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JP.286.If a,b,c > 0,ab + bc + ca = 3 then:

(a? +b*)(ab+1) (B*+c*)(bc+1) (*+a*)(ca+1)
+ + >6
a+b b+c c+a

Proposed by Daniel Sitaru-Romania

Solution 1 by Daniel Vacaru-Romania

We have:
(a? +b*)(ab+1) (Bb*>+c*)(bc+1) (2+a*)(ca+1)
+ + =6
a+b b+c c+a
Za + b? Z(a bz)ab
a+b a+b -
cyc cyc
We have:
a2+b2>a+b Za2+b2> b+
at+b — 2 a+b — a ¢
cyc
On the other hand
(a2+b2)ab 2a?b? Z(a +b2)ab ZZ a’b? - (X ab)? 3 9
a+b —a+b +b~ "Y@+b) a+b+c
cyc cyc
It follows
a’? + b?)(ab+1 b% +c*)(bc+1 cZ+a®)(ca+1
( )( )+( )( )+( )( )2a+b+c+
a+b b+c c+a a+b+c

Solution 2, generalizations and extensions by Marin Chirciu-Romania

2
Use inequality x* + y? 2@ < (x- y)2 > 0,equality for x = y, we get:
b+c)2
(b2+cz)(bc+1) 2 (bc+1) (b+c)( bc+1) )
M = > = >6=M,,
=2 b+c 2 b+c Z ‘

where (1) < > (b+c)(bc+1)>12.

From ab+bc+ca=3, anda,b,c >0, we can let trigonometric substitutions:

a= \/gtgé,b = \/§tg %,C = \/§tg %, because:
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ab+bc+ca=3< = —F4=+—F4="—F4+—4"—F5

ff BB BB

XY Y L€  Z
g ?tg 2 +1g Etg £y +1g Etg ? =1,( true in any triangle AXYZ ).
. o as X Y YA
With substitutions a = \/§tg > b= \/§tg Px c= \/§tg >’
Inequality " (b+c)(bc+1)>12 becomes:
Z(\@tg%h@tg %j((&tg%tg%ﬂ)zlz = Z(tg%ﬂg %j(&g%tg%ﬂ]zm@ =

=N SZthztg %(tg Yz+tg %)JFZZtg % > 443, (2).

Following relationship holds in any triangle:

X 4R Y z 2(2R—r
Zt il dHtg—: ,weget Ztg—tg (tggﬂggj:g,
p
and meqallty (2) becomes:
2(2R-r
3 ( ) )+2.4Rp+r >4/3 < 5R—r> p\/§,
True, from Doucet inequality 4R +r > p\/§ .
We must show that:
5R—r>4R+r < R 2> 2r, ( Euler inequality).
Equality if only if triangle is equilateral.
Remark:
Inequality can be extended:
1) Ifa,b,c>0such thatab+bc+ca=3si n>0.Prove:
a’+b?*)(ab+n) (b*>+c®)(bc+n) (c*+a’)(ca+n
() aben) (o) (oo (e )arm)
a+b b+c c+a
Proposed by Marin Chirciu-Romania
Solution:
2
. a2 2 (X+ y) 2 i — .
Applying inequality X" +y° > T & (X— y) >0, equality for x =y, we get:
(b+ c)2
(b2+cz)(bc+n) (bc+n) (b+c)( bc+n)(1)
M = > = >3(n+1)=M_,
=2 b+c 2 b+c Z (n+1)=M,

where (1) < > (b+c)(bc+n)=6(n +1).
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From ab+bc+ca=3, wherea,b,c >0, we can let trigonometric substitutions:

a= \/§tg %,b = \/§tg YE’C = \/§tg E,because:

a b b ¢ c a
ab+bc+ca=3 = F4F=+—4=—4+—F4=F5=1<=

V3 3 33 33

X, Y Y, Z z
< tg ?tg E+tg EthHg Etg =1,( true in any AXYZ ).

With substitutions: a = \/§tg % b= \/§tg YE’ c= \/gtg %, inequality
Y (b+c)(bc+n)=6(n+1)

becomes:
Z(ﬁtgi+\/§tg 5](3@ 1tg E+nj2 6(n+1) <
2 2 272
= Z(tgiﬂg Ej(f%tg Itg£+nj2 2(n+1)\3 =
2 2 272
= SZthztg%(tgéﬂg %j+2n2tg§z 2(n+1)4/3, (2).
In AXYZ following relationship holds:

> X _4R+r Ht == ,wegetZtg—tg (tg%ﬂg%j

lnequallty (2) becomes:

2(2R-r)

,and

2(2R-r) AR+r

3 +2n- >2(n+1)v/3 < 3(2R-r)+n(4R+1)>(n+1)-pv/3,
p
True from Doucet inequality AR +r > p\/§ .
We must show that:
3(2R-r)+n(4R+r)=(n+1)-(4R+r) < R=2r, (Euler inequality).
Equality if only if triangle is equilateral.
Note:
1). For n=1we get Problem JP.286 proposed by Daniel Sitaruin RMM, Number 20,

Spring Edition 2021.
2). For n=0we get inequality:
2) If a,b,c >0 such that ab+bc+ca=3. Prove:
ab(a®+b*) bc(b’+c¢®) ca(c®+a’
(& +7) be(o'+¢") ca(e’sa’)_
a+b b+c c+a
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Proposed by Marin Chirciu-Romania

Solution:
2
. . P 2 2 (X+y) 2 .
Applying inequality x* +y ZT < (x—y) =0, equality forx = y, we get:
( , 2) b (b+c)2
bc(b”+c ) bc(b+c)(l)
2
> b+c 2 b+c 2 2 ‘

where (1) < > bc(b+c)>6.

From ab+bc+ca=3, wherea,b,c >0, we can let trigonometric substitution:
X Y Z
a= \/§tg ?,b = \/§tg E’C = \/gtg > because:

ab+bc+ca=3< i.l+£.i+i.i:1©

BB BB B

X, Y Y, Z z
=) ?tg E+tg Eththg Etg =1,( true in any AXYZ ).

Witha:\/gtgé,b:\/§tgi,0=\/§tg%,inequality Zbc(b+c)26becomes:
ZBtg—tg (\/§tg +3g = j 6<:>Ztg%tg%(tg%+tg%)z¥,(2}.

In AXYZ following relationship holds:

> X AR i Tt 2 == ,wegetZtg—tg [thEthgE):.Z(ZR—r)’

2 p

and lnequallty (2) becomes:
2(2R-r) zJ_
p

(2R - r) > p\/_ true from Doucet inequality 4R +r > p\/_ .

We must show that:
3(2R-r)>4R+r < R>2r, (Euler inequality).

Equality if only if triangle is equilateral.
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1P.287 1f x,y,z € (0,7) then:

1_[ log(1 + 2sin’x) 1_[ log(1+ 2cos’x) | < log®2

cyc cyc
Proposed by Daniel Sitaru-Romania
Solution by Daniel Vacaru-Romania

With Am-Gm, we have:

log(1 + 2sin’x) + log(1 + 2cos?*x)
2

\/log(l + 2sin?x)log(1 + 2cos?x) <

_log(3 + sin?2x) -
= > <

log2
Squaring this, we obtain log(1 + 2sin*x)log(1 + 2cos?x) < log?2,Vx € (0, E)

2

Multiplying relations for x,y,z € (0, ;—r) we obtain:

<l_[ log(1+ Zsinzx)> (1_[ log(1+ 2coszx)> <1

cyc cyc

JP.288. Solve for real numbers:

x—2 x+4
+ -=1
X+3 (Vx—2+Vx+4)

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Miguel Velasquez Culque-Cajamarca-Peru

X € [2,00)

x—2 x+4
37t 2~
X+t3 (Vx—2+Vx+4)

1
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x—2 x+4

=1-
x+3 (Vx—2Z+Vx+a)

x—2 2_( Vx + 4 >2
Vx—2++Vx+ 4

x+3

x—2 (1 Vx + 4 )(1 Vx + 4 >

2 =(1+ -
x+3 Vx—-2+JVx+4 Vx—2+Vx+4

x—2_<\/x—2+2\/x+4>< x—2 >

x+3 Vx—=2++vVx+4 ) \Vx—-2+Vx+4
2 Vx—2+4+2Vx+4
Vx—2 - =0
¥ (vx+3 (\/x—2+\/x+4)2)
Vx—2=0->x=2
o) = 2 \/x—2+2\/x+4>0;xe[2’00)

\'7“|‘3_(\/x—2+\/x+4)2
2 V2—2+2V2+4~

(2) = - 0,07
d VZ+3 (y2—2+v2+4)
£3) = 2 V3-2+2V3+4 - 0,34

- 2
V3+3 (V3=2++3+4)
Answer: x = 2.

Solution 2 by Orlando Irahola Ortega-La Paz-Bolivia

2 1
x+3 x—2+1
x+4
_ 2
Let:tz=u—>x=4t+22,‘v’t¢i1—>3xe[[{{
x+2 1-t

=1

6t t? + 2t
t2+5 (t+1)2

or 2V6(t+1)2=(t+2)Vt2 +5

2 —»2V6t(t+1)2 =t(t+2)Jt? +5-5t=0
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ft=0->2=0-x=2.
x+4

t+1=y=1

IF2V6(t+1)2 = (t + 2)Vt2 + 5 > 24(t + 1)* = (12 + 5)(t + 2)? —=
23y* —-3y2-10y—-6=0
Howy>1-34t>0-3x€R
S =1{2}
Solution 3 by proposer
We have: x > 2

Let(1): 2 /E+LZ= 12 E+;2= 1o
3 (Ve—2+Vx+4) x+3  (Va—Z+Jx¥4)

x+4

2 x—2+ 1
2
x+3 x—2+ x+4
x+4 x+4
x—2 1

2 5+
¥ /ﬂJrl
x+4

Becausex > 2 >0thenx —2 > 0.Hence0 < x+3<x+4>=>

=1

> =1;(2)

1 1 x—2 x-—2 x—2 xX—2
> >0=> > = >
x+3 x+4 x+3 x+4 x+3 x+4

2 x—2+ 1 > 2 x—2+ 1
o
x+3 2= " lx+4 2
x—2 4 x—2 4
x+4 x+4

x+4

x—2 1 1 x—2
2 m*ﬂz2t+a_1>z"ett—Jm2°'<3>

By AM-GM inequality for three positive real numbers, we have:
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1 1 ’ :
2t+m=(t+1)+(t+ 1)+m—223\[(t+ 1)(t+1)-m—2

=31-2=1>

1 . x—2 1 .
2t + 12 > 1.Let with (3)= 2 /E + (H—lz >1;(4)
=y
x+4

xX—2=
Let (2),(4)= 2 X2 + > = 1 and equality occurs if{t +1= 1 s

x+3 x—2 2
=z t+1
( x+4+1> ( )

The solution of equation is S = {2}

JP.289.If a,b,c > 0; abc(a + b + ¢) = 3 then:

(a® - 2a +4)(b% — 2b + 4)(c® — 2¢ + 4) = 9¢/3(a? + b? + c?)
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by Rahim Shahbazov-Baku-Azerbaijan

Let’s show that: a® —2a + 4 > a® + 2 = (a — 1)?(a® + 2a? + 2a + 2) > 0 true, then
(@®+2)(B® +2)(c3+2) =

Holder
=@+ +13)PP+13+13)(2+1°+1%) = (a+b+c)?

We have: (a+ b + c)® = 9,/3(a? + b2 + c2) then
(a+b+c)®=81labc(a? + b?> +c?) . (x+y +2)3 > 27xyz
We take x =y = ab + bc + ca and z = a® + b? + ¢%. We have:
(a+ b+ c)®>27(ab + bc + ca)?(a? + b? + ¢?) > 81abc(a + b + ¢)(a? + b? + ¢?)
Then (a + b + ¢)® = 81abc(a? + b? + ¢?)

JP.290- RMM 20 NUMBER, SPRING EDITION 2021
1) JP.290. In AABC the following relationship holds:
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+ + >

w, Wy w, = hgy hy, h
Proposed by Hoang Le Nhat Tung, Hanoi, Vietnam
Solution by Marin Chirciu-Romania

. . W, W, p*(2R+r)+r’(4R+r) hh, p>—r?—4Rr
Use inequalit b ¢ 2. and = , the
quality 3. w p®+r?+2Rr zh R

inequality can be write:
2 2 2 2
P’ (2R+r)+r (4R+r)Z p® —r’ —4Rr -
p®+r°+2Rr R

a a

2.

p*(4R* +4Rr—p®)+r’(4R+r)" 2 0.
We distinct the case:
Casel). If (4R2 +4Rr — pz) >0, inequality is obvious.
Case 2). If (4R2 +4Rr — pZ) < 0,inequality can be rewrite:
r*(4R+ r)2 > p° ( p®> —4R* — 4Rr), true from Blundon-Gerretsen inequalitiy:

2

3 <R(R+D)
2(2R—T)
We must show that:

<4R? +4Rr +3r?.

2
r’(4R+ r)2 > —Z((‘;it?)

Equality if only if the triangle ie equilateral.
Remark:

(4R?+4Rr +3r* —4R? —4Rr ) < R 2r, (Euler inequality).

Wb Wc
W

a

Let’s determine an inequality of the opposite direction for the sum: Z

2) In AABC the following relationship holds:
UAVSATSNUAVSSY AR AAAS

W, W, W, [ A

a c a C

Proposed by Marin Chirciu- Romania

Solution by Marin Chirciu-Romania
P*(2R+r)+r*(4R+r
p®+r?+2Rr

inequality can be write:
p*(2R+r)+r*(4R+r) . p?—2r? —8Rr
p’+r?+2Rr

W W
Use inequality ) —— =2.
W,

a

2 2
) and Zﬂ = u’the
I’a r

2.

< p*(p®—3r® —10Rr)=4r” (4R +5Rr +r?)

,from Gerretsen inequality: p> >16Rr —5r?
We must show that:
(16Rr —5r*)(16Rr —5r® —3r® —~10Rr ) > 4r* (4R* +5Rr +1°) <
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40R? —89Rr +18r? >0 < (R—2r)(40R-9r)>0, true from Euler inequality R > 2r .

Equality if only if the triangle is equilateral.
Remark: It can be doubled:
3) In AABC the following relationship holds:
ﬁ—kﬁ-}-ﬂz Wch + WcWa +WaWb > hbhc + hcha + hahb .
IFa r-b rc Wa Wb Wc ha ho h
Proposed by Marin Chirciu- Romania

C

Solution by Marin Chirciu-Romania
See relation 1) and 2).
Equality if only if the triangle is equilateral.
Remark:
We can be write the sequences of the inequalities:

4) In AABC the following relationship holds:
(2R-rY’ B GG Gh O Ww ww, ww, hho hh hh 6r(2R-r)
r, I, W, W, W, h, h, h. R
Proposed by Marin Chirciu- Romania

r I

a

Solution by Marin Chirciu-Romania
2R—r)

2
See the double inequality 3), M > Zﬁ si Y h;,]hc > 6r =
r ra a

2 2 2 2
the identities Zﬁ _F 21" —8Rr , Z h;hc _P rR 4Rr and the Gerretsen
ra r a

inequality: 16Rr —5r° < p> <4R” + 4Rr +3r°.
Equality if only if the triangle is equilateral.

, Which rezult from

JP.291. Solve for real numbers:

; 101 1
va Vb e

&

a2+b2+cz—33 a3 + b3 + ¢3

b ¢ a 3

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by Rahim Shahbazov-Baku-Azerbaijan
Lemma: If a, b, c > 0 then
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a®> b* ¢ _tla*+bt+ct_ _3lad+ b3+ B
—t—t—2>3 [——— >3 [————
b ¢ a 3 3

Proof:
a? Bergstrom (aZ + b? + CZ)Z
Z Zazb - a-ab+b-bc+c-ca

BCS (a? + b? + ¢*)? - 34 a* + b* + c*
-~ J(@? + b% + c?)((a?b? + b%c? + c2a?) 3

Then: (a? + b% + ¢?)® > 27(a?b? + b*c? + c?a?)?(a* + b* + ¢*)

Let: a* = x; b*> = y; ¢* = z then

(x+y+2)°>27(xy + yz + zx)%(x* + y? + z?) true by

Am-Gm
(m+n+p)? = 27mnp

We take: m = x* + y* + z> and n = xy + yz + zx then:

2 2 2 353103

a b c 3|a’+b3+c
—+—+—=3’ >a=b=c=1.
b c a 3

S={(a,b,c) =(1,1,1)}

JP.292.If x,y,z > 0;a = 3;xy + yz + zx = 3 then:

1 N 1 N 1 - 3
a+x? a+y?> a+z>" a+1

Proposed by Marin Chirciu-Romania

Solution 1 by Daniel Vacaru-Romania

“Reversing” this inequality, we obtain:

PN o B ) P B
- = = =
xZ+a a+1 x2+a a+1

cyc cyc

By Bergstrom,

1
Z x? - (x+y+ 2z)? _x2+y2+zz+6(;3 3
x2+a) " x2+y?+22+3a x2+y’+z2+a"a+1

cyc
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But (1) is equivalent to

asz +6a+§:x2 +6 > SZxZ > +3a > (a—Z)EIx2 > 3(a - 2).
But Y x* > Y xy = 3, and together to this end our proof.
Solution 2 by Tran Hong-Dong Thap-Vietnam
a=>3;xy+yz+zx=3;

1 4 1 + 1 < 3
a+x?> a+y*? a+z2  a+1

1 1 1 1 1 1 3 3
B L e
a+x? a a+y? a a+z?2 a/ " a+1 a

xZ y ZZ (*) 3
2-+ 2 + 2 2
a+x a+ys a+z a+1

2

= >
a+x? ~ 3a+x*+y*+z2 3Ba+x2+y2+z2 " a+1

cyc

x2 Bcs x+y+z)? x2+y2 4272246 9 3
LHS(*)=Z s (xtyt2) y

t=x%+y%+z2
2xy+yz+zx=3
L e

(xx) (a+1)(t+6)>3Ba+t) o
at+6a+t+6—-9a—-3t=20sat—-3a—-2t+6=>0<
(@a-2)(t-3)=0
Which is clearly true, because:a >3 >2=>(a—-2)>0;t>3=>t—-3=>0

Then (**) is true, then (*) is true.

JP.293.Ifa,b,c > 0;a+ b+ c = 3;k2;then:

(k +a?)(k+ b?)(k +c?) = (k+1)3
Proposed by Marin Chirciu-Romania
Solution by Michael Sterghiou-Greece

(k+a®>)(k+b*)(k+c?)>(k+1)3 (1)
Let: (a+ b+ c,ab + bc + ca,abc) = (p,q,r);p=3;qg<3;r<1
Let: f(k) = (k+a®)(k+ b?*)(k + ¢*) — (k+ 1)3
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% = (a? + b%? + ¢?) - 2k + a?b? + b?*c? + c*a? — 6k — 3 which reduces to
k=3
q*—6r+43—-qk—-3 = qg*—-6q—6r+15=>0
20 fl@
But: f'(q) = 2(q — 3) < 0 so, f(q) —decreasing and

fl@=fB)=6(1-1)asr<1.

Hence f(k) —increasing and f (k) > f (;) which yields after some computation
3 —6q+2r2—18r+16 =0 (2).
We will use V.Cirtoaje theorem that with p, q fixed the product abc = r get’s maximal
when a = b assuming WLOG a < b < c and minimal when b = c.
As (2) is a decreasing function of r; [2r? — 18r = 2r(r — 9) < 0]
It suffices to prove (2) for maximal orwhena = b < 1 < c.
Now: q = a? + 2ac = a? + 2a(3 — 2a),r = a*(3 — 2a) and (2) becomes after
computation and factoring:

(a—1)%(8a* —-8a® +21a? —22a+16)>0with0 < a < 1.

. 27 121
It is easy to see that: 8a* — 8a3 > — 5 and 21a? — 22a > — -, hence

8a* — 8a® + 21a%? — 22a + 16 > 0.Done!

JP.294.If a,b,c > 0;a + b + ¢ = 3 then:
a b c 9
2 T 2 T 7 = 3
b(b +2¢)* c(c+2a)* a(a+2b) (\/E+\/5+\/E)

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,a+ b + c = 3, we give: a = x2,b = y?,c = z? hence

x*+y*+z=a+b+c=3and
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a b c 9

bb + 202 | clc+2a)%  alat2b)? - (Va + Vb + \/2)3 =

2 2

x N y N z? - 9 o
y2(y?+222)2  z2(z2 +2x%)?  x?2(x?2+2y%)2 " (x+y+2z)3

x4 yt 74
02 +2202 (2 +229% ()2 + 229)2 9 o
2y2 2,2 2,2 = 3
x2y y2’z x%z (x+y+2)
2
( xZ 4 yZ 4 72 )
y? +222  y*+2z% y:+27%) 9

s
x%y? + y2z% + x22z2 T (x+y+2)3

(x% +y? + 2%)? ’ - 9(x%y? + y%z?* + x%2?%) x?+y?+22=3
3(x2y2 + y2z2 + x222) ) ~ (x+y+2)3 -

x2+y?+z2=3
(x2+y2+22)2(x+y+2)3 = 9(x%y? + y?2% + x?22)} ———

(x +y+2)3 = (x2y* + y*z* + x22%)3
x+y+z=>xy? + y?z% + x*2? true for x* + y*> + z2 = 3
Solution 2 by proposer

By Cauchy-Schwarz inequality we have:

2

a b c _ (b -|f12c)2 n (c +b2a) n (a +C2b)2 >

b(b + 2¢)? T c(c+2a)? + ala+2b)2  ab bc ca

>(a+b+C)2

b+2c c+2a a+2b
ab + bc + ca

=

a b c \?

a N b n c >(b+2c+c+2a+a+2b) .(1)
b(b+ 2c)? c(c+2a)? a(a+2b)?2— ab + bc + ca ’

a b c a? b? c?

+ + = + + >

b+2c c+2a a+2b a(b+2c) b(c+2a) c(a+2b)
- (a+ b+ c)? _ (a+b+o)? -
~a(b+2c) +b(c+2a)+c(a+2b) 3(ab+bc+ca)”

y 32 ~ 3

~3(ab+bc+ca) ab+bc+ca’

(2)
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From (1),(2) we have:

3 2
a N b n ¢ > (ab + bc + ca) _ 9 . (3)
b(b+ 2c)? c(c+2a)? a(a+2b)2~ ab+ bc+ca (ab + bc + ca)?’

By Am-Gm inequality for three positive real numbers, we have:

(Va++va+a?)+ (Vb + Vb +b?) + (Ve + Ve + ¢2) =

233/\/5-\/E-a2++33/\/E-\/E-b2+33/\/c_-\/5-c2=>

2(Va+Vb++c)+a? + b2+ 2 >3Ya?+3b3+3Y3=3(a+b+c) =

a+bic=3

= " (a+b+c) e
2(vVa++vVb++c)+a?+b?+c* > a*+ b*+ c* + 2(ab + bc + ca) &
2(vVa++vVb ++c) = 2(ab + bc + ca) &
ab + bc + ca < Va +Vb + Jc; (4)

From (3),(4) we get:

a b c 9
b(b + 2c¢)? + c(c+ 2a)? + a(a + 2b)? = (\/E +vb + \/2)3

abc>0,a+b+c=3
Equality occurs if a=b=c Sa=b=c=1.

va = a*+b = b*VJc=c?

JP.295 Let a, b, ¢ positive real numbers such that a + b + ¢ = 3. Prove that:
a? b? c? 1
+ + >
b(a+50° " c(b+5a)° " alc+5b)° " 24(Va+ b +c)

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by proposer
By Cauchy-Schwartz inequality we have:

2
a? b? c? (a f 5c)2 (b +b Sa) (c +C5b)2 -

b(a + 5c¢)3 + c(b + 5a)3 + a(c+5b)3 b(a+5c) c(b+5a) a(c+5b)~
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a b c \2
- (@+sc*prsatecasn)
~ b(a+5c) +c(b+ 5a)+ a(c+ 5b)

a b c z
L N i >(a+5c+b+5a+c+5b)_(1)
b(a+5c)3 c¢(b+5a)® a(c+5b)3 6(ab + bc + ca) ’
a N b N c a? N b? N c? -
a+5c b+5a c+5b a?+5ac b*+5ab c?+5bc”
. (@a+b+c)? _ (a+b+c)? -
“a?+b? +c2+5(ab+bc+ca) (a+b+c)2+3(ab+bc+ca)”
- (a+ b+ c)? 1
“(a+b+c)2+(a+b+c)2 2

;(2)

Because (x + y + z)? > 3(xy + yz + zx); Vx,y,z€ R
From (1),(2) we have:
172
a’ N b? N c? - (7) 3 1 _
b(a+5¢)3 c¢(b+5a)® a(c+5b)3~ 6(ab+ bc+ca) 24(ab+ bc+ca)’
By Am-Gm inequality for three positive real numbers, we have:

(Va+va+a?)+ (Vb +Vb+b?) + (Ve +Ve + c2) =

233/x/5-x/5-a2++33/\/5-\/5-b2+33/\/F\/E-c2:>

2(Va+Vb++c)+a? + b2 +c2>3Ya?+3Yb3+3Y3=3(a+b+c) =

a+bic=3

(3)

(a+b+c)P e
2(vVa++vb ++c)+a?+ b? + c? > a* + b* + ¢* + 2(ab + bc + ca) &
2(va++vVb ++c) = 2(ab + bc + ca)
ab + bc + ca < Va+ Vb + Vc; (4)
From (3),(4) we get:
a? b? c? 1
b(@a+50)° c(b+5a) a(c+5b) ~ za(ya+vb + Jc)

abc>0a+b+c=3
Equality occurs if a=b=c Sa=b=c=1.

Va = a*+b = b*Jc=c?
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JP.296.If a,b,c > 0; abc = 1;n > 2 then:

1 1 3(n+2)
+ + >
n+a n+b n+c n+1

Proposed by Marin Chirciu-Romania

a+b+c+

Solution by Daniel Vacaru-Romania
Consider f: (0,0) > R, f(t) =t + ﬁ,n > 2, f —concave.

It follows that a + b + ¢ + —a + o L >3 <“+;’” + +a1+b+c>
— avbic

n+b +c
3

Let’s prove that

a+b+c 1 >3(n+2)
3 + a+b+c™ n+1 g
ntTy—
2 a+b+c a+b+c\? a+b+c a+b+c\?
n ( >+n( ) +n+n( )+( ) +1
3 3 3 3
2 a+b+c a+b+c
e (S0 (1100

+b+c +b+c\
(n? - )(a—>+(n+1)(¥) +n+1=>n%+2

By Am-Gm, we have === > 1; (1). It follows:

@®
(n? 2)(a+b+c)+( +1)(a+b+c) +n+1§(n2—2)+(n+1)+n+1:n2+2n’

As desired.
RMM-NUMBER 20 SPRING 2021-JP.297

By Marin Chirciu,Octavian Stroe-Romania

1) Ifa,b,c>0,ab+bc+ca=3then find minQ(a,b,c),
1 1 1
5 + 5 + 5°
(a+b) (b+c)” (c+a)
Proposed by Hoang Le Nhat Tung- Hanoi-Vietnam

Solution by Marin Chirciu and Octavian Stroe-Romania
Lema:

Q(a,b,c)=
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2) Ifa,b,c>0, ab+bc+ca=3then find min f (a,b,c),
1 1 1
+ + .
a+b b+c c+a

f (a,b,c)=

Demonstration:
1 _Z(a+b)(a+c)_ (a+b+c)2+ab+bc+ca B
b+rc H(b+c) _(a+b+c)(ab+bc+ca)—abc_

a+b+c)’+3 2 abe>0 y 2
= ( ) _ X +3 > X +3 N 1,(1),thenx a+b+c.
3(a+b+c)—abc 3x—abc 3x 3 X

AISOZL:ZaZb—}%—Swe get:
ergstrom 2 2
B o I L B e

22

6
From: (1) +3- (2) we have: 4T (a,b, c)>5—x+9@ f(a b, c)>3+£

W f b 5 X AM GM5
e get a,n,C 2 ——
get f ( )> 24 2x 2(12 xj \/12 X ‘\/2 2[

Equality for ﬁ=; o X2 =12 < x=24/3.

We have f (a,b,c)= Z

5
We deduce min f (a,b,c)is —=fora+b+c= 2.3, (for example

243
a=b=+/3,c=0).

Using Lema and Hélder inequality we get:

Q(a,b,c)= t 1 1 >(Zt:0]5>(2\:/§f—3-(6\5/§j5.

(a+b)5 (b+c)5 (c+a)5 3
5
We deduce min)(a,b,c)is 3-( S fora+b+c=2\/§, (for examplea=b =+/3,c=0).

5]

The problem can be developed:
3) Ifa,b,c>0,ab+bc+ca=3then find min3(a,b,c),

Remark.
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Q(a,b,c)= L + ! + 1 neN".

(a+b)" (b+c)" (c+a)’

Marin Chirciu and Octavian Stroe-Romania

Solution
Using Lema and Hélder inequality we get:

Qabe)= — s >(Zblﬂ:jn>[2:§"§)n=3'(6j§j'

We deduce min)(a,b,c)is 3(%) fora+b+c =23, (for example a=b=+/3,c=0).
Note:

Forn =5we find the Problem JP.297 from RMM number 20, Spring 2021, proposed by
Hoang Le Nhat Tung, Hanoi, Vietnam.
For n=1we get Lema.

(a+b)"  (b+c)" (c+a)' 3

JP.298If x,y,z € R such that:

tanx(tany + tanz) = 5
tanz(tanx + tany) = 9
tany(tanz + tanx) = 8

thenfindQ =x+y+ z.
Proposed by Daniel Sitaru-Romania

Solution by Daniel Vacaru-Romania

Solving system, we obtain tanx = 1;tany = 2;tanz = 3
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This figure shows that Q. = tan~11 + tan™'2 + tan~13 = m, because

OB? = 5; BC? = 5;0C? = 10, showing that BOC = tan™11

JP.2991If a, b, c > 0; abc = 4 then:
2(a®+b°)+c> 2(b°+c*)+a® 2(c®+a®)+b°

+ + > 15
(a + b)? (b + ¢)? (c + a)?

Proposed by Daniel Sitaru — Romania

Solution by proposer
AM-GM 5
36> +b°+c® = 5-3/(a%)3b5c5 =5a3bc (1)
AM—-GM
a®>+3b°+c¢> = 5-3a5(b%3c5 = 5ab3c (2)

AM-GM
2a5+2b5+c¢® = 5-3/(a%)?- (b5)?-c5 = 5a%b%c (3)

AM-GM
2a5+2b5+c® = 5-3/(a%)?- (b5)-c5 = 5a%b%c (4)
By adding (1); (2); (3); (4):
8a® + 8b° + 4c¢° > 5abc(a? + 2ab + b?)
2(a®+b%)+c®_5

> —
D

5
2a® +2b° +¢% > Zabc(a + b)?,

22| 20-ROMANIAN MATHEMATICAL MAGAZINE SPRING EDITION 2021



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

z 2(a’ + b5) + 8

5 5 15
> — = —. =— .4 =
(@t Db)? > 42 abc 2 3abc 1 4 =15

cyc cyc

Equality holds fora = b = ¢ = /4

JP.300. In AABC,I -incenter, ID, IE, IF — symedians in
ABIC,ACIA,AAIB,D € (BC),E € (CA),F € (AB). Prove that:

[DEF] - r?
[ABC] — 2R? — Rr — 2r?

Proposed by Marian Ursarescu — Romania

Solution by Tran Hong-Dong Thap-Vietnam

A

In AIBC:
DB IB2 DB  IB?
DC IC2  BC IBZ+IC?
iDBzL-a-DC=L-a
B2 +1cz ¥ 1B? + IC?
Similarly:
pa=—1  _pp- 1P
1AZ + 1Bz © TAZ + IB?
pa= A ppc-_1¢
Az +1cz TAZ ¥ ICZ

= Q = [AFE] + [BFD] + [DCE]
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1 1 1
=E-AF-AE-SinA+EBF-BD-sinB+E-CD-CE-sinC

1 IA%.-1A% bc-sind 1 IB?.IB?> - c-a-sinB 1 IC?-IC? -ab-sinC

= UAZLIBOUAZ+1CD) 2 UAZ+IBHUBZ+1C) T2 (UBZ+ICHUAZ+1CD)

3 1A* N IB* N Ic*
" |(IA%2 + IB2)(1A% + IC?)  (IB% + IA2)(IB? +1C?) ~ (IC? + IB2)(IC? + 142%)

| ey

_ (142+1B2)(1B%+1€2)(1C%+14%)-[14* (1B%+1C%)+1B* (142 +1C%) +1¢* (1A%

+1B2)]
(1A2+1B2)(1B2+1C2)(1C2+142) ' [ABC]

= [EFD] = [ABC] — Q

A 2
~ 2(IA - IB - IC)? ABC] = 2 (Hcycsini)
- 2 2 2 2 2 2 -

(IAZ + IB2)(IB% + IC2)(IC? + IA?) Mo (sinzé + sin?B)

[T(sme e 5) = Sosme ) (3 (smgam3) ) (o)
sin 2 sin 2 = sin 2 Sln251n2 Sll'l2

cyc cyc cyc

_<2R—r> s2 +1r2 —8Rr (r)z
~\ 2R 16R? 4R

_ (2R —r)(s* +1*> —8Rr) — 2Rr?

- [ABC]

2

32R3
2
[EFD] 2 (ﬁ) 4Rr? O r2
= = = >
[ABC] (2R-r1)(s*+1r?—8Rr)—2Rr? (2R —r)(s2+1%2—8Rr) —2Rr%? ~— 2R? — Rr — 2r?
32R3
(*) © 4R(2R?> — Rr — 21%) > (2R — r)(s®> + r?> — 8Rr) — 2R7?

But:

s? <4R*+4Rr +3r* = (2R—1)(s*> + r> — 8Rr) < (2R — 1)(4R* + 41> — 4Rr) — 2R1?
We need to prove:
4R(2R? — Rr — 21*) > 42R—1)(R?> — Rr + 1?) — 2R1?
© 4R3 — 2rR? — 4Rr? > 4R3® — 4rR? + 4r*R — 2rR? + 2Rr? — 2r? — Rr?
& 4rR? >9Rr? —2r3 © 4R> —9Rr +2r2 >0 (R—2r)(4R—1) =0
True because:R > 2r > R—2r>0;4R—1r=>28r—r=7r >0

= (*) is true = proved.
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SP.286. In AABC the following relationship holds:

27 1 1 1 27
< + + < ;
Jm+1DR Vna+b Vnb+c VYnc+a  [(n+1)2r

neN

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Tran Hong-Dong Thap-Vietnam

3 5
Let: () = %; (t>0)¢'(H)=—3t7 @) =3t2>0,Vt>0

1 1 1
Let: () = vna+b + vnb+c + Vncta’ (n € N)

Q=g@ma+b)+emnb+c)+ elnc+a) ler;en 30 <(n +1)(a+b+ c))

3
<2(n+ 1)3) 3 3vV3 (>) V27
= (p = = =
3 \[2(n+ 1)s J2mn+1)s J(m+1DR
3
(¥*) © 3V3R =>+/2s- V27 © 729R?2 > 4-27s? © 27R? > 4s? & s < %R = (%) is
true.
0= 1 N 1 N 1 BCS 3 1 N 1 N 1
Vna+b Ynb+c vJnc+a ~ na+b nb+c nc+a
1 1 1
=4/3-
V3 a+a+---+a+b+b+b+---+b+c+c+c+---+c+a
n—timmes n—timmes n—timmes

BCS 1 1 1 1 n+1m1 1 1

< | 44| = A G [P

< V3 J(n+1)2(n+1)(a+b+c> V3 \/(n+1)2<a+b+c)
B 3 ab +bc+ca 3 s2 + 4Rr + r? (:) V27

S n+1 abc Cn+1 4Rrs -~ Jm+12r

3 |[s2+4Rr+71% 3 s’ +4Rr +1?
. < —. <
(x%) @\/; \j Rs < V27 (:)2 Rs <3v3

s2+ 4Rr +r2 < 2RsV3
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&)
But:ss¥R=>s2 S:—ﬁsR=>SZ+4Rr+r2 S:£5R+4Rr+r2 < 2RsV3

3vV3 V3
1) TsR +4Rr +r2 < 2RsV3 & 7sR > 4Rr + r?

But: s > Sﬁr:?sR 292&

We need to prove: 92ﬁ > 4Rr + 1% © 9Rr > 8Rr + 21%* & Rr > 2% & R > 2r (Euler)

= (1) is true.Proved.

SP.287. In AABC the following relationship holds:

2 1 1 1 1
< + + < ,n
m+1)R nmyg+m, nmy+m, nm.+m, @n+r

EN

Proposed by George Apostolopoulos-Greece
Solution 1 by Marian Ursdrescu-Romania

From Bergstrom inequality, we have:

1 4 1 + 1 (1+1+1)>?
nm,+m, nmy+m, nm.+m, @m+1)(m,+my,+m,)

We must show:

9 2
>
n+1)(my+my+m,)  (n+ 1)R

9R
@ma+mb+mcs7;(1)

From Cauchy inequality, we have:

(mg + my + m.)? < 3(m2 + m? + m?) and

3
m§+m§+m§=1(a2+b2+c2):>

9 9 81R?
m2+mi+m?<-(a®+b*+c?)<--9R%*= =
4 4 4
m, +my,+m,< % = (1)it’s true.
Again from Cauchy inequality,we have:
1 1 1 1 )
(mg+mg+--+m, +m,,)(—+—+ ---+—+—) >n+1)° =
m, m, m, m,
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(nmg, +my) (mi+i) >n+1)?=

a Mp
n 1
(n + 1)? 1 m, + my, o
nm, + my > = < > and simillary
.1 Tamgtm, T (n+ 1)
m, m,

1 1 1
+ + <
nm,+m, nm,+m, nm.+m,

1 1 1 1 1 1 1
s—2<n<—+—+—)+—+—+—)
(n+1) m, m, m.,) m, m, m

1 1 1 1 1 1 1
<7l )

+ + < — t—+—
nm,+m, nm,+m., nm.+m, n+1l\m, m, m,

We must show that: — + — + -+ < 1; 2)
mg my mg Tr

Butm, > ,/s(s—a)and r = f; 3)

From (2), (3) we must show:

1 4 1 4 1 <£_ s
Js(s—a) s(s—b) s(s—o) _S_\/s(s—a)(s—b)(s—c)
1 1 1 S

+ + <
Vs—a Vs—b Vs—c [(s—a)(s—b)(s—c)
Js—a)(s—b)+/(s—b)(s—c)+/(s—c)(s—a) <s;(4)

But./(s —a)(s—b) < s_a;rs_b

= % and simillary,then

\/(S_a)(s_b)+\/(S_b)(S—C)+\/(s—c)(s—a)sLb”chs

2
= (4) it’s true.
Solution 2 by Marin Chirciu-Romania

Using Bergstrém Inequality, we get:

3 1 9 9 o 2
nm,+m, " Ym-my,+my) M+1Ym, (n+1R

cyc

where (1) © Y m, < %, which result from

Ym, <4R+1 <7
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1 1
< which result from
chc nmg+mp = (n+D)r chresu t'f 0

1 1 1
(X1 + 2 + - +xk)( +—+ 4 )>k2
X2 Xk

We obtain

n-m,+my, = (m, +mg, + - +ma+mb)( +—+ +—+ )>(n+1)2where

n 1
2 —t—
n-m, +m, >("J;)1 (:)nm1+m ’(’::1")"2’ and then result
—t— ‘Ma b
mg myp
1
S s S Bt T ) <k 0 T
< — —_— —_— )= (n —_—
n-mg,+m, (n+ 1)2 (n+1)2 m, m, (n+1)2 m,
cyc cyc cyc cyc

(2) 1
n+1Zma - (n+ 1)

cyc

Where (2) & chc Wthh result from chc < chc

Equality holds if and only if the triangle is equilateral.
Remark.
In same class of the problems:
1) In AABC the following relationship holds:

2 1 1

— < < ,neN
(n+ 1R Cycn-ha+hb (n+ Dr

Proposed by Marin Chirciu-Romania

Solution by proposer

Using Bergstrém Inequality, we get:

9 9 Q 2
> = >
n-hy,+h, YXn-h,+h, Mm+1)Yh, (m+1)R

cyc

where (1) © Y h, < % which result from

9R
ZhaﬁzmaS4R+TST
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1 1
< which result from
ZCYC nhg+hy — (n+)r ch result fro

1 1 1
(1 + X3 + -+ x3) (—+—+---+—) > k?
X1 X2 Xk

We obtain

n-h,+h, = (ha+ha+---+ha+h,,)(hia+hia+---+hia+;—b)2(n+1)2where

n 1
_ (n+1)2 1 ha by,
n-h,+h, > o hi whathe = D)2 and then result
a b
n 1
1 h,Th, 1 n 1 1 1
Yt L e ) e O Y
n-h, +hy, (n+1) n+1) h, h, n+1) h,
cyc cyc cyc cyc
1 1@ 1 1

= — _l —_— .
n+1Z.h,  (n+1) r
cyc

Where (2) & chchi =1

~
Equality holds of and only if the triagle is equilateral.
2) In AABC the following relationship holds:

2 1 1
— < < ,neN
(n+ 1R ;n-wa+wb (n+ Dr

Proposed by Marin Chirciu-Romania

Solution by proposer

Using Bergstrém Inequality,we get:

3 1 9 9 w2
nw,+w, YXm-w,+w,) @m+1)Xw,  (n+1)R

cyc

where (1) © Yw, < % which result from

9R
ZwaﬁzmaS4R+TST

1 1
< which result from
chc nwgtwp ~— (n+)r ‘f
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1 1 1
(1 + X2 + -+ x3) (—+—+---+—) > k?
X1 X2 Xk

We obtain

1,1 1,1
n-wa+wb=(wa+wa+---+wa+wb)(w—a+w—a+---+w—a+w—b)2(n+1)2where

n 1
_ (n+1)? 1 wawp
n-w,+wy= T S wetwe = miD? and then result
wg wp
n 1
1 w, Tw, 1 n 1 1 1
S D G L) - O D
n-wg+wy (n+1) n+1) W, W n+1) W,
cyc cyc cyc cyc

1 Z 1 (i) 1 1
T n+1law, — (n+1) r
cyc

11, 1 11
Where (2) & chcw— < - which result from chcw— < chch— ==
a a a

Equality holds if and only if the triangle is equilateral.

In AABC the following relationship holds:

2 <z 1 _ 1 e N
— < < ,n
(n+ 1)R Cycn-ra+rb (n+ Dr

Proposed by Marin Chirciu-Romania

Solution by proposer

Using Bergstrém Inequality,we get:

3 1 9 9 @ 2
nre+r, Y(nr,+r,) @m+1)Yr, ~ (n+ 1R
cyc

where (1) © XY r, < % which result from

9R
Zras ma£4R+r£7

1
nrg+ry ~— (n+1)r

which result from

chc
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1 1 1\,
(X1 + x5 + - +xk)( +—+ )>k
X1 X2 Xk

We obtain

nro+ry,=@,+r,+ 41, +rb)( +—= + e + )>(n+1)2where

n 1
5 n, 1
nerg+ry, >SN o 1 < gngthen result
n 1 nrgt+rp (n+1)
Ta Tb
1
LIRS
1 T 1 n 1 1 1
E—S = bz— ZE(—+—)=—2-(n+1)E—
n-r,+r, (n+ 1) n+1) Te Tp n+1) Ty
cyc cyc

Z (2) 1 1
“n+1 (n+ 1)
1

1
Where (2) & chca =-

Equality holds if and only if the triangle is equilateral.

SP.288.Leta,b,c > 0,a + b + ¢ = 3. Find min(()

1 1 1 3 ab 3 bc 3\/ ca

+ +
a b c a? — ab + b? b%2 — bc + c? ¢ — ca + a?

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

For a,b > 0 we have:

3 ab 31 1. ab Gm-Hm 3
e - > =
a? — ab + b? a?—ab+b? — 1.1 1
1 1 ab
a’? — ab + b?
_ 3 _ 3ab _ 3ab 1)
N 1 " 2ab+a%?—ab+ b%> a?+ ab+ b?’
1+1+—ab
a’? — ab + b?

3 bc ca 3ca
imilary: ’ > ;(2) an ’ > ;3
S ary —bc+c2 — b2+b +c? ( ) and 2—ca+a? — c%+ca+a? ( )
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From (1),(2),(3) we have:

/ bc
az—ab+b2 az+ab+b2 b2+bc+c2 c2+ca+a2)
cyc

1 1 Bergstrom
— 3ab ( )
anc a2c+abc+bzc b2a+abc+c2a bc? + abc + ba?
> 3ab 1+1+1)2 3 9 -3abc 3
= 2anc ab(a + b) + be(b +¢) + ca(c +a) + 3abc  (a+ b+ c)(ab + bc +ca)
at+b+c=3 9abc _ 9 H
- ab+bc+ca %+% % ence,
Q_1+1+1+23 ab >1+1+1+ 9 Am;Gm
“a b ¢ a?-ab+b*~"a b ¢ 1, 1 1 =~
cye a b c
1 1 1 9
> 2 (—+—+—>- =2V9=6=>0>6
a b 1 1 1
atptec

min(Q =6 a=b=c=1.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

-
Forx R, x>2wehave:x +1 + /27>6<:>(x+1)\/ 1+3>6¥xr—1 00—

(@®+2)a+3>6a=a*+2a+3>6a=a*+3>4a=ad®* a+1+2>4a
aAd+a+2>4aeoat+2>3a=ad* a+1+1>3a=2a*+a+1>3ae

a’+1>2aea-a+1>2atrue.

, 3x 3 3z
Hence fora,b,c > 0,a + b + c = 3 we give a = b = Y ;€= . Hence,
x+y+z x+y+z x+y+z

+3 bc +3 ca
b% — bc + 2 cZ—ca+a?

| B
X V4 =
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Because:~+2>2;X+2>2; 242> 2
y x z y z X
Hence, 0 >6=>min(Q) =6 a=b=c=1.

Solution 3 by proposer

Using Am-Gm inequality for three positive real numbers, we have:

a?+ab+ b%* = (a® —ab + b?) + ab+ ab > 33/(a®? —ab + b?) -ab-ab

= 3i/(ab)2(aZ —ab + b?) >
Vab(a? + ab + b?) > 3ab’/(a? — ab + b?) &

3 ab - 3ab
a? —ab + b? — a? + ab + b?
3 bc 3bc 3 ca 3ca
Similary: > and >
y bZ—bc+c2 — b2+bc+c? c2-ca+a? — c2+ca+a?

3 ab +3 bc +3 ca -
a’? — ab + b2 b% — bc + c2 ¢ —ca+a?—

- 3ab 4 3bc 4 3ca .1
~—a?+ab+ b%?  b%+ bc+ c? c2+ca+a2’()
Other, because a + b + ¢ = 3 then

1 1 1 1 1 1 1 1 1
atste33(atpre)=s@rbro(Gryry)e
1 1 1 1/a b b
—tp o= 3(b+ +14— +b+1+ +— +1)
1/a?+ab+ b* b?+ bc+ c? c +ca+a
:§< ab + bc )
1 1 1 a?+ab+b?> b?>+bc+c* c*+ca+ a?
a + b + ¢ 3ab + 3bc + 3ca +(2)

Let (1), (2) with Am-GM inequality, we get:
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Q_1_|_1_|_1_|_3 ab +3 bc +3 ca -
“a b ¢ a? — ab + b? b% — bc + 2 cZ—ca+a?”

a’ + ab + b? 3ab b?% + bc + ¢? 3bc c? + ca + a?
> +— =+ +— =+
3ab a’?+ab+b 3bc b? + bc + ¢ 3ca
3ca

>
¢ + ca + a?

5 a? + ab + b? 3ab N b?% + bc + c? 3bc
- 3ab a? + ab + b2 3bc b?% + bc + c?
¢ +ca+ a? 3ca
+2 : =2V1+2V1+2V1=6
3ca ¢ + ca + a?

Q>6>min(Ql) =6

ab,c>0a+b+c=3

aeb=c Sa=b=c=1.

Equality holds if {
SP.289.If x,y,z > 0;x + y + z = 1 then in AABC the following relationship

holds:

1 1
<
z xsinA + ysinB + zsinC sinA + sinB — sinC

cyc cyc
Proposed by George Apostolopoulos-Greece

Solution by Marian Ursdarescu-Romania

. a . a
From sine law: — = 2R = sinA = —
sinA 2R

We must show that:

1 1
Y e Yaree
xa+ yb + zc a+b—-c

cyc cyc

From Cauchy inequality,we have:

X Yy z 2

(xa+yb+zc)(a+5+z)2(x+y+z) =1=
1

+%+§ xa+yb+zc

xa+yb +zc > < z + % + fand simillary (2)

X
a

From (1),(2) we must show:
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X Yy z 1
P R e

cyc cyc
by )<1+1+1)< T 11
—F —+— =9
rrywz a b ¢/ a+b—-c a-b+c —-a+b+c
1 1 1< 1 4 1 4 1 3)
a b c " a+b—-c a+b—-—c —-a+b+c’
( (. _ y+z
a=—
|l-a+b+c=x | 2
Let%a—b+c=y $4b=7;(4)
ta+b—c=z Ikczx-i-_y
2

From (3),(4) we must show:

2 2 2 1 1 1
+ + <—+—-4+—;(5)
x+y x+z y+z x y z

1 1/1 1 1 1/1 1 1 1/1 1
put L <(14l), L cl(1il), L 11Dy
x+y 4\x y/ y+z 4\y z) x+z 4\x z

N I Y (l +14 l) = (5)it’s true.Proved.
x+y y+z  zZ+x 2\x y z

SP.290.If x,y,z > 0; x + y + z = 3 then prove:
Ux + i/;+ Yz +12 > 5(xy + yz + zx)
When the equality occurs if and if?

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

For all x > 0 we have:

i+ Y+ Ya+ Vi A E e+ 18 41> 10310 = 10x =
63x +3x3+1>10x = 6%/x > 10x — 3x3 — 1 simillary:
65/y > 10y — 3y —1and 63z > 10z — 323 — 1.

x+y+z=3

6(Vx+y+¥z)210(x+y+2)-3(x3+y*+28) -3 "=
=10-3-3(x*+y3+23)-3=27-30(x3+y*+2%);(1)
More, fromx,y,z> 0;x+y+z=3=20<x,y,z<3=>x-3<0,y—-3<0,
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z — 3 < 0.We have:

x-3)x—-1)2+@p-3)y-12*+(z-3)(z-1*<0e

YIa-DE-2x+ D06 Y (P -5 +7x-3) <0

cyc cyc
Zx3—52x2+72x—9S0=>
cyc cyc cyc

X+ +23<5(2+y*+2z)-7x+y+2z)+9o
B+y3+22 <5[(x+y+2)?-2(xy+yz+zx)]|-7(x+y+2)+9

x3+y3+z3S5(x+y+z)2—1O(xy+yz+zx)—7(x+y+z>+9(:)
3

X2+y3+23<5-32-10(xy+yz+zx)—7-3+9
xX+y2+23<33-10(xy+yz+2zx) ©
27 —3(x3+y3+23) >27[33 - 10(xy + yz + zx)] = 30(xy + yz + zx) — 72;(2)
From (1),(2) we have:
6(Vx + Yy +¥z) = 30(xy + yz + zx) — 72
Vx + i/;+§/§+ 12 > 5(xy + yz + zx)
Equality holds if x =y = z = 1.Proved.

Solution 2 by Dimitris Skouteris-Greece
Writing xy + yz + zx = % (9 — x% — y* — z?%) the inequality becomes:
5 21
6 2,222
Z (ﬁ T2* ) =72
cyc

, 5 7 31 . .
Now, from weighted Am-Gm, we have: Ux + Exz > ;X4 and, from the power inequality,

31

21
1« 3t (1
52"“2 52" =1

cyc cyc
Whence the result, with equality for x = y = z = 1.Proved.

Solution3 by Marin Chirciu-Romania
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Fromx+y+z= 3wehave:xy+yz+zanc=§(9—x2 —y? — z%).

The inequality becomes:
1
%+i/§+§/§25-—(9—x2—y2—22)=}

Vx + \/_ + Yz +3 x + 5y + 522 >4 (*) which result from weighted Am-Gm:

5 5 5 11 1 5 5
%7+i/§+§/§+§x2+2y2+222=x6+y6+z6+§x2+5y2+izz=
1n2
Z<15 15$ 7137 E(l)
Y)Y o0 et LI T3
cyc 2 cyc 2 cyc2 chc

1

. . x"+y"+z" x+y+z\r
From Jensen inequality, we have L4 = ( Y )r

withr = g, therefore
13 21
Zfl > <¥>13 = (—)13 =1= an >3;(2)

From (1),(2) we have:

5 5 @M7 2) 7 21
Lhs.,=Yx+$fy+Vz + x2+2y +ZZ >sz2122 3 == Rhs,

Equality holds ifand only if x =y =z = 1.

Remark.
The problem it can be developed.

1) If x,y,Z > Osuchthat x + y + z = 3 and n > 0 then
Vx+8/y+Vz+3n=m+ 1D (xy + yz + zx)
Proposed by Marin Chirciu-Romania

Solution by proposer
Using x + y + z = 3 we have xy + yz + zx = ;(9—x2 + y?% + z2%).

The inequality becomes:

1
?/E+i/;+§/§+3n2(n+1)-2(9—x2—y2—z2)<:>
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6 . 6 n+1 n+1 2, n+1 3n+9
- . >
Vx+ Sy +Vz+—— > - x% + > 52 ; (%)
Which result from weighted Am-Gm:
6 6 6 n+1 n+1 2 4 n+1_ 2
Vx+ 8y +Vz+—— X+ ——y Szt =
_ %+ %+ %+n+1 +n+1 2 4 n+1 z_z(%+n+1 2)>
= X6+ Y6 +z > x? > Y o= x > X2
cyc
1
n+1y ,,ntl n+3 13 n+3 13
Zz<1+—>x 2 =Z - X3n+9 = ——— x3n+9; (1)
2 2 2
cyc cyc cyc

1
x"+y"+z" > (x+y+z)?
3 - 3

. . 13
From Jensen Inequaity, we have: withr = P therefore:

3n+9 3n+9

Zx;n+9 . <23x> B (_) B _4a Z XInE5 > 3;(2)

From (1),(2) we have:

n+1 2 n+l , n+1l ,®On+3 13 (2
Lhs(,) =% + > Y-+ > Z ZT x3n+9 >
n+3 3n+9
Equality holds ifand only if x =y =z = 1.
Note.

For n = 4 we get the Problem SP.290 from 20-RMM Spring Edition 2021, Proposed by

Hoang Le Nhat Tung- Hanoi- Vietnam.

2) fx,y,z>0suchthatx+y+z=3neN,n=>2andA = 0then
Vx+ify+Vz+32= @+ 1)(xy +yz + zx)
Proposed by Marin Chirciu-Romania
Solution by proposer
Using x + y + z = 3 we have xy + yz + zx = ;(9—x2 —y% —z?%).

The inequality becomes:
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1
Vx+4y+3Vz+31> (A+1)-E(9—x2—y2—zz)

A+1 A+1 A+1 3A+9
n/ n/ In/ | Zl Zl 2> .

Which result from weighted Am-Gm:

A+1 A+1 A+1
n n n 2 2 2 _
Vi + 3y + ¥z +—— 2% + =y + 72 =

2

1 1 1 A+4+1 . A+1 2_|_)L+1 ) z<1+/1+1 2)>
= n
2 y 2 z X x“) =

=xn+yn+2zn + > X+

cyc

A+1 14471 A+3 2nt1 243 2n+1
2 ) (1475)d 7 = ) e =TS ) a1
cyc cyc cyc

From Jensen Inequality,we have:

1
x+y+z\r . 2n+1
> ( 4 )r with r = =——, therefore:
3 3149

x"+y"+z"
3

2n+1 31+9 31+9

Y x37+9 Y x\2n+1 3\2n+1 2n+1
> (% =(§> =1=>Zx3/1+923;(2)

3
From (1), (2) we get:
A+1 A+1 A+1 2(;)1+3 2n+1 (2)

Lhs.y=Vx+ [y +Vz + Xty o 2 ) X3 2
J34+9
= 2 = Q)

Equality holds ifand only if x =y =z = 1.
Note.
Forn = 6,4 = 4 we get the Problem SP.290 from 20-RMM Spring Edition 2021, Proposed

by Hoang Le Nhat Tung- Hanoi-Vietnam.
Solution 4 by proposer
For all x > 0 we have:
AGM
Y+ x+x+Vx+x+Vx+ 3+ 3+ a3 +1 2 10/x1° =10x >
63x +3x3+1>10x = 6%/x > 10x — 3x3 — 1 simillary:
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6%y > 10y — 3y® — 1and 63/z > 10z — 3z3 — 1. Hence,

x+y+z=3

6(Vx+y+¥z)=10(x+y+2)-3(x3+y*+28) -3 "=
=10-3-3(x3+y3+23)-3=27-30(3+y3 +23)
6(Vx + $fy +¥z) =27 -3(x* +y* +2); (1)

x,y,Zz>0

x+y+z=3=>0<x,y,x<3:»x—3<0;y—3<0;z—3<0

Other, because{
x-3)x-1)2+(@-3)y-1)?+(z-3)(z-1)?*<0e

Z[(x—3)(x2—2x+1)]SO®Z(x3—5x2+7x—3)SO(:>

cyc cyc
Zx3—52x2+72x—930@
cyc cyc cyc

B3+y3+23<5(x*+y*+2z2)-7x+y+2)+9 &
B+y3+22<5[(x+y+2)?>-2xy+yz+zx)]-7(x+y+2)+9

x3+y3+z3S5(x+y+z)2—10(xy+yz+zx)—7<x+y+z>+9(:>
3

x2+y3+23<5-32-10(xy+yz+zx)—-7-3+9
X2+y3+23<33-10(xy+yz+2zx) ©
27 —3(x3+y3+23) >27[33 - 10(xy + yz + zx)] = 30(xy + yz + zx) — 72;(2)
From (1),(2) we have:
6(Yx + Sy + Vz) > 30(xy + yz + zx) — 72
Vx + f/;+§/§+ 12 > 5(xy + yz + zx)
Equality holds if x =y = z = 1.Proved.
SP.291. In acute AABC, let hq, h,, h3 be the altitudes of orthic triangle.

Prove that:
F* 3 h3
(T3
sRZ ~ 4863 e 13 (A)
cyc cyc

Proposed by Radu Diaconu-Romania
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Solution by Adrian Popa-Romania

1

L h3 < h; < h?
Let be hu/<:llb‘< ht =2>A>B>C=>= i'< §'< E = (

D <G) <@
From Chebyshev’s inequality, we have:

3 adon 3 3 3 4
ot Yt () 6 ) (reas) -

cyc cyc

1 1 1\ 81 Radon (1+1+1)* 81 8F3-812 812-F3
=8F3(—+—+—>-— > 8F.-————& - —= =
ati b3 ) n (a+b+c) w3 8s3-m3 s3 -3
Z h 2F F 2 2 Z 1 Ragon 2 F2 (1+1+1)?
r = — = . =
ara a s—a as —a? ~— 252 —a? — b2 — 2
cyc cyc cyc
2 2
I ow,
4271 4Rr+71

w3  81-27-F3 9F? (;) F*
4863 s3-m3  4Rr+1r? ~ sR?

(1) © 815 - sR? > 3V3s3(4Rr + r2) © 81s2rR? > 3V/3s3(4Rr + r?)

{27rR2 > \3s(4Rr + r?)

3V3
33 = 27rR* 2 V3 -——R(4Rr + 1?)
S <:—72——I? 2

& 541rR%? > 9R(4Rr +1?) © 6TrR? > 41R + Rr? © R > 2r(Euler).

SP.292. Let ABCD be a tangential quadrilateral circumscribed to a circle with

radii = 1. Prove that:

A

3
[ABCD] -ZM(A) Ju(A) + u(B) + u(c) < 2m %T z coti

cyc cyc
Proposed by Radu Diaconu — Romania

Solution by Serban George Florin — Romania
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p(A) < u(B) < u(C) < u(D)
= 360° — u(4) > 360° — u(B) > 360°u(C) > 360° — u(D)
(B) + p(C) + p(D) = u(4) + p(C) + u (D) = u(A) + u(B) + (D) =
> p(4) + p(B) + p(C)
Applying CebysheV’s inequality:

Z 1(A) - Ju(A) + p(B) + pu(C) < %(Z M(A)> : (Z Ju(4) + u(B) + u(6)>

cyc cyc cyc

_anmle’ze"ZE 4 311'_2 3
~ 3 oA = g 2 T2

£:(0,2m) > R f(x) = V2T —% = (21 — %)?

1 1 1 L
f)=5@r-072(-1)=~52r-x72

f'(x) = —%(Zﬂ—x)_%< 0 = f concave.
N (A+B:C+D>ZZ);(A)=>Z)°(A)S4f<A+B:C+D):4f<¥):

cyc

:4f(§):4/2n_§:4j§

AM =AQ =xMB=BM=y,CN=CP=2DQ=DP=t

= AAMO, right-angled, cot%1 = % =AM = x
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P
“‘;“’,OM=0N=0P=OQ=r=1

A
:Zcoti=x+y+z+t=

cyc

AB-OM BC-OM
+ +

Sapcp = [ABCD] = Sp0p + Spoc + Spoc + Saop = 2 2

+0P+DC+OQAD_PABCD
2 2 2

PABCD.Zn_ 3_71'_
2 2

= [4BCD] - ) p(4) V(D) + u(B) + u(0) <
cyc
=27 \[% (chc cot g), true

SP.293.If0<a<b<e0<x<y<zx+y+z=3then:

a+b 2

2ab 1 a+b
2ab )2 "y (y—1D(Vab)® + (z—1) (a;b) ’

a+b
Proposed by Daniel Sitaru-Romania

>0

-0
Solution by George Florin Serban-Romania
a<? <p=a+b<2b=a<bhbtrue
a+b
a<+vab<b=a*<ab<b?=a<hbtrue.

as%bSb::»ZaSa+bS2btrue.

Let be the function f: (0,e] - R, f(x) = l"fx’ f(x) = 1—l¢2)gx

X
f(x) =0 logx=1x=e¢
If x < e, g(x) = logx —increasing, then 1 — logx > 0 =
f —increasing on (0, e]

a+b 2

2ab \Zab 1 a + b\a+b
< ‘[ ab<< )
(a+b> _( ab) - 2 <
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a+b 2

2ab \2ab =S a + b\a+b
< Vab)® < )
log (a T b) < log(Vab)*® < log > e
2ab at+b
tog (g1 5) _ log(Vab) _ tog (*5°)
< < A
2ab Vab at+b
a+b 2
2a
a+b_

x<y<z=>x—-1<y-1<z-1

Applying CebysheV’s inequality, we have:
a+b
(x — )(Zab)Zub + (y 1)(\/—),1,, +(z—1) (a+b)a+b >

a+b

>>(x—1+y-1+z-1) [ 2abyzab | (Va )“" + (““’)““’l > 0. Proved.
=0

SP.294.1f a,b,c > 0,a + b + ¢ = 3. Then prove:
a? N b? N c? - 1
4o +1)+4b 3a(c®+1)+4c 34(a®+1)+4a 2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam
For x,y > 0 we have: 4(x® + y°) < (3x? —4xy + 3y?)} &
(x —y)*(23x%2 —16xy + 23y%) > 0 & (x — y)*[23(x — y)? + 3xy] = 0(true).

Now, choose: x = a;y =1 = 4(a® + 1) < (3a? — 4a + 3)3;
Similarly: 4(b® + 1) < (3b?> — 4b + 3)3 and 4(c® +1) < (3c? —4c+3)3 >

(a?)?
Z/4(b6+1)+4_b z:Sb2 4b+3+4b 23b2+3 BZazbZ—l—aZ

cyc cyc cyc

Bergstrom 1 (2 a2)2
> —.
- 3 Ya%+ ) a%b?

1
> —
2
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(*)@Z(Za4+22a2b2) > 3(Za2+zazbz)®
ZZa4+Za2b2 > Bzaz =%.9(Zaz) a+btc=3 (Za);ZaZ;(l)

Bergstrom

2 2 2
But:a® + b%+¢2 > (‘”';”) = (Z“)SZ“ < (¥ a?)%; (2)

From (1),(2) we need to prove:

Zz:a“+z:a2b2 22a4+22a2b2 @Za“ ZZazbZ
Which is true, because: X* + Y?> + Z> > XY + YZ + ZX
Chose: X = a?;Y = b%;Z = c¢? = (x) is true.Proved.

Solution 2 by proposer

By Am-Gm inequality, we have: i/4(b6 +1) = i/4(b2 +1)(b*—b%2+1) =

= 21/b22+ ! (2-v3)(b2+bV3+1)(2+V3)(B2—bV3+1) <

b22+1+(2_\/g)(bz+b\/§+1)+(2+\/§)(b2—b\/§+1)

<2 3 =3b%—4b + 3
=34 +1)+4b<3(*+1) o ! > 1
h Sfa(b5+ 1) +4b 3(B*+1)
2
= . Similarly:

aZ
2 2
Sa(po+1)+ap  3BTHD

b? b? c? c?

= ; >
a(c6+ 1) +4c 3(2+1)'3/4(ab+1)+4a 3(a®+1)

a? b? c?
Therefore: . +3 +3 >
/4(b6+1)+4b /4(c6+1)+4c /4(a6+1)+4a
2

>1 a? N b N c? o
—3\bZ+1 c2+1 a?2+1)’
2 2 2
Other — + b °

b2+1  c2+1  a?+1
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3 a’?(1 + b?) — a?b?* b*(1+ c?) — b c* c*(1 + a?) — c?a? -
B b2 +1 cz+1 az+1 =
a’b?* b*c* c*a?

> (a2 2, 2 _ =
> (a* + b* + ¢#) T o a

1 Chebyshev's
= (a? + b2 +c2)—2(a2b+b2c+cza) >

(a+ b+ c)(a®? + b? + ¢?)
3

1
2a2+b2+c2—2

1 a? + b? + ¢
2a2+b2+c2—2(a2+b2+c2)=f
a+b+c)?
a? b? c? a2+b2+czQAM% (a+b+c)? 3
== +— + > > = =-,(2)
b2+1 ¢*2+1 a?+1 2 2 6 2
For (1),(2) we have:
a? b? c?
3 + 3 + 3
V4(b% +1) + 4b 4(c® +1) +4c 4(a®+ 1) + 4a
Equality occursifa = b = c = 1.

SP.295. In AABC the following relationship holds:

= =

N| W
W =
N =

(a + 2r)(b + 21)(c + 2r) = 2R3*(3V3 + 5)
Proposed by Florentin Visescu-Romania

Solution 1 by Daniel Vacaru-Romania

We have: (a +21)(b + 2r)(c + 27) = 8R® [y (sind +X) (1)

Consider the function f: (0,) - R, f(x) = log (sinx + %)

. . " —1+%sinx
We obtain second derivate as f"(x) = —=0,Vx € (0,
sinx+—
R

Then Y., log (sinx + %) < 3log (sin (23—'4) + %) =

<l_[(sinA+%)>g<§+£> S(\/§+ 1)’ _2(3V3+5)

2 R 8 8

cyc
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From (1) we obtain

3.
)SBR 2(:«/§+5)

(a+2r)(b+ 2r)(c + 2r) = 8R3[[ . (sinA + =2R3(3V3 +5)

Solution 2 by Marin Chirciu-Romania
Lema:

1) In AABC we have (a+2r)(b+2r)(c+2r)=2r[ p*+2p(R+2r)+r(4R+5r)].

Demonstration:
We have:

[T(a+2r)=abc+4r*y a+2ry bc+8r° =4Rrp+4r?-2p+2r( p*+r? +4Rr)+8r° =
=2r[ p’+2p(R+2r)+r(4R+5r)],

Then abc=4Rrp, > a=2p, Y bc=p’+r?+4Rr.
Using lema Lema the inequality can be rewrite
2r [ p?+2p(R+2r)+r(4R+ 5r)] <2R® (5+ 3\/§), from Gerretsen inequality

p? <4R? +4Rr +3r2and Doucet inequality p\3 <4R+r.

We must show that:
AR +r

N

2{4R2+4Rr +3r?+2- (R+2r)+r(4R+5r)}s2R3(5+3x/§) =3

AN %[(8+4\/§)R2 +(18+8\/§)Rr+(4+8\/§)r2} < 2R3(5+3J§) N
N R3(9+5J§)—(8+4J§) Rzr—(18+8J§)Rr2—(4+8J§)r3 >0 <

& (R-2r)[ (9+5V3)R? +(10+63)Rr +(2+443)r? | >0,

True from Euler R > 2r.
Equality if only if the triangle is equilateral.

Remark
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Let’s determine an opposite inequality.

2) In AABC the following relationship holds
3)

(a+2r)(b+2r)(c+2r) 216r3(5+3\/§).

Proposed by Marin Chirciu-Romania

Using lema we can rewrite

Zr[p2 +2p(R+2r)+ r(4R+5r)] >16r° (5+3\/§), true from Gerretsen p*> > 16Rr —5r” and
Mitrinovic p > 3r/3.

We must show:
2r| 16Rr —5r° +2-3ry/3(R+2r)+r(4R+5r) | >16r°(5+3(3) <

& R(5+3\/§) > 2r(5+3J§), true from Euler R > 2r.

Equality if only if the triangle is equilateral.

Remark
4) In AABC the following relationship holds
16r° (5+3v3) < (a+2r)(b+2r)(c+2r) <2R*(5+33).
Proposed by Marin Chirciu-Romania
Solution:

See the relation 1) and 2).
Equality if only if the triangle is equilateral.

SP.296. In acute AABC, H —orthocenter, O —circumcenter, I —incenter the

following relationship holds:

z (r, + AH)? - 36(40I1%* + 12Rr + 1?)
u(A) + rocosA) — 41+ 9R

cyc

Proposed by Radu Diaconu-Romania
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Solution by Daniel Vacaru-Romania

We known that in acute triangle r, + AH = 2R + 1. On the other hand,

40I% + 12Rr + 1> = 4R? — 8Rr + 12Rr + 1% = (2R + 1)?. We obtain:

2
Z <u((;;-ll-:lalg)sA) = 2R +71)* z (M(A) +1racosA)

cyc cyc

Bergstrom

S 2R+ 9 9(2R +1)?

Y u(A) + Y r,cosA T+ Y. r,cosA

2
We have ), r,cosA =Y., (Zcoszg— 1) = ZZracoszg— DTg = %— 4R — .

s2

. 2 9R 25R ..
We intend to prove that: % —4R —1r < iadranid < - With Gerretsen,

2 2 2 2 2 25R?
s“ <4R“ + 4Rr + 3r“- =2 4R“ + 3Rr + 3r- <

R\? R
= 3R% > 4Rr + 41? :3(;) —4(;)—420
But we obtain A= 64 andé =2 oré = —;.

It’s clearly that: 3 (g)z -4 (g) —4 > 0. We have

Z ( (ro + AH)? ) - (2R + 1)? 9(2R +1)? _ 36(2R + 1)?

p(A) + rocosA) ~ m+ Y rocosA T 9R  4m +9R
_ 36(401%? + 12Rr + 1?)
B 41 + 9R

SP.297 If a, b, c > 0 such that a + b + ¢ = 3.Prove that:
b Va+¥b+Ve 7

a c
+ + + >
7bc + {/4(b® +c®) 7ca+ 3/4(c® +ab) 7ab+ /4(a®+ b®) 12 12

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

For a,b > 0 we have 4(a® + b®) < (3a? — 4ab + 3b?)3 &
(a — b)*(23a% — 16ab + 23b?) > 0(true)va, b > 0.Equality= a = b.
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Similary: 4(a® + c®) < (3a? — 4ac + 3c¢?)3 and 4(c® + b®) < (3c? — 4cb + 3b?)3

a a a
s S e S
7bc + 3/4(b% + ¢6) Cyc3b —4bc + 3c* + 7bc 3(b?% + bc + c?)

cyc cyc

a a? Bergstrom
¢ = = >
Z (b?% + bc + ¢?) Z a(b? + bc + ¢?) -

cyc cyc

- (a+ b + c)? _ (a+ b+ c)? _

~ab(a+b)+bc(b+c)+ca(c+a)+3abc (a+b+c)(ab+ bc + ca)
a+b+c 3 1 1

>0, z2-Pp=—>
2=3 ab + bc + ca

L

a
lez - >0 2
7bc + 3/4(bS + ¢) ab + bc + ca

cyc

=ab+bc+ca=ab+bc+ca

AGM

Va+Va+Va+a+a 2 s)|(Va)' - a*-a? = 5Ya5 = 5a
= 33a +2a% > 5a = 33a > 5a — 2a?
Similary: 33/b > 5b — 2b? and 33/c > 5¢ — 2¢% =
3(a+Vp+3¥c)=5(a+b+c)—2(a®+b*+c%) o

3a+Vp+¥c)=>15-2(a®+b2 +2);(a+b+c=3) o

3a+Vp+¥Yc+1)=>18-2(a® + b2 +?) &
3a+Vb+¥c+1)=2(a+b+c)2—-2(a®+b2+c2) e
3(Ya+ Vb + ¥c + 1) = 2(a? + b? + ¢ + 2ab + 2bc + 2ca) — 2(a? + b? + ¢?)

3(a+ Vb +3c)=4(ab+bc+ca) -3 =

3\'/E+'°\’/F+3\'/5>4(ab+bc+ca)—3(:)§/5+§/E+i/5>ab+bc+ca_ 1

—: (2
12 36 12 9 12 (2)
From (1),(2) we have:

Z a +%+%+%> 1 +ab+bc+ca 1AgM
&4 7hbc + /4 (b + c°) 12 ~ab +bc+ ca 9 12 <
> 2 1 ab + bc + ca 1_2 1_7
~— " |ab+ bc + ca 9 12 3 12 12

Proved.Equalityifa = b = c = 1.
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Solution 2 by proposer

We have: b® + c® = (b% + ¢%)(b* — b%c? + ¢*) = (b? + ¢?) ((b2 +c?)% - (bcx/§)2) =
= (b% + ¢2)(b% — bcV3 + ¢2)(b? + beV3 + ¢?)
By inequality Am-Gm for three positive real numbers:
V4(b + ¢b) = 3\[(1:2 +¢2)2(2 +33) (b2 — bevV3 + ¢2)2(2 — V3)(b? + beV3 + ¢2) <

B+ D)+ 2(2 + V3)(b* — bev3 + ) + 2(2 — 3) (b2 + bev3 + ¢2)
-_ 3 -

9b% — 12bc + 9¢> < 1 - 1
3 7bc + 3/4(b6 + ¢6) 3(b* + bc+c?)
a

(2)

o ° = > 2N
7bc + 3/4(b% + ¢6) 3(b% + bc + c?)

b b
Similary: > (3
y 7ac+3\/4.(a67-|-(;6) 3(a2+ac+c2) ( )

c c
3 = 2 2 ; (4)
7ab + /4(ab + p5) 3(a® +ab + b?)
For (2),(3),(4) we have:

a a 1 a
2 = — _—_—
E 2 2 E 2 2
§:7bc+3/_4(b6+06) cyCB(b + bc + ¢?) 3cycb +bc+c

cyc

1 a? Bergstrom 1 (a+ b+ c)?
:§;a(b2+bc+c2) = 3 Ya?+bc+cd)

1 (a+ b + c)? 1 (a+ b+ c)?
:§'ab(a+b)+bc(b+c)+ca(c+a)+3abc:§-(a+b+c)(ab+bc+ca):
:1. a+b+c atbte=3 1 (5)

3 ab+ bc+ca ab + bc + ca’

GM

A 5
Va+Va+Va+at+a 'S 5)|(Va) a2 o2 = 5V = Sa
3%¥a +2a% >5a=33a> 5a — 2a?. Similary:
33b > 5b — 2b% and 33/c > 5¢ — 2¢% =
3(%+%+%)25(a+b+c)—2(a2+b2+c2)<:>
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3(a+Vp+¥c)=15-2(a®+b2 +2);(a+b+c=3) o

3a+Vb+Yc+1)=218-2(a® +b? +2) &
3a+Vb+¥c+1)=2(a+b+c)2-2(@®+b2+c2) e
3(Ya+ Vb + ¥c+1) = 2(a? + b? + ¢ + 2ab + 2bc + 2ca) — 2(a? + b? + ¢?)
3(a+ Vb +3%c)=4(ab+bc+ca) -3 &
%+%+%>4(ab+bc+ca)—3@%+§/E+§/E>ab+bc+ca_ 1

12 36 12 9 1z’ ©
From (1),(2) we have:
Z a +%+%+%> 1 +ab+bc+ca 1A§M
£ The + 3/4(b® + c) 12 —ab+ bc +ca 9 12 —
- 1 ab + bc + ca 1_2 1_7
— ".lab + bc + ca 9 12 3 12 12
( abc>0a+b+c=3
| a=b=c
Proved.Equality if% 1 __ 1 __ 1 oa=b=c=1.
| a?+ab+b? b2+bc+c? c2+ca+a?
k 1 __ ab+bc+ca
ab+bc+ca 9

SP.298. Find without softs:

1—-—tanx

m) log(1+ stx)) dx

T
Q= Oj (log(cost) + (

Proposed by Pedro Pantoja-Natal-Brazil

Solution 1 by Tobi Joshua-Nigeria

s
4
I—fl ( 2)+(1_mnx)l (1+ sin2x) |d
= Og COS4LX 1+tanx Og SinsZx X
0

]

cosx — sinx .
——— X | log (sinx + cosx)dx
cosx + sinx

m
=0flog(co.s‘2x)dx+f(

0
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T

T
2 4
1 log(cosx + sinx
= —j log(cos2x)dx + 2 f ( 9( - )> d(cosx + sinx)
2 cosx + sinx
0 0

T
log?(cosx + sinx)|*

s
2

2[03 0fcossxdx+2l >
0

~2 [Os Ofcossxsinoxdx+z<@>
rCE)r@), (%)

2[65]50 ZF( -IZ- ) 2

0

1 s+1 1.,/s+1 s+1
o) EEE) G ()
T F(2) G 2
_Valz r'(1)r(1) 2
l r(1) r2(1) 2|+ tog? (\/_E)
v (3)VE Teva 2
:le r(21) ~ Ly | +log” (E)

[

4

¥ (1) P(1) 2
|+ log? (ﬁ)

n[(—y — 2log2) y] 2 —mnlog?2 2
=— + |+ 41 2(—)= +1 2(—)
[ 2| 7T\ 4 °9 1z
Solution 2 by Avishek Mitra-West Bengal-India

T

4
I—f (1_t“"x)l (1 + sin2x) | d
B 1+tanx) 9 smax) jax

0
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n
4 sinx+cosx=z
cosx — smx . i
=2 j log(cosx + sinx) dx =
0

(cosx—sinx)dx=dz
COSX + sinx

V2 V2

logz log?z vz 1
= 2] S dz = Zf logzd(logz) = 2 l > l =log*V2 — log*1 = Zlogzz
1 1 1

NI

n
‘ 1
= f log(cos2x)dx = EJ log(cosx)dx =1,
0 0

e

log(cosx)dx = J log(sinx)dx = I,

n

$211

°\ N O TNy

sin2x
log(sinx - cosx) dx = f log( > )dx

1 T
=>2I, = E,]- log(sinx) dx—ilogz
0

f fOOdx =2 f fO)dx; if f(2a - x) = f(x)
0 0

Y3
1 2
s
=2l = 3 f log(sinx) dx—flogz
0

T T
=211, = —Elogz =1, = —Zlogz

0="210022 - T10g2
—3°9°7 09

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

I

fl ( z)+(1_t“"x)z (1 + sin2x) | d
Og COS4LX 1+ tan x Og SinsZx X

0
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T

%t 1
—1—]1 (cos2x)d +f(1_ta"x)l (1 + sin2x)d

= = Og cos4sx X 1-+tan¢x Og SInsZx X
0

0

T

4

1 d 1 1

_llrxlld—yB ( + Ef(log(l + stx)) log(1 + sin2x)dx
0

% log2(log2 —m
logZ+ [lo,g2(1+stx)]4 g2(log )

4
Solution 4 by Zaharia Burghelea-Romania
L
4
Q—f(l (cos2 )+(1_tanx)l 1+ sin2 )d
= og(cos2x 1+ tanx og(1+ sin2x) |dx
0

147 = 10022 - Flog2
=1+] =, log?2~log

T

y?

'_f (1—tanx>l (1+ sin2x) | d

J = 1T tan < og sin2x b
0

Y

4
f tanx-log(1 + cos2x)dx
0

Nlr-n

i

1
f(log(l + cost)) log(1+ cos2x)dx = — [log2(1 + cost)]
0

log?2
4

L T
7] r 4
Xog—x
I:= f log(cos2x)dx = flog(sian) dx
0 0

T

i
1
= f log(sin2x - cos2x)dx = f <log (E) + log(sin4x)> dx
0 0
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T

2x-x

2
™ 1
~1 log2 + Ef log(sin2x) dx
0

n
x &
x—z—vc
log(sin2x)dx = Jlog(sian) dx =1
0

B R — NIy

20=-Zlog2+1=1=—"log2
[ p—— =] = ——
4 %9 2 %9

SP.299. Solve for real numbers:

{\/x2+y2+\/(x—4)2+y2+\/x2+(y—3)2+\/(x—4)2+(y—3)2=10
X+ 2y =05z

Proposed by Daniel Sitaru-Romania
Solution 1 by Daniel Vacaru-Romania
Consider the rectangle ABCD with A(0,0); B(4,0);C(4,3); D(0,3) and M(x, y).
With triangle inequalities, we have MA + MC > AC = 5and MB + MD > BD =5

We obtain

V2 +y2+(x—4)2+y2+x2 + (y—3)2+/(x —4)2 + (y — 3)2 > 10.

Equality is attained when M is the center of rectangle ABCD.
We obtain x =2,y =~ andx +2y =2+—>=5=z=1.
Then (x,y,z) = (2% 1)
Solution 2 by Abner Chinga Bazo-Lima-Peru

By Minkowsky inequality we have:

a2+ y2+J(x—4)2+(y—3)2=>/32+42=5

. i x =4k
Equality occurs when: = =k= {y =3k

IfJx+y2+/(x—4)2+(y—3)2=5
=/ (Bk)? + (4k)? + /(Bk —4)2 + (4k —3)2 =5
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= \25k2 +/25(k? —2k+1) =5=5|k| +5/k—1| =5
= |kl+|k—-1]=1
Casel: k€ (—0,0)>-k—(k—-1)=1=>k=0=>ke
Case2:ke[0,1)>k—(k—1)=1=>keR=>ke[0,1)

Case3:ke[l,0)>k+k—1=1=>k=1

Jx2+ 92+ /(x—4)?2+(y-3)2=5=ke[0,1) (i)

VE-92+y2 +x2 + (y-3)22 32+ 42 =5

. A4yt x =4k
Equality occurs when: — = = k= {y — 3k

If J(x—4)2+y2+/x2+(y—3)2=5
=/ (4k — 4)? + 3k)2 +/(4k)2 + Bk —3)2 =5

1

= V25k2 — 32k + 16 + V25k% — 18k + 9 = 5 solving the equation: k = 5

\/(x—4)2+y2+\/x2+(y—3)2=5=>k=% (ii)

From (i), (ii) we get:

V2 +y2+(x—4)2+y2 +/(x—4)2 + (y — 3)2 = 10,

1
x=4k,y=3k,k=§
3

fyx2 +y2+/(x- D2 +y2+J(x- D2+ (¥ -3)2=10=>x=2y="

But: x+2y=5z=2z=1
So, (x,y,2z) = (2,;,1)
SP.300. If A € M,,(R); A3 = 24% + 74 + 41, then find:
QO = det(4? — 34 + 31,)
Proposed by Marian Ursarescu-Romania

Solution by proposer

A3 —24%2-7A-41I,=0,
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Let: f(x) =x3—-2x2-7x—-4=(x+1)*(x—4) > f4) =0,

Let be m, —the minimal polynomial m,/f = m,(x) = (x + 1)¥1(x — 4)*2, from
Frobenius theorem, result p,(x) = (x + 1)P1(x — 4)P2,p; + p, = n; (1)
pa(x) = det(xI, — A) = (-1)"det(A — xI,,); (2)

@

Let be the equation: x> — 3x + 3 = 0 with roots X12 = _31;“5 =1+ lizl

Where the equation: x* — x + 1 = 0 have the roots lizl‘/g.

a=1+ge*-e+1=0e=-1e=1,e+e=1¢-8=1.
det(A%* — 3A + 31,) = det(A — al,) - det(A — al,); (3)
From (2) result: p4(a) = (—1)"det(A — al,); p,(a@) = (—1)"det(A — al,,) then
pa(a) - py(@) = det(A — al,) - det(A — al,) = det(A* —3A + 31,); (4)
Pa(@) Pa@ = (a+ 1P (a — 4)72(@ + D71 (@ - 472 =
=((e+2)E+2)" ((c-3)E-3))" =1 +2(c+ 8+ 4P (1 - 3(£+ &) + 9Pz =
= 7P1.7Pz = 7P1*P2 = 7" = O = det(A% — 34 + 31,,) = T
UP.286. Prove:

n 1
f (n + x)Vn?+2* dx > n"\/(1 +/2)les™V2) p € N,n > 2
0

Proposed by Florica Anastase-Romania
Solution by proposer:

Inequality of means about integral forms:

) b—a
'fb dx
a @(x)

b
1 b 1
< eb-alu 0P < — f p(x)dx
a

1 n 1
1
Let ¢:[0,n] - (0,0), p(x) = (n + x)Vn?+x* - Hf(n + x)Vnt 2 dx
0

1  nlog (n+x)dx

> en 0 Vn2+x2 (l)
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n

n
10g(n+x) 1
j =f\/n2+x2-n2
0

Vn2 + x2
0

= log(n + x)dx

Applying Chebyshev inequality for function: p(x) = mtegrable and

f(x) =Vn? + x2,h(x) = log(n + x) increasing ,we get:

log(n+x) [ VnZ + x2 nlog(n+x)
( iz + 22 >><j n? + x? dx)-(J n? + x? dx> <

0 0

(o g(n+ x) [ nlog(n+x) ..
< m"x>><JW )'(J—nuxz “") th

0

o xz and f mdx =log(1 + V2)

flog(n+ x) L flog(nm +y) flog(n(l +9))

n? + x? h n?(1 + y?) n(1+y?) 1y =

0

1 1 1
B lognj‘ dy 1 f log(1+y) dv = ntlogn 4 1 J‘ log(1+y)
n

n ) 1+y?2 1+ y2 Y="am "n 1+ y? dy ,but:
0 0
1 y=tanz,dy=d—z2 %
j‘lo g1+y) ., cos Zf log(1+tanz) dz
1+ y2 1 cos?z
0 cos’z
3
1
T
= f log(1 + tanz) dz = glogz -
0
n
log(n + x nlogn =« nlog(n,/2
f—g( ) gy - THOIR Ty TOIOND)
n? + x? 4n 8n 4

0

From (ii)+(iii) we get:
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log(n + x) dx > log(nv2) - log(1 + v2) = log(1 + ﬁ)log(nﬁ) (iv)

; Vn? + x2

From (i)+(iv), we have:

1

n
f(n + x)Vn?+x? dx > nn\[(l +/2)logV2) n € N,n > 2
0

UP.287.1f 0 < a < b then

2 ab Vab

a

tan™1 (a — b) + j e~ dt < tan-ab
2ab
a+b

Proposed by Daniel Sitaru-Romania

Solution by Daniel Vacaru-Romania

We know that e* > x + 1,Vt € R.

Let’s integrate this on [z%l; 3V ab]. It follows that

Vab

f e t’dt < tan-"Vab — tan~! (

2ab
a+b

Zab):>
a+b

b .
tan™! (:%Z) + fﬁ;_ et dt < tan~'\ab, as desired.

a+b

UP.288 Solve for positive real numbers:

(x* y?r
—+—=1128(x8 +y8
St V128(x8 + y8)
{

1+ /1—xy
4x3 — 3y =
\x Y \/ 2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
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Solution by proposer

xZ 2
|(7+y7 = ¥128(x® + y%)
4 ; (1)
Ik4'x3—3y= 1+/1—xy
2

By CBS inequality, we have:
2
(\/2(;\:8 +y8) + szyz) <2(2(x® 4+ y®) + 4xty*) = 4(x® + 2x*y* + y®)

=4(x*+yH)? = J2(x8 + y8) + 2x2y% < 2(x* + y*)

4 x8+y8
=
1‘ 2

Other, \/x* — x*y* + y* = \[ (2 +V3)(x2 —xyV3 +y2)(2 - V3)(x + xyV3 +y2) <

- (2 +V3)(x? —xyV3 + y%) + (2 - V3)(x® + xyV3 + y?) _
< 5 =

< Jxt —x2y2 + y%;(2)

2x% — 3xy + 2y?;(3)

From (2),(3) we have

2

23 +y3 __(x+y)K2x2—3xy+2y2)+xy]:> ZJ;;ZJXY(ZXZ‘3xY+ZYZ)

< 2x% —3xy + 2y?%;(4)

2 2
By AM-GM we have: x; + y? = =

Xy 2xy 2xy

2 2 o x? y?
5 + y7 > 2./xy(2x2 — 3xy + 2y?) (:2; + yy > 1/128(x® + y®); (5)

From (1),(5) we get:

x2 2 922
y x x=y>0

J1=x2
From (1) result: 4x3 — 3x = /%

Because: 0 < x < 1, put: x = sina > 0;Va € (0, ) then
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3 . 1+ V1 -sin’a . 1+ |cosal
4sin’a — 3sina = > o sin(-3a) = — (6)

Case 1. cosa > 0; a € (0,m) = a € [0,2)
2

] 1+cosa 1+2C0$2%_1 a a
(6) © sin(—3a) = — = > = cosZE = cos =3

T
—3a=—+ 2knm
a T «
sin(—3a)=cosE<:)sin(—3a)=sin(E—E)=» ,21. a =
—3a=n—(5—§)+2kn
w 4kn
a=——-——
5 5
w 4kn
a=—————
7 7
Ifa=—§—%, because a € [0,121) we get:
0<-Z-H1 T le k<lo - >k>-T. keZabsurd!
5 5 2 4 8 4 8
T 4km b2
Ifaz—;—T, because a € [O’E) we get:
OS—E—ﬂ<E@1S—k<2@—12k>—g;kEZ:k:—lznx:B—":wc:
7 7 2 4 8 4 8 7

. 3m . 4w
y=sin—=smn—.
7 7

Case2.cosa < 0;a € (0,m) > a € (gn)

1-—cosa [1- (1 — 2sin? %) a a
(6) © sin(—3a) = = = [sin%2— = sin—
2 2 2 2

3a=2 42k e
-3a=— T a=——
, & 2 7
o sin( 3a)—sm2<:> g “a - s ok Ak
=TT + T A= —
2 5 5
Ifaz—ﬂ,becauseae(E,n):>3<—4k—”<n<:>zg—k<z(:>
7 2 2 7 8 4
—%>k>—%;kEZthenk:—1:>a:47":>x:y:sin47".
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2km 4kn T T 21 4km 9 7
Ifa=————,becausea€ (—,Tl’)ﬁ—< — << k-
5 5 2 2 5 5 8 4

—§>k> —Z;keZabsurd!

Therefore: (x,y) = (sin%";sin 47")

UP.289.If 0 < k <m;0 <[ < nthen:

1

4 kL ¢ B m+n (tan_l(l + xz))m+n
(;) of (tan T+ xZ)) dx > j (tan1(1 + x2))"+’ dx

0

Proposed by Daniel Sitaru-Romania
Solution 1 by Daniel Vacaru-Romania

We have tan=1(1 + x?) > g, Vvx € [0, 1]. It follows
k+1 k+1 -1 2\m+n
1 4 4 -1 2 tan™ " (1+x%)
s (z) =) e @eaty < TSR vx e (0,1]
Integrating this on [0, 1], we obtain:

1 1
k+1 tan—l(l + xZ)m+n

(%) E!-(tan‘l(l + x2)™t M dx > f dx

tan1(1 + x2)k+!

Solution 2 by Adrian Popa-Romania

1

Let be the function f(x) = tan™'x; f'(x) =

> 0,Vx € R = f —increasing.

k+l1

tan '(1 + x?) > tan™'1 = % - (tan_l(l + xz))kH > (g)

m+n
1 4\ ! (tan_1(1+x2)) 4\ et
= (7) (

o < (= (tan-1(1 + x2 m+n
(tan-1(1 + x?)) T (tan-1(1 +x2))k+l n) ( an”"(1+x ))

1 m+n .
(tan‘1(1 +x2)) 4 K+ ) .
[ i< () )
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UP.290If a,b > 1; f € €%([0,1]), f(0) < 0, f convexe then:

1 1
1 a b

2| f(x)dx = a? | f(x)dx + b? | f(x)dx
[reonzat e ani |

Proposed by Daniel Sitaru — Romania

Solution 1 by Kamel Benaicha-Algiers-Algerie

1
a 1
A= | fdx=a|f()d
abf X X abf (a) X
1
b 1
bsz(x)dxzbjf(%)dx
0 0
1

A+B=Of<af(£)+bf(%)>dx

f-convexeand a,b > 1, then: f(tx+ (1 —t)y) < tf(x) + (1 = t))y)

1) <2+ (1-2) 5@

B

() <30+ (1-7) 1@

1
A+B< sz(x) dx + (a— 1)f(0) + (b— 1)f(0)
0

| =

a b 1
asz(x)dx+b2ff(x)dxs 2ff(x)dx+(a+b—2)f(0);
0 0 0

ab>1=a+b—-22=>0
So, if f(0) < O then:
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1 1

jf(x)dx>a ff(x)dx+bsz(x)dx

Solution 2 by proposer

f € €2([0,1]); f convexe = f"(x) = 0; (¥)x € [0,1]. Let be g: (0,1] > R; g(x) =2

- h
g =T DD D g

hx) =fx)+xf"(x)—f'(x)=xf"(x) >0

h increasing h(x) = h(0) = 0 = g'(x) > 0 = g increasing

fxe (090 <g(l) =2

X

QRS

1 1 1
f(x)Safo):ff(X)dXSf“xf f 2i (‘11 =%lf(‘—11)
0 0 0

f(i)2 Zaf(;%f(x)dx.lfxe E,l];g(x) zg(i) - I

fX)zaxf (%)

Qlme—
\h
)

=
—/
U
=
v
Slme—
Q
=
\H
—
QlIm
—
I
Q
\H
/-~
Qlr
—
\Q
=
&
=
I
Q
\H
/N
| -
<

Q=

1
1

a 1 Zaff(x)dxz(az—l)ff(x)dx
0 0

1 1 1
1 a 1 a

1
fdx=]| f()dx+ | f(x)dx > | f(x)dx + (a — 1) f(x)dx == a? | f(x)dx
[ [roracs frmees [ ]
[1fG)dx = a? [if(r)dx (1). Analogous: [ F(x)dx = b [Ff(x) dx (2)
By adding (1); (2):
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1 1

jf(x) dx>a ff(x) dx + bsz(x) dx
UP.291 Prove that:

1

2
(log(l + x) - log (; + x)) dx < %(j log(1 + x) dx>

0

O\ Nl =

Proposed by Daniel Sitaru — Romania
Solution by proposer:
Letbe f:[0,1] - [0,0); f(x) = log(1 + x)

"(x) = >0 fi ;
f'(x) = = > 0; f increasing

prefo] = rw=r ()= 101 (2) <o
(e D)2 ()= (eed) 1))
0= @) (re- 1) =

(log(l +x) — log%) (log (3 + x) —log ) <0

3 3 3 3
log(1 + x) log (— + x) - log— -log(1 + x) — log— -log (—+ x) + logzz <0

3 3
log(1 + x) log( + x) < log— log(1+x) + log— log( + x) —log? 2

1

3 3
(log(l + x) log (E + x)) dx < logif log(1 +x)dx +

O\N“—k

1

3
log? dx =

c\NlH

+1 Sfl (3+ )d
og; | log(5 +x)dx—
0
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1

3 3
= logi log(1+x)dx + logif log(1+ x)dx +

O — i

1
2
1

1l 23—1 BJI 1+x)d 1l 23
;log”> =log- | log x)dx — 7 log” 5

0

1

3 3 3
(10g(1 +x) - log (E + x)) dx <2 Ingj log(1 + x) dx — log? (E)
0

2

Q\Nlh‘

Remains to prove:

1 1 2
3 3
2log—= | log(1+ x)dx —log? (=) < log(1 + x) dx
g2 4 g 2 g

0 0

1 2 1
3 3
(f log(1 + x) dx) -2 logif log(1 + x) dx + log? (i) >0
0 0

1 2
3
(f log(1 + x) dx—logz> >0
0

UP.292. Prove that:

1
X 2 1 (r + 2)?

jtan x+ )dx+4 ——dx > ———
1+x

0

Proposed by Daniel Sitaru-Romania

Solution 1 by George Florin Serban-Romania

b 2 b b
<ff(x)g(x)dx> < (ffz(x)dx> (f gz(x)dx>—C.B.S

67 | 20-ROMANIAN MATHEMATICAL MAGAZINE SPRING EDITION 2021



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1 2
j (tan‘lx + 1 :xz)z dx > (f (tan‘lx + 1 -:xz) dx)
0

0

1 1 2 1 1 2
3 tan1 . g xdx 3 T xdx xdx 3 2
= X xdx + m = | xtan x|0— 1+x2+ 1+ 22 —1—6
0 0

0

1 1 5 1 2
4! (1:1# = 40[ (@ +1x2)2) dr=z4 (j a f§2)2>

T T V3 T
7 11 (2 ) X 7 X 7
=tan(t) + cos(2t
= fcosztdt =j = E_[ EJ cos(2t)dt
0 0 0 0
1 tl% N 1 sin(Zt) m+2 f (11' +2)?
2 02 2 1o 1+ x2)2 16
1 1
f t 7 )Zd +4f 1 g™ 2" (@t 2y
anlx + ) dx 1+t 16" 16 16
0 0
Solution 2 by Adrian Popa-Romania
Let: f(x) = tan™1x t==>f (x) = >0

)2

We must show:

1 1
2 2
Of fdx + Of 0oy > T

BS

1 1
ffz(x)dx+f(f’(x))2dx A"E ffz(x)dx f(f (%)) dxc
0 0

1 2 1
0

0

(tan‘lx + ad )l: = (tan‘ll +%)2

1+ x2

:(n+2>2:(n+2)2

4 16
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Solution 3 by Avishek Mitra-West Bengal

(t g )2+ 4 Am_sz(t T ) 2
m T X (1 +x2) — m XTI (1 + x2)2
3 4tan1x N 4x
T (1+x2)2 (14 x2)3
x%=z 1 _2
I _f dx 2xdx=dz dz _ 1+2) _ §
17 ) (1 +4x2)3 a 1+2)3 -2 T4
0 0 0
T
1 tan-1 x=tan6 4
an “Xx dx= secZBdH
I, = md JGcoszede
0 0
n
‘ 2 @sin(20) (20) 7 2 1
1 110 sin cos yi4 i
o1 2 =_|= =+ ———
zfe( + cos( 9))d9 > + > + 2 L 64+16 3
0
an =" 471
2716 4 2
1 1
-1 X z 1 (Tl'+ 2)2
Q:f(tan x+1+x2) dx+4‘fmdx2412+11=T
0 0

Solution 4 by Tobi Joshua-Nigeria

1
2

tan 1x + 2)
+ x

1
d““fm""
0

bl-

1

f (tan 1x)%dx + 2xtan”"x + * dx +
1+x2  (1+x2)?2

0

1

+4f 1 dx > (+ 2)2 x=tan(y)
a+x* """ 16 :
T 11'
z
2ytan(y) tan’y 5 f sec ydy (r +2)?
f( sec?y * secty secydy +4 secsy 16
0 0
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i
(11' + 2)2
) of secty

i i
[ ((rtanc) + EELZDY) oy [ B, (2 2
0

sec? secy

n

Z

j(y + 2ytan(y) +
0

0

T T

i ( Ddy\ | (m +2)°
9 sec’y — J 6

j (d (y tan(y)) + secly > + 4 | cos®ydy > 16

0 0

Recall that: cos®x = 3% (cos(6x) + 6cos(4x) + 16cos(2x) + 10)

L T
; [ (sec?y — 1)dy
5 secty —
fd (y tan(y)) + secty
0 0
T
4| (m + 2
+
ﬁ (cos(6y) + 6cos(4y) + 16cos(2y) + 10)dy > T
0
s
x 4
(yztan(y)): + f(l — cos?y)dy +
0
) 6sin(4y) i (m+2)?
4 (sin(6y) 6sin(4y . 4 (m+2
+§< % + 1 + 8sin(2y) + 10y>0 > T
T
4
n+ f (2y))d +4( 1+8+5n)>(n+2)2
16 ' 2 cosLEy))Y T3276 2 16
0

w? 7m 35 (m+2)?
>
16 4 48 16

1 [m? 35 (1r+2)2
+ 28w + —
16 16 3 16
2

+ 28 +35>( +2)?
16 ' “°F T3 7\
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UP.293. Solve for real numbers:

( 2 2
X
[ o
2y 2x
I
\¥?y?—y3+1=y2x2 -2y +1
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

4x4+y4

Solution 1 by Orlando Irahola Ortega-La Paz-Bolivia

(

| x? oy 4xt 4yt
s~ i O

|

\x2y2 -y +1=2x2 -2y +1;(2)

4 4 14
From (1) we have x* + y* = 2xy4,/% = x% + y6 + 223y = 4xy

x3 1 [x2 2
AP _(_+y_)

xt+yt
2 y =

Let:t=§+§=>t3—3t+2=2\/2t2—4=>t(t2—1)=2(x/2t2—4—1)=>

2

2 2 2
(2 —3)2 = 4(V2e2 -4 - 1) :>(\/2t2—4 +4)(\/2t2—4 —2) =
2
32(V2t2—4-1) .
let m=V2t2 —4=>mM?*+4)(m?* -2)?=32(m-1)?*=>
m® —44m? + 64m — 16 = 0 © (m — 2)(m° + 2m* + 4m® + 8m? —28m + 8) = 0
m—-2=0>m;=2=>vV2t2—-4=2>t=+12,butt =

+2s->
X

AR
NlH-
‘<I>§
RI‘<

:tzz;x,yele.Fortzz:>§+§=2:>(x—y)2=0=>x=y;(3)

m5+2m4+4m3+8m2—28m+8=0=f(m)
Condition: m > 0 = V2t2 — 4 = |m|
fm=0=f(0)=8>0m=1= f(1) =—-5< 0= 3x, € [0, 1] solution.

Ifm>1= f(m > 1) > 0 = don’t exist solution.

71| 20-ROMANIAN MATHEMATICAL MAGAZINE SPRING EDITION 2021



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Fom (2) we have y?(2x% —2y) +2 = 2,/2x2 -2y + 1=
2
yi/2x2 —2y+1 +2—-y*=22x2 -2y +1

let:t =222 -2y +1=>t2y2+2 —y2 =2t => (t - 1)(ty* +y* -2) =0 >
t=1;(x);ty* = 2 — y% (%)
From(*)=>t=1=.2x2 -2y +1=1=y =x%(4)
From(**)= ty? =2 —y? > t?y* =yt —4y? + 45 y*(2x2 -2y + 1) = y* — 4y? + 4
X2yt +2y2 =95 +2

=x X =
Wehave:{y_ 2=>x2—x=0=>{ Y
y=x

x=y=0 N
X2yt +2y?=y5+2

x=y=1 andx,y¢0:>{
>@x-1DE*+2x+2)=0
Ifx=1and x° + 2x + 2 = 0,Vx > 0 7 solution.
VXER,-1<x<0>3x<0,y<O0butfrom(2)result 2x* —2y+1>0>
2x2+1>2y=y>0andhowy < 0,Ax,y for satisfying the system.

So, x = y = 1 unique solution.

Solution 2 by Abner Chinga Bazo-Lima-Peru

1 [x? 2 1 I |
(" y>2§—(J;-I-—I_};) “laemo

2

y X

Equality occurs when x = y.

a2 YR a[xtayt
The problem: 2 +o= 5 (ii)

44 4
From (ii) in (i) result: 4/x ;y = HTy;x,y >0
Equality occurs when x =y = k.

x2y?—y3+1=/2x22-2y+1ok*-Kk3+1=2k?2-2k+1 &
(k* -k +1)?2=2Kk>-2k+1o
k® — 2k7 + k® + k5 + 2k® —2k? -2k +2 =0 & k(k— 1)?(k> + 2k +2) = 0;k > 0

Sincek>0=>k5+2k+2>2=>k=x=y=1.

So, (x,y) = (1, 1) unique solution.
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Solution 3 by proposer
Let (1): —+—_24/" + 4/"4” " +y PV e AN
2
(x® +y3)*

Gyt~ =80t HyD e (& 4yt = By)* Gt +yM); (2)

We have:
2% —xy+y2)?2 — (x* +y*) = 2(x* - 2x3y + 3x%y? — 2xy3 + yH) — (x* + yH) =
=xt'—4x3y+6x?y?  —4xy3+yt=(x-y)*t=0>
x4 +y

22 —xy+ ) —(xt*+yH)>0=> (2 —xy +y*)?% = 1 (3)

By AM-GM inequality for two positive real numbers, we have:

(x +P)*a2 — 2y +y2)? = (2/xy)" (2xy — xy)? = 16(xy)*
From (3) result:

4 4

+y

(x+ P*(x? — xy + y2)?2(x? — xy + y?)? > 16(xy)* -

[((x + y)(x% — xy + yH)]* = 8x*y*(x* + y*) =
(x3 + y3)4 2 8x4y4(x4 + y4); (4)

From (2),(4) result the equality (x3 + y3)* = 8x*y*(x* + y*) occurs if
x—y=0
{x:y>0@x=y>0

letx=7vyin(1):x*—x3+1=+v2x2-2x+1;(5)
2 _ 2 1\ 1 _ N2 1.1
Because 2x —2x+1—2(x _x+Z)+§_2(x_E) +E E>0\7’x>0henceby

AM-GM inequality, we have

2x2—2x+1+1_2x2—2x+2
2 B 2

From (5),(6) weget: x* —x3+1<x*—x+1eoxt*—-x*-x*+x<0e

J@x2-2x+1)-1< =x2-x+1;(6)

x(xP—-x2—x+1D<0exx*x-1D-x-1D]<0ex(x+1Dx-1%2<0;(7)
Because x > 0 then x(x + 1)(x — 1)2 > 0 from (7) we get: x(x + 1)(x — 1)? = 0 and
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2x2-2x+1=1 (2x(x—1)=0
equality occurs if x—1=0 :»{ x=1 eox=y=1
x=y>0 x=y>0

Hence (x,y) = (1,1) is the solution for the problem.

Solution 4 by Miguel Velasquez Culque-Peru

Condition x > 0,y > 0and x + 0,y # 0. By AM-GM we have:

xZ yZ xZ yZ 4 x4- +y4- x4 _|_y4
4 >2 === >/ > x2y?
2yt 2x T2y VYO [T EN e T =Xy e

xt + y* = 2x%y? & (x* — y*)? = 0. Equality holds if x = y.

Replace in the second equation:
X2yt —yi+1=\2x2—2y+1=xt - +1=22-2x+1 &
x*—x3+1)2=2x2-2x+1ex8-2x"+x°+2x3-2x24+2x=0&
x(x7 —2x0+ x5+ 223 —2x2 - 2x+2) =0 x(x—1)?*(x*+2x+2) =0

x =1,becausex # 0and x> +2x+2>2>0

UP.294. In AABC,AD, BE,CF —medians, G —centroid; AM = MG, M € (AG);
2cotA = cotB + cotC
Prove that: DEMF is a cyclic quadrilateral.
Proposed by Marian Ursarescu-Romania
Solution by Daniel Vacaru-Romania

We have: 2cotA = cotB + cotC

2cosA cosB cosC 2cosA  sin(B + ()

=> — = — + — = — = — .
sinA sinB sinC sinA sinBsinC

= 2sinA - sinB - sinC = sin’A
= 2bccosA = a? = b? + ¢? = 2a?

For DEMF is a cyclic quadrilateral it suffices to prove that:

MF -DE+ ME -FD =FE-MD=2m,=my,-b+m,-c

But 4m,2,=2(a2+cz)—b2=2a2+202—b2=3c2:>mb=§,m6=b2—\/§,
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av3

4m2 =2(b%2+c?) —a® >m, = >

2 2 2, .2 2
ltfollowsmb-b+mc-c=b-(02£) +c-(bzﬁ) _ +;)‘/§=2“2‘/§=az\/§=Zma-a

UP.295 Find a, b, ¢, d € R such that:
(5 2+ (5 D=0 1)
3 3
(5 & G 9= 2)
Proposed by Daniel Sitaru-Romania

Solution by Daniel Vacaru-Romania

We note: (—ab Z) = X and (_c d ?) =Y.

Our syst Id be writt { X+¥=1I,
ur system cou e written as X3+Y3=212

Let’s observe that XY = YX,thenb = 0;d = 0.

It follows allzzgﬁcl'zzl_:;i;/ﬁ:B?Zﬁ
We obtain:
3+v21 0 3_71 0
X= ° Y= 6 and
) e )
3-v21 3 ++21
0 c 0 .

UP.296.If x,y,z > 0; xy + yz + zx = 3 then:
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3| 2x 3| 2y 3| 2z

3
O+ (G0 T Gy 4

Proposed by Pedro Pantoja-Brazil

Solution by Tran Hong-Dong Thap-Vietnam

Witha,b,c>O,Iett=a+b+02\/B(ab+bc+ca) =3

3 2a _ 1 3| 2a _ 1 3| 2a 1 1Am;Hm
(b+¢)7 (b+c)? |b+c (b+0c)? |b+c -
1 3 1 3

> . = .
~(b+c)? 1 (b+c)? b+c
1+1+ 7a 1+1+ 7a
b+c
a 2
6a _ 6(b+c)

“(b+o’@a+b+c) 4aZ+ab+ac

p N2
3| 2b > 6(c+a)
(c+a)” — 4b% + ba + bc

c \2
3| 2c 6 (a + b) 3| 2a

= = LHS = Z —_—

(a+b)” ~ 4c%2+cb + ca (b + )

cyc

2 2 2
(b-la—c) n (c-llza) n (a-(i:—b)
4a% + ab +ac 4b%2+ba+bc 4c*+cb + ca

a b c \2
6‘2‘56_ (b+c+c+a+a+b)
- 4(a? + b% + ¢%) + 2(ab + bc + ca)
a b c \2 a b c \2
_ 3'<b+c+c+a+a+b) :3'(b+c+c+a+a+b)
2(a? + b% + c?) + ab + bc + ca 2(a%2+b%2+c%) -9
a b c a? b? ¢z  B-c-s
=

+ + = + +
b+c c+a a+b ab+ac bc+ ba ac+ bc
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(@a+b+c)?®  (a+b+c)?
~ 2(ab + bc +ca) 6

4

So, we need to prove: @ 4t* > 36(2t* —9)

2
2t2— 9
ott—-18t2+81 >0 (2 - 1)2 > 0 true for t > 3. Proved.

Equality> a=b=c=1

UP.297. Let (a,,) ,»1 be a sequence real numbers such
thata, € R} = (0,),vn € N*and

lim2l=gqe RZ. Find:

n—oco Nay

2
zmjrrr

Proposed By D.M.Badtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers:

letbe b, = a,-a; 3az- .. "a,vn>1.

From Cauchy-D’Alembert Criterion (C-D’A), we have:

c—-D'A ] n+1 bn+1_
b B = fim (/B =" lim — s (1

n n _n/ n n+1/ n
limﬁzni_)ﬁ\/%cglql'm&-:—zlim( n )n anﬂzllimﬁ

l
n-o (0 + 1)n+1

n-co N n-o \n+ 1 n+1 en->o N
1 . . ay c-p'A 1 . a,1 n" 1 a1, N \" a@
=—-lim = lim——————=—-lim (—) ===
e noo\nmt e now(n+ 1" a, en>ona, \n+1 e

" bpia by n n+1\ a €2
li 1/ n = Lli li . . =——-1=1
nlﬂ.} nllﬁ "/b, nl—rg< n+1 n/bn n e? a

Solution 2 by proposers

lim—loab . logb,,, —logb, lim n_ logb,., — logb, c-s
n_,oonz g n+1_n_)00 (n+1)2—n2 _n—>002n+1 n =
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_ 1 lim logb,,; —2logb,,, + logb, _ 1 oal lim bp.z - by _
2 n-o n+1)—n 2 g n—co b121+1
1 / "a,., " a \ 1 "*a n+1 n+2
=—log| lim \/ nt? \/ ntl =—log (lim n+2-n+1 . >=
2 \n—wo vl 27 N\now nt2 g n+1
n+

1 a ée? 1 o L
= - log <e_2 — 1) =5logl=0= 5513"3/% = enlBnz!09Pnil _ g0 — 1

UP.298. Find:

Q= lim (2"+i/(2n FDI-(n+ 1) - 22N n!)

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Adrian Popa-Romania

« L=1im(ynyq —yn) = alogB

2n+1)! (2n+1)!
Cn+ D = = v
(2n —1)! (2n —1)!

2-4-.-2n—-2) 2" 1-(n—1)
Q-1 m+2((2n+1)!-(n+1)! 22/ (2n—1)!-n!
T e 27 -l T |zt -1y

|/2n+2\/(2n+ D @m+1) Zn\/(Zn— ! -n\

2n-1' =

= lim om |

n—-oo Zn—l
\ Yn+1 Yn /
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C Yn . o 22n-1D!''n n[(2n—1)!'n
,P_g},? = ,1,1_210 Zn—l . nZn = ,lll_,rg) 211—1 . nZn

2n+1)!-(n+1) 2n-1.p2n
2"-(n+ 12 -(n+1)2 2n—1)!-n

c-D'A
= lim

n—-oo

=lim\/2n(2n+ 1)_( n )Zn V2

2n(n+1) \n+1 =?=a
miz|(2n+ 1) -(n+1)
Ynt1 _ .. 2m n n+1

lim = lim

n-o Yy, n—oo n+1 Zn’(Zn—l)!-’n n
2n-1

/2n+2 (2n + 1)' (n+ 1)\
= lim

n1
n—-oo n—>oo\ 2n (2n 1)| /
«’ 2n-1

n+1-1
((Zn + 1)| (n+ 1)) n¥z ((Zn +1!-(n+ 1)) n+l
2n
= lim 7 = lim
n-oo (211 _ 1)! - n\Zn n-oo (Zn —n_ll)' n
2n—1 2
2n+1)!-(n+1)
. on 1
= lim .
n-oo 2n—-1)!''n nm1[(2n+ 1) (n+ 1)
2n—1 om
. 12n2n+1)(n+1) 1
= lim .
n-co 2n m12n+ 1! (n+1)
Zn
2n+1)(n+1) n+1 e
= lim . =V2-—=e=
MJ M D2 yumt 7 ¢~ F
z Vz
QO =alogp =?-loge =
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UP.299. If m, p € N* —fixed values; a,, € (0,); b,, € (0,©),n € N*

an+1 bn+1
li =a>0 lim——— =b>0
noses Bn+m)a, @ nses (4n+p)b,
Then find:
_ (n+1)3 n3
Q = llm n+1 - n
= VALTS I bn+1 \Van bn

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Remus Florin Stanca-Romania
(n+1)3 n3
n+van+1 b1 - r\l/an ) bn>
n3 <(n +1)3 . ’m _ 1)
n3 n+m

3n+m 4n+p n3 ) ((n+1)3 . Nanbn _ 1)
"la, /b, (@n+m)(4n+p) n3 Ml b1

1 . (Bn+3+m)mt? a, . (@An+4+p™t b,
= —1lim . - lim '
An+1 (311, + m)n bn+1 (411, + p)n

Q=lim<

n—>oo

= lim,,_

12 n->w

n—-oco

limn

n—->oo

<(n +1)3 Ya, b, >
n’ n+1\/ Ani1 " b1
1 e?

a,b
=13 a5 99 (e3 lim——"—-"Ya,.,- bn+1)

n-o @y q1byiq

2 2 2

e ’ ( ; 1 ab) e Lo e
~12ab °9\® "ab e?) " 12ab " " 12ab
Solution 2 by Mokhtar Khassani-Mostaganem-Algerie
n+1)3 n3 - n?
Q=lim< ( ) >c:s lim

n+1 - n n
noe \/an+1 “bpyq \/an b, noe \An b,

(n + 1)2n+2
2n D
— lim nn C_:,A lim an+1bn+1
n-oo anbn n—oo n2n

anbn
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o2 (3n+m)a,, (4n+p)b, (n+ 1)? e
—C T a,., b1 (4n+p)(3n+m) 12ab

f(x+1)

oo x2f(x)

UP.300. Let be f,I: R}, — R} = (0, ) such that llm =a € R} and

exist lim(f(%)x and I' —Euler’s function by class 2.Find:
X—00
1 1
i [ G+ D) (PG +2))¥77 (¢ ))%
bt x? (x + 1)? Jx

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution by proposers

(f( )) (f( ))" lim"f(n)c DA f(n+1) n?"
x—>oo x2 nEN noow _| Mn n-oo (n + 1)2(n+1) f(n)
- lim f(n+1) ( n )2("+1) _a
oo n2f(n) \n+1 e
Similarly:
1 1
Tx+1D)*  (Tm+D)*  Ynl  =lnlcpa
m————=Ilim——————=Ilim—=1lim |[— =
X—00 xZ n—-oo nZ n-oo N n—-oo nn

B (n+1)! n" 1

im—————=—.
nowo(n+ 1)1 n! e

1
Let: u(x) = M . (ﬂ) then limu(x) = 1 and lim 2™t _ 4 so, we have:

1 l
(F(x+2))x+1 xX—00 x—oo logu(x)

llm(u(x)) = lim ?g : 2 (x - 1) (T(x + 2))x+1 —e lim% e? ~=e.
Therefore:
1 1
[T+ D) (Tlx+2))1 L (f(x)) ((x+ 2))x+1
B(x) - < x2 - (x + 1)2 (f( )) - (x + 1)2 (u(x) - 1)
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1 1
_ (Y rE+2)) (ux) -1
- (x+1)2 logu(x)

> logu(x) =

1 1
F@)y Tx+2))*T  x <u(x) -1

x? x+1? x+1 logu(x)> log(u(x))".

imB() =2 L 1. 10ge =2
imB(x) = - oge =3

X—00
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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