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JP.271. If ࢈,ࢇ, ࢉ > 0; ܾܽܿ = ܽ + ܾ + ܿ + 2 then: 

(૛ࢇ + ૚)૛ + (૛࢈ + ૚)૛ + (૛ࢉ + ૚)૛ ≥ ૛૞ 

Proposed by Marin Chirciu-Romania 

Solution by proposer 

,࢈,ࢇ ࢉ > 0;ܾܽܿ = ܽ + ܾ + ܿ + 2 ⇒
૚

૚ + ࢇ +
૚

૚ + ࢈ +
૚

૚ + ࢉ = ૚ 

૚ =
૚

૚ + ࢇ +
૚

૚ + +࢈
૚

૚ + ࢉ ≥
࢓ࡴି࢓࡭ ૢ

૜ + +ࢇ ࢈ + ࢉ ⇒ ࢇ + ࢈ + ࢉ ≥ ૟; 		(૚) 

Equality if and only if ࢇ = ࢈ = ࢉ = ૛. 

ࢉ࢈ࢇ = ࢇ + ࢈ + ࢉ + ૛ ⇒
ࢇ

૚ + +ࢇ
࢈

૚ + ࢈ +
ࢉ

૚ + ࢉ = ૛ 

૛ = ෍
ࢇ

૚ + ࢇ = ෍
૛ࢇ

ࢇ + ૛ࢇ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ∑)

+ࢇ)∑ (૛ࢇ ≥
(૚) ૜૟

ࢇ)∑ +  (૛ࢇ

૛ ≥
૜૟

+ࢇ)∑ (૛ࢇ ⇒෍(ࢇ+ (૛ࢇ ≥ ૚ૡ ⇒෍(૛ࢇ+ ૚)૛ ≥ ૛૞ 

Equality if only if ࢇ = ࢈ = ࢉ = ૛ 

 

JP.272. If ࢈,ࢇ, ࣅ,ࢉ > ૛ࢇ,0 + ૛࢈ + ૛ࢉ = ૚ then: 

૚ ≤ +ඥ૚ࢇ ࢉ࢈ࣅ + +ඥ૚࢈ +ࢇࢉࣅ +ඥ૚ࢉ ࢈ࢇࣅ ≤ ඥ૜ +  ࣅ

Proposed by Hung Nguyen Viet-Vietnam 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

૚ ≤⏞
(∗)

ඥ૚ࢇ + ࢉ࢈ࣅ + ඥ૚࢈ + +ࢇࢉࣅ ඥ૚ࢉ + ࢈ࢇࣅ ≤⏞
(∗∗)

ඥ૜ +  ࣅ

Because: ࢇ૛ + ૛࢈ + ૛ࢉ = ૚, then: 

(∗) ⇔ ૚ ≤෍ࢇ(૚ + (ࢉ࢈ࣅ
ࢉ࢟ࢉ

+ ૛෍(࢈ࢇ
ࢉ࢟ࢉ

ඥ(૚ + +૚)(ࢇࢉࣅ ((ࢉ࢈ࣅ 	⇔ 

૚ ≤ ቎෍ࢇ(૚+ (ࢉ࢈ࣅ
ࢉ࢟ࢉ

+ ૛෍(࢈ࢇ
ࢉ࢟ࢉ

ඥ(૚ + +૚)(ࢇࢉࣅ ቏((ࢉ࢈ࣅ

૛

⇔ 
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૚ ≤ ቌ෍ࢇ(૚ + (ࢉ࢈ࣅ
ࢉ࢟ࢉ

ቍ

૛

+ ૝ቌ෍ࢇ(૚ + (ࢉ࢈ࣅ
ࢉ࢟ࢉ

ቍቌ෍(࢈ࢇ
ࢉ࢟ࢉ

ඥ(૚ + +૚)(ࢇࢉࣅ ቍ((ࢉ࢈ࣅ + 

+ቌ෍(࢈ࢇ
ࢉ࢟ࢉ

ඥ(૚+ ૚)(ࢇࢉࣅ + ቍ((ࢉ࢈ࣅ

૛

	 

Let: Ω = ૝൫∑ ૚)ࢇ + ࢉ࢟ࢉ(ࢉ࢈ࣅ ൯ ቀ∑ ࢉ࢟ࢉ࢈ࢇ) ඥ(૚ + ૚)(ࢇࢉࣅ + ቁ((ࢉ࢈ࣅ + 

ቀ∑ ࢉ࢟ࢉ࢈ࢇ) ඥ(૚ + +૚)(ࢇࢉࣅ ቁ((ࢉ࢈ࣅ
૛

ࣅ,ࢉ,࢈,ࢇ∀ , > 0 

૚ ≤ +ࢇ) ࢈ + ࢉ + ૜ࢉ࢈ࢇࣅ)૛ + Ω ⇔ 

૚ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ + ૛(ࢉ࢈ࢇࣅ)ૢ + ૛൫࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૜ࢇ)ࢉ࢈ࢇࣅ+ ࢈ + ൯(ࢉ + Ω 

૛ୀ૚ࢉ૛ା࢈૛ାࢇ
ሯልልልልልልልሰ ૙ ≤ ૛(ࢉ࢈ࢇࣅ)ૢ + ૛൫࢈ࢇ + ࢉ࢈ + +ࢇࢉ ૜ࢇ)ࢉ࢈ࢇࣅ+ +࢈ +൯(ࢉ Ω 

Which is clearly true because: ࢈,ࢇ, Ω,ࣅ,ࢉ > 0. Now, 

ඥ૚ࢇ + +ࢉ࢈ࣅ ඥ૚࢈ + ࢇࢉࣅ + ඥ૚ࢉ + ࢈ࢇࣅ ≤⏞
ࡿ࡯࡮

ඥࢇ૛ + ૛࢈ + ૛ࢉ ∙ ඥ(૚ + (ࢉ࢈ࣅ + (૚ + (ࢉࢇࣅ + (૚ +  (࢈ࢇࣅ

=⏞
૛ୀ૚ࢉ૛ା࢈૛ାࢇ

ඥ૜ + ࢈ࢇ)ࣅ + ࢉ࢈ + (ࢇࢉ ≤⏞
૛ୀ૚ࢇ∑ஸ࢈ࢇ∑

√૜ + ࣅ ∙ ૚ = √૜ + ࣅ ⇒ (∗∗)	Is true. Proved. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

ඥ૚ࢇ + ࢉ࢈ࣅ + ඥ૚࢈ + +ࢇࢉࣅ ඥ૚ࢉ + ࢈ࢇࣅ = ඥࢇ૛ + ࢉ࢈૛ࢇࣅ + ඥ࢈૛ + +ࢇࢉ૛࢈ࣅ ඥࢉ૛ +  ࢈ࢇ૛ࢉࣅ

≤ ඥ૜(ࢇ૛ + ૛࢈ + (૛ࢉ + ࢉ࢈૛ࢇ)ࣅ + ࢇࢉ૛࢈ + (࢈ࢇ૛ࢉ ≤ ඥ૜ +  	ࣅ

 

∴ ૛ࢇ + ૛࢈ + ૛ࢉ = ૚ ⇒ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥ ૜(ࢇ૛ࢉ࢈+ +ࢇࢉ૛࢈  (࢈ࢇ૛ࢉ

Because: ࢇ૛ + ૛࢈ + ૛ࢉ = ૚, consider 

૚ + ࢉ࢈ࣅ ≥ ;૛ࢇ 	૚ + ࢇࢉࣅ ≥ ૛;૚࢈ + ࢈ࢇࣅ ≥  ૛ henceࢉ

 

√૚ + ࢉ࢈ࣅ ≥ ૚√,ࢇ + ࢇࢉࣅ ≥ ૚√,࢈ + ࢈ࢇࣅ ≥  hence ࢉ

ඥ૚ࢇ + ࢉ࢈ࣅ ≥ ඥ૚࢈,૛ࢇ + ࢇࢉࣅ ≥ ඥ૚ࢉ,૛࢈ + ࢈ࢇࣅ ≥ ૛ࢉ ⇒ 

ඥ૚ࢇ + ࢉ࢈ࣅ + ඥ૚࢈ + +ࢇࢉࣅ ඥ૚ࢉ + ࢈ࢇࣅ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ = ૚ 

Therefore: ૚ ≤ ૚√ࢇ + +ࢉ࢈ࣅ ૚√࢈ + +ࢇࢉࣅ +૚√ࢉ ࢈ࢇࣅ ≤ √૜ +  .Proved .ࣅ
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JP.273 If ࢈,ࢇ, ࢉ > 0 then: 

૜ࢇ + ૜࢈ + ૜ࢉ

૜ࢉ࢈ࢇ
+
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ

≥
૛(ࢇ૛ + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ

 

Proposed by Nguyen Viet Hung-Hanoi – Vietnam  

Solution by Marin Chirciu-Romania 

Adding ࢇ
૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
 to both members, the inequality can be written: 

૜ࢉ૜ା࢈૛ାࢇ

૜ࢉ࢈ࢇ
+ ࢇࢉାࢉ࢈ା࢈ࢇ

૛ࢉ૛ା࢈૛ାࢇ
+ ૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢇࢉାࢉ࢈ା࢈ࢇ
  (1) 

Using the means inequality, we obtain: 

ࢇࢉାࢉ࢈ା࢈ࢇ
૛ࢉ૛ା࢈૛ାࢇ

+ ૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
≥ ૛ට࢈ࢇାࢉ࢈ାࢇࢉ

૛ࢉ૛ା࢈૛ାࢇ
⋅ ࢇ

૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
= ૛  (2) 

From (1) and (2) it suffices to prove that: ࢇ
૜ା࢈૜ାࢉ૜

૜ࢉ࢈ࢇ
+ ૛ ≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢇࢉାࢉ࢈ା࢈ࢇ
    (3) 

Subtracting ૜ from both members of inequality (3), we obtain: 

૜ࢇ + ૜࢈ + ૜ࢉ

૜ࢉ࢈ࢇ − ૚ ≥
૜(ࢇ૛ + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૜ ⇔

૜ࢇ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ
૜ࢉ࢈ࢇ ≥ 

≥
૜(ࢇ૛ + ૛࢈ + ૛ࢉ − ࢈ࢇ − −ࢉ࢈ (ࢇࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ⇔ 

⇔
+ࢇ) ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢇࢉ

૜ࢉ࢈ࢇ ≥
૜(ࢇ૛ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢇࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ⇔ 

⇔ ૛ࢇ) + ૛࢈ + ૛ࢉ − −࢈ࢇ −ࢉ࢈ +ࢇ)](ࢇࢉ ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ − [ࢉ࢈ࢇૢ ≥ ૙, which 

follows from: 

૛ࢇ) + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢇࢉ ≥ ૙⇔ ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − ૛(ࢇ ≥ ૙ 

Obviously, with equality for ࢇ = ࢈ =  and ࢉ

+ࢇ)] ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ −(ࢇࢉ [ࢉ࢈ࢇૢ ≥ ૙, true from means inequalities: 

ࢇ + +࢈ ࢉ ≥ ૜√ࢉ࢈ࢇ૜  and ࢈ࢇ+ +ࢉ࢈ ࢇࢉ ≥ ૜ඥ(ࢉ࢈ࢇ)૛૜ , wherefrom  

ࢇ) + ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + (ࢇࢉ ≥  ࢉ࢈ࢇૢ

Above we’ve used the identity: 

૜ࢇ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ = ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − −࢈ࢇ −ࢉ࢈  (ࢇࢉ

We deduce that the inequality from enunciation, with equality holds if and only if  
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ࢇ = ࢈ =  .ࢉ

 

JP.274. If ࢟,࢞, ࢠ ≥ ૙,࢞ + ࢟ + ࢠ = ૚;࢔ ≥ ૛ then: 

࢔) + ૚)(࢟࢞+ ࢠ࢟ + (࢞ࢠ ≤ ૛࢞)࢔ + ૛࢟ + (૛ࢠ +  ࢠ࢟࢞ૢ

Proposed by Marin Chirciu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

By Schur’s inequality: 

૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ ≥ ࢞)࢟࢞ + (࢟ + +࢟)ࢠ࢟ (ࢠ + +ࢠ)࢞ࢠ (࢞ ⇔ 

૛࢞ + ૛࢟ + ૛ࢠ +
ࢠ࢟࢞ૢ

࢞ + ࢟ + ࢠ ≥ ૛(࢟࢞ + +ࢠ࢟  (∗)		(࢞ࢠ

Now, because: ࢞ + ࢟ + ࢠ = ૚	 

Inequality becomes as: (࢔+ ૚)(࢟࢞ + ࢠ࢟ + (࢞ࢠ ≤ ૛࢞)࢔ + ૛࢟ + (૛ࢠ + ࢠ࢟࢞ૢ
ࢠା࢟ା࢞

⇔	 

૛(࢟࢞+ ࢠ࢟ + (࢞ࢠ + ࢔) − ૚)(࢟࢞ + +ࢠ࢟ (࢞ࢠ ≤ 

−࢔) ૚)(࢞૛ + ૛࢟ + (૛ࢠ + ૛࢞ + ૛࢟ + ૛ࢠ +
ࢠ࢟࢞ૢ

࢞ + ࢟ + ࢠ ⇔ 

−࢔) ૚)(࢞૛ + ૛࢟ + ૛ࢠ − ࢟࢞ − ࢠ࢟ − (࢞ࢠ + 

+ቆ࢞૛ + ૛࢟ + ૛ࢠ + ࢠ࢟࢞ૢ
ࢠା࢟ା࢞

− ૛(࢟࢞ + ࢠ࢟ + ቇ(࢞ࢠ ≥ ૙     

Which is true because: ࢔ ≥ ૛ ⇒ ࢔ − ૚ > 0, ૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + +ࢠ࢟  (*) and by	࢞ࢠ

Proved. 

Solution 2 by Marian Dincă-Romania 

Let: ࢞ = ࢇ
ࢉା࢈ାࢇ

࢟, = ࢈
ࢉା࢈ାࢇ

, ࢠ = ࢉ
ࢉା࢈ାࢇ

 

+࢔) ૚)(࢈ࢇ + ࢉ࢈ + +ࢇ)(ࢇࢉ +࢈ (ࢉ ≤ ૛ࢇ)࢔ + ૛࢈ + +ࢇ)(૛ࢉ ࢈ + (ࢉ +  ࢉ࢈ࢇૢ

Let: ࢇ + +࢈ ࢉ = ࢈ࢇ,࢖ + +ࢉ࢈ ࢇࢉ = ࢉ࢈ࢇ,ࢗ =  ࢘

+࢔) ૚)࢖ࢗ ≤ ૛࢖)࢔ − ૛࢖(ࢗ +  ࢘ૢ

(࢘)ࢌ = ૛࢖)࢔ − ૛࢖(ࢗ+ ࢘ૢ − ࢔) + ૚)࢖ࢗ,૙ ≤ ࢘ ≤
ࢗ࢖
ૢ 	 

Because it is of te first degree in the variable ࢘, it will be necessary and sufficient to: 
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ࢌ ቀ
ࢗ࢖
ૢ
ቁ ≥ ૙ ⇔ ૛࢖)࢔ − ૛࢖(ࢗ+ ࢘ૢ − ࢔) + ૚)࢖ࢗ ≥⇔ ૛࢖)࢖࢔ − ૛ࢗ) − ࢗ࢖࢔ ≥ ૙ ⇔ 

૛࢖)࢖࢔ − ૛ࢗ − (ࢗ ≥ ૙ ⇔ ૛࢖)࢖࢔ − ૜ࢗ) ≥ ૙,	true. 

(૙)ࢌ ≥ ૙ for ࢘ = ૙ ⇒ ࢉ࢈ࢇ = ૙ 

Let: ࢉ = ૙ ⇒ ࢖ = ࢇ + ࢗ,࢈ = ࢈ࢇ ⇒ ࢗ ≤ ૛࢖

૝
 

(૙)ࢌ = ૛࢖)࢔ − ૛࢖(ࢗ − ࢔) + ૚)࢖ࢗ = ࢔ ቆ࢖૛ −
૛࢖

૛ ቇ࢖ −
࢔) + ૚)࢖૜

૝ =
૜࢖࢔

૛ −
࢔) + ૚)࢖૜

૝  

= ૜࢖ ൬
࢔ − ૚
૝ ൰ > 0 

 

JP.275 If in ઢ࡯࡮࡭, ૛࢈ + ૛ࢉ = ૜ࢇ૛ then: 

૛
ࢇࢎ

ඨࢉ࢈
૞ +

࢈࢝

࢈ࢎ
+
ࢉ࢝

ࢉࢎ
< 1 +

࢘
 ࡾ

Proposed by Daniel Sitaru-Romania  

Solution by proposer 

૛ࢇ = ૛࢈ + ૛ࢉ − ૛ܛܗ܋࢈ ࡭ = ૜ࢇ૛ − ૛ܛܗ܋ࢉ࢈  ࡭

૛ࢉ࢈ ࡭ܛܗ܋ = ૛ࢇ૛ ⇒ ࡭ܛܗ܋ࢉ࢈ = ૛ࢇ  

ܛܗ܋ ࡭ = ૛ࢇ

ࢉ࢈
< 1 ⇒ ૛ࢇ < ܾܿ   (1) 

ࢇ࢝
૛ =

૝࢙)࢙ࢉ࢈ − (ࢇ
࢈) + ૛(ࢉ =

૝ࢉ࢈
࢈) + ૛(ࢉ ⋅

ࢇ + ࢈ + ࢉ
૛ ⋅

+࢈ ࢉ − ࢇ
૛ = 

=
ࢉ࢈

࢈) + ૛(ࢉ ࢈)) + ૛(ࢉ − (૛ࢇ = ࢉ࢈ −
૛ࢇࢉ࢈

࢈) + ૛(ࢉ = 

= −ࢉ࢈
૛ࢇࢉ࢈

૛࢈ + ૛ࢉ + ૛ࢉ࢈ = ࢉ࢈ −
૛ࢇࢉ࢈

૜ࢇ૛ + ૛ࢉ࢈ = ࢉ࢈ −
ࢉ࢈

૜ + ૛ࢉ࢈
૛ࢇ

>
(૚)

ࢉ࢈ −
ࢉ࢈

૜ + ૛ࢉ࢈
ࢉ࢈

= 

= ࢉ࢈ −
ࢉ࢈
૞ =

૝ࢉ࢈
૞ ⇒ ࢇ࢝ > 2ඨ

ࢉ࢈
૞  
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૛
ࢇࢎ

ඨࢉ࢈
૞ +

࢈࢝

࢈ࢎ
+
ࢉ࢝

ࢉࢎ
<
ࢇ࢝

ࢇࢎ
+
࢈࢝

࢈ࢎ
+
ࢉ࢝

ࢉࢎ
≤ ૚ +

࢘
 ࡾ

 

JP.276. In ∆࡯࡮࡭ the following relationship holds: 

૜ − ࢔
૛

+
࢘࢔
૛
≤

૛ࢇ

૛࢈ + ૛ࢉ
+

૛࢈

૛ࢉ + ૛ࢇ
+

૛ࢉ

૛ࢇ + ૛࢈
≤
૜ࡾ
૝࢘

࢔; ≥ −૚ 

Proposed by Marin Chirciu-Romania 

Solution by proposer 

LHS: ࢇ૛

૛ࢉ૛ା࢈
+ ૛࢈

૛ࢇ૛ାࢉ
+ ૛ࢉ

૛࢈૛ାࢇ
≥ ૜ି࢔

૛
+ ࢘࢔

૛
࢔, ≥ −૚ 

∑ ૛ࢇ

૛ࢉ૛ା࢈
= ∑ ૝ࢇ

(૛ࢉ૛ା࢈)૛ࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൫∑ࢇ૛൯
૛

૛∑࢈૛ࢉ૛
≥
(૚) ࢘࢔ା૛(࢔૜ି)ࡾ

૛ࡾ
,	where 

	(૚) ⇔ ૛(૛ࢇ∑)ࡾ ≥ ૛(૛ࡾ−  ૛, true from relationship holdsࢉ૛࢈∑(࢘

෍ࢇ૛ = ૛(࢙૛ − ૛࢘ − ૝࢘ࡾ),෍࢈૛ࢉ૛ = ૝࢙ + ૛࢘૛(૛࢙ − ૡ࢘ࡾ) + ࡾ૛(૝࢘ +  ૛(࢘

We must show that: 
૝࢙]ࡾ૝ − ૛࢙૛(࢘૛ + ૝࢘ࡾ) + ࡾ૛(૝࢘ + [૛(࢘ ≥ ૜)ࡾ] − (࢔ + ૛࢙][࢘࢔૝ + ૛࢘૛(૛࢙ −ૡ࢘ࡾ) + ࡾ૛(૝࢘ +    [૛(࢘

+࢔)ࡾ)૛࢙]૛࢙ ૚) − ૛࢘࢔) − ૛(ૡࡾ)࢘ + ૡ࢔) + −૚૝)࢘ࡾ ૚ૡ࢔) + ૝࢘࢔૛)] + 

ࡾ૛(૝࢘+ + +࢔)ࡾ)૛(࢘ ૚)− ૛࢘࢔) ≥ ૙ 

We distinguish the cases: 

Case 1)	[࢙૛(࢔)ࡾ+ ૚) − ૛࢘࢔) − ૛(ૡࡾ)࢘ + ૡ࢔) + −૚૝)࢘ࡾ ૚ૡ࢔) + ૝࢘࢔૛)] ≥ ૙ the 

inequality is obvious. 

Case 2) 	[࢙૛(࢔)ࡾ+ ૚) − ૛࢘࢔) − ૛(ૡࡾ)࢘ + ૡ࢔) + −૚૝)࢘ࡾ ૚ૡ࢔) + ૝࢘࢔૛)] < 0  

the inequality becomes: 

ࡾ૛(૝࢘ + ૛(࢘ ≥ ૛(ૡࡾ)࢘]૛࢙ + ૡ࢔) + ૚૝)࢘ࡾ − ૚ૡ࢔) + ૝࢘࢔૛) − ࢔)ࡾ)૛࢙ + ૚) − ૛࢘࢔)] true 

from Blundon-Gerretsen inequality 

૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤
+ࡾ૝)ࡾ ૛(࢘

૛(૛ࡾ − (࢘  

It’s suffices to prove: 

+ࡾ૛(૝࢘ ૛(࢘ ≥
+ࡾ૝)ࡾ ૛(࢘

૛(૛࢘−ࡾ) +૛(ૡࡾ൫࢘ൣ ૡ࢔) + −૚૝)࢘ࡾ ૚ૡ࢔) +૝࢘࢔૛൯ − (૚૟࢘ࡾ− ૞࢘૛)(࢔)ࡾ +૚)—૛࢘࢔)൧ ⇔ 
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(ૡ࢔ + ૡ)ࡾ૜ − (૚૞࢔+ ૚૞)ࡾ૛࢘ − (૝࢔+ ૛)࢘ࡾ૛ + ૝࢘࢔૜ ≥ ૙⇔ 

ࡾ) − ૛࢘)[(ૡ࢔ + ૡ)ࡾ૛ + +࢔) ૚)࢘ࡾ − ૛࢘࢔૛] ≥ ૙	 true from ࡾ ≥ ૛࢘ −Euler and with 

࢔ ≥ −૚ we obtain: [(ૡ࢔ + ૡ)ࡾ૛ + +࢔) ૚)࢘ࡾ − ૛࢘࢔૛] ≥ ૙	  

૛ࢇ

૛࢈ + ૛ࢉ +
૛࢈

૛ࢉ + ૛ࢇ +
૛ࢉ

૛ࢇ + ૛࢈ ≤
૜ࡾ
૝࢘  

∑ ૛ࢇ

૛ࢉ૛ା࢈
= ૛ൣ࢙૝ି࢙૛൫૝࢘ࡾା૟࢘૛൯ା࢘૛൫૟ࡾ૛ା૝࢘ࡾା࢘૛൯൧

૛(࢘ࡾ૛ା૛࢘૛ା࢙)
  

From ૛(࢈૛ + (૛ࢉ ≥ +࢈) ૛(ࢉ ⇔ ࢈) − ૛(ࢉ ≥ ૙ we get: 

෍
૛ࢇ

૛࢈ + ૛ࢉ ≤ ૛෍
૛ࢇ

࢈) + ૛(ࢉ =
૝[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ+ [(૛࢘

૛࢙) + ૛࢘ + ૛࢘ࡾ)૛  

It’s suffices to prove that: 

૝[࢙૝ − +࢘ࡾ૛(૝࢙ ૟࢘૛) + ૛ࡾ૛(૟࢘ + ૝࢘ࡾ + [(૛࢘
૛࢙) + ૛࢘ + ૛࢘ࡾ)૛ ≤

૜ࡾ
૝࢘ ⇔ 

−ࡾ૛(૜࢙]૛࢙ ૚૟࢘) + ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ + ૢ૟࢘૛)] + 

૜ࡾ૛(૚૛࢘+ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ૙   

We distinguish the cases: 

Case 1) If 	૜ࡾ − ૚૟࢘ ≥ ૙,	 usig Gerretsen inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

We must show that: 

(૚૟࢘ࡾ − ૞࢘૛)[(૚૟࢘ࡾ − ૞࢘૛)(૜ࡾ − ૚૟࢘) + ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ+ ૢ૟࢘૛)] + 

૜ࡾ૛(૚૛࢘ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ૙ ⇔ 

૛૝૜ࡾ૜ − ૢ૙૙ࡾ૛࢘+ ૢ૝૙࢘ࡾ૛ − ૛૛૝࢘૜ ≥ ૙ ⇔ 

ࡾ) − ૛࢘)(૛૝૜ࡾ૛ − ૝૚૝࢘ࡾ+ ૚૚૛࢘૛) ≥ ૙	true from ࡾ ≥ ૛࢘ −Euler. 

Case 2) If ૜ࡾ − ૚૟࢘ < 0,	the inequality can be rewritten: 

૜ࡾ૛(૚૛࢘ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ ࢘૛(૚૟࢙]૛࢙ − ૜ࡾ) − ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ + ૢ૟࢘૛) 

true from Gerretsen: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. 

We must show that: ࢘૛(૚૛ࡾ૜ − ૡ૝ࡾ૛࢘ − ૟૚࢘ࡾ૛ − ૚૟࢘૜) ≥ 

≥ (૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)[(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟࢘ − ૜ࡾ) − ૛ࡾ૚૛)࢘ + ૠ૙࢘ࡾ + ૢ૟࢘૛)  

⇔ ૚૛ࡾ૞ − ૛ૡࡾ૝࢘ − ૛૛ࡾ૜࢘૛ + ૛૚ࡾ૛࢘૜ + ૝૝࢘ࡾ૝ + ૜૛࢘૞ ≥ ૙ 

⇔ ࡾ) − ૛࢘)૛(૚૛ࡾ૜ + ૛૙ࡾ૛࢘+ ૚ૢ࢘ࡾ૛ + ૡ࢘૜) ≥ ૙. 

Equality if and only if ࡾ = ૛࢘. 
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Equality if and only if the triangle is equilateral. 

 

JP.277. In ∆࡯࡮࡭ the following relationship holds: 

૚ ≤ ൬
ࢇ

࢈࢓ + ࢉ࢓
൰
૛

+ ൬
࢈

ࢉ࢓ + ࢇ࢓
൰
૛

+ ൬
ࢉ

ࢇ࢓ + ࢈࢓
൰
૛
≤

ࡾ
૛࢘

 

 

Proposed by Marin Chirciu-Romania 

Solution by proposer 

The ∆ࢉ࢓࢈࢓ࢇ࢓ it has the medians ૜ࢇ
૝

, ૜࢈
૝

, ૜ࢉ
૝

. We show that: 

૚ ≤ ቌ
ࢇ࢓

૜࢈
૝ + ૜ࢉ

૝
ቍ

૛

+ ቌ
࢈࢓

૜ࢉ
૝ + ૜ࢇ

૝
ቍ

૛

+ ቌ
ࢉ࢓

૜ࢇ
૝ + ૜࢈

૝
ቍ

૛

≤
ࡾ
૛࢘ ↔

ૢ
૚૟ ≤෍ቀ

ࢇ࢓

࢈ + ࢉ
ቁ
૛
≤

ࡾૢ
૜૛࢘ 

Lemma: In any ∆࡯࡮࡭ 

෍ቀ
ࢇ࢓

࢈ + ࢉ
ቁ
૛

==
૚૞࢙૟ − +࢘ࡾ૝൫૞૛࢙ ૚૞࢘૛൯+ ૛ࡾ૛൫૛૛૝࢘૛࢙ + ૝૜૛࢘ࡾ+ ૡ૞࢘૛൯ − ૚૜࢘૜(૝ࡾ+ ૜(࢘

૚૟࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛
 

Demonstration: 

෍ቀ
ࢇ࢓

࢈ + ࢉ
ቁ
૛

=
ࢇ࢓∑

૛(ࢇ + ࢇ)૛(࢈ + ૛(ࢉ

ࢇ) + +࢈)૛(࢈ ࢉ)૛(ࢉ + ૛(ࢇ  

෍ࢇ࢓
૛(ࢇ+ +ࢇ)૛(࢈ ૛(ࢉ = 

=
૚૞࢙૟ − +࢘ࡾ૝(૞૛࢙ ૚૞࢘૛) + ૛ࡾ૛(૛૛૝࢘૛࢙ + ૝૜૛࢘ࡾ+ ૡ૞࢘૛) − ૚૜࢘૜(૝ࡾ + ૜(࢘

૝  

ෑ(࢈ + (ࢉ = ૛࢙)࢙૛ + ૛࢘ + ૛࢘ࡾ) 

૚૞࢙૟ − +࢘ࡾ૝(૞૛࢙ ૚૞࢘૛) + ૛ࡾ૛(૛૛૝࢘૛࢙ + ૝૜૛࢘ࡾ+ ૡ૞࢘૛)− ૚૜࢘૜(૝ࡾ+ ૜(࢘

૚૟࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛ ≥
ૢ
૚૟ 

⇔ ૟࢙૟ − +࢘ࡾ૝(ૡૡ࢙ ૜૜࢘૛) + ૛ࡾ૛(૚ૡૡ࢘૛࢙ + ૜ૢ૟࢘ࡾ+ ૠ૟࢘૛) ≥ ૚૜࢘૜(૝ࡾ +  ૜(࢘

⇔ ૛࢙૛(૟࢙]૛࢙ − ૡૡ࢘ࡾ − ૜૜࢘૛) + ૛ࡾ૛(૚ૡૡ࢘ + ૜ૢ૟࢘ࡾ+ ૠ૟࢘૛)] ≥ ૚૜࢘૜(૝ࡾ+  ૜(࢘

from Gerretsen inequality: ࢙૛ ≥ ૚૟࢘ࡾ− ૞࢘૛ ≥ ૛(࢘ାࡾ૝)࢘

࢘ାࡾ
.We must show that: 

+ࡾ૝)࢘ ૛(࢘

ࡾ + ࢘
∙ ൣ൫૚૟࢘ࡾ−૞࢘૛൯൫ૢ૟࢘ࡾ − ૜૙࢘૛− ૡૡ࢘ࡾ− ૜૜࢘૛൯+ ૛ࡾ૛൫૚ૡૡ࢘ + ૜ૢ૟࢘ࡾ+ ૠ૟࢘૛൯൧ ≥ ૚૜࢘૜(૝ࡾ+ ૜(࢘ ⇔ 
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૛૟૝ࡾ૛ − ૠ૚ૠ࢘ࡾ+ ૜ૠૡ࢘૛ ≥ ૙ ↔ ࡾ) − ૛࢘)(૛૟૝ࡾ − ૚ૡૢ࢘) ≥ ૙ true from Euler ࡾ ≥ ૛࢘ 

Using Lemma the inequality can be rewrite 

૚૞࢙૟ − +࢘ࡾ૝(૞૛࢙ ૚૞࢘૛) + ૛ࡾ૛(૛૛૝࢘૛࢙ + ૝૜૛࢘ࡾ+ ૡ૞࢘૛) − ૚૜࢘૜(૝ࡾ + ૜(࢘

૚૟࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛ ≤
ࡾૢ
૜૛࢘ ⇔ 

−ࡾૢ)૟࢙ ૜૙࢘) + ࢘૛ࡾ૝(૜૟࢙ + ૚૛૛࢘ࡾ૛ + ૜૙࢘૜) + ૜ࡾ૛(૜૟࢘૛࢙ − ૝૚૛ࡾ૛࢘ − ૡ૞૞࢘ࡾ૛ − ૚ૠ૙࢘૜) + ૛૟࢘૝(૝ࡾ + ૜(࢘ ≥ ૙ ⇔ 

ࡾૢ)૝࢙]૛࢙ − ૜૙࢘) + +࢘૛ࡾ૛(૜૟࢙ ૚૛૛࢘ࡾ૛ + ૜૙࢘૜) + 

૜ࡾ૛(૜૟࢘+ − ૝૚૛ࡾ૛࢘ − ૡ૞૞࢘ࡾ૛ − ૚ૠ૙࢘૜)] + ૛૟࢘૝(૝ࡾ+ ૜(࢘ ≥ ૙ 

We have the cases: 

Case 1) If [࢙૝(ૢࡾ− ૜૙࢘) + +࢘૛ࡾ૛(૜૟࢙ ૚૛૛࢘ࡾ૛ + ૜૙࢘૜) + ૜ࡾ૛(૜૟࢘ − ૝૚૛ࡾ૛࢘ −

ૡ૞૞࢘ࡾ૛−૚ૠ૙࢘૜]≥૙ the inequality is obvious. 

Case 2) If ൤࢙
૝(ૢࡾ− ૜૙࢘) + +࢘૛ࡾ૛(૜૟࢙ ૚૛૛࢘ࡾ૛ + ૜૙࢘૜) +

૜ࡾ૛(૜૟࢘+ − ૝૚૛ࡾ૛࢘ − ૡ૞૞࢘ࡾ૛ − ૚ૠ૙࢘૜) ൨ < 0 we can write: 

૛૟࢘૝(૝ࡾ+ ૜(࢘ ≥ −࢘૝(૜૙࢙]૛࢙ +࢘૛ࡾ૛൫૜૟࢙−(ࡾૢ ૚૛૛࢘ࡾ૛ +૜૙࢘૜൯ − ૜ࡾ૛൫૜૟࢘ − ૝૚૛ࡾ૛࢘− ૡ૞૞࢘ࡾ૛ − ૚ૠ૙࢘૜൯]  

true from Blundon-Gerretsen: ૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ 

We show that: ૛૟࢘૝(૝ࡾ + ૜(࢘ ≥ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
∙ [(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)૛(૜૙࢘ −  (ࡾૢ

−(૚૟࢘ࡾ − ૞࢘૛)(૜૟ࡾ૛࢘+ ૚૛૛࢘ࡾ૛ + ૜૙࢘૜) − ૜ࡾ૛(૜૟࢘ − ૝૚૛ࡾ૛࢘ − ૡ૞૞࢘ࡾ૛ − ૚ૠ૙࢘૜] 

ૠ૛ࡾ૟ − ૢ૟ࡾ૞࢘ + ૟ࡾ૝࢘૛ + ૚ૡૡࡾ૜࢘૜ − ૟૙ࡾ૛࢘૝ − ૜૝ૠ࢘ࡾ૞ − ૛૟࢘૟ ≥ ૙ 

ࡾ) − ૛࢘)(ૠ૛ࡾ૞ + ૝ૡࡾ૝࢘ + ૚૙૛ࡾ૜࢘૛ + ૜ૢ૛ࡾ૛࢘૜ + ૚ૡ૙࢘ࡾ૝ + ૚૜࢘૞) ≥ ૙ 

true from ࡾ ≥ ૛࢘ −Euler. 

Equality if and only if the triangle is equilateral. 

 

JP.278. Solve for real numbers (ࢇ ≥ ૙;fixed): 

ඥ૜࢞૛ − ૜࢞ + ૚૜ + ૝ඥ૝࢞૜ − ૜࢞૝૝ = ૞࢞ࢇ + (૚ − ૞࢞(ࢇ + ૝ࢇ + ૝ 

Proposed by Marin Chirciu-Romania 

Solution by Michael Stergiou-Greece 

ඥ૜࢞૛ − ૜࢞ + ૚૜ + ૝ඥ૝࢞૜ − ૜࢞૝૝ = ૞࢞ࢇ + (૚ − ૞࢞(ࢇ + ૝ࢇ + ૝			(૚) 

૞࢞ࢇ + +ࢇ ࢇ + +ࢇ ࢇ ≥ ૞ ∙ ඥࢇ૞࢞૞૞ = ૞࢞ࢇ 

So, RHS of (1)≥ ࢞ + ૝			(૛) 
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ඥ(૜࢞૛ − ૜࢞ + ૚) ∙ ૚ ∙ ૚૜ ≤⏞
࢓ࡳି࢓࡭ ૜࢞૛ − ૜࢞ + ૚ + ૚ + ૚

૜ = ૛࢞ − ࢞ + ૚			(૜)		 

૝ඥ(૝࢞૜ − ૜࢞૝) ∙ ૚ ∙ ૚ ∙ ૚૝ ≤⏞
࢓ࡳି࢓࡭

૝ ∙
૝࢞૜ − ૜࢞૝ + ૚ + ૚ + ૚

૝ = ૝࢞૜ − ૜࢞૝ + ૜				(૝) 

Therefore LHS of (1)≤ ૛࢞ − ࢞ + ૚ + ૝࢞૜ − ૜࢞૝ + ૜	 while RHS of (1) )≥ ࢞ + ૝			 

But: ࢞૛ − ࢞ + ૚ + ૝࢞૜ − ૜࢞૝ + ૜ − ࢞) + ૝) = ࢞)࢞− − ૚)૛(૜࢞ + ૛) ≤ ૙  

Hence we can have only equalities for x=1. 

 

JP.279. RMM NUMBER 19 WINTER 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 

૚
ࢇ࢘)ࢇ࢘ + ૛࢈࢘) +

૚
࢈࢘)࢈࢘ + ૛ࢉ࢘)

+
૚

ࢉ࢘)ࢉ࢘ + ૛ࢇ࢘) ≤
૚
 ૛࢘ૢ

Proposed by Nguyen Viet Hung –Hanoi- Vietnam  

Solution: 

Using means inequality, we obtain: 

ࢇ࢘ + ૛࢈࢘ = ࢇ࢘ + ࢈࢘ + ࢈࢘ ≥ ૜ඨ
ࡿ

࢙ − ࢇ ⋅
ࡿ

࢙ − ࢈ ⋅
ࡿ

࢙ − ࢈
૜

=
૜ࡿ

ඥ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ૜(࢈  

We obtain: ૚
(࢈࢘ା૛ࢇ࢘)ࢇ࢘

≤ ૚

⋅ࢇ࢘
૚

ඥ(࢙షࢇ)(࢙ష࢈)(࢙ష࢈)૜
= ૚

ࡿ
⋅ࢇష࢙

૜ࡿ

ඥ(࢙షࢇ)(࢙ష࢈)(࢙ష࢈)૜
= (ࢇି࢙) ඥ(ࢇି࢙)(࢈ି࢙)૛૜

૜ࡿ૛
 

It follows: ࢙ࡹ = ∑ ૚
(࢈࢘ା૛ࢇ࢘)ࢇ࢘

≤ ∑ (ࢇି࢙) ඥ(ࢇି࢙)(࢈ି࢙)૛૜

૜ࡿ૛
= 

=
૚
૜ࡿ૛෍

࢙) − (ࢇ ඥ(࢙ − ࢙)(ࢇ − ૛૜(࢈ ≤
ࡹࡳିࡹ࡭

 

≤
૚
૜ࡿ૛෍

࢙) − (ࢇ ⋅
࢙) − (ࢇ + ࢙) − (࢈ + ࢙) − (ࢉ

૜ =
૚
૛෍ࡿૢ

࢙) − (ࢇ (૜࢙ − ࢇ − ૛࢈) = 

= ૛࢙

૛ࡿૢ
= ૛࢙

૛࢘૛࢙ૢ
= ૚

૛࢘ૢ
= ࢙)∑ which follows from ,ࢊࡹ − (ࢇ (૜࢙ − ࢇ − ૛࢈) =  ૛࢙

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark.Let’s find an inequality having an opposite sense: 
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2) In ઢ࡯࡮࡭ the following relationship holds: 

૚
ࢇ࢘)ࢇ࢘ + ૛࢈࢘) +

૚
࢈࢘)࢈࢘ + ૛ࢉ࢘) +

૚
ࢉ࢘)ࢉ࢘ + ૛ࢇ࢘) ≥

ૢ
(૝ࡾ +  ૛(࢘

Marin Chirciu – Romania  

Solution 

Using Bergström’s inequality we obtain: 

࢙ࡹ = ෍
૚

ࢇ࢘)ࢇ࢘ + ૛࢈࢘) ≥
ૢ

ࢇ࢘∑ ࢇ࢘) + ૛࢈࢘) =
ૢ

૛ࢇ࢘)∑ + ૛࢈࢘ࢇ࢘) =
ૢ

૛(ࢇ࢘∑) =
ૢ

(૝ࡾ + ૛(࢘

=  ࢊࡹ

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

We can write the double inequality: 

3) In ઢ࡯࡮࡭ the following relationship holds: 

ૢ
(૝ࡾ+ ૛(࢘ ≤

૚
ࢇ࢘)ࢇ࢘ + ૛࢈࢘) +

૚
࢈࢘)࢈࢘ + ૛ࢉ࢘)

+
૚

ࢉ࢘)ࢉ࢘ + ૛ࢇ࢘) ≤
૚
૛࢘ૢ

 

Solution 

See inequalities 1) and 2). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

If we replace ࢇ࢘ with ࢇࢎ we propose: 

4) In ઢ࡯࡮࡭ the following relationship holds: 

૛ࡾૢ

૝(ࡾ + ૝(࢘ ≤
૚

ࢇࢎ)ࢇࢎ + ૛࢈ࢎ) +
૚

࢈ࢎ)࢈ࢎ + ૛ࢉࢎ) +
૚

ࢉࢎ)ࢉࢎ + ૛ࢇࢎ) ≤
૚
૛࢘ૢ

 

Marin Chirciu – Romania  

Solution 

Left hand inequality: Using Bergström’s inequality, we obtain: 

෍
૚

ࢇࢎ)ࢇࢎ + ૛࢈ࢎ) ≥
ૢ

ࢇࢎ)ࢇࢎ∑ + (࢈ࢎ =
ૢ

૛ࢇࢎ)∑ + ૛࢈ࢎࢇࢎ) =
ૢ

૛(ࢇࢎ∑) =
ૢ

൬࢙
૛ + ૛࢘ + ૝࢘ࡾ

૛ࡾ ൰
૛ = 
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=
ૢ ⋅ ૝ࡾ૛

૛࢙) + ૛࢘ + ૝࢘ࡾ)૛ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૢ ⋅ ૝ࡾ૛

(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ + ૝࢘ࡾ)૛ =
૜૟ࡾ૛

(૝ࡾ૛ + ૡ࢘ࡾ+ ૝࢘૛)૛ = 

=
૜૟ࡾ૛

[૝(ࡾ + ૛]૛(࢘ =
૜૟ࡾ૛

૚૟(ࡾ + ૝(࢘ =
૛ࡾૢ

૝(ࡾ +  ૝(࢘

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Right hand inequality: Using means inequality, we obtain: 

ࢇࢎ + ૛࢈ࢎ = ࢇࢎ + ࢈ࢎ + ࢉࢎ ≥ ૜ඨ
૛ࡿ
ࢇ ⋅

૛ࡿ
࢈ ⋅

૛ࡿ
࢈

૜
=
૜ ⋅ ૛ࡿ
૜࢈࢈ࢇ√ =

૟ࡿ
૛૜࢈ࢇ√  

We obtain: ૚
(࢈ࢎା૛ࢇࢎ)ࢇࢎ

≤ ૚

⋅ࢇࢎ
૟ࡿ

ඥ࢈ࢇ૛
૜

= ૚
૛ࡿ
ࢇ ⋅

૟ࡿ

ඥ࢈ࢇ૛
૜

= ࢇ ඥ࢈ࢇ૛૜

૚૛ࡿ૛
. It follows: 

෍
૚

ࢇࢎ)ࢇࢎ + ૛࢈ࢎ) ≤෍
૛૜࢈ࢇ√ࢇ

૚૛ࡿ૛ =
૚

૚૛ࡿ૛෍ࢇඥ࢈ࢇ૛૜ ≤
ࡹࡳିࡹ࡭ ૚

૚૛ࡿ૛෍ࢇ ⋅
ࢇ + ࢈ + ࢈

૜ = 

= ૚
૜૟ࡿ૛

ࢇ∑ +ࢇ) ૛࢈) = ૚
૜૟ࡿ૛

૛ࢇ)∑ + ૛࢈ࢇ) = ૚
૜૟ࡿ૛

૛(ࢇ∑) = ૚
૜૟ࡿ૛

⋅ ૝࢙૛ = ૝࢙૛

૜૟࢙૛࢘૛
= ૚

૛࢘ૢ
. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

 

JP.280. RMM 19 WINTER EDITION 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭: 

ටࢇ࢘૝࢈࢘૛
૜

+ ට࢈࢘૝ࢉ࢘૛
૜

+ ඥࢉ࢘૝ࢇ࢘૛
૜ ≤

(૝ࡾ + ૛(࢘

૜
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution: 

Using means inequality we obtain: 

ටࢇ࢘૝࢈࢘૛
૜

= ටࢇ࢘૛ ⋅ ૛ࢇ࢘ ⋅ ૛࢈࢘
૜

≤ ࢈࢘૛ାࢇ࢘૛ାࢇ࢘
૛

૜
= ૛ࢇ࢘૛ା࢈࢘

૛

૜
 and the analogs. 

It follows ටࢇ࢘૝࢈࢘૛
૜

+ ට࢈࢘૝ࢉ࢘૛
૜ + ඥࢉ࢘૝ࢇ࢘૛

૜ ≤ ૛ࢇ࢘૛ା࢈࢘
૛

૜
+ ૛࢈࢘

૛ାࢉ࢘૛

૜
+ ૛ࢉ࢘૛ାࢇ࢘૛

૜
= ૛ࢇ࢘ + ૛࢈࢘ +  ૛ࢉ࢘

We have:  
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૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘ = ቀ෍ࢇ࢘ቁ
૛
− ૛෍ࢉ࢘࢈࢘ = (૝ࡾ+ ૛(࢘ − ૛࢙૛ ≤

(ࡳ)
(૝ࡾ+ ૛(࢘ − ૛

+ࡾ૝)࢘ ૛(࢘

+ࡾ ࢘
= 

= (૝ࡾ + ૛(࢘ ቀ૚ − ૛࢘
࢘ାࡾ

ቁ = (૝ࡾ + ૛(࢘ ቀ࢘ିࡾ
࢘ାࡾ

ቁ, where (G) is Gerretsen’s inequality 

૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥
ࡾ૝)࢘ + ૛(࢘

ࡾ + ࢘  

Equality holds if and only if the triangle is equilateral. 

Remark.Let’s find and inequality having an opposite sense. 

2) In ઢ࡯࡮࡭ 

ටࢇ࢘૝࢈࢘૛
૜

+ ට࢈࢘૝ࢉ࢘૛
૜

+ ඥࢉ࢘૝ࢇ࢘૛
૜ ≥ ૛ૠ࢘૛ 

Solution 

Using the means inequality we obtain: 

ටࢇ࢘૝࢈࢘૛
૜

+ ට࢈࢘૝ࢉ࢘૛
૜ + ඥࢉ࢘૝ࢇ࢘૛

૜ ≥ ૜ඨටࢇ࢘૝࢈࢘૛
૜

⋅ ට࢈࢘૝ࢉ࢘૛
૜ ⋅ ඥࢉ࢘૝ࢇ࢘૛

૜૜
= ૜ඨටࢇ࢘૟࢈࢘૟ࢉ࢘૟

૜૜
= ૜ටࢇ࢘૛࢈࢘૛ࢉ࢘૛

૜
= 

= ૜√࢘૛࢙૝૜ ≥
(ࡹ)

૜ඥ࢘૛(૛ૠ࢘૛)૛૜ = ૜√ૢ૜࢘૟૜ = ૛ૠ࢘૛, where (M) is Mitrinovic’s inequality  

࢙ ≥ ૜࢘√૜ 

Equality holds if and only if the triangle is equilateral. 

Remark. 

If we replace ࢇ࢘ with ࢇࢎ we propose: 

3) In ઢ࡯࡮࡭: 

૛ૠ࢘૛ ൬
૛࢘
ࡾ ൰

૛
૜
≤ ටࢇࢎ૝࢈ࢎ૛

૜
+ ට࢈ࢎ૝ࢉࢎ૛

૜
+ ඥࢉࢎ૝ࢇࢎ૛

૜ ≤
(૝ࡾ + ૛(࢘

૜  

Marin Chirciu-Romania  

Solution 

The right inequality: Using the means inequality we obtain: 

ටࢇࢎ૝࢈ࢎ૛
૜

= ටࢇࢎ૛ ⋅ ૛ࢇࢎ ⋅ ૛࢈ࢎ
૜

≤ ࢈ࢎ૛ାࢇࢎ૛ାࢇࢎ
૛

૜
= ૛ࢇࢎ૛ା࢈ࢎ

૛

૜
 and the analogs. 
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It follows ටࢇࢎ૝࢈ࢎ૛
૜

+ ට࢈ࢎ૝ࢉࢎ૛
૜ + ඥࢉࢎ૜ࢇࢎ૛

૜ ≤ ૛ࢇࢎ૛ା࢈ࢎ
૛

૜
+ ૛࢈ࢎ

૛ାࢉࢎ૛

૜
+ ૛ࢉࢎ૛ାࢇࢎ૛

૜
= ૛ࢇࢎ + ૛࢈ࢎ +  ૛ࢉࢎ

We have: ࢇࢎ૛ + ૛࢈ࢎ + ૛ࢉࢎ = ૛(ࢇࢎ∑) − ૛∑ࢉࢎ࢈ࢎ = ቀ࢙
૛ା࢘૛ା૝࢘ࡾ

૛ࡾ
ቁ
૛
− ૛ ⋅ ૛࢙࢘

૛

ࡾ
= 

=
૛࢙)૛࢙ + ૛࢘૛ − ૡ࢘ࡾ) + +࢘ࡾ૛(૝࢘ ૛(࢘

૝ࡾ૛  

We prove: ࢙
૛൫࢙૛ା૛࢘૛ିૡ࢘ࡾ൯ା࢘૛(૝ࡾା࢘)૛

૝ࡾ૛
≤ (૝ࡾା࢘)૛

૜
⇔ 

⇔ ૜࢙૛(࢙૛ + ૛࢘૛ − ૡ࢘ࡾ) + ૜(૝ࡾ + ૛(࢘ ≤ ૝ࡾ૛(૝ࡾ + -૛, which follows from Blundon(࢘

Gerretsen’s inequality ࢙૛ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૜ ⋅
ࡾ૝)ࡾ + ૛(࢘

૛(૛ࡾ − (࢘ (૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘૛ − ૡ࢘ࡾ) + ૜࢘૛(૝ࡾ + ૛(࢘ ≤ ૝ࡾ૛(૝ࡾ + ૛(࢘ ⇔ 

⇔ ૝ࡾ૜ + ૝ࡾ૛࢘ − ૛ૠ࢘ࡾ૛ + ૟࢘૜ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ૛ + ૚૛࢘ࡾ − ૜࢘૛) ≥ ૙, obviously 

from Euler’s inequality ࡾ ≥ ૛࢘.  

Equality holds if and only if the triangle is equilateral. 

The left hand inequality: Using the means inequality we obtain: 

ටࢇࢎ૝࢈ࢎ૛
૜

+ ට࢈ࢎ૝ࢉࢎ૛
૜ + ඥࢉࢎ૝ࢇࢎ૛

૜ ≥ ૜ඨටࢇࢎ૝࢈ࢎ૛
૜

⋅ ට࢈ࢎ૝ࢉࢎ૛
૜ ⋅ ඥࢉࢎ૝ࢇࢎ૛

૜૜
= ૜ඨටࢇࢎ૟࢈ࢎ૟ࢉࢎ૟

૜૜
= 

= ૜ටࢇࢎ૛࢈ࢎ૛ࢉࢎ૛
૜ == ૜ඨቆ

૛࢘૛࢙૛

ࡾ
ቇ
૛

૜
≥

(ࡹ)
૜ඨቆ

૛࢘૛ ⋅ ૛ૠ࢘૛

ࡾ
ቇ
૛

૜
= ૜ඨૢ૜࢘૟ ⋅

૝࢘૛

૛ࡾ
૜

= ૛ૠ࢘૛ඨ
૝࢘૛

૛ࡾ
૜

= ૛ૠ࢘૛ ൬
૛࢘
ࡾ
൰
૛
૜

 

Equality holds if and only if the triangle is equilateral. 

Remark. 

If we interchange ࢇ࢘૛ with ࢇ࢘, we propose: 

4) In ઢ࡯࡮࡭: 

࢘ૢ ≤ ඥࢇ࢘૛࢈࢘
૜ + ට࢈࢘૛ࢉ࢘

૜
+ ඥࢉ࢘૛ࢇ࢘

૜ ≤ ૝ࡾ +  ࢘

Marin Chirciu – Romania  

Solution 

Right hand inequality: Using means inequality: 

ඥࢇ࢘૛࢈࢘
૜ = ඥࢇ࢘ ⋅ ࢇ࢘ ⋅ ૜࢈࢘ ≤ ࢈࢘ାࢇ࢘ାࢇ࢘

૜
= ૛ࢇ࢘ା࢈࢘

૜
 and the analogs. 
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We obtain ඥࢇ࢘૛࢈࢘
૜ + ට࢈࢘૛ࢉ࢘

૜
+ ඥࢉ࢘૛ࢇ࢘

૜ ≤ ૛ࢇ࢘ା࢈࢘
૜

+ ૛࢈࢘ାࢉ࢘
૜

+ ૛ࢉ࢘ାࢇ࢘
૜

= ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ +  ࢘

Equality holds if and only if the triangle is equilateral. 

The left hand inequality: Using the means inequality we obtain: 

ඥࢇ࢘૛࢈࢘
૜ + ට࢈࢘૛ࢉ࢘

૜
+ ඥࢉ࢘૛ࢇ࢘

૜ ≥ ૜ඨඥࢇ࢘૛࢈࢘
૜ ⋅ ට࢈࢘૛ࢉ࢘

૜
⋅ ඥࢉ࢘૛ࢇ࢘
૜૜

= ૜ඨටࢇ࢘૜࢈࢘૜ࢉ࢘૜
૜૜

= ૜ඥࢉ࢘࢈࢘ࢇ࢘૜ = 

= ૜√࢙࢘૛૜ ≥
(ࡹ)

૜√࢘ ⋅ ૛ૠ࢘૛૜ = ૜√૛ૠ࢘૜૜ =  where (M) is Mitrinovic’s inequality ,࢘ૢ

࢙ ≥ ૜࢘√૜. Equality holds if and only if the triangle is equilateral. 

Remark. 

If we interchange ࢇࢎ૛ in ࢇࢎ we propose: 

5) In ઢ࡯࡮࡭: 

࢘ૢ ൬
૛࢘
ࡾ
൰
૚
૜
≤ ඥࢇࢎ૛࢈ࢎ

૜ + ට࢈ࢎ૛ࢉࢎ
૜

+ ඥࢉࢎ૛ࢇࢎ
૜ ≤

૛(ࡾ + ૛(࢘

ࡾ
 

Marin Chirciu – Romania  

Solution 

The right hand inequality: Using means inequality we obtain: 

ඥࢇࢎ૛࢈ࢎ
૜ = ඥࢇࢎ ⋅ ࢇࢎ ⋅ ࢈ࢎ

૜ ≤ ࢈ࢎାࢇࢎାࢇࢎ
૜

= ૛ࢇࢎା࢈ࢎ
૜

 and the analogs. 

We obtain ඥࢇࢎ૛࢈ࢎ
૜ + ට࢈ࢎ૛ࢉࢎ

૜
+ ඥࢉࢎ૛ࢇࢎ

૜ ≤ ૛ࢇࢎା࢈ࢎ
૜

+ ૛࢈ࢎାࢉࢎ
૜

+ ૛ࢉࢎାࢇࢎ
૜

= ࢇࢎ + ࢈ࢎ + ࢉࢎ = 

=
૛࢙ + ૛࢘ + ૝࢘ࡾ

૛ࡾ  

It remains to prove that: ࢙
૛ା࢘૛ା૝࢘ࡾ

૛ࡾ
≤ ૛(ࡾା࢘)૛

ࡾ
⇔ ૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛, (Gerretsen’s 

inequality). Equality holds if and only if the triangle is equilateral. 

The left hand inequality: Using means inequality we obtain: 

ඥࢇࢎ૛࢈ࢎ
૜ + ඥࢉࢎ࢈ࢎ

૜ + ඥࢉࢎ૛ࢇࢎ
૜ ≥ ૜ඨඥࢇࢎ૛࢈ࢎ

૜ ⋅ ට࢈ࢎ૛ࢉࢎ
૜

⋅ ඥࢉࢎ૛ࢇࢎ
૜

૜
= ૜ඨටࢇࢎ૜࢈ࢎ૜ࢉࢎ૜

૜૜
=

૜ඥࢉࢎ࢈ࢎࢇࢎ
૜ = ૜ට૛࢘૛࢙૛

ࡾ

૜
≥

(ࡹ)
૜ට૛࢘૛⋅૛ૠ࢘૛

ࡾ

૜
= ࢘ට૛࢘ૢ

ࡾ

૜ = ࢘ૢ ቀ૛࢘
ࡾ
ቁ
૚
૜,  
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where (M) is Mitrinovic’s inequality ࢖ ≥ ૜࢘√૜ 

Equality holds if and only if the triangle is equilateral. 

 

JP.281. ABOUT PROBLEM JP.281-RMM NUMBER 19 WINTER 2020 

By Marin Chirciu – Romania  

1) If ࢈,ࢇ, ࢉ > ૙;ࢉ࢈ࢇ = ૚ then: 

ࢇ) + ૛(࢈

૛ࢇ√ + ૛࢈
+

࢈) + ૛(ࢉ

૛࢈√ + ૛ࢉ
+

ࢉ) + ૛(ࢇ

૛ࢉ√ + ૛ࢇ
≥ ૟√૛ 

Proposed by Nguyen Viet Hung-Hanoi – Vietnam  

Solution 

Inequality can be written: ∑ ૛(࢈ାࢇ)

ට૛൫ࢇ૛ା࢈૛൯
≥ ૟, which follows from (ࢇା࢈)૛

ට૛൫ࢇ૛ା࢈૛൯
≥ ૛√࢈ࢇ ⇔ 

⇔ ૝(࢈ାࢇ)

૛൫ࢇ૛ା࢈૛൯
≥ ૝࢈ࢇ ⇔ ૝ࢇ − ૝ࢇ૜࢈ + ૟ࢇ૛࢈૛ − ૝࢈ࢇ૜ + ૝࢈ ≥ ૙ ⇔ ࢇ) − ૝(࢈ ≥ ૙, obviously 

with equality for ࢇ =  :We obtain  .࢈

෍
+ࢇ) ૛(࢈

ඥ૛(ࢇ૛ + (૛࢈
≥ ૛෍√࢈ࢇ ≥

ࡹࡳିࡹ࡭
૛ ⋅ ૜ට√࢈ࢇ ⋅ ࢉ࢈√ ⋅ ࢇࢉ√

૜
= ૟√ࢉ࢈ࢇ૟ = ૟ 

We deduce that the inequality from enunciation holds, with equality if and only if  

ࢇ = ࢈ =  .ࢉ

Remark: The inequality can be developed: 

2) If ࢈,ࢇ, ࢉ > ૙;ࢉ࢈ࢇ = ૚ then: 

ࢇ) + ૜(࢈

૛ࢇ√ + ૛࢈
+

࢈) + ૜(ࢉ

૛࢈√ + ૛ࢉ
+

ࢉ) + ૜(ࢇ

૛ࢉ√ + ૛ࢇ
≥ ૚૛√૛ 

Marin Chirciu – Romania  

Solution 

The inequality can be written: ∑ ૜(࢈ାࢇ)

ට૛൫ࢇ૛ା࢈૛൯
≥ ૚૛, which follows from  
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+ࢇ) ૜(࢈

ඥ૛(ࢇ૛ + (૛࢈
≥ ૝࢈ࢇ ⇔ 

⇔
ࢇ) + ૟(࢈

૛(ࢇ૛ + (૛࢈ ≥ ૚૟ࢇ૛࢈૛ ⇔ ૟ࢇ + ૟ࢇ૞࢈ − ૚ૠࢇ૝࢈૛ + ૛૙ࢇ૜࢈૜ − ૚ૠࢇ૛࢈૝ + ૟࢈ࢇ૞ + ૟࢈ ≥ ૙ 

Dividing with ࢇ૜࢈૜ and grouping based on symmetry, wherefrom we obtain: 

ቆ
૜ࢇ

૜࢈ +
૜࢈

૜ቇࢇ + ૟ቆ
૛ࢇ

૛࢈ +
૛࢈

૛ቇࢇ − ૚ૠ ൬
ࢇ
࢈ +

࢈
൰ࢇ + ૛૙ ≥ ૙ 

We denote ࢇ
࢈

+ ࢈
ࢇ

= ࢚ ≥ ૛, wherefrom follows: ࢇ
૛

૛࢈
+ ૛࢈

૛ࢇ
૛࢚ − ૛ and ࢇ

૜

૜࢈
+ ૜࢈

૜ࢇ
= ૜࢚ − ૜࢚ 

The last inequality can be written: ࢚૜ − ૜࢚ + ૟(࢚૛ − ૛) − ૚ૠ࢚ + ૛૙ ≥ ૙ ⇔ 

⇔ ૜࢚ + ૟࢚૛ − ૛૙࢚ + ૡ ≥ ૙ ⇔ ࢚) − ૛)(࢚૛ + ૡ࢚ − ૝) ≥ ૙, true because ࢚ ≥ ૛. 

We obtain: 

෍
+ࢇ) ૜(࢈

ඥ૛(ࢇ૛ + (૛࢈
≥ ૝෍࢈ࢇ ≥

ࡹࡳିࡹ࡭
૝ ⋅ ૜√࢈ࢇ ⋅ ࢉ࢈ ⋅ ૜ࢇࢉ = ૚૛ඥ(ࢉ࢈ࢇ)૛૟ = ૚૛ 

We deduce that the inequality from enunciation holds, with equality if and only if  

ࢇ = ࢈ =  .ࢉ

Remark. 

The inequality can be generalized: 

3) If ࢈,ࢇ, ࢉ > ૙;ࢉ࢈ࢇ = ૚ then: 
࢔(࢈ାࢇ)

ඥࢇ૛ା࢈૛
+ ࢔(ࢉା࢈)

ඥ࢈૛ାࢉ૛
+ ࢔(ࢇାࢉ)

ඥࢉ૛ାࢇ૛
≥ ૜ ⋅ ૛ି࢔૚√૛, where ࢔ ≥ ૛,࢔ ∈ ℕ 

Marin Chirciu – Romania  

Solution 

The inequality can be written: ∑ ࢔(࢈ାࢇ)

ට૛൫ࢇ૛ା࢈૛൯
≥ ૜ ⋅ ૛ି࢔૚, which follows from  

ࢇ) + ࢔(࢈

ඥ૛(ࢇ૛ + (૛࢈
≥ ൫૛√࢈ࢇ൯

૚ି࢔
⇔ 

⇔
+ࢇ) ࢔૛(࢈

૛(ࢇ૛ + (૛࢈ ≥ (૝࢈ࢇ)ି࢔૚ ⇔ ࢇ) + ࢔૛(࢈ ≥ ૛(ࢇ૛ + ૚ି࢔(࢈ࢇ૝)(૛࢈ ⇔ 
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+ࢇ)] ࢔[૛(࢈ ≥ ૛(ࢇ૛ + ࢔(࢈ࢇ૝)(૛࢈ ⋅ ૚
૝࢈ࢇ

⇔ ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
࢔
≥ ૛࢈૛ାࢇ

૛࢈ࢇ
, where we prove through 

mathematical induction after ࢔ ≥ ૛,࢔ ∈ ℕ. 

Let be (࢔)ࡼ: ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
࢔
≥ ૛࢈૛ାࢇ

૛࢈ࢇ
࢔, ≥ ૛,࢔ ∈ ℕ. 

:(૛)ࡼ ቈ
ࢇ) + ૛(࢈

૝࢈ࢇ ቉
૛

≥
૛ࢇ + ૛࢈

૛࢈ࢇ ⇔
ࢇ) + ૝(࢈

૛(ࢇ૛ + (૛࢈ ≥ ૝࢈ࢇ ⇔ 

⇔ ૝ࢇ − ૝ࢇ૜࢈+ ૟ࢇ૛࢈૛ − ૝࢈ࢇ૜ + ૝࢈ ≥ ૙ ⇔ −ࢇ) ૝(࢈ ≥ ૙, obviously with equality for  

ࢇ =  .࢈

(࢑)ࡼ ⇒ ࢑)ࡼ + ૚), where ࢑ ≥ ૛,࢑ ∈ ℕ 

We propose that (࢑)ࡼ: ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
࢑
≥ ૛࢈૛ାࢇ

૛࢈ࢇ
࢑; ≥ ૛,࢑ ∈ ℕ, true and we prove that 

࢑)ࡼ + ૚): ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
ା૚࢑

≥ ૛࢈૛ାࢇ

૛࢈ࢇ
 true. 

Indeed: ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
ା૚࢑

= ቂ(ࢇା࢈)૛

૝࢈ࢇ
ቃ
̇࢑
⋅ ૛(࢈ାࢇ)

૝࢈ࢇ
≥
(࢑)ࡼ ૛࢈૛ାࢇ

૛࢈ࢇ
⋅ ૛(࢈ାࢇ)

૝࢈ࢇ
≥
(૚) ૛࢈૛ାࢇ

૛࢈ࢇ
, where (1) (ࢇା࢈)૛

૝࢈ࢇ
≥ ૚ ⇔ 

⇔ ࢇ) − ૝(࢈ ≥ ૙, obviously with equality for ࢇ =  .࢈

We obtain:  

෍
ࢇ) + ࢔(࢈

ඥ૛(ࢇ૛ + (૛࢈
≥෍൫૛√࢈ࢇ൯

૚ି࢔
≥

ࡹࡳିࡹ࡭
૜ට൫૛√࢈ࢇ൯

૚ି࢔
⋅ ൫૛√ࢉ࢈൯

૚ି࢔
⋅ ൫૛√ࢇࢉ൯

૚૜ି࢔
= 

= ૜ඥ(ૡࢉ࢈ࢇ)ି࢔૚૜ = ૜ඥૡି࢔૚૜ = ૜ ⋅ ૛ି࢔૚  

We deduce that the inequality from enunciation holds if and only if ࢇ = ࢈ =  .ࢉ

Note. 

For ࢔ = ૛ we obtain Problem JP.281, RMM Number 19, Winter 2020, proposed by 

Nguyen Viet Hung, Vietnam 

4) If ࢈,ࢇ, ࢉ > ૙;ࢉ࢈ࢇ = ૚ then: 

࢔(࢈ାࢇ)

ඥࢇ૛ା࢈૛
+ ࢔(ࢉା࢈)

ඥ࢈૛ାࢉ૛
+ ࢔(ࢇାࢉ)

ඥࢉ૛ାࢇ૛
≥ ૜ ⋅ ૛ି࢔

૚
૛, where ࢔ ≥ ૛,࢔ ∈ ℕ 

Proposed by Marin Chirciu – Romania  

Solution 

We reformulate the enunciation from 3) 
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JP.282. If ࢈,ࢇ, ࢉ > ૚ then: 

ࢇ܏ܗܔ ⋅ ࢈܏ܗܔ ⋅ ܏ܗܔ ࢉ ⋅ ࢇ܏ܗܔ) ࢋ + ܊܏ܗܔ ࢋ + ࢉ܏ܗܔ ૛(ࢋ ≥ ૜  (ࢉ࢈ࢇ)܏ܗܔ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Florentin Vișescu – Romania  

We denote ܖܔ ࢇ = ࢞ > ૙; ܖܔ ࢈ = ࢟ > ૙; ܖܔ ࢉ = ࢠ > ૙ 

ࢠ࢟࢞ ൬
૚
࢞ +

૚
࢟ +

૚
൰ࢠ

૛

≥ ૜(࢞+ ࢟ +  (ࢠ

ࢠ࢟࢞ ൬
ࢠ࢟ + ࢠ࢞ + ࢟࢞

ࢠ࢟࢞ ൰
૛
≥ ૜(࢞ + ࢟ +  (ࢠ

+࢟࢞) ࢠ࢞ + ૛(ࢠ࢟

ࢠ࢟࢞ ≥ ૜(࢞ + ࢟ +  (ࢠ

૛࢟૛࢞ + ૛ࢠ૛࢞ + ૛ࢠ૛࢟ + ૛࢞૛ࢠ࢟ + ૛࢟࢞૛ࢠ+ ૛ࢠ࢟࢞૛ ≥ ૜࢞૛ࢠ࢟ + ૜࢟࢞૛ࢠ+ ૜ࢠ࢟࢞૛ 

૛࢟૛࢞ + ૛ࢠ૛࢞ + ૛ࢠ૛࢟ − ࢠ࢟૛࢞ − ࢠ૛࢟࢞ − ૛ࢠ࢟࢞ ≥ ૙|૛ 

࢟࢞) − ૛(ࢠ࢞ + ࢟࢞) − ૛(ࢠ࢟ + ࢠ࢞) − ૛(ࢠ࢟ ≥ ૙  True 

Solution 2 by Henry Ricardo-New York-USA 

Setting ܏ܗܔ ࢇ = ,࡭ ܏ܗܔ ࢈ = ,࡮ ܏ܗܔ ࢉ = ࢘܏ܗܔ and noting that ,࡯ ࢙ = ૚
࢙܏ܗܔ ࢘

, we have: 

ෑ ࢇ܏ܗܔ
ࢉ࢏࢒ࢉ࢟ࢉ

⋅ ቌ ෍ ࢇ܏ܗܔ ࢋ
ࢉ࢏࢒ࢉ࢟ࢉ

ቍ

૛

= ൬࡯࡮࡭
૚
࡭ +

૚
࡮ +

૚
൰࡯ ൬

૚
࡭ +

૚
࡮ +

૚
 ൰࡯

= ࡮࡭) + ࡯࡮ + (࡭࡯ ൬
૚
࡭ +

૚
࡮ +

૚
൰࡯ = ૛(࡭ + ࡮ + (࡯ + ෍

࡮࡭
࡯

ࢉ࢏࢒ࢉ࢟ࢉ

≥ ૜(࡭ + ࡮ +  (࡯

⇔ ෍
࡮࡭
࡯

ࢉ࢏࢒ࢉ࢟ࢉ

≥ ࡭ + ࡮ + ࡯ ⇔ ෍ ૛(࡮࡭)
ࢉ࢏࢒ࢉ࢟ࢉ

≥ ෍ (࡯࡮)(࡮࡭)
ࢉ࢏࢒ࢉ࢟ࢉ

, 

which is true by the AGM inequality. Equality holds if and only if ࢇ = ࢈ =  .ࢉ

JP.283 If ࢈,ࢇ, ࢉ ∈ ℝ then: 

૛෍࢔࢏࢙૛ࢇ
ࢉ࢟ࢉ

+ ෍࢔࢏࢙૛(ࢇ + (࢈
ࢉ࢟ࢉ

≤
૛ૠ
૝

 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by Marian Ursărescu-Romania 

We must show: 

૛෍(૚ − (ࢇ૛࢙࢕ࢉ
ࢉ࢟ࢉ

+ ෍ቀ૚ − +ࢇ)૛࢙࢕ࢉ ቁ(࢈
ࢉ࢟ࢉ

≤
૛ૠ
૝  

૟ −෍࢙࢕ࢉ૛ࢇ
ࢉ࢟ࢉ

+ ૜ −෍࢙࢕ࢉ૛(ࢇ+ (࢈ ≤
૛ૠ
૝

ࢉ࢟ࢉ

 

૛෍࢙࢕ࢉ૛ࢇ
ࢉ࢟ࢉ

+ ෍࢙࢕ࢉ૛(ࢇ+ (࢈ ≥
ૢ
૝

ࢉ࢟ࢉ

 

+ࢇ૛࢙࢕ࢉ +࢈૛࢙࢕ࢉ +ࢇ)૛࢙࢕ࢉ (࢈ + +࢈૛࢙࢕ࢉ +ࢉ૛࢙࢕ࢉ +࢈)૛࢙࢕ࢉ (ࢉ + +ࢉ૛࢙࢕ࢉ +ࢇ૛࢙࢕ࢉ +ࢉ)૛࢙࢕ࢉ (ࢇ ≥
ૢ
૝… (૚) 

+ࢇ૛࢙࢕ࢉ +࢈૛࢙࢕ࢉ +ࢇ)૛࢙࢕ࢉ (࢈ =
૚ + ࢇ૛࢙࢕ࢉ

૛ + ࢈૛࢙࢕ࢉ +
૚ + +ࢇ)૛࢙࢕ࢉ (࢈

૛  

= ૚ + ࢈૛࢙࢕ࢉ +
ࢇ૛࢙࢕ࢉ + +ࢇ)૛࢙࢕ࢉ (࢈

૛ = ૚ + ࢈૛࢙࢕ࢉ + +ࢇ૛)࢙࢕ࢉ  ࢈࢙࢕ࢉ(࢈

= ൤࢈࢙࢕ࢉ+
+ࢇ૛)࢙࢕ࢉ (࢈

૛ ൨
૛

+
૚
૝ −

ࢇ૛(૛࢙࢕ࢉ + (࢈
૝ +

૜
૝ 

= ൤࢈࢙࢕ࢉ +
+ࢇ૛)࢙࢕ࢉ (࢈

૛ ൨
૛

ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
வ૙

+
+ࢇ૛(૛࢔࢏࢙ (࢈

૝ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
வ૙

+
૜
૝ ≥

૜
૝ 

+ࢇ૛࢙࢕ࢉ ࢈૛࢙࢕ࢉ + +ࢇ)૛࢙࢕ࢉ (࢈ ≥
૜
૝ 

and two similary relationship 

૛෍࢔࢏࢙૛ࢇ
ࢉ࢟ࢉ

+ ෍࢔࢏࢙૛(ࢇ+ (࢈
ࢉ࢟ࢉ

≤
૛ૠ
૝  

Solution 2 by Adrian Popa-Romania 

Firstly we show that: ࢔࢏࢙૛ࢇ + ࢈૛࢔࢏࢙ + ࢇ)૛࢔࢏࢙ + (࢈ ≤ ૢ
૝
 

∴ ൤
૚ − ࢇ૛࢙࢕ࢉ

૛ +
૚ − ࢈૛࢙࢕ࢉ

૛ = ૚ − +ࢇ)࢙࢕ࢉ ࢇ)࢙࢕ࢉ(࢈ −  ൨(࢈

૚ − +ࢇ)࢙࢕ࢉ ࢇ)࢙࢕ࢉ(࢈ − (࢈ + ૚ − +ࢇ)૛࢙࢕ࢉ ⏞≥(࢈
? ૢ
૝ 

૛ − ࢇ)࢙࢕ࢉ + ࢇ)࢙࢕ࢉ(࢈ − −(࢈ +ࢇ)૛࢙࢕ࢉ (࢈ ≤ ૛ + ࢇ)࢙࢕ࢉ| + ࢇ)࢙࢕ࢉ(࢈ − −|(࢈ ࢇ)૛࢙࢕ࢉ + (࢈ ≤ 

≤ ૛ + +ࢇ)࢙࢕ࢉ| −|(࢈ +ࢇ)૛࢙࢕ࢉ  (࢈
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Denote:  |ࢇ)࢙࢕ࢉ+ |(࢈ = (࢞)ࢌ :and let	࢞ = ૛ + ࢞ −  ૛࢞

(࢞)ᇱࢌ = ૚ − ૛ࢌ;࢞ᇱ(࢞) = ૙ ⇔ ࢞ = ૚
૛

; ࢞ࢇ࢓ࢌ = ቀ૚ࢌ
૛
ቁ = ૢ

૝
. Then: 

+ࢇ૛࢔࢏࢙ ࢈૛࢔࢏࢙ + +ࢇ)૛࢔࢏࢙ (࢈ ≤
ૢ
૝ 

+ࢇ૛࢔࢏࢙ ࢉ૛࢔࢏࢙ + +ࢇ)૛࢔࢏࢙ (ࢉ ≤
ૢ
૝ 

࢈૛࢔࢏࢙ + ࢉ૛࢔࢏࢙ + +࢈)૛࢔࢏࢙ (ࢉ ≤
ૢ
૝ 

So, 

૛෍࢔࢏࢙૛ࢇ
ࢉ࢟ࢉ

+ ෍࢔࢏࢙૛(ࢇ+ (࢈
ࢉ࢟ࢉ

≤
૛ૠ
૝  

 

JP.284. In acute ∆࡯࡮࡭ the following relationship holds: 

࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙√ + ࡯૛࢔࢏࢙√
࡭࢔ࢇ࢚√ + ࡮࢔ࢇ࢚√ + ࡯࢔ࢇ࢚√

≥ ඨ૛ቀ
࢘
ࡾ

+ ૚ቁ
૛	

– ૝ 

Proposed by Marian Ursărescu-Romania 

Solution by proposer 

૛(࢞ + (࢟ ≥ ൫√࢞ + ඥ࢟൯
૛

࢟,࢞∀, > ૙ 

Let: ࢞ = ࡭૛࢔࢏࢙ + ࡮૛࢔࢏࢙ − ࢟;࡯૛࢔࢏࢙ = ࡭૛࢔࢏࢙ − ࡮૛࢔࢏࢙ +  ࡯૛࢔࢏࢙

૝࢔࢏࢙૛࡭ ≥ ൫√࢔࢏࢙૛࡭ + ࡮૛࢔࢏࢙ − ࡯૛࢔࢏࢙ + ࡭૛࢔࢏࢙√ − ࡮૛࢔࢏࢙ + ൯࡯૛࢔࢏࢙
૛

 

࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙ − ࡯૛࢔࢏࢙ + ࡭૛࢔࢏࢙√ − ࡮૛࢔࢏࢙ + ࡯૛࢔࢏࢙ ≤ ૛√࢔࢏࢙૛࡭ 

Analogous:  

࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙ − +࡯૛࢔࢏࢙ ࡭૛࢔࢏࢙−√ + ࡮૛࢔࢏࢙ + ࡯૛࢔࢏࢙ ≤ ૛√࢔࢏࢙૛࡮ 

࡭૛࢔࢏࢙√ − ࡮૛࢔࢏࢙ + +࡯૛࢔࢏࢙ ࡭૛࢔࢏࢙−√ + ࡮૛࢔࢏࢙ + ࡯૛࢔࢏࢙ ≤ ૛√࢔࢏࢙૛࡯ 

෍√࢔࢏࢙૛࡭ + ࡮૛࢔࢏࢙ − ࡯૛࢔࢏࢙ ≤ ࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙√ + ;࡯૛࢔࢏࢙√ 		(૚) 

But: ࢔࢏࢙૛࡭ + ࡮૛࢔࢏࢙ − ࡯૛࢔࢏࢙ = ૛࡭)࢔࢏࢙ + −࡭)࢙࢕ࢉ(࡮ (࡮ − ૛࡯࢙࢕ࢉ࡯࢔࢏࢙ 

= ૛࡭)࢙࢕ࢉ]࡯࢔࢏࢙ − (࡮ − [࡯࢙࢕ࢉ = −૝࢔࢏࢙࡯࢔࢏࢙ ൬
࡭ − ࡮ + ࡯

૛ ൰ ࢔࢏࢙ ൬
࡭ − −࡮ ࡯

૛ ൰ 
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= ૝࡯࢔࢏࢙࡮࢙࢕ࢉ࡭࢙࢕ࢉ = ૝࡯࢔ࢇ࢚࡯࢙࢕ࢉ࡮࢙࢕ࢉ࡭࢙࢕ࢉ =
૛࢙ − (૛ࡾ + ૛(࢘

૛ࡾ ;࡯࢔ࢇ࢚ (૛) 

From (1),(2) we have: ට࢙૛ି(૛ࡾା࢘)૛

૛ࡾ
࡭࢔ࢇ࢚√∑ ≤  ࡭૛࢔࢏࢙√∑

ඨ࢙
૛ − (૛ࡾ + ૛(࢘

૛ࡾ ≤
࡭૛࢔࢏࢙√∑
࡭࢔ࢇ࢚√∑

; (૜) 

ඨ࢙
૛ − (૛ࡾ + ૛(࢘

૛ࡾ ≥
(∗)
ඨ૛ࡾ

૛ + ૡ࢘ࡾ + ૜࢘૛ − ૝ࡾ૛ − ૝࢘ࡾ − ૛࢘

૛ࡾ = 

= ඨ૛࢘
૛ + ૝࢘ࡾ− ૛ࡾ૛

૛ࡾ = ඨ૛ቀ
࢘
ࡾ + ૚ቁ

૛	
–૝ 

૛࢙	:(∗) ≥ ૛ࡾ૛ + ૡ࢘ࡾ+ ૜࢘૛	; 	(૝) 

From (3) and (4) we have: 

࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙√ + ࡯૛࢔࢏࢙√
࡭࢔ࢇ࢚√ + ࡮࢔ࢇ࢚√ + ࡯࢔ࢇ࢚√

≥ ඨ૛ቀ
࢘
ࡾ + ૚ቁ

૛	
–૝ 

 

JP.285 In ∆࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛

࢈࢓
+
࢈࢓

૛

ࢉ࢓
+
ࢉ࢓

૛

ࢇ࢓
≥  ૜√࢙

Proposed by Marian Ursărescu-Romania 

Solution by Rahim Shahbazov-Baku-Azerbaijan 

ࢇ࢓
૛

࢈࢓
+
࢈࢓

૛

ࢉ࢓
+
ࢉ࢓

૛

ࢇ࢓
≥ …૜√࢙ (૚) 

Lemma: ࢟,࢞, ࢠ > ૙	࢔ࢋࢎ࢚:	 ࢞
૛

࢟
+ ૛࢟

ࢠ
+ ૛ࢠ

࢞
≥ ૜ ∙ ට࢞૛ା࢟૛ା࢟૛

૜

(૚)
ሳሰ 

ࡿࡴࡸ ≥ ૜ ∙ ඨ
ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛

૜ ≥ ૜√࢙ ⇒ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ +ࢇ) ࢈ +  ૛(ࢉ

Prove lemma: ࢞
૛

࢟
+ ૛࢟

ࢠ
+ ૛ࢠ

࢞
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

࢞૛ࢠାࢠ૛࢟ା࢟૛࢞
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≥
૛࢞) + ૛࢟ + ૛)૛ࢠ

ඥ(࢞૛ + ૛࢟ + ૛࢟૛࢞)(૛ࢠ + ૛ࢠ૛࢟ + (૛࢟૛ࢠ
≥ 	૜ ∙ ඨ

૛࢞ + ૛࢟ + ૛࢟

૜ ⇒ 

૛࢞) + ૛࢟ + ૛)૛ࢠ ≥ ૛࢟૛࢞ + ૛ࢠ૛࢟ +  ૛࢟૛ࢠ

 

SP.271. If ࢇ૚,ࢇ૛, … ࢔ࢇ, > ૙;ࢇ૚ࢇ૛ ∙ … ∙ ࢔ࢇ = ૚; ࣅ	 ≥ ૚
૛
 then: 

 

૚
ࣅ + ૚ࢇ

+
૚

ࣅ + ૛ࢇ
+ ⋯+

૚
ࣅ + ࢔ࢇ

≤
૚ࢇ + ૛ࢇ +⋯+ ࢔ࢇ

ࣅ + ૚
 

Proposed by Marin Chirciu-Romania 

Solution  by Michael Sterghiou-Greece 

૚
ࣅ + ૚ࢇ

+
૚

ࣅ + ૛ࢇ
+ ⋯+

૚
ࣅ + ࢔ࢇ

≤
૚ࢇ + ૛ࢇ + ⋯+ ࢔ࢇ

ࣅ + ૚ 				(૚) 

Denote ࢔ࡿ = ∑ ࢔࢏ࢇ
ୀ૚࢏ . For ࢔ = ૚ we have equality. 

For ࢔ = ૛	
(૚)
ሳሰ ૚

૚ࢇାࣅ
+ ૚

ାࣅ ૚
૚ࢇ

≤
૚ାࢇ

૚
૚ࢇ

ା૚ࣅ
	which reduces to − ૚ࢇ)૛(૚ି૚ࢇ)ࣅ

૛ାࢇࣅ૚ାࢇ૚ା૚)
(૚ାࣅ)(ࣅାࢇ૚)(ࢇࣅ૚ା૚)

≤ ૙ so, for 

࢔ = ૛, (૚) holds. Assume that (1) holds for any ࢔ numbers (satisfying the conditions 

of the problem) such  ࢇ૚,ࢇ૛, … ࣖ ૚,ࣖ whereି࢔ࢇ, =  .ା૚࢔ࢇ࢔ࢇ

Then ࢇ૚ ∙ ૛ࢇ ∙ … ∙ ૚ି࢔ࢇ ∙ ࣖ = ૚ and by  induction  

෍
૚

࢏ࢇ + ࣅ

࢔

ୀ૚࢏

≤
૚ି࢔ࡿ + ࣖ
૚ + ࣅ 			(૛) 

Now, we have to prove that: ∑ ૚
ࣅା࢏ࢇ

ା૚࢔
ୀ૚࢏ ≤ శ૚࢔ࡿ

૚ାࣅ
= ష૚࢔ࡿ

૚ାࣅ
+ శ૚࢔ࢇା࢔ࢇ

૚ାࣅ
			(૜). 

From (2) ቀ∑ ૚
ࣅା࢏ࢇ

૚ି࢔
ୀ૚࢏ ቁ + ૚

ାࣖࣅ
≤ ష૚ାࣖ࢔ࡿ

૚ାࣅ
	or ∑ ૚

ࣅା࢏ࢇ
૚ି࢔
ୀ૚࢏ ≤ ష૚ାࣖ࢔ࡿ

૚ାࣅ
− ૚

ାࣖࣅ
 

Because of this it suffices to show that: ࢔ࡿష૚ାࣖ
૚ାࣅ

− ૚
ାࣖࣅ

+ ૚
ࣅା࢔ࢇ

+ ૚
ࣅశ૚ା࢔ࢇ

≤ ష૚࢔ࡿ
૚ାࣅ

+ శ૚࢔ࢇା࢔ࢇ
૚ାࣅ

  

Putting: ࢔ࢇ = ା૚࢔ࢇ,࢞ = ࣖ,࢟ =  :the last inequality becomes ࢟࢞
࢟࢞
૚ାࣅ

− ૚
࢟࢞ାࣅ

+ ૚
ࣅା࢞

+ ૚
ࣅା࢟

− ࢟ା࢞
૚ାࣅ

≤ ૙  which reduces to: 
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࢞) − ૚)(࢟ − ૚)[ࣅ૜ + ࢟࢞૛ࣅ + ࢞૛ࣅ + ࢟૛ࣅ + ૛ࣅ + ࢟૛࢞ࣅ + ૛࢟࢞ࣅ + ࢟࢞ࣅ + ૛࢟૛࢞ − [࢟࢞
ࣅ) + ૚)(ࣅ+ ࣅ)(࢞ + +ࣅ)(࢟ (࢟࢞ ≤⏞

(૝)

૙ 

The expression in [.] in the nominator of (4) is increasing function of ࣅ	and for ࣅ ≥ ૚
૛

 

it is positive (obvious). 

 (4) holds if one of ࢟,࢞ is ≥ ૚ and the other ≤ ૚. 

We can clearly assume this as the inequality is cyclic and we cannot have all ࢏ࢇ 

greater then 1 or smaller then 1.This completes the proof.Done. 

 

SP.272. RMM NUMBER 19 WINTER 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 

૜
ࡾ
≤
࢈࢘ + ࢉ࢘
૛ࢇ

+
ࢉ࢘ + ࢇ࢘
૛࢈

+
ࢇ࢘ + ࢈࢘
૛ࢉ

≤
૜
૝࢘

ቆ
૛ࡾ

૛࢘
− ૛ቇ 

Proposed by George Apostolopoulos-Messolonghi– Greece  

Solution 

We prove the following lemma: 

Lemma: 

2) In ઢ࡯࡮࡭ the following relationship holds: 

࢈࢘ + ࢉ࢘
૛ࢇ +

ࢉ࢘ + ࢇ࢘
૛࢈ +

ࢇ࢘ + ࢈࢘
૛ࢉ =

૛࢙ + ૛࢘ − ૡ࢘ࡾ
૝࢘ࡾ૛  

Proof. 

Using the formula ࢇ࢘ = ࡿ
ࢇି࢙

 we obtain:  

෍
࢈࢘ + ࢉ࢘
૛ࢇ = ෍

ࡿ
࢙ − ࢈ + ࡿ

࢙ − ࢉ
૛ࢇ = ෍ࡿ

૚
࢙)ࢇ − ࢙)(࢈ − (ࢉ = ࢙࢘ ⋅

૛࢙ + ૛࢘ − ૡ࢘ࡾ
૝࢘ࡾ૜࢙ = 

=
૛࢙ + ૛࢘ − ૡ࢘ࡾ

૝࢘ࡾ૛ 	 

Which follows from the known identity in triangle: 
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෍
૚

࢙)ࢇ − ࢙)(࢈ − (ࢉ =
૛࢙ + ૛࢘ − ૡ࢘ࡾ

૝࢘ࡾ૜࢙  

Let’s get back to the main problem. 

The left hand – inequality: Using the Lemma the inequality can be written: 
࢘ࡾ૛ିૡ࢘૛ା࢙

૝࢘ࡾ૛
≥ ૜

ࡾ
⇔ ૛࢙ ≥ ૡ࢘ࡾ + ૚૚࢘૛, which follows from Gerretsen’s inequality  

૛࢙ ≥ ૚૟࢘ࡾ− ૞࢘૛. It remains to prove that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૡ࢘ࡾ + ૚૚࢘૛ ⇔ ࡾ ≥ ૛࢘, (Euler’s inequality). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality: Using the Lemma the inequality can be written: 

૛࢙ + ૛࢘ − ૡ࢘ࡾ
૝࢘ࡾ૛ ≤

૜
૝࢘ ቆ

૛ࡾ

૛࢘ − ૛ቇ ⇔ ૛࢙)࢘ + ૛࢘ − ૡ࢘ࡾ) ≤ ૜ࡾ)ࡾ૛ − ૛࢘૛) 

which follows from Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. 

It remains to prove that: 

૛ࡾ൫૝࢘ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ − ૡ࢘ࡾ൯ ≤ ૜ࡾ൫ࡾ૛ − ૛࢘૛൯ ⇔ ૜ࡾ૜ − ૝ࡾ૛࢘ − ૛࢘ࡾ૛ − ૝࢘૜ ≥ ૙ ⇔ 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

The right-hand inequality can be strengthened: 

3) In ઢ࡯࡮࡭ the following relationship holds:  

࢈࢘ + ࢉ࢘
૛ࢇ

+
ࢉ࢘ + ࢇ࢘

࢈
+
ࢇ࢘ + ࢈࢘
૛ࢉ

≤
૚
ࡾ
ቆ
૛ࡾ

૛࢘
−
ࡾ
࢘

+ ૚ቇ 

Marin Chirciu – Romania  

Solution 

Using the Lemma the inequality can be written: 
࢘ࡾ૛ିૡ࢘૛ା࢙

૝࢘ࡾ૛
≤ ૚

ࡾ
ቀࡾ

૛

૛࢘
− ࡾ

࢘
+ ૚ቁ, which follows from Gerretsen’s inequality:  

૛࢙ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ 

We obtain: 

૛࢙ + ૛࢘ − ૡ࢘ࡾ
૝࢘ࡾ૛ ≤

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ − ૡ࢘ࡾ
૝࢘ࡾ૛ =

૝ࡾ૛ − ૝࢘ࡾ + ૝࢘૛

૝࢘ࡾ૛ =
૛ࡾ ࢘ࡾ− + ૛࢘

૛࢘ࡾ = 
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=
૚
ቆࡾ

૛ࡾ

૛࢘ −
ࡾ
࢘ + ૚ቇ 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

Inequality 3) is stronger than inequality 1) from the right. 

4) In ઢ࡯࡮࡭ the following relationship holds: 

࢈࢘ + ࢉ࢘
૛ࢇ

+
ࢉ࢘ + ࢇ࢘
૛࢈

+
ࢇ࢘ + ࢈࢘
૛ࢉ

≤
૚
ࡾ
ቆ
૛ࡾ

૛࢘
−
ࡾ
࢘

+ ૚ቇ ≤
૜
૝࢘

ቆ
૛ࡾ

૛࢘
− ૛ቇ 

 

Solution 

See 3) and ૚
ࡾ
ቀࡾ

૛

૛࢘
− ࡾ

࢘
+ ૚ቁ ≤ ૜

૝࢘
ቀࡾ

૛

૛࢘
− ૛ቁ ⇔ ૜ࡾ૜ − ૝ࡾ૛࢘ − ૛࢘ࡾ૛ − ૝࢘૜ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૜ࡾ૛ + ૛࢘ࡾ+ ૛࢘૛) ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

The inequalities can be written: 

5) In ઢ࡯࡮࡭ the following relationship holds: 

૜
ࡾ ≤

࢈࢘ + ࢉ࢘
૛ࢇ +

ࢉ࢘ + ࢇ࢘
૛࢈ +

ࢇ࢘ + ࢈࢘
૛ࢉ ≤

૚
ቆࡾ

૛ࡾ

૛࢘ −
ࡾ
࢘ + ૚ቇ ≤

૜
૝࢘ ቆ

૛ࡾ

૛࢘ − ૛ቇ 

Solution 

See inequalities 1) and 4). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark 

If we replace ࢇ࢘ with ࢇࢎ we propose: 

6) In ઢ࡯࡮࡭ the following relationship holds: 

૜
ࡾ
≤
࢈ࢎ + ࢉࢎ
૛ࢇ

+
ࢉࢎ + ࢇࢎ
૛࢈

+
ࢇࢎ + ࢈ࢎ
૛ࢉ

≤
૚
࢘
ቆ
૛࢘

૛ࡾ
+

࢘
૛ࡾ

+ ૚ቇ 

Marin Chirciu – Romania  

Solution 
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We prove the following lemma: 

Lemma 

7) In ઢ࡯࡮࡭ the following relationship holds: 

࢈ࢎ + ࢉࢎ
૛ࢇ +

ࢉࢎ + ࢇࢎ
૛࢈ +

ࢇࢎ + ࢈ࢎ
૛ࢉ =

૛࢙ + ૛࢘ − ૛࢘ࡾ
૝ࡾ૛࢘  

Proof. 

Using the formula ࢇࢎ = ૛ࡿ
ࢇ

 we obtain: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇ = ෍

૛ࡿ
࢈ + ૛ࡿ

ࢉ
૛ࢇ =

૛ࡿ
෍ࢉ࢈ࢇ

࢈ + ࢉ
ࢇ =

૛ࡿ
૝ࡿࡾ ⋅

૛࢙ + ૛࢘ − ૛࢘ࡾ
૛࢘ࡾ = 

=
૛࢙ + ૛࢘ − ૛࢘ࡾ

૝ࡾ૛࢘  

which follows from the known identity in triangle: ∑ ࢉା࢈
ࢇ

= ࢘ࡾ૛ି૛࢘૛ା࢙
૛࢘ࡾ

 

Let’s get back to the main problem. 

The left hand inequality. 

Using the Lemma the inequality can be written: 
࢘ࡾ૛ି૛࢘૛ା࢙

૝ࡾ૛࢘
≥ ૜

ࡾ
⇔ ૛࢙ ≥ ૚૝࢘ࡾ −   ૛, which follows from Gerretsen’s inequality࢘

૛࢙ ≥ ૚૟࢘ࡾ− ૞࢘૛. It remains to prove that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૝࢘ࡾ − ૛࢘ ⇔ ࡾ ≥ ૛࢘, (Euler’s inequality) 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality. 

Using the Lemma the inequality can be written: 

૛࢙ + ૛࢘ − ૛࢘ࡾ
૝ࡾ૛࢘ ≤

૚
࢘ ቆ

૛࢘

૛ࡾ +
࢘
૛ࡾ + ૚ቇ 

which follows from Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. 

We obtain: ࢙
૛ା࢘૛ି૛࢘ࡾ
૝ࡾ૛࢘

≤ ૝ࡾ૛ା૝࢘ࡾା૜࢘૛ା࢘૛ି૛࢘ࡾ
૝ࡾ૛࢘

= ૝ࡾ૛ା૛࢘ࡾା૝࢘૛

૝ࡾ૛࢘
= ૛ࡾ૛ା࢘ࡾା૛࢘૛

૛ࡾ૛࢘
= 

=
૚
࢘ ቆ

૛࢘

૛ࡾ +
࢘
૛ࡾ + ૚ቇ 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 
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Remark. 

Between the sums ∑ ࢉࢎା࢈ࢎ
૛ࢇ

 and ∑ ࢉ࢘ା࢈࢘
૛ࢇ

 we obtain the relationship: 

8) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇ

≤෍
࢈࢘ + ࢉ࢘
૛ࢇ

 

Marin Chirciu – Romania  

Solution 

Using the above Lemmas the inequality can be written: 
࢘ࡾ૛ି૛࢘૛ା࢙

૝ࡾ૛࢘
≤ ࢘ࡾ૛ିૡ࢘૛ା࢙

૝࢘ࡾ૛
⇔ −ࡾ)૛࢙ (࢘ ≥ ૛ࡾૡ)࢘ − ૜࢘ࡾ +  ૛), which follows from࢘

Gerretsen’s inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛. It remains to prove that: 

(૚૟࢘ࡾ − ૞࢘૛)(ࡾ − (࢘ ≥ ૛ࡾૡ)࢘ − ૜࢘ࡾ+ (૛࢘ ⇔ ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૝ࡾ− (࢘ ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

The following inequalities can be written: 

9) In ઢ࡯࡮࡭ the following relationship holds: 

૜
ࡾ
≤෍

࢈ࢎ + ࢉࢎ
૛ࢇ

≤෍
࢈࢘ + ࢉ࢘
૛ࢇ

≤
૚
ࡾ
ቆ
૛ࡾ

૛࢘
−
ࡾ
࢘

+ ૚ቇ 

Solution 

See inequalities 1), 8) and 3). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

 

SP.273. If ࢟,࢞ ∈ ℝ then: 

૝ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ ૝ܖܑܛ ࢟ + ૝ܛܗ܋ ૝ܛܗ܋࢞ ࢟ ≥
૚
૜

 

When does the equality holds? 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Ravi Prakash-New Delhi-India 

૝ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ ૝ܖܑܛ ࢟ + ૝ܛܗ܋ ࢞ ૝ܛܗ܋ ࢟
૜ ≥ ቆ

૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ ૛ܖܑܛ ࢟ + ૛ܛܗ܋ ࢞ ૛ܛܗ܋ ࢟
૜ ቇ

૛

 

But ܖܑܛ૛ ࢞ + ૛ܛܗ܋ ૛ܖܑܛ࢞ ࢟ + ૛ܛܗ܋ ࢟ ࢠܛܗ܋ ࢟ = ૛ܖܑܛ ࢞ + ૛ܛܗ܋ ૛ܖܑܛ)࢞ ࢟ + ૛ܛܗ܋  (࢟

= ૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ = ૚ 

Thus, ܖܑܛ૝ ࢞ + ૝ܛܗ܋ ࢞ ૝ܖܑܛ ࢟ + ૝ܛܗ܋ ࢞ ૛ܛܗ܋ ࢟ ≥ ૚
૜
 

Equality holds if ܖܑܛ૝ ࢞ = ૝ܛܗ܋ ࢞ ૝ܖܑܛ ࢟ = ૝ܛܗ܋ ࢞ ૝ܛܗ܋  ࢟

࣊ is an odd multiple of ࢞
૛

 it is not possible. 

∴ ૝ܛܗ܋ ࢞ ≠ ૙ ⇒ ૝ܖܑܛ ࢟ = ૝ܛܗ܋ ࢟ ⇒ ࢟ = ࣊࢔ ±
࣊
૝ ࢔; ∈ ℤ ⇒ ૝ܖ܉ܜ ࢞ =

૚
૝ 

⇒ ࢞ = ±࣊࢓ ૚ିܖ܉ܜ ൬
૚
√૛

൰ ࢓, ∈ ℤ 

Thus, equality holds when ࢞ = ±࣊࢓ ૚ିܖ܉ܜ ቀ ૚
√૛
ቁ ࢟, = ࣊࢔ ± ࣊

૝
࢔,࢓, ∈ ℤ 

Solution 2 by Marin Chirciu-Romania 

Using Bergström’s inequality we obtain ܖܑܛ૝ ࢟ + ૝ܛܗ܋ ࢟ ≥ ൫ܖܑܛ૛ ૛ܛܗ܋ା࢟ ൯࢟
૛

૛
= ૚

૛
,  

with equality if and only if ܖܑܛ૛ ࢟ = ૛ܛܗ܋  :It follows .࢟

࢙ࡹ = ૝ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ ૝ܖܑܛ) ࢟ + ૝ܛܗ܋ (࢟ ≥ ૝ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ ⋅ ૚
૛
≥
(૚) ૚

૜
=  ⇔ where (1) ,ࢊࡹ

⇔ ૟ܖܑܛ૝ ࢞ + ૜ ૝ܛܗ܋ ࢞ ≥ ૛ ⇔ ૟ܖܑܛ૝ ࢞ + ૜൫૚ − ૛ܖܑܛ ൯࢞
૛
≥ ૛ ⇔ ૢ ૝ܖܑܛ ࢞ − ૟ ૛ܖܑܛ +࢞ ૚ ≥ ૙ ⇔ 

⇔ (૜ܖܑܛ૛ ࢞ − ૚)૛ ≥ ૙, obviously with equality if and only if ૜ ૛ܖܑܛ ࢞ = ૚. 

We deduce that the inequality from enunciation holds, with equality if and only if  

૛ܖܑܛ ࢟ = ૛ܛܗ܋ and ૜ ࢟ ૛ܖܑܛ ࢞ = ૚ 

 

SP.274 If in ઢ࡯࡮࡭; ࢙ = ૚
૛
 then: 

ࢇ ⋅ ࢋ
ࢇ࢓
ࢇ + ࢈ ⋅ ࢋ

࢈࢓
࢈ + ࢉ ⋅ ࢋ

ࢉ࢓
ࢉ ≥ ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ  

Proposed by Daniel Sitaru – Romania  

Solution by proposer 
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Let be ࢌ૚, ,૛ࢌ :૜ࢌ (૙,∞) → ℝ 

(࢞)૚ࢌ = ࢞ࢇ ܖܔ ࢞ − +ࢇ) (࢞)૛ࢌ;࢞(ࢇ࢓ = ࢞࢈ ܖܔ ࢞ − ࢈) +  ࢞(࢈࢓

(࢞)૜ࢌ = ࢞ࢉ ܖܔ ࢞ − ࢉ) +  ࢞(ࢉ࢓

૚ᇱࢌ (࢞) = ܖܔ)ࢇ ࢞ + ૚) − ࢇ) + (ࢇ࢓ = ࢇ ܖܔ ࢞  ࢇ࢓−

૚ᇱࢌ (࢞) = ૙ ⇒ ࢇ ܖܔ ࢞ = ࢇ࢓ ⇒ ࢞ܖܔ =
ࢇ࢓

ࢇ  

࢞ܖܔ = ܖܔ ࢋ
ࢇ࢓
ࢇ ⇒ ࢞ = ࢋ

ࢇ࢓
ࢇ  

(࢞)૚ࢌܖܑܕ = ૚ࢌ ቀࢋ
ࢇ࢓
ࢇ ቁ = ࢇ ⋅ ࢋ

ࢇ࢓
ࢇ ⋅ ܖܔ ࢋ

ࢇ࢓
ࢇ − +ࢇ) (ࢇ࢓ ⋅ ࢋ

ࢇ࢓
ࢇ = 

= ࢇ࢓ ⋅ ࢋ
ࢇ࢓
ࢇ − ࢋࢇ

ࢇ࢓
ࢇ ࢇ࢓− ⋅ ࢋ

ࢇ࢓
ࢇ = ࢋࢇ−

ࢇ࢓
ࢇ  

Analogous: ࢌܖܑܕ૛ (࢞) = ࢋ࢈−
࢈࢓
࢈ (࢞)૜ࢌܖܑܕ; = ࢋࢉ−

ࢉ࢓
ࢉ  

 

૚ࢌ + ૛ࢌ + :૜ࢌ (૙,∞) → ℝ 

૚ࢌ) + ૛ࢌ + (࢞)(૜ࢌ = (࢞)૚ࢌ + (࢞)૛ࢌ +  (࢞)૜ࢌ

 

૚ࢌ)ܖܑܕ + ૛ࢌ + (૜ࢌ (࢞) = ࢇ)− + ࢈ + ࢋ(ࢉ
ࢉ࢓ା࢈࢓ାࢇ࢓

ࢉା࢈ାࢇ  

(࢞)૚ࢌܖܑܕ + (࢞)૛ࢌܖܑܕ + (࢞)૜ࢌܖܑܕ ≤ ૚ࢌ)ܖܑܕ + ૛ࢌ + (૜ࢌ  (࢞)

ࢋࢇ−
ࢇ࢓
ࢇ − ࢋ࢈

࢈࢓
࢈ − ࢋࢉ

ࢉ࢓
ࢉ ≤ ࢇ)− + +࢈ ࢋ(ࢉ

ࢉ࢓ା࢈࢓ାࢇ࢓
ࢉା࢈ାࢇ  

ࢋࢇ
ࢇ࢓
ࢇ + ࢋ࢈

࢈࢓
࢈ + ࢋࢉ

ࢉ࢓
ࢉ ≥ ࢇ) + +࢈ ࢋ(ࢉ

ࢉ࢓ା࢈࢓ାࢇ࢓
ࢉା࢈ାࢇ = 

= (૛࢙) ⋅ ࢋ
ࢉ࢓ା࢈࢓ାࢇ࢓

૛࢙ = ൬૛ ⋅
૚
૛൰ ⋅ ࢋ

ࢉ࢓ା࢈࢓ାࢇ࢓

૛⋅૚૛ = ࢉ࢓ା࢈࢓ାࢇ࢓ࢋ  

Equality holds for ࢇ = ࢈ = ࢉ = ૚
૟
. 

 

SP.275. In ∆࡯࡮࡭ the following relationship holds: 

൬
ࢇ + ࢈

ࢇ࢓ + ࢈࢓
൰
૛

+ ൬
࢈ + ࢉ

࢈࢓ + ࢉ࢓
൰
૛

+ ൬
ࢉ + ࢇ

ࢉ࢓ + ࢇ࢓
൰
૛
≥ ૝ 

Proposed by Hung Nguyen Viet-Vietnam 

Solution by proposer 
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Lemma 1. In any ∆࡯࡮࡭, then (࢈࢓ + ૛(ࢉ࢓ ≤ ૛ࢇ૛ + ૛(ࢉା࢈)

૝
 

Proof. The desired inequality is equivalent to  ૝ࢉ࢓࢈࢓ ≤ ૛ࢇ૛ +  ࢉ࢈

[૛(ࢉ૛ + (૛ࢇ − ૛ࢇ)૛][૛࢈ + −(૛࢈ [૛ࢉ ≤ (૛ࢇ૛ +  ૛(ࢉ࢈

૝(ࢇ૛ + ૛ࢇ)(૛࢈ + (૛ࢉ − ૛࢈૛(ࢇ૛ + (૛࢈ − ૛ࢉ૛(ࢉ૛ + (૛ࢇ + ૛ࢉ૛࢈ ≤ ૝ࢇ૝ + ૛ࢇ૛ࢉ࢈+  ૛ࢉ૛࢈

૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ + ૝࢈૛ࢉ૛ − ૛࢈૝ − ૛ࢉ૝ ≤ ૛ࢇ૛ࢉ࢈ 

−࢈ࢇ) ૛(ࢉࢇ ≤ ૛࢈) −  ૛)૛ࢉ

ࢇ)  + ࢈ + ࢈)(ࢉ + ࢉ − −࢈)(ࢇ ૛(ࢉ ≥ ૙ 

The last inequality is clearly true. 

෍൬
࢈ + ࢉ

࢈࢓ + ࢉ࢓
൰
૛

ࢉ࢟ࢉ

≥෍
૝(࢈ + ૛(ࢉ

ૡࢇ૛ + ࢈) + ૛(ࢉ
ࢉ࢟ࢉ

≥
૝[(࢈ + ૛(ࢉ + ࢉ) + ૛(ࢇ + ࢇ) + ૛]૛(࢈

∑ [ૡࢇ૛(࢈+ ૛(ࢉ + ࢈) + ࢉ࢟ࢉ[૝(ࢉ
 

=
૚૟(ࢇ૛ + ૛࢈ + ૛ࢉ + +࢈ࢇ +ࢉ࢈ ૛(ࢇࢉ

૛(ࢇ૝ + ૝࢈ + (૝ࢉ + ૛૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૚૟ࢇ)ࢉ࢈ࢇ+ +࢈ (ࢉ + ∑ ૝࢈)ࢉ࢈૛ + ࢉ࢟ࢉ(૛ࢉ
 

Hence, it suffices to show that: 

૛(ࢇ૛ + ૛࢈ + ૛ࢉ + ࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ ≥ 

૝ࢇ) + ૝࢈ + (૝ࢉ + ૚૚(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૡࢇ)ࢉ࢈ࢇ+ +࢈ (ࢉ + ෍૛࢈)ࢉ࢈૛ + (૛ࢉ
ࢉ࢟ࢉ

 

Or equivalent to 

૝ࢇ + ૝࢈ + ૝ࢉ + ෍૛࢈)ࢉ࢈૛ + (૛ࢉ
ࢉ࢟ࢉ

≥ ૞(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

૝ࢇ + ૝࢈ + ૝ࢉ + ෍૛࢈)ࢉ࢈ − ૛(ࢉ
ࢉ࢟ࢉ

≥ ૞(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

The last inequality is true because 

૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૛࢈૛ࢇ + ૛ࢉ૛࢈ +  ૛ࢇ૛ࢉ

 

SP.276. If ࢟,࢞, ࢠ > ૙;࢔ ≥ ૚ then: 

෍
࢞࢔) + ࢞࢔)(࢟ + (ࢠ

ࢠ࢟
ࢉ࢟ࢉ

≥
࢔) + ૚)૛

૛ ෍
࢟ + ࢠ
࢞

ࢉ࢟ࢉ

 

Proposed by Marin Chirciu-Romania 
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Solution by George Florin Şerban-Romania 

෍
࢞࢔) + ࢞࢔)(࢟ + (ࢠ

ࢠ࢟
ࢉ࢟ࢉ

≥
࢔) + ૚)૛

૛ ෍
࢟ + ࢠ
࢞

ࢉ࢟ࢉ

 

෍ቆ
૛࢞૛࢔

ࢠ࢟ +
ࢠ࢞࢔
ࢠ࢟ +

࢟࢞࢔
ࢠ࢟ +

ࢠ࢟
ቇࢠ࢟

ࢉ࢟ࢉ

≥
૛࢔ + ૛࢔ + ૚

૛ ෍
࢟ + ࢠ
࢞

ࢉ࢟ࢉ

 

૛࢔ ቆ
૛࢞

+ࢠ࢟
૛࢟

+࢞ࢠ
૛ࢠ

ቇ࢟࢞ + ૜ ≥
૛࢔ + ૚
૛ ෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

,
૜࢞)૛࢔ + ૜࢟ + (૜ࢠ

ࢠ࢟࢞ + ૜ ≥
૛࢔ + ૚
૛ ෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

 

૛࢔ ቌ
૜࢞ + ૜࢟ + ૜ࢠ

ࢠ࢟࢞ −
૚
૛෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

ቍ ≥
૚
૛෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

− ૜ 

૛࢔ ቌ
૜࢞ + ૜࢟ + ૜ࢠ

ࢠ࢟࢞ −
૚
૛෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

ቍ ≥
૜࢞ + ૜࢟ + ૜ࢠ

ࢠ࢟࢞ −
૚
૛෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

≥⏞
? ૚
૛෍

࢟ + ࢠ
࢞

ࢉ࢟ࢉ

− ૜ 

Because: ࢞૜ + ૜࢟ ≥ ࢞)࢟࢞ + (࢟ ⇒ ૜࢟૜ା࢞

ࢠ࢟࢞
≥ (࢟ା࢞)࢟࢞

ࢠ࢟࢞
⇒ ૜ࢠ૜ା࢟૜ା࢞

ࢠ࢟࢞
≥ ૚

૛
∑ ࢠା࢟

ࢉ࢟ࢉ࢞ ⇒ 

૜࢞ + ૜࢟ + ૜ࢠ

ࢠ࢟࢞ ≥෍
࢟ + ࢠ
࢞

ࢉ࢟ࢉ

− ૜ ⇒ ૜࢞ + ૜࢟ + ૜ࢠ ≥෍࢟)ࢠ࢟ + (ࢠ
ࢉ࢟ࢉ

− ૜ࢠ࢟࢞ ⇒ 

૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ ≥ ࢟૛࢞ + ૛࢟࢞ + ࢠ૛࢟ + ૛ࢠ࢟ + ࢞૛ࢠ +  .૛ true by Schur’s inequality࢞ࢠ

 

SP.277. In ∆࡯࡮࡭ the following relationship holds: 

૛ૠ ൬
ࡾ
૛࢘
൰
૛

−෍ቌඨ
࡭࢔࢏࢙
࡮࢔࢏࢙

+ඨ࡭࢔࢏࢙
ቍ࡯࢔࢏࢙

૜

ࢉ࢟ࢉ

≥ ૜ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by proposer 

Let ࢈,ࢇ, ࢉ −be the lengths of sides of the ∆࡯࡮࡭.  

We know that: ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘૛
  and  ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ
૛
≤ ૜ቀ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
ቁ  so   

ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛
≤ ૜

૝࢘૛
. We have   ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
+ ૛

࢈ࢇ
+ ૛

ࢉ࢈
+ ૛

ࢇࢉ
≤ ૜

૝࢘૛
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૜
૝࢘૛ −

૚
૛ࢇ ≥ ൬

૚
࢈ +

૚
൰ࢉ

૛

+
૛
ࢇ ൬

૚
+࢈

૚
൰ࢉ

࢓ࡳି࢓࡭
ሳልልልልሰ

૜
૝࢘૛ −

૚
૛ࢇ ≥ ૛ඨ൬

૚
࢈ +

૚
൰ࢉ

૛

∙
૛
ࢇ ൬

૚
࢈ +

૚
 ൰ࢉ

૜
૝࢘૛ −

૚
૛ࢇ ≥ ૛൬

૚
࢈ +

૚
൰ࢉ
ඨ૛
ࢇ ൬

૚
࢈ +

૚
൰ࢉ

૛(࢞ା࢟)ஹ൫√࢞ାඥ࢟൯
૛

வ૙࢟,࢞
ሳልልልልልልልልልልልልሰ 

૜
૝࢘૛ −

૚
૛ࢇ ≥

૚
ࢇ√

൬
૚
࢈√

+
૚
ࢉ√
൰
૛
ඨ൬

૚
࢈√

+
૚
ࢉ√
൰
૛

=
૚
ࢇ√

൬
૚
࢈√

+
૚
ࢉ√
൰
૜

 

So:  ૚
૛ࢇ

+ ૚
ࢇ√
ቀ ૚
࢈√

+ ૚
ࢉ√
ቁ
૜
≤ ૜

૝࢘૛
  or 

૚ + ඥࢇ૜ ൬
૚
࢈√

+
૚
ࢉ√
൰
૜

≤
૜
૝࢘૛ ∙ ࢇ

૛ ⇔ ૚ + ቆට
ࢇ
࢈ + ට

ࢇ
ቇࢉ

૜

≤
૜
૝࢘૛ ∙ ࢇ

૛ 

Similarly: ૚ + ቆට࢈
ࢇ

+ ට࢈
ࢉ
ቇ
૜

≤ ૜
૝࢘૛

∙ and ૚	૛࢈ + ൬ටࢉ
ࢇ

+ ටࢉ
࢈
൰
૜

≤ ૜
૝࢘૛

∙  ૛ࢉ

 

Addind up these inequalities, we have 

૜ + ෍ቆට
ࢇ
࢈ + ට

ࢇ
ቇࢉ

૜

ࢉ࢟ࢉ

≤
૜
૝࢘૛ ∙

૛ࢇ) + ૛࢈ +  (૛ࢉ

We know that  ࢇ૛ + ૛࢈ + ૛ࢉ ≤  ૛ and using the law of the sines, we getࡾૢ

 

૜ + ෍ቌඨ
࡭࢔࢏࢙
࡮࢔࢏࢙ + ඨ࡭࢔࢏࢙

࡯࢔࢏࢙
ቍ

૜

ࢉ࢟ࢉ

≤
૛ૠࡾ૛

૝࢘૛  

૛ૠ ൬
ࡾ
૛࢘൰

૛

−෍ቌඨ
࡭࢔࢏࢙
࡮࢔࢏࢙ + ඨ࡭࢔࢏࢙

࡯࢔࢏࢙
ቍ

૜

ࢉ࢟ࢉ

≥ ૜ 

 

SP.278. Let be ࢌ: ቂ࣊
૝

, ૜࣊
૝
ቃ → ℝ,(࢞)ࢌ = ૚ି࢔ା࢚࢞࢕ࢉ૛ି࢞૛࢚࢕ࢉ

ା૚࢔ା࢚࢞࢕ࢉା૛࢞૛࢚࢕ࢉ
࢔; ≥ ૛. Find Imf. 

 

Proposed by Marin Chirciu-Romania 
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Solution by proposer 

Denote ૚ + ࢚࢞࢕ࢉ = we have ૙ ࢚ ≤ ࢚ ≤ ૛, (࢚)ࢌ = ା૛࢔ା࢚૛ି૝࢚
࢔૛ା࢚

 

We calculate: ࢌᇱ(࢚) = ૝(࢚૛ି࢔ି࢚)

൫࢚૛ା࢔൯
૛ ≤ ૙,∀࢚ ∈ [૙,૛] and ࢌ(૙) = ା૛࢔

࢔
, (૛)ࢌ = ૛ି࢔

ା૝࢔
 then  

the function ࢌ −is strictly decreasing on [૙,૛], so 

ࢌ࢓ࡵ = [(૙)ࢌ,(૛)ࢌ] = ൤
࢔ − ૛
+࢔ ૝ ,

+࢔ ૛
࢔ ൨ 

We deduce that ࢌ࢓ࡵ = ቂି࢔૛
ା૝࢔

, ା૛࢔
࢔
ቃ it is the function image  

:ࢌ ൤
࣊
૝ ,
૜࣊
૝ ൨ → ℝ, (࢞)ࢌ =

࢞૛࢚࢕ࢉ − ૛࢚࢞࢕ࢉ + −࢔ ૚
࢞૛࢚࢕ࢉ + ૛࢚࢞࢕ࢉ + +࢔ ૚ 

 

SP.279. If in ∆࡯࡮࡭;࣓ −Brocard angle then the following relationship holds: 

૚
૛࣓࢔࢏࢙ ≥ ඨ

ࢉ࢝࢈࢝ࢇ࢝

ࢉࢎ࢈ࢎࢇࢎ
≥
૛࣓࢙࢕ࢉ
√૜

 

Proposed by Vasile Jiglău-Romania 

Solution by proposer 

It is a known (and elementary) fact that in triangle ࢙࢕ࢉ ࡯ି࡮
૛

= ࢇࢎ
ࢇ࢒

; (૚) 

Suppose that the sides of the triangle ࡯࡮࡭ verify: ࢉ ≥ ࢈ ≥ ;ࢇ 		(૛) 

Clearly the meansures of the angles of the triangle verify ࡭ ≥ ࡮ ≥  which imply ,࡯

࢔࢏࢙ ࡮ି࡯
૛
࢔࢏࢙ ࡭ି࡮

૛
≥ ૙.We have: ࢈ࢎ

࢈࢝
= ࢙࢕ࢉ ࡭ି࡯

૛
= ࢙࢕ࢉ ቀ࡮ି࡯

૛
+ ࡭ି࡮

૛
ቁ 

= ࢙࢕ࢉ
࡯ − ࡮
૛ ࢙࢕ࢉ

࡮ − ࡭
૛ − ࢔࢏࢙

࡯ − ࡮
૛ ࢔࢏࢙

࡮ − ࡭
૛ ≤ ࢙࢕ࢉ

࡯ − ࡮
૛ ࢙࢕ࢉ

࡮ − ࡭
૛ =

ࢇࢎ
ࢇ࢝

∙
ࢉࢎ
ࢉ࢝

 

Hence, under the hypothesis (1): ࢈ࢎ
࢈࢝
≥ ࢇࢎ

ࢇ࢝
∙ ࢉࢎ
ࢉ࢝

; 		(૜) 

Let’s now prove that:  ૚
૛࣓࢔࢏࢙

≥ ට ࡾ
૛࢘

 

We’ll use the formula ࣓࢔࢏࢙ = ࡿ
ඥࢇ૛࢈૛ା࢈૛ࢉ૛ାࢉ૛ࢇ૛

 ,where ࡿ −is area of the given triangle. 
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This is equivalent to: ૚
૛࣓࢔࢏࢙

≥ ૛ࡾ
࢘
⇔ ૛࢈૛ࢇ∑

૝ࡿ૛
≥ ૛ࡾ

࢘
⇔ ૛࢈૛ࢇ∑ ≥ ૡ࢙࢘ࡾ૛ 

⇔෍ࢇ૛࢈૛ ≥ +ࢇ)ࢉ࢈ࢇ +࢈ (ࢉ ⇔෍(࢈ࢇ − ૛(ࢉ࢈ ≥ ૙; (૝) 

On the other hand, it is a known fact that:  ࡾ
૛࢘
≥ ૚

૛࡯ష࡮૛࢙࢕ࢉ
	 (see the problem 2382 from 

“Crux mathematicorum”) 

(૚)	࢟࢈
ሳልልሰ ඨ ࡾ

૛࢘ ≥
ࢇ࢝

ࢇࢎ
; 		(૞) 

From (3),(4) and (5), we obtain that: ૚
૛࣓࢔࢏࢙

≥ ටࡾ
૛࢘
≥ ࢈࢝

࢈ࢎ
≥ ට

ࢉ࢝࢈࢝ࢇ࢝
ࢉࢎ࢈ࢎࢇࢎ

, and the first 

inequality  of the enunciation is proved. 

The proof of the second inequality of the enunciation: We’ll use 

࣓࢙࢕ࢉ =
૛ࢇ + ૛࢈ + ૛ࢉ

૛√ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ
 

With the formulas: ࢇ࢝ = ૛ඥ(ࢇି࢙)࢙ࢉ࢈
ࢉା࢈

ࢇࢎ, = ૛ࡿ
ࢇ

 we can easily see that: 

ࢉ࢝࢈࢝ࢇ࢝

ࢉࢎ࢈ࢎࢇࢎ
=

+ࢇ)૛ࢉ૛࢈૛ࢇ ࢈ + (ࢉ
૛ࡿ૛(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ +  (ࢇ

 

The inequality becomes equivalent to: 

ࢇ)૛ࢉ૛࢈૛ࢇ + +࢈ (ࢉ
૛ࡿ૛(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ≥

૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

Putting ࢞ = ࢙ − ࢟,ࢇ = ࢙ − ,࢈ ࢠ = ࢙ −  :the inequality becomes equivalent to ,ࢉ

૜ ቀ෍(࢞ + ࢟)૛(࢟ + ࢞)૛ቁෑ(ࢠ + ૛(࢟ ≥ ࢠ࢟࢞ ቀ෍(࢞ + ૛ቁ(࢟
૛
ෑ(૛࢞ + ࢟ + (ࢠ ⇔ 

૜෍࢞ૡ࢟૛ + ૜෍࢞ૡࢠ૛ + ૚૛෍࢞ૠ࢟૜ + ૚૛෍࢞ૠࢠ૜ + ૛૝෍࢞૟࢟૝ + ૛૝෍࢞૟ࢠ૝ + 

+૜૙෍࢞૞࢟૞ + ૛૛෍࢞૞࢟૝ࢠ + ૛૛෍࢞૞ࢠ࢟૝ ≥ ૛෍࢞ૡࢠ࢟ + ૡ෍࢞ૠ࢟૛ࢠ+ 

+ૡ෍࢞ૠࢠ࢟૛ + ૝૙෍࢞૟࢟૛ࢠ૛ + ૜૛෍࢞૞࢟૜ࢠ૛ + ૜૛෍࢞૞࢟૛ࢠ૜ + 

+૚૝෍࢞૝࢟૝ࢠ૛ + ૚૟෍࢞૝࢟૜ࢠ૜ , ,࢟,࢞) ࢠ ≥ ૙), 
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Which immediately result by adding the following inequalities, that are simple 

applications of the Am-Gm inequality and of the Murihead’s lemma: 

෍࢞ૡ࢟૛ + ෍࢞ૡࢠ૛ ≥ ૛෍࢞ૡࢠ࢟ 

ૡ෍࢞ૠ࢟૜ +ૡ෍࢞ૠࢠ૜ ≥ ૡ෍࢞ૠ࢟૛ࢠ+ ૡ෍࢞ૠࢠ࢟૛  

૛෍࢞ૡ࢟૛ ≥ ૛෍࢞૟࢟૛ࢠ૛ 

૛෍࢞ૡࢠ૛ ≥ ૛෍࢞૟࢟૛ࢠ૛ 

૝∑ ૜࢟ૠ࢞ ≥ ૝∑࢞૟࢟૛ࢠ૛  

૝෍࢞ૠࢠ૜ ≥ ૝෍࢞૟࢟૛ࢠ૛ 

૚૝෍࢞૟࢟૝ + ૚૝෍࢞૟ࢠ૝ ≥ ૛ૡ෍࢞૟࢟૛ࢠ૛ 

૚૙෍࢞૟࢟૝ + ૚૙෍࢞૟ࢠ૝ ≥ ૚૙෍࢞૞࢟૜ࢠ૛ + ૚૙෍࢞૞࢟૛ࢠ૜ 

૛૛෍࢞૞࢟૝ࢠ+ ૛૛෍࢞૞ࢠ࢟૝ ≥ ૛૛෍࢞૞࢟૜ࢠ૛ + ૛૛෍࢞૞࢟૛ࢠ૜ 

૚૝∑࢞૞࢟૞ ≥ ૚૝∑࢞૝࢟૝ࢠ૛, 

૚૟෍࢞૞࢟૞ ≥ ૚૟෍࢞૝࢟૜ࢠ૜ 

 

SP.280 If ࢞, ࢠ,࢟ ≥ ૙; ૢ{࢞} + ૢ{࢟} + ૢ{ࢠ} = ૚
૟૝

 then: 

ૠ࢞ ∙ [࢞] ⋅ {࢞} + ૠ࢟ ⋅ [࢟] ⋅ {࢟} + ૠࢠ ⋅ [ࢠ] ⋅ {ࢠ} < ૟૝([࢞]ૢ + ૢ[࢟] + (ૢ[ࢠ] + ૚ 

{࢞} = ࢞ − ;[࢞] [∗] - great integer function 

Proposed by Daniel Sitaru – Romania  

Solution 1  by proposer 

ૢ[࢞] + ૢ{࢞}

[࢞] ⋅ {࢞} =
ૡ[࢞]

{࢞} +
ૡ{࢞}

[࢞] ≥
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ૝[࢞]) + ૝)૛{࢞}

{࢞} + [࢞] ≥ 

≥
૚
࢞ ⋅ ቆ

૛[࢞]) + ૛)૛{࢞}

૛ ቇ
૛

=
૚
૝࢞

૛[࢞]) + ૛)૝{࢞} ≥ 



 
www.ssmrmh.ro 

39 
 

≥
૚
૝࢞

൭ቆ
[࢞] + {࢞}

૛ ቇ
૛

൱
૝

=
ૡ࢞

૚૟ ⋅ ૝࢞ =
ૠ࢞

૟૝ 

૟૝([࢞]ૢ + (ૢ{࢞} ≥ ૠ࢞ ⋅ [࢞] ⋅ ࢞;{࢞} ≥ ૙ 

ૠ࢞ ⋅ [࢞] ⋅ {࢞} ≤ ૟૝([࢞]ૢ +  (1)   {ૢ{࢞}

Analogous: 

ૠ࢟ ⋅ [࢟] ⋅ {࢟} ≤ ૟૝([࢟]ૢ +  (2)    {ૢ{࢟}

ૠࢠ ⋅ [ࢠ] ⋅ {ࢠ} ≤ ૟૝([ࢠ]ૢ +  (3)    {ૢ{ࢠ}

By adding (1); (2); (3): 

ૠ࢞ ⋅ [࢞] ⋅ {࢞} + ૠ࢟ ⋅ [࢟] ⋅ {࢟} + ૠࢠ ⋅ [ࢠ] ⋅ {ࢠ} ≤ 

≤ ૟૝([࢞]ૢ + ૢ[࢟] + {ૢ[ࢠ] + ૟૝({࢞}ૢ + ૢ{࢟} + (ૢ{ࢠ} = ૟૝([࢞]ૢ + ૢ[࢟] + {ૢ[ࢠ] + ૚ 

Inequality is strict because (1); (2); (3) are equalities only for ࢞ = ࢟ = ࢠ = ૙ and in 

our case {࢞}ૢ + ૢ{࢟} + {ૢࢠ} = ૚
૟૝
≠ ૙ 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

Since ࢟,࢞, ࢠ ≥ ૙ ⇒ ,[࢞] ,[࢟] [ࢠ] ≥ ૙ and ૙ ≤ ,{࢞} ,{࢟} {ࢠ} < ૚ 

Because: {࢞}૟ + ૟{࢟} + ૟{ࢠ} = ૚
૟૝
→ ૚ = ૟૝({࢞}૟ + ૟{࢟} +  (૟{ࢠ}

ࡿࡴࡾ = ૟૝([࢞]ૢ + ૢ{࢞} + ૢ[࢟] + ૢ{࢟} + ૢ[ࢠ] +  (ૢ{ࢠ}

Now: ࢞ૠ ∙ [࢞] ∙ {࢞} ≤
࢓ࡳି࢓࡭

ૠ࢞ ∙ ૛({࢞}ା[࢞])

૝
= ૠ࢞ ∙ ࢞

૛

૝
= ૢ࢞

૝
 

Analogous: ࢟ૠ ∙ [࢟] ∙ {࢟} ≤ ૢ࢟

૝
 and ࢠૠ ∙ [ࢠ] ∙ {ࢠ} ≤ ૢࢠ

૝
 

ࡿࡴࡸ = ૢ࢞ ∙ [࢞] ∙ {࢞} + ૢ࢟ ∙ [࢟] ∙ {࢟} + ૢࢠ ∙ [ࢠ] ∙ {ࢠ} ≤
ૢ࢞ + ૢ࢟ + ૢࢠ

૝  

=
[࢞]) + ૢ({࢞} + [࢟]) + ૢ({࢟} + {ࢠ]) + ૢ({ࢠ}

૝  

=
૛ૡ

૝
ૢ[࢞]) + ૢ{࢞} + ૢ[࢟] + ૢ{࢟} + ૢ[ࢠ] +  (ૢ{ࢠ}

= ૟૝([࢞]ૢ + ૢ{࢞} + ૢ[࢟] + ૢ{࢟} + ૢ[ࢠ] +  (ૢ{ࢠ}

Proved. 

Note: For all ࢼ,ࢻ > ૙ we have: ૢࢻ + ૢࢼ ≥ ૢ(ࢼାࢻ)

૛ૡ
 

Equality⇔ [࢞] = {࢞} = [࢟] = {࢟} = [ࢠ] = {ࢠ} = ૙ 
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But: {࢞}ૢ + ૢ{࢟} + {ૢࢠ} = ૚
૟૝
≠ ૙. So, inequality is strict. 

 

SP.281. If ࢞ ∈ ቀ૙, ࣊
૛
ቁ ࢈,ࢇ; > ૙ then: 

⎝

⎜
⎛
ቆට

ࢇ
ቇ࢈

࢞ܖܑܛ
࢞

+ ቌඨ
࢈
ቍࢇ

ܖܑܛ ࢞
࢞

⎠

⎟
⎞
⋅

⎝

⎛ቆට
ࢇ
ቇ࢈

࢞
࢞ܖ܉ܜ

+ ቌඨ
࢈
ቍࢇ

࢞
࢞ܖ܉ܜ

⎠

⎞ ≤ ቌට
ࢇ
࢈ + ඨ࢈

ቍࢇ

૛

 

Proposed by Daniel Sitaru – Romania  

Solution by Florentin Vișescu – Romania  

Let be ටࢇ
࢈

= ࢚ > ૙ 

ቌ࢚
ܖܑܛ ࢞
࢞ + ൬

૚
൰࢚

ܖܑܛ ࢞
࢞
ቍ ⋅ ൭࢚

࢞
ܖ܉ܜ ࢞ + ൬

૚
൰࢚

࢞
ܖ܉ܜ ࢞

൱ ≤ ൬࢚ +
૚
൰࢚

૛

 

For ࢞ ∈ ቀ૙; ࣊
૛
ቁ ,૙ < ܖܑܛ ࢞ < ࢞ < ࢞ܖ܉ܜ  ࢞:|

૙ <
ܖܑܛ ࢞
࢞ < ૚ <

࢞ܖ܉ܜ
࢞ ⇒

ܖܑܛ ࢞
࢞ ∈ (૙,૚),

࢞
ܖ܉ܜ ࢞ ∈

(૙,૚) 

We denote ࢓ = ܖܑܛ ࢞
࢞

∈ (૙,૚);࢔ = ࢞
ܖ܉ܜ ࢞

∈ (૙,૚) 

We prove that ቀ࢓࢚ + ૚
࢓࢚
ቁ ቀ࢔࢚ + ૚

࢔࢚
ቁ ≤ ቀ࢚ + ૚

࢚
ቁ
૛

 

We prove that ࢑࢚ + ૚
࢑࢚
≤ ࢚ + ૚

࢚
; ࢚ > ૙ fixed; ࢑ ∈ (૙,૚) 

We consider (࢑)ࢌ = ࢑࢚ + ;࢑ି࢚ :ࢌ	 (૙,૚) → ℝ 

(࢑)ᇱࢌ = ࢑࢚ ܜ	ܖܔ ࢑࢚− ܖܔ ࢚ = ܖܔ ࢑࢚൫࢚ −  ൯࢑ି࢚

࢑࢚ − ࢑ି࢚ = ૙; ࢑࢚	 = ࢑ି࢚ ⇒ ࢑ = ;࢑− 	૛࢑ = ૙ 

 ૚																																																																									૙ ࢑

+ (࢑)ᇱ࢚ + + + + + + + + + + + + + + + + + 

࢚																																																														૛ (࢑)࢚ + ૚
࢚
 

࢚ ∈ (૙,૚) 
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 ૚																																																																									૙ ࢑

+ (࢑)ᇱ࢚ + + + + + + + + + + + + + + + + + 

࢚																																																														૛ (࢑)࢚ +
૚
࢚  

So, (࢑)ࢌ ≤ ࢚ + ૚
࢚
⇒ ࢑࢚ + ૚

࢑࢚
≤ ࢚ + ૚

࢚
 

 

SP.282. If in ∆ࡴ;࡯࡮࡭−orthocentre; ࡲࡴ,ࡱࡴ,ࡰࡴ bisectors of angles 

ࡰ;࡮ࡴ࡭ respectively ࡭ࡴ࡯,࡯ࡴ࡮ ∈ ࡱ;(࡯࡮) ∈ ࡲ;(࡭࡯) ∈  then the (࡮࡭)

following relationship holds: 

[ࡲࡱࡰ]
[࡯࡮࡭] ≥ ૚૜ቀ

࢘
ቁࡾ

૛
− ૜ 

Proposed by Marian Ursărescu-Romania 

Solution by proposer 

࡯ࡳ࡮∆ ⇒ ࡰ࡮
࡯ࡰ

= ࡮ࡴ
࡯ࡴ

 and analogs 

ࡰ࡮
࡯ࡰ ∙

ࡱ࡯
࡭ࡱ ∙

ࡲ࡭
࡮ࡲ =

࡮ࡴ
࡯ࡴ ∙

࡯ࡴ
࡭ࡴ ∙

࡭ࡴ
࡮ࡴ = ૚; (૚) 

Let: ࡭ࡴ
࡮ࡴ

= ࡮ࡴ,࢓
࡯ࡴ

= ,࢑ ࡯ࡴ
࡭ࡴ

=   ࢖

ࡲࡱ࡭ࡿ = ࡭࢔࢏࢙∙ࡱ࡭∙ࡲ࡭
૛

= ࢓
(ା૚࢖)(ା૚࢓)

∙ ࡭࢔࢏࢙∙ࢉ࢈
૛

= ࢓
(ା૚࢖)(ା૚࢓)

∙  and analogs  ࡯࡮࡭ࡿ

ࡲࡱࡰࡿ =
૚+ ࢖࢓࢑

(૚ + +૚)(࢑ ૚)(࢓ + (࢖ =
(૚) ૛

(૚ + ૚)(࢑ + ૚)(࢓ + (࢖ = 

=
૛ࡴ࡭ ∙ ࡴ࡮ ∙ ࡴ࡯

ࡴ࡭) + ࡴ࡭)(ࡴ࡮ + ࡴ࡯)(ࡴ࡯ + (ࡴ࡮ ∙  ࡯࡮࡭ࡿ

But: ࡴ࡭ = ૛࡭࢔࢏࢙ࡾ ⇒ 

ࡲࡱࡰࡿ =
૛࡯࢙࢕ࢉ࡮࢙࢕ࢉ࡭࢙࢕ࢉ

+࡭࢙࢕ࢉ) +࡮࢙࢕ࢉ)(࡮࢙࢕ࢉ +࡯࢙࢕ࢉ)(࡯࢙࢕ࢉ (࡭࢙࢕ࢉ ∙ ;࡯࡮࡭ࡿ (૛) 

But: ࡯࢙࢕ࢉ࡮࢙࢕ࢉ࡭࢙࢕ࢉ = ૛(࢘ାࡾ૛)૛ି࢙

૝ࡾ૛
; (૜) 

࡭࢙࢕ࢉ) + ࡮࢙࢕ࢉ)(࡮࢙࢕ࢉ + ࡯࢙࢕ࢉ)(࡯࢙࢕ࢉ + (࡭࢙࢕ࢉ =
૛࢙)࢘ + ૛࢘ + ૛࢘ࡾ)

૝ࡾ૜ ; (૝) 
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૛࢙ ≤ ૛ૠࡾ૛ ∙ ૛࢙ ≥
૛ૠ
૝ ∙ ࡾ,૛࢘ ≥ ૛࢘; (૞) 

From (1)+(2)+(3)+(4)+(5) proved. 

 

SP.283. Find ࢟,࢞ > ૙ such that: 

ඨ
࢞
+࢟ ඨ૜

࢞
૜

+ ට
࢟
૜

૞
=

૚૙
√૜૜ૠ૞૙૙૚૙  

Proposed by Daniel Sitaru-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

ඨ
࢞
࢟ + ඨ૜

࢞
૜

+ ට
࢟
૜

૞
= ඨ

࢞
࢟ +

૜
√ૢ૜ ∙ ૜࢞√ +

૞√૜૝૞ ∙ ඥ࢟૞

૚૞  

=
૚
૛ඨ

࢞
࢟

+
૚
૛ඨ

࢞
࢟

+
૚

√ૢ૜ ∙ ૜࢞√ +
૚

√ૢ૜ ∙ ૜࢞√ +
૚

√ૢ૜ ∙ ૜࢞√ +
૞√૜૝૞

૚૞
∙ ඥ࢟૞ +

૞√૜૝૞

૚૞
∙ ඥ࢟૞ +

૞√૜૝૞

૚૞
∙ ඥ࢟૞ +

૞√૜૝૞

૚૞
∙ ඥ࢟૞ +

૞√૜૝૞

૚૞
∙ ඥ࢟૞  

−࢓࡭ ࢓ࡳ
≥
	

૚૙ ∙ ඨ൬
૚
૛൰

૛

൬
૚
√ૢ૜ ൰

૜

ቆ
√૜૝૞

૚૞ ቇ
૞

૚૙

=
૚૙

√૜૜ૠ૞૙૙૚૙  

Equality for: ૚
૛ට

࢞
࢟

= ૚

૜࢞ૢ√ = ඥૡ૚࢟૞

૚૞
 

࢞√
૛ඥ࢟

=
૚
૜࢞ૢ√ ⇔ ࢞√ ∙ ૜࢞ૢ√ = ૛ඥ࢟ ⇔ ૞࢞ =

૟૝
ૡ૚࢟

૜ … (૚) 

૚
૜࢞ૢ√ =

ඥૡ૚࢟૞

૚૞ ⇔ ૞(࢞ૢ) ∙ (ૡ૚࢟)૜ = ૝૞૚૞ ⇒ ࢟ = ඨૢ
૝ ∙ ૞૚૞

૟૝
૟

⇒ ࢞ = ඥ૟૝ ∙ ૞૚૞૚૙  

Answer: (࢟;࢞) = ቆ √૟૝ ∙ ૞૚૞૚૙ ; ටૢ૝∙૞૚૞

૟૝

૟
ቇ 

 

SP.284. RMM WINTER EDITION 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 
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૚
૜ࡾ૛ ≤

૚
ࢇ࢘) + ૛(࢈࢘ +

૚
࢈࢘) + ૛(ࢉ࢘ +

૚
ࢉ࢘) + ૛(ࢇ࢘ ≤

૚૟ࡾ૛ − ૜࢘૛

૚૛࢘૝  

Proposed by George Apostolopoulos-Messolonghi– Greece  

Solution. 

The left hand inequality. 

Using means inequality and ∏(࢈࢘ + (ࢉ࢘ = ૝࢙ࡾ૛ we obtain: 

෍
૚

࢈࢘) + ૛(ࢉ࢘ ≥ ૜ඨෑ
૚

࢈࢘) + ૛(ࢉ࢘
૜

= ૜ඨෑ
૚

(૝࢙࢘ࡾ૛)૛
૜

≥
(૚) ૚

૜ࡾ૛ 

where (1) ⇔ ૛ࡾૢ ≥ ඥ(૝࢙ࡾ૛)૛૜ ⇔ (૜ࡾ)૜ ≥ ૝࢙ࡾ૛ ⇔ ૛ૠࡾ૛ ≥ ૝࢙૛, obviously from 

Mitrinovic’s inequality ࢙ ≤ ૜ࡾ√૜
૛

. Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right-hand inequality. We prove the strongest inequality: 

2) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૚

࢈࢘) + ૛(ࢉ࢘ ≤
૚

૚૛࢘૛
 

We have ∑ ૚
૛(ࢉ࢘ା࢈࢘)

≤ ∑ ૚
૝ࢉ࢘࢈࢘

= ࢇ࢘∑
૝∏ࢇ࢘

= ૝ࡾା࢘
૝࢙࢘૛

≤
(૛) ૚

૚૛࢘૛
 

where (2) ⇔ ૛࢙ ≥ ૜࢘(૝ࡾ+   which follows from Gerretsen’s inequality ,(࢘

૛࢙ ≥ ૚૟࢘ࡾ− ૞࢘૛. It remains to prove that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૜࢘(૝ࡾ + (࢘ ⇔ ࡾ ≥ ૛࢘, (Euler’s inequality). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Let’s get back to solving the right-hand inequality: 

Using 2) it suffices to prove that: 
૚

૚૛࢘૛
≤ ૚૟ࡾ૛ି૜࢘૛

૚૛࢘૝
⇔ ૛ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘, (Euler’s inequality) 

Equality hold if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

The double inequality can be written: 

3) In ઢ࡯࡮࡭	the following relationship holds: 
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૚
૜ࡾ૛

≤෍
૚

࢈࢘) + ૛(ࢉ࢘
≤

૚
૚૛࢘૛

 

Solution. 

See 1) the left hand and 2). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

If we replace ࢇ࢘ with ࢇࢎ we propose: 

4) In ઢ࡯࡮࡭ the following relationship holds: 

૚
૜ࡾ૛ ≤෍

૚
࢈ࢎ) + ૛(ࢉࢎ ≤

૚
૚૛࢘૛ 

Marin Chirciu – Romania  

Solution 

The left-hand inequality. 

Using the means inequality and ∏(࢈ࢎ + (ࢉࢎ = ൯࢘ࡾ૛ା૛࢘૛ା࢙૛൫࢙࢘
ࡾ

 we obtain: 

෍
૚

࢈ࢎ) + ૛(ࢉࢎ
≥ ૜ඨෑ

૚
࢈ࢎ) + ૛(ࢉࢎ

૜
= ૜ඩ

૚

൬࢙࢘
૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)

૛ࡾ ൰
૛

૜ = 

= ૜ඨ
૝ࡾ

૛࢙)૝࢙૛࢘ + ૛࢘ + ૛࢘ࡾ)૛
૜

≥
(૚) ૚

૜ࡾ૛ 

where (1) ⇔ ૜ࡾૢ ⋅ ૜ࡾ√ ≥ ඥ࢘૛࢙૝(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛૜ ⇔ (૜ࡾ)૜ ⋅ ૛ࡾ ≥ ૛࢙૛൫࢙࢘ + ૛࢘ + ૛࢘ࡾ൯ ⇔ 

⇔ ૛ૠࡾ૞ ≥ ૛࢙)૛࢙࢘ + ૛࢘ + ૛࢘ࡾ), which follows from Mitrinovic’s inequality ࢙૛ ≤ ૛ૠࡾ૛

૝
 

and Gerretsen’s inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૛ૠࡾ૞ ≥ ࢘ ⋅
૛ૠࡾ૛

૝
(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ + ૛࢘ࡾ) ⇔ ૛ࡾ૜ − ૛ࡾ૛࢘ − ૜࢘ࡾ૛ − ૛࢘૜ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(૛ࡾ૛ + ૛࢘ࡾ+ (૛࢘ ≥ ૙, true from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right-hand inequality.  
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We have ∑ ૚
૛(ࢉࢎା࢈ࢎ)

≤ ∑ ૚
૝ࢉࢎ࢈ࢎ

= ∑ ࢇࢎ
૝∏ࢇࢎ

=
࢘ࡾ૛శ૝࢘૛శ࢙

૛ࡾ

૝⋅૛࢘
૛࢙૛

ࡾ

= ࢘ࡾ૛ା૝࢘૛ା࢙
૚૟࢘૛࢙૛

≤
(૛) ૚

૚૛࢘૛
 

where (2) ⇔ ૛࢙ ≥ ૜࢘(૝ࡾ+   which follows from Gerretsen’s inequality ,(࢘

૛࢙ ≥ ૚૟࢘ࡾ− ૞࢘૛. It remains to prove that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૜࢘(૝ࡾ + (࢘ ⇔ ࡾ ≥ ૛࢘, (Euler’s inequality). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

 

SP.285. RMM NUMBER 19 WINTER 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭: 

૜࢘
ࡾ
≤

ࢇࢎ
࢈࢘ + ࢉ࢘

+
࢈ࢎ

ࢉ࢘ + ࢇ࢘
+

ࢉࢎ
ࢇ࢘ + ࢈࢘

≤
૜
૛

 

Proposed by George Apostolopoulos-Messolonghi– Greece 

Proof. 

We prove the following lemma: 

Lemma. 

2) In ઢ࡯࡮࡭: 

ࢇࢎ
࢈࢘ + ࢉ࢘

+
࢈ࢎ

ࢉ࢘ + ࢇ࢘
+

ࢉࢎ
ࢇ࢘ + ࢈࢘

=
૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + +ࡾ૝)࢘ ૜(࢘

ૡࡾ૛࢙૛
 

Proof. 

Using the following formulas ࢇࢎ = ૛ࡿ
ࢇ

 and ࢇ࢘ = ࡿ
ࢇି࢙

 we obtain: 

෍
ࢇࢎ

ࢇ࢘ + ࢉ࢘
= ෍

૛ࡿ
ࢇ

ࡿ
࢙ − ࢈ + ࡿ

࢙ − ࢉ
= ૛෍

࢙) − −࢙)(࢈ (ࢉ
૛ࢇ = 

= ૛ ⋅
૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + ࡾ૝)࢘ + ૜(࢘

૚૟ࡾ૛࢙૛ = 

= ૜(࢘ାࡾ૝)࢘൯ା࢘ࡾ૛ି૝࢘૛൫૛࢙૝ା࢙

ૡࡾ૛࢙૛
, which follows from the known identity in triangle: 
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࢙) − ࢙)(࢈ − (ࢉ
૛ࢇ =

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + +ࡾ૝)࢘ ૜(࢘

૚૟ࡾ૛࢙૛  

Let’s get back to the main problem: 

Left hand inequality: Using the lemma the inequality can be written: 

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + ࡾ૝)࢘ + ૜(࢘

ૡࡾ૛࢙૛ ≥
૜࢘
ࡾ ⇔ ૛࢙)૛࢙ + ૛࢘૛ − ૛ૡ࢘ࡾ) + +ࡾ૝)࢘ ૜(࢘ ≥ ૙ 

We distinguish the following cases: 

Case 1). If (࢙૛ + ૛࢘૛ − ૛ૡ࢘ࡾ) ≥ ૙, the inequality is obvious. 

Case 2). If (࢙૛ + ૛࢘૛ − ૛ૡ࢘ࡾ) < ૙, the inequality can be rewritten: 

+ࡾ૝)࢘ ૜(࢘ ≥ ࢘ࡾ૛(૛ૡ࢙ − ૛࢘૛ −  ૛), which follows from Blundon’s – Gerretsen’s࢙

inequality: 

૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

ࡾ૝)࢘ + ૜(࢘ ≥
ࡾ૝)ࡾ + ૛(࢘

૛(૛ࡾ− (࢘ (૛ૡ࢘ࡾ − ૛࢘૛ − ૚૟࢘ࡾ + ૞࢘૛) ⇔ ૝ࡾ૛ − ૠ࢘ࡾ − ૛࢘૛ ≥ ૙ ⇔ 

⇔ −ࡾ) ૛࢘)(૝ࡾ+ (࢘ ≥ ૙, obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right-hand inequality can be written: 
૜(࢘ାࡾ૝)࢘൯ା࢘ࡾ૛ି૝࢘૛൫૛࢙૝ା࢙

ૡࡾ૛࢙૛
≤ ૜

૛
⇔ ૛ࡾ૛(૚૛࢙ + ૝࢘ࡾ − ૛࢘૛ − (૛࢙ ≥ +ࡾ૝)࢘  ,૜(࢘

Which follows from Gerretsen’s inequality: 

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≥ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥
+ࡾ૝)࢘ ૛(࢘

ࡾ + ࢘  

It remains to prove that: 

ࡾ૝)࢘ + ૛(࢘

ࡾ + ࢘
(૚૛ࡾ૛ + ૝࢘ࡾ − ૛࢘૛ − ૝ࡾ૛ − ૝࢘ࡾ − ૜࢘૛) ≥ ࡾ૝)࢘ + ૜(࢘ ⇔ 

૝ࡾ૛ − ૞࢘ࡾ − ૟࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ+ ૜࢘) ≥ ૙, obviously from Euler’s inequality  

ࡾ ≥ ૛࢘. Equality holds if and only if the triangle ࡯࡮࡭ is equilateral. 

Remark. 

The double inequality 1) can be strengthened: 

3) In ઢ࡯࡮࡭: 
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ૠ
૛ ⋅

࢘
ࡾ −

ૠ
ૡ
ቀ
࢘
ࡾ
ቁ
૛

+
૚
૝
ቀ
࢘
ࡾ
ቁ
૜
≤

ࢇࢎ
࢈࢘ + ࢉ࢘

+
ࢇࢎ

ࢉ࢘ + ࢇ࢘
+

࢈ࢎ
ࢇ࢘ + ࢈࢘

≤ ૚ +
૞
ૡ ⋅

࢘
ࡾ +

૜
૝
ቀ
࢘
ࡾ
ቁ
૛

 

Marin Chirciu – Romania  

Solution. 

The left hand inequality. 

Using Lemma and Blundon-Gerretsen’s inequality: 

૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢙ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ we obtain: 

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + ࡾ૝)࢘ + ૜(࢘

ૡࡾ૛࢙૛ =
૚
ૡࡾ૛ ቈ࢙

૛ + ૛࢘૛ − ૝࢘ࡾ +
ࡾ૝)࢘ + ૜(࢘

૛࢙ ቉ ≥ 

≥
૚
ૡࡾ૛

൦૚૟࢘ࡾ − ૞࢘૛ + ૛࢘૛ − ૝࢘ࡾ+
ࡾ૝)࢘ + ૜(࢘

+ࡾ૝)ࡾ ૛(࢘
૛(૛ࡾ− (࢘

൪ =
૛ࡾ૛ૡ)࢘ − ૠ࢘ࡾ − ૛࢘૛)

ૡࡾ૜ = 

=
ૠ
૛ ⋅

࢘
ࡾ −

ૠ
ૡ
ቀ
࢘
ࡾ
ቁ
૛

+
૚
૝
ቀ
࢘
ࡾ
ቁ
૜

 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality: 

Using Lemma and Gerretsen’s inequality: ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≥ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥
૛(࢘ାࡾ૝)࢘

࢘ାࡾ
 we obtain: 

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + ࡾ૝)࢘ + (࢘
ૡࡾ૛࢙૛ =

૚
ૡࡾ૛ ቈ࢙

૛ + ૛࢘૛ − ૝࢘ࡾ +
ࡾ૝)࢘ + (࢘

૛࢙ ቉ ≤ 

≤
૚
ૡࡾ૛

൦૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘૛ − ૝࢘ࡾ+
+ࡾ૝)࢘ ૜(࢘

+ࡾ૝)࢘ ૛(࢘
+ࡾ ࢘

൪ = 

=
ૡࡾ૛ + ૞࢘ࡾ+ ૟࢘૛

ૡࡾ૛ = ૚ +
૞
ૡ ⋅

࢘
ࡾ +

૜
૝
ቀ
࢘
ࡾ
ቁ
૛

 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

The double inequality 3) is stronger than the double inequality 1) 
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4) In ઢ࡯࡮࡭: 

૜࢘
ࡾ ≤

ૠ
૛ ⋅

࢘
ࡾ −

ૠ
ૡ
ቀ
࢘
ࡾ
ቁ
૛

+
૚
૝
ቀ
࢘
ࡾ
ቁ
૜
≤

ࢇࢎ
ࢉ࢘శ࢈࢘

+
࢈ࢎ

ࢉ࢘ + ࢇ࢘
+

ࢉࢎ
ࢇ࢘ + ࢈࢘

≤ ૚ +
૞
ૡ ⋅

࢘
ࡾ +

૜
૝
ቀ
࢘
ࡾ
ቁ
૛
≤
૜
૛ 

Proof. 

See 3) and Euler’s inequalityࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

If we interchange ࢇ࢘ with ࢇࢎ we propose: 

5) In ઢ࡯࡮࡭: 

૜࢘
ࡾ ≤

ࢇ࢘
࢈ࢎ + ࢉࢎ

+
࢈࢘

ࢉࢎ + ࢇࢎ
+

ࢉ࢘
ࢇࢎ + ࢈ࢎ

≤
૜ࡾ
૝࢘  

Marin Chirciu – Romania  

Proof. 

We prove the following lemma: 

Lemma. 

6) In ઢ࡯࡮࡭: 

ࢇ࢘
࢈ࢎ + ࢉࢎ

+
࢈࢘

ࢉࢎ + ࢇࢎ
+

ࢉ࢘
ࢇࢎ + ࢈ࢎ

=
૝࢙ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ + ૛࢘૛) + +ࡾ૝)࢘ ૜(࢘

૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)  

Proof. 

Using the following formulas ࢇࢎ = ૛ࡿ
ࢇ

 and ࢇ࢘ = ࡿ
ࢇି࢙

 we obtain: 

෍
ࢇ࢘

࢈ࢎ + ࢉࢎ
= ෍

ࡿ
−࢙ ࢇ
૛ࡿ
࢈ + ૛ࡿ

ࢉ
=
૚
૛ ⋅

૝࢙ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ+ ૛࢘૛) + ࡾ૝)࢘ + ૜(࢘

૛࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ) = 

= ૜(࢘ାࡾ૝)࢘૛൯ା࢘ା૛࢘ࡾ૛ା૝ࡾ૛൫૜૛࢙૝ା࢙

૝࢙૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯
, which follows from the following identity: 

∑ ࢉ࢈
(ࢉା࢈)(ࢇି࢙)

= ૜(࢘ାࡾ૝)࢘૛൯ା࢘ା૛࢘ࡾ૛ା૝ࡾ૛൫૜૛࢙૝ା࢙

૛࢙૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯
, true from the following identities known in 

triangle: ∏(࢙ − (ࢇ = ࢙૛࢘ ⋅ +࢈)∏ (ࢉ = ૛࢙)࢙૛ + ૛࢘ + ૛࢘ࡾ) and 

෍ࢉ࢈ +ࢇ) ࢇ)(࢈ + ࢙)(ࢉ − ࢙)(࢈ − (ࢉ = ૝࢙]૛࢘ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ+ ૛࢘૛) + +ࡾ૝)࢘  [૜(࢘

Let’s get back to the main problem: 
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The left hand identity: Using Lemma the inequality can be written: 

૝࢙ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ+ ૛࢘૛) + ࡾ૝)࢘ + ૜(࢘

૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ) ≥
૜࢘
ࡾ ⇔ 

⇔ ࡾ)૛࢙]૛࢙ − ૚૛࢘) + ૛(૚૟ࡾ૜ + ૛ࡾ૛࢘ − ૚૚࢘ࡾ૛ − ૟࢘૜)] + ࡾ૝)࢘ࡾ + ૜(࢘ ≥ ૙ 

We distinguish the following cases: 

Case 1). If [࢙૛(ࡾ − ૚૛࢘) + ૛(૚૟ࡾ૜ + ૛ࡾ૛࢘ − ૚૚࢘ࡾ૛ − ૟࢘૜)] ≥ ૙, the inequality is 

obvious. 

Case 2). If [࢙૛(ࡾ − ૚૛࢘) + ૛(૚૟ࡾ૜ + ૛ࡾ૛࢘ − ૚૚࢘ࡾ૛ − ૟࢘૜)] < ૙, the inequality can be 

written: 

+ࡾ૝)࢘ࡾ ૜(࢘ ≥ ࢘૛(૚૛࢙]૛࢙ − (ࡾ − ૛(૚૟ࡾ૜ + ૛ࡾ૛࢘ − ૚૚࢘ࡾ૜ − ૟࢘૜)] 

which follows from Blundon-Gerretsen’s inequality: 

૛࢙ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૜. It remains to prove that: 

ࡾ૝)࢘ࡾ + ૜(࢘ ≥
ࡾ૝)ࡾ + ૛(࢘

૛(૛࢘ࡾ − (࢘ [(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૛࢘ − −(ࡾ ૛(૚૟ࡾ૜ + ૛ࡾ૛࢘ − ૚૚࢘ࡾ૛ − ૟࢘૜)] ⇔ 

⇔ ૜૟ࡾ૜ − ૛૝ࡾ૛࢘ − ૠ૚࢘ࡾ૛ − ૞૙࢘૜ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૜૟ࡾ૛ + ૝ૡ࢘ࡾ+ ૛૞࢘૛) ≥ ૙ 

obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality: Using Lemma the inequality can be written: 

૝࢙ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ+ ૛࢘૛) + ࡾ૝)࢘ + (૜࢘
૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ) ≤

૜ࡾ
૝࢘ ⇔ 

⇔ −ࡾ૛(૜࢙]૛࢙ −(࢘ ૛ࡾ૛૟)࢘ + ࢘ࡾ + ૛࢘૛)] ≥ ࡾ૝)࢘ࡾ +  ૜(࢘

which follows from Gerretsen’s inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૛(࢘ାࡾ૝)࢘

࢘ାࡾ
 

It remains to prove that: 

ࡾ૝)࢘ + ૛(࢘

ࡾ + ࢘
[(૚૟࢘ࡾ− ૞࢘૛)(૜ࡾ − (࢘ − ૛ࡾ૛૟)࢘ + +࢘ࡾ ૛࢘૛)] ≥ ࡾ૝)࢘ࡾ + ૜(࢘ ⇔ 

⇔ ૚ૡࡾ૛ − ૜ૠ࢘ࡾ+ ૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૚ૡࡾ− (࢘ ≥ ૙, obviously from Euler’s 

inequality ࡾ ≥ ૛࢘. Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

Between the sums ∑ ࢇࢎ
ࢉ࢘ା࢈࢘

 and ∑ ࢇ࢘
ࢉࢎା࢈ࢎ

 the following relationship exists: 
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7) In ઢ࡯࡮࡭: 

෍
ࢇࢎ

࢈࢘ + ࢉ࢘
≤෍

ࢇ࢘
࢈ࢎ + ࢉࢎ

 

Solution. 

Using the above Lemmas the inequality can be written: 

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + ࡾ૝)࢘ + ૜(࢘

ૡࡾ૛࢙૛ ≤
૝࢙ + ૛ࡾ૛(૜૛࢙ + ૝࢘ࡾ + ૛࢘૛) + ࡾ૝)࢘ + ૜(࢘

૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ) ⇔ 

⇔ ૛ࡾ૛(૛࢙]૛࢙ + ૛࢘ࡾ − ૜࢘૛ − (૛࢙ + (૟૝ࡾ૝ − ૞૟ࡾ૜࢘ − ૜૟ࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ૜࢘૝)] + 

+ࡾ૝)࢘+ ૛ࡾ૜(૛(࢘ − ૛࢘ࡾ − (૛࢘ ≥ ૙ 

We distinguish the following cases: 

Case 1). If ࢙૛ൣ࢙૛൫૛ࡾ૛ + ૛࢘ࡾ − ૜࢘૛ − ૛൯࢙ + ൫૟૝ࡾ૝ − ૞૟ࡾ૜࢘ − ૜૟ࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ૜࢘૝൯൧ ≥ ૙ 

the inequality is obvious. 

Case 2). If ࢙૛ൣ࢙૛൫૛ࡾ૛ + ૛࢘ࡾ − ૜࢘૛ − ૛൯࢙ + ൫૟૝ࡾ૝ − ૞૟ࡾ૜࢘ − ૜૟ࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ૜࢘૝൯൧ < ૙ 

the inequality can be written: 

ࡾ૝)࢘ + ૛ࡾ૜(૛(࢘ − ૛࢘ࡾ − (૛࢘ ≥ 

≥ ૛࢙)૛࢙]૛࢙ + ૜࢘૛ − ૛࢘ࡾ − ૛ࡾ૛) − (૟૝ࡾ૝ − ૞૟ࡾ૜࢘ − ૜૟ࡾ૛࢘૛ − ૚૛࢘ࡾ૜ − ૜࢘૝)] 

which follows from Blundon-Gerretsen’s inequality: 

૛࢙ ≤ ૛(࢘ାࡾ૝)ࡾ

૛(૛࢘ିࡾ)
≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

+ࡾ૝)࢘ ૛ࡾ૜(૛(࢘ − ૛࢘ࡾ − (૛࢘ ≥
ࡾ૝)ࡾ + ૛(࢘

૛(૛ࡾ − (࢘  

ൣ൫૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛൯൫૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૜࢘૛− ૛࢘ࡾ− ૛ࡾ૛൯ − ൫૟૝ࡾ૝ − ૞૟ࡾ૜࢘− ૜૟ࡾ૛࢘૛ − ૚૛࢘ࡾ૜− ૜࢘૝൯൧ 

⇔ ૞૟ࡾ૞ − ૝૙ࡾ૝࢘ − ૚૚૝ࡾ૜࢘૛ − ૞૝ࡾ૛࢘૜ − ૚૜࢘ࡾ૝ + ૛࢘૞ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(૞૟ࡾ૝ + ૠ૛ࡾ૜࢘+ ૜૙ࡾ૛࢘૛ + ૟࢘ࡾ૜ − (૝࢘ ≥ ૙ 

Obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 

We can write the following inequalities: 
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8) In ઢ࡯࡮࡭: 

૜࢘
ࡾ ≤෍

ࢇࢎ
࢈࢘ + ࢉ࢘

≤෍
ࢇ࢘

࢈ࢎ + ࢉࢎ
≤
૜ࡾ
૝࢘  

Solution. 

See inequalities 1), 7) and 5). 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

 

UP.271  If ૙ < ࢇ ≤ ࢈ < ࣊
૝

 then: 

නනනቆ࢙࢕ࢉቀ
࣊
૝ − ቁ࢞ ࢙࢕ࢉ ቀ

࣊
૝ − ቁ࢟ ࢙࢕ࢉ ቀ

࣊
૝ − ࢠࢊ࢟ࢊ࢞ࢊቁቇࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≥ +࢈)૜࢔࢏࢙ (ࢇ ∙ ࢈)૜࢔࢏࢙ −  (ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

නනනቆ࢙࢕ࢉቀ
࣊
૝ − ቁ࢞ ࢙࢕ࢉ ቀ

࣊
૝ − ቁ࢟ ቀ࢙࢕ࢉ

࣊
૝ − ࢠࢊ࢟ࢊ࢞ࢊቁቇࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

 

= ቌන࢙࢕ࢉ ቀ
࣊
૝ − ࢞ࢊቁ࢞

࢈

ࢇ

ቍቌන ࢙࢕ࢉ ቀ
࣊
૝ − ࢟ࢊቁ࢟

࢈

ࢇ

ቍቌන࢙࢕ࢉቀ
࣊
૝ − ࢠࢊቁࢠ

࢈

ࢇ

ቍ 

= ቌන࢙࢕ࢉቀ
࣊
૝ − ࢞ࢊቁ࢞

࢈

ࢇ

ቍ

૜

= ቆ࢔࢏࢙ቀ࢈ −
࣊
૝
ቁ − ࢇቀ࢔࢏࢙ −

࣊
૝
ቁቇ

૜

 

= ൭૛࢙࢕ࢉ൬
࢈ + ࢇ
૛ −

࣊
૝൰ ࢔࢏࢙ ൬

࢈ − ࢇ
૛ ൰൱

૜

 

= ቌ૛√૛൭࢙࢕ࢉ ൬
࢈ + ࢇ
૛ ൰ + ࢔࢏࢙ ൬

࢈ + ࢇ
૛ ൰൱࢔࢏࢙ ൬

࢈ − ࢇ
૛ ൰ቍ

૜

 

≥⏞
ࡹࡳିࡹ࡭

൮૝√૛ඨ࢙࢕ࢉ ൬
࢈ + ࢇ
૛ ൰ ࢔࢏࢙ ൬

࢈ + ࢇ
૛ ൰ ∙ ൬࢔࢏࢙

࢈ − ࢇ
૛ ൰൲

૜
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≥ ൭૝ඥࢇ)࢔࢏࢙+ (࢈ ∙ ࢔࢏࢙ ൬
࢈ − ࢇ
૛ ൰൱

૜

≥⏞
(૚)

ࢇ)૜࢔࢏࢙ + ࢈)૜࢔࢏࢙(࢈ −  (ࢇ

= ࢇ)૜࢔࢏࢙ + ࢔࢏࢙൭૛(࢈ ൬
࢈ − ࢇ
૛ ൰ ࢙࢕ࢉ ൬

࢈ + ࢇ
૛ ൰൱

૜

 

(૚) ⇔ ૝૜ࢇ)࢔࢏࢙+ (࢈ ∙ ඥࢇ)࢔࢏࢙ + (࢈ ∙ ૜࢔࢏࢙ ൬
࢈ − ࢇ
૛ ൰ 

≥ ૡ ∙ +ࢇ)૜࢔࢏࢙ (࢈ ∙ ૜࢔࢏࢙ ൬
࢈ − ࢇ
૛ ൰ ૜࢙࢕ࢉ ൬

࢈ + ࢇ
૛ ൰ 

⇔ ૡ ∙ ࢇ)࢔࢏࢙ + (࢈ ∙ ඥࢇ)࢔࢏࢙ + (࢈ ∙ ૜࢔࢏࢙ ൬
࢈ − ࢇ
૛

൰ ∙ ൭ૡ− ࢇ)࢔࢏࢙ + (࢈ ∙ ඥࢇ)࢔࢏࢙ + (࢈ ∙ ૜࢙࢕ࢉ ൬
࢈ + ࢇ
૛

൰൱ ≥ ૙					(૛) 

Because: ૙ < ࢇ ≤ ࢈ < ࣊
૝
⇒ ૙ < +ࢇ ࢈ ≤ ࣊

૛
; ૙ ≤ ࢇି࢈

૝
< ࣊

૝
; ૙ < ࢈ାࢇ

૛
< ࣊

૛
 

⇒ ૙ < ࢇ)࢔࢏࢙ + +ࢇ)࢙࢕ࢉ;(࢈ (࢈ < ૚; ൬࢔࢏࢙
࢈ − ࢇ
૛ ൰ ≥ ૙ 

⇒ ૡࢇ)࢔࢏࢙+ (࢈ ∙ ඥࢇ)࢔࢏࢙ + (࢈ ∙ ૜࢙࢕ࢉ ൬
࢈ + ࢇ
૛ ൰ < ૚ < ૡ 

Hence (2) is true then (1) is true. 

 

UP.272. Prove without softs: 

නනන ቀ࢔ࢇ࢚൫ඥࢠ࢟࢞૜ ൯ቁ
૜
ࢠࢊ࢟ࢊ࢞ࢊ

࣊
૝

૙

࣊
૝

૙

࣊
૝

૙

<
૜૛ࢍ࢕࢒
ૡ

 

Proposed by Florentin Vişescu-Romania 

Solution by Adrian Popa-Romania 

(࢞)ࢌ = ࢞࢔ࢇ࢚ ⇒ (࢞)ᇱࢌ = ૚ + ࢞૛࢔ࢇ࢚ > ૙; ࢞∀	 ∈ (૙, ࣊
૝

) 	⇒ ࢌ −increasing 

(࢞)"ࢌ = ૛࢞࢔ࢇ࢚(૚ + (࢞૛࢔ࢇ࢚ > ૙,∀࢞ ∈ (૙,࣊
૝

) ⇒  .concave−ࢌ

૜ࢠ࢟࢞൫ඥ࢔ࢇ࢚ ൯ ≤⏞
࢓ࡳି࢓࡭

࢔ࢇ࢚ ൬
࢞ + ࢟ + ࢠ

૜ ൰ ≤⏞
࢔ࢋ࢙࢔ࢋࡶ +࢞࢔ࢇ࢚ ࢟࢔ࢇ࢚ + ࢠ࢔ࢇ࢚

૜  
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නනන ቀ࢔ࢇ࢚൫ඥࢠ࢟࢞૜ ൯ቁ
૜
ࢠࢊ࢟ࢊ࢞ࢊ

࣊
૝

૙

࣊
૝

૙

࣊
૝

૙

< නනන൬
࢞࢔ࢇ࢚ + ࢟࢔ࢇ࢚ + ࢠ࢔ࢇ࢚

૜ ൰
૜
ࢠࢊ࢟ࢊ࢞ࢊ

࣊
૝

૙

࣊
૝

૙

࣊
૝

૙

<

⎝

⎛૜න
࢞࢔ࢇ࢚
૜

࣊
૝

૙

࢞ࢊ

⎠

⎞

૜

=

⎝

⎛න ࢞ࢊ࢞࢔ࢇ࢚

࣊
૝

૙ ⎠

⎞

૜

= ቆ−(࢙࢞࢕ࢉ)ࢍ࢕࢒|૙
࣊
૛ቇ

૜

=
૜૛ࢍ࢕࢒
ૡ  

UP.273. In acute ∆࡯࡮࡭ the following relationship holds: 

൯࡮࡭√൫࢔ࢇ࢚ + ൯࡯࡮√൫࢔ࢇ࢚ + ൯࡭࡯√൫࢔ࢇ࢚ ≤ ࡭࢔ࢇ࢚ + ࡮࢔ࢇ࢚ +  ࡯࢔ࢇ࢚

Proposed by Florentin Vişescu-Romania 

Solution 1 by George Florin Şerban-Romania 

:ࢌ ቀ૙, ࣊
૛
ቁ 	→ ℝ, (࢞)ࢌ = (࢞)ᇱࢌ,࢞࢔ࢇ࢚ = ૚

࢞૛࢙࢕ࢉ
> ૙ ⇒ ࢌ −increasing. 

∑ ࢉ࢟ࢉ൯࡮࡭√൫࢔ࢇ࢚ ≤ ∑ ࢔ࢇ࢚ ቀ࡭ା࡮
૛
ቁࢉ࢟ࢉ = ∑ ࢔ࢇ࢚ ቀ࣊

૛
− ࡯

૛
ቁࢉ࢟ࢉ = ∑ ࢚࢕ࢉ ࡯

૛ࢉ࢟ࢉ = ࢙
࢘
≤⏞
?

∑ ࢉ࢟ࢉ࡭࢔ࢇ࢚ =

∏ ࢉ࢟ࢉ࡭࢔ࢇ࢚ = ૛࢙࢘
૛(࢘ାࡾ૛)૛ି࢙

⇒ ૛࢙ − (૛ࡾ+ ૛(࢘ ≤ ૛࢘૛ ⇔ ૛࢙ ≤ (૛ࡾ + ૛(࢘ + ૛࢘૛ ⇒ ૛࢙ ≤

૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ −true from Gerretsen inequality. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

In acute  ∆࡯࡮࡭ and ࢞ →  is increasing function, hence ࢞࢔ࢇ࢚

࡮࡭√ + +࡯࡮√ ࡭࡯√ ≤ ࡮ା࡭
૛

+ ࡯ା࡮
૛

+ ࡭ା࡯
૛

 then 

+൯࡮࡭√൫࢔ࢇ࢚ +൯࡯࡮√൫࢔ࢇ࢚ ൯࡭࡯√൫࢔ࢇ࢚ ≤ ൬࢔ࢇ࢚
࡮+࡭
૛ ൰+ ࢔ࢇ࢚ ൬

+࡮ ࡯
૛ ൰ + ࢔ࢇ࢚ ൬

+࡯ ࡭
૛ ൰ ≤ +࡭࢔ࢇ࢚ ࡮࢔ࢇ࢚ +  ࡯࢔ࢇ࢚

Remark: for ૙ < ࢟,࢞ < ࣊
૛

, we have  

࢔ࢇ࢚ ቀ
࢞
૛ +

࢟
૛
ቁ =

૛࢞࢔ࢇ࢚ + ૛࢟࢔ࢇ࢚
૚ − ૛࢞࢔ࢇ࢚ ∙ ࢔ࢇ࢚

࢟
૛

=

࢞࢔࢏࢙
૚ + ࢙࢞࢕ࢉ + ࢟࢔࢏࢙

૚ + ࢙࢟࢕ࢉ

૚ − ࢞࢔࢏࢙
(૚ + (࢙࢞࢕ࢉ ∙

࢟࢔࢏࢙
(૚+ (࢙࢟࢕ࢉ

= 

=
࢞࢔࢏࢙ + ࢟࢔࢏࢙ + +࢙࢟࢕ࢉ࢞࢔࢏࢙ ࢙࢞࢕ࢉ࢟࢔࢏࢙

૚ + ࢙࢞࢕ࢉ + ࢙࢟࢕ࢉ + −࢙࢟࢕ࢉ࢙࢞࢕ࢉ ࢟࢔࢏࢙࢞࢔࢏࢙ ≤
૚
૛൬

࢞࢔࢏࢙
࢙࢞࢕ࢉ +

࢟࢔࢏࢙
൰࢙࢟࢕ࢉ ; (∗) 

૛(࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙+ +࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢟࢔࢏࢙ ࢟૛࢙࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ + ࢞૛࢙࢕ࢉ࢙࢟࢕ࢉ࢟࢔࢏࢙ ≤ 

≤ ࢙࢟࢕ࢉ࢞࢔࢏࢙ + ࢙࢞࢕ࢉ࢟࢔࢏࢙ + ࢟૛࢙࢕ࢉ࢞࢔࢏࢙ + ࢞૛࢙࢕ࢉ࢟࢔࢏࢙ +  +࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙
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࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢟࢔࢏࢙+ + ࢟૛࢙࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ + ࢞૛࢙࢕ࢉ࢙࢟࢕ࢉ࢟࢔࢏࢙ − 

࢙࢟࢕ࢉ࢟࢔࢏࢙࢞૛࢔࢏࢙− −  ࢙࢞࢕ࢉ࢞࢔࢏࢙࢟૛࢔࢏࢙

Hence 

࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ + ࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢟࢔࢏࢙ + +࢟૛࢙࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ ࢞૛࢙࢕ࢉ࢙࢟࢕ࢉ࢟࢔࢏࢙ + 

࢙࢟࢕ࢉ࢟࢔࢏࢙࢞૛࢔࢏࢙+ + ࢙࢞࢕ࢉ࢞࢔࢏࢙࢟૛࢔࢏࢙ ≤ +࢙࢟࢕ࢉ࢞࢔࢏࢙ ࢙࢞࢕ࢉ࢟࢔࢏࢙ + +࢟૛࢙࢕ࢉ࢞࢔࢏࢙  			࢞૛࢙࢕ࢉ࢟࢔࢏࢙

It’s true, because sinxcosx࢙࢕ࢉ૛࢟+ ࢙࢟࢕ࢉ࢟࢔࢏࢙࢞૛࢔࢏࢙ ≤  ࢙࢞࢕ࢉ࢞࢔࢏࢙

+࢞૛࢙࢕ࢉ࢙࢟࢕ࢉ࢟࢔࢏࢙ ࢙࢞࢕ࢉ࢞࢔࢏࢙࢟૛࢔࢏࢙ ≤  ࢙࢞࢕ࢉ࢟࢔࢏࢙

 

And ૙ < ࢟,࢞ < ࣊
૛

, ࢙࢟࢕ࢉ࢞࢔࢏࢙) − −࢙࢟࢕ࢉ)(࢙࢞࢕ࢉ࢟࢔࢏࢙ (࢙࢞࢕ࢉ ≥ ૙ 

Hence 

࢟૛࢙࢕ࢉ࢞࢔࢏࢙ − ࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ − ࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢟࢔࢏࢙ + ࢟࢔࢏࢙࢞૛࢙࢕ࢉ ≥ ૙ 

࢟૛࢙࢕ࢉ࢞࢔࢏࢙ + ࢞૛࢙࢕ࢉ࢟࢔࢏࢙ ≥ ࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢞࢔࢏࢙ +  ࢙࢟࢕ࢉ࢙࢞࢕ࢉ࢟࢔࢏࢙

Therefore it’s true. 

Solution 3 by Marian Voinea-Romania 

൯࡮࡭√൫࢔ࢇ࢚ + ൯࡯࡮√൫࢔ࢇ࢚ + ൯࡭࡯√൫࢔ࢇ࢚ ≤⏞
࢓ࡳି࢓࡭

൬࢔ࢇ࢚
࡭ + ࡮
૛ ൰ + ࢔ࢇ࢚ ൬

࡮ + ࡯
૛ ൰ + ࢔ࢇ࢚ ൬

࡯ + ࡭
૛ ൰ 

≤⏞
ࢋ࢜ࢇࢉ࢔࢕ࢉି࢔ࢇ࢚ ࡭࢔ࢇ࢚ + ࡮࢔ࢇ࢚

૛ +
࡮࢔ࢇ࢚ + ࡯࢔ࢇ࢚

૛ +
࡯࢔ࢇ࢚ + ࡭࢔ࢇ࢚

૛ = ࡭࢔ࢇ࢚ + ࡮࢔ࢇ࢚ +  ࡯࢔ࢇ࢚

Equality for ࡭ = ࡮ = ࡯ = ࣊
૜

 

 

UP.274. ࣓࢔ = ૚ −
൫࢔૚൯

૜
+

൫࢔૛൯

૞
−⋯+

(ି૚)࢔൫࢔࢔൯

૛࢔ା૚
࢔, ∈ ℕ. Find: 

	Ω = ࢓࢏࢒
ஶ→࢔

ቆ૚ +
ඥ࣓࢔
࢔

!࢔
ቇ

!࢔
࢔ࢋ

 

Proposed by Florică Anastase-Romania 

Solution by proposer 

(૚ − ࢔(૛࢞ = ቀ
࢔
૙
ቁ − ቀ

࢔
૚
ቁ ૛࢞ + ቀ

࢔
૛
ቁ ૝࢞ −⋯+ (−૚)࢔ ቀ

࢔
࢔
ቁ  ࢔૛࢞
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࢔ࡵ = න(૚ − ࢔(૛࢞ ∙ ࢞ࢊᇱ࢞ = (૚ − ࢔(૛࢞ ∙ ࢞ ቮ
૚
૙ + ૛࢔න(૚ − ૚ି࢔(૛࢞ ∙ ࢞ࢊ૛࢞ =

૚

૙

૚

૙

 

= −૛࢔න(૚− ૛࢞ − ૚)(૚ − ࢞ࢊ૚ି࢔(૛࢞ = −૛࢔න(૚− ࢞ࢊ࢔(૛࢞ + ૛࢔න(૚ − ࢞ࢊ૚ି࢔(૛࢞ =
૚

૙

૚

૙

૚

૙

 

= −૛࢔ࡵ࢔ + ૛ି࢔ࡵ࢔૚ ࢔ࡵ	⇒ =
૛૛࢔ ∙ ૛(!࢔)

(૛࢔+ ૚)!  

࢓࢏࢒
ஶ→࢔

ඥ࣓࢔
࢔ = ܕܑܔ

ஶ→࢔
ඨ
૛૛࢔ ∙ ૛(!࢔)
(૛࢔ + ૚)!

࢔
=⏞

࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇱࡰି࡯	
ܕܑܔ
ஶ→࢔

૛૛(࢔ା૚)((࢔+ ૚)!)૛

(૛࢔+ ૜)! ∙
(૛࢔+ ૚)!
૛૛(!࢔)࢔૛ = ૚ ⇒ 

Ω = ࢓࢏࢒
ஶ→࢔

ቆ૚ +
ඥ࣓࢔
࢔

!࢔ ቇ

!࢔
࢔ࢋ

= ࢋ ܕܑܔ
ಮ→࢔

ඥ࣓࢔
࢔

!࢔ !࢔∙
࢔ࢋ = ૙ࢋ = ૚ 

UP.275. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
૚
ૡ࢔

෍෍෍෍(࢒࢑࢐࢏)
࢑

ୀ૚࢒

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

ቍ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

We first note that if ࢑ ∈ ℕ, 

෍࢑࢘
࢔

ୀ૚࢘

=
૚

+࢑ ૚࢔
ା૚࢑ + ૙൫࢑࢔൯ 

For ࢑ = ૚,∑ ࢔࢘
ୀ૚࢘ = ૚

૛
૛࢔ + ૚

૛
 ࢔

Assume 

෍࢑࢘
࢔

ୀ૚࢘

=
૚

+࢑ ૚࢔
ା૚࢑ + ૙൫࢑࢔൯ 

For all ࢑ ∈ ℕ with ૚ ≤ ࢑ ≤ ࢓ where ࢓ ∈ ℕ,࢓ ≥ ૚ 

For ࢓ + ૚, we note 
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࢞) + ૚)࢓ା૛ − ା૛࢓࢞ = ࢓) + ૛)࢓࢞ା૚ + ૙(࢓࢞) ⇒෍[(࢞ + ૚)࢓ା૛ − [ା૛࢓࢞
࢔

ୀ૚࢞

 

⇒ ࢔) + ૚)࢓ା૛ − ૚ = ࢓) + ૛)∑ ା૚࢓࢞ + ࢔ࢇ
ୀ૚࢞  polynomial of degree (࢓+ ૚) with 

rational coefficients. 

⇒෍࢓࢞ା૚
࢔

ୀ૚࢞

=
૚

+࢓ ૛
+࢔) ૚)࢓ା૛ +  ࢇ

polynomial of degree (࢓ + ૚) with rational coefficients. Now, 

෍(࢒)
࢑

ୀ૚࢒

=
૚
૛ ࢑

+࢑) ૚) ⇒ා࢑෍࢒
࢑

ୀ૚࢒

࢐

ୀ૚࢑

=
૚
૛෍

૜࢑) + (૛࢑
࢐

ୀ૚࢑

 

= ૚
ૡ
૝࢐ +  ࢐ polynomial of degree ૜ in  ࢇ

⇒෍࢐
࢏

ୀ૚࢐

෍࢑
࢐

ୀ૚࢑

෍࢒
࢑

ୀ૚࢒

= ෎࢐൬
૚
ૡ࢐

૝ + ൰࢐	࢔࢏	૜	ࢋࢋ࢘ࢍࢋࢊ	ࢌ࢕	࢒ࢇ࢏࢓࢕࢔࢟࢒࢕࢖	ࢇ

࢏

ୀ૚࢐

	 

= ૚
૝ૡ
૟࢏ +  ࢏ polynomial of degree ૞ in ࢇ

⇒෍࢏
࢔

ୀ૚࢏

෍࢐
࢏

ୀ૚࢐

෍࢑
࢏

ୀ૚࢑

෍࢒
࢑

ୀ૚࢒

= ෎൬
૚
૝ૡ ࢏

ૠ + ൰࢏	࢔࢏	૟	ࢋࢋ࢘ࢍࢋࢊ	ࢌ࢕	࢒ࢇ࢏࢓࢕࢔࢟࢒࢕࢖	ࢇ

࢔

ୀ૚࢏

 

= ૚
૜ૡ૝

ૡ࢔ + a polynomial of degree ૠ in ࢔. 

∴ ܕܑܔ
ஶ→࢔

૚
(࢒࢑࢐࢏)ૡ෍෍෍෍࢔

࢑

ୀ૚࢒

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

 

= ܕܑܔ
ஶ→࢔

൬
૚
૜ૡ૝ + ࢔࢏	ૠ	ࢋࢋ࢘ࢍࢋࢊ	ࢌ࢕	࢒ࢇ࢏࢓࢕࢔࢟࢒࢕࢖	ࢇ

૚
൰࢔ =

૚
૜ૡ૝ 
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UP.276. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ෍෍෍෍൬
૚

૛࢏ା࢐ା࢑ା࢒
൰

࢑

ୀ૚࢒

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

ቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Naren Bhandari-Bajura-Nepal 

ܕܑܔ
ஶ→࢔

෍෍෍෍
૚

૛࢏ା࢐ା࢑ା࢒

࢑

ୀ૚࢒

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

෍෍ቌ
૚
૛࢏ା࢐෍෍

૚
૛࢒ା࢑

࢑

ୀ૚࢒

࢐

ୀ૚࢑

ቍ
࢏

ୀ૚࢐

࢔

ୀ૚࢏

 

= ܕܑܔ
ஶ→࢔

෍෍൮
૚
૛࢏ା࢐෍

૚
૛࢒

࢐

ୀ૚࢒

ቌ෍
૚
૛࢑

࢐

ୀ૚࢑

−෍
૚
૛࢑

૚ି࢒

ୀ૚࢑

ቍ൲
ஶ

ୀ૚࢏

ஶ

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

෍෍൮
૚
૛࢏ା࢐෎

૚
૛࢒ ൬

૛
૛࢒ −

૚
૛࢐൰

࢏

ୀ૚࢒

൲
࢏

ୀ૚࢐

࢔

ୀ૚࢏

 

= ܕܑܔ
ஶ→࢔

෎
૚
૛࢏

࢔

ୀ૚࢏

ቌ෍෍
૛
૛࢐૝࢒

࢐

ୀ૚࢒

࢏

ୀ૚࢐

−෍෍
૚
૛࢒૝࢐

࢐

ୀ૚࢒

࢏

ୀ૚࢐

ቍ 

= ܕܑܔ
ஶ→࢔

෍
૚
૛࢏

࢔

ୀ૚࢏

⎝

⎜
⎛
෍

૛
૝࢒

࢏

ୀ૚࢒

ቌ෍
૚
૛࢐

࢏

ୀ૚࢐

−෍
૚
૛࢐

૚ି࢒

ୀ૚࢐

ቍ−൮෍
૚
૛࢒

࢏

ୀ૚࢒

ቌ෍
૚
૝࢐

࢏

ୀ૚࢒

−෍
૚
૝࢐

૚ି࢒

ୀ૚࢐

ቍ൲

⎠

⎟
⎞

 

= ܕܑܔ
ஶ→࢔

෍
૚
૛࢏

࢔

ୀ૚࢏

ቌ෍
૛
૝࢒

࢏

ୀ૚࢒

൬૚ −
૚
૛࢏ − ૚ +

૚
૛ି࢒૚൰ −

൭෍
૚
૛࢒ ൬

૚
૜ −

૚
૜ ⋅ ૝࢏ −

૚
૜ +

૝
૜ ⋅ ૝ି࢒૚൰

࢏

ୀ૚࢒

൱ቍ 

= ܕܑܔ
ஶ→࢔

෍
૚
૛࢏

࢔

ୀ૚࢏

൭෍
૝
ૡ࢒

࢏

ୀ૚࢒

−෍
૛

૛࢏ ⋅ ૝࢒

࢏

ୀ૚࢒

−෍
૚૟
૜ ⋅ ૡ࢒

࢏

ୀ૚࢒

+ ෍
૚

૜ ⋅ ૛࢒ ⋅ ૝࢏

࢏

ୀ૚࢒

൱ 

= ܕܑܔ
ஶ→࢔

⎝

⎜
⎜
⎜
⎛ ෍

૝
ૡ࢒

࢔

ୀ૚࢒

ቌ෍
૚
૛࢏

࢔

ୀ૚࢏

−෍
૚
૛࢏

૚ି࢒

ୀ૚࢏

ቍ−෍
૛
૝࢒

࢔

ୀ૚࢒

ቌ෍
૚
૝࢏

࢔

ୀ૚࢏

−෍
૚
૝࢏

૚ି࢒

ୀ૚࢏

ቍ −

−෍
૚૟
૜ ⋅ ૡ࢒

࢔

ୀ૚࢒

ቌ෍
૚
૛࢏

࢔

ୀ૚࢏

−෍
૚
૛࢏

૚ି࢒

ୀ૚࢏

ቍ + ෍
૚

૜ ⋅ ૛࢒

࢔

ୀ૚࢒

ቌ෍
૚
ૡ࢏

࢔

ୀ૚࢏

−෍
૚
ૡ࢏

૚ି࢒

ୀ૚࢏

ቍ
⎠

⎟
⎟
⎟
⎞

 



 
www.ssmrmh.ro 

58 
 

= ܕܑܔ
ஶ→࢔

෍൬
૚૟
૚૟࢒ −

ૡ
૜ ⋅ ૚૟࢒ −

૜૛
૜ ⋅ ૚૟࢒ +

ૡ
૛૚ ⋅ ૚૟࢒	൰

࢔

ୀ૚࢒

=
૟૝

૛૚ × ૚૞ =
૟૝
૜૚૞ 

Solution 2 by Ravi Prakash-New Delhi-India 

෍
૚
૛࢒

࢑

ୀ૚࢒

= ૚ −
૚
૛࢑ 

⇒෍
૚
૛࢑

࢐

ୀ૚࢑

෍
૚
૛࢒

࢑

ୀ૚࢒

= ෍൬
૚
૛࢑ −

૚
૛૛࢑൰

࢐

ୀ૚࢑

= ૚ −
૚
૛࢐ −

૚
૜ ൬૚ −

૚
૛૛࢐൰ 

=
૛
૜ −

૚
૛࢐ +

૚
૜ ⋅

૚
૛૛࢐ ⇒෍

૚
૛࢐

࢏

ୀ૚࢐

෍
૚
૛࢑

࢐

ୀ૚࢑

෍
૚
૛࢒

࢑

ୀ૚࢒

= ෍
૚
૛࢐

࢏

ୀ૚࢐

൬
૛
૜ −

૚
૛࢐ +

૚
૜ ⋅

૚
૛૛࢐൰ 

=
૛
૜൬૚ −

૚
૛࢏൰ −

૚
૜ ൬૚ −

૚
૛૛࢏൰+

૚
૜൬

૚
ૠ൰ ൬૚ −

૚
૛૜࢏൰ 

=
ૡ
૛૚ −

૛
૜ ⋅

૚
૛࢏ +

૚
૜ ⋅

૚
૛૛࢏ −

૚
૛૚ ⋅

૚
૛૜࢏ ⇒෍

૚
૛࢏

࢔

ୀ૚࢏

෍
૚
૛࢏

࢏

ୀ૚࢐

෍
૚
૛࢑

࢐

ୀ૚࢑

෍
૚
૛࢒

࢑

ୀ૚࢒

 

=
ૡ
૛૚ ൬૚ −

૚
૛࢔൰ −

૛
૜ ⋅

૚
૜ ൬૚ −

૚
૛૛࢔൰ +

૚
૜ ൬

૚
ૠ൰ ൬૚ −

૚
૛૜࢔൰ −

૚
૛૚ ⋅

૚
૚૞ ൬૚ −

૚
૛૝࢔൰ 

⇒ ܕܑܔ
ஶ→࢔

෍෍෍෍
૚

૛࢏૛࢐૛࢑૛࢒

࢑

ୀ૚࢏

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

=
ૡ
૛૚ −

૛
ૢ +

૚
૛૚ −

૚
૜૚૞ =

૟૝
૜૚૞ 

Solution 3 by Kartick Chandra Betal-India 

ષ = ܕܑܔ
ஶ→࢔

෍෍෍෍
૚

૛࢏ା࢐ା࢑ା࢒

࢑

ୀ૚࢒

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

෍෍෍
૚

૛࢏ା࢐ା࢑

࢐

ୀ૚࢑

࢏

ୀ૚࢐

࢔

ୀ૚࢏

⋅
૚
૛ቌ

૚ − ૚
૛࢑

૚
૛

ቍ 

= ܕܑܔ
ஶ→࢔

෍෍
૚
૛࢏ା࢐

࢏

ୀ૚࢐

࢔

ୀ૚࢏

෍൜
૚
૛࢑ −

૚
૛૛࢑ൠ

࢐

ୀ૚࢑

= ܕܑܔ
ஶ→࢔

෍෍
૚
૛࢏ା࢐

࢏

ୀ૚࢐

࢔

ୀ૚࢏

ቐ൬૚ −
૚
૛࢐൰ −

૚
૝
૜
૝
൬૚ −

૚
૝࢐൰

ቑ 

= ܕܑܔ
ஶ→࢔

෍
૚
૛࢏

࢔

ୀ૚࢏

෍൜
૛
૜ ⋅

૚
૛࢐ −

૚
૛૛࢐ +

૚
૜ ⋅ ૛૜࢐ൠ

࢏

ୀ૚࢐

 

= ܕܑܔ
ஶ→࢔

෍
૚
૛࢏

࢔

ୀ૚࢏

൜
૛
૜൬૚ −

૚
૛࢏൰ −

૚
૜൬૚ −

૚
૝࢏൰+

૚
૜ ⋅

૚
ૠ൬૚ −

૚
ૡ࢏൰ൠ	 
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= ෍൜൬
૛
૜ −

૚
૜ +

૚
૛૚൰

૚
૛࢏ −

૛
૜ ⋅

૚
૛૛࢏ +

૚
૜ ⋅

૚
૛૜࢏ −

૚
૛૚ ⋅

૚
૛૝࢏ൠ

ஶ

ୀ૚࢏

 

=
ૡ
૛૚ ⋅ ૚ −

૛
૜ ⋅

૚
૜ +

૚
૜ ⋅

૚
ૠ −

૚
૛૚ ⋅

૚
૚૞ 

=
ૡ
૛૚ −

૛
ૢ +

૚
૛૚ −

૚
૜૚૞ =

૚૛૙ − ૠ૙ + ૚૞ − ૚
૜ ⋅ ૠ ⋅ ૞ ⋅ ૜ =

૚૜૞ − ૠ૚
૜૚૞ =

૟૝
૜૚૞ 

 

UP.281. If (࢔ࢇ)࢔ஹ૚ ⊂ (૙,∞); 	 ஶ→࢔ܕܑܔ ቀ
శ૚࢔ࢇ
࢔ࢇ∙૛࢔

ቁ = ࢇ > ૙; ૚࢞	 =  ;૚ࢇ

૛࢞ = ૚ࢇ ∙ ඥࢇ૛; ૜࢞	 = ૚ࢇ ∙ ඥࢇ૛ ∙ ඥࢇ૜૜ ; ࢔࢞	 = ૚ࢇ ∙ ඥࢇ૛ ∙ ඥࢇ૜૜ ∙ … ∙ ඥ࢔࢔ࢇ  

 then find: 

Ω = ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)૜

ඥ࢔࢞ା૚࢔శ૚ −
૜࢔

ඥ࢔࢔࢞ ቇ 

Proposed by D.M.Bătineţu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by Adrian Popa-Romania 

If (࢔࢟)࢔ஹ૚ −is sequence of real numbers such that: 

i) ࢔ܕܑܔ→ஶ
శ૚࢔࢟
࢔࢟

= ૚ 

ii) ࢔ܕܑܔ→ஶ
࢔࢟
࢔

= ࢻ ∈ (૙,∞) 

iii) ࢔ܕܑܔ→ஶ ቀ
శ૚࢔࢟
࢔࢟
ቁ
࢔

= ࢼ ∈ (૙,∞) then 

ܕܑܔ
ஶ→࢔

ା૚࢔࢟) − (࢔࢟ =  ࢼࢍ࢕࢒ࢻ

Let ࢔࢟ = ૜࢔

ඥ࢔࢔࢞  

ܕܑܔ
ஶ→࢔

࢔࢟
࢔ = 	 ܕܑܔ

ஶ→࢔

૛࢔

ඥ࢔࢔࢞ = ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔࢞

࢔
= ܕܑܔ

ஶ→࢔

+࢔) ૚)૛࢔ା૛

ା૚࢔࢞
∙
࢔࢞
 ࢔૛࢔

= ܕܑܔ
ஶ→࢔

+࢔) ૚)૛࢔

࢔૛࢔ ∙
+࢔) ૚)૛࢔࢞

ା૚࢔࢞
= ܕܑܔ

ஶ→࢔
൬૚ +

૚
൰࢔

૛࢔

∙
+࢔) ૚)૛

ඥ࢔ࢇା૚࢔శ૚  
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= ૛ࢋ ∙ ܕܑܔ
ஶ→࢔

ඨ
࢔) + ૚)૛࢔ା૛

ା૚࢔ࢇ

శ૚࢔
= ૛ࢋ ∙ ܕܑܔ

ஶ→࢔
ඨ
࢔૛࢔

࢔ࢇ

࢔
= ૛ࢋ ∙ ܕܑܔ

ஶ→࢔

࢔) + ૚)૛࢔ା૛

ା૚࢔ࢇ
∙
࢔ࢇ
 ࢔૛࢔

= ૛ࢋ ∙ ܕܑܔ
ஶ→࢔

࢔) + ૚)૛࢔ା૛

࢔૛࢔ ∙
࢔) + ૚)૛

૛ᇣᇧᇧᇤᇧᇧᇥ࢔
→૚

∙
૛࢔ ∙ ࢔ࢇ
ା૚ᇣᇧᇤᇧᇥ࢔ࢇ
→૚ࢇ

= ૛ࢋ ∙ ૛ࢋ ∙
૚
ࢇ =

૝ࢋ

ࢇ > ૙ 

ܕܑܔ
ஶ→࢔

ା૚࢔࢟
࢔࢟

= ܕܑܔ
ஶ→࢔

࢔) + ૚)૜

ඥ࢔࢞ା૚࢔శ૚ ∙
ඥ࢔࢔࢞

૜࢔ = ܕܑܔ
ஶ→࢔

+࢔) ૚)૛

ඥ࢔࢞ା૚࢔శ૚ ∙
ඥ࢔࢔࢞

૛࢔ ∙
࢔ + ૚
࢔ = ૚ 

ܕܑܔ
ஶ→࢔

൬
ା૚࢔࢟
࢔࢟

൰
࢔

= ܕܑܔ
ஶ→࢔

⎝

⎜
⎛

+࢔) ૚)૜

ඥ࢔࢞ା૚࢔శ૚

૜࢔

ඥ࢔࢔࢞
⎠

⎟
⎞

࢔

= ܕܑܔ
ஶ→࢔

൬
+࢔ ૚
࢔ ൰

૜࢔

∙
࢔࢞

ା૚࢔࢞
࢔

ା૚࢔
= ૜ࢋ ∙ ܕܑܔ

ஶ→࢔

ା૚࢔࢞
࢔࢞

∙ ା૚࢔࢞
૚

 ା૚࢔

= ૜ࢋ ∙ ܕܑܔ
ஶ→࢔

ඨ
ା૚࢔࢞
ା૚࢔ࢇ

శ૚࢔
= ૜ࢋ ∙ ܕܑܔ

ஶ→࢔
ඨ
࢔࢞
࢔ࢇ

࢔
= ૜ࢋ ∙ ܕܑܔ

ஶ→࢔

ඥ࢔࢔࢞

૛࢔ ∙
૛࢔

ඥ࢔࢔ࢇ = ࢋ > ૙ 

So, Ω = ૝ࢋ

ࢇ
∙ ࢋࢍ࢕࢒ = ૝ࢋ

ࢇ
 

Solution 2 by Marian Ursărescu-Romania 

Ω = ܕܑܔ
ஶ→࢔

૜࢔

ඥ࢔࢔࢞ ቆ
࢔) + ૚)૜

ඥ࢔࢞ା૚࢔శ૚ ∙
ඥ࢔࢔࢞

૜࢔ − ૚ቇ = ܕܑܔ
ஶ→࢔

૛࢔

ඥ࢔࢔࢞ ∙ ࢔ ቆ൬
࢔ + ૚
࢔ ൰

૜ ඥ࢔࢔࢞

ඥ࢔࢞ା૚࢔శ૚ − ૚ቇ ; 		(૚) 

ܕܑܔ
ஶ→࢔

૛࢔

ඥ࢔࢔࢞ = ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔࢞

࢔
=⏞

࡭ᇲࡰ.࡯
ܕܑܔ
ஶ→࢔

+࢔) ૚)૛࢔ା૛

ା૚࢔࢞
∙
࢔࢞
࢔૛࢔ = ܕܑܔ

ஶ→࢔
൬
+࢔ ૚
࢔ ൰

૛࢔

∙
࢔࢞
ା૚࢔࢞

࢔) + ૚)૛ 

= ૛ࢋ ∙ ܕܑܔ
ஶ→࢔

+࢔) ૚)૛

ඥ࢔ࢇା૚
శ૚࢔ = ૛ࢋ ∙ ܕܑܔ

ஶ→࢔

૛࢔

ඥ࢔࢔ࢇ = ૛ࢋ ∙ ܕܑܔ
ஶ→࢔

ඨ
࢔૛࢔

࢔ࢇ

࢔
=⏞

࡭ᇱࡰ.࡯
૛ࢋ ∙ ܕܑܔ

ஶ→࢔

࢔) + ૚)૛࢔ା૛

ା૚࢔ࢇ
∙
࢔ࢇ
࢔૛࢔  

= ૛ࢋ ∙ ܕܑܔ
ஶ→࢔

൬
࢔ + ૚
࢔ ൰

૛࢔

∙
+࢔) ૚)૛࢔ࢇ

ା૚࢔ࢇ
= ૛ࢋ ∙ ૛ࢋ ∙

૚
ࢇ =

૝ࢋ

ࢇ ; 		(૛) 

ܕܑܔ
ஶ→࢔

ቆ൬࢔
࢔ + ૚
࢔ ൰

૜ ඥ࢔࢔࢞

ඥ࢔࢞ା૚࢔శ૚ − ૚ቇ = ܕܑܔ
ஶ→࢔

࢔ ∙ ቌࢋ
࢔ା૚࢔ቆቀࢍ࢕࢒ ቁ

૜ ඥ࢔࢔࢞

ඥ࢔࢞శ૚
శ૚࢔ ቇ

− ૚ቍ 
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= ܕܑܔ
ஶ→࢔

࢔ ∙ ቌࢋ
࢔ା૚࢔ቆቀࢍ࢕࢒ ቁ

૜ ඥ࢔࢔࢞

ඥ࢔࢞శ૚࢔శ૚ ቇ
− ૚ቍ

ࢋ
࢔ା૚࢔ቆቀࢍ࢕࢒ ቁ

૜ ඥ࢔࢞
࢔

ඥ࢔࢞శ૚࢔శ૚ ቇ
∙ ࢋ

࢔ା૚࢔ቆቀࢍ࢕࢒ ቁ
૜ ඥ࢔࢔࢞

ඥ࢔࢞శ૚࢔శ૚ ቇ
 

= ܕܑܔ
ஶ→࢔

൬
࢔ + ૚
࢔ ൰

૜࢔ ࢔࢞
ඥ࢔࢞ା૚࢔࢔శ૚ = ܕܑܔቌࢍ࢕࢒

ஶ→࢔
ቆ൬૚ +

૚
൰࢔

૜࢔

∙
࢔࢞
ା૚࢔࢞

∙ ඥ࢔࢞ା૚࢔శ૚ ቇቍ 

 

= ܕܑܔቌࢍ࢕࢒
ஶ→࢔

ቆ൬૚ +
૚
൰࢔

૜࢔

∙
ඥ࢔࢞ା૚࢔శ૚

ඥ࢔ࢇା૚࢔శ૚ ቇቍ = ܕܑܔቌࢍ࢕࢒
ஶ→࢔

ቆ൬૚ +
૚
൰࢔

૜࢔

∙
ඥ࢔࢔࢞

ඥ࢔࢔ࢇ ቇቍ 

= ܕܑܔቌࢍ࢕࢒
ஶ→࢔

ቆ൬૚ +
૚
൰࢔

૜࢔

∙
ඥ࢔࢔࢞

૛࢔ ∙
૛࢔

ඥ࢔࢔ࢇ ቇቍ = ࢍ࢕࢒ ቆࢋ૜ ∙
૛ࢋ

ࢇ ∙
ࢇ
૝ቇࢋ = ࢋࢍ࢕࢒ = ૚; 		(૜) 

From (1),(2),(3) we have: Ω = ૝ࢋ

ࢇ
∙ ࢋࢍ࢕࢒ = ૝ࢋ

ࢇ
 

 

UP.279. Let ࢇ ∈ ℝା
∗ ,ࢌ, Г:ℝା

∗ → ℝା
∗ , ஶ→࢞ܕܑܔ

ࢇ࢞(ା૚࢞)ࢌ

(࢞)ࢌ
= ࢈ ∈ ℝା

∗  then exists 

൯(࢞)ࢌஶ൫→࢞ܕܑܔ
૚
࢞ ∙   and find ࢇ࢞

ܕܑܔ
ஶ→࢞

൭൬൫Г(࢞ + ૛)൯
ࢇ
ା૚࢞ − ൫Г(࢞ + ૚)൯

ࢇ
൰࢞ ∙ ൯(࢞)ࢌ൫࢞

૚
 ൱࢞

Proposed by D.M.Bătineţu Giurgiu, Neculai Stanciu-Romania 

Solution by proposers 

ܕܑܔ
ஶ→࢞

൫Г(࢞ + ૚)൯
૚
࢞

࢞
= ܕܑܔ

ஶ→࢔

൫Г(࢔ + ૚)൯
૚
࢔

࢔
= ܕܑܔ

ஶ→࢔
ඨ࢔!
࢔࢔

࢔
࡭ᇲࡰି࡯= ܕܑܔ

ஶ→࢔

+࢔) ૚)!
࢔) + ૚)࢔ା૚ ∙

࢔࢔

!࢔
= ܕܑܔ

ஶ→࢔
ቀ

࢔
+࢔ ૚

ቁ
࢔

=
૚
ࢋ

 

ܕܑܔ
ஶ→࢞

൫(࢞)ࢌ൯
૚
࢞ ∙ ࢇ࢞ = ܕܑܔ

ஶ→࢔
ቀඥ࢔(࢔)ࢌ ∙  ቁࢇ࢔

= ܕܑܔ
ஶ→࢔

ඥ(࢔)ࢌ ∙ ࢔ࢇ࢔࢔ ࡭ᇲࡰି࡯= ܕܑܔ
ஶ→࢔

+࢔)ࢌ ૚)(࢔+ ૚)(࢔ା૚)ࢇ

ࢇ࢔࢔(࢔)ࢌ = 
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ܕܑܔ
ஶ→࢔

+࢔)ࢌ ૚)ࢇ࢔

(࢔)ࢌ ∙ ൬
࢔ + ૚
࢔ ൰

(ା૚࢔)ࢇ

= ࢈ ∙  ࢇࢋ

Let (࢞)࢛ = ቆ(Г(࢞ା૛))
૚

శ૚࢞

(Г(࢞ା૚))
૚
࢞
ቇ
ࢇ

then ܕܑܔ
ஶ→࢞

(࢞)࢛ = ૚ and ܕܑܔ
ஶ→࢞

૚ି(࢞)࢛
(࢞)࢛ࢍ࢕࢒

= ૚ 

ܕܑܔ
ஶ→࢞

൫(࢞)࢛൯
࢞

= ܕܑܔ
ஶ→࢞

ቌ
Г(࢞ + ૛)
Г(࢞ + ૚) ∙

૚

(Г(࢞ + ૛))
૚

ା૚࢞
ቍ

ࢇ

= ܕܑܔ
ஶ→࢞

ቌ
࢞ + ૚

(Г(࢞ + ૛))
૚

ା૚࢞
ቍ

ࢇ

=  ࢇࢋ

(࢞)ࢼ = ൬൫Г(࢞ + ૛)൯
ࢇ

ା૚࢞ − ൫Г(࢞ + ૚)൯
ࢇ
൰࢞ ∙ ൯(࢞)ࢌ൫࢞

૚
 ࢞

= ൫Г(࢞ + ૚)൯
ࢇ
࢞ ∙ −(࢞)࢛) ૚) ∙ ࢇ૚ି࢞ ∙ ൫(࢞)ࢌ൯

૚
࢞ ∙  ࢇ࢞

= ቌ
(Г(࢞ + ૚))

૚
࢞

࢞
ቍ

ࢇ

∙
−(࢞)࢛ ૚
(࢞)࢛ࢍ࢕࢒ ∙ ൫ࢌ

൯(࢞)
૚
࢞ ∙ ࢇ࢞ ∙ ൯(࢞)࢛൫ࢍ࢕࢒

࢞
 

ܕܑܔ
ஶ→࢞

(࢞)ࢼ = ൬
૚
൰ࢋ

ࢇ

∙ ૚ ∙ ࢈ ∙ ࢇࢋ ∙ ࢇࢋࢍ࢕࢒ =  ࢈ࢇ

 

UP.284 Let ࢈,ࢇ,  ,࢘ with iradius ࡯࡮࡭ be the lengths of the sides of a triangle ࢉ

circumradius ࡾ and area ࡲ.	Prove that: 

ࡲ
૚૛ࡾ૛(ࡾ − (࢘ ≤෍

࢈ࢇ
(૛ࢇ૛ + ૛࢈ + ࢈)(૛ࢉ + (ࢉ

ࢉ࢟ࢉ

≤
√૜
૚૟࢘ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by proposer 

For the right inequality, we have: 

૛ࢇ૛ + ૛࢈ + ૛ࢉ = ૛ࢇ) + (૛࢈ + ૛ࢇ) + (૛ࢉ ≥
+ࢇ) ૛(࢈

૛ +
+ࢇ) ૛(ࢉ

૛ ≥ +ࢇ) +࢈)(࢈  (ࢉ

So, (૛ࢇ૛ + ૛࢈ + +࢈)(૛ࢉ (ࢉ ≥ ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૡࢉ࢈ࢇ. 

Now ∑ ࢈ࢇ
൫૛ࢇ૛ା࢈૛ାࢉ૛൯(࢈ାࢉ)ࢉ࢟ࢉ ≤ ૚

ૡ
ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ. 

We know that:  ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘
 and ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ
૛
≤ ૜ቀ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
ቁ, so 
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෍
࢈ࢇ

(૛ࢇ૛ + ૛࢈ + ࢈)(૛ࢉ + (ࢉ
ࢉ࢟ࢉ

≤
૚
ૡ ∙ √૜ ∙

ඨ ૚
૝࢘૛ =

√૜
૚૟࢘ 

For the left inequality, we have 

෍
࢈ࢇ

(૛ࢇ૛ + ૛࢈ + +࢈)(૛ࢉ (ࢉ
ࢉ࢟ࢉ

= ෍ࢉ࢈ࢇ ∙
૚

(૛ࢇ૛ + ૛࢈ + +ࢉ࢈)(૛ࢉ (૛ࢉ
ࢉ࢟ࢉ

 

Now, using the Cauchy-Schwartz inequality, we get 

෍
࢈ࢇ

(૛ࢇ૛ + ૛࢈ + +࢈)(૛ࢉ (ࢉ
ࢉ࢟ࢉ

= ෍ࢉ࢈ࢇ ∙
૚

(૛ࢇ૛ + ૛࢈ + +ࢉ࢈)(૛ࢉ (૛ࢉ
ࢉ࢟ࢉ

 

≥ ࢉ࢈ࢇ ∙
(૚ + ૚ + ૚)૛

૛ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ + ૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ + ૝ࢇ + ૝࢈ + ૝ࢉ
 

≥
ࢉ࢈ࢇૢ

૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ൫ࢇ)࢈ࢇ૛ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + ૛)൯ࢇ + ૝ࢇ + ૝࢈ + ૝ࢉ
 

Now, we will prove that 

૛ࢉ࢈ࢇ ≤ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ ≤ ૛(ࢇ૝ + ૝࢈ +  (૝ࢉ

We have: 

૛(ࢇ૝ + ૝࢈ + −(૝ࢉ ૛ࢇ)࢈ࢇ + (૛࢈ − ૛࢈)ࢉ࢈ + (૛ࢉ − ૛ࢉ)ࢇࢉ + (૛ࢇ = 

= ૛ࢇ) + ૛)૛࢈ − ૛ࢇ)࢈ࢇ + −(૛࢈ ૛ࢇ૛࢈૛ + ૛࢈) + ૛)૛ࢉ + ૛࢈)ࢉ࢈ + −(૛ࢉ ૛࢈૛ࢉ૛ + 

૛ࢉ)+ + ૛)૛ࢇ + ૛ࢉ)ࢇࢉ + (૛ࢇ − ૛ࢉ૛ࢇ૛ = 

= ૛ࢇ) + ૛࢈ − ૛ࢇ)(࢈ࢇ૛ + ૛࢈ + (࢈ࢇ + ૛࢈) + ૛ࢉ − ૛࢈)(ࢉ࢈૛ + ૛ࢉ + (ࢉ࢈ + 

૛ࢉ)+ + ૛ࢇ − ૛ࢉ)(ࢇࢉ૛ + ૛ࢇ + (ࢇࢉ = ࢇ) − ૛ࢇ)૛(࢈ + ૛࢈ + (࢈ࢇ + 

࢈)+ − ૛࢈)૛(ࢉ + ૛ࢉ + (ࢉ࢈ + ࢉ) − ૛ࢉ)૛(ࢇ + ૛ࢇ + (ࢇࢉ ≥ ૙ 

Also, we have: ࢇ૛ + ૛࢈ ≥ ૛࢈ࢇ; ૛࢈	 + ૛ࢉ ≥ ૛ࢉ࢈; ૛ࢉ		 + ૛ࢇ ≥ ૛ࢇࢉ, so 

૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ ≥ ૛ࢇ૛࢈૛ + ૛࢈૛ࢉ૛ + ૛ࢉ૛ࢇ૛. 

Now, we have ࢇ૛࢈૛ + ૛ࢉ૛࢈ ≥ ૛࢈ࢇ૛;ࢉ	࢈૛ࢉ૛ + ૛ࢇ૛ࢉ ≥ ૛ࢉ࢈ࢇ૛; ૛ࢇ૛ࢉ	 + ૛࢈૛ࢇ ≥ ૛ࢇ૛ࢉ࢈ 

So, ૛ࢇ૛࢈૛ + ૛࢈૛ࢉ૛ + ૛ࢉ૛ࢇ૛ ≥ ૛ࢇ૛ࢉ࢈ + ૛࢈ࢇ૛ࢉ + ૛ࢉ࢈ࢇ૛ = ૛ࢇ)ࢉ࢈ࢇ+ ࢈ +  (ࢉ

We have: 

෍
࢈ࢇ

(૛ࢇ૛ + ૛࢈ + +࢈)(૛ࢉ (ࢉ
ࢉ࢟ࢉ

≥
ࢉ࢈ࢇૢ

૛(ࢇ૝ + ૝࢈ + (૝ࢉ + ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૛(ࢇ૝ + ૝࢈ + (૝ࢉ + ૝ࢇ + ૝࢈ + ૝ࢉ
=

ࢉ࢈ࢇૢ
ૡ(ࢇ૝ + ૝࢈ +  (૝ࢉ

Now, we will prove that: ࢇ૝ + ૝࢈ + ૝ࢉ ≤ ૞૝ࡾ૜(ࡾ −  (࢘

It is well known that: ࢇ૝ + ૝࢈ + ૝ࢉ = ૛(ࢇ૛࢈૛ + ૛࢈૛ࢉ૛ + ૛ࢉ૛ࢇ૛)− ૚૟ࡲ૛ 
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So, ࢇ૝ + ૝࢈ + ૝ࢉ = ૛ ቀ(࢈ࢇ + +ࢉ࢈ ૛(ࢇࢉ − ૛ࢇ)ࢉ࢈ࢇ+ ࢈ + ቁ(ࢉ − ૚૟ࡲ૛. 

Now,  ࢈ࢇ + +ࢉ࢈ ࢇࢉ = ૛࢙ + ૛࢘ + ૝࢘ࡾ so that, with a short calculation, 

૝ࢇ + ૝࢈ + ૝ࢉ = ૛(࢙૝ − ૛࢙࢘૛(૝ࡾ+ ૜࢘) + ࡾ૛(૝࢘ +  (૛(࢘

and the inequality becomes: 

૝࢙ − ૛࢘(૝ࡾ+ ૜࢙(࢘૛ + ࡾ૛(૝࢘ + ૛(࢘ − ૛ૠࡾ૜(ࡾ− (࢘ ≤ ૙ 

The left hand side is a quadratic in ࢙૛ which writes as (࢙૛ − ૛࢙)(ࢻ −  with (ࢼ

ࢻ = +ࡾ૝)࢘ ૜࢘)− ࢼ,ࢾ√ = ࡾ૝)࢘ + ૜࢘) +   being ࢾ the number ,ࢾ√

ૡ࢘૜(૛ࡾ + (࢘ + ૛ૠࡾ૜(ࡾ −  (࢘

The inequality ࢻ ≤ ࢘ࡾ૛ follows from Gerretsen’s inequality ૚૟࢙ − ૞࢘૛ ≤  ૛ since࢙

ࢻ ≤ ૜࢘૛ + ૝࢘ࡾ ≤ ૚૟࢘ࡾ − ૞࢘૛ ≤   .૛࢙

As for the inequality ࢙૛ ≤  using Gerretsen’s second inequality ,ࢼ

૛࢙  ≤ ૝ࡾ૛ + ૜࢘૛ + ૝࢘ࡾ, we see that it is sufficient to prove ૝ࡾ૛ ≤  or ࢾ√

ૡ࢘૝ + ૚૟࢘ࡾ૜ − ૛ૠࡾ૜࢘+ ૚૚ࡾ૝ ≥ ૙ 

But, setting ࢞ = ࡾ
૛࢘
≥ ૚ (Euler) this rewrites as ૛૛࢞૝ − ૛ૠ࢞૜ + ૝࢞ + ૚ ≥ ૙, that is  

࢞) − ૚) ቀ૚૚࢞૜ + ࢞) − ૚)(૚૚࢞૛ + ૟࢞ + ૚)ቁ ≥ ૙ 

So, the later inequality holds and we are done. 

Equality holds when the triangle is equilateral. 

So, ∑ ࢈ࢇ
൫૛ࢇ૛ା࢈૛ାࢉ૛൯(࢈ାࢉ)ࢉ࢟ࢉ ≥ ࢉ࢈ࢇૢ

ૡ∙૞૝ࡾ૜(࢘ିࡾ)
 and we know that ࢉ࢈ࢇ = ૝ࡲࡾ then 

 

∑ ࢈ࢇ
൫૛ࢇ૛ା࢈૛ାࢉ૛൯(࢈ାࢉ)ࢉ࢟ࢉ ࡲ ≤

૚૛ࡾ૛(࢘ିࡾ)
 

UP.277. Find: 

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
∑ ቆ ૚

ඥ(࢑࢐࢏)૛૜ ቇ૚ஸ࢏ழ࢐ழ࢑ஸ࢔

࢔ࡴࢋ

⎠

⎟
⎞

 

Proposed by Marian Ursărescu-Romania 
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Solution by Mokhtar Khassani-Mostaganem-Algerie 

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
∑ ቆ ૚

ඥ(࢑࢐࢏)૛૜ ቇ૚ஸ࢏ழ࢐ழ࢑ஸ࢔

࢔ࡴࢋ

⎠

⎟
⎞

= ܕܑܔ
ஶ→࢔

૚
૛࢔ ∙ ∑

⎝

⎜
⎜
⎛

૚

ඨ൬࢔࢑࢐࢏૜ ൰
૛૜

⎠

⎟
⎟
⎞

૚ஸ࢏ழ࢐ழ࢑ஸ࢔

࢔ࢍ࢕࢒ି࢔ࡴࢋ࢔  

= ࢽିࢋ ܕܑܔ
ஶ→࢔

૚
૛࢔ ∙෍

⎝

⎜
⎜
⎛ ૚

ඨ൬࢔࢑࢐࢏૜ ൰
૛૜

⎠

⎟
⎟
⎞

૚ஸ࢏ழ࢐ழ࢑ஸ࢔
= නනනࢽିࢋ

૚
ඥ(ࢠ࢟࢞)૛૜

૚

࢟

૚

࢞

૚

૙

 ࢠࢊ࢟ࢊ࢞ࢊ

 

= නනࢽିࢋ
૜(૚ − (࢟
ඥ(࢟࢞)૛૜

૚

࢞

૚

૙

࢞ࢊ࢟ࢊ = නනࢽିࢋ
ૢ
૛ ൫√࢞

૛૜ − ૚ૡ√࢞૜ + ૚൯

૛૜࢞√

૚

࢞

૚

૙

࢞ࢊ࢟ࢊ =
ૢ
૛ࢋ

 ࢽି

 

 

UP.282. If ࢖,࢓, ,࢙,࢘ ࢚ ≥ ૙; ;ஹ૚࢔(࢔ࢇ) ;ஹ૚࢔(࢔࢈)	 ஹ૚࢔(࢔ࢉ)	 ⊂ (૙,∞); 

ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ ∙ ࢘࢔

൰ = ࢇ > ૙; 	 ܕܑܔ
ஶ→࢔

൬
ା૚࢔࢈
࢔࢈ ∙ ࢙࢔

൰ = ࢈ > ૙; 	 ܕܑܔ
ஶ→࢔

ቀ
ା૚࢔ࢉ − ࢔ࢉ

࢚࢔
ቁ = ࢉ > ૙ 

then: 

ܕܑܔ
ஶ→࢔

⎝

⎛
ା૚࢔ࢉ ∙ ට࢔ࢇା૚࢓ ∙ ା૚࢔࢈

శ૚࢔࢖

࢔) + ૚)࢘࢓ା࢙࢖ା࢚
−
࢔ࢉ ∙ ට࢓࢔ࢇ ∙ ࢔࢈

࢔࢖

࢚ା࢙࢖ା࢘࢓࢔
⎠

⎞ =
࢓ࢇ ∙ ࢖࢈ ∙ ࢉ

࢚) + ૚) ∙ ࢙࢖ା࢘࢓ࢋ
 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania  
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Solution by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

࢔ࢉ
ା૚࢚࢔ =⏞

ࡿି࡯.ࡸ
ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ − ࢔ࢉ
+࢔) ૚)࢚ା૚ − ା૚࢚࢔ = ܕܑܔ

ஶ→࢔

⎝

⎜
⎜
⎜
⎜
⎛
ା૚࢔ࢉ − ࢔ࢉ

࢚࢔ ∙
૚

ቀ૚ + ૚
ቁ࢔

ା૚࢚
− ૚

૚
࢔ ⎠

⎟
⎟
⎟
⎟
⎞

=
ࢉ

࢚ + ૚ 

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢘࢔ =⏞
࡭ᇱࡰ.࡯

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢘࢔ ∙ ࢔ࢇ

∙
૚

ቀ૚ + ૚
ቁ࢔

࢘࢔ =
ࢇ
 ࢘ࢋ

ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢉ)࢔ − (࢔ࢉ

࢔ࢉ
൰ = ܕܑܔ

ஶ→࢔
ቆ
ା૚࢔ࢉ − ࢔ࢉ

࢚࢔
∙
ା૚࢚࢔

࢔ࢉ
ቇ =⏞
ࡿି࡯.ࡸ

ࢉ ܕܑܔ
ஶ→࢔

࢚࢔

ା૚࢔ࢉ − ࢔ࢉ
∙
ቀ૚ + ૚

ቁ࢔
ା૚࢚

− ૚
૚
࢔

= +࢚ ૚ 

ܕܑܔ
ஶ→࢔

ඥ࢔࢈
࢔

࢙࢔ =⏞
࡭ᇱࡰ.࡯

ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢙࢔ ∙ ࢔࢈

∙
૚

ቀ૚ + ૚
ቁ࢔

࢙࢔ =
࢈
 ࢙ࢋ

Let:  ࢔࢛ =
∙శ૚࢔ࢉ ට࢔ࢇశ૚

࢓ శ૚࢔࢈∙
శ૚࢔࢖

࢚శ࢙࢖శ࢘࢓(శ૚࢔)

∙࢔ࢉ ට࢔࢈∙࢓࢔ࢇ
࢔࢖

࢚శ࢙࢖శ࢘࢓࢔

for all ࢔ ∈ ℕ 

∴ ஶ→࢔ܕܑܔ ࢔࢛ = ૚ hence for all ࢔ → ∞, ૚ି࢔࢛
(࢔࢛)ࢍ࢕࢒

→ ૚ 

∴ ܕܑܔ
ஶ→࢔

࢔࢔࢛ = 

= ܕܑܔ
ஶ→࢔

[൬
ା૚࢔ࢉ − ࢔ࢉ

࢔ࢉ
+ ૚൰

࢔ࢉ
࢔ࢉశ૚ି࢔ࢉ

࢔∙
(࢔ࢉశ૚ି࢔ࢉ)

࢔ࢉ ∙ ൬
ା૚࢔ࢇ
࢔ࢇ ∙ ࢘࢔

൰
࢓
∙ ൬

ା૚࢔࢈
࢔࢈ ∙ ࢙࢔

൰
࢖

∙
࢖࢙ା࢘࢓࢔

ට࢔ࢇା૚࢓ ା૚࢔࢈
శ૚࢔࢖

∙
૚

ቀ૚+ ૚
ቁ࢔

࢚࢔ ∙
૚

ቀ૚+ ૚
ቁ࢔

[(࢖࢙ା࢘࢓)࢔ = 

= ା૚࢚ࢋ ∙ ࢓ࢇ ∙ ࢖࢈ ∙ ቀࢋ
࢘

ࢇ
ቁ
࢓
∙ ቀࢋ

࢙

࢈
ቁ
࢖
∙ ૚
࢖࢙శ࢘࢓శ࢚ࢋ =    	ࢋ

ܕܑܔ
ஶ→࢔

⎝

⎛
ା૚࢔ࢉ ∙ ට࢔ࢇା૚࢓ ∙ ା૚࢔࢈

శ૚࢔࢖

࢔) + ૚)࢘࢓ା࢙࢖ା࢚ −
࢔ࢉ ∙ ට࢓࢔ࢇ ∙ ࢔࢈

࢔࢖

࢚ା࢙࢖ା࢘࢓࢔

⎠

⎞ = 

= ܕܑܔ
ஶ→࢔

࢔ࢉ ∙ ට࢓࢔ࢇ ∙ ࢔࢈
࢔࢖

࢚ା࢙࢖ା࢘࢓࢔ ∙
࢔࢛ − ૚
(࢔࢛)ࢍ࢕࢒ ∙ ࢍ࢕࢒

(࢔࢔࢛) =
࢓ࢇ ∙ ࢖࢈ ∙ ࢉ

+࢚) ૚) ∙  ࢙࢖ା࢘࢓ࢋ
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UP.280. Let ࢈,ࢇ, ,࡯࡮࡭∆ be sides in ࢉ ,ஹ૚࢔(࢔࢞) ,ஹ૚࢔(࢔࢟)  ஹ૚ sequences of࢔(࢔ࢠ)

positive numbers such that: 

ܕܑܔ
ஶ→࢔

ା૚࢔࢞) − (࢔࢞ = ,ࢉ ܕܑܔ
ஶ→࢔

ା૚࢔࢟
࢔࢟࢔

= ,࢈ ܕܑܔ
ஶ→࢔

ା૚࢔ࢠ
࢔ࢠ࢔

=  .ࢉ

Prove that: 

ܕܑܔ
ஶ→࢔

ቆ
࢔࢞ ∙ ඥ࢔࢔࢟ + ࢋ ∙ ඥ࢔࢔ࢠ࢔࢟ + ࢔࢞ ∙ ඥ࢔࢔ࢠ

૛࢔ ቇ ≥
૝√૜ࡲ
ࢋ  

Proposed by D.M.Bătinețu-Giurgiu and Neculai Stanciu-Romania 

Solution by Marian Ursărescu-Romania 

ܕܑܔ
ஶ→࢔

ቆ
࢔࢞ ∙ ඥ࢔࢔࢟

૛࢔ ቇ = ܕܑܔ
ஶ→࢔

ቆ
࢔࢞
࢔ ∙

ඥ࢔࢔࢟

࢔ ቇ					(૚) 

ܕܑܔ
ஶ→࢔

࢔࢞
࢔ =⏞

ࡿି࡯ࡸ
ܕܑܔ
ஶ→࢔

ା૚࢔࢞ − ࢔࢞
࢔ + ૚ − ࢔ =  (૛)					ࢇ

ܕܑܔ
ஶ→࢔

ඥ࢔࢔࢟

࢔ = ܕܑܔ
ஶ→࢔

ට
࢔࢟
࢔࢔

࢔
=⏞

࡭ᇱࡰି࡯
ܕܑܔ
ஶ→࢔

ା૚࢔࢟
+࢔) ૚)࢔ା૚ ∙

࢔࢔

࢔࢟
= ܕܑܔ

ஶ→࢔

ା૚࢔࢟
࢔࢟࢔

∙ ቀ
࢔

࢔ + ૚
ቁ
࢔
∙

࢔
࢔ + ૚ =

࢈
ࢋ 			(૜) 

From (1)+(2)+(3) we have: ࢔ܕܑܔ→ஶ ൬
∙࢔࢞ ඥ࢔࢔࢟

૛࢔
൰ = ࢈ࢇ

ࢋ
				(૝) 

Similarly: ࢔ܕܑܔ→ஶ ൬
∙࢔࢞ ඥ࢔࢔ࢠ

૛࢔
൰ = ࢉࢇ

ࢋ
				(૞) 

ܕܑܔ
ஶ→࢔

ቆ
ࢋ ∙ ඥ࢔࢔ࢠ࢔࢟

૛࢔ ቇ = ܕܑܔ
ஶ→࢔

ට
࢔࢟
࢔࢔

࢔ ∙ ට
࢔ࢠ
࢔࢔

࢔ =
ࢉ࢈
ࢋ 				

(૟) 

From (4)+(5)+(6) we must show: ࢈ࢇାࢉ࢈ାࢇࢉ
ࢋ

≥ ૝√૜ࡲ
ࢋ

⇔ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૝√૜ࡲ, 

true it’s Gordon inequality.  

 

UP.278 If ࢈,ࢇ ∈ ℝ then: 

නන(࢞ܛܗ܋ ܛܗ܋ ࢞)ܛܗ܋࢟ + ࢞ࢊ((࢟
࢈

ࢇ

࢟ࢊ
࢈

ࢇ

+
૚
ૡ

࢈) − ૛(ࢇ ≥ ૙ 

Proposed by Daniel Sitaru – Romania  
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Solution by proposer: 

We start from: ൬ܛܗ܋ ࢞ + ૚
૛

࢞)ܛܗ܋) + ૛࢟))൰
૛

+ ૚
૝
࢞)૛ܖܑܛ + ૛࢟) ≥ ૙ 

૛ܛܗ܋ ࢞ + ܛܗ܋ ࢞ ࢞)ܛܗ܋ + ૛࢟) +
૚
૝ܛܗ܋

૛(࢞ + ૛࢟) +
૚
૝ ܖܑܛ

૛(࢞ + ૛࢟) ≥ ૙ 

૛ܛܗ܋ ࢞ + ܛܗ܋ ࢞)ܛܗ܋࢞ + ૛࢟) ≥ −
૚
૝ 

૛ ૛ܛܗ܋ ࢞ + ૛ܛܗ܋ ࢞ ࢞)ܛܗ܋ + ૛࢟) ≥ −
૚
૛ 

૛ ૛ܛܗ܋ ࢞ + ܛܗ܋ ૛࢟ + ࢞૛)ܛܗ܋ + ૛࢟) ≥ −
૚
૛ 

૛ܛܗ܋૛ ࢞ − ૚ + ૛ܛܗ܋ ࢟ + ࢞૛)ܛܗ܋ + ૛࢟) ≥ −
૜
૛ 

ܛܗ܋ ૛࢞ + ܛܗ܋ ૛࢟ + ࢞૛)ܛܗ܋ + ૛࢟) ≥ −
૜
૛ 

૛ ࢞)ܛܗ܋ + (࢟ ࢞)ܛܗ܋ − (࢟ + ૛ ࢞)૛ܛܗ܋ + (࢟ − ૚ ≥ −
૜
૛ 

૛࢞)ܛܗ܋ + (࢟ ࢞)ܛܗ܋) − (࢟ + +࢞)ܛܗ܋ ((࢟ ≥ −
૚
૛ 

࢞)ܛܗ܋ + (࢟ ⋅ ૛ ܛܗ܋ ܛܗ܋࢞ ࢟ ≥ −
૚
૝ 

ૡ ܛܗ܋ ܛܗ܋࢞ ࢟ ࢞)ܛܗ܋ + (࢟ + ૚ ≥ ૙ 

ܛܗ܋ ܛܗ܋࢞ ࢟ ࢞)ܛܗ܋ + (࢟ +
૚
ૡ ≥ ૙ 

නන࢞ܛܗ܋ ܛܗ܋ ࢟
࢈

ࢇ

࢈

ࢇ

࢞)ܛܗ܋ + ࢟ࢊ	࢞ࢊ(࢟ +
૚
ૡ

࢈) − ૛(ࢇ ≥ ૙ 

UP.283.RMM WINTER EDITION 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭: 

࢘
૝ࡾ૝

≤
ࢇࢎ

࢈)૛ࢇ + ૛(ࢉ +
࢈ࢎ

ࢉ)૛࢈ + ૛(ࢇ +
ࢉࢎ

ࢇ)૛ࢉ + ૛(࢈ ≤
૚

૟૝࢘૜
 

Proposed by George Apostolopoulos-Messolonghi– Greece  
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Solution 

The left hand inequality: Using the means inequality we obtain: 

෍
ࢇࢎ

࢈)૛ࢇ + ૛(ࢉ ≥ ૜ඨෑ
ࢇࢎ

࢈)૛ࢇ + ૛(ࢉ
૜

= ૜ඩ
૛࢘૛࢙૛
ࡾ

૚૟ࡾ૛࢘૛࢙૛ ⋅ ૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛

૜

= 

= ૜

ට૜૛ࡾ૜⋅࢙૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯
૛૜
≥
(૚) ࢘

૝ࡾ૝
, where (1) ⇔ ૛ૠ

૜૛ࡾ૜⋅࢙૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯
૛ ≥

૜࢘

૟૝ࡾ૚૛
⇔ 

⇔ ૞૝ૢࡾ ≥ ૛࢙)૛࢙૜࢘ + ૛࢘ + ૛࢘ࡾ)૛, which follows from Mitrinovic’s inequality 

૛࢙ ≤ ૛ૠࡾ૛

૝
 and Gerretsen ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૞૝ૢࡾ ≥ ૜࢘
૛ૠࡾ૛

૝
(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘ + ૛࢘ࡾ)૛ ⇔ ૛ࡾૠ ≥ ૛ࡾ૜(૛࢘ + ૜࢘ࡾ+ ૛࢘૛)૛ ⇔ 

⇔ ૛ࡾૠ − ૝ࡾ૝࢘૜ − ૚૛ࡾ૜࢘૝ − ૚ૠࡾ૛࢘૞ − ૚૛࢘ࡾ૟ − ૝࢘ૠ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)൫૛ࡾ૟ + ૝ࡾ૞࢘+ ૡࡾ૝࢘૛ + ૚૛ࡾ૜࢘૜ + ૚૛ࡾ૛࢘૝ + ૠ࢘ࡾ૞ + ૛࢘૟൯ ≥ ૙ 

obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality: 

We have: ∑ ࢇࢎ
૛(ࢉା࢈)૛ࢇ

≤ ∑ ࢇࢎ
ࢉ࢈૛⋅૝ࢇ

≤ ૚
૝ࢉ࢈ࢇ

∑ ࢇࢎ
ࢇ

= ૚
૝⋅૝࢙࢘ࡾ

⋅ ࢙
૝ା࢙૛൫૛࢘૛ି૝࢘ࡾ൯ା࢘૛(૝࢘ࡾା࢘)૛

ૡࡾ૛࢙࢘
= 

=
૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + +࢘ࡾ૛(૝࢘ ૛(࢘

૚૛ૡࡾ૜࢘૛࢙૛ ≤
(૛) ૚

૟૝࢘૜ 

where (2) ⇔ ૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + +ࡾ૛(૝࢘ ૛(࢘ ≤ ૛ࡾ૜࢙૛, which follows from 

Gerretsen’s inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛. It remains to prove that: 

૝࢙ + ૛࢘૛(૛࢙ − ૝࢘ࡾ) + +ࡾ૛(૝࢘ ૛(࢘ ≤ ૛ࡾ૜(૚૟࢘ࡾ− ૞࢘૛) 

⇔ ૛࢙)૛࢙ + ૛࢘૛ − ૡ࢘ࡾ) + ࡾ૛(૝࢘ + ૛(࢘ ≤ ૛ࡾ૜(૚૟ − ૞࢘), true from Gerretsen’s 

inequality ࢙૛ ≤ ૝ࡾ૝ + ૝࢘ࡾ+ ૜࢘૛. It suffices to prove that: 

൫૝ࡾ૝ + ૝࢘ࡾ+ ૜࢘૛൯൫૝ࡾ૝ + ૝࢘ࡾ+ ૜࢘૛ + ૛࢘૛ − ૡ࢘ࡾ൯+ +ࡾ૛(૝࢘ ૛(࢘ ≤ ૛ࡾ૜(૚૟ࡾ− ૞࢘) ⇔ 

⇔ ૡࡾ૝ − ૞ࡾ૜࢘ − ૚૟ࡾ૛࢘૛ − ૡ࢘ࡾ૜ − ૡ࢘૝ ≥ ૙ ⇔ −ࡾ) ૛࢘)൫ૡࡾ૜ + ૚૚ࡾ૛࢘+ ૟࢘ࡾ૛ + ૝࢘૝൯ ≥ ૙ 

obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

Remark. 
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If we change ࢇࢎ with ࢇ࢘ we propose: 

2) In ઢ࡯࡮࡭: 

࢘
૝ࡾ૝

≤
ࢇ࢘

࢈)૛ࢇ + ૛(ࢉ +
࢈࢘

ࢉ)૛࢈ + ૛(ࢇ +
ࢉ࢘

ࢇ)૛ࢉ + ૛(࢈ ≤
૚

૟૝࢘૜
 

Marin Chirciu – Romania  

Solution. 

The left hand inequality: 

Using means inequality we obtain: 

෍
ࢇ࢘

࢈)૛ࢇ + ૛(ࢉ ≥ ૜ඨෑ
ࢇ࢘

࢈)૛ࢇ + ૛(ࢉ
૜

= ૜ඨ
૛࢙࢘

૚૟ࡾ૛࢘૛࢙૛ ⋅ ૝࢙૛(࢙૛ + ૛࢘ + ૛࢘ࡾ)૛
૜

= 

= ૜

ට૟૝ࡾ૛࢙⋅࢘૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯૛
૜

≥
(૚) ࢘

૝ࡾ૝
, where (1) ⇔ ૛ૠ

૟૝ࡾ૛࢙⋅࢘૛൫࢙૛ା࢘૛ା૛࢘ࡾ൯૛
≥ ૜࢘

૟૝ࡾ૚૛
⇔ 

⇔ ૛ૠࡾ૚૙ ≥ ૛࢙)૛࢙૝࢘ + ૛࢘ + ૛࢘ࡾ)૛, which follows from Mitrinovic’s inequality  

૛࢙ ≤ ૛ૠࡾ૛

૝
 and Gerretsen ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

૛ૠࡾ૚૙ ≥ ૝࢘ ⋅
૛ૠࡾ૛

૝
૛࢙) + ૛࢘ + ૛࢘ࡾ)૛ ⇔ ૡࡾ ≥ ૛ࡾ૝(૛࢘ + ૜࢘ࡾ + ૛࢘૛)૛ ⇔ 

⇔ ૡࡾ − ૝ࡾ૝࢘૝ − ૚૛ࡾ૜࢘૞ − ૚ૠࡾ૛࢘૟ − ૚૛࢘ࡾૠ − ૝࢘ૡ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)൫ࡾૠ + ૛ࡾ૟࢘ + ૝ࡾ૞࢘૛ + ૡࡾ૝࢘૜ + ૚૛ࡾ૜࢘૝ + ૚૛ࡾ૛࢘૞ + ૠ࢘ࡾ૟ + ૛࢘ૠ൯ ≥ ૙ 

obviuosly from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality 

We have ∑ ࢇ࢘
૛(ࢉା࢈)૛ࢇ

≤ ∑ ࢇ࢘
ࢉ࢈૛⋅૝ࢇ

≤ ૚
૝ࢉ࢈ࢇ

∑ ࢇ࢘
ࢇ

= ૚
૝⋅૝࢙࢘ࡾ

⋅ ࢙
૛ା(૝ࡾା࢘)૛

૝࢙ࡾ
= 

=
૛࢙ + (૝ࡾ+ ૛(࢘

૟૝ࡾ૛࢙࢘૛ ≤
(૛) ૚

૟૝࢘૜ 

where (2) ⇔ ࡾ૛(૝࢘ + ૛(࢘ ≤ ૛ࡾ)૛࢙ −  ૛), which follows from Gerretsen’s inequality࢘

૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૛(࢘ାࡾ૝)࢘

࢘ାࡾ
. It remains to prove that: 

+ࡾ૛(૝࢘ ૛(࢘ ≤
+ࡾ૝)࢘ ૛(࢘

ࡾ + ࢘
૛ࡾ) − (૛࢘ ⇔ ૛ࡾ − ࢘ࡾ − ૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛ࡾ)(࢘+ (࢘ ≥ ૙ 
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obviously from Euler’s inequality ࡾ ≥ ૛࢘. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

 

UP.285. RMM NUMBER 19 WINTER 2020 

By Marin Chirciu – Romania  

1) In ઢ࡯࡮࡭ the following relationship holds: 

ቆ
૚૞
૛
−
૜ࡾ૛

૝࢘૛
ቇࡾ ≤

ࢇ࢝
૛

ࢇࢎ
+
࢈࢝
૛

࢈ࢎ
+
ࢉ࢝
૛

ࢉࢎ
≤
ࡾૢ
૛

 

By George Apostolopoulos-Messolonghi– Greece  

Solution 

We prove the strongest inequality: 

2) In ઢ࡯࡮࡭ the following relationship holds: 

൬૚૙ −
૛࢘
ࡾ ൰ ࢘ ≤

ࢇ࢝
૛

ࢇࢎ
+
࢈࢝
૛

࢈ࢎ
+
ࢉ࢝
૛

ࢉࢎ
≤ ૝ࡾ +  ࢘

Marin Chirciu – Romania  

Solution 

The left hand inequality: Using inequality ࢇ࢝ ≥  :we obtain ࢇࢎ

෍
ࢇ࢝
૛

ࢇࢎ
≥෍

૛ࢇࢎ

ࢇࢎ
= ෍ࢇࢎ =

૛࢙ + ૛࢘ + ૝࢘ࡾ
૛ࡾ

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૚૟࢘ࡾ − ૞࢘૛ + ૛࢘ + ૝࢘ࡾ

૛ࡾ
≥ ൬૚૙࢘ −

૛࢘
ࡾ
൰ 

We prove that ࢘ ቀ૚૙ − ૛࢘
ࡾ
ቁ ≥ ቀ૚૞

૛
− ૜ࡾ૛

૝࢘૛
ቁࡾ ⇔ ૜ࡾ૝ − ૜૙ࡾ૛࢘૛ + ૝૙࢘ࡾ૜ − ૡ࢘૝ ≥ ૙ ⇔ 

⇔ ࡾ) − ૛࢘)(૜ࡾ૜ + ૟ࡾ૛࢘ − ૚ૡ࢘ࡾ૛ + ૝࢘૜) ≥ ૙, obvious from Euler’s inequality 

ࡾ ≥ ૛࢘.Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality. 

Using the formula ࢇࢎ = ૛ࡿ
ࢇ

 and the inequality ࢇ࢝
૛ ≤ ࢙)࢙ −  :we obtain (ࢇ

෍
ࢇ࢝
૛

ࢇࢎ
≤෍

࢙)࢙ − (ࢇ
૛ࡿ
ࢇ

=
࢙
૛ࡿ෍࢙)ࢇ − (ࢇ =

૚
૛࢘ ⋅ ૛࢘

(૝ࡾ+ (࢘ = ૝ࡾ +  ࢘

Above we’ve used the known identity in triangle ∑࢙)ࢇ − (ࢇ = ૛࢘(૝ࡾ+  (࢘
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Remark. 

We prove that inequality 2) is stronger than inequality 1). 

3) In ઢ࡯࡮࡭ the following relationship holds: 

ቆ
૚૞
૛
−
૜ࡾ૛

૝࢘૛
ቇࡾ ≤ ൬૚૙ −

૛࢘
ࡾ
൰ ࢘ ≤

ࢇ࢝
૛

ࢇࢎ
+
࢈࢝
૛

࢈ࢎ
+
ࢉ࢝
૛

ࢉࢎ
≤ ૝ࡾ + ࢘ ≤

ࡾૢ
૛

 

Solution 

See inequality 2) and for the left hand inequality we prove that: 

࢘ ൬૚૙ −
૛࢘
ࡾ ൰ ≥ ቆ

૚૞
૛ −

૜ࡾ૛

૝࢘૛ቇࡾ ⇔ ૜ࡾ૝ − ૜૙ࡾ૛࢘૛ + ૝૙࢘ࡾ૜ − ૡ࢘૝ ≥ ૙⇔ 

⇔ ࡾ) − ૛࢘)(૜ࡾ૜ + ૟ࡾ૛࢘ − ૚ૡ࢘ࡾ૛ + ૝࢘૜) ≥ ૙, obviously from Euler’s inequality 

ࡾ ≥ ૛࢘. 

For the right hand inequality we prove that ૝ࡾ + ࢘ ≤ ࡾૢ
૛
⇔ ࡾ ≥ ૛࢘, (Euler’s 

inequality) 

Remark. 

If we change ࢇࢎ with ࢇ࢘ we propose: 

4) In ઢ࡯࡮࡭ the following relationship holds: 

૚ૡ࢘૛

ࡾ
≤
ࢇ࢝
૛

ࢇ࢘
+
࢈࢝
૛

࢈࢘
+
ࢉ࢝
૛

ࢉ࢘
≤

(૛ࡾ− ૛(࢘

࢘
 

Marin Chirciu – Romania  

Solution 

Using inequality ࢇ࢝ ≥  :we obtain ࢇࢎ

෍
ࢇ࢝
૛

ࢇ࢘
≥෍

૛ࢇࢎ

ࢇ࢘
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇࢎ∑)

ࢇ࢘∑
≥
(૚) ૜∑ࢉࢎ࢈ࢎ

ࢇ࢘∑
=
(૜) ૜ ⋅

૛࢙૛࢘
ࡾ

૝ࡾ + ࢘ = 

=
૟࢙૛࢘

+ࡾ૝)ࡾ (࢘ ≥
(૝) ૟࢘ ⋅ ࡾ૝)࢘ + ૛(࢘

ࡾ + ࢘
ࡾ૝)ࡾ + (࢘ = 

૟࢘૛(૝ࡾା࢘)
(࢘ାࡾ)࢘

= ૟࢘૛

ࡾ
⋅ ૝ࡾା࢘
࢘ାࡾ

≥
(૞) ૟࢘૛

ࡾ
⋅ ૜ = ૚ૡ࢘૛

ࡾ
, where (1) it follows from inequality 

࢞) + ࢟ + ૛(ࢠ ≥ ૜(࢟࢞+ +ࢠ࢟  it follows from the known identities in triangle (2)   ,(࢞ࢠ
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ࢉࢎ࢈ࢎ∑ = ૛࢙૛࢘
ࡾ

 and ∑ࢇ࢘ = ૝ࡾ +    it follows from Gerretsen (4) ,࢘

૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૛(࢘ାࡾ૝)࢘

࢘ାࡾ
, and (5) ૝ࡾା࢘

࢘ାࡾ
≥ ૜⇔ ࡾ ≥ ૛࢘, (Euler’s inequality) 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 

The right hand inequality 

Using the formula ࢇࢎ = ࡿ
ࢇି࢙

 and inequality ࢇ࢝
૛ ≤ −࢙)࢙  :we obtain (ࢇ

෍
ࢇ࢝
૛

ࢇ࢘
≤෍

࢙)࢙ − (ࢇ
ࡿ

࢙ − ࢇ
=
࢙
෍ࡿ

࢙) − ૛(ࢇ =
૚
࢘

૛࢙) − ૛࢘૛ − ૡ࢘ࡾ)

≤
૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ − ૛࢘૛ − ૡ࢘ࡾ

࢘ = 

=
૝ࡾ૛ − ૝࢘ࡾ+ ૛࢘

࢘ =
(૛ࡾ − ૛(࢘

࢘  

Above we’ve used the known identity in triangle ∑(࢙ − ૛(ࢇ = ૛࢙ − ૛࢘૛ − ૡ࢘ࡾ. 

Equality holds if and only if ઢ࡯࡮࡭ is equilateral. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 


