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JP.256. If ࢈,ࢇ, ࢊ,ࢉ > 0;ܽ + ܾ + ܿ + ݀ = 4; 0 ≤ ݊ ≤ 3 then: 

ࢇ
૜࢈ + ૛࢈ + ࢈ + ࢔ +

࢈
૜ࢉ + ૛ࢉ + ࢉ + ࢔ +

ࢉ
૜ࢊ + ૛ࢊ + +ࢊ +࢔

ࢊ
૜ࢇ + ૛ࢇ + +ࢇ ࢔ ≥

૝
+࢔ ૜ 

Proposed by Marin Chirciu – Romania  

Solution by Tran Hong-Dong Thap-Vietnam 

Let (࢞)ࢌ = ૚
࢔ା࢞૛ା࢞૜ା࢞

	(૙ < ݔ < 4; 0 ≤ ݊ ≤ 3) ⇒ (࢞)ᇱࢌ = − ૜࢞૛ା૛࢞ା૚

൫࢞૜ା࢞૛ା࢞ା࢔൯
૛ 

∴
૚

૜࢞ + ૛࢞ + ࢞ + ࢔ ≥ −
૟

(૜ + (૛࢔ ࢞) − ૚) +
૚

૜ + ࢔ =  (࢞)ࢍ

⇔ ૚
࢔ା࢞૛ା࢞૜ା࢞

≥ − ૟࢞
(૜ା࢔)૛

+ ૢା࢔
(૜ା࢔)૛

    (1) 

⇔ (૜ + ૛(࢔ ≥ ૜࢞) + ૛࢞ + ࢞ + ૢ)(࢔ + ࢔ − ૟࢞) 

⇔ ࢞) − ૚)૛[૟࢞૛ + ࢞ૢ + ૢ − ࢔)࢔ + ૜)] ≥ ૙   (*) 

∵ ૙ ≤ ࢔ ≤ ૜,૙ < ݔ < 4 ⇒ ࢞)݊− + ૜) ≥ −૜࢞ − ૢ 

⇒ ૟࢞૛ + ࢞ૢ + ૢ − ૜࢞− ૢ = ૟࢞૛ + ૜࢞ > 0	(૙ < ݔ < 4) ⇒ (*) true ⇒ (1) true. 

࢛ = ࢈ࢇ + +ࢉ࢈ +ࢊࢉ ࢇࢊ ≤
+ࢇ) ࢈ + ࢉ + ૛(ࢊ

૝ = ૝ 

(࢈)ࢌࢇ + (ࢉ)ࢌ࢈ + (ࢇ)ࢌࢉ + (ࢊ)ࢌࢇ ≥ ࢇ ⋅ (࢈)ࢍ + ࢈ ⋅ (ࢉ)ࢍ + ࢉ ⋅ (ࢊ)ࢍ + ࢊ ⋅  (ࢇ)ࢍ

=
ૢ + ࢔

(૜ + ૛(࢔ ࢇ] + ࢈ + ࢉ + [ࢊ −
૟

(૜ + ૛(࢔ ࢈ࢇ] + +ࢉ࢈ +ࢊࢉ  [ࢇࢊ

=
ૢ + ࢔

(૜+ ૛(࢔ ⋅ ૝ −
૟

(૜ + ૛(࢔ ࢈ࢇ] + ࢉ࢈ + +ࢊࢉ  [ࢇࢊ

≥
૝(ૢ+ (࢔
(૜ + ૛(࢔ −

૟ ⋅ ૝
(૜ + ૛(࢔ =

૝(૜ + (࢔
(૜ + ૛(࢔ =

૝
૜ +  ࢔

Proved. Equality ⇔ ࢇ = ࢈ = ࢉ = ࢊ = ૚. 

 

JP.257. Let be: 

ષ = ቊ࢟|࢟ =
૛ܖܑܛ ࢞

૛ܛܗ܋ ࢞ + ૛ܖ܉ܜ ࢞
+

૛ܛܗ܋ ࢞
૛ܖܑܛ ࢞ + ૛ܜܗ܋ ࢞

; ࢞ ∈ ቀ૙,
࣊
૛
ቁቋ 

Find: ષ૚ = ܎ܖܑ ષ ; 	ષ૛ =  ષܘܝܛ

Proposed by Marin Chirciu – Romania  
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Solutions 1 by Sergio Esteban-Argentina 

࢟ =
૛ܖܑܛ ࢞ ⋅ ૛ܛܗ܋ ࢞
૝ܛܗ܋ ࢞ + ૛ܖܑܛ ࢞ +

૛ܖܑܛ ࢞ ⋅ ૛ܛܗ܋ ࢞
૝ܖܑܛ ࢞ + ૛ܛܗ܋  ࢞

Sabemos, ܖܑܛ૝ ࢞ + ૛ܛܗ܋ ࢞ = ૝ܖܑܛ ࢞ + ૚ − ૛ܖܑܛ ࢞ = ૚ − ૛ܖܑܛ ࢞ (૚ − ૛ܖܑܛ  (࢞

= ૚ − ૛ܖܑܛ ࢞ ⋅ ૛ܛܗ܋ ࢞ = ૚ −
૚
૝ܖܑܛ

૛ ૛࢞ 

y  ܛܗ܋૝ ࢞ + ૛ܖܑܛ ࢞ = ૚ − ૛ܛܗ܋ ࢞ + ૝ܛܗ܋ ࢞ = ૚ − ૛ܛܗ܋ ࢞ (૚ − ૛ܛܗ܋  (࢞

࢟ =
૚
૝ ܖܑܛ

૛ ૛࢞ ቎
૛

૚ − ૚
૝ ܖܑܛ

૛ ૛࢞
቏ 

Sabemos que ܖܑܛ ࣊tiene periodo igual a ૛ ࢞࡮
|࡮|
⇒Entonces el periodo de ܖܑܛ ૛࢞ es ࣊ 

 
Entonces ૙ < ܖܑܛ ૛࢞ ≤ ૚; 	૙ < ૛ܖܑܛ ૛࢞ ≤ ૚ 

⇒ ૚ < ૛

૚ି૚૝ ܖܑܛ
૛ ૛࢞

≤ ૛

૚ି૚૝
	 y ૙ < ૚

૝
૛ܖܑܛ ૛࢞ ≤ ૚

૝
 

⇒ ૚ ⋅ ૙ < ݕ ≤
૚
૝
ቌ

૛

૚ − ૚
૝
ቍ =

૛
૜ 

Solucion 2: 
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Sea ࢟ = ૚
૝
૛ܖܑܛ ૛࢞ ቈ ૛

૚ି૚૝ ܖܑܛ
૛ ૛࢞

቉ ; ૙ < ݔ < ࣊
૛
⇒ ૙ < ࢞2 <  ߨ

Entonces: ૙ < ܖܑܛ ૛࢞ ≤ ૚ → ૙ < ૛ܖܑܛ ૛࢞ ≤ ૚. Dando ࢀ = ૛ܖܑܛ ૛࢞ 

࢟ = (ࢀ)ࢌ = ࢀ

૛ି૚૛ࢀ
ࢀ, ∈ (૙,૚]. Pero ࢌᇱ(ࢀ) = ૡ

(૝ିࢀ)૛
> 0 

Por lo que (ࢀ)ࢌ es estrateamente crecoente 

∴ ષ૚ = ષ܎ܖܑ = (૙)ࢌ = ૙ y ષ૛ = ષܘܝܛ = (૚)ࢌ = ૚

૛ି૚૛
= ૛

૜
 

Solution 2 by Gabriel Ruddy Cruz Mendez-Lima-Peru 

(࢞)ࢌ =
૛ܖܑܛ ࢞

૛ܛܗ܋ ࢞ + ૛ܖ܉ܜ ࢞ +
૛ܛܗ܋ ࢞

૛ܖܑܛ ࢞ + ૛ܜܗ܋ ࢞ → 

→ (࢞)ࢌ =
૛ܖܑܛ ࢞
૛ܖܑܛ ࢞

૛ܛܗ܋ ࢞
૛ܖܑܛ ࢞ + ૛ܖܑܛ ࢞

૛ܛܗ܋ ࢞
૚

૛ܖܑܛ ࢞

+
૛ܛܗ܋ ࢞
૛ܛܗ܋ ࢞

૛ܖܑܛ ࢞
૛ܛܗ܋ ࢞ + ૛ܛܗ܋ ࢞

૛ܖܑܛ ࢞
૚

૛ܛܗ܋ ࢞

 

→ (࢞)ࢌ =
૚

૛ܜܗ܋ ࢞ + ૛܋܍ܛ ࢞ +
૚

૛ܖ܉ܜ ࢞ + ૛܋ܛ܋ ࢞ → 

→ (࢞)ࢌ =
૚

૛ܜܗ܋ ࢞ + ૚ + ૛ܖ܉ܜ ࢞ +
૚

૛ܖ܉ܜ ࢞ + ૚ + ૛ܜܗ܋  ࢞

(࢞)ࢌ =
૛

૚ + ૛ܖ܉ܜ ࢞ + ૛ܜܗ܋ ࢞ ࢞; ∈< 0,
࣊
૛ >	→ ૛ܖ܉ܜ ࢞ + ૛ܜܗ܋ ࢞ ∈ [૛; +∞[ → 

→ ૚ + ૛ܖ܉ܜ ࢞ + ૛ܜܗ܋ ࢞ ∈ [૜; 	+∞[ 

૚
૚ + ૛ܖ܉ܜ ࢞ + ૛ܜܗ܋ ࢞ ∈ ൨૙;

૚
૜൨ → (࢞)ࢌ ∈ ൨૙;

૛
૜൨ 

 

܎ܖܑ ષ = ૙, ષܘܝܛ =
૜
૛ 

 

JP.258. If ࢈,ࢇ, ࢉ > 0; ܾܽܿ = 1; ݊ ∈ ℕ then: 

૚
ା૜࢔࢈ + ା૜࢔ࢉ + ࢔ࢇ +

૚
ା૜࢔ࢉ + ା૜࢔ࢇ + ࢔࢈ +

૚
ା૜࢔ࢇ + ା૜࢔࢈ + ࢔ࢉ ≤ ૚ 

Proposed by Marin Chirciu – Romania  
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Solution by Rahim Shahbazov-Baku-Azerbaijan 

ା૜࢔࢈ + ା૜࢔ࢉ ≥ ା૚࢔࢈)ࢉ࢈ +  :ା૚) we have࢔ࢉ
૚

࢔ࢇ + ା૜࢔࢈ + ା૜࢔ࢉ ≤
૚

࢔ࢇ + ା૚࢔࢈)ࢉ࢈ + (ା૚࢔ࢉ =
ࢇ

ା૚࢔ࢇ + ା૚࢔࢈ +  ା૚࢔ࢉ

We have: ࡿࡴࡸ ≤ ࢉା࢈ାࢇ
శ૚࢔ࢉశ૚ା࢔࢈శ૚ା࢔ࢇ

≤ ૚ ⇒ ା૚࢔ࢇ + ା૚࢔࢈ + ା૚࢔ࢉ ≥ ࢇ + ࢈ +  ࢉ

ା૚࢔ࢇ + ࢔ ≥ ࢔) + ૚)ࢇ
ା૚࢔࢈ + ࢔ ≥ ࢔) + ૚)࢈
ା૚࢔ࢉ + ࢔ ≥ ࢔) + ૚)ࢉ

ቑ ⇒ ା૚࢔ࢇ + ା૚࢔࢈ + ା૚࢔ࢉ + ૜࢔ ≥ 

≥ ࢇ + +࢈ +ࢉ ࢇ)࢔ + ࢈ + (ࢉ ≥ ૜࢔ + ࢇ + ࢈ +  ࢉ

⇒ ା૚࢔ࢇ + ା૚࢔࢈ + ା૚࢔ࢉ ≥ ࢇ + ࢈ +  ࢉ

JP.259. Let be ઢ࡯࡮࡭ and ࡮࡮ᇱ,࡯࡯ᇱ the symedians from ࡯,࡮. If the 

circumcircle ઢ࡮࡭ᇱ࡯ᇱ is tangent to ࡯࡮ then the following inequality holds: 

૛࢈

૛ࢇ + ૛ࢉ +
૛ࢉ

૛ࢉ + ૛࢈ >
૚
૛ 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

 

(࡮)࣋ = ᇱ૛࡭࡮ = ᇱ࡯࡮ ⋅ ࡭࡮
(࡯)࣋ = ᇱ૛࡭࡯ = ࡯ᇱ࡮ ⋅ ࡭࡯

⇒ 

ࢇ = ᇱ࡭࡮ + ࡯ᇱ࡭ = ࡯√ ⋅ ᇱ࡯࡮ + ࢈√ ⋅  (1)  ࡯ᇱ࡮
ᇲ࡯࡮

࡭ᇲ࡯
= ૛ࢇ

૛࢈
⇒ ᇲ࡯࡮

ࢉ
= ૛ࢇ

૛࢈૛ାࢇ
⇒ ᇱ࡯࡮ = ࢉ૛ࢇ

૛࢈૛ାࢇ
    (2) 

࡯ᇲ࡮
࡭ᇲ࡮

= ૛ࢇ

૛ࢉ
⇒ ࡯ᇲ࡮

࢈
= ૛ࢇ

૛ࢉ૛ାࢇ
⇒ ࡯ᇱ࡮ = ࢈૛ࢇ

૛ࢉ૛ାࢇ
  (3) 
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From (1)+(2)+(3)⇒ ࢇ = ට ૛ࢉ૛ࢇ

૛࢈૛ାࢇ
+ ට ૛࢈૛ࢇ

૛ࢉ૛ାࢇ
⇔ ࢈

ඥࢇ૛ାࢉ૛
+ ࢉ

ඥࢇ૛ା࢈૛
= ૚   (4) 

But ૛ ቀ ૛࢈

૛ࢉ૛ାࢇ
+ ૛ࢉ

૛࢈૛ାࢇ
ቁ ≥ ൬ ࢈

ඥࢇ૛ାࢉ૛
+ ࢉ

ඥࢇ૛ା࢈૛
൰
૛
⇒ ૛࢈

૛ࢉ૛ାࢇ
+ ૛ࢉ

૛࢈૛ାࢇ
> ૚

૛
 

 

JP.260. In ઢࡺ,࡯࡮࡭ – Nagel’s point, ࡼ࡯,ࡽ࡮ – symedians. Prove that: 

⇔ collinears – ࡽ,ࡺ,ࡼ ૚
࢈࢘૛࢈

+ ૚
ࢉ࢘૛ࢉ

= ૚
ࢇ࢘૛ࢇ

 

Proposed by Marian Ursărescu – Romania  

Solution by Thanasis Gakopoulos-Larisa-Greece 

 
PLAGIOGONAL system: ࡮࡭ ≡ ࡯࡭,࢞࡭ ≡  (࢈,૙)࡯,(૙,ࢉ)࡮,(૙,૙)࡭,࢟࡭

ቆࡼ
ࢉ૛࢈

૛ࢇ + ૛࢈ ,૙ቇ ,ቆ૙ࡽ,
૛ࢉ࢈

૛ࢇ + ૛ቇࢉ ൬ࡺ,
ࢇ − ࢈ + ࢉ
+ࢇ ࢈ + ࢉ ,ࢉ

ࢇ + −࢈ ࢉ
ࢇ + +࢈  ൰࢈ࢉ

⇔ collinears ࡽ,ࡺ,ࡼ ተተ

૚ ૚ ૚
ࢉ૛࢈

૛࢈૛ାࢇ
૙ ࢉା࢈ିࢇ

ࢉା࢈ାࢇ
ࢉ

૙ ૛ࢉ࢈

૛ࢉ૛ାࢇ
ࢉି࢈ାࢇ
ࢉା࢈ାࢇ

࢈
ተተ = ૙ ⇔ 

⇔ ૛࢈૜ࢇ + ૛ࢉ૜ࢇ + ૜࢈૛ࢇ − ࢉ૛࢈૛ࢇ − ૛ࢉ࢈૛ࢇ + ૛ࢉ૛࢈ࢇ + ૜ࢉ૛ࢇ − ૛ࢉ૜࢈ − ૜ࢉ૜࢈ = ૙   (1) 
૚

࢈√૛࢈
+

૚
ࢉ√૛ࢉ

−
૚

ࢇ√૛ࢇ
= ૙ ⇔

࢙ − ࢈
૛࢈ ⋅ ࡿ +

࢙ − ࢉ
૛ࢉ ⋅ ࡿ −

࢙ − ࢇ
૛ࢇ ⋅ ࡿ = ૙ ⇔ 
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⇔
૚
૛ࡿ൬

ࢇ − ࢈ + ࢉ
૛࢈ +

+ࢇ ࢈ − ࢉ
૛ࢉ −

+ࢇ ࢈ − ࢉ
૛ࢇ ൰ = ૙ ⇔ 

⇔ ૛࢈૜ࢇ + ૛ࢉ૜ࢇ + ૛࢈૛ࢇ − ࢉ૛࢈૛ࢇ − ૛ࢉ࢈૛ࢇ + ૛ࢉ૛࢈ࢇ + ૜ࢉ૛ࢇ − ૛ࢉ૜࢈ − ૜ࢉ૛࢈ = ૙  (2) 

(1), (2) → ⇔ collinears ࡽ,ࡺ,ࡼ ૚
࢈࢘૛࢈

+ ૚
ࢉ࢘૛ࢉ

= ૚
ࢇ࢘૛ࢇ

 

 

JP.261. If ࢈,ࢇ, ࢉ > 0; ܽ + ܾ + ܿ = 1; ݊ ≥ 0 then: 

ࢇ
࢔) + ૛(ࢉ࢈ +

࢈
࢔) + ૛(ࢇࢉ +

ࢉ
࢔) + ૛(࢈ࢇ ≥

ૡ૚
࢔ૢ) + ૚)૛ 

Proposed by Marin Chirciu – Romania 

Solution 1 by Remus Florin Stanca-Romania 

Let ࢌ:ℝା
∗ → ℝା

∗  such that (࢞)ࢌ = ૚
૛(࢞ା࢔)

࢔, ≥ ૙ ⇒ (࢞)ᇱࢌ = − ૛
૜(࢞ା࢔)

⇒ 

⇒ (࢞)ᇱᇱࢌ = ૟
૝(࢞ା࢔)

> 0 ⇒ ݂ is convex and  

+ࢇ ࢈ + ࢉ = ૚ ⇒⏞
࢔ࢋ࢙࢔ࢋࡶ

(ࢉ࢈)ࢌࢇ + (ࢉࢇ)ࢌ࢈ + (࢈ࢇ)ࢌࢉ ≥ (ࢉ࢈ࢇ૜)ࢌ ⇒ 

⇒ ࢇ
૛(ࢉ࢈ା࢔)

+ ࢈
૛(ࢉࢇା࢔)

+ ࢉ
૛(࢈ࢇା࢔)

≥ ૚
૛(ࢉ࢈ࢇା૜࢔)

  (1) 

ࢇ + +࢈ ࢉ ≥ ૜√ࢉ࢈ࢇ૜ ⇒ ૜ࢉ࢈ࢇ ≤
૚
ૢ ⇒ ૜ࢉ࢈ࢇ + ࢔ ≤

࢔ૢ + ૚
ૢ ⇒ (૜ࢉ࢈ࢇ + ૛(࢔ ≤

+࢔ૢ) ૚)૛

ૡ૚ ⇒ 

⇒ ૚
(૜ࢉ࢈ࢇା࢔)૛

≥ ૡ૚
૛(ା૚࢔ૢ)

⇒⏞
(૚)

ࢇ
૛(ࢉ࢈ା࢔)

+ ࢈
૛(ࢉࢇା࢔)

+ ࢉ
૛(࢈ࢇା࢔)

≥ ૡ૚
૛(ା૚࢔ૢ)

 (Q.E.D.) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ∑
૜ࢇ

ࢇ࢔) + ૛(ࢉ࢈ࢇ ≥⏞
࢔࢕ࢊࢇࡾ ૜(ࢇ∑)

+ࢇ∑࢔) ૜ࢉ࢈ࢇ)૛ =⏞
∵૚ୀ	∑ࢇ ૝(ࢇ∑)

ࢇ∑࢔) + ૜ࢉ࢈ࢇ)૛≥
⏞
? ૡ૚

+࢔ૢ) ૚)૛ ⇔ 

⇔
૛(ࢇ∑)

+ࢇ∑࢔ ૜ࢉ࢈ࢇ≥
⏞
? ૢ
࢔ૢ + ૚ ⇔ฏ

∵૚ୀ	∑ࢇ ૜(ࢇ∑)

૜(ࢇ∑)࢔ + ૜ࢉ࢈ࢇ≥
⏞
? ૢ
࢔ૢ + ૚ ⇔ 

⇔ ࢔ૢ) + ૚)(∑ࢇ)૜≥⏞
?

૜(ࢇ∑)࢔ૢ + ૛ૠࢉ࢈ࢇ ⇔ ⏞≤૜(ࢇ∑)
?

૛ૠࢉ࢈ࢇ → true by AM-GM 

∴
ࢇ

+࢔) ૛(ࢉ࢈ +
࢈

࢔) + ૛(ࢇࢉ +
ࢉ

+࢔) ૛(࢈ࢇ ≥
ૡ૚

࢔ૢ) + ૚)૛ 
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JP.262. If ࢈,ࢇ, ࢉ > 0; ૚ି࢔૜ࢇ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ = ૚;࢔ ∈ ℕ;࢔ ≥ ૚ then: 

૛ࢇ

࢔૜࢈
+
૛࢈

࢔૜ࢉ
+

૛ࢉ

࢔૜ࢇ
≥ ࢔ࢇ) + ࢔࢈ +  ૜(࢔ࢉ

Proposed by Marin Chirciu – Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

૚ = ૚ି࢔૜ࢇ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ =
࢔૜ࢇ

ࢇ +
࢔૜࢈

࢈ +
࢔૜ࢉ

ࢉ ≥
࢘ࢋࢊ࢒࢕ࡴ ࢔ࢇ) + ࢔࢈ + ૜(࢔ࢉ

૜(ࢇ+ ࢈ + (ࢉ  

⇒ ૜(ࢇ+ ࢈ + (ࢉ ≥ ࢔ࢇ) + ࢔࢈ +  ૜(࢔ࢉ

૚ = ૚ି࢔૜ࢇ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ ≥
ࢇ) + ࢈ + ૚ି࢔૜(ࢉ

૜૜ି࢔૛  

⇒ +ࢇ) ࢈ + ૚ି࢔૜(ࢉ ≤ ૜૜ି࢔૛ ⇒ +ࢇ) ࢈ + (ࢉ ≤ ඥ૜૜ି࢔૛૜࢔ష૚  

⇒ ࢔ࢇ) + ࢔࢈ + ૜(࢔ࢉ ≤ ૜ ⋅ √૜૜ି࢔૛૜࢔ష૚     (**) 

૚ = ૚ି࢔૜ࢇ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ ≥ ૜ඥ(ࢉ࢈ࢇ)૜ି࢔૚૜  

⇒ ૚ି࢔૜(ࢉ࢈ࢇ) ≤ ૚
૜૜
⇒ ࢉ࢈ࢇ ≤ ૚

ඥ૜૜
૜࢔ష૚   (*) 

૛ࢇ

࢔૜࢈ +
૛࢈

࢔૜ࢉ +
૛ࢉ

࢔૜ࢇ ≥
ࡹࡳିࡹ࡭

૜ඨ
૛(ࢉ࢈ࢇ)

࢔૜(ࢉ࢈ࢇ)
૜

= ૜ ⋅
૚

ඥ(ࢉ࢈ࢇ)૜ି࢔૛૜  

≥
(∗)
૜ටቀ ඥ૜૜૜࢔ష૚ ቁ

૜ି࢔૛૜
= ૜ ⋅ ඥ૜૜ି࢔૛૜࢔ష૚ ≥

(∗∗)
࢔ࢇ) + ࢔࢈ +  ૜(࢔ࢉ

Solution 2 by Sanong Huayrerai -Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0,݊ ≥ 1 and ࢇ૜ି࢔૚ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ = ૚ 

We have: ૚ = ૜ି࢔૚ + ૚ି࢔૜࢈ + ૚ି࢔૜ࢉ = ࢔૜ࢇ

ࢇ
+ ࢔૜࢈

࢈
+ ࢔૜ࢉ

ࢉ
≥ ૜(࢔ࢉା࢔࢈ା࢔ࢇ)

૜(ࢇା࢈ାࢉ)
 

Consider ࢇ
૛

࢔૜࢈
+ ૛࢈

࢓૜ࢉ
+ ૛ࢉ

࢓૜ࢇ
=

૛ࢇ

࢈
ష૚࢔૜࢈

+
૛࢈

ࢉ
ష૚࢔૜ࢉ

+
૛ࢉ

ࢇ
ష૚࢔૜ࢇ

≥ ቀ ࢇ
࢈√

+ ࢈
ࢉ√

+ ࢉ
ࢇ√
ቁ
૛
≥ ૜(ࢇ+ ࢈ +  (ࢉ

Iff ቀ ૛(ࢉା࢈ାࢇ)

ࢇ√ࢉାࢉ√࢈ା࢈√ࢇ
ቁ
૛
≥ ૜(ࢇ+ ࢈ +  (ࢉ

Iff (ࢇ + ࢈ + ૜(ࢉ ≥ ૜൫࢈√ࢇ + ࢉ√࢈ + ൯ࢇ√ࢉ
૛

 

Iff (ࢇ+ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ ≥ ൫࢈√ࢇ + +ࢉ√࢈ ൯ࢇ√ࢉ
૛
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Iff ࢇ૛࢈ + ࢉ૛࢈ + +ࢇ૛ࢉ ࢉ૛ࢇ + +࢈૛ࢉ ࢇ૛࢈ + ૜ࢉ࢈ࢇ ≥ 

≥ ࢈૛ࢇ + +ࢉ૛࢈ +ࢇ૛ࢉ ૛൫ࢉ࢈√࢈ࢇ+ ࢉࢇ√ࢉ࢈ +  ൯. Ok࢈ࢇ√ࢉࢇ

Because ࢇ૛ࢉ + ࢈૛ࢉ + ࢇ૛࢈ + ૜ࢉ࢈ࢇ ≥ ૛൫ࢉ࢈√࢈ࢇ+ ࢉࢇ√ࢉ࢈ +  ൯࢈ࢇ√ࢉࢇ

Therefore, it is to be true. 

JP.263. If ࢓ ≥ ૚;࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ > 0 then: 

࢓૜࢞

࢓࢟ࢇ)࢓(ࢠ࢟) + (࢓ࢠ࢈ +
࢓૜࢟

࢓ࢠࢇ)࢓(࢞ࢠ) + (࢓࢞࢈ +
࢓૜ࢠ

࢓࢞ࢇ)࢓(࢟࢞) + (࢓࢟࢈ ≥
૜

ࢇ + ࢈
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by Tran Hong-Dong Thap-Vietnam 

Let ࢛ = ࢜;࢓࢞ = ࢝;࢓࢟ = ࢝,࢜,࢛)	࢓ࢠ > 0) 

Inequality ⇔ ૜࢛

(࢝࢈ା࢜ࢇ)࢝࢜
+ ૜࢜

(࢛࢈ା࢝ࢇ)࢛࢝
+ ૜࢝

(࢜࢈ା࢛ࢇ)࢛࢜
≥ ૜

࢈ାࢇ
 

⇔
൬ ࢛

૜࢝࢜√ ൰
૜

࢝࢈ା࢜ࢇ
+

൬ ࢜

૜࢛࢝√ ൰
૜

࢛࢈ା࢝ࢇ
+

൬ ࢝

૜࢛࢜√ ൰
૜

࢜࢈ା࢛ࢇ
≥ ૜

࢈ାࢇ
     (*) 

∵ (∗)ࡿࡴࡸ ≥
࢘ࢋࢊ࢒࢕ࡴ ൬

࢛
૜࢝࢜√ + ࢜

૜࢛࢝√ + ࢝
૜࢛࢜√ ൰

૜

૜(ࢇ + +࢛)(࢈ ࢜ + (࢝  

We must show that: ቀ ࢛

૜࢝࢜√ + ࢜

૜࢛࢝√ + ࢝

૜࢛࢜√ ቁ
૜
≥ +࢛)ૢ ࢜ +  (࢝

⇔ ቆ
૜࢛√࢛ + ૜࢜√࢜ + ૜࢝√࢝

૜࢛࢝࢜√ ቇ
૜

≥ ࢛)ૢ + +࢜  (࢝

⇔ ൫࢛√࢛૜ + ૜࢛√࢛ + ૜࢝√࢝ ൯
૜
≥ ࢛)࢛࢝࢜ૢ + +࢜  (࢝

∴ Let ࢄ = ૜࢛√ ࢅ; = ૜࢜√ ࢆ; = ૜࢝√  

⇔ ૝ࢄ) + ૝ࢅ + ૝)૜ࢆ ≥ ૜ࢄ)૜(ࢆࢅࢄ)ૢ + ૜ࢅ +  (૜ࢆ

∵ ૝ࢄ + ૝ࢅ + ૝ࢆ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

	
૚
૜

ࢄ) + ࢅ + ૜ࢄ)(ࢆ + ૜ࢅ +  (૜ࢆ

Hence, we must show that: (ࢄାࢅାࢆ)૜

૛ૠ
૜ࢄ) + ૜ࢅ + ૜)૜ࢆ ≥ ૜ࢄ)૜(ࢆࢅࢄ)ૢ + ૜ࢅ +  (**) (૜ࢆ

∴
ࢄ) + ࢅ + ૜(ࢆ

૛ૠ ≥
ࡹࡳିࡹ࡭

ࢆࢅࢄ ∴ ૜ࢄ) + ૜ࢅ + ૜)૛ࢆ ≥
ࡹࡳିࡹ࡭

ቀ૜ඥࢄ૜ࢅ૜ࢆ૜૜ ቁ
૛

=  ૛(ࢆࢅࢄ)ૢ

⇒ (∗∗)ࡿࡴࡸ ≥ ૜ࢄ)૜(ࢆࢅࢄ)ૢ + ૜ࢅ + (૜ࢆ ⇒  (*) true. Proved. 
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Solution 2 by Avishek Mitra-West Bengal-India 

⇔ ષ = ෍
࢓૜࢞

࢓࢟ࢇ)࢓(ࢠ࢟) + (࢓ࢠ࢈ = ෍
૛(࢓૛࢞)

࢓࢟ࢇ)࢓(ࢠ࢟࢞) + (࢓ࢠ࢈ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥
૛(࢓૛࢞∑)

࢓࢞∑ࢇ)࢓(ࢠ࢟࢞) + ∑࢈ (࢓࢞ =
࢓૛࢞) + ࢓૛࢟ + ૛(࢓૛࢟

࢓࢞)࢓(ࢠ࢟࢞) + ࢓࢟ + +ࢇ)(࢓ࢠ  (࢈

⇔ Need to show⇒ ૛(࢓૛࢞∑) ≥ ૜(ࢠ࢟࢞)࢓  ࢓࢞∑

⇔ (૚૛ + ૚૛ + ૚૛)(࢞૛࢓ + ࢓૛࢟ + (࢓૛ࢠ ≥
ࡿ࡮࡯

࢓࢞) + ࢓࢟ +  ૛(࢓ࢠ

⇒ (࢓૛࢞∑) ≥ ૛(࢓࢞∑)

૜
   (i) 

⇔ ࢓૛࢞∑ ≥
ࡹࡳିࡹ࡭

૜(ࢠ࢟࢞)
૛࢓
૜    (ii) 

⇔ ࢓࢞∑ ≥
ࡹࡳିࡹ࡭

૜(ࢠ࢟࢞)
࢓
૜   (iii) 

⇒ ×࢏ ࢏࢏ × …࢏࢏࢏ → 

⇔ ቀ෍࢞૛࢓ቁ
૛
ቀ෍࢓࢞ቁ ≥ ૜(ࢠ࢟࢞)

૛࢓
૜ ା࢓૜ ቀ෍࢞૛࢓ቁ

૛
 

⇒ ૛(࢓૛࢞∑) ≥ ૜(ࢠ࢟࢞)(࢓࢞∑)࢓   (*true). proved 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢓ ≥ ૚,࢟,࢞,࢈,ࢇ, ࢠ > 0 we have 

࢓૜࢞

࢓࢟ࢇ)࢓(ࢠ࢟) + (࢓ࢠ࢈ +
࢓૜࢟

࢓ࢠࢇ)࢓(࢞ࢠ) + (࢓࢞࢈ +
࢓૜ࢠ

࢓࢞ࢠ)࢓(࢟࢞) + ࢓(࢟࢈ ≥ 

≥
࢓૛࢞) + ࢓૛࢟ + ૛(࢓૛ࢠ

+ࢇ)࢓(࢟ࢠ࢞) ࢓࢞)(࢈ + ࢓࢟ + (࢓ࢠ ≥
ቈ൬࢞

࢓ + ࢓࢟ + ࢓ࢠ
૜ ൰

૛
቉
૛

࢞) + ࢇ)࢓(࢟ + ࢓࢞)(࢈ + ࢓࢟ + (࢓ࢠ ≥
૜

+ࢇ)  (࢈

Iff (࢞
૜(࢓ࢠା࢓࢟ା࢓

࢓(ࢠ࢟࢞)
≥ ૛࢟. And it is true. Therefore, it is true. 

JP.264. If ࢟,࢞, ࢠ ∈ ቀ૙, ࣊
૛
ቁ then in ∆࡯࡮࡭ the following relationship holds: 

࢞ܖ܉ܜ૛ࢇ + ࢟ܖ܉ܜ૛࢈ + ࢠܖ܉ܜ૛ࢉ > ࢟࢞ඥࡲ4 + ࢠ࢟ +  ࢞ࢠ

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Solution by Marian Ursărescu-Romania 

We use Oppenheimer-Klamkin’s inequality: 
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ࢠ,࢟,࢞∀ > 0 then ࢇ૛࢓ + ࢔૛࢈ + ࢖૛ࢉ ≥ ૝ࡲඥ࢔࢓+ +࢖࢔  (1)   ࢗ࢖

In (1) let: ࢓ = ࢔;࢞ܖ܉ܜ = ࢖;࢟ܖ܉ܜ =  ࢠܖ܉ܜ

࢞ܖ܉ܜ૛ࢇ + ࢟ܖ܉ܜ૛࢈ + ࢠܖ܉ܜ૛ࢉ ≥ ૝ࡲඥ࢞ܖ܉ܜ ∙ ࢟ܖ܉ܜ + ࢟ܖ܉ܜ ∙ +ࢠܖ܉ܜ ࢠܖ܉ܜ ∙  (2)    ࢞ܖ܉ܜ

But: ࢞ܖ܉ܜ > ;ݔ ࢟ܖ܉ܜ > ;ݕ ࢠܖ܉ܜ > ,ݖ ,ݕ,ݔ ݖ ∈ ቀ૙, ࣊
૛
ቁ     (3) 

From (2)+(3) we have:	ࢇ૛࢞ܖ܉ܜ+ +࢟ܖ܉ܜ૛࢈ ࢠܖ܉ܜ૛ࢉ > ࢟࢞ඥࡲ4 + +ࢠ࢟  ࢞ࢠ

 

JP.265. In ઢ࡯࡮࡭ the following relationship holds: 

૟
૞ −

࢘ૢ
૚૙ࡾ ≤ ቀ

ࢇ
࢈ + ቁࢉ

૛
+ ൬

࢈
ࢉ + ൰ࢇ

૛

+ ቀ
ࢉ

ࢇ + ቁ࢈
૛
≤
૜ࡾ
ૡ࢘ 

By Marin Chirciu – Romania  

Solution 1 by proposer 

We prove the following lemma: 

In ઢ࡯࡮࡭ the following relationship holds: 

෍
૛ࢇ

࢈) + ૛(ࢉ =
૛[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ+ [(૛࢘

૛࢙) + ૛࢘ + ૛࢘ࡾ)૛  

Demonstration. 

We have ∑ቀ ࢇ
ࢉା࢈

ቁ
૛

= ૛(ࢉାࢇ)૛(࢈ାࢇ)૛ࢇ∑

૛(ࢉା࢈)∏
. 

Using ∑ࢇ૛(ࢇ+ ૛(࢈ ࢇ) + ૛(ࢉ = ૡ࢙૛[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + +࢘ࡾ  ૛)] and࢘

࢈)∏ + (ࢉ = ૛࢙)࢙૛ + ૛࢘ + ૛࢘ࡾ) we obtain: 

෍ቀ
ࢇ

࢈ + ࢉ
ቁ
૛

=
૛[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ+ [(૛࢘

૛࢙) + ૛࢘ + ૛࢘ࡾ)૛  

The left hand inequality. Using the Lemma the inequality can be written: 

૛[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ + [(૛࢘
૛࢙) + ૛࢘ + ૛࢘ࡾ)૛ ≥

૟
૞ −

࢘ૢ
૚૙ࡾ ⇔ 

⇔ ૛૙࢙]ࡾ૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ + [(૛࢘ ≥ (૚૛ࡾ − ૛࢙)(࢘ૢ + ૛࢘ + ૛࢘ࡾ)૛ ⇔ 

⇔ +ࡾ૛ൣ(ૡ࢙ ૛࢙(࢘ૢ − ૛ࡾ൫૚૛ૡ࢘ + ૚૙ૡ࢘ࡾ − ૚ૡ࢘૛൯൧ + ૜ࡾ૛൫ૠ૛࢘ + ૟ૡࡾ૛࢘+ ૝૝࢘ࡾ૛ + ૜൯࢘ૢ ≥ ૙ 

We distinguish the following cases: 
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Case 1). If [(ૡࡾ + ૛࢙(࢘ૢ − ૛ࡾ૚૛ૡ)࢘ + ૚૙ૡ࢘ࡾ − ૚ૡ࢘૛)] ≥ ૙, the inequality is 

obviously. 

Case 2). If [(ૡࡾ + ૛࢙(࢘ૢ − ૛ࡾ૚૛ૡ)࢘ + ૚૙ૡ࢘ࡾ− ૚ૡ࢘૛)] < 0, the inequality can be 

written: 

૜ࡾ૛(ૠ૛࢘ + ૟ૡࡾ૛࢘ + ૝૝࢘ࡾ૛ + (૜࢘ૢ ≥ ૛ࡾ૚૛ૡ)࢘]૛࢙ + ૚૙ૡ࢘ࡾ − ૚ૡ࢘૛) − (ૡࡾ +  ,[૛࢙(࢘ૢ

which follows from Gerretsen’s inequality ૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. 

It remains to prove that: ࢘૛(ૠ૛ࡾ૜ + ૟ૡࡾ૛࢘+ ૝૝࢘ࡾ૛ + (૜࢘ૢ ≥ 

≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)[࢘(૚૛ૡࡾ૛ + ૚૙ૡ࢘ࡾ − ૚ૡ࢘૛) − (ૡࡾ+ ࢘ࡾ૚૟)(࢘ૢ − ૞࢘૛)] 

⇔ ૠ૛ࡾ૜ + ૟ૡࡾ૛࢘ + ૝૝࢘ࡾ૛ + ૜࢘ૢ ≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૝ࡾ + ૛ૠ࢘) ⇔ 

⇔ ૚૝ࡾ૜ − ૚૝ࡾ૛࢘ − ૚ૢ࢘ࡾ૛ − ૚ૡ࢘૜ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૚૝ࡾ૛ + ૚૝࢘ࡾ+ (૛࢘ૢ ≥ ૙ 

Obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

The right hand inequality. Using Lemma the inequality can be written: 

૛[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ + [(૛࢘
૛࢙) + ૛࢘ + ૛࢘ࡾ)૛ ≤

૜ࡾ
ૡ࢘ ⇔ 

−ࡾ૛(૜࢙]૛࢙ ૚૟࢘) + ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ + ૢ૟࢘૛)] + 

૜ࡾ૛(૚૛࢘+ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ૙ 

We distinguish the following cases: 

Case 1). If (૜ࡾ − ૚૟࢘) ≥ ૙, using Gerretsen’s inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ . 

It remains to prove that: 

(૚૟࢘ࡾ − ૞࢘૛)[(૚૟࢘ࡾ − ૞࢘૛)(૜ࡾ − ૚૟࢘) + ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ+ ૢ૟࢘૛)] + 

૜ࡾ૛(૚૛࢘+ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ૙ 

⇔ ૛૝૜ࡾ૜ − ૢ૙૙ࡾ૛࢘ + ૢ૝૙࢘ࡾ૛ − ૛૝૝࢘૜ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(૛૝૜ࡾ૛ − ૝૚૝࢘ࡾ+ ૚૚૛࢘૛) ≥ ૙ 

Obviously from Euler’s inequality ࡾ ≥ ૛࢘ 

Case 2) If (૜ࡾ− ૚૟࢘) < 0 the inequality can be written: 

૜ࡾ૛(૚૛࢘ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ࢘૛(૚૟࢙]૛࢙ − ૜ࡾ)− ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ+ ૢ૟࢘૛)] 

Which follows from Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ 

It remains to prove that: ࢘૛(૚૛ࡾ૜ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ 

≥ (૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)[(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟࢘ − ૜࢘) − ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ + ૢ૟࢘૛)] ⇔ 
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૚૛ࡾ૞ − ૛ૡࡾ૝࢘ − ૛૛ࡾ૜࢘૛ + ૛૚ࡾ૛࢘૜ + ૝૝࢘ࡾ૝ + ૜૛࢘૞ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)૛(૚૛ࡾ૜ + ૛૙ࡾ૛࢘ + ૚ૢ࢘ࡾ૛ + ૡ࢘૜) ≥ ૙, obviously with equality if ࡾ = ૛࢘. 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍
૛ࢇ

࢈) + ૛(ࢉ = ෍
൫૛࢙ − ࢈) + ൯(ࢉ

૛

࢈) + ૛(ࢉ = ෍
૝࢙૛ − ૝࢈)࢙+ (ࢉ + ࢈) + ૛(ࢉ

࢈) + ૛(ࢉ =⏞
(࢏)

 

૝࢙૛ ቈ
ࢉ)}∑ + ࢇ)૛(ࢇ + {૛(࢈

࢈)∏} + ૛{(ࢉ ቉ − ૝࢙ ቈ
ࢉ)∑ + +ࢇ)(ࢇ (࢈

࢈)∏ + (ࢉ ቉ + ૜ 

෍{(ࢉ + ࢇ)૛(ࢇ + {૛(࢈ = ෍ቀ෍࢈ࢇ + ૛ቁࢇ
૛

= ෍ቊቀ෍࢈ࢇቁ
૛

+ ૛ࢇ૛෍࢈ࢇ + ૝ቋࢇ = 

= ૜ቀ෍࢈ࢇቁ
૛

+ ૛ ቀ෍࢈ࢇቁ (૛ࢇ∑) + ૛(૛ࢇ∑) − ૛∑ࢇ૛࢈૛ 

= ቀ෍࢈ࢇቁ
૛

+ ૛ ቀ෍࢈ࢇቁ (૛ࢇ∑) + ૛(૛ࢇ∑) + ૛∑ࢇ૛࢈૛ + ૝ࢉ࢈ࢇ(૛࢙)− ૛∑ࢇ૛࢈૛ = 

= ቀ෍࢈ࢇ + ૛ቁࢇ∑
૛

+ ૜૛࢙࢘ࡾ૛ = (૜࢙૛ − ૝࢘ࡾ − ૛)૛࢘ + ૜૛࢙࢘ࡾ૛ 

∴෍{(ࢉ + +ࢇ)૛(ࢇ {૛(࢈ =⏞
(࢏࢏)

(૜࢙૛ − ૝࢘ࡾ − ૛)૛࢘ + ૜૛࢙࢘ࡾ૛ 

ࢉ)෍,࢔࢏ࢇࢍ࡭ + +ࢇ)(ࢇ (࢈ = ෍ቀ෍࢈ࢇ + ૛ቁࢇ = 

= ૜෍࢈ࢇ + ૛ࢇ∑ = ૛ࢇ∑ + ૛෍࢈ࢇ+ ෍࢈ࢇ = ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+  ૛࢘

∴෍(ࢉ+ ࢇ)(ࢇ + (࢈ =⏞
(࢏࢏࢏)

૞࢙૛ + ૝࢘ࡾ+  ૛࢘

∵ෑ(࢈ + (ࢉ = ૛࢙ + ૛࢘ࡾ + ૛࢘ ∴ ,(࢏) ,(࢏࢏) (࢏࢏࢏) ⇒ 

⇒෍
૛ࢇ

࢈) + ૛(ࢉ =
૝࢙૛{(૜࢙૛ − ૝࢘ࡾ − ૛)૛࢘ + ૜૛࢙࢘ࡾ૛}

૝࢙૛(࢙૛ + ૛࢘ࡾ + ૛)૛࢘ −
૝࢙(૞࢙૛ + ૝࢘ࡾ+ (૛࢘
૛࢙)࢙૛ + ૛࢘ࡾ + (૛࢘ + ૜ 

=
(૜࢙૛ − ૝࢘ࡾ − ૛)૛࢘ + ૜૛࢙࢘ࡾ૛ − ૛(૞࢙૛ + ૝࢘ࡾ+ ૛࢙)(૛࢘ + ૛࢘ࡾ+ (૛࢘ + ૜(࢙૛ + ૛࢘ࡾ + ૛)૛࢘

૛࢙) + ૛࢘ࡾ+ ૛)૛࢘  

=⏞
(࢖) ૛࢙૝ − +࢘ࡾ૛(ૡ࢙ ૚૛࢘૛) + ૚૛ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ૛࢘૝

૛࢙) + ૛࢘ࡾ+ ૛)૛࢘ ≤
૜ࡾ
ૡ࢘ 

⇔ ૜࢙)ࡾ૛ + ૛࢘ࡾ + ૛)૛࢘ − ૡ࢘{૛࢙૝ − +࢘ࡾ૛(ૡ࢙ ૚૛࢘૛) + ૚૛ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ૛࢘૝} ≥ ૙ 
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⇔ (૜ࡾ− ૚૟࢙(࢘૝ + +࢘૛ࡾ૛൫૚૛࢙ ૠ૙࢘ࡾ૛ + ૢ૟࢘૜൯+ ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − ૚૟࢘૞ ≥⏞
(૚)

૙ 

૚	ࢋ࢙ࢇ࡯ 	૜ࡾ − ૚૟࢘ ≥ ૙ 

∴ (૚)	ࢌ࢕	ࡿࡴࡸ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૜ࡾ − ૚૟࢘)(૚૟࢘ࡾ−૞࢘૛)࢙૛ + 

+࢘૛ࡾ૛(૚૛࢙+ ૠ૙࢘ࡾ૛ + ૢ૟࢘૜) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − ૚૟࢘૞ 

= ૛ࡾ૛(૟૙࢙࢘ − ૛૙૚࢘ࡾ+ ૚ૠ૟࢘૛) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − ૚૟࢘૞ >⏞
?

૙ 

⇔ ૛ࡾ૛(૟૙࢙ − ૛૙૚࢘ࡾ+ ૚ૠ૟࢘૛) + ૚૛ࡾ૜࢘ − ૡ૝ࡾ૛࢘૛ − ૟૚࢘ࡾ૜ − ૚૟࢘૝ >⏞
?

⏟
(૛)
૙ 

∵ ૟૙ࡾ૛ − ૛૙૚࢘ࡾ+ ૚ૠ૟࢘૛ > 0 ∴ (૛)	݂݋	ܵܪܮ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 

≥ (૚૟࢘ࡾ − ૞࢘૛)(૟૙ࡾ૛ − ૛૙૚࢘ࡾ+ ૚ૠ૟࢘૛) + ૚૛ࡾ૜࢘ − ૡ૝ࡾ૛࢘૛ − ૟૚࢘ࡾ૜ − ૚૟࢘૝ >⏞
?

૙ 

⇔ ૛૝૜࢚૜ − ૢ૙૙࢚૛ + ૢ૝૙࢚ − ૛૛૝>⏞
?

૙ ⇔ 

⇔ ࢚) − ૛){(࢚ − ૛)(૛૝૜࢚+ ૠ૛) + ૛૞૟} >⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥
૚૟
૜ > 2 

⇒ (૛) ⇒ (૚)࢙࢏	ࢋ࢛࢚࢘	࢚ࢉ࢏࢚࢙࢘)	(࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏ ∴ ቀ
ࢇ

࢈ + ࢉ
ቁ
૛

+ ൬
࢈

ࢉ + ൰ࢇ
૛

+ ቀ
ࢉ

+ࢇ ࢈
ቁ
૛

<
૜ࡾ
ૡ࢘  

૛	ࢋ࢙ࢇ࡯ 	૜ࡾ − ૚૟࢘ < 0 

,࢝࢕ࡺ (૚) ⇔ (૚૟࢘ − ૜࢙(ࡾ૝ − +࢘૛ࡾ૛(૚૛࢙ ૠ૙࢘ࡾ૛ + ૢ૟࢘૜) − ૚૛ࡾ૜࢘૛ + 

+ૡ૝ࡾ૛࢘૜ + ૟૚࢘ࡾ૝ + ૚૟࢘૞ ≤⏞
(૚ࢇ)

૙ 

ࢋࢎࢉ࢛࢕ࡾ,࢝࢕ࡺ ⇒ ૛࢙ − (࢔−࢓) ≥ ૙	ࢊ࢔ࢇ	࢙૛ − +࢓) (࢔ ≤ ૙, 

࢓	ࢋ࢘ࢋࢎ࢝ = ૛ࡾ૛ + ૚૙࢘ࡾ − ࢔	ࢊ࢔ࢇ	૛࢘ = ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

∴ ቀ࢙૛ − ࢓) + ቁ(࢔ ቀ࢙૛ − ቁ(࢔−࢓) ≤ ૙ ⇒ ૝࢙ − (࢓૛)૛࢙ + ૛࢓ − ૛࢔ ≤ ૙ 

⇒ ૝࢙ − ૛ࡾ૛(૝࢙ + ૛૙࢘ࡾ − ૛࢘૛) + ࡾ૝)࢘ + ૜(࢘ ≤ ૙ ⇒ 

⇒ (૚૟࢘ − ૜࢙(ࡾ૝ − ࢘૛(૚૟࢙ − ૜ࡾ)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + −࢘૚૟)࢘ ૜ࡾ)(૝ࡾ + ૜(࢘ ≤⏞
(࢜࢏)

૙ 

(࢜࢏) ⇒ ,(ࢇ૚)	ࢋ࢜࢕࢘࢖	࢕࢚	࢘ࢋࢊ࢘࢕	࢔࢏ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏ ∶ 

(૚૟࢘ − ૜࢙(ࡾ૝ − +࢘૛ࡾ૛(૚૛࢙ ૠ૙࢘ࡾ૛ + ૢ૟࢘૜)− ૚૛ࡾ૜࢘૛ + ૡ૝ࡾ૛࢘૜ + ૟૚࢘ࡾ૝ + ૚૟࢘૞ 

≤ (૚૟࢘ − ૜࢙(ࡾ૝ − ࢘૛(૚૟࢙ − ૜ࡾ)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ࢘૚૟)࢘ − ૜ࡾ)(૝ࡾ+  ૜(࢘
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⇔ −ࡾ૛[(૜࢙ ૚૟࢘)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ૚૛ࡾ૛࢘ + ૠ૙࢘ࡾ૛ + ૢ૟࢘૜] + 

+૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − ૚૟࢘૞ − ࡾ૜)࢘ − ૚૟࢘)(૝ࡾ+ ૜(࢘ ≥ ૙ 

⇔ ૜ࡾ૛(૚૛࢙ + ૡࡾ૛࢘ − ૛૞૟࢘ࡾ૛ + ૚૛ૡ࢘૜) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − 

−૟૚࢘ࡾ૝ − ૚૟࢘૞ − ࡾ૜)࢘ − ૚૟࢘)(૝ࡾ + ૜(࢘ ≥ ૙ 

⇔ ૜ࡾ૛(૚૛࢙ + ૡࡾ૛࢘ − ૚ૠ૟࢘ࡾ૛ + ૛૛૝࢘૜) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − ૚૟࢘૞ − 

−ࡾ૜)࢘− ૚૟࢘)(૝ࡾ+ ૜(࢘ ≥⏞
(૜)

(ૡ૙࢘ࡾ૛ + ૢ૟࢘૜)࢙૛ 

,࢝࢕ࡺ (૜)	ࢌ࢕	ࡿࡴࡸ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ᇣᇧᇤᇧᇥ
(ࢇ)

 

(૚૟࢘ࡾ − ૞࢘૛)(૚૛ࡾ૜ + ૡࡾ૛࢘ − ૚ૠ૟࢘ࡾ૛ + ૛૛૝࢘૜) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − ૟૚࢘ࡾ૝ − 

−૚૟࢘૞ − ࡾ૜)࢘ − ૚૟࢘)(૝ࡾ+  ૜(࢘

(૜)	ࢌ࢕	ࡿࡴࡾ	ࢊ࢔ࢇ ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
ᇣᇧᇤᇧᇥ

(࢈)
(ૡ૙࢘ࡾ૛ + ૢ૟࢘૜)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

,(ࢇ) (࢈) ⇒ ,(૜)	ࢋ࢜࢕࢘࢖	࢕࢚	࢘ࢋࢊ࢘࢕	࢔࢏ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏ ∶ 

(૚૟࢘ࡾ − ૞࢘૛)(૚૛ࡾ૜ + ૡࡾ૛࢘ − ૚ૠ૟࢘ࡾ૛ + ૛૛૝࢘૜) + ૚૛ࡾ૜࢘૛ − ૡ૝ࡾ૛࢘૜ − 

−૟૚࢘ࡾ૝ − ૚૟࢘૞ − ࡾ૜)࢘ − ૚૟࢘)(૝ࡾ +  ૜(࢘

≥ (ૡ૙࢘ࡾ૛ + ૢ૟࢘૜)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ⇔ ૛૙࢚૜ − ૢ૚࢚૛ + ૚૛૝࢚ − ૝૝ ≥ ૙ ⇔ 

(૛૙࢚ − ૚૚)(࢚ − ૛)૛ ≥ ૙ → ࢋ࢛࢚࢘ ∵ ૛ ≤⏞
࢘ࢋ࢒࢛ࡱ

࢚ <
૚૟
૜  

⇒ (૜) ⇒ (૚ࢇ) ⇒ (૚)࢙࢏	ࢋ࢛࢚࢘ ∴ ቀ
ࢇ

࢈ + ࢉ
ቁ
૛

+ ൬
࢈

ࢉ + ൰ࢇ
૛

+ ቀ
ࢉ

ࢇ + ࢈
ቁ
૛
≤
૜ࡾ
ૡ࢘  

,࢙ࢋ࢙ࢇࢉ	ࢎ࢚࢕࢈	ࢍ࢔࢏࢔࢏࢈࢓࢕࡯ ,࡯࡮࡭	∆	࢟࢔ࢇ	࢔࢏ ቀ
ࢇ

࢈ + ࢉ
ቁ
૛

+ ൬
࢈

ࢉ + ൰ࢇ
૛

+ ቀ
ࢉ

ࢇ + ࢈
ቁ
૛
≤⏞

ࡾ૜(࢓)
ૡ࢘  

,࢔࢏ࢇࢍ࡭ (࢖) ⇒෍
૛ࢇ

+࢈) ૛(ࢉ =
૛࢙૝ − +࢘ࡾ૛(ૡ࢙ ૚૛࢘૛) + ૚૛ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ૛࢘૝

૛࢙) + ૛࢘ࡾ+ ૛)૛࢘ ≥⏞
?

 

≥ 	
૟
૞ −

࢘ૢ
૚૙ࡾ =

૚૛ࡾ− ࢘ૢ
૚૙ࡾ  

⇔ ૚૙ࡾ[૛࢙૝ − +࢘ࡾ૛(ૡ࢙ ૚૛࢘૛) + ૚૛ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ૛࢘૝]≥⏞
?

 

≥ (૚૛ࡾ− ૛࢙)(࢘ૢ + ૛࢘ࡾ +  ૛)૛࢘

⇔ +ࡾ૝(ૡ࢙ (࢘ૢ − +࢘૛ࡾ૛(૚૛ૡ࢙ ૚૙ૡ࢘ࡾ૛ − ૚ૡ࢘૜) + ૠ૛ࡾ૜࢘૛ + ૟ૡࡾ૛࢘૜ + 
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+૝૝࢘ࡾ૝ + ૞࢘ૢ ≥⏞
?

⏟
(૝)
૙ 

(૝)	ࢌ࢕	ࡿࡴࡸ,࢝࢕ࡺ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

+ࡾ૛(ૡ࢙ ࢘ࡾ૚૟)(࢘ૢ − ૞࢘૛) − 

+࢘૛ࡾ૛(૚૛ૡ࢙− ૚૙ૡ࢘ࡾ૛ − ૚ૡ࢘૜) + ૠ૛ࡾ૜࢘૛ + ૟ૡࡾ૛࢘૜ + ૝૝࢘ࡾ૝ + ⏞≤૞࢘ૢ
?

૙ 

⇔ ૠ૛ࡾ૜ + ૟ૡࡾ૛࢘+ ૝૝࢘ࡾ૛ + ૜࢘ૢ ≥⏞
?

⏟
(૞)

(૝ࡾ + ૛ૠ࢙(࢘૛ 

(૞)	ࢌ࢕	ࡿࡴࡾ,࢔࢏ࢇࢍ࡭ ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ+ ૛ૠ࢘)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)≤⏞
?

 

≤ ૠ૛ࡾ૜ + ૟ૡࡾ૛࢘ + ૝૝࢘ࡾ૛ + ૜࢘ૢ ⇔ ૚૝࢚૜ − ૚૝࢚૛ + ૚૛૝࢚ − ૝૝≥⏞
?

૙ 

⇔ ࢚) − ૛)(૚૝࢚૛ + ૚૝࢚ + ૢ)≥⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛ ⇒ 

⇒ (૞) ⇒ (૝)࢙࢏	ࢋ࢛࢚࢘ ∴෍
૛ࢇ

+࢈) ૛(ࢉ ≥
⏞

(࢔) ૟
૞ −

࢘ૢ
૚૙ࡾ 

,(࢓) (࢔) ⇒	
૟
૞ −

࢘ૢ
૚૙ࡾ ≤ ቀ

ࢇ
࢈ + ࢉ

ቁ
૛

+ ൬
࢈

ࢉ + ൰ࢇ
૛

+ ቀ
ࢉ

ࢇ + ࢈
ቁ
૛
≤
૜ࡾ
ૡ࢘ 	

 (ࢊࢋ࢜࢕࢘ࡼ)

JP.266. If ࢈,ࢇ, ࢉ > 0 then: 

૛ࢇඥࢇ + ૛(࢈+ ૛(ࢉ + ૛࢈ඥ࢈ + ૛(ࢉ+ ૛(ࢇ + ૛ࢉඥࢉ + ૛(ࢇ + ૛(࢈ ≤ ࢇ) + ࢈ +  ૛(ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Rahim Shahbazov-Baku-Azerbaijan 

࢞ࢇ√ + ඥ࢟࢈ + ࢠࢉ√ ≤ ඥ(ࢇ+ +࢈ ࢞)(ࢉ + ࢟ +  AM-GM   (ࢠ

If we use: ࡿࡴࡸ = ૛ࢇඥࢇ∑ + ૛(࢈+ ૛(ࢉ = ࢇ√∑ ⋅ ඥࢇ૜ + ૛࢈)ࢇ+  ૛(ࢉ

≤ ට(ࢇ+ ࢈ + (ࢉ ⋅ ቀࢇ૜ + ૜࢈ + ૜ࢉ + ૛෍ࢇ ࢈) + ૛ቁ(ࢉ ≤ ࢇ) + +࢈  ૛(ࢉ

⇒ +ࢇ) ࢈ + ૜(ࢉ ≥ ૜ࢇ + ૜࢈ + ૜ࢉ + ૛෍ࢇ ࢈) + ૛(ࢉ ⇒ ࢇ) + +࢈)(࢈ +ࢇ)(ࢉ (ࢉ ≥ ૡࢉ࢈ࢇ 

ࢇ + ࢈ ≥ ૛√࢈ࢇ 

Solution 2 by Michael Sterghiou-Greece 

∑ ࢉ࢟ࢉࢇ ඥࢇ૛ + ૛(࢈+ 	૛(ࢉ ≤ ࢇ) + ࢈ +  ૛   (1)(ࢉ
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(࢚)ࢌ = ,is concave on (૙ ࢚√ +∞) so by generalized Jensen 

with “weights” (࢈,ࢇ, (૚)	ࡿࡴࡸ we have (ࢉ ≤ ∑ ࢉ࢟ࢉࢇ ⋅ ට∑ ࢉ࢟ࢉ૛൯(ࢉା࢈)૛ା૛ࢇ൫ࢇ

∑ ࢉ࢟ࢉࢇ
 

which suffices to ࢉ࢈ ≤ +ࢇ) ࢈ +  ૛. Some computation gives(ࢉ

૛∑ ૛࢈ࢇ) + ૛ࢉࢇ + ૛ࢉ࢟ࢉ(ࢉ࢈ࢇ ≤ ൫∑ ࢉ࢟ࢉࢇ ൯
૜
− ∑ ࢉ࢟ࢉ૜ࢇ  or ∑ࢇ૛࢈ + ࢉ૛ࢇ ≥ ૟(2)  ࢉ࢈ࢇ 

considering that ∑ ࢈૛ࢇ) + ࢉ࢟ࢉ(ࢉ૛ࢇ = ൫∑ ࢉ࢟ࢉࢇ ൯൫∑ ࢉ࢟ࢉ࢈ࢇ ൯ − ૜ࢉ࢈ࢇ. But (2) 

is obvious by AM-GM ൣࡿࡴࡸ	(૛) ≥ ૟√ࢇ૟࢈૟ࢉ૟૟ = ૟ࢉ࢈ࢇ൧. Done! 

JP.267. In ∆࡯࡮࡭ the following relationship holds: 

૛ࢇ

࢈࢓
૛ + ࢉ࢓

૛ +
૛࢈

ࢉ࢓
૛ + ࢇ࢓

૛ +
૛ࢉ

ࢇ࢓
૛ + ࢈࢓

૛ ≤ ૛ 

Proposed by Nguyen Viet Hung-Hanoi-Vietnam 

Solution 1 by Daniel Văcaru-Romania 

We know ࢇ࢓ ≥ ඥ࢙)࢙ − (ࢇ ⇒ ࢇ࢓
૛ ≥ ࢙)࢙ − (ࢇ ࢇ࢓⇒

૛ + ࢈࢓
૛ ≥ ࢙૛)࢙ − ࢇ − (࢈ = ࢙ ∙  ࢉ

૛ࢇ

࢈࢓
૛ + ࢉ࢓

૛ ≤
૛ࢇ

ࢇ࢙ =
ࢇ
࢙ ⇒෍

૛ࢇ

࢈࢓
૛ + ࢉ࢓

૛
ࢉ࢟ࢉ

≤
ࢇ + +࢈ ࢉ

࢙ = ૛ 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢓ ≥ ඥ࢙)࢙ − (ࢇ ⇒ ࢇ࢓
૛ ≥ ࢙)࢙ −  (ࢇ

࢈࢓ ≥ ඥ࢙)࢙ − (࢈ ⇒ ࢈࢓
૛ ≥ ࢙)࢙ −  (࢈

ࢉ࢓ ≥ ඥ࢙)࢙ − (ࢉ ⇒ ࢉ࢓
૛ ≥ ࢙)࢙ −  (ࢉ

⇒ ૛ࢇ

࢈࢓
૛ାࢉ࢓

૛ + ૛࢈

ࢉ࢓
૛ାࢇ࢓

૛ + ૛ࢉ

ࢇ࢓
૛ା࢈࢓

૛ ≤
૛ࢇ

൯(ࢉା࢈)ି࢙൫૛࢙
+ ૛࢈

൯(ࢇାࢉ)ି࢙൫૛࢙
+ ૛ࢉ

൯(࢈ାࢇ)ି࢙൫૛࢙
  

= ૛ࢇ

ࢇ∙࢙
+ ૛࢈

࢈∙࢙
+ ૛ࢉ

ࢉ∙࢙
= ࢉା࢈ାࢇ

࢙
= ૛࢙

࢙
= ૛  

JP.268. Let ࡯′࡮′࡭′ be the intouch triangle of ∆࡯࡮࡭. Prove that: 

ᇱ࡮ᇱ࡭ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ ≤
࢈ࢇ√ + ࢉ࢈√ + ࢇࢉ√

૛
<  ݏ

Proposed by Marian Ursărescu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 
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In ∆࡭ᇱ࡮ᇱ࡯ᇱ:࡮ᇱ࡯ᇱ૛ = ࢙) − ૛(ࢇ + ࢙) − ૛(ࢇ − ૛(࢙ −  ࡭࢙࢕ࢉ૛(ࢇ

= ૛(࢙ − ૛(ࢇ − ૛(࢙ −  ࡭࢙࢕ࢉ૛(ࢇ

= ૛(࢙ − ૛(૚(ࢇ − (࡭࢙࢕ࢉ = ૝(࢙ − ૛࢔࢏࢙૛(ࢇ ࡭
૛
  then  ࡮ᇱ࡯ᇱ = ૛(࢙ − ࢔࢏࢙(ࢇ ࡭

૛
 

Similary:  ࡭ᇱ࡮ᇱ = ૛(࢙ − ࢔࢏࢙(ࢉ ࡯
૛

ᇱ࡯ᇱ࡭; = ૛(࢙ − ࢔࢏࢙(࢈ ࡮
૛

 then 

ᇱ࡮ᇱ࡭ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ = ૛ቆ(࢙ − ࢔࢏࢙(ࢇ
࡭
૛ + ࢙) − ࢔࢏࢙(ࢉ

࡯
૛ + ࢙) − ࢔࢏࢙(࢈

࡮
૛ቇ 

= ૛ቌ
࢘

૛࡭࢔ࢇ࢚
∙ ࢔࢏࢙

࡭
૛ +

࢘

૛࡮࢔ࢇ࢚
∙ ࢔࢏࢙

࡮
૛ +

࢘

૛࡯࢔ࢇ࢚
∙ ࢔࢏࢙

࡯
૛
ቍ 

= ૛࢘ ൬࢙࢕ࢉ
࡭
૛ + ࢙࢕ࢉ

࡮
૛ + ࢙࢕ࢉ

࡯
૛൰ ≥⏞

࢔ࢋ࢙࢔ࢋࡶ

૛࢘ ∙
૜√૜
૛ = ૜√૜ ∙  ࢘

+࢈ࢇ√ +ࢉ࢈√ ࢇࢉ√
૛ ≥⏞

૜√૜૜ࡳି࢓࡭

૛ =
૜√૝࢙࢘ࡾ૜

૛  

So, we need to prove: ૜ √૝࢙࢘ࡾ
૜

૛
≥ 	૜√૜ ∙ ࢘ ⇔ √૝࢙࢘ࡾ૜ ≥ 	√૜ ∙ ࢘ ⇔ ࢙ࡾ ≥ ૟√૜ ∙  ૛࢘

Which is true because ൜ ࡾ ≥ ૛࢘
࢙ ≥ ૜√૜ ∙ ࢘

⇒ ࢙ࡾ	 ≥ ૟√૜ ∙  ૛࢘

Hence ࡭ᇱ࡮ᇱ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ ≤ ࢇࢉ√ାࢉ࢈√ା࢈ࢇ√
૛

 

Lastly, using inequality: ࢄ૛ + ૛ࢅ + ૛ࢆ ≥ ࢅࢄ + +ࢆࢅ  ࢄࢆ

Choose ࢄ = ࢅ,ࢇ√ = ࢆ,࢈√ = ࢉ√ ࢇࢉ√ାࢉ࢈√ା࢈ࢇ√ ⇒
૛

≤ ࢉା࢈ାࢇ
૛

= ૛࢙
࢙

=  .Proved.࢙

JP.269 Let ઢ࡯࡮࡭ be a triangle. Let be ࡭ᇱ ∈   such that the incircle in (࡯࡮)

ઢ࡭࡭ᇱ࡮ ∧ ઢ࡭࡭ᇱ࡯ have the same radius. Analogous we obtain the points  

ᇱ࡮ ∈ ᇱ࡯,(࡯࡭) ∈ ᇱ࡭࡭ :Prove that .(࡮࡭) ᇱ࡮࡮+ + ᇱ࡯࡯ ≥  .࢘ૢ

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

Let be ࢇ࢘ = the radixes of incircles with ઢ࡭࡮࡭ᇱ,࡭࡯࡭ᇱ. 
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ࡿ = ᇲ࡭࡮࡭ࡿ + ᇲ࡭࡯࡭ࡿ = ᇲ࡭࡮࡭࢙ ⋅ ࡭࢘ + ᇲ࡭࡯࡭࢙ ⋅ ࡭࢘ = ᇲ࡭࡮࡭࢙)࡭࢘ + (ᇲ࡭࡯࡭࢙ = ࢙)࡭࢘ +  ᇱ)  (1)࡭࡭

ઢࡵࡵ૚ࡵ૛ ∼ ઢ࡯࡮ࡵ ⇒ ૛ࡵ૚ࡵ
࡯࡮

= ࡭࢘ି࢘
࢘

⇒ ૚− ࡭࢘
࢘

= ૛ࡵ૚ࡵ
࡯࡮

⇒ ࡭࢘
࢘

= ૚ − ૛ࡵ૚ࡵ
ࢇ

  (2) 

  rectangle ࡻࡱ૛ࡵ૚ࡵ

⇒ ૛ࡵ૚ࡵ = ࡱࡰ = ᇱ࡭ࡰ + ࡱᇱ࡭ = ᇲ࡭࡯࡭࢙ − +ࢉ ᇲ࡭࡯࡭࢙ − ࢈ = ࢙ − −࢈ ࢉ +  ᇱ (3)࡭࡭

From (2)+(3)⇒ ࡭࢘
࢘

= ૚ − ᇲ࡭࡭ାࢉି࢈ି࢙

ࢇ
= ᇲ࡭࡭ି࢙

ࢇ
⇒ ࢇ࢘ = ࢘

ࢇ
࢙) −  ᇱ) (4)࡭࡭

From (1)+(4)⇒ ࢘
ࢇ

࢙) − +࢙)(ᇱ࡭࡭ (ᇱ࡭࡭ = ࡿ ⇒ ૛࢙ − ᇱ૛࡭࡭ = ࢙ࢇ ⇒ 

ᇱ૛࡭࡭ = ૛࢙ − ࢇ࢙ ⇒ ᇱ࡭࡭ = ඥ࢙)࢙ − ᇱ࡮࡮ Analogous .(ࢇ = ඥ࢙)࢙ − ᇱ࡯࡯;(࢈ = ඥ࢙)࢙ −  (࢈

⇒ ᇱ࡭࡭ + ᇱ࡮࡮ + ᇱ࡯࡯ = ࢙√൫࢙√ − ࢇ + ࢙√ − ࢈ + ࢙√ −  ൯ࢉ

ᇱ࡭࡭ + ᇱ࡮࡮ + ᇱ࡯࡯ ≥ ૜√࡭࡭ᇱ ⋅ ᇱ࡮࡮ ⋅ ᇱ૜࡯࡯ = ૜√ࡿ࢙૜ = ૜ඥ࢙૛࢘૜ ≥ ૜ඥ૛ + ૜૜࢘ =  .࢘ૢ

JP.270. If ࢔,࢓ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

૛ࢇ࢘ + ࢉ࢘࢈࢘
࢈࢘࢔ + ࢉ࢘࢓

+
૛࢈࢘ + ࢇ࢘ࢉ࢘
ࢉ࢘࢔ + ࢇ࢘࢓

+
૛ࢉ࢘ + ࢈࢘ࢇ࢘
ࢇ࢘࢔ + ࢈࢘࢓

≥
૚ૡ࢘
࢓ + ࢔

 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

Solution 1 by Adrian Popa-Romania 

૛ࢇ࢘ + ࢉ࢘࢈࢘
࢈࢘࢔ + ࢉ࢘࢓

+
૛࢈࢘ + ࢇ࢘ࢉ࢘
ࢉ࢘࢔ + ࢇ࢘࢓

+
૛ࢉ࢘ + ࢈࢘ࢇ࢘
ࢇ࢘࢔ + ࢈࢘࢓

≥
૚ૡ࢘
࢓ +  ࢔

∴
૛ࢇ࢘

࢈࢘࢔ + ࢉ࢘࢓
+

૛࢈࢘

ࢉ࢘࢔ + ࢇ࢘࢓
+

૛ࢉ࢘

ࢇ࢘࢔ + ࢈࢘࢓
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮.ࡶ ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

ࢇ࢘) + ࢈࢘ + +࢓)(ࢉ࢘ (࢔ = 

= ࢉ࢘ା࢈࢘ାࢇ࢘
࢔ା࢓

= ૝ࡾା࢘
࢔ା࢓

∴ (1) 

∴
ࢉ࢘࢈࢘

࢈࢘࢔ + ࢉ࢘࢓
+

ࢉ࢘ࢇ࢘
ࢉ࢘࢔ + ࢇ࢘࢓

+
࢈࢘ࢇ࢘

ࢇ࢘࢔ + ࢈࢘࢓
=

ࢉ࢘࢈࢘ࢇ࢘
࢈࢘ࢇ࢘࢔ ࢉ࢘ࢇ࢘࢓+

+
ࢉ࢘࢈࢘ࢇ࢘

࢈࢘ࢉ࢘࢔ + ࢈࢘ࢇ࢘࢓
+

ࢉ࢘࢈࢘ࢇ࢘
ࢇ࢘ࢉ࢘࢓ ࢉ࢘ࢉ࢘࢓+

= 
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= ࢉ࢘࢈࢘ࢇ࢘ ൬
૚

࢈࢘ࢇ࢘࢔ + ࢉ࢘ࢇ࢘࢓
+

૚
ࢉ࢘࢈࢘࢔ + ࢇ࢘࢈࢘࢓

+
૚

ࢇ࢘ࢉ࢘࢔ + ࢇ࢘ࢉ࢘࢓
൰ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮.ࡶ

 

≥ ࢉ࢘࢈࢘ࢇ࢘ ⋅
ૢ

(ࢇ࢘ࢉ࢘ାࢉ࢘࢈࢘ା࢈࢘ࢇ࢘)(࢔ା࢓)
= ࢘૛࢙ૢ

૛࢙⋅(࢔ା࢓)
= ࢘ૢ

࢔ା࢓
∴    (2) 

(1)+(2): ૝ࡾା࢘
࢔ା࢓

+ ࢘ૢ
࢔ା࢓

≥
࢘ࢋ࢒࢛ࡱ.ࡶ ࢘ା࢘ૢ

࢔ା࢓
+ ࢘ૢ

࢔ା࢓
= ૚ૡ࢘

࢔ା࢓
 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘

=
૚
࢘ ⇔ ࢘ =

ࢉ࢘࢈࢘ࢇ࢘
࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘

 

Let ࢞ = ࢟;ࢇ࢘ = ;࢈࢘ ࢠ = ,࢟,࢞)		ࢉ࢘ ࢠ > 0) 

We need to prove: ࢞
૛ାࢠ࢟

ࢠ࢓ା࢟࢔
+ ࢠ࢞૛ା࢟

࢞࢓ାࢠ࢔
+ ࢟࢞૛ାࢠ

࢟࢓ା࢞࢔
≥ ૚ૡࢠ࢟࢞

(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)
 

ࢠ࢟࢞૜ା࢞
ࢠ࢞࢓ା࢟࢞࢔

+ ࢠ࢟࢞૜ା࢟
࢟࢞࢓ାࢠ࢟࢔

+ ࢠ࢟࢞૜ାࢠ
ࢠ࢟࢓ାࢠ࢞࢔

≥ ૚ૡࢠ࢟࢞
(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)

    (*) 

૜࢞

+࢟࢞࢔ ࢠ࢞࢓
+

૜࢟

+ࢠ࢟࢔ ࢟࢞࢓
+

૜ࢠ

+ࢠ࢞࢔ ࢠ࢟࢓
≥

ࡹࡳିࡹ࡭
૜	 ⋅ ඨ

૜(ࢠ࢟࢞)

+࢟࢞࢔) +ࢠ࢟࢔)(ࢠ࢞࢓ +ࢠ࢞࢔)(࢟࢞࢓ (ࢠ࢟࢓
૜

 

= ૜ࢠ࢟࢞

ඥ(࢟࢞࢔ାࢠ࢞࢓)(ࢠ࢟࢔ା࢟࢞࢓)(ࢠ࢞࢔ାࢠ࢟࢓)૜ ≥
ࡹࡳିࡹ࡭

૜ࢠ࢟࢞ ⋅ ૜
(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)

= ࢠ࢟࢞ૢ
(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)

  (1) 

ࢠ࢟࢞ ൬
૚

࢟࢞࢔ + +ࢠ࢞࢓
૚

ࢠ࢟࢔ + +࢟࢞࢓
૚

ࢠ࢞࢔ + ൰ࢠ࢟࢓ ≥
ࡹࡳିࡹ࡭

 

≥ ࢠ࢟࢞ ⋅
૜

ඥ(࢟࢞࢔ + +ࢠ࢟࢔)(ࢠ࢞࢓ +ࢠ࢞࢔)(࢟࢞࢓ ૜(ࢠ࢟࢓ ≥
ࡹࡳିࡹ࡭

 

૜ࢠ࢟࢞ ⋅ ૜
(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)

= ࢠ࢟࢞ૢ
(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)

  (2) 

⇒
(૚)ା(૛)

(∗)ࡿࡴࡸ ≥
ࢠ࢟࢞ାૢࢠ࢟࢞ૢ

(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)
= ૚ૡࢠ࢟࢞

(࢞ࢠାࢠ࢟ା࢟࢞)(࢔ା࢓)
. Proved. 

Solution 3 by Avishek Mitra-West Bengal-India 

⇔ષ૚ = ෍
૛ࢇ࢘

࢈࢘࢔ + ࢉ࢘࢓
= ෍

૜ࢇ࢘

࢈࢘ࢇ࢘࢔ + ࢉ࢘ࢇ࢘࢓
≥

࢘ࢋࢊ࢒࢕ࡴ
෍

૜(ࢇ࢘∑)

૜(࢔∑ ࢈࢘ࢇ࢘ + (ࢉ࢘ࢇ࢘∑࢓ ≥ 

≥
૜(∑࢈࢘ࢇ࢘) ⋅ (ࢇ࢘∑)
૜(࢓ + ࢈࢘ࢇ࢘∑(࢔
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൦
∵ ෍࢞૛ ≥෍࢟࢞ ⇒ ቀ෍࢞ቁ

૛
≥ ૜෍࢟࢞ ࢞	࢚࢛࢖, = ࢟,ࢇ࢘ = ࢈࢘ , ࢠ = ࢉ࢘ ⇒

⇒ ቀ෍ࢇ࢘૛ቁ
૛
≥ ૜෍࢈࢘ࢇ࢘

൪ 

⇔ષ૚ ≥
(ࢇ࢘∑)

+࢓) (࢔ =
૝ࡾ + ࢘

࢓) + (࢔ ≥
࢘ࢋ࢒࢛ࡱ ૝ ⋅ ૛࢘ + ࢘

࢓) + (࢔ =
࢘ૢ

+࢓)  (࢔

⇔ ષ૛ = ෍
ࢉ࢘࢈࢘

࢈࢘࢓ + ࢉ࢘࢔
= ෍

ࢇ࢘∏
࢈࢘ࢇ࢘࢓ + ࢉ࢘ࢇ࢘࢔

= ෑࢇ࢘෍
૚

࢈࢘ࢇ࢘࢓ + ࢉ࢘ࢇ࢘࢔
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
 

≥
(૚ + ૚ + ૚)૛

࢈࢘ࢇ࢘∑࢔ + ࢉ࢘ࢇ࢘∑࢓
 

= ෑࢇ࢘ ⋅
ૢ

࢓) + ∑(࢔ ࢈࢘ࢇ࢘
= ࢘૛࢙ ⋅

ૢ
+࢓) (࢔ ⋅ ૛࢙ =

࢘ૢ
࢓) +  (࢔

⇔ ષ = ષ૚ + ષ૛ = ∑ ࢉ࢘࢈࢘૛ାࢇ࢘
ࢉ࢘࢓ା࢈࢘࢔

≥ ࢘ૢ
(࢔ା࢓)

+ ࢘ૢ
(࢔ା࢓)

= ૚ૡ࢘
(࢔ା࢓)

 (proved) 

SP.256. Let ࡯࡮࡭ be a triangle and (࢘,ࡵ) its incircle. The circle (࡭࢘,࡭ࡵ) is 

externally tangent to the circle (ࡵ,  ࡮࡭ and internally tangent to the sides (࢘

and ࡯࡭ of the triangle. The circles (࡮࢘,࡮ࡵ) and (࡯ࡵ,  .are defined similarly (࡯࢘

Prove that: 

࡭࢘ .1 + ࡮࢘ + ࡯࢘ ≥  ࢘

2. 
૛(࡭࢘ି࢘)

࡭࢘࢘
+ ૛(࡮࢘ି࢘)

࡮࢘࢘
+ ૛(࡯࢘ି࢘)

࡯࢘࢘
≥ ૝ 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Marian Ursărescu – Romania  

 
ࡰᇱࡵ (1 ⊥ ,࡯࡮ ᇱ࢈ࡵ࢈ࡵ ⊥  ࡯࡮
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ࡰ࢈ࡵ ⊥  ᇱࡵࡵ

ܖܑܛ ࡰ࢈ࡵࡵ = ࡰࡵ
࢈ࡵࡵ

࢚࢛࡮ ࡮
૛

= ࡰ࢈ࡵࡵ
ቑ ⇒ ܖܑܛ ࡮

૛
= ࡰࡵ

࢈ࡵࡵ
= ࡮࢘ି࢘

࡮࢘ା࢘
 and similarly (1) 

But in any ઢ࡯࡮࡭ we have: ܖܑܛ ࡭
૛

+ ܖܑܛ ࡮
૛

+ ܖܑܛ ࡯
૛
≤ ૜

૛
   (2) 

∑ ࡭࢘ି࢘
࡭࢘ା࢘

≤ ૜
૛
⇒ ∑

૚ି
࡭࢘
૛

࢘
૚ା࡮࢘࡭࢘

≤ ૜
૛
   (3) 

Let ࡭࢘
࢘

= ,࢞ ࡮࢘
࢘

= ,࢟ ࡯࢘
࢘

=  (4)  ࢠ

From (3)+(4) ⇒ ∑ ૚ି࢞
૚ା࢞

≤ ૜
૛
⇔ ∑ ૛

૚ା࢞
− ૜ ≤ ૜

૛
⇔ ∑ ૚

૚ା࢞
≤ ૢ

૝
 

But (࢞ + ૚ + ࢟ + ࢠ + ૚) ቀ ૚
ା૚࢞

+ ૚
ା૚࢟

+ ૚
ା૚ࢠ

ቁ ≥ ૢ ⇒ 

࢞ + ࢟ + ࢠ + ૜ ≥
ૢ

∑ ૚
૚ + ࢞

≥
ૢ
ૢ
૝

= ૝ ⇒ ࢞ + ࢟ + ࢠ + ૜ ≥ ૝ ⇒ 

࢞ + ࢟ + ࢠ ≥ ૚ ⇔
࡭࢘
࢘ +

࡮࢘
࢘ +

࡯࢘
࢘ ≥ ૚ ⇒ ࡭࢘ + ࡮࢘ + ࢉ࢘ ≥  ࢘

2. ઢࡰ࡮ࡵࡵ ⇒ ૛ࡰ࡮ࡵ = ૛࡮ࡵࡵ − ૛ࡰࡵ = ࢘) + ૛(࡮࢘ − ࢘) − ૛(࡮࢘ = ૝࡮࢘࢘ ⇒ 

⇒ ૛ܖ܉ܜ ࡮
૛

= ૛ࡰࡵ

૛ࡰ࡮ࡵ
= ૛(࡮࢘ି࢘)

૝࡮࢘࢘
⇒ we must show: 

૛ܖ܉ܜ ࡭
૛

+ ૛ܖ܉ܜ ࡮
૛

+ ૛ܖ܉ܜ ࡯
૛
≥ ૚   (5) 

But in any ઢ࡯࡮࡭ we have ∑ ܖ܉ܜ ࡭
૛
࡮ܖ܉ܜ

૛
= ૚ ⇒ 

૛ܖ܉ܜ ࡭
૛

+ ૛ܖ܉ܜ ࡮
૛

+ ૛ܖ܉ܜ ࡯
૛
≥ ܖ܉ܜ∑ ࡭

૛
࡮ܖ܉ܜ

૛
= ૚ ⇒  (5) it is true. 

 

SP.257. In ∆࡮࡮,࡯࡮࡭ᇱ,࡯࡯ᇱ −internal bisectors.If the circumcircle of ∆࡯′࡮࡭′ is  

tangent to the side ࡯࡮, then: 

૛࢈
૛ࢇ + ࢉ +

૛ࢉ
૛ࢇ + ࢈ < 1 

Proposed by Marian Ursărescu-Romania 
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Solution by proposer 

(࡮)࣋ = ᇱ૛࡭࡮ = ᇱ࡯࡮ ∙ ;࡭࡮ (࡯)࣋	 = ᇱ૛࡭࡯ = ᇱ࡮࡯ ∙ ࡭࡯ ⇒ 

ࢇ = ᇱ࡭࡮ + ࡯ᇱ࡭ = ࢉ√ ∙ ᇱ࡯࡮ + ࢈√ ∙  	(૚)						࡯ᇱ࡮

′࡯࡮
࡭′࡯

=
ࢇ
࢈
⇒
′࡯࡮
ࢉ

=
ࢇ

ࢇ + ࢈
	⇒ ᇱ࡯࡮ =

ࢉࢇ
ࢇ + ࢈

					(૛) 

࡯′࡮
࡭′࡮ =

ࢇ
ࢉ ⇒

࡭′࡮
࢈ =

ࢇ
+ࢇ ࢉ 	⇒ ࡯′࡮ =

࢈ࢇ
ࢇ +  (૜)					ࢉ

From (1)+(2)+(3) we have: ࢇ = ටࢉࢇ૛

࢈ାࢇ
+ ට࢈ࢇ૛

ࢉାࢇ
⇒ ࢇ√ = ࢉ

࢈ାࢇ√
+ ࢈

ࢉାࢇ√
 

⇒ ૚ =
ࢉ

ඥࢇ)ࢇ + (࢈
+

࢈
ඥࢇ)ࢇ+ (ࢉ

				(૝) 

ඥࢇ)ࢇ + (࢈ ≤
૛ࢇ + ࢈
૛ ⇒

૚
ඥࢇ)ࢇ + (࢈

>
૛

૛ࢇ +  ࢈

ඥࢇ)ࢇ + (ࢉ ≤
૛ࢇ + ࢉ
૛ ⇒

૚
ඥࢇ)ࢇ+ (ࢉ

>
૛

૛ࢇ+ 			ࢉ
(૞) 

From (4)+(5) we have: ૚ = ࢉ
ඥࢇ(ࢇା࢈)

+ ࢈
ඥࢇ(ࢇାࢉ)

> ૛ࢉ
૛ࢇା࢈

+ ૛
૛ࢇାࢉ

 

 

SP.258. Let ࡯′࡮′࡭′ be the circumcevian triangle of symedians in ∆࡯࡮࡭. Prove 

that: 

[ᇱ࡯ᇱ࡮ᇱ࡭]
[࡯࡮࡭]

≤ ൬
ࡾ
૛࢘
൰
૛

 

Proposed by Marian Ursărescu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

[ᇱ࡯ᇱ࡮ᇱ࡭]
[࡯࡮࡭] =

′࡮′࡭ ∙ ′࡯′࡮ ∙ ′࡭′࡯
૝ࡾ ∙

૝ࡾ
ࢉ࢈ࢇ =

′࡮′࡭ ∙ ′࡯′࡮ ∙ ′࡭′࡯
ࢉ࢈ࢇ  

൜ࡷ࡭࡮෣ ≡ ᇱ෣࡭ᇱ࡮࡮
ᇱ෣࡮࡮࡭ ᇱ෣࡮ᇱ࡭࡭≡ ᇱ࡭ᇱ࡮ᇱࡷ∆~࡮࡭ࡷ∆⇒ ⇒

࡭ࡷ
ᇱ࡮ࡷ =

࡮࡭
 ᇱ࡭ᇱ࡮

⇒ ᇱ࡭ᇱ࡮ =
࡮࡭ ∙ ′࡮ࡷ
࡭ࡷ = ࢉ ∙

࡮ࡷ
࡭ࡷ ∙

′࡮ࡷ
࡮ࡷ =

ࢉ ∙ (ࡷ)࣋
࡭ࡷ ∙  ࡮ࡷ
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Similary ࡮ᇱ࡯ᇱ = (ࡷ)࣋∙ࢉ
࡯ࡷ∙࡮ࡷ

 and ࡭ᇱ࡯ᇱ = (ࡷ)࣋∙ࢉ
࡯ࡷ∙࡭ࡷ

. So,	[࡭
ᇲ࡮ᇲ࡯ᇲ]

[࡯࡮࡭]
= ૜((ࡷ)࣋)ࢉ࢈ࢇ

૜(࡯ࡷ∙࡮ࡷ∙࡭ࡷ)ࢉ࢈ࢇ
= ૜((ࡷ)࣋)

૜(࡯ࡷ∙࡮ࡷ∙࡭ࡷ)
 

But: (ࡷ)࣋ = ૛ࡾ ૛ࡷࡻ− = ૜(ࢉ࢈ࢇ)૛

૛(૛ࢉ૛ା࢈૛ାࢇ)
 

࡭ࡷ =
૛࢈ + ૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ ∙ ࢇ࢙ =
૛࢈ + ૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ ∙
૛ࢉ࢈

૛࢈ + ૛ࢉ ∙ ࢇ࢓ =
૛ࢇ࢓ࢉ࢈

૛ࢇ + ૛࢈ + ૛ࢉ ⇒ 

૛࡭ࡷ = 	
(૛ࢇ࢓ࢉ࢈)૛

૛ࢇ) + ૛࢈ + ૛)૛ࢉ ⇒ 

[ᇱ࡯ᇱ࡮ᇱ࡭]
[࡯࡮࡭] =

૛ૠ(ࢉ࢈ࢇ)૟
૛ࢇ) + ૛࢈ + ૛)૟ࢉ

૟૝(ࢉ࢈ࢇ)૝
૛ࢇ) + ૛࢈ + ૛)૟ࢉ ∙ ૛(ࢉ࢓࢈࢓ࢇ࢓)

=
૛ૠ
૟૝ ∙ ൬

ࢉ࢈ࢇ
ࢉ࢓࢈࢓ࢇ࢓

൰
૛

 

= 	
૛ૠ
૟૝ ∙ ൬

૝࢙࢘ࡾ
ࢉ࢓࢈࢓ࢇ࢓

൰
૛

≤⏞
૛ૠ࢘૛࢙ஹࢉ࢓࢈࢓ࢇ࢓

૟૝ ∙ ൬
૝࢙࢘ࡾ
࢘૛࢙ ൰

૛

=
૛ૠ
૝ ∙

૛ࡾ

૛࢙ ≤⏞
૛ૠ࢘ஹ૜√૜࢙

૝ ∙
૛ࡾ

૛ૠ࢘૛ = ൬
ࡾ
૛࢘൰

૛

 

 

SP.259.  In ∆࡯࡮࡭, Г −is Gergonne point, ࡹ࡯,ࡺ࡮−simedians from ࡯,࡮.Prove  

that the points ۰, Г,ࡺ−are collinear if only if   ࢈࢘
૛࢈

+ ࢉ࢘
૛ࢉ

= ࢇ࢘
૛ࢇ

. 

Proposed by Marian Ursărescu-Romania 

Solution by proposer 

From tranversal theorem we have:  

,࡮ Г,ࡺ−are collinear if only if ࡮ࡹ
࡭ࡹ

∙ ૚
࢈ି࢙

+ ࡯ࡺ
࡭ࡺ
∙ ૚
ࢉି࢙

= ૚
ࢇି࢙

			(૚) 

From Steiner theorem we have: ࡭ࡹ
࡮ࡹ

= ቀ࡯࡮
࡯࡭
ቁ
૛

= ૛ࢇ

૛࢈
 and ࡯ࡺ

࡭ࡺ
= ቀ࡯࡮

࡮࡭
ቁ
૛

= ૛ࢇ

૛ࢉ
			(૛)  

From (1)+(2) we have: ࢇ૛

(࢈ି࢙)૛࢈
+ ૛ࢇ

(ࢉି࢙)૛ࢉ
= ૚

ࢇି࢙
 

૚
࢙)૛࢈ − (࢈ +

૚
࢙)૛ࢉ − (ࢉ =

૚
࢙)૛ࢇ −  (ࢇ

But: ࢇ࢘ = ࡿ
ࢇି࢙

⇒ ࢙ − ࢇ = ࡿ
ࢇ࢘

, and analogs ࢙ − ࢈ = ࡿ
࢈࢘

; ࢙	 − ࢉ = ࡿ
ࢉ࢘

 

So, ࢈࢘
૛࢈

+ ࢉ࢘
૛ࢉ

= ࢇ࢘
૛ࢇ
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SP.260. If ࢇ૚,ࢇ૛, … ࢔ࢇ, > 0;݇ ∈ ℕ࢑ ≥ ૚;࢔ > 0 fixed then find the minimum 

of:  

Ω = ૛൫ࢇ૚૜ + ૛૜ࢇ … + ૜൯࢑ࢇ − ૛ࢇ૚ࢇ)࢔ + ૜ࢇ૛ࢇ + ⋯+  (૚ࢇ࢑ࢇ

Proposed by Marin Chirciu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

૚૜ࢇ + ૛૜ࢇ … + ૜࢑ࢇ ≥
૚ࢇ) + ૛ࢇ + ⋯+ ૜(࢑ࢇ

૛࢑ ࢑; ≥ ૚ 

૛ࢇ૚ࢇ + ૜ࢇ૛ࢇ + ⋯+ ૚ࢇ࢑ࢇ ≤
૚ࢇ) + ૛ࢇ + ⋯+ ૜(࢑ࢇ

૛࢑ ࢑; ≥ ૚ 

Ω = ૛൫ࢇ૚૜ + ૛૜ࢇ … + ૜൯࢑ࢇ − ૛ࢇ૚ࢇ)࢔ + ૜ࢇ૛ࢇ + ⋯+  (૚ࢇ࢑ࢇ

≥ ૛ ∙
૚ࢇ) + ૛ࢇ + ⋯+ ૜(࢑ࢇ

૛࢑ − ࢔ ∙
૚ࢇ) + ૛ࢇ + ⋯+ ૜(࢑ࢇ

૛࢑ 	 

=⏞
૜࢚வ଴૛࢑ࢇ૛ା⋯ାࢇ૚ାࢇୀ࢚

૛࢑ −
૛࢚࢔

࢑ =
૛࢚૜ − ૛࢚࢑࢔

૛࢑ =  ࣒

(࢚)࣐ = ૛࢚૜ − ;	૛࢚࢑࢔ ࢚) > 0) ⇒ (࢚)ᇱ࣐ = ૟࢚૛ − ૛࢚࢑࢔ 

(࢚)ᇱ࣐ = ૙ ⇔ ૛࢚(૜࢚ − (࢑࢔ = ૙
வ଴࢚
ሯሰ ࢚ =

࢑࢔
૜ ∈ (૙,∞) 

(࢚)ᇱ࣐ < ݐ∀,0 ∈ ൬૙,
࢑࢔
૜ ൰ ; (࢚)ᇱ࣐	 > ݐ∀,0 ∈ ൬

࢑࢔
૜ ,∞൰ 

(࢚)࣐ ≥ ࢔࢏࢓࣐ ൬
࢑࢔
૜ ൰ = ૛ ∙

૜(࢑࢔)

૛ૠ − ࢑࢔ ∙
૛(࢑࢔)

ૢ = −
૚
૛ૠ

૜(࢑࢔) ⇒ Ω ≥ ࣒ = −
૚
૛ૠ ∙ ࢔࢑

૜ 

So, Ω࢔࢏࢓ = − ૚
૛ૠ
∙ ૜࢔࢑ ⇔ ૚ࢇ = ૛ࢇ = ⋯ = ࢑ࢇ = ࢔

૜
 

Solution 2 by Sergio Esteban-Argentina 

Let ࢇ)ࢌ૚,ࢇ૛, … (࢑ࢇ, = ૛൫ࢇ૚૜ + ૛૜ࢇ … + ૜൯࢑ࢇ − ૛ࢇ૚ࢇ)࢔ + ૜ࢇ૛ࢇ + ⋯+  (૚ࢇ࢑ࢇ

ࢌ∆ = ቀ૟ࢇ૚૛ − ૛ࢇ)࢔ + ૛૛ࢇ૟,(࢑ࢇ − ૚ࢇ)࢔ + ,(૜ࢇ … ,૟࢑ࢇ૛ − ૚ି࢑ࢇ)࢔ + ૚)ቁࢇ = (૙,૙, … ,૙) 

It’s zero when ࢇ૚ = ૛ࢇ = ⋯ = ࢑ࢇ = ࢔
૜
. We calculate the Hessiano of f is (ࢌࡴ):	 

⎣
⎢
⎢
⎢
⎡
૚૛ࢇ૚		 					࢔− ૙
					࢔− ૚૛ࢇ૛			 ࢔−
૙			 			࢔− ૚૛ࢇ૜

		
			૙ … ࢔−
			૙ … 			૙
࢔− … 			૙… … … … … … … … … … … … … … … …

࢔− … … … … … … . . … … . ૚૛࢑ࢇ⎦
⎥
⎥
⎥
⎤
 



 
www.ssmrmh.ro 

27 
 

So, ࢔)ࢌࡴ૜,…࢔
૜) is: 

൦

૝࢔		 					࢔− ૙
					࢔− ૝࢔ ࢔−
૙			 			࢔− ૝࢔

		
			૙ … ࢔−
			૙ … 			૙
࢔− … 			૙… … … … … … … … … … … … … … … …

࢔− … … … … … … . .૙ … ૝࢔

൪ 

We use the criterion that says that if all the determinants of the main minors of 

࢔…,૜࢔)ࢌࡴ
૜)	 are strictly positive, then ࢔)ࢌࡴ૜,…࢔

૜) is positively defined, we see that: 

૝࢔, ቚ૝࢔ ࢔−
࢔− ૝࢔ቚ , อ

૝࢔ ࢔− ૙
࢔− ૝࢔ ࢔−
૙ ࢔− ૝࢔

อ , … , ൦

૝࢔		 					࢔− ૙
					࢔− ૝࢔ ࢔−
૙			 			࢔− ૝࢔

		
			૙ … ࢔−
			૙ … 			૙
࢔− … 			૙… … … … … … … … … … … … … … … …

࢔− … … … … … … . .૙ … ૝࢔

൪ 

They have the following form (࢑)࢚ࢋࢊ = (૛ା√૜)ି࢑(૛ି√૜)࢑

૛√૜
࢑,૚ି࢑࢔ ∈ ℕ,࢑ ≥ ૛, where it is 

positive. By method of Gauss Jordan triangulating the matrix we will notice that in 

the diagonal only positive numbers remain, with which we conclude that 

࢚ࢋࢊ ൬ࢌࡴቀ࢔૜,…࢔
૜ቁ
൰ > 0 and (࢑)࢚ࢋࢊ > 0, then f reachers a global minimum in ࢌ ቀ࢔

૜
, … ࢔

૜
ቁ 

Ω࢔࢏࢓ = ࢌ ቀ
࢔
૜ , …

࢔
૜
ቁ = −

૚
૛ૠ ∙ ࢔࢑

૜ 

SP.261. If ࢟,࢞, ࢠ > 0 then in ∆࡯࡮࡭ the following relationship holds: 

࢞) + ૛(࢟

૛ࢠ
+

࢟) + ૛(ࢠ

૛࢞
+

ࢠ) + ૛(࢞

૛࢟
+ ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૚૟√૜ࡲ 

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by Adrian Popa-Romania 

ቀࢠ࢞ + ࢟
ቁࢠ

૛

૚ +
ቀ࢞࢟ + ࢠ

ቁ࢞
૛

૚ +
ቀ࢟࢞ + ࢠ

ቁ࢟
૛

૚ ≥
ቀࢠ࢞ + ࢠ

࢞ + ࢟
ࢠ + ࢠ

࢟ + ࢟
࢞ + ࢞

ቁ࢟
૛

૜ = ૚૛ 

૝ࢇ

૚ +
૝࢈

૚ +
૝ࢉ

૚ ≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜ ≥
൫૝√૜ࡲ൯

૛

૜ = ૚૟ࡲ૛ 

We must show that: ૚૛ + ૚૟ࡲ૛ ≥ ૚૟√૜ࡲ true from Am-Gm. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢟,࢞, ࢠ > 0 and in any ∆࡯࡮࡭ we have 
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ቀ࢞ା࢟
ࢠ
ቁ
૛

+ ቀ࢟ାࢠ
࢞
ቁ
૛

+ ቀࢠା࢞
࢟
ቁ
૛

+ ૝ࢇ + ૝࢈ + ૝ࢉ ≥
ቀ࢞శࢠ࢟ ା࢟శ࢞ࢠ ାࢠశ࢟࢞ ାࢇ૛ା࢈૛ାࢉ૛ቁ

૛

૟
  

≥ ൫૟ାࢇ૛ା࢈૛ାࢉ૛൯
૛

૟
≥ ൫૟ା૝√૜ࡿ൯

૛

૟
= ૚૟√૜(1)    ࡿ 

ቀ࢞ା࢟
ࢠ
ቁ
૛

+ ቀ࢟ାࢠ
࢞
ቁ
૛

+ ቀࢠା࢞
࢟
ቁ
૛

+ ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૜ටቂቀ࢞ା࢟
ࢠ
ቁ ቀ࢟ାࢠ

࢞
ቁ ቀࢠା࢞

࢟
ቁቃ
૛૜

+ ૝ࢇ + ૝࢈ +   ૝ࢉ

= ૚૛ + ૝ࢇ + ૝࢈ + ≤ ૝ࢉ ૚૛ + ൫ࢇ૛ା࢈૛ାࢉ૛൯
૛

૜
 

≥ ૚૛ + ൫૝√૜ࡿ൯
૛

૜
≥ ૚૟√૜(2)      ࡿ 

From (1)+(2) the  inequality is proved. 

SP.262. If ࢟,࢞, ࢠ > 0; ݑ ≥ 0 then in ∆࡯࡮࡭ the following relationship holds: 

࢟ + ࢠ + ࢛
࢞ ૛ࢇ +

ࢠ + ࢞ + ࢛
࢟ ૛࢈ +

࢞ + ࢟ + ࢛
ࢠ ૛ࢉ ≥ ૡ√૜ࡲ +

૚૛࢛√૜ࡲ
࢞ + ࢟ +  ࢠ

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

Ω =
࢟ + ࢠ + ࢛

࢞ ૛ࢇ +
ࢠ + ࢞ + ࢛

࢟ ૛࢈ +
࢞ + ࢟ + ࢛

ࢠ  ૛ࢉ

= ൬
࢟
࢞ ࢇ

૛ +
ࢠ
࢟ ࢈

૛ +
࢞
ࢠ ࢉ

૛൰+ ൬
ࢠ
ࢇ࢞

૛ +
࢞
࢈࢟

૛ +
࢟
ࢠ ࢉ

૛൰ + ൬࢛
૚
࢞ ࢇ

૛ +
૚
࢈࢟

૛ +
૚
ࢠ ࢉ

૛൰ 

࢟
࢞ ࢇ

૛ +
ࢠ
࢟ ࢈

૛ +
࢞
ࢠ ࢉ

૛ ≥ ૝ඨ
ࢠ
࢞ +

࢞
࢟ +

࢟
ࢠ ∙ ࡲ ≥⏞

࢓ࡳି࢓࡭

૝√૜ࡲ				(૚) 

ࢠ
ࢇ࢞

૛ +
࢞
࢈࢟

૛ +
࢟
ࢠ ࢉ

૛ ≥ 	૝ඨ
ࢠ
࢞ +

࢞
࢟ +

࢟
ࢠ ∙ ࡲ ≥⏞

࢓ࡳି࢓࡭

૝√૜ࡲ				(૛) 

൬࢛
૚
࢞ ࢇ

૛ +
૚
࢈࢟

૛ +
૚
ࢠ ࢉ

૛൰ ≥ 	૝ ∙ ඨ
ࢠ
࢞ +

࢞
࢟ +

࢟
ࢠ ∙ ࡲ = ૝ ∙ ඨ

࢞ + ࢟ + ࢠ
ࢠ࢟࢞ ∙  ࡲ

≥⏞
࢓ࡳି࢓࡭

૝ ∙ ඨ
૛ૠ(࢞ + ࢟ + (ࢠ
࢞) + ࢟ + ૜(ࢠ ∙ ࡲ =

૚૛࢛√૜ ∙ ࡲ
࢞ + ࢟ + ࢠ 				

(૜)
(૚)ା(૛)ା(૜)
ሳልልልልልልልሰ 

Ω ≥ ૡ√૜ ∙ ࡲ + ૚૛࢛√૜∙ࡲ
ࢠା࢟ା࢞

	.Proved. 
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢟,࢞, ࢠ > ݑ,0 ≥ 0 and triangle  ∆࡯࡮࡭ we have 
࢟ + +ࢠ ࢛

࢞ ૛ࢇ +
ࢠ + ࢞ + ࢛

࢟ ૛࢈ +
࢞ + ࢟ + ࢛

ࢠ ૛ࢉ = 

=
࢟
࢞ ࢇ

૛ +
ࢠ
ࢇ࢞

૛ +
࢛
࢞ ࢇ

૛ +
ࢠ
࢈࢟

૛ +
࢞
࢈࢟

૛ +
࢛
࢟ ࢈

૛ +
࢞
ࢠ ࢉ

૛ +
࢟
ࢠ ࢉ

૛ +
࢛
ࢠ ࢉ

૛ 

= ൬
࢟
࢞ ࢇ

૛ +
࢞
࢟ ࢈

૛൰+ ൬
ࢠ
࢈࢟

૛ +
࢟
ࢠ ࢉ

૛൰+ ቀ
ࢠ
ࢇ࢞

૛ +
࢞
ࢠ ࢉ

૛ቁ + ࢛ ቆ
૛ࢇ

࢞ +
૛࢈

࢟ +
૛ࢉ

ࢠ ቇ 

≥ ૛࢈ࢇ+ ૛ࢉ࢈ + ૛ࢇࢉ + ࢛
ࢇ) + ࢈ + ૛(ࢉ

࢞ + ࢟ + ࢠ =≥ ૛(࢈ࢇ + +ࢉ࢈ (ࢇࢉ +
૜࢈ࢇ)࢛+ ࢉ࢈ + (ࢇࢉ

࢞ + ࢟ + ࢠ  

≥ ૡ√૜ࡲ + ૚૛√૜ࡲ࢛
ࢠା࢟ା࢞

 true, because ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≥ ૝√૜ࡲ 

SP263. In ∆࡯࡮࡭ the following relationship holds: 

૚૛ ≤෍൬
ࢇ + ࢈
ࢉ

൰
૛

≤ ૚ૡ ൬
ࡾ
૛࢘
൰
૛

− ૟
ࢉ࢟ࢉ

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Soumava Chakraborty-Kolkata-India 

∑൬
+ࢇ ࢈
ࢉ ൰

૛

− ૜ = ∑ ቈ൬
࢈ + ࢉ
ࢇ ൰

૛

− ૚቉ = ∑ ቈ
+࢈) ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ

૛ࢇ ቉ = ∑ ቈ
૝࢙)࢙ − (ࢇ

૛ࢇ ቉ ≤ 

≤ ∑ ቈ
૝ࢇ࢓

૛

૛ࢇ ቉ = ∑ ቈ
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૛ࢇ ቉ 

= ∑
(૛࢈૛ + ૛ࢉ૛ + ૛ࢇ૛) − ૜ࢇ૛

૛ࢇ = ૛(∑ࢇ૛) ൬∑
૚
૛൰ࢇ − ૢ ≤⏞

ࢠ࢏࢔࢈࢏ࢋࡸ

૚ૡࡾ૛ ቆ
૛࢈૛ࢇ∑

૚૟ࡾ૛࢘૛࢙૛ቇ − ૢ ≤ 

≤⏞
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૚ૡ(૝ࡾ૛࢙૛)

૚૟࢘૛࢙૛ − ૢ = ૚ૡ൬
ࡾ
૛࢘൰

૛

− ૢ ⇒ ∑൬
+ࢇ ࢈
ࢉ ൰

૛

≤⏞
(૚)

૚ૡ ൬
ࡾ
૛࢘൰

૛

− ૟	 

∑,࢔࢏ࢇࢍ࡭ ൬
ࢇ + ࢈
ࢉ ൰

૛

− ૜ = ∑ ቈ
૝࢙)࢙ − (ࢇ

૛ࢇ ቉ ≥ ૝∑
ࢇ࢝
૛

૛ࢇ = ૝∑

⎣
⎢
⎢
⎡൬૝࢈

૛ࢉ૛࢙)࢙ − (ࢇ
࢈)ࢉ࢈ + ૛(ࢉ ൰

૛ࢇ
⎦
⎥
⎥
⎤
	= 
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= ૝∑ ൦
൬࢈)ࢉ࢈+ ࢉ + +࢈)(ࢇ ࢉ − (ࢇ

+࢈) ૛(ࢉ ൰

૛ࢇ
൪ = ૝∑

⎣
⎢
⎢
+࢈)}ࢉ࢈⎡ ૛(ࢉ − {૛ࢇ

࢈) + ૛(ࢉ
૛ࢇ

⎦
⎥
⎥
⎤

= ૝∑

⎣
⎢
⎢
ࢉ࢈⎡ − ࢉ࢈૛ࢇ

+࢈) ૛(ࢉ
૛ࢇ

⎦
⎥
⎥
⎤

= 

= ૝∑
ࢉ࢈
૛ࢇ

− ૝∑
ࢉ࢈

+࢈) ૛(ࢉ ≥⏞
ࡳି࡭

૚૛ඨ∏൬
ࢉ࢈
૛ࢇ
൰

૜
− ∑

૝ࢉ࢈
࢈) + ૛(ࢉ ≥⏞

ࡳି࡭

૚૛ − ∑(૚) = ૢ ⇒ ∑൬
ࢇ + ࢈
ࢉ

൰
૛

≥⏞
(૛)

૚૛ 

∴ ૚૛,(૛)	ࢊ࢔ࢇ	(૚)	ࢍ࢔࢏࢔࢏࢈࢓࢕ࢉ ≤ ∑൬
+ࢇ ࢈
ࢉ ൰

૛

≤ ૚ૡ൬
ࡾ
૛࢘൰

૛

− ૟	(ࢊࢋ࢜࢕࢘ࡼ) 

SP.264 Let ࢈,ࢇ,  ࢘ with iradius ࡯࡮࡭ be the lengths of the sides of triangle ࢉ

circumradius ࡾ and radii of excircles ࢇ࢘,  .respectively ,࡯,࡮,࡭ at angles ࢉ࢘,࢈࢘

Prove that: 

૚
૝ࡾ૝ ≤

૛ࢇ࢘ + ૛࢈࢘

૝ࢇ)૛ࢉ + (૝࢈ +
૛࢈࢘ + ૛ࢉ࢘

૝࢈)૛ࢇ + (૝ࢉ +
૛ࢉ࢘ + ૛ࢇ࢘

૝ࢉ)૛࢈ + (૝ࢇ ≤
૚

૟૝࢘૝ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by proposer 

First, will prove that: ࢇ࢘ ≤
૛ࢇ

૝࢘
࢈࢘, ≤

૛࢈

૝࢘
	 , ࢉ࢘ ≤

૛ࢉ

૝࢘
 and ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
≤ ૚

૝࢘૛
 

We have: ࢇ
૛

૝࢙࢘
= ૛ࢇ

૝ࡲ
 where ࡲ denotes the area of ∆࡯࡮࡭. So: 

૛ࢇ

૝࢙࢘ =
૛ࢇ

૝ ቀ૚૛࡭࢔࢏࢙ࢉ࢈ቁ
=

(૛࡭࢔࢏࢙ࡾ)૛

૛࡭࢔࢏࢙ࢉ࢈ =
૛ࡾ૛࡭࢔࢏࢙

ࢉ࢈ =
૛ࡾ૛࡭࢔࢏࢙

(૛࡮࢔࢏࢙ࡾ)(૛࡯࢔࢏࢙ࡾ) 

=
࡭࢔࢏࢙

૛࡮࢔࢏࢙ ∙ ࡯࢔࢏࢙ =
࡭࢔࢏࢙

࡮)࢙࢕ࢉ − (࡯ − +࡮)࢙࢕ࢉ (࡯ ≥
࡭࢔࢏࢙

૚ +  ࡭࢙࢕ࢉ

=
૛࢔࢏࢙ ૛࡭ ࢙࢕ࢉ

࡭
૛

૚ + ૛࢙࢕ࢉ૛࡭૛ − ૚
=
૛࡭࢔࢏࢙
૛࡭࢙࢕ࢉ

= ࢔ࢇ࢚
࡭
૛

 

So, ࢔ࢇ࢚ ࡭
૛
≤ ૛ࢇ

૝࢙࢘
⇔ ࢙ ∙ ࢔ࢇ࢚ ࡭

૛
≤ ૛ࢇ

૝࢘
 or ࢇ࢘ ≤

૛ࢇ

૝࢘
. Similarly ࢈࢘ ≤

૛࢈

૝࢘
	 ࢉ࢘, ≤

૛ࢉ

૝࢘
 

Also we have: (࢈− ૛(ࢉ ≥ ૙ ⇔ ૛ࢇ − −࢈) ૛(ࢉ ≤ ૛ࢇ ⇔ ૚
૛ࢇ
≤ ૚

૛(ࢉି࢈)૛ିࢇ
= ૚

(ࢉା࢈ିࢇ)(ࢉି࢈ାࢇ)
 

Let: ૛࢙ = +ࢇ ࢈ + Then: ૚ .࡯࡮࡭ is the perimeter of triangle ࢉ
૛ࢇ
≤ ૚

૛(ࢉି࢈)૛ିࢇ
= ૚

૝(ࢉି࢙)(࢈ି࢙)
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Similarly ૚
૛࢈
≤ ૚

૝(ࢉି࢙)(ࢇି࢙)
; ૚
૛ࢉ
≤ ૚

૝(ࢇି࢙)(࢈ି࢙)
 

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≤

૚
૝൬

૚
࢙) − ࢙)(࢈ − (ࢉ +

૚
࢙) − ࢙)(ࢉ − (ࢇ +

૚
࢙) − ࢙)(ࢇ −  ൰(࢈

=
૚
૝ ∙

࢙ − +ࢇ ࢙ − ࢈ + ࢙ − ࢉ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =

૚
૝ ∙

࢙૜)࢙ − ૛࢙)
࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =

૚
૝ ∙

૛࢙

૛ࡲ =
૚
૝࢘૛ 

⇒ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘૛
. Now, we have: ࢇ࢘ ≤

૛ࢇ

૝࢘
⇔ ૛ࢇ࢘ ≤

૝ࢇ

૚૟࢘૛
 

Also we have: ࢈࢘૛ ≤
૝࢈

૚૟࢘૛
 and ࢉ࢘૛ ≤

૝ࢉ

૚૟࢘૛
.  

So ࢇ࢘૛ + ૛࢈࢘ ≤
૝࢈૝ାࢇ

૚૟࢘૛
⇔ ࢈࢘૛ାࢇ࢘

૛

૝࢈૝ାࢇ
≤ ૚

૚૟࢘૛
⇔ ࢈࢘૛ାࢇ࢘

૛

૝൯࢈૝ାࢇ૛൫ࢉ
≤ ૚

૚૟࢘૛∙ࢉ૛
 

Similarly ࢈࢘
૛ାࢉ࢘૛

૝൯ࢉ૝ା࢈૛൫ࢇ
≤ ૚

૚૟࢘૛∙ࢇ૛
 and ࢉ࢘૛ାࢇ࢘૛

૝൯ࢉ૝ାࢇ૛൫࢈
≤ ૚

૚૟࢘૛∙࢈૛
  

૛ࢇ࢘ + ૛࢈࢘

૝ࢇ)૛ࢉ + (૝࢈ +
૛࢈࢘ + ૛ࢉ࢘

૝࢈)૛ࢇ + (૝ࢉ +
૛ࢉ࢘ + ૛ࢇ࢘

૝ࢇ)૛࢈ + (૝ࢉ ≤
૚

૚૟࢘૛ ൬
૚
૛ࢇ +

૚
૛࢈ +

૚
૛൰ࢉ ≤

૚
૚૟࢘૛ ∙

૚
૝࢘૛ =

૚
૟૝࢘૝ 

For the left inequality, we have: 

૛ࢇ࢘ + ૛࢈࢘

૝ࢇ)૛ࢉ + (૝࢈ +
૛࢈࢘ + ૛ࢉ࢘

૝࢈)૛ࢇ + (૝ࢉ +
૛ࢉ࢘ + ૛ࢇ࢘

૝ࢇ)૛࢈ + (૝ࢉ ≥
૛࢈࢘ࢇ࢘

(૛࢈૛ࢇ૛)૛ࢉ +
૛ࢉ࢘࢈࢘

(૛ࢉ૛࢈૛)૛ࢇ +
૛ࢇ࢘ࢉ࢘

 (૛ࢇ૛ࢉ૛)૛࢈

=
࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘

૛(ࢉ࢈ࢇ) =
૛࢙

(૝࢙࢘ࡾ)૛ =
૚

૚૟ࡾ૛࢘૛ ≥
૚

૚૟ࡾ૛ ቀࡾ૛ቁ
૛ =

૚
૝ࡾ૝ 

We know that: ࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘ = ࢉ࢈ࢇ,૛࢙ = ૝ࡾ,࢙࢘ࡾ ≥ ૛࢘ (Euler) 

So: ૚
૝ࡾ૝

≤ ࢈࢘૛ାࢇ࢘
૛

૝൯࢈૝ାࢇ૛൫ࢉ
+ ࢈࢘

૛ାࢉ࢘૛

૝൯ࢉ૝ା࢈૛൫ࢇ
+ ૛ࢇ࢘૛ାࢉ࢘

૝൯ࢇ૝ାࢉ૛൫࢈
≤ ૚

૟૝࢘૝
 

SP.265. In acute ∆࡯࡮࡭ the following relationship holds: 

࡭(࡭࢙࢕ࢉ) ∙ ࡮(࡮࢙࢕ࢉ) ∙ ࡯(࡯࢙࢕ࢉ) ≤ ૛ି࣊ 

Proposed by Florentin Vişescu-Romania 

Solution 1 by Radu Butelcă-Romania 

As the members are positive, we can apply the function ࢞ →  (࢞)ࢍ࢕࢒

࡭(࡭࢙࢕ࢉ))ࢍ࢕࢒ ∙ ࡮(࡮࢙࢕ࢉ) ∙ (࡯(࡯࢙࢕ࢉ) ≤ (࣊૛ି)ࢍ࢕࢒ ⇔ 

(࡭)ࢍ࢕࢒࡭ + (࡮)ࢍ࢕࢒࡮ + (࡯)ࢍ࢕࢒࡯ ≤  ૛    (1)ࢍ࢕࢒࣊−

Let ࢌ: [૙,࣊] → ℝ, (࢞)ࢌ =  (࢞)ࢍ࢕࢒࢞
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(࢞)ᇱࢌ = −(࢙࢞࢕ࢉ)ࢍ࢕࢒  ࢞࢔ࢇ࢚࢞

(࢞)"ࢌ = −૛࢞࢔ࢇ࢚ − ࢞
࢞૛࢙࢕ࢉ

< ݔ∀,0 ∈ [૙,࣊]	then f is concave 

By Jensen, we have ࢌ ቀ࡭ା࡮ା࡯
૜

ቁ ≥ (࡯)ࢌା(࡮)ࢌା(࡭)ࢌ
૜

⇔ 

࡭ + ࡮ + ࡯
૜ ࢙࢕ࢉቆࢍ࢕࢒ ൬

࡭ + ࡮ + ࡯
૜ ൰ቇ ≥

࡭ ∙ (࡭࢙࢕ࢉ)ࢍ࢕࢒ + ࡮ ∙ (࡮࢙࢕ࢉ)ࢍ࢕࢒ + ࡯ ∙ (࡯࢙࢕ࢉ)ࢍ࢕࢒
૜  

࢙࢕ࢉቀࢍ࢕࢒࣊
࣊
૜
ቁ ≥ ࡭ ∙ (࡭࢙࢕ࢉ)ࢍ࢕࢒ + ࡮ ∙ (࡮࢙࢕ࢉ)ࢍ࢕࢒ + ࡯ ∙  (࡯࢙࢕ࢉ)ࢍ࢕࢒

૛ࢍ࢕࢒࣊− ≥ ࡭ ∙ (࡭࢙࢕ࢉ)ࢍ࢕࢒ + ࡮ ∙ (࡮࢙࢕ࢉ)ࢍ࢕࢒ + ࡯ ∙  (2)      (࡯࢙࢕ࢉ)ࢍ࢕࢒

From (1)+(2) proved. 

Solution 2 by Adrian Popa-Romania 

ࡼ = ࡭(࡭࢙࢕ࢉ) ∙ ࡮(࡮࢙࢕ࢉ) ∙ ࡯(࡯࢙࢕ࢉ) ≤ ૛ି࣊ 

ࡼ = ࡭(࡭࢙࢕ࢉ) ∙ ࡮(࡮࢙࢕ࢉ) ∙ ࡯(࡯࢙࢕ࢉ) ≤⏞
࢓ࡳି࢓࡭

൬
࡭ ∙ +࡭࢙࢕ࢉ ࡮ ∙ +࡮࢙࢕ࢉ ࡯ ∙ ࡯࢙࢕ࢉ

࡭ + ࡮ + ࡯ ൰
࡯ା࡮ା࡭

 

= ൬
࡭ ∙ +࡭࢙࢕ࢉ ࡮ ∙ ࡮࢙࢕ࢉ + ࡯ ∙ ࡯࢙࢕ࢉ

࣊ ൰
࣊

 

Let: (࢞)ࢌ = ࢞,࢙࢞࢕ࢉ࢞ ∈ ቀ૙, ࣊
૛
ቁ 

(࢞)ᇱࢌ = −૛࢞࢔࢏࢙ − ࢙࢞࢕ࢉ࢞ < 0, because ࢞࢔࢏࢙ > 0; ݔݏ݋ܿ > ݔ∀,0 ∈ ቀ૙, ࣊
૛
ቁ 

So, ࢌ is concave
࢔ࢋ࢙࢔ࢋࡶ
ሳልልልሰ (࡯)ࢌା(࡮)ࢌା(࡭)ࢌ

૜
≤ ࡯ା࡮ା࡭ቀࢌ

૜
ቁ then 

࡭ ∙ +࡭࢙࢕ࢉ ࡮ ∙ +࡮࢙࢕ࢉ ࡯ ∙ ࡯࢙࢕ࢉ ≤ ૜ ൬
࡭ + ࡮ + ࡯

૜ ൰ ࢙࢕ࢉ ൬
࡭ + ࡮ + ࡯

૜ ൰ =
࣊
૛ ⇒ 

ࡼ < ૛ି࣊ 

SP.266. If ࡮,࡭ ∈  ;૝(Ω)ࡹ

࡮࡭ = ቌ

࢖ ࢖				
૙	 ࢖−

࢖		 ࢖			
࢖− ࢖−

૙				 ૙
૙				 ૙ 			

࢖	 ࢖		
૙ ࢖−

ቍ ࢖; ∈ ℂ,࢖ ≠ ૙; 	Ω૚ = ;࡭࡮ 	Ω૛ =  then	૚ି(࡭࡮)

find: Ω = Ω૚૛ + ൫࢖૛Ω૛ି૚൯
૛

 

Proposed by Marian Ursărescu-Romania 

Solution by Florentin Vişescu-Romania 
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(࢞)࡮࡭ࡼ = ૝ࡵ࢞)࢚ࢋࢊ − (࡮࡭ = ቌ࢚ࢋࢊ

࢞ − ࢖ ࢖−
૙ ࢞ + 			࢖

										࢖− ࢖−
						࢖ ࢖	

	૙							 ૙	
૙						 ૙ 						

࢞ − ࢖ ࢖−			
૙ ࢞	 + ࢖

ቍ = 

= −࢞) ࢞)૛(࢖ + ૛(࢖ = ૝࢞ − ૛࢖૛࢞૛ + ૝࢖ ⇒ 

(࢞)࡮࡭ࡼ = ૝࢞ − ૛࢖૛࢞૛ + ૝࢖ ⇔ ૝(࡭࡮) − ૛࢖૛(࡭࡮)૛ + ૝ࡵ૝࢖ = ૝ࡻ ⇔ 

૝(࡭࡮) + ૝ࡵ૝࢖ = ૛࢖૛(࡭࡮)૛/ି࡮࢙૚/ି࡭ࢊ૚ ⇒ ૜(࡮࡭) + ૚ି࡭૚ି࡮૝࢖ = ૛࢖૛ି࡭࢙/࡮࡭૚/ି࡮ࢊ૚ ⇒ 

૛(࡭࡮) + ૚ି(࡭࡮)૚ି(࡭࡮)૝࢖ = ૛࢖૛, (࡭࡮)૛ + ૛(૚ି(࡭࡮)૛࢖) = ૛࢖૛ࡵ૝  

Ω = Ω૚૛ + ൫࢖૛Ω૛ି૚൯
૛

= ૛࢖૛ࡵ૝  

 

SP.267. In ∆࡭࡭;࡯࡮࡭૚,࡮࡮૚,࡯࡯૚ −internal bisectors and ࡭૛࡮૛࡯૛ the 

circumcevian triangle of incenter.Prove that: 

ቀ
࢘
ࡾ
ቁ
૛
≤

[૚࡯૚࡮૚࡭]
[૛࡯૛࡮૛࡭] ≤

૚
૝

 

Proposed by Marian Ursărescu-Romania 

Solution by Marian Dinca-Romania 

[૚࡯૚࡮૚࡭] =
૛ࢉ࢈ࢇ

ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ∙ [࡯࡮࡭] = 

=
૛ࢉ࢈ࢇ

+ࢇ) +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ∙ ૛ࡾ
૛࡯ܖܑܛ࡮ܖܑܛ࡭ܖܑܛ 

૛࡭∢ =
࡮ + ࡯
૛ ૛࡮∢; =

࡭ + ࡯
૛ ૛࡯∢; =

࡭ + ࡮
૛  

[૛࡯૛࡮૛࡭] = ૛ࡾ૛ܖܑܛ ൬
࡮ + ࡯
૛ ൰ ܖܑܛ ൬

࡭ + ࡯
૛ ൰ ܖܑܛ ൬

࡭ + ࡮
૛ ൰ 

[૚࡯૚࡮૚࡭]
[૛࡯૛࡮૛࡭] =

૛ࢉ࢈ࢇ
+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ∙ ૛ࡾ

૛࡯ܖܑܛ࡮ܖܑܛ࡭ܖܑܛ

૛ࡾ૛ܖܑܛ ቀ࡮ + ࡯
૛ ቁ ܖܑܛ ቀ࡭ + ࡯

૛ ቁ ܖܑܛ ቀ࡭ + ࡮
૛ ቁ

 

࡮ܖܑܛ࡭ܖܑܛ ≤ ૛ܖܑܛ ൬
࡭ + ࡮
૛ ൰ ⇔ ࡮)ܛܗ܋ − (࡭ − ࡭)ܛܗ܋ + (࡮ ≤ ૚ − ࡭)ܛܗ܋ + (࡮ ⇔ 

࡭)	ܛܗ܋ (࡮− ≤ ૚ 
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:࢟࢒࢘ࢇ࢒࢏࢓࢏ࡿ ࡮ܖܑܛ࡯ܖܑܛ ≤ ૛ܖܑܛ ൬
࡯ + ࡮
૛ ൰ ࡯ܖܑܛ࡭ܖܑܛ	܌ܖ܉	 ≤ ૛ܖܑܛ ൬

࡭ + ࡯
૛ ൰ 

Multiplying the three inequalities and then extracting the square root we obtain the 

inequality: ࡯ܖܑܛ࡮ܖܑܛ࡭ܖܑܛ ≤ ܖܑܛ ቀ࡮ା࡯
૛
ቁ ܖܑܛ ቀ࡭ା࡯

૛
ቁ ܖܑܛ ቀ࡭ା࡮

૛
ቁ 

And use Am-Gm result: (ࢇ + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ≥ ૡ࢕࢘ࢇ࢙ࢋ࡯)ࢉ࢈ࢇ	(࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏ 

We obtain: [࡭૚࡮૚࡯૚]
[૛࡯૛࡮૛࡭]

≤ ૚
૝
 

[૚࡯૚࡮૚࡭]
[૛࡯૛࡮૛࡭] =

૛ࢉ࢈ࢇ
+ࢇ) ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ∙ ૛ࡾ

૛࡯ܖܑܛ࡮ܖܑܛ࡭ܖܑܛ

૛܀૛ܖܑܛ ቀ۰ + ۱
૛ ቁܖܑܛ ቀۯ + ۱

૛ ቁܖܑܛ ቀۯ + ۰
૛ ቁ

 

=
૛ࢉ࢈ࢇ

+ࢇ) +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ∙ ૡܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ =

૛ࢉ࢈ࢇ
ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ∙

૛࢘
ࡾ  

=
૝ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ∙
࢘
ࡾ ≥ ቀ

࢘
ࡾ
ቁ
૛
⇔

૝ࢉ࢈ࢇ
ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥

࢘
ࡾ ⇔ 

૝ࢉ࢈ࢇ
+࢈ࢇ) +ࢉ࢈ +ࢇ)(ࢇࢉ ࢈ + (ࢉ − ࢉ࢈ࢇ =

૚૟࢙࢘ࡾ
૛࢙) + ૛࢘ + ૝࢘ࡾ) ∙ ૛࢙ − ૝࢙࢘ࡾ 

=
ૡ࢘ࡾ

૛࢙) + ૛࢘ + ૝࢘ࡾ) − ૛࢘ࡾ
=

ૡ࢘ࡾ
૛࢙ + ૛࢘ + ૛࢘ࡾ

≥
࢘
ࡾ
⇔ 

ૡࡾ૛ ≥ ૛࢙ + ૛࢘ + ૛࢘ࡾ ⇔ ૡࡾ૛ − ૛࢘ − ૛࢘ࡾ ≥  ૛࢙

૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛  ࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏	࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ…

:ࢊ࢔ࢇ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤ ૡࡾ૛ − ૛࢘ − ૛࢘ࡾ ⇔ 

૝ࡾ૛ − ૟࢘ࡾ − ૝࢘૛ ≥ ૙⇔ ૛ࡾ૛ − ૜࢘ࡾ− ૛࢘૛ ≥ ૙ 

⇔ ࡾ) − ૛࢘)(૛ࡾ+ (࢘ ≥ ૙ ⇔ −ࡾ ૛࢘ ≥ ૙…  !ࢋ࢔࢕ࡰ.(࢘ࢋ࢒࢛ࡱ)

 

SP.268. If ࡭ ∈ ࡭	࢘ࢀ;૛(ℝ)ࡹ = ࡭ܜ܍܌ = ૚ then: 

૛࡭)ܜ܍܌ + ૜࡭ + ૜ࡵ૛) ≥ ૞࢘ࢀ(ି࡭૚) + ૜ 

Proposed by Marian Ursărescu – Romania  

Solution by Florentin Vișescu – Romania  

࡭	࢘ࢀ = ܜ܍܌ ࡭ = ૚ ⇒ ૛࡭ − ࡭ + ૛ࡵ =  ૛ࡻ

૛࡭ = ࡭ − ૛࡭;૛ࡵ − ࡭ = ૛ࡵ− ⇒ −࡭ ૛࡭ = ૛ࡵ ⇒ ૛ࡵ)࡭ − (࡭ = ૛ࡵ ⇒ ૚ି࡭ = ૛ࡵ −  ࡭
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(*)  ૞࢘ࢀ(ି࡭૚) + ૜ = ૞൫ࡵ)࢘ࢀ૛ − ൯(࡭ + ૜ = ૞(૛ − ૚) + ૜ = ૞ + ૜ = ૡ 

૛࡭)ܜ܍܌ (**) + ૜࡭ + ૜ࡵ૛) = ࡭)ܜ܍܌ − ૛ࡵ + ૜࡭ + ૜ࡵ૛) 

= ࡭૝)ܜ܍܌ + ૛ࡵ૛) = ࡭൫૛(૛ܜ܍܌ + ૛)൯ࡵ = ૝ܜ܍܌(૛࡭ +  (૛ࡵ

So, we have to prove that ܜ܍܌(૛࡭ + (૛ࡵ ≥ ૛ 

Let be ࡭ = ቀࢇ ࢈
ࢉ ቁࢊ ∈ ࡭	࢘ࢀ;૛(ℝ)ࡹ = ૚ ⇒ ࢇ + ࢊ = ૚ 

⇒ ࢊ = ૚ − ࢇ ⇒ ࡭ = ቀࢇ ࢈
ࢉ ૚ − ࡭ܜ܍܌ቁࢇ = ૚ ⇒ −ࢇ ૛ࢇ − ࢉ࢈ = ૚ ⇒ ࢇ − ૛ࢇ − ૚ =  ࢉ࢈

If ࢈ = ૙ ⇒ ૛ࢇ − ࢇ + ૚ = ૙ ⇒ ࢇ ∈ ℂ  (False). So, ࢈ ≠ ૙ ⇒ ࢉ = ૛ି૚ࢇିࢇ
࢈

⇒ 

࡭ = ൭
ࢇ ࢈

ࢇ − ૛ࢇ − ૚
࢈ ૚ − ࢇ

൱ ⇒ ૛࡭ + ૛ࡵ = ൭
૛ࢇ + ૚ ૛࢈

૛ࢇ − ૛ࢇ૛ − ૛
࢈ ૜ − ૛ࢇ

൱ 

࡭૛)ܜ܍܌ + (૛ࡵ = (૛ࢇ+ ૚)(૜ − ૛ࢇ)− ૝ࢇ+ ૝ࢇ૛ + ૝ = 

= ૟ࢇ − ૝ࢇ૛ + ૜ − ૛ࢇ − ૝ࢇ+ ૝ࢇ૛ + ૝ = ૠ 

SP.269. If in ઢ࡯࡮࡭; ࢙ = ૚
૛
 then: 

ࢇ ⋅ ࢋ
ࢇ࢓
ࢇ + ࢈ ⋅ ࢋ

࢈࢓
࢈ + ࢉ ⋅ ࢋ

ࢉ࢓
ࢉ ≥ ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Marian Ursărescu-Romania 

࢙ =
૚
૛
⇒
+ࢇ ࢈ + ࢉ

૛
=
૚
૛
⇒ +ࢇ ࢈ + ࢉ = ૚ ⇒ 

ࢋࢇ
ࢇ࢓
ࢇ + ࢋ࢈

࢈࢓
࢈ + ࢋࢉ

ࢉ࢓
ࢉ =

ࢇ
ࢇ + ࢈ + ࢉ ࢋ

ࢇ࢓
ࢇ +

࢈
+ࢇ ࢈ + ࢉ ⋅ ࢋ

࢈࢓
࢈ +

ࢉ
+ࢇ ࢈ + ࢋࢉ

ࢉ࢓
ࢉ ≥ 

≥ ࢋ
ࢇ࢓
ࢇ ⋅ ࢇ

ࢉା࢈ାࢇ ⋅ ࢋ
࢈࢓
࢈ ⋅ ࢈

ࢉା࢈ାࢇ ⋅ ࢋ
ࢉ࢓
ࢉ ⋅ ࢉ

ࢉା࢈ାࢇ = ࢇ࢓ࢋ ⋅ ࢈࢓ࢋ ⋅ ࢉ࢓ࢋ =  ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ

Solution 2 by Tran Hong-Dong Thap-Vietnam 

࢙ =
૚
૛ ⇒

ࢇ + ࢈ + ࢉ
૛ =

૚
૛ ⇒ +ࢇ ࢈ + ࢉ = ૚ 

Using Jensen’s inequality with (࢞)ࢌ =  ࢞ࢋ

LHS = ࢌࢇ ቀࢇ࢓
ࢇ
ቁ + ࢌ࢈ ቀ࢈࢓

࢈
ቁ + ࢌࢉ ቀࢉ࢓

ࢉ
ቁ ≥ +ࢇ) ࢈ + ቆࢌ(ࢉ

ࢇ࢓
ࢇ ା

࢈࢓
࢈ ାࢉ࢓

ࢉ
ࢉା࢈ାࢇ

ቇ 



 
www.ssmrmh.ro 

36 
 

= ࢌ ൬
ࢇ࢓

ࢇ +
࢈࢓
࢈ +

ࢉ࢓

ࢉ ൰ = ࢋ
ࢇ࢓
ࢇ ା࢈࢓

࢈ ାࢉ࢓
ࢉ =  ષࢋ

Suppose ࢇ ≥ ࢈ ≥ ࢉ ⇒ ቊ
ࢇ࢓ ≤ ࢈࢓ ≤ ࢉ࢓

૚
ࢇ
≤ ૚

࢈
≤ ૚

ࢉ
 

⇒ ષ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ࢇ࢓) + ࢈࢓ + ൬(ࢉ࢓

૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ

≥
૚
૜

ࢇ࢓) + ࢈࢓ + (ࢉ࢓ ⋅
ૢ

+ࢇ +࢈ ࢉ =
૚
૜

ࢇ࢓) + ࢈࢓ + (ࢉ࢓ ⋅
ૢ
૜ = ࢇ࢓ + ࢈࢓ +  ࢉ࢓

⇒ ષࢋ ≥ ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ . Proved. 

Solution 3 by proposer 

Let be ࢌ૚, ,૛ࢌ :૜ࢌ (૙,∞) → ℝ 

(࢞)૚ࢌ = ࢞ࢇ ܖܔ ࢞ − +ࢇ) (࢞)૛ࢌ;࢞(ࢇ࢓ = ࢞࢈ ܖܔ ࢞ − ࢈) +  ࢞(࢈࢓

(࢞)૜ࢌ = ࢞ࢉ ܖܔ ࢞ − ࢉ) +  ࢞(ࢉ࢓

૚ᇱࢌ (࢞) = ܖܔ)ࢇ ࢞ + ૚) − ࢇ) + (ࢇ࢓ = ࢇ ܖܔ ࢞  ࢇ࢓−

૚ᇱࢌ (࢞) = ૙ ⇒ ࢇ ܖܔ ࢞ = ࢇ࢓ ⇒ ࢞ܖܔ =
ࢇ࢓

ࢇ  

࢞ܖܔ = ܖܔ ࢋ
ࢇ࢓
ࢇ ⇒ ࢞ = ࢋ

ࢇ࢓
ࢇ  

(࢞)૚ࢌܖܑܕ = ૚ࢌ ቀࢋ
ࢇ࢓
ࢇ ቁ == ࢇ ⋅ ࢋ

ࢇ࢓
ࢇ ⋅ ܖܔ ࢋ

ࢇ࢓
ࢇ − +ࢇ) (ࢇ࢓ ⋅ ࢋ

ࢇ࢓
ࢇ = 

= ࢇ࢓ ⋅ ࢋ
ࢇ࢓
ࢇ − ࢋࢇ

ࢇ࢓
ࢇ ࢇ࢓− ⋅ ࢋ

ࢇ࢓
ࢇ = ࢋࢇ−

ࢇ࢓
ࢇ  

Analogous: ࢌܖܑܕ૛ (࢞) = ࢋ࢈−
࢈࢓
࢈ (࢞)૜ࢌܖܑܕ; = ࢋࢉ−

ࢉ࢓
ࢉ  

૚ࢌ + ૛ࢌ + :૜ࢌ (૙,∞) → ℝ 

૚ࢌ) + ૛ࢌ + (࢞)(૜ࢌ = (࢞)૚ࢌ + (࢞)૛ࢌ +  (࢞)૜ࢌ

૚ࢌ)ܖܑܕ + ૛ࢌ + (૜ࢌ (࢞) = ࢇ)− + ࢈ + ࢋ(ࢉ
ࢉ࢓ା࢈࢓ାࢇ࢓

ࢉା࢈ାࢇ  

(࢞)૚ࢌܖܑܕ + (࢞)૛ࢌܖܑܕ + (࢞)૜ࢌܖܑܕ ≤ ૚ࢌ)ܖܑܕ + ૛ࢌ + (૜ࢌ  (࢞)

ࢋࢇ−
ࢇ࢓
ࢇ − ࢋ࢈

࢈࢓
࢈ − ࢋࢉ

ࢉ࢓
ࢉ ≤ ࢇ)− + +࢈ ࢋ(ࢉ

ࢉ࢓ା࢈࢓ାࢇ࢓
ࢉା࢈ାࢇ  

ࢋࢇ
ࢇ࢓
ࢇ + ࢋ࢈

࢈࢓
࢈ + ࢋࢉ

ࢉ࢓
ࢉ ≥ ࢇ) + +࢈ ࢋ(ࢉ

ࢉ࢓ା࢈࢓ାࢇ࢓
ࢉା࢈ାࢇ = 

= (૛࢙) ⋅ ࢋ
ࢉ࢓ା࢈࢓ାࢇ࢓

૛࢙ = ൬૛ ⋅
૚
૛൰ ⋅ ࢋ

ࢉ࢓ା࢈࢓ାࢇ࢓

૛⋅૚૛ = ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ  
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Equality holds for ࢇ = ࢈ = ࢉ = ૚
૟
. 

Solution 4 by Ravi Prakash-New Delhi-India 

ࢇ࢓ࢋࢇ ⁄ࢇ + ࢈࢓ࢋ࢈ ⁄࢈ + ࢉ࢓ࢋࢉ ⁄ࢉ

ࢇ + ࢈ + ࢉ ≥ ቂ൫ࢇ࢓ࢋ ⁄ࢇ ൯
ࢇ
൫࢈࢓ࢋ ⁄࢈ ൯

࢈
൫ࢉ࢓ࢋ ⁄ࢉ ൯

ቃࢉ
૚

ࢉା࢈ାࢇ  

⇒ ࢇ࢓ࢋࢇ ⁄ࢇ + ࢈࢓ࢋ࢈ ⁄࢈ + ࢉ࢓ࢋࢉ ⁄ࢉ ≥ ∵ቂ (ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ) ࢙ = ૚
૛
ቃ 

SP.270. If ܖܠ > 0;݊ ∈ ℕ	is a sequence such that exists 

ஶ→ܖܕܑܔ
శ૚૜ܖܠ∙శ૜ܖܠ

శ૛૛ܖܠ ܖܠ∙
= Ω :܌ܖܑ܎	ܖ܍ܐܜ	ૈ = ஶ→ܖܕܑܔ ૜ܖܖܠ√  

Proposed by D.M.Batineţu Giurgiu, Neculai Stanciu-Romania 

Solution by Marian Ursărescu-Romania 

(Ω)܏ܗܔ = ܕܑܔ
ஶ→ܖ

܏ܗܔ ቀ ඥܖܖܠ૜ ቁ = ܕܑܔ
ஶ→ܖ

(ܖܠ)܏ܗܔ
૜ܖ =⏞

܁۱ି.ۺ
ܕܑܔ
ஶ→ܖ

(ା૚ܖܠ)܏ܗܔ − (ܖܠ)	܏ܗܔ
ܖ) + ૚)૜ − ૜ܖ  

= ܕܑܔ
ஶ→ܖ

܏ܗܔ ቀܖܠା૚ܖܠ
ቁ

૜ܖ૛ + ૜ܖ + ૚ = ܕܑܔ
ஶ→ܖ

૛ܖ

૜ܖ૛ + ૜ܖ + ૚ ∙
܏ܗܔ ቀܖܠା૚ܖܠ

ቁ

૛ܖ  

=⏞
܁۱ି.ۺ ૚

૜ ஶ→ܖܕܑܔ

܏ܗܔ ቀܖܠା૛ܖܠା૚
ቁ − ܏ܗܔ ቀܖܠା૚ܖܠ

ቁ

ܖ) + ૚)૛ − ૛ܖ =
૚
૜ ஶ→ܖܕܑܔ

܏ܗܔ ቆܖܠା૛ ∙ ା૚૛ܖܠܖܠ ቇ

૛ܖ + ૚  

=
૚
૜ ஶ→ܖܕܑܔ

ܖ
૛ܖ + ૚ ∙

܏ܗܔ ቆܖܠା૛ ∙ ା૚૛ܖܠܖܠ ቇ

ܖ =⏞
૚܁۱ି.ۺ

૟ ஶ→ܖܕܑܔ

܏ܗܔ ቆܖܠା૜ ∙ ା૛૛ܖܠା૚ܖܠ ቇ − ܏ܗܔ ቆܖܠା૛ ∙ ା૚૛ܖܠܖܠ ቇ

ܖ + ૚ − ܖ  

=
૚
૟ ஶ→ܖܕܑܔ

܏ܗܔ ቆ
ା૜ܖܠ ∙ ା૚૜ܖܠ

ା૛૜ܖܠ ∙ ܖܠ
ቇ =

૚
૟ ܏ܗܔ

(ૈ) = ൫√ૈ૟܏ܗܔ ൯ ⇒ 

(Ω)܏ܗܔ = ൫√ૈ૟܏ܗܔ ൯ ⇒ Ω = √ૈ૟  

UP.256. If ࢔,࢓ ∈ ℕ;࢈,ࢇ, ࢉ > 0 then: 

࢓) + ࢇ) + (ା૚࢓(࢈ ൬࢔ +
૚

ା૚൰࢔ࢉ + ࢓) + ࢈) + (ା૚࢓(ࢉ ൬࢔ +
૚

ା૚൰࢔ࢇ

+ ࢓) + ࢉ) + (ା૚࢓(ࢇ ൬࢔ +
૚

ା૚൰࢔࢈ ≥ ૟(࢓ + ૚)(࢔ + ૚) 

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 
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Solution by George Florin Şerban-Romania 

࢓ + ࢇ) + ା૚࢓(࢈ ≥ ૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
࢙ࢋ࢓࢓࢏࢚	࢓

+ +ࢇ) ା૚࢓(࢈ ≥⏞
࢓ࡳି࢓࡭

 

≥ +࢓) ૚) ∙ ට૚ ∙ ૚ ∙… ∙ ૚ᇣᇧᇧᇤᇧᇧᇥ
࢙ࢋ࢓࢓࢏࢚	࢓

∙ +ࢇ) శ૚࢓ା૚࢓(࢈ = ࢓) + ૚) ∙ ඥ(ࢇ + శ૚࢓ା૚࢓(࢈ = +࢓) ૚)(ࢇ+  (࢈

࢔ +
૚

ା૚࢔ࢉ = ૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
࢙ࢋ࢓࢓࢏࢚	࢔

+
૚

ା૚࢔ࢉ ≥⏞
࢓ࡳି࢓࡭

࢔) + ૚) ∙ ඨ૚ ∙ ૚ ∙ … ∙ ૚ ∙ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
૚

ା૚࢔ࢉ
࢙ࢋ࢓࢓࢏࢚	࢔

శ૚࢔
 

= +࢔) ૚) ∙ ඨ ૚
ା૚࢔ࢉ

శ૚࢔
=
࢔ + ૚
ࢉ  

෍(࢓+ ࢇ) + (ା૚࢓(࢈ ൬࢔ +
૚

ା૚൰࢔ࢉ
ࢉ࢟ࢉ

≥෍(࢓+ ૚)(ࢇ+ (࢈ ∙
࢔) + ૚)

ࢉ
ࢉ࢟ࢉ

 

= +࢓) ૚)(࢔+ ૚)෍
+ࢇ ࢈
ࢉ

ࢉ࢟ࢉ

= ࢓) + ૚)(࢔ + ૚) ൬
ࢇ
࢈ +

࢈
+ࢇ

ࢉ
࢈ +

࢈
ࢉ +

ࢉ
ࢇ +

ࢇ
 ൰ࢉ

≥⏞
࢓ࡳି࢓࡭

࢓) + ૚)(࢔+ ૚) ∙ ૟ ∙ ඨ
ࢇ
࢈ ∙

࢈
ࢇ ∙

ࢉ
࢈ ∙

࢈
ࢉ ∙

ࢉ
ࢇ ∙

ࢇ
ࢉ

૟
= ૟(࢓ + ૚)(࢔+ ૚) 

UP.257. If ࡭ ∈   ૟(ℝ) such thatࡹ

૝࡭)࢚ࢋࢊ + ૛࡭࢖ + (૟ࡵ૛࢖ = ૛࡭)࢚ࢋࢊ + (૟ࡵࢗ = ૙,ࢗ,࢖ ∈ ℝ.	 

Find: Ω =  (࡭)࢚ࢋࢊ

Proposed by Marian Ursărescu-Romania 

Solution by proposer 

Let: (࢞)ࢌ = ૝࢞ + ૛࢞࢖ + (࢞)ࢍ;૛࢖ = ૛࢞ + ࢍ,ࢌ;ࢗ ∈ ℝ[࢞] 

࡭ࡼ −the characteristic polynomial of matrix ࡭. 

We must show that: (࡭ࡼ,ࢌ) ≠ ૚. 

Suppose that: (࡭ࡼ,ࢌ) = ૚ ⇒ ࢜,࢛∃ ∈ ℝ[࢞] such that: (࢞)࢛(࢞)ࢌ + (࢞)࢜(࢞)࡭ࡼ = ૚ ⇒  

(࡭)࢛(࡭)ࢌ + (࡭)࢜(࡭)࡭ࡼ = ૟ࡵ ⇒ ૟ࡵ =  .૟ absurdࡻ

Similary (ࢍ,ࢌ) ≠ ૚ ⇒ ࡭ࡼ for degree ,࡭ࡼ/ࢍ and ࡭ࡼ/ࢌ = ૟ 

But (ࢍ,ࢌ) = ૚ ⇒ (࢞)࡭ࡼ = (࢞)ࢌ ∙ (࢞)ࢍ ⇒ (࡭)࢚ࢋࢊ = (૙)࡭ࡼ = (૙)ࢌ ∙ (૙)ࢍ =  ࢗ૛࢖
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UP.258. If ࢓ ≥ ૙;࢟,࢞ > 0 then in ∆࡯࡮࡭ the following relationship holds: 

ା૝࢓૜ࢇ

࢞ࢇ) + ࢓(࢟࢈
+

ା૝࢓૜࢈

࢞࢈) + ࢓(࢟ࢉ
+

ା૝࢓૜ࢉ

࢞ࢉ) + ࢓(࢟ࢇ
≥

૝࢓ା૛ ∙ ା૛࢓ࡲ

൫√૜൯
࢓
∙ ࢞) + ࢓(࢟

 

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

For ࢟,࢞ > 0,݉ ≥ 0 

࢞ࢇ) + ࢞࢈)(࢟࢈ + ࢞ࢉ)(࢟ࢉ + (࢟ࢇ ≤⏞
࢓ࡳି࢓࡭ ࢞ࢇ) + +࢟࢈ ࢞࢈ + +࢟ࢉ +࢞ࢉ ૜(࢟ࢇ

૜૜  

=
ࢇ) + +࢈ ࢞)૜(ࢉ + ૜(࢟

૜૜ ⇒ 

࢞ࢇ)] + ࢞࢈)(࢟࢈ + +࢞ࢉ)(࢟ࢉ ࢓[(࢟ࢇ ≤
ࢇ( + ࢈ + ࢞)࢓૜(ࢉ + ࢓૜(࢟

૜૜࢓ … (૚) 

Now, ࢇ૜࢓శ૝

࢓(࢟࢈ା࢞ࢇ)
+ శ૝࢓૜࢈

࢓(࢟ࢉା࢞࢈)
+ శ૝࢓૜ࢉ

࢓(࢟ࢇା࢞ࢉ)
≥⏞

࢓ࡳି࢓࡭

૜ ∙ ට శ૝࢓૜(ࢉ࢈ࢇ)

࢓[(࢟ࢇା࢞ࢉ)(࢟ࢉା࢞࢈)(࢟࢈ା࢞ࢇ)]
૜

 

≥⏞
(૚)

૜ ∙ ඨ
૜૜࢓ ∙ ା૝࢓૜(ࢉ࢈ࢇ)

ࢇ) + ࢈ + ࢞)࢓૜(ࢉ + ࢓૜(࢟
૜

 

We must show that: ૜ ∙ ට ૜૜࢓ శ૝࢓૜(ࢉ࢈ࢇ)∙

࢓૜(࢟ା࢞)࢓૜(ࢉା࢈ାࢇ)
૜ ≥ ૝࢓శ૛∙࢓ࡲశ૛

൫√૜൯
࢓
࢓(࢟ା࢞)∙

 

⇔
૜૜࢓ା૜ ∙ ା૝࢓૜(ࢉ࢈ࢇ)

ࢇ) + ࢈ + ࢞)࢓૜(ࢉ + ࢓૜(࢟ ≥
૝૜(࢓ା૛) ∙ (ା૛࢓)૜ࡲ

൫√૜൯
૜࢓

∙ +࢞) ࢓૜(࢟
 

⇔
૜૜࢓ା૜ ∙ (૝ࡲࡾ)૜࢓ା૝

(૛࢙)૜࢓ ≥
૝૜(࢓ା૛) ∙ (ା૛࢓)૜ࡲ

൫૜√૜൯
࢓  

⇔ ૜૜࢓ା૜ ∙ ൫૜√૜൯
࢓
∙ (૝ࡾ)૜࢓ା૝ ≥ (૛࢙)૜࢓ ∙ ૝૜(࢓ା૛) ∙  ૛࢘૛࢙

⇔ ૜૜ ∙ ൫૜૝ ∙ √૜൯
࢓
∙ ା૝࢓૜ࡾ ≥ ૝૛ ∙ (૛࢙)૜࢓ ∙ ૛࢘૛࢙ … (∗) 

∴ ࢙ ≤
૜√૜
૛ ࡾ ⇒ ૛࢙ ≤ ૜√૜ࡾ ⇒ (૛࢙)૜࢓ ≤ (૜√૜ࡾ)૜࢓ = (૜√૜)૜ࡾ࢓૜࢓ … (૚) 

∴ ࢙ ≤
૜√૜
૛ ࡾ ⇒ ૛࢙ ≤

૜૜

૝ ૛ࡾ … (૛) 
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∴ ࢘ ≤
ࡾ
૛ ⇒ ૛࢘ ≤

૛ࡾ

૝ … (૜) 

(૚),(૛),(૜)
ሳልልልልልሰ (૛࢙)૜࢓ ∙ ૛࢙ ∙ ૛࢘ ≤ ൫૜√૜൯

૜࢓
∙
૜૜

૝ ∙
૚
૝ ∙ ࡾ

૜࢓ ∙ ૛ࡾ ∙  ૛ࡾ

⇔ ૝૛ ∙ (૛࢙)૜࢓ ∙ ૛࢙ ∙ ૛࢘ ≤ ૜૜ ∙ ൫૜૝√૜൯
࢓
∙ ା૝࢓૜ࡾ ⇒  .ࢊࢋ࢜࢕࢘ࡼ.ࢋ࢛࢚࢘(∗)

 

UP.259. If ૙;ࢇ ≤ ࢔;࢈ ∈ ℕ;࢔ ≥ ૚ then: 

ቌන ࢞ࢊ૛࢞ࢋ࢔࢞
࢈ࢇ√

૙

ቍ

⎝

⎜
⎛
න ૚ି࢔࢞

࢈ାࢇ
૛

૙

࢞ࢊ૛࢞ࢋ

⎠

⎟
⎞
≤ ቌන ૚ି࢔࢞

࢈ࢇ√

૙

ቍ࢞ࢊ૛࢞ࢋ

⎝

⎜
⎛
න ࢞ࢊ૛࢞ࢋ࢔࢞

࢈ାࢇ
૛

૙
⎠

⎟
⎞

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

૙ < ܽ ≤ ܾ ⇒ ࢈ࢇ√ ≤ ࢈ାࢇ
૛

. Put:  

(࢞)࣐	:࢚ࢋࡸ =
∫ ࢚࢞ࢊ૛࢚ࢋ࢔࢚
૙

∫ ࢚࢞ࢊ૛࢚ࢋ૚ି࢔࢚
૙

࢞; > 0 

(࢞)ᇱ࣐ =
൫࢞ࢋ࢔࢞૛ ∫ ࢚࢞ࢊ૛࢚ࢋ૚ି࢔࢚

૙ ൯ − ൫ି࢔࢞૚࢞ࢋ૛ ∫ ࢚࢞ࢊ૛࢚ࢋ࢔࢚
૙ ൯

൫∫ ࢚࢞ࢊ૛࢚ࢋ૚ି࢔࢚
૙ ൯

૛  

=
࢞૛൫࢞ࢋ૚ି࢔࢞ ∫ ࢚࢞ࢊ૛࢚ࢋ૚ି࢔࢚

૙ − ∫ ࢚࢞ࢊ૛࢚ࢋ࢔࢚
૙ ൯

൫∫ ࢚࢞ࢊ૛࢚ࢋ૚ି࢔࢚
૙ ൯

૛ =  (࢞)ࢌ

(࢞)ࢍ = න࢞ ࢚ࢊ૛࢚ࢋ૚ି࢔࢚
࢞

૙

− න࢚ࢋ࢔࢚૛࢚ࢊ
࢞

૙

, ࢞ > 0 

(࢞)ᇱࢍ = නି࢔࢚૚࢚ࢋ૛࢚ࢊ
࢞

૙

+ ࢞ ∙ ૚ି࢔࢞ ∙ ૛࢞ࢋ − ૛࢞ࢋ࢔࢞ = නି࢔࢚૚࢚ࢋ૛࢚ࢊ
࢞

૙

> ݐ∀,0 ∈ (૙;࢞) 

⇒ (࢞)ࢍ > 0 ⇒ (࢞)݂ > ݔ∀,0 > 0 ⇒ (࢞)߮ ↑ (૙,∞) ⇒ (࢈ࢇ√)࣐ ≤ ൬࣐
ࢇ + ࢈
૛

൰ 
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⇒
∫ ࢈ࢇ√࢚ࢊ૛࢚ࢋ࢔࢚
૙

∫ ࢈ࢇ√࢚ࢊ૛࢚ࢋ૚ି࢔࢚
૙

≤
∫ ࢚ࢊ૛࢚ࢋ࢔࢚
࢈ାࢇ
૛

૙

∫ ࢚ࢊ૛࢚ࢋ૚ି࢔࢚
࢈ାࢇ
૛

૙

 

Solution 2 by Sergio Esteban-Argentina 

Consider the following 

࣐ = න

⎣
⎢
⎢
⎢
⎡
න ࢔࢞ ∙ ૛࢞ࢋ ∙ ࢔࢟ ∙ ૛࢟ࢋ ∙ ൬

૚
࢟ −

૚
࢞ࢊ൰࢞

࢈ାࢇ
૛

࢈ࢇ√ ⎦
⎥
⎥
⎥
⎤
࢟ࢊ ≥ ૙

࢈ࢇ√

૙

 

With ࢞ ∈ ቂ√࢈ࢇ; ࢈ାࢇ
૛
ቃ and ࢟ ∈ ൣ૙;√࢈ࢇ൧ 

We can notice that (࣎)ࢌ = ࢔࣎ ∙ (࣎)ᇱࢌ ૛is positive, because࣎ࢋ > 0  then f is increasing 

(૙)ࢌ = ૙. Then: ࢔࢞ ∙ ૛࢞ࢋ ∙ ࢔࢟ ∙ ૛࢟ࢋ > 0.  

Since ૙ < ܽ ≤ ࢈ࢇ√ ≤ ࢈ାࢇ
૛

, then ࢞ ≥ and  ૚ 	࢟
࢞
≤ ૚

࢟
 

∴ ࣐ ≥ ૙ finally, expanding ࣐ we obtain 

࣐ = න න ൫࢔࢞ ∙ ૛࢞ࢋ ∙ ૚ି࢔࢟ ∙ ૛࢟ࢋ − ࢔࢟ ∙ ૛࢟ࢋ ∙ ૚ି࢔࢞ ∙ ૛൯࢞ࢋ

࢈ାࢇ
૛

࢈ࢇ√

࢈ࢇ√

૙

 ࢟ࢊ࢞ࢊ

= න ࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ

࢈ାࢇ
૛

࢈ࢇ√

∙ න ૚ି࢔࢟ ∙ ࢟ࢊ૛࢟ࢋ
࢈ࢇ√

૙

− න ࢔࢟ ∙ ࢟ࢊ૛࢟ࢋ
࢈ࢇ√

૙

∙ න ૚ି࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ

࢈ାࢇ
૛

࢈ࢇ√

 

= න ࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ

࢈ାࢇ
૛

࢈ࢇ√

∙ න ૚ି࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ
࢈ࢇ√

૙

− න ࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ
࢈ࢇ√

૙

∙ න ૚ି࢔࢞ ∙ ࢞ࢊ૛࢞ࢋ

࢈ାࢇ
૛

࢈ࢇ√

≥ ૙ 

UP.260. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

ቌන ൬
ܖܑܛ ࢚
૚ + ൰࢚ࢋ

࢈ࢇ√

૙

ቍ࢚ࢊ

⎝

⎜
⎛
න ൬

ܛܗ܋ ࢚
૚ + ൰࢚ࢋ

࢈ାࢇ
૛

૙

࢚ࢊ

⎠

⎟
⎞
≤ ቌන ൬

ܛܗ܋ ࢚
૚ + ൰ࢋ

࢈ࢇ√

૙

ቍ࢚ࢊ

⎝

⎜
⎛
න ൬

ܖܑܛ ࢚
૚ + ൰࢚ࢋ

࢈ାࢇ
૛

૙

࢚ࢊ

⎠

⎟
⎞

 

Proposed by Daniel Sitaru – Romania  



 
www.ssmrmh.ro 

42 
 

Solution by Sergio Esteban-Argentina 

Sea ࢍ,ࢌ: ቀ૙, ࣊
૛
ቁ → ℝ, (ࢀ)ࢌ = ܖܑܛ ࣎

(૚ାࢀࢋ)
, y  (࣎)ࢍ = ܛܗ܋ ࣎

(૚ା࢚ࢋ)
. Sabemos que  (ࢀ)ࢌ

(ࢀ)ࢍ
=  ࣎ܖ܉ܜ

Ia desigualdad puede set escrita como: ∫
࢈ࢇ√(ࢀ)ࢌ

૙ ࣎ࢊ

∫ ࢈ࢇ√(࣎)ࢍ
૙ ࣎ࢊ

≤
∫ (ࢀ)ࢌ
࢈శࢇ
૛

࢈ࢇ√
࣎ࢊ

∫ (࣎)ࢍ
࢈శࢇ
૛

࢈ࢇ√
࣎ࢊ

 

Por el TVM de Cauchy: ∃ࢉ ∈ ൫૙,√࢈ࢇ൯ tal que ∫
࢈ࢇ√(࣎)ࢌ

૙ ࣎ࢊ

∫ ࢈ࢇ√(࣎)ࢍ
૙ ࣎ࢊ

= (ࢉ)ࢌ
(ࢉ)ࢍ

=  ࢉܖ܉ܜ

y tambien ∃	ࢽ ∈ ቀ√࢈ࢇ, ࢈ାࢇ
૛
ቁ tal que (ࢀ)ࢌ	࣎ࢊ

∫ (ࢀ)ࢍ
࢈శࢇ
૛

࢈ࢇ√
࣎ࢊ

= (ࢽ)ࢌ
(ࢽ)ࢍ

=  ࢽܖ܉ܜ

Sabemos que: 

 

Es creciente de ቀ૙, ࣊
૛
ቁ ∴ ܖ܉ܜ ࢉ <  ࢽܖ܉ܜ

UP.261. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

ቌන ࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈ࢇ√

ࢇ

ቍ

⎝

⎛ න ࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈

࢈ାࢇ
૛ ⎠

⎞ ≤ ቌන ࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈ࢇ√

ࢇ

ቍ

⎝

⎛ න ࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈

࢈ାࢇ
૛ ⎠

⎞ 

Proposed by Daniel Sitaru-Romania 

Solution by proposer 

By Cauchy’s theorem ∃ࢉ ∈ ࢊ;൧࢈ࢇ√,ࢇൣ ∈ ቂࢇା࢈
૛

 :ቃ such that࢈,
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∫ ࢈ࢇ√࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
ࢇ

∫ ࢈ࢇ√࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
ࢇ

=
	ࢉ࢔࢏࢙
ࢉ࢙࢕ࢉ =  ࢉ࢔ࢇ࢚

∫ ࢈࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈ାࢇ
૛

∫ ࢈࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈ାࢇ
૛

=
ࢊ࢔࢏࢙
ࢊ࢙࢕ࢉ =  ࢊ࢔ࢇ࢚

૙ < ܽ ≤ ܿ ≤ ࢈ࢇ√ ≤⏞
࢓ࡳି࢓࡭

࢈ାࢇ
૛
≤ ࢊ ≤ ࢈ < ࣊

૛
, ࢞࢔ࢇ࢚ −increasing on ቀ૙, ࣊

૛
ቁ 

⇒ (ࢉ)࢔ࢇ࢚ ≤  (ࢊ)࢔ࢇ࢚

∫ ࢈ࢇ√࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
ࢇ

∫ ࢈ࢇ√࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
ࢇ

≤
∫ ࢈࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈ାࢇ
૛

∫ ࢈࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈ାࢇ
૛

⇔ 

ቌන ࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈ࢇ√

ࢇ

ቍ

⎝

⎛ න ࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈

࢈ାࢇ
૛ ⎠

⎞ ≤ ቌන ࢞ࢊ࢙࢞࢕ࢉ૛࢞ିࢋ
࢈ࢇ√

ࢇ

ቍ

⎝

⎛ න ࢞ࢊ࢞࢔࢏࢙૛࢞ିࢋ
࢈

࢈ାࢇ
૛ ⎠

⎞ 

UP.262. If ࢛, ,૙:࢝,࢜ ,࢔࢞ ,࢔࢟ ࢔ࢠ > ૙,࢔ ∈ ℕ sequence such that: 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞
࢔࢞࢔

= ,ࢇ ܕܑܔ
ஶ→࢔

ା૚࢔࢟
࢔࢟࢔

= ,࢈ ܕܑܔ
ஶ→࢔

ା૚࢔ࢠ
࢔ࢠ࢔

=  ,ࢉ

Where a,b,c are sides in ∆࡯࡮࡭ with circumradii R then in ∆࡯࡮࡭ the following 

relationship holds: 

ܕܑܔ
ஶ→࢔

ቆ
૚
૛࢔

ቀ࢝࢜ඥ࢔࢞૛
࢔ + ૛࢔࢟ඥ࢛࢝

࢔ + ૛࢔ࢠඥ࢛࢜
࢔ ቁቇ ≤

࢛) + ࢜ + ૛(࢝ ∙ ૛ࡾ

૛ࢋ
 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Marian Ursărescu-Romania 

ܕܑܔ
ஶ→࢔

૚
૛࢔

ඥ࢔࢞૛
࢔ = ܕܑܔ

ஶ→࢔
ඨ ૛࢔࢞

࢔૛࢔
࢔

=⏞
࡭ᇲࡰି࡯

ܕܑܔ
ஶ→࢔

ା૚૛࢔࢞

+࢔) ૚)૛࢔ା૛ ∙
࢔૛࢔

૛࢔࢞
 

= ܕܑܔ
ஶ→࢔

ା૚૛࢔࢞

૛࢔࢞૛࢔
∙

૛࢔

࢔) + ૚)૛ ∙
ቀ

࢔
+࢔ ૚

ቁ
૛࢔

= ૛ࢇ ∙ ૚ ∙
૚
૛ࢋ ∙ ࢋ =

ࢇ
 ૛ࢋ

And similarly, ࢔ܕܑܔ→ஶ
૚
૛࢔
ඥ࢔࢟૛
࢔ = ࢈

૛ࢋ
ஶ→࢔ܕܑܔ ,

૚
૛࢔
ඥ࢔ࢠ૛
࢔ = ࢉ

૛ࢋ
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We must show: (ࢇ࢝࢜૛ + ૛࢈࢛࢝ + (૛ࢉ࢛࢜ ≤ +࢛) ࢜ + ૛(࢝ ∙ ૛ࡾ … (૚) 

Now, use Klamkin theorem: ∀ࡹ ∈ ,࢟,࢞∀,ࡼ ࢠ ∈ ℝ 

࢞) + ࢟ + ૛࡭ࡹ࢞)(ࢠ + ૛࡮ࡹ࢟ + (૛࡯ࡹࢠ ≥ ࢠ࢟૛ࢇ + ࢞ࢠ૛࢈ + …࢟࢞૛ࢉ (૛) 

Let: ࢞ = ࢟,࢛ = ,࢜ ࢠ = ࡹ	ࢊ࢔ࢇ	࢝ = ૙ ⇒ ૛࡭ࡹ = ૛࡮ࡹ = ૛࡯ࡹ = ૛ࡾ (૛)
ሳሰ 

૛ࢇ࢝࢜  + ૛࢈࢛࢝ + ૛ࢉ࢛࢜ ≤ ࢛) + +࢜ ૛࡭ࡻ࢛)(࢝ + ૛࡮ࡻ࢜ + (૛࡯ࡻ࢝ ⇔ 

૛ࢇ࢝࢜ + ૛࢈࢛࢝ + ૛ࢉ࢛࢜ ≤ +࢛) ࢜ + ૛(࢝ ∙ ૛ࡾ ⇒ (૚)	it’s true. 

UP.263. If ࢓ > 0;݂,݃: (૙,∞) → (૙,∞), ஶ→࢞ܕܑܔ
(࢞)ࢌ
࢞

= ࢇ > 0, 

(࢞)ࢍஶ→࢞ܕܑܔ	 ∙ ࢞
૚
࢓ = ࢈ > 0 then find: 

Ω = ܕܑܔ
ஶ→࢞

ቆ൫Г(࢞ + ૛)൯
૚

(ା૚࢞)࢓ − ൫Г(࢞ + ૚)൯
૚
 (࢞)ࢍ(࢞)ࢌቇ࢞࢓

Proposed by D.M.Bătineţu-Giurgiu and Neculai Stanciu-Romania 

Solution by Marian Ursărescu-Romania 

Г(࢔+ ૚) = ࢔) + ૚)!, Г(࢔) =  !࢔

We must find: Ω = ஶ→࢔ܕܑܔ ൭ ට(࢔ + ૚)!
૚
࢓

శ૚࢔
− ට࢔!

૚
࢓

࢔

൱(࢔)ࢍ(࢔)ࢌ 

= ܕܑܔ
ஶ→࢔

(࢔)ࢌ
࢔ ∙ (࢔)ࢍ ∙ ࢔

૚
࢓ ∙

ට࢔!
૚
࢓

࢔

࢔
૚
࢓

∙ ࢔ ∙

⎝

⎛
ට(࢔ + ૚)!

૚
࢓

శ૚࢔

ට࢔!
૚
࢓

࢔
− ૚

⎠

⎞… (૚) 

ܕܑܔ
ஶ→࢔

(࢔)ࢌ
࢔ = 	ࢊ࢔ࢇ	ࢇ ܕܑܔ

ஶ→࢔
(࢔)ࢍ ∙ ࢔

૚
࢓ = …࢈ (૛) 

ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔ = ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇱࡰି࡯
ܕܑܔ
ஶ→࢔

࢔) + ૚)!
࢔) + ૚)࢔ା૚ ∙

࢔࢔

!࢔  

= ܕܑܔ
ஶ→࢔

ቀ
࢔

࢔ + ૚
ቁ
࢔

=
૚
ࢋ ⇒ ܕܑܔ

ஶ→࢔
ቆ
࢔!࢔√

࢔ ቇ

૚
࢓

= ൬
૚
൰ࢋ

૚
࢓

… (૜) 

Let:  ࢔࢞ =
ට(࢔ା૚)!

૚
࢓

శ૚࢔

ට࢔!
૚
࢓

࢔
⇒ ஶ→࢔ܕܑܔ ࢔࢞)࢔ − ૚) = ஶ→࢔ܕܑܔ ࢔࢞ࢍ࢕࢒ࢋ൫࢔ − ૚൯ 



 
www.ssmrmh.ro 

45 
 

= ܕܑܔ
ஶ→࢔

࢔࢞ࢍ࢕࢒ࢋ൫࢔ − ૚൯
࢔࢞ࢍ࢕࢒

∙ ࢔࢞ࢍ࢕࢒ = ܕܑܔ
ஶ→࢔

࢔࢞ࢍ࢕࢒࢔ = ܕܑܔ
ஶ→࢔

࢔࢔࢞ࢍ࢕࢒ = ࢍ࢕࢒ ቀܕܑܔ
ஶ→࢔

 ቁ࢔࢔࢞

= ࢍ࢕࢒

⎝

⎜
⎛
ܕܑܔ
ஶ→࢔

⎝

⎛
ට(࢔ + ૚)!

૚
࢓

శ૚࢔

ට࢔!
૚
࢓

࢔

⎠

⎞

࢔

⎠

⎟
⎞

= ࢍ࢕࢒

⎝

⎜⎜
⎛
ܕܑܔ
ஶ→࢔

൭ ට(࢔+ ૚)!
૚
࢓

శ૚࢔

൱
࢔

!࢔
૚
࢓

⎠

⎟⎟
⎞

 

= ࢍ࢕࢒

⎝

ܕܑܔ⎛
ஶ→࢔

࢔) + ૚)!
૚
࢓

!࢔
૚
࢓ ∙ ට(࢔ + ૚)!

૚
࢓

శ૚࢔

⎠

⎞ = ࢍ࢕࢒

⎝

ܕܑܔ⎛
ஶ→࢔

࢔) + ૚)
૚
࢓

ට(࢔ + ૚)!
૚
࢓

శ૚࢔

⎠

⎞ 

= ܕܑܔ
ஶ→࢔

ቆ
࢔ + ૚

ඥ(࢔ + ૚)!࢔ ቇ

૚
࢓

=⏞
(૜)

ࢍ࢕࢒ ൬ࢋ
૚
൰࢓ =

૚
…࢓ (૝) 

From (1)+(2)+(3)+(4)⇒  Ω = ࢇ ∙ ࢈ ∙ ቀ૚
ࢋ
ቁ
૚
࢓ ∙ ૚

࢓
= ࢈ࢇ

ࢋ࢓
૚
࢓

 

UP.264. If ࢙,࢘ ≥ ૙; ࢔࢈,࢔ࢇ	 > 0;݊ ≥ 0;݊ ∈ ℕ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

= ࢇ > 0; ܕܑܔ
ஶ→࢔

ା૚࢔࢈
ା૚࢙࢔ ∙ ࢔࢈

= ࢈ > ૙	 

then find: 

Ω = ܕܑܔ
ஶ→࢔

ቌቆ
ඥ࢔࢔ࢇ

࢙ା࢘࢔ −
ඥ࢔࢈ା૚

శ૚࢔

࢔) + ૚)࢘ା࢙ቇ ∙ ඥ࢔࢈
࢔ ቍ 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Marian Ursărescu-Romania 

Ω = ܕܑܔ
ஶ→࢔

ቌ−ඥ࢔࢈
࢔ ∙

ඥ࢔࢔ࢇ

࢙ା࢘࢔ ∙ ቆ
ඥ࢔ࢇା૚࢔శ૚

࢔) + ૚)࢘ା࢙ ∙
࢙ା࢘࢔

ඥ࢔࢔ࢇ − ૚ቇቍ 

= − ܕܑܔ
ஶ→࢔

ቈ
ඥ࢔࢔ࢇ

࢘࢔ ∙
ඥ࢔࢈
࢔

ା૚࢙࢔ ∙ ࢔ ቆ
ቀ

࢔
࢔ + ૚

ቁ
࢙ା࢘

∙
ඥ࢔ࢇା૚࢔శ૚

ඥ࢔࢔ࢇ − ૚ቇ቉… (૚) 

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢘࢔ = ܕܑܔ
ஶ→࢔

ට
࢔ࢇ
࢘࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇱࡰି࡯
ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔) + ૚)(࢔ା૚)࢘ ∙

࢘࢔࢔

࢔ࢇ
 



 
www.ssmrmh.ro 

46 
 

= ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔) + ૚)࢘ ∙ ࢔ࢇ

∙
࢘࢔࢔

࢔) + ૚)࢘࢔ 

= ܕܑܔ
ஶ→࢔

࢘࢔

࢔) + ૚)࢘ ∙
ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

∙ ൬ቀ
࢔

+࢔ ૚
ቁ
࢔
൰
࢘

=
ࢇ
࢘ࢋ … (૛) 

ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

ା૚࢙࢔ = ܕܑܔ
ஶ→࢔

ඨ ࢔࢈
(ା૚࢙)࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࡯
ܕܑܔ
ஶ→࢔

ା૚࢔࢈
+࢔) ૚)(࢔ା૚)(࢙ା૚) ∙

(ା૚࢙)࢔࢔

࢔࢈
 

= ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔) + ૚)࢙ା૚ ∙ ࢔࢈

∙
(ା૚࢙)࢔࢔

+࢔) ૚)࢔(࢙ା૚) 

= ܕܑܔ
ஶ→࢔

ା૚࢙࢔

+࢔) ૚)࢙ା૚ ∙
ା૚࢔࢈

ା૚࢙࢔ ∙ ࢔࢈
∙ ൬ቀ

࢔
+࢔ ૚ቁ

࢔
൰
ା૚࢙

=
࢈

ା૚࢙ࢋ … (૜) 

Let: ࢔࢞ = ቀ ࢔
ା૚࢔

ቁ
࢙ା࢘

∙ ඥ࢔ࢇశ૚
శ૚࢔

ඥ࢔࢔ࢇ  

⇒ ܕܑܔ
ஶ→࢔

࢔࢞)࢔ − ૚) = ܕܑܔ
ஶ→࢔

࢔࢞ࢍ࢕࢒ࢋ൫࢔ − ૚൯
࢔࢞ࢍ࢕࢒

∙ ࢔࢞ࢍ࢕࢒ = ܕܑܔ
ஶ→࢔

࢔࢞ࢍ࢕࢒࢔ = ܕܑܔ
ஶ→࢔

 ࢔࢔࢞ࢍ࢕࢒

= ࢍ࢕࢒ ቀܕܑܔ
ஶ→࢔

ቁ࢔࢔࢞ = ࢍ࢕࢒ ቆܕܑܔ
ஶ→࢔

ቀ
࢔

+࢔ ૚
ቁ
(࢙ା࢘)࢔

∙
ඥ࢔ࢇା૚࢔࢔శ૚

࢔ࢇ
ቇ 

= ࢍ࢕࢒ ቆܕܑܔ
ஶ→࢔

ቀ
࢔

+࢔ ૚
ቁ
(࢙ା࢘)࢔

∙
ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

∙
࢘࢔

ඥ࢔ࢇା૚࢔శ૚ ቇ 

= ܕܑܔቆࢍ࢕࢒
ஶ→࢔

ቀ
࢔

࢔ + ૚
ቁ
(࢙ା࢘)࢔

∙
ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

∙
࢘࢔

+࢔) ૚)࢘ ∙
࢔) + ૚)࢘

ඥ࢔ࢇା૚࢔శ૚ ቇ 

= ࢙ି࢘ିࢋ൬ࢍ࢕࢒ ∙ ࢇ ∙ ૚ ∙
࢘ࢋ

ࢇ ൰ = (࢙ିࢋ)ࢍ࢕࢒ = …࢙− (૝) 

From (1)+(2)+(3)+(4) we have Ω = − ࢇ
࢘ࢋ
∙ ࢈
శ૚࢙ࢋ

∙ (࢙−) = ࢙࢈ࢇ
శ૚࢙శ࢘ࢋ

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

ା૚࢙࢔ = ܕܑܔ
ஶ→࢔

ඨ ࢔࢈
(ା૚࢙)࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࡯
 

= ܕܑܔ
ஶ→࢔

ା૚࢔࢈
ା૚࢙࢔ ∙ ࢔࢈

∙ ቀ
࢔

૚ + ࢔
ቁ
ା૚࢙

∙
૚

ቀ૚ + ૚
ቁ࢔

(ା૚࢙)࢔ =
࢈

 ା૚࢙ࢋ
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ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢘࢔ = ܕܑܔ
ஶ→࢔

ට
࢔ࢇ
࢘࢔࢔

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࡯
ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

∙ ቀ
࢔

૚ + ࢔
ቁ
࢘
∙

૚

ቀ૚ + ૚
ቁ࢔

࢘࢔ =
ࢇ
 ࢘ࢋ

࢔࢛:࢚ࢋࡸ =
ඥ࢔ࢇା૚࢔శ૚

࢔) + ૚)࢘ା࢙ ∙
࢙ା࢘࢔

ඥ࢔࢔ࢇ ࢔	࢒࢒ࢇ	࢘࢕ࢌ	 ∈ ℕ 

∴ ܕܑܔ
ஶ→࢔

࢔࢛ = ܕܑܔ
ஶ→࢔

ඥ࢔ࢇା૚࢔శ૚

+࢔) ૚)࢘ା૚ ∙
࢘࢔

ඥ࢔࢔ࢇ ∙ ൬
૚ + ࢔
࢔ ൰

࢘

∙ ቀ
࢔

૚ + ࢔
ቁ
࢙ା࢘

= ૚ 

	:ࢋࢉ࢔ࢋࡴ
࢔࢛ − ૚
(࢔࢛)ࢍ࢕࢒

ஶ→࢔
ሱ⎯⎯ሮ ૚ 

ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢘࢔ ∙ ࢔࢈

∙
(૚ + ࢘(࢔

ඥ࢔ࢇା૚࢔ ∙ ቀ
࢔

૚ + ࢔
ቁ
࢘
∙

૚

ቀ૚ + ૚
ቁ࢔

(࢙ା࢘)࢔ = ࢇ ∙
࢘ࢋ

ࢇ ∙
૚
࢙ା࢘ࢋ =  ࢙ିࢋ

Ω = − ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

ା૚࢙࢔ ∙
ඥ࢔࢔ࢇ

࢘࢔ ∙
࢔࢛ − ૚
(࢔࢛)ࢍ࢕࢒ ∙ ࢍ࢕࢒

(࢔࢔࢛) = ࢙ ∙
࢈ࢇ

 ା૚࢙ା࢘ࢋ

 

UP.265. If ࢙,࢘ ≥ ૙;࢔࢈,࢔ࢇ > 0;݊ ≥ 0;݊ ∈ ℕ; 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅࢘࢔

= ࢇ > 0; ஶ→࢔ܕܑܔ	
శ૚࢔࢈
࢔࢈⋅࢙࢔

= ࢈ > 0  then find: 

ષ = ܕܑܔ
ஶ→࢔

൮ቌ࢔ࢇା૚

࢙࢔
(ା૚࢔) ඥ࢔࢈

࢔

− ࢔ࢇ

ష૚࢙࢔

ඥ࢔࢈
࢔

ቍ ⋅ ࢔
૚ି࢔⋅࢘

࢙

ඥ࢔࢈
࢔

൲ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Remus Florin Stanca-Romania 

ષ = ࢔ࢇஶ→࢔ܕܑܔ

࢙࢔

࢔ ඥ࢔࢈
࢔

⋅ ࢔
૚ି ࢙࢔࢘

ඥ࢔࢈
࢔

⎝

⎜
⎛
ቌ࢔ࢇశ૚

૚
శ૚࢔

࢔ࢇ
૚
࢔
ቍ

࢙࢔

ඥ࢔࢈
࢔

− ૚

⎠

⎟
⎞

= ஶ→࢔ܕܑܔ ࢔ ⋅ ൭
࢔ࢇ
૚
࢔

࢘࢔
൱

࢙࢔

ඥ࢔࢈
࢔

⋅ ࢙࢔

ඥ࢔࢈
࢔ ⋅ ቌܖܔ

శ૚࢔ࢇ

૚
శ૚࢔

࢔ࢇ
૚
࢔
ቍ   

(1) 

ஶ→࢔ܕܑܔ
࢙࢔

ඥ࢔࢈
࢔ = ஶ→࢔ܕܑܔ ට࢙࢔࢔

࢔࢈

࢔ = ஶ→࢔ܕܑܔ
࢙(శ૚࢔)(ା૚࢔)

శ૚࢔࢈
⋅ ࢔࢈
࢙࢔࢔

= ࢙ࢋ ⋅ ૚
࢈

= ࢙ࢋ

࢈
      (2) 
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ஶ→࢔ܕܑܔ
࢔ࢇ
૚
࢔

࢘࢔
= ஶ→࢔ܕܑܔ ට ࢔ࢇ

࢘࢔࢔
࢔ = ஶ→࢔ܕܑܔ

శ૚࢔ࢇ
࢘(శ૚࢔)(ା૚࢔) ⋅

࢘࢔ࢇ

࢔ࢇ
= ࢇ

࢘ࢋ
   (3) 

⇒
(૛);(૜)

ஶ→࢔ܕܑܔ ൭
࢔ࢇ
૚
࢔

࢘࢔
൱

࢙࢔

ඥ࢔࢈
࢔

= ቀࢇ
࢘ࢋ
ቁ
࢙ࢋ

࢈  (4) 

⇒
(૚);(૛);(૝)

ષ =
࢙ࢋ

࢈ ⋅ ቀ
ࢇ
࢘ࢋ
ቁ
࢙ࢋ
࢈ ⋅ ܕܑܔ

ஶ→࢔
ቌܖܔ

ା૚࢔ࢇ
࢔

ା૚࢔

࢔ࢇ
ቍ =

࢙ࢋ

࢈ ⋅ ቀ
ࢇ
࢘ࢋ
ቁ
࢙ࢋ
࢈ ⋅ ܕܑܔ

ஶ→࢔
ܖܔ ቆ

࢔ࢇ + ૚
࢔ࢇ

⋅
૚

ඥ࢔ࢇା૚࢔శ૚ ቇ = 

=
࢙ࢋ

࢈
⋅ ቀ
ࢇ
࢘ࢋ
ቁ
࢙ࢋ
࢈ ⋅ ܕܑܔ

ஶ→࢔
ቆܖܔ

ା૚࢔ࢇ
࢔ࢇ࢘࢔

⋅
+࢔) ૚)࢘

ඥ࢔ࢇା૚࢔శ૚
ቇ =

࢙ࢋ

࢈
⋅ ቀ
ࢇ
࢘ࢋ
ቁ
࢙ࢋ
࢈ ⋅ ࢇቆܖܔ ⋅ ܕܑܔ

ஶ→࢔
ቆ

+࢔) ૚)(࢔ା૚)࢘

ା૚࢔ࢇ
⋅
࢔ࢇ
࢘࢔࢔

ቇቇ = 

=
࢙ࢋ

࢈ ⋅ ቀ
ࢇ
ቁ࢘ࢋ

࢙ࢋ
࢈ ⋅ ܖܔ ൬ࢇ ⋅

࢘ࢋ

ࢇ ൰ = ࢘ ⋅
࢙ࢋ

࢈ ⋅ ቀ
ࢇ
ቁ࢘ࢋ

࢙ࢋ
࢈ ⇒ ષ = ࢘ ⋅

࢙ࢋ

࢈ ⋅ ቀ
ࢇ
ቁ࢘ࢋ

࢙ࢋ
࢈  

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ࢘࢔

= ஶ→࢔ܕܑܔ and ࢇ
శ૚࢔࢈
࢔࢈࢙࢔

=  ࢈

ܕܑܔ
ஶ→࢞

࢙࢞

ඥ࢞࢈
࢞ = ஶ→࢞ܕܑܔ

ℕ∋࢔

࢙࢔

ඥ࢔࢈
࢔ = ܕܑܔ

ஶ→࢞

࢙࢔

ඥ࢔࢈
࢔ = ܕܑܔ

ஶ→࢞
ඨ
࢙࢔࢔

࢔࢈

࢔
=⏞

ࢅࡴ࡯ࢁ࡭࡯
ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰ

 

= ஶ→࢞ܕܑܔ ቀ
࢔࢈⋅࢙࢔
ା૚࢔࢈

⋅ ቀ૚ + ૚
࢔
ቁ
࢙࢔
⋅ ቀ૚ + ૚

࢔
ቁ
࢙
ቁ = ࢙ࢋ

࢈
. Again  

ܕܑܔ
ஶ→࢞

ඥ࢔࢔ࢇ

࢘࢔ = ܕܑܔ
ஶ→࢞

ට
࢔ࢇ
࢘࢔࢔

࢔
=⏞

ࢅࡴ࡯ࢁ࡭࡯
ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰ

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ࢘࢔

⋅
૚

ቀ૚ + ૚
ቁ࢔

࢘࢔ ⋅ ቀ
࢔

૚ + ࢔
ቁ
࢘

=
ࢇ
 ࢘ࢋ

Let ࢔࢛ = ൬ ඥ࢔ࢇశ૚
శ૚࢔

ඥ࢔࢔ࢇ ൰
࢙࢞

ඥ࢞࢈
࢞

 for all ࢔ ∈ ℕ∗ 

then ࢔ܕܑܔ→ஶ ࢔࢛ = ஶ→࢔ܕܑܔ ൬
ඥ࢔ࢇା૚

శ૚࢔

࢘(ା૚࢔)
⋅ ࢘࢔

ඥ࢔࢔ࢇ ቀ૚ + ૚
࢔
ቁ
࢘
൰

࢙࢞

ඥ࢞࢈
࢞

= ૚ hence ି࢔࢛૚
࢔࢛ܖܔ

→ ૚ when 

࢔࢛ → ૚ 

∴ ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

ቆ
ା૚࢔ࢇ
࢔ࢇ࢘࢔

⋅
࢔) + ૚)࢘

ඥ࢔ࢇା૚࢔శ૚ ⋅ ቀ
࢔

+࢔ ૚
ቁ
࢘
ቇ

࢙࢞

ඥ࢞࢈
࢞

= ࢋ
࢙࢞࢘

ඥ࢞࢈
࢞
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ܕܑܔ
ஶ→࢔

൮ቌ࢔ࢇା૚

࢙࢔

(ା૚࢔) ඥ࢔࢈
࢔

− ࢔ࢇ

ష૚࢙࢔

ඥ࢔࢈
࢔

ቍ࢔
૚ି ࢙࢔࢘

൲࢔࢈ඥ࢔ = ܕܑܔ
ஶ→࢔

ቌܕܑܔ
ஶ→࢔

ቌ࢔ࢇା૚

࢙࢞

(ା૚࢔) ࢞࢞࢈√
− ࢔ࢇ

࢙࢞

࢔ ඥ࢞࢈
࢞

ቍ ⋅ ࢔
૚ି ࢙࢞

ඥ࢞࢈
࢞ ቍ 

= ܕܑܔ
ஶ→࢔

൮ܕܑܔ
ஶ→࢔

ቆ
ඥ࢔࢔ࢇ

࢘࢔
ቇ

࢙࢞

ඥ࢞࢈
࢞

⋅
࢔࢛ − ૚
࢔࢛ܖܔ

⋅ ܖܔ  ൲࢔࢔࢛

= ஶ→࢞ܕܑܔ ൭࢘
࢙࢞

ඥ࢞࢈
࢞ ቀ ࢇ

࢘ࢋ
ቁ

࢙࢞

ඥ࢞࢈
࢞

൱ = ࢘ ࢙ࢋ

࢈
ቀࢇ
࢘ࢋ
ቁ
࢙ࢋ

࢈  (Answer) 

 

UP.266. If ࢓ ≥ ૙;ࢠ,࢟,࢞ > 0 then in ∆࡯࡮࡭ the following relationship holds: 

ቆ
࢞૛ࢇ
࢟ + ࢠ

ቇ
ା૚࢓

+ ቆ
࢟૛࢈
+ࢠ ࢞

ቇ
ା૚࢓

+ ቆ
ࢠ૛ࢉ
࢞ + ࢟

ቇ
ା૚࢓

≥ ૛ି࢓૚ ∙ ൫√૜൯
૚ି࢓

∙  ା૚࢓ࡲ

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

ࡿࡴࡸ = ቆ
࢞૛ࢇ
+࢟ ቇࢠ

ା૚࢓

+ ቆ
࢟૛࢈
+ࢠ ቇ࢞

ା૚࢓

+ ቆ
ࢠ૛ࢉ
࢞ + ቇ࢟

ା૚࢓

≥
൬ ࢇ

૛࢞
࢟ + ࢠ + ࢟૛࢈

+ࢠ ࢞ + ࢠ૛ࢉ
࢞ + ൰࢟

ା૚࢓

૜࢓ =  ࢶ

Ω	:࢚ࢋࡸ =
࢞૛ࢇ
࢟ + ࢠ +

࢟૛࢈
ࢠ + ࢞ +

ࢠ૛ࢉ
࢞ +  ࢟

≥⏞
࢑ࢉ࢕࢈࢔ࢋࢠ࢏ࢋࢃ

૝ ∙ ඨ
࢟࢞

+ࢠ) +ࢠ)(࢟ (࢞ +
ࢠ࢟

࢞) + ࢞)(ࢠ + (࢟ +
ࢠ࢞

࢟) + +࢟)(ࢠ (࢞ ∙  ࡲ

෍
࢟࢞

ࢠ) + +ࢠ)(࢟ (࢞
ࢉ࢟ࢉ

≥
૜
૝… (૚) 

⇔ ૝[࢞)࢟࢞ + (࢟ + ࢟)ࢠ࢟ + (ࢠ + ࢞)࢞ࢠ + [(ࢠ ≥ ૜(࢞ + +࢟)(࢟ ࢠ)(ࢠ +  (࢞

⇔ ૛࢞࢟ + ૛ࢠ࢟ + ૛࢞ࢠ + ૛࢟࢞ + ૛࢟ࢠ + ૛ࢠ࢞ ≥ ૟ࢠ࢟࢞		(true from Am-Gm) 

⇒ (૚)ࢋ࢛࢚࢘ ⇒ Ω ≥ ૝ ∙ ඨ
૜
૝ ∙ ࡲ = ૛√૜ ∙  ࡲ
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⇒ ࢶ ≥
൫૛√૜ ∙ ൯ࡲ

ା૚࢓

૜࢓ = ૛࢓ା૚ ∙
૜
ା૚࢓
૛

૜࢓ ∙ ା૚࢓ࡲ = ૛࢓ା૚ ∙ ൫√૜൯
૚ି࢓

∙  ା૚࢓ࡲ

⇒ ࡿࡴࡸ ≥ ૛࢓ା૚ ∙ ൫√૜൯
૚ି࢓

∙  .ࢊࢋ࢜࢕࢘ࡼ.ା૚࢓ࡲ

UP.267. If ࢓ ∈ ℕ;࢓ ≥ ૚; ,࢟,࢞ ࢠ > 0 then in ∆࡯࡮࡭ the following relationship 

holds: 

࢓ ∙෍
࢞

࢟ + ࢠ
ࢉ࢟ࢉ

+෍
࢞ ∙ (ା૚࢓)૝ࢇ

࢟ + ࢠ
ࢉ࢟ࢉ

≥ ૡ(࢓ + ૚)ࡲ૛ 

Proposed by D.M.Bătineţu-Giurgiu-Romania 

Solution by Marian Ursărescu-Romania 

We must show: ∑ (శ૚࢓)૝ࢇ∙࢞

ࢉ࢟ࢉࢠା࢟ ≥ ૡ(࢓ + ૚)ࡲ૛ … (૚) 

࢓ + (ା૚࢓)૝ࢇ = ૚ + ૚ + ⋯+ ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
࢓

+  (ା૚࢓)૝ࢇ

≥ +࢓) ૚) ඥࢇ૝(࢓ା૚)࢓శ૚
= +࢓) ૚)ࢇ૝ … (૛) 

From (1)+(2) we must show: ∑ ૝ࢇ∙࢞

ࢉ࢟ࢉࢠା࢟ ≥ ૡࡲ૛ … (૜) 

෍
࢞ ∙ ૝ࢇ

࢟ + ࢠ
ࢉ࢟ࢉ

= ෍
૛(૛ࢇ࢞)

࢟࢞ + ࢠ࢞
ࢉ࢟ࢉ

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
≥
	

૛ࢇ࢞) + ૛࢈࢟ + ૛)૛ࢉࢠ

૛(࢟࢞+ +ࢠ࢟ (࢞ࢠ … (૝) 

For Oppenheimer inequality, we have: ࢇ࢞૛ + ૛࢈࢟ + ૛ࢉࢠ ≥ ૝ࡲඥ࢟࢞ + +ࢠ࢟  ࢞ࢠ

૛ࢇ࢞) + ૛࢈࢟ + ૛)૛ࢉࢠ ≥ ૚૟ࡲ૛(࢟࢞ + ࢠ࢟ + (࢞ࢠ … (૞) 

From (4)+(5) we have ∑ ૝ࢇ∙࢞

ࢉ࢟ࢉࢠା࢟ ≥ ૡࡲ૛⇒ (3) it’s true 

Observation: Oppenheimer inequality is also known as Klamkin inequality. 
 

UP.268. In ∆࡯࡮࡭ the following relationship holds: 

૛૙ࢇ૝ + ૞࢈૝ + ૛ࢉ૝ ≥ ૡ૙ࡲ૛ 

Proposed by D.M.Bătineţu-Giurgiu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 
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ࡿࡴࡸ = ૛૙ࢇ૝ + ૞࢈૝ + ૛ࢉ૝ ≥⏞
࢓ࡳି࢓࡭

૜ඥ૛૙ࢇ૝ ∙ ૞࢈૝ ∙ ૛ࢉ૝૜ = ૜ඥ૛૙૙(૝࢙࢘ࡾ)૝૜  

We need to prove: 

૜ඥ૛૙૙(૝࢙࢘ࡾ)૝૜ ≥ ૡ૙ࡲ૛ = ૡ૙(࢙࢘)૛ ⇔ ૜૜ ∙ ૛૙૙ ∙ ૝૝ ∙ ૝(࢙࢘ࡾ) ≥ [ૡ૙(࢙࢘)૛]૜ ⇔ 

૝ࡾ ≥
૚૙
૛ૠ࢘

૛࢙૛ … (∗) 

But ࡾ ≥ ૛࢘ ⇒ ૛ࡾ ≥ ૝࢘૛ 

ࡾ ≥
૛
૜√૜

࢙ ⇒ ૛ࡾ ≥
૝
૛ૠ࢙

૛ ⇒ ૝ࡾ ≥
૚૟
૛ૠ ࢙

૛࢘૛ ≥
૚૙
૛ૠ ࢙

૛࢘૛ 

Solution 2 by Marian Dincă-Romania 

૛࢈	:࢚ࢋࡸ + ૛ࢉ − ૛ࢇ = ૛࢞; ૛ࢉ	 + ૛ࢇ − ૛࢈ = ૛࢟; ૛࢈	 + ૛ࢇ − ૛ࢉ = ૛ࢠ ⇒ 

૛ࢇ = ࢟ + ;ࢠ ૛࢈	 = ࢞ + ;ࢠ ૛ࢉ	 = ࢞ +  ࢟

૛૙ࢇ૝ + ૞࢈૝ + ૛ࢉ૝ = ૛૙(࢟ + ૛(ࢠ + ૞(࢞ + ૛(ࢠ + ૛(࢞ +  ૛(࢟

= ૠ࢞૛ + ૛૛࢟૛ + ૛૞ࢠ૛ + ૝࢟࢞ + ૚૙ࢠ࢞+ ૝૙ࢠ࢟ 

૚૟ࡲ૛ = ෍ࢇ૛(࢈૛ + ૛ࢉ − (૛ࢇ
ࢉ࢟ࢉ

= ෍(࢟ + ࢞(ࢠ
ࢉ࢟ࢉ

= ૛(࢟࢞+ ࢠ࢟ + (࢞ࢠ ⇔ 

ૡ૙ࡲ૛ = ૚૙(࢟࢞ + +ࢠ࢟  (࢞ࢠ

ૠ࢞૛ + ૛૛࢟૛ + ૛૞ࢠ૛ + ૝࢟࢞ + ૚૙ࢠ࢞+ ૝૙ࢠ࢟ ≥ ૚૙(࢟࢞ + ࢠ࢟ +  (࢞ࢠ

ૠ࢞૛ + ૛૛࢟૛ + ૛૞ࢠ૛ − ૟࢟࢞ + ૜૙ࢠ࢟ ≥ ૙ 

૛૛࢟૛ − ૛࢟(૜࢞ − ૚૞ࢠ) + ૠ࢞૛ + ૛૞ࢠ૛ ≥ ૙ 

Discriminant to variable y: ∆= (૜࢞ − ૚૞ࢠ)૛ − ૛૛(ૠ࢞૛ + ૛૞ࢠ૛) 

= −(૞࢞ + ૛(ࢠૢ − ૚૛૙࢞૛ − ૛૝૝ࢠ૛ < 0 ⇒ 

૛૛࢟૛ − ૛࢟(૜࢞ − ૚૞ࢠ) + ૠ࢞૛ + ૛૞ࢠ૛ > 0 

UP.269. If ࢚ ≥ ૙; ࢔ࢇ	 > 0;݊ ∈ ℕ;࢔ ≥ ૚; 	 ஶ→࢔ܕܑܔ
࢔ࢇ
࢚࢔

= ;࣊ ஶ→࢔ܕܑܔ	 ቀ
శ૚࢔ࢇ
࢔ࢇ

ቁ
࢔

=  ࢋ

then find: 

Ω = ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)࢚ା૚

ା૚࢔ࢇ
−
࢚࢔

࢔ࢇ
ቇ 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 
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Solution by proposers 

ܕܑܔ
ஶ→࢔

ቆ൬
࢔ + ૚
࢔ ൰

ା૚࢚

∙
ା૚࢔ࢇ
࢔ࢇ

ቇ
࢔

= ܕܑܔ
ஶ→࢔

൬
࢔ + ૚
࢔ ൰

ା૚࢚

∙ ൬
ା૚࢔ࢇ
࢔ࢇ

൰
࢔

=
ା૚࢚ࢋ

ࢋ  

ࡿࡴࡾ =
࢔) + ૚)࢚ା૚

ା૚࢔ࢇ
−
ା૚࢚࢔

࢔ࢇ
=
ା૚࢚࢔

࢔ࢇ
ቆ൬
࢔ + ૚
࢔ ൰

ା૚࢚

∙
࢔ࢇ
ା૚࢔ࢇ

− ૚ቇ =
࢔࢛)ା૚࢚࢔ − ૚)

࢔ࢇ
 

=
ା૚࢚࢔

࢔ࢇ
∙
࢔࢛ − ૚
࢔࢛ࢍ࢕࢒

∙ ࢔࢛ࢍ࢕࢒ =
࢚࢔

࢔ࢇ
∙
࢔࢛ − ૚
࢔࢛ࢍ࢕࢒

∙ ࢔࢔࢛ࢍ࢕࢒ ࢔; ≥ ૛ 

 where: ࢔࢛ = ቀ࢔ା૚
࢔
ቁ
ା૚࢚

∙ ࢔ࢇ
శ૚࢔ࢇ

= ࢚(ା૚࢔)

శ૚࢔ࢇ
∙ ࢔ࢇ
࢚࢔
∙ ା૚࢔

ࢋ
 

ܕܑܔ
ஶ→࢔

࢔࢛ =
૚
ࢇ ∙ ࢇ ∙ ૚ = ૚; 	 ܕܑܔ

ஶ→࢔

࢔࢛ − ૚
࢔࢛ࢍ࢕࢒

= ૚; 	 ܕܑܔ
ஶ→࢔

࢔࢔࢛ =
ା૚࢚ࢋ

ࢋ  

Ω = ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)࢚ା૚

ା૚࢔ࢇ
−
࢚࢔

࢔ࢇ
ቇ =

૚
࣊ ∙ ૚ ∙ ࢍ࢕࢒

ା૚࢚ࢋ

ࢋ =
࢚ + ૚ − ࢋࢍ࢕࢒

࣊ =
࢚
 ࣊

 

UP.270. If ࢈,ࢇ, ࢟,࢞,ࢉ > 0 then: 

ඨࢇ
࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ

+ ඨ࢈
࢞)࢈ + (࢟
+࢞ࢉ ࢟ࢇ

+ ඨࢉ
࢞)ࢉ + (࢟
࢞ࢇ + ࢟࢈

≥ ࢇ + ࢈ +  ࢉ

Proposed by D.M.Bătineţu-Giurgiu-Romania 

Solution 1 by George Florin Şerban -Romania 

࢞√ = ࢞√ ∙ ૚ ≥⏞
࢓ࡴି࢓ࡳ ૛࢞ ∙ ૚

࢞ + ૚ ⇒ ඨ
࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ ≥

૛࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ

࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ + ૚

=
૛࢞)ࢇ + (࢟

+ࢇ) ࢞(࢈ + +ࢇ)  ࢟(ࢉ

ඨࢇ
࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ ≥

૛ࢇ૛(࢞ + (࢟
+ࢇ) ࢞(࢈ + +ࢇ)  ࢟(ࢉ

ඨ
࢞)࢈ + (࢟
࢞ࢉ + ࢟ࢇ

≥

૛࢞)࢈+ (࢟
࢞ࢉ + ࢟ࢇ

࢞)࢈ + (࢟
࢞ࢉ + ࢟ࢇ + ૚

=
૛࢞)࢈ + (࢟

࢈) + +࢞(ࢉ +ࢇ) ࢟(࢈
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ඨ࢈
࢞)࢈ + (࢟
࢞ࢉ + ࢟ࢇ ≥

૛࢈૛(࢞ + (࢟
+࢈) +࢞(ࢉ ࢇ) +  ࢟(࢈

ඨ
+࢞)ࢉ (࢟
࢞ࢇ + ࢟࢈ ≥

૛࢞)ࢉ + (࢟
࢞ࢇ + ࢟࢈

࢞)ࢉ + (࢟
࢞ࢇ + ࢟࢈ + ૚

=
૛࢞)ࢉ + (࢟

ࢇ) + ࢞(ࢉ + +࢈)  ࢟(ࢉ

ඨࢉ
+࢞)ࢉ (࢟
࢞ࢇ + ࢟࢈ ≥

૛ࢉ૛(࢞+ (࢟
+ࢇ) ࢞(ࢉ + ࢈) + ࢟(ࢉ ⇒෍ࢇඨ

࢞)ࢇ + (࢟
࢞࢈ + ࢟ࢉ

ࢉ࢟ࢉ

≥෍
૛ࢇ૛(࢞ + (࢟

+ࢇ) ࢞(࢈ + ࢇ) + ࢟(ࢉ
ࢉ࢟ࢉ

= 

= ૛(࢞ + ෍(࢟
૛ࢇ

ࢇ) + +࢞(࢈ ࢇ) + ࢟(ࢉ
ࢉ࢟ࢉ

≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

(૛࢞+ ૛࢟)
+ࢇ) ࢈ + ૛(ࢉ

∑ ൫(ࢇ+ ࢞(࢈ + +ࢇ) ࢉ࢟ࢉ൯࢟(ࢉ
 

≥
(૛࢞ + ૛ࢇ)(࢟+ ࢈ + ૛(ࢉ

ࢇ) + +࢈ ࢞૛)(ࢉ + ૛࢟) = +ࢇ ࢈ +  ࢉ

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

ඨࢇ
+࢞)ࢇ (࢟
࢞࢈ + ࢟ࢉ + ඨ࢈

࢞)࢈ + (࢟
࢞ࢉ + ࢟ࢇ + ඨࢉ

࢞)ࢉ + (࢟
࢞ࢇ + ࢟࢈ ≥ 

≥ ඥ࢞ + ࢟ ∙ ቆ
૛ࢇ

ඥ࢞࢈ࢇ + ࢟ࢉࢇ
+

૛࢈

ඥ࢞ࢉ࢈ + ࢟࢈ࢇ
+

૛ࢉ

ඥ࢞ࢉࢇ + ࢟ࢉ࢈
ቇ 

≥
+ࢇ) ࢈ + +ࢇ)(ࢉ ࢈ + ࢞ඥ(ࢉ + ࢟

ඥ࢞࢈ࢇ + ࢟ࢉࢇ + ඥ࢞ࢉ࢈+ ࢟࢈ࢇ + ඥ࢞ࢉࢇ + ࢟ࢉ࢈
≥ +ࢇ ࢈ +  ࢉ

࢞ඥ	ࢌࢌࡵ + +ࢇ)࢟ ࢈ + (ࢉ ≥ ඥ࢞࢈ࢇ + ࢟ࢉࢇ + ඥ࢞ࢉ࢈ + +࢟࢈ࢇ ඥ࢞ࢉࢇ+  ࢟ࢉ࢈

ඥ࢞ + +ࢇ)࢟ ࢈ + (ࢉ ≥ ට૜൫࢞)࢈ࢇ + (࢟ + ࢞)ࢉ࢈ + (࢟ + ࢞)ࢇࢉ +  ൯(࢟

ࢇ + +࢈ ࢉ ≥ ඥ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

+ࢇ) ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 


