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JP.256.Ifa,b,c,d >0:a+b+c+d=4:0<n<3then:

a b c d - 4
+ + +
b®+b +b+n c3+c2+c+n d®+d?’+d+n ad3+a’+a+n n+3

Proposed by Marin Chirciu — Romania

Solution by Tran Hong-Dong Thap-Vietnam

1 3x2+2x+1

x3+x2+x+n

1
> —
x3+x2+x+n- (3+n?)

Let f(x) = (0<x<40<n<3)=>f(x)=-—

(x3+x2+x+n)2

(x- 1)+ 37— = g(x)

1 6x 9+n
> + (1)
x3+x2+x+n (3+n)2  (3+n)?

©@B+n)?>(@3+x2+x+n)(9+n-6x)

e (x—-1)%[6x2+9x+9—-n(n+3)]=>0 (*»

“0<n<30<x<4=-nx+3)>-3x—-9
256x2+9x+9—-3x—9=6x2+3x>0(0 <x <4) > (*) true = (1) true.

(a+ b+ c+d)?
u=ab+bc+cd+da< 2 =4

af(b) + bf(c) + cf(a) +af(d) za-g(b) +b-g(c)+c-g(d)+d- gla)
_ 9+n
~ (3+n)?

_ 9+n
“GEnE YT By
_409+n) 6.4 _4B+m)_ 4
“@B3+n)?2 @B+n)?2 @B+n)? 3+n
Proved. Equality @ a=b=c=d =1.

[a+b+c+d] 6 [ab + bc + cd + da]
a C (3+n)2a C C a

[ab + bc + cd + da]

JP.257. Let be:
2 2

N | sin“ x COS“ X On
- - e ne(0])
yy cos?x+tan?x sin?x +cot?x 2

Find: Q; = infQ; Q, =sup Q

Proposed by Marin Chirciu — Romania
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Solutions 1 by Sergio Esteban-Argentina

sin® x - cos?x  sin?x-cos?x

= +
y cos*x +sin2x sin*x + cos?x
Sabemos, sin* x + cos? x = sin*x + 1 — sin? x = 1 — sin? x (1 — sin? x)
.2 2 1.,
=1 —sin“x - cos x=1—Zsm 2x
y cos*x+sin?x =1 — cos? x + cos* x =1 — cos? x (1 — cos? x)
1, 2
yZZsm 2x
1—Zsin22x

2w

5] =Entonces el periodo de sin 2x es T

Sabemos que sin Bx tiene periodo igual a

Z~

) /\
an BuK
14 T sin 2

Entonces 0 <sin2x <1; 0 <sin?2x <1

2 2 1 . 4 1
<—" < = <= <=
=1 1—%sin22x_1—%y0 4sm Zx_4
1.0 < <1 2 2
—1 . — — | ==
Y=a\[_1)73
4
Solucion 2:
¥
crx2+yi=1
1
- A
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1, 2
Seay =-sin?2x|—4—|;0<x<Z=0<2x<nm
4 —ZsinZZx 2

Entonces: 0 < sin2x <1 — 0 < sin? 2x < 1.Dando T = sin? 2x

y = f(T) =T €(0,1]. Pero f(T) = ;= > 0

j
-5T
Por lo que f(T) es estrateamente crecoente
1

20 =infQ=f(0)=0yQ, =supQ=f(1) = =1

N

Solution 2 by Gabriel Ruddy Cruz Mendez-Lima-Peru

sin? x cos? x
feo = 2 2. iz 2
cos<x +tan“x sin“x+ cot-x
sin? x cos? x
5 2
oo = oy R i R
cos“x  sin‘x 1 sin®x | cos®x 1
sin?x cos?xsin?x cos?x sin?xcos?x
f 1 1
- = +
™ 7 cotZx +secZx tanZx + cscZx
f 1 1
- = +
() T cot2x+1+tan2x tanZx+ 1+ cot?x
2 i 2 2
fo = > >—:X €<0,5>- tan“x + cot x €[2;+00] >
1+ tan®x + cot“ x 2

— 1+ tan®x + cot? x € [3; +oof

ez € 3] = o € Joig]
el IR “
1+ tan?x + cot? x '3 e '3

&
0

NIWwe

3
ianZO,supQZE

JP.258.If a,b,c > 0;: abc = 1;n € N then:
1 1 1
bn+3 + Cn+3 + q + Cn+3 + an+3 + pn + an+3 + bn+3 +cn
Proposed by Marin Chirciu — Romania
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Solution by Rahim Shahbazov-Baku-Azerbaijan
b™*3 + ¢"*3 > pe(b™! + ¢™*1) we have:
1 1 B
am™ + pn*+3 + cnt3 s a® + bc(b™*1 + cnt1) T antl + pntl 4 ontl

a

+b+
A 1=>a™+p"1+ ™l >a+b+c

We have: LHS < gt =

at'l+n>m+1)a
bn+1+n2 (n+1)b :>an+1+bn+1+cn+1+3n2

cl+n>Mm+1)c
>a+b+c+n(a+b+c)=3n+a+b+c

=>a"l+pl+ "l >a+b+c
JP.259. Let be AABC and BB’', CC' the symedians from B, C. If the
circumcircle AAB’C’ is tangent to BC then the following inequality holds:
b? c? 1
a?+c2 cEZ+bhE 2
Proposed by Marian Ursdrescu — Romania

Solution by proposer

p(B) = BA'> = BC' - BA -
p(C)=cA*=B'Cc-cA
a=BA' +A'C=+C-BC +vVb-B'C (1)

BC' _a® _ BC' _  a? - BC' = %¢ )
Cc'A b2 c a’+b? a2+b?
B'C _ a? B'C a? a%b
=—= = = B'C = 3
B'A c2 b a2+c2 a2+c2 ( )

6
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| aze2 aZp? b c
FromM+@+@)=a= (G 5+ (aa® Tma o -1 @
bz CZ bZ CZ

2
b c
But2 (o —+——) > + = +
a?+cz  a?+b%2) T \Ja2+c2  Ja2+b? a’+cZ  a?+b?

1
> -
2

JP.260. In AABC, N — Nagel’s point, BQ, CP — symedians. Prove that:

1 _ 1

. 1
P,N,Q —collinears + =
b%?ry, c2r, a?r,

Proposed by Marian Ursdrescu — Romania

Solution by Thanasis Gakopoulos-Larisa-Greece

A

PLAGIOGONAL system: AB = Ax,AC = Ay, A(0,0),B(c,0),€(0,b)

p b%c 0 0 bc? Na—b+c a+b—cb
a? + b%’ Q "az +c%)’ (a+b+cc’a+b+c)

1 1 1
b%c 0 a—-b+c

P, N, Q collinears & |[a2+52 arbic|= 0o
0 bc? a+b—c

a’+c?  a+b+c
& a®b? + a3c? + a?b3® — a’b*c — a’bc? + ab*c? + a*c3 — b3c? - b33 =0 (1)
1 1 1 s—b s—c s-—a

+ - =0 + — =0
bZ\/E CZ\/E aZ\/E @bz.s ct2-S a:-S And
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1/a—-b+c a+b—-c a+b-c

b2 * c? a?

& adb? + a3c? + a’b? — a’b*c — a’bc? + ab*c? + a’c® — b3c? — b%c3 =0 (2)
. 1 1 _ 1
(1), (2) d P,N,Q collinears m + E = az—ra
JP.261.Ifa,b,c>0;a+b+c=1;n > 0then:

a N b N c - 81
(n+bc)2 (n+ca)? (n+ab)? (9n+1)2

Proposed by Marin Chirciu — Romania
Solution 1 by Remus Florin Stanca-Romania

Sk * —__1 ' — 2
Let f: R} —» R such that f(x) = el >0= f'(x) = e
= f"(x) = (nfx)4 > 0= fisconvexand
Jensen
a+b+c=1 3 af(bc)+ bf(ac)+ cf(ab) > f(3abc) =
a b c 1

= (n+bc)2  (n+ac)?  (n+ab)?2 — (n+3abc)? (1)

1 In+1 9n + 1)?2
a+b+c233\/abc:>3abcs§:>3abc+ns 9 :>(3abc+n)zs%:>

(1)
1 81 ~ a b c

81
= (3abc+n)? = (9n+1)2 = (n+bc)? * (n+ac)? * (n+ab)? = (9n+1)2 (QED)

Solution 2 by Soumava Chakraborty-Kolkata-India

a3 Rag\on (Za)g -.-1:211 (20)4 ,.,7..\ 81
LHS=y ——— = = = S =
(na + abc)? (nYa + 3abc)? (nYa +3abc)? — (9n+ 1)?

(Za)* & 9 1,5 Ca* & 9
nYa+3abc 9n+1 n(Ca)?® +3abc 9In+1

? ?
s (9n+1)(Ta)d S 9n(Ta)? + 27abc < (Fa)® S 27abc - true by AM-GM
a b c 81
+ + >
(n+bc)? (n+ca)? (n+ab)?  (In+1)?
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JP.262. I1fa,b,c > 0;: a1+ p3n-1 + ¢37-1 = 1:n € N:n > 1 then:
a2 bz CZ n n n\3
b3n+03n+a3n2(a +b"+c )

Proposed by Marin Chirciu — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
a3n b3n c3n Holder (an + p" + cn)3

1= a3n—1+b3n—1+c3n—1 =+ —+— >
a b c 3(a+b+c)

=3(a+b+c)=>(a”+b"+c")3

(a+b+c)¥n1
— 3n-1 3n-1 3n-1
1=a +b +c = 3302

= (a+b+c)¥m1<3m 2 (a+b+c)< Y332
= (an + b" + cn)3 <3. 3"_11/3311—2 (**)

1=qg3" 14 p3n-14 c3n-1> 33/(abc)3"‘1

= (abc)3™ 1 < % = abc < #3_3 *)

a’> b?> % am-ém 3| (abc)? 1

+—+— > 3 =3.
b3 ¢3n a3n (abc)3n 3[(abc)3n2
) 3[ams =302 . (++)
> 3 (3 1/_33) —3. 3 1/33n_2 > (a" + b+ C")3

Solution 2 by Sanong Huayrerai -Nakon Pathom-Thailand

Fora,b,c>0n>1anda3 1 +p3m1430-1=1
3np3n 3 (@+b"+c")3

enave: 1= + +c =4+ —+—>
Weh 1 =371 4 p3n-1 3n-1 _ 2 >
a b c 3(a+b+c)
2 b2 2
. a? b? 2 aj i o a b c\?
ConSIderﬁ t ot o T g T T 2 (ﬁ+ﬁ +ﬁ) >3(a+b+c)

(a+b+c)? 2
Iff (m) = 3(a +b+ C)

Iff (a+ b +c)® > 3(avb + bc + c\/E)Z

Iff (a+ b + c)(ab + bc + ca) > (aVb + byc + c\/E)Z
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Iff a?b + b%c + c?a + a?c + ¢*b + b%a + 3abc >

> a?b + b%*c + c*a + 2(abVbc + bcyac + acvab). Ok
Because a?c + ¢?b + b%a + 3abc > 2(abVbc + bevac + acVab)
Therefore, itis to be true.
JP.263.Ifm > 1;a,b,c,x,y,z > 0 then:
x3m y3m Z3m 3
(yz)™(ay™ + bz™) + (zx)™(az™ + bx™) + (xy)m(ax™ + by™) = a+b

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

Letu =x™;v=y™w=2zm(u,v,w=>0)

3 v3 w3 3

Inequality & —— + + > =

vw(av+bw) uw(aw+bu) uv(au+bv) — a+b

3 3 3
u v w
S ) G s
av+bw aw+bu au+bv a+b
u + v + w 3
Holder \ 3 [ow 3 uw 3 uv
v LHS(y =
3(a+b)(u+v+w)

)

u v w

+ 2+ Y
Yow  Yuw  Yww
wiu + viflv + wiw
o
Yuvw
& (WWu+uifu+ wi/W)3 >9uvw(u+v+w)
sletX=YuY=3v;Z =3Yw
e (Xr+Y*+Z%3 >9(XYZ)3(X3 +Y3 + Z3)

3
We must show that: ( ) >9(u+v+w)

3
> >9(u+v+w)

Chebyshev 1
v Xt+yt+zt > §(X+Y+Z)(X3 +Y3+273)

3
Hence, we must show that: % X3+y3+23)3>9(XyYZ)3(X3+Y3+23) (*%)

(X+y+2Z)? AM;GM

AM-GM ; , 2
— XYZ 2 (X3 +V3+23)2 2 (3VX3r3z3) = 9(xvz)?

= LHS ..y = 9(XYZ)3(X3 + Y3 + Z3) = (*) true. Proved.
10
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Solution 2 by Avishek Mitra-West Bengal-India

x3m (me)Z Bergstrom
S 0= z = >
(yz)™(ay™ + bz™) (xyz)™(ay™ + bz™)
(Z me)Z (me + yZm + yZm)Z

>

(xyzy"(@T x™ + by x™)  (xyz)™(x™ + y™ + z7)(a + b)
& Need to show= (X x*™)? > 3(xyz)™ Y x™

> @em) = &2 ()

AM—GM o
e Yx*™m > 3(xyz)s (i)

A M m
e yxm™ = 3(xyz)z (iii)

= i X xiii.. >

2 m m 2
o (z me) (z xm) > 3(xyz)ZT+? (z me)
= (X x?2™)? > 3(xyz)™ (X x™) (*true). proved
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Form >1,a,b,x,y,z > 0 we have
3m 3m 3m
x z
4 >

(yz)™(ay™ + bz™) N (zx)™(az™ + bx™) " (xy)m(zx™ + by)™

™ + ym + zm 212
(me + yZm + ZZm)Z 3 3

= Gezy)™(a+ b)Y + ym + 2m) = (x + y)™(a + b)(x™ + y™ + zm) = (a + b)

If (xM4ym4zm)3

> 2y. And itis true. Therefore, itis true.
(xyz)™

JP.264. If x,y,z € (0, g) then in AABC the following relationship holds:

a*tanx + b*tany + c*tanz > 4F\[xy + yz + zx
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution by Marian Ursdrescu-Romania
We use Oppenheimer-Klamkin’s inequality:

11



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
vx,y,z > 0 then a®m + b?>n + ¢?>p = 4F,/mn+np + pq (1)

In (1) let: m = tanx; n = tany;p = tanz

a’*tanx + b*tany + c*tanz > 4F,/tanx - tany + tany - tanz + tanz - tanx (2)

But: tanx > x;tany > y;tanz > z,x,y,z € (OE) ©)

From (2)+(3) we have: a’tanx + b?tany + c?tanz > 4F.,/xy + yz + zx

JP.265. In AABC the following relationship holds:

6 O9r a 2 b \? c \2 3R
§_10Rs(b+c) +<c+a> +(a+b) SE

By Marin Chirciu — Romania

Solution 1 by proposer

We prove the following lemma:

In AABC the following relationship holds:

z a*>  2[s*—s*(4Rr + 61%) + r2(6R* + 4Rr + r?)]
(b+c)? (s2+ 12+ 2Rr)?

Demonstration.

a \2 __ Y a%(a+b)%(a+c)?
We have Z (m) = W

Using Y a?(a + b)? (a + c)? = 8s?[s* — s?(4Rr + 61%) + r2(6R? + Rr + r?)] and

[1(b + ¢) = 2s(s? + r? + 2Rr) we obtain:

z ( a )Z _ 2[s* — s*(4Rr + 6r%) + r>(6R* + 4Rr + 1?)]
b+c/ (s2+ 12+ 2Rr)?

The left hand inequality. Using the Lemma the inequality can be written:
2[s* — s?2(4Rr + 612) + r2(6R®> +4Rr +r?)] 6 O9r

> =
(s2+ 12+ 2Rr)? ~—5 10R
& 20R[s* — s?(4Rr + 61%) + r>(6R?> + 4Rr + 1r*)] > (12R — 91)(s> + > + 2Rr)? &
© s%[(8R+ 9r)s? —r(128R?* + 108Rr — 1872)| + r?(72R® + 68R*r + 44Rr*> + 91%) > 0

We distinguish the following cases:

12
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Case 1). If[(8R + 97)s? — r(128R? + 108Rr — 1872)] > 0, the inequality is

obviously.
Case 2). If[(8R + 971)s* — r(128R? + 108Rr — 181?)] < 0, the inequality can be
written:
1r2(72R3 + 68R?*r + 44R1r? + 913) > s%?[r(128R? + 108Rr — 1812%) — (8R + 91)s?],
which follows from Gerretsen’s inequality 16Rr — 5% < s? < 4R? + 4Rr + 3712
It remains to prove that: r2(72R3 + 68R?*r + 44Rr? + 9r3) >
> (4R? + 4Rr + 31r%)[r(128R? + 108RT — 187?) — (8R + 91)(16RT — 51?)]
& 72R3 + 68R*r + 44Rr* + 913 > (4R* + 4Rr + 3r*)(4R + 271) &
& 14R3 — 14R*r — 19Rr? — 1813 > 0 © (R — 2r)(14R? + 14Rr + 9r%) > 0
Obviously from Euler’s inequality R > 2r.
The right hand inequality. Using Lemma the inequality can be written:

2[s* — s2(4Rr + 61%) + r2(6R? + 4Rr +r?)] 3R
<—e
(s2 + 712+ 2Rr)? 8r

s?[s?2(3R — 1671) + r(12R%? + 70Rr + 961%)] +
+1r2(12R3 — 84R*r — 61Rr* — 16713) > 0

We distinguish the following cases:
Case 1). If (3R — 161) = 0, using Gerretsen’s inequality s > 16Rr — 572,
It remains to prove that:
(16Rr — 5r2)[(16Rr — 5r%)(3R — 167) + r(12R? + 70Rr + 96712)] +
+1r2(12R3?® — 84R?*r — 61Rr%2 — 1613) > 0
& 243R3 — 900R?*r + 940R1* — 24413 >0 &
& (R—2r)(243R? —414Rr +112r%) > 0
Obviously from Euler’s inequality R > 2r
Case 2) If (3R — 161) < 0 the inequality can be written:
r2(12R3 — 84R?*r — 61R1r?* — 1613) > s*[s*(16r — 3R) — r(12R? + 70RT + 96712)]
Which follows from Gerretsen’s inequality s? < 4R? + 4Rr + 3r?
It remains to prove that: 72(12R3 — 84R?*r — 61Rr? — 1613) >

> (4R? + 4Rr + 31r*)[(4R? + 4Rr + 31r%) (161 — 3r) — r(12R? + 70RT + 9671%)] &

13
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22R31r2 + 21R*1r3 + 44Rr* +32r° >0 &

12R5 — 28R*r —
& (R—-2r)?(12R3 + 20R?r + 19Rr? + 81r3) > 0, obviously with equality if R = 2r

Equality holds if and only if the triangle is equilateral

Solution 2 by Soumava Chakraborty-Kolkata-India
4s? —4s(b+c) + (b + c)? (2

a? (2s— (b + c))Z B
Z(b+c)z_z (b + ¢)? _z (b + )2

5 [Z{(c +a)?*(a+b)

M Z(C+a)(a+b) 43
[1(b +¢)

{I1(b + ©)¥

Yi+aa+ b=y (Y ab+a?) ZZ{(Zab)Z+2aZZab+a4}:

=3 (z ab)Z +2 (z ab) (Ta?) + (La?)? - 25a?b?
= (z ab)Z + 2 (z ab) (Ca?) + (YCa?)? + 2Y.a*b? + 4abc(2s) — 2Ya*b? =

2
(z ab + Zaz) + 32Rrs? = (3s> —4Rr —r?)? + 32Rrs

(i)
+ Y {(c+a)2(a+ b)) 2 (352 — 4Rr — 17)? + 32Rrs?

Again,Z(c +a)(a+b) = z (z ab + az) —

ZBZab+ZazZZa2+22ab+Zab=4sZ+sZ+4Rr+r
(lll)

Z(c+a)(a+b) 552 + 4Rr + r?

n(b +c) = s% + 2Rr + r? = (i), (ii), (iii) =

_ 4s5*{(3s* —4Rr —1?)% + 32Rrs2} 4s(5s% + 4Rr + rz)
2s(s2 + 2Rr + rZ)

=
z (b+c)2 4s2(s2 + 2Rr +1r?)2
4Rr —1r?)? + 32Rrs? — 2(5s5% + 4Rr + r?)(s? + 2Rr +r?) + 3(s? + 2Rr + r?)?

_ (352
B (s2+ 2Rr +12)2

2 2s* — s2(8Rr + 1212%) + 12R%*r?> + 8Rr3 + 2r4 3R
B (s2+ 2Rr +12)2 = 8r

8r{2s* — s2(8Rr + 121%) + 12R*r> + 8Rr3 + 214} > 0

< 3R(s? + 2Rr +1?)?
14
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@
& (B3R —167)s* + s2(12R*r + 70Rr? + 9613) + 12R3r? — 84R*r® — 61Rr* — 161° > 0

Case1|3R—16r >0

Gerretsen

~LHSof (1) = (3R - 16r)(16Rr—512)s? +
+s2(12R%r + 70R12 + 96713) + 12R3*r? — 84R?*1r® — 61Rr* — 167°

”
= rs2(60R? — 201Rr + 1767%) + 12R3r%? — 84R?*r3 — 61RT* — 161550
”
& s%(60R? — 201Rr + 17672) + 12R3*r — 84R?*r? — 61R13 — 161* % 0
)
Gerretsen
- 60R? — 201Rr + 17612 > 0 = LHS of (2) S
”
> (16Rr — 5r%)(60R? — 201Rr + 17612) + 12R3r — 84R?*r? — 61R13 — 161 So
2

& 24313 — 900t + 940t — 22450 o

2
- 16
& (t—2){(t—2)(243t+72) +256}>0 > true = t > 3 >2
. L. ) a \? b \? c \2 3R
= (2) = (1)is true (strict inequality) - (b ” c) + (c ” a) + (a ” b) < ar

3R—16r <0
Now, (1) © (16r — 3R)s* — s2(12R?*r + 70Rr? + 9613) — 12R3*r? +

(1a)
+84R%r3 + 61Rr* +161° £ 0

Now,Rouche = s? —(m—n) > 0and s* —(m+n) <0,
where m = 2R?> + 10Rr —r? and n = 2(R — 2r)v R? — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*-s22m)+m?-n*<0

= s* —s2(4R?> +20Rr - 2r*) +r(AR+1)* <0 >

(iv)
= (167 — 3R)s* — s2(16r — 3R)(4R? + 20Rr — 2r%) + r(16r — 3R)(4R +1)3 2 0

(iv) > in order to prove (1a),it suffices to prove :
(167 — 3R)s* — s2(12R?r + 70R1? + 9613) — 12R3r? + 84R?*r3 + 61Rr* + 167°
< (161 — 3R)s* — s2(16r — 3R)(4R? + 20Rr — 2r?) + r(16r — 3R)(4R + 1)3
15



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
& s?[(BR — 167r)(4R? + 20Rr — 21%) + 12R?*r + 70R7? + 9613] +

+12R3r? — 84R?*r® — 61Rr* — 161° —r(3R—161r)(4R+1)3 > 0
& s2(12R3 + 8R?*r — 256Rr? + 12813) + 12R3r? — 84R?*1r3 —
—61Rr* —16r°* —r(3R—16r)(4R+1)3 >0
& s2(12R3 + 8R*r — 176Rr?* + 2241r3) + 12R3r? — 84R%*r3 — 61Rr* — 161° —

®3)
—r(3R—161)(4R +1)% S (80RT? + 9613)s?

Gerretsen
*

Now,LHS of (3) =
(a)

(16Rr — 51%)(12R3 + 8R?*r — 176Rr? + 22413) + 12R3r? — 84R?*r3 — 61R1* —
—161° —r(3R — 1671)(4R + 1)3

erretsen

G
and RHSof (3) < (80Rr?+961r3)(4R? + 4Rr + 31?)
(b)

(a), (b) = in order to prove (3),it suffices to prove :
(16Rr — 5r?)(12R3 + 8R*r — 176Rr* + 224r3) + 12R3r* — 84R*r3 —
—61Rr* —161r° —r(3R — 1617)(4R + 1)3
> (80Rr? +9613)(4R* + 4Rr + 31%) © 203 —91t> + 124t —44 >0 &

Euler

oy 6
(20t -11)(t—-2)2>0->true~2 < t< 3

= (3) = (1a) = (1)is true - (b i C)Z + (c f a)Z + (a : b)z < z_f

b )Z ( c )Z(,.'n:)3R

a 2
Combining both cases,in any A ABC, (b ” c) + (c T a a+b < ar

) a? 2s* — s2(8Rr + 1212) + 12R%*r? + 8Rr3 + 2r* /.
Again, (p) = z (b + ¢)? - (s2+ 2Rr +1r2)2 =
- 9_ 9r 12R-9r

~— 5 10R 10R

?

& 10R[2s* — s2(8Rr + 12r2) + 12R%r? + 8Rr3 + 2r4] 3
> (12R — 97)(s% + 2Rr + r?)?
o s*(8R +9r) — s2(128R?*r + 108Rr? — 1813) + 72R3r? + 68R?*r3 +

16
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2

+44Rr* + 915 % 0
@

Gerretsen
-

Now,LHS of (4) > s*(8R+9r)(16Rr — 512) —
”
—s2(128R%r + 108Rr? — 1813) + 72R3r? + 68R?*r3 + 44Rr* + 91530
”
© 72R® + 68R*r + 44Rr? + 9r° = (4R + 277)s?

5)

Gerretsen ?

Again, RHS of (5) < (4R +27r)(4R? + 4Rr + 3r2) <

2

< 72R3 + 68R%r + 44Rr? + 913 © 1413 — 141> + 124t — 44> 0

? Euler

o ({t-2)(14t2 +14t+9)S 0> true~t > 2>

a’ (:) 6 O9r
i )y —  _S_—_
= (5) = (4)is true Z (b+c)2-5 10R

2

6 O9r a \2 b c \2 3R
—— < < —
(m),(n) = 5 10R > (b +c) + (c+a) + (a+ b) <gr (Proved)

JP.266. If a, b, ¢ > 0 then:

aya?+2(b+c)? + byb?2+ 2(c+ a)? + c/c2 +2(a+b)? < (a+b +c)?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Rahim Shahbazov-Baku-Azerbaijan

Vvax+ /by +Vcz < /(a+b+c)(x+y+2z) AM-GM

If we use: LHS = Y a/a% + 2(b + ¢)2 = Y\/a - /a3 + 2a(b + c)?

s\](a+b+c)-(a3+b3+c3+22a(b+c)2)s(a+b+c)2

:>(a+b+c)32a3+b3+c3+22a(b+c)2:>(a+b)(b+c)(a+c)28abc

a+b>2Vab
Solution 2 by Michael Sterghiou-Greece

YepeaJaZz +2(b+c)? <(a+b+c)? (1)
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f(t) =+/tisconcave on (0,+) so by generalized Jensen

Yeyca(a?+2(b+c)?)
chca

with “weights” (a, b,c) we have LHS (1) < ¥.yca - J

which suffices to be < (a + b + ¢)?. Some computation gives
2Y.cyc(ab? + ac? + 2abc) < (Xeyc a)3 — Yeyc@® or YL a?b + a*c = 6abc (2)
considering that ¥..,.(a?b + a%c) = (X.)c a)(Xcycab) — 3abc. But (2)
is obvious by AM-GM [LHS (2) > 6%/a®b®c® = 6abc]. Done!
JP.267. In AABC the following relationship holds:

a? b? c? <y
+ +
2 2 2 2 2 =
m:+m2 mZ+m2 m2+m?

Proposed by Nguyen Viet Hung-Hanoi-Vietnam
Solution 1 by Daniel Vdcaru-Romania

Weknowm, > s(s—a)>m2>s(s—a)>m2+m2>s(2s—a—-b)=s-c

2 2

a a’? a a? a+b+c
Z—S—:—:> 2 < =
m2+m2 -~ sa s mi + m? s

b ¢ e My ¢

Solution 2 by Tran Hong-Dong Thap-Vietnam

m, > ./s(s—a)>m?2>s(s—a)
my, > /s(s —b) = m? >s(s—b)
m,>.s(s—c)=>m?>s(s—c)

2 b2 2 2 b2 2

a c a c
+ + +
m,2,+m% m2+m2 m§+m12, - S(Zs—(b+c)) S(Zs—(c+a)) S(Zs—(a+b))

:a_2+£+ﬁ:a+b+c:E:2
sa s'b sc s s

JP.268. Let A'B'C’ be the intouch triangle of AABC. Prove that:

L . S vab ++bc ++/ca
AB' ' +B'C'+C'A < 2 <s

Proposed by Marian Ursdrescu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
18
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INAA’B'C":B'C'* = (s — a)? + (s — a)? — 2(s — a)%cosA

=2(s—a)? —2(s — a)’cosA

=2(s —a)’(1 — cosA) = 4(s — a)zsinzg then B'C' = 2(s — a)sing

Similary: A'B’' = 2(s — c)sing;A’C’ =2(s — b)sing then

A C B
AB +B'C +CA =2((s— a)sini + (s — c)sini + (s — b)sini

2 r . A+ r . B+ r . C
= Sin—-—+———=-sin—+———-sin—-
A 2 B C 2
tani tani
C

Jensen 3 \/§

—2( A+ B+ S 2 =33
= rcos2 cos2 cos2 > 2r > = r

vab ++/bc+ caAE_GB%_33\/4Rrs
2 = 2 2

3
So, we need to prove: > “;R” > 3V3-ro Y4Rrs > V371 © Rs > 6V/3 - 1?2

> 2r

. R
iy > . Z
Which is true because {s >33 1 = Rs>6V3-r

Vab+Vbc++/ca

Hence A'B'+ B'C' + C'A’ < >
Lastly, using inequality: X2 + Y2 + Z2 > XY + YZ + ZX

Choose X =+va,Y =Vb,Z =+c > m“/:_”‘/a < “+:+C = ? = s.Proved.

JP.269 Let AABC be atriangle. Letbe A’ € (BC) such that the incircle in
AAA’'B A AAA'C have the same radius. Analogous we obtain the points
B' € (AC),C’ € (AB). Prove that: AA' + BB’ + CC’' > 9r.
Proposed by Marian Ursdrescu — Romania

Solution by proposer
Let be r, = the radixes of incircles with AABA', ACA’.
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A

S=Supa +Saca’ =Sapa’ Ta+Sacar Ta=7a(Sgpa + Spca’) =1a(s +AA") (1)

AlLI, ~AIBC >822 =1 o g 1 _hlr 14 _ g Il 5y
BC r r BC r a

I, 1, EO rectangle

From (2)+(3):> rTA =1- s—b—c+AA’ — s—AA' S, = g(s _ AAI) (4)

a a

From (1)+(4)= g(s —AA)(s+AA) =S =>s2—AA? =as >
AA? = 5% — sa = AA' = \[s(s — a). Analogous BB' = /s(s — b); CC' = \[s(s — b)
= AA'+BB' + CC' =Vs(Vs—a+Vs—b++Vs—c)
AA' + BB’ + CC' > 3YAA" BB -CC =3¥sS =3s?2r >332 +r3 =or.
JP.270. If m,n > 0 then in AABC the following relationship holds:

2 2 2
re+r,r ry +r.r rs+r,r 18r
a bf ¢ b cla c ab>

nry+mr, nr.+mr, nrpo+mr, m-+n
Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

2 2 2
i+ 1ryr ri+r.r ré+r,r 18r
a bY ¢ b cla c ab>

nr,+mr, nr,+mr, nrpo+mr, m+n

re T re  JBergstrom  (rg+rp+r.)?
+ + > =
nr,+mr, nr.+mr, nr,+mr, (ro+rp+r.)(m+n)
Ta+Tp+7, 4R+1
= = l
m+n m+n ( )
T, r,T r,vr T, ,rpr T, TpT T, TpT
b'c + a’c a’'b _ a’b'c + a’b'c + a’b"c

+ = =
nr,+mr, nr.+mr, nr,+mr, nr,r,+tmr,r, nr.r,+mr,r, mr.r,+mr.mr,
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1 1 1 J.Bergstrom
=TaIpTr, + + >
nr,r, +mr,r, nrpyr,t+mryr, nr.r,+mr.r,

(2)

9 _ 9s2r _ 9r

(m+n)(rarp+rpretrera)  (m+n)s?  m+n

ST rpre -

(1)+(2):4R+r+ 9r ]'Eger or+r  9r _ 18r

m+n m+n m+n m+n m+n

Solution 2 by Tran Hong-Dong Thap-Vietnam

1 1 1 1 r,r,r
e 4 =l o= a’ b’ ¢
Ty Tp T, T Tl T 1T+ 1.1,

letx=r,y=rpz=1r. (x,y,2>0)

z2 +xy 18xyz

2+ 2+
We need to prove:: Y2 YT 4

y+mz nz+mx nx+my  (m+n)(xy+yz+zx)

x3 +xyz + y3+xyz + z3+xyz 18xyz (*)
nxy+mxz nyz+mxy nxz+myz  (m+n)(xy+yz+zx)
3 3 3 _ 3
X N y N Z AMZGM 3. 3 (xyz)
nxy+mxz nyz+mxy nxz-+myz (nxy + mxz)(nyz + mxy)(nxz + myz)
AM-GM
= 3xyz > 3xyz . — 9xyz ( )
V (nxy+mxz) (nyz+mxy)(nxz+myz) (m+n)(xy+yz+zx) (m+n)(xy+yz+zx)
1 1 1 AM-GM
xyz( + + ) =
nxy + mxz mnyz-+mxy nxz-+myz
3 AM-GM
2 XyZ -3
J (nxy + mxz)(nyz + mxy)(nxz + myz)
3 _ 9xyz
3xyz (m+n)(xy+yz+zx) - (m+n)(xy+yz+zx) (2)
1+@2) 9xyz+9xyz 18xyz
> =
= LHS(*) — (m+n)(xy+yz+zx) (m+n)(xy+yz+zx)' Proved.
Solution 3 by Avishek Mitra-West Bengal-India
ré rg Holder (Z ra)3
&0, = Z — = z > >

nr, + mr, nr,ry, + mr,r, 3(nYr,rp+mYr,r.)

3(Xrarp) - (X1a)

N 3(m + n) Zrarb
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2
'-'sz Zny: (Zx) = Sny,putera,erb,zzrc =3
2
= (Zrﬁ) > BZrarb

(X71q) _ 4R+71 Euler 4-2r+7 9r

S0 2> = = =
1= @m+n)~ (m+n) (m+n) (m+n)
r.r r 1 Bergstrom
eQ,=) —2°¢ = M7 = 1_[ raz >
mry, + nr, mr,r, + nr,r, mr,r, + nr,r,
(1+1+1)2

- nzrarb + mzrarc

_1—[ 9 _ 5 9 _ Or
N Ta (m+n)Zrarb_sr (m+n)-s2 (m+n)

2 9 9 18
o0=0,+Q,=ylale 5 T 4 " - T (proved)

nrp+mr, — (m+n) (m+n) - (m+n)

SP.256. Let ABC be a triangle and (I, r) its incircle. The circle (I4,7,4) is

externally tangent to the circle (I, r) and internally tangent to the sides AB
and AC of the triangle. The circles (Ig,rg) and (I, r¢) are defined similarly.
Prove that:

l.ry+rg+rec=>r

— 2 _ 2 _ 2
2 (r-ry) + (r-rg) + (r-rc¢) > 4
Ty rrp rre

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Marian Ursdrescu — Romania

A

e

A

1)I'D L BC, 1,1}, 1 BC

1 [
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1,D LII
sinll,D = —

”’ = sing = # =_—F -2 and similarly (1)
But; = II,D b T

But in any AABC we have: sin g + sing +sins < ; 2)
2
TA

Zr—rAsgﬁzl TA__ (3)

r+ry 2 1+
LetrTA = x,r—B = y,Z =z (4)

From(3)+(4):>2]E = Z——B <lo Zis%

2 1+

=

But(x+1+y+z+1)(—+—+i)>9:>

x+1  y+1 z+1

x+y+z+32>

1 =4=>x+y+z+3=>24>

9
z:1+x 4

Ta T T¢
xty+z>2le —+—+—==21=2r,+trg+r.>r
r r r

2.AIIgD > IgD* =114 —ID* = (r+1g)* — (r —rg)* =411 >

B _ ID?* _ (r-rg)?

= tan? 5 =
IBD 4-1'1'3

= we must show:
tan? + tan? + tan?- > 1 (5
Butin any AABC we have }; tan—tan— =1=

tan? +tan +tan = > Ztan tan— =1= (5)itistrue.

SP.257.In AABC,BB’,CC’ —internal bisectors.If the circumcircle of AAB'C’ is

tangent to the side BC, then:

2b 2c
+ <
2a+c 2a-+Db

Proposed by Marian Ursdrescu-Romania
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Solution by proposer

p(B) =BA'> =BC' -BA; p(C) =CA*=CB'-CA >

a=BA' +AC=+c-BC'+Vvb-B'C (1)
BC' a BC' a . ac

ﬁ_Eﬁ c _a+b:>BC_a+b (2)
B'C a BA a

,._a
ﬁ_zi b _a+c:>B Ta+c 3)
a= /ﬁ ab? = b
From (1)+(2)+(3) we have: a = b T me o Ve= st =
c b
1= + (4)
Jala+b) Jala+c)
Ja@ipy b, 1 | 2
a(a <

2a+c 1 2
Jala+c) < 7 = —a(a+c)>2a+c (5)

. _ c b 2c 2
From (4)+(5) we have: 1 = NreD) + N >t

SP.258. Let A'B’C' be the circumcevian triangle of symedians in AABC. Prove
that:

2> Y0ali 2
o = ()

Proposed by Marian Ursdrescu-Romania
Solution by Tran Hong-Dong Thap-Vietnam

[A'B'C'] _A'B'-B'C'-C'A'" 4R _A'B'-B'C'-C'A’

[ABC] 4R abc abc
BAK = BB'A' o g KA _ AB
iy — ~ = AKAB—-AK'B'A' = =

{ABB’ = AA'B’ KB' B'A’

AB - KB’ KB KB' ¢ p(K
SBA=— "= _c Pt

KA ““KA KB KA KB
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r cp(K) r _ cp(K) [A'B'C’] _  abc(p(K))® _  (p(K))?
Similary B'C" = andA ¢ = KAKC So, [ABC] ~ abc(KA-KB-KC)3  (KAKB-KC)3
. _ 2 2 3(abc)2
But: p(K) = R* — OK* = — 120
KA = b% + ¢? I o 2bc _ 2bcm,
" a?+ b2 + c2 sa_az+bz+cz b2 + 2 ma_az+bz+cz
KAZ = (2bcm,)?
- (a? + b2 + c2)?
27(abc)® )

[A'B'C'] (a? + b2 + c?)5 27 abc

ABCl =~ 64(abc)* _a.(mmm)

[ ] (aZ _|_(bZ _|_)CZ)6 . (mambmc)z alltpiitc

2 mgmpm;2s’r 2 s>3\/—r

27 ( 4Rrs ) 27 (4Rrs>2_27 R 27 R? _(R)Z

= — S J— —_ — S = | —
64 \m,mym, 64 \ s?r 4 s? 4 272 \2r

SP.259. In AABC,T —is Gergonne point, BN, CM —simedians from B, C.Prove

that the points B,T', N —are collinear if only if > byle=Ta
c a

Proposed by Marian Ursdrescu-Romania
Solution by proposer
From tranversal theorem we have:

1 NC
B,T',N —are collinear if only |f—“1 v :_ (1)

2 2 2 2
MA BC\* _a NC _ (BC\* _ a
From Steiner theorem we have: uB = (E) =z and A (—) =2 (2)

From (1)+(2) we have:

_ 1
b2( —b) * 2(s—c)  s-a
1 1 1
-+ =
b%2(s—b) c*(s—c) a*(s—a)

S S S S
But:ra:;zs—azr—,andanalogss—b:r—;s—c:—
- b

Tc

So Le=Ta

c2 a?
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SP.260.Ifaq,a,,...,a, > 0;k € Nk > 1;n > 0 fixed then find the minimum

of:
Q=2(a+a3.. +a})—n(aa, + ayaz + -+ ajay)
Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

(ay +a; ++a,)°
k? ’

(a, +a, + - +a)°
kz lk 2 1

Q=2(a}+a3 .. +a})—n(aa, + aaz + -+ a,a,)

k>1

a+al.+a>

aa; +azaz +---+aaq <

(a; +a; + -+ a)® (a; +a, + - +a)°

> 3 - =
tartaptorm>0943 2 263 — nkt?
- Kk Kk
@(t) = 263 —nkt? ;(t > 0) > ¢'(t) = 6t* — 2nkt

0 nk
@' () = 0 & 2¢(3t — nk) = Ogtz?e (0, )

@' (t) <0Vt € (0,"_k); @' (t) >0Vt € ("_koo)

3 3
nk (nk)? (nk)? 1 1
> . —_ ] = . — . - 3 > - . 3
1
SO,Qmin: _E’('n,3 C)al =a; = =q :g

Solution 2 by Sergio Esteban-Argentina
Let f(ay, ay, ... a) = 2(ad +a ..+ a}) —n(aya, + aya; + - + a,a,)

Af = (6a§ —n(a, + ay),6a3 —n(a, + as), ..., 6a2 —n(a,_, + al)) =(0,0,..,0)

Itszerowhena, =a, = =a; = g We calculate the Hessiano of f is (Hy):
[12a; —n 0 0 .. —n
I -n 12a, -n 0 .. 0 I
0 -n 12a3; -n .. 0
[—n 12akJ
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So, Hﬂg,...g) is:
4n -n 0 0 .. —n
-n 4n -n 0 .. 0
-n .. .0 . 4n

We use the criterion that says that if all the determinants of the main minors of

H.» n are strictly positive, then Hn n is positively defined, we see that:
33

3""3
4n -n 0 0 .. —n
an —n |4 M O -n am -n 0 .. O
4'n, -n 4n N bt (2 4n -nl,.., 0 -n in —n 0
-n .. .0 ... 4n
_ @+ -@-Vv3)k

They have the following form det(k) n* 1 ke N k>2 whereitis

2V3
positive. By method of Gauss Jordan triangulating the matrix we will notice that in

the diagonal only positive numbers remain, with which we conclude that

det (Hf(g g)) > 0 and det(k) > 0, then f reachers a global minimum in f (g E)

3""'3 3
Qi = f(gg) L w

SP.261. If x,y,z > 0 then in AABC the following relationship holds:

(x+y) (+2)* (z+x)
2 2 yZ

+a*+ b*+ c* > 16V3F

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania
x 2 N2 (x,2z\> (x.zZ.,y . zZ. Yy, K X\
G+ . G+D Gry) _Gri+i+5+3+5)

1 1 1 - 3

2
4 pt o4 24 p2+c2)2  (44/3F
a+_+c>(a C)Z(\/;):l

=12

1 1 1~ 3
We must show that: 12 + 16F? > 16+/3F true from Am-Gm.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

6F?

For x,y,z > 0 and inany AABC we have
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(?)Z + (yTﬂ)Z * (Z;_x) +a*+ bt +ct > (x+y+y:tz+z;x+“2+b2+c )

6

2, b2, o2)2 :
> (6+a +6b +c?) > (6+4;/§S) =16V3S (1)

I e I R N ([ O R

(az+b2+cz)2

=12 +a*+b*+c*>12+

(‘” S 5 16v3s )

>12 +
From (1)+(2) the inequality is proved.
SP.262.If x,y,z > 0;u = 0 then in AABC the following relationship holds:

+z+ +x+ +y+ 12u/3F
yrzvu o zHxtu, xX+ytu . omp. uv3
x y z x+y+z

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

y+z+u z+x+u x+y+u

x y z

1 1 1
Z(ya2+ b2+xc)+(Eaz+Eb2+zc2)+u(—az+—bz+—cz)
x y z x y z x y z

Am—-Gm
VA X z X -
Xa2+—b2+—c224’—+—+X'F = 4V3F (1)
x y z X y z
Am-Gm
z X X
—a%+— b2y2>4—+ +XF>4\/_F (2)
x y z I
( a’?+—b%+=-¢2 > 4- —+ +— F=4-
y z
Am-Gm
" 27(x +y+ 2z 12uv3-F 1)+(2)+(3
g 4. [FGaryrD) o 12uV3 (3) L2
(x+y+2z)3 x+y+z

12uv3F

Q>8V3 -F+—"""" Proved.
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0,u > 0 and triangle AABC we have

+z+u Z+x+u x+y+u

x y z

ct =

VA u X u
ya2+ a’?+—a?+— b2+ b2+ b2+ c+yc+ c?
x x y z z z

2 p2 2
= (Xaz _,_sz)+(sz +Xc2)+ (Eaz +£c2)+u<a—+—+c—>
x y y z x z X y z

(a+b+c)? 3u(ab + bc + ca)
>2ab+2bc+2ca+u—— —=> 2(ab + bc + ca) +
xX+y+z x+y+z
12\/—uF

> 8V3F + —true, because ab + bc + ca > 4+/3F

SP263. In AABC the foIIowmg relationship holds:

a+ b\? R\?
12 Y (A <19(R)
c 2r

cyc
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Soumava Chakraborty-Kolkata-India

a+ b\* (b+c+a)b+c—a) 4s(s — a)
() -3= ‘1]22 a2 RinrankE
4ma B sz +2c¢? — a?
<y P>
2b% + 2¢2 + 2a%) — 3a? 1 Leibniz a?b?
( Pz 223 = 2(a) (zg)-0 = 188 (ui:ﬁ) —9s
Goldﬂsh\tone 18(4RZSZ) R 2 a+bhb 2 (1)

IN}

) =103 ¢
I[( bzczs(s—a))]l
|

< - _9= —) -
- 161252 9 18<2r> 922( c

bc(b + ¢)?
a2

Again,y (“ : b) _3=y [4s(s _ a)] 42 = 4y
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(bc(b+c+a)(b+c—a)) [be{(b + ¢)* — a®}] [b __a*bc
_ (b ~+c)? el BT || T 0P|
2 @ "Rl e TRITe |7
| | |
be be A6 3| be abc S a+bm?%
:423—42‘@2 12 H(ﬁ)—z‘mz 12—2(1):9@2(7) =12

a+ b\? R\?
~ combining (1) and (2),12 <Y, (T) <18 (ﬂ) — 6 (Proved)
SP.264 Let a, b, c be the lengths of the sides of triangle ABC with iradius r
circumradius R and radii of excircles r,, rp, 7. at angles A4, B, C, respectively.

Prove that:

1 - r:+r? N ri + r? r2+r? - 1
4R* ~ c2(a*+ b*) a?(b*+c*) b2(c*+ a*) ~ 64rt

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by proposer

First, will prove that: r < T <2 T <ﬁandi+i+l<i
! a = 4’ “ar ' ¢ T ar a2 b2 2 T 4r?

2 2
We have: % = Z—F where F denotes the area of AABC. So:

a®> a? _ (2RsinA)* 2R%*sinA _ 2R?sinA
ars 4 (% bcsinA) 2bcsinA bc (2RsinB)(2RsinC)
sinA sinA sinA

= = 2
2sinB -sinC cos(B—C) —cos(B+C) — 1+ cosA

. A A . A
2sin5 cos= sin= A
— 2 2 _ 2 _san’
B , A A 2
1+ 2cos 7—1 cosy
A a? A a? a? . . b2 c
So, tanE < s tanE < O Ta < o Similarly r, < o Te < -
. _ 2 2 _ _ )2 2 1 1 = 1
Alsowehave:(b—c)*20oa*-(b-c)"<a” & < (-0 (@tb-o)(a—bto)
Let: 2s = a + b + c is the perimeter of triangle ABC. Then: 2 < ! = L

a? — a%-(b-c)? 4(s—c)(s—b)
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Similarl ! . 1 L
yb2 ~ 4(s-c)(s—a)’ = 4(s—a)(s-b)
1 . 1 1 1( 1 1 )
a? b2 cZ = (s—b)(s—c) (s—c)(s—a) (s—a)(s—b)
1 s—-a+s-b+s-c 1 s(3s —2s) 1 s?

1
1 G-aG-DG-0 1s6-0G-De-0 & F a7

1,1 1 1 a®
=>—=+=+=<-— Now,wehave:r, <— o r?
a2 b2 2T 412 ow, we have a = 4 — 1612
b* ct
Alsowe have: 12 < — andr? < —.
so we have b_16r2adc_16r2
SO TZ + TZ < at+pt rﬁ+r,2, 1 r§+r12, 1
a b = 16r2 at+b* — 1612 cz(a4+b4) — 16712c2

rb+rc 1 r2+r2 1
Similarly (o) < T and 2 (ahrch) = Tertp?

r2+r? i+ 1r? r2 + 12 1 (1 1 1) 1 1 1

+ + < —+ -+ < - =
cz(a*+b*) a?(b*+c*) b2(a*+c*) " 161r2\a? b2 c? 1612 4r2 641t
For the left inequality, we have:
r2+7r2 N ri +1? N r2 + 12 - 27,1 N 21,7, N 2r.1,

cz(a*+ b*) a?(b*+c*) b2(a*+c*) — c2(2a?b2) a?2(2b2%2c¢%) b?%(2c2a?2)

T Tyt Ty T, s? 1 - 1 1
B (abc)? (4Rrs)Z 16R2r2 —

16R? (%)Z "4kt

We know that: r,r, + 1,1, + r.r, = s>, abc = 4Rrs,R > 2r (Euler)

So: i rﬁ+r,2, r,2,+r% r%+r§ 1
"4R* — c2(a*+b*)  aZ(b*+ct)  bZ(ct+at) T 641t

SP.265. In acute AABC the following relationship holds:

(cosA)? - (cosB)B - (cosC)¢ < 27"

Proposed by Florentin Visescu-Romania
Solution 1 by Radu Butelcd-Romania

As the members are positive, we can apply the function x - log(x)
log((cosA)? - (cosB)B - (cosC)¢) < log(2™™) &
Alog(A) + Blog(B) + Clog(C) < —mlog2 (1)
Let £:[0, ] - R, f(x) = xlog(x)
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f'(x) = log(cosx) — xtanx

*_ < 0,vx € [0, 7] then f is concave

COSZX

f'(x) = —2tanx —

By Jensen, we have f (A“;*C) > f(A)+f(33)+f(C) o

- A-log(cosA) + B -log(cosB) + C - log(cosC)

A+B+Cl (A+B+C)
3 og| cos 3 > 3

/4
rtlog (cos §) > A-log(cosA)+ B-log(cosB) + C - log(cosC)

—mntlog2 > A-log(cosA) + B -log(cosB) + C - log(cosC) (2)
From (1)+(2) proved.

Solution 2 by Adrian Popa-Romania
P = (cosA)4 - (cosB)® - (cosC)¢ <277

Am-Gm
-~ A-cosA+ B-cosB+C-cosC

— A, B . c 2
P = (cosA)? - (cosB)B - (cosC)¢ < ( A+ B+ C )

A+B+C

(A -cosA+ B -cosB+C- cosC)"
T

Let: f(x) = xcosx,x € (Og)

f'(x) = —2sinx — xcosx < 0, because sinx > 0; cosx > 0,Vx € (0 :)

. J
So, f is concave—= f(A)+f(33)+f(C) <f (A+§+C) then

A+B+C A+B+C\ =
A-cosA+B-c0sB+C-cosCsB(T)cos(—3 ):E

P<27T"

=

SP.266. If A, B € M4(Q);

p bp p p
AB = ?) _(’)’ _’I’, _1’,’ .pEeC,p%0; 0, = BA: Q, = (BA)~! then
o o 0 -p
find: @ = 02 + (p2Q;1)°
Proposed by Marian Ursdrescu-Romania

Solution by Florentin Visescu-Romania
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X—p D -P 4
_ _ 0 x+p p p|_
P,s(x) = det(xl, — AB) = det( 0 0 x—p —p ) =
0 0 0 x+p

=(x—p)?(x+p)? =x*—2p’x* + p* >
Pup(x) = x* — 2p*x® + p* & (BA)* - 2p*(BA)’ +p*l, = 0, &
(BA)* + p*l, = 2p*(BA)*/;B~'/4,A"' = (AB)® + p*B~'A™' = 2p*’AB/ A"/ ;B =
(BA)? + p*(BA)"1(BA)™! = 2p?, (BA)* + (p*(BA)™)? = 2p*l,

a=02+(p20;1)" = 2p?l,

SP.267.In AABC; AA4, BB, CC4 —internal bisectors and A, B,C, the
circumcevian triangle of incenter.Prove that:
r\2 [A{B,C 1
() < [41B:C4] _1
R [4,B,C,] ~— 4
Proposed by Marian Ursdrescu-Romania

Solution by Marian Dinca-Romania

2abc
B = by b+ ocra) MBS
_ 2abc ” . .
= @+p) b+ (c+a) - 2R“sinAsinBsinC
B+ C A+C A+B
<AZ:T;<BZ: > ;XCy = >
.., (B+C\ . (A+C\ _(A+B
[A,B,C,] = 2R sm( > )sm( > )sm( > )
2abc - 2R?*sinAsinBsinC

[41B1C1] _(a+b)(b+)(c+a)

[4,B,C,] 2R?sin (B ; C) sin (A ; C) sin (A ; B)

A+ B
sinAsinB < sin? (T) < cos(B—A)—cos(A+B)<1—cos(A+B) &

cos(A—-B)<1
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B A+C
) and sindsinC < sin? (T)

C +
Similarly: sinCsinB < sin? ( 5

Multiplying the three inequalities and then extracting the square root we obtain the

. o . (B+C\ . (A+C\ . (A+B
inequality: sinAsinBsinC < sin (%) sin (%) sin (%)

And use Am-Gm result: (a + b)(b + c)(c + a) > 8abc(Cesaro inequality)
[41B1C4] <1
[42B2C2] — 4
2abc o p2es . )
[A,B,C,] _ (@a+b)(b+0)(c+a) 2R“sinAsinBsinC
[4,B,C;]  -pz... (B+C\ . (A+C\ . (A+B
20202 2Rsm( > )sm( ) )sm( ) )
2abc A B C 2abc 2r

- (a+b)(b+c)(c+a) . BSinESinESinE - (a+b)(b+c)(c+a) 'R

We obtain:

4abc r r\2 4abc r

“@+Dlbr)(cta) R> (7 = @+bD)b+)lc+a) R
4abc _ 16Rrs

(ab + bc+ ca)(a+b +c) —abc  (s?2+1r2+4Rr)-2s— 4Rrs

8Rr 8Rr r

= = > =
(s2+7r2+4Rr) —2Rr s?2+1r*+2Rr R

8R? > s2+7r?+2Rr & 8R* —r? —2Rr > s
s? < 4R? + 4Rr + 3r? .. Gerretsen inequality
and:4R? + 4Rr + 312 < 8R?> —r* — 2Rr &
4R> —6Rr — 41> >0 2R> —3Rr—2r2 >0
S (R-2r)2RR+1r)>0 R—-2r>0..(Euler). Done!

SP.268.1fA € M,(R); Tr A = detA = 1 then:
det(4%2 + 34+ 31,) >5Tr(A™ 1)+ 3

Proposed by Marian Ursdrescu — Romania

Solution by Florentin Visescu — Romania

TrA=detA=1=A4>-A+1,=0,
A2=A-1,;A>-A=-1,2A-A*=1,>A(U,-A)=1,=A41=1,-A
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(*) 5Tr(A ) +3=5(Tr(I;—A4))+3=5(2-1)+3=5+3=8

(**) det(4%? + 34 + 31,) = det(A — I, + 34+ 31,)
= det(4A4 + 21,) = det(2(2A + I,)) = 4 det(24 + I,)

So, we have to prove that det(24+1,) > 2

_(a b . _ —
LetbeA—(c d)eMZ(R),TrA_1:>a+d_1
:>d=1—a:>A=(‘cl 1fa)detA=1:>a—a2—bc=1:>a—a2—1=bc
—a?_
fb=0>a’?—a+1=0=acC (False).So,b£0 > c=22"1

b

a b 2a+1 2b
A=|a—a*-1 =>24+1,=2a—-2a*-2
— 1 — 3-2a
b b
det(2A+1,) = (2a+1)(3—-2a) —4a+4a* +4 =
=6a—4a*+3—-2a—4a+4a*+4=7
. 1
SP.269. Ifin AABC:s = Ethen:

my my me
a-ea +b-eb +c-ec >eMatMtmMme

Proposed by Daniel Sitaru — Romania

Solution 1 by Marian Ursdrescu-Romania

_1:>a+b+c_1:> +b+c=1>
s—2 2 =3 a c=

L mp me a L b mp c me
aea +heb +cec =——ea +——.eb +——ec >
a+b+c a+b+c a+b+c

m, a mp b m, ¢
> e a atb+c-eb a+b+c-e ¢ a+tb+c = eMa . eMb . eMc = gMatMmp+tm,

Solution 2 by Tran Hong-Dong Thap-Vietnam

1 a+b+c 1 b+ 1
= -0 = - =
S 2 2 2 a c
Using Jensen’s inequality with f(x) = e*

LHS = af (%e) + bf (52) + cf (%) 2 (a+b+c)f<w>

a+b+c
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m mb m my mp me
= f(—“+—+_‘) —eath ¢ =e®
a b c

m, <my,<m,
Supposea=b =>c=

Chebyshev 1 1 1 1

=0z gmermyrm)( 4+ )
>1(m +m +m)-L=1(m +my+m.) - —=my+m,+m
=3 a b c a+b+c 3 a b c 3 a b c

= e® > eMat™Mp+Me Proyed.
Solution 3 by proposer
Letbe fy, f2. f3:(0,0) - R
fi(x) =axIlnx— (a+myx; f,(x) = bxlnx — (b +my)x
f3(x) =cxIlnx — (c + my)x
filx) =a(lnx+1) —(a+m,) =alnx—m,

m
f’l(x)=0:>alnx=ma:>lnx=7a

mq mq
Inx =Ilnea > x=ea

mq mq mq mq
minfl(x)Zfl(ea)zza-ea ‘lnea —(a+m,) -ea =
Mg mq mq mq
=m,-ea —aea —m,-ea =—aea

Analogous: min f, (x) = —be%; min f3(x) = —cec
fi+f2+f3:(0,0) >R
(f1+f2+f3)(x) = f1(x) + f2(x) + f3(x)

mg+my+m,
min(fy + f, + f3) (x) = —(a+b +c)e atb+c

min f4(x) + min f,(x) + min f3(x) < min(f; + f, + f3) (x)

mg o omy  mg mgtmp+me
—aea —beb —cec <—(a+b+c)e atbtc

my o omy omg mgtmytme
aea +beb +cec >(a+b+c)e atbtc =

Mmet+tmp+me
1 1
i E) .e Zi — ema+mb+mc

me+mp+m, (

=(2s)-e  z - =(2
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Equality holdsfora = b =c ==,

Solution 4 by Ravi Prakash-New Delhi-India

mg/a

+ be™»/b + ce™e/c
a+b+c

ae

1
> [(ema/a)a(emb/b)b (emc/c)C]a+b+c

= aeMa/a + bemb/b + cemc/c > (ema+mb+mc) [ s = %]

SP.270. If x,, > O0;n € N is a sequence such that exists

3
X X
lim, —;;3 ;‘(“ = m then find: Q = lim,_,, \/
n+2 “n

Proposed by D.M.Batinetu Giurgiu, Neculai Stanciu-Romania

Solution by Marian Ursdrescu-Romania

o 3 o log(xg) M log(xpeq) — log (xp)
log(®) = ,‘,L“; log( \ X“) - rl,l_glo n3 B rlll->nolo (n+1)3—n3
lOg (X;(l+1) nZ lOg (Xn+1)
=lim-———-2"—=1lim Xn
nbo3n2+3n+1 nox3n2+3n+ 1 n?
n+2 Xn+1 log [ Xn+2 " Xn
bes1 log(n+1) l°g(xn):1h g( xZ,
3noo (n +1)2 — n? 3n-w 2n+1
1 n+Z "Xn Xn+3 "Xp+1 | Xn+2 " Xp
_1 li 0g< Xni1 > e li l°g< Xpi2 log Xni1
_3n—>l£})2n+1 n - 6nl—>l£}) n+1—n

1 Xn+3 ' X 1
= —lim log <M) = glog(n) =log(¥m) =

n—eo Xn+2 "Xn
log() =log(¥Ym)=>0=Yn
UP.256. I1fm,n € N: a, b, c > 0 then:

(m + (a + b)™*1) (n + ) + (m+ (b +c)™?) (n + a"1+1>

Cn+1

+ (m+ (c + a)™?) (n + ) >6(m+1)(n+1)

bn+1

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution by George Florin Serban-Romania
Am-Gm

m+(a+b)"1>1+1+--+1+(a+bh™?! =
~————
m timmes

2(m+1)-M+1\/1-1-...-1-(a+b)m+1=(m+1)-M+W=(m+1)(a+b)

m timmes

1 Am’:\Gm " 1
n+m:1+1.+"'+1+m = (n+1)- \/111m
n timmes n timmes
n+1| 1 n+1
=(n+1)- m: .
1 n+1
Z(m+ (a+b)™+) (n+c"+1) > Z(m+ 1)(a+ b) A . )
cyc cyc

a+b a b ¢c b ¢ a
:(m+1)(n+1)2—:(m+1)(n+1)(—+—+—+—+—+—)
c b a b ¢ a c

cyc

Am_ Gm sla b ¢ b c a
> (m+1)(n+1)-6- —-—-—-—-—-;26(m+1)(n+1)

UP.257.1f A € M4(R) such that
det(A* + pA% + p?I;) = det(A* + ql;) = 0,p,q € R.
Find: Q = det(A)
Proposed by Marian Ursdrescu-Romania
Solution by proposer
Let: f(x) = x* +px? +p* g(x) = x* + q; f, g € R[x]
P, —the characteristic polynomial of matrix A.
We must show that: (f,P,) # 1.
Suppose that: (f,P,) =1 = 3u, v € R[x] such that: f(x)u(x) + P,(x)v(x) =1 >
f(A)u(a) + P,(A)v(4) = I > Iy = 04 absurd.
Similary (f,g) # 1 = f/P,and g/P,, for degree P, = 6
But (f,g) = 1= P,(x) = f(x) - g(x) = det(A) = P4(0) = £(0) - g(0) = p*q
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UP.258. If m > 0;x,y > 0 then in AABC the following relationship holds:

a3m+4 b3m+4 C3m+4 4_m+2 . Fm+2
=+ =+ >
(ax+by)™ " (bx+cy)™ " (cx+ay)™ = (y3)" - (x + yym

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
Forx,y>0m=>=0

Am-Gm 3
- ax+by+bx+cy+cx+a
(ax + by)(bx + cy)(cx +ay) < ( Y 4 2

33
_(a+b+c)(x+y)°
= 33
)a+b+c)m(x+y)"
[(ax + by)(bx + cy)(cx + ay)I™ < 33m - (1)
g3m+4 p3m+a c3m+a Am,I\Gm 3 (abc)3m+4
Now, (ax+by)™ * (bx+cy)™  (cx+ay)™ 3- \][(ax+by)(bx+cy)(cx+ay)]m

@ 33m . (ghc)3m+4
=3 [@rpromGTym

33m.(abc)3m+4 4_m+2_Fm+2
(a+b+c)3m(x+y)3m — (ﬁ)m.(x_'_y)m

We must show that: 3 - 3\]

33m+3 . (abc)3m+4 4_3(m+2) . F3(m+2)

C @b TG () (e yyom

33m+3 . (4_RF)3m+4- - 4_3(m+2) . F3(m+2)
@ T (33"

o 33m+3. (3\/5)"’ - (4R)3M+4 > (25)3m . 43(m+2) . 242

& 33 (3% \/§)m - R3M*t4 > 42 . (25)3™ - §212 | (%)

s < 32—\/§R = 25 < 3V3R = (25)3™ < (3V3R)3™ = (3V3)3™R3™ ... (1)

3v3 33

Ls< — 2<_—_R?%..
s<— R=s _4R (2)
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R
rS—ﬁTZST--G)
WD) ) vam. 2.2 o sm 331

& 4% - (2s)3m-s2-r2 < 33. (34\/§)m - R3m+4 = (x)true. Proved.

UP.259.1f0;a < b;n € N;n > 1 then:

a+b a+b
Vab /T \ vab /T
f x"eX dx || f " leXdx | < f x e dx || f x"e* dx |
0

) v

Proposed by Daniel Sitaru-Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

a+b

0<a<b=+a <—Put

_ _ fitetdt
Let: (p(X) = m,x >0
0
(xme* f: t"letdt) — (xvle*’ f: thet dt)

(Js tn-1etdt)’

o'(x) =

xmle¥ (x [Yenletdt — [ thet dt)

= X
(J; e ledt)” =1
X X
gx) = xf tlet’dt — f thet’dt x>0
0 0

X X
g'(x) = f tmlet’dt +x - x" 1 e — xe* = f t"let’dt > 0,vt € (0; x)
0 0

5g(x)>0=f(x)>0,Vvx>0= ¢(x) T (0,0) = (p(m) S(p(a+b>
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a+b

Vab n ,t2 2 gnt?
J, ttetdt J 2 thetdt

b - atb
f(;/a_t"‘letzdt foz t"1let’dt

=

Solution 2 by Sergio Esteban-Argentina
Consider the following

+b 'I

2

n xz n 2 1 1 I
x"-e* -yt-e¥ - 7 x dxldy >0
Vab

Q

Vab

[
I
¢ = f |
|
With x € [\/ab;%b] andy e [O;Vab]
We can notice that f(t) = T - e is positive, because f'(r) > 0 then fis increasing
f(0) = 0.Then: x™-e* -y - e¥* > 0.
Since0 <a <+ab saT”’,theany and isi

~ @ = 0 finally, expanding ¢ we obtain

vab "2
¢ = f f (xm- et - yn1. eyt —yn. eyt . yn-1. e"z)dxdy
0 Vab

a+b a+b
2 vVab vab 2
= f x"-e"zdx-f y"‘l-eyzdy—f yn-e¥’dy - f 1. e dx
vab 0 0 Vab
a+b a+b
2 Vab Vab 2
= f X" e dx f a1 e dx — f A" e dx - f a1 edx >0
0 0 Jab

Jab
UP.260.1f0 <a<b < gthen:

[ (e /aTH]LStd\<mm5td /a%bﬂd\
| e I\Of (e h | %) I\Of <1+et>)

Proposed by Daniel Sitaru — Romania
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Solution by Sergio Esteban-Argentina

Seaf,g: (0%) - R, f(T) = (;TTT),Y gt )_ i ; tant
a+b

. . rar _ [ 2 f(T)dr
la desigualdad puede set escrita como: f" (e < ab

V@b S asb
fo bg(r)d‘t f\/az_b g(@)dr
d
Por el TVM de Cauchy: 3¢ € (0, Vab) tal que;"J_¢ = % = tanc
e g(eyar

. a+b fMdr  _ fy) _
y tambien3y € (Vab, 5 ) tal que z——= )

I/ % 9(Mde

=tany

Sabemos que:

T

I N

[ B PP,

tan (u)

B e I I

Es creciente de (0, g) ~tanc < tany

UP.261.1f0<a<b < gthen:
Vab / b Vab /
(f e"‘zsinxdx> f e * cosxdx < (f e"‘zcosxdx> f sinxdx
a a+b a a+b

Proposed by Daniel Sitaru-Romania

Solution by proposer

a+b

By Cauchy’s theorem 3c € [a,Vab];d € [— b] such that:
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vab _,2 ., .
fa e *sinxdx sinc
Jab = = tanc
a 2
J, e cosxdx cosc
b 2
e * sinxdx ,
IM ind

bz 2 = d- tand
fa+be* cosxdx €OS
z

Am-Gm
o) +b - .
0<a<c<+vab < aTsdsb<§,tanx—|ncreasmg on (Og)

= tan(c) < tan(d)

b 2
Vab _.2 . e X sinxdx
[ e * sinxdx Jazb
a 2 PN
vab = b —x2
fa e**cosxdx Jarpe ¥ cosxdx
2
vab b vab b
2 . 2 a2 a2 .
f e * ' sinxdx f e * cosxdx | < f e * cosxdx f e ' sinxdx
a a+b a a+b
—Z z

UP.262. If u,v,w: 0, x,,, Y, Z, > 0,n € N sequence such that:

. Xn+1 _ . Yn+1 _ . Zn+1 _
lim = a, lim = b, lim =c,
n—oo nxn n—oo nyn n—oo nzn

Where a,b,c are sides in AAB C with circumradii R then in AABC the following

relationship holds:

2. Rp2
fim (% (ow'VxZ + wuy3 + uvyz—%)> Lurv+w) R

n—oo ez

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Marian Ursdrescu-Romania

2 C-D'A 2 2n
nlx X n
. . n - +1

lll'l‘l—21l xn=llm —n = li ﬁ—z

n-o N n-oo _[n<N n—-oo (n + 1) n X5
. X2, n? ( n )Z" 2.4 1 a
—_ lm . . —_ . [ e —_ —
noon2x2 (n+1)2 \n+1 e? e?

.. . 1 b . 1 c
And similarly, lim,,_,, — Vy2 = 2 limy = NzZ = =
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We must show: (vwa? + wub? + uvc?) < (u+v+w)?-R%? .. (1)

Now, use Klamkin theorem: VM € P,Vx,y,z € R

(x +y+2z)(xMA%? + yMB? + zMC?) > a’yz + b%*zx + c¢*xy ... (2)

2
Let:x=u,y=v,z=wandM=0:>MAZ=MBZ=MCZ=RZ(=>)

vwa? + wub? + uvc? < (u + v+ w)(u04? + vOB? + wOC(C?) &
vwa? + wub? + uvc? < (u+v+w)?-R? = (1)it'strue.
UP.263. Ifm > 0: f, g1 (0, 0) — (0,0),lim,_., 72 = a > 0
1
lim,_, g(x)-xm = b > 0 then find:

1 1
Q= lim <(F(x +2))me+D) — (T(x + 1))ﬂ> f(x)g(x)

Proposed by D.M.Badtinetu-Giurgiu and Neculai Stanciu-Romania

Solution by Marian Ursdrescu-Romania
In+1)=mMm+ 1!, T'(n) =n!

We must find: Q = lim,,_,, (M,lf (n+ 1)!$ — 1:/%) f(n)g(n)

_ f() 1 :/n!% " (n+1)!%
=lim g X 1w

. f(n) _ . 1_
lim——=aand limg(n) -nm =5b..(2)
n-»oc N n—-oo

. n[—n! . n|nl C—DrAi_he\mbert ) (n + 1)| n"
lim =lim |— = lim —————
n" (n+ 1)1 nl

n-oco N n—-oo n—-oo

1
= tim (") =2 im <W>m =)

e n—-oo n e

n+1, 1
Let: x,, = n(Lll)lm = lim,,_, o, n(x, — 1) = lim,,_, n(e'°9* — 1)

n'm
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— im € 1) = lim nlogx, = lim logx}; = | (1im x2)
= lim log. 0gx, = lim nlogx, = lim logx;, = log (lim x}

= log /lim Ml(n—+1)I% n\ = log I/lim <n+1 " +11)!r}l> \I
atoa /e

1 1
: (n+1)m . (n+1)m
=log| lim =log| lim ————
n—oo 1 n+1 1 n—00 piq 1
nim - (n+1)m (n+1)m
1

n+1 1
em

. (i) 2 1
:m(yﬁ) = tog (em) = 7 (4

From (1)+(2)+(3)+(4)=> Q=a"b- ( )E i: abl
UP.264.Ifr,s > 0; a,,b,, >0;n > 0;n €N
a b
lim rn+1 _a>011ms+71’—+1:b>0
n-on' - a, n—owon b
then find:
"/a n+1 b
noo | \N"tS  (n+1)"*s

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Marian Ursdrescu-Romania

— n \/_ \J An+1 n'ts
= lim ( \/b— nr+s <(n + 1)r+s | 1{/?" - 1>

n—-oo

n/ / n+1 /
= _lim |Y22. ‘n ( n )HS Nt g3 (1)
n—oo nr nS+1 n+ 1 n
v an

) "/an . nla, C—DIAgmbert a,.q nnr
lim = lim = lim ————
nnw 100 (n + 1)(n+1)r a

n-oo N n—-oo
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Api1 n""
= lim
o+ 1) a, (n+ )"

= lim n__ i (( n )n)r=§...(2)

nso(n+1)" n"-a, \\n+1

“/bn n bn C-D'Alembert bn+1 nn(s+1)
- — = fata)
Mmoo lm e © 0 ImMe T Deene b,

nn(s+1)

= 1 bn+1
1m
N— 00 (n + 1)s+1 b (n + 1)n(s+1)

s+1

n b n st1 p
n_,oo (n + 1)s+1 ns+1 b n+1 es+1

Lot x = ()", " ann
X = G "

n(elosx — 1)

= llm n(x, —1) = lim -logx, = lim nlogx,, = lim logx}

n-oo logxn Nn— oo o
n n(r+s) "1/n
= log (rlll_{lolo xﬁ) = log <rlll_>rg (m) —Vann-i-l>

l l. n Tl(T+S) an+1 nr
= log ( lim (—— - -
g 11— 0 (n + 1) nr- an n+1/an+1
n W)y, n  (n+1)

= log <}l1_>n010 (n 1) - a, ' (n+1)r Y /—an+1>

= log (e‘r‘s ra-1- %) =log(e™s) =—s..(4)
From (1)+(2)+(3)+(4) we have Q = —— - —5- (—s)=——

Solution 2 by Soumitra Mandal-Chandar Nagore-India

. n b, i n| b, C—D’A’Le\mbert
1m = 11m -
n-oo NSt nooo _|pn(s+1)
~ lim b1 ( n )S+1 . 1 _ b
n-oonstl . b 1+n (1 N 1)n(s+1) es+1
n
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n

/ C-D'Alembert r

a, n| Ay a1 n 1 a
lim Y—=lim |— = lim . ( ) .

n-oco M n-oo \\ U

n-oo nr . an

e

n+1
. Api1
Let:u, =

(n+1)r+s-1\l/a_nforallnEN

r+s

n+1

i li a,,, n’ (1+n)r ( n )T+S_1
"nLII.}ou"_nl-»To(n+ 1)""'1 ﬂ/an n 1+n B
un—l n-oo
Hence: ———1

log(u,)
lim o = Ii a,.;1 @A+n) ( n )T 1 e 1 s
= i a | =g e
n n n" bn Api1 1+n (1+1)HT S a erts

Q——llm\/b_ \/a_"-u"_ ab

n\ —
n—mons"'l nr log(un) log(u ) s er+s+1
UP.265.Ifr,s > 0;a,,b, >0;n > 0;n €N,
= n = bn .
lim,_, 21 = g > 0; lim,_. =% = b > 0 then find:
n"-a, ns-b,

ns—l . s

. 1" n b, Y

Q = lim (n+ )‘/— ‘/— ‘n Vb

Nn—00 i1 a,

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Remus Florin Stanca-Romania

/ C
nS 1 nw/
_n rn’ a1

=

IN on
Q = i n"/by, D b n+1 li aﬁ " ns 1 zii
- lmn_,ooa . k )— m,,_,.,n- F .nb | —
an n

€y

- RO "/n"s — 1 r)®Ds by, o 1 _ e

Q

EE
S =
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1
. ay _ .. nla, _ 4. ani1 a" _ a
llmn_,ooF = lim,,_,, /F = lim,_,, DT w 3)
1 nn s
@@) | AR
= llmn—wo <F> - (E) (4)
n
es —_ es
(1);(2):(4) eS ,anp artl eS ,a\p a,+1 1
= QZ—-(—r) -lim In | 21 =—-(—r) -lim In | —— —
b ‘e n—0o a, b ‘e n-c a, "‘a,.,
€ ca & T (n+1)"\ € a %1 I (n+1)mr g
_?'(?) e N\ nra, g _7'(?) M e,
n aAn+1 n+1
es es es

=5 @) mag)=r 5 @) e 5@

Solution 2 by Soumitra Mandal-Chandar Nagore-India

. Api1 _ . bn+1 _
lim,,_, ., Ty a andlim,_, b b
CAUCHY
I
x5 ns ns n [nns D' ALEMBERT

lim = lim = lim i
=23by e Vba T Nby 7 | ba

= lim,_, (::%- (1 + l)ns . (1 + 1)5) = %j. Again

CAUCHY

!
 "a, . af@ D'ALEMBERT g . 1 n\_a
lim ——=1lim |—; = lim . " =—
nnr

x>0 N x—>00 n-oon’a, ( 1) 1+n

1+ﬁ

xS

n+1 xXn—
Letu, = (T Z"“) " for all n € N*

xS

n+1 r NI B
then lim,,_, u,, = lim,,_,., ( Vantl n (1 + %) )JE = 1 hence ll‘" ! 5 1when

(n+1)™ "Ya,

n

u,—-1
x5 s
. . An+1 (n + 1)r n " {/—b_x ;‘x
llmu2=llm< . ( )> = eVbx
n-oo n-oo nran n+1 an+1 n+1
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ns ns-1 i’ x5 x5 x5

=\ 1 — = 1-—

. (n+1)Y b, /b, no— | _ . . (n+1)¥bx n*%/b, X
e L A

S

X

“la /b, -1
= lim lim( "> L

n" Inu,

n
-Inu?

n—-oo n—-oo

= lim,_ (r xx;x (3)”") = r%s (3)? (Answer)
UP.266. Ifm > 0;x,y,z > 0 then in AABC the following relationship holds:

2 o

y+z zZ+x x+y

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

2 2 2 m+1
R

y+z Z+Xx x+y 3m

Let: (= a’x . b%y . c*z

Ty 2z vx x+y
Weizenbock

2 4. xy N yz N xz F
(z+y)(z+x) (x+2)(x+y) (Y+2)(y+x)

Xy

_3
Liz+y)(z+x) " 2 W

o 4xy(x+y) +yz(y +z) +zx(x + 2)] = 3(x + y)(y + 2)(z + x)

& yx? + yz? + zx? + xy* + zy? + xz* > 6xyz (true from Am-Gm)

3
:>(1)true:>QZ4-\/;-F=2\/§-F
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m+1 m+1
> (2\/53::') = pm+1, 33; . Fm+l — pm+1, (ﬁ)l_m . Fm+1

= LHS >2m*1. (ﬁ)l_m - F™+1 proved.
UP.267.Ifm e N;m > 1, x,y,z > 0 then in AABC the following relationship
holds:

4(m+1)

xX-a
DLy L
+Z

cyc cyc

Proposed by D.M.Bdtinetu-Giurgiu-Romania

Solution by Marian Ursdrescu-Romania

4-(m+ 1)

We must show: chc? >8(m+1)F?..(1)

m+a*mt) =1+ 1+ ...+ 1 + g¥m+1)
B ——— ———

> (m+1)""Vatm+) = (m + 1)a4 .. (2)

From (1)+(2) we must show: chc > 8F%..(3)

.. (4)

z x-at z (xa?)? Bergstrom .2 4 yb? + zc?)?

y+z Xy +xz - 2(xy + yz + zx)

cyc cyc
For Oppenheimer inequality, we have: xa? + yb? + z¢* > 4F /xy + yz + zx
(xa® + yb? + zc?)? > 16F2(xy +yz + zx) ... (5)

From (4)+(5) we have chc > 8F?= (3)it'strue

Observation: Oppenheimer inequality is also known as Klamkin inequality.

UP.268. In AABC the following relationship holds:
20a* + 5b* + 2¢* > 80F?
Proposed by D.M.Bdtinetu-Giurgiu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
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Am-Gm

LHS =20a* +5b*+2c¢* S 33/20a*-5b* 2¢* = 33/200(4Rrs)*

We need to prove:

33/200(4Rrs)* > 80F2 = 80(sr)? o 33-200-4* - (Rrs)* > [80(sr)?} =

10
R* > ErzsZ (%)

ButR > 2r = R? > 4r?

2 4 16 10
R>——s=>R*>—s2= R*>_—s%r? > 522
_3\/.§S _27S _27ST _27ST

Solution 2 by Marian Dincd-Romania
Let:b*>+c*—a*=2x; c*+a*>-b?>=2y,b*+a*—-c*=2z>
a’=y+z, b ’=x+2z,c*=x+y
20a* + 5b* + 2¢* = 20(y + 2)? + 5(x + 2)? + 2(x + y)?
= 7x% +22y? + 25z% + 4xy + 10xz + 40yz
16F2 = z a’(b* + c¢? —a?) = Z(y +2z)x =2(xy+yz+2zx) &

cye cyc
80F% = 10(xy + yz + zx)
7x% + 22y? + 25z% + 4xy + 10xz + 40yz > 10(xy + yz + zx)
7x% + 22y? + 252> — 6xy +30yz > 0
22y% — 2y(3x — 15z) + 7x%2 + 2522 > 0
Discriminant to variable y: A= (3x — 15z)% — 22(7x? + 252?)
= —(5x+92)? — 120x% — 244z> <0 >
22y? — 2y(3x — 15z) + 7x% + 2522 > 0

. a, . ans1\"
UP.269. 1Tt 2 0; @ > 0;n € Nim 2 1; limyy 0 o2 = 77; limyo (“222) = e

then find:

Q= lim - —

n—>oo

<(n + 1)t+1 nt)
Ani1 a,

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution by proposers

n

. n+1 t Api1 . n+1 t Api1 " et+1
lim . = lim . =
n-oo n a, n—-oo n

a, e

Ani1 a, a, n Aniq

RHS _ (n + 1)t+1 3 nt+1 _ nt+1 (n + 1)t+1 . an B 1 _ nt+1(un _ 1)
an
nt*tl oy, -1 u,—1

. logu,

nt
-logu,, = < “loguy;n>2
n

a, . logu,

where: u, = (n+1)t+1 C Gn  _ (n+1)t a, n+1
n

an+1 any1  nt e
. 1 . u, — 1 . et+1
limu,=—-a-1=1; lim =1; limu} =
n—-oo a n—-oo logun n—-oo
o [((n+ 1Dt 1 el t+1-loge t
Q=lim({—————— :—-1-log = = _
n-oo a1 a, T e T T

UP.270. If a, b, c,x,y > O then:

a(x + b(x + +
a/uﬂ,/uﬂfuzaﬂ,ﬂ
bx + cy cx + ay ax + by

Proposed by D.M.Bdtinetu-Giurgiu-Romania
Solution 1 by George Florin Serban -Romania

mmge 1 aeayy  2xty) 2a(x+9)
m-—Hm 5, al(x+y bx + cy axry
— . > = = =+
VX =VX 1 = x 1 bx+Cy a(x+y) 1 (a+b)x (a+C)y

bx + cy

ax+y) | 2a(x+y)
bx+cy (a+b)x+ (a+c)y

2b(x +y)
b(x +y) __cxray _ 2b(x +y)
cx+ay ~ b(x+y)+1 “(b+c)x+ (a+b)y
cx + ay
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bix+y) _ 2b*(x+y)
cx+ay  (b+c)x+(a+b)y

2c(x+y)
c(x+y)> ax+by 2¢(x +y)
ax+by_C(x+y)+1_(a+c)x+(b+c)y
ax + by
c(x+y)> 2¢*(x+y) z alx+y) z 2a%(x+y)
¢ ax+by  (a+c)x+(b+c)y bx+cy (a+b)x+(a+c)y
Bergstrom

) S| (a+b+c)?
2(x_l_y)z:(a+b)x+ (a+c)y = (2x+zy)zcyC((a+b)x+(a+c)y)

(2x +2y)(a+ b +c)?

“ (a+b+c)(2x+2y) =atb+c

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
“Ja(x+y)+bjb(x+y) ”JC(Hy) y
bx + cy cx +ay ax + by

< a? b? c? >
=Jx+y: + +
Jabx+acy /bcx+aby .acx+bcy

(a+b+c)a+b+c)/x+y
\/abx+ acy +\/bcx + aby + \/acx + bcy

Iff Jx+y(a+ b+ c) = /abx + acy + /bcx + aby + \Jacx + bcy

>a+b+c

Jx+yla+b+c)=> \/3(ab(x+y) +bc(x+y)+ ca(x+y))

a+b+c=>./3(ab+ bc + ca)

(a+ b +c)?> >3(ab+ bc + ca)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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