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JP.271.Ifa,b,c > 0;abc = a+ b + c + 2 then:

2a+1)2+(2b+1)?*+ (2c+1)? = 25
Proposed by Marin Chirciu-Romania

Solution by proposer

1 1 1
>0 =a+b+c+ + + =
a,b,c>0,abc=a+b+c 2:>1+a 15 "1+ 1
1 1 1 Am-Hm 9

= =+ + > s + te>6
1+a 1+b 1+c =~ 3+a+b+c:>a b+c>6; (1)

Equality ifandonlyifa=b = ¢ = 2.
b c
+ + =
1+a 1+b 1+c

2 Bergstrom 2 (1 36
Yy L S L

1+a ZLia+a? — Y(a+a?) " Y(a+a?)

abc=a+b+c+2>

22ﬁ$2(a+a2)218:>Z(2a+1)2225

Equality ifonlyifa =b =c = 2

JP.272.1fa, b,c,A > 0, a? + b? + ¢% = 1 then:;

1<a/1+Abc+bJ1+Aca+c/1+Aab<.3+2
Proposed by Hung Nguyen Viet-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

() (x%)
12 a1+ Abc+ b1+ Aca+cy/1+ 2ab < /3 + 2

Because: a? + b? + ¢ = 1, then:

(x) o 1< Za(l + Abc) + ZZ(ab\/(l + Aca)(1 + Abc)) &

cyc cyc

2

1< > a(1+2be)+2 ) (ab[(1+2ca)(1 + 2b))| &

cyc cyc
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1< Za(1+/1bc) +4 Za(1+/1bc) Z(ab\/(1+/1ca)(1+/1bc)) +

cyc cyc cyc

2

+ Z(ab \/(1 + Aca)(1 + Abc))

cyc

Let: QO = 4(203,C a(l+ Abc)) (chc(ab \/(1 + Aca)(1 + Abc))) +

(chc(ab JA+ 2ca)(1 + Abc)))z, va,b,c,1>0

1<(a+b+c+32abc)*+0
1< a?+ b?+ c?+9(Aabc)? + 2(ab + bc+ ca+3Aabc(a+ b +¢)) + Q

a’+b%+c?=1
0 < 9(Aabc)? + 2(ab + bc + ca+ 3Aabc(a+ b +¢)) + Q
Which is clearly true because: a, b, c, 4,Q > 0. Now,

BCS
a1+ Abc + by/1 + Aca + ¢y/1 + Aab < \/a2+b2+cz-\/(1+Abc)+(1+lac)+(1+Aab)

a2+b2+c2=1 Y ab<y a?=1

= /3+A(ab+bc+ca) < V3+2A-1=+3+1= (++)Istrue. Proved.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

a1+ Abc+b 1+/1ca+c\/1+/1ab:\/az+/1a2bc+\/b2+/1b2ca+\/c2+/1c2ab

< /3(a2 + b2 + c2) + 2(a%bc + b%ca + c2ab) < /3 + A

~a?+b?*+c?2=1= (a®+ b? + c?)? > 3(a’bc + b?>ca + c*ab)
Because: a? + b? + ¢? = 1, consider

1+ Abc > a?; 1+ Aca = b%;1 + Aab > c? hence

V1 + Abc > a,v/1+ Aca > b,~/1 + 2ab > c hence
a1+ Abc > a?, by/1+ Aca > b?,cy/1+ Aab > ¢ =
a1+ 2Abc+ b1+ Aca+c/1+2dab>a? +b%2+c2=1
Therefore: 1 < av1 + Abc + bV1 + Aca+ ¢vV1+ dab < 3 + 4. Proved.
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JP.273If a, b, c > 0 then:

al+b3+c® ab+bc+ca 2(a*+b?+c?)
+ =
3abc a? + b% + c2 ab + bc + ca

Proposed by Nguyen Viet Hung-Hanoi — Vietnam

Solution by Marin Chirciu-Romania

. 24b%+c2 . . .
Adding = “ to both members, the inequality can be written:
ab+bc+ca
a?+b3+c3 ab+bc+ca a?+b%+c? 3(a2+b2+c2) (1)
3abc a2+b2+c? ab+bc+ca — ab+bc+ca
Using the means inequality, we obtain:
ab+bc+ca | a’+b%+c? ab+bctca a’+b*+c% _ 2 (2)
aZ+b2%+c? ab+bc+ca — a?+b%+c2 ab+bctca
- - ad+b3+c3 3(a2+b2+c2)
—+2>——
From (1) and (2) it suffices to prove that Sabe 2> Diboron 3)

Subtracting 3 from both members of inequality (3), we obtain:
ad+b3+c3 3(a? + b?% + ¢?) a3+ b3 + ¢ —3abc
3abc "% ab+bc+ca < 3abc
3(a? + b?> + c¢? — ab — bc — ca)
ab + bc + ca
(a+ b +c)(a?+b%?+c?>—ab — bc—ca) - 3(a? + b2 + c¢* —ab — bc — ca)

3abc - ab + bc + ca

e (a2 +b*+c?2—ab—bc—ca)[(a+ b+ c)(ab + bc + ca) — 9abc] = 0, which
follows from:
(a2+b*+c2—ab—bc—ca)>0= (a—b)2+(b—-c)2+(c—a)?2>0
Obviously, with equality fora = b = c and
[(a+ b+ c)(ab + bc + ca) — 9abc] = 0, true from means inequalities:
a+b+c>3Yabcandab + bc + ca > BW, wherefrom
(a+ b+ c)(ab+ bc + ca) > 9abc
Above we've used the identity:
al+b3+c2—-3abc=(a+b+c)a?+ b%+c?—ab—bc—ca)

We deduce that the inequality from enunciation, with equality holds if and only if
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P.274. 1t x,y,z>0,x+y+z=1;n > 2 then:
(n+ 1)(xy + yz + zx) < n(x® + y?> + z2) + 9xyz
Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
By Schur’s inequality:
B+y +22+3xyz>xy(x+y) +yz(y+ z) + zx(z+ x) ©

9xyz

xX>+y?+z22 +
+y+z

> 2(xy+yz+zx) (»)
Now, because:x +y+z=1

Inequality becomes as: (n + 1)(xy + yz + zx) < n(x? + y? + z%) + ::—;’:z o

2(xy+yz+zx)+ (n—1)(xy +yz+ zx) <
Ixyz
_ 24024 2 242 4 2
m—-1)(2+y*+22)+x*+y? +z M
m—1)(2+y?+2z2 —xy—yz—1zx) +

+<x2+y2+zz+ﬂ—2(xy+yz+zx)>20

x+y+z

Which istrue because:n > 2 = n —1 > 0,x% + y2 + z2 > xy + yz + zx and by (*)
Proved.

Solution 2 by Marian Dinca-Romania

a b c

y= zZ=

Let: x = )
a+b+c a+b+c

a+b+c’

(n+1)(ab + bc +ca)(a+ b+ c) <n(a?+ b* +c?*)(a+ b + c) + 9abc
Letta+b+c=p,ab+bc+ca=q,abc=r
(n+ 1)qp < n(p* — 2q)p + 9r
f(r)=n(p2—2q)p+9r—(n+1)qp,OSrsI;—q

Because it is of te first degree in the variable r, it will be necessary and sufficient to:
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f(p?q) >0 e n(p®-29)p+9r— (n+1)gp 2= np(p? - 2q) —npq 20

np(p? — 2q — q) = 0 © np(p? — 3q) = 0, true,
f(0O)=0forr=0=>abc=0

2
Let:c=0:>p=a+b,q=ab:>qsp7

2 3 3 3
f0)=n(p*-2q)p—-(n+1gp=n <PZ - p—> p- (n +41)p - ng - +41)p

2

3 n-—1
()0

JP.2751fin AABC, b? + ¢? = 3a? then:

2 |bc w, w, r
—t—t—<1+—
h,. 5 h, h, R

Proposed by Daniel Sitaru-Romania

Solution by proposer
a? = b%?+ c?—-2bcosA = 3a®? — 2bccos A

2bccos A = 2a? = bccos A = a?

2
cosA=%<1:>aZ<bc 1)

Z_4bcs(s—a)_ 4bc a+b+c b+tc—a _
e Thre)2  b+o? 2 2
bc bca?
= e + 2 _ g2 = —_— =
b+ o)? ((b+c¢)* —a?*) =bc b+ )2
— b bca? — b bca? — b bc (;)b bc
T e cZv2bc DT 3aZ+2bc €T, _2bc” ’¢T, 2bc
3 +20¢ 3+57€
2 bc
— b bc 4bc -2 bc
—TE T 5 T Wa 5
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2 |bc w, w., w, wp, W, r
—_—t <+ —+—<1+—
h,,|5 h, h. h, hy, h, R

JP.276. In AABC the following relationship holds:

3—n nr a? b? c? 3R

—< + + <—inx>-1
2 2 " b2+c?2 c2+a? a’+b%?" 4r

Proposed by Marin Chirciu-Romania

Solution by proposer

2 2 2
a b c 3-n , nr
LHS: + + —+—-—n=-1
S b2+c2  c2+a?  a?+b%2 T 2 2
2
Z a? at Bergstrom (% a?) @ R(3-n)+2nr where
b2+c2 ~ “ aZ(b2+c?) - 2Y b%2c2 — 2R !

(1) © RQ a?)? = 2(2R — 1) X, b?c?, true from relationship holds
z a? = 2(s* —r%? — 4Rvr), z b%c? = s* + s2(2r> — 8Rr) + r*(4R +1)?
We must show that:
4R[s* — 2s2(1%2 + 4Rr) + r2(4R + 1r)2] = [R(3 — n) + 2nr][s* + s2(2r% — 8Rr) + r2(4R + r)?]
s?[s2(R(n+ 1) — 2nr) — r(R?(8 + 8n) + Rr(14 — 18n) + 4nr?)] +
+r2(4R +1)’(R(n+1) —2nr) > 0
We distinguish the cases:
Casel) [s*(R(n+ 1) — 2nr) — r(R?*(8 + 8n) + Rr(14 — 18n) + 4nr?)] > 0 the
inequality is obvious.
Case?2) [s?(R(n+1) —2nr) — r(R?*(8 + 8n) + Rr(14 — 18n) + 4nr?)] <0
the inequality becomes:
r2(4R + 1)? > s*[r(R?*(8 + 8n) + Rr(14 — 18n) + 4nr?) — s2(R(n + 1) — 2nr)] true

from Blundon-Gerretsen inequality

R(4R +1)?
16Rr —5r2 <s2 <
e T¢ 7 )

It’s suffices to prove:

R(4R +1r)?
r>’(4R+1)% > ( )

2 SGR-1) [r(R*(8 + 8n) + Rr(14 — 18n) + 4nr?) — (16Rr — 5r*)(R(n + 1)—2nr)|

8
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(8n+8)R? — (15n+15)R?>r —(4n+2)Rr2 +4nmr’ >0 &

(R —27r)[(8n + 8)R?> + (n+ 1)Rr — 2nr?] = 0 true from R > 2r —Euler and with

n > —1 we obtain: [(8n + 8)R?> + (n+ 1)Rr — 2nr?] > 0

a? b? c? - 3R
+ + —
b%2+c?2 c2+a? a?+b%?" 4r
5 a? _ 2[s*-s2(4Rr+61%)+r2(6R:+4Rr+12)]
b%+c2 (s%2+12+2Rr)?

From 2(b% + ¢?) > (b + ¢)? © (b — ¢)? > 0 we get:

z a? <> z a’*  4[s*—s*(4Rr + 6r*) + r*(6R* + 4Rr + r?)]
b% +c2 ™ (b+c)? (s?2 + 12+ 2Rr)?

It's suffices to prove that:

4[s* — s2(4Rr + 61%) + r*(6R?> + 4Rr +1?)] 3R
< - e
(s2 + 12+ 2Rr)? 4r

s?[s?2(3R — 16r) + r(12R% + 70Rr + 9612%)] +
+r2(12R3 — 84R?*r — 61Rr* — 1613) > 0

We distinguish the cases:
Case 1) If 3R — 161 = 0, usig Gerretsen inequality s> > 16Rr — 512
We must show that:
(16Rr — 5r2)[(16Rr — 5r%)(3R — 167) + r(12R? + 70Rr + 96712)] +
r2(12R3® — 84R*r — 61Rr’ —161*) > 0 &
243R3 — 900R?*r + 940Rr? — 22413 >0 &
(R — 2r)(243R? — 414Rr + 112r%) > 0 true from R > 2r —Euler.
Case 2) If 3R — 16r < 0, the inequality can be rewritten:
r2(12R3 — 84R?*r — 61Rr?* — 1613) > s?[s?(16r — 3R) — r(12R? + 70Rr + 961?)
true from Gerretsen: s < 4R? + 4Rr + 3r2.
We must show that: r2(12R3 — 84R*r — 61Rr? — 1613) >
> (4R? + 4Rr + 3r?)[(4R? + 4Rr + 3r?)(16r — 3R) — r(12R? + 70Rr + 967?)
& 12R° — 28R*r — 22R3r? + 21R%*r3 + 44Rr* + 32r° > 0
& (R—2r)2(12R3 + 20R?*r + 19Rr? + 813) > 0.
Equality ifand only if R = 2r.
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Equality if and only if the triangle is equilateral.

JP.277. In AABC the following relationship holds:

a z b 2 c Z R
1= () ) () 2
my, +m, m,+m, m, +m, 2r

Proposed by Marin Chirciu-Romania

Solution by proposer

The Am,m,m, it has the medians 3a , 3b , 3¢ We show that:
4 4 4
2 2 2
m, my m, R 9 m, \* O9R
< | — — i -
1={3p _3¢| "\3c_3a) *|3a_3p 52r“’165§:(b+c) =32r

R} 7! 7
Lemma: In any AABC

Z ( m, )2 __ 15s%—s*(52Rr + 15r2) + s?r%(224R* + 432Rr + 85r%) — 13r3(4R + 1)}
b+c/ 165%(s2 +r2 + 2Rr)?

Demonstration:

m, \2 _ Ymi(a+b)*(a+c)
z(b+c) " (a+b)%(b+ c)%(c+ a)?

> mi(a+b)2(a+c) =

_ 15s5° — s*(52Rr + 151r%) + s?r?(224R* + 432Rr + 851%) — 13r3(4R + )3
B 4
n(b +¢) = 2s(s? + 1% + 2Rr)
15s% — s*(52Rr + 151%) + s?r?(224R? + 432Rr + 851%) — 13r3(4R + r)3 - 9
16s2(s2 + 12 + 2Rr)? =16
& 656 — s*(88Rr + 33r2) + s2r?(188R?% + 396Rr + 761%) > 13r3(4R +1)3
& s?[s?(6s* — 88Rr — 33r2) + r(188R? + 396Rr + 761r%)] > 13r3(4R + )3

2
from Gerretsen inequality: s > 16Rr — 512 > %.We must show that:

(4R +1)?

iy [(16Rr — 57%)(96Rr — 30r% — 88Rr — 331r%) + r?(188R?* + 396Rr + 761%?)| > 13r°(4R + 1)} &

10
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264R%? — 717Rr + 3781 > 0 & (R — 2r)(264R — 1897) > 0 true from Euler R > 2r

Using Lemma the inequality can be rewrite

155% — s*(52Rr + 157r2) + s*r?(224R? + 432Rr + 851r?) — 13r3(4R + )3 - 9R
16s2(s% +r? + 2Rr)? ~ 32r
s%(9R — 307) + s*(36R?*r + 122Rr? + 3013) + s?r?(36R® — 412R?*r — 855Rr? — 1701%) + 26r*(4R + 1)’ > 0 ©

s?[s*(9R — 30r) + s2(36R?*r + 122Rr?* + 3013) +
+1r2(36R3 — 412R*r — 855Rr? — 1701‘3)] +26r*(4R+1)3>0

=1

We have the cases:
Case 1) If [s*(9R — 307) + s?(36R?*r + 122Rr?* + 3013) + r?>(36R3 — 412R*r —
855Rr2—170r3]>0the inequality is obvious.

4(9R — 307r) + s2(36R?*r + 122R1r? + 30r
+1r2(36R3 — 412R?*r — 855Rr? — 17013

26r*(4R +1)3 > s?[s*(30T — 9R) — s2(36R%r + 122Rr? + 30r3) — r?(36R® — 412R?r — 855Rr? — 170r°)]

3
Case 2) If [s ) +] < 0 we can write:

2
true from Blundon-Gerretsen: 16Rr — 512 < s?2 < % < 4R? + 4Rr + 312

R(4R+71)?
2(2R-1)

We show that: 26r*(4R + r)3 > - [(4R? + 4Rr + 31?)2(30r — 9R)

—(16Rr — 57%)(36R?*r + 122R7? + 30r3) — r*(36R3 — 412R?*r — 855Rr? — 17073]
72R® — 96R5r + 6R*r? + 188R3r3 — 60R?*r* — 347Rr> — 261° > 0
(R —2r)(72R> + 48R*r + 102R3r? + 392R?*r3 + 180Rr* + 131°) > 0
true from R > 2r —Euler.

Equality if and only if the triangle is equilateral.

JP.278. Solve for real numbers (a = 0;fixed):

V3x2 —3x+1+4V4x3 - 3x*=ax’+ (1 - 5a)x +4a + 4
Proposed by Marin Chirciu-Romania
Solution by Michael Stergiou-Greece
Y3x2—3x+1+4Yax® —3xt =ax®*+(1-5a)x +4a+4 (1)
ax5+a+a+a+a>5-1a’x5 =5ax
So,RHSof (1)=x+4 (2)
11
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s ey Amfm3a? —3x+1+1+1
VBx2-3x+1)-1-1 < 3 =x2-x+1 (3)

Am-Gm 3 4
i 4x° —3x*+1+1+1
4/(4x3-3x%)-1-1-1 < 4 2

Therefore LHS of (1)< x> — x + 1 + 4x3 — 3x* + 3 whileRHS of (1) )> x + 4
But:x?2 —x+1+4x3—-3x*+3—-(x+4)=—-x(x—1)?(3x+2)<0

=4x3 -3x*+3 (4)

Hence we can have only equalities for x=1.

JP.279. RMM NUMBER 19 WINTER 2020
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

1 1 1 - 1
+ +
ro(ro,+2r,) r,(r,+2r,) r/(r.+2r,)  9r?

Proposed by Nguyen Viet Hung —Hanoi- Vietnam
Solution:

Using means inequality, we obtain:

+2 N L 38
T rb =T rb rb = . . —
' ) s—a s—b s=b 3(s—a)(s-b)(s—b)
3
We obtain: 1 < 1 == 13s ) (s—za)(s—b)z
ra(rq+2rp) 3s

1
B T T Ty ST Y pwem T ey T
(s—a)3/(s—a)(s—b)% _

It follows: M = ) ! <y 352

ro(reg+2rp) =

1 AM—-GM

= EZ(S —a)Y(s—a)(s—b)? <

Ss—;ZZ(s—a)-(s_a)+(s;b)+(s_c):9;22(s—a)(35—a—2b)=

2_ s2

S -1 i - —a-— = s2
5 — 35 "3 M 4, which follows from Y.(s —a) B3s—a—2b) = s

Equality holds if and only if AABC is equilateral.

Remark.Let’s find an inequality having an opposite sense:

12
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2) In AABC the following relationship holds:

1 1 1 9
—+ + >
ra(ra + zrb) rb(rb + ZTC) rc(rc + zra) (4R + r)Z

Marin Chirciu — Romania

Solution

Using Bergstrom’s inequality we obtain:

", = Z 1 S 9 _ 9 _ 9 _ 9
ro(rq +21p)  X1r,(rqg+2ry) X5 +2r,r,) (Qry)? (4R+71)?2
= Md
Equality holds if and only if AABC is equilateral.
Remark.
We can write the double inequality:
3) In AABC the following relationship holds:

9 - 1 N 1 N 1 - 1
(AR+1)2 " r(ro+2ry) ru(ry+2r.) r (r.+2r,) " 9r?

Solution
See inequalities 1) and 2).
Equality holds if and only if AABC is equilateral.
Remark.
If we replace r, with h, we propose:
4) In AABC the following relationship holds:

9R? _ 1 . 1 . 1 _ 1
4(R+1r)*~ hy(h, +2h,) hy(h, +2h,) h.(h.+2h,) ~ 912

Marin Chirciu — Romania

Solution

Left hand inequality: Using Bergstrom'’s inequality, we obtain:

1 9 9 9 9
> = = = =
Z h,(h,+2h,) — Y h,(h, +hy) Y(hZ2+2h,h,) (h,)? (sz +72 + 4Rr>2

2R

13
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9. 4R2 Bergstrom 9. 4R2 36R2
" (s + 12+ 4Rr)? =  (4R?2+4Rr +3r2+12 +4Rr)2  (4R? + 8Rr + 41r2)2
36R> 36R*  9R?

"R+ 16(R+1)* 4R +1)*
Equality holds if and only if AABC is equilateral.

Right hand inequality: Using means inequality, we obtain:

ho+2hy = ho +hy+ R 23 |2 20 25 3025 65
a b — "ta b c = a b b_m_m

1 et 1 _ a3 ab
ho(ha+2hp) ~ g2 25 _6S 1252 °

3\/ ab? a 3\/ ab?

1 aab? 1 am_em 1 a+b+bh
Y1 LS Ly bl
ha(ha + 2hy) 1252 1282 1252 3

Ca?= 4=t =L

3652 36s2r2 9r2

We obtain: Itfollows

Za(a+2b)—

36 52 652

Equallty holds if and only if AABC is equilateral.

JP.280. RMM 19 WINTER EDITION 2020

By Marin Chirciu — Romania

1) In AABC:
4R +1)?
i/rgr,z, + i/rgrg +3rir: < %
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution:

Using means inequality we obtain:

3

Zra+rb Zrb+rc Zr%+r§ ) 2 2
It follows ’r“rb ’rbrZ Vrirz < Mkl i e i

We have:

3 3 2+ 2+ 2 2 2+ 2
\]rgrg = Jrg-rg-r,z, < Tatratth r“g ’b and the analogs.

14
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2 ©) (4R +1)?
r2 +7ri+1r? Z(Zra) —ZZrbrC=(4R+r)2—2s2 < (4R+r)2—2¥=

R+r

= (4R +1)? (1 - Z—r) = (4R +1)? (ﬁ—;:), where (G) is Gerretsen’s inequality

R+r
r(4R + 1)?

s? > 16Rr — 5r% >
R+7r
Equality holds if and only if the triangle is equilateral.

Remark.Let’s find and inequality having an opposite sense.
2) In AABC

3 3 3
\/rgrlz, + \/rﬁr% + JrirZ > 27r?

Solution

Using the means inequality we obtain:

3 3
3 3 3 3 3 3 3 3
’rﬁrlz, + i + Yrirz > 3\/ ’rﬁrlz, Clrgrz - yrérz =3 \]rgrgr? = 3\]r§rlz,r§ =

(M)
= 3Vr2st > 33/r2(27r?)? = 39316 = 27r2, where (M) is Mitrinovic's inequality

s>3rV3
Equality holds if and only if the triangle is equilateral.
Remark.
If we replace r, with h, we propose:
3) In AABC:
2 3 (4R + 1)?
m™\3 +7r
2712 (F) < i/h;’,hlz, + i/hghg + Yhth2 < ——
Marin Chirciu-Romania
Solution

The right inequality: Using the means inequality we obtain:

3 3 hZ+h%+h? _ 2hZ+h?
\]hghlz,:\]hg-hg-hlz,s = b = S b and the analogs.

15
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It follows i/hghﬁ + i]h‘;hg +3/h3h2 <

2hZ+hi + 2h%+h? + 2hZ+h2
3 3 3

= h%+ h} + h?

sz+r2+4Rr)Z 2 2rs? _

2R R

We have: h + hi + h? = (X hy)* —2Y hyh, = (

_ s%(s*+2r% — 8Rr) + r*(4Rr +r)?
B 4R?
sz(sz+Zr2—8Rr)+r2(4R+r)2
<
4R?2 -

4R+7)>2
( r)@

We prove:

& 3s5%(s?+ 2r? — 8Rr) + 3(4R + 1)? < 4R?*(4R + r)?%, which follows from Blundon-

2
Gerretsen’s inequality s? < % < 4R? + 4Rr + 372, It remains to prove that:
R(4R +71)?
' 2((—2R — r)) (4R? + 4Rr + 31r* + 2r2 —8Rr) + 3r2(4R +1r)* <4R’(4R+1)* &

© 4R3 + 4R*r — 27Rr* + 613 > 0 © (R — 2r)(4R? + 12Rr — 31r?%) > 0, obviously
from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

The left hand inequality: Using the means inequality we obtain:

3 33 33
\]h;ghg + i]hghg + Y hihE > 3 J nan3 - [ngn2 - 3/nihz = 3 J nshghe =
3[ 59,5 s[(2r2s2\> 0 3|(2¢2 . 2772\° 3 ose 472 53 412 5 Zré
= == > —_— = [e—_ — -
3 fhahbhc 3 < R ) >3 < R ) 3 |93r Rz 27r Rz 27r <R)

Equality holds if and only if the triangle is equilateral.

Remark.
If we interchange r2 with r,, we propose:
4) In AABC:
3
9r < Yrir, + /r,z,rc +3r2r,<4R+r
Marin Chirciu — Romania
Solution

Right hand inequality: Using means inequality:

Ta+Ta+rp _ 2rgq+7p
3

16

Jréry =3[rq ra-1p < and the analogs.
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.35 3| 2 32 2rgtry | 2rptre | 2TetTq _
We obtain y/rir, + [rir. + rir, < s T, t g STratrytr.= 4R +r

Equality holds if and only if the triangle is equilateral.

The left hand inequality: Using the means inequality we obtain:

, 3 3 ’ ,
3/ > 3 3 3/ 5 3 3/ > 3
rérb + rirc + r%ra 2 3\/ rérb . rirc . r%ra e 3 rgrgrg —_— 33 rarbrc =

(M)
=33Vrs? > 3¥r-27r% = 3327r3 = 9r, where (M) is Mitrinovic’s inequality

s > 3r/3. Equality holds if and only if the triangle is equilateral.

Remark.
If we interchange h2 in h, we propose:
5) In AABC.:
213 2(R +1)>
9r<%> < 3[hZhy, + *|n2h, + 3 RZh, < =T
Marin Chirciu — Romania
Solution

The right hand inequality: Using means inequality we obtain:

__ 2hg+hy
3

hg+hg+h
VhEhy =3/hg - h, - hy <=2 — and the analogs.
2hathy , Zhythe | 2hethg

We obtain 3/hZhy, + | h}h, + {[hZh, < == . :

:ha+hb+hc:

_ s?+r?+4Rr
B 2R

2+r2+4Rr _ 2(R+1)? ,
— < ¢ Rr) & s% < 4R% + 4Rr + 312, (Gerretsen’s

It remains to prove that:

inequality). Equality holds if and only if the triangle is equilateral.

The left hand inequality: Using means inequality we obtain:

3 3
3[hZh, + 3[hyh, + 3[hZh, > 3\/f/h§hb : 3/h§hc 3[hZh, = 3\/3/h3h2h§ =

(M) 3
3 _ o3|2r2s? 3(2r2.27r2 _ o 3(2r _ 2r\3
3 hah,,hc_sf . 23/ > —9r\/;—9r(?),

17
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where (M) is Mitrinovic’s inequality p > 3rV3

Equality holds if and only if the triangle is equilateral.

JP.281. ABOUT PROBLEM JP.281-RMM NUMBER 19 WINTER 2020
By Marin Chirciu — Romania
1)Ifa,b,c > 0;abc = 1 then:
(a+b)* (b+c)* (c+a)®
Vaz+b%2 VbZ+c2 V2 +ar

Proposed by Nguyen Viet Hung-Hanoi — Vietnam

62

Solution

2 2
@+b)” > 6, which follows from —~*2"_ > 2\/ab =

/Z(a2+b2) /Z(a2+b2)

4
ZEZ;{,ZZ) > 4ab © a* — 4a®b + 6a*b? — 4ab?® + b* > 0 & (a — b)* > 0, obviously

Inequality can be written: };

with equality for a = b. We obtain:

ZJ%ZZZWAM;MZGUWW/E-MZ66\/_abc=6
a“c +

We deduce that the inequality from enunciation holds, with equality if and only if

a=b=c.
Remark: The inequality can be developed:
2)Ifa,b,c > 0;abc = 1 then:

a+b)® ((b+c)d (c+a)
( ) R ) ( ) > 12v3
Vaz+b% Vb%+c2 2+ a?

Marin Chirciu — Romania

Solution

(a+b)3

The inequality can be written: ), > 12, which follows from

18
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(a+ b)3

J2(a? + b?)
(a+b)° 2p2 6 5 4p2 353 2p4 5. p6
o ————>16a°b” © a® +6a’b—17a*b* + 20a°b° — 17a“b* + 6ab> + b° > 0
2(a? + b2)

Dividing with a3 b3 and grouping based on symmetry, wherefrom we obtain:
a3+b3 v e az+bZ 17(a+b)+20>0
b3 a3 b? a? b a -

a b _ .a?  b? 2 al
We denote -+ - =t > 2, wherefrom follows: — +—t* —2 and 5 +
b a b a b

> 4ab &

Z—z =33t
The last inequality can be written: t3 — 3t + 6(t> —2) — 17t +20 >0 &
ot?+6t2-20t+8>0< (t—2)(t> +8t—4) > 0, true because t > 2.
We obtain:
_axb) . 42 ab"">" 4.3%ab be-ca= 12%/(abc)? = 12
V2(a? +b?)
We deduce that the inequality from enunciation holds, with equality if and only if
a=b=c.
Remark.
The inequality can be generalized:
3)Ifa,b,c > 0;abc =1 then:

(a+b)" (b+c)n (c+a)™
JaZ+b2  b2+c?2  \c2+a?

>3.2"1/2 wheren>2neN

Marin Chirciu — Romania

Solution

(a+b)"
[2(a2+b?)

> (2vab)" &

The inequality can be written: ), >3 -2"1 which follows from

(a+b)"
J2(a? + b?)

(a + b)Zn

© 2@y 2 @ab)t & (a+ )" 2 2(a’ + b)) (4ab)" !

19
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21n 2 2 n. 1 (a+b)? n a?+b?
[(a+b) ] = 2((1 +b )(4ab) 4ab < 4ab ] = 2ab

, Where we prove through

mathematical induction aftern > 2,n € N.

2 2 2
Let be P(n): [‘“”’) ] > n>2neN

P(2): >4ab &

(a b) a’ + b? (a + b)*
> e >
2ab 2(a? + b?)
& a* — 4a®b + 6a’b? — 4ab® + b* > 0 © (a— b)* > 0, obviously with equality for
a=bhb.
P(k) > P(k+1),wherek>2 keN

2
We propose that P(k): [(“+b) ] > “Z —;k =2,k € N, true and we prove that

+1

2 2 2
P(k +1): [(“”’)] > “ true.

k+1 (a+b)

,Where(1)—>1¢&

(a+b)2]

_ (a+b)2]k b2 P9 a2ep? (arn)? D a?4p?
4ab

Indeed: ~ [ aap 4ab = 2ab  4ab = 2ab

& (a — b)* = 0, obviously with equality for a = b.

We obtain:

D = 2] (e e ey =
a

= 33/(8abc)™1 = 33/gn-1 =3 . 271
We deduce that the inequality from enunciation holds ifand only ifa = b = c.
Note.
For n = 2 we obtain Problem JP.281, RMM Number 19, Winter 2020, proposed by
Nguyen Viet Hung, Vietnam
4)Ifa,b,c > 0;abc =1 then:

(a+b)™ (b+o)™ 4 (c+a)?
Va?+b? b +c?  \c2+a?

1
>3 -2"z, wheren>2neN

Proposed by Marin Chirciu — Romania

Solution

We reformulate the enunciation from 3)
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JP.282.If a, b, c > 1 then:

loga -logh -logc- (log, e +log, e + log. e)? > 3 log(abc)
Proposed by Daniel Sitaru — Romania
Solution 1 by Florentin Visescu — Romania

Wedenotelna=x>0;Inb=y>0;Inc=2z>0
(1+1+1)Z>3( +y+2z)
xyzx y z) = x+y+z

z + xz + xy\?
xyz (u) >3(x+y+2z)
xXyz

(xy + xz + yz)?

>3(x+y+2z)
xyz

x2y? + x222 + y22% + 2x%yz + 2xy*z + 2xyz* > 3x%yz + 3xy?z + 3xyz?®
x’y? + x*z? + y?z% — x’yz — xy*z — xyz? > 0|2
(xy — x2)? + (xy — yz)? + (xz — yz)? > 0 True
Solution 2 by Henry Ricardo-New York-USA

Setting loga = A,log b = B,log ¢ = C, and noting that log, s = 10; we have:

gst’

2
nloa 210 e —ABC(1+1+1)C1+1+1)
cyclic s cyclic e 4 B ¢ B ¢

1 1 1 AB
:(AB+BC+CA)(Z+E+—):2(A+B+C)+ z 723(A+B+C)

(
cyclic
AB
o Y "Z2A+B+Ce ) (4B ) (AB)(BC),
cyclic cyclic cyclic

which is true by the AGM inequality. Equality holds ifand only ifa = b = c.
JP.283If a, b, c € R then:

27
2 Z sina + Z sin*(a+b) < 7

cyc cyc

Proposed by Daniel Sitaru-Romania
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Solution 1 by Marian Ursdrescu-Romania

We must show:

ZZ(l—cos a)+z —cosz(a+b)) —7

4
cyc cyc
27
6—2c0s2a+3—2c0s2(a+b) ST
cyc cyc
9
2 z cos’a + z cos’(a+b) > 2
cyc cyc

cos?a + cos*b + cos*(a+ b) + cos®b + cos*c + cos?(b + ¢) + cos?c + cos?a + cos?(c + a) >— (1)

1+ cos2a 1+cos2(a+b
cos’a + cos®’b + cos*(a+ b) = — + cos?b + 2( )

cos2a + cos2(a+ b)
=1+ cos®b +

=1+ cos?b + cos(2a + b)cosb

2
cos(2a + b)1? cosZ(Za + b) 3
= [cosb + —] -
4 4-
B [ bt cos(2a + b)]Z . sin?(2a + b) . 3 S 3
= |cos n 221
>0 >0

3
cos’a+ cos®*b + cos*(a+ b) > y

and two similary relationship

27
2 z sina + z sin’(a+b) < vy

cyc cyc

Solution 2 by Adrian Popa-Romania

Firstly we show that: sin?a + sin?b + sin?(a + b) <

B | o

. [1 —cos2a 1-—cos2b

> + > =1-cos(a+ b)cos(a — b)]

?

~9
1 — cos(a+ b)cos(a — b) +1 — cos?(a + b) SZ

2 — cos(a + b)cos(a — b) — cos*(a+ b) < 2 + |cos(a + b)cos(a — b)| — cos*(a + b) <

< 2+ |cos(a+ b)| — cos?’(a + b)
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Denote: |cos(a+ b)| = x and let: f(x) = 2 + x — x?

f(x)=1-2x;f(x) =0 x = %;fmax = f(%) = %. Then:

sin*a + sin?b + sin*(a+ b) <
sina + sin’c + sin*(a + c)

sin?b + sin’c + sin*(b+¢) <

IA
O B O O

So,
27
2 z sina + z sin’(a+b) < T

cyc cyc

JP.284. In acute AABC the following relationship holds:

Vsin2A + \/sin2B + \/sin2C r 2
> |2 ( ) _4

— 4+ 1
VtanA + \tanB + tanC R

Proposed by Marian Ursdrescu-Romania

Solution by proposer

2(x+y) > (\/§+\/;)Z,Vx,y >0

Let: x = sin2A4 + sin2B — sin2C;y = sin2A — sin2B + sin2C

2
4sin2A > (\/sinZA + sin2B — sin2C + /sin2A — sin2B + sinZC)

\sin2A + sin2B — sin2C + /sin2A — sin2B + sin2C < 2v/sin2A

Analogous:

Vsin2A + sin2B — sin2C ++/—sin2A + sin2B + sin2C < 2+/sin2B

Vsin2A — sin2B + sin2C + V—sin2A + sin2B + sin2C < 2+/sin2C

z Vsin2A + sin2B — sin2C < Vsin2A + Vsin2B + Vsin2C, (1)

But: sin2A + sin2B — sin2C = 2sin(A + B)cos(A — B) — 2sinCcosC
A—B— C)
2

A—B+C
= 2sinC[cos(A — B) — cosC] = —4sinCsin( 2 )sin(
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s2— (2R +1)?

= 4cosAcosBsinC = 4cosAcosBcosCtanC = R? tancC; (2)

From (1),(2) we have: fsz_(Z#Z VtanA < ) Vsin2A

;(3)

s2— (2R +71)? Z Vsin2A
R? Z\/ta

s2—(2R+1r)2® |2R?2 +8Rr +3r2 —4R? — 4Rr —r? _
R? = R? B

_ |2r2+ 4Rr — 2R? r 2
= 2 = 2(E+1) _4

(x):s2 = 2R?> + 8Rr + 3r%; (4)
From (3) and (4) we have:

\sin2A + v/sin2B + \/sin2C > |y (r . 2
JVtanA + \tanB + JVtanC ~—

JP.285 In AABC the following relationship holds:

2 2 2
m m m

a+ b+ c > /—3
my m, m,

Proposed by Marian Ursdrescu-Romania
Solution by Rahim Shahbazov-Baku-Azerbaijan

m m
—2 4 ”+—>sx/_ (1)

my m,

P72 21y24y2 (1)
Lemma: x,y,z > 0 then: %+%+%23_W:>

mz +m; + m?
LHSZB-\/ 2 b °>svV3=3(a%+b%+c?) > (a+b +c)?

3

x? 2 z2 Xty +z2)?
Prove lemma; - + 2 + = > (9 +2)
y z x x2y+y2z+z2x
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(x2 + y? + z2)? ; X2+ y2 + y2
= >3 |—F=
\/(xz + y2 + 22)(x2y2 + y2z% + z2y?) 3

(x + y2 + 22)2 > x%y? + Y272 + 72y?

SP.271.1faq,a,,...,a, > 0;a,a,-..-a, =1; A > %then:
1 1 1 + + .o 4
+ ot < a, T a; an
A+a; A+a, A+a, A+1

Proposed by Marin Chirciu-Romania

Solution by Michael Sterghiou-Greece

1 1 1 a,t+a, +--+a,
+ + .+ <
A+a; A+a, A+a, A+1

(1)
Denote §,, = Y1, a;. For n = 1 we have equality.

® 1 1 “1+a_11 .
Forn=2 = Tt TS, which reduces to —
ai A+a—1

Aaq—- 1)2(a%+la1+a1+1)

(1+2)(A+aq)(dag+1) < 0 so, for

n = 2, (1) holds. Assume that (1) holds for any n numbers (satisfying the conditions
of the problem) such a4, a,,...,a,_1,9 where 9 = a,a,;1.

Thena;-a,- .. a,_1 -9 =1andby induction

n

1 Sp1 0
< 2
Zai+/1_ 1+4 2)
i=

.yvn+1_1 Sn+1 _ Sn-1 antan+1
. < = +
Now, we have to prove that: ;7 el = 144 14a oA (3).

1 1 1 Sp_1+9 1 1 Spn—1+9 1
FromZ(T‘_1 )+—<—" oryml— < -
( ) Zl—l a;+1 A+9 T 144 Zl—l ai+A T 1+A A+9
Sn—1+9 1 1 1 Sn-1 anpt+ani+1

Because of this it suffices to show that: T prw e s Ry )

Putting: a,, = x,a, .1 = y,9 = xy the last inequality becomes:

1 1 1 + .
a4 + — +— — ¥ < 0 which reduces to:
1+4  A+xy x+4  y+i  1+2
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(x—1)(y— D23+ 22xy + A2x + A%y + 2% + Ax?y + Axy? + Axy + x2y? — xy] (é) 0
A+1)A+x)A+y)( A+ xy) B

The expression in [.] in the nominator of (4) is increasing function of A and for 4 > %

itis positive (obvious).
(4) holds if one of x, y is > 1 and the other < 1.
We can clearly assume this as the inequality is cyclic and we cannot have all a;

greater then 1 or smaller then 1.This completes the proof.Done.

SP.272. RMM NUMBER 19 WINTER 2020
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

3 rp+r, r.+r, ra+r, 3 [(R?
—< + + <—|=-2
R a? b2 c? 41\ r?
Proposed by George Apostolopoulos-Messolonghi— Greece

Solution
We prove the following lemma:
Lemma:
2) In AABC the following relationship holds:
r,+r, r.+1r, T,+7r, Ss>+1r?—8Rr
+ + =
a? b2 c? 4Rr?

Proof.

Using the formular, = ﬁwe obtain:
S S
zrﬁrc:zm*s—czsz 1 :rs.s2+r2—8Rr:
a? a? a(s —b)(s—c) 4R1r3s

_ s>+r?—8Rr
B 4Rr?
Which follows from the known identity in triangle:
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z 1 _ s>+r?—8Rr
a(s—b)(s—c) 4Rr3s

Let’s get back to the main problem.

The left hand - inequality: Using the Lemma the inequality can be written:

s2+r2—8Rr

>
4Rr2 -

% & s? > 8Rr + 1112, which follows from Gerretsen’s inequality
s? > 16Rr — 572, It remains to prove that:
16Rr — 5% > 8Rr + 11r? & R > 2r, (Euler’s inequality).
Equality holds if and only if AABC is equilateral.
The right hand inequality: Using the Lemma the inequality can be written:
—SZ +£:Iztr_2 8Rr < % <I:—ZZ - 2> o r(s? + 1% - 8Rr) < 3R(R%? - 21?)
which follows from Gerretsen’s inequality s> < 4R? + 4Rr + 312
It remains to prove that:
r(4R? + 4Rr +3r2 +12 —8Rr) <3R(R? —2r?) ©3R3 —4R*r —2Rr’ - 4r* > 0 &
Equality holds if and only if AABC is equilateral.
Remark.
The right-hand inequality can be strengthened:
3) In AABC the following relationship holds:
rb;rc_l_rc-;ra_'_ra:zrbs%(Rz R )

Marin Chirciu — Romania

Solution

Using the Lemma the inequality can be written:

s2+r2—8Rr 1(1;:2 R
4Rr2 R

<7t 1), which follows from Gerretsen’s inequality:

TZ
s2 < 4R? + 4Rr + 31?
We obtain:

s2+r2—8Rr<4RZ+4Rr+3r2+rZ —8Rr 4R*>—4Rr +4r> R*—-Rr+r* _
4R7r? - 4R7r? N 4Rr? N Rr2 N
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_1(R*> R 41
T R\rz2 r

Equality holds if and only if AABC is equilateral.
Remark.

Inequality 3) is stronger than inequality 1) from the right.
4) In AABC the following relationship holds:

r.+r. r.+r, r,+r, 1/R* R 3 /R?
b c,’¢ a,’a b< <—2——+1>S4—< >
r2 r r

rz

a? b? c2 TR

Solution
2 2
seed)andx(L-2+1)< 2 (£ -2)o3R3 - aRr - 2RI - 4320
& (R — 2r)(3R?% + 2Rr + 2r?%) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.
Remark.
The inequalities can be written:

5) In AABC the following relationship holds:

- - - 2 2
Solution
See inequalities 1) and 4).
Equality holds if and only if AABC is equilateral.
Remark

If we replace r, with h, we propose:
6) In AABC the following relationship holds:

hb+hc+hc+ha+ha+hb<1<r2 r )

a? b? c2 T r

3
—< —+—+1
R R?2 2R

Marin Chirciu — Romania
Solution
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We prove the following lemma:

Lemma

7) In AABC the following relationship holds:
hb+hc+hc+ha+ha+hb_s2+r2—2Rr

a? b? cz AR%r
Proof.
Using the formula h, = gwe obtain:
zhb+h zb —_ zb+c_ 2S s*+r*—2Rr _
B abc a  4RS 2Rr B
_ s2+1%2 —2Rr
B 4R?%*r
2,.2_
which follows from the known identity in triangle: ), E = %
Let’s get back to the main problem.
The left hand inequality.
Using the Lemma the inequality can be written:
sZ+r2-2Rr

pyem > & s? > 14Rr — r?, which follows from Gerretsen’s inequality

s? > 16Rr — 572, It remains to prove that:
16Rr — 51% > 14Rr — r? © R > 2r, (Euler’s inequality)
Equality holds if and only if AABC is equilateral.
The right hand inequality.
Using the Lemma the inequality can be written:
s2+r2—2Rr 1(r* r
4R?r ?(RZ 2R 1>
which follows from Gerretsen’s inequality s* < 4R? + 4Rr + 312,

s2+r2—2Rr _ 4R?>+4Rr+3r?+r?—2Rr _ 4R*+2Rr+4r> _ 2R*+Rr+2r* _
4R%2r T 4R%r 4R2%r 2R%r

_1(r? r_l_1
“r\RZV 2R

Equality holds if and only if AABC is equilateral.

We obtain:
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Remark.
+re

Between the sums )’ % and ), r”a—z we obtain the relationship:

8) In AABC the following relationship holds:

hb+hc rb+rc
_— <
z a? _z a?

Marin Chirciu — Romania

Solution

Using the above Lemmas the inequality can be written:

s2+r2—2Rr s2+r2—8Rr
4R%2r  —  4Rr?

& s?2(R —r) = r(8R? — 3Rr + r?), which follows from
Gerretsen’s inequality s > 16Rr — 5r2. It remains to prove that:
(16Rr —5r2)(R— 1) >1r(8R?> —3Rr +1r?) ©4R?> - 9Rr+2r2 >0 &
< (R—-2r)(4R — 1) = 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if AABC is equilateral.
Remark.

The following inequalities can be written:
9) In AABC the following relationship holds:

3 h, +h + 1 /R?
Bl S
R a? a? R\r2 r

See inequalities 1), 8) and 3).

Solution
Equality holds if and only if AABC is equilateral.

SP.273.1f x,y € R then:

sin* x + cos* xsin*y + cos* x cos*y >

W =

When does the equality holds?

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ravi Prakash-New Delhi-India

. . . . 2
sin* x + cos* xsin* y + cos* x cos* y - sin? x + cos? x sin? y + cos? x cos? y
3 - 3
But sin? x + cos? xsin? y + cos? y cos? y = sin? x + cos? x(sin? y + cos? y)
=sin?x+cos?x=1

Thus, sin* x + cos* x sin* y + cos* x cos? y >

W=

Equality holds if sin* x = cos* x sin* y = cos* x cos* y
x is an odd multiple of% itis not possible.

4 .4 4 T 4 1
. cos*x # 0 = sin*y = cos y:>y=nn'iz;n€Z:>tan x=

1
=>x =mm*+tan! (—),me Z

V2

Thus, equality holds when x = mm + tan™?! (%) Yy =nm i%,m,n =/

Solution 2 by Marin Chirciu-Romania

(sin2 y+cos2 y)z — l

Using Bergstrom’s inequality we obtain sin* y + cos*y > 5 >

with equality if and only if sin? y = cos? y. It follows:

(1)
. . . 1Yy
Mg = sin* x + cos* x (sin* y + cos* y) > sin* x + cos*x - = > 3 = Mgy, where (1) &

E =
© 6sin*x+3cos*x >2 < 6sintx+3(1 - sinzx)2 >2o9sin*x-6sinx+1>0¢o
& (3sin? x — 1)% > 0, obviously with equality if and only if 3 sin? x = 1.
We deduce that the inequality from enunciation holds, with equality if and only if

sin?y = cos?yand3sin?x =1

SP.274 Ifin AABC: s = %then:

my my me
a-ea +b-eb +c-ec >eMatMtmMme

Proposed by Daniel Sitaru — Romania

Solution by proposer

31



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Letbe f1, f2, f3:(0,0) > R

f1(x) = axInx — (a + m,)x; f2(x) = bxInx — (b + my)x
f3(x) =cxIlnx — (c +m)x

fix)=a(lnx+1) —(a+m,) =alnx—m,

m
f’l(x)=0:>alnx=ma:>lnx27a

mg mg
lnx—lnea >x=ea

. Za La mq mg
mmfl(x)Zfl(ea)za-ea ‘lInea —(a+m,) -ea =
mq mq Mmq mq

=m,-ea —aea —Mmy,-ea =—qaea

Analogous: min f, (x) = —beTb; min f3(x) = —cec

fi+f2+f3:(0,0) >R
(fi+f2+f3)(x) = f1(x) + f2(x) + f3(x)

min(f; + f, + f3) (x) = —(a+ b+ C)ema;flmmc
min f, (x) + min f,(x) + min f3(x) < min(f; + f, + f3) (x)

—aea —beb —cec < —(a+ b+ c)e atb+c

mg mg+mp+m,
ae a +beb +cec >(a+b+c)e atbtc =

Mmaet+tmp+me
1 1
i E) .e ZE — ema+mb+mc

me+mp+m, (

=(2s)-e 2 =(2

Equality holdsfora =b =c ==,

SP.275. In AABC the following relationship holds:

a+b \2 b+c \2 c+a \?
(rermy) * Gy ) (o) 24
mg, +my m, +mg m,+m,
Proposed by Hung Nguyen Viet-Vietnam
Solution by proposer
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2
Lemma 1. Inany AABC, then (m;, + m;)? < 2a?% + _(”J;C)

Proof. The desired inequality is equivalentto 4m,m, < 2a? + bc
[2(c% + a?) — b?][2(a? + b?) — c?] < (2a? + bc)?
4(a? + b?)(a? + c?) — 2b%(a? + b?) — 2¢%(c? + a?) + b%*c? < 4a* + 2a%bc + b?c?
2a’b? + 2a*c? + 4b*c? — 2b* — 2¢* < 2a%bc
(ab — ac)? < (b? — ¢?)?
(a+b+c)(b+c—a)(b—¢c) >0

The last inequality is clearly true.

Z( b+c )Z 4b+c)? _ 4b+o)+(c+a)+(a+ b))

>
m,+m., 8az+(b+c)2 ™ Y [8a%(b+c)?+ (b +c)t]
cyc cyc

B 16(a? + b%> + c? + ab + bc + ca)?
" 2(a* + b* + ¢*) + 22(a?b? + b%c? + c2a?) + 16abc(a + b + ¢) + Yeyc 4bc(b? + c?)

Hence, it suffices to show that:
2(a? + b% + c% + ab + bc + ca)? >
(a* + b* + ¢*) + 11(a?b? + b%c? + c?a?) + 8abc(a+ b + c) + z 2bc(b? + c?)
cyc
Or equivalent to

a*+b*+c* + z 2bc(b? + ¢?) > 5(a?b? + b?%c? + c%a?)

cyc
a*+b*+ ¢t + z 2bc(b — ¢)? = 5(a?b? + b%c? + c%a?)
cyc
The last inequality is true because

a* + b* + c* > a®b? + b*c?* + c*a®

SP.276.1fx,y,z > 0;n = 1 then:

z(nx+y)(nx+2)2(n+1)zzy+z
yz 2 X

cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by George Florin Serban-Romania

z(nx+y)(nx+2)2(n+1)zzy+z
z 2

cyc cyc
2x2 24 2n+ +
z(nx +nxz+nxy+E>2n 2n 1zy z
yz yz yz yz 2 X
cyc cyc
(Bl ) g LYy HE S ) gy
yzZ zX Xy -2 x xXyz -2 X
cyc cyc
2 M_lzwz lz
xXyz 2 X 2
cyc cyc

B2+ +2 1 Cy+rz\ By 42 I Cy+rzlly+tz
T T

xXyz 2 X - xXyz 2 X
cyc cyc cyc
3493 xy(x+y) x3+y3423 1 y+z
B 3 +y3>xy(x+y) o2 > = >1 y+z
ecause yo= y( y) xyz ~—  xyz xyz - ZZCyC x

x3+y3+ 23 +2z
y—zzyT—3$x3+y3+z322yz(y+z)—3xyz:>

cyc cyc

xyz

x3+ y3 + 23 + 3xyz > x%y + xy? + y?z + yz? + z%x + zx? true by Schur’s inequality.

SP.277. In AABC the following relationship holds:

R\?2 sinA sinA
(8- [
2r sinB sinC

cyc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by proposer

Let a, b, c —be the lengths of sides of the AABC.

Weknowthat—+—+— — and (1+1+1)Z<3(i+1+1) SO
b2 2 T 4r2 a b ¢/ — aZz b2z 2
1 1 1 3 1 1 1 2 2 2 3
SHo+-) <= —t -+ <=
(a b c) - 4r2'We have a2 b2 2 ab bc ca” 4r?
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3 1>(1+1)Z+2(1+1)Am—6m3 1>2 (1+1)22(1+1)
4r2 a2~ \b a\b ¢ 4r2 q? — b ¢ a\b ¢

Z(x+y)z(ﬁ+ﬁ)2
3 1 1 1\ 21 1 x,y>0
41?2  a? b ¢/ Ja\b ¢

2 2 3
vl |G e ~wlet

3
1 1 1 1 3
. 1 } <
So 2 (\/E \/E) - 41'2 or

- (1+1)3 3, 1+f+f3<3 ,
—_— —_— —_— @ —_— —_— —_—
Vb e a2 b c) Sarz’®

3

Similarly:1+<\/z+\/z> siz-bzand1+(\[ﬁ+f£) S%-cz

a c 4r a b 4r

Addind up these inequalities, we have

3+z<\f f) <5z - (a? + b% + ¢?)

cyc

We know that a? + b? + ¢ < 9R? and using the law of the sines, we get

3
smA sinA 27R?
3+ <
smB sinC 4r2
cyc
3

27(R)Z z sinA+ sinA >3
2r sinB sinC | —

cyc

cot’x—2cotx+n-1

|- Rf@) = ‘1 > 2. Find Imf.

cot?x+2cotx+n+1

w 3w

SP.278. Letbe f: |7,

Proposed by Marin Chirciu-Romania
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Solution by proposer

t2—4t+n+2

Denote 1 + cotx =twehave 0 <t <2, f(t) = T
2_4_
Y-t g ve € [0,2] and £(0) =

(e24n) n

n+2

We calculate: f'(t) = f(2) = :%ZL then

the function f —is strictly decreasing on [0, 2], so

Imf =[f(2),f(0)] = [——

n—2 n+2]
n+4' n

n-2 n+2

We deduce that Imf = [ET] it is the function image

cot’x —2cotx +n—1
cot’x +2cotx+n+1

w 3

(33000

SP.279. If in AABC; w —Brocard angle then the following relationship holds:

W, Wpw, - 2cosw
hahbhc B \/§

Proposed by Vasile Jigldu-Romania

- >
2sinw

Solution by proposer

It is a known (and elementary) fact that in triangle cosEE = E; (1)
2 lg

Suppose that the sides of the triangle ABC verify: ¢ > b = a; (2)

Clearly the meansures of the angles of the triangle verify A > B > C, which imply

sin=Esin24 > 0.We have;: L cos =2 = cos (Q + E)
2 2 wp 2 2 2
C-B B—-4A . C—-B _ . B-A C—-B B—A h, h,
= cos cos —sin sin < cos cos =—.—
2 2 2 2 2 2 w, W,

Hence, under the hypothesis (1): v’;—: > L ﬁ; (3)

Wa W¢

R

s 1
Let's now prove that: —— > [—
2sinw 2r

S

v a2b2+b2c2+c2a?

We'll use the formula sinw = ,where § —is area of the given triangle.
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1 >B@Za2b2

sinZw r 482

This is equivalent to: > % & Y a’b? > 8Rrs?

=N z a’b? > abc(a+b+c) & Z(ab —bc)? = 0;(4)

r =

On the other hand, itis a known fact that: zﬂ > 7213_6 (see the problem 2382 from
CoS™“——
2

“Crux mathematicorum?”)

by1) R w,
f——— zr_h , ( )

a

. A | R _wp WaWpWc H
From (3),(4) and (5), we obtain that: pyr—— \/; > ™ = ogh,” and the first

inequality of the enunciation is proved.

The proof of the second inequality of the enunciation: We'll use

a® + b% + c?

cosw =
2Va?b? + b2c? + c%a?
. 2./b - 28 .
With the formulas: w, = %,hu = = we can easily see that:
W w 2p2c? b
aWpWe a“b“c*(a+ b + )

h,hyh,  25%2(a+ b)(b+ c)(c + a)

The inequality becomes equivalent to:
a’b?c*(a+ b +c) - (a? + b? + ¢?)?
252(a+ b)(b+ c)(c+ a) — 3(a?b? + b2%c2 + c%a?)

Puttingx = s —a,y =s — b,z = s — c, the inequality becomes equivalent to:
2
30 c+y20+27)| [+ zayz() c+9p?) | [ex+y+n o
32 xBy? + BszzZ + 122:x7y3 + 122 x'z3 + 24Zx6y4 + 242 xbz* +
+30 z x°y5 + 22 z xSytz + 22 z x>yzt > 2 z x8yz + 82 xy*z +
+82 x7yz? + 402 x6y%z% + 32 z x°y3z2 + 322 x5y?z3 +
+14z xty*z? + 162 x*y3z3 (x,y,2>0),
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Which immediately result by adding the following inequalities, that are simple

applications of the Am-Gm inequality and of the Murihead’s lemma:
z x8y? + z x8z%2 > 2 z x8yz
82 x’y3+8 z x7z3 > 82 x"ytz + 82 x’yz?
2 z x8y? > 2 z x%y?z?
2 z x8z2 > 2 z xby?z?
4y x7y3 > 4 Y x0y?z?
42 xz3 >4 z xby?z?
142 xby* + 142 xbz* > 282 xby?z?
10 z x0y*+10 z x®z* > 10 z x>y3z% + 10 z x°y?z3
22 z xSytz + 22 z x°yzt > 22 z x°y3z% + 22 z x>y*z3
14 Y x5y° > 14 Y x*y* 22,

162 x>y> > 162 xty3z3

SP.280 If x,y,z = 0;{x}? + {y}° + {z}° = __ then:

x” - [x]-{xy+y7 - [yl -y} + 27 - [2] - {z} < 64([x]° + [y]° + [2]°) + 1
{x} = x — [x]; [+] - great integer function
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

[x]° +{x}* [x]® {x}® BErGsTROM ([x]* + {x}*)?

ERCIRCEC O + [

2
> 1 } (M) = i([x]z + {x}?)* >
X 2 4x
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>1 [x]+{x}24_ 8 x7
—E< 2 > T 16-4x 64

64([x]° + {x}°) = x7 - [x] - {x};x =0
x7 - [x] - {x} < 64([x]° + {x}°} (1)

Analogous:
y" - [y]- {y} < 64(ly)° + {y}°} (2)
27 - [z] - {z} < 64([z]° + {z}°} (3)
By adding (1); (2); (3):
x7 - [x]-{xy+y7 Iyl - {yr+ 27 [2] {2} <
< 64([x]° + [y]° + [2]°} + 64({x}® + {y}* + {z}°) = 64([x]° + [y]° + [2]°} + 1
Inequality is strict because (1); (2); (3) are equalitiesonly forx =y =z = 0and in
our case {x}° + {y}° + {z°} = i #0

Solution 2 by Tran Hong-Dong Thap-Vietnam

Sincex,y,z> 0= [x],[yl,[zZ1 =0and 0 < {x},{y}.{z} <1
Because: {x}% +{y}° +{z}* = - > 1 = 64({x}* + {y}* + {}%)

RHS = 64([x]° + {x}° + [y]° + {y}° + [z]° + {z}°)

Am—-Gm 2 2
C 7 . 7 ([x+{xh” _ 7 2% _
Now: x” - [x]-{x} < «x o =x =

N

Analogous: y7 - [y] - {y} < %and z7 - [z]-{z} < ?

LHS = x% - [x] - {x} + y° - [y] -{y}+29-[Z]-{z}SW
_ (=] + {x)? + (yl + {y})? + ([z} + {z})°
4

= 218([96]9 +{xP + PP + Y + [2]° +{2}°)
= 64([x]° + {x}° + y1° + {y}* + [2]° + {2}")
Proved.
Note: For all a, 8 > 0 we have: a® + g% > (a;—f)g
Equalitye [x] ={x} =yl ={y} =[z] ={z} =0
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But: {x}° + {y}° + {z°} = i # 0. So, inequality is strict.

SP.281.1fx € (0721) “a,b > 0 then:

(78 () (-]

Proposed by Daniel Sitaru — Romania

Solution by Florentin Visescu — Romania

Let be\/g =t>0
sin x X
( sinx 1\ « ) < x 1\tanx 1 2
t x + (—) .| ttanx + (—) < (t +—)
t t t

Forx e (0;%),0<sinx<x<tanx|:x

sin x tanx sinx
0< . <1< = E(Ol)—E(Ol)
We denote m = 222 € (0,1):n =

2
We prove that (tm po ) (t" tl) (t + %)
Weprovethatt"+tlks t+;;t > 0 fixed; k € (0,1)
We consider f(k) =tk +t7%; £:(0,1) > R
f'(k) =t‘Int—t*Int = Int(ek — %)
th—tk=0,thk=t*=>k=-k 2k=0
k 0 1

t(k) | ++++++++++++++++++

t(k) 2 / t+%

te(0,1)

40



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
k 0 1

t(k) | ++++++++++++++++++

t

So, flk) < t+i=th+<t+-

SP.282. Ifin AABC; H —orthocentre; HD, HE, HF bisectors of angles
BHC,CHA respectively AHB; D € (BC);E € (CA); F € (AB) then the
following relationship holds:
[DEF] 2
> -3
el > 13 ()

Proposed by Marian Ursdrescu-Romania

Solution by proposer

ABGC =22 =28 5nd analogs
DC HC

BD CE AF _HB HC HA

pc' 54 FB_ HC HA BB WV
.HA _  HB _ . HC _
Let: B Mgc =~ % ma=P
__ AF-AE-sind _ m _bcsind _ m .
Sapr = 2 T (m+)(p+1) 2 (m+1)(p+1) Sapc and analogs
s _ 1+ kmp €Y 2 _
PEET M+ k)(+m)(a+p) (A+K)@A+m)(1+p)
B 2AH-BH - CH s
" (AH + BH)(AH + CH)(CH + BH) ~“8¢
But: AH = 2RsinA =
2cosAcosBcosC
SpEF agc; (2)

= - S
(cosA + cosB)(cosB + cosC)(cosC + cosA)

2_ 2

But: cosAcosBcosC = ﬂ; (3)
4R?

r(s®?+r®+2Rr)

(cosA + cosB)(cosB + cosC)(cosC + cosA) = VB (4)
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27
s? <27R%*-s 2 ‘12, R > 21, (5)

From (1)+(2)+(3)+(4)+(5) proved.

SP.283. Find x, y > 0 such that:

x 3|3 S\P 10
— 4+ — 4+ _:10—
y x 3 V337500

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

5x/_4§/_

f x/_\/_ 15
x Vs, sy3, sV
5[ ffffﬁf L R

Am—Gm .21 \3 3R 10
=0 () () -
2) \3/9/ \ 15 /337500

ityfor: L = L =3
Equalltyfor.zﬁ—w— "

Vx

64
2\/_ \/_c)\/_ \/ﬁ—z\/_@x —ﬁy3.(1)

1 f/81y 6|94 .515 ©
— 5. 3 _ Ae15 — — =15
Tox ETH e (9x)° - (81y)} =45 = y = o1 >x= 645

Answer: (x;y) = <1°\/64 - 515. ° %)

SP.284. RMM WINTER EDITION 2020
By Marin Chirciu — Romania
1) In AABC the following relationship holds:
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1 1 1 1 16R?% — 31?2

< + + <
3RZ ™ (ro+1p)? (rp+r)? (r.+ry)*?~ 121

Proposed by George Apostolopoulos-Messolonghi— Greece

Solution.

The left hand inequality.

Using means inequality and [[(r), + r.) = 4Rs? we obtain:

z 1 - 33 1 _ 33 1 (;) 1
(ry +r.)2 — 1_[ (rp +r.)?2 1_[ (4Rrs?)2 — 3R?

where (1) © 9R? > }/(4Rs?)? = (3R)3 > 4Rs? © 27R? > 4s2, obviously from

Mitrinovic’s inequality s < 3RZ—‘/§. Equality holds if and only if AABC is equilateral.

The right-hand inequality. We prove the strongest inequality:
2) In AABC the following relationship holds:

z 1 - 1
(rp+71r.)?~ 1212

Z 1 _ Yrg _4-R+r(2) 1
)2 T “aryr, 4[] rq 4rs? — 12r2

1
We have Y, e

where (2) © s% > 3r(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 572, It remains to prove that:
16Rr — 51% > 3r(4R + 1) © R > 2r, (Euler’s inequality).
Equality holds if and only if AABC is equilateral.
Let’s get back to solving the right-hand inequality:

Using 2) it suffices to prove that:

1 16R%-3r2
< r
12r2 121

© R? > 4r? © R > 2r, (Euler’s inequality)

Equality hold if and only if AABC is equilateral.
Remark.

The double inequality can be written:
3) In AABC the following relationship holds:

43



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1 1
3R2 = z (ry +r.)? = 1272
Solution.
See 1) the left hand and 2).
Equality holds if and only if AABC is equilateral.
Remark.

If we replace r, with h, we propose:

4) In AABC the following relationship holds:
1 1 1
3RZS Z (hp + b2 = 1212

Marin Chirciu — Romania

Solution

The left-hand inequality.

rs? (s2 +r2+ ZRr)

Using the means inequality and [[(h, + h,) = we obtain:

z 1 - 33 1—[ 1 _ 33 1 _
(hp + h)? =~ (h, + h)? (rsZ(sZ + 72 4 2Rr))Z B
RZ

33 R* @ 1
= >
r2s%(s2+ 12+ 2Rr)?2 — 3R?

where (1) © 9R3 - YR = {/r2s*(s2 + r2 + 2Rr)? & (3R)® - R? > rs’ (s’ +r?+2Rr) &

2
© 27R5 > rs?(s* + r? + 2Rr), which follows from Mitrinovic’s inequality s? < %

and Gerretsen’s inequality s < 4R? + 4Rr + 3r2. It remains to prove that:

2

27R
27R> >r- (4R* + 4Rr + 312+ 1r? + 2Rr) © 2R®* —2R*r —3Rr’ -2r’>0 o

& (R - 2r)(2R?% + 2Rr + r?) > 0, true from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.
The right-hand inequality.
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Sh s2+r2 +4Rr 2.2 4R (Z) 1
s“+re+ T

We hav = = 2R =

eha ez(hb+h )2 — Z4hbh 4T hy g.278% 16r2s2  — 12r2

R

where (2) © s? > 3r(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 572, It remains to prove that:
16Rr — 51% > 3r(4R + r) © R > 2r, (Euler’s inequality).
Equality holds if and only if AABC is equilateral.

SP.285. RMM NUMBER 19 WINTER 2020

By Marin Chirciu — Romania

1) In AABC:
3r h h h 3
Fsrbfrc+rc+bra+ra+crb SE
Proposed by George Apostolopoulos-Messolonghi— Greece
Proof.
We prove the following lemma:
Lemma.
2) In AABC:
h, . hy, . h, _ s*+ s2(2r? — 4Rr) + r(4R + )3
r,+r, r.+r, r,a+r, 8R2s2
Proof.

_ s“+sz(2r2 —4-Rr) +r(4R+71)3

Using the following formulas h, = ? andr, = ﬁwe obtain:

Z:ra+rc 5 S z(s_b)(s_C)

s—C

5 st+ sZ(Zr —4Rr) +r(4R +71)3 _
16R2s?2 B

SRZsZ , which follows from the known identity in triangle:
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(s—b)(s—c) s*+s*(2r*—4Rr) +r(4R+71)3
a? B 16R?%s2
Let’s get back to the main problem:

Left hand inequality: Using the lemma the inequality can be written:

s*+5s*(2r> —4Rr) +r(4R+1)® _3r
( 8st)z ( ) Zf@sz(s2+2r2—28Rr)+r(4R+r)320

We distinguish the following cases:

Case 1). If (s + 212 — 28Rr) > 0, the inequality is obvious.
Case 2). If (s? + 2r? — 28Rr) < 0, the inequality can be rewritten:

r(4R + 1)3 > s2(28Rr — 2r? — s2), which follows from Blundon’s — Gerretsen’s

inequality:
2
16Rr — 512 <s? < % < 4R? + 4Rr + 372 It remains to prove that:
R(4R +1)?

r(AR+1)3 > (28Rr — 212 —16Rr +51r2) @ 4R* —7Rr - 2r’ >0 &

2(2R-T1)
< (R—-2r)(4R + 1) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.

The right-hand inequality can be written:

st4s2 (Zr2 —4Rr) +r(4R+1)3
<
8R2s?2

" s?(12R? + 4Rr — 2r% — s?) 2 r(4R + 13,
Which follows from Gerretsen’s inequality:

r(4R + r)?

4R% + 4Rr + 3r* > s> > 16Rr — 5% >
R+r
It remains to prove that:

r(4R + 1)?
%(12RZ +4Rr — 212 —4R* —4Rr - 3r*) > r(4R+ 1)} &

4R? —5Rr — 61> > 0 © (R — 2r)(4R + 3r) > 0, obviously from Euler’s inequality
R > 2r. Equality holds if and only if the triangle ABC is equilateral.
Remark.
The double inequality 1) can be strengthened:
3) In AABC:
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7 r 7,mr\¢ 1,1r\3 h h h 5 r 3,r
27 8@ 1@ Shentren Tran S e Rt i®

2

Marin Chirciu — Romania

Solution.
The left hand inequality.

Using Lemma and Blundon-Gerretsen’s inequality:

2
16Rr —5r* < s* < I;((‘;I:_rr)) < 4R? + 4Rr + 3r% we obtain:
s*+s2(2r2 —4Rr) + r(4R +1)3 1 r(4R +1)3
( ) ( ) = s2+2r2—4Rr+¥ >
8R2s2 8R? s2

> 16RT — 512 + 272 — 4R + r(4R+7)3 | _r(28R? - 7Rr — 2r?)
I P B _ _
S Y (T Y T

22R-1)

7 r 7,12 1,r
:z'ﬁ‘ﬁ(ﬁ) +Z(E)

Equality holds if and only if AABC is equilateral.

3

The right hand inequality:
Using Lemma and Gerretsen’s inequality: 4R? + 4Rr + 3r? > s? > 16Rr — 512 >

r(4R+7)>2

we obtain:
R+r

s*+s2(2r> —4Rr) +r(4R+r) 1
8R2%s? " 8R

[sz + 212 — 4Rr +M] <
2 P =

< 4R* + 4Rr + 31> + 21> — 4R +r(4R+r)3 =
~ 8R? reer r T r@R+ 0|

R+r

8R% + 5Rr + 61 5 r 3,1r\2
= :1+—-—+—(—)
8R?2 8 R 4\R

Equality holds if and only if AABC is equilateral.

Remark.

The double inequality 3) is stronger than the double inequality 1)
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4) In AABC:
2 3 2
7errs® i@ st en s e ra® <2
Proof
See 3) and Euler’s inequalityR > 2r.
Equality holds if and only if AABC is equilateral.
Remark.

If we interchange r, with h, we propose:

5) In AABC.:
3r r 3R
> < a + Tp + Te <=
R hy+h., h.+h, h,;+h,  4r
Marin Chirciu — Romania
Proof.

We prove the following lemma:

Lemma.
6) In AABC:
Ta ,_Th , Te _ s*+ s2(32R?> +4Rr + 2r?) + r(4R +1)3
h,+h, h.+h, h,+h, 4s%(s?2+1r2 + 2Rr)
Proof.

Using the following formulas h, = Za—s andr, = ﬁwe obtain:

S

z e s—a _1 s*+s*(32R*+4Rr+2r*)+r(4R+1)3 _
hy+h, £.25_ 25 2 2s2(s2 +r2 + 2Rr) B
b c
_ s*+52(32R?+4Rr+2r%) +r(4R+71)3 . L o
= 452 (521721 2R7) , Which follows from the following identity:
bc __ s*+5%(32R?+4Rr+2r?)+r(4R+1)3 . . . .
> oG 252 (2121 2RY) , true from the following identities known in

triangle: [I(s — a) = r?s - [[(b + ¢) = 2s(s?> + r* + 2Rr) and
z bc(a+ b)(a+c)(s—b)(s —c) = r*[s* + s>(32R? + 4Rr + 21%) + r(4R + 1)3]

Let’s get back to the main problem:
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The left hand identity: Using Lemma the inequality can be written:

s*+s2(32R? + 4Rr + 2r2) +r(4R +1)3 - 3r

4s2(s2 + 12+ 2Rr) ~ R
& s?[s?(R— 12r) + 2(16R® + 2R?*r — 11Rr?* — 61r3)]+ Rr(4R+1)3 > 0
We distinguish the following cases:
Casel1). If[s?(R — 12r) + 2(16R3 + 2R?*r — 11Rr? — 613)] > 0, the inequality is
obvious.
Case 2). If [s?(R — 12r) + 2(16R3 + 2R?*r — 11Rr? — 613)] < 0, the inequality can be
written:
Rr(4R + 1)3 > s%[s?(12r — R) — 2(16R3 + 2R?*r — 11R13 — 61%)]

which follows from Blundon-Gerretsen’s inequality:

2
2< % < 4R? + 4Rr + 3r3. It remains to prove that:

R(4R +1)?
2(2Rr —71)

& 36R3 —24R%*r — 71Rr? —501r3 > 0 © (R — 2r)(36R% + 48Rr + 251%) > 0

Rr(4R +71)3 > [(4R? + 4Rr + 312)(12r — R) — 2(16R3 + 2R?r — 11R712% — 613)] &

obviously from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.
The right hand inequality: Using Lemma the inequality can be written:

s*+s2(32R?> + 4Rr + 2r®) +r(4R +1®) 3R
< e
4s2(s2 + 12+ 2Rr) 4r

& s%[s?(BR—1) —r(26R?> + Rr + 21%?)] > Rr(4R +1)3

r(4R+1)>2

which follows from Gerretsen’s inequality s* > 16Rr — 5r% > v

It remains to prove that:
r(4R +1r)?
R+r

© 18R?> —37Rr + 2r* > 0 © (R — 2r)(18R — r) = 0, obviously from Euler’s

[(16Rr —5r2)(BR—1) —1r(26R?> + Rr+ 2r?)] > Rr(4R+ 1)} &

inequality R > 2r. Equality holds if and only if AABC is equilateral.

Remark.

Between the sums )] - h:r and ) ; r:h the following relationship exists:
bTTc b c
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z hq Sz T,
rb+rc hb+hc

Using the above Lemmas the inequality can be written:

s*+ s2(2r2 — 4Rr) + r(4R +1r)3 - s*+s2(32R?> + 4Rr + 2r%) +r(4R +1)3
8R2s2 - 4s2(s2 +12+ 2Rr)

& s?[s?2(2R? + 2Rr — 31r% — s%?) + (64R* — 56R3r — 36R?*r?> — 12Rr3 — 3r*)] +
+r(4R +1)3(2R> —2Rr —1?) > 0

7) In AABC:

Solution.

We distinguish the following cases:
Case 1). If s*[s?(2R? + 2Rr — 3r? — s%) + (64R* — 56 R®r — 36R*r? — 12Rr® — 3r*)| > 0
the inequality is obvious.
Case 2). If s*[s?(2R? + 2Rr — 3r? — s%) + (64R* — 56 R®r — 36R*r? — 12Rr® — 3r*)| < 0
the inequality can be written:
r(4R +1r)3(2R? — 2Rr —1?) >

> s?[s%(s? + 3r%2 — 2Rr — 2R?) — (64R* — 56R3*r — 36R?*r? — 12R13 — 3r%)]

which follows from Blundon-Gerretsen’s inequality:

2 R(4R+T1)?2

< 4R? + 4Rr + 372 It remains to prove that:
2(2R-1)

R(4R +1r)?
2(2R —1)
[(4R? + 4Rr + 31%)(4R? + 4Rr + 37% + 3r2 — 2Rr — 2R?) — (64R* — 56R*r — 36R*r? — 12Rr> — 3r*)]

< 56R° — 40R*r — 114R3r%2 — 54R%1r3 —13Rr*+2r° >0 &
< (R—-2r)(56R*+ 72R3*r + 30R*>1r* + 6R1r3 —1r*) >0

r(4R+1)3(2R* — 2Rr — 1?) >

Obviously from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.
Remark.

We can write the following inequalities:
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8) In AABC.:

FSZrb-:erS hb-fhcsﬂ
Solution.
See inequalities 1), 7) and 5).
Equality holds if and only if AABC is equilateral.

UP271 If0<a<b < Ethen:

b b b
4

fff(cos ——x cos ——y) cos(z—z)> dxdydz > sin3(b + a) - sin3(b — a)

a a a

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

b b b

[ ] cos(Gr)cos G -)eos( ) axarae

(jont-a )(afm__y )(fm(z_z)dz>

3
AMéGM (4\/2\/cos (b ; a) sin (b ; a) - sin (b ; a))
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3

> (4 sin(a + b) - sin (b;—a)> S sin3(a + b)sin3(b — a)

= sin3(a + b) <Zsin (b ; a) cos (b ; a)>3
b — a)

(1) & 43sin(a + b) - \/sin(a + b) - sin® ( >

b—a b+a
28-sin3(a+b)-sin3( > )cos3( > )

b — b+
o 8-sin(a+b)-+/sinla+b -sin3< 2a)-(B—sin(a+b)w/sin(a+b -cos3< Za)>20 2)
T T b—a T a+b T
‘0<a<b<= <a+bhb<Z 0<="<Z0<=2<Z
Because:0<a<bh 4:>0 a b_Z,O_4 4,0 5 5

b_
= 0 < sin(a+ b);cos(a+b) < 1;sin( >

b+a
= 8sin(a + b) - \/sin(a + b) - cos? (T) <1<8

Hence (2) is true then (1) is true.

=0

S|
~—

UP.272. Prove without softs:

log32

TnmTm
171 ;
3
Ofofof(tan(,/xyz)) dxdydz < —g

Proposed by Florentin Visescu-Romania

Solution by Adrian Popa-Romania
f(x) =tanx = f'(x) =1+ tan’x > 0, Vx € (0,%) = f —increasing

f'(x) = 2tanx(1 + tan®x) > 0,Vx € (0,%) = f —concave.

s Am_Gm xX+y+z Jensem tanx + tany + tanz
tan(nyz) < tan —3 < 3
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tanx + tany + tanz\3
3 ) dxdydz

°\1-PI=I

m T T m T
4 4 4 4 1
fff tan(ny) dxdydz<ff
000 00

- 3 3

tanx 7 log>2
< 3[ 3 dx | = ftanxdx = | —log(cosx)|; | = 3
0

0

UP.273. In acute AABC the following relationship holds:

tan(VAB) + tan(VBC) + tan(/CA) < tanA + tanB + tanC

Proposed by Florentin Visescu-Romania

Solution 1 by George Florin Serban-Romania

> 0 = f —increasing.

f (Og) - R f(x) = tanx, f'(x) = —;

?

c C_sm™
—) = Yeye cot>=-< Ycyc tanA =

ZCJ’C tan(\/ﬁ) =< chc tan (#) = chc tan (g -3

2rs
[leyc tand = Tarmy > s2—2R+1)’<2r’os?<(2R+7r)2+21r2=>s%<

4R? + 4Rr + 3r? —true from Gerretsen inequality.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Inacute AABC and x — tanx is increasing function, hence
B+C C+A

VAB +/BC ++/CA <A+B +=—=+ = then
C+A

tan(VAB) + tan(VBC) + tan(VCA) < tan( > B) + tan (B ;L C) + tan( >
Remark: for0 < x,y < g we have

) < tanA + tanB + tanC

x y sinx siny
tan (x X) tanz + t‘mi _ T1+cosx 1+cosy _
2 2 1—tan¥- tanZ 1— sinx _ siny
2 2 (1 +cosx) (1+ cosy)

sinx + siny + sinxcosy + sinycosx
1+ cosx + cosy + cosxcosy — sinxsiny

1/si
S_(smx smy) )
2\cosx cosy

2(sinxcosxcosy + sinycosxcosy + sinxcosxcos*y + sinycosycos*x <

< sinxcosy + sinycosx + sinxcos’y + sinycos*x + sinxcosxcosy +
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+sinycosxcosy + sinxcosxcos*y + sinycosycos*x —

—sin?xsinycosy — sin*ysinxcosx
Hence

sinxcosxcosy + sinycosxcosy + sinxcosxcos*y + sinycosycos*x +

+sin’xsinycosy + sin’ysinxcosx < sinxcosy + sinycosx + sinxcos*y + sinycos*x
It's true, because sinxcosxcos?y + sin®xsinycosy < sinxcosx

sinycosycos?x + sin*ysinxcosx < sinycosx

And0 < x,y < g,(sinxcosy — sinycosx)(cosy — cosx) = 0
Hence
sinxcos?y — sinxcosxcosy — sinycosxcosy + cos*xsiny > 0
sinxcos’y + sinycos?x > sinxcosxcosy + sinycosxcosy
Therefore it’s true.

Solution 3 by Marian Voinea-Romania

Am=- Gm A+B B+C C+A
tan(VAB) + tan(VBC) + tan(VCA) < tan( ; ) + tan (%) + tan (%)

tan-concave 4 anA + tanB  tanB + tanC tanC + tanA

2 + +
- 2 2 2
EqualityforA=B=C=7

= tanA + tanB + tanC

UP.274. @, = 1—%+%—---+w,ne N. Find:

2n+1
n!
. n\/ wn et
Q=lim|(1+
n—oo n!

Proposed by Floricd Anastase-Romania

Solution by proposer

== () (e (v can (e
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1 1
1
In:f(l—xz)"-x’de(l—xZ)"'x 0+2nf(1—x2)"‘1-x2dx=
0 0

1 1 1
= —an(l —x2-1)A - x)"ldx = —an(l — xH)"dx + an(l —xH)"ldx =
0 0 0

22n . (n!)Z
= _ann + ZnIn—l => I, = m

o o 22n . (n!)z C—DrAl::mbert ] 22(n+1)((n+ 1)!)2 2n+1)!
lim Y @, = lim I Gn+1)l  m— o3y 2z 17
n!

n\/ wﬂ)e_" lim n' @n nl

| —enow nl e =0 =1
n:

n—-oo

QZlim<1+

UP.275. Find:

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

We first note that if k € N,

n

1
z rk = mnku +0(n¥)

r=1
— n _1 2 1
Fork—l,Zrzlr—En +on
Assume

z rk = lelnk+1 +0(n¥)

r=1
Forallke Nwith1 <k <mwheremeNm=>1

For m + 1, we note
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n
(x + 1)m+2 _ xm+2 — (m + z)xm+1 + O(xm) = Z[(x + 1)m+2 _ xm+2]
x=1

>m+1)™2—-1=_n+2)Y"_, x™ + apolynomial of degree (m + 1) with

rational coefficients.

n
1
x=

polynomial of degree (m + 1) with rational coefficients. Now,

j

k k J
1 1
;(1):Ek(k+1):> kZI:EkZI(ka)

=1
k=1
1

= gj“ + a polynomial of degree 3 in j

J k
E 1
= > j z k z l= j <§j4 + a polynomial of degree 3 inj)

j=1

1. - P
= El6 + a polynomial of degree 5 in i

n i i k
1
ﬁziZJ'ZRZIZ E (EV+apolynomialofdegree6ini)

_ 1

—a:1° + apolynomial of degree 7 in n.

1 1 1
— lim (—— + . P
rlll_polo (384 a polynomial of degree 7 in n) 384
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= lim (2 PN (21+1+k+l)>

i=1 j=1k=11=1

UP.276. Find:

Proposed by Daniel Sitaru — Romania

Solution 1 by Naren Bhandari-Bajura-Nepal

-
mzzzzwm,mz
=1j

HM
>
- ¢ =
N
L
N
= =
&
~

1)=1 k=11= k=1 I=1
o J J -1 n
~ 1 w1 1 1)\ 1 1,2 1
=tim Y > | 5w g1l Doge= D) |=ImY > | 55 Y 5i(z-2)
1 1 =1 k=1 k=1 1j=1 =
[ 2 —
_rlli’%lo§ 2i 222141_222141
- j=11=1 /1=
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16 8 32 8 64 64
= lim ( )

- — + = =
n—0 £ 16! 3-16! 3-16! 21-16! 21x15 315

Solution 2 by Ravi Prakash-New Delhi-India

n

J
2 1 1 1 1212":1 21(2 1 1 1)
3727320 L2/l 2kL21 L2I\3T 2 T3 2%

3
j k
8 21 11 1 1 2"11212121
21 3 20 3 220 21 23 £ 2i/.2i/ 2k U720

_ 8 (1 1) 2 '1(1 1 )4_1(1)(1 1 ) 1 1 (1 1 )
21 2n) 3 3 22n)  3\7 23n) 21 15 24n

n i J k
=1

1 8 2+1 1 64
2i2i2k21 21 9 21 315 315

i=1j=1k=1i

Solution 3 by Kartick Chandra Betal-India

n i J k n i J 1 l
— 1i 1 _ 1 1 zk
Q= nl_,ooz z z 2i+j+k+l rlan;z z 2i+j+k 1
i=1j=1k=11=1 i=1j=1k=1 2
n i J n i 1
_ 1 11y 1 1\ 37 1
- nimz 2+ z {zk zzk} - nLToz 2+ (1 - E) B §(1 B E)
i=1 j=1 k=1 i=1j=1 Z
n i
o 121 11
_anZF {i'ﬁ_ﬁ 3-231'}
i=1  j=1

=tm Y 2 (1-3)-3(1-3) *3:7(1-3)
— 4213 2i) "3 4) 37 8
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y izt 1

z{(i_i 21

8 211111

=21 1733737721 15
8 2 1 1 120-70+15-1 135-71 64

=21°9721 315 3.7-5-3 ~ 315 315

2t 3 22’ 3 23 21 24

UP.281. If (@) a1 < (0, 0): lim,,_., (:f;-:f) =a>0 x,=ay

X2 = Qg /Ay, x3:a1-\/a_2-i/a_; xn:al-\/a_z-i/a_y...-'i/a_n
then find:

(n+1)2 nd

(o)

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Q= lim

n—>oo

Solution 1 by Adrian Popa-Romania
If (¥.)n=1 —is sequence of real numbers such that:

|) limn—mo Yn+1 —
Y

n

i) llmn_,c,o In — @ € (0, )

iii) lim,,_, o, (y;ﬂ) = B € (0, ») then

lim(y,.q — yn) = alogB

n3

Let =—
yn 1vx_n
. Yn_ ..M amIm (n+1)7*2 x,
lim— = llmn = lim —=llm7-ﬂ
n-oo N n—oo /xn n-oo Xn n—oo Xn+1 n
. (n+1) (n+1)%x, 1\*" (n+1)?
= lim 5 . =lim(1+— —
n—oo n-n Xn+1 n-oo n " Ani1
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o2 n+1 (n + 1)Zn+2 o2 1i n nZn o2 (n + 1)Zn+2 a,
- lim - lim lim — S
n-o Api1 n-o an n-o Api1 n°t

] n+1)2"+Z (n+1)Z n?-a, et
=e?: lim 5 5 =e?-e? -—=—>0
n—-oo n<n n a,+1 a a
1 1
- 1

N
a

Yn+1 (n + 1)3 n\/ Xn =l (n+ 1)2 n\/ Xp N+ 1 —

lim = lim

n-o Yy n-ooo ntl Xpi1 n3 n—ooo ntl Xpi1 nZ n
(n+1)3
n+1 3n 1
. Yn+1 " . W Xn+1 . n+1 Xn . Xn+1 n+1
lim (/) =lim| ———— | =lim : =e?: lim —— - x"'!
n-oo y n-oo n3 n— oo n _n_ n-o X n+1
n n+1 n
" xn+1
n 2
i "+1 xn+1 n xn . \VXn M
e3-lim = e’ lim—-- =e>0
n—>oo an+1 n-oo an n-o N "/an
4
So Q——-loge—;

Solution 2 by Marian Ursdrescu-Romania

n® ((n+1)° x n? n+1\% x
Q= lim <(1 )y 3"—1>=lim n<< ) i —1>; (1)

Xn+1
I
2 _ anmCD'A (g4 1)22 x o m+1\? x, ,
lim —=1lim [— = lim—— —-=1lim . (n+1)
n-oo —\[ xn n-—o xn n-oo xn+1 n n—oo n xn+1

2 2 2n C.D/A 2n+2
+ +
Z l (n 1) — 2. l n Z l n n - Z . l (n 1) . an
m__—_————=e m 1m - m - -———
an

n+1/ n
n—-oo an+1 n—-oo an n—-oo n—-oo an+1

n+ 1)2" (n+1)2a,
n

1 e
=e2-lim< :ez-ez-_:_; (2)
a a

n—>oo

1 n+1 %
lim n <<n M 1) Vi 1> =limn-| e og(( ) "“\/xnﬂ) -1
n-oo \/m n-oo

Ani1
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n. (elog((n:;l)gn;;/\/i_:—H) _ 1)
1 ((

ni1)’ W)

. g9 n n+1
= lim P ‘e VEn+1
n—-oo log((n+ 1) vV *n >
e n n+1frn+1
3n 3n
n+1 X, 1 X,
= lim =log| lim((1+=) - AV
n—-oo n n+1 xn n-oo n X
n+1 n+1

1 3n 1l+1[x 1 3n nlx
=log| lim <(1 + —) T "+1> =log| lim <(1 + —) —")
n-oo n "+\/m n-oo n 1\l/a—n

1\3" "/x, n? e’ a
= i — . . = 3. .| = =1
log (rlll_To <(1 + n) oz ’\‘/a_n> log <e " e4> loge =1; (3)

From (1),(2),(3) we have: Q = % loge = ¢

a

f(x+1)x%
f(x)

UP.279.Leta € R}, f, "R} — R}, lim,_,q = b € R} then exists

1
lim, ., (f(x))* - x* and find

a a 1
lim (((F(x +2))* T — (T(x + 1))?) - x(f(x))?>

Proposed by D.M.Badtinetu Giurgiu, Neculai Stanciu-Romania

Solution by proposers

1 1
. (F(x+1));__ (F(n+1))ﬁ__ n|nl c-p'a . n+1)! n™ n \* 1
tim S = i = tim S i ey = i (g =
1
i X . 40 — |i n . ma
tim () - = Jim (V/f ) )

e mn~——cp'a . fa+1)(n+ 1) De
- rlll—glo f (n) = rlll—>no}o f (n)nna -
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a(n+1)

n+1)n* m+1
lim f( ) . ( ) =ph- e
n-oo f(n) n
L a
Let u(x) = (w) then limu(x) = 1 and lim % =
(T(x+ 1)); X— 00 x—oo logu(x)

) x ] ['(x+2) 1 . x+1
llm(u(x)) = lim . =lim|——— | =e®
o o (F(" D e+ 2))x11> e ((r(x + 2))x11>
a a 1
B(x) = ((F(x +2))*1 — (T(x + 1))5) x(f(x))*

a 1
— (F(x + 1))§ . (u(x) _ 1) Cxl-a. (f(x))z x4

) ((r(x " 1))1>a @) -1

1 X
x logu(x) (fG))* - x* - log(u(x))

a

1
limB(x) = (—) ‘1-b-e*-loge* =ab

X— 00 e

UP.284 Let a, b, ¢ be the lengths of the sides of a triangle ABC with iradius r,

circumradius R and area F. Prove that:

F B z ab B V3
12R%2(R — 1) = £u(2a? + b% + c?)(b+¢) ~ 167
cyc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by proposer

For the right inequality, we have:
(a+b)* (a+c)?
2 2
So, 2a? + b%2+c?)(b+c) = (a+ b)(b+c)(c+a)=>8abc.

ab 11,1, 1
e i1
Now ZCJ’C (2a%+b*+c%)(b+c) ~ 8\a b ¢

2a? + b% +c? = (a®> + b?) + (a®> + ¢?) > >(a+b)(b+c)

1
b2

2
+lsland(1+1+1) s3(1+i+i),so
cZ ~ 4r a b ¢ 2

.1
We know that: — + 2ttt
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z ab LN V3
(2a2+b2+c2)(b+c) " 8 4r?2  16r
cyc

For the left inequality, we have

ab 1
Z 2a®+b2+c2)(b+c) Z abe: o T T b2+ D) (be + D)
cyc

cyc

Now, using the Cauchy-Schwartz inequality, we get

ab 1
Z a2+ b2 +c2)(b+c) Z abe G T b ¥ ) (be + D)
cyc cyc

(1+1+1)2
2abc(a+ b + ¢) + 3(a?b? + b2c? + c2a?) + ab(a? + b2) + bc(b? + ¢2) + ca(c? + a2) + a* + b* + ¢*
- 9abc
~ 2abc(a+ b +c) +3(a* + b* + %) + (ab(a2 + b2) + be(b? + ¢2) + ca(c? + az)) +a*+ b*+ ¢t

> abc-

Now, we will prove that
2abc < ab(a? + b%) + bc(b? + ¢?) + ca(c? + a?) < 2(a* + b* + ¢*)
We have:
2(a* + b* + ¢*) — ab(a? + b?) — bc(b? + c?) — ca(c? + a?) =
= (a? + b?)? — ab(a? + b?) — 2a?b? + (b? + c?)? + bc(b? + c?) — 2b%*c* +
+(c? + a*)? + ca(c? + a?) — 2¢%a? =
= (a? + b? — 2ab)(a® + b? + ab) + (b? + ¢* — 2bc)(b? + ¢* + bc) +
+(c? + a? — 2ca)(c? + a? + ca) = (a — b)?*(a?® + b? + ab) +
+(b — c)?(b* + c?> + bc) + (c— a)*(c* +a*+ca) >0
Also, we have: a? + b? > 2ab; b? + ¢* > 2bc; c? +a? > 2ca, s0O
ab(a? + b?) + bc(b? + c¢?) + ca(c? + a?) > 2a®b? + 2b*c? + 2c¢%a?.
Now, we have a?b? + b%c? > 2ab?c; b%*c? + c%a? > 2abc?: c?a* + a*b? > 2a’bc
So, 2a’b? + 2b%c? + 2c*a® > 2a’bc + 2ab?*c + 2abc? = 2abc(a+ b + ¢)

We have:

Z ab - 9abc _ 9abc
v a2z +b2+c2)(b+c)~ 2(at +b* +c*) +3(at + b* + ) + 2(a* + b* + cH) +at + bt + ¢t 8(a* + b* +c*)
Now, we will prove that: a* + b* + ¢* < 54R3*(R — 1)

Itis well known that: a* + b* + ¢* = 2(a?b? + 2b?*c? + 2c¢*a?) — 16F?
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So,a*+b*+c* =2 ((ab + bc + ca)? — 2abc(a+b + c)) — 16F?2.
Now, ab + bc + ca = s? + r?2 + 4Rr so that, with a short calculation,
a*+ b* + c¢* = 2(s* — 2rs?(4R + 3r) + r*(4R +1)?)
and the inequality becomes:
s*—2r(4R+31r)s? +r?(4R+1r)> - 27R*(R-1) <0
The left hand side is a quadratic in s% which writes as (s? — a)(s? — B) with
a =7r(4R + 3r) — /6,8 = r(4R + 3r) + V/§, the number & being
8r3(2R +1r) +27R3(R—1)
The inequality a < s2 follows from Gerretsen’s inequality 16 Rr — 572 < s? since
a < 3r’> + 4Rr < 16Rr — 5r* < 5%
As for the inequality s* < B, using Gerretsen’s second inequality
s < 4R? + 3r% + 4Rr, we see that it is sufficient to prove 4R? < /8 or

8r* + 16Rr3 — 27R3r + 11R* > 0

But, setting x = % > 1 (Euler) this rewrites as 22x* — 27x3 + 4x + 1 > 0, that is

(x—1) (11x3 + (x - 1)(11x2 + 6x + 1)) >0

So, the later inequality holds and we are done.

Equality holds when the triangle is equilateral.

ab 9abc
(2a%+b%+c%)(b+c) — 8:54R3(R-r

S0, Xeye 3 and we know that abc = 4RF then

ab > F
(2a%+b%+c2)(b+c) — 12R%(R-T)

chc
UP.277. Find:

/Z1si<j<k5n <ﬁ>\

Q = lim | I

n—oo \ eHn /

Proposed by Marian Ursdrescu-Romania
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1. I

Solution by Mokhtar Khassani-Mostaganem-Algerie
n2 lei<j<k5n T
) iy
1<i<j<ks<n W . n3

Q= lim = lim
n—-oo eHln n—oo neHn—logn

1

N

1 I
= e Vlim
n—-oo nZ o
1<i<j<ksn

w

) 11(1 ) 11
=e yofxfg(xy)z dydx = e~ fof

0

UP.282. If m,p,r,s,t = 0;(a,,) 51, (b;)ns>1; (€)ns1 € (0, 0);

a b c —-C
lim( "+1r>:a>0; lim( "+1>:b>0; lim(M):c>0

n—-oo an n n—-oo bn . nS n—00 nt
then:
n+1 n m p
Cn+1” apiq bn+1 Cn: Jan' " by a™-b?-c
lim =
n—00 \ (n + 1)mr+ps+t nmr+ps+t / (t + 1) . emr+ps

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Soumitra Mandal-Chandar Nagore-India

LC-S I I
lim n o m lim Cht1 — Cq = lim | Cht1 —Cn . 1 | _ c
n-oco pttl n-o (n + 1)t+1 —nt*l  now I nt 1 t+1 I t+1
(1 + —) -1
n
1
n
YA 24 gy 1
lim—— = lim ' nr — _r
n-co MT oo’ ay (1 + 1) “
n
1 t+1
_ _ t+1\ LC-S t 1+= -1
(e = €\ _ (G =G ow (1r5)
llm( n "):llm —————=.-——| 2 clim . L =t+1
n-—oo Cn n-—oo n Cn n-oCyiq1 — Cp l
n
n C.D'A
lim Vba"s im Buis ! =
n-co NS n-o N’ - b, 1\ eS
1+
n
n+1
‘nt+1’ | “1T+1'bfl+1
e EpSTE
Let: u, = —* foralln € N
cn |aftby
T pSTE
. -1
~1lim,,_,, u, = 1 hence for all n - oo, l::‘(u )
n
~limu}l =
n—-oo
cn 1(Cn+1—Cn) nmrsp 1 1
1 n(mr+sp)] -

(e a1
n—-oo : : n+1 p
" " ar bb ., (1+E) (1+E)

r\m s\P 1
—pttl. . om pp.(E) .(E) . I
=e a b (a) (b ettmr+sp =e

n+1 n
. m | pP . / m . pP
Cn+1 an+1 bn+1 Cn an bn

,lll_,rg (n + 1)mr+ps+t nmr+ps+t

Cp- /a?}-bz u, —1 , . ambPec
'Og(un)_(t_l_ 1) - emr+ps

= lim nmr+ps+t . lOg(un)

n—-oo
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UP.280. Let a, b, ¢ be sides in AABC, (X)) n>1, V) ns1: (Z) =1 S€QUENces of

positive numbers such that:

z
lim(x,,.; — x,) =c, lim Yni1 _ b, lim ntl— ¢
n—oo n—oo nyn n—oo nzn
Prove that:
. xn'HYn+e'nynzn+xn'n\/Zn 4\/§F
lim > >
n—oo n e

Proposed by D.M.Badtinetu-Giurgiu and Neculai Stanciu-Romania

Solution by Marian Ursdrescu-Romania

(x" ' m) = lim

n—-oo

lim >
n—oo n n n

("" ﬂ) (1)

LC-S

c
Xpi1 — X

. n . n+1 n

lim— £ lim———=a (2)

n-ow N nbomn+1—mn

lim Vn = lim n/&C_gm limL-n—n = lim Yust, ( = )"_ ® = b 3)

n-o N n—-oo \ 0t n-oo (n + 1)"+1 Yo nooony, \n+1 n+1 e
From (1)+(2)+(3) we have: lim,,_,, (x":fﬁ) = “_eb (4)

miE) =% (5)

Similarly: llmn_m( >

i (202) B o[BG
n-oo n—>00

ab+bc+ca V3F

From (4)+(5)+(6) we must show: —— >1 — © ab + bc+ ca = 43F,

true it's Gordon inequality.

UP.278 If a, b € R then:
b b

1
f f(cosx cosycos(x +y))dxdy + §(b —-a)?2>0

a a

Proposed by Daniel Sitaru — Romania
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Solution by proposer:

2
We start from: (cos x+ % (cos(x + Zy))) + isinZ (x+2y)=0
1 1
cos? x + cos x cos(x + 2y) + Zcosz(x +2y) + Zsinz(x +2y)=>0

cos? x + cosxcos(x + 2y) > — y

2 cos? x + 2 cosx cos(x + 2y) > ~3

2 cos? x + cos 2y + cos(2x + 2y) > —3

3
2cos?x — 1+ cos? y + cos(2x + 2y) > —3

3
cos 2x + cos 2y + cos(2x + 2y) > —3

3
2cos(x+y)cos(x —y)+2cos’(x+y)—1> —3

2 cos(x +y) (cos(x —y) + cos(x + y)) > —%

1
cos(x+y)-2cosxcosy > ~a

8cosxcosycos(x+y)+1=>0

1
cosxcosy cos(x + y) +tg2 0

b b

1
ffcosxcosycos(x+y)dxdy+§(b—a)220
a a

UP.283.RMM WINTER EDITION 2020
By Marin Chirciu — Romania

1) In AABC:

r h, h, h, 1
< + + <
4R* ~ a%2(b+c)?2 b (c+a)? c2(a+ b)? ~ 6413

Proposed by George Apostolopoulos-Messolonghi— Greece
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Solution

The left hand inequality: Using the means inequality we obtain:

3 2r2s?

a 3 ha R
RIS [ CS :
a?(b + c)? a?(b + c¢)? 16R2%12s2 - 452(s%2 + r2 + 2Rr)?

1) 3

3 I 1 27
3 = 4;4’W ere (1) 3.52(s2+72 z 2 64rR12
J32R3~sz(sz+r2+ZRr)2 32R3-s%(s?+12+2Rr)

& 54R° > r3s%(s? + r2 + 2Rr)?, which follows from Mitrinovic’s inequality

2
sz < % and Gerretsen s < 4R? + 4Rr + 3rZ. It remains to prove that:

27R?
54R° > r3

(4R* + 4Rr + 312 +1r?2 + 2Rr)? © 2R > r3(2R?> + 3Rr + 2r?)? &

& 2R7 —4R*r3 — 12R*r* —17R*r°* — 12Rr® —4r" > 0 &
& (R — 2r)(2R® + 4R%r + 8R*r? + 12R3r% + 12R*r* + 7Rr> + 2r%) > 0
obviously from Euler's inequality R > 2r.
Equality holds if and only if AABC is equilateral.
The right hand inequality:

. hq hg, 1 hg _ 1 ) s4+sz(2r2—4Rr)+r2(4Rr+r)2 _
We have: Z aZ(b+c)? = Z a%-4bc — 4abcz a  44Rrs 8R2rs -
_ s*+5%(2r* — 4Rr) + r*(4Rr + r)* (i) 1
B 128R312s2 = 6413

where (2) © s* + s2(2r? — 4Rr) + r*(4R + r)? < 2R3s?, which follows from
Gerretsen’s inequality s > 16Rr — 572, It remains to prove that:
s* + s2(2r2 — 4Rr) + r*(4R + r)?> < 2R3(16Rr — 512%)
& s%(s?+2r?2 —8Rr) + r*(4R + r)? < 2R3(16 — 5r), true from Gerretsen’s
inequality s? < 4R* + 4Rr + 3r2. It suffices to prove that:

(4R* + 4Rr +37?)(4R* + 4Rr + 31> + 21> — 8Rr) + r*(4R +1)? < 2R*(16R — 51) &
© 8R* — 5R*r — 16R*r* — 8Rr® — 8r* > 0 © (R — 2r)(8R® + 11R?*r + 6Rr? + 41*) > 0
obviously from Euler’s inequality R > 2r.

Equality holds if and only if AABC is equilateral.

Remark.
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If we change h, with r, we propose:

2) In AABC:

r T, T T 1
< + + <
4R* ~ a?2(b+¢)? b *(c+a)? c%(a+ b)? ™ 64r3

Marin Chirciu — Romania

Solution.
The left hand inequality:

Using means inequality we obtain:

D.awrorz? || lzas =3 rs” =
a?(b+c¢)2 — a?(b+c)? ~ |16R?r2s? - 4s2(s2 + 12 + 2Rr)?

- 3 Q-

3 4RY
\/64R2r~sz (sz+r2+ZRr)2

27 r3
p 12
64R%1-5%(s2+12+2Rr) 64R

where (1) &

& 27R0 > r*s%(s? + r? + 2Rr)?, which follows from Mitrinovic’s inequality

st < @ and Gerretsen s < 4R? + 4Rr + 3r?. It remains to prove that:
2
27RY > r*. T(sZ +12+2Rr)> © R® > r*(2R*> + 3Rr + 2r*)* &
© R® —4R*r* —12R3*r5 —17R*r°* - 12Rr" - 4r® >0 &
& (R — 2r)(R”7 + 2R%r + 4R5r% + 8R*r® + 12R%*r* + 12R*r5 + 7Rr® + 217) > 0
obviuosly from Euler’s inequality R > 2r.
Equality holds if and only if AABC is equilateral.
The right hand inequality

Ta Ta 1 Ta 1 s2+(4R+1)?
< < Ta : =
We have Z a2(b+c)z — Z a2-4bc — 4abc Z a 4-4Rrs 4Rs

s2+(4R+1r)2 @ 1
= <
64R?rs? 6413
where (2) © r2(4R +r)? < s2(R? — r?), which follows from Gerretsen’s inequality

2
s? > 16Rr — 51% > @. It remains to prove that:
r(4R + 1)?
r2(4R + 1)? s%(m —r’)oR*—Rr-2r’>20 (R-2r)(R+1r)=0
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obviously from Euler’s inequality R > 2r.

Equality holds if and only if AABC is equilateral.

UP.285. RMM NUMBER 19 WINTER 2020
By Marin Chirciu — Romania
1) In AABC the following relationship holds:
15 3R? w2 wb w?  O9R
— —— RS —+ 2+ —< —
2 4r? h, h, h, 2
By George Apostolopoulos-Messolonghi— Greece

Solution

We prove the strongest inequality:

2) In AABC the following relationship holds:

10— —|r<—+—+-—<4R+r

2r wi wi w?
( R) h, hy, h,

Marin Chirciu — Romania

Solution
The left hand inequality: Using inequality w, > h, we obtain:
w2 h2 s2 + 12 + 4Rr Gerretsen 16Rr — 51% + r% + 4Rr 2r
> —:Zh == > 2r(10——>
h, 2R 2R R
2
We provethat (10 - %) > (£ - 20) R & 3R* — 30R*r2 + 40R1> — 8r* 2 0 &

& (R —2r)(3R3 + 6R?*r — 18Rr? + 4r3) > 0, obvious from Euler’s inequality
R > 2r.Equality holds if and only if AABC is equilateral.
The right hand inequality.

Using the formula h, = E and the inequality w? < s(s — a) we obtain:

Zh _ZM 2S,Z:cl(s—a)—i 2r(4R+1r)=4R+r

a
Above we've used the known identity in triangle Y a(s — a) = 2r(4R +r)
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Remark.

We prove that inequality 2) is stronger than inequality 1).
3) In AABC the following relationship holds:

15 3R? w2 w? 2

2r we 9R
—— Rs(10——)rs—+—+—s4R+rs—
2 4r R ha b c 2

Solution
See inequality 2) and for the left hand inequality we prove that:
15 3R?

r(10 R)“(Z 4r2>R<:)3R 30R*r 40RTr 8r*>0¢<

& (R —2r)(3R3 + 6R*r — 18Rr? + 4r3) > 0, obviously from Euler’s inequality
R = 2r.

For the right hand inequality we prove that4R +r < % < R = 2r, (Euler’s

inequality)
Remark.
If we change h, with r, we propose:
4) In AABC the following relationship holds:

18r2<w_f,_|_w_,2,+w§<(2R—r)2

R " r, 1, 71, r

Marin Chirciu — Romania

Solution
Using inequality w, > h, we obtain:
5 2 Berast 5 3 2s%r
z wi - E erg;rom G hy) (;) 3Y hyh, @3 "7
r, 4Lar, - Xr,  Xr, 4R +r
r(4R + 1)?
6s2r 4) 6r - %
= > =
R(4R+1r) — RMAR+7T)
6r2(4R+1) _ 61 4R+T B) 6,2 1872 . . .
ki) R Rer 2 3= , where (1) it follows from inequality

(x +y+2)2>3(xy+yz+zx), (2)itfollowsfrom the known identities in triangle
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2
Y hyh, = Z;r and Y r, = 4R + r, (4) it follows from Gerretsen
2
s > 16Rr — 512 > %, and (5) % >3 © R = 2r, (Euler's inequality)

Equality holds if and only if AABC is equilateral.
The right hand inequality

Using the formula h, = ﬁ and inequality w2 < s(s — a) we obtain:

w2 s(s—a) s 1
z_aszgz—zcg—a)z :—(SZ—ZTZ—BRT)
T, S S r
s—a

- 4R*> + 4Rr + 3r*> — 2r* —8Rr _

r
4R*> —4Rr+1r? (2R —71)*?
r B r

Above we've used the known identity in triangle (s — a)? = s? — 2r? — 8Rr.

Equality holds if and only if AABC is equilateral.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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