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JP.301. Prove that in any ABC triangle the following relationship holds:
A B B Cc C A
tan® —cot — + tan?®—cot — + tan®—cot — > V3
2 2 2 2 2 2
Proposed by Marian Ursarescu-Romania
Solution 1 by Daniel Vacaru- Romania
A B B C A tanzé tan? g tan? %
tanzicot5+ tanZEcotE+ tanzicotf = + -t i
tan+ tan = tan
2 2 2
2
Bergstrom (tan% + tan% + tan %) ct'(;)rggztc A+B+C
= > 3tan————=+/3
A B Cc 3
tanf + tanf + tani

Solution 2 by Henry Ricardo-New York-USA

Engel’s form of the Cauchy-Schwarz inequality gives us
2

A A
,A B tan? 5 (chc tan 7) A
Ztan Ecot5=z B > B ZZtanEZ\/g
cyc tan 7 chc tani cyc

cyc
Where the last inequality is known (see 2.33 Geometric Inequalities by Bottema)

JP.302. In any AABC the following relationship holds:
a’r, + b*ry, + c*r. > 54Rr?
Proposed by Marian Ursarescu-Romania

Solution by Daniel Vacaru-Romania

We can write:
a? b? c? Bergstrom (a+b +C)2
a’r,+ b*ry +c*ro=—+—=—+—+— = T— =
17171 1.1, .1
rq ry re rg Ty re
B (a+ b+ c)? _(a+b+c)? 5
C(s—a)+(s—-b)+(s—c) 1 =(a+tb+or
S r
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(a+b+c)r
- 2s
But: (a+ b+ ¢)?® > 27abc =
27abc-r 27-4RS‘r
2s - 2s

a’r, + b*ry, + c*r. > = 54Rr (g) = 54R7r?
P.303.1fx,y,z > 1,x* + y* + z2 — 2xyz = 1,n = 0 prove:
2n+x)(n+y)(n+2) < (n+1)3(1 + xyz)
Proposed by Marin Chirciu-Romania
Solution by proposer
Denote t = xyz and from x2 + y? + z2 — 2xyz = 1 we get
xX2+y*+z2=1+2xyz=1+2t
From C.B.S. Inequality we have
(x+y+2)?<3(x%+y%+2%) =31+ 2xyz) = 3(1 + 2t), where
x+y+z<. 31 +2t)andxy+yz+zx <x®+y*+z2=1+2t

Therefore,

3
m+x)(n+y)(n+2z)— (n -;1)

XYz =

(n+1)3
2
n+1)°

<n®+n%/3(1+2t)+n(1+2t) +t— > t=
n+3n?-n-1

=nd+n+n?/3(1+2t)—t- >

Remains to prove that:

=nd+n?(x+y+2z)+n(xy+yz+zx)+xyz— -xyz <

n+3n -n-1 @nm+1)>3
N

nd+n+n2/3(1+2t)—t- > £

¥ +3nf+n+1 n+3n2-n-1

n?,/3(1+2t) < > +t 5 o
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3 +3n2+n+1 n3+3n2—n—1>2@

4 <
3n(1+2t)_< > +t >

—n®+3n2 +n+1\° n3+3n’+n+1 nP+3n2-n-1 n+3n2—n-1\°
+2- . +lt————— ") o

*1+2p) < -
3nt(1+2t) < > 5 t 2 2

n—-6en*+7n*+4an3 + 7 +2n+1
+
4
—n®+11n°+2n® —n*-2n-1 ) nt+6n®+7n*-8n® -5n2+2n+1
. +t .
2 4
t?(n® + 6n° + 7n* —8n® —5n® + 2n + 1) + 2t(-n® + n* + 2n® —n? - 2n - 1) +

3n*(1+2¢) <

=4

+n® —6n° —5n*+4n3 + 7’ +2n+1=> 0
(t—1D[t(n® + 6n° + 7n* — 8n® — 5n% + 2n+ 1) — (n® — 6n° — 5n* + 4n3 + 7n? +
2n + 1)| > 0 which result from t — 1 > 0 and
[t(n® +6n°+7n*—8n3 —5n% +2n+1)— (® —6n° —5n* +4n® + 7Tn® + 2n+ 1)| 2 0
true from
[t(n® + 6n° + 7n* — 8n3 — 502 + 2n+ 1) — (n® — 6n° — 5n* + 4n3 + 7n? + 2n + 1)] <
< [(n® + 6n°+ 7n* —8n% —5n% +2n+1) — (n® — 6n° —5n* + 4n® + 7n? + 2n+ 1)| =
=12n° + 12n* —12n® —12n% = 12(M* - 1)(n* - 1) =
=12(n—-1)*(n+1)M?* +n+1) = 0 true.

Equality holdsifandonlyif x =y =2z =1

JP.304. Solve the equation in real numbers:

+|x8 +1

3-3Ya2—x+1+ =2(x*—3x+4)

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by proposer

+/x8+1
3.';'/xz_—x+1+’ 5 =2(x*—3x+4);(1)
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By C-B-S Inequality, we have

(,/2(x8+1 +2x) <22+ 1) +4x ] =40+ 2xt + 1) =4(x* + 1)% =
V2B + D +2x2<2(x*+1) o284+ 1) <2x*—x*+1 &

4x8+1

— xZ (2)
Other
VA= 1= G402 - (x3)’ -

= [@+V3)(x - V3 + 1)(2 - VE)(x2 + 13+ 1) <

<(2+\/§)(x2—x\/§+1)+(2—\/§)(x2+x\/§+1)_
< > =

_4x2—6x+4
B 2

8
From (2),(3) we get: 4["7’“ <Vx*—x24+1<2x*-3x+2;(4)

=2x2-3x+2; (3)

By AM-GM inequality, we have:

3-Y(x2—x+1)-1-1<(x2—x+1)+1+1=2x%-3x+2; (5)

From (4),(5) result
3 +1x8 41
3-Vx2—x+1+ >

2x* —3x+4)<3x?-4x+502x*-3x*-2x+3<0&o
2x3(x -1 +2x2(x-1)—-x(x-1)-3(x—-1)<0&

<x2—x+3+2x>2—-3x+2=3x2—-4x+5;(6)

From (1),(6) result

(x—1)(2x3+2x2—x—3)SO@(x—1)(2x2(x—1)+4x(x—1)+3(x—1))SO

(x—1)?22x*+4x+3)<0; (7)
(x—1)2=>0,vx€R;2x> +4x+3 =2(x+1)2+1 =1 > 0.Hence
(x —1)%2(2x% + 4x + 3) > 0 and from (7) we get
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(x —1)%(2x% + 4x + 3) = 0. Equality occurs if:
I{ x—1=0
4 V2(x8 +1) = 2x2
|

(2+‘/§)(x2—x\/§+1)=(2_\/5)(xz+x\/§+1)=>x=1.

>-x+1=1

Hence, x = 1 is the solution of the equation.

JP.305. Solve the equation:

V2(x*+1)+2/3x—2x* =7 - 3x
Proposed by Hoang Le Nhat-Hanoi-Vietnam

Solution 1 by Agayev Sedreddin-Baku-Azerbaijan

V2(x*+ 1) +2y3x—2x*=7—-3x

—2x% 313
3x — 2x 20=>xe 0; |=
7-3x=0 2

2+x4+1_|_2 1+3x—2x4_

7—3x=+/2(x* + 1) + 2/3x — 2x* <

2
x4+3+1+3 2x* 3 413 +5 3 6 +9<0
= —_ —_ —_ = —— —_ — —_ —_
2 2 X X Zx X 2 2x X 2 =

x*—4x+3<0ox*+3<4x; (»)
x>0 x*+3=x*+1+1+1>4x*=4x; (x%)
By (*),(**)=>x* +3 =4x = x = 1.

Solution 2 by Khaled Abd Imouti-Damascus-Siria

J2(x* +1) +2¢/3x — 2x* = 7 — 3x; (1)

P! 3|3
3x — 2x 20:>xe 0; |=
7—3x=0 2
— 9l
Denote:{u_zx +14:>u+v=3x+2
v=3x-—2x

So, the equation (1) can be written as:
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Vu+2Ww=7-u+v-2)eoVu+2v=9-(u+v);(2)

(2)
Now, letbe:a =u—-4;f=v—1thentu=a+4v=0+1=

Va+4+2/p+1=4-a-po2/p+1+f=4-a—Va+4(3)

1

Let be the function: f1(B) = 2/ + 1+ B; f1(0) =2;f" (B) =1+ 2% >0
. ! 1
Let be the function: f,(a) = 4 — (a +vVa + 4);f2(0) =2;f,(a) = — (1 + zm) <0
ot
So, the equation (3)is satisfyingwhen a = g = 0 = {3; :x _00 >x=1
—3x =

Solution 3 by proposer

J2(x* +1) +2¢/3x — 2x* = 7 — 3x; (1)

— 2x% 313
3x — 2x 20=>xe 0; |=
7—-3x=0 2

Using AM-GM for two positive real numbers, we have:

VI D = (2] + 02 - (2v2)] =

= (@ +VD)(x - 2+ 1)(2 - VE) (a2 + 12+ 1) <

<(2 +V2)(x2 —xv2+ 1)+ (2 -V2)(x? + xV2 +1)
< > =

V2(x*+1) < 2x%2 - 2x+2;(2)

Other: 2V3x — 2x* = 2,/x(3 —2x3) < x+3 - 2x* = —-2x3 + x + 3; (3)

2x2 —2x+2=

From (2),(3) result:

V2t + 1) +23x—2xt <2x? —2x+2-2x3+x+3=-2x3+2x2 —x+5;(4)
From (1),(4) result: 7 —3x < -2x3 +2x? —x+5 &
2x3 —2x2-2x+2<0e (x—12%2(x+1) <0;(5

Because: x €

O;S\El:>x+1>Oandhow(x—l)z20=>(x—1)2(x+1)20;(6)

From (5),(6) equality occurs if (2),(3) simultaneous occurrence. Hence:
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o

1@ +vD)(2 -2 +1) = 2 VD)2 + 1T +1)

x=3-2x°3
\ x—1=0

Rl

2x2 —-4x+2=0
2x34+x—-3=0
\ x=1

Solution of equation is: § = {1}

(
X €

JP.306.If a, b, c > 0 then:

(a+2c)Va+ (b+2a)Vb+ (c+2b)Ve<(a+b+c)/3(a+b+c)
Proposed by Daniel Sitaru-Romania
Solution by Daniel Vacaru-Romania

Function t — +/t is concave.That implies:

((a+2c) + (b+2a)+ (c+2b)) 3(a+b+c)

(a+2c)Va+ (b+2a)Vb+ (c+2b)Vec<3(a+b+c) %ﬁ

(a+2c)Va+ (b +2a)Vb+ (c+2b)Ve<(a+b+c)/3(a+b+c)

(a+20)Va+ (b+2a)Vb + (c + 2b)Ve _ \/m +20)a+ (b+2a)b + (c + 2b)c

JP.307. Solve the equation in real numbers:

4 3
Xt —3x
Va3 —2x2 + 2x + 3Va2 —x + 1+ 23 4x—3xt =————+7

Proposed by Hoang Le Nhat-Hanoi-Vietnam
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Solution by proposer

x* —3x3
\/x3 — 2x? +2x+3§/x2 —x+1+2y4x — 3x* =T+ 7; (1)

x((x—-1)?*+1)=>0

3 _ 2 2 _ >
x3 —2x +42x20: x(x 32x+2)_0: T o
4x —3x* >0 x(3x*—-4)<0 0<x< 3

3|4

0<x< |-

<x< |3
2

xz—x+1—<x2—x+1)+§—(x—1) +§>§>0
B 4) 4 2 4~ 4

Hence, by AM-GM inequality for positive real numbers:

Let:

Va3 —2x2 +2x+33x2 —x + 1+ 27/4x —3xt =

=Jx(x2 —2x+2)+3Y (2 —x+1)-1-1+2/x(4-3x3)-1-1<

x+x2-2x+2 5 x+4-3x3+1+1
< > +(x*—-x+1)+1+1+2- 1 =
—3x3+3x2—2x+14_

2 )

(2)

Va3 —2x2 + 2x+33x2 —x+1+24x —3x* <

From (1),(2) we get:

xt — 33 —3x3+3x2—-2x+14 x*—-3x3+14 -3x3+3x2-2x+14

xt-3x3+14<-3x3+3x* - 2x+14ox(x*-3x+2) <0

x(xz(x— 1) +x(x—1)—2(x— 1)) <0eox(x—1DX%2+x-2)<0
x(x+2)(x—1)2<0;(3)
Because: x > 0=>x(x+2)>0=2>x(x+2)(x—1)%2 > 0; (4)

From (3),(4) equality x(x + 2)(x — 1)? = 0 occurs if and only if

x=x2-2x+2 x-1Dx-2)=0
x2—-x+1=1 x(x—1) =0

Sx=1
x=4-3x3 = 33 +x—4=0 x

x(x+2)(x-1)2=0 x(x+2)(x-1)2%2=0

Solution of equation is § = {1}.

10 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

JP.308. Let a, b, c € [1, 3] such that a + b + ¢ = 6. Find the maximum value

of the expression:

P=a*+b*+c*
Proposed by Hoang Le Nhat Tung-Vietnam

Solution 1 by Daoudi Abdessattar-Sbiba-Tunisia

Supposec > b > aand 3 > 2 > 1 we have:
3>c=>3+2>c+bbecausea+b+c=6anda>1;3+2+1=a+b+c
f(x) = x* —convex function= f(a) + f(b) + f(c) < f(1) + f(2) + f(3)

Equality holds if: c = 3, b = 2, a = 1 or permutation.

Solution 2 by proposer

leta—-2=x,b—-2=y,c—-2=z;x,yZER=>a=x+2,b=y+2,c=2z+2
Becausea,b,c€[1,3]=2x+2,y+2,z+2€[1,3] ©x,y,z€ [-1,1]
Wehave:P=a*+b*+c*=(x+2)*+(y+2)*+ (z+2)* =
= (x* + 8x3 + 24x% + 32x + 16) + (y* + 8y3 + 24y*> + 32y + 16) +
+(z* + 823 + 242% + 32z + 16) =
=@x*+y*+z2)+8(3 +y3 +23) + 24(x* + y* +22) +32(x +y + 2) + 48; (1)
Becausea+b+c=6=>x+2+y+2+z+2=6=>x+y+2z=0;(2)
Other,x+y+z=0oy+z=-xo (y+z2)>3=-xo
x3+y3+23=-3yz(y+2z) =3xyz
From (1),(2) weget: P = (x* + y* + z*) + 24xyz+ 32(x + y + z) + 48
Becausex +y+z=0=
P=((*+y*+2zY) +24xyz+24[(x +y+2)> - 2(xy + yz + zx)] + 48 =
P=(x*+y*+2z%) —48(xy + yz + zx) + 24xyz + 48; (3)
Because x,y,z € [-1,1] = 0 < x%,y%,z> <1 >
X -1D)+y*(y -1 +2%(z*-1)< 0o
xt+yt+zt<x?+y?+z22=-2(xy+yz+zx);(~x+y+z=0);4)
From (3),(4) > P < —50(xy + yz + zx) + 24xyz + 48; (5)

11 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Howx,y,ze[-1,1]=2(x+ 1)(y+1)(z+1)=>0;(1—x)(1 —y)(1 — 2) = 0 hence

1Bx+1Dy+1)(z+1)+370—-x)1-y)(1-2z=0e
13(xyz+xy+yz+zx+x+y+z+1)+371+xy+yz+zx—x—y—z—xyz) >0 &
—24xyz+50(xy+yz+2zx) —24(x+y+2z)+50=>0%
—50(xy + yz + zx) + 24xyz < 50;(6)
From (5),(6) > P < 50+ 48 = 98 > Py,, = 98

x+y+z=0;x,y,z€[-1,1]
x+D@+DE+D=0A-2A-y)(1-2)

©x=1y=0z=-19a=3;b=2;c=1

Hence Py, = 98 & {

JP.309.If m € N, hy, hg, h, h) —be the lengths of altitudes of tetrahedron
[ABCD] and r —the radius of the insphere, then:

N 1 (hA — 31‘)"’+1 N (hB — 31‘)"‘+1 . (hc — 31‘)"‘+1 N (hD — 31')"“’1  m+1
mra\\n, +3r hg + 31 he + 31 hp + 31 =77

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution by proposers

Applying J.Radon Inequality, we have

m+1

31 1 h, — 3r AM-GM
> >
m+42(h,4+3r> =Mt gt L, 1 3r =

cyc cyc

m+1

m1 1 h, - 3r
2(m+1) (L1 .1om| ) A =
A

m-—times cyc

h, —3r m+1
—(m+1)1 h, 31 =(m+1)W, =

cyc
hA—Sr_ hASA—STSA_ V_T'SA
hy+3r Zih,S,+3rS, LiV+7rS,

cyc cyc cyc

N < R0 BT S A e
0 V+1S, V+rs, 4V +1¥0ycSa

cyc cyc

-Uy; (1),where

U():

12 | 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 32V 32 32 4

=32 irs avirs 7 Vg 4= (2)
From (1), (2) we deduce that
W >m+1.g=m+1
m= 4 7 7
Note:

Equality occurs if and only if the tetrahedron is regular.
So, V —volume of tetrahedron; S, —lateral area of the face and analogs; S — area of

tetrahedron and 3V = rS.
JP.310.If a,b,c > 0; abc = 1 then:

zc(a2+b2)+1 3(1 1 1)
> +—
a+b 2\a b

cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by Daniel Vacaru-Romania

Zc(a2+b2)+1zzc(a+b)2—1 Z(c(a+b) abC)AméGm

a+b a+b +b
cyc cyc cyc
cvab\ Am-G a+ b)c
Zz<c(a+b)— > ) mzm <c(a+b)—%>=
cyc cyc
b =5y ab =3y = (G g+ )
"4 c(a+b) = 2. 2 abc 2\a" b
cyc cyc cyc

Solution 2 by Henry Ricardo-New York-USA
First, we denote that the AGM inequality gives us:

c(a? + b?») + 1 > 2abc + 1 = 3, and then we see that:
2 <1 (1 + 1) by the Harmonic Mean-Arithmetic Mean inequality
a+tb — 2\a b ’

Therefore,
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Zc(a2+b2)+1>32 1 >3 (1+1)_3 2(1_|_1_|_1)_
a+b - a+b” 4 a b/ 4 "\a b ¢/

cyc cyc cyc

_3(1+1+1)
" 2\a b ¢

P311.If x, ¥,z > 0; \/§+\/§+\/E= 3 then:
x+y+z=>x+3fy+z

Proposed by Daniel Sitaru-Romania

Solution 1 by Daniel Vacaru-Romania

We have that: (vx,./y,vz) and (Vx,/y,Vz) has the same orientation, then

Chebyshev's
WVx+y+vz)? < 3(x+y+2)-ox+y+z>3;(1)

We can write:

i/;z3/\/5.\/;.1'4'";6'"2\/}3-'_1—>ZW§§Z\/E+1=2+1=2;(2)

cyc cyc

» @, \
Weobtainix+y+2z >3 > \/I+i/;+\/5

Solution 2 by Daniel Vacaru-Romania

We have: 3=\/§+\/§+\/§C25\/(1+1+1)(\/§2+\/;2+\/52)

-x+y+z=3;(1)
We can write:

s\'/;:3/\/5.\/}1Amécm2\/53+1—>2i/isgz&+1=2+l=2;(2)

cyc cyc

@ @, .
Weobtain:x+y+z >3 > Vx+3y+3z

Solution 3 by Daniel Vacaru-Romania
We have:

x+1=22Vx->x+y+z+3=22(Wx+,/y+Vz) > x+y+2z>3;(1)
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We can write:

%=3/\/;.\/;.1”"‘;"’2‘/}3+1_>ZWS§Z\/§+1=2+1=2;(2)

cyc cyc

W o, .
Weobtain:x+y+2z >3 > Vx+3y+ 1z

Solution 4 by Henry Ricardo-New York-USA
The power mean inequality gives us:

x+y+z><«/§+ﬁ+\/§>z><§/i+i/§+i/5>3
3 3 = 3

Or

3
x+y+z>1><§/§+i/§+i/2> =>x+y+z>1>i/5+i/§+i/5
3 == 3 3 == 3

Multiplying through by 3 gives us the desired resulit.
Equality holdsifand onlyif x =y =z = 1.

JP.312.Ifa,b,c > 0

<a+b+c>( a N b N c )> 9 150
b ¢ a/\a+Ab b+2Ac c+Aia/  A+1"" —

Proposed by Marin Chirciu-Romania

Solution by Daniel Vacaru-Romania
We have:
(a N b N c> ( a N b N c ) - 9
-4 -4+ — ©
b ¢ a/\a+Ab b+Ac c+ida/  A+1

(A+1)(a+b+c>( a + b + ¢ )>9
b ¢ a/\a+Ab b+ Ac c+ Aa/

put (24 1) (4+2+ ) (2 + 52 + =) =

a+Ab b+Ac c+ia

_[A(a+b+c>+(a+b+c>]( a N b N c )>
N b ¢ a b ¢ al/l\a+a2b b+ic c+ia/ ™
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a b c a b c
[3“<B+Z+E)](a+,1b+b+,1c+c+,1a)=
a+Ab b+ Ac c+ Aa a b c Am—Gm

=( * * )(a+,1b+b+,1c+c+,1a)

3sla+Ab b+ Ac c+Ada 3 a b c
>3 . . -3 . . =9
b c a a+Ab b+ Ac c+ Aa

b c a

JP.313. Solve in R the system of equations:

{4(x+y) = V8(x* + y*) + 6,/xy
16x5 —20x3 = /1 —y2 — 5y

Proposed by Hoang Le Nhat-Hanoi-Vietnam
Solution by proposer

{4(x +y)=8(x*+y*) +6 Xy o

16x5 — 20x% = /1 — y2 — 5y
{1iyy§§0g4(x+y)=m+6 xy=20=>x+y=>20=>x=>0;y=>0
By CBS Inequality, we have:
(\/Z(x‘*—-l-y‘*) + 2xy)2 <22(x* + y*) + 4x%y?) = 4(x* + 2x%y% + y*) = 4(x? + y?)?

V2Ot +y) +2xy < 2%+ y?) @ J2(xt+yH) < 2(xP —xy +yP) &

V8(xt+yhH) <2yx? —xy+y? o

VBGt +y) + 6 /xy <2 (VxP —xy +y2 +3,/xy); (2)
Other hand: \/x2 — xy + y2 + 3,/xy = /a2 —xy + y2 + Jxy + /xy + /xy <
< Va2 —xy+y* +xy+xy+xy) =/4(x% +2xy+y2) = J4(x + )2 =2(x + y)
= Jx2 —xy+y2 +3,/xy <2(x +¥);(3)
From (2),(3) result: m + 6\/x_y <4(x+y);4)
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From (1),(4) result: 3/8(x* + y*) + 6, /xy = 4(x +y) &

1 _
{\/Z(x + y4 ny@x y>0
x2—xy+y*=xy

Llet: x=y>0in(1):16x°> - 20x3=,/1—-y2 -5y &

16x° — 20x3 = /1 — x2 — 5x;(5)

{1—x220

S0<x<1=>x=cosa
x>0

Let: @ € [—m, ). Because cosa = 0 then a € [—— —]
From (5)= 16cos’a — 20cos3a + 5 cosa = V1 — cos?a & cos5a = Vsin?a = |sina|
Case 1: cos5a = sina > 0 (sina >0;ac€ [O, ;—t]) S cos5a = cos (E — a)

T
5a=i—a+2kn

= - kel &
5a=a—§+2k1t

_1l'+k1l' 0<1‘t+k1't T
“T12773 kEZ“E["] 1273 "2, {15_”3_”}
3 Tl'+k1'l' 0 < 1t+k1t T 12°12’ 8
“="87 2 8T 2 =2
Case 2: cos5a = —sina > 0; (sina <0,ace [—;—rOD ik eZ
_ 1t+k1t Tl'< Tl'+k1't<0
“TT1273 kez“e[“’] 2= 12 3 © iae{_l__5_ﬂ_3_ﬂ}
_1t+k1t Tl'<1'l'+k1'l'<0 12’ 12’ 8
“=87 2 25872 °

Other, cosp = cos(—p); cos (%) = cos (— 1”—2) ; COS (5—”) = cos (—i—") ;
3n 3n
cos (?> = cos (— ?>

( )E{( (4 n) ( 5w 51r> ( 3w 311)}
X,y cos12 12 cos12 cos12 ;| cos 3 ; COS 3
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JP.314. Solve in R the system of equations:

{az+b2+c2 =a®+b3+c3
a’b + b3c+ c3a=3
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution by proposer
{a2+b2+c2 =a3+b3+c3_(1)
alb+b3c+c3a=3 ’
Lemma: If a, b, ¢ > 0 then: (a? + b? + ¢?)? > 3(a®b + b3c + c2a); (2)

Proof.

(az—ab+2bc—b2)2+(b2—bc+2ca—c2 —ab)2+(cz—ca+2ab—az—bc)2 >0
(a? — ab)? + 2a(a? — ab)(2bc — b? — ca) + (2bc — b? — ca)? + (b? — bc)? +
+2(b? — bc)(2ca — c? —ab) + (2ca — ¢? — ab)? + (¢? — ca)? +
+2(c? — ca)(2ab — a? — bc) + (2ab —a?> — bc)?> > 0
2(a* + b* + ¢* + 2a?b? + 2b%*c? + 2c*a?) — 6(a®b + b3 c+ c®a) > 0 &
2(a? +b*+c?)?—-6(a®b+b3c+ca) >0
2(a? +b* +c2)2 >6(a®b+b3c+ca) © (a? + b% +c*)? > 3(a®b + b3c + c3a)
Lemma is proved.

By AM-GM inequality, we have:

@+a+1D)+ B +b3+ 1)+ (B +c+1) >3Vas +3Ybs +3Yc¢ o
2(a®+ b3 +c3) +3 =3(a® + b? + ¢%); (4)

From (1),(4) result: 2(a? + b% + ¢?) + 3 > 3(a? + b? + ¢?) © 3 > a? + b? + ¢%;(5)
From (3),(5) result: 32 > (a? + b? + ¢?)? > 3(a®b + b3c + c®a) &
a3b + b3c + c3a < 3;(6)

ab,c>0
From (1),(6) we get: a®b + b3c + c®a =3 occursif:{ a=b=c=1 ©a=b=c=1
a’?+b>+c*=3
The solution of system is (a,b,c) = (1,1,1)

18 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
JP.315. If s is the semiperimeter of ABC triangle and r,, rp, r. the radii of

excircles, then

st —r,ry, st—ryr. s*-—r.r,

sZ+rary, s:+rpyr. sE+ro,

Proposed by D.M.Batinetu Giurgiu, Daniel Sitaru-Romania

3
2_
2

Solution 1 by Daniel Vacaru-Romania

We have:
2
2 s? — S 2
ST —Talp (s—a)(s—b) s —s(s—c)_ sc o
S2+ Ty s2 " s2+s(s—c) s(2s—c) a+b
s« +
(s—a)(s—b)
: siorqry _ @ b ¢ _
Then: chc s24rgry  b+c  c+a  a+b
az b2 c* Bergstrom (q 4 b+ c)?

=ab+ab+bc+ba+c+cb 2(ab+bc+ca)=

a? + b? + ¢* 1 3
>

=1
+2(ab+bc+ca)_ +2 2

Solution 2 and generalizations by Marin Chirciu-Romania
1) In AABC the following relationship holds:
Z s —rur, N 3
sZ+ryr, 2
cyc

2) Lemma. In AABC the following relationship holds:
_2(s*—1*—Rr)

= CEWE
s2+ryr, Zub+c s2+712+2Rr
cyc

cyc

Proof. Using the identity: r, = ﬁ we get:
S S

2__ 2 .2

SZ+r,r. S s
oS T oSty s—¢
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s’(s—b)(s—c)—s(s—a)(s—b)(s—¢) s—(s—a)

zy:sz(s—b)(s—c)—s(s—a)(s—b)(s—c) ;s+(s—a) b+c

cyc

Let’s solve the proposed problem.
Using lemma and chcﬁ > ; (Nesbit 1.) we get:

st —ryr, a 3
th=z =Z > —=Rhs
2+ ryr, b+c ™ 2

cyc cyc

Equality holds if and only if triangle is equilateral.
Remark. Let’s find reverse inequality.

3) In AABC the following relationship holds:

Z sZ — 11, _3R
s2+ryr, ~ 4r

cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

Using lemma, inequality it can be written as:

2(s> —r%2 —Rr)
—(:) 2(3R-8 6R? + 11R 8r2) >0
s2+1r2+2Rr ~ 4Ar s*( )+ + T+ 81

We distinguish the cases:
Case 1) If 3R — 8r > 0 the inequality is obviously
Case 2) If 3R — 8r < 0 the inequality it can be written as:
r(6R? + 11Rr + 8r?%) > s*(8r — 3R)
which result from s? < 4R? + 4Rr + 3r% (Gerretsen)
Remain to prove that:
r(6R? + 11Rr + 81r%) > (4R* + 4Rr + 3r*)(8r — 3R) &
6R3 —7R*r — 6Rr* —8r3 >0 & (R—2r)(6R* + 5Rr +412) = 0
which is true from R > 2r (Euler).Equality holds if and only if triangle is equilateral.

Remark. The inequality it can be doubled.
4) In AABC the following relationship holds:
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3 s’ —ryr, 3R
By
2 s2+ryr. ” 4Ar

cyc

Proposed by Marin Chirciu-Romania

Solution by proposer
See inequalities 1) and 3)

5) In AABC the following relationship holds:
3r s?—1r2 3
oy res
R sZ+7r2 T 2
cyc
Proposed by Marin Chirciu-Romania

Solution by proposer

6) Lemma. In AABC the following relationship holds:

gt s ()
2 _ -

s2+rZ chc 2+(L)2
s—a

_Zsz(s—a)z—s(s—a)(s—b)(s—c)_zZs(s—a)—bc_

Proof. Using the identity: r, = iwe get: Lhs =Y yc 55—

s2(s—a)?+s(s—a)(s—b)(s—c) bc
cyc cyc

_3 s—a 3=2 4R + 1 3—R+r—Rh

- a8 bc = “S"72Rs Ty T

cyc
Let’s solve the proposed problem. Using Lemma and R > 2r (Euler) we get:

3r <R+T<E

R r 2

Equality holds if and only if triangle is equilateral.
7) In AABC the following relationship holds:

o=y

cyc

< 3(2 —x/§)2£r

Proposed by Marin Chirciu-Romania
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Solution by proposer

8) Lemma. In AABC the following relationship holds:

zs—ra s+2R—-r1r
s+r, S+2R+r

cyc

Proof. Using the identity: r, = ﬁ we get:

S
Zs—ra_ZS——S_a_Zs(s—a)—rs_ (s—a)-r1
s+r, S s(s—a)+rs cyc(s—a)+r

cyc cyc + s—a cyc

Using Ravi substitutionta=y+z;b=z+x;c=x+y;s—a=x;s—b=y;s—c=1z

we get:

(s—a)—r_ x—r_Z(x—r)(y+r)(z+r)_
(s—a)+r_2x+r_ [T(x +1) h

cyc cyc

_2r%(s+2R-2r) s+2R-r
~ 2r%(s+2R+71) Ss+2R+7T

which result from
Z(x—r)(y+r)(z+r) = 3xyz+rZyz—rZZx— 3r3 =
=3[[(s—a)+rX(s—b)(s—c)—12Y(s—a)—31r3 =
=3r’s+r-r(4R+1)—1r?s—3r3 =2r(s+ 2R —71)

n(x+r)=xyz+rZyz+rZZx+r3=1_[(s—a)+rz(s—b)(s—c)+

cyc cyc cyc cyc cyc

+r22:($—a)+r3 =r’s+r rAR+71)+1r’s+1r3 =2r%(s+ 2R+ 1)
cyc
Let’s solve the proposed problem. Using Lemma the inequality it can be written as:

>3(2-+3) ©s(3v3-5)>2R(5-3v3) +r(7 - 3V3)

s+2R—-r
s+2R+r

which result from s > 3+/3r (Mitrinovic)
Remain to prove that: Sr\/§(3\/§ - 5) > 2R(5 - 3\/§) + r(7 - 3\/§) S
2R(3vV3 —5) > 4r(3vV3 —5) © R > 2r (Euler)

Equality holds if and only if triangle is equilateral.
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s+2R—r R
- < — _
s+2R+r_3(2 \/5)21"@

s[3(2 —V3)R — 2r] = 6R*(vV3 — 2) + Rr(3V3 — 2) — 212
which result from s > 3+/3r (Mitrinovic). Remains to prove that:
3V3r[3(2-V3)R-2r| > 6R*(V3-2)+Rr(3V3-2)-2rt o
6(2-V3)R? +5(33V3-5)Rr+2(1-3V3)r’ >0 &
(R —2r)[6(2 — V3)R + (3V3 — 1)r| = 0 which result from R > 2r (Euler)

Equality holds if and only if triangle is equilateral.

SP.301.Leta,b,c > 0,a + b + ¢ = 3. Find the minimum of value:

T a+b+c+ 1 N 1 N 1
b ¢ a ad3+b3+abc b3+c3+abc 3+ a3+ abc

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Michael Sterghiou-Greece

r=2.2.c, ! + ! + ! :
b ¢ a ad?+b3+abc B3 +c3+abc 3+ ad+abc’

Let (p,q,7v) = X a,Yab,abc)withp=3,q<3,r<1

(D

We will to show that T > 4. We will use the following lemma.

Lemma.lfa,b,c > 0,a+b +c = 3then2%2 Ya%; (L)
Proof. Consider the inequality: - Z% + 3 > 7Y a?; (2) which written as homogeneous

from becomes 2(}, a)? - (3 ab?) + abc(¥, a)? > 21abc(3 a?) which can be written as
2-Y a(a— b)%(b — 2c¢)? = 0 which is true, so (2) is true.

By adding (2) to the obvious a? + b% + c? > 3 we get (L).

9

: . 2
Now (1) using (L) and BCSwe get: T > ) a“ + Iy a3r3r

> 4 or as:
Ya?=p?—-2q=9-2q; Y a3 =p3—3pq + 3r = 27 — 9q + 3r after simplification
reduces to: 4p? — 2qr —22q+5r+31>0; (3) =
f(q@) =49* — (29 —5)r—22q+31=0; (4)
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max or

min

=>0or

(2q — 5){ <0 5° (4) must work either r = { with every fixed q € (0, 3].

This according to V.Cirtoaje theorem happens when any two of a, b, c are equal.

Assume a < b < ¢ WLOG we have to show (4) with eithera = bor b = c.

In either case 0 < b < ; Now, q = 3b(2 — b)andr = b*(3 —2b);(a+ b + c = 3) and

(@)=f(b) = —(b — 1)2(12b3 — 54b* + 70b—31) > 0,0 < b < ;

It is easy to show that h(b) = 12b3 — 54b% + 70b — 31 has a max on (0, ;) of 11\9/ﬁ -7
ath = % - gas f'(b) is a trinomial.
This means max(h) < 0 and f(b) = 0. Equality fora =b = c = 1.
Solution 2 by proposer
By Cauchy-Schwartz inequality, we have:
1 . 1 .\ 1 ~
a3+ b3 +abc b3+c3+abc c3+ad3+abc
c a b
= + + =
c(a® + b3+ abc) a(b®+c3+abc) b(c3 + a3+ abc)
2
- (Ve ++Va ++b) _
~ c(a® + b3 + abc) + a(b3 + ¢3 + abc) + b(c3 + a3 + abc)
2
1 1 1 (Ve +Va +Vb) )

+ + > ;
a2 + b3 +abc b3+ c3+abc 3+ a3+ abc (a% + b2+ c?)(ab + bc + ca)

Other, by AM-GM inequality for three positive real numbers, with a + b + ¢ = 3 we have:

(a? +Va++a) + (b? + Vb +vVb) + (c? + Ve +Vc) =

23'3/a2'\/5'\/5+3-3/b2-\/B-\/F+3-3/c2-\/2-\/2:>

a2 +b*+c?+2(Va+Vb+ve)=3-Ya3+3 -3 +3-Yc3 =
=3(a+b+c)=(a+b+c)la+b+c) &
a’?+b*>+c2+2(Va+Vb++c)=(a+b+c)?=a*+b*+c?+2(ab+bc+ca) &
2(va+Vb ++c) = 2(ab + bc + ca) &
va++vVb++c=ab+bc+ca;, (2)
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From (1) and (2) we get:

1 N 1 N 1 - (ab + bc + ca)? o
a3+ b3+ abc b3+ c3+abc 3+ ad+abc (a? + b? + ¢%)(ab + bc + ca)
1 1 1 ab + bc + ca
; (3)

+ + > ;
a3 + b3 +abc b3+ c3+abc ¢+ a3+ abc a? + b? + c?
Other, by Cauchy-Schwartz inequality, we have:

a b ¢ a b & _ (a+tb+c)® a’+b*>+c*+2(ab+bc+ca)

bTc a ab bc caab+bctca ab + bc + ca
a? + b? + ¢?
“abtbcrcat B W
From (3),(4), using AM-GM inequality, we have
r=2.2.5, ! + ! + ! >
b ¢ a a*+b3+abc b3®+c3+abc c3+a3+abc ™

2=4

a’+b%*+c* ab+bc+ca AM-GM a?+b%2+c%2 ab+bc+ca
> + 2 2 :
ab + bc+ca a? + b% + c? ab + bc + ca a? + b? + c2

abc>0a+b+c=3
a®> =+a;b*> =Vb;c* =Vc
a=b=c
a’? +b%*+c*=ab+ bc+ca

=T > 4 = T,,in» = 4 and equality occurs if

at+b+c=1

Hence, T, =4fora=b=c=1

SP.302 In acute AABC, 14,75, r3 —inradiiin ABOC,ACOA,AAOB, O —center

of circumcircle AABC and H —orthocenter. Prove that:

(r1 1) r3 ) Z A n\/3s

aH " BH ' CH a | < 12rr

cyc

Proposed by Radu Diaconu-Romania

Solution 1 by George Florin Serban-Romania
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A<B<C
WLOG, suppose:a < b < c =>4 1 _1_ 1 andfrom Chebyshev’s inequality, we get:

===
4 1
REHN
a 3

a b c
cyc cyc

Q=

(Petrivic) ¢ S s
T
3 3Rr O9Rr

cyc

rq ZA <1't\/§'s_ 1
AH a 12Rr ’ ™

cyc cyc

ry ZA ST ry /3 s ry _mV3-s 9Rr 33

AH a 9Rr AH 12Rr AH 12Rr sm 4
cyc cyc cyc cyc
OB-0C-sin(BOC) R? sin2A BO+0C+a 2R+a
SiBoc] = > = > 5 SiBoc] = > =
Sigocy R?-sin2A 2 R? - sin2A R - sin2A
=>71r. = [ ] = . = = =
17 ssoc 2 2R+a 2R+ 2RsinA ™~ 2+ 2sinA
R - sin2A 2sinAcosA 1 sinA (2) 3V3
(2 + 2sinA) - 2RcosA 2cosA(2 + ZSmA) 2401+ smA 4
cyc cyc cyc
sinA 3\/_ 3V3
2) e Z = Z ( ) < =
1+ smA 1+ sind 2
cyc cyc
1 3V3
Z —F>3—-—— (3)
1+ sind 2
cyc
From Bergstrom inequality, we have:
Z 1 Bergstrom (1 4+ 1 + 1)?2 9 9 Mitrinovic
_— > - = - = >
s 1+ sinA Yeye(1+5sinAd) 3+ 3% .sind 3 4 %
9 18 6

3V3
— — =6(2-+3) =12 - 6V3 >3 — —— true from
+3\/§ 6+3V3 2++3 ( ) 2
2

3V3 93
12 -3 >6V3 — - 9> — & 2 > /3 true = (3)true = (1)true.

Solution 2 by proposer

We have: AH = 2RcosA; BH = 2RcosB; CH = 2RcosC
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OB-0C-sin2A R?-sin2A BO+0C+a 2R+a
SiBoc) = 2 = 2 » S[Boc] = 2 = 2
2.¢i Y 2. i
>1 = Sipoc _ R sin2d Similarly: r, = R stB; r3 = R sin2C Therefore,
S[BoC] 2R+a 2R+b 2R+c
1 N r; T3 RsinA 4 RsinB 4 RsinC ( sinA 4 sinB N sinC )
AH BH CH 2R+a 2R+b 2R+c ~\2R+a 2R+b 2R+c

sinA = sinB = sinC
WLOG, suppose:a < b < c = 1 1 1 and from Chebyshev’s inequality,
2R+a ~ 2R+b — 2R+c

we get:
R(sinA+sinB+sinC)<R z A Z 1
2R+a 2R+b _ 2R+c) 3 sin 2R+ a
cyc cyc
_R 3v3 z R\/_ 1 Z V3 Z 1 - 3V3
3 2 2R+a | 1+sind| 4 1+ sinA 4
cyc cyc cyc
1 1 1 1
How: 1+sind <L 1+sinB <L 1+sinC <1l= chc 1+sinAd

T L) r3 3\/§
AH-I_BH-I_CH< 4’ (1)
A<B<C
WLOG, suppose:a < b <c=>4 1 _ 1_ 1 andfrom Chebyshev’s inequality, we get:

===
a b c

ZA 1 Zl ZA o Zl (211 s _ms @
3 a 3 al — 3 3Rr O9Rr’
cyc cyc cyc cyc

Where (¥) & chc <im wh|ch following from: 3(ab + bc + ca) < (a+ b + ¢)? =

Z <(a+b+c)2 45?2 s
a 3abc 12RS 3Rr

cyc

ry T, T3 A 3\/_ s mV3-s
(rtgate)| D o<
AH BH CH a 4 9RT 12Rr

cyc
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SP.303. Let x,y,z > 0 such that x + y + z = 3. Find the minimum of value:

3 3 43
P= R A—
yvx3+8 2zJy3+8 xvz3+8

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Khaled Abd Imouti-Damascus-Syria

am-6M (x +2)+ (x* —-2x+4) x*—x+6
Vo3 +8=/(x+2)(x2 —2x+4) < ( )+ ( ) -

2 2
1 2 x3 2x3
> = =
Va3 +8 x2—x+6 +x3+8 x2—x+6

3 3 3

X z

y
wxd+8  z/y3+8  x/3+8

1(111><x+y+z3>
-3 y z/\Vx3+8 \/y3+8 Vz3 + 8

But: P =

3 3

Let be the function: f(x) =

x2 x+6

1,1 1 1 2x3 2y3 273
P>z ( +—+—> + +

3 y z)\x*-x+6 y*—y+6 z>2—-2z+6
x+y+z 3 3 1,1,1_1
- = : > > o4 -<=
From AM-HM and x + y + z = 3, we have %+§+§ =>1 %+;+%:>x+y+z_3:>
1(1_|_1_|_1>>1
—_ =+ — 4+ — (%
3\x 'y z/~ 7’ )
3
Let be the function: g(x)———2x+2 2- %
) =2 -2 —5x? —12x + 36
g = (x2 — x + 6)?
1023 —7x%—26x—
g'(x)= 10— 7x 26; 108>0::>g—convexfunction, so
(x2- x+6) (x2-x+6)
x+y+z 1
gx)+g(y)+g(2) = §g (T) g +g+9@ 2391 =

gx)+g(y)+g(z) =>1; (*+)andhence: P > 1.
minP(x,y,z) =1,forx=y=2z=1
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Solution 2 by proposer

By AM-GM inequality for positive real numbers, we have:

3 3 3

| L N S —
yWx3+8 z/y3+8 xVz3+8
3 y3 3

= + + =
yWE+2)(x2—x+4) z/y+2)(2—-y+4) x/(z+2)(22—z+4)

3 3 3

x y z _

> =
- (x+2)+(x2—x+4)+ (y+2)+(y2—y+4)+ (z+2)+(z2-z+4)
Y 2 z 2 o 2

2 il P b
= =
y(x2—x+6) z(y’ ?—y+6) x(z2—z+6)

3 y3 43
P>2 ; (1
- (y(xz—x+6)+z(y2—y+6)+x(zz—z+6)>' @

By Cauchy Schwartz inequality, we have:

3 3 3

x N y N z B
y(x2—x+6) z(y?—y+6) x(z2—z+6)
4

4 4

X y z
= >
xy(xz—x+6)+yz(y2—y+6)+zx(zz—z+6)_

(x? + y* + z%)?

> (2
Txy(x?—x+6)+yz(y?—y+6)+zx(z2—2z+6) @
From (1),(2) we get:

x? +y% + 22)?

P> (x*+y ) .3
xy(x2—x+6)+yz(y?—y+6)+zx(z2—2z+6)

We will to prove that:

(x? + y% + z%)?
(4)

xy(x? —x+6)+yz(y?—y+6)+zx(z>2 —z+6) =7
S2(x*+y*+2)2 =2 xy(x>*—x+6) +yz(y* —y+6) +zx(z? -2+ 6) &
22+ y2 4+ 222+ (X*y+y*z+ 2%x) = (By + y3z+ 2x) + 6(xy + yz + 2x) &
6(x2 +y% +22)2 + 3(x%y + y*z + z°x) = 3(x3y + y3z + z3x) + 18(xy + yz + zx) &
6(x>+y>+272)2+(x+y+2)(xX2y+y*z+7%x) = 3(x3y + y3z + z3x) +
+2(x+y+2)?*(xy+yz+zx) &
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6(x*2+y*+2z2)2+ (xBy+y3z+23x) + xyz(x + y + z) + (x%y? + y?z?% + z°x%) >

>3(3y+y3z+23x) +4(xy+yz+zx)> +2(x2 +y?* + 22)(xy + yz + zx) ©
6(x* + y* +z*) + 9(x%y? + y222 + z2x%) > 4(xX3y + y3z + 23x) +
+2(xy3 + yz3 + zx3) + 9xyz(x + y + z); (5)
By AM-GM inequality, we have:
x*+xt+xt+yH+ 0+t oyt 2 + @+ 2+ 2 ) >

> 45/x12 -y + 41/y12 . 24 ¢ 43712 . x4 >
4(x* +y* +z%) =2 4(x3*y + y3z + 23x); (6)
r*+y*+yt+y)+ Ot 2t 2 2 @ xt Hxt x>
> 45/x* - y12 + 4yt 212 ¢ 4y/z% - x12 =
2(x* + y* + z*) > 2(xy3 + yz® + zx3); (7)
x2(y2 + 72) N y2(22 + x2) N 22(x? + y2)>

>

9(x2y? + y?z?% + z%x?) = 9( > > >
> 9(x%yz + xy*z + xyz*) = 9xyz(x + y + z); (8)

From (6),(7),(8) we have: 6(x* + y* + z*) + 9(x?y? + y?2z? + z%x?) >

>4(x3y +y3z + 23x) + 2(xy3 + yz3 + zx3) + 9xyz(x + y + z) = (5) true=> (4) true.

From (3),(4) we have: minP(x,y,z) = 1,forx =y=z=1

SP.304. Let a,b,c > O suchthat (a + b)(b+ ¢c)(c+ a) = 1.

Find the minimum value of the expression:

a b c

P= b(b + 2c¢)(a + 3c)? * c(c+ 2a)(b + 3a)? * a(a + 2b)(c + 3b)?

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by proposer

By Cauchy-Schwartz inequality, we have:

a b c

P =yt r2z0@+302 V(e 2a)(b+ 302 T ala+ 2b)(c+ 3D
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2

a \?2 b \2 c \? a b c
=(a+3€) +(b+3a) +(c+3b) > (a+3c+b+3a+c+3b)
ab(b+2c) bc(c+2a) ca(a+2b~ ab(b+ 2c) + bc(c + 2a) + ca(a + 2b)

a b c 2
(a+30+b+3a+c+3b)
ab? + bc? + ca? + 6abc

By AM-GM inequality, we have
(a+b)(b+ c)(c+a) =2Vab-2Vbc - 2v/ca = 8y (abc)? = 8abc &

< (a+ b)(b;— c)(c+a) L@

From (2) we have:

; (1)

abc

(a+b+c)(ab+bc+ca)=(a+b)(b+c)(c+a)+abc <
(a+b)(b+c)(c+a) B 9(a+ b)(b+ c)(c+ a)
8 B 8

Then

<(a+b)(b+c)(c+a)+

8(a+ b+ c)(ab + bc + ca) -

(a+b)(b+c)(c+a) = 9

9
(a+b+c)(ab+bc+ca)£§(:)

> (ab? + bc? + ca?) + (a?b + b%*c + c¢*a) + 3abc; (3)

xRl O

By AM-GM inequality, we have

3
a?b + b%c + ca = 33/(a?b) - (b%c) - (c2a) = 33/ (abc)?® = 3abc g

9
> (ab? + bc? + ca?) + 3abc + 3abc © ab? + bc? + ca? + 6abc < g (4)

Q| O

On the other hand, we have:
a b c a? b? c? Bergstrom
+ + = + +
a+3c b+3a c+3b a?2+3ac b%?+3ab c?+3bc

(a+ b+ c)? (a+ b+ c)? 3
= =
a? + 3ac + b% + 3ab + c% + 3bc

(a+b+c)2:Z;(5)

3

(a+b+c)?+

From (1),(4),(5) we have:
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32

(Z) 1 1 _ca+b)(b+o)(c+a)=1 I |
P= 9 ‘z:P’"i"_zﬁ{ a=b=c>0 sa=b=c=;

8

- . . .1 1
Hence, the minimum expression value of expression P is Ethen a=b=c= 3

SP.305. Let a, b, ¢ > 0 such that abc = 1. Find the maximum expression:

1 1 1
= + +
V3a* —4a+2b*+11 V3b*—4b+2c2+11 V3c*—4c+2a®+11
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

P

Solution by proposer

We have:
3a*-2a’?-8a+7=3a*(a-1)+3a*’(a-1)+ala-1)-7(a—-1) =
=(a-1)Ba®+3a*+a-7)=(a—-1)[3a’(a—1)+6a(a—1)+7(a—1)] =
=(a—-1)*(3a*+6a+7)>0; Va>0
Hence
3a* —4a+2b*+11>4a+2(a*+b*)+4>4a+2-2a+4=

1 1

=4 b+1) & <
@tab+l) e g dar2b? 411 ~2(ab+ a+ 1)

By AM-GM inequality we have:

1 1 1 1 1
<= ( 7 5 +—+ —)
\/(3a4—4a+2b2+11)-12-12 3\3a*—4a+2b-+11 12 12
1 1 1 1 1 1
<= )=+ =
Hence J(3a*-4a+2b2+11)12-12 ~ 3 (4(ab+a+1) + 6) 12(ab+a+1) + 18
31152 3152 37152
Then 1 < 12 " V12 _ 1 n V12
J3at—2a+2p2+11 ~ 12(ab+a+1) 18 V12(ab+a+1) 18
3
.. 1 1 V122
. <
Similarly V3bt—ab+2c2+11 ~ 3A2(bc+b+1) + 18
3152
And 1 1 V12

<3 +
v3ct-4c+2a?+11 V12(ca+c+1) 18
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Hence

1 1 1
= + + <
V3a* —4a+2b2+11 +V3b*—4b+2c2+11 V3c*—4c+2a?+ 11
_ 1 ( 1 . 1 . 1 ) V122
~312\ab+a+1 bc+b+1 ac+c+1 6

P

Other, because abc = 1 then

1 1 1
ab+a+1+bc+b+1+ac+c+1=
1 a ab
=ab+a+1+abc+ab+a+a-abc+abc+ab=
1 a ab ab+a+1
=ab+a+1+1+ab+a+a+1+ab=ab+a+1=1; (2)
From (1),(2) we have:
P < 1 -1+W= 18 = > :>~P<i
~ V12 6 6Y1z Viz ~ ~ V12
abc=1;a,b,c >0
a—-1=b—-1=c—-1=0

Equality occurs if{ Sa=b=c=1.

. . . 3
Hence the maximum value of expression P is ﬁthen a=b=c=1.

SP.306. In AABC the following relationship holds:

16 4R+r _ a? N b? N c? <4(R 1)
9 3R—-2r  m2 m? mZ~ \r
Proposed by Marin Chirciu-Romania

Solution 1 by George Florin Serban-Romania
First, we prove that:

a
2—22\/5
ma

cyc

a a a
_:zz 22@@2 >2V3
Zma &a\2b* + 2¢% — a? &4V2b* +2¢% - a?

cyc

Applying Holder Inequality, we get:

33 | 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

3
a a
. . 2 2 2
z\/2b2+2c2—a2 z\/2b2+202—a2 Za(Zb T2 —ah) = 2a> <
cyc cyc

cyc cyc

2

3
Z a S (chc a) PN
\/sz + 2¢% — a? N chc a(ZbZ + 2¢? - aZ)

cyc

2

3
Z a S (chc a) >3
\/sz + 2¢? — a? 2 chc ab(a + b) - chc a®

cyc

3
<Za 26Zab(a+b)—32a3 24Za3+6abc232ab(a+b)

cyc cyc cyc cyc cyc

true by Schur’s Inequality.

Sepe-2) 2
zaz cgs( cycm—a) >(2\/§) 12 W16 4R+
m2 ~ 3 - 3 3 9 3R-2r

cyc

(1) ©27R—18r > 16R + 4r © 11R > 22r & R = 2r (Euler)

a? (mﬁz;(s—a))z a? <EZ a? :1_4S(R—r):4(R—r): (R )

— < 4(—-1
m; s(s—a) sius—a s r r r
cyc cyc cyc

Solution 2 by Avishek Mitra-West Bengal-India

a? (mﬁzs<(s—a)) z a? B 1 Z a? Yy a’(s—b)(s—o) B
- a)  slus-—
cyc

m2 s(s — a s(s—a)(s—b)(s—c)
cyc cyc
$2 Y cyc % — s Xeyc(a?b + ab®) + ¥, a*bc
B $2Ycyc @* — s Ycycab(a + b) + ¥ a’be B
= < =
$2Yyc@* — s Ycycab(2s —c¢) + abc Yy a
$2Yeyca® — 252 Y ycab + s 3abc + 2s - abc
_ s?(2s> —8Rr — 2r? — 25> —2r* —8Rr) + 55 4Rrs _
= < =
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s2(20Rr — 16Rr — 4r*) 4Rr — 4r? R
1252 12 r
a’ Berg;trom (a + b+ C)Z B (25)2 _ 4s? _ 16s?
o2 m} B Yieyc M3 %chc c2 % 2(s? — 4Rr — 1?) 6(s2 —4Rr —r?)
Now, need to prove:
16s? 16 4R+r

>— —— & 3s2(3R—2r) > 2(s* — 4Rr — r?)(4R &
6(s?—4Rr—12)> 9 3R—2r % 3 r) 2 2(s r—r°)(4R +71)

9s?R — 6s*r > 2(4s*R + s’r — 16R?*r —4Rr* —4Rr* -1r¥) &
9s’R — 8s%r + 32R*r + 16Rr> + 213 > 0
( s2 > 16Rr — 512 (Gerretsen))

We need to prove that:
(16Rr — 51*)(R —8r) + 32R*r +16Rr* + 21’ > 0 &
48R*r —117R7r?> + 4213 > 0 © (R — 2r)(48R — 21r) > 0 true by R > 2r(Euler)
Proved.

Solution 3 by Tran Hong-Dong Thap-Vietnam

WLOG, suppose:a < b < c = {

2 2
a? < b? < c? ac < b* <
m2 > mi > m? <= <

m,
a’ b2 c? Chebyshev's 1 1 1 Bergstrom
A=—F+—+— = @+ +*)|-F+—5+—

3 a my Mm;

1 9 _3(a2+b2+c2)_4(;)16 4R+ 1

2 2 2
mg +my, +me %(a2+b2+c2)

1)©9BR—-2r)>4(4R+1r) ©27R—-18r>4(4R+nr) &
11R > 22r © R > 2r(Euler) < (1) is true.

2(b? + ¢?) — a? Bcs (b + ¢)? — a?
= 2 > 4 (and analogs)

mg
q a2+b2+cz<4z a? 4 Z a?
“mZ m: mZ~ (b+c)?2—a? a+b+c b+c—a

cyc cyc
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2

_42 a? _12 a 5
- 2sl.2(s—a) slis—a’ (2)
cyc

cyc

Z a? 3 (s+a—s)2_Zsz+25(a—s)+(a—s)2_

s—a s—a s—a
cyc cyc cyc
) 1 , 4R+7r
=S5 Z —ZZs+Z(s—a)=s- —6s+s=
s—a sr
cyc cyc cyc
4R + 1 R—r1r
=s( —5>=4-s- . (3)
r r

1 R-r R
From (2),(3) weget: Q < ~-4s-— =4 (; _ 1)

SP.307. In acute AABC the following relationship holds:

Jhoh,  2(s — a)? 1 1
2 2+ — be < Z(l + cscA)1+cotd - (1 + secA)1+tanA

a
cyc cyc

Proposed by Florica Anastase-Romania

Solution by proposer
Let: f:(0,1) > R, f(x) = log (> + 1)

f'(x) =

-1
x(x+1)

< 0,Vx € (0,1) = f —decreasing.

" . 2x+1 _
['(x) = 2 (xt1)? > 0,Vx € (0,1) = f —convexe.

. sin’x + cos®*x
log(1 + sinx + cosx) = f(

sinx + cosx) sinx + cosx

(sinx -sinx + cosx - cosx) < sinxf(sinx) + cosxf(cosx)
B sinx + cosx - sinx + cosx

1
"1+ cotx log (sinx + 1) + 1+ tanx log (cosx + 1)

1 1
1 1+cotx 1 1+tanx
= log ( — 1) . ( + 1) =
sinx coSsx
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1 1

1 T+cotx 1 1+tanx
1+sinx+cosx£<s_—+1) ( +1)

inx Ccosx

1 1
1 + sinx + cosx < (cscx + 1)T+cotx - (secx + 1)1+tanx

1 1
Z(l + cscA)T+cotd - (1 + secA)1+tand > 3 + z sinA + z cosA

cyc cyc cyc
s T 1 hy + h, (s —a)?
_3+E+(1+E)_4+ EZ — |+ 2—22 -
cyc cyc
Am-Gm . _ 2
> 6+Z<“h” he ,.(5-a) >
a bc
cyc
1- _1+1-2 .
SP.308. Let (X)s1, X; = 0,%, = T—on-t 20 fing.
n—1
n
Q= lim (2 + xk)
" k=1

Proposed by Florica Anastase-Romania

Solution by Kamel Benaicha-Algiers-Algerie

n
Q, = 1_[(2 +x)
k=1

1 x,14+1 1 x,,+1 1 x,,4+1
Xn =1 n xn_1+2:>x"+1:; xn_1+2:>x"_1+225 X, +1
. 1 x+1
Q":n(2+x") k+1'x,:1+1_
k=1 =
1 x,+1 1 x,+1 1 x, +1 1 X, +1
T2 413 x3+1 T n+l xpqt+t1l mAD! xp.t+1
1 1 1 1
T2t D o1 T o w4 1
We have:
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1 x, +1 1 X, +2 1
X, +2= . = =n+1)- =n+1 (1+ )
" n+1 x,.1+1 x4 +1 ( ) X, +1 ( ) 1+x,
9—1(1+ 1 )—1(1+2'Q )
" 2n! 1+x, 2n! e
1
Qn_Qn—1=2_n!
_1 1 1 1
SO.QZ—91+Q3—Qz+"'+ﬂn—ﬂn_1—E(Z'l‘i‘l‘ +E)@
o1 _ 1w 1
n=ti=5) = 0=lm,=0+5)
k=2 k=2
2 +1
. e
Ql——=>Q=1lll_)m (2+xk)—E+E(e—2) >
k=1
(o] 1 .
( Z X = e denote Napier's constant>
k=0

SP.309. In any AABC the following relationship holds:
1

r — (n—A) ] (n—B) ] (n—C)<
ag = Sin(——)sin(——)sin[—— =3

Proposed by Marian Ursarescu-Romania

Solution by Daniel Vacaru-Romania
. A . B ., C
We have: — = sin=sin=sin-.
2 2 2
Yeye Sing—l 33,,Hcyc Sing_l LA
= > [leye sinZ; (1)

. n—-A
Observe that: [].,. sin (T) = . > ”

3, . A
Let's denote |[],. sinz = x.

Then (1) became: 3x — 1 > 4x3 & (2x — 1)?(1 — x) = 0, true because x < 1

.t

t-sin; concave AsBAC
chcsmi—l ,-<-\ 3sm( G ):

- 4 8

For the right side, we have: 7
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SP.310. Let AA'B'C’ the extouch triangle of AABC.Prove that:

B'C’ is tangent of the incircle in AABC if and only if
(s —b)% + (s — ¢)® = (s — a)?
Proposed by Marian Ursarescu-Romania

Solution by proposer

B'C’ —is tangente BCB'C —circumscribe © B'C' + BC = BC' + CB' (1)

In AA’'B'C’ we have: B'C' = \/xz + y2 — 2xycosA (2)

From (1)+(2) we have:

\/x2+y2—2xycosA=b+c—a—(x+y)=2(s—a)—(x+y)(:>
x*+y?—2xycosA=4(s—a)’)+4G—-a)(x—y)+ x> +y*+2xy (3)
wherex +y < 2(s — a)

4(s—a)’>—4(s—a)(x+y) + 2xy (1+b2+2c;c_a2) =0
4(s—a)2—4(s—a)(x+y)+?—cy-s(s—a)=0
s—a—x—y+%-s=0
y 1 X 1\
”(S_C)<b(b—y)+B>+C(S_b)(c(c—x)+2)‘S
(s—c)bzy+(s—b)cf—xzs—(s—c)—(s—b)=b+c—s=s—a 4

But B’, C' —the contact points of the external circumscription circle, then
x=s—-by=s—-c¢s—-y=s—ac—x=s—a (5)

(s=0? | (s=b)* _
s—a s—a

From (4)+(5) © s—ae (s—-b)?+(s—c)=(s—a)?
SP.311. If A € M, (R) such that det(A4* + 41,) = 0. Prove that:
(detA)? = (TrA)?

Proposed by Marian Ursarescu-Romania

39 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

det(A* + 41,) =
=det(A— (1 +i)l,)det(A— (1 —-i)I,)det(A— (—1+i)l,)det(A—(—1—-i)I,)=0
Py(x) =x*+2x+2=x*—-Tr(A)x + det(4) > (detA)? = (TrA)?
Solution 2 by Ravi Prakash-New Delhi-India

Let A = (‘c‘ Z

A* + 41, = A* + 4A% + 41, — 4A% = (A% + 21,)* — (2A)% =

) we have:

= (A% + 24+ 21,)(A* — 2A + 2I,) =
=A-A+DIL)A-A-DI;)A-(-1+DI))A-(—1-DI)
Now, det(A* + 41,) =
=det(A— (1 +i)l,)det(A— (1 —iI,)det(A— (—1+i)l,)det(A—(—1—-i)I,)=0
s> det(A— (1+DI,) =det(A— (1 —-0DI,) =det(A— (—1+DI,) =
=det(A+(1+i)I;))=0
Suppose that: det(A+ (1 + D)I,) =0 =
(a+1+i)(d+1+i)—bc=0s
ad—bc+(1+i)(a+d)+2i=0s

{ad—bc+a+d=0 {a+d=—
a+d+2=0 ad — bc =

Similarly, for the other cases.

22 = (detA)? = (TrA)?

SP.312. In AABC let the point A’ € (BC) such that the incircle of AAA'B and

AAA'C have same radius. Prove that:

VAA' -BB'-CC' > 3r
Proposed by Marian Ursarescu-Romania

Solution by proposer

Let: 4 —the radius of circle inscribed AAA'B and AAA'C.
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S =Supa tSaca’ = Sapa’ " TatSacar ' Ta=7Ta  (Sgpar +Sgca) =74 (s +A44"); (1)
I1 r—r r r I1
2 _ A A a_4,_nl2 )

AlIlI,~AIBC =» —— =1—-—5——= ;
172 BC r r r a

Let D, E —the points of intersection with sides BC of inscribed circle I,1, ED —rectangle,

then:Illz =FD = DA,+A,E= SABA’ _C+SACA’ _b = S_b_C‘I'AAI; (3)

From (2)+(3) we have: rTA =1 SPhoedd S_:A' S1r,= £(S —AA); (4)

a

From (1)+(4) = E(s —AA)(s+AA) =S=>s2—A4% = as
= AA'? = s — sa = AA' = \/s(s — a) and analogous

BB' = \/s(s—b); CC' =./s(s—c)

AA' -BB' - CC' = s\/s(s —a)(s—b)(s—c)=5s-8S=s*r>27r3

YAA -BB'-CC > 3r

SP.313. Let x,y,z > O such that xyz = 1.
Find the minimum of the expression:
X y z
3 3 T3 3 T3 3
y>+z°+1 z°+x*+1 x*+y°+1

P=2(x+y+2z)+

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

Let

X y z xyz=1 X
y2+z3+1 2BZ+x3+1 x3+y3+1 Zy3+z3+xyz

cyc

x2 Bergstrom (x + y+ Z)Z
— > =
Z xy3+xz2 +xtyz  — Yxy(x2+y)+(x+y+2)xyz

cyc

(x+y+2)° _ (x+y+2)P(xy+yz+zx) AM_GH
(2 +y2+z8)(xy+yz+zx) (x2+y%+2z8)(xy +yz + zx)?

(x+y+2)>?%(xy+yz+zx) _27(x+y+2)*(xy + yz + zx)

T (2 +y?+ 2% +2xy + 2yz + 22x)° ((x+y+2)2)3
27
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_27(xy+yz+zx)AM;GM27-33‘/(xyz)2_ 27-3V12 B 34 -
T (x+y+2)* T (x+y+2t  (x+y+2t (x+y+2)*

3 4
P2 0> () -
(x+y+2)+ (x+y+2z)+ xty+tz

=23

xX+y+z 3 4 1 x+y+z
: = 6t —;(t=—z§/ =1)
3 +<x+y+z) +t4 3 xyz

1 1 AM-GM 7 1 7
QW) =6t+g=tt ottty 2 7|0 5=7Y227P201)27

t*
X=y=2z

PMi"=7@{xyz=1 ox=y=z=1.

Solution 2 by proposer

By Cauchy-Schwartz inequality, we have:
x y z
+ + =
y2+z3+1 z2Z3+x34+1 x3+y3+1
x y z
+ + =
y3+z3+xyz zZ2+x3+xyz x3+y3+xyz

2 2 2

X Z

xy3 +xz3 + x2yz  yz3 +yx3 +xy’z zx3+zy3 +xyz? —

- (x +y+2)* s
~ (xy3 +xz3 + x2yz) + (yz3 + yx3 + xy%z) + (zx3 + zy3 + xyz?)
ad TR A— >
y2i4+z3+1 B +x3+1 x3+y3+1—
- (x+y+2)? (D)
—xy(x? +y2) + yz(y? + z%) + zx(2% + x?) + xyz(x + y + z)’
Other,
(x+y+2)*

xy(x?2 +y2) + yz(y? + z2) + zx(z2 + x2) + xyz(x + y + 2) -

B (x+y+2)? - 3
C (xy+yz+zx)(x2+y? +22) T x% + y2 + 22

From (1) we get:
X 4 y 4 z - 3
=
y2+z3+1 2B+a3+1 x3+y3+1 7 x2+y2+ 22
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X y VA
P=2 >
(x+y+z)+y3+z3+1+z3+x3+1+x3+y3+1_
3
22(x+y+z)+m; (2)

By AM-GM inequality, we have:

xy+yz+zx233\/(xyz)2 =3 2(xy+yz+zx) =26
3 3 3

— > ; (3
x2+y2+2z22 (x+y+2)?2-2(xy+yz+zx) (x+y+2)?—-6 3)

From (2),(3) we get:

2t +

3
j;(t=a+b+c>0);(4)

P>2x+y+2)+ 2

x+y+27%—6
Now, we have:

2t — 12t + 3 )
>7 < >702t3-12t+3>7t? - 42 &
t2—6 tZ2—6

23 —7t2 —12t+45>0< (t—3)2t>? -t —15) >0 < (t —3)%(2t + 5) > 0(true)

2t +

From (4),(5) we get:

P > 7 = Pyin = 7. Equality occurs if

( x,y,Z>0;xyz=1
| x y z >0
= = X = =Z
4y3+z3+1 2 +x3+1 x3+y3+1<:>{ Y _ x=y=z=1
I x=y=z xyz =1
k t=x+y+z=3

SP.314 Let a,b,c > 0 suchthat a + b + ¢ = 3. Prove that:
a? s b? N c? - 3
bic-3/4(b®+1) c*a-3/4(c®+1) a*b-3/4(a®+1) 2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by proposer
2 b2 CZ

a 3
+ + =5
b*c-3/4(b%+1) c*a-3/4(c®+1) a*b-3/4(a®+1) 2

(D)
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We have: b® + 1 = (b? + 1)(b* — b* + 1) = (b* + 1) ((b2 +1)% - (b\/§)2) =

= (b +1)(b? — bV3 + 1)(b* + bV3 + 1)
By AM-GM inequality, we have:

Vams +1) = 3\[(17Z +1)[2(2 +V3)(b? — bV3 + 1)][2(2 —= V3)(b2 + BV3 + 1)] <

B2+ + [2(2 +V3)(b? —bV3 +1)] +[2(2 - V3)(b* + bV3 +1)]
< 3 =
9b* —12b +9

= 3 =3b>—4b+3 =

a(b®+1)<3b -4b+3 &

2

1

1
3 2352 <
[4(b5 +1) 3b*—4b+3

2

a a
>
bc-3/a4(p5 +1) b*c(3b*—4b+3)
Similarly:
b? b?
>
cta-3fa(c5 +1) c*a(3c*—4c+3)

2 2

c

c
>
a*b-ifa(a®+1) a*b(3a*—-4a+3)

Hence,
a? N b? N c? -
btc-3/4(b®+1) c*a-3/4(c®+1) a*b-34(a®+1)
a? b? c?

> .
~ b*c(3b% — 4b + 3) + c*a(3c¢%2 —4c +3) + a*b(3a? —4a+3)’ (2)

By Cauchy-Schwartz inequality, we have:
a? b? c?
b*c(3b2 —4b + 3) | cta(3c? —4c+3)  a*b(3aZ —4a+3)
a?\’ b2\? 2\
(52) () ()

= >
a?c(3b%2—4b + 3) + b%2a(3c% — 4c + 3) + c2b(3a%2 —4a+3) —
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a¢ b2 2\
. (ﬁ +c—z+?) _
~a%?c(3b2 —4b +3) + b2a(3c2 —4c+3) + c2b(3a? —4a +3)
a’> b* c?
(ﬁ +c—z+?)
"~ 3abc(ab + bc + ca) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?) >

a? b? c?
>
b*c(3b%2 —4b + 3) + cta(3c2 —4c+3) + a*b(3a? —4a+3) —

a’> b? c?

(ﬁ +c—z+?) 3
> .

~ 3abc(ab + bc + ca) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?)’ 3)

2

2

By AM-GM inequality, we have:

2 2 2 2 2 2 2 2 2

a a b b b c c c a
a’ bZ_I_CZ ﬁ+ﬁ+c_2+c_2+c_2+? F+?+b2>
b2 ¢z a? 3

3 3 o
3la? a? b? 3/b?2 b2 c? 3[c2 ¢? a?
3 b—z'ﬁc—zf\/c—z'c—z?f\/??'ﬁ_
- 3 3 3
3| at 3| p4 3] c4
:\/W+\/c2a2+\/a2b2:>

a? b 2 3| gt 3| p4 3| 4
ﬁ-l_?-l_?z b2c2+ c2a2+ azbz; (4)

Other,3 =a+ b + ¢ > 33abc = Yabc <1 & {/(abc)? < 1; (5)

From (4),(5) we get:

a’? b* ¢* a*+b*+c* a*® b* c? s i2 . 2
ﬁi‘ﬁi‘ﬁZf@ﬁ‘Fc—Zi‘?Zd +b“ +c (6)
From (3),(6) we get:

a? b? c?
+ + >
b*c(3b2—4b+3) c*a(3c2—4c+3) a*b(3a%-—4a+3)
- (a? + b? + ¢*)? ;
~ 3abc(ab + bc + ca) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?)’ 7)

Now, we have:
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3abc(ab + bc + ca) < abc(a+ b + ¢)? = 9abc = 3abc(a+ b + ¢) =

3abc(a + b + c¢) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?) <
< —abc(a+ b + ¢) + 3(ab? + bc? + ca?)
3abc(a+ b + c¢) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?) <
< —abc(a+ b +c)+ (a+ b+ c)(ab? + bc? + ca?)
3abc(a+ b + c¢) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?) <
< —abc(a + b + ¢) + (a?b? + b*c? + c*a?) + (ab3 + bc® + ca3®) + abc(a + b + ¢)
3abc(a + b + c¢) — 4abc(a + b + ¢) + 3(ab? + bc? + ca?) <
< (a?b? + b*c? + c%a?) + (ab® + bc® + ca®) ©
(a? + b? + ¢%)? -
3abc(ab + bc + ca) — 4abc(a + b + c¢) + 3(ab? + bc? + ca?) —
- (a® + b? + ¢%)? _
— (a?b? + b%c% + c%a?) + (ab3 + bc3 + ca3)’
From (7),(8) we get:
a? b? c?
b*c(3b% —4b + 3) + cta(3c? —4c+3) + a*b(3a? — 4a + 3) =
(a® + b? + ¢%)?

(8)

> ;0 (9
~ (a?b? + b%c? + c%a?) + (ab3 + bc3 + ca?) )
We will prove:
a? + b? + ¢?)? 3
( ) >—; (10)

(a2b? + b%c? + c2a?) + (ab3 + bc3 + ca3) ~ 2’
& 2(a? + b? + ¢?)? > 3(a?b? + b%*c? + c*a?) + 3(ab? + bc? + ca?)
& 2(a* + b* + ¢*) + (a?b? + b%c? + c?a?) > 3(ab® + bc3 + ca®); (11)
By AM-GM inequality, we have:
a?(a? + c?) + b%2(b? + a?) + c*(c? + b?) = a? - 2ac + b? - 2bc + c¢? - 2¢cb
= 2(ab?® + bc? + ca®) &

& (a* + b* + ¢*) + (a®b? + b?c? + c?a?) = 2(ab?® + bc® + ca?); (12)
Other,

at+b*+b*+b* b*+ct+ct+ct t+at+at+at

44 pt gt = >
a*+b*+c 2 + 2 + 4 =
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4¥a*p12  4aVb*c12 4 c*al2
> + +
4 4 4
a* + b* + ¢* > ab® + bc® + ca?®;, (13)
From (12),(13) we get:

=ab’ + bc® + ca® =

2(a* + b* + ¢*) + (a?b? + b*c? + c*a?) = 3(ab3 + b3 + ca®) = (11) is true = (10)
is true.
From (9),(10) we get:

@ + b + ¢ > 3 = (1
b*c(3b%2 —-4b+3) c*a(3c2—-4c+3) a*b(3a?—4a+3) 2 )

is true and we get the result.

a,b,c>0;a+b+c=3@

Equality occurs |f{ a—b=c a=b=c=1.
SP.315. Find:
2 2 3t 3t 3t (4 yi4 v 2m
Q = cos? 7sin6 - sin® -~ cos® - sin® - sin® - cos? 7sin6 - sin® -

Proposed by Pedro Pantoja-Natal-Brazil
Solution by proposer

The polynomial equation 8y3 + 4y? — 4y — 1 = 0 have roots equal to

2km
cos7,k =1,23,.

. . 1 2k
We will do the transformation t = —é =1- T X= cosTn,k =1,2,3,..

Note that 1 — cos# = 2sin? k7” then the polynomial equation 8y —4y? —4y +1 =10

2km
have roots equal to x = —cos——,= 1,2,3,.

The polynomial equation8(y —1)3 —4(y-1)2-4(y-1)+1=0<
8y3 — 28y? + 28y — 7 = 0 have roots equal to 1 — cosZkT",k =1,23,..

The polynomial equation 7y3 — 28y? + 28y — 8 = 0 have roots equal to
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1
an’k =1,2,3,..
1—cosT

The polynomial equation 7y3 + 28y? + 28y + 8 = 0 have roots equal to
-1

2km’
1- cosT

k=1,23,..

The polynomial equation 7(y — 1)3 + 28(y —1)2 +28(y —1)+8 =0

7y3 + 7y?> — 7y + 1 = 0 have roots by, = 1+_—12k,,,k= 1,2,3, ...

1 —Cos——

b1 + bz + b3 =-1
blbz + b2b3 + b3b1 = —1

b1b2b3 = —;

Therefore

= b? + b% + b5 =(-1)2—2-(-1) =3 and
b3 + b} + b3 — 3byb,bs = (by + by + bs)(b? + b} + b% — byby — bybs — bsby) =

25
b3+ b3+ b} =——
1 2 -
32m 34n 36m
cos - cos - cos - _E

Hence =
! sin3§ sin327n sin337" 56

.. T . 2m . 3m V7
Because sm;smTSmT =5 we have:

2 2 3n 3n 3t yi4 yi4 i 2
Q = cos? TSin6 - sin® -~ cos? 751’n6 - sin® = cos? 7sin6 - sin® - =
1225
= W

s
3k+1

X

UP.301.If S, = Y7_, 3% 1. sin3 dx then find:

1
and I = nf\/%tan_lx
Q= lim([I]-S,)"; [*] — GIF

n—-oo
Proposed by Florica Anastase-Romania

Solution 1 by Adrian Popa-Romania

3sinx — sin3x
4

sin3x = 3sinx — 4sin3x = 4sin3x = 3sinx — sin3x = sin3x =
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n n
(A yi4
k-1, ) k-1 . ein ) —
Z 3 3k+1 Z 3 (35m3k+1 smgk) =
n
1 (4 1 yi4 yi4
- k _ 2k-1 . Neaj i) —
4 2(3 smSk+1 3 sm3k) 2 (3 Sl"3n+1 sm3)

4 1 3 2 12 _m 8 no012 8
3n+1 3n+1
Now,—<x<1=> < tan™ x< :» < e 4—x< x_l 6x
V3 T tan"lx m 3 tan~1x
1 1 1
4x X X
f—dx< f —-dx j—dx(:)
T tan 1x
1 1 1
NE] V3 V3
1
4 x| - f x d <6 X2
—_— — —_— — @
w 2|1 / tan-x" "1 2 1
V3 i V3
1
(1-3)< [ratr<5(1-3)
—(1—-—= —(1-=)e
T 3 / tan—1x . 3

Qzllr?o([] )"=llm<%—?> =0; 1—\/—§<1

Solution 2 by Kamel Benaicha-Algiers-Algerie

1

x
Iznf —T-dx
/ tan—1x

V3

(1+x )tan x—x2
(1+x2)(tan‘1x)

. 1
Let be the function f: [\/_E' 1] - R fx) =
gx)=A+xHtan'x —x* > g'(x) = 2x(tan"'x - 1) + 1

(4 2/
_ -1 I ’
6Stan x> 3(6 1)+1gg(x):>
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9
2 @m 3V3+m-6_3+3-6 1

gx)=1-—+ = > = >0
V3 3V3 3V3 3V3 2V3

T 1
.°.g/=>g(x)ZE—1>O:»f(x)>0:»f/‘xE[ﬁ,l]z

—\/_<f(x)<—
1
\/651__ nljt nix? (1_%)
”
2—%s 4 i=>[2— 3] 1]<[4— ]
1 2 4 4 4
_ﬁ<_§:>4_ﬁ<§:>[4_ﬁ]sL[2 ]—1=> =1

sin3x = 3 (sinx — sinx - cos2x) = 2 <sinx —3 (sin3x — sinx)) =

1
=— (33inx — sin3x)

n
T T
k-1. o5 k- 1
23 - sin3 3k+1 1 23 35m3k+1 smgk)

n
1 yi4 1 yi4 yi4
- k k—1q; — n o)
4 51(3 sm3k+1 3 51n3k) =2 (3 smgn+1 sm3) =

= L (3”sin T —E>

w
1l
[uy

4 3n+1 2
n
1 T V3
Q = lim([1] n)"_l'm(sn)n:hm< (3nsm3"+1 2>> )
 im L. " <3ns""y%_§>
n—oo 41
1
i (angin ™ V3) i 1 ’ sinmt V3 3<1
noe\> Mt ) T 3 AR T T2 T3
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T V3
limn-log <3nsin —> = —00

n-oo 3n+1 2

So,

1 ni <3n - nL_ﬁ>
Q=1lim([I]-S)" =lim—-e -\ 3 2)_¢

n—oo n—-oo 41

3
UP.302. Let x,y,Z > O real numberssuchthat x + y +z = —

xyz
Find the minimum of value expression:
Q = (2x% —xy + 2y*)(2y* — yz + 22%)(22* — zx + 2x?)
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam
Forany x,y,z > 0 we have: 2x%? — xy + 2y? > @ o

42x* —xy+2y) >23(x+y)? ©8x2+8y* —4xy>3(x*+2xy+y?) ©
5x2 + 5y —10xy > 0 © 5(x — y)? > 0 (true Vx,y > 0)

3(y+2)?

2
Similarly: 2y* — yz + 2z° > ==_—; 2z% —zx + 2x* > 3(z+%)

Q = (2x? —xy + 2y*)(2y* — yz + 22%)(22% — zx + 2x?%)

27 2
ZR((x+y)(y+z)(z+x)) =P
LetQ=(x+y)(y+2)(z+x)=(x+y+2z2)(xy+yz+ zx) — xyz;
3 AM-GM (x+y+2z)3
= — = < — =
x+y+z xyz:>3 x+y+2)xyz < ((x+y+2z) 7
x+y+2z)*
:%:81£(x+y+z)4:>x+y+223
(xy + yz+zx)? > 3xyz(x+y+2z) =3 3 x+y+2z)=9>
Z+z z z) =3 —- z) =
yry = 3XYy y Xty+z y

xy +yz+ zx = 3. So,

3 x+y+z23

Q:(x+y+z)(xy+yz+zx)—xyzz3(x+y+z)—Ty+Z
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>9 3 8 >p> 27 82 =27
—_——_—= = _ =
- 3 Q=zP= 64

xX=y=12z

3 —v =g —
xtyt+z=——90*¥=y=2=1
xyz

Qmin =27 &

Solution 2 by Michael Sterghiou-Greece
fytz=—,
xty+z=_i(0)

Q = (2x% —xy + 2y*)(2y? —yz + 22*)(22* — zx + 2x?); (1)
Let (0, q,7) = Xcyc X, Xeye XY, [1cye X) from (c) we can easily to show that

p=>3,q=>3r<1

3 3 3 5
[-‘-;=p23ﬁ:>rs3,sop=;23andq >3pr=9=q=>3
xZ+y?
As xy < and analogs then (1) reduces to the stronger
27 27
QZ?'H(’CZ‘FYZ):?' sz . ZnyZ —1"2 : (2)
cyc cyc cyc

3
pZ

(e)
But chcxz = pZ - qu chcxzyz = q2 - Zpr ; q2 —6andr? =

So, (2) reduces to:

2—87- »* - 29)(q* - 6) —% = %-f(p.q)
Now, f(p, @) = 8 as we will show. This is equivalent to:
p?(p? — 2q)(q*> — 6) — 8p? > 9 or p*[(p? — 2q)(q*> — 6) — 8] = 9 or as p? = 9 to the
stronger (p? — 2q)(q* — 6) — 8 > 1 which reduces to:
(q — 3)(g% + 3q + 3) = 0 which is true.

Equalityforx =y=z=1and Q > 28—7'f(p,q) = 28—7- 8 = 27.Done!
Solution 3 by proposer

We have:
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5 3 5 3
2x% — xy + 2y* =Z(x2—2xy+y2)+z(x+y)2 =Z(x—y)2+z(x+y)2

3 3
Zz(x+y)2=>2x2—xy+2y2 21(x+y)2

Similarly: 2y% — yz + 2z% > %(y +2)?; 272 —zx + 2x2% > %(z + x)2. Hence,

= (2x%2 —xy + 2y%)(2y? — yz + 22%)(22% — zx + 2x%) >

%(x+y)2 LD @02 o (A Py + D4 D (D)

We have Vx,y,z > 0
x(y—2)?+y(z—x)*+zx-y)? =20
x2y + xy? + y?z + yz* + z°x + x2* > 6xyz &
9(x%y + xy* + y?z + yz® + z*x + xz* + 2xyz) >
> 8(x%y + xy? + y*z + yz% + z%x + xz% + 3xyz) ©
Ix+y)(y+2)(z+x)=>8x+y+z)(xy+yz+zx) &

8(x+y+2)(xy+yz+ zx)

x+y)y+2)(z+x) = 9 ; (2)

From (1),(2) we get:

(S(x +y+z2)(xy+yz+ zx))2
9

27 27-8%2(x+y+ z)*(xy + yz + zx)*?
Q= = s
27 92 .64
(x+y+2)>2%*(xy+yz+ zx)?
> 3 ; (3)

2
Becausex+y+z :xiyz:> 3 = (x+y+z)xyzs (xy+y;+zx) PN
(xy+yz+zx)? =29 xy+yz+zx=>3; (4)

(ab + bc + ca)2>
3

<using abc(a+b+c) <

>(x+y+2)?2>3(xy+yz+zx)>3:-3=9=>x+y+z>3; (5)
From (3),(4),(5) we get:

>(x+y+z)2(xy+yz+zx)2>32-32
- 3 -3
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x=y=z>0 x=y=2z>0
Equalntyholdsnf{x_l_y_l_z_ 3 (:){ 3x=i3 ox=y=z=1.
Xyz x

Hence, the minimum of value Qis 27 forx =y =2z = 1.

dx
UP.303.Let be (I,),51,1 _f —— _:a€eRa>2;
n/nz14n x(1+\/—)n

k_ok
Q(a) = 1111_)11010(1 +1,,) 'Z;c':l:(z—;)k . Then prove:

a—2<Q( )<a—1
< Qa) <
4a a+1

Proposed by Florica Anastase-Romania

Solution by Adrian Popa-Romania

a? a a+1
; f dx t=Vx f 2tdt ) f dt Letzu f du
" x(1+vx)" 21+ J t1+o" ) (u—Dur
a+1 a+1 1
_zf(l 1 1 )d—zf 1 1W—1d_
B u—-1 u u? w= u-1 u 1_, w=
2 u

Z k- (;a)" kz (k 12k k -1a") -

Let be the sum:

-1 1
1+x+x2+--~+x"‘1:x_lzl_x;(xe(O,1),x"—>0)|f(:)

P (1 )=>zx— log(1—x)
X+—+3 —=—log x K" og x

Therefore,
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k 2k 2k gk 1 1 2(a—1)
ZW=Z | =gyt iog (1) =tog ==
k=1 k=1

So, 0(a) = lo gz(a 1)

We must show: 22 < Qa) < a;l
4a +1

HED 2 a e [2,)

Case 1) Let be the function f(a) = log—— ™

, a+1
f'(a) =m> 0,Va>2= f(a) 7 [2,0) = f(a) > f(2) = 0,Va € [2,)
2a-1) a-2
> .
=log——=2=——,vae [2,0); (1)
2(a 1) a-1
Case 2) Let be the function g(a) = log —— - —ac [2,00)
—a’?+4a+1
g'(a) = =;9(@) =0 a, =2+V5;(a>2); glay) <0

a(a—1)(a+1)

a 2 a, o0

g@| +++++0-—————————

1
9(a) ~3 2272 g(a;) NNY  (log2—1)

We get, g(a) < 0,,Va € [2,); (2)

From (1),(2) we get: — 2 < Qa) < ?

UP.304. Let (a,,),,>1 Sequence of real numbers such that

n

 km
a, = H(Zun%),n ENN>O0

Find:
- 2—na;-a
-t (Y 2t
n—oo a’k
k=1

Proposed by Florica Anastase-Romania
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Solution 1 by Sergio Esteban-Argentina

By complex numbers we can deduce that:

n

xn —1 5 kn x=1
5 =1_[<x —2cos(—x)+1)=>
xc—-1 n

x2n — X kn
lim 5 = 21— cos (—) -
x-1 X4 — n
k=1
n—-1 n-1 n-1 2
14 k km
n= 1_[ 22s5in? — - n = 221 1_[sm2 — = <2"‘1 sin —) -
-1 k=1 k=1
-1 1
. T km T kr n
2n nsm— =Vvno nsm— =—
2n 1
k=1 k=1
Then,

n—-1 k \/_

- - n n
(Hx, =2"- nsm7 =2" T = 2n

k=1
—na,-a
o0 = tim (3200 iy (52— 2 )t () 2 -2
n—-oo ak n—-oo xk n—-oo xk
=1 =1 =1 =1

1 1
(iii) Notice that }.}}_, (%)p represent the lower Darboux sum of f(x) = x ? on [0, n], while

1
= 1
1 1- .
r=1 (E)p < —p’_’l n  » forallintegers 1 < n and any real numberp > 1.

Another way to prove is by induction.

So, put p = 2 and by (ii) Q < lim (2vn — 2n%yn) = —
n—-oo

Solution by proposer

Let: x, k = 1,2,..,2n the roots of the unity.

= kn+_ i knk-lZ 2
xk—coszn lsmzn, =1,2,..,2n
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x12=t1-roots

2n n-1
1= Ja-w 2 @] [e-moe-w
k=1 k=1

n-1
kn
=(x%-1) 1_[ (xz - ZxcosT + 1)
k=1

-1
km x=
= x2N—2 4 4204 4 4 42 11 (xz Zxcos— + 1)

1
kmr - km

n= (2 - Zcos—) = | | (4sm2 —)
n 2n

(4 21t n—1n
n=22m"1 .gin2 _.gin>? — ...-sinzg
2n 2n 2n

:

1

Vi 2 n—1n
2" 1. gin—-sin—- ... sinu =vn=a,=2Vn
2n 2n 2n

n

n n
2—na,-a 2 1
E -k m_ E ——nzanz E — —2n%\n
Ay = g k

k=1

(Z——zf)+zv_ 2n%\/n

b, = 2:1\/_; — 2+v/n —loachimescu sequence.
1
bpi1— by, =—-2Vn+1+2Vn+ <=2(Vn+1-vn)+2(Vn+1-vn) =0
2vn+1
= (b,)),»1 —decreasing = b,, < b; = —1
Fromvk+1— \/—_ﬁ 2\/_,k>0:>

1 1
\/n+1—1<—Z—
2k=1\/E

n n
1 1
:>—2<—2\/n+1+2—£—2\/ﬁ+2—=b <b, =1
k=1\/E k=1\/E " '

=> b, €(-2,-1)
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(e ) \

n
2— " 1
Q = lim ZM —lim| | ) —=—2vn |+ 2vn(1 —n?)
n N

(g e

UP.305. Let (a,),»1, @1 = €,a, = e"a;,_; and (b,),>1 such that:
n+b,

(1 ™ =TT+ )

Find: (0 = limb,,

n—oo

Proposed by Florica Anastase-Romania

Solution 1 by Sergio Esteban-Argentina

Noticed that: log(a,) = n(log(a,_1) + 1)

1 1
1 1 1
us = logay =304+ 1) =31 (g + 7+ 57) = 15
_ _ _ o 1 1 1 1\
u4—loga4—3(15+1)—3.(a+ﬁ+i+§)—64

n-1 1
u, = loga, = n!'ZE
k=0

R — n—1l qn _ _ qn i
Now, if q,, = Lx—o m = P 1+ — butn!'q,_.; =u, = P 1+ o =
n n 1
dx
a=ao| [o=][(1+5)
k=1 k-1 g k
Finally,
n+b n l n l
1 " 1 09\ Lk=0TF
(”E) :ZEi"’":—f—"
=0 lOg (1 + ﬁ)
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Q=limb, ==

n—-oo 2
Solution 2 by Adrian Popa-Romania
a, =e; a, = (ea,_1)" = loga, = log(ea,_,)" = nlog(ea,_,) =

1 1+ logak loge + loga; log(ea;) -

1+ =
logak loga, loga, loga,
ﬁ (1 N 1 ) 3 ﬁ log(ea;) log(ea,)
- - ]
11 loga, 11 loga, n!
a, = e a, = e?-e? = e2*21, q, = ¢3+23+123
Applying Mathematical Induction we get:
YR PP I (1+1+1+ . )
a, = en+(n—1)n+(n—2)(n—1)n+~~~+1-2-3-...-n —e 11721 n-2)!" (n-1)! = 0! n-1)!
<1+1+1+ S ) '(1 1.1 1 )
l 0l 11" 21 (n-1)! l l ot 2t o
log(ea,) og<e e )_ oge + og( >
n! n! B n! B
1 1 1 1
_1+n'(0|+1|+2|+ +(n—1)!> 1 (1+1+1+ N 1 )_
B n! o 1! 2! n-1!)
_1 +— ! += ! + ot ! + !
01! 2! (n-1)!
1 n+bn n 1
(o3 [ 1) -
n ~ loga,
i (1 1\"* i (1,11 1 1\ °log
s\ 1T ) TR TR TR cra S TR
e
1 1
(n+bn)log(1+;> =1=b, =———q N
log (1 + ﬁ)
1 1
1-—nlog(1+= 1—xlog |1+
Q = limb,, = lim ( ") = lim ( x) =

nee "% log (1 + %) % log (1 + %)
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1 1
L'H lim _109(1"'}) x+1LH 1 x%(x + 1)2 =1
x—0 _ 1 x—00 X(X + 1)2 2x+1 2
x(x+1)
Finally,
Q=limb, ==

n—oo

Solution by proposer

a, =e"al_; © loga, =n+nloga,_, =n(1+loga,_,)
Let: x, = loga,; x;=1=>x,=n(1+x,_1),x; =1

1+xk 1+xk_1 1

1+xk=k(1+xk_1)+1=> Kl _(k_1)|=E:>

1+x, 1 1 1
o =l4gto et =Ey

n n n
1 1 1 X X 1+x
l_[(1+lo a>= (1+x_> n(k+1 ;ﬂ) (nr;)lz nln
b1 ga/ 4 4 Ko k ! !
n
lim (1+
n—-0o

k=1

= lim =e
n-oo Ml

) o 1+x,
loga,

log(1+ 1+21,+ -+ 1)
lim b,, = lim -n

nee neoee log (1 + %)

log(1+1+21,+ +1) 1 1
= lim + -n]; (1)

neee log (1 + %) log (1 + %)

log(1+1+21|+ +1) 1\Lc-s 1+ﬁ+ﬂ+"'+_
lim o

e log (1 + %) oo log (1 - ;)
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2

1 n
1
log| 1+ 1(n1—1). 1
1+ﬂ+ﬁ+"'+m
= lim > =0; (2)
n—oo 1 n
log (1 - (n+ 1)2)
I 1 I ( 1 1) 1 3)
m| —————n|=Im\————— | =7,
n—00 log(1+%) -0 \log(1+x) x/ 2
From (1)+(2)+(3) we have:
Q=1imb, = !
Taten T2

UP.306. Let (X;);51, X0 = 2, X, =n(xp-1 — (M —1)1—2) -2
Find:

Y1i+2n—-Y7_.x
0 = lim ¥ Rt

n—oo n

Proposed by Florica Anastase-Romania

Solution 1 by Samir HajAli-Damascus-Syria
Xo=2,x,=n(x,_;—(n—-1)1-2)—-2
X1=%Xg—1-2-2=-3
x,=2(x;—1-2)—-2=-14
x3=3(x,—2-2)—2=-56

Thus x,, — — o then —x,, > 0,Vn = 1 therefore,
n—->oo

n
1+2n—2xk>0
k=1

V1+2n—Yr_ x; _ limn\/l +2n— Yo Xe _
n—->oo

Q = lim
n—oo n nm"
c-D'4 lim 1+2(n+1)—Y4]x, _ n" _
n—co (n+ 1)+l 1+4+2n— Y5 X
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] n \" 1+2n+1)—YH]{x
= lim ( )

n-o \n + 1 '(n+1)(1+2n—2;;=1xk)=
1 y 1 1+2n+1)—-X1x
Te mont+l  1+2n-Y_ x,

Qn

14+2(m+1) - Xit X 1e-s - 2—Xpyq

limQ, = lim

n-o n-o 1+2n_2;¢l=1xk n-oo Z—xn
o 2-(m+1D)x,—m!'—-2)+2 | 2—-x,+n2—-x,)+4+n+1)!
= lim = lim =
n—oo 2—x, n—oo 2—-x,
_ 4 (n+1)!
=lim({n+1+ + then:
n-—oo Z—xn Z—xn
Q ! li 1 lim| 1+ + n
=—-lim =—-lim
e nron+1 e noow m+1)2-x,) 2—-x,

-0
Let put: y,, = % clearly y, > 0,Vn > 1 and let prove that:
—X, > (n+1)!
Forn=1: —x;=3>2!=2
Suppose: —x,, > (n + 1)! then
—Xp1=— M+ DX, —n!-2)+2=—-Mm+Dx,+(n+1D!'+2n+1)+2>

S>Sn+1)n+D)!'+(n+1D)+2n+1)+2 > (n+ 2)!

n! n! n! 1
Then: Yn = e = T ~ el el
0<l <l 1 =0 0
SIS a1 "7
Hence,
a=2tim— =L i (14 : Fyn | =2
T e ntl e noe m+D2Z-x,) "
-0
Solution 2 by Remus Florin Stanca-Romania

1 x, Xn-1 2 2
= —_ —_ | — —_ - —_ _— —_ —_—_
o =g = (= DI=2) =21 5= 2= G m-1! nl

62 21-RMM SUMMER EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2(%‘%%2(—1 (k21)' E) o 2Z(k D! sz'

k=1 k=1
n n
Xn _ 1 1 _
) Y LT Y8
k=1 k=1
1+42n-— X n14+2n—-Y"_.x
Q= 1lim \/ Zk 17k lim\[ Zk_l k _
n—oo n n—oo nn
c-'a . 1+2(n+1)—Y¥] Xy n"
= im =
n—00 (n+ 1)+ 1+4+2n -5, xg

1 1 2= Xpy1 1 1 2= Xpy1 LC-S
: 1+ m =—-lim—- = =
2n+1-37_, x; e noom 2n+1-3Y7_ x;

— 1 lim 2xn+2 Xn+3 — Xnt1 —
e noodn— (n+ 1)x, 0 + Xy g — Xpio
1 - lim 2Xpi2 — Xp+3 — Xpi1 —
T e nowdn— (N + 2)Xpp + Xnio
1 2xn+2—(n+3)xn+2+(n+3)!+2n+8—%—(n+1)!—2
= —-lim =
€ now 4n— (n+ 2)x,2 + nL-I—Z(x"” +2)+(n+1)!+2n
1 ’ (> -3n-3x+M+2)+3)'+2n+6)(n+2) — (n+2)!
T e noe 6n?+14n+m+2)!'+ (—n3-3n—4)x,,,» B
(—n? —3n—3)x,,,, 2n+6)(n+2)

1 i) t@E2)m+ )+ -1 )
T e noo 6n? + 14n T14 (—n3 —3n—4)x,,, ()
(n+2)! (n+2)!

1)
L En+2 o n _
Let: i 2 4Zk=1 =x= ll_)l?ox = —00 =
n+2)(n+3) (2n+6)(n+2) + 1
Q = lim x(-n*-3n-3) (n+2)!x(—n*-3n-3) x(-n*-3n-3) 1
Cnoo —n2-—3n-—4 1 6n2 + 14n e

—3n-3 +x(—n2 —3n-3) +x(—n2 —3n—3)(n+2)!
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UP.307. Let (a;)n>1,an € (0,00) be sequence of real numbers such that

a; =va,a>0,a%_, =n-a, + 1 then find:

Q=1 1 N,n=>2
= 1m— ,MENnNn
n—>00n3 At 4+1’

Proposed by Florica Anastase-Romania
Solution 1 by proposer
a,=va,a>0;a: ,=n-a,+1
Let: aZ,; = xp41 > 02 %3 =a > 0, a1 = \[Xne1s
Xpn1 =N /x, +1
How X, =n-/x,+1>1=x,>1,V¥n>2né€ Nthen

n-\x, <xpp1 <(m+1)/x,,Vn>2
logn +%logxn <logxp,,s <logln+1)+ %logxn o
2"1llog n + 2"logx, < 2""logx,.1 < 2"log(n+ 1) + 2™logx,
2" 1log n < 2" ogx, .1 — 2"logx, < 2™"log(n+ 1)
Let: y,, = 2"logx, = 2""llogn < y,,1 — Yn < 2"log(n + 1) and summing, we get:

n n
Z 2klog(k—1) <y, —y, < Z 2klog k

n n

y2 1 y2 1
ﬁ-l_ﬁz 2klog(k — 1) — 2logn < log( ) 2n+2—nz 2¥log k —2logn
k=3 k=3
n
1 _
lim (—z 2klog(k—1) — 2log n) = lim —<Z 2klog k — 2" log ) LC-Stolz
n-oo \ 21 n—oo 2N
k=3 3
. 2™1logn— 2" 2log(n+ 1) + 2™"*llog n n+1
= lim et — g = 4lim log (*=) = 0:(®)

Analogously,

n
1
lim ( Z 2¥log k — 2log n) =0;(2)

k=3
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From (1),(2) we get: limlog (32) = 0 = lim () = tim (1) = 1= tim () = 1
Now,

x2m 4+ 1
1 >V2-1ex™m-(V2-1)x"+2-V2>0t=a">0>
~(V2-1)t+2-vV2>0,0=-5+2V2<0=>

1
nlx2m +1
2-1 / ;
V2 <f 1% 3
0
n[x2n 41 T ameem (X 1) b2+
J( X2 41)-1-1..1-——— < i N
x"+1 — x"+1 n
(n-2)
"x2"+1<1(2n+ 14— 1 )
xt+1 o n- "+1

1 1 1
fnx2n+1d <1f 2n g +n_1+1f 1 _ 1 T 1(a
J xn+1 x_nox x n n x"+1" n2n+1) F (@)

<1

From (3),(4) we have:

1
nfx2"+1 1
\/i—1<0f x"+1dx<n(2n+1)+1@
1 ‘ n 41 1 1
a, a, (*x a,
Vz-13 ﬁ<ﬁf,/—xn+1 ax <3ty
S " f xfm+1
0,4 T e xt+1
Solution 2 by proposer

a, =va,a>0;a%,,=n-a,+1
Let: aﬁﬂ =Xp1>0=2x1=a>0,a,41 =/ Xnt1;

Xpppa=n-Jx,+1

How x,,i =n- /x,+1>1=x,>1,Vn > 2,n € N then

n-Jx, <xpp1<m+1)/x,vn=>2
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1 1
logn+ Elogxn <logxp;s <logln+1) + Elogxn =

2" 1log n + 2"logx,, < 2" logx, .1 < 2"log(n + 1) + 2"logx,,
2" 1logn < 2™"ogx, .1 — 2"logx, < 2" llog(n + 1)

Let: y, = 2"logx, = 2" logn < y,.1 — Vo < 2™"log(n + 1) and summing, we get:

n n

Z 2klog(k—1) <y, —y, < z 2klog k

n
1
—+—22klog(k 1) — Zlogn<log( ) ;’—i+2—nzzklogk—2109n
k=3

1 1 i
lim —Z 2¥log(k—1) — 2logn | = lim — z 2klog k — 2"*1logn L.C-Stolz
n-o \ 21 & oo 2N &

2" 1llogn — 2" 2log(n + 1) + 2™ llog n n+1
= lim g 9 ) gn_ = 4lim log( ) =0;(1)

n-oo 2n+l _ 2n n-o

Analogously,

n
1
lim <—z 2*log k — 2log n) =0;(2)
noe \2t

From (1),(2) we get: limlog (%) = 0 = lim (22) = lim (%) =1 = lim (%) =1

n—-oo n—->oo n—oo

Now, let be the function:

_ X+l (% 4 2x" - 1)
f:10,1] > R f(x) = P f(x) = 1y
"o ?/\/2—1 1
@O ——=————~ 0+++++++
fO) 1 N 2(V2 - 1) 2 1

Wehave:2(V2—-1) < f(x) <1, vx € [0,1] =

"2(vZ - 1) < "

1
1 <1;vx€e[0,1] =
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a, 1, x2"+1 1
711— Z(ﬁ 1 n+1 ﬁ,VxE[0,1]=>

1

a, a, x2"+1 1
b / . vxe(o,1
n \/_+1 n30f x"+1 nz' x€10,1]
nIx2t 4+ 1
50,1 _1111—&10? at+1

. log(Troom+K)("19))
= lim "l -

Proposed by Marian Ursarescu-Romania

UP.308. Find:

Solution 1 by Daniel Vacaru-Romania

We have:
n 2n+1
+k\y ni2Zn+3
Z(n+k)(n ): ( ()
k n+2
k=0
l n(2n+3)(**)
o
Q=i log(Zﬁ:O(n + k) (nzk)) = 1 g n+2 S—Cesaro
= lim i = Jim Vo
(n+ D2+ 50 o n(2n + 3)(***)
g n+3 g n+2

s T D -
m+1)n+2)2n+ 5)(2"+3
( n(n+3)(2n+3)(*") )

= lim
noveh "+ Dl — Yl

We have:

2n+3 2n+3

y (n+ 1)(n+2)(2‘n+5)(n+1 i Sns1
o nn+3)2n+ () eow (M)
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1 2n+3)!n'(n+1)! o 2n+2)2n+3) 3
T it DI+ DI+ 2) ne m+Dm+2)
On the other hand,

n+1 n
/ N7 v+ —VYn!l g
lim (n+1 (n + 1)! _n /n!) = lim ( ) S Ce=saro
n—-oo

nbo  (n+1)—n

~ An! n[n! c-p'a (n+ 1D!'n" ] n \* 1
= lim = lim =" lim————— = lim (—) ==
now Mmoo Nt noon! (n+ 1)1 noo\n+ 1 e

We obtain: () = 1 = elog4 = log4°

Solution 2 by Sergio Esteban-Argentina
First, we calculate:

DIOTIGHEN LI RTL

We will use the following fundamental properties of the binomial coefficients:
i) k(@) =m-k+D()
. 1 2 k k+1
i) )+ (D) e+ () =)
Then, by (ii) and (i) we get:

wn:n(Zn: 1>+Zn:k(n;:k>= (Zn: )+("+1)Z(n+k)

k=0
- n(zn: 1) +(n+1) (2:_+11) = _(211;;1111! D! (1+ :—ib
Now,

N 22n+1)!
0 1 IR+ () 109 (@D

By Stirling’s approximation:
log ( 2(2n+1)! )
. n-1)!'n+1)!
lim —
n—oo W
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im log2 + 2n+ 1Nlog2n+1)—-2n+1)—(n—Dlogin—-1)+(n—1)— (n+ Dlegln+1) + (n+ 1)

n-oo n

e

e (2n + 1)%n+1
- 1111—210;[09 ((n — 1)n—1(n + 1)n+1> =
n
= lim € log( (2n +1)° 1:[(211 G 1)> = elog4
n-oon n-1)(n+1) n+1

Q\ =elog4 = log4®

UP.309.In acute AABC the altitudes AA’, BB’, CC' intersect at all second
times the determined circle by the points A’, B’,C’ in A",B", C".
Prove that:
(2r)%° > (A'A")*- (B'B")? - (C'C")¢
Proposed by Marian Ursarescu-Romania

Solution 1 by Adrian Popa-Romania

A" € (AH),B" € (BH),C" € (CH); AA" = A"H;BB" = B"H;CC" =C"'H
(zr)z_g 2 (AIAu)a . (BIBu)b . (CICH)C

AH
A'A=A'H+HA= A'H +—-
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AAC'H (C =90°): m—“' AH = AC _Ac
(€ =907):cos “am 47T cos(90° — B) sinB

4

~ . AC
AAC'C (€' =90°): cosA = = AC' = bcosA = 2RsinBcosA =

_ 2RsinBcosA

= 2RcosA = HA" = RcosA (and analogous
sinB ( 9 )
HB" = RcosB; HC" = RcosC

BH-HC-sinH BH:CH:-sinA 2RcosB-2RcosC :sinA

= 2R?%*cosBcosCsinA; (1)

_—

(~H=BHA'+ AHC=90"—(90"'—C) +90°— (90'—B) =B+ C =90" - A)

HA' a 2RsinA-HA
Spuc = 2 = 2 ;(2)

From (1), (2) = 2R%*cosBcosCsinA = RsinA- HA' = HA' = 2RcosBcosC
So, A'A" = R(cosA + cosBcos(C)

I ama ' b - CAM_GM a.AIAu_I_b_BIB"_I_c_C/C.. a+b+c ) ..
(A'A"*-(B'B")”- (C'C")° < P < (2r)

We must show that:
a-AA"+b-B'B +c-CC
<2r
2s
a-A'A" = 2RsinA - R(cosA + cosBcosC) = 2R*(sinAcosA + sinAcosBcosC)

cos(B+ C) + cos(B — C) B

~ SinAcosBcosC = sinA -

2
B sin(B + C)cos(B + C) + sin(B + C)cos(B — C) B
- > -
sin2(B + C) , sin2B + sin2C . . .
B 2 + 2 _ —sinA + sin2B + sin2C
B 2 B 4

. . " . —sinA + sin2B + sin2C
a-AA +b-B'B +c-C'C =R? Zszn2A+ 2 =

cyc

3
= ERZ z sin24;(3)

cyc
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Z sin2A = 2sin(4 + B)cos(A — B) + 2sinCcosC =
cyc
= ZsinC(cos(A —B) —cos(A + B)) = 2sinC - 2sinAsinB =
= 4sinAsinBsinC = abe _4Rrs er, 4)
2R3 2R3 R?
From (3), (4) we have:

3RZZ 2A—3R2 2rs 3rs_3r<2
2 sin 2% Rz T2 T2 © 4T

cyc
Solution 2 by proposer

AA"  AA" -AA’
AL AA”?

(1)

RZ
AN AN = p(A) = AQ* — - (2)

b%+c%—a?

From (1) + (2) > AA"- AA' = = h, = 2R - sinB - sinC (3)

From(1)+2)+@3) =

AA" b? + c* — a? B 2bc - cosA 3 4R? - cosA - sinB - sinC 3
AA’  16R? - sin?B - sin®’C 16R? - sin?B - sin?C  8R? - sin?B - sin?C
2bc: cosA

~ 2sinB - sinC

Therefore

AA" cosA AA" " AA" = 2§
1= —a = = . =
A4 2 Z smBsmC Z 28 Z a4
a

> Za(ha —-A'A")=28> Z ah, —Z a-A'A"=2S

Z AA" =4S Z a-A'A" A4S Asr —2r @)
= =45 > =
a4 atb+tc 2s 2s "

Applying weighted AM-GM inequality, we have:

a
2r= ) ————A'A" = (A'A")*/?s - (B'B")"/?s - (C'C")“/*s
r E 2+t bt (A°A")Y= - (B'B")”* - (C'C7)

So: (21‘)25 > (A4'AMHe- (B'B")b - (C'C")*
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UP.310. Let x, y,z > 0 real numbers such that x + y + z = 3. Prove that:

3(Vx+3y+Vz+1)=4(xy+yz + zx)
Hence, find the minimum value of expression:
x y N z +3(3§/§+i/§+3§/;)

P = +
y+z z+x x+Yy 8

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution 1 by Tran Hong-Dong Thap-Vietnam

By AM-GM inequality, we have:

Va+Va+Va+a+a > 5] (Va) a2 a? = 5a° = sa o
33/a + 2a? > 5a © 33a > 5a — 2a?
Similarly: 3Yb > 5b — 2b%; 33/c > 5¢ — 2¢?
Therefore,
3(a+Vp+3Yc)=5(a+b+c)—2(a+b*+c%) &
3(a+¥p+¥c)=215-2(a®+b?> +c2);(~a+b+c=3) &
3(¥a+ Vb +3c+1)>18—2(a? + b? + c2) X
=2(a+b+c)?-2*+b*+c?) e
3(%+%+%+1)22(a2+b2+c2+2ab+2bc+2ca)—2(a2+b2+c2)<:>
3(3\'/E+ Vb + 3{/E)Zél(ab+bc+ca)—3
Choose:a=x;b=y;c=2z(x,y,z> 0,x +y + z = 3) we have:
3(Vx+3fy+Vz) = 4(xy+yz+2zx)-3; (x) &
3(3\'/§+§/;+ Vz+1) = 4(xy + yz + zx);

y z x2 y? z

z+x  x+y - x(y+z)  y(z+x) z(x+y) —

2

Now, () =+
y+z

Berg;trom (x +y+ Z)Z B 32 _ 9
2(xy +yz+zx) 2(xy+yz+zx) 2(xy+yz+zx)
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3(x+3y+z 9 3x+3y+3z2)®
poqy BXHVYEVE) RECERE AR

8 2(xy + yz + zx) 8
- 9 4(xy +yz+2zx)—3 9 +xy+yz+zx 3>
~ 2(xy +yz + zx) 8 ~ 2(xy +yz+ zx) 2 8~

AM;GM2 9 xy+yz+zx 3_2 9 3_3 3 21
= 2(xy + yz + zx) 2 8 “J/4 8 ~ 8 8

21 { X=y=z

21
Hence P > “;and Pyin =3 S 1y 1 51 7= 3

@x:y:z:

Solution 2 by proposer

By AM-GM inequality, we have:

i/i+§/§+§/3_c+x2+x2ZSi[W-W-W-xZ-xzzsv;F:Sx@
33x + 2x% > 5x © 33/x = 5x — 242
Similarly: 33/y > 5y — 2y?; 33/z > 5z — 222
Therefore, 3(Vx + 3y +Vz) >5(x+y +2) —2(x? +y* + 22) &

3 x+3y+¥z) =5(x+y+2)-2[(x+y+2)?-2(xy+yz+zx)] &
3(Vx+3fy+Vz)=5-3-2[(32-2(xy+yz+zx)] &
3(Vx+3fy+Vz) 24(xy+yz+zx) -3 &
3(W+i/§+%+1)24(xy+yz+zx); (D

By Cauchy-Schwartz inequality, we have:
x z x? 2 2 +v+2)2
LY _ Loy T (x+y+2)

y+z z+x x+y x(y+2z) ylz+x) zlx+y) x(y+2)+yz+x)+z(x+y)
vz 3(3\/§+3 y+3\/5) -

X
Hence, P = —
y+z  z+x  x+y 8

x+y+2?  3(x+3y+Vz) 9 3(Vx+3fy +Vz)
> + = +
2(xy +yz + zx) 8 2(xy +yz + zx) 8

From (1):3(Vx + 3}y + Vz + 1) > 4(xy + yz + zx) =
3(Vx+3y+3Vz) =4(xy +yz+zx) - 3; (3)
From (2),(3) and AM-GM inequality, we have:

; (2)
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- 9 +4-(xy+yz+zx)—3_1( 9 N vzt ) 3
~2(xy +yz + zx) 8 S 2\xy+yz+zx (xy +yz + 2x) 8
>1 2 9 (xy + +2%) 3_1 2.3 3_3 3_21
=2 % [xytyz+zx Y TYETEUTGT 8 ~ 8 8

P> E = Pyin = E. Equality occurs if

( xy,z>0x+y+z—3

{\/J_r—x y=y4Vz =
x=y=z>0

t xy+yz+zx=3

(:)x=y=z=1.

UP.311. Find:

n—oo

lim W(if“ +1)? W)
Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania
Solution 1 by Marian Ursdrescu-Romania

BT [
L—llm\/§<3n+3_(n+1)!—sw

— lim \/— i/_< w/(n+1)2 37V_ 1>:
e R\ D1 Ve

n—->oo

I N (TR LIN IAY

li 3\./——1' 3 n_3 nCDA3l_ (n+ 1)nt1 n!_
nl—p;s'{/_ n1—>r23 nn!_ n—»oo'\l/_ - n—»lg (n+1)' n"_

] n+1 3
im () 2% @)
(m ot 1)_
i Ve )

limn

n—->oo
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Vo) 3l
BN e P W s B
N g () |\ o

" Dl Yz

Ly JICEEV AW B TGEEA N IS T
_111Lr£10n-log<3n+m-w —1111_)210109 ( n ) '\[(Mm)n

2n

1 O 1 n' n+1
=§hml°g[<1+ﬂ> mrn Vet DY=

n—-oo

1 O VAN ! , Vnl\ @
=—limlog | e? Vet D —limlog| e @
3 n-w n+1 "~ 3now n

1l (21)—11 _1_ 3
3oge e_BOge_S’()

From (1), (2), (3) we get

L:Hmw<3v<"+1>2 _W);E
wAmr ol V) 3

Solution 2 by Hemn Hsain-Uzbekistan

n\" n n+1\""! 3sin+1
n! = (E) = n!l = i/%;(n+ 1)! = (T) =" (m+ 1) = ’T

31 |3/2(3 3 Ym+ 12 +3nm+1) +Vn?
) e'l’%[\/ﬁ(\/n—“_ﬁ).i/(n+1)2+i/n(n+1)+%/? B

n—->oo

n+1-n
:3 l
engg[\/_ (n+1)2+\/n(n+1)+\/_
o Ve _¥e

elim =—
o m+ 12+ Ynm+ 1) +¥n2 3
Solution 3 by Kaushik Mahanta-India

By Stirling’s approximation, we know:
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n+1

lim (n + 1)! = \/z_n("zl) . (1)

lim n! = \/z_n(g)n ;(2)

n—-oo

limnn=1; (3)

n—oco

2 2
_ 2 (n+1)3 n W@
] e | B
((n+ 1133 (n)3m

2_|/ (n+ 1)§ n3
\

—1 1 N3
(2r(n + 1))23@+D) . ("T'f'l)“"“) (2tn)2z3n - (E) n

S
~F)

2 ( (n+1)3

|
= inoloin3-|
I

\(Zn(n + 1))ﬁ : (n_-l-l)

e

_1 1
< lim (2r(n + 1))6®+) = 1; lim (2rn)én = 1>
n—oo n—-oo

2 2
2[(n+1)3 1 n3 1 1 2 1 1
= lim [n3 7 €3 ——-e3 [| =e3lim [n3 ((n +1)3 — nB)] =
" (n+1)3 n3 "
[ 101 2 2 NN
P ((n +1)3 — n3> (m+1)3+m3+(n(n+1))3% )
= e3lim |n3 | . |l =
n—oo| 2 2 1 |
| \ m+1)3+n3+ (nn+1))3 /J
2 2 1
1 n3i(n+1—-—n) 1 n3i(n+1—-n) e3
= e3lim 5 . T = 331111m == 3
(n+1)3 +n3+(n(n+ 1))3 n3 (1+1)§+1+(1+1)3
n n
76
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UP.312.If m € R, = [0,) and ab,x,y,z € R} = (0, ©), then:

m+1 ym+1 Zm+1 3

X

+ =
ax + bz)™*1 - sectm = (az + bx)m+! - cscm X 1. pop2zm 2T 4™ - (a + b)m+1
( ) 18 ( ) 9 (ax+ by)mtl.csc*™ 9

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Daniel Vacaru-Romania

By generalized Radon Inequality, we have:
xm+1 ym+1 Zm+1

+ =
(ax + bz)™*1 - sec?™ 1—1% (az + bx)m+1 - csczmg (ax + by)m+1 . csc2m ZT”

m+1 m+1
@vm) | (@ts) | (arsy)
e (s B (B

m+1
(@it @t )
>

i

IV} =

ay+ bz " az+ bx " ax+ by
2 T 2 T 2 2m\"™
(sec 1g T €s¢*g + csc* )

; (1)

2 2 2

x y z x z

y
But: = =
ay+bz  az+bx  ax+by ayx+bzx  azy+bxy  axz+byz

Bergstrom (x +y+ Z)2 3
> .
- (a+b)(xy+yz+2zx) a+b’

(2)

2T 2T 227 _ 19,
And sec g T esct g +esct 12; (3)

From (1), (2), (3) we get:

xm+1 ym+1

+

(ax + bz)m+1 . gec2m 1—7% (az + bx)m+1. csczmg

m+1
X y z
zm+1 ® (ay +bz Taz+bx Tax+ by)

21 T T
m+1 ., 2m =% 2 2 22"
(ax + by) csci™ =g (sec ig T csc? g st )

m+1

3
(2)>'(3) (a + b) 3
- 12m 4m.(a+ b)mt1
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UP.313. Let be (a,,) 51, (Pp)n>1, A, by, € RL = (0,0),Vn € N¥,

(0]

= an =
lim =a€R}b, = 1_[ a, .Find:

n—-o W
n=1
lim (n+1\/ bpi1— vb_n)

n—oo

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Adrian Popa-Romania

Letbe x,, = /by = lim ("V/by1 = Yby) = lim (i1 = %)

. Xn . n\/ b, . mlb, c-p'a . b,.1 n"
1) lim — = lim — = lim ’— =" lim—~*~_._— _
) i e n oo |nn noe (n+ 1)1 b,

n-oo N
. . . . N
T R R Lo B LA | ( n )"_1 . Qpyq
ooy y .y M+ nsen+1 \n+1 en-om+1
li a, li a, Vn! li nn! c-p'a li (n+1)! n" i ( n )n
im — = lim —=alim [— =" alim ——————=alim|(——) =—
noo N nooipl N n-oo_ |t n-o (n+ 1)1 nl noo\n+ 1 e

X BT n+\1/ bn+1 T " bn+1 n n+1 _ a e’ _
2) lim = lim ——— = lim . . =—-—-1=1
now X,  moo Mpo oo n+1 tp n e a
n

nHf " n+i n_
3) lim (xn+1>" = lim <M> = lim bﬁii — lim (ay-az-..-a, a,. )n+1 _

n-o b, n-co a-a;-..-a,

1
. n1l gttl M (n+1)!
o m+ D! g
= lim n — = lim —
e AR T (= S Vbhni1 - Quiq
n+1
vV Apiq
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. (m+1D! b .o n@® a a?
= a lim =allm—=a._=_
noo bnyy  nl nowa, e e
n a
lim ("*/by.q = /b )——log—2 =2 (2loga—1)

UP.314. If (a,),>1, (b;,)n>1 are sequences of strictly positive real numbers

such that:
lim =a>0; lim = b > 0. Then find:
n—oo (2n— 1)” n—oo 2n— 1)”
= lim ("K/(Zn + 1! —*Ya, b )
n—-oo

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by Marian Ursdraescu-Romania
L=lim ("/@n+ DI -"Ya, b,) =
n—-0oo
= lim ("Y@n+ DI - Y@n— D) + lim (Y@Zn =D - Va, b,); (1)

NV@n— 1D _n("“,/(Zn + DI 1) .2
n V@n=Di ’

p V@D G- Diepa @i DE w
nl—gl) n N n1—>rg nn nl—g;lo (n + 1)""'1 (21’1 1)”

2 1 n 2
—lim 2 ( n ) SE)

Ly = lim ("Ven+ DI -y 2n-Di) = lim

lag<"+1,/(2n+ 1)!!)
e 2n-1)! 1

— . . l
e <"+i/(2n + 1)!!) ?
I\ zn=u

2n—-1)!

<"+i/(2n + 1)!!) _
"“n-DI )

= limlog

n—->oo

("*1/(211 n 1)!!)"
I\ an-Dn
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. 2n+1 . 2n—-1 (3)
=log <llm ) =lo (llm—> = loge =1;(4)

n g n
noe M (2n + DN noo N/ (2n — D!

n b Y(2n-1)!
1 = i (=01 - ¥y 5,) = iy L (DY)
n n

T
S

. 2
‘A lim Ani1 bpiq . L _

j_ Apin bpr (n-1D! Cn-1D! 2n+1)2 , n \2»
— iim . . . ()" -

now (2n+ DI (2n+ 1! a, b, m+1)? \n+1

a
n T / log<'§2/£—me;)”> \ n T
limn(M_Q: limn| < mon—1 g(ﬁ(Zn—l)..)z

|10
o \log <n\/ (2n - U”)/ “Va, - by
Zn,an . bn

= limnlo /zn ((Zn_ 1)”)2 = limnlo " M _
s 7 \ Zrm / now 9 a,- bn B

_1 o (@eoDU @Dy 1 (1)_ Lo atab); (7
T2 0809\, b, ) 2199 gp) = ~2l09lab)i(7)
From (1), (2), ..., (7) we have:

2 2 2 e
Lzz—zlogva =Elog(—ﬁ>

Solution 2 by proposers

lim an+1 _ lim any1  (@2n-1! 2n+1 _
n-oco Ny n-oo 2n+1)!! a, n

a-%- 2 = 2 and similarly lim 222 = 2

n—-oo by
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n 1A
. Ja . njla, C-D'A . a n" .a n
So, lim *— = lim /—:’l = llm"—“-—=llm"—“-(
n-ooco N n-oo\|n

n+1 2
—) = - and similarly
noo M+ a, plicona, \n+l e

lim Ybn =2
n-ooco N e
n+l/75 T~
Let: v,, = %,Vn =2
] o™ @2n+ 1)” n n+1 . Vmn  Jn Y@n-1)
limv, = lim " 2 : = lim . .
n—oo n—oco n .

n n—o 2% va_n n

_[e \f n (Zn 1)”c DA€ lim 2n+ 1! n"
N2 noveh 2 noo(m+ D (2n— DN
e 2n+1 ( n )n e .2 1 —1
=gmo 1 G Tz %"
Vo1 n @ntD)! 1 _ @n-DU 2n+1 _ m+l
7lll_>no10 logv, =1and ,llLTo” ,lll_)r?o Janb, " Znrl o Janbn mt1 a1
len-Dr |2rn-1D! 1 1 o omm
= lim . -2 - lim =—-— 2 -lim |[—
n-oo a, b, n-co "/(Zn DI Va Vb n-oo [ (2n— D!
c-p'a 2 im (n+ 1)'“r1 2n-1D! 2 im +1 (n + 1)" 21 e
T Jab e @n+ DI nt yap noezn+1 \ n ) " Vab 2 ¢ Vab
n n n n n_1
Let: B, = "\/2n+ D! - %/a, - b, = *fa, - b, - (v, — 1) = */a, - b, Z)g% -logv,

n
HmB. = 1221 10g-% 2111(1;)—1(21 logh)
limB, = |-~ 09 ==7 og(ab) | = — oga —log

UP.315. If (a,),>1, (b;,) =1 are strictly positive real numbers such that

llm——a>011m Pn__ — b > 0 then find:
n—oo n! n-oo 2n—-1)!!
n 1
lim (" + DI @n + D) = Vay, - by) =
n—-oo
Proposed by D.M. Batinetu-Giurgiu-Romania
81
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Solution by proposer

. a . a n! n+1 1 ..
lim 2 =] "—“-—-—=a-;-1=1and5|mllary

n—-oo Ny nooo n+1)! a, n

Q| =

Q| =

. b . b 2n-1)! 2n+1 1
lim 22 = Jjm 2t ZRoDU 2t p 19— 2 50
n—oo N'by n-oo (2n+H! by n b
. n\/ a, . n|Qn C-D'A ani1 n" . Qpiq n "1
lim — = lim = llm—1 — = lim . =1
noo N noo\ Nt noo(n+ 1)1 a, noon-a, \n+1
n n
. b, . "|by c-p'a byi1 n by11 n "1
llm—=11m = llm—l——l . =2
n-o M n-o n" noo(n+1)"1 b, noon-b, \n+1

n+1\/7
Let: u,, = (',l,}t?{—(:nﬂ)”,‘v’n > 2 then

., i n "Ym+1)! "/2n+ 1! (n + 1)2
e _nl—glo"/an "p, n+1 n+1 n

—e- llm n (Zn 1)"C DAe - lim (n+1)!  n"  (2n+ht "
2 nooo n—>oo 2 n—>oo (n+1)n+1 n! (m+1)"1 2n-1)!

_é? I <( n )" 2n+1 ( n )”>_e2 1 )
—2 e\t 1) Th+1r \n+t/ )T 2 e

_ . (m+1D!-2n+ 1! 1

limu; = lim "

n-co n-co a, b, Jn+ 1D 2n+ D!

.on! 2n-1)N n+1 2n+1 n+1
= lim

oo, by, Yyl n+l “Yapt

. n n"  cpa2e . (m+1)"? (@2n-1)
e 2:-lim [————— = im
n-o | (2n — 1)U b n-o (2n + 1)!! nn

Qfm
S =

eZ

E.
n).lz_‘/“:"m.(un_l)

_ 2e y n+1 (n+1>”
Tab no%2n+1 n
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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