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JP.211. Prove that there are infinitely many triples (࢈,ࢇ,  of positive (ࢉ

integers satisfying: 

૜ࢇ + ૜࢈ + ૜ࢉ

૜
− ࢉ࢈ࢇ = ࢇ + ࢈ +  ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Andrew Okukura-Romania 

We will assume at least one of ࢈,ࢇ or ࢉ is a non-zero integer 

૜ࢇ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ = ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − −࢈ࢇ −ࢉ࢈  (ࢇࢉ

That means: ࢇ
૜ା࢈૜ାࢉ૜

૜
− ࢉ࢈ࢇ = ࢇ + ࢈ + ࢉ ⇔ 

⇔
૚
૜

+ࢇ) ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢇࢉ = ࢇ + ࢈ + ࢉ ⇔ 

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − ࢇࢉ = ૜| ⋅ ૛ ⇔ ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − ૛(ࢇ = ૟ 

For ࢇ = ࢞ + ૛,࢈ = ࢞ + ૚ and ࢉ = ࢞ where ,࢞ ∈ ℕ 

As such any triplet (࢞ + ૛, ࢞ + ૚,  satisfies the equation, meaning that we have (࢞

infinitely many triplets which satisfy the equation. 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

૜ࢇ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ = ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − −࢈ࢇ −ࢉ࢈  (ࢇࢉ

૛ࢇ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − ࢇࢉ = ૜ 

૛ࢇ + ૛࢈ + ૛ࢉ + ૛࢈ࢇ + ૛ࢉ࢈+ ૛ࢇࢉ = ૜(࢈ࢇ + +ࢉ࢈ ࢇࢉ + ૚) 

ࢇ) + ࢈ + ૛(ࢉ = ૜(࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૚) 

Let ࢇ = ࢑ − ࢈,࢒ = ,࢑ ࢉ = ࢑ + ૛࢑ૢ ;࢒ = ૜(࢑૛ − ૝࢒ + ૛࢑ + ૝࢒+ ૛࢑ − ૛࢒ + ૚) 

૛࢑ૢ = ૜(૜࢑૛ − ૛࢒ + ૚). For ࢒ = ૚. ૢ࢑૛ = ૜ ⋅ ૜࢑૛. ૢ࢑૛ =   .૛࢑ૢ

So, (࢑ − ૚,࢑,࢑ + ૚),࢑ > 1. 

 

JP.212. Find all real roots of the following equation: 

૜࢞) − ૛)૜ + ૛࢞) − ૛)૛ = ૙ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Orlando Irahola Ortega-Bolivia 

(૛ − ૜)૜࢞ = ૛࢞) − ૛)૛ 

ࢇ = ૛ − ૜࢞ ⇒ −ࢇ ૛ = ૜࢞− … (	)૛ ⇒ ࢇ) − ૛)૛ =  ૟   (2)࢞

࢈ = ૛࢞ − ૛ ⇒ ࢈ + ૛ = ૛࢞ … (	)૜ ⇒ +࢈) ૛)૜ =  ૟    (3)࢞

૜ࢇ =  ૛   (1)࢈

(2)=(3)⇒ ൜
࢈) + ૛)૜ = ࢇ) − ૛)૛ … (૝)

૜ࢇ = ૛࢈ … (૚)
 

(4)−(1): 

⇒ +࢈) ૛)૜ − ૜ࢇ = ࢇ) − ૛)૛ − ૛࢈ ⇒ +࢈) ૛ − ૛ࢇ)(ࢇ + ૛࢈ + ࢈ࢇ + ૝࢈+ ૛ࢇ+ ૝) = 

= ࢈) + ૛ − ૛)(ࢇ − ࢇ −  (࢈

+࢈) ૛ − ࢇ = ૙ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
(࡭)

∧ ૛ࢇ + +࢈ࢇ ૛࢈ + ૜ࢇ+ ૞࢈ + ૛ =ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
(࡮)

૙) 

(A) ࢈ + ૛ = ࢇ ⇒ ૜࢞ + ૛࢞ − ૛ = ૙ → ࢞) − ૚)(࢞૛ + ૛࢞+ ૛) = ૙ ⇒ ࢞ − ૚ = ૙ ⇒ ૚࢞ = ૚ 

૛࢞ + ૛࢞ + ૛ = ૙ 

૛,૜࢞ = −૚ ±  ࢏

(B) ࢇ૛ + ࢈ࢇ + ૛࢈ + ૜ࢇ + ૞࢈ + ૛ = ૙ ⇒ ૟࢞ − ૞ด࢞
ା

+ ૝࢞ − ૜࢞૜ต
ାᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ℝ∋࢞(∀)

+ ૜࢞૛ + ૛ = ૙ 

૟࢞ − ૞࢞ + ૝࢞ − ૜࢞૜ + ૜࢞૛ + ૛ > 0 ⇒ ݔ ∉ ℝ 

C.S.  = {૚} 

JP.213. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

࢘
૝ࡾ

(ૠࡾ૛ − ૝࢘૛) ≤෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡮
૛ ܖ܉ܜ

૛ ࡯
૛ ≤ ૝ࡾ૛ − ૚૜࢘૛ 

Proposed by Marin Chirciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡮
૛ ܖ܉ܜ

૛ ࡯
૛ = ቌ

૛࡭ܖܑܛ∏
૛࡭ܛܗ܋∏

ቍ

૛

෍ࢇ࢓
૛ ૛ܜܗ܋

࡭
૛ = ቌ

࢘
૝ࡾ
࢙
૝ࡾ

ቍ

૛

෍ࢇ࢓
૛ ൬܋ܛ܋૛

࡭
૛ − ૚൰ 

=
૛࢘

૛࢙ ቆ෍ࢇ࢓
૛ ࢙)ࢉ࢈ − (ࢇ

࢙૛࢘ −෍ࢇ࢓
૛ቇ =

૛࢘ ⋅ ૝࢙࢘ࡾ
૛࢙ ⋅ ࢙૛࢘ ෍

ࢇ࢓
૛(࢙ − (ࢇ
ࢇ −

૛࢘

૛࢙ ⋅
૜
૝෍ࢇ૛ 
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=
૛࢘ ⋅ ૝࢙࢘ࡾ૛

࢙૛࢘૛࢙ ෍
ࢇ࢓

૛

ࢇ −
૝࢘ࡾ
૛࢙ ⋅

૜
૝෍ࢇ૛ −

૜࢘૛

૝࢙૛෍ࢇ૛ 

=
࢘ࡾ
࢙ ෍

૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛

ࢇ −
૜∑ࢇ૛

૝࢙૛
(૝࢘ࡾ+  (૛࢘

=
૛࢘ࡾ
࢙

෍ࢇ૛ ⋅
࢈ࢇ∑
૝࢙࢘ࡾ

−
૜࢘ࡾ
࢙

(૛࢙)−
૜∑ࢇ૛

૝࢙૛
(૝࢘ࡾ+  (૛࢘

=
૛࢙) − ૝࢘ࡾ − ૛࢙)(૛࢘ + ૝࢘ࡾ+ (૛࢘

૛࢙ − ૟࢘ࡾ −
૜(૝࢘ࡾ+ ૛࢙)(૛࢘ − ૝࢘ࡾ− (૛࢘

૛࢙૛  

=
૛(࢙૛ − ૝࢘ࡾ − ૛࢙)(૛࢘ + ૝࢘ࡾ + (૛࢘ − ૜(૝࢘ࡾ+ ૛࢙)(૛࢘ − ૝࢘ࡾ − −(૛࢘ ૚૛࢙࢘ࡾ૛

૛࢙૛  

=
(૚) ૛࢙૝ − +࢘ࡾ૛(૛૝࢙ ૜࢘૛) + ࡾ૛(૝࢘ + ૛(࢘

૛࢙૛ ≥
࢘
૝ࡾ

(ૠࡾ૛ − ૝࢘૛) 

⇔ ૝࢙ࡾ૝ − +࢘૛ࡾ૛(૞૞࢙ ૟࢘ࡾ૛ − ૝࢘૜) + ૜૛ࡾ૜࢘૛ + ૚૟ࡾ૛࢘૜ + ૛࢘ࡾ૝ =
(ࢇ)

૙ 

Now, LHS of (a) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝࢙ࡾ૛(૚૟࢘ࡾ − ૞࢘૛) − 

+࢘૛ࡾ૛(૞૞࢙− ૟࢘ࡾ૛ − ૝࢘૜) + ૜૛ࡾ૜࢘૛ + ૚૟ࡾ૛࢘૜ + ૛࢘ࡾ૝ 

= ࢘૛ࡾૢ)૛࢙ − ૛૟࢘ࡾ૛ + ૝࢘૜) + ૛࢘ࡾ૛(૝ࡾ + ૛(࢘ ≥
?
૙ 

⇔ −ࡾ)૛࢙ ૛ࡾૢ)(࢘ − ૡ࢘) + ૛࢘ࡾ(૝ࡾ + ૛(࢘ ≥
(࢈)

?
૚૛࢘૛࢙૛ 

Now, LHS of (b) ≥
(࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
(૚૟࢘ࡾ− ૞࢘૛)(ࡾ− ૛ࡾૢ)(࢘− ૡ࢘) + 

+૛ࡾ(૝ࡾ + ≤ ૛ and RHS of (b)(࢘
(࢏࢏)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૚૛࢘૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

(i), (ii) ⇒ in order to prove (b), it suffices to prove: 

(૚૟ࡾ − ૞ࡾ)(࢘ − ૛ࡾૢ)(࢘ − ૡ࢘) + ૛ࡾ(૝ࡾ+ ૛(࢘ ≥ ૚૛࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૚ૠ૟࢚૜ − ૝ૢ૜࢚૛ + ૜૝૙࢚ − ૚૚૟ ≥ ૙			 ൬࢚ =
ࡾ
 ൰࢘

⇔ ࢚) − ૛){૚ૠ૟(࢚ − ૛) + ૛૚૚࢚ + ૞ૡ} ≥ ૙ → true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (b)⇒ (a) is true. 

∴෍ࢇ࢓
૛ ૛ܖ܉ܜ

࡮
૛ ܖ܉ܜ

૛ ࡯
૛ ≥

࢘
૝ࡾ

(ૠࡾ૛ − ૝࢘૛) 

Again (1)⇒ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡮

૛
૛ܖ܉ܜ ࡯

૛
≤ ૝ࡾ૛ − ૚૜࢘૛ 

⇔
૛࢙૝ − +࢘ࡾ૛(૛૝࢙ ૜࢘૛) + ࡾ૛(૝࢘ + ૛(࢘

૛࢙૛ ≤ ૝ࡾ૛ − ૚૜࢘૛ 



 
www.ssmrmh.ro 

⇔ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૛૝࢘ࡾ − ૛૜࢘૛) + +ࡾ૛(૝࢘ ૛(࢘ ≤
(ࢉ)
૙ 

Now, Rouche ⇒ ૛࢙ ≥ ࢔−࢓ ⇒ ૛࢙ ࢓− + ࢔ ≥
(࢏࢏࢏)

૙ and ࢙૛ ≤ ࢓ + ࢔ ⇒ ૛࢙ ࢓− ࢔− ≤
(࢜࢏)

૙, 

where ࢓ = ૛ࡾ૛ + ૚૙࢘ࡾ − ࢔ ૛ and࢘ = ૛(ࡾ − ૛ࡾ√(࢘૛ − ૛࢘ࡾ 

(iii), (iv)⇒ ૝࢙ − (࢓૛)૛࢙ + ૛࢓ − ૛࢔ ≤ ૙ 

⇒ ૝࢙ − ૛ࡾ૛(૝࢙ + ૛૙࢘ࡾ − ૛࢘૛) + (૛ࡾ૛ + ૚૙࢘ࡾ − ૛)૛࢘ − ૝(ࡾ− ૛࢘)૛(ࡾ૛ − ૛࢘ࡾ) ≤ ૙ 

⇒ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૝૙࢘ࡾ− ૝࢘૛) + ૚૛ૡࡾ૜࢘ + ૢ૟ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૛࢘૝ ≤
(ࢊ)

૙ 

(d)⇒ in order to prove (c), it suffices to prove: 

૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૛૝࢘ࡾ − ૛૜࢘૛) + ࢘ࡾ૛(૝࢘ + ૛(࢘ ≤ 

≤ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૝૙࢘ࡾ− ૝࢘૛) + ૚૛ૡࡾ૜࢘ + ૢ૟ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૛࢘૝ 

⇔ +࢘ࡾ૛(૚૟࢙ ૚ૢ࢘૛) + +࢘ࡾ૛(૝࢘ ૛(࢘ − ૛࢘(૝ࡾ+ ૜(࢘ ≤
(ࢋ)

૙ 

Now, LHS of (e) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)(૚૟࢘ࡾ+ ૚ૢ࢘૛) + 

࢘ࡾ૛(૝࢘+ + ૛(࢘ − ૛࢘(૝࢘ࡾ+ ૜(࢘ ≤
?
૙ ⇔ ૚૟࢚૜ − ૚૞࢚૛ − ૛ૠ࢚ − ૚૝ ≥

?
૙		 ൬࢚ =

ࡾ
 ൰࢘

⇔ ࢚) − ૛)(૚૟࢚૛ + ૚ૠ࢚ + ૠ) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (e)⇒(c) is true ∴ ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡮

૛
૛ܖ܉ܜ ࡯

૛
≤ ૝ࡾ૛ − ૚૜࢘૛  (proved) 

 

JP.214. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

૛ૠ࢘૜

૛ࡾ ≤෍ࢇ࢓
૛ ૛ܖܑܛ

࡭
૛ ≤

૛ૠࡾ૛

૚૟  

Proposed by Marin Chirciu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍ࢇ࢓
૛ ૛ܖܑܛ

࡭
૛ = ෍

૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛

૝ ૛ܖܑܛ
࡭
૛ 

=
૛ࢇ∑

૝ ෍(૚ − (࡭ܛܗ܋ −
૜
૝෍

࢙)૛ࢇ − ࢙)(࢈ − (ࢉ
ࢉ࢈  

=
૛ࢇ∑

૝ ෍ቀ૜ − ૚ −
࢘
ࡾ
ቁ −

૜
૚૟࢙࢘ࡾ෍ࢇ૜ ૛࢙) − ࢈)࢙ + (ࢉ +  (ࢉ࢈
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= ൬
૛ࡾ − ࢘
૝ࡾ ൰෍ࢇ૛ −

૜
૚૟࢙࢘ࡾ

ቀ࢙૛෍ࢇ૜ − ࢈૜ࢇ)෍࢙ + (૜࢈ࢇ + ૝࢙࢘ ⋅෍ࢇ૛ቁ 

= ൬
૛ࡾ − ࢘
૝ࡾ ൰෍ࢇ૛ −

૜
૚૟࢙࢘ࡾ

ቀ࢙૛෍ࢇ૜ − ࢈ࢇ෍࢙ ቀ෍ࢇ૛ − ૛ቁࢉ + ૝࢙࢘ࡾ ⋅෍ࢇ૛ቁ 

= ൬
૛ࡾ − ࢘
૝ࡾ ൰෍ࢇ૛ −

૜
૚૟࢙࢘ࡾ

ቂቀ−࢙෍࢈ࢇ + ૝࢙࢘ࡾቁ ⋅෍ࢇ૛ + ૜ࢇ૛෍࢙ + ૡ࢙࢘ࡾ૜ቃ 

= ൬
૛ࡾ − ࢘
૝ࡾ

൰෍ࢇ૛ −
૜

૚૟࢙࢘ࡾ
ൣ−૛࢙൫࢙૛ + ૛࢙૛൯൫࢘ − ૝࢘ࡾ − ૛൯࢘ + ૛࢙૛൫࢙૛ − ૟࢘ࡾ − ૜࢘૛൯+ ૡ࢙࢘ࡾ૜൧ 

=
(૛ࡾ − ૛࢙)(࢘ − ૝࢘ࡾ − (૛࢘

૛ࡾ −
૜
ૡࡾ

(૛࢙ࡾ૛ − ૜࢙࢘૛ + ૝࢘ࡾ૛ +  (૜࢘

=
૝(૛ࡾ− ૛࢙)(࢘ − ૝࢘ࡾ − (૛࢘ − ૜[(૛ࡾ− ૜࢙(࢘૛ + ૝࢘ࡾ૛ + [૜࢘

ૡࡾ  

=
(૚) +ࡾ૛(૛࢙ ૞࢘)− ૜૛ࡾ૛࢘ − ૝࢘ࡾ૛ + ૜࢘

ૡࡾ ≤
૛ૠࡾ૛

૚૟  

⇔ ࡾ૛(૝࢙ + ૚૙࢘) − ૟૝ࡾ૛࢘ − ૡ࢘ࡾ૛ + ૛࢘૜ ≤
(ࢇ)

૛ૠࡾ૜ 

Now, LHS of (a) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૝ࡾ + ૚૙࢘) − 

−૟૝ࡾ૛࢘ − ૡ࢘ࡾ૛ + ૛࢘૜ ≤
?
૛ૠࡾ૜ ⇔ ૚૚࢚૜ + ૡ࢚૛ − ૝૝࢚ − ૜૛ ≥

?
૙		 ൬࢚ =

ࡾ
 ൰࢘

⇔ ࢚) − ૛)(૚૚࢚૛ + ૜૙࢚ + ૚૟) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

∴ ࢇ࢓∑
૛ ૛ܖܑܛ ࡭

૛
≤ ૛ૠࡾ૛

૚૟
. Again, (1)⇒ ࢇ࢓∑

૛ ૛ܖܑܛ ࡭
૛
≥ ૛ૠ࢘૜

૛ࡾ
 

⇔
+ࡾ૛(૛࢙ ૞࢘) − ૜૛ࡾ૛࢘ − ૝࢘ࡾ૛ + ૜࢘

ૡࡾ ≥
૛ૠ࢘૜

૛ࡾ  

⇔ +ࡾ૛(૛࢙ ૞࢘)− ૜૛ࡾ૛࢘ − ૝࢘ࡾ૛ − ૚૙ૠ࢘૜ ≥
(࢈)

૙ 

Now, LHS of (b) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ− ૞࢘૛)(૛ࡾ + ૞࢘) − ૜૛ࡾ૛࢘ − ૝࢘ࡾ૛ − ૚૙ૠ࢘૜ ≥
?
૙ 

⇔ ૟૟࢘ࡾ − ૚૜૛࢘૛ ≥
?
૙ ⇔ ࡾ − ૛࢘ ≥

?
૙ → true (Euler) 

⇒ (b) is true ∴ ࢇ࢓∑
૛ ૛ܖܑܛ ࡭

૛
≥ ૛ૠ࢘૜

૛ࡾ
  (Proved) 

Solution 2 by Mustafa Tarek-Cairo-Egypt 

૛ૠ࢘૜

૛ࡾ ≤
(ࢇ)

෍ࢇ࢓
૛ ૛ܖܑܛ

࡭
૛ ≤

(࢈) ૛ૠࡾ૛

૚૟  
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First, we will prove (a): ∑ࢇ࢓
૛ ૛ܖܑܛ ࡭

૛
≥

(ࢇି࢙)࢙ஹඥࢇ࢓
∑ ࢙)࢙ − (ࢇ ૛ܖܑܛ ࡭

૛
= ૛ܛܗ܋ࢉ࢈∑ ࡭

૛
૛ܖܑܛ ࡭

૛
 

= ∑
ࢉ࢈ ૛࡭૛ܖܑܛ

૝
= ∑ ૛ઢ ࡭ܖܑܛ

૝
= ࢙࢘

૛
= ∑ ࢇ

૛ࡾ
= ࢘૛࢙

૛ࡾ
≥

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૛ૠ࢘૜

૛ࡾ
, so (a) is true. 

Now, we will prove (b): ∑ࢇ࢓
૛ ૛ܖܑܛ ࡭

૛
≤

⋅ࢇࢎஸࢇ࢓
ࡾ
૛࢘
∑ ૛ࡾ૛ࢇࢎ

૝࢘૛
૛ܖܑܛ ࡭

૛
= ∑ ૛ࡾ૛ࢉ૛࢈

૝࢘૛⋅૝ࡾ૛
૛ܖܑܛ ࡭

૛
 

= ෍
૝ઢ૛

૝ ૛ܖܑܛ ૛࡭ ܛܗ܋
૛ ࡭
૛
⋅
૛ܖܑܛ ૛࡭
૛

૚૟࢘૛
= ෍

૛࢙૛࢘

૚૟࢘૛ ૛ܛܗ܋ ૛࡭
= ෍

૛࢙

૚૟ ૛ܛܗ܋ ૛࡭
= ෍

૛࢙

૚૟ ૛࢙
૛ࢇࡵ࡭

=
૛ࢇࡵ࡭∑

૚૟  

[where ࢇࡵ , ࢈ࡵ , ૛ࢇࡵ࡭∑ So, we must prove that .[࡯࡮࡭are the excenters of ઢ ࢉࡵ ≤ ૛ૠࡾ૛ 

But: ࢉࡵ࡯,࢈ࡵ࡮,ࢇࡵ࡭  are the altitudes of the excentral triangle ઢࢉࡵ࢈ࡵࢇࡵ of ઢ(1)   ࡯࡮࡭ 

and ࢇ࢓
ᇱ ࢈࢓,

ᇱ ࢉ࢓,
ᇱ  are the medians of ઢࢉࡵ࢈ࡵࢇࡵ and also, ࢇᇱ,࢈ᇱ,ࢉᇱ are the sides of ઢࢉࡵ࢈ࡵࢇࡵ  

(2) and ∵ ᇱࡾ  (the circumradius of ઢࢉࡵ࢈ࡵࢇࡵ) = ૛(3)   ࡾ 

From (1)+(2)+(3)⇒ ૛ࢇࡵ࡭∑ ≤
(ࢇ࢓ஸࢇࢎ)

ࢇ࢓∑
ᇱ૛ = ૜

૝
ᇱ૛ࢇ∑ ≤

ࢠ࢏࢔࢈࢏ࢋࡸ ૜
૝
⋅  ᇱ૛ࡾૢ

= ૜
૝
⋅ ૢ ⋅ ૝ࡾ૛ = ૛ૠࡾ૛ ∴ ૛ࢇࡵ࡭∑ ≤ ૛ૠࡾ૛ ∴ (b) is true (Proved) 

Equality holds in each side (b) and (a) randomly if ઢ࡯࡮࡭ is equilateral. 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

Using inequality: ࢇ࢓
૛ ⋅ ࢈࢓

૛ ⋅ ࢉ࢓
૛ ≥ ૜√૜ࡿ૜   (1) 

We have: ∑ࢇ࢓
૛ ૛ܖܑܛ ࡭

૛
≥

ࡹࡳିࡹ࡭
૜ට∏ࢇ࢓

૛ ૛ܖܑܛ ࡭
૛

૜ ≥
(૚)

૜ට૜√૜ ⋅ ૜ࡿ ቀ∏ܖܑܛ૛ ࡭
૛
ቁ

૜
 

= ૜ඨ૜√૜ ⋅ ૜ࡿ ⋅ ቀ
࢘
૝ࡾ

ቁ
૛૜

= ૜ඨ૜√૜ ⋅ ૜࢘૜࢙ ⋅ ቀ
࢘
૝ࡾ

ቁ
૛૜

 

We must show that: ૜ට૜√૜ ⋅ ࢙
૜⋅࢘૞

૚૟ࡾ૛
૜

≥ ૛ૠ࢘૜

૛ࡾ
↔ ૜√૜ ⋅ ࢙

૜⋅࢘૞

૚૟ࡾ૛
≥ ቀૢ

૛
ቁ
૜
⋅ ࢘

ૢ

૜ࡾ
↔ ૜࢙ࡾ ≥ ૚૟૛√૜࢘૝ 

It is true because: ൜ ࡾ ≥ ૛࢘
࢙ ≥ ૜√૜࢘

→ ૜࢙ࡾ ≥ ૛࢘൫૜√૜࢘൯
૜

= ૚૟૛√૜࢘૝ 

Suppose: ࡭ ≤ ࡮ ≤ ࡯ → ൝
૛ܖܑܛ ࡭

૛
≤ ૛ܖܑܛ ࡮

૛
≤ ૛ܖܑܛ ࡯

૛

ࢇ࢓
૛ ≥ ࢈࢓

૛ ≥ ࢉ࢓
૛

 

We have: ∑ࢇ࢓
૛ ૛ܖܑܛ ࡭

૛
≤

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
૜
⋅ ࢇ࢓∑)

૛) ቀ∑ ૛ܖܑܛ ࡭
૛
ቁ 
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=
૚
૜ ⋅

૜
૝ ⋅

ቀ෍ࢇ૛ቁ ⋅ ൬෍ܖܑܛ૛
࡭
૛൰ ≤

ࢠ࢏࢔࢈࢏ࢋࡸ ૚
૜ ⋅

૜
૝ ⋅ ૢ ⋅ ࡾ

૛ ⋅ ൬෍ܖܑܛ૛
࡭
૛൰ ≤

∑ ૛ஸ࡭૛ܖܑܛ
૜
૝
 

≤ ૚
૜
⋅ ૜
૝
⋅ ૢ ⋅ ૛ࡾ ⋅ ૜

૝
= ૛ૠ

૚૟
 .૛. Provedࡾ

 

JP.215. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

(૝ࡾ + ૛(࢘ ⋅
࢘
૛ࡾ ≤෍ࢇ࢓

૛ ૛ܛܗ܋
࡭
૛ ≤

(૝ࡾ + ૛(࢘ ⋅
૚
૚૟ ൬૞ −

૛࢘
ࡾ ൰ 

Proposed by Marin Chirciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡾ૝)࢘ + ૛(࢘

૛ࡾ ≤෍ࢇ࢓
૛ ૛ܛܗ܋

࡭
૛ ≤

(૝ࡾ + ૛(࢘

૚૟ ൬૞ −
૛࢘
ࡾ ൰ 

෍ࢇ࢓
૛ ૛ܛܗ܋

࡭
૛ = ෍ࢇ࢓

૛ ൬૚ − ૛ܖܑܛ
࡭
૛൰ = ෍ࢇ࢓

૛ −෍ቈቆ
૛∑ࢇ૛ − ૜ࢇ૛

૝ ቇܖܑܛ૛
࡭
૛቉ 

=
૜∑ࢇ૛

૝ −
૛ࢇ∑

૝ ෍(૚ − ܛܗ܋ (࡭ +
૜
૝෍ቈࢇ૛

࢙) − ࢙)(࢈ − ࢙)(ࢉ − (ࢇ
࢙)ࢉ࢈ − (ࢇ ቉ 

=
૜∑ࢇ૛

૝ −
૛ࢇ∑

૝
ቀ૜ − ૚ −

࢘
ࡾ
ቁ+

૜࢘૛࢙
૝ ෍

૛ࢇ

࢙)ࢉ࢈ −  (ࢇ

=
(૚) ૛ࢇ∑

૝ ൬
ࡾ + ࢘
ࡾ ൰ +

૜࢘૛࢙
૝ ෍

૛ࢇ

࢙)ࢉ࢈ −  (ࢇ

Now, ∑ ૛ࢇ

(ࢇି࢙)ࢉ࢈
= ∑ ૛࢙૛ା࢙૛ିࢇ

(ࢇି࢙)ࢉ࢈
= −∑ (ࢇା࢙)(ࢇି࢙)

(ࢇି࢙)ࢉ࢈
+ ૛࢙

૝࢙࢘ࡾ
∑ ࢇ

ࢇି࢙
 

= ෍࢙−
૚
෍−ࢉ࢈

૛ࢇ

૝࢙࢘ࡾ +
૛࢙

૝࢙࢘ࡾ෍
−ࢇ +࢙ ࢙
࢙ − ࢇ  

= −
(࢙૛)࢙
૝࢙࢘ࡾ −

૛(࢙૛ − ૝࢘ࡾ − (૛࢘
૝࢙࢘ࡾ +

૛࢙

૝࢙࢘ࡾ෍ቆ−૚ +
࢙)∑࢙ − ࢙	)(࢈ − (ࢉ

࢙૛࢘ ቇ 

=
−૛࢙૛ + ૝࢘ࡾ+ ૛࢘

૛࢙࢘ࡾ +
૛࢙

૝࢙࢘ࡾ ൬−૜ +
૝ࡾ + ࢘

࢘ ൰ =
−૛࢙૛ + ૝࢘ࡾ+ ૛࢘

૛࢙࢘ࡾ +
−ࡾ૛(૛࢙ (࢘
૛࢘ࡾ૛࢙  

=
(૛) −ࡾ૛(૛࢙ ૜࢘) + +ࡾ૛(૝࢘ (࢘

૛࢘ࡾ૛࢙  

(1), (2) ⇒ ࢇ࢓∑
૛ ૛ܛܗ܋ ࡭

૛
= ૛ࢇ∑

૝
ቀࡾା࢘

ࡾ
ቁ + ૜࢘૛࢙

૝
ቂ࢙

૛(૛ିࡾ૜࢘)ା࢘૛(૝ࡾା࢘)
૛࢘ࡾ૛࢙

ቃ 
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=
ࡾ) + ૛࢙)(࢘ − ૝࢘ࡾ − (૛࢘

૛ࡾ +
૜࢙૛(૛ࡾ − ૜࢘) + ૜࢘૛(૝ࡾ + (࢘

ૡࡾ  

=
૝(ࡾ + ૛࢙)(࢘ − ૝࢘ࡾ − (૛࢘ + ૜(૛ࡾ − ૛࢙(࢘૛ + ૜࢘૛(૝ࡾ + (࢘

ૡࡾ  

=
(૚૙ࡾ − ૞࢙(࢘૛ − ૝ࡾ)࢘+ +ࡾ૝)(࢘ (࢘ + ૜࢘૛(૝ࡾ+ (࢘

ૡࡾ
 

=
(૜) (૚૙ࡾ − ૞࢙(࢘૛ − ࡾ૝)࢘ + ૛(࢘

ૡࡾ  

(3)⇒ ࢇ࢓∑
૛ ૛ܛܗ܋ ࡭

૛
≤ (૝ࡾା࢘)૛

૚૟
ቀ૞ − ૛࢘

ࡾ
ቁ 

⇔
(૚૙ࡾ− ૞࢙(࢘૛ − +ࡾ૝)࢙ ૛(࢘

ૡࡾ ≤
(૞ࡾ − ૛࢘)(૝ࡾ+ ૛(࢘

૚૟ࡾ  

⇔ (૝ࡾ − ૛࢙(࢘૛ ≤
(࢏)
+ࡾ૝)ࡾ  ≥ ૛. Now, Rouche ⇒ LHS of (i)(࢘

(૝ࡾ− ૛࢘) ቄ૛ࡾ૛ + ૚૙࢘ࡾ − ૛࢘ + ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾቅ ≤
(?)
ࡾ૝)ࡾ +  ૛(࢘

⇔ (ૡࡾ૜ − ૛ૡࡾ૛࢘+ ૛૞࢘ࡾ૛ − ૛࢘૜) ≥
?
૛(ࡾ − ૛࢘)(૝ࡾ− ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

⇔ ࡾ) − ૛࢘)(ૡࡾ૛ − ૚૛࢘ࡾ+ (૛࢘ ≥
?
૛(ࡾ− ૛࢘)(૝ࡾ− ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

⇔ ૡࡾ૛ − ૚૛࢘ࡾ + ૛࢘ >
?
૛(૝ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ		൬∵ ࡾ − ૛࢘ ≥

࢘ࢋ࢒࢛ࡱ
૙൰ 

⇔ (ૡࡾ૛ − ૚૛࢘ࡾ − ૛)૛࢘ >
?
૝(ࡾ૛ − ૛࢘ࡾ)(૝ࡾ − ૛࢘)૛	(∵ ૡࡾ૛ − ૚૛࢘ࡾ + ૛࢘ > 0) 

⇔ +ࡾ૛(૝࢘ ૛(࢘ >
?
૙ → true ⇒ (i) is true ∴ ࢇ࢓∑

૛ ૛ܛܗ܋ ࡭
૛
≤ (૝ࡾା࢘)૛

૚૟
ቀ૞ − ૛࢘

ࡾ
ቁ 

Again, (3)⇒ ૛(࢘ାࡾ૝)࢘

૛ࡾ
≤ ࢇ࢓∑

૛ ૛ܛܗ܋ ࡭
૛

 

⇔
(૚૙ࡾ − ૞࢙(࢘૛ − +ࡾ૝)࢘ ૛(࢘

ૡࡾ ≥
ࡾ૝)࢘ + ૛(࢘

૛ࡾ  

⇔ (૚૙ࡾ − ૞࢙(࢘૛ ≥ ૞࢘(૝ࡾ+ ૛(࢘ ⇔ (૛ࡾ − ૛࢙(࢘ ≥
(࢏࢏)

ࡾ૝)࢘ +  ૛(࢘

Now, LHS of (ii) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૛ࡾ− ࢘ࡾ૚૟)(࢘ − ૞࢘૛) ≥
?
ࡾ૝)࢘ +  ૛(࢘

⇔ ૡࡾ૛ − ૚ૠ࢘ࡾ + ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(ૡࡾ− (࢘ ≥

?
૙ → true ∵ ࡾ ≥

࢘ࢋ࢒࢛ࡱ
૛࢘ 

⇒ (ii) is true ∴ ૛(࢘ାࡾ૝)࢘

૛ࡾ
≤ ࢇ࢓∑

૛ ૛ܛܗ܋ ࡭
૛

  (Proved) 
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JP.216. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

(૝ࡾ + ૛(࢘

ࡾ)࢘ + (࢘ 	(−૛ࡾ
૛ + ૚ૠ࢘૛) ≤෍ࢇ࢓

૛ ૛ܜܗ܋
࡮
૛ ܜܗ܋

૛ ࡯
૛ ≤

૜(૝ࡾ + ૛(࢘

ࡾ૛(૛࢘ − (࢘ ૜ࡾ) − ૞࢘૜) 

Proposed by Marin Chirciu – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

(૝ࡾ + ૛(࢘

+ࡾ)࢘ (࢘ (−૛ࡾ૛ + ૚ૠ࢘૛) ≤෍ࢇ࢓
૛ ૛ܜܗ܋

࡮
૛ ܜܗ܋

૛ ࡯
૛ ≤

૜(૝ࡾ+ ૛(࢘

ࡾ૛(૛࢘ − (࢘ ૜ࡾ) − ૞࢘૜) 

Firstly, ∑ ૛܋܍ܛ ࡭
૛

= ∑ ࢉ࢈
(ࢇି࢙)࢙

= (ࢉି࢙)(࢈ି࢙)ࢉ࢈∑
૛࢙૛࢘

 

=
ࢉ࢈∑ ૛࢙) − +࢈)࢙ (ࢉ + (ࢉ࢈

૛࢙૛࢘ =
࢈ࢇ∑૛࢙ − ࢉ࢈∑࢙ (૛࢙ − (ࢇ + ૛(࢈ࢇ∑) − ૛ࢉ࢈ࢇ(૛࢙)

૛࢙૛࢘  

=
࢈ࢇ∑૛࢙− + ૛(࢈ࢇ∑) − ૝࢙ࡾ૛

૛࢙૛࢘ =
(૝ࡾ+ ૛࢙)(૛࢘ + ૝࢘ࡾ + (࢘ − ૝࢙࢘ࡾ૛

૛࢙૛࢘ =
(૚) ૛࢙ + (૝ࡾ+ ૛(࢘

૛࢙  

Secondly, ∑(࢙ − ࢙)(࢈ − (ࢉ = ∑൫࢙૛ − ࢈)࢙ + (ࢉ + ൯ࢉ࢈ = ૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ ૛࢘ =
(૛)

૝࢘ࡾ+ ૛࢘  

Now, ∑ࢇ࢓
૛ ૛ܜܗ܋ ࡮

૛
૛ܜܗ܋ ࡯

૛
= ቆ

૛࡭ܛܗ܋∏
૛࡭ܖܑܛ∏

ቇ
૛

ࢇ࢓∑
૛ ૛ܖ܉ܜ ࡭

૛
 

= ቌ
࢙
૝ࡾ
࢘
૝ࡾ

ቍ

૛

෍ࢇ࢓
૛ ൬܋܍ܛ૛

࡭
૛ − ૚൰ =

૛࢙

૛࢘ ቈ෍ቆ
૛∑ࢇ૛ − ૜ࢇ૛

૝ ቇ ૛܋܍ܛ
࡭
૛ −

૜
૝෍ࢇ૛቉ 

=
૛࢙

૛࢘ ቈቆ
૛ࢇ∑

૛ ቇ෍܋܍ܛ૛
࡭
૛ −

૜
૝෍ࢇ૛ −

૜
૝෍

ࢉ࢈૛ࢇ
࢙)࢙ −  ቉(ࢇ

=
(૚)	࢟࢈ ૛࢙

૛࢘ ቈቆ
૛ࢇ∑

૛ ቇቆ
૛࢙ + (૝ࡾ + ૛(࢘

૛࢙ ቇ −
૜
૝෍ࢇ૛ − ൬

૜ ⋅ ૝࢙࢘ࡾ
૝࢙ ൰෍

ࢇ − ࢙ + ࢙
࢙ − ࢇ ቉ 

=
૛࢙

૛࢘ ቈቆ
૛ࢇ∑

૛ ቇቆ
૛࢙ + (૝ࡾ+ ૛(࢘

૛࢙ ቇ −
૜
૝෍ࢇ૛ − ૜࢘ࡾ෍ቀ−૚ +

࢙
෍࢙૛࢘

࢙) − −࢙)(࢈  ቁ቉(ࢉ

=
(૛)	࢟࢈ ૛࢙

૛࢘ ቈቆ
૛ࢇ∑

૛ ቇቆ
૛࢙ + (૝ࡾ + ૛(࢘

૛࢙ ቇ −
૜
૝෍ࢇ૛ − ૜࢘ࡾ൬−૜ +

૝ࡾ+ ࢘
࢘ ൰቉ 

=
૛࢙

૛࢘ ቈቆ
૛ࢇ∑

૛ ቇቆ
૛࢙ + (૝ࡾ + ૛(࢘

૛࢙ ቇ −
૜
૝෍ࢇ૛ − ૜ࡾ(૝ࡾ − ૛࢘)቉ 

=
૛࢙

૛࢘ ቈ
૛࢙) − ૝࢘ࡾ − ૛)ቆ࢘

૛࢙ + (૝ࡾ + ૛(࢘

૛࢙ ቇ −
૜
૛

૛࢙) − ૝࢘ࡾ − (૛࢘ − ૜ࡾ(૝ࡾ− ૛࢘)቉ 
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=
૚
૛࢘૛

[૛(࢙૛ − ૝࢘ࡾ − ૛࢙)(૛࢘ + (૝ࡾ + ૛(࢘ − ૜࢙૛(࢙૛ − ૝࢘ࡾ − (૛࢘ − ૟࢙ࡾ૛(૝ࡾ− ૛࢘)] 

=
(૜) ૝࢙− + ૛ࡾ૛(ૡ࢙ + ૜૛࢘ࡾ+ ૜࢘૛) − ૜ࡾ૚૛ૡ)࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜)

૛࢘૛  

∴
(૝ࡾ + ૛(࢘

ࡾ)࢘ + (࢘ (−૛ࡾ૛ + ૚ૠ࢘૛) ≤෍ࢇ࢓
૛ ૛ܜܗ܋

࡮
૛ ܜܗ܋

૛ ࡯
૛ 

⇔
(૜)	࢟࢈ ૝࢙− + ૛ࡾ૛(ૡ࢙ + ૜૛࢘ࡾ+ ૜࢘૛) − ૜ࡾ૚૛ૡ)࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜)

૛࢘૛ + 

+
(૝ࡾ + ૛(࢘

ࡾ)࢘ + (࢘ (૛ࡾ૛ − ૚ૠ࢘૛) ≥ ૙ 

⇔
૚

૛࢘૛(ࡾ + (࢘ ൤
ࡾ) + ૝࢙−}(࢘ + ૛ࡾ૛(ૡ࢙ + ૜૛࢘ࡾ + ૜࢘૛) − ૜ࡾ૚૛ૡ)࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜)}

+૛࢘(૛ࡾ૛ − ૚ૠ࢘૛)(૝ࡾ + ૛(࢘
൨ ≥ ૙ 

⇔ ࡾ) + ૝࢙(࢘ + ૝ࡾ૟૝)࢘ + ૚ૢ૛ࡾ૜࢘+ ૟૟૙ࡾ૛࢘૛ + ૛ૢૡ࢘ࡾ૜ + ૜૟࢘૝) 

≤
(࢏)
૜ࡾ૛(ૡ࢙ + ૝૙ࡾ૛࢘ + ૜૞࢘ࡾ૛ + ૜࢘૜) 

Now, LHS of (i) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 +ࡾ) ૛ࡾ૝)(࢘ + ૝࢘ࡾ+ ૜࢘૛)࢙૛ + 

૝ࡾ૟૝)࢘+ + ૚ૢ૛ࡾ૜࢘+ ૟૟૙ࡾ૛࢘૛ + ૛ૢૡ࢘ࡾ૜ + ૜૟࢘૝) ≤ 

≤
(࢏)
૜ࡾ૛(ૡ࢙ + ૝૙ࡾ૛࢘ + ૜૞࢘ࡾ૛ + ૜࢘૜) 

⇔ ૜ࡾ૛(૝࢙ + ૜૛ࡾ૛࢘ + ૛ૡ࢘ࡾ૛) ≥
(࢏࢏)

?
૝ࡾ૟૝)࢘ + ૚ૢ૛ࡾ૜࢘ + ૟૟૙ࡾ૛࢘૛ + ૛ૢૡ࢘ࡾ૜ + ૜૟࢘૝) 

Now, LHS of (ii) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ૜ + ૜૛ࡾ૛࢘+ ૛ૡ࢘ࡾ૛) ≥ 

≥
?
૝ࡾ૟૝)࢘ + ૚ૢ૛ࡾ૜࢘ + ૟૟૙ࡾ૛࢘૛ + ૛ૢૡ࢘ࡾ૜ + ૜૟࢘૝) 

⇔ ૞૙࢚૜ − ૟૛࢚૛ − ૠ૜࢚ − ૟ ≥
?
૙ ቀ࢚ = ࡾ

࢘
ቁ ⇔ ࢚) − ૛)(૞૙࢚૛ + ૜ૡ࢚ + ૜) ≥

?
૙ → true 

∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (ii) ⇒ (i) is true 

∴
(૝ࡾ + ૛(࢘

ࡾ)࢘ + (࢘ (−૛ࡾ૛ + ૚ૠ࢘૛) ≤෍ࢇ࢓
૛ ૛ܜܗ܋

࡮
૛ ܜܗ܋

૛ ࡯
૛ 

Again, ∑ࢇ࢓
૛ ૛ܜܗ܋ ࡮

૛
૛ܜܗ܋ ࡯

૛
≤ ૜(૝ࡾା࢘)૛

(࢘ିࡾ૛)૛࢘
૜ࡾ) − ૞࢘૜) ⇔

(૜)	࢟࢈
 

૝࢙− + ૛ࡾ૛(ૡ࢙ + ૜૛࢘ࡾ + ૜࢘૛) − ૜ࡾ૚૛ૡ)࢘ + ૢ૟ࡾ૛࢘+ ૛૝࢘ࡾ૛ + ૛࢘૜)
૛࢘૛ − 
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−
૜(૝ࡾ + ૛(࢘

−ࡾ૛(૛࢘ (࢘ ૜ࡾ) − ૞࢘૜) ≤ ૙ 

⇔ (૛ࡾ − (࢘ ቀ−࢙૝ + ૛ࡾ૛(ૡ࢙ + ૜૛࢘ࡾ+ ૜࢘૛) − ૜ࡾ૚૛ૡ)࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜)ቁ 

−૟(ࡾ૜ − ૞࢘૜)(૝ࡾ+ ૛(࢘ ≤ ૙⇔ ૟(ࡾ૜ − ૞࢘૜)(૝ࡾ + ૛(࢘ + (૛ࡾ−  ૝࢙(࢘

ࡾ૛)࢘+ − ૜ࡾ૚૛ૡ)(࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜) ≥
(࢏࢏࢏)

(૛ࡾ − ૛ࡾૡ)(࢘ + ૜૛࢘ࡾ+ ૜࢘૛)࢙૛ 

Now, LHS of (iii)	 ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૟(ࡾ૜ − ૞࢘૜)(૝ࡾ+ ૛(࢘ + (૛ࡾ − −࢘ࡾ૚૟)(࢘ ૞࢘૛)࢙૛ 

ࡾ૛)࢘+ − ૜ࡾ૚૛ૡ)(࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜) ≥
?

(૛ࡾ− ૛ࡾૡ)(࢘ + ૜૛࢘ࡾ+ ૜࢘૛)࢙૛ 

⇔ ࡾ૛(૛࢙ − ૛ࡾૡ)(࢘ + ૚૟࢘ࡾ + ૡ࢘૛) ≤
(࢜࢏)

?
૟(ࡾ૜ − ૞࢘૜)(૝ࡾ + ૛(࢘ + 

−ࡾ૛)࢘+ ૜ࡾ૚૛ૡ)(࢘ + ૢ૟ࡾ૛࢘ + ૛૝࢘ࡾ૛ + ૛࢘૜) 

Now, LHS of (iv)	 ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૛ࡾ− ૛ࡾૡ)(࢘ + ૚૟࢘ࡾ+ ૡ࢘૛) 

≤
?
૟(ࡾ૜ − ૞࢘૜)(૝ࡾ+ ૛(࢘ + −ࡾ૛)࢘ ૜ࡾ૚૛ૡ)(࢘ + ૢ૟ࡾ૛࢘+ ૛૝࢘ࡾ૛ + ૛࢘૜) 

⇔ ૚૟࢚૞ + ૠ૛࢚૝ − ૜ૠ࢚૜ − ૛ૡ૝࢚૛ − ૚૚૝࢚ − ૝ ≥
?
૙ 

⇔ ࢚) − ૛)(૚૟࢚૝ + ૚૙૝࢚૜ + ૚ૠ૚࢚૛ + ૞ૡ࢚ + ૛) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ ⇒(iv)⇒ (iii) 

is true ∴ ࢇ࢓∑
૛ ૛ܜܗ܋ ࡮

૛
૛ܜܗ܋ ࡯

૛
≤ ૜(૝ࡾା࢘)૛

(࢘ିࡾ૛)૛࢘
૜ࡾ) − ૞࢘૜)  (Proved) 

 

JP.217. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

∑࢔ ࡭૛ܖܑܛ − ࡭૜ܛܗ܋∑࢑ ≤ ૜
ૡ

(૟࢔ − ࢑,࢔ where ,(࢑ ≥ ૙ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

࡭૛ܖܑܛ෍࢔ − ૜ܛܗ܋෍࢑ ࡭ = ࢔) − ૛ܖܑܛ෍(࢑ +࡭ ࡭૛ܖܑܛ෍࢑ − ࡭ܛܗ܋෍࢑ ൫૚ − ૛ܖܑܛ  ൯࡭

= ࢔) − ૛ܖܑܛ෍(࢑ ࡭ − ܛܗ܋෍࢑ ࡭ + ૛ܖܑܛ෍࢑ ࡭ (૚ + ܛܗ܋  (࡭

= ૛ܖܑܛ෍࢔ ࡭ − ૛ܖܑܛ෍࢑ ࡭ − ࡭ܛܗ܋෍࢑ + ૛࢑෍ܖܑܛ૛ ࡭ ૛ܛܗ܋
࡭
૛ 
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= ቆ࢔
૛ࢇ∑

૝ࡾ૛ቇ − ૛ܖܑܛ෍࢑ ࡭ − ࡭ܛܗ܋෍࢑ + ૛࢑෍ܖܑܛ૛ ૛ܛܗ܋࡭
࡭
૛ 

≤
ࢠ࢚࢏࢔࢈࢏ࢋࡸ

	 ቆ
૛ࡾૢ

૝ࡾ૛ቇ࢔ − ૛ܖܑܛ෍࢑ ࡭ − ܛܗ܋෍࢑ ࡭ + ૛࢑෍ܖܑܛ૛ ૛ܛܗ܋࡭
࡭
૛		

(∵ ࢔ ≥ ૙) 

=
࢔ૢ
૝ − ૛ܖܑܛ෍࢑ ࡭ − ܛܗ܋෍࢑ ࡭ + ૛࢑෍ܖܑܛ૛ ࡭ ૛ܛܗ܋

࡭
૛ ≤

? ૜
ૡ

(૟࢔ − (࢑ =
࢔ૢ
૝ −

૜࢑
ૡ  

⇔ ૛ܖܑܛ൜૛෍࢑ ૛ܛܗ܋࡭
࡭
૛ − ൬෍ܖܑܛ૛ ࡭ + ෍࡭ܛܗ܋ −

૜
ૡ൰ൠ ≤

?
૙ 

⇔ ૛෍ܖܑܛ૛ ૛ܛܗ܋࡭
࡭
૛ ≤

(૚)

?
෍ܖܑܛ૛ ࡭ + ෍࡭ܛܗ܋ −

૜
ૡ	

(∵ ࢑ ≥ ૙) 

Now, ૛∑ ૛ܖܑܛ ૛ܛܗ܋࡭ ࡭
૛

= ૛∑ ૛ࢇ

૝ࡾ૛
⋅ (ࢇି࢙)࢙

ࢉ࢈
= ૛࢙

૝ࡾ૛⋅૝࢙࢘ࡾ
૜ࢇ∑ ࢙) − (ࢇ ≤

(ࢇ) ࢙ ૝ࢇ∑૜ିࢇ∑

ૡࡾ૜࢘
 

Now, (∑ࢇ૜)(∑ࢇ) = ૝ࢇ∑ + ࢈૜ࢇ∑ +  ૜࢈ࢇ∑

⇒ −෍ࢇ૝ = −૛࢙ ⋅෍ࢇ૜ + ෍࢈ࢇቀ෍ࢇ૛ −  ૛ቁࢉ

⇒ ૜ࢇ෍࢙ −෍ࢇ૝ = −૛࢙૛(࢙૛ − ૟࢘ࡾ − ૜࢘૛) + ෍࢈ࢇ ⋅෍ࢇ૛ − ૝࢙࢘ࡾ(૛࢙) 

= ૛࢙}࢘૛(૛ࡾ+ ૜࢘) − ࡾ૝)࢘ +  {૛(࢘

⇒ ࢙ ૝ࢇ∑૜ିࢇ∑

ૡࡾ૜࢘
=
(࢈) ૛(࢘ାࡾ૝)࢘ି(࢘ା૜ࡾ૛)૛࢙

૝ࡾ૜
⇒LHS of (1) =

(࢏) ૛(࢘ାࡾ૝)࢘ି(࢘ା૜ࡾ૛)૛࢙

૝ࡾ૜
 

(using (a), (b)) 

Again, RHS of (1) = ૛ࢇ∑

૝ࡾ૛
+ ࢘ାࡾ

ࡾ
− ૜

ૡ
= ૝൫࢙૛ି૝࢘ି࢘ࡾ૛൯ାૡࡾ(ࡾା࢘)ି૜ࡾ૛

ૡࡾ૛
 

=
(࢏࢏) ૝࢙૛ + ૞ࡾ૛ + ૡ࢘ࡾ − ૝(૝࢘ࡾ+ (૛࢘

ૡࡾ૛  

(i), (ii)⇒ in order to prove (1), it is equivalent to proving: 

+ࡾ૛(૛࢙ ૜࢘)
૝ࡾ૜ +

૝(૝࢘ࡾ+ (૛࢘
ૡࡾ૛ ≤

ࡾ૝)࢘ + ૛(࢘

૝ࡾ૜ +
૝࢙૛ + ૞ࡾ૛ + ૡ࢘ࡾ

ૡࡾ૛  

⇔ ૛࢙૛(૛ࡾ+ ૜࢘) + ૝ࡾ(૝࢘ࡾ+ (૛࢘ ≤ ૛࢘(૝ࡾ+ ૛(࢘ + ૛࢙૝)ࡾ + ૞ࡾ૛ + ૡ࢘ࡾ) 

⇔ ૛࢙ ⋅ ૟࢘ ≤
(૛)

૞ࡾ૜ + ૡࡾ૛࢘ + ૛࢘(૝ࡾ + ૛(࢘ − ૝ࡾ(૝࢘ࡾ +  (૛࢘

Now, LHS of (2) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૟࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

≤
?
૞ࡾ૜ + ૡࡾ૛࢘ + ૛࢘(૝ࡾ + ૛(࢘ − ૝ࡾ(૝࢘ࡾ+ (૛࢘ ⇔ ૞࢚૜ − ૚૛࢚ − ૚૟ ≥

?
૙	 ൬࢚ =

ࡾ
 ൰࢘
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⇔ ૞࢚૜ − ૛૙࢚ + ૡ࢚ − ૚૟ ≥
?
૙ 

⇔ ૞࢚)࢚+ ૛)(࢚ − ૛) + ૡ(࢚ − ૛) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (2) ⇒ (1) ⇒ given inequality is true (Proved) 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

૛ܖܑܛ)࢔ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ −(࡯ ૜ܛܗ܋)࢑ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ ≤
? ૜
ૡ

(૟࢔ −  (࢑

૛ܖܑܛ)࢔ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ (࡯ + ૜ܛܗ܋−)࢑ ࡭ − ૜ܛܗ܋ ࡮ − ૜ܛܗ܋ (࡯ ≤
? ૜
ૡ

(૟࢔ −  (࢑

Let be the function: (࢞)ࢌ = ૜ܛܗ܋− ࢞ (࢞)ᇱࢌ, = ૜ܖܑܛ ૛ܛܗ܋࢞ ࢞ ≥ ૙ 

So, ࢌ is a convex function and hence by using Popoviciu’s inequality: 
૚
૜

૜ܛܗ܋−) ࡭ − ૜ܛܗ܋ −࡮ ૜ܛܗ܋ (࡯ − ૜ܛܗ܋ ൬
࡭ + ࡮ + ࡯

૜ ൰ ≥ 

≥
૛
૜൬−ܛܗ܋

૜ ൬
࡭ + ࡮
૛ ൰ − ૜ܛܗ܋ ൬

࡮ + ࡯
૛ ൰ − ૜ܛܗ܋ ൬

࡭ + ࡯
૛ ൰൰ 

−
૚
૜

૜ܛܗ܋) ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ −
૚
ૡ ≥ −

૛
૜ ൬ܖܑܛ

૜ ࡯
૛ + ૜ܖܑܛ

࡭
૛ + ૜ܖܑܛ

࡮
૛൰ 

૚
૜

૜ܛܗ܋) ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ +
૚
ૡ ≥

૛
૜൬ܖܑܛ

૜ ࡯
૛ + ૜ܖܑܛ

࡭
૛ + ૜ܖܑܛ

࡮
૛൰ 

૜ܛܗ܋ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ ࡯ +
૜
ૡ ≥ ૛ ൬ܖܑܛ૜

࡯
૛ + ૜ܖܑܛ

࡭
૛ + ૜ܖܑܛ

࡮
૛൰ 

૜ܛܗ܋ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ ࡯ ≥ −
૜
ૡ + ૛൬ܖܑܛ૜

࡯
૛ + ૜ܖܑܛ

࡭
૛ + ૜ܖܑܛ

࡮
૛൰ 

but: ܖܑܛ૜ ࡯
૛

+ ૜ܖܑܛ ࡭
૛

+ ૜ܖܑܛ ࡮
૛
≥ ૜

ૡ
 

૛ ൬ܖܑܛ૜
࡯
૛ + ૜ܖܑܛ

࡭
૛ + ૜ܖܑܛ

࡮
૛൰ ≥

૟
ૡ 

⎝

⎜
૜ܖܑܛ⎛

࡭
૛ + ૜ܖܑܛ

࡯
૛ + ૜ܖܑܛ

࡮
૛ ≥ ૜ඨܖܑܛ૜

࡭
૛ ܖܑܛ

૜ ࡮
૛ ܖܑܛ

૜ ࡯
૛

૜

૜ܖܑܛ
࡭
૛ + ૜ܖܑܛ

࡯
૛ + ૜ܖܑܛ

࡮
૛ ≥ ૜ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ ≥

૜
ૡ⎠

⎟
⎞

 

૜ܛܗ܋ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ ࡯ ≥
૜
ૡ 

૜ܛܗ܋)࢑− ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ ≤ − ૜࢑
ૡ

   (1) 
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૛ܖܑܛ ૛ܖܑܛା࡮૛ܖܑܛା࡭ ࡯
૜

≤ ቀ࡭ܖܑܛା࡮ܖܑܛା࡯ܖܑܛ
૜

ቁ
૛

   AM-GM 

૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ ≤
૚
૜

ܖܑܛ) ࡭ + ࡮ܖܑܛ + ܖܑܛ  ૛(࡯

As you know: ܖܑܛ ࡭ + ࡮ܖܑܛ + ܖܑܛ ࡯ ≤ ૜√૜
૛

. So: (࡭ܖܑܛ + ܖܑܛ ࡮ + ܖܑܛ (࡯ ≤ ૛ૠ
૝

 

૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ ≤
૚
૜ ⋅

૛ૠ
૝ ⇒ ૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ ≤

ૢ
૝ 

૛ܖܑܛ)࢔ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ (࡯ ≤ ࢔ૢ
૝

   (2) 

From (1) and (2): 

૛ܖܑܛ)࢔ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ −(࡯ ૜ܛܗ܋)࢑ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ ≤
࢔ૢ
૝ −

૜࢑
ૡ  

૛ܖܑܛ)࢔ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ −(࡯ ૜ܛܗ܋)࢑ ࡭ + ૜ܛܗ܋ ࡮ + ૜ܛܗ܋ (࡯ ≤
૜
ૡ

(૟࢔ −  (࢑

 

JP.218. Let ࢈,ࢇ and ࢉ be positive real numbers. Prove that: 

(a) ࢇ૝ା࢈૝

૛(૛࢈ା࢈ࢇ૛ିࢇ) + ૝ࢉ૝ା࢈

૛(૛ࢉାࢉ࢈૛ି࢈) + ૝ࢇ૝ାࢉ

૛(૛ࢇାࢇࢉ૛ିࢉ) ≤ ૟ 

(b) ටࢇ૞ା࢈૞

૛࢈૛ାࢇ
+ ට࢈૞ାࢉ૞

૛ࢉ૛ା࢈
+ටࢉ૞ାࢇ૞

૛ࢇ૛ାࢉ
≥ ૜√ࢉ࢈ࢇ 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution 1 by Ravi Prakash-New Delhi-India 

૛ −
૝ࢇ + ૝࢈

૛ࢇ) − +࢈ࢇ ૛)૛࢈ =
૛(ࢇ૝ + ૛࢈૛ࢇ + ૝࢈ − ૛ࢇ૜࢈− ૛࢈ࢇ૜ + ૛ࢇ૛࢈૛) − ૝ࢇ) + (૝࢈

૛ࢇ) − +࢈ࢇ ૛)૛࢈ = 

=
૝ࢇ − ૝ࢇ૜࢈ + ૟ࢇ૛࢈૛ − ૝࢈ࢇ૜ + ૝࢈

૛ࢇ) − +࢈ࢇ ૛)૛࢈ =
ࢇ) − ૝(࢈

૛ࢇ) − ࢈ࢇ + ૛)૛࢈ ≥ ૙ ⇒
૝ࢇ + ૝࢈

૛ࢇ) − ࢈ࢇ + ૛)૛࢈ ≤ ૛ 

Similarly, for other two expressions. Thus: ∑ ૝࢈૝ାࢇ

൫ࢇ૛ି࢈ࢇା࢈૛൯૛
≤ ૟ 

Equality when ࢇ = ࢈ =  .ࢉ

Consider ࢇ
૞ା࢈૞

૛࢈૛ାࢇ
− ૚

૛
૜ࢇ) + (૜࢈ = ૛ࢇ૞ା૛࢈૞ି൫ࢇ૞ାࢇ૛࢈૜ାࢇ૜࢈૛ା࢈૞൯

૛൫ࢇ૛ା࢈૛൯
 

=
૜ࢇ)૛ࢇ − (૜࢈ + ૜࢈)૛࢈ − (૜ࢇ

૛(ࢇ૛ + (૛࢈ =
૛ࢇ) − ૜ࢇ)(૛࢈ − (૜࢈

૛(ࢇ૛ + (૛࢈ ≥ ૙ 
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⇒ ඨࢇ
૞ + ૞࢈

૛ࢇ + ૛࢈ ≥
ඨࢇ

૜ + ૜࢈

૛ ≥ (࢈ࢇ)
૜
૛ ⇒෍ඨࢇ

૞ + ૞࢈

૛ࢇ + ૛࢈
ࢉ࢟ࢉ

≥෍(࢈ࢇ)
૜
૛

ࢉ࢟ࢉ

≥ ૜√ࢉ࢈ࢇ 

Equality when ࢇ = ࢈ =  .ࢉ

Solution 2 by Marian Ursărescu-Romania 

(a) First, we show: ࢇ૝ା࢈૝

൫ࢇ૛ି࢈ࢇା࢈૛൯
૛ ≤ ૛   (1) 

⇔ ૝ࢇ + ૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + ૛)૛࢈ ⇔ ૝ࢇ + ૝࢈ ≤ ૛(ࢇ૛ + ૛)૛࢈ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ + ૛ࢇ૛࢈૛ ⇔ 

⇔ ૝ࢇ + ૝࢈ + ૟ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ ≥ ૙ 

⇔ ૛ࢇ) + ૛)૛࢈ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ + ૝ࢇ૛࢈૛ ≥ ૙ ⇔ 

⇔ ૛ࢇ) + ૛࢈ − ૛࢈ࢇ)૛ ≥ ૙ ⇔ ࢇ) − ૝(࢈ ≥ ૙ true. From (1) ⇒ ∑ ૝࢈૝ାࢇ

൫ࢇ૛ି࢈ࢇା࢈૛൯
૛ ≤ ૟ 

(b) We show this: ටࢇ૞ା࢈૞

૛࢈૛ାࢇ
≥ ඥ(2)   ࢈ࢇ√࢈ࢇ 

⇔ ૞࢈૞ାࢇ

૛࢈૛ାࢇ
≥  (3)   ࢈ࢇ√࢈ࢇ

But ࢇ૞ + ૞࢈ ≥ ૜ࢇ)࢈ࢇ + ⇔ ૜)   (4) (because࢈ ૞ࢇ − ࢈૝ࢇ + ૞࢈ − ૝࢈ࢇ ≥ ૙) 

⇔ ࢇ)૝ࢇ − −(࢈ −ࢇ)૝࢈ (࢈ ≥ ૙ ⇔ ࢇ) − ૝ࢇ)(࢈ − (૝࢈ ≥ ૙ ⇔ 

⇔ ࢇ) − +ࢇ)૛(࢈ ૛ࢇ)(࢈ + (૛࢈ ≥ ૙ which it is true. 

From (3) and (4) we must show: ࢈ࢇ൫ࢇ
૜ା࢈૜൯

૛࢈૛ାࢇ
≥ ࢈ࢇ√࢈ࢇ ⇔ 

⇔ ૜ࢇ + ૜࢈ ≥ ૛ࢇ)࢈ࢇ√ +  ૛)   (5)࢈

૜ࢇ + ૜࢈ = +ࢇ) ૛ࢇ)(࢈ − ࢈ࢇ + (૛࢈ ≥ ૛√ࢇ)࢈ࢇ૛ − ࢈ࢇ +  ૛)   (6)࢈

From (5)+(6)⇒ ૛√ࢇ)࢈ࢇ૛ − ࢈ࢇ + (૛࢈ ≥ ૛ࢇ)࢈ࢇ√ + (૛࢈ ⇔ 

⇔ ૛(ࢇ૛ − ࢈ࢇ + (૛࢈ ≥ ૛ࢇ + ૛࢈ ⇔ ૛ࢇ − ૛࢈ࢇ + ૛࢈ ≥ ૙ ⇔ ࢇ) − ૛(࢈ ≥ ૙  true. 

From (2)⇒ ∑ටࢇ૞ା࢈૞

૛࢈૛ାࢇ
≥ ඥ࢈ࢇ√࢈ࢇ+ ඥࢉ࢈√ࢉ࢈ + ඥࢉࢇ√ࢉࢇ ≥ 

≥ ૜ඨටࢇ૛࢈૛ࢉ૛ඥࢇ૛࢈૛ࢉ૛
૜

= ૜√ࢉ࢈ࢇ 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

1) For ࢟,࢞ > 0, we get: 
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࢞) − ૛࢞)૛(࢟ + ࢞ + (૛࢟ ≥ ૜࢞)࢟࢞ − ૛(࢟ ⇒ ࢞) − ૜࢞)(࢟ − (૜࢟ ≥ ૜࢞)࢟࢞ −  ૛(࢟

⇒ ࢞)૜࢞ − (࢟ + ࢟)૜࢟ − (࢞ ≥ ૜࢞)࢟࢞ −  ૛(࢟

⇒ ૝࢞ − ࢟૜࢞ + ૝࢟ − ࢞૜࢟ ≥ ૜(࢞૜࢟ + ࢞૜࢟ − ૛࢞૛࢟૛) 

⇒ ૝࢞ + ૝࢟ + ૟࢞૛࢟૛ ≥ ૝(࢞૜࢟ +  (࢞૜࢟

⇒ ૛(࢞૝ + (૝࢟ + ૟࢞૛࢟૛ − ૝(࢞૜࢟ + (࢞૛࢟ ≥ ૟࢞ + ૝࢟ ⇒
૝࢞ + ૝࢟

૛࢞) − ࢟࢞ + ૛)૛࢟ ≤ ૛ 

Hence for ࢈,ࢇ, ࢉ > 0 we have: ࢇ૝ା࢈૝

൫ࢇ૛ି࢈ࢇା࢈૛൯૛
+ ૝ࢉ૝ା࢈

൫࢈૛ିࢉ࢈ାࢉ૛൯૛
+ ૝ࢇ૝ାࢉ

൫ࢉ૛ିࢇࢉାࢇ૛൯૛
= ૛ + ૛ + ૛ = ૟ ok 

2) For ࢈,ࢇ, ࢉ > 0, we know: ටࢇ૞ା࢈૞

૛࢈૛ାࢇ
+ ට࢈૞ାࢉ૞

૛ࢉ૛ା࢈
+ ටࢉ૞ାࢇ૞

૛ࢇ૛ାࢉ
≥ 

≥ ඨ
૜ࢇ) + ૛ࢇ)(૜࢈ + (૛࢈

૛(ࢇ૛ + (૛࢈ + ඨ
૜࢈) + ૛࢈)(૜ࢉ + (૛ࢉ

૛(࢈૛ + (૛ࢉ + ඨ
૜ࢉ) + ૛ࢉ)(૜ࢇ + (૛ࢇ

૛(ࢉ૛ + (૛ࢇ  

= ඨࢇ
૜ + ૜࢈

૛ + ඨ࢈
૜ + ૜ࢉ

૛ + ඨࢉ
૜ + ૜ࢇ

૛ ≥ ૜ඨ
૜ࢇ) + ૜࢈)(૜࢈ + ૜ࢉ)(૜ࢉ + (૜ࢇ

ૡ
૟

≥ ૜√ࢉ࢈ࢇ 

Iff ൫ࢇ
૜ା࢈૜൯൫࢈૜ାࢉ૜൯൫ࢉ૜ା࢈૛൯

ૡ
≥  ૜(ࢉ࢈ࢇ)

and it is true because ൫ࢇ
૜ା࢈૜൯൫࢈૜ାࢉ૜൯൫ࢉ૜ାࢇ૜൯

ૡ
≥ ૜(ࢉ࢈ࢇାࢉ࢈ࢇ)

ૡ
= (૛ࢉ࢈ࢇ)૜

ૡ
=  ૜  ok(ࢉ࢈ࢇ)

Therefore, it is true. 

 

JP.219. Let be ࢈,ࢇ, ࢉ > 0 such that: ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ = ૜ࢇ૛࢈૛ࢉ૛. Find 

the maximum value of: 

ࡼ =
࢈ࢇ

૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ +
ࢉ࢈

૛࢈૟ − ૞࢈ + ૝ࢉ + ૛࢈ + ૚ +
ࢇࢉ

૛ࢉ૟ − ૞ࢉ + ૝ࢇ + ૛ࢉ + ૚ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Amit Dutta-Jamshedpur-India 

First of all, we need to minimize the denominators. 

i.e., ૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ so, ૛ࢇ૟ − ૞ࢇ + ૛ࢇ + ૚ = ૟ࢇ) + ૚) + ൫ࢇ૟ − ૞ࢇ +  ૛൯ࢇ

Now, ࢇ૟ + ૚ ≥
ࡹࡳିࡹ࡭

૛ࢇ૜. Equality holds when ࢇ = ૚. 

૟ࢇ − ૞ࢇ + ૛ࢇ = ૟ࢇ − ૜ࢇ)૛ࢇ − ૚) = ૟ࢇ − ૜ࢇ + ૜ࢇ − ૜ࢇ)૛ࢇ − ૚) = 
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= ૜ࢇ)૜ࢇ − ૚)− ૜ࢇ)૛ࢇ − ૚) + ૜ࢇ = ૜ࢇ) − ૜ࢇ)(૛ࢇ − ૚) +  ૜ࢇ

૟ࢇ − ૞ࢇ + ૛ࢇ = ࢇ)૛ࢇ − ૚)૛(ࢇ૛ + ࢇ + ૚) + ૜ࢇ ≥  ૜ࢇ

Equality holds when ࢇ = ૚. ∴ ૟ࢇ − ૞ࢇ + ૛ࢇ ≥  ૜ࢇ

so, ૛ࢇ૟ − ૞ࢇ + ૛ࢇ + ૚ = ૟ࢇ) + ૚) + ൫ࢇ૟ − ૞ࢇ + ૛൯ࢇ ≥ ૛ࢇ૜ + ૜ࢇ ≥ ૜ࢇ૜ 

∴ ૛ࢇ૟ − ૞ࢇ + ૝࢈ + ૛ࢇ + ૚ ≥ ૜ࢇ૜ + ૝࢈ ≥ ૜ࢇ + ૜ࢇ + ૜ࢇ + ૝࢈ ≥
ࡹࡳିࡹ࡭

૝ࢇ࢈
ૢ
૝ 

∴ ࡼ = ෍
࢈ࢇ

૛ࢇ૟ − ૞ࢇ + ૞࢈ + ૛ࢇ + ૚
(ࢉ,࢈,ࢇ)ࢉ࢟ࢉ

 

ࡼ ≤෍
࢈ࢇ

૝ࢇ࢈
ૢ
૝ࢉ࢟ࢉ

= ෍
૚

૝ࢇ
૞
૝ࢉ࢟ࢉ

 

ࡼ ≤෍
૚

૝ࢇࢇ
૚
૝ࢉ࢟ࢉ

= ෍
૚ × ૚
૝ࢇ ⋅ ૝

ࢉ࢟ࢉ

൜
૚
+ࢇ ૚ + ૚ + ૚ൠ 

ࡼ ≤෍
૚ × ૚
૝ࢇ× ૝

ࢉ࢟ࢉ

൬
૚
+ࢇ ૜൰ ≤෍

૚
૚૟ࢇ

ࢉ࢟ࢉ

൬
૚
ࢇ + ૜൰ 

ࡼ ≤
૚
૚૟ ൜

૚
૛ࢇ +

૚
૛࢈ +

૚
+૛ൠࢉ

૜
૚૟ ൜

૚
+ࢇ

૚
࢈ +

૚
 ൠࢉ

∵ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ = ૜ࢇ૛࢈૛ࢉ૛ 

∴ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ

= ૜     (1) 

Using Cauchy’s Schwarz inequality: ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ (૚૛ + ૚૛ + ૚૛) ≥ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ
૛

 

ૢ ≥ ൬
૚
+ࢇ

૚
࢈ +

૚
൰ࢉ

૛

 

∴ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≤ ૜  (2) 

∴ ࡼ ≤
૚
૚૟ ൬

૚
૛ࢇ +

૚
૛࢈ +

૚
+૛൰ࢉ

૜
૚૟ ൬

૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ

Using (1) and (2): ࡼ ≤ ૚
૚૟

× ૜ + ૜
૚૟

× ૜ 

ࡼ ≤
૜
૚૟ +

ૢ
૚૟ ≤

૚૛
૚૟ ≤

૜
૝ ; ࡼ	 ≤

૜
૝ 

Equality holds when ࢇ = ࢈ = ࢉ = ૚. 

∴ ܠ܉ܕࡼ 	 =
૜
૝ 
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JP.220. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

≥
૝(ࢇ૛ + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ

+
૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Bogdan Fustei-Romania 

⇒
૚
૛
෍

࢈ + ࢉ
ࢇ

=
૚
૛
෍൬

ࢇ
࢈

+
࢈
ࢇ
൰ =

૚
૛
෍

૛ࢇ + ૛࢈

࢈ࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൫∑ ૛ࢇ√ + ૛൯࢈
૛

૛(࢈ࢇ + +ࢉ࢈ (ࢉࢇ = 

=
૛ࢇ + ૛࢈ + ૛ࢉ + ∑ඥ(ࢇ૛ + ૛ࢇ)(૛࢈ + (૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥
૛ࢇ) + ૛࢈ + (૛ࢉ + ૛ࢇ)∑ + (ࢉ࢈

࢈ࢇ + ࢉ࢈ + ࢉࢇ = 

= ૛൫ࢇ૛ା࢈૛ାࢉ૛൯
ࢉࢇାࢉ࢈ା࢈ࢇ

+ ૚ ≥ ૛൫ࢇ૛ା࢈૛ାࢉ૛൯
ࢉࢇାࢉ࢈ା࢈ࢇ

+ ࢉࢇାࢉ࢈ା࢈ࢇ
૛ࢉ૛ା࢈૛ାࢇ

૛ࢇ; + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + +ࢉ࢈  true – ࢉࢇ

⇒ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈

+ ࢈ାࢇ
ࢉ
≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢉࢇାࢉ࢈ା࢈ࢇ
+ ૛(࢈ࢇାࢉ࢈ାࢉࢇ)

૛ࢉ૛ା࢈૛ାࢇ
. Q.E.D. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Let ࢈ + ࢉ = ,࢞ ࢉ + ࢇ = +ࢇ,࢟ ࢈ = ,࢟,࢞ ,Then .ࢠ -are sides of a triangle with semi ࢠ

perimeter, circumradius, inradius =  (say)  ࢘,ࡾ,࢙

∵ ૛෍ࢇ = ෍࢞ = ૛࢙,∴ ࢇ = ࢙ − ࢈,࢞ = ࢙ − ,࢟ ࢉ = ࢙ −  ࢠ

Now, ∑ࢇ૛ = ૛࢙)∑ − ૛࢙࢞+ (૛࢞ = ૜࢙૛ − ૛࢙(૛࢙) + ૛(࢙૛ − ૝࢘ࡾ − (૛࢘ =
(૚)

૛࢙ − ૡ࢘ࡾ− ૛࢘૛ 

and ∑࢈ࢇ = ࢙)∑ − ࢙)(࢞ − (࢟ = ૛࢙)∑ − ࢞)࢙ + (࢟ +  (࢟࢞

= ૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ + ૛࢘ =
(૛)

૝࢘ࡾ+  ૛࢘

Also, ∑ ࢉା࢈
ࢇ

= ∑ ࢞
࢞ି࢙

= ∑ ࢙ା࢙ି࢞
࢞ି࢙

= −૜ + ࢙
࢙૛࢘

૛࢙)∑ − ࢟)࢙ + (ࢠ +  (ࢠ࢟

= −૜ +
૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ + ૛࢘

૛࢘ = −૜ +
૝ࡾ+ ࢘

࢘ =
(૜) ૝ࡾ − ૛࢘

࢘  

(1), (2), (3) ⇒ given inequality ⇔ 

૛ࡾ − ࢘
࢘ ≥

૛(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)
૝࢘ࡾ + ૛࢘ +

૝࢘ࡾ+ ૛࢘

૛࢙ − ૡ࢘ࡾ− ૛࢘૛ =
૛(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)૛ + (૝࢘ࡾ + ૛)૛࢘

(૝࢘ࡾ+ ૛࢙)(૛࢘ − ૡ࢘ࡾ − ૛࢘૛)  

⇔ (૛ࡾ − +ࡾ૝)(࢘ ૛࢙)(࢘ − ૡ࢘ࡾ − ૛࢘૛) ≥ ૛(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)૛ + (૝࢘ࡾ +  ૛)૛࢘

⇔ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૜૙࢘ࡾ+ ૠ࢘૛) + ૟૝ࡾ૜࢘+ ૚૝૝ࡾ૛࢘૛ + ૟૙࢘ࡾ૜ + ૠ࢘૝ ≤
(૝)

૙ 
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Now, Rouche ⇒ ૛࢙ ≥ ࢔−࢓ ⇒ ૛࢙ ࢓− + ࢔ ≥
(ࢇ)

૙ and ࢙૛ ≤ ࢓ + ࢔ ⇒ ૛࢙ −࢓− ࢔ ≤
(࢈)

૙, 

where ࢓ = ૛ࡾ૛ + ૚૙࢘ࡾ − ࢔ ૛ and࢘ = ૛(ࡾ − ૛ࡾ√(࢘૛ − ૛࢘ࡾ 

(a). (b)⇒ ૝࢙ − (࢓૛)૛࢙ + ૛࢓ − ૛࢔ ≤ ૙ 

⇒ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૝૙࢘ࡾ − ૝࢘૛) + ૚૛ૡࡾ૜࢘+ ૢ૟ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૛࢘૝ ≤
(࢏)
૙ 

(4), (i) ⇒ it suffices to prove: 

૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૜૙࢘ࡾ+ ૠ࢘૛) + ૟૝ࡾ૜࢘+ ૚૝૝ࡾ૛࢘૛ + ૟૙࢘ࡾ૜ + ૠ࢘૝ ≤ 

≤ ૛࢙૝ − ૛ࡾ૛(ૡ࢙ + ૝૙࢘ࡾ − ૝࢘૛) + ૚૛ૡࡾ૜࢘ + ૢ૟ࡾ૛࢘૛ + ૛૝࢘ࡾ૜ + ૛࢘૝ ⇔ 

⇔ ࢘ࡾ૛(૚૙࢙ − ૚૚࢘૛) ≤
(૞)

૜ࡾ૟૝)࢘ − ૝ૡࡾ૛࢘ − ૜૟࢘ࡾ૛ − ૞࢘૜) 

Now, LHS of (5) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૙࢘ࡾ− ૚૚࢘૛) 

≤
?
૜ࡾ૟૝)࢘ − ૝ૡࡾ૛࢘ − ૜૟࢘ࡾ૛ − ૞࢘૜) ⇔ ૚૛࢚૜ − ૛૛࢚૛ − ૚૚࢚ + ૚૝ ≥

?
૙			 ൬࢚ =

ࡾ
 ൰࢘

⇔ ࢚) − ૛){(࢚ − ૛)(૚૛࢚ + ૛૟) + ૝૞} ≥
?
૙ 

→ true ∵ ࢚ ≥
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (5) ⇒ (4) ⇒ given inequality is true (Proved) 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

Let ࢖ = +ࢇ ࢈ + ࢗ;ࢉ = ࢈ࢇ + ࢉ࢈ + ࢘;ࢇࢉ = ࢘,ࢗ,࢖)			ࢉ࢈ࢇ > 0). Inequality: 

↔ +࢈)ࢉ࢈] (ࢉ + +ࢉ)ࢇࢉ (ࢇ + +ࢇ)࢈ࢇ ૛ࢇ)[(࢈ + ૛࢈ + +࢈ࢇ)(૛ࢉ +ࢉ࢈ (ࢇࢉ ≥ 

≥ ૛ࢇ)૝]ࢉ࢈ࢇ + ૛࢈ + ૛)૛ࢉ + ૛(࢈ࢇ + ࢉ࢈ +  [૛(ࢇࢉ

↔ ࢗ࢖] − ૜࢖][࢘૛ − ૛ࢗ[ࢗ ≥ ૛࢖)૝]࢘ − ૛ࢗ)૛ + ૛ࢗ૛] 

↔ ૛ࢗ૜࢖ − ૜࢖࢘ࢗ૛ − ૛ࢗ࢖૜ + ૟ࢗ૛࢘ ≥ ૝࢖૝)࢘ − ૚૟࢖૛ࢗ + ૚ૡࢗ૛) 

↔ ૛ࢗ૜࢖ + ૚૜࢖࢘ࢗ૛ − ૛ࢗ࢖૜ − ૚૛ࢗ૛࢘ − ૝࢖૛࢘ ≥ ૙ 

↔ ૛ࢗ૜࢖) − ૜࢖૝࢘) + (૚૜࢖࢘ࢗ૛ − ૛ࢗ࢖૜ − ૚૛ࢗ૛࢘ − (࢘૝࢖ ≥ ૙ 

↔ ૛ࢗ)૜࢖ − ૜࢘࢖) + ૝࢖)࢘ࢗ૛ − ૜ࢗ) + ࢘ࢗ࢖ૢ)࢖ − ૛ࢗ૜ − (࢘૜࢖ ≥ ૙ 

It is true because: ࢗ૛ − ૜࢘ࢗ ≥ ૙; ૛࢖	 − ૜ࢗ ≥ ૙ 

࢘ࢗ࢖ૢ − ૛ࢗ૜ − ࢘૜࢖ ≥ ૙   (1) 

By Schur’s inequality: ૢ࢘ ≥ ૝ࢗ࢖ − ૜࢖ → ࢘ࢗ࢖ૢ ≥ ૝(ࢗ࢖)૛ − ࢗ࢖ ⋅  ૜࢖

(1) is true because: (ࢗ࢖)૛ ≥ ૜ࢗ૜ ↔ ૛࢖ ≥ ૜ࢗ 

૜(ࢗ࢖)૛ − ࢗ࢖ ⋅ ૜࢖ + ૛ࢗ − ࢘૜࢖ ≥ ૙   (*) 
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(*) is true, because: ࢗ
૛

૜
≥ ࢘࢖ → ૛(ࢗ࢖)

૜
≥  ࢘૜࢖

૛(ࢗ࢖)૛

૜ − ࢗ࢖ ⋅ ૜࢖ + ૛ࢗ ≥ ૙ ↔ ૛(ࢗ࢖)૛ − ૜ࢗ࢖ ⋅ ૜࢖ + ૜ࢗ૛ ≥ ૙ 

Solution 4 by Anant Bansal-India 

∑ ࢈ାࢇ
ࢉ࢟ࢉࢉ = +ࢇ) ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ − ૜ ≥

ࡹࡴஹࡹ࡭
ૢ − ૜ = ૟   (i) 

Let ࢟,࢞ be two positive real numbers: By QM≥ ૝࢞ඥ૜૛ :ࡹ࡭ + ૡ࢟૝ ≥ ૝࢞૛ + ૛࢟૛ =  ࢑

Maximum ࢑ stands for ૝࢞૛ = ૛࢟૛;࢟ =  ૛√࢞

Maximum value of ࢑ = ૡ. 

Maximum value of ૝࢞
૛ା૛࢟૛

࢟࢞
= ૡ

√૛
< 6 

Putting ࢞ = ૛ࢇ + ૛࢈ + ࢟ ૛ andࢉ = ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

we get ૟ ≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)
൫ࢇ૛ା࢈૛ାࢉ૛൯

 

From (i): ⇒ ∑ ࢈ାࢇ
ࢉ࢟ࢉࢉ ≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)

൫ࢇ૛ା࢈૛ାࢉ૛൯
 

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢉ,࢈,ࢇ > 0, we have: ቀࢇା࢈
ࢉ

+ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈
ቁ +࢈ࢇ) ࢉ࢈ + ૛ࢇ)(ࢇࢉ + ૛࢈ +  (૛ࢉ

= ൬
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
ࢇ +

ࢇ
ࢉ +

ࢉ
+࢈

࢈
൰ࢇ

࢈ࢇ) + ࢉ࢈ + ૛ࢇ)(ࢇࢉ + ૛࢈ +  (૛ࢉ

= ૛(ࢇ૛ + ૛࢈ + ૛ࢇ)(૛ࢉ + ૛࢈ + (૛ࢉ + 

+ቆ
࢈૛ࢇ
ࢉ

+
ࢉ૛ࢇ
࢈

+
ࢉ૛࢈
ࢇ

+
ࢇ૛࢈
ࢉ

+
ࢇ૛ࢉ
࢈

+
࢈૛ࢉ
ࢇ
ቇ ൫ࢇ૛ + ૛࢈ + +૛൯ࢉ ૛(࢈ࢇ+ ࢉ࢈ + ૛ࢇ൫(ࢇࢉ + ૛࢈ +  ૛൯ࢉ

≥ ૛൫ࢇ૛ + ૛࢈ + ૛൯ࢉ
૛

+ ૛൫ࢇ૛ + ૛࢈ + ૛ࢇ૛൯൫ࢉ + ૛࢈ + ૛൯ࢉ + ૛(࢈ࢇ+ ࢉ࢈ + +࢈ࢇ)(ࢇࢉ ࢉ࢈ +  (ࢇࢉ

= ૝(ࢇ૛ + ૛࢈ + ૛)૛ࢉ + ૛(࢈ࢇ + ࢉ࢈ +  ૛(ࢇࢉ

Hence ࢇା࢈
ࢉ

+ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈
≥ ૝൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

૛൯ࢉ૛ା࢈૛ାࢇ൫(ࢇࢉାࢉ࢈ା࢈ࢇ)
+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)૛

૛൯ࢉ૛ା࢈૛ାࢇ൫(ࢇࢉାࢉ࢈ା࢈ࢇ)
 

= ૝൫ࢇ૛ା࢈૛ାࢉ૛൯
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)
૛ࢉ૛ା࢈૛ାࢇ

. Therefore, it is true. 
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JP.221. Let ࡯࡮࡭ be an acute-angled triangle. The perpendiculars from ࡻ on 

ઢ࡯࡮࡭ sides, intersect ࡯࡭,࡯࡮ and ࡮࡭ sides in ࡭૚,࡭૛  ૜ and the circumcircle࡭,

of ઢ࡯࡮࡭ in the points ࡭૛  :૛. Prove that࡯,૛࡮,

࢔૛࡭૚࡭ + ૛࡮૚࡮
࢔ + ࢔૛࡯૚࡯ ≥ ૜࢔∀,࢔࢘ ∈ ℕ∗ 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

 
ઢ࡭ࡻ࡮૚ ≅ ઢ࡭ࡻ࡯૚ ∴ ૚࡭ࡻ࡮∠ = ∵ ૚ and࡭ࡻ࡯∠ ࡯ࡻ࡮∠ = ૛࡭ (∵ angle at center is true 

angle at circumference) ∴ ૚࡭ࡻ࡮∠ = ૚࡭ࡻ,૚࡭ࡻ࡮Using ઢ .࡭ = ܛܗ܋ࡾ  ࡭

∴ ૛࡭૚࡭ = ૛࡭ࡻ − ૚࡭ࡻ = ࡾ ࢇܛܗ܋ࡾ− =
(૚)

૚)	ࡾ − ܛܗ܋  (࡭

Similarly, ࡮૚࡮૛ =
(૛)

૚)ࡾ − ૛࡯૚࡯ and (࡮ܛܗ܋ =
(૜)

૚)ࡾ − ܛܗ܋  (࡯

Applying Chebysev successively, and ∵ ࢔ ∈ ℕ∗ 

࢔૛࡭૚࡭ + ૛࡮૚࡮
࢔ + ࢔૛࡯૚࡯ ≥

૚
૜ି࢔૚

૛࡭૚࡭) + ૛࡮૚࡮ +  ࢔(૛࡯૚࡯

= ૚
૜࢔ష૚

−૚)ࡾ∑)  (by (1)+(2)+(3))   ࢔((࡭ܛܗ܋

= ૚
૜࢔ష૚

൬૜ࡾ − ࢘ାࡾቀࡾ
ࡾ
ቁ൰

࢔
= (૛࢘ିࡾ)࢔

૜࢔ష૚
≥

࢘ࢋ࢒࢛ࡱ (૛(૛࢘)ି࢘)࢔

૜࢔ష૚
= ૜࢔࢘࢔

૜࢔ష૚
= ૜࢔࢘   (Proved) 
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ઢ࡭ࡻ࡮૚ ≅ ઢ࡭ࡻ࡯૚ ∴ ૚࡭ࡻ࡮∠ = ∴ ૚ and࡭ࡻ࡯∠ ࡯ࡻ࡮∠ = ૛࡭ ∴ ૚࡭ࡻ࡮∠ =  ࡭

From ઢ࡭ࡻ࡮૚,࡭ࡻ૚ = ܛܗ܋ࡾ ࡭ ∴ ૛࡭૚࡭ = ૛࡭ࡻ − ૚࡭ࡻ = ࡾ ܛܗ܋ࡾ− ࡭ =
(૚)

૚)ࡾ −  (࡭ܛܗ܋

Similarly, ࡮૚࡮૛ =
(૛)

૚)ࡾ − ૛࡯૚࡯ and (࡮ܛܗ܋ =
(૜)

૚)ࡾ − ܛܗ܋  (࡯

Let (࢞)ࢌ = ࢔࢞ ∴ (࢞)ᇱᇱࢌ = −࢔)࢔ ૚)ି࢔࢞૛ ≥ ૙∀࢔ ≥ ૚ and ∀࢞ > 0 

∴ ࢔(૛࡭૚࡭) + ࢔(૛࡮૚࡮) + ࢔(૛࡯૚࡯) ≥
࢔ࢋ࢙࢔ࢋࡶ

૜൬
૛࡭૚࡭ + ૛࡮૚࡮ + ૛࡯૚࡯

૜ ൰
࢔

 

= ૜ ቀࡾ(૜ି∑ܛܗ܋ (࡭
૜

ቁ
૛

  (by (1)+(2)+(3)) 

= ૜ቆ
૜ࡾିࡾ

(࢘శࡾ)
ࡾ

૜
ቇ
࢔

= ૜ ቀ૛࢘ିࡾ
૜
ቁ
࢔

≥
࢘ࢋ࢒࢛ࡱ

૜ ቀ૜࢘
૜
ቁ
࢔

= ૜࢔࢘  (proved) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

 

૚࡭ࡵ = ඨࡾ૛ − ൬
࡯࡮
૛ ൰

૛

= ඨࡾ૛ −
૛ࢇ

૝ = ඨࡾ૛ −
(૛ࡾ ܖܑܛ ૛(࡭

૝  

= ඥ૚ࡾ − ૛ܖܑܛ ࡭ = ૛ܛܗ܋ඥࡾ ࡭ ࢋ࢚࢛ࢉࢇ=  ࡭ܛܗ܋ࡾ
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→ ૛࡭૚࡭ = ૛࡭ࡵ − ૚࡭ࡵ = −ࡾ ܛܗ܋ࡾ ࡭ = ૚)ࡾ − ܛܗ܋ (࡭ = ૛ܖܑܛࡾ૛ ࡭
૛
   (etc) 

→ ࡿࡴࡸ = ൬૛ࡾ ૛ܖܑܛ
࡭
૛൰

࢔

+ ൬૛ࡾ ૛ܖܑܛ
࡮
૛൰

࢔

+ ൬૛ࡾ ૛ܖܑܛ
࡯
૛൰

࢔

= 

= (૛ࡾ)࢔ ൬ܖܑܛ૛࢔
࡭
૛ + ࢔૛ܖܑܛ

࡮
૛ + ࢔૛ܖܑܛ

࡯
૛൰ = ࣓ 

Let (࢞)ࢌ = ࢔૛ܖܑܛ ࢞
૛

; ቀ૙ < ݔ < ࣊
૛

࢔, ≥ ૚ቁ →  (࢞)ᇱᇱࢌ

=
࢔
૛ ܖܑܛ

૛ି࢔૛ ࢞
૛
ቂ(૛࢔ − ૚) ૛ܛܗ܋

࢞
૛ − ૛ܖܑܛ

࢞
૛
ቃ =

࢔
૛ ܖܑܛ

૛ି࢔૛ ࢞
૛
ቂ૛࢔ ૛ܛܗ܋

࢞
૛ − ૚ቃ 

≥
࢔
૛ ܖܑܛ

૛ି࢔૛ ࢞
૛
ቂ૛ ૛ܛܗ܋

࢞
૛ − ૚ቃ = ܛܗ܋࢔ ࢞ ૛ି࢔૛ܖܑܛ

࢞
૛ > 0; ቀ૙ < ݔ <

࣊
૛ ࢔, ≥ ૚ቁ 

→ ࣓ ≥
࢔ࢋ࢙࢔ࢋࡶ

(૛ࡾ)࢔ ⋅ ૜ ⋅ ࢔૛ܖܑܛ
࡭ + ࡮ + ࡯

૟  

= (૛ࡾ)࢔ ⋅ ૜ ⋅ ࢔૛ܖܑܛ ࣊
૟

= (૛ࡾ)࢔ ⋅ ૜ ⋅ ૚
૛૛࢔

≥
࢘ࢋ࢒࢛ࡱ

(૛ ⋅ ૛࢔(࢘ ⋅ ૜ ⋅ ૚
૛૛࢔

= ૜ ⋅  (Proved) ࢔࢘

 

JP.222. In ࡯࡮࡭ triangle the following relationship holds: 

ࢇ ൬
࢈
ࢇ
൰

ࢉࢎ
ࢉ࢝

+ ࢈ ቀ
ࢇ
࢈
ቁ
ࢉࢎ
ࢉ࢝ + ࢈ ቀ

ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ + ࢉ ൬

࢈
ࢉ
൰

ࢇࢎ
ࢇ࢝

+ ࢉ ቀ
ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ + ࢇ ቀ

ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ ≤ ૝࢙ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Bogdan Fustei-Romania 

൬
࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

= ൬૚ +
࢈
ࢇ − ૚൰

ࢉࢎ
ࢉ࢝

= ൬૚ +
࢈ − ࢇ
ࢇ ൰

ࢉࢎ
ࢉ࢝

 

ࢉࢎ
ࢉ࢝
≤ ૚ (and the analogs) because ࢉࢎ ≤  (and the analogs) ࢉ࢝

ࢇି࢈
ࢇ

= ࢈
ࢇ
− ૚ > −1; We will apply Bernoulli’s inequality: 

ቀ࢈
ࢇ
ቁ
ࢉࢎ
ࢉ࢝ = ቀ૚ + ࢈

ࢇ
− ૚ቁ

ࢉࢎ
ࢉ࢝ ≤ ૚ + ࢉࢎ

ࢉ࢝
ቀࢇି࢈

ࢇ
ቁቤ ⋅ ࢇ ⇒ ࢇ ቀ࢈

ࢇ
ቁ
ࢉࢎ
ࢉ࢝ ≤ ࢇ + ࢉࢎ

ࢉ࢝
−࢈)  and the)  (ࢇ

analogs). Summing we will obtain:  

ࢇ ൬
࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

+ ቀ࢈
ࢇ
࢈
ቁ
ࢉࢎ
ࢉ࢝ + ࢈ ቀ

ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ + ࢉ ቀ

ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ + ࢉ ቀ

ࢇ
ࢉ
ቁ
ࢇࢎ
ࢇ࢝ + ቀࢇ

ࢉ
ࢇ
ቁ
ࢇࢎ
࢈࢝ ≤ 
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≤ ૝࢙ + ෍
ࢇࢎ
ࢇ࢝

−࢈) ࢉ + ࢉ − (࢈ = ૝࢙ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Let ࢇ
࢈

= and let ૙ ࢚ < ߠ ≤ 1 

ࢇ ൬
࢈
൰ࢇ

ࣂ

+ ቀ࢈
ࢇ
࢈
ቁ
ࣂ
≤
(૚)

ࢇ + ࢈ ⇔ ࢚࢈
૚
ࣂ࢚ + ࣂ࢚࢈ ≤ +࢚࢈  ࢈

⇔
࢚
ࣂ࢚

+ ࣂ࢚ ≤ ࢚ + ૚ ⇔ ࣂ࢚ − ૚ ≤ ൬૚࢚ −
૚
ࣂ࢚
൰ 

⇔ ൫ࣂ࢚ − ૚൯ ൬૚ −
࢚
൰ࣂ࢚ ≤ ૙ ⇔ ൫ࣂ࢚ − ૚൯൫ିࣂ࢚૚ − ૚൯ ≤

(૛)
૙ 

Case 1) ࢚ ≥ ૚. Then, ࣂ ܖܔ ࢚ ≥ ૙ ⇒ ܖܔ ࣂ࢚ ≥ ܖܔ ૚ ⇒ ࣂ࢚ − ૚ ≥
(ࢇ)

૙ 

Also, (ࣂ − ૚) ܖܔ ࢚ ≤ ૙ ⇒ ܖܔ ૚ିࣂ࢚ ≤ ૚ܖܔ ⇒ ૚ିࣂ࢚ ≤ ૚ ⇒ ૚ିࣂ࢚ − ૚ ≤
(࢈)

૙ 

(a).(b)⇒(2)⇒ (1) is true. 

Case 2) ࢚ < 1. Then, ࣂ ܖܔ ࢚ < 0 ⇒ ܖܔ ࣂ࢚ < 1 ⇒ ࣂ࢚ − ૚ <
(ࢉ)
૙ 

Also, (ࣂ − ૚) ܖܔ ࢚ ≥ ૙ ⇒ ܖܔ ૚ିࣂ࢚ ≥ ૚ܖܔ ⇒ ૚ିࣂ࢚ − ૚ ≥
(ࢊ)

૙ 

(c).(d)⇒(2)⇒ (1) is true. ∴ ࣂ∀ ∈ (૙,૚],ࢇቀ࢈
ࢇ
ቁ
ࣂ

+ ࢈ ቀࢇ
࢈
ቁ
ࣂ
≤ ࢇ +  ࢈

⇒ ࢇ ቀ࢈
ࢇ
ቁ
ࢉࢎ
ࢉ࢝ + ࢈ ቀࢇ

࢈
ቁ
ࢉࢎ
ࢉ࢝ ≤

(࢏)
ࢇ + ࣂ choosing)  ࢈ = ࢉࢎ

ࢉ࢝
) 

Similarly, ࢈ ቀࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ + ࢉ ቀ࢈

ࢉ
ቁ
ࢇࢎ
ࢇ࢝ ≤

(࢏࢏)
+࢈ ࢉ and ࢉ ቀࢇ

ࢉ
ቁ
࢈ࢎ
࢈࢝ + ࢉቀࢇ

ࢇ
ቁ
࢈ࢎ
࢈࢝ ≤

(࢏࢏࢏)
+ࢉ  ࢇ

(i)+(ii)+(iii)⇒ ࡿࡴࡸ ≤ ࢇ)∑ + (࢈ = ૝࢙  (proved) 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

Let (࢞)ࢌ = ,ࢻ࢞ ࢞) > 0,0 < ߙ ≤ 1) → (࢞)ᇱᇱࢌ = −ࢻ)ࢻ ૚)ିࢻ࢞૛ ≤ ૙, ࢞) > 0, 0 < ߙ ≤ 1) 

We have: ૙ < ࢇࢎ
ࢇ࢝

, ࢈ࢎ
࢈࢝

, ࢉࢎ
ࢉ࢝
≤ ૚. Now, using Jensen’s inequality: 

ષ૚ =
ࢇ
૛࢙ ⋅ ൬

࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

+
࢈
૛࢙ ⋅

ቀ
ࢇ
࢈
ቁ
ࢉࢎ
ࢉ࢝ +

ࢉ
૛࢙ ⋅

ቀ
ࢉ
ࢇ
ቁ
ࢉࢎ
ࢉ࢝ ≤ ൬

࢈ + +ࢇ ࢉ
૛࢙ ൰

ࢉࢎ
ࢉ࢝

= ૚ 

ષ૛ =
ࢇ
૛࢙ ⋅

ቀ
ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ +

ࢉ
૛࢙ ⋅

ቀ
ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ +

࢈
૛࢙ ⋅ ൬

࢈
൰࢈

࢈ࢎ
࢈࢝

≤ ൬
ࢇ + ࢉ + ࢈

૛࢙ ൰
࢈ࢎ
࢈࢝

= ૚ 
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ષ૛ =
࢈
૛࢙ ⋅

ቀ
ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ +

ࢉ
૛࢙ ⋅ ൬

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

+
ࢇ
૛࢙ ⋅

ቀ
ࢇ
ࢇ
ቁ
ࢇࢎ
ࢇ࢝ ≤ ൬

࢈ + ࢉ + ࢇ
૛࢙ ൰

ࢇࢎ
ࢇ࢝

= ૚ 

→ ષ૚ + ષ૛ + ષ૛ =
ࢇ
૛࢙ ⋅ ൬

࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

+
࢈
૛࢙ ⋅

ቀ
ࢇ
࢈
ቁ
ࢉࢎ
ࢉ࢝ +

ࢉ
૛࢙ ⋅

ቀ
ࢉ
ࢉ
ቁ
ࢉࢎ
ࢉ࢝ +

ࢇ
૛࢙ ⋅

ቀ
ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ + 

+
ࢉ
૛࢙ ⋅

ቀ
ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ +

࢈
૛࢙ ⋅ ൬

࢈
൰࢈

࢈ࢎ
࢈࢝

+
࢈
૛࢙ ⋅

ቀ
ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ +

ࢉ
૛࢙ ⋅ ൬

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

+
ࢇ
૛࢙ ⋅

ቀ
ࢇ
ࢇ
ቁ
ࢇࢎ
ࢇ࢝ ≤ ૜ 

↔
ࢇ
૛࢙ ⋅ ൬

࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

+
࢈
૛࢙ ⋅

ቀ
ࢇ
࢈
ቁ
ࢉࢎ
ࢉ࢝ +

ࢇ
૛࢙ ⋅

ቀ
ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ +

ࢉ
૛࢙ ⋅

ቀ
ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ +

࢈
૛࢙ ⋅

ቀ
ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ +

ࢉ
૛࢙ ⋅ ൬

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

≤ 

≤ ૜−
ࢇ + ࢈ + ࢉ

૛࢙ = ૛ 

↔ ࢈൥ቀࢇ
ࢇ
ቁ
ࢉࢎ
ࢉ࢝ + ቀࢉ

ࢇ
ቁ
࢈ࢎ
൩࢈࢝ + ࢈ ቈቀࢇ

࢈
ቁ
ࢉࢎ
ࢉ࢝ + ቀࢉ

࢈
ቁ
ࢇࢎ
቉ࢇ࢝ + ࢉ ൥ቀࢇ

ࢉ
ቁ
࢈ࢎ
࢈࢝ + ቀ࢈

ࢉ
ቁ
ࢇࢎ
൩ࢇ࢝ ≤ ૝࢙. Proved. 

 

JP.223. Let ࢈,ࢇ,  .ࡾ be the lengths of the sides of a triangle with circumradius ࢉ

Prove that: 

૜ࢇ)ࢇ + ࢈) + (૜(ࢉ + ૜࢈)࢈ + ࢉ) + (૜(ࢇ + ૜ࢉ)ࢉ + ࢇ) + (૜(࢈ ≤ ૛૝૜ࡾ૝ 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Marian Ursărescu-Romania 

In any ઢ࡯࡮࡭ we have: ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ૛ࡾૢ ⇒ 

⇒ ૡ૚ࡾ૝ ≥ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ⇒ ૛૝૜ࡾ૝ ≥ ૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ⇒ 

We must show:  

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૝ࢇ + ૝࢈ + ૝ࢉ + ࢈)ࢇ + ૜(ࢉ + ࢉ)࢈ + ૜(ࢇ + +ࢇ)ࢉ ૜(࢈ ⇔ 

⇔ ૛൫ࢇ૝ + ૝࢈ + ૝൯ࢉ + ૟൫ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛൯ࢇ૛ࢉ − +࢈)ࢇ ૜(ࢉ ࢉ)࢈− + ૜(ࢇ − ࢇ)ࢉ + ૜(࢈ ≥ ૙   (1) 

Let ࢌ૝(ࢉ,࢈,ࢇ) = ૛(ࢇ૝ + ૝࢈ + (૝ࢉ + ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ − +࢈)ࢇ ૜(ࢉ − 

ࢉ)࢈− + ૜(ࢇ − +ࢇ)ࢉ  ૜(࢈

We use Cârtoaje’s theorem: If ࢌ૝(࢈,ࢇ,  is a homogeneous and symmetric polygon of (ࢉ

degree ૝ then ࢌ૝(࢈,ࢇ, (ࢉ ≥ ૙   ∀࢈,ࢇ, ࢉ ∈ ℝ ⇔ (૚,૚,ࢇ)૝ࢌ ≥ ૙,∀ࢇ ∈ ℝ 

(1)⇔ ૛(ࢇ૝ + ૛) + ૟(૛ࢇ૛ + ૚) − ૡࢇ − ૛(ࢇ + ૚)૜ ≥ ૙ ⇔ 



 
www.ssmrmh.ro 

⇔ ૝ࢇ + ૛ + ૟ࢇ૛ + ૜ − ૝ࢇ − ૜ࢇ − ૜ࢇ૛ − ૜ࢇ − ૚ ≥ ૙ ⇔ 

⇔ ૝ࢇ − ૜ࢇ + ૜ࢇ૛ − ૠࢇ+ ૝ ≥ ૙ ⇔ ࢇ) − ૚)૛(ࢇ૛ + ࢇ + ૝) ≥ ૙, which is true. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍(ࢇ૝ + (૝࢈ ≥෍
૚
૛

૛ࢇ) + ૛)૛࢈ ≥
ࡳି࡭

෍൤
૚
૛ ⋅ ૛࢈ࢇ

૛ࢇ) +  ૛)൨࢈

= ෍(ࢇ૜࢈ + (૜࢈ࢇ ⇒෍(ࢇ૜࢈ + (૜࢈ࢇ ≤
(૚)

૛෍ࢇ૝ 

Now, LHS = ૝ࢇ∑ + ૜࢈ቀࢇ∑ + ૜ࢉ + ૜࢈)ࢉ࢈+  ቁ(ࢉ

= ෍ࢇ૝ + ෍(࢈ࢇ૜ + (࢈૜ࢇ + ૜ࢉ࢈ࢇ ⋅ ૝࢙ ≤
(૚)	࢟࢈

	૜෍ࢇ૝ + ૜ ⋅ ૚૟࢙࢘ࡾ૛ ≤
?
૛૝૜ࡾ૝  

⇔ ቀ෍ࢇ૛ቁ
૛
− ૛ ቈቀ෍࢈ࢇቁ

૛
− ૛ࢉ࢈ࢇ(૛࢙)቉+ ૚૟࢙࢘ࡾ૛ ≤

?
ૡ૚ࡾ૝ 

⇔ ૝(࢙૛ − ૝࢘ࡾ − ૛)૛࢘ − ૛(࢙૛ + ૝࢘ࡾ + ૛)૛࢘ + ૝ૡ࢙࢘ࡾ૛ ≤
?
ૡ૚ࡾ૝ 

⇔ ૛࢙૝ − ૚૛࢘૛࢙૛ + ૛࢘૛(૝ࡾ + ૛(࢘ ≤
(૛)

?
ૡ૚ࡾ૝ 

Now, LHS of (2) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) − ૚૛࢘૛)࢙૛ + ૛࢘૛(૝ࡾ +  ૛(࢘

= (ૡࡾ૛ + ૡ࢘ࡾ − ૟࢘૛)࢙૛ + ૛࢘૛(૝ࡾ +  ૛(࢘

≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(ૡࡾ૛ + ૡ࢘ࡾ − ૟࢘૛) + ૛࢘૛(૝ࡾ+ ૛(࢘ ≤
?
ૡ૚ࡾ૝ 

⇔ ૝ૢ࢚૝ − ૟૝࢚૜ − ૟૝࢚૛ − ૚૟࢚ + ૚૟ ≥
?
૙ 

⇔ ࢚) − ૛) ቀ૝ૢ࢚૜ + ૜૝࢚૛ + ૝(࢚ − ૛)ቁ ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ 

⇒ (2) ⇒ given inequality is true (proved) 

 

JP.224. Let ࢈,ࢇ,  .ࡾ be the lengths of the sides of a triangle with circumradius ࢉ

Prove that: 

ቀࢇ + ࢈
ࢉ ቁ

૜
+ ቀ࢈ + ࢉ

ࢇ ቁ
૜

+ ቀࢉ + ࢇ
࢈ ቁ

૜
+ ૜

૚
૝ࢇ + ૚

૝࢈ + ૚
૝ࢉ

≤ (૜ࡾ)૝ 

Proposed by George Apostolopoulos – Messolonghi – Greece 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ (૜ࡾ)૝ ࢇ∑
૝࢈૝

૝(ࢉ࢈ࢇ)
≥ ૜ࢉ૜࢈૜ࢇ૜ା૜(࢈ାࢇ)૜࢈૜ࢇ∑

૜(ࢉ࢈ࢇ)
 

⇔
ૡ૚(ࢉ࢈ࢇ)૝ ⋅ ૝࢈૝ࢇ∑

૛૞૟࢙૛(∏(࢙ − ૝(ࢉ࢈ࢇ)૛((ࢇ ≥
૜࢈૜ࢇ∑ ࢇ) + ૜(࢈ + ૜ࢇ૜࢈૜ࢉ૜

૜(ࢉ࢈ࢇ)  

⇔ ቂૡ૚෍(࢟ + +ࢠ)૝(ࢠ ࢟)૝ቃෑ(࢞ + ૜(ࢠ ≥ 

૛૞૟࢞૛࢟૛ࢠ૛ ቀ෍࢞ቁ
૛
ቂ෍(࢟ + +ࢠ)૜(ࢠ ࢞)૜(࢞ + ࢟ + ૛ࢠ)૜ + ૜ෑ(࢟ +  ૜ቃ(ࢠ

൭
ࢇ = ࢟ + ࢠ
࢈ = +ࢠ ࢞
ࢉ = ࢞ + ࢟

൱ ⇔ ૡ૚ቀ෍࢞૚૝࢟૜ + ෍࢞૜࢟૚૝ቁ + ૞૟ૠ ቀ෍࢞૚૜࢟૝ + ෍࢞૝࢟૚૜ቁ + 

+૛૝૜ࢠ࢟࢞ ቀ෍࢞૚૜࢟ + ෍࢟࢞૚૜ቁ + ૛૛૟ૡࢠ࢟࢞ ቀ෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ቁ + 

+૚૜૞૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૚૚ቁ + ૚ૠ૙૚ቀ෍࢞૚૛࢟૞ + ෍࢞૞࢟૚૛ቁ + 

+ૢ૙ૠ૛ࢠ࢟࢞ ቀ෍࢞૚૚࢟૜ + ෍࢞૜࢟૚૚ቁ + ૛ૡ૜૞ ቀ෍࢞૚૚࢟૟ + ෍࢞૟࢟૚૚ቁ + 

+૞૜ૢૢ(ࢠ࢟࢞)૛ ቀ෍࢞૚૙࢟ + ෍࢟࢞૚૙ቁ + ૚ૡૠ૞ૠ࢞૛࢟૛ࢠ૛ ቀ෍࢟ૢ࢞૛ + ෍࢞૛ૢ࢟ቁ + 

+ૠૢ૚૚૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟૜ + ෍࢞૜࢟૞ቁ + ૚૛૜ૠ૛૙(ࢠ࢟࢞)૜ ቀ෍࢞૝࢟૝ቁ + 

+૛૙૝૚૛ࢠ࢟࢞ ቀ෍࢞૚૙࢟૝ + ෍࢞૝࢟૚૙ቁ + ૛ૢૢૠቀ෍࢞૚૙࢟ૠ + ෍࢞ૠ࢟૚૙ቁ + 

+૛ૢ૝ૡ૝ࢠ࢟࢞ ቀ෍࢟ૢ࢞૞ + ෍࢞૞ૢ࢟ቁ + ૝૟ૠ૝ૠ࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡ࢟૜ + ෍࢞૜࢟ૡቁ + 

+૛૞૚૚ቀ෍࢟ૢ࢞ૡ + ෍࢞ૡૢ࢟ቁ + ૜૚૝૛ૡࢠ࢟࢞ ቀ෍࢞ૡ࢟૟ + ෍࢞૟࢟ૡቁ + 

+ૡ૚૜૚ૠ࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૝ + ෍࢞૝࢟ૠቁ + ૝૛૞૟࢞૜࢟૜ࢠ૜ ቀ෍࢞૟࢟૛ + ෍࢞૛࢟૟ቁ + 

+૜૙૟૚ૡࢠ࢟࢞ ቀ෍࢞ૠ࢟ૠቁ + ૚૙૝૟૞ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞૟࢟૞ + ෍࢞૞࢟૟ቁ ≥
(૚)

 

≥ ૜ૠૡ૝࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ + ૚ૢૢૢ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ + 

+૚૙૛૝૜૛࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ + ૚૛૚ૡૡ૙࢞૝࢟૝ࢠ૝ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ + 

+૟ૢૡ૚૟࢞૝࢟૝ࢠ૝ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ+ ૛૜૟૟૟૝࢞૞࢟૞ࢠ૞ ቀ෍࢞૛ቁ + 
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+૛ૠૠ૚૛ૡ࢞૞࢟૞ࢠ૞ ቀ෍࢟࢞ቁ 

෍࢞૝࢟૝ ≥ ૛ࢠ૛࢟૛࢞ ቀ෍࢞૛ቁ ⇒ ૚૛૜ૠ૛૙࢞૜࢟૜ࢠ૜ ≥
(૛)

૚૛૜ૠ૛૙࢞૞࢟૞ࢠ૞ ቀ෍࢞૛ቁ 

෍࢞૞࢟૜ + ෍࢞૜࢟૞ ≥ ૛෍࢞૝࢟૝ ≥ ૛࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ ⇒ 

⇒ ૞૟૝ૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟૜ + ෍࢞૜࢟૞ቁ ≥
(૜)

૚૚૛ૢ૝૝࢞૞࢟૞ࢠ૞ ቀ෍࢞૛ቁ 

෍࢞૞࢟૜ + ෍࢞૜࢟૞ ≥ ૛࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ ≥ ૛࢞૛࢟૛ࢠ૛ ቀ෍࢟࢞ቁ 

⇒ ૛૛૟૝૙࢞૜࢟૜ࢠ૜ ቀ෍࢞૞࢟૜ + ෍࢞૜࢟૞ቁ ≥
(૝)

૝૞૛ૡ૙࢞૞࢟૞ࢠ૞ ቀ෍࢟࢞ቁ 

෍࢞૟࢟૞ +෍࢞૞࢟૟ = ෍࢞૞ ൫࢟૟ + ૟൯ࢠ ≥
ࡳି࡭

૛෍࢞૞࢟૜ࢠ૜ = ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૛ቁ ≥ ૛(ࢠ࢟࢞)૜෍࢟࢞ 

⇒ ૚૙૝૟૞ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞૟࢟૞ + ෍࢞૞࢟૟ቁ ≥
(૞)

૛૙ૢ૜૚ૡ࢞૞࢟૞ࢠ૞ ቀ෍࢟࢞ቁ 

૛෍࢞ૠ࢟ૠ = ෍࢞ૠ ૠ࢟) + (ૠࢠ ≥
࡯࡮࡯ ૚

૛෍࢞ૠ ૝࢟) + ૜࢟)(૝ࢠ + (૜ࢠ ≥
ࡳି࡭

෍࢞ૠ࢟૛ࢠ૛ ૜࢟) +  (૜ࢠ

= ૛ࢠ૛࢟૛࢞ ቀ෍࢞૞࢟૜ + ෍࢞૜࢟૞ቁ ≥
ࡳି࡭

૛࢞૛࢟૛ࢠ૛෍࢞૝࢟૝ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૝࢟૝ࢠ૝ ቀ෍࢟࢞ቁ 

⇒ ૚૝૙૚ૡࢠ࢟࢞ቀ෍࢞ૠ࢟ૠቁ ≥
(૟)

૚૝૙૚ૡ࢞૞࢟૞ࢠ૞ ቀ෍࢟࢞ቁ 

૛෍࢞ૠ࢟ૠ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૞࢞૛෍ࢠ૛࢟૛࢞ ૜࢟) + (૜ࢠ ≥ ૞࢞૛෍ࢠ૛࢟૛࢞ +࢟)ࢠ࢟  (ࢠ

= ૜ࢠ૜࢟૜࢞ ቀ෍࢞)࢟࢞૜ + ૜)ቁ࢟ ≥ ࢞)૛࢟૛࢞૜෍ࢠ૜࢟૜࢞ + (࢟ = ૜ࢠ૜࢟૜࢞ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 

⇒ ૚૟૟૙૙ࢠ࢟࢞ቀ෍࢞ૠ࢟ૠቁ ≥
(ૠ)

ૡ૜૙૙࢞૝࢟૝ࢠ૝ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 

෍࢞ૠ࢟૝ + ෍࢞૝࢟ૠ = ෍࢞ૠ ૝࢟) + (૝ࢠ ≥
ࡳି࡭

૛෍࢞ૠ࢟૛ࢠ૛ = ૞࢞૛෍൫ࢠ૛࢟૛࢞ +  ૞൯࢟

≥
࡯࡮࡯ ૚

૛࢞
૛࢟૛ࢠ૛෍(࢞૛ + ૜࢞)(૛࢟ + (૜࢟ ≥

ࡳି࡭
࢟࢞૛෍ࢠ૛࢟૛࢞ ⋅ ࢞)࢟࢞ + (࢟ = 

= ૛ࢠ૛࢟૛࢞ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 

⇒ ૟૚૞૚૟࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૝ + ෍࢞૝࢟ૠቁ ≥
(ૡ)

૟૚૞૚૟࢞૝࢟૝ࢠ૝ ቀ෍࢞૜࢟૛ + ෍࢞૛࢟૜ቁ 
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෍࢞ૠ࢟૝ + ෍࢞૝࢟ૠ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ ૚

૛࢞
૛࢟૛ࢠ૛෍(࢞૛ + ૜࢞)(૛࢟ + (૜࢟ ≥

ࡳି࡭
૜࢞)࢟࢞૛෍ࢠ૛࢟૛࢞ +  (૜࢟

⇒ ૚ૢૡ૙૚࢞૛࢟૛ࢠ૛ ቀ෍࢞ૠ࢟૝ + ෍࢞૝࢟ૠቁ ≥
(ૢ)

૚ૢૡ૙૚࢞૝࢟૝ࢠ૝ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ 

෍࢟ૢ࢞૞ + ෍࢞૞ૢ࢟ = ෍ૢ࢞൫࢟૞ + ૞൯ࢠ ≥
(࡯࡮࡯) ૚

૛෍ૢ࢞ ૛࢟) + ૜࢟)(૛ࢠ + (૜ࢠ ≥
ࡳି࡭

 

≥෍࢟)ࢠ࢟ૢ࢞૜ +  (૜ࢠ

= ૜࢟)ૡ࢞෍ࢠ࢟࢞ + (૜ࢠ ≥ ૠ࢞૛෍ࢠ૛࢟૛࢞ ࢟) + (ࢠ ≥
࡯࡮࡯ ૚

૛࢞
૛࢟૛ࢠ૛෍࢞ ૛࢟) + ૞࢟૛)൫ࢠ +  ૞൯ࢠ

≥
ࡳି࡭

ࢠ࢟࢞૛෍ࢠ૛࢟૛࢞ ൫࢟૞ + ૞൯ࢠ = ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૞ቁ ⇒ ૞૞ૡ૙ࢠ࢟࢞ ቀ෍࢟ૢ࢞૞ + ෍࢞૞ૢ࢟ቁ 

≥
(૚૙)

૚૚૚૟૙࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

෍࢟ૢ࢞ૡ + ෍࢞ૡૢ࢟ = ෍࢟)ૢ࢞ૡ + (ૡࢠ ≥
ࡳି࡭

૛࢟ૢ࢞૝ࢠ૝ = ૛࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

⇒ ૛૞૚૚ ቀ෍࢟ૢ࢞ૡ + ෍࢞ૡૢ࢟ቁ ≥
(૚૚)

૞૙૛૛࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

෍࢞ૡ࢟૟ + ෍࢞૟࢟ૡ ≥
ࡳି࡭

૛෍࢞ૠ࢟ૠ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛ࢠ૛࢟૛࢞ ⋅෍࢞૞ ૜࢟) + (૜ࢠ ≥ 

≥ ࢟)૝࢞૜෍ࢠ૜࢟૜࢞ +  (ࢠ

⇒ ૜૚૝૛ૡࢠ࢟࢞ቀ෍࢞ૡ࢟૟ + ෍࢞૟࢟ૡቁ ≥
(૚૛)

૜૚૝૛ૡ࢞૝࢟૝ࢠ૝ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ 

෍࢞ૡ࢟૜ + ෍࢞૜࢟ૡ = ෍࢞૜ ૡ࢟) + (ૡࢠ ≥
࡯࡮࡯ ૚

૛෍࢞૜(࢟૛ + (૛ࢠ ૟࢟) + (૟ࢠ ≥
ࡳି࡭

 

≥෍࢞૜ࢠ࢟ ૟࢟) +  (૟ࢠ

= ૟࢟)૛࢞෍ࢠ࢟࢞ + (૟ࢠ ≥
࡯࡮࡯ ૚

૛ࢠ࢟࢞෍࢞૛(࢟૛ + (૛ࢠ ૝࢟) + (૝ࢠ ≥
ࡳି࡭

ࢠ࢟૛࢞෍ࢠ࢟࢞ ૝࢟) +  (૝ࢠ

= ૛ࢠ૛࢟૛࢞ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ ⇒ ૝૟ૠ૝ૠ࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡ࢟૜ + ෍࢞૜࢟ૡቁ ≥
(૚૜)

 

≥ ૝૟ૠ૝ૠ࢞૝࢟૝ࢠ૝ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ 

෍࢟ૢ࢞૞ + ෍࢞૞ૢ࢟ = ෍࢞૞ ૢ࢟) + (ૢࢠ ≥
ࡿ࡮࡯ ૚

૛෍࢞૞ ૛࢟) + ૠ࢟)(૛ࢠ + (ૠࢠ ≥
ࡳି࡭
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≥෍࢞૞ࢠ࢟ ૠ࢟) +  (ૠࢠ

= ૠ࢟)૝࢞෍ࢠ࢟࢞ + (ૠࢠ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૜࢞)࢟࢞૜෍ࢠ૜࢟૜࢞ + (૜࢟ = ૜ࢠ૜࢟૜࢞ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ 

⇒ ૛૜ૢ૙૝ࢠ࢟࢞ቀ෍࢟ૢ࢞૞ + ෍࢞૞ૢ࢟ቁ ≥
(૚૝)

૛૜ૢ૙૝࢞૝࢟૝ࢠ૝ ቀ෍࢞૝࢟ + ෍࢟࢞૝ቁ 

෍࢞૚૙࢟ૠ + ෍࢞ૠ࢟૚૙ = ෍࢞૚૙ ૠ࢟) + (ૠࢠ ≥
࡯࡮࡯ ૚

૛෍࢞૚૙ ૟࢟) + ࢟)(૟ࢠ +  (ࢠ

≥
ࡳି࡭

෍࢞૚૙࢟૜ࢠ૜ ࢟) + (ࢠ = ૠ࢞૜෍ࢠ૜࢟૜࢞ ࢟) + (ࢠ = ૠ࢟)࢞૜෍ࢠ૜࢟૜࢞ +  (ૠࢠ

≥
࡯࡮࡯ ૚

૛࢞
૜࢟૜ࢠ૜෍࢞ ૛࢟) + ૞࢟૛)൫ࢠ + ૞൯ࢠ ≥

ࡳି࡭
ࢠ࢟࢞૜෍ࢠ૜࢟૜࢞ ൫࢟૞ +  ૞൯ࢠ

= ૛࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ ⇒ ૛ૢૢૠቀ෍࢞૚૙࢟ૠ + ෍࢞ૠ࢟૚૙ቁ ≥
(૚૞)

૞ૢૢ૝࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

෍࢞૚૙࢟૝ + ෍࢞૝࢟૚૙ = ෍࢞૚૙ ૝࢟) + (૝ࢠ ≥
࡯࡮࡯ ૚

૛෍࢞૚૙ ࢟) + ૜࢟)(ࢠ +  (૜ࢠ

≥
૚
૛෍࢞૚૙ ࢟) + ࢠ࢟૛(ࢠ ≥

ࡳି࡭
૛ࢠ࢟࢞෍ૢ࢞ ࢠ࢟ = ૡ࢞)૛෍ࢠ૛࢟૛࢞ +  (ૡ࢟

≥
(࡯࡮࡯) ૚

૛࢞
૛࢟૛ࢠ૛෍(࢞૛ + ૟࢞)(૛࢟ + (૟࢟ ≥

ࡳି࡭
૟࢞)࢟࢞૛෍ࢠ૛࢟૛࢞ +  (૟࢟

= ૠ࢟)࢞૛෍ࢠ૛࢟૛࢞ + (ૠࢠ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૜࢟૜ࢠ૜ ቀ෍࢞૞ቁ 

⇒ ૛૙૝૚૛ࢠ࢟࢞ቀ෍࢞૚૙࢟૝ + ෍࢞૝࢟૚૙ቁ ≥
(૚૟)

૝૙ૡ૛૝࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

෍࢟ૢ࢞૛ + ෍࢞૛ૢ࢟ = ෍࢟)ૢ࢞૛ + (૛ࢠ ≥
ࡳି࡭

૛ࢠ࢟࢞෍࢞ૡ = ૡ࢞)෍ࢠ࢟࢞ +  (ૡ࢟

≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૛࢟૛ࢠ૛ ቀ෍࢞૞ቁ ⇒ ૚ૡૠ૞ૠ࢞૛࢟૛ࢠ૛ ቀ෍࢟ૢ࢞૛ + ෍࢞૛ૢ࢟ቁ ≥
(૚ૠ)

 

≥ ૜ૠ૞૚૝࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 

෍࢞૚૙ + ෍࢟࢞૚૙ = ෍ૢ࢞)࢟࢞ + (ૢ࢟ ≥
࡯࡮࡯ ૚

૛෍࢟࢞ ૛࢞) + ૠ࢞)(૛࢟ +  (ૠ࢟

≥
ࡳି࡭

෍࢞૛࢟૛ ૠ࢞) + (ૠ࢟ = ෍࢟ૢ࢞૛ + ෍࢞૛ૢ࢟ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૛࢟૛ࢠ૛ ቀ෍࢞૞ቁ 

⇒ ૢ૞ૢ࢞૛࢟૛ࢠ૛ ቀ෍࢞૚૙࢟ + ෍࢟࢞૚૙ቁ ≥
(૚ૡ)

૚ૢ૚ૡ࢞૝࢟૝ࢠ૝ ቀ෍࢞૞ቁ 
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෍࢞૚૙࢟ + ෍࢟࢞૚૙ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

෍࢟ૢ࢞૛ + ෍࢞૛ૢ࢟ = ෍࢟)ૢ࢞૛ + (૛ࢠ ≥
ࡳି࡭

૛ࢠ࢟࢞ ቀ෍࢞ૡቁ 

= ૡ࢞)෍ࢠ࢟࢞ + (ૡ࢟ ≥
࡯࡮࡯ ૚

૛ࢠ࢟࢞෍
૛࢞) + ૟࢞)(૛࢟ + (૟࢟ ≥

ࡳି࡭
࢟࢞෍ࢠ࢟࢞ ૟࢞) +  (૟࢟

⇒ ૝૝૝૙࢞૛࢟૛ࢠ૛ ≥
(૚ૢ)

૝૝૝૙࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

෍࢞૚૚࢟૟ + ෍࢞૟࢟૚૚ = ෍࢞૚૚ ૟࢟) + (૟ࢠ ≥
ࡳି࡭

૛෍࢞૚૚࢟૜ࢠ૜ = ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૜ࢠ૜࢟૜࢞ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ ⇒ 

⇒ ૛ૡ૜૞ቀ෍࢞૚૙࢟ + ෍࢟࢞૚૙ቁ ≥
(૛૙)

૛ૡ૜૞࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

෍࢞૚૚࢟૜ + ෍࢞૜࢟૚૚ = ෍࢞૚૚(࢟૜ + (૜ࢠ ≥෍࢞૚૚ࢠ࢟ ࢟) + (ࢠ = ૚૙࢞෍ࢠ࢟࢞ ࢟) +  (ࢠ

= ࢞෍ࢠ࢟࢞ ૚૙࢟) + (૚૙ࢠ ≥
࡯࡮࡯ ૚

૛ ૛࢟)࢞෍ࢠ࢟࢞ + (૛ࢠ ૡ࢟) + (ૡࢠ ≥
ࡳି࡭

૛࢞૛࢟૛ࢠ૛෍࢞ૡ 

≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛ࢠ૛࢟૛࢞ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ ⇒ ૢ૙ૠ૛ࢠ࢟࢞ ቀ෍࢞૚૚࢟૜ + ෍࢞૜࢟૚૚ቁ ≥
(૛૚)

 

≥ ૢ૙ૠ૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

෍࢞૚૛࢟૞ + ෍࢞૞࢟૚૛ = ෍࢞૞࢟૞(࢞ૠ + (ૠ࢟ ≥
࡯࡮࡯ ૚

૛෍࢞૞࢟૞(࢞૛ + (૛࢟ ൫࢞૞ +  ૞൯࢟

≥
ࡳି࡭

෍࢞૟࢟૟൫࢞૞ + ૞൯࢟ = ෍࢞૚૚࢟૟ + ෍࢞૟࢟૚૚ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૜ࢠ૜࢟૜࢞ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

⇒ ૚ૠ૙૚ ቀ෍࢞૚૛࢟૞ + ෍࢞૞࢟૚૛ቁ ≥
(૛૛)

૚ૠ૙૚࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

૛෍࢞૚૚ = ෍(࢞૚૚ + (૚૚࢟ ≥
࡯࡮࡯ ૚

૛෍
૛࢞) + ૢ࢞)(૛࢟ + (ૢ࢟ ≥

ࡳି࡭
෍ૢ࢞)࢟࢞ +  (ૢ࢟

= ෍࢞૚૙࢟ + ෍࢟࢞૚૙ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

ࢠ࢟࢞ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ ⇒ ૚૜૞૝࢞૛࢟૛ࢠ૛ ቀ෍࢞૚૚ቁ ≥
(૛૜)

 

≥ ૟ૠૠ࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ = ෍࢞૚૛ ૛࢟) + (૛ࢠ ≥
ࡳି࡭

૛෍࢞૚૛ࢠ࢟ = ૛ࢠ࢟࢞ቀ෍࢞૚૚ቁ 

≥
࢘ࢋ࢏࢒࢘ࢇࢋ

	 ૛ࢠ૛࢟૛࢞ ቀ෍࢞ૠ ࢟ + ෍࢟࢞ૠቁ ⇒ ૚૛૟ૠࢠ࢟࢞ቀ෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ቁ ≥
(૛૝)
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≥ ૚૛૟ૠ࢞૜࢟૜ࢠ૜ ቀ෍࢞ૠ࢟ + ෍࢟࢞ૠቁ 

෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૚૚࢞)෍ࢠ࢟࢞ + (૚૚࢟ ≥
࡯࡮࡯ ૚

૛ࢠ࢟࢞෍
૛࢞) + ૢ࢞)(૛࢟ +  (ૢ࢟

≥
ࡳି࡭

࢟࢞෍ࢠ࢟࢞ ૢ࢞) + (ૢ࢟ = ࢠ࢟࢞ ቀ෍࢞૚૙࢟ + ෍࢟࢞૚૙ቁ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡቁ 

⇒ ૚૙૙૚ࢠ࢟࢞ቀ෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ቁ ≥
(૛૞)

૛૙૙૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

෍࢞૚૜ ࢟ + ෍࢟࢞૚૜ = ෍࢟࢞ ૚૛ࢠ) + (૚૛࢟ ≥
࡯࡮࡯ ૚

૛෍࢟࢞ ૛࢞) + ૚૙࢞)(૛࢟ +  (૚૙࢟

≥
ࡳି࡭

෍࢞૛࢟૛ ૚૙࢞) + (૚૙࢟ = ෍࢞૚૛࢟૛ + ෍࢞૛࢟૚૛ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૛࢟૛ࢠ૛ ቀ෍࢞ૡቁ 

⇒ ૛૝૜ࢠ࢟࢞ቀ෍࢞૚૜࢟ + ෍࢟࢞૚૜ቁ ≥
(૛૟)

૝ૡ૟࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

෍࢞૚૜࢟૝ + ෍࢞૝࢟૚૜ = ෍࢞૝࢟૝ ૢ࢞) + (ૢ࢟ ≥
࡯࡮࡯ ૚

૛෍࢞૝࢟૝(࢞૛ + (૛࢟ ૠ࢞) +  (ૠ࢟

≥
ࡳି࡭

	෍࢞૞࢟૞ ૠ࢞) + (ૠ࢟ ≥
࡯࡮࡯ ૚

૛෍࢞૞࢟૞ ૛࢞) + ૞࢞૛)൫࢟ +  ૞൯࢟

≥
ࡳି࡭

෍࢞૟࢟૟ ൫࢞૞ + ૞൯࢟ = ෍࢞૚૚࢟૟ + ෍࢞૟࢟૚૚ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

⇒ ૞૟ૠ ቀ෍࢞૚૜࢟૝ + ෍࢞૝࢟૚૜ቁ ≥
(૛ૠ)

૚૚૜૝࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

෍࢞૚૝࢟૜ + ෍࢞૜࢟૚૝ = ෍࢞૜࢟૜ ૚૚࢞) + (૚૚࢟ ≥
࡯࡮࡯ ૚

૛෍࢞૜࢟૜(࢞૛ + (૛࢟ ૢ࢞) +  (ૢ࢟

≥
ࡳି࡭

෍࢞૝࢟૝(ૢ࢞ + (ૢ࢟ = ෍࢞૚૜࢟૝ + ෍࢞૝࢟૚૜ ≥
࢘ࢋ࢏࢒࢘ࢇࢋ

	૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

⇒ ૡ૚ቀ෍࢞૚૝࢟૜ + ෍࢞૜࢟૚૝ቁ ≥
(૛ૡ)

૚૟૛࢞૜࢟૜ࢠ૜ ቀ෍࢞ૡቁ 

(2)+(3)+(4)+(5)+(6)+(7)+(8)	+(9)	+(10)	+(11)	+(12)	+(13)	+(14)	+(15)	+(16)	+ 

+(17)	+(18)	+(19)	+(20)	+(21)	+(22)	+(23)	+(24)	+(25)	+(26)	+(27)	+(28)⇒ (1) 

is true (Proved) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Let ષ =
ቀࢇశࢉ࢈ ቁ

૜
ାቀ࢈శࢇࢉ ቁ

૜
ାቀࢉశ࢈ࢇ ቁ

૜
ା૜

૚
૝ࢇ
ା ૚
૝࢈
ା ૚
૝ࢉ

=
൯(ࢉା࢈)ࢉ࢈૜ା൫(࢈ାࢇ)࢈ࢇ)ቂࢉ࢈ࢇ

૜
ା൫ࢇࢉ(ࢉାࢇ)൯

૜
ା૜(ࢉ࢈ࢇ)૜ቃ

૝ࢇ૝ࢉ૝ାࢉ૝࢈૝ା࢈૝ࢇ
 

૛ࡾૢ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ → (૜ࡾ)૝ = ૛(૛ࡾૢ) ≥ ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ
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We must show that: 

ࢉ࢈ࢇ ቂ൫ࢇ)࢈ࢇ + ൯(࢈
૜

+ ൫࢈)ࢉ࢈ + ൯(ࢉ
૜

+ ൫ࢉ)ࢇࢉ+ ൯(ࢇ
૜

+ ૜(ࢉ࢈ࢇ)૜ቃ
૝࢈૝ࢇ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ ≤ ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

↔ ࢉ࢈ࢇ ቂ൫ࢇ)࢈ࢇ+ ൯(࢈
૜

+ ൫࢈)ࢉ࢈ + ൯(ࢉ
૜

+ ൫ࢉ)ࢇࢉ + ൯(ࢇ
૜

+ ૜(ࢉ࢈ࢇ)૜ቃ 

≤ ૝࢈૝ࢇ) + ૝ࢉ૝࢈ + ૛ࢇ)(૝ࢇ૝ࢉ + ૛࢈ +  ૛)૛ࢉ

↔ ૡ࢈૝ࢇ) + ૝࢈ૡࢇ + ૡࢉ૝ࢇ + ૝ࢉૡࢇ + ૡࢉ૝࢈ + (૝ࢉૡ࢈ + ૛(ࢇ૟࢈૟ + ૟ࢉ૟࢈ + (૟ࢇ૟ࢉ + 

+૛ࢇ૛࢈૛ࢉ૛(ࢇ૝࢈૛ + ૛ࢉ૝ࢇ + ૛ࢇ૝࢈ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + (૛࢈૝ࢉ ≥ 

≥ ૜࢈૟ࢇ)ࢉ࢈ࢇ + ૜ࢉ૟ࢇ + ૜ࢇ૟࢈ + ૜ࢉ૟࢈ + ૜ࢇ૟ࢉ + (૜࢈૟ࢉ + 

+૜ࢉ࢈ࢇ൫ࢇ૞࢈૝ + ૝ࢉ૞ࢇ + ૝ࢉ૞࢈ + ૝ࢇ૞࢈ + ૝ࢇ૞ࢉ +  (*)   ૝൯࢈૞ࢉ

૜ࢉ࢈ࢇ ≤ ૜ࢇ + ૜࢈ + ૜ࢉ → ૜ࢉ࢈ࢇ൫ࢇ૞࢈૝ + ૝ࢉ૞ࢇ + ૝ࢉ૞࢈ + ૝ࢇ૞࢈ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ ≤ 

≤ ૜ࢇ) + ૜࢈ + ૝࢈૞ࢇ૜)൫ࢉ + ૝ࢉ૞ࢇ + ૝ࢉ૞࢈ + ૝ࢇ૞࢈ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ = 

= ૝࢈)ૡࢇ + (૝ࢉ + ૝ࢉ)ૡ࢈ + (૝ࢇ + ૝࢈)ૡࢉ + (૝ࢇ + 

૝ࢉ૞࢈૜൫ࢇ+ + ૝ࢇ૞࢈ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ + ૝࢈૞ࢇ૜൫࢈ + ૝ࢉ૞ࢇ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ + 

૝࢈૞ࢇ૜൫ࢉ+ + ૝ࢉ૞ࢇ + ૝ࢉ૞࢈ +  ૝൯ࢇ૞࢈

We must show that: 

૛(ࢇ૟࢈૟ + ૟ࢉ૟࢈ + (૟ࢇ૟ࢉ + ૛ࢇ૛࢈૛ࢉ૛(ࢇ૝࢈૛ + ૛ࢉ૝ࢇ + ૛ࢇ૝࢈ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + (૛࢈૝ࢉ ≥ 

≥ ૜࢈૟ࢇ)ࢉ࢈ࢇ + ૜ࢉ૟ࢇ + ૜ࢇ૟࢈ + ૜ࢉ૟࢈ + ૜ࢇ૟ࢉ +  (૜࢈૟ࢉ

૝ࢉ૞࢈૜൫ࢇ+ + ૝ࢇ૞࢈ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ + ૝࢈૞ࢇ૜൫࢈ + ૝ࢉ૞ࢇ + ૝ࢇ૞ࢉ + ૝൯࢈૞ࢉ + 

૝࢈૞ࢇ૜൫ࢉ+ + ૝ࢉ૞ࢇ + ૝ࢉ૞࢈ +  ૝൯ࢇ૞࢈

= ࢈૛ࢇ)૜ࢉ૜࢈૜ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢈૛ࢉ + +ࢇ૛ࢉ (૛ࢇࢉ + ૞࢈ૠ൫ࢇ + ૞൯ࢉ + ૞ࢇૠ൫࢈ + ૞൯ࢉ + 

૞ࢇૠ൫ࢉ+ +  :૞൯. It is true because࢈

૛(ࢇ૟࢈૟ + ૟ࢉ૟࢈ + (૟ࢇ૟ࢉ ≥ ࢈૛ࢇ)૜ࢉ૜࢈૜ࢇ + +ࢇ૛࢈ ࢉ૛࢈ + ࢈૛ࢉ + +ࢇ૛ࢉ  ૛)   (1)ࢇࢉ

૟࢈૟ࢇ+ + ૟ࢉ૟࢈ + ૟ࢇ૟ࢉ ≥ ૜ࢇ)૜ࢉ૜࢈૜ࢇ + ૜࢈ + (૜ࢉ ≥ +࢈૛ࢇ)૜ࢉ૜࢈૜ࢇ ࢉ૛࢈ +  (ࢇ૛ࢉ

૟࢈૟ࢇ+ + ૟ࢉ૟࢈ + ૟ࢇ૟ࢉ ≥ ૜ࢇ)૜ࢉ૜࢈૜ࢇ + ૜࢈ + (૜ࢉ ≥ +ࢇ૛࢈)૜ࢉ૜࢈૜ࢇ ૛ࢇࢉ + (࢈૛ࢉ → (1) true. 

૛ࢇ૛࢈૛ࢉ૛(ࢇ૝࢈૛ + ૛ࢉ૝ࢇ + ૛ࢇ૝࢈ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + (૛࢈૝ࢉ ≥ 

≥ ૜࢈૟ࢇ)ࢉ࢈ࢇ + ૜ࢉ૟ࢇ + ૜ࢇ૟࢈ + ૜ࢉ૟࢈ + ૜ࢇ૟ࢉ + (૜࢈૟ࢉ + 

૞࢈ૠ൫ࢇ+ + ૞൯ࢉ + ૞ࢇૠ൫࢈ + ૞൯ࢉ + ૞ࢇૠ൫ࢉ +  ૞൯   (2)࢈

(2) true because: By ABC theorem: ૛(ࢇ૝࢈૛ + ૛ࢉ૝ࢇ + ૛ࢇ૝࢈ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + (૛࢈૝ࢉ > 0 
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With ࢌ(ࢇ૛࢈૛ࢉ૛) = ૛ࢇ૛࢈૛ࢉ૛(ࢇ૝࢈૛ + ૛ࢉ૝ࢇ + ૛ࢇ૝࢈ + ૛ࢉ૝࢈ + ૛ࢇ૝ࢉ + (૛࢈૝ࢉ − 

−ቈ
૜࢈૟ࢇ)ࢉ࢈ࢇ + ૜ࢉ૟ࢇ + ૜ࢇ૟࢈ + ૜ࢉ૟࢈ + ૜ࢇ૟ࢉ + (૜࢈૟ࢉ + ૞࢈ૠ൫ࢇ + ૞൯ࢉ +

૞ࢇૠ൫࢈+ + ૞൯ࢉ + ૞ࢇૠ൫ࢉ + ૞൯࢈
቉ 

So, (*) true. Proved 

 

JP.225. Solve the following system of equations: 

ቊ
૜࢞ + ૛࢞ + ૜ = ૡ࢟૜ − ૟࢟࢞ + ૝࢟

ඥ࢞૛ − ૛࢟ + ૛ +ඥ࢞૛ − ૝࢟ + ૝ = ૛࢞ − ૜࢟ + ૝
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Amit Dutta-Jamshedpur-India 

Domain (࢞૛ − ૛࢟+ ૛) ≥ ૙, ૛࢞) − ૝࢟ + ૝) ≥ ૙ 

ࡹࡳ ≤  ࡹ࡭

ඥ࢞૛ − ૛࢟ + ૛ = ඥ(࢞૛ − ૛࢟ + ૛) ⋅ ૚ ≤
૛࢞) − ૛࢟ + ૛) + ૚

૛  

ඥ࢞૛ − ૛࢟ + ૛ ≤ ቆ
૛࢞ − ૛࢟ + ૜

૛ ቇ 

ඥ࢞૛ − ૝࢟ + ૝ = ඥ(࢞૛ − ૝࢟ + ૝) ⋅ ૚ ≤ ቆ
૛࢞ − ૝࢟ + ૞

૛ ቇ 

Adding these: ඥ࢞૛ − ૛࢟ + ૛ + ඥ࢞૛ − ૝࢟ + ૝ ≤ ૛࢞) − ૜࢟ + ૝) 

But we have: ඥ࢞૛ − ૛࢟ + ૛ + ඥ࢞૛ − ૝࢟ + ૝ = ૛࢞) − ૜࢟ + ૝) 

So, for equality, we must have: ቊ࢞
૛ − ૛࢟ + ૛ = ૚ ⇒ ૛࢞ = ૛࢟ − ૚
૛࢞ − ૝࢟ + ૝ = ૚ ⇒ ૛࢞ = ૝࢟ − ૜

 

Solve these two equations, we get: ൜࢞ = ±૚
࢟ = ૚ ൠ 

But for the system of equation, we must check these solutions for the other equation 

also: i.e., ࢞૜ + ૛࢞ + ૜ = ૡ࢟૜ − ૟࢟࢞ + ૝࢟ 

For (࢟,࢞) = (૚,૚); ࡿࡴࡸ = ૟;ࡿࡴࡾ = ૟ 

Equality holds, so (૚,૚) is a solution for other possible solution: (࢟,࢞) = (−૚,૚) 

ࡿࡴࡸ = ૙; ࡿࡴࡾ = ૚ૡ 
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Equality do not hold. So, (−૚,૚) is not the solution for this system of equation. 

Hence, (૚,૚) is the only solution. 

Solution 2 by Orlando Irahola Ortega-Bolivia 

ቊ
૜࢞ + ૛࢞ + ૜ = ૡ࢟૜ − ૟࢟࢞ + ૝࢟				(૚)

ඥ࢞૛ − ૛࢟ + ૛ + ඥ࢞૛ − ૝࢟ + ૝ = ૛࢞ − ૜࢟ + ૝					(૛)
 

૛ × (૛)	   ૛ቀඥ࢞૛ − ૛࢟ + ૛ + ඥ࢞૛ − ૝࢟ + ૝ቁ = ඥ࢞૛ − ૛࢟ + ૛
૛

+ ඥ࢞૛ − ૝࢟ + ૝
૛

+ ૛ 

Sea: ࢇ = ඥ࢞૛ − ૛࢟ + ૛; ࢈ = ඥ࢞૛ − ૝࢟ + ૝ 

⇒ ૛ࢇ+ ૛࢈ = ૛ࢇ + ૛࢈ + ૛ ⇒ ࢇ) − ૚)૛ + ࢈) − ૚)૛ = ૙ ⇒ ࢇ − ૚ = ૙ ∧ ࢈ − ૚ = ૙ 

ࢇ = ૚ ∧ ࢈ = ૚ 

Si: ࢇ = ૚ ⇒ ඥ࢞૛ − ૛࢟ + ૛ = ૚ ⇒ ૛࢟ = ૛࢞ + ૚   (2.1) 

Si: ࢈ = ૚ ⇒ ඥ࢞૛ − ૝࢟ + ૝ = ૚ ⇒ ૝࢟ = ૛࢞ + ૜   (2.2) 

(A) (1)→ ૜࢞ + ૛࢞ + ૜ = (૛࢟)૜ − ૜࢞(૛࢟) + ૛(૛࢟); (2.1) en (1)⇒ 

⇒ ૜࢞ + ૛࢞ + ૜ = ૛࢞) + ૚)૜ − ૜࢞)࢞૛ + ૚) + ૛(࢞૛ + ૚) 

⇒ ૟࢞ + ૜࢞૝ − ૝࢞૜ + ૞࢞૛ − ૞࢞ = ૙ ⇒ ࢞)࢞ − ૚)(࢞૝ + ૜࢞ + ૝࢞૛ + ૞) = ૙ ⇒ 

૚࢞ = ૙ ⇒ ૚࢟ = ૛࢞ ;  ૛࢟ = ૚ ⇒ ૛࢟ = ૚ 

૝࢞ + ૜࢞ + ૝࢞૛ + ૞ = ૙   (**) 

૝૝(∗∗) ⇒ (૝࢞)૝ + ૝(૝࢞)૜ + ૟૝	(૝࢞૛ + ૚૛ૡ૙) = ૙

⇒ [(૝࢞)૛ + ૛(૝࢞)]૛ + ૟૙(૝࢞)૛ + ૚૛ૡ૙ = ૙ 

⇒ (૚૟࢞૛ + ૡ࢞)૛ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ஹ૙

+ ૢ૟૙࢞૛ + ૚૛ૡ૙ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
வ଴

= ૙ → (૚૟࢞૛ + ૡ࢞)૛ + ૢ૟૙࢞૛ + ૚૛ૡ૙ > 0 ⇒ ݔ ∈ ℂ 

(B) ૡ × (1)⇒ ૡ࢞૜ + ૚૟࢞ + ૛૝ = (૝࢟)૜ − ૚૛࢞(૝࢟) + ૡ(૝࢟); (2.2) en (1) ⇒ 

⇒ ૡ࢞૜ + ૚૟࢞ + ૛૝ = ૛࢞) + ૜)૜ − ૚૛࢞)࢞૛ + ૜) + ૡ(࢞૜ + ૜) 

⇒ ૟࢞ + ૝࢞ૢ − ૛૙࢞૜ + ૜૞࢞૛ − ૞૛࢞+ ૛ૠ = ૙ ⇒ ࢞) − ૚)૛൫࢞૝ + ૛࢞૜ + ૚૛࢞૛ + ૛࢞+ ૛ૠ൯ = ૙ 

⇒ ࢞ = ૚ ∧ ૝࢞ + ૛࢞૜ + ૚૛࢞૛ + ૛࢞ + ૛ૠ = ૙ 

૛࢞) + ૛ᇣᇧᇧᇤᇧᇧᇥ(࢞
ஹ૙

+ ૚૚࢞૛ + ૛࢞ + ૛ૠᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
வ଴

= ૙ 

૛࢞) + ૛(࢞ + ૚૚࢞૛ + ૛࢞ + ૛ૠ > 0 ⇒ ݔ ∈ ℂ 

(࢟,࢞) ∈ ℝ૛|(࢟,࢞) = (૚;૚) 
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SP.211. Find all real roots of the following equation: 

ඥ૛− ࢔૛૛࢞ + ඥ૛|࢞| − ૚૛࢔ = ૛࢞) − ૚)૛࢓ + ૛ 

where ࢔,࢓ are positive integers. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Michael Sterghiou-Greece 

√૛ − ࢔૛૛࢞ + ඥ૛|࢞| − ૚૛࢔ = ૛࢞) − ૚)૛࢓ + ૛    (1) 

Let ࢟ = |࢞| ≥ ૙   (1) → ඥ૛ − ࢔૛૛࢟ + ඥ૛࢟ − ૚૛࢔ = ૛࢟) − ૚)૛࢓ + ૛   (1)’ 

Consider the function (࢚)ࢌ = ࢔૛࢚√ , ࢚ ≥ ૙ with ࢌᇱᇱ(࢚) = (૚ି૛࢔)࢚
૚
૛࢔ష૛

૝࢔૛
< 0 

for ࢔ ∈ ℕ,࢔ ≥ ૚, hence (࢚)ࢌ concave and from Jensen: 

LHS of (1) ≤ ૛ ⋅ ට૛ି࢟૛ା૛ି࢟૚
૛

૛࢔
= ૛ ට૚

૛
૛࢟−) + ૛࢟ + ૚)૛࢔     (2) 

From (1)’ we have ૛ − ૛࢟ ≥ ૙ → ࢟ ≤ √૛ and ૛࢟ − ૚ ≥ ૙ → ࢟ ≥ ૚
૛
 or 

૚
૛
≤ ࢟ ≤ √૛. Now, −࢟૛ + ૛࢟ + ૚ > 0 and equality in (2) when 

૛ − ૛࢟ = ૛࢟ − ૚ ↔ ࢟ = ૚. From (1) and (2) 

→ ૛ ⋅ ට૚
૛

૛࢟−) + ૛࢟ + ૚)૛࢔ ≥ ૛࢟) − ૚)૛࢓ + ૛  (3). Consider the function 

(࢟)ࢌ  = ૚
૛

૛࢟−) + ૛࢟ + ૚) with ࢌᇱ(࢟) = ࢟− + ૚ with root ࢟ = ૚ and ࢌᇱᇱ(࢟) < 0 with 

ࢌܠ܉ܕ = ૚ at ࢟ = ૚. As ૚
૛

૛࢟−) + ૛࢟ + ૚) ≤ ૚ → ට૚
૛

૛࢟−) + ૛࢟ + ૚)૛࢔
≤ ૚ and 

 ૛ ⋅ ට૚
૛

૛࢟−) + ૛࢟ + ૚)૛࢔ ≤ ૛. The last inequality and (3) give 

૛ ≥ LHS of (3) ≥ ૛ + ૛࢟) − ૚)૛࢓ which can happen only if ࢟૛ − ૚ = ૙ or ࢟ = ૚ or 

|࢞| = ૚ or ࢞ = ±૚ which are the only real solution of (1). 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

ඥ૛ − ࢔૛૛࢞ + ඥ૛|࢞| − ૚૛࢔ = ૛࢞) − ૚)૛࢓ + ૛ 
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૛ − ૛࢞ ≥ ૙
࢞ ∈ ൣ−√૛,√૛൧ ተ

ተ

૛|࢞| ≥ ૚

|࢞| ≥
૚
૛

൨−∞,−
૚
૛൨ ∪ ൤

૚
૛ , +∞൤

ተ
ተࡰ = ൤−√૛,−

૚
૛൨ ∪ ൤

૚
૛ ,√૛൨ 

if we have substituted −࢞ instead of ࢞ then the relation is True. So, we will solve the 

equation and the interval ቂ૚
૛

,√૛ቃ 

Note in the interval ቂ૚
૛

,√૛ቃ : |࢞| =  ࢞

ඥ૛ − ࢔૛૛࢞ + √૛࢞ − ૚૛࢔ = ૛࢞) − ૚)૛࢓ + ૛ 

૛࢞) − ૚)૛࢓ + ૛ ≤ ૛ ඨ૛ − ૛࢞ + ૛࢞ − ૚
૛

૛࢔

 

૛࢞) − ૚)૛࢓ + ૛
૛ ≤ ඨ−࢞

૛ + ૛࢞ + ૚
૛

૛࢔

 

૛࢞) − ૚)૛࢓ + ૛
૛ ≤ ඨ૚ −

࢞) − ૚)૛

૛
૛࢔

≤ ૚ 

૛࢞) − ૚)૛࢓

૛ + ૚ ≤ ૚ ⇒
૛࢞) − ૚)૛࢓

૛ ≤ ૙ 

This holds when: ࢞૛ − ૚ = ૙ ⇒ ૛࢞ = ૚; ࢞ = ૚. So: ࡿᇱ = {−૚, +૚} 

 

SP.212. Evaluate: 

ܕܑܔ
ஶ→࢔

ඌࢋ
૚
+ඐ࢔ ඌࢋ

૛
ඐ࢔ + ⋯+ ቔࢋ

࢔
ቕ࢔

࢔
 

where ⌊࢞⌋ denotes the integer part of ࢞. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Samir HajAli-Damascus-Syria 

ܕܑܔ
ஶ→࢔

൤ࢋ
૚
൨࢔ + ൤ࢋ

૛
൨࢔ + ⋯+ ቂࢋ

࢔
ቃ࢔

࢔ = ܕܑܔ
ஶ→࢔

∑ ൤ࢋ
࢑
࢔൨࢔

ୀ૚࢑

࢔ = න[࢞ࢋ]
૚

૙

 ࢞ࢊ
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Let put ࢞ࢋ = ࢚ ⇒ ࢞ࢊ = ࢚ࢊ
࢚

 then ∫ ૚[࢞ࢋ]
૙ ࢞ࢊ = ∫ ࢋ[࢚]

૙
࢚ࢊ
࢚

= ∫ ૛[࢚]
૚

࢚ࢊ
࢚

+ ∫ ࢋ[࢚]
૛

࢚ࢊ
࢚

 

= න
࢚ࢊ
࢚

૛

૚

+ න૛
ࢋ

૛

࢚ࢊ
࢚ = ܖܔ ૛ + ૛(૚ − (૛ܖܔ = ૛ −  ૛ܖܔ

SP.213. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

૛࢘ૢ

૝ࡾ૛
(૛ࡾ૛ − ૞࢘૛) ≤෍ࢇ࢓

૛ sinଶ
࡮
૛ sinଶ

࡯
૛ ≤

1
4ܴଶ

(4ܴସ −  (ସݎ37

Proposed by Marin Chirciu – Romania  

Solution by proposer 

We prove the following lemma: 

Lemma: In ઢ࡯࡮࡭: 

෍ࢇ࢓
૛ ૛ܖܑܛ

࡮
૛ ܖܑܛ

૛ ࡯
૛ =

૛࢙)૛࢙ − ૚૛࢘ࡾ) + +ࡾ૝)࢘ ࡾ૛)(࢘ − (࢘
૚૟ࡾ૛  

Proof: Using ࢇ࢓
૛ = ૛࢈૛ା૛ࢉ૛ିࢇ૛

૝
 and ܖܑܛ૛ ࡭

૛
= (ࢉି࢙)(࢈ି࢙)

ࢉ࢈
 we obtain: 

෍ࢇ࢓
૛ ૛ܖܑܛ

࡮
૛ ܖܑܛ

૛ ࡯
૛ = ෍

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ ⋅
࢙) − ࢙)(ࢇ − (ࢉ

ࢉࢇ ⋅
࢙) − ࢙)(ࢇ − (࢈

࢈ࢇ = 

=
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

૝ࢉ࢈ࢇ ෍
(૛࢈૛ + ૛ࢉ૛ − ࢙)(૛ࢇ − (ࢇ

ࢇ  

=
࢘
૝ࡾ ⋅

૛࢙)૛࢙ − ૚૛࢘ࡾ) + ࡾ૝)࢘ + −ࡾ૛)(࢘ (࢘
૝࢘ࡾ =

૛࢙)૛࢙ − ૚૛࢘ࡾ) + +ࡾ૝)࢘ ࡾ૛)(࢘ − (࢘
૚૟ࡾ૛  

Let’s get back to the main problem: Using the Lemma, the inequality can be written: 

૛࢘ૢ

૝ࡾ૛ (૛ࡾ૛ − ૞࢘૛) ≤
૛࢙)૛࢙ − ૚૛࢘ࡾ) + +ࡾ૝)࢘ ࡾ૛)(࢘ − (࢘

૚૟ࡾ૛ ≤
૚
૝ࡾ૛ (૝ࡾ૝ − ૜ૠ࢘૝) 

which follows from Gerretsen’s inequality: ૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ and 

Euler’s inequality ࡾ ≥ ૛࢘. Equality holds if and only if the triangle is equilateral. 

SP.214. Prove that in any ࡯࡮࡭ triangle the following inequality holds: 

૜࢘૛

૝ࡾ૛
(૝ࡾ + ૛(࢘ ≤෍ࢇ࢓

૛ ૛ܛܗ܋
࡮
૛ ܛܗ܋

૛ ࡯
૛ <

૜
૚૟

(૝ࡾ +  ૛(࢘

Proposed by Marin Chirciu – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

૜࢘૛

૝ࡾ૛ (૝ࡾ + ૛(࢘ ≤
(૚)

෍ࢇ࢓
૛ ૛ܛܗ܋

࡮
૛ ܛܗ܋

૛ ࡯
૛ ≤

(૛) ૜
૚૟

(૝ࡾ+  ૛(࢘

෍ࢇ࢓
૛ ૛ܛܗ܋

࡮
૛ ܛܗ܋

૛ ࡯
૛ = ቀ

࢙
૝ࡾ

ቁ
૛
൬෍ࢇ࢓

૛ ૛܋܍ܛ
࡭
૛൰ 

=
૛࢙

૚૟ࡾ૛෍ቊቆ
૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛ − ૜ࢇ૛

૝ ቇ ൬
ࢉ࢈

࢙)࢙ −  ൰ቋ(ࢇ

= ቀ
࢙

૟૝ࡾ૛ቁ ൤૛ቀ෍ࢇ૛ቁ෍
ࢉ࢈
࢙ − ࢇ − ૜ࢉ࢈ࢇ෍

ࢇ
࢙ −  ൨ࢇ

= ቀ
࢙

૟૝ࡾ૛ቁ ቈ
૝(࢙૛ − ૝࢘ࡾ − (૛࢘

࢙૛࢘ ෍ࢉ࢈ ࢙) − ࢙)(࢈ − −(ࢉ ૚૛࢙࢘ࡾ ൬෍
ࢇ − ࢙ + ࢙
࢙ − ࢇ ൰቉ 

= ቀ
࢙

૟૝ࡾ૛ቁ ቈ
૝(࢙૛ − ૝࢘ࡾ − (૛࢘

࢙૛࢘ ෍ࢉ࢈ ૛࢙) − ࢙૛)࢙ − (ࢇ +  ቉(ࢉ࢈

−ቀ
࢙

૟૝ࡾ૛ቁ ૚૛࢙࢘ࡾቆ−૜ +
࢙)∑࢙ − ࢙)(࢈ − (ࢉ

࢙૛࢘ ቇ 

= ቀ
࢙

૟૝ࡾ૛
ቁ ቈ
૝൫࢙૛ − ૝࢘ࡾ − ૛൯࢘

࢙૛࢘
ቊ࢙૛෍࢈ࢇ−૛࢙૛෍࢈ࢇ+ ૜ࢉ࢈ࢇ࢙+ ቀ෍࢈ࢇቁ

૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ቉ 

−ቀ
࢙

૟૝ࡾ૛ቁ૚૛࢙࢘ࡾ ቆ−૜ +
૛࢙)∑ − +࢈)࢙ (ࢉ + (ࢉ࢈

૛࢘ ቇ 

= ቀ
࢙

૟૝ࡾ૛ቁ ቈ
૝(࢙૛ − ૝࢘ࡾ− (૛࢘

࢙૛࢘ ቄቀ෍࢈ࢇቁ (૝࢘ࡾ+ (૛࢘ − ૝࢙࢘ࡾ૛ቅ቉ 

−ቀ
࢙

૟૝ࡾ૛ቁ ૚૛࢙࢘ࡾቆ−૜ +
૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ + ૛࢘

૛࢘ ቇ 

= ቀ
࢙

૟૝ࡾ૛ቁ ቈ
૝(࢙૛ − ૝࢘ࡾ − (૛࢘

࢙
૛࢙} + (૝ࡾ+ −{૛(࢘ ૚૛࢙࢘ࡾ ൬

૝ࡾ − ૛࢘
࢘ ൰቉ 

=
૛࢙) − ૝࢘ࡾ − ૛࢙)(૛࢘ + (૝ࡾ+ −(૛(࢘ ૟࢙ࡾ૛(૛ࡾ − (࢘

૚૟ࡾ૛  

=
(ࢇ) ૝࢙ + ૛ࡾ૛(૝࢙ + ૚૙࢘ࡾ)− (૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + (૝࢘

૚૟ࡾ૛  

(a)⇒ (1)⇔ ࢙
૝ା࢙૛൫૝ࡾ૛ା૚૙࢘ࡾ൯ି൫૟૝ࡾ૜࢘ା૝ૡࡾ૛࢘૛ା૚૛࢘ࡾ૜ା࢘૝൯

૚૟ࡾ૛
− ૜࢘૛

૝ࡾ૛
(૝ࡾ + ૛(࢘ ≥ ૙ 

⇔ ૝࢙ + ૛ࡾ૛(૝࢙ + ૚૙࢘ࡾ)− (૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + (૝࢘ − ૚૛࢘૛(૝ࡾ + ૛(࢘ ≥
(૚ࢇ)

૙ 



 
www.ssmrmh.ro 

Now, LHS of (1a) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 ૛ࡾ૛൫૝࢙ + ૛૟࢘ࡾ − ૞࢘૛൯ − ൫૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + ૝൯࢘ − 

−૚૛࢘૛(૝ࡾ +  ૛(࢘

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ૛ + ૛૟࢘ࡾ − ૞࢘૛) − (૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + (૝࢘ − 

−૚૛࢘૛(૝ࡾ + ૛(࢘ ≥
?
૙ ⇔ ૛૟ࡾ૛ − ૞૜࢘ࡾ + ૛࢘૛ ≥

?
૙ ⇔ ࡾ) − ૛࢘)(૛૟ࡾ− (࢘ ≥

?
૙ 

→ true ∵ ࡾ ≥
࢘ࢋ࢒࢛ࡱ

૛࢘ ⇒ (1a)⇒ (1) is true. Again, (a)⇒ (2) 

⇔
૝࢙ + ૛ࡾ૛(૝࢙ + ૚૙࢘ࡾ)− (૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + (૝࢘

૚૟ࡾ૛ ≤
૜
૚૟

(૝ࡾ +  ૛(࢘

⇔ ૝࢙ + ૛ࡾ૛(૝࢙ + ૚૙࢘ࡾ) − (૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + (૝࢘ − ૜ࡾ૛(૝ࡾ + ૛(࢘ ≤
(૛ࢇ)

૙ 

Now, LHS of (2a) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛ࡾ૛൫ૡ࢙ + ૚૝࢘ࡾ+ ૜࢘૛൯ − ൫૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + ૝൯࢘ − 

−૜ࡾ૛(૝ࡾ +  ૛(࢘

≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

൫૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛൯൫ૡࡾ૛ + ૚૝࢘ࡾ+ ૜࢘૛൯ − ൫૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + ૝൯࢘ − 

−૜ࡾ૛(૝ࡾ+ ૛(࢘ ≤
?
૙ ⇔ ૚૟࢚૝ − ૝૚࢚૛ − ૝૛࢚ − ૡ ≥

?
૙	 ൬࢚ =

ࡾ
 ൰࢘

⇔ ࢚) − ૛)(૚૟࢚૜ + ૜૛࢚૛ + ૛૜࢚+ ૝) ≥
?
૙ → true ∵ ࢚ ≥

࢘ࢋ࢒࢛ࡱ
૛ ⇒ (2a)⇒ (2) is true 

(proved) 

 

SP.215. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ. 

Prove that: 

࢈૛ࢇ
࢈ + ૞ࢉ

+
ࢉ૛࢈

ࢉ + ૞ࢇ
+

ࢇ૛ࢉ
ࢇ + ૞࢈

≥
૚
૛

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Michael Sterghiou-Greece 

+ࢇ ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ  (c) 

∑ ࢈૛ࢇ
ࢉ࢟ࢉࢉା૞࢈ ≥ ૚

૛
   (1) 

(1)→ ∑ ૛࢈૛ࢇ

ࢉ࢟ࢉࢉ࢈૛ା૞࢈ ≥
ࡿ࡯࡮ ൫∑ ࢉ࢟ࢉ࢈ࢇ ൯

૛

൫∑ ࢉ࢟ࢉ૛ࢇ ൯ା૞∑ ࢉ࢟ࢉ࢈ࢇ
≥
? ૚
૛
   (2) 
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Let (ࢗ,࢖, (࢘ = ൫∑ ࢉ࢟ࢉࢇ ,∑ ࢉ࢟ࢉ࢈ࢇ  ൯ࢉ࢈ࢇ,

(2)→ ૛ࢗ

ࢗା૞ࢗ૛ି૛࢖
≥ ૚

૛
→ ૛ࢗ૛ ≥ ૛࢖ + ૜ࢗ → ૛ࢗ૛ − ૛࢖ − ૜ࢗ ≥ ૙ and as −૜ࢗ ≥  ૛ it࢖−

suffices that: ૛(ࢗ૛ − (૛࢖ ≥ ૙ → ࢗ ≥  (3)   ࢖

(3)→ ࢈ࢇ + ࢉ࢈ + ࢇࢉ − ࢇ − −࢈ ࢉ ≥ ૙ . From (c): ࢖+ ૚ = ૝࢘ so we have to show that:  

࢈ࢇ + +ࢉ࢈ ࢇࢉ − ૝ࢉ࢈ࢇ + ૚ ≥ ૙ or ࢗ − ૝࢘ + ૚ ≥ ૙  (4). This is a decreasing function of 

 Cîrtoaje .ࢂ becomes maximal. This according to ࢘ so we need to show (4) where ࢘

theorem with fixed happens when ࢇ = ࢇ assuming WLOG that ࢈ ≤ ࢈ ≤  Assuming .ࢉ

ࢇ =  :we have ࢈

From (c) ૛ࢇ + +ࢉ ૚ = ૝ࢇ૛ࢉ or ࢉ = ૛ࢇା૚
૝ࢇ૛ି૚

= ૚
૛ିࢇ૚

. As ࢉ > 0 we have ࢇ > ૚
૛
. Now, (4) 

becomes: ࢇ૛ + ૛ࢉࢇ − ૝ࢇ૛ࢉ+ ૚ ≥ ૙ or ࢇ૛ + ૛ࢇ
૛ିࢇ૚

− ૝ࢇ૛

૛ିࢇ૚
+ ૚ ≥ ૙ which reduces to:  

૛ࢇ૜ − ૞ࢇ૛ + ૝ࢇ − ૚ ≥ ૙ or (ࢇ − ૚)૛(૛ࢇ − ૚) ≥ ૙ which holds. Done! 

Solution 2 by Marian Ursărescu-Romania 

One of my student, asked my if it is possible to decondition relationship  

+ࢇ ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ.  The answer is yes: first using Bergström inequality: 

૛࢈૛ࢇ

૛࢈ + ૞࢈ࢉ+
૛ࢉ૛࢈

૛ࢉ + ૞ࢉࢇ +
૛ࢇ૛ࢉ

૛ࢇ + ૞࢈ࢇ ≥
+࢈ࢇ) ࢉࢇ + ૛(ࢉ࢈

૛ࢇ + ૛࢈ + ૛ࢉ + ૞(࢈ࢇ + ࢉࢇ + (ࢉ࢈ ⇒ 

We must show: (࢈ࢇାࢉ࢈ାࢉࢇ)૛

(ࢉ࢈ାࢉࢇା࢈ࢇ)૛ା૞ࢉ૛ା࢈૛ାࢇ
≥ ૚

૛
   (1) 

Now let ࢇ = ૚
࢞

࢈, = ૚
࢟

, ࢉ = ૚
ࢠ
⇒ +ࢇ ࢈ + ࢉ + ૚ = ૝ࢉ࢈ࢇ ⇔ 

⇔ +࢟࢞ ࢠ࢞ + +ࢠ࢟ ࢚࢟࢞ = ૝(૛) ⇒ 

(1)	⇔ ૛(ࢠା࢟ା࢞)

(ࢠା࢟ା࢞)ࢠ࢟࢞૛ା૞ࢠ૛࢟૛ାࢠ૛࢞૛ା࢟૛࢞
≥ ૚

૛
   (3) 

Because ࢟࢞+ ࢠ࢞ + ࢠ࢟ + ࢠ࢟࢞ = ૝ ⇒ ࢖,࢔,࢓∃ > 0 such that: ࢞ = ૛࢓
࢖ା࢔

࢟, = ૛࢔
࢖ା࢓

, 

ࢠ = ૛࢖
࢔ା࢓

⇒(3)⇔ ૛((࢖ା࢓)(࢔ା࢓)࢓∑)

૛∑࢓૛࢔૛(࢓ା࢔)ା૚૙࢓∑࢖࢔࢓(࢓ା࢔)(࢓ା࢖)
≥ ૚   (4) 

Relation (4) it is true because using Cîrtoaje’s theorem: If ࢌ૟(࢖,࢔,࢓) it’s a 

symmetric polygon of degree ૟ then  

,࢈,ࢇ)૟ࢌ (ࢉ ≥ ૙,∀	ࢉ,࢈,ࢇ ∈ ℝ ⇔ (૚,૚,ࢇ)૟ࢌ ≥ ૙,∀ࢇ ∈ ℝ 
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SP.216. Let ࡵ be the incentre of a triangle ࡯࡮࡭ with inradius ࢘, and let ࡹ,ࡸ,ࡷ 

be the intersection points of the segments ࡵ࡯,ࡵ࡮,ࡵ࡭ with the inscribed of the 

triangle ࡯࡮࡭, respectively. Prove that:  

࢔ࡷ࡭ + ࢔ࡸ࡮ + ࢔ࡹ࡯ ≥ ૜ ⋅  ࢔࢘

for each positive integer ࢔. 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Marian Ursărescu – Romania  

 

From Hölder’s inequality we have: ࢔ࡷ࡭ + ࢔ࡸ࡮ + ࢔ࡹ࡯ ≥ ࢔(ࡹ࡯ାࡸ࡮ାࡷ࡭)

૜࢔ష૚
⇒ 

We must show: (ࡷ࡭ାࡸ࡮ାࡹ࡯)࢔

૜࢔ష૚
≥ ૜࢔࢘ ⇔ ࡷ࡭ + ࡸ࡮ + ࡹ࡯ ≥ ૜(1)   ࢘ 

But ࡷ࡭ = ࡵ࡭ − ࢘ = ࢘

૛࡭ܖܑܛ
− ࢘ = ቆ࢘ ૚

૛࡭ܖܑܛ
− ૚ቇ   (2) 

From (1)+(2) we must show that: ૚

૛࡭ܖܑܛ
+ ૚

૛࡮ܖܑܛ
+ ૚

૛࡯ܖܑܛ
≥ ૟    (3) 

ܖܑܛ
࡭
૛ = ඨ

࢙) − ࢙)(࢈ − (ࢉ
ࢉ࢈ ≤

ࢇ
૛√ࢉ࢈

⇒
૚

૛࡭ܖܑܛ
≥
૛√ࢉ࢈
ࢇ ⇒ 

૚

૛࡭ܖܑܛ
+ ૚

૛࡮ܖܑܛ
+ ૚

૛࡯ܖܑܛ
≥ ૛ቀ√ࢉ࢈

ࢇ
+ ࢉࢇ√

࢈
+ ࢈ࢇ√

ࢉ
ቁ ≥ ૛ ⋅ ૜ටࢉ࢈ࢇ

ࢉ࢈ࢇ

૜
= ૟ ⇒ (3) it is true. 
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SP.217. Let ࢈,ࢇ,  :be positive real numbers such that ࢉ

૜ࢇ) + ૜࢈)(૜࢈ + ૜ࢉ)(૜ࢉ + (૜ࢇ = ૡ. Find the minimum value of: 

ࢀ =
ࢇ

૛࢈) + ࢉ࢈ + +ࢇ)(૛ࢉ ૛࢈)૛ +
࢈

૛ࢉ) + ࢇࢉ + +࢈)(૛ࢇ ૛ࢉ)૛ +
ࢉ

૛ࢇ) + ࢈ࢇ + +ࢉ)(૛࢈ ૛ࢇ)૛ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Firstly, ࢇ
࢈ା૛ࢇ

+ ࢈
ࢉା૛࢈

+ ࢉ
ࢇା૛ࢉ

= ૛ࢇ

࢈ࢇ૛ା૛ࢇ
+ ૛࢈

ࢉ࢈૛ା૛࢈
+ ૛ࢉ

ࢇࢉ૛ା૛ࢉ
 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ∑)

૛ࢇ∑ + ૛∑࢈ࢇ =
૛(ࢇ∑)

૛(ࢇ∑) = ૚ ⇒෍
ࢇ

ࢇ + ૛࢈ ≥
(૚)

૚ 

Now, ࢇ૜ + ૜࢈ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛
+ࢇ) ૛ࢇ)(࢈ + (૛࢈ ≥ ૚

૛
+ࢇ) (࢈ ⋅ ૚

૛
ࢇ) + ૛(࢈ ⇒ ૜ࢇ + ૜࢈ ≥

(ࢇ) ૜(࢈ାࢇ)

૝
 

Similarly, ࢈૜ + ૜ࢉ ≥
(࢈) ૜(ࢉା࢈)

૝
 and ࢉ૜ + ૜ࢇ ≥

(ࢉ) ૜(ࢇାࢉ)

૝
 

(a).(b).(c)⇒ ૜{(࢈ାࢇ)∏}

૟૝
≤ ૜ࢇ)∏ + (૜࢈ = ૡ ⇒ +ࢇ)∏ (࢈ ≤

(૛)
	ૡ 

Now, ࢀ = ∑
ቀ ࢇ
ቁ࢈శ૛ࢇ

૛

૛൯ࢉାࢉ࢈૛ା࢈൫ࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ቀ∑ ࢇ
ቁ࢈శ૛ࢇ

૛

ࢉ࢈ࢇ૛ା૜࢈ࢇ∑ା࢈૛ࢇ∑
 

≥
(૚)	࢟࢈ ૚

ࢇ)∏ + (࢈ + ࢉ࢈ࢇ ≥
(૛)	࢟࢈ ૚

ૡ + ࢉ࢈ࢇ ≥
࢕࢘ࢇ࢙ࢋ࡯ ૚

ૡ + +ࢇ)∏ (࢈
૛

 

≥
(૛)	࢟࢈

૚

ૡାૡૡ
= ૚

ૢ
∴ ܖܑܕࢀ 	 = ૚

ૢ
, equality when ࢇ = ࢈ = ࢉ = ૚. (Answer) 

Solution 2 by Tran Hong-Dong Thap-Vietnam  

For ࢈,ࢇ > 0 we have: ࢇ૛ + +࢈ࢇ ૛࢈ ≤ ૜(ࢇ૛ − ࢈ࢇ + (૛࢈ ↔ ૛(ࢇ૛ − ૛࢈ࢇ+ (૛࢈ ≥ ૙ 

↔ ૛(ࢇ − ૛(࢈ ≥ ૙  (true) 

૜࢈) + ૜ࢇ)(૜ࢇ + ૜)(૚૜ࢉ + ૚૜) ≥
࢘ࢋࢊ࢒࢕ࡴ

࢈) ⋅ ࢇ ⋅ ૚ + ࢇ ⋅ ࢉ ⋅ ૚)૜ = +ࢇ࢈)  ૜(ࢉࢇ

→ ૜࢈) + ૜ࢇ)(૜ࢇ + (૜ࢉ ≥ ૜(ࢉࢇାࢇ࢈)

૛
. Now, ࢇ

൫࢈૛ାࢉ࢈ାࢉ૛൯(ࢇା૛࢈)૛
≥ ࢇ

૜൫࢈૛ିࢉ࢈ାࢉ૛൯(ࢇା૛࢈)૛
 

=
+࢈)ࢇ (ࢉ

૜(࢈૜ + ࢇ)(૜ࢉ + ૛࢈)૛ =
+࢈)ࢇ ૜࢈)(ࢉ + ૜ࢇ)(૜ࢉ + (૜ࢉ

૛૝(ࢇ+ ૛࢈)૛  
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≥
࢈ࢇ) + (ࢉࢇ
૛૝(ࢇ + ૛࢈)૛ ⋅

+ࢇ࢈) ૜(ࢉࢇ

૛ =
+࢈ࢇ) ૝(ࢉࢇ

૝ૡ(ࢇ + ૛࢈)૛ 

Similarly: ࢈
൫ࢉ૛ାࢇࢉାࢇ૛൯(࢈ା૛ࢉ)૛

≥ ૜൯ࢉ૜ା࢈૜൯൫࢈૜ାࢇ൫(ࢇାࢉ)࢈
૛૝(࢈ା૛ࢉ)૛

≥ ૝(ࢇ࢈ାࢉ࢈)

૝ૡ(࢈ା૛ࢉ)૛
 

And: ࢉ
൫ࢇ૛ା࢈ࢇା࢈૛൯(ࢉା૛ࢇ)૛

≥ ૜൯ࢉ૜ା࢈૜൯൫ࢉ૜ାࢇ൫(࢈ାࢇ)ࢉ
૛૝(ࢉା૛ࢇ)૛

≥ ૝(࢈ࢉାࢇࢉ)

૝ૡ(ࢉା૛ࢇ)૛
 

→
ࢇ

૛࢈) + ࢉ࢈ + +ࢇ)(૛ࢉ ૛࢈)૛ +
࢈

૛ࢉ) + ࢇࢉ + ࢈)(૛ࢇ + ૛ࢉ)૛ +
ࢉ

૛ࢇ) + ࢈ࢇ + ࢉ)(૛࢈ + ૛ࢇ)૛ ≥ 

≥
+࢈ࢇ) ૝(ࢉࢇ

૝ૡ(ࢇ+ ૛࢈)૛ +
ࢉ࢈) + ૝(ࢇ࢈

૝ૡ(࢈+ ૛ࢉ)૛ +
ࢇࢉ) + ૝(࢈ࢉ

૝ૡ(ࢉ + ૛ࢇ)૛ = 

=
૚
૝ૡቆ

࢈ࢇ) + ૝(ࢉࢇ

ࢇ) + ૛࢈)૛ +
+ࢉ࢈) ૝(ࢇ࢈

࢈) + ૛ࢉ)૛ +
+ࢇࢉ) ૝(࢈ࢉ

ࢉ) + ૛ࢇ)૛ ቇ = ࣓ 

We have: (࢈ࢇାࢉࢇ)૝

૛(࢈ା૛ࢇ)
+ ૝(ࢇ࢈ାࢉ࢈)

૛(ࢉା૛࢈)
+ ૝(࢈ࢉାࢇࢉ)

૛(ࢇା૛ࢉ)
≥ ૚૟

૜
 

It is true because: (࢈ࢇାࢉࢇ)૝

૛(࢈ା૛ࢇ)
+ ૝(ࢇ࢈ାࢉ࢈)

૛(ࢉା૛࢈)
+ ૝(࢈ࢉାࢇࢉ)

૛(ࢇା૛ࢉ)
≥

ࢠ࢘ࢇ࢝ࢎࢉࡿ ૛൧(࢈ࢉାࢇࢉ)૛ା(ࢇ࢈ାࢉ࢈)૛ା(ࢉࢇା࢈ࢇ)ൣ
૛

૛(ࢇା૛ࢉ)૛ା(ࢉା૛࢈)૛ା(࢈ା૛ࢇ)
. And:  

 ૜[(࢈ࢇ + ૛(ࢉࢇ + +ࢉ࢈) ૛(ࢇ࢈ + ࢇࢉ) + ૛]૛(࢈ࢉ ≥ ૚૟((ࢇ + ૛࢈)૛ + +࢈) ૛ࢉ)૛ + ࢉ) + ૛ࢇ)૛) 

(By ࡯࡮࡭ theorem) → ࣓ ≥ ૚
૝ૡ
⋅ ૚૟
૜

= ૚
ૢ
. Equality ↔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.218. Let ࢟,࢞,  :be positive real numbers such that	ࢠ

૛࢞ + ૛࢟ + ૛ࢠ = ૜. Find the minimum of the expression: 

ࡼ =
࢞

ට࢟
ૡ + ૡࢠ
૛

૝
+ ૜ࢠ࢟

+
࢟

ටࢠ
ૡ + ૡ࢞
૛

૝
+ ૜࢞ࢠ

+
ࢠ

ට࢞
ૡ + ૡ࢟
૛

૝
+ ૜࢟࢞

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Soumava Chakraborty-Kolkata-India 

૝ࢇ + ૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + ૛)૛࢈ ⇔ ૝ࢇ + ૝࢈ ≤ ૛(ࢇ૛ + ૛)૛࢈ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ + ૛ࢇ૛࢈૛ 

⇔ ૝ࢇ + ૝࢈ ≤ ૛(ࢇ૝ + (૝࢈ + ૝ࢇ૛࢈૛ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ + ૛ࢇ૛࢈૛ 

⇔ ૛ࢇ) + ૛)૛࢈ − ૝ࢇ)࢈ࢇ૛ + (૛࢈ + ૝ࢇ૛࢈૛ ≥ ૙ ⇔ ૛ࢇ) + ૛࢈ − ૛࢈ࢇ)૛ ≥ ૙ 

→ true ∴ ૝ࢇ + ૝࢈ ≤
(૚)

૛(ࢇ૛ − ࢈ࢇ +  ૛)૛࢈
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Choosing ࢇ = ࢈ ૛ and࢟ = ૡ࢟ ,૛ in (1)ࢠ + ૡࢠ ≤ ૛(࢟૝ − ૛ࢠ૛࢟ +  ૝)૛ࢠ

⇒ ඨ࢟
ૡ + ૡࢠ

૛
૝

+ ૜ࢠ࢟ ≤ ඥ࢟૝ − ૛ࢠ૛࢟ + ૝ࢠ + √૜൫√૜ࢠ࢟൯ 

≤
ࡿ࡮࡯

√૚ + ૜ඥ࢟૝ − ૛ࢠ૛࢟ + ૝ࢠ + ૜࢟૛ࢠ૛ = ૛ඥ(࢟૛ + ૛)૛ࢠ = ૛(࢟૛ +  (૛ࢠ

∴ ඨ
ૡ࢟ + ૡࢠ

૛
૝

+ ૜ࢠ࢟ ≤
(ࢇ)

૛(࢟૛ +  (૛ࢠ

Similarly, ටࢠૡା࢞ૡ

૛

૝
+ ૜࢞ࢠ ≤

(࢈)
૛(ࢠ૛ + ૡ࢟ૡା࢞૛) and, ට࢞

૛

૝
+ ૜࢟࢞ ≤

(ࢉ)
૛(࢞૛ +  (૛࢟

(a), (b), (c)⇒ ࡼ ≥ ૚
૛
∑ ࢞

૛ࢠ૛ା࢟
= ૚

૛
∑ ࢞

૜ି࢞૛
∴ ࡼ ≥

(࢏) ૚
૛
∑ ࢞

૜ି࢞૛
 

Now, ࢞
૜ି࢞૛

≥ ૛࢞

૛
⇔ ૛ ≥ −૜)࢞ (૛࢞ ⇔ ૜࢞ − ૜࢞+ ૛ ≥ ૙ 

⇔ ࢞) + ૛)(࢞ − ૚)૛ ≥ ૙ → true ∴ ࢞
૜ି࢞૛

≥
(ࢊ) ૛࢞

૛
. Similarly, ࢟

૜ି࢟૛
≥
(ࢋ) ૛࢟

૛
 and, ࢠ

૜ିࢠ૛
≥
(ࢌ)

૛ࢠ

૛
 

(d), (e), (f), (i) ⇒ ࡼ ≥ ૚
૝
૛࢞∑ = ૜

૝
 

∴ ܖܑܕࡼ 	 = ૜
૝
 and it occurs when ࢞ = ࢟ = ࢠ = ૚. 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

For all ࢈,ࢇ > 0 we have: ටࢇૡା࢈ૡ

૛

૝
+ ૜࢈ࢇ ≤ ૛(ࢇ૛ +  (*)   (૛࢈

↔ ඨࢇ
ૡ + ૡ࢈

૛
૝

≤ ૛(ࢇ૛ + (૛࢈ − ૜࢈ࢇ ↔
ૡࢇ + ૡ࢈

૛ ≤ (૛(ࢇ૛ + −(૛࢈ ૜࢈ࢇ)૝ 

↔
૚
૛

ࢇ) − ૝ࢇ)૝[૜૚(࢈ + (૝࢈ + ૚૙૛ࢇ૛࢈૛ − ૟ૡ(࢈ࢇ૜ + [(૜ࢇ࢈ ≥ ૙ 

Which is true because: ૚
૛

ࢇ) − ૝(࢈ ≥ ૙ 

൝૜૚ࢇ
૝ + ૞૚ࢇ૛࢈૛ ≥

ࡹࡳିࡹ࡭
૛ඥ૜૚ ⋅ ૞૚ ⋅ ૛࢈૟ࢇ = ૛√૚૞ૡ૚ ⋅ ૜ࢇ࢈ > 68 ⋅ ૜ࢇܾ

૜૚࢈૝ + ૞૚ࢇ૛࢈૛ ≥
ࡹࡳିࡹ࡭

૛ඥ૜૚ ⋅ ૞૚ ⋅ ૛࢈૟ࢇ = ૛√૚૞ૡ૚ ⋅ ૜࢈ࢇ > 68 ⋅ ૜࢈ܽ
 

→ ૜૚(ࢇ૝ + (૝࢈ + ૚૙૛ࢇ૛࢈૛ − ૟ૡ(࢈ࢇ૜ + (૜ࢇ࢈ > 0 

So, (*) is true. Equality if and only if ࢇ =  :Now, using (*) inequality .࢈
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ࡼ =
࢞

ට࢟
ૡ + ૡࢠ
૛

૝
+ ૜ࢠ࢟

+
࢟

ටࢠ
ૡ + ૡ࢞
૛

૝
+ ૜࢞ࢠ

+
ࢠ

ට࢞
ૡ + ૡ࢟
૛

૝
+ ૜࢟࢞

 

≥
࢞

૛(࢟૛ + (૛ࢠ +
࢟

૛(ࢠ૛ + (૛࢞ +
ࢠ

૛(࢞૛ + (૛࢟ =
࢞

૛(૜ − (૛࢞ +
࢟

૛(૜ − (૛࢟ +
ࢠ

૛(૜ −  (૛ࢠ

(Because: ࢞૛ + ૛࢟ + ૛ࢠ = ૜ → ૙ < ,૛࢟,૛࢞ ૛ࢠ < 3) 

Lastly, we must show that: ࢞
૛൫૜ି࢞૛൯

+ ࢟
૛൫૜ି࢟૛൯

+ ࢠ
૛൫૜ିࢠ૛൯

≥ ૜
૝
 

↔ ࢞
൫૜ି࢞૛൯

+ ࢟
൫૜ି࢟૛൯

+ ࢠ
൫૜ିࢠ૛൯

≥ ૜
૛
   (**) 

We have: ࢞
൫૜ି࢞૛൯

≥ ૛࢞

૛
↔

૙ழ௫ழ√૜
૛ ≥ ૜)࢞ − (૛࢞ ↔ ࢞) − ૚)૛(࢞ + ૛) ≥ ૙  (true) 

Similarly: ࢟
൫૜ି࢟૛൯

≥ ૛࢟

૛
 and ࢠ

൫૜ିࢠ૛൯
≥ ૛ࢠ

૛
 

→
࢞

(૜ − (૛࢞ +
࢟

(૜ − (૛࢟ +
ࢠ

(૜− (૛ࢠ ≥
૛࢞

૛ +
૛࢟

૛ +
૛ࢠ

૛ =
૜
૛ 

So, (**) true. → ܖܑܕࡼ 	 = ૜
૛
↔ ࢞ = ࢟ = ࢠ = ૚. 

 

SP.219. Prove the following inequality: 

෍
૛࢑ࢇ

࢑ࢇ + ࢔) + ૚)(ࡿ − (࢑ࢇ

࢔

ୀ૚࢑

≥
૚
૛࢔

෍࢑ࢇ

࢔

࢑

 

where ࢇ૚ ,૛ࢇ, …  are any strictly positive real numbers and we make the ࢔ࢇ,

notation:  ࡿ = ૚ࢇ + ૛ࢇ + ⋯+  ࢔ࢇ

Proposed by Vasile Mircea Popa – Romania  

Solution by Marian Ursărescu – Romania  

From Bergström inequality, we have: 

෍
૛࢑ࢇ

࢑ࢇ + +࢔) ૚)(ࡿ − (࢑ࢇ

࢔

ୀ૚࢑

≥
૚ࢇ) + ૛ࢇ + ⋯+ ૛(࢔ࢇ

૚ࢇ) + ૛ࢇ + ⋯+ (࢔ࢇ + ࢔) + ૚)(ࡿ࢔ − ૚ࢇ − ૛ࢇ −⋯−  (࢔ࢇ

=
૚ࢇ) + ૛ࢇ + ⋯+ ૛(࢔ࢇ

ࡿ + +࢔) ૚)(࢔ − ૚)ࡿ =
૛ࡿ

ࡿ + ૛࢔) − ૚)ࡿ =
૛ࡿ

ࡿ૛࢔ =
ࡿ
૛࢔ =

૚
࢑ࢇ૛෍࢔

࢔

ୀ૚࢑
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SP.220. Let ࢈,ࢇ, ࢉ > 0 such that: ࢇ + ࢈ + ࢉ = ૜. Find the minimum of the 

expression: 

ࡼ =
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ
+

ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ
૛૝  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Tran Hong-Dong Thap-Vietnam 

With ࢈,ࢇ > 0 we have: ૝(ࢇ૟ + (૟࢈ ≤ (૜ࢇ૛ − ૝࢈ࢇ + ૜࢈૛)૜ 

↔ ࢇ) − ૛ࢇ૝(૛૜(࢈ − ૚૟࢈ࢇ+ ૛૜࢈૛) ≥ ૙ ↔ ࢇ) − ࢇ)૝[૛૜(࢈ − ૛(࢈ + ૜࢈ࢇ] ≥ ૙  (true) 

Equality if and only if ࢇ = ૟ࢇ)Similarly: ૝ .࢈ + (૟ࢉ ≤ (૜ࢇ૛ − ૝ࢉࢇ + ૜ࢉ૛)૜ 

૝(࢈૟ + (૟ࢉ ≤ (૜࢈૛ − ૝ࢉ࢈+ ૜ࢉ૛)૜ → ඥ૝(࢈૟ + ૟)૜ࢉ ≤ ૜࢈૛ − ૝ࢉ࢈ + ૜ࢉ૛ 

→ ඥ૝(࢈૟ + ૟)૜ࢉ ≤ ૜࢈૛ − ૝ࢉ࢈ + ૜ࢉ૛ 

→ ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈ ≤ ૜࢈૛ − ૝ࢉ࢈+ ૜ࢉ૛ + ૠࢉ࢈ = ૜(࢈૛ + ࢉ࢈ +  (૛ࢉ

Similarly: ඥ૝(ࢇ૟ + ૟)૜ࢉ + ૠࢉࢇ ≤ ૜(ࢇ૛ + ࢉࢇ +  (૛ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ ≤ ૜(ࢇ૛ + +࢈ࢇ  (૛࢈

→ ષ =
ࢇ

ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈
+

࢈
ඥ૝(ࢇ૟ + ૟)૜ࢉ + ૠࢉࢇ

+
ࢉ

ඥ૝(ࢇ૟ + ૟)૜࢈ + ૠ࢈ࢇ
 

≥
ࢇ

૜(࢈૛ + ࢉ࢈ + (૛ࢉ +
࢈

૜(ࢇ૛ + ࢉࢇ + (૛ࢉ +
ࢉ

૜(ࢇ૛ + ࢈ࢇ +  (૛࢈

=
૚
૜൬

ࢇ
૛࢈ + ࢉ࢈ + ૛ࢉ +

࢈
૛ࢇ + ࢉࢇ + ૛ࢉ +

ࢉ
૛ࢇ + +࢈ࢇ  ૛൰࢈

We have: ࢇ
૛ࢉାࢉ࢈૛ା࢈

+ ࢈
૛ࢉାࢉࢇ૛ାࢇ

+ ࢉ
૛࢈ା࢈ࢇ૛ାࢇ

 

=
૛ࢇ

૛࢈)ࢇ + +ࢉ࢈ (૛ࢉ +
૛࢈

૛ࢇ)࢈ + ࢉࢇ + (૛ࢉ +
૛ࢉ

૛ࢇ)ࢉ + +࢈ࢇ (૛࢈ ≥
ࢠ࢘ࢇ࢝ࢎࢉࡿ

 

≥
ࢇ) + ࢈ + ૛(ࢉ

૛࢈ࢇ + ૛ࢇ࢈ + ૛ࢉࢇ + ૛ࢇࢉ + ૛ࢉ࢈ + ૛࢈ࢉ + ૜ࢉ࢈ࢇ 

=
ૢ

૛࢈ࢇ + ૛ࢇ࢈ + ૛ࢉࢇ + ૛ࢇࢉ + ૛ࢉ࢈ + ૛࢈ࢉ + ૜ࢉ࢈ࢇ 

=
ૢ

૛࢈ࢇ) + ૛ࢇ࢈ + ૛ࢉࢇ + ૛ࢇࢉ + ૛ࢉ࢈ + ૛࢈ࢉ + ૛ࢉ࢈ࢇ) +  ࢉ࢈ࢇ



 
www.ssmrmh.ro 

=
ૢ

+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ + ࢉ࢈ࢇ ≥
ࢉ࢈ࢇஹૡ(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

 

≥
ૢ

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ + ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ
ૡ

=
ૡ

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ  (ࢇ

Then: ࡼ ≥ ૡ
૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

+ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
૛૝

≥
ࡹࡳିࡹ࡭

	૛ට ૡ
૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

⋅ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
૛૝

= ૛
૜
 

→ ܖܑܕࡼ 	 = ૛
૜
↔ ࢇ = ࢈ = ࢉ = ૚. 

 

SP.221. Prove that in any ઢ࡯࡮࡭ the following inequality holds: 

ට(࣊− ࢇ࢓(࡭
૛ ⋅ ࣊) − ࢈࢓(࡮

૛ ⋅ ࣊) − ࢉ࢓(࡯
૛૜
≥ ට(࣊ − ࣊)૛ࢇ(࡭ − ࣊)૛࢈(࡮ − ૛ࢉ(࡯

૝
 

 .the measures in radians of the angles ࡯,࡮,࡭

Proposed by Marian Ursărescu – Romania  

Solution by Adrian Popa – Romania  

ට(࣊− ࢇ࢓(࡭
૛ ⋅ ࢈࢓(࡮−࣊)

૛ ⋅ ࣊) − ࢉ࢓(࡯
૛૜
≥ ට(࣊− −࣊)૛࢈(࡮−࣊)૛ࢇ(࡭ ૛ࢉ(࡯

૝
⇔ 

⇔
૚
૜ ቂܖܔ

࣊) ࢇ࢓(࡭−
૛ + −࣊)ܖܔ ࢈࢓(࡮

૛
+ ࣊)ܖܔ ࢉ࢓(࡯−

૛ቃ ≥
૚
૝
−࣊)ܖܔൣ ૛ࢇ(࡭ + ࣊)ܖܔ ૛࢈(࡮− + −࣊)ܖܔ  ૛൧ࢉ(࡯

We suppose: ࡭ ≥ ࡮ ≥ ࡯ ⇒ ൜ ࢇ ≥ ࢈ ≥ ࢉ ⇒ ૛ࢇ ≥ ૛࢈ ≥ ૛ࢉ
ࢇ࢓ ≤ ࢈࢓ ≤ ࢉ࢓ ࢇ࢓⇒

૛ ≤ ࢈࢓
૛ ≤ ࢉ࢓

૛ 

⇒ ࡮ + ࡯ ≤ ࡭ + ࡯ ≤ ࡭ + ࡮ ⇒ −࣊ ࡭ ≤ ࣊ − ࡮ ≤ −࣊  :From Cebyshev we have .࡯
૚
૜ ࢇ࢓ൣ

૛ ࣊)ܖܔ − (࡭ + ࢈࢓
૛ ࣊)ܖܔ − (࡮ + ࢉ࢓

૛ −࣊)ܖܔ ൧(࡯ ≥ 

≥
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

૜ ⋅ ૜
−࣊)ܖܔ) (࡭ + −࣊)ܖܔ (࡮ + ࣊)ܖܔ − ((࡯ = 

=
૜
૝ ૛ࢇ) + ૛࢈ + (૛ࢉ

૜ ⋅ ૜
−࣊)ܖܔ) (࡭ + ࣊)ܖܔ (࡮− + −࣊)ܖܔ ((࡯ = 

=
૛ࢇ + ૛࢈ + ૛ࢉ

૝ ⋅ ૜ −࣊)ܖܔ)	 (࡭ + ࣊)ܖܔ (࡮− + −࣊)ܖܔ ((࡯ ≥ 

≥
࢜ࢋࢎ࢙࢟࢈ࢋ࡯ ૚

૝
૛ࢇ) ࣊)ܖܔ − (࡭ + ૛࢈ ࣊)ܖܔ − (࡮ + ૛ࢉ −࣊)ܖܔ ((࡯ = 
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=
૚
૝ ൫ܖܔ

࣊) − −࣊)૛ࢇ(࡭ −࣊)૛࢈(࡮ ૛൯ࢉ(࡯ = −࣊)൫ܖܔ ࣊)૛ࢇ(࡭ ࣊)૛࢈(࡮− − ૛൯ࢉ(࡯
૚
૝ ⇒ 

⇒ ට(࣊− ࢇ࢓(࡭
૛(࣊ − ࢈࢓(࡮

૛(࣊− ࢉ࢓(࡯
૛૜
≥ ට(࣊− ࣊)૛ࢇ(࡭ −࣊)૛࢈(࡮− ૛ࢉ(࡯

૝
 

 

SP.222. Let ࡯࡮࡭ be a triangle and ࡭ᇱ,࡮ᇱ,࡯ᇱ the intersection points of the 

simedians with circumcircle. Prove that: 

૟࢘
૛ࡾ ≤

૚
ᇱ࡭ࡷ +

૚
ᇱ࡮ࡷ +

૚
ᇱ࡯ࡷ ≤

૜ࡾ
૝࢘૛ 

Proposed by Marian Ursărescu – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

 

We have: ࡺ࡭ =
૛ࢇ૛൯ିࢉ૛ା࢈ට૛൫ࢉ࢈

൫࢈૛ାࢉ૛൯
 

By Van Aubel’s theorem we have: ࡭ࡷ
ࡺࡷ

= ࡭ࡱ
࡮ࡱ

+ ࡭ࡰ
࡯ࡰ

= ૛࢈

૛ࢇ
+ ૛ࢉ

૛ࢇ
= ૛ࢉ૛ା࢈

૛ࢇ
 

→ ࡭ࡷ =
૛࢈ + ૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ ⋅ ࡺ࡭ =
૛࢈)ඥ૛ࢉ࢈ + (૛ࢉ − ૛ࢇ

૛ࢇ + ૛࢈ + ૛ࢉ  

Now, we compute ࡭࡭ᇱ: ቊ
࡮ࡺ
࡯ࡺ

= ૛ࢉ

૛࢈

࡮ࡺ + ࡯ࡺ = ࢇ
→ ቐ

࡮ࡺ = ૛ࢉࢇ

૛ࢉ૛ା࢈

࡯ࡺ = ૛࢈ࢇ

૛ࢉ૛ା࢈

 

If ࡹ࡭,ࡺ࡭ are symedian and median of triangle, respectively, then ࡺ࡭࡮෣ = ෣ࡹ࡭࡯  
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More, ࡭࡮ᇱ࡭෣ = ෣࡯࡭࡮ → ઢ࡭࡮࡭ᇱ ∼ ઢ࡯ࡹ࡭ 

→
ࢉ
ࡹ࡭

=
ᇱ࡭࡭

࢈
→ ᇱ࡭࡭ =

ࢉ࢈
ࡹ࡭

=
૛ࢉ࢈

ඥ૛(࢈૛ + (૛ࢉ − ૛ࢇ
 

→ ᇱ࡭ࡷ = ᇱ࡭࡭ − ࡷ࡭ =
૛ࢉ࢈

ඥ૛(࢈૛ + −(૛ࢉ ૛ࢇ
−
૛࢈)ඥ૛ࢉ࢈ + −(૛ࢉ ૛ࢇ

૛ࢇ + ૛࢈ + ૛ࢉ  

= ૜ࢇࢉ࢈૛

൫ࢇ૛ା࢈૛ାࢉ૛൯ቆට૛൫࢈૛ାࢉ૛൯ିࢇ૛ቇ
. Similarly: ࡮ࡷᇱ = ૜࢈ࢉࢇ૛

൫ࢇ૛ା࢈૛ାࢉ૛൯ቆට૛൫ࢇ૛ାࢉ૛൯ି࢈૛ቇ
 

And: ࡯ࡷᇱ = ૜ࢉ࢈ࢇ૛

൫ࢇ૛ା࢈૛ାࢉ૛൯ቆට૛൫ࢇ૛ା࢈૛൯ିࢉ૛ቇ
→ ષ = ૚

ᇲ࡭ࡷ
+ ૚

ᇲ࡮ࡷ
+ ૚

ᇲ࡯ࡷ
 

=
૛ࢇ) + ૛࢈ + (૛ࢉ

૜ࢉ࢈ࢇ ⋅ ൭
ඥ૛(࢈૛ + (૛ࢉ − ૛ࢇ

ࢇ +
ඥ૛(ࢇ૛ + −(૛ࢉ ૛࢈

࢈ +
ඥ૛(ࢇ૛ + (૛࢈ − ૛ࢉ

ࢉ
൱ = 

= ૛൫ࢇ૛ା࢈૛ାࢉ૛൯
૜ࢉ࢈ࢇ

⋅ ቀࡹ࡭
ࢇ

+ ࡹ࡮
࢈

+ ࡹ࡯
ࢉ
ቁ. We have: 

ࡹ࡭
ࢇ +

ࡹ࡮
࢈ +

ࡹ࡯
ࢉ ≥

૜√૜
૛ ૛ࢇ; + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡿ = ૝√૜ ⋅

ࢉ࢈ࢇ
૝ࡾ =

૜√ࢉ࢈ࢇ
ࡾ  

→
૛(ࢇ૛ + ૛࢈ + (૛ࢉ

૜ࢉ࢈ࢇ ⋅ ൬
ࡹ࡭
ࢇ +

ࡹ࡮
࢈ +

ࡹ࡯
ࢉ ൰ ≥ ૛ ⋅

૜√૜
૛ ⋅

૜√ࢉ࢈ࢇ
૜ࡾ ⋅ ࢉ࢈ࢇ =

૜
 ࡾ

We must show that: ૜
ࡾ
≥ ૟࢘

૛ࡾ
↔ ࡾ ≥ ૛ࡾ  (Euler)→ ષ = ૚

ᇲ࡭ࡷ
+ ૚

ᇲ࡮ࡷ
+ ૚

ᇲ࡯ࡷ
= ૟࢘

૛ࡾ
 

Lastly, we show that: ષ ≤ ૜ࡾ
૝࢘૛

↔ ૛൫ࢇ૛ା࢈૛ାࢉ૛൯
૜ࢉ࢈ࢇ

⋅ ቀࡹ࡭
ࢇ

+ ࡹ࡮
࢈

+ ࡹ࡯
ࢉ
ቁ ≤ ૜ࡾ

૝࢘૛
 

૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ࢉ࢈ࢇ;૛ࡾૢ = ૝࢙࢘ࡾ →
૛(ࢇ૛ + ૛࢈ + (૛ࢉ

૜ࢉ࢈ࢇ ≤
૛ ⋅ ૜ࡾ
૝࢙࢘  

We must show that: ࡹ࡭
ࢇ

+ ࡹ࡮
࢈

+ ࡹ࡯
ࢉ
≤ ࢙

૛࢘
↔ +ࡹ࡭ࢉ࢈ +ࡹ࡮ࢉࢇ ࡹ࡯࢈ࢇ ≤ ૝࢙࢘ࡾ

૛࢘
= ૛࢙ࡾ૛ 

ࡹ࡭ࢉ࢈ + ࡹ࡮ࢉࢇ + ࡹ࡯࢈ࢇ ≤ ඥ(ࢉ࢈)૛ + ૛(ࢉࢇ) + ૛(࢈ࢇ) ⋅ ඥࡹ࡭૛ + ૛ࡹ࡮ +  ૛ࡹ࡯

Because: ࡹ࡭૛ + ૛ࡹ࡮ + ૛ࡹ࡯ = ૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ૜
૝
⋅  ૛ࡾૢ

૛(ࢉ࢈) + ૛(ࢉࢇ) + ૛(࢈ࢇ) ≤ ૚૟
૛ૠ
  :૝. Hence࢙

ࡹ࡭ࢉ࢈ + +ࡹ࡮ࢉࢇ ࡹ࡯࢈ࢇ ≤ ඥ(ࢉ࢈)૛ + ૛(ࢉࢇ) + ૛(࢈ࢇ) ⋅ ඥࡹ࡭૛ + ૛ࡹ࡮ + ૛ࡹ࡯ ≤
૝࢙࢘ࡾ
૛࢘

= ૛࢙ࡾ૛ 

Proved. 
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SP.223. In ઢ࡯࡮࡭ the following relationship holds: 

ቌࢇ ൬
࢈
ࢇ
൰

ࢉࢎ
ࢉ࢝

+ ࢈ ቀ
ࢇ
࢈
ቁ
ࢉࢎ
࢈ቍቌࢉ࢝ ቀ

ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ + ࢉ ൬

࢈
ࢉ
൰

ࢇࢎ
ࢇ࢝
ቍ൭ࢉ ቀ

ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ + ࢇ ቀ

ࢉ
ࢇ
ቁ
࢈ࢎ
൱࢈࢝ ≥ ૡࢉ࢈ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

Because: ૙ < ࢇࢎ
ࢇ࢝

; ࢈ࢎ
࢈࢝

; ࢉࢎ
ࢉ࢝
≤ ૚. Using AM-GM we have: 

ࢇ ൬
࢈
൰ࢇ

ࢉࢎ
ࢉ࢝

+ ቀ࢈
ࢇ
ቁ࢈

ࢉࢎ
ࢉ࢝ ≥ ૛ඨࢇ൬

࢈
൰ࢇ

ࢉࢎ
ࢉ࢝
⋅ ࢈ ቀ

ࢇ
ቁ࢈

ࢉࢎ
ࢉ࢝ = ૛ඨ࢈ࢇ൬

࢈
ࢇ ⋅

ࢇ
൰࢈

ࢉࢎ
ࢉ࢝

= ૛√࢈ࢇ 

ቀ࢈
ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ + ࢉ ൬

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

≥ ૛ඨ࢈ ቀ
ࢉ
࢈
ቁ
ࢇࢎ
ࢇ࢝ ⋅ ࢉ ൬

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

= ૛ඨࢉ࢈൬
ࢉ
࢈ ⋅

࢈
൰ࢉ

ࢇࢎ
ࢇ࢝

= ૛√ࢉ࢈ 

ࢉ ቀ
ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ + ࢇ ቀ

ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ ≥ ૛ඨࢉ ቀ

ࢇ
ࢉ
ቁ
࢈ࢎ
࢈࢝ ⋅ ࢇ ቀ

ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ = ૛ඨࢇࢉ ቀ

ࢇ
ࢉ ⋅

ࢉ
ࢇ
ቁ
࢈ࢎ
࢈࢝ = ૛√ࢇࢉ 

→ ࡿࡴࡸ ≥ ૛√࢈ࢇ ⋅ ૛√ࢉ࢈ ⋅ ૛√ࢇࢉ = ૡࢉ࢈ࢇ 

 

SP.224. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢙) + ૛࢙)(࢈࢘ࢇ࢘ + ૛࢙)(ࢉ࢘࢈࢘ + (ࢇ࢘ࢉ࢘
૛࢙) − ૛࢙)(࢈࢘ࢇ࢘ − ૛࢙)(ࢉ࢘࢈࢘ − (ࢇ࢘ࢉ࢘ ≥ ૡ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

We have: ࢉ࢘࢈࢘ࢇ࢘ = ࢘૛࢙ ⇒ ࢉ࢘࢈࢘ = ࢘૛࢙
ࢇ࢘
⇒ ࢉ࢘࢈࢘૛ା࢙

ࢉ࢘࢈࢘૛ି࢙
=

࢙૛ା࢙
૛࢘
ࢇ࢘

࢙૛ି࢙
૛࢘
ࢇ࢘

=
૚ା ࢘

ࢇ࢘
૚ି ࢘

ࢇ࢘

⇒ we must show: 

ቀ૚ା ࢘
ࢇ࢘
ቁ൬૚ା ࢘

࢈࢘
൰ቀ૚ା ࢘

ࢉ࢘
ቁ

ቀ૚ି ࢘
ࢇ࢘
ቁ൬૚ି ࢘

࢈࢘
൰ቀ૚ି ࢘

ࢉ࢘
ቁ
≥ ૡ (1) 

Let ࢘
ࢇ࢘

= ,࢞ ࢘
࢈࢘

= ,࢟ ࢘
ࢉ࢘

= because ૚ ,ࢠ
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

= ૚
࢘
⇒ ࢞ + ࢟ + ࢠ = ૚  (2) 
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From (1)+(2) we must show: (૚ା࢞)(૚ା࢟)(૚ାࢠ)
(૚ି࢞)(૚ି࢟)(૚ିࢠ)

≥ ૡ, with ࢞ + ࢟ + ࢠ = ૚ ⇔ 

(ࢠା࢞ାࢠା࢟)(ࢠା࢟ା࢟ା࢞)(ࢠା࢞ା࢟ା࢞)
(ࢠା࢞)(ࢠା࢟)(࢟ା࢞)

≥ ૡ   (3) 

Let ࢞ + ࢟ = ࢟,࢓ + ࢠ = ࢠ and ࢔ + ࢞ =  (4)  ࢖

From (3)+(4) we must show:  
(࢓ା࢖)(࢖ା࢔)(࢔ା࢓)

࢖࢔࢓
≥ ૡ ⇔ +࢓) ࢔)(࢔ + +࢖)(࢖ (࢓ ≥ ૡ(5)   ࢖࢔࢓ 

But 
࢓ + ࢔ ≥ ૛√࢔࢓
+࢔ ࢖ ≥ ૛ඥ࢖࢔
࢖ + ࢓ ≥ ૡඥ࢓࢖

ൢ ⇒ ࢓) + ࢔)(࢔ + +࢖)(࢖ (࢓ ≥ ૡ࢖࢔࢓ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛࢙ + ࢈࢘ࢇ࢘ = ૛࢙ +
࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙) − ࢙)(ࢇ − (࢈ = +࢙)࢙ ࢙ − (ࢉ =
(૚)

+ࢇ)࢙  (࢈

Similarly, ࢙૛ + ࢉ࢘࢈࢘ =
(૛)

࢈)࢙ + ૛࢙ and (ࢉ + ࢇ࢘ࢉ࢘ =
(૜)

ࢉ)࢙ +  (ࢇ

Also, ࢙૛ − ࢈࢘ࢇ࢘ = ૛࢙ − −࢙)࢙ (ࢉ =
(૝)

 ,ࢉ࢙

૛࢙ − ࢉ࢘࢈࢘ =
(૞)

૛࢙ and ࢇ࢙ − ࢇ࢘ࢉ࢘ =
(૟)

 ࢈࢙

(1), (2), (3), (4), (5), (6) ⇒ given inequality ⇔ (࢈ାࢇ)∏૜࢙
ࢉ࢈ࢇ૜࢙

≥ ૡ ⇔ +ࢇ)∏ (࢈ ≥ ૡࢉ࢈ࢇ 

→ true (Cesaro) (Proved) 

 

SP.225. Let ࢈,ࢇ, ࢊࢉ࢈ࢇ be positive real numbers with ࢊ,ࢉ = ૚. Prove that: 

෍
૚

࢈)ࢇ + ࢉ + (ࢊ
ࢉ࢟ࢉ

≤
૚
ૢቌ෍

૚
૛ࢇ

ࢉ࢟ࢉ

+ ૛෍ࢇ૛

ࢉ࢟ࢉ

ቍ 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution 1 by Ivan Mastev-Maribor-Slovenia 

,࢈,ࢇ ࢊ,ࢉ > 0 and ࢊࢉ࢈ࢇ = ૚ 

෍
૚

࢈)ࢇ + ࢉ + (ࢊ
ࢉ࢟ࢉ

≤
૚
ૢ
ቌ෍

૚
૛ࢇ

ࢉ࢟ࢉ

+ ૛෍ࢇ૛
ࢉ࢟ࢉ

ቍ 
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෍
ૢ

+࢈)ࢇ ࢉ + (ࢊ
ࢉ࢟ࢉ

≤
ࡹ࡭ିࡹࡴ

෍
૚
൬ࢇ

૚
࢈ +

૚
ࢉ +

૚
൰ࢊ

ࢉ࢟ࢉ

= ૛൬
૚
࢈ࢇ +

૚
ࢉࢇ +

૚
ࢊࢇ +

૚
ࢉ࢈ +

૚
+ࢊ࢈

૚
൰ࢊࢉ = 

= ൬
૚
࢈ࢇ +

૚
ࢉ࢈ +

૚
+ࢊࢉ

૚
൰ࢊࢇ + ൬

૚
+࢈ࢇ

૛
+ࢉࢇ

૚
+ࢊࢇ

૚
ࢉ࢈ +

૛
+ࢊ࢈

૚
൰ࢊࢉ ≤ 

≤ ቌ෍
૚
૛ࢇ

ࢉ࢟ࢉ

ቍ + ૛ ൬
૚
ࢉࢇ +

૚
+൰ࢊ࢈ ൬

૚
࢈ࢇ +

૚
ࢉ࢈ +

૚
+ࢊࢉ

૚
൰ࢊࢇ = 

= ቌ෍
૚
૛ࢇ

ࢉ࢟ࢉ

ቍ + ૛(ࢊ࢈+ (ࢉࢇ + +ࢊࢉ) ࢊࢇ + ࢈ࢇ + (ࢉ࢈ ≤ 

≤ ቌ෍
૚
૛ࢇ

ࢉ࢟ࢉ

ቍ + ૛ࢇ) + ૛࢈ + ૛ࢉ + (૛ࢊ +
૛ࢉ) + (૛ࢊ + ૛ࢇ) + (૛ࢊ + ૛ࢇ) + (૛࢈ + ૛࢈) + (૛ࢉ

૛ = 

= ෍
૚
૛ࢇ

ࢉ࢟ࢉ

+ ૛෍ࢇ૛
ࢉ࢟ࢉ

 

Solution 2 by Marian Ursărescu-Romania 

૜
࢈ + ࢉ + ࢊ =

૜
૚
ࢊࢉࢇ + ૚

+ࢊ࢈ࢇ ૚
ࢉ࢈ࢇ

≤
+ࢊࢉࢇ +ࢊ࢈ࢇ ࢉ࢈ࢇ

૜ ⇒ 

⇒
૜

࢈ + ࢉ + ࢊ ≤
+ࢉ࢈)ࢇ +ࢊ࢈ (ࢊࢉ

૜ ⇒
૚

+࢈)ࢇ ࢉ + (ࢊ ≤
+ࢉ࢈ +ࢊ࢈ ࢊࢉ

ૢ ⇒ 

We must show: ૛(࢈ࢇ+ ࢉࢇ + +ࢊࢇ ࢉ࢈ + ࢊ࢈ + (ࢊࢉ ≤ ∑ ૚
૛ࢇ

+૛∑ࢇ૛	   (1) 

Now, using the inequality:  

૚૛࢞ + ૛૛࢞ + ૜૛࢞ + ૝૛࢞ ≥
૛
૜

૛࢞૚࢞) + ૜࢞૚࢞ + ૝࢞૚࢞ + ૜࢞૛࢞ + ૝࢞૛࢞ +  ૝)    (2)࢞૜࢞

From (2) ⇒ ૛∑ࢇ૛ ≥ ૝
૜

࢈ࢇ) + ࢉࢇ + ࢊࢇ + ࢉ࢈ + ࢊ࢈ +  (3)   (ࢊࢉ

∑ ૚
૛ࢇ
≥ ૛

૜
ቀ ૚
࢈ࢇ

+ ૚
ࢉࢇ

+ ૚
ࢊࢇ

+ ૚
ࢉ࢈

+ ૚
ࢊ࢈

+ ૚
ࢊࢉ
ቁ = ૛

૜
ࢊࢉ) + +ࢊ࢈ ࢉ࢈ + ࢊࢇ + ࢉࢇ +  (4)  (࢈ࢇ

From (3)+(4)⇒ ૛∑ࢇ૛ + ∑ ૚
૛ࢇ
≥ ૝

૜
࢈ࢇ∑ + ૛

૜
࢈ࢇ∑ = ૛∑࢈ࢇ ⇒ (1) it is true. 
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UP.211. Calculate the integral: 

න
࢞√ ܖܔ ࢞
૛࢞ + ૚

૚

૙

 ࢞ࢊ

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

න
࢞√ ࢞܏ܗܔ
૚ + ૛࢞

૚

૙

࢞ࢊ = ෍(−૚)࢔
ାஶ

ୀ૙࢔

න࢞૛࢔ା
૚
૛ ܏ܗܔ ࢞

૚

૙

࢞ࢊ = ෍
(−૚)࢔ା૚

ቀ૛࢔+ ૜
૛ቁ

૛

ାஶ

ୀ૙࢔

= 

= ෍൮
૚

ቀ૝࢔ + ૠ
૛ቁ

૛ −
૚

ቀ૝࢔ + ૜
૛ቁ

૛൲
ାஶ

ୀ૙࢔

=
શ૚ ቀ

ૠ
ૡቁ − શ૚ ቀ

૜
ૡቁ

૚૟  

Solution 2 by Samir HajAli-Damascus-Syria 

ࡵ = න√࢞
૚

૙

ܖܔ ࢔(૛࢞−)෍࢞
ஶ

ୀ૙࢔

࢞ࢊ = ෍(−૚)࢔
ஶ

ୀ૙࢔

⋅ න ܖܔ ࢞
૚

૙

⋅ ା࢔૛࢞
૚
૛࢞ࢊ 

Let put: ࡶ = ∫ ା࢔૛࢞
૚
૛

૚
૙ ܖܔ  ࢞ࢊ࢞

= න
ࣔ
ࢇࣔ

૚

૙

ቮ࢞ࢊࢇ࢞

ା૚૛࢔ୀ૛ࢇ

=
ࣔ
ࢇ࢞නࢇࣔ

૚

૙

ቮ࢞ࢊ

ା૚૛࢔ୀ૛ࢇ

=
ࣔ
൬ࢇࣔ

૚
+ࢇ ૚൰ฬࢇୀ૛࢔ା૚૛

=
−૚

ቀ૛࢔ + ૜
૛ቁ

૛ 

So: ࡵ = ∑ (−૚)࢔ା૚ஶ
ୀ૙࢔ ⋅ ૚

ቀ૛࢔ା૜૛ቁ
૛ 

= −
૚
૝෍

(−૚)࢔

ቀ࢔ + ૜
૝ቁ

૛

ஶ

ୀ૙࢔

= −
૚
૝
൦෍

૚

ቀ૛࢔ + ૜
૝ቁ

૛

ஶ

ୀ૙࢔

−෍
૚

ቀ૛࢔ + ૠ
૝ቁ

૛

ஶ

ୀ૙࢔

൪ 

= −
૚
૚૟

൦෍
૚

ቀ࢔ + ૜
ૡቁ

૛

ஶ

ୀ૙࢔

−෍
૚

ቀ࢔ + ૠ
ૡቁ

૛

ஶ

ୀ૙࢔

൪ = −
૚
૚૟ቆࣀ ൬૛,

૜
ૡ൰ − ࣀ ൬૛,

ૠ
ૡ൰ቇ ≈ −૙,૜ૡ૝ૠ 
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Solution 3 by Abdul Hafeez Ayinde-Nigeria 

ષ = න
࢞√ ࢞ܖܔ
૛࢞ + ૚

૚

૙

 ࢞ࢊ

ષ = ෍(−૚)࢑
ஶ

ୀ૙࢑

න࢞૛࢑ା
૚
૛

૚

૙

ܖܔ  ࢞ࢊ࢞

ષ = ෍(−૚)࢑
ஶ

ୀ૙࢑

⋅
ࣔ
ା૚૛࢑ୀ૛࢈ฬ࢈ࣔ

න࢈࢞
૚

૙

 ࢞ࢊ

ષ = ෍(−૚)࢑
ஶ

ୀ૙࢑

⋅
ࣔ
ା૚૛࢑ୀ૛࢈ฬ࢈ࣔ

൬
૚

࢈ + ૚൰ 

ષ = −෍(−૚)࢑
ஶ

ୀ૙࢑

อ
ା૚૛࢑ୀ૛࢈

૚
࢈) + ૚)૛ 

ષ = −෍(−૚)࢑
ஶ

ୀ૙࢑

૚

ቀ૛࢑ + ૜
૛ቁ

૛ 

ષ = −෍
(−૚)࢑

ቀ૛࢑ + ૜
૛ቁ

૛

ஶ

ୀ૙࢑

 

ષ = −
૚
૝෍

(−૚)࢑

ቀ࢑ + ૜
૝ቁ

૛

ஶ

ୀ૙࢑

 

ષ = −
૚
૝
൭
૚
૝ቆ࣒૚ ൬

૜
ૡ൰ ૚࣒− ൬

ૠ
ૡ൰ቇ

൱ 

ષ =
૚
૚૟ቆ࣒૚ ൬

ૠ
ૡ൰ ૚࣒− ൬

૜
ૡ൰ቇ 

Solution 4 by Nelson Javier Villaherrera Lopez-El Salvador 

න
࢞√ (࢞)ܖܔ
૛࢞ + ૚

૚

૙

࢞ࢊ = −න
࢞√(࢞)ܖܔ−
૚ + ૛࢞

૚

૙

࢞ࢊ = න
ିࢋ࢟

࢟
૛

૚ + ࢟૛ିࢋ

૙

ஶ

࢟ࢊ࢟ିࢋ = −න ିࢋ࢟
࢟
૛

ஶ

૙

࢟ିࢋ

૚ + ࢟૛ିࢋ ࢟ࢊ = 
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= −න ିࢋ࢟
࢟
૛

ஶ

૙

෍(−૚)ି࢑૚
ஶ

ୀ૚࢑

࢟ࢊ	࢟(૚ି࢑૛)ିࢋ = −෍(−૚)ି࢑૚
ஶ

ୀ૚࢑

න ି࢑ቀ૛ିࢋ࢟
૚
૛ቁ࢟

ஶ

૙

 ࢟ࢊ

= −෍
(−૚)ି࢑૚

ቀ૛࢑ − ૚
૛ቁ

૛

ஶ

ୀ૚࢑

න ൬૛࢑ −
૚
૛
൰ିࢋ࢟ቀ૛ି࢑

૚
૛ቁ࢟	

ஶ

૙

൬૛࢑ −
૚
૛
൰࢟ࢊ = −૝෍

(−૚)ି࢑૚

(૝࢑ − ૚)૛

ஶ

ୀ૚࢑

න ࢠିࢋࢠ
ஶ

૙

ࢠࢊ = 

= −૝෍
(−૚)ି࢑૚ડ(૚ + ૚)

(૝࢑ − ૚)૛

ஶ

ୀ૚࢑

= −૝෍
(−૚)ି࢑૚

(૝࢑ − ૚)૛

ஶ

ୀ૚࢑

 

= −
૚
૚૟ ൤࣒૚ ൬

૜
ૡ൰ − ૚࣒ ൬

ૠ
ૡ൰൨ (࢞)࢔࣒, = ൛ൣܖܔડ[࢞]൧ൟ

ା૚࢔
 

 

UP.212. Calculate the limit of the sequence (࢔ࢇ)࢔ஹ૚ defined by the following 

relationship: 

ࢇ =
૚
࢔
න ૚)ܖܔ + (࢞ܖ܉ܜ܋ܚ܉⋅࢔ࢋ
૛

૚

 ࢞ࢊ

Proposed by Vasile Mircea Popa – Romania  

Solution by Remus Florin Stanca – Romania  

ஶ→࢔ܕܑܔ ࢔ࢇ =

ஶ→࢔ܕܑܔ ቀ
૚
࢔
∫ ૚)ܖܔ + ࢔ࢋ ܖ܉ܜ܋ܚ܉ ૛(࢞
૚ ࢞ࢊ − ૚

࢔
∫ ܖ܉ܜ܋ܚ܉࢔ࢋ)ܖܔ ૛(࢞
૚ ቁ࢞ࢊ + ∫ ܖ܉ܜ܋ܚ܉ ૛࢞

૚  (1)   ࢞ࢊ

ܕܑܔ
ஶ→࢔

ቌ
૚
න࢔ ૚)ܖܔ + ܖ܉ܜ܋ܚ܉࢔ࢋ (࢞

૛

૚

࢞ࢊ −
૚
ܖ܉ܜ܋ܚ܉࢔ࢋ)ܖܔන࢔ (࢞

૛

૚

ቍ࢞ࢊ = ܕܑܔ
ஶ→࢔

∫ ܖ܉ܜ܋ܚ܉࢔ିࢋ)ܖܔ ࢞ + ૚)૛
૚ ࢞ࢊ

࢔  

= ܕܑܔ
ஶ→࢔

න
ܖ܉ܜ܋ܚ܉࢔ିࢋ)ܖܔ ࢞ + ૚)

࢔

૛

૚

⋅ ࢞ࢊᇱ࢞ = 

= ܕܑܔ
ஶ→࢔

ቌ
૛ ࢔ିࢋ൫ܖܔ ૛ܖ܉ܜ܋ܚ܉ + ૚൯

࢔
−
ܖܔ ቀ࢔ିࢋ

࣊
૝ା૚ቁ

࢔
+න

૚
࢔
⋅

࢞
ܖ܉ܜ܋ܚ܉࢔ିࢋ ࢞ + ૚

૛

૚

⋅ ܖ܉ܜ܋ܚ܉࢔ିࢋ࢔ ࢞ ⋅
૚

૛࢞ + ૚
ቍ࢞ࢊ = 

= ஶ→࢔ܕܑܔ ∫
࢞

૛ା૚࢞
૛
૚ ⋅ ࢞ܖ܉ܜ܋ܚ܉࢔షࢋ

࢔షࢋ ܖ܉ܜ܋ܚ܉ ା૚࢞
 (2)   ࢞ࢊ

૚
૛ା૚࢞

≤ ૚
૛

 and ܖ܉ܜ܋ܚ܉࢔ିࢋ ࢞ + ૚ > 1 ⇒ ࢞
࢔షࢋ)(૛ା૚࢞) (ା૚࢞ܖ܉ܜ܋ܚ܉ < ࢞

૛
⇒ ࢞ܖ܉ܜ܋ܚ܉࢔షࢋ࢞

(ା૚࢞ܖ܉ܜ܋ܚ܉࢔షࢋ)(૛ା૚࢞) < ࣊
૛
⋅ ࢔ିࢋ

࣊
૝ ⇒ 
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⇒ න
ܖ܉ܜ܋ܚ܉࢔ିࢋ࢞ ࢞

૛࢞) + ૚)(ܖ܉ܜ܋ܚ܉࢔ିࢋ ࢞ + ૚)

૛

૚

࢞ࢊ < න
࢞
૛ࢋ

૝࣊࢔ି

૛

૚

࢞ࢊ = ିࢋ
࣊࢔
૝ − ିࢋ

࣊࢔
૝ ⋅

૚
૝ ⇒ 

⇒ ஶ→࢔ܕܑܔ ∫
࢔షࢋ࢞ ࢞ܖ܉ܜ܋ܚ܉

൫࢞૛ା૚൯(ࢋషܖ܉ܜ܋ܚ܉࢔ (ା૚࢞
૛
૚ ࢞ࢊ = ૙ because ࢔ܕܑܔ→ஶ ࢋ

૝࣊࢔ି − షࢋ
࣊࢔
૝

૝
− ૙ and  

න
ܖ܉ܜ܋ܚ܉࢔ିࢋ࢞ ࢞

૛࢞) + ૚)(ܖ܉ܜ܋ܚ܉࢔ିࢋ ࢞ + ૚)

૛

૚

> 0 ⇒
(૚);(૛)

ܕܑܔ
ஶ→࢔

࢔ࢇ = නܖ܉ܜ܋ܚ܉ ࢞
૛

૚

࢞ࢊ = නܖ܉ܜ܋ܚ܉ ࢞
૛

૚

⋅ ᇱ࢞ = 

= ૛ܖ܉ܜ܋ܚ܉૛ −
࣊
૝ −

૚
૛න

૛࢞
૛࢞ + ૚

૛

૚

 ࢞ࢊ

= ૛ ૛ܖ܉ܜ܋ܚ܉ −
࣊
૝ −

૚
૛

ܖܔ) ૞ − (૛ܖܔ = ૛ܖ܉ܜ܋ܚ܉૛ −
࣊
૝ + ቌඨܖܔ

૛
૞
ቍ ⇒ 

⇒ ܕܑܔ
ஶ→࢔

࢔ࢇ = ૛ܖ܉ܜ܋ܚ܉ ૛ −
࣊
૝ + ቌඨܖܔ

૛
૞
ቍ 

 

UP.213. Let ࡭ ∈ ࡭	࢘ࢀ :૜(ℝ) invertible such thatࡹ = ૚ି࡭	࢘ࢀ = ૚. Prove that: 

૛࡭)ܜ܍܌ + ࡭ + (૜ࡵ ≥ ૜࡭ܜ܍܌ 

Proposed by Marian Ursărescu – Romania  

Solution by Ravi Prakash-New Delhi-India 

As ି࡭૚, exists, (࡭)ܜ܍܌ ≠ ૙.  ࡭)ܜ܍܌૛ + ࡭ + (૜ࡵ = ܜ܍܌ ቀ(࡭ ࡭)(૜ࡵ࣓− −࣓૛ࡵ૜)ቁ 

= ࡭)൫ܜ܍܌ ૜)൯ࡵ࣓− ࡭) − ૜)തതതതതതതതതതതതതࡵ࣓ = ࡭)ܜ܍܌ ࡭)ܜ܍܌(૜ࡵ࣓− − ૜)തതതതതതതതതതതതതതതതതതࡵ࣓ = ࡭)ܜ܍܌| ૜)|૛ࡵ࣓− ≥ ૙     

∴ If (࡭)ܜ܍܌ < 0, then there is nothing to show. We assume (࡭)ܜ܍܌ > 0. Let 

(࡭)ܜ܍܌ = ࢻ ૛, whereࢻ > 0.  We have ࡭∗ = ૚ି࡭(࡭)ܜ܍܌ = ૚ି࡭૛ࢻ ⇒ (∗࡭)	࢘ࢀ =

(૚ି࡭)	࢘ࢀ૛ࢻ = (࢚)ࡼ :is ࡭ ૛  . Characteristic polynomial ofࢻ = ૜ࡵ࢚)ܜ܍܌ −  (࡭

= ૜࢚ − ૛࢚(࡭)	࢘ࢀ + ࢚(∗࡭)	࢘ࢀ − (࡭)ܜ܍܌ = ૜࢚) + −(࢚૛ࢻ ૛࢚) + (ࢻ = ૛࢚) + ࢚)(૛ࢻ − ૚) 

Now, from (1): ࡭)ܜ܍܌૛ + ࡭ + (૜ࡵ = ࡭)ܜ܍܌| ૜)|૛ࡵ࣓− = ૜ࡵ࣓)ܜ܍܌| −  ૛|(࡭

= |(࣓− ૚)|ห࣓૛ +  ૛หࢻ
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But |࣓− ૚| = ቚ− ૜
૛

+ √૜
૛
ቚ࢏ = ૜ and ห࣓૛ + ૛หࢻ = ቀ− ૚

૛
+ ቁࢻ

૛
+ ቀ√૜

૛
ቁ
૛

= ૝ࢻ − ૛ࢻ + ૚ ≥  ૛ࢻ

Thus, ࡭)ܜ܍܌૛ + ࡭ + (૜ࡵ ≥ ૜ࢻ૛ = ૜(࡭)ܜ܍܌ 

 

UP.214. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚ + ૚

૛ + ૚
૜ + ⋯+ ૚

૛࢔ − ૚
࢔ࢋ ቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

(࢔)ࢇ = ૚ +
૚
૛ +

૚
૜ + ⋯+

૚
૛࢔ − ૚ 

= ૚ + ൬
૚
૛ +

૚
૜൰ + ൬

૚
૝ +

૚
૞ +

૚
૟ +

૚
ૠ൰ + ൬

૚
ૡ + ⋯+

૚
૚૞൰ + ⋯+ ൬

૚
૛ି࢔૚ + ⋯+

૚
૛࢔ − ૚൰ 

< 1 + 2 ൬
૚
૛൰ + ૝ ൬

૚
૝൰ + ૡ ൬

૚
ૡ൰ + ⋯+ ૛ି࢔૚ ൬

૚
૛ି࢔૚൰ = ࢔ + ૚ 

Now, ૙ < (࢔)ܽ < ݊ + 1 ⇒ 0 < (࢔)ࢇ
࢔ࢋ

< ା૚࢔
࢔ࢋ

< ૛ࢋ
ା૚࢔

ቂ࢔ࢋା૚ > ૛(ା૚࢔)

૛
ቃ 

As ࢔ܕܑܔ→ஶ
૛ࢋ
ା૚࢔

= ૙, we get ࢔ܕܑܔ→ஶ
(࢔)ࢇ
࢔ࢋ

= ૙ 

Solution 2 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

૚ + ૚
૛ + ⋯+ ૚

૛ି࢔૚ − ࢔૛)ܖܔ − ૚) + ࢔૛)ܖܔ − ૚)

࢔ࢋ = ܕܑܔ
ஶ→࢔

ࢽ
࢔ࢋ + ܕܑܔ

ஶ→࢔

࢔૛)ܖܔ − ૚)
࢔ࢋ = 

= ܕܑܔ
ஶ→࢔

࢔૛)ܖܔ − ૚)
࢔ࢋ ࢕࢘ࢇ࢙ࢋ࡯ିࢠ࢒࢕࢚ࡿ= ܕܑܔ

ஶ→࢔

ܖܔ ૛
ା૚࢔ − ૚
૛࢔ − ૚

ା૚࢔ࢋ − ࢔ࢋ = ܕܑܔ
ஶ→࢔

ܖܔ ૛
ࢋ)࢔ࢋ − ૚) = ૙ ⇒ ષ = ૙ 

Solution 3 by Naren Bhandari-Bajura-Nepal 

ષ = ܕܑܔ
ஶ→࢔

૚
࢔ࢋ
൭෍

૚
૛࢑ − ૚

࢔

ୀ૚࢑

൱ = ܕܑܔ
ஶ→࢔

૚
࢔ࢋ
൭෍

૚
૛࢑ − ૚

࢔

ୀ૚࢑

൱ ≤ ܕܑܔ
ஶ→࢔

૚
࢔ࢋ
൭෍

૚
࢔ࢋ

࢔

ୀ૙࢑

൱ 

Here ∑ ૚
૛࢑

࢔
ୀ૚࢑  is a convergent series this ∑ ૚

૛ି࢑૚
࢔
ୀ૚࢑  is also convergent series 
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ષ = ܕܑܔ
ஶ→࢔

૚
࢔ࢋ
൭෍

૚
૛࢑ − ૚

࢔

ୀ૚࢑

൱ ≤ ܕܑܔ
ஶ→࢔

૚
࢔ࢋ
൭෍

૚
૛࢑

࢔

ୀ૙࢑

൱ = ܕܑܔ
ஶ→࢔

૚
࢔ࢋ

(૛) = ૛ ⋅ ૙ = ૙ 

 

UP.215. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

නනቆ
࢞ܜܗ܋ + ࢟ܜܗ܋ + ࢞)ܖ܉ܜ + (࢟
࢞ܜܗ܋ ࢟ܜܗ܋ ࢞)ܖ܉ܜ + (࢟ ቇ࢞ࢊ

࢈

ࢇ

࢟ࢊ
࢈

ࢇ

≤
࢈)࣊ − (ࢇ

૛
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

NUM = ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟ == ܛܗ܋ ࢞
࢞ܖܑܛ

+ ܛܗ܋ ࢟
ܖܑܛ ࢟

+ ࢞)ܖ܉ܜ +  (࢟

=
+࢞)ܖܑܛ (࢟
ܖܑܛ ࢞ ܖܑܛ ࢟

+
࢞)ܖܑܛ + (࢟
࢞)ܛܗ܋ + (࢟ =

࢞)ܖܑܛ + (࢟
ܖܑܛ ࢞ ܖܑܛ ࢟ ࢞)ܛܗ܋ + (࢟ ࢞)ܛܗ܋] + (࢟ + ܖܑܛ ࢞ ܖܑܛ  [࢟

=
࢞)ܖܑܛ + (࢟ ܛܗ܋ ࢞ ࢟ܛܗ܋
ܖܑܛ ࢞ ܖܑܛ ࢟ ࢞)ܛܗ܋ + (࢟ = +࢞)ܖ܉ܜ (࢟ ܜܗ܋ ࢞ ܜܗ܋ ࢟ =  ࡺࡱࡰ

∴ ષ = නන૚
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = −࢈) ૛(ࢇ <
࣊
૛

࢈) −  (ࢇ

ቂ∵ ૙ < ܽ ≤ ܾ <
࣊
૛ ⇒ ࢈ − ࢇ <

࣊
૛
ቃ 

Solution 2 by Andrew Okukura-Romania 

ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟
ܜܗ܋ ܜܗ܋࢞ ࢟ ࢞)ܖ܉ܜ + (࢟ =

ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ

ܜܗ܋ ࢞ ܜܗ܋ ࢟ ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ

= 

=
࢞ܜܗ܋ + ࢟ܜܗ܋ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟

૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ
ܜܗ܋ ࢞ + ܜܗ܋ ࢟
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ

= ૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ +
࢞ܖ܉ܜ + ࢟ܖ܉ܜ
࢞ܜܗ܋ + ࢟ܜܗ܋ = 

= ૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ = ૚. By noting the left side, I, we have: 

ࡵ = ∫ ቀ∫ ࢈࢞ࢊ
ࢇ ቁ࢈

ࢇ ࢟ࢊ = ∫ −࢈) ࢈(ࢇ
ࢇ ࢟ࢊ = −࢈) ࢈) ૛. But(ࢇ − (ࢇ ≤ ࣊

૛
⇒ ࢟ ≤ ࣊

૛
࢈) −  (ࢇ
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Solution 3 by Remus Florin Stanca-Romania 

࢞)ܖ܉ܜ + (࢟ =
ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ =

૚
ܜܗ܋ ࢞ + ૚

ܜܗ܋ ࢟

૚ − ૚
ܜܗ܋ ࢞ ܜܗ܋ ࢟

=
ܜܗ܋ ࢞ + ܜܗ܋ ࢟
ܜܗ܋ ࢞ ܜܗ܋ ࢟ − ૚ ⇒ 

⇒ ࢞)ܖ܉ܜ + (࢟ ܜܗ܋ ܜܗ܋࢞ ࢟ − ࢞)ܖ܉ܜ + (࢟ = (࢞)ܜܗ܋ + (࢟)ܜܗ܋ ⇒ 

⇒ ࢞)ܖ܉ܜ + (࢟ ܜܗ܋ ܜܗ܋࢞ ࢟ = ࢞)ܖ܉ܜ + (࢟ + ܜܗ܋ ࢞ + ࢟ܜܗ܋ ⇒ 

⇒ න
ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟
ܜܗ܋ ࢞ (࢟)ܜܗ܋ ࢞)ܖ܉ܜ + (࢟

࢈

ࢇ

࢞ࢊ = න૚
࢈

ࢇ

࢞ࢊ = ࢈ − ࢇ ⇒ 

⇒ ∫ ∫ ܜܗ܋ ܜܗ܋ା࢞ (࢟ା࢞)ܖ܉ܜା࢟
ܜܗ܋ ࢞ ܜܗ܋ ࢟ (࢟ା࢞)ܖ܉ܜ

࢈
ࢇ ࢈࢞ࢊ

ࢇ ࢟ࢊ = ࢈) −  ૛   (1)(ࢇ

࢈ < ࣊
૛

 and −ࢇ < 0 ⇒
ࢍ࢔࢏ࢊࢊࢇ	࢟࢈

࢈	 − ࢇ < ࣊
૛

| ⋅ ൫(࢈ − (ࢇ ≥ ૙൯ ⇒ ࢈) − ૛(ࢇ ≤ (ࢇି࢈)࣊
૛

   (2) 

⇒
(૚);(૛)

නන
ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟
ܜܗ܋ ܜܗ܋࢞ ࢟ ࢞)ܖ܉ܜ + (࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ ≤
࢈)࣊ − (ࢇ

૛  

Solution 4 by Avishek Mitra-West Bengal-India 

ષ = නන
ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟
ܜܗ܋ ࢞ ⋅ ܜܗ܋ ࢟ ⋅ ࢞)ܖ܉ܜ + (࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

 ࢟ࢊ

= නන
ܜܗ܋ ࢞ + ܜܗ܋ ࢟

ܜܗ܋ ࢞ ࢟ܜܗ܋ ⋅ ࢞ܖ܉ܜ) + (࢟ܖ܉ܜ
(૚− ࢞ܖ܉ܜ (࢟ܖ܉ܜ

࢈

ࢇ

࢈

ࢇ

+
૚

ܜܗ܋ ࢞  ࢟ࢊ࢞ࢊ࢟ܜܗ܋

= නනቊ
ܜܗ܋) ࢞ + ܜܗ܋ ૚)(࢟ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

࢞ܜܗ܋) + ܜܗ܋ (࢟ + ࢞ܖ܉ܜ ⋅ ቋ࢟ܖ܉ܜ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = 

= නන(૚ − ࢞ܖ܉ܜ ⋅ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ ⋅ (࢟ܖ܉ܜ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

 ࢟ࢊ

= නන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

= ࢈) − ࢟ࢊන(ࢇ
࢈

ࢇ

= ࢈) −  ૛(ࢇ

⇔ Or, ⇒ ∫ ∫ ܜܗ܋ ܜܗ܋ା࢞ (࢟ା࢞)ܖ܉ܜା࢟
ܜܗ܋ ࢞ ܜܗ܋ ࢟ (࢟ା࢞)ܖ܉ܜ

࢈
ࢇ ࢈࢞ࢊ

ࢇ ࢟ࢊ = ∫ ∫
૚

ܖ܉ܜ ା࢞
૚

(࢟ା࢞)ܖ܉ܜା࢟ܖ܉ܜ

ܜܗ܋ ܜܗ܋⋅࢞ (࢟ା࢞)ܖ܉ܜ⋅࢟
࢈
ࢇ ࢈࢞ࢊ

ࢇ  ࢟ࢊ
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= නන

࢞ܖ܉ܜ + ܖ܉ܜ ࢟
࢞ܖ܉ܜ ࢟ܖ܉ܜ + +࢞)ܖ܉ܜ (࢟

ܜܗ܋ ࢞ ܜܗ܋ ࢟ ࢞)ܖ܉ܜ + (࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = 

= නනቊ
࢞ܖ܉ܜ + ܖ܉ܜ ࢟
࢞)ܖ܉ܜ + (࢟ +

࢞)ܖ܉ܜ + (࢟ ⋅ ܖ܉ܜ ࢞ ࢟ܖ܉ܜ
࢞)ܖ܉ܜ + (࢟ ቋ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

 ࢟ࢊ

= නන൞
࢞ܖ܉ܜ) + ܖ܉ܜ (࢟
࢞ܖ܉ܜ) + ܖ܉ܜ (࢟

(૚ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

+ ࢞ܖ܉ܜ ൢ࢟ܖ܉ܜ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = 

= නන(૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ (࢟ܖ܉ܜ
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = නන࢞ࢊ
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

= −࢈)  ૛(ࢇ

⇔ need to show ⇒ ࢈) − ૛(ࢇ ≤ (ࢇି࢈)࣊
૛

⇒ ࢈) − (ࢇ ≤ ࣊
૛
⇔ (* true as ࢇ ≤ ࢈ < ࣊

૛
࢈, < ࣊

૛
) 

⇔ ࢈) − ૛(ࢇ ≤ (ࢇି࢈)࣊
૛

  (* true) 

⇔නන
ܜܗ܋ ࢞ + ܜܗ܋ ࢟ + ࢞)ܖ܉ܜ + (࢟
ܜܗ܋ ࢞ ܜܗ܋ ࢟ ࢞)ܖ܉ܜ + (࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ ≤
࢈)࣊ − (ࢇ

૛  

 

UP.216. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

නන
(૚ + ܖ܉ܜ +૚)(࢞ ܖ܉ܜ (࢟ ቀ૚+ ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁቁ࢟

૚ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁ࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ ≤ ࢈)࣊ −  (ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Jovica Mikic-Sarajevo-Bosnia 

Let ࢟,࢞, ࢠ ≥ ૙ such that: ࢞ + ࢟ + ࢠ = ࣊
૝

 then: 

∑ ࢉ࢟ࢉ࢞ܖ܉ܜ + ∑ ࢞ܖ܉ܜ ࢉ࢟ࢉ࢟ܖ܉ܜ = ૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ +  (*)   ࢠܖ܉ܜ

࢞ + ࢟ =
࣊
૝ − ;ࢠ ࢞)ܖ܉ܜ	 + (࢟ = ܖ܉ܜ ቀ

࣊
૝ −  ቁࢠ

࢞ܖ܉ܜ + ࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ =

૚ − ࢠܖ܉ܜ
૚ + ࢠܖ܉ܜ ⇔ 
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⇔ ࢞ܖ܉ܜ) + ૚)(࢟ܖ܉ܜ + (ࢠܖ܉ܜ = (૚ − ࢞ܖ܉ܜ ૚)(࢟ܖ܉ܜ − ܖ܉ܜ  (**)   (ࢠ

࢞ܖ܉ܜ + ܖ܉ܜ ࢟ + ࢞ܖ܉ܜ ܖ܉ܜ ࢠ + ܖ܉ܜ ࢟ ࢠܖ܉ܜ = ૚ − ࢠܖ܉ܜ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ܖ܉ܜ  ࢠ

∑ ࢉ࢟ࢉ࢞ܖ܉ܜ + ∑ ࢞ܖ܉ܜ ࢉ࢟ࢉ࢟ܖ܉ܜ = ૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ  (*)   ࢠܖ܉ܜ

then: (૚ + ૚)(࢞ܖ܉ܜ + ૚)(࢟ܖ܉ܜ + ܖ܉ܜ (ࢠ = ૛(૚ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ  (**)   (ࢠܖ܉ܜ

proof: (૚ + ૚)(࢞ܖ܉ܜ + ૚)(࢟ܖ܉ܜ + ܖ܉ܜ (ࢠ = 

= ૚ + ෍࢞ܖ܉ܜ
ࢉ࢟ࢉ

+ ෍࢞ܖ܉ܜ ࢟ܖ܉ܜ
ࢉ࢟ࢉ

+ ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ࢠܖ܉ܜ =∗ ૛(૚+ ࢞ܖ܉ܜ ࢟ܖ܉ܜ  (ࢠܖ܉ܜ

Finally, 

නන
(૚ + ܖ܉ܜ +૚)(࢞ ܖ܉ܜ +૚)(࢟ (ࢠܖ܉ܜ

૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ܖ܉ܜ ࢠ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = නන૛
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = 

= ૛(࢈ − ૛(ࢇ < −࢈)2 (ࢇ ⋅ ࣊
૛

= ࢈) − Q.E.D. Since, ૙ ࣊(ࢇ < ܽ ≤ ܾ < ࣊
૛
⇒ −࢈ ࢇ < ࣊

૛
 

Solution 2 by Amit Dutta-Jamshedpur-India 

ܖ܉ܜ ቀ
࣊
૝ − ࢞ − ቁ࢟ = ܖ܉ܜ ቆ

࣊
૝ −

࢞) + ቇ(࢟ =
૚ − ࢞)ܖ܉ܜ + (࢟
૚ + ࢞)ܖ܉ܜ + (࢟ =

૚ − ܖ܉ܜ) ࢞ + (࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ

૚ + ቀ ܖ܉ܜ ࢞ + ࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ቁ࢟ܖ܉ܜ

 

ቀܖ܉ܜ
࣊
૝ − ࢞ − ቁ࢟ =

૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ − ࢞ܖ܉ܜ − ࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ܖ܉ܜ  ࢟

૚ + ቆܖ܉ܜ
࣊
૝ −

+࢞) ቇ(࢟ =
૛(૚ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

૚ − ࢞ܖ܉ܜ +࢟ܖ܉ܜ ࢞ܖ܉ܜ + ܖ܉ܜ  ࢟

∴ Numerator of the integrand = ૛(૚ାܖ܉ܜ ࢞ܖ܉ܜ૚ି)(࢟ܖ܉ܜ૚ା)(࢞ (࢟ܖ܉ܜ
૚ିܖ܉ܜ ࢞ ܖ܉ܜା࢟ܖ܉ܜ ࢟ܖ܉ܜା࢞

 

Denominator of the integrand = ૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ܖ܉ܜ ቀ࣊
૝
− ࢞ −  ቁ࢟

= ૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ൜
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ − ࢞ܖ܉ܜ − ࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + ܖ܉ܜ  ൠ࢟

=
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ + ܖ܉ܜ ࢟ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ − ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ − ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ − ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟

૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ  

=
(૚ + ܖ܉ܜ ࢞ + ࢟ܖ܉ܜ + ࢞ܖ܉ܜ (࢟ܖ܉ܜ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ (૚ + ࢞ܖ܉ܜ + ࢟ܖ܉ܜ + ࢞ܖ܉ܜ (࢟ܖ܉ܜ

૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟  

=
(૚+ ૚)(࢞ܖ܉ܜ + (࢟ܖ܉ܜ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ (૚ + ૚)(࢞ܖ܉ܜ + ܖ܉ܜ (࢟

૚− ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟  
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=
(૚ + ૚)(࢞ܖ܉ܜ + ܖ܉ܜ ૚)(࢟ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ + ܖ܉ܜ ࢟  

∴ Putting the values of numerator and denominator so obtained in the integration, 

we are left with 

ࡵ = නන
૛(૚ + ܖ܉ܜ ૚)(࢞ + ૚)(࢟ܖ܉ܜ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ
(૚ + ܖ܉ܜ ૚)(࢞ + ૚)(࢟ܖ܉ܜ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

 ࢟ࢊ

ࡵ = නන૛
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = ૛(࢈−  ૛(ࢇ

ࡵ = ૛(࢈ − ࢈)(ࢇ − (ࢇ ∴ ૙ < ܽ ≤ ܾ ≤
࣊
૛ ∴ ࢈) − (ࢇ ≤

࣊
૛ ∴ ࡵ ≤ ૛(࢈− (ࢇ ⋅ ቀ

࣊
૛
ቁ 

ࡵ ≤ −࢈)࣊  .Proved .(ࢇ

Solution 3 by Avishek Mitra-West Bengal-India 

⇔ ܖ܉ܜ ቀ
࣊
૝ − ࢞ − ቁ࢟ =

૚ − ࢞)ܖ܉ܜ + (࢟
૚ + ࢞)ܖ܉ܜ + (࢟ ⇒ ૚ + ܖ܉ܜ ቀ

࣊
૝ − ࢞ − ቁ࢟ = ૚ +

૚ − ࢞)ܖ܉ܜ + (࢟
૚ + ࢞)ܖ܉ܜ + (࢟ = 

=
૛

૚ + ࢞)ܖ܉ܜ + (࢟ ⇒ (૚ + ૚)(࢞ܖ܉ܜ + ܖ܉ܜ (࢟ ቀ૚ + ቀܖ܉ܜ
࣊
૝ − ࢞ − ቁቁ࢟ = 

=
૛(૚ + ૚)(࢞ܖ܉ܜ + (࢟ܖ܉ܜ

(૚ + +࢞)ܖ܉ܜ ((࢟  

⇔ ૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ܖ܉ܜ ቀ
࣊
૝ − ࢞ − ቁ࢟ =

࢞ܖ܉ܜ ࢟ܖ܉ܜ (૚ − ࢞)ܖ܉ܜ + ((࢟
૚ + ࢞)ܖ܉ܜ + (࢟ + ૚ = 

=
࢞ܖ܉ܜ ࢟ܖ܉ܜ ൫૚ − ܖ܉ܜ) ࢞ + ൯(࢟ + ૚ + ࢞)ܖ܉ܜ + (࢟

૚ + +࢞)ܖ܉ܜ (࢟  

⇔
(૚+ ܖ܉ܜ +૚)(࢞ (࢟ܖ܉ܜ ቀ૚ + ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁቁ࢟

૚ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁ࢟
= 

=
૛(૚ + ૚)(࢞ܖ܉ܜ + (࢟ܖ܉ܜ

૚ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ࢞)ܖ܉ܜ + (࢟ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ ࢞)ܖ܉ܜ +  (࢟

=
૛(૚ + ૚)(࢞ܖ܉ܜ + (࢟ܖ܉ܜ

ܖ܉ܜ ࢞ + ࢟ܖ܉ܜ
૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ࢞)ܖ܉ܜ + (࢟ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ

ܖ܉ܜ) ࢞ + ܖ܉ܜ (࢟
(૚ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ + ૚

 

=
૛(૚ + +૚)(࢞ܖ܉ܜ ૚)(࢟ܖ܉ܜ − ࢞ܖ܉ܜ (࢟ܖ܉ܜ

ܖ܉ܜ +࢞ ࢟ܖ܉ܜ + ࢞ܖ܉ܜ −࢟ܖ܉ܜ ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ −࢟ ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ − ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟ + ૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ
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=
૛൫૚ − ࢞ܖ܉ܜ ࢟ܖ܉ܜ + ܖ܉ܜ ࢞ − ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ + ࢟ܖ܉ܜ − ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟ + ࢞ܖ܉ܜ ࢟ܖ܉ܜ − ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ൯࢟

࢞ܖ܉ܜ) + ࢟ܖ܉ܜ − ૛ܖ܉ܜ ࢞ ૛ܖ܉ܜ ࢟ − ૛ܖ܉ܜ ࢞ ࢟ܖ܉ܜ − ࢞ܖ܉ܜ ૛ܖ܉ܜ ࢟ + ૚)  

= ૛ 

⇔ ષ = නන
(૚ + ૚)(࢞ܖ܉ܜ + ܖ܉ܜ (࢟ ቀ૚ + ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁቁ࢟

૚ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ܖ܉ܜ ቀ࣊૝ − ࢞ − ቁ࢟

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = 

= නන૛
࢈

ࢇ

࢞ࢊ
࢈

ࢇ

࢟ࢊ = ૛(࢈−  ૛(ࢇ

⇔ need to show ⇒ ૛(࢈ − ૛(ࢇ ≤ ࢈)࣊ −  (ࢇ

⇒ ૛(࢈ − ૛(ࢇ ≤ ࢈)࣊ − (ࢇ ⇒ ࢈) − (ࢇ ≤ ࣊
૛

  [* true as ૙ ≤ ࢈ and ࢇ ≤ ࣊
૛

]  

⇔ ૛(࢈ − ૛(ࢇ ≤ ࢈)࣊ − (ࢇ ⇒ (* true) 

⇔ නන
(૚ + ܖ܉ܜ ૚)(࢞ + (࢟ܖ܉ܜ ቀ૚ + ૝࣊ቀܖ܉ܜ − ࢞ − ቁቁ࢟

૚ + ܖ܉ܜ ࢞ ࢟ܖ܉ܜ ૝࣊ቀܖ܉ܜ − ࢞ − ቁ࢟

࢈

ࢇ

࢈

ࢇ

≤ ࢈)࣊ −  (ࢇ

 

UP.217. Find: 

ષ = න൬ܖ܉ܜ ൬
࣊ − ࢞ૢ
૜

൰ ܖ܉ܜ ൬
࣊ − ૜࢞
૜

൰ ܖ܉ܜ ࢞ ܖ܉ܜ ൬
࣊ + ૜࢞
૜

൰ ܖ܉ܜ ൬
࣊ + ࢞ૢ
૜

൰൰࢞ࢊ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

It is known that: ܖ܉ܜ ቀ࣊
૜
− ቁ࢞ ࢞ܖ܉ܜ ࣊ቀܖ܉ܜ

࢞
+ ቁ࢞ = ܖ܉ܜ ૜(1)   ࢞ 

we have: 

ષ = නܖ܉ܜቀ
࣊
૜ − ૜࢞ቁ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢞૜ܖ܉ܜ

(૚)ୀ࢞ૢܖ܉ܜ

⋅ ቀܖ܉ܜ
࣊
૜ − ቁ࢞ ܖ܉ܜ ቀ

࣊
૜ + ቁ࢞ ܖ܉ܜ ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢞

(૚)ୀܖ܉ܜ૜࢞

⋅
૚

 ࢞ࢊ࢞૜ܖ܉ܜ

= න࢞ૢܖ܉ܜ ⋅ ࢞૜ܖ܉ܜ ⋅
૚

࢞ࢊ࢞૜ܖ܉ܜ = න  ࢞ࢊ࢞ૢܖ܉ܜ

= න
ܖܑܛ ࢞ૢ
࢞ૢܛܗ܋ = −

૚
ૢන

ܛܗ܋)ࢊ (࢞ૢ
ܛܗ܋ ࢞ૢ = −

૚
ૢ ܖܔ

ܛܗ܋| |࢞ૢ +  ࡯
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Solution 2 by Avishek Mitra-West Bengal-India 

⇔ ࢞ܖ܉ܜ ܖ܉ܜ ቀ
࣊
૜ − ቁ࢞ ቀܖ܉ܜ

࣊
૜ + ቁ࢞ =

ܖܑܛ ࢞ ܖܑܛ ቀ࣊૜ − ቁ࢞ ⋅ ܖܑܛ ቀ࣊૜ + ቁ࢞

ܛܗ܋ ܛܗ܋࢞ ቀ࣊૜ − ቁ࢞ ⋅ ܛܗ܋ ቀ࣊૜ + ቁ࢞
 

=
ܖܑܛ ࢞
ܛܗ܋ ࢞ ⋅

૛ ૟૙)ܖܑܛ − (࢞ ⋅ ૟૙)ܖܑܛ + (࢞
૛ܛܗ܋(૟૙ − (࢞ ૟૙)ܛܗ܋ + (࢞ = 

=
ܖܑܛ ࢞
ܛܗ܋ ࢞ ⋅

૟૙)ܛܗ܋] + ࢞ − ૟૙+ (࢞ − ૟૙)ܛܗ܋ + ࢞ + ૟૙ − [(࢞
૟૙)ܛܗ܋] + ࢞ + ૟૙− (࢞ + ૟૙)ܛܗ܋ − ࢞ − ૟૙ +  [(࢞

=
ܖܑܛ ࢞ ܛܗ܋) ૛࢞ − (૚૛૙ܛܗ܋
ܛܗ܋)ܛܗ܋ ૚૛૙ + ܛܗ܋ ૛࢞) =

ܛܗ܋ ૛࢞ ⋅ ܛܗ܋ ࢞ + ܖܑܛ ࢞
૛

࢞૛ܛܗ܋ ⋅ ܛܗ܋ ࢞ − ܛܗ܋ ࢞
૛

 

=
૛ ࢞૛ܛܗ܋ ⋅ ܖܑܛ ࢞ + ܖܑܛ ࢞
૛ܛܗ܋૛࢞ ⋅ ܛܗ܋ ࢞ − ܛܗ܋ ࢞ =

ܖܑܛ ૜࢞ − ܖܑܛ ࢞ + ܖܑܛ ࢞
࢞૜ܛܗ܋ + ܛܗ܋ ࢞ − ܛܗ܋ ࢞ =

ܖܑܛ ૜࢞
ܛܗ܋ ૜࢞ =  ࢞૜ܖ܉ܜ

⇔ ቀܖ܉ܜ
࣊
૜ − ૜࢞ቁ ⋅ ܖ܉ܜ ૜࢞ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ =

ܖܑܛ ૜࢞
ܛܗ܋ ૜࢞ ⋅

૛ ૟૙)ܖܑܛ − ૜࢞) ⋅ ૟૙)ܖܑܛ + ૜࢞)
૛ܛܗ܋(૟૙ − ૜࢞) ⋅ ૟૙)ܛܗ܋ + ૜࢞) 

=
ܖܑܛ ૜࢞
࢞૜ܛܗ܋ ⋅

૟૙)ܛܗ܋] + ૜࢞ − ૟૙+ ૜࢞) − ૟૙)ܛܗ܋ + ૜࢞ + ૟૙ − ૜࢞)]
૟૙)ܛܗ܋] + ૜࢞ + ૟૙− ૜࢞) + ૟૙)ܛܗ܋ + ૜࢞ − ૟૙ + ૜࢞)] 

=
ܖܑܛ ૜࢞
࢞૜ܛܗ܋ ⋅

ܛܗ܋) ૟࢞ − (૚૛૙ܛܗ܋
ܛܗ܋) ૚૛૙ + ܛܗ܋ ૟࢞) =

ܛܗ܋ ૟࢞ ⋅ ܖܑܛ ૜࢞ + ܖܑܛ ૜࢞
૛

࢞૜ܛܗ܋ ⋅ ܛܗ܋ ૟࢞ − ࢞૜ܛܗ܋
૛

 

=
૛ ܖܑܛ ૜࢞ ⋅ ܛܗ܋ ૟࢞ + ܖܑܛ ૜࢞
૛ ܛܗ܋ ૟࢞ ⋅ ܛܗ܋ ૜࢞ − ܛܗ܋ ૜࢞ =

ܖܑܛ ࢞ૢ − ܖܑܛ ૜࢞ + ܖܑܛ ૜࢞
࢞ૢܛܗ܋ + ܛܗ܋ ૜࢞ − ࢞૜ܛܗ܋ =

ܖܑܛ ࢞ૢ
ܛܗ܋ ࢞ૢ =  ࢞ૢܖ܉ܜ

⇔ ષ = නܖ܉ܜ ൬
࣊ − ࢞ૢ
૜ ൰ ⋅ ൬ܖ܉ܜ

࣊ − ૜࢞
૜ ൰ ࢞ܖ܉ܜ ⋅ ൬ܖ܉ܜ

+࣊ ૜࢞
૜ ൰ ⋅ ൬ܖ܉ܜ

+࣊ ࢞ૢ
૜ ൰࢞ࢊ 

= නܖ܉ܜ ቀ
࣊
૜ − ૜࢞ቁ ⋅ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ ܖ܉ܜ ࢞ ቀܖ܉ܜ

࣊
૜ − ቁ࢞ ቀܖ܉ܜ

࣊
૜ +  ࢞ࢊቁ࢞

= නܖ܉ܜ૜࢞ ቀܖ܉ܜ
࣊
૜ − ૜࢞ቁ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ࢞ࢊ = න࢞ࢊ࢞ૢܖ܉ܜ =

૚
ૢ ܏ܗܔ

|(࢞ૢ)܋܍ܛ| +  ࢉ

⇔ ࢞ܖ܉ܜ ቀܖ܉ܜ
࣊
૜ − ቁ࢞ ቀܖ܉ܜ

࣊
૜ + ቁ࢞ = ࢞ܖ܉ܜ ⋅

√૜ − ࢞ܖ܉ܜ
૚ + √૜ ࢞ܖ܉ܜ

⋅
√૜+ ࢞ܖ܉ܜ
૚ − √૜࢞ܖ܉ܜ

 

= ࢞ܖ܉ܜ ⋅
૜ − ૛ܖ܉ܜ ࢞
૚ − ૜ ૛ܖ܉ܜ ࢞ =

૜ ࢞ܖ܉ܜ − ૜ܖ܉ܜ ࢞
૚ − ૜ܖ܉ܜ૛ ࢞ = ܖ܉ܜ ૜࢞ 

⇔ ࢞૜ܖ܉ܜ ⋅ ܖ܉ܜ ቀ
࣊
૜ − ૜࢞ቁ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ 
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= ࢞૜ܖ܉ܜ ⋅
√૜ − ࢞૜ܖ܉ܜ
૚ + √૜ ࢞૜ܖ܉ܜ

⋅
√૜ + ࢞૜ܖ܉ܜ
૚ − √૜ܖ܉ܜ૜࢞

= ܖ܉ܜ ૜࢞ ⋅
૜ − ૛ܖ܉ܜ ૜࢞
૚ − ૜ ૛ܖ܉ܜ ૜࢞ 

=
૜ ࢞૜ܖ܉ܜ − ૜ܖ܉ܜ ૜࢞
૚ − ૜ ૛ܖ܉ܜ ૜࢞ = ૜)ܖ܉ܜ ⋅ ૜࢞) = ܖ܉ܜ  ࢞ૢ

⇔ නܖ܉ܜ ൬
࣊ − ࢞ૢ
૜ ൰ ൬ܖ܉ܜ

࣊ − ૜࢞
૜ ൰ ⋅ ࢞ܖ܉ܜ ܖ܉ܜ ൬

+࣊ ૜࢞
૜ ൰ ൬ܖ܉ܜ

࣊ + ࢞ૢ
૜ ൰࢞ࢊ 

= න࢞ܖ܉ܜ ቀܖ܉ܜ
࣊
૜ − ቁ࢞ ቀܖ܉ܜ

࣊
૜ + ቁ࢞ ܖ܉ܜ ቀ

࣊
૜ + ૜࢞ቁ ܖ܉ܜ ቀ

࣊
૜ − ૜࢞ቁ࢞ࢊ 

= නܖ܉ܜ૜࢞ ቀܖ܉ܜ
࣊
૜ − ૜࢞ቁ ቀܖ܉ܜ

࣊
૜ + ૜࢞ቁ࢞ࢊ = න࢞ࢊ࢞ૢܖ܉ܜ =

૚
ૢ ܏ܗܔ

|(࢞ૢ)܋܍ܛ| +  ࢉ

 

UP.218. Let be ࡳ = ൛ࢇ + ૞૜√࢈ + ૛૞૜√ࢉ ,࢈,ࢇ| ࢉ ∈ ℚൟ. Prove that:  ࢞ ∈ ࡳ ⇒

૛૙૚ૢ࢞ ∈  ࡳ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Jovika Mikic-Sarajevo-Bosnia 

Let ࢞ ∈ ࢟,ࡳ ∈ ࢟࢞ Let us prove that .ࡳ ∈  ࡳ

࢞ = +ࢇ ૞૜√࢈ + ૛૞૜√ࢉ ; ,࢈,ࢇ} ,ࢉ ,ࢊ, {ࢌ,ࢋ ⊂ ℚ 

࢟ = +ࢌ ૞૜√ࢋ +  ૜√૛૞ࢌ

࢟࢞ = ൫ࢇ + ૞૜√࢈ + +ࢌ૛૞൯൫√ࢉ ૞૜√ࢋ + ૛૞૜√ࢌ ൯ 

= ࢌࢇ + ૞૜√ࢋࢇ + ૛૞૜√ࢌࢇ  

૞૜√ࢌ࢈+                        + ૛૞૜√ࢋ࢈ +  ૞ࢌ࢈

૛૞૜√ࢌࢉ+                                                        + +૞ࢋࢉ ૞√૞૜ࢌࢉ  

So, ࢟࢞ = ࢌࢇ) + ૞ࢌ࢈ + ૞)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥࢋࢉ
∈ℚ

+ ࢋࢇ) + +ࢊ࢈ ૞ࢌࢉ)√૞૜
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

∈ℚ

+ ࢌࢇ) + ࢋ࢈ + ૛૞૜√(ࢊࢉ
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

∈ℚ

 

Therefore, the set ࡳ is closed under multiplication.  

It follows, ࢞૛૙૚ૢ ∈ ࢔࢞ as well as ,ࡳ ∈ ࢔,ࡳ ∈ ℕ 

Solution 2 by Ravi Prakash-New Delhi-India 

Let ࢞ = ࢇ + (૞)࢈
૚
૜ + ࢉ ቀ૞

૛
૜ቁ ∈  ࡳ
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࢟ = ૚ࢇ + ૚࢈ ቀ૞
૚
૜ቁ + ૚ࢉ ቀ૞

૛
૜ቁ ∈ ,࢈,࢈,ࢇ,ࢇ where ࡳ ,ࢉ ࢉ ∈ ℚ 

࢟࢞ = ૚ࢇࢇ + (࢈૚ࢇ) ൬૞
૚
૜൰ + ࢉ૚ࢇ ൬૞

૛
૜൰ + ૞࢈૚ࢉ + ૚࢈ࢇ ൬૞

૚
૜൰ + ૚࢈࢈ ൬૞

૛
૜൰ + 

+૞ࢉ࢈૚ + ૞ࢉࢉ૚ ൬૞
૚
૜൰+ ૚ࢉࢇ ൬૞

૛
૜൰ = ૛ࢇ + ૛࢈ ൬૞

૚
૜൰ + ૛ࢉ ൬૞

૛
૜൰ 

where ࢇ૛ = ૚ࢇࢇ + ૞࢈૚ࢉ+ ૞ࢉ࢈૚ ∈ ℚ 

૛࢈ = ࢈૚ࢇ + ૚࢈ࢇ + ૞ࢉࢉ૚ ∈ ℚ 

૛ࢉ = ࢉ૚ࢇ + ૚࢈࢈ + ૚ࢉࢇ ∈ ℚ 

Thus, ࡳ is closed under multiplication. 

If ࢞ ∈ ࢞,ࡳ ⋅ ࢞ ∈ ࡳ = ૛࢞ ∈ ࡳ ⇒ ૛࢞ ⋅ ࢞ ∈ ૜࢞ or ࡳ ∈  ࡳ

Continue like this, ࢞૛૙૚ૢ ∈  .ࡳ

Solution 3 by Marian Ursărescu-Romania 

First, we prove: if ࢟,࢞ ∈ ࡳ ⇒ ࢟࢞ ∈  (1) ࡳ

Let ࢞ ∈ ࡳ ⇒ ࢞ = +ࢇ ૞૜√࢈ + ૛૞૜√ࢉ  and ࢟ ∈ ࡳ ⇒ 

࢟ = ᇱࢇ + ᇱ√૞૜࢈ + ᇱ√૛૞૜ࢉ ,࢈,ࢇ, ,ᇱ࢈,ᇱࢇ,ࢉ ᇱࢉ ∈ ℚ 

࢟࢞ = ᇱࢇࢇ) + ૞ࢉ࢈ᇱ + ૞࢈ᇱࢉ) + √૞૜ ᇱ࢈ࢇ) + +࢈ᇱࢇ ૞ࢉࢉᇱ) + √૛૞૜ ᇱࢉࢇ) + ࢉᇱࢇ + (ᇱ࢈࢈ ⇒ ࢟࢞ ∈  ࡳ

Now, we prove by induction: if ࢞ ∈ ࡳ ⇒ ࢔૜࢞ ∈ ࢔∀,ࡳ ≥ ૚ 

࢞:(૚)ࡼ ∈ ࡳ ⇒ ૜࢞ ∈ ,ࡳ ࢞ = ࢇ + ૞૜√࢈ + ૛૞૜√ࢉ ⇒ 

૜࢞ = ૜ࢇ + ૞࢈૜ + ૛૞ࢉ૜ + ૜૙ࢉ࢈ࢇ+ √૞૜ (૜ࢇ૛࢈ + ૚૞ࢉࢇ૛ + ૚૞࢈૛ࢉ) + 

+√૛૞૜ (૜࢈ࢇ૛ + ૜ࢇ૛ࢉ + ૚૞ࢉ࢈૛) ∈  ࡳ

࢞ if :(࢑)ࡼ ∈ ࡳ ⇒ ࢑૜࢞ ∈  ࡳ

࢑)ࡼ + ૚): if ࢞ ∈ ࡳ ⇒ ା૜࢑૜࢞ ∈  ࡳ

ା૜࢑૜࢞ = ࢑૜࢞ ⋅ ૜࢞ ∈  from (1) ࡳ

Let ࢔ = ૟ૠ૜ ⇒ ૛૙૚ૢ࢞ ∈  ࡳ

UP.219. Let ࢈,ࢇ, ࢉ࢈ࢇ be positive real numbers such that ࢉ = ૚. Prove that: 

૜ࢇ

૛ࢇ)ࢉ૝࢈ + ࢉࢇ + (૛ࢉ +
૜࢈

૛࢈)ࢇ૝ࢉ + ࢇ࢈ + (૛ࢇ +
૜ࢉ

૛ࢉ)࢈૝ࢇ + +࢈ࢉ (૛࢈ ≥ ૚ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢉ࢈ࢇ = ૚,ࢉ,࢈,ࢇ > 0 we get as follows: 

ࢇ .1
૛

૛ࢉ
+ ૛ࢉ

૛࢈
+ ૛࢈

૛ࢇ
≥

൬ࢇ
૛

ࢉ ା
૛ࢉ

࢈ ା
૛࢈

ࢇ ൰ቀ
૚
ାࢇ

૚
ା࢈

૚
ቁࢉ

૜
≥ ૛ࢇ

ࢉ
+ ૛ࢉ

࢈
+ ૛࢈

ࢇ
 

ࢇ .2
૝

૝࢈
+ ૝࢈

૝ࢉ
+ ૝ࢉ

૝ࢇ
+ ૛ࢇ

૛ࢉ
+ ૛ࢉ

૛࢈
+ ૛࢈

૛ࢇ
≥ ૛ቀ ࢇ

૜

ࢉ૛࢈
+ ૜࢈

ࢇ૛ࢉ
+ ૜ࢉ

࢈૛ࢇ
ቁ 

ࢇ .2.1
૜

ࢉ૛࢈
+ ૜࢈

ࢇ૛ࢉ
+ ૜ࢉ

࢈૛ࢇ
≥

൬ࢇ
૛

૛࢈
ା࢈

૛

૛ࢉ
ାࢉ

૛

૛ࢇ
൰ቀࢉࢇା

ࢉ
ା࢈

࢈
ቁࢇ

૜
≥ ૛ࢇ

૛࢈
+ ૛࢈

૛ࢉ
+ ૛ࢉ

૛ࢇ
≥ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
 

ࢇ .2.2
૜

ࢉ૛࢈
+ ૜࢈

ࢇ૛ࢉ
+ ૛ࢉ

࢈૛ࢇ
≥

൬ࢇ
૛

࢈ ା
૛࢈

ࢉ ା
૛ࢉ

ࢇ ൰ቀ
ࢇ
ାࢉ࢈

࢈
ାࢇࢉ

ࢉ
ቁ࢈ࢇ

૜
≥ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
 

and since ࢇ૜

૛൯ࢇାࢉࢇ૛ାࢇ൫ࢉ૝࢈
+ ૜࢈

૛൯ࢇା࢈ࢇ૛ା࢈൫ࢇ૝ࢉ
+ ૜ࢉ

૛൯࢈ାࢉ࢈૛ାࢉ൫࢈૝ࢇ
 

=
૝ࢇ
૝࢈

૛ࢇ)ࢉࢇ + ࢉࢇ + (૛ࢉ +
૝࢈
૝ࢉ

૛࢈)࢈ࢇ + ࢈ࢇ + (૛ࢇ +
૝ࢉ
૝ࢇ

૛ࢉ)ࢉ࢈ + +ࢉ࢈ (૛࢈  

≥
൬ࢇ

૛

૛࢈ + ૛࢈
૛ࢉ + ૛ࢉ

૛൰ࢇ
૛

	

ࢉ૜ࢇ + ࢇ૜ࢉ + ૛ࢉ૛ࢇ + ૜࢈ࢇ + ૜ࢇ࢈ + ૛࢈૛ࢇ + ૛ࢉ࢈ + ࢉ૜࢈ +  ૛ࢉ૛࢈

=
૝ࢇ

૝࢈
ା࢈

૝

૝ࢉ
ାࢉ૝

૝ࢇ
ା૛൬ࢇ

૛

૛ࢉ
ାࢉ

૛

૛࢈
ା࢈

૛

૛ࢇ
൰

૛ࢇ

࢈ ା
૛࢈

ࢉ ା
૛ࢉ

ାࢇ
૛ࢇ

ࢉ ା
૛ࢉ

࢈ ା
૛࢈

ࢇ ା
૚
૛ࢇ
ା ૚
૛࢈
ା ૚
૛ࢉ

≥ ૚ ok. Therefore, it is true. 

 

UP.220. If ࢔ࢋ = ቀ૚ + ૚
࢔
ቁ
࢔

࢔; ∈ ℕ∗ then find: 

ષ = ܕܑܔ
ஶ→࢔

ቀ(ࢋ − (࢔ࢋ ⋅  ቁ࢔ࡴࢋ

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

ષ = ࢋ)ஶ→࢔ܕܑܔ − ࢔ࡴࢋ(࢔ࢋ = ࢋ)ஶ→࢔ܕܑܔ − ࢔(࢔ࢋ ⋅ ࢋ
࢔ࡴ

࢔
   (1) 

ܕܑܔ
ஶ→࢔

࢔ࡴࢋ

࢔ = ܕܑܔ
ஶ→࢔

࢔ࡴࢋ
࢔ܖܔࢋ = ܕܑܔ

ஶ→࢔
࢔ܖܔି࢔ࡴࢋ = 

= ஶ→࢔ܕܑܔ ࢋ
૚ା૚૛ା⋯ା

૚
࢔ܖܔି࢔ =  (2)   ࡴࢋ
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ࢋ)ஶ→࢔ܕܑܔ − ࢔(࢔ࢋ = ஶ→࢔ܕܑܔ
࢔ࢋିࢋ
૚
࢔

= ஶ→࢔ܕܑܔ
ቁ࢔ቀ૚ା૚ିࢋ

࢔

૚
࢔

   (3) 

Let ૚
࢔

= ࢔,࢞ → ∞ ⇒ ࢞ → ૙ ⇒ 

(3)⇔ ૙→࢔ܕܑܔ
(࢞૚ା)ିࢋ

૚
࢞

࢞
ࡸ=
ᇲࡴ ૙→࢞ܕܑܔ

ି(૚ା࢞)
૚
ቂି࢞ ૚

૛࢞
(૚ା࢞)ା૚࢞⋅

૚
૚శ࢞ቃ

૚
 

= ܕܑܔ
૙→࢞

−(૚ + (࢞
૚
࢞

(−(૚ + (࢞ ૚)ܖܔ + (࢞ + (࢞
૛(૚࢞ + (࢞ = 

= ࢋ− ܕܑܔ
૙→࢞

−(૚ + (࢞ ૚)ܖܔ + (࢞ + ࢞
૜࢞ + ૛࢞ ࡸ=

ᇲࡴ− ࢋ ܕܑܔ
૙→࢞

૚)ܖܔ− + −(࢞ ૚ + ૚
૜࢞૛ + ૛࢞ = 

= ࢋ ૙→࢞ܕܑܔ
(࢞૚ା)ܖܔ
(࢞૛ା૜)࢞

= ࢋ
૛
   (4) 

From (1)+(2)+(3)+(4)⇒ ષ = ࢋ
૛
⋅ ࡴࢋ = శ૚ࡴࢋ

૛
 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

ܕܑܔ
ାஶ→࢔

ቆࢋ − ൬૚ +
૚
൰࢔

࢔

ቇ ࢔ࡴࢋ = ܕܑܔ
ାஶ→࢔

ቈ࢔ ቆࢋ − ൬૚ +
૚
൰࢔

࢔

ቇ  ቉࢔܏ܗܔି࢔ࡴࢋ

= ࢽࢋ ܕܑܔ
૙→࢔

ࢋ − (૚ + (࢔
૚
࢔

࢔ = ࢽࢋ ܕܑܔ
૙→࢔

૚ − ࢋ
(࢔૚ା)ܖܔ

࢔ ି૚

࢔ = ା૚ࢽࢋ ܕܑܔ
૙→࢔

૚ − ିࢋ
࢔
૛ା࢕൫࢔

૛൯

࢔ = 

= ା૚ࢽࢋ ܕܑܔ
૙→࢔

૚ − ൬૚ − ࢔
૛ + ൰(૛࢔)࢕

࢔ =
ା૚ࢽࢋ

૛  

Solution 3 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

ࢋ − ࢔ࢋ
࢔ࡴିࢋ = ܕܑܔ

ஶ→࢔
ࢋ) − ࢔ܖܔା࢔ܖܔି࢔ࡴࢋ(࢔ࢋ = ࢽࢋ ܕܑܔ

ஶ→࢔
ࢋ) − ࢔(࢔ࢋ = 

= ࢽࢋ ஶ→࢔ܕܑܔ ቀࢋ − ቀ૚ + ૚
࢔
ቁ
࢔
ቁ ࢔ = ࢽࢋ ஶ→࢔ܕܑܔ ࢔ ⋅

ቀ૚శܖܔࢋ૚ିࢋ
૚
ቁ࢔
࢔

૚ିܖܔቀ૚ା૚࢔ቁ
࢔ ⋅ ቀ૚ − ܖܔ ቀ૚ + ૚

࢔
ቁ
࢔
ቁ   (1) 

It’s known that ࢞→࢞ܕܑܔ૙
(૙࢞)ࢌି(࢞)ࢌ

૙࢞ି࢞
= (૙࢞)ᇱࢌ ⇒

(૚)
ષ = ା૚ࢽࢋ ஶ→࢔ܕܑܔ ࢔ ቀ૚ − ࢔ ቀ૚ܖܔ + ૚

࢔
ቁቁ = 

= ା૚ࢽࢋ− ܕܑܔ
ஶ→࢔

࢔ ࢔൬ܖܔ ൬૚ܖܔ +
૚
൰൰࢔ = ା૚ࢽࢋ− ܕܑܔ

ஶ→࢔

ܖܔ +࢔ ܖܔ ቀܖܔ ቀ૚ + ૚
ቁቁ࢔

૚
࢔
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Let ૚
࢔

= ࢞ ⇒ ࢞ → ૙ ⇒ ષ = ା૚ࢽࢋ− ૙→࢞ܕܑܔ
ି ܖܔ ((ା૚࢞)ܖܔ)ܖܔା࢞

࢞
=
૙
૙

−ࡴᇲࡸ ା૚ࢽࢋ ૙→࢞ܕܑܔ ቀ−
૚
࢞

+ ૚
(ା૚࢞)ܖܔ

⋅

૚࢞+૚= 

= ା૚ࢽࢋ− ܕܑܔ
૙→࢞

૚
࢞ ൬

࢞
࢞) + ૚) ࢞)ܖܔ + ૚) − ૚൰ = ା૚ࢽࢋ− ܕܑܔ

૙→࢞

૚
࢞ ቆ

૚
+࢞ ૚ −

࢞)ܖܔ + ૚)
࢞ ቇ =

૙
૙

 ࡴᇲࡸ

= ା૚ࢽࢋ− ܕܑܔ
૙→࢞

ቌ−
૚

࢞) + ૚)૛ −
࢞

࢞ + ૚ − ࢞)ܖܔ + ૚)

૛࢞
ቍ = 

= ା૚൮−૚ࢽࢋ − ܕܑܔ
૙→࢞

૚
࢞) + ૚)૛ −

૚
࢞ + ૚

૛࢞
൲ = ା૚൮૚ࢽࢋ + ܕܑܔ

૙→࢞

− ૛
࢞) + ૚)૜ + ૚

࢞) + ૚)૛
૛

൲ =
ା૚ࢽࢋ

૛
⇒ 

⇒ ષ =
ା૚ࢽࢋ

૛  

 

UP.221. If (࢔࢞)࢔ஹ૚ ⊂ (૙,∞); ஶ→࢔ܕܑܔ ቀ
࢔࢞
࢔√
⋅ ቁ࢔√૛ࢋ = ࢈ ∈ (૙,∞),࢔ࢇ = ∑ ૚

࢑√
࢔
ୀ૚࢑  

then find: 

ષ = ܕܑܔ
ஶ→࢔

൫(࢔ࢇࢋశ૚ − (࢔ࢇࢋ ⋅  ൯࢔࢞

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

ષ = ܕܑܔ
ஶ→࢔

శ૚࢔ࢇࢋ) − ࢔࢞(࢔ࢇࢋ = ܕܑܔ
ஶ→࢔

࢔ࢇࢋ ࢔ࢇశ૚ି࢔ࢇࢋ) − ૚)࢔࢞ 

= ܕܑܔ
ஶ→࢔

ࢋ
૚

ା૚࢔√
ି૚

૚
+࢔√ ૚

⋅
૚

࢔√ + ૚
࢔ࢇࢋ ⋅ ࢔࢞ = ܕܑܔ

ஶ→࢔

࢔࢞
࢔√

࢔√૛ࢋ ⋅
࢔√

+࢔√ ૚
⋅ ࢔ࢇࢋ ⋅  ࢔√૛ିࢋ

= ࢈ ஶ→࢔ܕܑܔ ࢋ
૚ା ૚

√૛
ା⋯ା ૚

࢔√
ି૛√࢔ = ࢈ ⋅  where ,ࡸࢋ

ࡸ = ܕܑܔ
ஶ→࢔

൬૚ +
૚
√૛

+ ⋯+
૚
࢔√

− ૛√࢔൰ , ࡸ ∈ (−૛,  (ࢋ

It is Ioachimescu limit. 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 
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ષ = ܕܑܔ
ାஶ→࢔

൫࢔ࢋࢋ)࢔࢞శ૚ − ൯(࢔ࢇࢋ = ܕܑܔ
ାஶ→࢔

࢔√૛ࢋ࢔࢞

࢔√
⋅
ࢋ൬࢔√ ∑ ૚

࢑√
ା૚࢔
ୀ૚࢑ − ∑ࢋ ૚

࢑√
ା૚࢔
ୀ૚࢑ ൰

࢔√૛ࢋ
 

= ࢈ ܕܑܔ
ାஶ→࢔

ቀࣀࢋቌ࢔√
૚
૛ቁା૛√࢔ା૚ + ૚

૛√࢔+ ૚
− ૚

૛૝(࢔ + ૚)
૜
૛

+ ૞

ૡ(࢔+ ૚)
૞
૛

+ ቆ࢕ ૚

࢔
૞
૛
ቇ − ቀࣀࢋ

૚
૛ቁା૛√࢔ + ૚

૛√࢔
− ૚

૛૝࢔
૜
૛

+ ቆ࢕ ૚

࢔
૜
૛
ቇቍ

࢔√૛ࢋ
 

= ቀࣀࢋ࢈
૚
૛ቁ ܕܑܔ

ାஶ→࢔

⎝

⎜⎜
ࢋ⎛

૜
૛√࢔ା૚

ା࢕ቌቀ૚࢔ቁ
૜
૛ቍ

− ૚
૚
࢔√

−
ࢋ

૚
૛√࢔ା૚

ା࢕ቌቀ૚࢔ቁ
૜
૛ቍ

− ૚
૚
࢔√

⎠

⎟⎟
⎞

= ቀࣀࢋ࢈
૚
૛ቁ 

Note: 

෍
૚
ࢻ࢑

࢔

࢑

= (ࢻ)ࣀ +
	ࢻ૚ି࢔

૛ +
૚
૛ࢻ࢔ −

ࢻ
૛૝࢔૚ାࢻ + ࢕ ൬

૚
ା૛൰ࢻ࢔ ,૙ < ߙ ≠ 1 

Solution 3 by Remus Florin Stanca-Romania 

ષ = ܕܑܔ
ஶ→࢔

࢔ࢇࢋ ࢔ࢇశ૚ି࢔ࢇࢋ) − ૚)࢔࢞ = ܕܑܔ
ஶ→࢔

࢔√ା૛࢔√૛ି࢔ࢇࢋ ⋅ ൬
૚

ା૚࢔√ࢋ
− ૚൰࢔࢞ = 

= ࡿࢋ ⋅ ܕܑܔ
ஶ→࢔

࢔√૛ࢋ ࢔࢞ ቆࢋ
૚

ା૚࢔√ − ૚ቇ = 

 

UP.222. If ࢇ > 0; ஹ૚࢔(࢔࢞) ⊂ (૙,∞) such that: 

࢔)܏ܗܔ + (࢔࢞ࢇ = ࢔ࡴ − then find ષ ࢽ = ஶ→࢔ܕܑܔ  ࢔࢞

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

+࢔)ܖܔ (࢔࢞ࢇ = ࢔ࡴ − ࢽ ⇒ ࢔ + ࢔࢞ࢇ = ࢽି࢔ࡴࢋ ⇒ 

࢔࢞ = ૚
ࢇ

ࢽି࢔ࡴࢋ) −  (1)   (࢔

ܕܑܔ
ஶ→࢔

ࢽି࢔ࡴࢋ) − (࢔ = ܕܑܔ
ஶ→࢔

ࢽି࢔ࡴࢋ − ܖܔࢋ ࢔ = ܕܑܔ
ஶ→࢔

ܖܔࢋ ࢔ ൫࢔ܖܔିࢽି࢔ࡴࢋ − ૚൯ = 

= ஶ→࢔ܕܑܔ
૚൯ିࢽష࢔ܖܔష࢔ࡴࢋ൫࢔

ࢽି࢔ܖܔି࢔ࡴ
࢔ࡴ) − ࢔ܖܔ −  (2)    (ࢽ

ஶ→࢔ܕܑܔ
૚ିࢽష࢔ܖܔష࢔ࡴࢋ
ࢽି࢔ܖܔି࢔ࡴ

= ܖܔ ࢋ = ૚     (3) 
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ܕܑܔ
ஶ→࢔

࢔ࡴ)࢔ − ࢔ܖܔ − (ࢽ = ܕܑܔ
ஶ→࢔

࢔ࡴ − ࢔ܖܔ − ࢽ
૚
࢔

=
૙૙	࢘࢕ࢌ

.ࡿ.࡯  

= ܕܑܔ
ஶ→࢔

ା૚࢔ࡴ − ࢔)ܖܔ + ૚)− ࢔ࡴ + ࢔ܖܔ
૚

࢔ + ૚ −
૚
࢔

= 

= ܕܑܔ
ஶ→࢔

૚
࢔ + ૚ − +࢔ቀܖܔ ૚

࢔ ቁ
࢔ − ࢔ − ૚
+࢔)࢔ ૚)

= ܕܑܔ
ஶ→࢔

૚ − +࢔) ૚) ܖܔ ቀ૚ + ૚
ቁ࢔

− ૚
࢔

= 

= ܕܑܔ
૙→࢔

૚ − ቀ૚࢞ + ૚ቁ ૚)ܖܔ + (࢞

࢞− = ܕܑܔ
૙→࢔

࢞ − (૚ + (࢞ ૚)ܖܔ + (࢞
૛࢞− ࡸ=

ᇲࡴ 

= ૙→࢔ܕܑܔ
૚ିܖܔ(૚ା࢞)ି૚

ି૛࢞
= ૙→࢔ܕܑܔ

(࢞૚ା)ܖܔ
૛࢞

= ૚
૛
    (4) 

From (1)+(2)+(3)+(4)⇒ ષ = ૚
ࢇ
⋅ ૚
૛

= ૚
૛ࢇ

 

Solution 2 by Michael Sterghiou-Greece 

࢔ࡴ = ܖܔ +࢔ ࢽ + ࢔ࢋ where ࢔ࢋ ∼
૚
૛࢔

 therefore: 

+࢔)܏ܗܔ (࢔࢞ࢇ = ࢔܏ܗܔ +
૚
૛࢔ → ࢔࢞ =

૚
ࢇ ൤ࢋ

ା࢔ܖܔ ૚
૛࢔ − ൨࢔ = 

૚
ࢇ
ቂ࢔ ⋅ ࢋ

૚
૛࢔ − ቃ࢔ = ૚

ࢇ
࢔ ቂࢋ

૚
૛࢔ − ૚ቃ = ૚

ࢇ
⋅

૚
૛ି࢔૚
૚
࢔

. This limit is of the form ૙
૙
 as ࢋ

૚
૛࢔ → ૚,࢔ → ∞. 

Taking the respective function ࢋ
૚
૛ି࢞૚
૚
࢞

 and using DLH we have: 

ஶ→࢞ܕܑܔ
ࢋ
૚
૛ି࢞૚
૚
࢞

= ஶ→࢞ܕܑܔ
ି ૚
૛ࢋି࢞

૚
૛࢞

ି ૚
૛࢞

= ஶ→࢞ܕܑܔ ቀ
૚
૛
⋅ ࢋ

૚
૛࢞ቁ = ૚

૛
 as ࢞ܕܑܔ→ஶ ࢋ

૚
૛࢞ = ૚. Therefore 

ஶ→࢔ܕܑܔ ࢔࢞ = ૚
૛ࢇ

 

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie 

ܕܑܔ
ାஶ→࢔

࢔࢞ = ܕܑܔ
ାஶ→࢔

ࢽି࢔ࡴࢋ − ࢔
ࢇ =

૚
ࢇ ܕܑܔ
ାஶ→࢔

൭ࢋ
ቆࢽା܏ܗܔቀ࢔ା૚૛ቁା࢕ቀ

૚
૛࢔
ቁቇିࢽ

− ൱࢔ = 

=
૚
ࢇ ܕܑܔ
ାஶ→࢔

൬࢔ +
૚
૛ − ൰࢔ =

૚
૛ࢇ 

Solution 4 by Khaled Abd Imouti-Damascus-Syria 
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As you know: ૙ ≤ ࢔ࡴ−ࢽ + ૚
૛࢔

+ (࢞)࢔ࡸ ≤ ૚
૛࢔(ି࢔૚)

࢔∀, ≥ ૛ 

So: ૚
૛࢔
≤ ࢽ − ࢔ࡴ + ૚

࢔
+ (࢔)࢔ࡸ = ૚

૛(ି࢔૚)
 

−
૚
૛࢔ ≥ ࢔ࡴ − ࢽ − (࢔)࢔ࡸ ≥

૚
࢔ −

૚
૛(࢔ − ૚) 

(࢔)࢔ࡸ +
࢔ − ૛

૛࢔)࢔ − ૚) ≤ ࢔ࡴ − ࢽ ≤
૚
࢔

+ ࢔∀,(࢔)࢔ࡸ ≥ ૛ 

࢔ ⋅ ࢋ
૛ି࢔

૛࢔(ି࢔૚) ≤ ࢽି࢔ࡴࢋ ≤ ࢋ
૚
૛࢔ ⋅  ࢔

࢔ ⋅ ࢋ
૛ି࢔

૛࢔(ି࢔૚) ≤ ࢔ + ࢇ ⋅ ࢔࢞ ≤ ࢋ
૚
૛࢔ ⋅ ࢔ −  ࢔

૚
࢔ቆࢇ ⋅ ࢋ

૛ି࢔
૛࢔(ି࢔૚) − ቇ࢔ ≤ ࢔࢞ ≤

૚
ࢇ ൬࢔ ⋅ ࢋ

૚
૛࢔ −  ൰࢔

Suppose: (࢞)ࢌ = ࢞ ⋅ ࢋ
૚
૛࢞ − ,࢞ ାஶ→࢞ܕܑܔ ൯(࢞)ࢌ൫ࢌ =? 

࢟ =
૚
૛࢞ ࢞, → +∞ ⇒ ࢟ → ૙ 

ܕܑܔ
ାஶ→࢞

൫(࢞)ࢌ൯ = ܕܑܔ
૙→࢟

൤
࢟ࢋ − ૚
૛࢟ ൨ =

૚
૛ 

Suppose: (࢞)ࢍ = ࢞ ⋅ ࢋ
ష૛࢞

૛࢞(࢞ష૚) − ,࢞ ൯(࢞)ࢍାஶ൫→࢞ܕܑܔ =? 

࢟ =
૚
૛࢞ , ܕܑܔ

ାஶ→࢞
൫(࢞)ࢍ൯ = ܕܑܔ

૙→࢟
൦
ࢋ
૛࢟૝ି࢟
૚ି૛࢟ − ૚
૛࢟

൪ = ܕܑܔ
૙→࢟

൦
൬࢟ − ૝࢟૛
૚ − ૛࢟ ൰

૛࢟ ⋅
ࢋ
૛࢟૝ି࢟
૚ି૛࢟

൬࢟ − ૝࢟૛
૚ − ૛࢟ ൰

൪ 

= ૙→࢟ܕܑܔ ቎
૚ି૝࢟

૛(૚ି૛࢟)
⋅ ࢋ

૛࢟ష૝࢟
૚ష૛࢟ ି૚

൬࢟ష૝࢟
૛

૚ష૛࢟ ൰
቏ = ૚

૛
. By using Sandwich Theorem ࢔ܕܑܔ→ାஶ(࢔࢞) = ૚

૛ࢇ
 

 

UP.223. If (࢔ࢇ)࢔ஹ૚; ஹ૚࢔(࢔࢈) ⊂ (૙,∞) such that: 

ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ

⋅
૚

࢔√࢔
൰ = ࢇ > 0; ܕܑܔ

ஶ→࢔
൬
ା૚࢔࢈
࢔࢈

⋅ ൰࢔√ = ࢈ > 0 

then find: 
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ષ = ܕܑܔ
ஶ→࢔

ቌඥ࢔࢈࢔ࢇ
࢔ ⋅ ቆ൬૚+

૚
൰࢔

ା૚࢔

−  ቇቍࢋ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Marian Ursărescu-Romania 

ષ = ஶ→࢔ܕܑܔ
ඥ࢔࢈࢔ࢇ
࢔

࢔
⋅ ࢔ ൬ቀ૚ + ૚

࢔
ቁ
ା૚࢔

−   ൰   (1)ࢋ

ܕܑܔ
ஶ→࢔

ඥ࢔࢈࢔ࢇ
࢔

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔࢈࢔ࢇ
࢔࢔

࢔
.ࡰ.࡯= ܕܑܔ

ஶ→࢔

ା૚࢔࢈ା૚࢔ࢇ
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

࢔࢈࢔ࢇ
= 

= ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

⋅ ૚
࢔√࢔

⋅ శ૚࢔࢈
࢔࢈

⋅ ࢔√ ⋅ ࢔
ା૚࢔

⋅ ቀ ࢔
ା૚࢔

ቁ
࢔

= ࢈ࢇ
ࢋ

   (2) 

ܕܑܔ
ஶ→࢔

࢔ ቆ൬૚ +
૚
൰࢔

ା૚࢔

− ቇࢋ = ܕܑܔ
ஶ→࢔

ቀ૚ + ૚
ቁ࢔

ା૚࢔
− ࢋ

૚
࢔

= ܕܑܔ
ஶ→࢚

ቀ૚ + ૚
ቁ࢚

ା૚࢚
− ࢋ

૚
࢚

 

= ܕܑܔ
૙→࢞

(૚ + (࢞
૚
ା૚࢞ − ࢋ
࢞ ࡸ=

ᇲࡴ ܕܑܔ
૙→࢞

(૚ + (࢞
૚
ା૚࢞ ቎−

૚
૛࢞ ܖܔ

(૚ + (࢞ +
૚
࢞ + ૚
૚ + ࢞

቏ 

= ܕܑܔ
૙→࢞

ࢋ ቆ−
૚)ܖܔ + (࢞

૛࢞ +
૚
ቇ࢞ = ܕܑܔ

૙→࢞
−ቆࢋ

૚)ܖܔ + (࢞ + ࢞
૛࢞ ቇ = 

ࡸ=
ᇲࡴ ࢋ ૙→࢞ܕܑܔ

ି ૚
૚శ࢞ା૚

૛࢞
= ࢋ ૙→࢞ܕܑܔ

ି૚ା૚ା࢞
૛࢞(૚ା࢞)

= ࢋ
૛
   (3). From (1)+(2)+(3) ⇒ ષ = ࢈ࢇ

૛
 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢔ܕܑܔ ቀ
శ૚࢔ࢇ
࢔ࢇ

⋅ ૚
࢔√࢔

ቁ = ࢇ > 0 and ࢔ܕܑܔ→ஶ ቀ
శ૚࢔࢈
࢔࢈

⋅ ቁ࢔√ = ࢈ > 0 

Let ࢔࢛ = ૚
ࢋ
ቀ૚ + ૚

࢔
ቁ
ା૚࢔

  for all ࢔ ∈ ℕ, then ࢔ܕܑܔ→ஶ࢔࢛ = ૚. Hence ି࢔࢛૚
࢔࢛ܖܔ

→ ૚ for all ࢔ → ∞ 

Let ષ = ܖܔ࢔
ቀ૚ା૚࢔ቁ

శ૚࢔

ࢋ
 for all ࢔ ∈ ℕ, then ࢔ܕܑܔ→ஶ ષ = ஶ→࢔ܕܑܔ

(ା૚࢔) ቁି૚࢔ቀ૚ା૚ܖܔ
૚
࢔

 

ࢠ࢒࢕࢚ࡿି࢕࢘ࢇ࢙ࢋ࡯= ܕܑܔ
ஶ→࢔

࢔) + ૚) ܖܔ ቀ૚ + ૚
−ቁ࢔ ࢔) + ૛) ܖܔ ቀ૚ + ૚

+࢔ ૚ቁ
૚
࢔ −

૚
࢔ + ૚
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= ܕܑܔ
ஶ→࢔

൜࢔)࢔ + ૚)૛ ܖܔ ൬૚ +
૚
−൰࢔ ࢔)࢔ + ૚)(࢔+ ૛) ܖܔ ൬૚ +

૚
࢔ + ૚൰ൠ 

= ܕܑܔ
૙→࢔

(૚ + ૛(࢞ ૚)ܖܔ + −(࢞ (૚ + ࢞૛)(࢞ + ૚) ܖܔ ቀ૚ + ࢞
૚ + ቁ࢞

૜࢞  

= ܕܑܔ
૙→࢔

(૜࢞ + ૛)(૚ + (࢞ ૚)ܖܔ + (࢞ − (૚ + ࢞૛)(࢞ + ૚) ࢞૛)ܖܔ + ૚)
૜࢞ ൤

૙
૙  ൨࢚ࢇ࢓࢘࢕ࢌ

=
ࢋ࢒࢛ࡾ	࢙ᇲ࢒ࢇ࢚࢏࢖࢙࢕ࡴᇲࡸ

ܕܑܔ
૙→࢞

࢞ + (૟࢞ + ૞) ૚)ܖܔ + (࢞ − (૝࢞ + ૜) ࢞૛)ܖܔ + ૚)
૜࢞૛ ൤

૙
૙  ൨࢚ࢇ࢓࢘࢕ࢌ

=
ࢋ࢒࢛ࡾ	࢙ᇲ࢒ࢇ࢚࢏࢖࢙࢕ࡴᇲࡸ

ܕܑܔ
૙→࢞

૚ + ૟࢞ + ૞
૚ + ࢞ + ૟ ૚)ܖܔ + (࢞ − ૛(૝࢞ + ૜)

૛࢞ + ૚ − ૝ ࢞૛)ܖܔ + ૚)

૟࢞ ൤
૙
૙࢚ࢇ࢓࢘࢕ࢌ൨ 

=
ࢋ࢒࢛ࡾ	࢙ᇲ࢒ࢇ࢚࢏࢖࢙࢕ࡴᇲࡸ

ܕܑܔ
૙→࢞

૟
૚ + ࢞ −

૟࢞ + ૞
(૚ + ૛(࢞ + ૟

૚ + ࢞ −
ૡ

૛࢞ + ૚ + ૝(૝࢞ + ૜)
(૛࢞ + ૚)૛ −

ૡ
૛࢞ + ૚

૟ =
૚
૛ 

∴ ܕܑܔ
ஶ→࢔

ቌඥ࢔࢈࢔ࢇ
࢔ ⋅ ቆ൬૚ +

૚
൰࢔

ା૚࢔

− ቇቍࢋ = ࢋ ܕܑܔ
ஶ→࢔

ቌ
ඥ࢔࢈࢔ࢇ
࢔

࢔ ⋅ ቆ
૚
ࢋ ൬૚ +

૚
൰࢔

ା૚࢔

− ૚ቇቍ 

=
ࢎࢉ࢛ࢇ࡯

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰ ࢋ ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ

⋅
૚

࢔√࢔
൰ ⋅ ܕܑܔ

ஶ→࢔
൬
ା૚࢔࢈
࢔࢈

൰࢔√ ܕܑܔ
ஶ→࢔

૚

ቀ૚ + ૚
ቁ࢔

࢔ ⋅ ஶ→࢔ܕܑܔ

࢔
૚ + ࢔ ⋅ 

⋅ ஶ→࢔ܕܑܔ
૚ି࢔࢛
࢔࢛ܖܔ

⋅ ஶ→࢔ܕܑܔ ࢔࢔࢛ܖܔ = ࢈ࢇ
૛

   (Answer) 

Solution 3 by Remus Florin Stanca-Romania 

ષ = ஶ→࢔ܕܑܔ
ඥ࢔࢔ࢇ

࢔√࢔
⋅ ඥ࢔࢈
࢔ ⋅ ࢔√ ⋅ ࢔ ൬ቀ૚ + ૚

࢔
ቁ
ା૚࢔

−  ൰   (1)ࢋ

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢔√࢔
= ܕܑܔ

ஶ→࢔ ඨ
࢔ࢇ

൯࢔√൫࢔࢔
࢔

࢔ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
+࢔) ૚)࢔ା૚൫√࢔+ ૚൯

ା૚࢔ ⋅
൯࢔√൫࢔࢔

࢔

࢔ࢇ
= 

= ૚
ࢋ
⋅ ஶ→࢔ܕܑܔ

శ૚࢔ࢇ
࢔ࢇ

൬ට ࢔
ା૚࢔

൰
࢔

⋅ ૚
(ା૚࢔)ା૚࢔√

= ૚
ࢋ√ࢋ

⋅ ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

⋅ ૚
࢔√࢔

= ૚
ࢋ√ࢋ

 (2)   ࢇ

ஶ→࢔ܕܑܔ ࢔√ ⋅ ඥ࢔࢈
࢔ = ஶ→࢔ܕܑܔ ට൫√࢔൯

࢔
⋅ ࢔࢈

࢔
= ஶ→࢔ܕܑܔ

൫√࢔ା૚൯
శ૚࢔

శ૚࢔࢈
൫√࢔൯

࢔
࢔࢈

=

ࢋ√ ⋅ ஶ→࢔ܕܑܔ
శ૚࢔࢈
࢔࢈

࢔√ =  (3) ࢈ࢋ√
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⇒
(૚);(૛);(૜)

ષ =
૚
ࢋ√ࢋ

ࢋ√ࢇ ܕܑܔ
ஶ→࢔

ቆ൬૚࢔ +
૚
൰࢔

ା૚࢔

− ቇࢋ =
࢈ࢇ
ࢋ ܕܑܔ

ஶ→࢔
࢔ ቆܖܔࢋቀ૚ା

૚
ቁ࢔

శ૚࢔

− ૚ቇࢋ = 

= ࢈ࢇ
ࢋ
ஶ→࢔ܕܑܔ ࢔

ቀ૚శܖܔࢋ
૚
ቁ࢔
శ૚࢔

૚ࢋି

ቁ࢔ቀ૚ା૚ܖܔ
శ૚࢔

ି૚
൬ܖܔቀ૚ + ૚

࢔
ቁ
ା૚࢔

− ૚൰   (4) 

It’s known that ࢞→࢞ܕܑܔ૙
(૙࢞)ࢌି(࢞)ࢌ

૙࢞ି࢞
= (૙࢞)ࢌ ⇒

(૝)
ષ = ࢈ࢇ ⋅ ஶ→࢔ܕܑܔ ࢔)൬࢔ + ૚) ܖܔ ቀ૚ + ૚

࢔
ቁ −

૚= 

= ࢈ࢇ ܕܑܔ
ஶ→࢔

ܖܔ࢔ ቆ(࢔+ ૚) ܖܔ ൬૚ +
૚
൰ቇ࢔ = ࢈ࢇ ܕܑܔ

ஶ→࢔

࢔)ܖܔ + ૚) + ܖܔ ቀܖܔቀ૚ + ૚
ቁቁ࢔

૚
࢔

= 

Let ૚
࢔

= ࢞ ⇒ ષ = ࢈ࢇ ⋅ ૙→࢞ܕܑܔ
((ା૚࢞)ܖܔ)ܖܔା૚ቁା࢞ቀ૚ܖܔ

࢞
= 

= ܕܑܔ࢈ࢇ
૙→࢞

࢞)ܖܔ + ૚) − ࢞ܖܔ + ࢞)ܖܔ)ܖܔ + ૚))
࢞

=
૙
૙

ࡴᇲࡸ ࢈ࢇ ܕܑܔ
૙→࢞

൬
૚

࢞ + ૚
−
૚
࢞

+
૚

࢞) + ૚) ࢞)ܖܔ + ૚)൰ = 

= ࢈ࢇ ൬૚ + ܕܑܔ
૙→࢞

൬
૚

࢞) + ૚) ࢞)ܖܔ + ૚) −
૚
൰൰࢞ = +࢈ࢇ ࢈ࢇ ܕܑܔ

૙→࢞

૚
࢞ ൬

࢞
+࢞) ૚) ࢞)ܖܔ + ૚) − ૚൰ = 

= +࢈ࢇ ࢈ࢇ ܕܑܔ
૙→࢞

࢞)ܖܔ + ૚)
࢞

⋅
૚
࢞
൬

࢞
࢞) + ૚) ࢞)ܖܔ + ૚)− ૚൰ = +࢈ࢇ ࢈ࢇ ܕܑܔ

૙→࢞

૚
࢞
ቆ

૚
࢞ + ૚

−
࢞)ܖܔ + ૚)

࢞
ቇ = 

=
૙
૙

ࡴᇲࡸ +࢈ࢇ ࢈ࢇ ܕܑܔ
૙→࢞

ቌ−
૚

࢞) + ૚)૛ −
࢞

࢞ + ૚ − ࢞)ܖܔ + ૚)

૛࢞
ቍ = 

= ࢈ࢇ − ൮૚࢈ࢇ + ܕܑܔ
૙→࢞

− ૛
࢞) + ૚)૜ + ૚

࢞) + ૚)૛
૛

൲ = −࢈ࢇ ࢈ࢇ ൬૚ −
૚
૛൰ =

࢈ࢇ
૛ ⇒ ષ =

࢈ࢇ
૛  

Solution 4 by Mokhtar Khassani-Mostaganem-Algerie 

ܕܑܔ
ାஶ→࢔

ඥ࢔࢈࢔ࢇ
࢔ ቆ൬૚ +

૚
൰࢔

ା૚࢔

− ቇࢋ = ࢋ ܕܑܔ
ାஶ→࢔ ඨ

࢔ࢇ

࢔
૜࢔
૛
࢔࢔࢈

૜
૛

࢔ (࢔૚ା)ࢋ൬࢔ ቁି૚࢔ቀ૚ା૚܏ܗܔ − ૚൰ 

= ܕܑܔ
ାஶ→࢔

ା૚࢔ࢇ
࢔) + ૚)

૜(࢔ା૚)
૛

+࢔)ା૚࢔࢈ ૚)
ା૚࢔
૛

࢔ࢇ
࢔
૜࢔
૛
࢔࢔࢈

࢔
૛

⋅
(࢔૚ା)ࢋ ቁି૚࢔ቀ૚ା૚܏ܗܔ − ૚

(૚ + (࢔ ܏ܗܔ ቀ૚ + ૚
ቁ࢔ − ૚

⋅
(૚ + (࢔ ܏ܗܔ ቀ૚ + ૚

ቁ࢔ − ૚
૚
࢔
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= ࢋ࢈ࢇ
૚
૛ ܕܑܔ
ାஶ→࢔

ା૚࢔࢔

࢔) + ૚)࢔ା૚ =
ࢋ࢈ࢇ
૛ ܕܑܔ

ାஶ→࢔
൬૚ −

૚
+࢔ ૚൰

ା૚࢔

=
࢈ࢇ
૛  

 

UP.224. If (࢔ࢇ)࢔ஹ૚; ஹ૚࢔(࢔࢈) ⊂ (૙,∞) such that: 

ஶ→࢔ܕܑܔ ቀ
࢔ࢇ
࢔
ቁ = ࢇ > 0; ஶ→࢔ܕܑܔ ቀ

శ૚࢔࢈
࢔࢈࢔ࢇ

ቁ = ࢈ > 0 then find: 

ષ = ܕܑܔ
ஶ→࢔

൫ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania  

 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢔ܕܑܔ
࢔ࢇ
࢔

= ࢇ > 0 and ࢔ܕܑܔ→ஶ
శ૚࢔࢈
࢔࢈࢔ࢇ

= ࢈ > 0 

Now, ࢔ܕܑܔ→ஶ
ඥ࢔࢈
࢔

࢔
= ஶ→࢔ܕܑܔ ට࢔ࢇ

࢔࢔
࢔ =

ିࢅࡴ࡯ࢁ࡭࡯
ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰ ஶ→࢔ܕܑܔ ቆ

శ૚࢔࢈
࢔࢈࢔ࢇ

⋅ ૚

ቀ૚ା૚࢔ቁ
࢔ ⋅

࢔
ା૚࢔

⋅ ࢔ࢇ
࢔
ቇ = ࢈ࢇ

ࢋ
 

Let ࢔࢛ = ඥ࢔࢈శ૚
శ૚࢔

ඥ࢔࢈
࢔  for all ࢔ ∈ ℕ then ࢔ܕܑܔ→ஶ ࢔࢛ = ஶ→࢔ܕܑܔ ቆ

ඥ࢔࢈శ૚
శ૚࢔

ା૚࢔
⋅ ࢔
ඥ࢔࢈
࢔ ⋅ ቀ૚ + ૚

࢔
ቁቇ = ૚ 

Hence ି࢔࢛૚
࢔࢛ܖܔ

→ ૚ for ࢔ → ஶ→࢔ܕܑۺ .∞ ࢔࢔࢛ = ஶ→࢔ܕܑܔ ൬
శ૚࢔࢈
࢔࢈࢔ࢇ

⋅ ࢔ࢇ
࢔
⋅ ࢔
ା૚࢔

⋅ ା૚࢔

ඥ࢔࢈శ૚
శ૚࢔ ൰ =  ࢋ

∴ ஶ൫→࢔ܕܑܔ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ = ஶ→࢔ܕܑܔ ൬
ඥ࢔࢈
࢔

࢔
⋅ ૚ି࢔࢛
࢔࢛ܖܔ

⋅ ൰࢔࢔࢛ܖܔ = ࢈ࢇ
ࢋ
⋅ ૚ ⋅ ܖܔ ࢋ = ࢈ࢇ

ࢋ
 (Answer) 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

ષ = ܕܑܔ
ାஶ→࢔

൫ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ = ܕܑܔ
ାஶ→࢔

൮(࢔+ ૚)ඨ
ା૚࢔࢈

࢔) + ૚)࢔ା૚
࢔

− ඨ࢔
࢔࢈
࢔࢔

࢔
൲ = 

= ܕܑܔ
ାஶ→࢔

ା૚࢔࢈
࢔) + ૚)࢔ା૚

࢔࢈
࢔࢔

= ܕܑܔ
ାஶ→࢔

ା૚࢔࢈
࢔ࢇ࢔࢈

⋅
࢔ࢇ
࢔ ൬૚ −

૚
࢔ + ૚൰

ା૚࢔

=
࢈ࢇ
ࢋ  
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UP.225. If ࢓ ∈ ℕ then in ઢ࡯࡮࡭ the following relationship holds: 

૜࢓ ቆ൬
ࢇ
ࢇࢎ

൰࡭ܜܗ܋
ା૚࢓

+ ൬
࢈
࢈ࢎ

൰࡮ܜܗ܋
ା૚࢓

+ ൬
ࢉ
ࢉࢎ
൰࡯ܜܗ܋

ା૚࢓
ቇ ≥ ࢓ + ૛ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

From Hölder’s inequality we have: 

൬
ࢇ
ࢇࢎ

ܜܗ܋ ൰࡭
ା૚࢓

+ ൬
࢈
࢈ࢎ

൰࡮ܜܗ܋
ା૚࢓

+ ൬
ࢉ
ࢉࢎ
ܜܗ܋ ൰࡯

ା૚࢓
≥
൬ ࢇࢎࢇ

࡭ܜܗ܋ + ࢈
࢈ࢎ

࡮ܜܗ܋ + ࢉ
ࢉࢎ
൰࡯ܜܗ܋

ା૚࢓

૜࢓
 

⇒ we must show: ቀ ࢇ
ࢇࢎ
ܜܗ܋ ࡭ + ࢈

࢈ࢎ
ܜܗ܋ ࡮ + ࢉ

ࢉࢎ
ܜܗ܋ ቁ࡯

ା૚࢓
≥ ࢓ + ૛   (1) 

But ࢇ
ࢇࢎ

= ࢇ
૛ࡿ
ࢇ

= ૛ࢇ

૛ࡿ
   (2) 

From (1)+(2)⇒ we must show: ቀࢇ
૛ ܜܗ܋ ૛࢈ା࡭ ܜܗ܋ ૛ࢉା࡮ ܜܗ܋ ࡯

૛ࡿ
ቁ
ା૚࢓

≥ ࢓ + ૛   (3) 

But in any ઢ࡯࡮࡭ we have: ࢇ૛ ܜܗ܋ ࡭ + ૛࢈ ࡮ܜܗ܋ + ૛ࢉ ࡯ܜܗ܋ = ૝(4)  ࡿ 

From (3)+(4) we must show: 

૛࢓ା૚ ≥ ࢓ + ૛,∀࢓ ∈ ℕ, which it’s true, with equality for ࢓ = ૙. 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Using AM-GM inequality we have: 

൬
ࢇ
ࢇࢎ

ܜܗ܋ ൰࡭
ା૚࢓

+ ൬
࢈
࢈ࢎ

൰࡮ܜܗ܋
ା૚࢓

+ ൬
ࢉ
ࢉࢎ
ܜܗ܋ ൰࡯

ା૚࢓
≥ ૜ඨ൬

ࢇ
ࢇࢎ

ܜܗ܋ ࡭
࢈
࢈ࢎ

࡮ܜܗ܋
ࢉ
ࢉࢎ
ܜܗ܋ ൰࡯

ା૚૜࢓
 

= ૜൬
ࢉ࢈ࢇ ܜܗ܋ ࡭ ܜܗ܋࡮ܜܗ܋ ࡯

ࢉࢎ࢈ࢎࢇࢎ
൰
ା૚࢓

= ૜ቌ
૝࢙ࡾ࢘
૛࢙૛࢘૛
ࡾ

⋅
૛࢙ − (૛ࡾ + ૛(࢘

૛࢙࢘
ቍ

ା૚࢓
૜

 

= ૜ቆ
૛࢙)૛ࡾ − (૛ࡾ + (૛(࢘

૛࢘૛࢙ ቇ

ା૚࢓
૜

 

→ ૜࢓ ቆ൬
ࢇ
ࢇࢎ

ܜܗ܋ ൰࡭
ା૚࢓

+ ൬
࢈
࢈ࢎ

൰࡮ܜܗ܋
ା૚࢓

+ ൬
ࢉ
ࢉࢎ
൰࡯ܜܗ܋

ା૚࢓
ቇ 
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≥ ૜࢓ା૚ ቀࡾ
૛൫࢙૛ି(૛ࡾା࢘)૛൯

૛࢘૛࢙
ቁ
శ૚࢓
૜ = ષ. We have: ࡾ

૛൫࢙૛ି(૛ࡾା࢘)૛൯
૛࢘૛࢙

> ቀ૛
૜
ቁ
૜

 

In ઢ࡯࡮࡭ (acute) we have: ࢙૛ − (૛ࡾ + ૛(࢘ > 0 ↔ ૛࢙ > (૛ࡾ + ૛(࢘ ↔ ࢙ > ࡾ2 +  ࢘

ࡾ ≥ ૛࢘ →
૛ࡾ

૛࢘ ≥ ૝; 	
૛࢙ − (૛ࡾ + ૛(࢘

૛࢙ >
૛
૛ૠ ↔ ૞࢙ > +ࡾ2  ࢘

(true because: ࢙ > +ࡾ2 ࢘ → ૞࢙ > ࡾ2 +  (࢘

So,  ષ ≥ ૜࢓ା૚ ⋅ ቀ૛
૜
ቁ
૜⋅࢓శ૚૜ ≥ ૛࢓ା૚ ≥ ࢓ + ૛  (true with ࢓ ∈ ℕ) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

࢓ ∈ ℕ, repeated Chebyshev ⇒ ∑ቀ ࢇ
ࢇࢎ
ܜܗ܋ ቁ࡭

ା૚࢓
≥ ૚

૜࢓
ቀ∑ ࢇ

ࢇࢎ
ܜܗ܋ ቁ࡭

ା૚࢓
 

=
૚
૜࢓

ቌ෍
૛ܖܑܛࡾ ࡭ ܜܗ܋ ࡭

૛࢙࢘
ࢇ

ቍ

ା૚࢓

=
૚
૜࢓

൬෍
૛ࡾ ⋅ ૛ࡾ ࡭ܖܑܛ ܛܗ܋ ࡭

૛࢙࢘
൰
ା૚࢓

 

=
૚
૜࢓

൭ቆ
૛ࡾ૛

૛࢙࢘ቇ෍ܖܑܛ ૛࡭൱
ା૚࢓

=
૚
૜࢓

൭ቆ
૛ࡾ

ቇ࢙࢘ ૝ ܖܑܛ ࡭ ܖܑܛ ࡮ ࡯ܖܑܛ
൱
ା૚࢓

 

=
૚
૜࢓ ቆ

૝ࡾ૛

࢙࢘ ⋅
૝࢙࢘ࡾ
ૡࡾ૜ ቇ

ା૚࢓

=
૚
૜࢓

(૛)࢓ା૚ =
૚
૜࢓

(૚ + ૚)࢓ା૚ 

≥
࢏࢒࢒࢛࢕࢔࢘ࢋ࡮ ૚

૜࢓
(૚ + ࢓ + ૚)(∵ ࢓ + ૚ ≥ ૚ ∵ ࢓ ∈ ℕ) 

= ା૛࢓
૜࢓

⇒ ૜࢓ ∑ቀ ࢇ
ࢇࢎ
ܜܗ܋ ቁ࡭

ା૚࢓
≥ ࢓ + ૛   (Proved) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


