+ 2a)?
- (ab + ac)* . (bc + ba)* . (ca+cb)*
~48(a+2b)2 48(b+2c)? 48(c+2a)?
_ 1 ((ab + ac)* . (bc + ba)* . (ca+ cb)*
48\ (a+2b)?  (b+2c)? (c+2a)?

(ab+ac)* = (bc+ba)*  (ca+ch)* 16
(a+2b)? (b+2c)? (c+2a)2 — 3

We have:

(ab+ac)* = (bc+ba)*  (ca+chb)* Schwarz [(ab+ac)2+(bc+ba)2+(ca+cb)2]2
(a+2b)2 (b+2c)? (c+2a)? - (a+2b)2+(b+2c)%2+(c+2a)?

Itis true because: .And:

3[(ab + ac)? + (bc + ba)? + (ca + cb)?)? > 16((a + 2b)? + (b + 2¢)? + (c + 2a)?)

16

(By ABC theorem) - w > % 3

:%_Equality<—>a=b=c=1.

SP.218. Let x, y, z be positive real numbers such that:

x% + y* + z? = 3. Find the minimum of the expression:

x y z

=+ =+
4’ 8 8 4’ 8 8 4’ 8 8

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

P =

Solution 1 by Soumava Chakraborty-Kolkata-India
a* + b* < 2(a®? — ab + b?)?  a* + b* < 2(a? + b?)? — 4ab(a? + b?) + 2a?b?
& a* + b* < 2(a* + b*) + 4a?b? — 4ab(a? + b?) + 2a?*b?

& (a? + b?%)? — 4ab(a? + b?) + 4a?b?> > 0 & (a? + b2 —2ab)? > 0

1
- true - a* + b* < 2(a? — ab + b?)?
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Choosing a = y? and b = z% in (1), y® + z8 < 2(y* — y2?2?% + z%)?

4 y8 + ZB
=
2
CBS

< V1+3y* —y2z22 + z* + 3y222 = 2./(y? + z2)? = 2(y?% + z2)

4 8+Z8 (a
’y > + 3yz < 2(y* + z%)

x+y

+3yz < |yt — y222 + z* + V3(V3yz)

(b)
+ 3zx < 2(z% + x?) and,

o 4[,8448
Similarly, /z Zx

@), (b), ()= P =33

+ 3xy < 2(x% +y?)

p 01

Z X

3—x2

2+zz

No @2>x(3—x2)<:>x —-3x+2>0

(d) 2 (e) y2

) 2
> - Similarly, =2 > -and, .=

zZ_Z

X

e (x+2)(x—1)2 >0 > true - v

(d). (). M. (H=>P= izxz - %
 Pmin = % anditoccurswhenx =y =z =1,

Solution 2 by Tran Hong-Dong Thap-Vietnam

For all a, b > 0 we have: f“ +b°
4’a8 + p8 a® + b®
o > < 2(a®? + b%) —3ab < > < (2(a? + b?) — 3ab)*

1
> (a — b)*[31(a* + b*) + 102a2%b? — 68(ab3® + ba®)] > 0

+ 3ab < 2(a? + b?) (%)

Which is true because: %(a —-b)*>0

AM-GM
{31(14 +51a%h? > 24/31-51-a®h? = 2V1581 - ba? > 68 - ba?
AM-GM
31b* +51a%b?> > 231-51-a°bh% =2v1581 ab®>68-ab?
- 31(a* + b*) + 102a%b? — 68(ab3® + ba3®) >0
So, (*) is true. Equality if and only if a = b. Now, using (*) inequality:
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[y8 + 28
4y +Z + 3yz
z

2(y2+zz) 2(zz+x2) 2(x2+y2) 2(3—x2) 2(3 y2) 2(3—22)

+ 3zx

+ 3xy

(Because: x2 + y%2 + 22 =3 - 0 < x2,y%, 22 < 3)

x y z 3
+ + >-
2(3-x%)  2(3-y%) 2(3-22) — 4

Lastly, we must show that:

cEATEA T Eaz: O

0 \/_
Wehave( 2)_—2 5Y 2>x(3—x%) o (x—1)*(x+2) =0 (true)
ZZ
Slmllarly( 2)_ and(g_z)z;
2 2 2
X y z x‘ y° z 3
+ + >+ —+—==
"B-x) B-y2) (B-zH)-2 2 2 2
So, (**) true. = Pnin =;<—>x=y=z=1.

SP.219. Prove the following inequality:

n ai 1 n
kZ a,+m+1)S —ay) = n—Z

where a4, a,, ..., a, are any strictly positive real numbers and we make the

notation: S = a4 +a, +---+a,
Proposed by Vasile Mircea Popa — Romania

Solution by Marian Ursdrescu — Romania

From Bergstrom inequality, we have:

n

Z % (ay +ap + - +a,)?
a,+n+1)(S—ay) ~ (a1+a2+--'+an)+(n+1)(nS—a1—aZ—-'-—an)
_(ay+ay+-+ay) s? sz s 1

TStm+Dm—-1S S+m2—1s n2s n2 2 L%

=~
||M=
[y
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SP.220. Let a, b, ¢ > 0 such that: a + b + ¢ = 3. Find the minimum of the

expression:

a . b . c +(a+b)(b+c)(c+a)
3[4(b® + c®) +7bc  %/4(c® +ab) + 7ca 3/4(ab + b®) + 7ab 24
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Tran Hong-Dong Thap-Vietnam
With a, b > 0 we have: 4(a® + b®) < (3a? — 4ab + 3b?)3
o (a—b)*(23a? —16ab + 23b?) > 0 & (a — b)*[23(a — b)? + 3ab] = 0 (true)
Equality if and only if a = b. Similarly: 4(a® + c®) < (3a? — 4ac + 3¢?)3
4(b® + %) < (3b% — 4bc + 3¢2)3 - 3/4(b® + c6) < 3b% — 4bc + 3¢?
— 3/4(b® + ¢6) < 3b% — 4bc + 32
- W+ 7bc < 3b? — 4bc + 3¢? + 7bc = 3(b?% + bc + ¢?)
Similarly: 3/4(a® + ¢) + 7ac < 3(a® + ac + c2)
/4(ab + b®) + 7ab < 3(a? + ab + b?)

a b c
= + +
3/4(b% + ¢%) + 7bc  3/4(a® + c®) +7ac 3/4(ab + bS) + 7ab
a b c

> + +
~ 32+ bc+c2) 3(aZ2+ac+c?) 3(a%?+ab+b?2)

1 a b c
—2\7z z T3 2zt 32 2
3\b%?+bc+c a*+ac+c a’+ab+»b
b c
b2+bc+c? a?+ac+c? a’+ab+b?

We have:

a’ b? c? Schwarz
- a(b? + bc + ¢?) + b(a% + ac + c?) + c(a? + ab + b?) =
- (a+b+c)?
~ ab? + ba? + ac? + ca? + bc? + cb? + 3abc
_ 9
" ab? + ba? + ac? + ca? + bc? + cb? + 3abc
_ 9
" (ab? + ba? + ac? + ca? + bc? + cb? + 2abc) + abc
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9 (a+b)(b+c)(c+a)=8abc
= >
(a+ b)(b+c)(c+ a)+abc -
N 9 _ 8
- (a+b)(b+c)c+a)+ (a+b)(b+c)(c+a) B (a+b)(b+c)(c+a)
8
Then: P > 8 4 (@+b)(b+c)(c+a) AM;GM 8 _(a+b)(b+c)(c+a) _ 2
"7 T 3(a+b)(b+c)(cta) 24 - 3(a+b)(b+c)(c+a) 24 T3

2
- Prin =§<—>a=b=c=1.

SP.221. Prove that in any AABC the following inequality holds:

i/(n — A" . (m— B)™ - (T — C)™¢ > :/(n — A% (m — B)Y ( — €)¢*

A, B, C the measures in radians of the angles.
Proposed by Marian Ursdrescu — Romania

Solution by Adrian Popa — Romania

3\/(11' — )™ . (r— B)™ - (T — €)™ > 4\](11' — A (- B (-0 o

1 1
ez [ln(n’ — A)™i + In(m — B)’"IZJ + In(m — C)'"%] > Z [In(m — A% +In(m — B)* +In(m — C)CZ]

a>b>c=a?>b%>c?

We su ose:AZBZC:{
PP m, <m, <m,=>m2<m’<m?

>B+C<A+C<A+B=>m—A<m— B <m— C. From Cebyshev we have:
1
E[mﬁln(n’—A) +miIn(m — B) + m?In(w — C)| >

m2 + mj + m?
=
3-3

(In(mr—A4) +In(x— B) +In(r - C)) =

%(aZ + b? + ¢?)
= 373 (In(mr—A4) +In(m—B) +In(r - C)) =
_a?+b*+c?
4.3
Cebyshev 1
> 2 (a?In(wr — A) + b?>In(mr — B) + ¢?In(r — C)) =

(In(r — A) + In(w — B) +In(mr - C)) >
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1
%('n(n — )% (m— B)” (m - €)°) = In((m - A" (m - B)" (m - O))* =

= 3\](11' — A)™i(r — B)™(m — C)™? > 4\/(11' — A)**(m — B)Y (m — €)°*

SP.222. Let ABC be a triangle and A, B', C' the intersection points of the
simedians with circumcircle. Prove that:

6r 1 1 1 3R
— < + + <
R?2 ~ KA’ KB' KC' ~ 4r?

Proposed by Marian Ursdrescu — Romania
Solution by Tran Hong-Dong Thap-Vietnam

bc /Z(b2+c2)—a2
We have: AN = ———

(b%+c2)
, KA _EA . DA _ b% % _ b%+c?
By Van Aubel’s theoremwe have: — = —+ — ==+ 5 =—;
KN EB DC a a a

b? + ¢? bcy/2(b% + c?) — a?
KA=————-AN =
aZ+bZ+CZ aZ+bZ+CZ

2

NB _ ¢ NB =7

Now, we compute AA’: { NC Bz o b o2
NB+NC=a (NC=—

If AN, AM are symedian and median of triangle, respectively, then BAN = CAM
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More, BA’A = BAC -» AABA' ~ AAMC

c AA' bc 2bc
N 2 AA = —=
AM b AM \/Z(bz +c2) — a?
2bc bc\/Z(bZ + ¢%) — a?

a’? + b? + ¢?

—- KA' = AA' — AK =
J2(b% + ¢2) — a?

3ach?

3bca? ..
= .Similarly: KB' =
(a2+b2+c2)( /Z(b2+c2)—a2> (a2+b2+c2)( /Z(a2+c2)—b2>
1 1 1

3abc?
And: KC' = —>Q:_’+_’+_,
(a2+b2+c2)( /Z(a2+b2)—c2> kA" KB KC

J2(b% +c2)—a? /2(a%+c?)—b? ./2(a?+ b2) —c? _
a N b N c B

_(a* +b*+c?)
B 3abc .

2(a?+b%+c2 AM . BM = CM
:M.(_+—+T).Wehave:

3abc a b
AM BM CM 33 abc abcV3
—t 4+ —— > a2+ b2+ %> = .
a b c 2 ja? +b? +c? 2 435 = 493 4R R
2(a? + b2 + ¢?) (AM+BM+CM)>2 3V3 abcV3 3
3abc a b c /)~ 2 3R-abc R
1,1 1 _6r

Wemustshowthat:izﬁ—;HRz 2R (Euler)-» Q = —; st — ==
R R KA KB KC R

Q< 3R [ 2aHbPH) M BM | CMY _ 3R
Lastly, we show that: Q < 2 3abe ( Pl ) Sz
2(a’ +b*+c*) 2-3R

(a? + b? + c%?) < 9R?;abc = 4Rrs - (a <) <
3abc 4rs

We must show that: % + % + % < % o bcAM + acBM + abCM < “;:S = 2Rs?

bcAM + acBM + abCM < \/(bc)? + (ac)? + (ab)? - \/AMZ + BM? + CM?
Because: AM? + BM? + CM? = %(aZ + b2 +c?) < %. 9R?

(bc)? + (ac)? + (ab)? < gs“. Hence:
4Rrs

= 2Rs?

bcAM + acBM + abCM < \/(bc)? + (ac)? + (ab)? -/ AM? + BM? + CM? <

Proved.
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SP.223. In AABC the following relationship holds:
h, h h hgq

e he hg —a hy hy
&) w5 () ) e2)” ) (2 a ) 2 e

Proposed by Daniel Sitaru — Romania
Solution by Tran Hong-Dong Thap-Vietnam

B b ke <4 Using AM-GM we have:

Wq Wp W¢

b he he b he he b he
Wce a w_c Wce a W_c a\Wc
— — > — . — = _—— =
“(a) +b(p)" 22 “(a) b(5)" =2 “b(a b) 2vab

Because: 0 <

a:l.,—l,’, cv’.l,—’,’, a:l.,—l,’, cv’.l,—’,’, a cv’.l,—’,’,
c(2)"+a(2)"22c(7)" a(2)" =2 ca(-2)" =2Vea

— LHS > 2vab - 2Vbc - 2+/ca = 8abc

SP.224. In AABC the following relationship holds:

(s2 +1rp)(s? + 11 )(s? +1.1y)
2 2 2 =8
(s2 = 141rp)(s% —1p1)(s* —71c1y)

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

2
2 sTr r
2 24 se+— 1+—
We have: r,ryr. = s?r = ryr, = — = >1blc —__Ta — __Ta - \ye must show:
Tq

s2—rpr¢ Sz_sif 1-—

-
Ta a

(1 +£)(1+%)(1 +é)
=

Letrizx,rizy,rizz,becausei+i+i:—:>x+y+z:1 )

a b c Tq Th Tc r

> 8 (1)
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(x+y+x+2z)(x+y+y+z)(y+z+x+2)
>
(x+y)(y+2)(x+2) =8 (3)

Letx+y=m,y+z=nandz+x=p (4)
From (3)+(4) we must show:

(m+n)(n+p)(p+m)
mnp

m+n=2Vmn
But n+p=2/np : = (m+n)(n+p)(p+m)=8mnp

p+m=8,/pm
Solution 2 by Soumava Chakraborty-Kolkata-India

st +r,r, =s? +s(s—a)(s—b)(s—c) =s(s+s—rc) (é)s(a+b)

(s—a)(s—b)

. (2) 3)
Similarly, s? + ryr, = s(b+c¢) and s? +r.r, = s(c+ a)

>8o (m+n)(n+p)(p+m)=>8mnp (5

4
Also, s2 —r,rp, = s> —s(s—c) @ sc,
5 6
s2—ryr, © saand s? —r.r, © sh
3
(1), (2). (3). (4). (5). (6) = given inequality & “1<*2 > 8  [[(a + b) > 8abc

— true (Cesaro) (Proved)

SP.225. Let a, b, ¢, d be positive real numbers with abcd = 1. Prove that:

z 1 <1 zl+zz )
alb+c+d)~ 9 a? a

cyc cyc cyc

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Ivan Mastev-Maribor-Slovenia

a,b,c,d>0andabcd =1

R A

cyc cyc cyc
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9 HM-AM 1,1 1 1 1 1 1 1 1 1
D LI EHL S SERS AR
alb+c+d) a\b ¢ d ab ac ad bc bd cd

cyc cyc

1 1 1 1 1 2 1 1 2 1
=+ —+—— |+ —FF—F—+—+—| <
(ab bc cd ad) (ab ac ad bc bd cd) -

IA

1 1 1 1 1 1 1
— +2(—+—)+(—+—+—+—):
a? ac bd ab bc cd ad
cyc

1
= o + 2(bd + ac) + (cd + ad + ab + bc) <
cyc

1 2 + d?) + (a% + d?) + (a? + b?) + (b* + c?
< Z—Z +(a2+b2+c2+d2)+(c )+ (a ) +(a )+ ( C):
a

2
cyc
1
=) a2
cyc cyc
Solution 2 by Marian Ursdrescu-Romania
3 _ 3 < acd + abd + abc
b+c+d 1 _ 1 _ 1 - 3 =
acd abd abc
3 a(bc + bd + cd) 1 <bc+bd+cd
= = =
b+c+d~ 3 alb+c+d)~ 9

We must show: 2(ab + ac + ad + bc + bd + cd) < Z%+22a2 Q)
Now, using the inequality:
Xi+ x5+ a3+ x5 2 §(x1xz + X1X3 + X1Xg + XpX3 + XXy + X3%,)  (2)
From (2) = 2% a? >3 (ab + ac +ad + bc + bd + cd) (3)

1 2(1 1 1 1 1 1 2
Z—ZZ—(—+—+—+—+—+—)=—(cd+bd+bc+ad+ac+ab) 4)
a 3 \ab ac ad bc bd cd 3

From (3)+(4)= 2Y a® + Za—lz > EZ ab +§Zab =2Yab = (1)itistrue.
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UP.211. Calculate the integral:

1

f\/}lnx

Z+1 dx

0
Proposed by Vasile Mircea Popa — Romania

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

+ oo

1 +00 1
xlog x 1 —-1)n+1
\/_ g dx — (_1)n x2n+i lngdx — ( ) —
1+ x2 3\2
0 n=0 0 n=0 (Zn + 7)

NI 1| _w(e)-%()

il nedy)

Solution 2 by Samir HajAli-Damascus-Syria

1 [o'e) [o'e) 1
1
I= f VElnx Y (—xtyrdx =y (1) f Inx - 2" 2dx
0 n=0 n=0 0

1 _2n4k
Letput:J = [; x™ 2 Inxdx

1

-1

ad 1
= a = [
da aafx dx da (a + 1) a=2n+1 3\2
1 0 2 (Zn + 7)
2 2

a=2n+z

So:I=Yy> (—1)m+1. 1
z:n—O( ) (Zn+g)2
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Solution 3 by Abdul Hafeez Ayinde-Nigeria

fﬁlnx

xZ2+1

Z( 1)"f Z"J'Zlnxdx
k=0 0

Q= Z(—”" ab
k=0

= d

— —_1)k .

Q‘Z( 1 ab
k=0

( )
b:2k+% b+1

< 1
_;(_1)k b= Zk+— (b i
< 1

-1)k—m
SIT)
0 N _CDF
)
0o 1N\ D
1+

=434 )-6)
0= (n(3)-#0)

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador

1 0 y 5]
\/Eln(x) —In(x)Vx yez y e
f Z—I—dxz _ZeydyZ—fye
+ e~ <y

xZ2+1 1+ x2
0 co 0

7o =
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y [oe]
:_fye 72( 1)k-1¢=@k-1y gy = _ z( 1)k- 1fye (2~ ydy
0 k=1

y 0 ( 1 (—1)k1 ° .
:—k=1(2k7_1)20f (Zk—z)ye ( ) (Zk——)dy— 42(41( 1)Zfze dz =
2
_ o (-1 Ir(1 + 1) B 2y (—1)k1
_4; (4k — 1)2 =—4 k:1m

= —2c[w: () - 1 (3)] ¥ = fnrLapy”

UP.212. Calculate the limit of the sequence (a,,),,»1 defined by the following

relationship:
2

1
a= _f ln(1 + en-arctanx) dx
n

1
Proposed by Vasile Mircea Popa — Romania

Solution by Remus Florin Stanca — Romania
lim,_ ., a, =
. 1,2 1 02 2
llmn—mo (_f ln(1 + enarctanx) dx — _fl ln(enarctanx) dx) + fl arctan x dx (]_)

fz ln(e—narctanx + 1) dx

lim f In(1 + e™arctanx) gy — —f In(em®tan*) dx | = lim =
n-ooo \ N n-—oo n
z t
] ln(e—narc anx 4 1) ,
= lim -x'dx =
n—-oo n
1
1
—n—+1 2
2 ln(e—n arctan2 1) ]n 1 1
= lim — + — . ne—narctanx . dx | =
n—oo n n e o-narctanx 4 1 +1 x2+1
1
e —narctanx
- llmn—mo f x2+1 e—mnarctanx g q dx (2)
—narctanx L
x x xe <. e " o

1 1
<-andemarctanx 4+ 9 >1 <Is
x2+1 (x2+1)(e—n arctanx+1) 2 (x2+ 1)(e—narctanx+1)
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2 2
xe—n arctan x X ni ni ni 1
dx < f

= (x2+1)(e—narctanx+1) Ee tdx=e 4 —e ¢ Z:>
1

nm

—e_—4—0and
4

- nm
xe ™M arctanx

(xZ +1)(e—narctanx+1)

dx = 0 because lim,,_,, e 4

] 2
= lim,,_, o fl

2 2 2
xe—narctanx (1);(2)
>0 = lima,= | arctanxdx = | arctanx -x’' =
(xZ + 1)(e—narctanx + 1) noco *
1

1 1

_ T 1 2x
—ZarctanZ—Z—Efo_l_ldx
1

— 2arctanZ — © — S(In5—1n2) = 2arctan2 — ~+1n| |
= arctan —4—2 n —1n = arctan —4 n 5 =

. /4 2
= lima, =2arctan2 ——+1In| |-
n-o 4 5

UP.213. Let A € M3(R) invertible such that: Tr A = Tr A~! = 1. Prove that:
det(4%> + A +13) > 3 detd
Proposed by Marian Ursdrescu — Romania

Solution by Ravi Prakash-New Delhi-India
As A7, exists, det(d) # 0. det(4? + A+ I;) = det ((A — wl3)(A — w’l3))
= det((A - w13)) (A — wl;) = det(4 — wl3) det(4 — wl;) = |det(4 — wI3)|* > 0
. If det(4) < 0, then there is nothing to show. We assume det(4) > 0. Let
det(4) = a? wherea > 0. WehaveA* =det(A)A ' =a?A 1= Tr (4%) =
a’Tr (A~1) = a? . Characteristic polynomial of A is: P(t) = det(tl; — A)
=3 -Tr(At>?+TrA)t—detA) =3 +a?t) - (t*+a) = (*+a®)(t—-1)
Now, from (1): det(4% + A + I3) = |det(4 — wl3)|? = |det(wl; — A)|?

= (@ — Dl w? + a?|
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But |w—1]| = |—;+\/Z—§i| =3and|oo2+0£z|:(—%+0{)Z+(\/Z—§)Z2014—012+120£Z

Thus, det(4% + 4 + I) > 3a? = 3 det(A)

UP.214. Find:

1

1+ |

1.1, &
Q = lim 2 3

n—oo en

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

()—1+1+1+ 1
ain T

1 1 11 1 1 1 1 1 1
—1+( + )+(—+—+—+—)+(—+---+—)+---+( + )
2 3 4 5 6 7 8 15 2n-1 2n -1

<1+2(1)+4(1)+8 1)+ +2"‘1( 1 )— +1
2 4 g) " gn-1) — M

2
a(n) n+1 < 2e [e"+1 - (n+1) ]
e" n+1 2

Now,0 <a(n) <n+1=>0<—-

Aslim,,_, n2+ = 0, we get lim,,_,, ae(")

Solution 2 by Remus Florin Stanca-Romania

1 1
1+5+--+—-In(2"-1)+In(2" - 1) In(2" -1
0o lim 2 2T = tim ¥+ im E D
oo en n-oco e noowo e
1 2n+1 -1
In(2" -1 _ nN—-3g—= In2
— lim ( ) Stolz :Cesaro lim 2n — 1 =lim————=0=>0=0
lim == him i e = MM e )

Solution 3 by Naren Bhandari-Bajura-Nepal

li li <l 1 . 1
Q= lim = sz = lim sz lim (> =

k=0

Here X315 L is a convergent series this ¥_, S+ Is also convergent series
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=li 1 S 1 li 2)=2-0=0
N lm_ Zk n—>ooe" ZZ_ _nl—>no}>e_

n—-oo en
k=0

UP.215.1f0 <a<b < gthen:

b b

cotx + coty + tan(x + y) (b —a)

[ ey <m0
cotx cotytan(x +y) 2

a a

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

NUM = cot x + coty + tan(x + y) == :’:i + Z:’:; + tan(x + y)

sin(x +y) sin(x +y) sin(x + y) ) )
= — — + = — - [cos(x + y) + sin x sin y]
sinxsiny cos(x+y) sinxsinycos(x+y)

sin(x + y) cos x cos
=— ( - y) y=tan(x+y)cotxcoty=DEN
sin x sin y cos(x + y)

b b
:ffldxdyz(b—a)z<g(b—a)

[':0<aSb<E:>b—a<E]
2 2

Solution 2 by Andrew Okukura-Romania

cotx + cot v + tanx +tany
R tanxtany

tanx +tany

cotx +coty+tan(x +y)

cotxcotytan(x +y)
cotxcotyq— tanxtany
tx + cotv + tanx +tany
= tiaitid 1-tanxtany _ 1—tanxtan +tanx+tany_
- cotx + coty - y cotx + coty -

1—tanxtany
=1-tanxtany + tanxtany = 1. By noting the left side, I, we have:

1= (S0 dx)dy = [*(b-a)dy = (b - @)*.But(b—a) <Z=y < (b -a)
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Solution 3 by Remus Florin Stanca-Romania

1 1
tanx +tany cotx+coty cotx + coty
tan(x +y) = = = =
1—tanxtany 4 _ 1 cotxcoty—1
cotxcoty

= tan(x + y) cot x cot y — tan(x + y) = cot(x) + cot(y) =

= tan(x + y) cot x cot y = tan(x + y) + cotx + coty =

b
fcotx + coty + tan(x + y)

cot x cot(y) tan(x + y)

dx=f1dx=b—a:>

a

N f: fb cot x+coty+tan(x+y) dx dy — (b _ a)z (1)

a cotxcotytan(x+y)

- by adding . 2(b—a)
b<zand-a<0 = b-a<;|-(b-a)20)>(-a)P<——

b b

1);(2) f f cotx + coty + tan(x + y) d (b — a)

= - 7
a a

cotxcotytan(x + y) - 2

Solution 4 by Avishek Mitra-West Bengal-India

dxdy

b b
Q_ffcotx+coty+tan(x+y)
B cotx - coty-tan(x + y)
a a

b b
cotx + coty 1
- ff + dxdy

cotxcoty - (tanx + tan y) cotx coty
“f Y (A—tanxtany)

+tanx-tany}dxdy =

b b
_ff (cotx +coty)(1 —tanxtany)
B (cotx + coty)

a a

b b
:ff(l—tanx-tany+tanx-tany)dxdy
a a

b b b
:ffalxaly:(b—a)fatyz(b—a)Z

1,1
fb cot x+coty+tan(x+y) dx dv = fb fbm"'m"'tan(x"'ﬁ
a

a cotxcotytan(x+y) a cotx-coty-tan(x+y)

& or, = f: dx dy
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tanx + tany
:ff tanxtany +tan(x+y)

cotx cotytan(x +y) dxdy =

}dxdy

b b
_ ff tanx +tany+tan(x +7vy)-tanxtany
B tan(x + y) tan(x +y)

a a

(tanx + tany) +tanxtany  dxdy =

(1 —tanxtany)

b b
_ff (tanx + tany)
a a

b b
:ff(l—tanxtany+tanxtany)dxdyfodxdyz(b—a)Z
a a

n'(b a)
2

& need to show = (b — a)? < s(bh-a)<=Z @(*trueasa<b< b<§)

sb-a)?< —"(bz_a) (*true)

dxdy <

b b

@ffcotx+coty+tan(x+y) (b —a)
cotx cotytan(x +y) - 2

a a

UP.216.1f0 <a<b < gthen:

)) dxdy < (b — a)

ff(1+tanx)(1+tany) (1+tan(%—x—y
a a

1+ tanxtany tan (%—x—y)

Proposed by Daniel Sitaru — Romania
Solution 1 by Jovica Mikic-Sarajevo-Bosnia
Letx,y,z> Osuchthat: x +y +z = %then:

Yeyctanx + Y tanxtany = 1 +tanxtany +tanz (*)
T T
xX+y=——1z tan(x+y)=tan(——z)
4 4
tanx +tany 1-—tanz
1—-tanxtany 1+tanz
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& (tanx +tany)(1+tanz) = (1 —tanxtany)(1 —tanz) (**)

tanx +tany +tanxtanz +tanytanz =1 —tanz —tanxtany + tanxtanytanz
Yeyctanx + 3 tanxtany =1 +tanxtanytanz (*)
then: (1 +tanx)(1 +tany)(1 +tanz) = 2(1 + tanxtanytanz) (**)
proof: (1 +tanx)(1+tany)(1 +tanz) =
=1+ z tanx + z tanxtany + tanxtanytanz = 2(1+tanxtanytanz)
cyc cyc

Finally,

ijb (1 +tanx)(1+tany)(1+ tanz) 4

b b
1+tanxtanytanz xdyZJJdedyZ
a a

=2(b-a)?<2(b—a) - Z=(b-a)mrQED.Since,0<a<bhb<Z=b—a<=>
2 2 2

Solution 2 by Amit Dutta-Jamshedpur-India

_ (tanx +tany)

T 11 1 —tan(x +y) 1-7 —tanxtany
tan(z—x—y)ztan<z—(x"'}’)>:1+tan(x+ ): tanx +tany
Y 1+ (1 —tanxtany)

T

1—tanxtany —tanx —tany
tan(z—x—y) =

1—tanxtany+ tanx +tany

2(1 —tanxtany)
—tanxtany + tanx +tany

1+tan<%—(x+y)>=1

2(1+tanx)(1+tany)(1-tanxtany)
1-tanx tan y+tanx+tany

~ Numerator of the integrand =

Denominator of the integrand = 1 + tan x tan y tan (% —-x— y)

1—tanxtany—tanx—tany}

=1+ tanxtan {
Y 1—tanxtany +tanx + tany

1—tanxtany+tanx +tany +tanxtany — tan? xtan? y — tan? x tany — tanx tan? y

1 —-tanxtany +tanxtany

_(1+tanx+tany+tanxtany) —tanxtany (1 +tanx +tany + tanx tany)

1—tanxtany + tanx + tany

_ (1+tanx)(1+tany) —tanxtany (1 + tanx)(1 + tany)
- 1—tanxtany +tanx +tany
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_(1+tanx)(1+tany)(1 —tanxtany)

1—tanxtany + tanx + tany

=~ Putting the values of numerator and denominator so obtained in the integration,

we are left with

dxdy

b b
I_ffZ(l+tanx)(1+tany)(1—tanxtany)

B (1+tanx)(1+tany)(1 — tanxtany)
a a

b b
I=ff2dxdy=2(b—a)Z
a a

I:z(b—a)(b—a).-.o<asbs;--(b—a)s;-.Isz(b—a)-(g)

I < (b — a). Proved.
Solution 3 by Avishek Mitra-West Bengal-India

1—-tan(x+y)

T ) 1 —tan(x +y)
1+tan(x +y)

4
@tan(z—x—y _1+tan(x+y):>1+tan(1_x_y)_1+

i
= 1+tan(x+y):>(1+tanx)(1+tany)(1+tan(1_x_y))_

_ 2(1+tanx)(1+tany)
(1 +tan(x+y))

T tanxtany (1 — tan(x + y))
+ ——x—-y)= +1=
=1 tanxtanytan(4 X y) 1+ tan(x + ) 1

_ tanxtany(l — (tanx +y)) + 1+ tan(x + y)
B 1+ tan(x + y)

(1+tanx)(1+tany) (1 +tan (%—x—y)) _

s
1+ tanxtanytan (%—x—y)

_ 2(1+tanx)(1 + tany)
" 1+tanxtany + tan(x + y) — tanx tan ytan(x + y)

2(1+tanx)(1+tany)

" tanx+tany
1—tanxtany

tan x + tan
+ tan(x + y) —tan xtany (g_ _ tanxtany})l)

+1

_ 2(1+tanx)(1+ tany)(1 — tanxtany)
tanx + tany +tanxtany — tan? xtan2 y — tan? xtany — tanxtan?y + 1 — tanxtany
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_2(1—tanxtany +tanx — tan”xtany + tany — tanx tan’ y + tanx tany — tan® x tan’ y)

(tanx +tany — tanZxtan?y — tan?xtany — tanx tan?y + 1)

=2

@Q:j’j’(1+tanx)(1+tany)(1+tan(%—x—y))dxdy:
a a

1 +tanxtanytan (%—x—y)

b

ZJbJdedyZZ(b—a)Z

a

& need to show = 2(b — a)? < (b — a)
= 2(b — a)? Sn(b—a)z(b—a)sg [*trueasOSaandbsg]

& 2(b— a)? < (b — a) = (*true)

o j}f(1+tanx)(1+tany) (1+tan(%—x—y)) < (b )

1 +tanxtanytan(%—x—y)

UP.217. Find:
T — 9x T — 3x T+ 3x T+ 9x
Q:f(tan( 3 )tan( 3 )tanxtan( 3 )tan( 3 ))dx

Proposed by Daniel Sitaru — Romania

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan

Itis known that: tan (g - x) tanx tan (E + x) =tan3x (1)

we have:

1
tan 3x

Q= ftan(g—3x)tan(§+3x)tan3x-tan(g—x)tan(§+x)tanx-

(1)=tan9x (1)=tan 3x

1
= ftan9x-tan3x-
tan 3x

_fsin9x_ 1fd(cos9x)_ 1lI ox| + C
~ ) cos9x 9 cos9x 9ncos x

dx than9xdx
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Solution 2 by Avishek Mitra-West Bengal-India

T T sinxsin(§—
@tanxtan(——x)tan(—+x)= T
3 3 cosxcos(g—x .

3
N— | N
7]
.
5
/N

__sinx 2sin(60 —x) - sin(60 +x)
~cosx 2cos(60—x)cos(60 +x)
__sinx [cos(60 +x — 60+ x) — cos(60 + x + 60 — x)]
~ cosx [cos(60 +x + 60 — x) + cos(60 — x — 60 + x)]

. sin x
sin x (cos 2x — cos 120) €OS2x - cosx +

2
~ cos(cos 120 + cos 2x) _c052x-cosx—cozsx

sin3x —sinx + sinx sin 3x

2cos2x-sinx +sinx

= = = = tan3x
2cos2x-cosx—cosx cos3x+cosx—cosx coSs3x

© tan (E B 3x) - tan 3x tan (E . 3x) _ sin 3x . 2 sin(60 — 3x) - sin(60 + 3x)
3 3 cos3x 2cos(60 — 3x) - cos(60 + 3x)
_sin3x [cos(60 + 3x — 60 + 3x) — cos(60 + 3x + 60 — 3x)]
~ cos3x [cos(60 + 3x + 60 — 3x) + cos(60 + 3x — 60 + 3x)]

. sin3x
_sin3x (cos6x — cos120)  €0s6x - sin3x +

. _ 2
cos3x (cos120 + cos 6x) cos 3x - cos 6x — O 3x

2 sin 3x - cos 6x + sin 3x sin 9x — sin 3x + sin 3x sin 9x

2c0os6x-cos3x—cos3x cos9x + cos3x —cos3x

= tan9x
cos 9x

mw—9x w+ 3x w+ 9x
@Qthan< ) n( 3 )tanx-tan( 3 )-tan( 3 )dx

ftan (—— 3x) an §+ 3x) tanxtan (g—x) tan (§+x) dx

14 1
ftan 3xtan (— - 3x) tan (§ + 3x) dx = f tan9xdx = 610g|Sec(9x)| +c

©tanxtan(z—x)tan(z+x):tanx_ V3 —tanx _ V3 + tanx
3 3 1++3tanx 1—+3tanx
=tanx- 3 —tan’x :3tanx—tan3x:tan3x
1—-3tan’x 1—3tanx

< tan 3x - tan (g - 3x) tan (g + 3x)
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tan3 V3 —tan3x 3 +tan3x tan 3 3 — tan? 3x
= tan3x - , =tan3x —————
1++/3tan3x 1—+/3tan3x 1 — 3tan?3x

_ 3tan3x —tan®3x
~ 1-—3tan?3x

mw—9x mw— 3x w+ 3x mw+ 9x
@ftan( 3 )tan( 3 )-tanxtan( 3 )tan( 3 )dx

= f tanx tan (g - x) tan (g + x) tan (g + Sx) tan (g - Sx) dx

= tan(3 - 3x) = tan9x

14 14 1
= ftan 3xtan (§ - Sx) tan (§ + Sx) dx = f tan9xdx = 610g|Sec(9x)| +c

UP.218. Let be G = {a + bY/5 + c3/25|a, b,c € Q}. Prove that: x € G =

x2019 €EG

Proposed by Daniel Sitaru — Romania

Solution 1 by Jovika Mikic-Sarajevo-Bosnia
Letx € G,y € G. Letus prove thatxy € G
x = a+b§/§+c§/ﬁ;{a,b,c,,d,e,f}c Q
y=f+eV5+fV25
xy = (a + b5 + cV25)(f + eV/5 + f325)

= af + ae¥V/5 + afV25
+bfy/5 + bel/25 + bf5
+cf325 + ce5 + cf53/5
So, xy = (af + bf5 + ce5) + (ae + bd + 5¢f)/5 + (af + be + cd)25
€Q €Q €Q

Therefore, the set G is closed under multiplication.

It follows, x2°1° € G, aswell as x™ € G,n € N

Solution 2 by Ravi Prakash-New Delhi-India

1 2
Letx=a+b(5)3+c(53) €EG
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y=a;+ b, (53) +cq (5§) € Gwherea,a,b,b,c,c € Q
xy = aay + (a,b) (5%) +ayc <5§) +5b,c+ ab, (5%) + bb, <5§) +
1 2 1 2
+5be, + 5ecy (55) +ac, (55) —a, +b, (55) +c, (55)
where a, = aa; + 5b;c+ 5bc, € Q
b, =a;b+ab, +5cc; €EQ
¢y, =a;c+bby+acy €EQ
Thus, G is closed under multiplication.
fxeEGx xEG=x2€G=>x* x€Gorx’€eaG
Continue like this, x2°1° € G.
Solution 3 by Marian Ursdrescu-Romania
First, we prove:ifx,y € G = xy € G (1)
letxeG=>x=a+b¥5+c¥25andyeG =
y=a + b'3/5+ c'3V25,a,b,c,a’, b, c’ € Q
xy = (aa’ +5bc’ +5b'c) + V5(ab’ + a’'b + 5¢c’) + ¥25(ac’ + a'c + bb') = Xy€EG
Now, we prove by induction: ifx e 6 = x3" € G,yn> 1
P(1):x€G=>x3€6G,x=a+bV5+c¥25=>
x3 = a3 + 5b3 + 25¢3 + 30abc + V5(3a?b + 15ac? + 15b%¢c) +
+3/25(3ab? + 3a%c + 15bc2) € G
Pk): ifxeG=x**eqG
P(k+1)ifxeG=x3*3¢c@G
x3k+3 = x3k . x3 € G from (1)
Letn =673 = x?*"1% € G
UP.219. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that:
al b3 c3
b*c(a? + ac + c?) + cta(b? + ba + a?) + a*b(c? + cb + b?) =1

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Sanong Huayrerai-Nakon Pathom-Thailand

For abc = 1,a,b,c > 0 we get as follows:

2 2 2 (“2+c2+b2)(1+1+l) 2 2 g2
b c b a)\a b c b
1 a_ + C_ + 2 > c b aj/\a b c 2 a_ + C_ + 2
¢z b2 a2 3 c b a
4 4 4 2 3 3 3
a b c a c b a b c
2.— —+—+—+—+—>2(—+— —)
bt  c* 4 2 p2 2= b2c  c2a a2b
(a2+£+ﬁ (G442
2.1.a_+b+c3_b2c2a2cba2£ b2+ﬁ2i+1 1
b2c c2a a?b 3 b2 2 a2 a2 b2 2
aZLbZLc2 (aLch)
2211_3 £+i2 b ' ¢ a)\bc ca ab Za_2+b_2+ﬁ
b2c c2a a?b 3 b c a
3 3 3
. a b c
and since + +
b4c(a2+ac+a2) c4a(b2+ab+a2) a4b(c2+bc+b2)
a* b* ct
b* ct at

= + +
ac(a?2+ac+c2) ab(b%2+ab+a?) bc(c?+ bc+ b2)

a’ b* c?

R T

b2 ¢z a2
“adc+cda+ a’c? + ab3 + ba? + a?b? + bc? + b3c + b%c?

a4' b4' c4' a2 c2 b2

—_ b4+c4’+a4’+2(c2+b2+a2)
_azlbzlczlazlczlbzll 1

2

- = 1 ok. Therefore, itis true.

chTaTchTaTaszzTcz

1\ .
UP.220. Ife,, = (1 + ;) 'n € N* then find:
0= 1im (e en)- )

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu-Romania

Hy
Q =lim,_(e —e,) e'» =1lim,,_,,(e — e, )n - eT Q)
H, eHn

lim = lim —— = lim ef»"In" =
n-oco N n—-o e nn n—oo

e

1 1
. ) BRI |
=lim, e 2" Ta "= el (2)
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1 n
- e—(1+=
limn—mo(e - en)n = lirl‘ln_>Oo € len = limnqoo (l n) (3)
n n

1
Let;zx,n—>oo:>x—>0:>

1
L - 1 11
e—(1+x)x L'H . ~(+0 - 5D+

(3)e lim,,_,, . im,_, T

- 1(-(1+x)In(1+x) +x) _
B !cl—{li}_(l X x2(1 + x) B

=@ +x)In(1+x)+x'n o —-Im(1+x)—-1+1
= —elim = —elim =
x—0 x3 + x2 x>0 3x2 + 2x

In(1+x) __ e (4)

= elim =
20 y(243x) 2

eH+1

From (1)+(2)+(3)+(#4)=> @ =_-e" ==

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

1\" 1\"
lim <e - (1 + —) >eHn = lim [n <e — (1 + _) >eHn—logn]
n-+oo n n-+co n

1 In(1+n) _n 2

e—(1+n)n 1—e n 1 1. 1—e z+o(n")
=eYlim———=eflim———— =e¢e¥" ' lim——=
n-0 n n-0 n n-0 n
n
1- (1 -5+ o(nz)) e+l
= e*1lim =
n-0 n 2

Solution 3 by Remus Florin Stanca-Romania

_en

e
Q = lim = lim (e — e,,) efln"n*Inn — oV lim (e — e, )n =

n—-oo e_Hn n—-oo n—oo

=e’lim,_o, (e — (1 + i)") n=-e'lim,_ ,n- ﬂ . (1 —1In (1 + %)") 1)

1-In(1+3)
, . - , 1) . 1
It's known that lim,._, %ﬁx”) = f'(x0) = Q= e 1lim,_ ., n (1 —nln (1 + ;)) =
1
1 Inn+In(ln(1+ =
= —e"1limnin (n In (1 + —)) = —e?*! lim (1 ( n))
n-oo n n—oo

n



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1_ — y+l s —Inx+In(In(x+1)) L'_H_ +17: 1 1 ]
Letn =x=>x-0>Q0=—e""lim,, EE—— e¥ llmx_,o( oD
0
Ix+1=

1 X 1/ 1 In(x + 1)\ 'y

:_V+11' _< _1>:_ V+11' — — —

¢ X (x+1)In(x+1) ¢ N \xr1 x 0

X
vt | - 1 xxi- In(x + 1)
x-0 (x + 1)2 x?2
1 1 2 + 1 )
2 - 3 2 v+
= e+l —1—lim(x+1) x+1 =e¥*1| 1 +1im (x+1)? (+1) AN
x-0 2x x—0 2 2
ey+1
=0
2
UP.221. If (%)) a1 © (0, 00); lim,, o, (j—ﬁ . 2Vn
then find:

1
) = b € (O,OO),an = Zz:lﬁ

n—>oo

Q = lim ((e%+1 — e™) - x,,)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Marian Ursdrescu-Romania

Q = lim (e+1 — %) x, = lim e (e™+1~% — 1)x,,
n—-oco

n—-oo
_1
evn+1 1
= lim .
n—-oo 1

el .x = lim ﬁez\/E . . en . e_z\/i
Vn+1 " nowog/n Vn+1
Vn+1
1+%+~-~+i—2ﬁ _ L
2 Vn = b - e”, where

1
+\/—E+---+\/—ﬁ—2\/ﬁ),L€(—2,e)

=blim,_ e

L =1lim (1

n—-oo

Itis loachimescu limit.
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie
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i V(e - ezt L)

= €n+1 —_ pQn e .
Q= nl—l>l-P (x (e ' € )) nl—l}Iloo \/ﬁ eZ\/i
1
Jal @, 1 L, L) Gz, 11 +o<i>
( 2/n+1 24(n+1)3 8(n+ 1)z "\ 20 2amz \nz
=b lim
n-+o ezﬁ
3 1\ 1 1\
2 2
. / z\/mM((") ) 1 & n+1+0<(") ) 1\ .
] - - ] -
= be® ( ) lim 1 - 1 = be{(Z)
n—+oo L —
Vn Vn
Note:

c1 nt-@ 1 a 1
Zk:ﬁ_((“H 2 +Zna_24n1+a+0<nﬂf+2>’0<O”t1

Solution 3 by Remus Florin Stanca-Romania

1
=l an Apy1—An == ay,—2\n+2yn _ —
Q 1111_51010 e (en+1 1)x, 1111_1}010 e (e — 1) Xn

n—-oo

=eS.lime*"x, <e\/% - 1) =
UP.222. If a > 0; (x,,),;>1 € (0, o) such that:
log(n + ax,) = H,, — y then find @ = lim,,_, , x,,
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Marian Ursdrescu-Romania
In(n+ax,)=H,-y=>n+ax, =eln7 =

%y == (efY —n) (1)

lim(e®»"Y —n) = lim ef»"¥ — """ = |im e'"" (efln-v-Inn _ 1) =

n—oo n—-oo n—-oo

Inn—
:umwu(n —Inn-y) (2)

n—Inn-y

Hp—-Inn-y_
e’'n 1
lim ,m——lne—l 3

n H,-lnn-y ( )
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lim n(H, —Inn—y) = 'imw ]

n—-oo N> forﬁ

n

H,.1—In(n+1)—H,+Inn _

n+1 n
1 n+1 1
—In 1-(n+1)In(1+=
=limn+1 ( n )Zlim ( n)_
n-oo n—-n-—1 n-oo _1
nn+1) n

1
1—(§+1)ln(1+x) _ limx—(l"'x)ln(l"'x) L'H

= lim = >
n-0 —X n-0 —X

— limn_,o 1—ln£12-;x)—1 — limn_,o In(1+x) — % (4)

2a

N | =

From (1)+(2)+(3)+(4)> @ =~
Solution 2 by Michael Sterghiou-Greece
H,=Inn+y+e,wheree, ~ i therefore:

1 1 1
log(n+ ax,) =logn + o %= [elnmﬁ - n] =

1 S 1 L 19l 0 L
;[n-em—n]:;n[em—l]:;- L .ThlsI|m|t|softheform5a5ezn—>1,n—>oo.
n
1
ezx—1

and using DLH we have:

Taking the respective function

X

1 1
. e2x—1 _ ., -i-e“_ . 1 1\ 1 . 1
lim,_,—— = lim,_, 25— =lim,_ (E . e2x) =as lim,_ . ezx = 1. Therefore

2

=

R | =

X

li _ 1
im,, o X, = -

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

Hp—y 1 1
. . e’ —n 1 . (y+log n+s)+ol =) |-v
lim x, = lim —— = — lim (e (n+2) (") -n|=
n-+o n—+oo a an—-+o

1 . 1 1
=— lim (n+——n)=—
2 a

an-+oo

Solution 4 by Khaled Abd Imouti-Damascus-Syria
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As you know: 0 SY—Hn+Zln+Ln(x) <1

2n(n-1)

yn>= 2

1

.1 1 —
SO.ESY—HH‘F;'FLH(TI)—

2(n-1)
_i>H —y—L(n)>1—;
2n~ " " n 2(n-1)
n-—2 1
Ln(n)+mSHn—yS;+Ln(n),Vn22
n-2 1

n - e2n(n-1) < eHn_y <e2n-n

n-2 1
n-e2n(n-) <n+a-x,<enm-n—n

1 _n-2 1 1
—(n-e2n(n-1) —n ans—(n-eﬁ—n)
a a

Suppose: f(x) = x - e — x lim,_ o f(f(x)) =2

1
y:E,x—>+oo:>y—>0

. . e-1_1
lim (1) = tim |5 = 3

x—-2
Suppose: g(x) = x - 26D — x, lim,_,,,(g(x)) =?

y—4y? (y — 4y2) y—4y*?
_ 1 ] . el—Zy_]_ . 1_2y el—Zy
Y= e dim (9() = lim | = — | = lim = =)
1-2y
y-4y%
. 1-4y el2y 1| 1 ; . . 1
=lim,_, 21-2y) (y_4y2) = 5By using Sandwich Theorem lim,,_, , ., (x,,) = 7
1-2y

UP.223. If (a,,) 151; (b)) n>1 € (0, o) such that:

. Ani1 1 _ Ly bn+1 _
fim (G —77) = @ > 0lim (52 a) = 5> 0

n

then find:
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1 n+1
Q=lim|( Ya,b, - <(1 + E) - e)

n—->oo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Marian Ursdrescu-Romania

n n+1
Q = lim,,_,,, - “:”n ‘n ((1 + %) - e) 1)

nJ n
. anbn . n anbn cD. . an+1bn+1 n _
lim =1li —— = lim - =
e n s nm aes(n+ D™ agb,

= lim,,_,, 2. L s ()T ()

nn b, n+1 \n+1 e

1 1
(@ +x)xtt —eLn 1 1
= !cl—l}(}f = llm(l +x)x 2 1+x
) ln(1 + x) 1 ln(1 +x)+x
=lime| ———— = lim — | =
x—0 x2 x x—>0 x2
1
L'H . “Text ! 1+1+ b
= elim, o~ = elim, Zx(m’; =2 (3).From (1)+(2)+(3) > Q==

Solution 2 by Soumitra Mandal-Chandar Nagore-India

lim,,_, o (a"“ . L) =a>0andlim,_ (b;“ . \/ﬁ) =bh>0

a, nJn n

n+1 _
Letu, = %(1 + %) for alln € N, then lim,,_,, u,, = 1. Hence ll‘" ! S 1foralln— o

nu,

(n+1)In(1+3)-1

1
n

1nt+1
14>
LetQ =nln % forall n € N, then lim,,_,,, @ =lim,,_,,

1
Cesaro—Stolz lim (n + 1) In (1 + ) (n + 2) In ( n-+ 1)
- 1
n+1

n—-oo

:IH
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= lim {n(n +1)21In (1 + %) —nn+1)(n+2)In (1 + n—il)}

1+x)2In(1 1 2x+1)In(1+%
:Lil‘&( +2)?In(1 +2) - ( 4;:)( x+1)n(1+752)
o Bx+2) A +x)In(1+x)—(1+x)(2x+1)In(2x+ 1) [0
= lim [6 f ormat]

n-0 x3

L'Hospital'sRule  x+ (6x +5)In(1 +x) — (4x + 3)In(2x + 1) [0
= Ll_l;l(} 322 [6 f ormat]

6x +5 2(4x+3
L'Hospital's Rule 1+ 1+x +6ln(1+x)_ (2x+1)_4'ln(2x+1) 0
= lim o [6 format]
X—

6 _6x+5 6 _ 8 _ 4(4x+3) _ 8
L'Hospital'sRule = 1+ x (]_+x)Z 1+x 2x+1 (2x+1)2 2x+1_1

- 6 “2

1 ntl n[a b 1 1 n+1
~ lim n’anbn'<<1 +—) —e> = e lim #(_(14._) _1>

n-oo n—oo n e

Cauch

D'Alembert _, Api1q 1 ] b,.1 ] 1 ] n
= elim ( —) - lim ( \/n) lim =+ lim .
noo\ A, nVn n n-oo (1 + 1) noool+n
n

lim,,_, o —— llmn_,Oo Inu; = — (Answer)

Inu,

Solution 3 by Remus Florin Stanca-Romania

nan N n+1
Qzlimnmrﬂ-\/b_n-\/i-n<(1+%) —e) (1)

Vau _ i1 (V)" _
1!ll—>rl;>n\/__1!ll—>l£}> n"(\/_) _}l—>00( +1)n+1(\/—)"+1 a, =

n

an+1 n 1 1 Ant1 1 1
=--lim 2 =)  —— -lim =—a (2
n=>0 an n+1 Vn+1(n+1) e\/E n=>% g, n\/ﬁ eve ( )

—_n+1
mn—mo \/ﬁ ' nV bn = limn—mo N (\/ﬁ)n . bn = limn—mo M =
(Vn) by
Ve lim,, ., = \/n = Veb (3)
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1):2)03) 1 n+1 ab 1"+t
Q=——a/elim n<<1 +—) —e> =—limn<el"(1+n) —e1> =
e\/é n—-oo n € n-ooo
n+1
ln(1+%) * .1 n+1
=%jim,_,, n%(ln (1+3)" - 1) (4)

€ ln(1+% - n

_ ()]
It's known that lim,._, f)~f(xo) _ f(xo) > Q=ab:lim,_,n ((n +1)In (1 + %) —

X—Xgo
1=
1 In(n+ 1) +1n (ln (1 + %))
=ablim nln <(n +1)In (1 + —)) = ablim i =
n—-oo n n—-oo +
n
In(2+1)+In(n(x+1
Letl=x=Q=ab-lim,, n(+)#intnGe 1) _
n X
— abli In(x +1) —Inx +In(In(x + 1)) 1’y bl ( 1+ 1 )_
—ab’n x o G+ G DG+ D/
= b<1+l' ( 1 1))— b+ abli 1( X 1)—
-a ) (x+1)In(x+1) «x AT an i x (x+1)In(x +1) B
— ab+ abli In(x +1) 1( x 1)_ b+ abli 1/ 1 In(x +1)\
—abrab’in x x\(x+ 1) In(x + 1) —abran e \x+1 x B
x
L'H ] 1 —x+1—ln(x+ 1) _
3 abrabinl Gy P2 B
2 + 1
- 3 2 1 ab ab
=ab—ab| 1+ lim (x+1)° (x+1) zab—ab<1__):_:>92—
x-0 2 2 2 2

Solution 4 by Mokhtar Khassani-Mostaganem-Algerie

1 n+1 N a 3 l

lim %/a,b, <<1 + 5) - e> =e lim —=b,nzn (e(1+") log(147)-1 _ 1)
n-+oo on
Jn 2

n-+oo
Ani1 bpi1(n+ 1)";1 1 1
n
(n . 1)3(n2+1) e(1+n) IOg(1+H)_1 -1 (1 + n) log (1 + H) -1
= lim . .
n--+oo ay, n 1 1
T_nbnnZ (1 +n) lOg (1 +H) -1 n

n?22
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n"*1  abe ( 1 )"“ ab

n+1

1
= abe—- lim lim >

2n-+oo (M + 1)1 2 notoo

UP.224. If (a,)) ;51; (b)) ns1 € (0, o) such that:

lim,,_, (a—:) =a>0;lim,_ (Z“;l) = b > 0 then find:

n“n

= lim (n+1\/ n+1 \/ bn)

n—>oo

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

. an
lim,,_, ., -~

. b
=a>0andlim,,_ a"“ b>0

1[1[

CAUCHY-
. "1/ a, D'ALEMBERT _, bp+1 1 n  ap) _ ab
Now, lim,,_, = llmn_,oo -y = lim,,_, —_—— ) ==

n+ 1 n+1
Letu, = ’V_MH for all n € N then lim,,_,, u,, = lim,,_,o, <n7 V:’;‘“- ,v';_- (1 + %)) =1

bn+1.ﬂ.n n+1 ):e

a,b, n m ' ’H{/Tnj
M, (" bps1 — yby) = lim, ., (ﬂ 1;:;1 In uﬁ) = %- 1-lne= a—eb (Answer)
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

n| b n|b
n+1 n . qs n+1 n
0= Jim ("YBys = Y/B) = Jim | (v D)2t —n o

u,-1 .
Henc l:u,l ul = lim,,_, (

__buiy _—
: (n + 1)n+1 . bn+1 a, 1 ab
= lim —————= lim -—(1——) =—
n-+o b, n-o+o bpa, n n+1 e

nn
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UP.225. If m € N then in AABC the following relationship holds:

a m+1 b m+1 c m+1
3m <(h—acotA> + (h—bcotB> + (h_CCOtC> > >m+ 2
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
Solution 1 by Marian Ursdrescu-Romania

From Hdélder’s inequality we have:

a b c m+1
a m+1 b m+1 c m+1 (h—COtA +h—C0tB +h—C0tC)
(— cot A) + (— cot B) + (— cot C) >4 b <
h, hy h, 3m

m+1
= we must show: (hicotA+hicotB+hicotC) >m+2 (1)

a b c

a __ __a?
Buth—a— —E (2)

=|'J,|=

m+1

>m+2 (3)

a? cot A+b? cot B+c? cot C)

From (1)+(2)= we must show: ( »

Butin any AABC we have: a? cot A + b% cot B + c? cot C = 45 (4)
From (3)+(4) we must show:
2m*1 > m + 2, vm € N, which it’s true, with equality form = 0.
Solution 2 by Tran Hong-Dong Thap-Vietnam
Using AM-GM inequality we have:

m+1 m+1

a m+1 b Cc m+1 3 a b Cc
— +|— + | — > — — —
<ha cotA) <hb cotB) <hc cot C) >3 <ha cotAhb cotBhC cot C)

m+1
B (abc cot A cot B cot C)m+1 B 4rRs s? — (2R +1)?
B h,hh, -7\ 2822 2sr
R
m+1
_ . (R*(s*—(2R+1)?)\ 3
=3 s2rz

3m ( tA) +1+<b tB) +1+<c tC) "
% — — —
haco hbco hcco
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m+1

+1 (R2(s2=(2R+1)?)\ 3 _ RE(s2-(2R+1)?) _ (2)\3
= 3™ (—szrz ) = Q. We have: —————> (3)
In AABC (acute) we have: s> — (2R+1)? >0 s> (2R+r)? o s>2R+r
R? s2—Q2R+1r)? 2
R>2r »—>4; >—o55s>2R+r
r2 s2 27

(true because: s >2R+1r - 5s > 2R +71)
m+1

3.0
So, Q > 3m+l. (g) ° >2ml > m + 2 (true withm € N)

Solution 3 by Soumava Chakraborty-Kolkata-India

a m+1 1 a m+1
m € N, repeated Chebyshev = ), (h—a cotA) = (Z h_aCOtA)
m+1
1 2R sin A cotA 1 2R - 2R sin A cos A\"**
T 3m z 2rs T 3m (Z 2rs )
a

1 ZRZ m+1 1 RZ m+1

=—\ (= ZSinZA =—||—|4sinAsinBsinC
3m\\2rs 3m\\rs
2 m+1
3m\ rs 8R3 3m 3m

Bernoulli

1
> 3—m(1+m+1)('.'m+121'-'m€N)

m+1
=225 3m%(Lcotd)  2m+2 (Proved)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



