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JP.316.If x € R: = (0, ), a, b, c are the lengths of the sides of AABC, with

area F, altitudes h,, hy, h, then:

6x —1 2 1 1 3
+(3x1)
3x

1 - - -
h2 h2+h2_

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Daniel Vacaru-Romania

1 a? 1 a?
We know that 2F = ah, = = 2F = W= (and analogs)

2
6x-1 (2 1 1 (6x — 1)a* + (ﬁ—l)b2+c2
Rzt (E - ) h:" hZ 4F?

(6xa2 + ﬁbz) +c%2 — a? - b?
4F?

Cos.Law

2
6xa’ + 3_b* + 2abcos C AM_GM 4ab + 2abcos C _ ab(2 + cosC)
4.F2 - 4F? B 2F? B

C C C
P2 2= in2 =
_ ab (1 + 2sin 2) _ ab (cos 2 + 3sin 2) Am;GM
ZFZ 2F2 -

., C C
N 2ab\/33m27 costy zﬁabsin%cos% _V3absinC +3F V3
= 2F2 N 2F2 - 2F? " F2  F

JP.317. In AABC the following relationship holds:
a b c 273
)=

452—a2+452—b2-|_4s2—c2 32

Proposed by D.M. Bdtinetu Giurgiu, Neculai Stanciu-Romania

- F

(a® + b3+ 2 (
Solution 1 by proposers

Radon 8s3
Z Z4s2—a2 -9 4s2—a2 9 Z4sza a3

cyc cyc cyc cyc
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Bergstrom 853 ($.a)  8s®-4s? __328° 32559
- 9 Yc(4s2a—a3) 8s3-Y..a3" 8s% 8s3:(9-1)
9

8S3 —
©32-95° 95> 9 mitrinovie 95(3v3r) _27V3  _27V3
T T64s3 32 32 °°% = 32 32 7732

g.e.d.

Radon 3 3 3
: +b+C 2 8
Observation: a3 + b3 +¢3 > & 5 )~ ¢ ;) = %

Solution 2 by Tran Hong-Dong Thap-Vietnam

AM-GM
al+b3+c® > 33 (abc)3 =3abc =3 -4Rrs = 12Rrs

a b c a? b? c? Bergstrom
4s2—a2+4$2—b2+4s2—cZ ~ 4as? —a3+4bs2—b3+4csz—c3 =
- 45?2 _ 2s _ 2s s
~ 8s-s%2—2s(s?—6Rr —3r%2) 4s2—(s2—6Rr—3r%) 3(s®2+2Rr+712)

N b N c ) - 12Rrs ' 2s _
a?  4s2—b?2  4s?2—c2) T 3(s2 +2Rr+1?2)
8Rrs? (1273 27V3
= = F =

s%2 4+ 2Rr + r? 32 32
(1) © 8-32Rs > 27V/3(s% + 2Rr + r?)

But: s < iR (Mitrinovic) = R> —s = 6\/—3

6V3 512v3
8-32Rs>8-32- > s = 5 s2>27V3(s2+2Rr+1r?) &

512s% > 243(s? + 2Rr + 1?) © 269s? > 243(2Rr + 12); (2)
Other,

a
3 3 3
(a>+b +C)(4SZ—

ST

3\/—

s? > 16Rr — 512 (Gerretsen) =
3
269s? > 268(16Rr — 51%) > 243(16Rr — 51r%) > 243(2Rr + r?);
3 3
(3) ®16Rr — 51> > 2Rr +r> © 14Rr > 6r> © R > 5T (true byR = 2r > 71*) =

= (3) = (2) = (1) true. Proved.
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Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

Chebyshev's

<Z a3>.2ﬁ= (Zu.a2>.;(25—a;l(25+a) AM;M

cyc cyc cyc

Ca) -G a? a 2s-4V/3S 2s 43S 2738
> : E > = >
3 2s+a+2s—a 3 4s? 3 32

2

JP.318.Uf x,y,z € R} = (0,), a, b, c —are the lengths of the sides of AABC
with area F, altitudes h,, hy, h., then:

a? N b? N c? - 23
(ax + by + cz)h, (ax+by+cz)h, (ax+by+cz)h, x+y-+z

Proposed by D.M.Batinetu-Giurgiu,Neculai Stanciu-Romania

Solution 1 by Daniel Vacaru-Romania

We have:

a? a’
Z ((ax + by + cz)ha> - Z <2F(ax + by + cz)> -

cyc cyc

1 Z a3 Hol>der 1 (a+b+c)3 B
~ 2F ax+by+cz) ~ 3-2F\Y(ax+by-+cz))
cyc

1 (a+b+c)3 _(a+b+0)?
" 6F (a+b+c)(x+y+z) 6F(x+y+2)

Butwehave:(a+b+c)223(ab+bc+ca)26F( LI S 1)

sinA sinB sinC
1 . . . .
ButA - o4 IS convexe function, and this is followed (Jensen) by
A

1 N 1 N 1 - 3 _6_2\/§
sinA sinB sinC_Sl.n(A+l;+C) V3

We obtain: (a + b + ¢)? > 12F\/3

Z a? >(a+b+c)2> 12FV3 243
(ax + by +cz)h,) " 6F(x+y+z) " 6F(x+y+2z) x+y+z
cyc
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Solution 2 by Marin Chirciu-Romania

Using Hélder Inequality, we have:

a? a?
= > =
Lhs Z ((ax + by + cz)ha> - Z
cyc cyc

(ax + by + cz)%

_1 Z a’ 1 Ca)? ~
~ 2F ax+by +cz) = 2F 3Y(ax+ by +cz)
cyc

1 (2s)3 2s ® 243

= s 3000 3rGty+z) S xty+z R0

where (1) © s > 3rv/3 (Mitrinovi¢).
Equality holds when the triangle is equilateral.
Remark. The problem it can be developed.

Ifx,y,z> 0;n € N,n = 2,in AABC the following relationship holds:

z a - 23 (25)
(ax+by+cz)h, x+y+2z\3
cyc

Proposed by Marin Chirciu-Romania

n-2

Solution by proposer

Using Hélder Inequality, we get:

a" at
Lhs = E > E =
2F
£ (ax + by + cz)h, 52 (ax + by + c2) =

B 1 z an+1 - 1 (2 a)n+1 B
~ 2FZ.(ax+by+cz) ~ 2F 3"1Y(ax+ by +cz)
cyc

B 1 (zs)n+1 3 1 (Zs)n+1 (;) 2\/§ (25)11—2 .
C2rs 31 x)Xa) 2rs 3nl(x+y+z):2s  x+y+z\3 - RS

where (1) & 3 > 3rv/3 (Mitrinovig).

Equality holds if and only if the triangle is equilateral.
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Note: For n = 2 we get the Problem JP.318 from 22-RMM-Autumn Edition

2021, proposed by D.M.Batinetu-Giurgiu and Neculai Stanciu, Romania.

JP.319. In AABC the following relationship holds:

Z SZ a >3\/§S
a 4s2 —q2 — 2

cyc cyc

D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution and generalizations by Marin Chirciu-Romania

Lemma.
In AABC the following relationship holds:
Z a - 2s
4s2 —a? — 3(s2+ 1%+ 2Rr)
cyc
Proof.
Using Bergstr6m Inequality, we get:
Z a _z a? - (@a+b+c)® Ya*+2Ybc _
4s2 —a? L.i4s’a—a3” Y (4s2a—a3) 4s:Ya—-Ya3
cyc cyc
B 2(s> —r%2 —4Rr) + 2(s* +r?> + 2Rr) B 452 B 2s
"~ 4s2-25—2s5(s2—3r2—6Rr) = 6s(s2+1r2+2Rr) 3(s2+1r2+2Rr)
Let’s solve the proposed problem.
Using lemma and the identity Y, a® = 2s(s? — 3% — 6Rr) we get:
a 2s M 3+/3
Lh =z 32—22 2 _3r2—-6Rr)- > ‘S=Rh
S a 4s% — q? s(s T r) 3(s2+1r2+ 2Rr) 2 S
cyc cyc

Where (1) © 8s(s?2 — 3r2 — 6Rr) = 9V3 - r(s% + 12 + 2Rr)
Which result from Mitrinovi¢ Inequality: s > 3rv/3
We must show that:
8 3rV3(s? —3r2 — 6Rr) > 9V3 (s> + 1% + 2Rr) &
8(s?2 — 3r2 — 6Rr) > 3(s? + r2 + 2Rr) & 552 > 54Rr + 27r% which result from
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s?2 > 16Rr — 512 (Gerretsen)

We must show:
5(16Rr — 51%) > 54Rr + 27r?> & 80R — 25r > 54R + 27r © 26R > 52r &
R = 2r(Euler).
Equality holds if and only if the triangle is equilateral.

In AABC the following relationship holds:

z 42 a >9abc
a 4s2 —q2~ 8

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma. In AABC the following relationship holds:

Z a - 2s
4s?2 —a? — 3(s?+ 1%+ 2Rr)

cyc

Proof. Using Bergstrom Inequality, we get:

Z a _z a? - (a+ b + ¢)? _Za2+22bc_
4s2 —a? L.i4as?—a3 " Y (4as? —a3) 4s:Ya—-Yad3

cyc cyc
_2(s*—1*—4Rr) + 2(s* + 12 + 4Rr) _ 4s? B 2s
~ 4s2-25—2s(s2—31r2—6Rr)  6s(s?2+712+2Rr) 3(s?+712+2Rr)

Let’s solve the proposed problem:
Using lemma and the know identity: Y a* = 2[s* — s2(8Rr + 61%) + r2(4R + 1r)?] we

get:

2s -
3(s2+7r2+2Rr)

a
Lhs = Z a‘*Zm > 2[s* — s*(8Rr + 612) + r>(4R + 1)?] -
cyc cyc

(6]
> 9abc

8
s* — s2(8Rr + 61%) + r’(4R + 1)? > 27Rr(s* + r*> + 2Rr) &
s%(8s? — 48r% — 91Rr) + r*(74R? + 37Rr + 81?) > 0.

= Rhd where (1) &

We distinguish the cases:
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Case 1. If 8s?> — 481r% — 91Rr > 0 the inequality is obviously.

Case 2. If 85> — 481r% — 91Rr < 0 the inequality can be rewritten:
r2(74R? + 37Rr + 81r?) > s%(8s% — 48r? — 91Rr) which result from Gerretsen
Inequality: 16Rr — 51% < s < 4R? + 4Rr + 3r?. We must prove that:
r2(74R% + 37Rr + 8r%) > (4R?% + 4Rr + 31?) (91Rr + 4812 — 8(16Rr — 5r2)) o
r(74R? + 37Rr + 8r%) > (4R? + 4Rr + 3r*)(-37R + 88r) &
74R3 — 65R*r — 102Rr? — 12813 > 0 & (R — 2r)(74R? + 86Rr + 641r?) > 0 which
result from R > 2r (Euler).

Equality holds if and only if the triangle is equilateral.

In AABC the following relationship holds:

Z ZZ a >35
/a2 —aZ< 2R

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma. In AABC the following relationship holds:

Z a - 2s
45?2 —a? ~ 3(s?+1r? + 2Rr)

cyc

Proof. Using Bergstrom Inequality, we get:

Z a _z a? - (@a+b+c)® Ya*+2Ybc _
4s2 —a? Li4as?—a3 " Y (4as? —a3) 4s:Ya—Yad3

cyc cyc
_2(s*—1*—4Rr) + 2(s* + 12 + 4Rr) _ 45?2 B 2s
~ 4s2-25—2s(s2—3r2—6Rr)  6s(s?+712+2Rr) 3(s®+712+2Rr)

Let’s solve the proposed problem:
Using lemma and the know identity: ), a? = 2(s* — %2 — 4Rr) we get:

a 2s D 35
— 2 > 2 __ 22 . > =
Lhs Z @ 2432 —a% "~ 2(s* — 1% — 4R) 3(s2+1r2+2Rr) — 2R Rhd

cyc cyc

where (1) © 8R(s*> — 1?2 — 4Rr) > 9r(s> + > + 2Rr) &
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s?(8R — 9r) > r(32R? + 26Rr + 91?%) which result from Gerretsen Inequality:

s2 > 16Rr — 5r%. We must show that:
(16Rr — 51r%)(8R — 9r) > r(32R? + 26Rr + 91%) & 16R* —35Rr + 612 > 0 &
(R —27r)(16R — 31) = 0 which result from R > 2r (Euler).
Equality holds if and only if the triangle is equilateral.
In AABC the following relationship holds:

a 9

2. >3

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

Using Bergstrom Inequality, we get:

Z a _Z a? - (a+ b + ¢)? _Za2+22bc_
4s?2 —a?  Li4as?—ad3 " Y(4as? —a3) 4s2Ya-Yad

cyc cyc
_2(s*—1*—4Rr) + 2(s* + 12 + 4Rr) _ 4s? B 2s
~ 4s2-25—2s(s2—31r2—6Rr) = 6s(s2+712+2Rr) 3(s?+712+2Rr)

Let’s solve the proposed problem:

Using lemma and the know identity: ), a = 2s we get:

Lh —Zaz a >2s- 2s (;)Q—th
$= 4s2 —a? = 3(s2+12+2Rr) — 8

cyc cyc

where (1) & 32s% > 27(s%? + 1% + 2Rr) © 5s% > 27(r? + 2Rr), which result from

Gerretsen Inequality: s> > 16Rr — 512.

We must show that:
5(16Rr — 51%) > 27(r? + 2Rr) © R > 2r (Euler).

Equality if and only if the triangle is equilateral.
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JP.320. Ifin AABC,D € (BC),E € (CA),F € (AB) such that

AD n BE N CF = {M}, then:

<MD2 ME?* MF?

8 p8 . 8 2
MA2+MBz+MCZ>(a + b® + c®) = 64§

where S —area of AABC.
D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

A

S3

S1

. 4 ;
K H D
Let S = [ABC]; S; = [MBC]; S, = [MAC]; S5 = [MAB]
AAHD~AMHD - 2A _MA+MD 4D , _AK:BC 3 ,.2%
MD MD MD MH - BC S S,
:>MD: %1 = — 1 (and analogs)
MA S-S, S-S5,
MD ME MF 1 1 1 Bergstrom
~ma‘tmB Mc™ (s-sl+5—sz+s—s3)_3 =
(1+1+1)2 9s 3
= '35—(51+52+53)_3:§_3:§
MD? ME®> MF* 1/MD ME MF 3
MA2+MBz+MCZZ§(MA+MB+MC) (E) T4

3 AM-GM 3
)(a8+b8+08)21(a8+b3+c8) > Z-Bi/(abc)*’:

MD? N ME?* N MF?
MA?  MB?  MC(?
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9 ()
=1 Y (4Rrs)8 > 64S* = 64(rs)*
9\ 3
(x) & (Z) -(4Rrs)®2 > 643 - (s1)1? ©93-45-R8 > 4° - (sr)* &
93 . R8 > (4s1)* © 3¢ - R8 > (4s1)*
Which is true because:

RZ
= 4sr < 3V3R? &

3v3 o . R
s < TR (Mitrinovic);r < 7 (Euler) = sr <

(4sr)* < (3V3R?)" =3%-32.R® = 36. RS
Solution 2 by proposers

) e gz o

cyc cyc
Let: x = [MBC|,y = [MCA],z = [MAB] then

BU MD - BU MA-CV MD-cV
,[MAD] = ,[McA] = ,[MCD] = 2

[MBD] MD [MCD] [MBD]+[MCD] [MBC] «x

[MAB] = M4

and analogs.

[MAB] MA [MCA] zZ+y y+z y+z
MD X ?
. g% = gt > 2
ma ¢ Zy+z a*=85% (2)
cyc cyc

From (1), (2) we get

MD? N ME? N MF?
MA?  MB? MC(?

) (a® + b® + ¢®) > 6457

JP.321.If x,y,z > 0 such that x> + y% + z2 < 12 then

VO3 +1DO3 +1)(28 + 1) < 27
Proposed by George Apostolopoulos- Greece

Lemma.

x%+2

Ifx>0thenVx3 +1< >
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Proof: Using AM-GM inequality, we have:

(x+D+ (P —x+1) x*+2
2 2
Equality holds when (x +1) = (x? —x+ 1) © x = 2.

Vet +1=/x+ D2 —x+1) <

Let’s solve the proposed problem.

Using lemma, we get:

x*+2 y2+2 22+2

Lhs = (3 + 13+ 1)(23+1) <

2 2 2
(P +2)(2+2)(22+2)
8
X2y +2(x%y? +y?22 + 22 x%) +4(xP +y* +22) + 8 -
3 <

64+2-48+4-12+8
g EremorE eT®

< 2 = 27 = Rhs, which result from:

2 2 2 2,22 x2+3’2+223 23_
x“+y +z°-<12,x°y°z S( 3 ) S(g) = 64 and

(x% +y? +2%)?  12°
3 3
Equality holds whenx =y =z = 2.

x*y? + y2z% + 2°x% < =48

Remark. The inequality it can be developed.

If x,y,z > 0 such that x? + y? + z? < 12 then

V273 + D3 +1)(23 +1) < 27
Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma.

3 3 x2+5
If x > O0then {/3(x3+1) < 3

Proof: Using AM-GM inequality, we have:

3+(x+1D+(x*—-x+1) x*+5
3 3
Equality holdswhen: 3 = (x +1) = (x2 —x+ 1) © x = 2.

V3@ +1)=3(x+ D2 —x+1) =

13 | NUMBER 22-RMM AUTUMN EDITION 2021-SOLUTIONS
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Let’s solve the proposed problem. Using lemma, we get:

x*+5 y?+5 z2+5

Lhs =273 + D3 + 1)(23 +1) <

3 3 3
(x2 4+ 5)(y*> +5)(z% + 5)
= T =
_ x%y?z2%? + 5(x%y? + y?2% + 22x%) + 25(x% + y% + 2°) + 125 -
27 o
64+5-48+25-12+ 125
< =27 = Rhs

- 27
which result from:

2 2 2 22,2 x+y?+72 3 Eg_
x*+y +z°<12,x°y°z S( 3 ) S(g) = 64 and

(x% +y? +2%)? 12°
3 3
Equality holds when x =y =z = 2.

x2y? + y2z% + 22x% < =48

If x,y,z > 0 such that x2 + y? + z? < 12 then

V7293 + 1) (3 + 1) (23 + 1) < 27
Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma.

4 3 x2+8
If x > 0then /9(x3+1) < "

Proof: Using AM-GM inequality, we have:

3+3+(x+D+(x%-x+1) _ x°+8 i
+3+(x+ l+(x ) _ x: , equality holds when:

VI3 + 1) =39(x+1D(x2—x+1) <

3=(x+1)=Cx*-x+1)ox=2.
Let’s solve the proposed problem.

Using lemma, we get:

Lhs = 72903 + )33 + 1)(z3 + 1) <

<x2+8 y2+8 y2+8 (x*+8)(y*+8)(z*+8)
-4 4 4 64
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_ x%y?z% + 8(x%y? + y?z® + 22x%) + 64(x? + y* + z?) + 512 -
64 -
<64+8'48+64'12+512
- 64

which result from:

=27 = Rhs

2 2 2 22,2 x+y?+z? 3 ES_
¥+ + 22 <12,x%%2 < (X)) <(Z) =64and

(x% +y? +2%)? 12°
3 3
Equality holds when x =y =z = 2.

x?y? + y2z% + z%2x% < =48

Remark. The inequality it can be generalizated.

If x,y,z > 0 such that x> + y?> + z> < 12 andn € N,n > 2 then

”\/33("—2>(x3 + 1O +1)(z3+1) <27

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma.
Ifx >0andn € N,n > 2 then

n x*+3n-4
ETC P

n

Proof: Using AM-GM inequality, we have:

V3 2(x3 +1) = V3" 2(x + (a2 —x+ 1) <
<3+3+---+3+(x+1)+(x2—x+1)_

n
_x*+3m-2)+2 x*+3n-4
B n - n

Equality holdswhen: 3 = (x +1) = (x2 —x+ 1) © x = 2.

Let’s solve the proposed problem.

Using lemma, we get:

Lhs = 71/33("‘2) B+ +1)(22+1) <

15 NUMBER 22-RMM AUTUMN EDITION 2021-SOLUTIONS
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<x2+3n—4- y*+3n—-4 z°+3n—-4

n n n
3 x2+3n-4)y*+3n-4)(z* +3n—-4) B
3
_ x%y?22 + (3n— ) (xPy? + y?z® + 2°x%) + Bn— 4)*(x? + y* + 2°) + (3n — 4)* -
n3 -

64+ (3n—-—4)-48+ (3n—4)2-12+ (3n—4)3
< 3 =
[4+ (Bn-4)]* ((3n)3
n3 BTE

=27 = Rhs

which result from:

2 2 2 22,2 x2+)’2+223 Eg_
x*+y +z"<12,x°y°z S( 3 )<(3) = 64 and

(x% +y? +2%)? 12°
3 3
Equality holds when x =y =z = 2.

x’y? + y2z% + 2°x% < =48

Note.
For n = 2 we get JP.321 din 22-RMM-Autumn Edition 2021, Proposed by George

Apostolopoulos-Greece.
Solution 2 by Daniel Vacaru-Romania

We have:

am-6M (x+1)+ (x> —x+1) x*+2
< = =
2 2
(2 +2)(y?2 +2)(22 +2) _
5 =
_x2yP22 + 2(%y? + y22P + 22 x%) + 4P + Yy  + 22) + 8 s
B 8
33/x2y2z2 < x% + y? + 2% = 33/x2y222 < 12 = x%y?z?% < 64 and

\/x3+1=\/(x+1)(x2—x+1)

\/(x3 + DO +1)(23+1) <

3(x?y? + y2z% + z%x?) < (x* + y* + 22)? > x?y? + y?z® + z°x* < 48
We obtain that:

x*y?z% + 2(x*y? + y?z2* + 2x*) + 4(x* + y* + z*) + 8

JO3+ 1) +1)(Z3+1) < 3
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64+2:-48+4-12+ 8
< 3 =8+12+6+1 =27
If x,y,z > 0; a > 0 such that x?> + y* + z? < a then find the maximum

of E(x,y,2) = /(3 + 13 + (23 + 1)

Proposed by Daniel Vacaru-Romania

Solution by proposer
We have:

aM-6M (x+1)+(x*—x+1) x*+2
Ve +1=/(x+D@2—x+1) < ( ) (2 )= I

V@D D@D < DO DE D

x*y?z* + 2(x*y? + y?z2 + 2?x*) + 4(x* + y* + z*) + 8
= =
8

3/ 2v2,2 < 32 4 v2 4 72 3/ 22,2 2,2,2 o @&
3Yx2y?z? < x* + y“ + z° = 3 /x%?y?z? < a = x°y“z 327,(1)and

2
a
3(x%y? + y?z%2 + 22x%) < (x* + y? + z2)? = x?y? + y?z% + 2%x* < 3 (2)

We obtain that:
x2y?z22 + 2(x*y?* + y*z22 + 22x*) + 4(x* + y* + z*) + 8

\/(x3+1)(y3+1)(z3+1) < 3
a3 a?
o7 t2-3+4-a+8 434 18a%+108a
= = +1
8 216
JP.322 Let a, b,c > 0 such that a + b + ¢ = 6. Prove that:

2 b2 C2
+ +
Va3 +1 vbh3+1 Ve +1

Proposed by George Apostolopoulos-Messolonghi-Greece

(a3+b3+c3+12)< >2144

Solution by proposer
Wehave: a?(a—2)2>0< a*-4a®+4a’>0< (a*+4a’+4)—4(a®*+1) >0

s4(@@+1)<(@®+2)2s02Vvad3+1<a’*+2 e
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1 - 1 a? S5 a?
@ .
2Vad3+1 a*+2 a3+1 @ a*+2
Similarly:
b? b? c? c?

>2-——— and >2 —
N Rl S RN S S

Adding up these three inequalities, we have:

aZ bZ 2 aZ b2 (,'2
\/a3+1+\/b3+1+\/c3+122<az+2+b2+2+02+2>
Using the Cauchy-Schwartz inequality, we get:
a? b? c? (a+ b+ ¢)? 72

>2- = ;
@i i V@il @+t t6 @+ rdte O

Now, we know that a® + b3 > ab(a + b), b3 + ¢3 > bc(b + ¢),c® + a® > ca(c + a)
So,2(a3 + b3 + ¢3) > ab(a + b) + bc(b + ¢) + ca(c + a) or
2@ +b3+c3)+(a®+b3+¢3) >
> a’b + ab? + b’ c+ bc? + c2a+ca’+ (@ + b +c3) o
3@ +b3+c3)=>a*(a+b+c)+b*(@a+b+c)+c*(a+ b+ c),namely
3(@a®+b3+c3) =@ +b*+c?)(a+b+c)

ad+b3+c3

Sincea+b+c=6s0a’*+b*+c* < . The inequality (*) becomes:

a? b? c? - 72
\/a3+1+\/b3+1+\/c3+1_a3+l;3+c3+6®
2 b2 c2
\/a3+1+\/b3+1+\/c3+1

Equality holds whena =b =c =2

(a3+b3+c3+12)< )2144

JP.323.If a, b, ¢ > 0 such that a? + b% + ¢? = 12 then:

at b* ct

+ + > 16
Va3 +1 Vb3+1 V2 +1

Proposed by George Apostolopoulos- Greece
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Solution 1 by Marin Chirciu-Romania

at b* ct
> 16
Ja3+1 + Vb3+1 + Jed+1

Lemma.

a%+2

2)Ifa>0thenva® +1< >

Proof: Using means inequality, we have:

(a+1)+(a2—a+1)_a2+2
2 2
Equalityfor(a+ 1) = (a>—a+1) © a=2.

\/a3+1=\/(a+1)(a2—a+1)s

Let’s solve the proposed problem.
Using lemma, we get:
LHS—Z a! >Z o’ —ZZ a’ >2 (2 a®)” =16 = RHD
CLlivad+1 Luat+2 az+2~ "Y(@@+2) '
2
Equality holds whena = b = ¢ = 2.

Remark: The inequality it can be developed:

1) If a, b, ¢ >= 0 such that a? + b%? + ¢? = 12 then

4 b4 4

a c
> 16

V3@ +1) ! V33 +1) ! V33 +1)

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma.

3 3 a%+5
2) Ifa>0then y3(a3+1) < 5

Proof: Using means inequality, we have:

2_ 2
§/3(a3 +1) = 3\'/3((1 +1D(a?2—a+1) < 3+(a+1)+3(a a2 3+5 with equality for

3=(a+1) =(a’?—-a+1).
Let’s solve the proposed problem.

Using lemma, we have:
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a4 (Z aZ)Z 122

a* a*
= _— > —_— > = . ==
LHS 23/3(a3+1)_2a2;—5 3z:az+5_32(a2+5) 3 12 + 15 16

= RHD.
Equality holds if and onlyifa = b = ¢ = 2.
3) If a, b, c > 0 such that a® + b* + ¢? = 12 then
a* b* ct
> 16

V9(ad + 1) ' Vob? +1) ' Vo3 +1)

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma.

4 3 a%+8
4) Ifa > 0then/9(a®+1) < "

Proof: Using means inequality, we have:

V9@ +1)=33-3-(a+1D(@®—-a+1)<

<3+3+(a+1)+(a2—a+1)_a2+8
= 4 4
Equlity holdswhen3 =(a+ 1) = (a®? —a+1) © a = 2.

Let’s solve the proposed problem.

Using lemma, we have:

LHS—Z ! >Z a’ —42 a’ =4 127 =16 = RHD
L9 +1) Latt+8 a?+8  12+2
4
Equality holds whena = b = ¢ = 2.
Remark: The inequality it can be developed.

5) If a, b, c > 0 such that a? + b?> + ¢> = 12andn € N,n = 2 then

4 b4- 4

a Cc

+ + > 16
V3t 2@ +1) 3 2(b3+1) 1/372(c3+1)

Proposed by Marin Chirciu-Romania
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Solution by proposer

Lemma.

2,30
6) Ifa>0andn € N,n > 2 then "w/S"‘Z(a3+1)Sa+3n u

n

Proof: Using means inequality, we have

V3@ +1)=4Y3-3-..-3(a+ (@ -a+1)<
<3+3+---+3+(a+1)+(a2—a+1)_a2+3(n—2)+2

n n
a’+3n—-4
- n
Equality holdswhen3 =(a+1)=(a’?—-a+1) © a=2.
Let’s solve the proposed problem.

Using lemma, we get:

a4

a* a*
LHS=Z ZZ—= E—Z
"[3n-2(g3 1 1) a>+3n—4 "Zia®+3n-4
n

o (Z aZ)Z L 122
=N S@+3n—-4) " 12+33n-4)

= RHS.

Equality holds if and onlyifa = b = ¢ = 2.
Note.
For n = 2 we get JP.323 from 22-RMM-Autumn Edition 2021, Proposed by George
Apostolopoulos, Greece.

Solution 2 by Daniel Vacaru-Romania

We have:

(@a+1)+(@—-a+1) a*+2

\/a3+1=\/(a+ D(@-a+1)<

2 2
Therefore,
a* bt c* at bt ct Bergstrom
\/a3+1+\/b3+1+\/c3+122<a2+2+b2+2+02+2> =

- (a? + b? + c?)? _ 16
“"\a?+b2+ct+6)
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JP.324. Let x, y, z > 0 such that x* + y* + z* = 3. Find the maximum value

of expression:

[ yz ’ zx [ xy
B 7—2x+ 7—2y+ 7—2z

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

Solution by proposer
Let x* + y* + z* = 3, and by AM-GM inequality, we have:
7—-2x=3—-2x+4=x*+y*+2z*-2x+4=
=@*-2x2+ D+ -2x+ D+ 22+ P+ O+t +1+ D +14+1) =

=2 124+ (x—1)2+x2+ (+zt+14+41) =222 +4(y* 24 1-1) =x% + 4yz

1 yz yz
< @ S =
x? +4yz - x? +4yz

\7 ’xz + 4yz

Similarly:

zx_ _ zx d [(xy - xy
7-2y" y2+42xan 7-2z" |z’ +4xy

Hence

’ [ zx N Xy _
7 — Zz x? + 4yz y? + 4zx z2 +4xy ~

yz zx xy
< .
- jS (x2 + 4yz+y2 + élzx-l_z2 + 4xy>’ @

By Cauchy-Schwartz inequality, we have:

=7 —2x > x? +4yz<:>

x?2 y? z? (x +y + z)?

> &
x2+4yz+y2+4zx+22+4xy_x2+4yz+y2+4zx+zz+4xy

2 2

x L N z? S (x+y+2)>?
x2+4yz y?>+4zx 722 +4xy (x+y+z)2+2(xy+yz+zx) (2)
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2 (2)
Using inequality: xy + yz + zx < —2- (x+3’+l)

2 2

X

LY N z? - (x+y+z)2 _
x?2+4yz  y?+4zx zz+4xy_(x_l_y_|_z)2_|_2_(J|c+3;+z)2

3(x+y+z)Z 3

S5(x+y+2?% 5

1 x +(1 yz +(1 z <3 3_12®
x2 + 4yz y2 + 4zx z2+4xy)~ " 5 5

4yz 4 4zx 4 4xy < 12
— e
x2+4yz y?>+4zx z*2+4xy” 5

yz x_ Xy
x? +4yz y2 +4zx  z% + 4xy 5

(3)

3

7 3 and equality occurs if and only if

From (1),(3) weget: P < |3 IE = Pyax =

xy,z>0xt*+y*+2z*=3
x—1=y-1=z—-1 ox=y=z=1.
xX=y=z

. . . 3
The maximum value of expression P is \/—gfor x=y=z=1.

JP.325. Let be a triangle ABC, A, B', C' the middles of the arches BC, CA, AB

made with the circumcircle. Prove that:

AB-BC-CA - (A—B) (B—C) (C—A)
AB -BC-ca~ T2 )% T2 )% (2

Proposed by Marian Ursarescu-Romania
Solution 1 by Daniel Vacaru-Romania

By geometric consideration, we obtain A'B’ = ZRcosg (and analogs). Then

AB-BC-CA _ . A_B_C
1B BC ca -~ 8singsingsing.
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Again by geometry, cos% = %; Wg = z—izcosg; h, = ;’—;; cosg = %

A B Cc r A B C s

sm2 sin— > sm2 2R €055 coscos 5 =0
Then

A—B h, b+c [1(b + ¢) 8abc
[ [eos(=7) =] [t 1 |- =~ 3> s~
o[
=5 = sm2
cyc
But all cos( > ) < 1= [leye cos( ) <1= ]l cos \[Hcyc cos

Therefore, we have:

anin;sncos(A;B>sﬂ_[cos(A;B)

cyc cyc cyc
which is our inequality.

Solution 2 by proposer

S N T —
m(AB") = B,m(AC') = C=>m(B'A'C") = —
Applying sinus theorem, we have:
B'C’
sin(B'A'C")

/4
=2R=B'C' = ZRsin( ) = 2Rcos— (1)

(€)) A B
= A'B'-B'C'-C'A' = 8R3cos2 cos cos— (2)

A'B'-B'C' - C'A’' = 8R3sinA sinB sinC; (3)

.A . B ., C
AB-BC-AC sind sinB sinC  8singsingsing
From (2)' (3) = rpl.ple!.o!al = A B [4 = 2 2 2 ’ (4)
A'B'-B'c'-C'A cos;coscos; 2

From (4) we must show: 8Sin§ singsing < Jcos (%) cos (B_C) cos ( ) (5)

, A . B . C B—C Cc-A s2+r2+2Rr
But: sin_sin_ sin> = ; (6) and cos( )cos( > )cos (T) =@ (7)

s2+r2+2Rr

T R 32r2 < s +1r%2+2Rr

From (5), (6), (7) we must show that:

RZ
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o 52 >31r%2 — 2Rr; (8)

From s2 > 16Rr — 51%; (9) we get: 3112 — 2Rr < 16Rr — 512> & 18Rr > 3612 &
R > 2r(Euler).

JP.326 In acute AABC,AD, BE, CF —altitudes and H —othocenter. Prove

that:

HA HB HC R\?
+ + > 2 (—) —1
HD ' HE ' HF r

Proposed by Marian Ursarescu-Romania

Solution 1 by George Florin Serban-Romania

inABD = si (” c) c=PH _ _DH o 2RcosBeosC
sin =sin|{=—C) = cosC = = = = 2RcosBcos
2 BH 2RcosB
2RcosA cosA 1
cos?A
2RcosBcosC cosBcosC cosAcosBcosC
cyc cyc cyc cyc
6R? + 4Rr + 1% —s? )
_ Zeyc€os®A 2R? _12R*+8Rr+2r* - 25* O <R) [ 2R —2r
" IepecosA— s2—(2R+1)?2 s2— (2R +1)? - r B r?
4R?

(1) © 12R?*r? + 8Rr3 + 2r* — 25?1 > (2R?> — 2r¥)s* — 2R+ 1r)?(2R* - 2r¥) &

(2)
12R%*r? + 8Rr3 + 2r* + (2R + 1‘)2(2R2 —21r%) > s?(2R? — 2r? + 2r?) = 2R?s?
G t
2R?s? < 2R2(4R®+ ARt + 3r2) 12R2r2 + 8Rr® + 21 + (2R + 1)?(2R? — 21?)
Fork = ;2 2 we get:
2k?(4k* + 4k +3) < 12k*+8k+2 + 2k + 1)?(2k*-2) &
Ak* + 4Kk3 + 3Kk?% < 4k* + 4Kk3 + 3Kk? (true) = (3)true = (2)true = (1)true.
Solution 2 by proposer
HA HB _HC
In any AABC we have: TR T tanAtanB + tanBtanC + tanCtanA — 3; (1)

21'—4Rr_ ()

But: tanAtanB + tanBtanC + tanCtanA = SR
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From (1),(2) =

HA +HB+HC_ s2 —1r%2 —4ARr 3 _s2 — 12 —4Rr — 3s* + 12R%? + 12Rr + 31? 3
HD HE HF s?2— (2R+71)? B s2 — (2R +1)? -
B 12R? + 8Rr + 21% — 252 @)

a s2 — (2R +1)? ’

From: s? < 4R? + 4Rr + 3r? (Gerretsen); (4)
From (3), (4) we have:

HA N HB N HC - 12R% + 8Rr + 2r%* — 8R? — 8Rr — 6712
HD HE HF~ 4R?2+ ARr + 312 — 4R?2 — ARr — 12
HA HB HC 4R?—41r? _, <(R)2 1)

HD VHETHES T 212 r

JP.327 Let ABC be a triangle with inradius 7 and circumradius R. Prove that:

B C r3
2 2 2
A - —+ B- + — V3[=—-——
sin cos sin cos —+ sin“C - COS <3 < 3>

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Marian Ursdrescu-Romania

We must show that:

B C A r3
(1 - cos?A) - cos=+ (1 — cos*B) - cos 5 + (1 — cos?C) - cos— < 3V3 <— - —> =3

2 2 R3
A B c B c A\ 3V3 3V3r?
_ _ - 21. — 2p. — 2. —
cos > + cos > + cos; (cos A-cos 5 + cos’B cos2 + cos*C - cos 2) — T 1)
But cos +cos > 2 cos <3 (R Kooistra); (2)
From (1),(2) we must show that:
B C A 3\/_ 3r
cos’A - cos > + cos?B - cos = > + cos®C - cos > > ; (3)
cos’A cos?B  cos*C Bergstrom (cosA + cosB + cosC)2
+ + > ; (4)
1 1 1 1 n 1 n 1
B ¢ 4 4 B ¢
cos3  COS3  COS5 cosz cosy COS3
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From (3),(4) we must show that:

(cosA + cosB + cosC)*  3+/3r3
1 1 1 = i

R3
At BT T
COSZ COSZ COSZ
R2>3\/§r3 1 1 1 .
(1+3) =55 Tt—F+——<¢| ®

COSE COSf COSE

2 2 2
But: —; + — + —— = Z2*C. (g)

B
cos;  cosy;  cosy 28
1 1 1 bcsinA . A
Because: 25— +—5+—<| = Xeye——7a = 22 cbesins <
cos;  cosy;  cosy cos; 2

A
ZaZZZZbc-smE@

cyc cyc
C B A
a’—-2a (b sing + ¢ sin 2) + b% +c* — 2bc- sm2 > 0, true because
A= 4<b ¢ B)Z <0
= cos5—c-cos5) <
From (6) we have:
1 a’ + b% + 2 Z(S — 12— 4Rr) ruter " 9R? Mitrinovic ~ 9R? 3R?
< < < = ;
£ cosg 28 2sr 2sr 2-3/3r2 23712
From (5),(6) we must show:
r~2 3vV3r3 3R? 2 O9r 2r 12 Or
1+2) > : o(1+= Sl+—t+—>_
( +R) ~ R3 2\/§r2 ( +R) _ZR +R+R2_2R

2R?> + 4Rr + 21> 2 9Rr © (R — 2r)(2R — 1) = 0 true by R > 2r(Euler)
Solution 2 by proposer

We have:

.2 B ) ¢ ) A
sin A-cosE+sm B - cos— + sin C-cosi
B C A

= (1 — cos?*A) - cos > + (1 — cos*B) - cos + (1 — cos%C) - cos >
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CoOS—+ cos—=+ cos— | —

( A B C) cos*’A cos*B cos*C
2 2 2

B ¢ A
sec secy secy
It is well-known that in any triangle ABC holds:

A B cC 3V3

—_ <
COSZ+COS2+COSZ_ 2

cos?A cos’B cosZC>

3vV3
So, sin’*A- cos> B+ sin®B - cos; £+ sin?C- cos <= s+ ——+—
2 secy sec secs

Using the Cauchy-Schwartz inequality, we have:

cos’A cos’B cos?*C - (cosA + cosB + cosC)?
B™ CT AT A B _C
secy sec; secy  secy+secsy +secy

We know that cosA + cosB + cosC =1 + %, R > 2r(Euler) and s > 3+/3r, where

s —denotes the semiperimeter of the triangle ABC. So,

2
B C A 3V3 1+p
sin?A - cos > + sin?’B - cos5 + sin?C - cos 5 < < 7 ( R) C’ ()

A B
secy +secs +secy

Also, we have:

A B\? B C\2 C A2
(COS——COS—) +(COS——COS—> +(COS——COSE) 20<=>

2 2 2 2 2
A 4 B 4 C - A B 4 B C 4 C A
— — — — —
cos? 2 cos? 2 cos? 2= coS — 2 cos 2 coSs — 2 cos2 coSs — 2 cos 2
cos? 4 + cos? B + cos? ¢ 1 1 1
2 2 2 > n n PN
A B C — A B 4
€055 0S5 COS COs3 COSH COS5
A B
cosi cosf cosi A B C
B + + Zsecz+seci+secz<:>
€055 C0S5  C0S5C0S5H  COSHCOS—H
sin (B + C) sin (C + é) sin (g + g) A B Cc
B C C + Zsec5+sec5+seci(:>
€0S5 C0S5 COS5C0S5  COS5COSH
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B c0sC t cosBsinC  sinCeosAt cosEsind  sinAeosE + cosAsinB
sin 2 COSZ coSs 2 smz smz COSZ COSZSan smz cos 2 COSZ sin 2

TR + 2 + - >
cos —2 cos —2 cos —2 cos —2 cos —2 cos —2
oA B C
—+ sec—+ sec- <
= SeC2 sec 2 SeC2

2 2 2 2 2 2 2 2

A B C ( A B C)

— _ —<?2 — — —
sec2+sec2+sec2_ tan2+tan2+tan2

So, the inequality (*) gives:

e (1+5)
C

z 2 (tané + tanE + tan—)

B C C A A B A B C
(tan— + tan—) + (tan— + tan—) + (tan— + tani) = sec—+ sec—+ sec—- <&

N[

- 2 B - 2 C - 2
Sin“A-cos—+ sin“B - cos—+ sin“C-cos = <

2 2
2 2 2

C 4R+T1
- = . So,
2 s

We know that: tan% + tang + tan

- 2 B - 2 C - 2
sin“A - cosE+sm B-cosi+sm C-cos

3V3 s(R 4+ 1)? 1
"2 2R?-(4R+1) \/§<___>

Equality holds if and only if the triangle ABC is equilateral.

JP.328 In AABC the following relationship holds:

B 2C 2R
—+ sect —< —

2 2 r

Proposed by George Apostolopoulos-Greece

4 < sec? > + sec?

Solution 1 by Marin Chirciu-Romania

A B C 2R
4 < sec’ - +sec’ =+ sec’=<—; (1)
2 2 2 r’

Lemma:

In AABC the following relationship holds:
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,A ,B ,C 4R +1\*
sec E+sec E+sec E=1+( ) ;(2)
Proof: We have:
2 2 2
) seczg =3, 12A = Zs(:wa) =2 +(‘:I;+r) =1+ (MSJ) which result from:
COoS“— -

Z bc _sz+(4-R+r)2=)z bc s>+ (4R +1)?
s—a s s(s—a) 2

Using lemma, LHS the inequality can be written:

4R 4+ r\* ] )
1+ ( ) >4 4R +r > s\/s (Doucet inequality)

Equality holds if and only if the triangle is equilateral.
Using lemma, RHS the inequality can be written

2
4R+r) < % & s%(2R — 1) = r(4R + r)?* which result from

1+ (%
s? > 16Rr — 51r% (Gerretsen inequality)
We must show that:
(16Rr —5r*)(2R—1) >2r(4R+1)> © 8R* —17Rr + 21> > 0
< (R—2r)(8R — 1) = 0 true from R > 2r (Euler).

Equality holds if and only in the triangle is equilateral.

Remark:
In AABC the following relationship holds:
5 2 < sec2é+sec23+sec2—s 1+—;(3)
R 2 2 2 2r
Proposed by Marin Chirciu-Romania

For LHS of the inequality we have:

Using Lemma, we get:

2 2 2 -
1+(@) :1+@21+(4R+r) :1+$:5—%whichresultfrom

R(4R+71)2

2(2R-1)
R(4R+1)2
Blundon-Gerretsen: s2 < RUR+T)”
2(2R—7)
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Equality holds if and only if the triangle is equilateral.

For RHS of the inequality we have:

Using lemma the inequality becomes:

4R + 1\* 3R (4R+1)? 3R
+( ) <1l+—o-—2 < o 3Rs?>2r(4R +r)?
2r s2 2r

which result from Gerretsen inequality: s > 16 Rr — 512
We must show that:
3R(16Rr — 51*) > 2r(4R +1)? © 16R* —31Rr — 21’ >0 < (R—-2r)(16R + 1) >
0 true by R > 2r (Euler).
Equality holds if and only if the triangle is equilateral.
Remark: The inequality (3) is much stronger that the inequality (1).

In AABC the following relationship holds:

wes 2o o2h, 2B, €, 3R _2R
= R_SBC 2 sec 2 sec 5 = o7 =

Proposed by Marin Chirciu-Romania

Solution by Marin Chirciu-Romania

See the inequality (3) and Euler inequality R > 2r

Equality holds if and only if the triangle is equilateral.
Solution 2 by Daniel Vacaru-Romania

We have:

24} sec?D 2C—Z(1+t 2A)>3+Zt Ltant =3+1=4
.s‘ec2 set:2 secz— an2 > an2 anz— =
cyc cyc
On the other hand, we have:

Z A N (4R + 1)? Gerrétsen (4R + 1)? _ 16R? + 24Rr — 41?

2 s2 = 16Rr — 512 16Rr — 512

We prove that:

16R% + 24Rr — 41> 2R 9 ) )
<— 8R“+ 12Rr — 2r“ < 16R* — 5Rr &
16Rr — 512 r
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2

R R
8R? —17Rr + 21r% > 0@8(;) - 17;+2 > 0.
We obtain:

g € (—00, %] U [2,%). But R = 2r(Euler) = g > 2, which proves the required inequality.

JP.329.In AABC the following relationship holds:

6V3-r< m“A+ b mccss\/g-R K

A B C~ 2 r
coSs 2 cos 2 cos 2

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Marin Chirciu-Romania

m m m 3
6V3 1< —t+—p+— \/_ f(l)

<
COS > C'OSE COS B
2 2

Lemma 1.

1) In AABC the following relationship holds:

m, 27Rr
Y ==
cos - o

[\S][S

Proof: Using AM-GM inequality, we have:

(
y o >3JH A_3J MamMpme 33/” = 3%¥4Rrs D 27mr " where
4R

COS— COS— COS—COSECOSE

s
(1) result from m,m,m, > rs? and m, = ,/s(s — a); cos cos cos— =5

27Rr

Inequality (2) & 334Rrs > == < 252 > 27Rr (Cosnita-Turtoiu, 1965),

true from Gerretsen s2 > 16Rr — 51r% and Euler R > 2r..
Equality holds if and only if the triangle s equilateral.

Lemma 2.

2) In AABC the following relationship holds:
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Z mg, - 3R(4R + 1)

S

CoS 5
2

. 1 1 1 .
Proof: The triplets: (m,, m;, m.) and (—A,—B,—C> are inversely ordered.
0SS

COSE COSE 4

With Chebyshev’s inequality, we get:

m (3) 1 9R 3R(4R+Tr
3 e L) (L DL r gy 2R 3RERED)
cos cos> §
where (3) result from ), m, = 4R + r; Z — < —true from lemma 3)
co S—
2
Lemma 3.
In AABC the following relationship holds:
1 1 1 9R
cos é ’ cos E ' C S
2 2 COS ~ 2
Proof:
+y+2)? A B c
Using the mequallty + - + < %for X =C€0S;y =C0S;Z=C0S;we have:
( A B 2 3V3) 55
1 1 1 COSE+ COS7+ COSZ) Jensen 2 s 9R
+ + < < =—
At BT TS A BT 3.5 35 s
Cos» COS» COS% €OS 5 COS 5 COS > AR iR

Equality holds if and only if the triangle is equilateral.
Let’s solve the proposed problem.

Using the abrove lemma’s we get:

27Rr < Z m, < 3R(4R + 1)

S S

cos>
For LHS of the inequality, we get:

27Rr

Using lemma 1 we have: ). m“A > > 63 - 1, where (4)= 27Rr >6V3-r

CoSs-
2

& Rs > 6+/3 - 12 true by Mitrinovic: s > 3v/3 - r and Euler: R > 2r-.
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Equality holds if and only if the triangle is equilateral.

For the RHS of the inequality, we get:

Using lemma 2) we have:

Z ma 3R(4R+r) ® 3v6 e R
cos s 2 r

where (5)& w <—

3\F \f & 2r(4R + r)? < 3Rs? which result from

. We must show that:

Gerretsen inequality: s > 16Rr — 512 > %

r(4R + 1)?
2r(4R+r)? < 3R —Rair R > 2r (Euler).

Equality holds if and only if the triangle is equilateral.
Remark: The inequality can be much stronger:
3) In AABC the following relationship holds:

27R 3R(4R +
r m, + my + mg < ( 1‘)

<
s A B C s
COSE COSE COSE

Proposed by Marin Chirciu-Romania

Solution by proposer
See up lemma’s.
Equality holds if and only if the triangle is equilateral.
Remark: The inequalities (4) are much strongers than (1)

4) In AABC the following relationship hods:

27Rr B Z m, 3R(4R +1) _ 3v6 |R
r

6V3-r< < ‘R
S 2

COoS &

Nl>

Proposed by Marin Chirciu-Romania

Solution by proposer

See the up proof’s
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Equality holds if and only if the triangle is equilateral

Remark: In the same class of problems:
5) In AABC the following relationship holds:

9R A B C 4R+
< m,sin— > + my,sin— > + mcsm2 <—

2 -
Proposed by Marin Chirciu-Romania

Solution by proposer

We demonstrate the helpful results:

Lemma 1.
6) In AABC the following relationship holds:
A O9r
z m,sin— > > o5
Proof:

Using AM-GM inequality, we have:

. A 3 . A 3 (1) 2. 3 Tzsz ( )
Zmasmz >3 Hmasmz =3 mambmcl_[sm > 3%rs TN —where

(1) result from m,m,m. > rs?, which result from
. A r
> —_ _—= —
m, = ./s(s —a) and [] sin; =

22
The inequality (2)< 33/r4; <¥ & 25% > 27Rr,

(Cosnita-Turtoiu, 1965), true from Gerretsen s> > 16Rr — 512 and Euler R > 2r-.
Equality holds if and only if the triangle is equilateral.
Lemma 2.
7) In AABC the following relationship holds:

A _4R+T
m,sinS < —

Proposed by Marin Chirciu-Romania

Solution by proposer
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1 1

Proof: The triplets: (m,, m;, m.) and ( 1 =5 ,1 C> are inversely ordered.

smi smE SlTlE

With Chebyshev’s Inequality, we get:

A3 1 4R+r
Zmasm ZmaZsm < —(4R +r) - >

where (3) result from Y, m, < 4R + r and ), smé =true from Jensen inequality for

N
N|w

concave function t — sin t on (0, ).
Let’s solve the proposed problem.

Using the up lemma’s, we get:

A 4R+ 1
Z masm >

Equality holds if and only if the triangle is equilateral.

8) In AABC the following relationship holds:

A . B . <(4R+r)2
2+mban2+mcan2 3s

Proposed by Marin Chirciu-Romania

3V3:-r< mytan

Solution by proposer

We demonstrate the helpful results:

Lemma 1.

9) In AABC the following relationship holds

A
Zmatanz >3V3:r

Proposed by Marin Chirciu-Romania
Solution by proposer

Proof: Using AM-GM inequality, we have:

(€Y
Zmatang > 33/Hmatang= SSJmambmcHtang >3 frs2 =3Vrs > 3V3-r,

A r
where (1) result from m,m,m, > rs® and [ tan; = -.
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The inequality (2)= 33V72s > 3V3 - r © s > 3V3 - r (Mitrinovi¢)

Equality holds if and only if the triangle is equilateral.

Lemma 2.
10) In AABC the following relationship holds
z . (4R +1)2
m an
“ -~ 3s

Proof: The triplets: (m,, m, m.) and (tang, tang, tan g) are inversely ordered.

With Chebyshev’s inequality, we get:

A®G1 AR+ 1 4R +1)?
Zmatan ZmaZtan <—(4 )( . )=( 33)

4R+r

where (3) result from ), m, < 4R + r and ), tang =

Let’s solve the proposed problem.

(4R+1)?

Using the up lemma’s, we get: 33 - r < Y matang <=

Equality if and only if the triangle is equilateral.
Solution 2 by Daniel Vacaru-Romania

By CBS we have:

m m A 3 A
e N
CcOoS 7 COS 2 COS cyc cyc cyc cyc

A
= RV3- ZsinZA . Z seczi

cyc cyc

, 9 ) 3 A _ 2R
But Y sin*A < 1= ’chc sin?A <2; (1) and Xy, sec? ;<=
’ A ’ZR
2 _ < — 2
z sec 27 |r (2)
cyc

It follows that
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::S_ + = COS_ —% < RV3- /chc sin2A - /chc sec2 = \/§ =
2

2. 02)_g2
mgy 2(b*+c?)-a b2 +c2+2bc-cosA AM_ GM V2bc+2bc-cosA =+/b
—

Again, we have: —; =

cos;, Zcosg Zcos% - ZCOSE
We obtain:
a-———convex
ma \/_ 3
D A S
cyc COS cyc cyc %b-l_c

— VARrs \/\/__ VZRr-3V3 % JarZ-3v3 = 6v3r-

In conclusion, we have, indeed,

m m m 3V/6 R
6V3 - r< — 4 —2o 4 —C < ‘R |—
A B C 2 r

cosy cosm COSm

JP.330. Let a, b, ¢ > 0 such that abc = 1. Find the maximum value of the

expression:

ab N bc +J ca
a’>+b3—-2a+6 b>+c3—-2b+6 c>+a3—-2c+6

Proposed by Hoang Le Nhat-Hanoi-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam
Fora>0Owehave:a® —a®-2a+2>0<a®*@-1)-2(a-1)=>0s
(a-—-1D@*-a*-2)>0=(a-1)(a*-1a®>-1)>0¢<
(a—1)?%[(a+1D(a®*+1)+a?+a+1] >0 (true Va > 0)

Equality for a = 1. So, we have:

AM—GM
a*—-2a+2>a*=>a’+bh3 -2a+6>a*+bh3+4=a>+b3+1+3 >

>3Ya3-b3+3=3ab+3=3(ab+1)
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=a®’+b*-2a+6>3(ab+1)

2a+6>3(bc+1)andc® +a®—2c+6=>3(ac+1)

Therefore,

p= Z Z abc 1 1 abc
a5+b3 2a+6 3(ab+1) abc +c¢
cyc cyc

_ 1 Z 1
V3 a+1
cyc

Y ¢
z’

=2 (xyz>0)

25 ()

Now, because abc = 1leta == b

= 1
cyc a cyc _+1

y BCS
= (;j(xw)(wz)'””) (Z (x+y><y+z)><z(y”)>

B 4(x+y+2)(xy +yz + zx)
- 2(2 )(Z <x+y)(y+z>> G+ + 2z + D)

On the other hand,
Ix+ Yy +2)(z+x)-8x+y+2)(xy+yz+zx) =
=x(y—-2)?2+y(z—x)?+z(x—y)?=>0=>
Ix+y)y+2)(z+x) =28x+y+2z)(xy+tyz+zx)=>

(x+y+z)(xy+yz+zx)<
x+»y+2(z+x) 8

So, we have:
2
Q<4-9 9 z 1 <9 Z 1 <3
_— 4 i
- 8 2 at+1]| 2 a+17 2
cyc cyc
z 3 V6
——:—:—:}
_\/_ a+1 V6 2
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V6 abc =1
Pmin=7=>{a=b=c>0a=b=c=1.

Solution 2 by proposer
Wehave:a® —a® —2a+2=a*(a-1)+a®(a-1)-2(a-1) =
=(a-1@*+a®-2)=(a-1)[a®(a-1)+2a%*(a—1)+2a(a—1) +2(a—1)] =
=(a—1)>?%*@®*+2a*+2a+2)>0,Va>0

CBS
>a®+b*-2a+6=>0=>a*>+b>-2a+6=>(a®+b*+1)+3 > 3-ab-a+3

=3(ab+1)
ab < ab - ab < ab _ 1 1
a’>+b3—-2a+6~ 3(ab+1) a’+b3—-2a+6" [3(ab+1) 3 1
1+%
Similarly:
j bc < 1 1
a5+b3—2a+6__3'
V3 141

y

IA

j
Q
y

\/ ca 1 1
cS+at-2c+6" 3 !

Hence,

p— ab 4 bc +J ca <
~ |a®+ b3 -2a+6 a>+b3—-2a+6 cc+ad—-2c+6"

si/ t 1 \
B\ird g [i+d)

Let: a—lb = x,i = y,i =2;(x,y,Z > 0), because abc = 1 = xyz = 1 and hence

P<1< 1 4 1 4 1 >
“V3\x+y Jy+tz Vz+x

Because xyz = 1,let x = %,y = s,z %; (m,n,p > 0) and hence
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T R =
m

By C.B.S. we have:

2
n m
m+n p+tn m+p

_ n _ p m , _
‘<J<n+m)<n+p) V"“’*an)(wm} ”+’"+j(m+p>(m+n> “"”") -

BCS n P m
((n+m)(n+p)+(p+m)(p+n)+(m+n)(m+p))(n+p+p+m+m+n)

I/\

A

~ n(m+p)+pm+n)+mn+p)
= mA ) Rt m
_4(mn+np +pm)(m+n+p) @
(m+n)(n+p)(p+m)

By AM-GM inequality, we have:

(m+n+p)(mn+np+pm)=m+n)(n+p)(p+m)+mnp <
< (m+m)(n+p)(p+m)+ (m+n)(n;rp)(p+m) _ 9(m+n)(n8+p)(p+m)

(mn+np+pm)(m+n+p)
(m+n) (n+p)(p+m) <3 8 and from (2) we get:

2

n P m 9 9
+ + <4-—-==
m+n pt+tn m+p 8 2

1 n p m 1 3 e V6
(D =P< \/_< m+n+\/p+n+\/m+p>s\/_§'\/_§—7:”’min—7

Equalityoccursitf m=n=pea=b=c=1.

Then
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SP.316.In any AABC the following relationship holds:

m+1

a
(——) +3m=3@m+1VZ,meN
sS—a

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by Marin Chirciu-Romania

Firstly, we prove that:
Lemma:

In any AABC the following relationship holds:

> 3- 2m+1 €N
S —
cyc

Proof: Using the means inequality, we get:
a ™1 3 a \™1 3/ abc 4Rrs\™*1
G = TG = el =)
s — s — [I(s —a) r’s

cyc
m+1 m+1
/ 4-R Euler ’ 4 - Zr _ 3 gmil _ gm+i

Using lemma, we must show that:

3:2m1 41 3m >3(m+1)V2 2™+t m > (m+1)V2

We can prove with mathematical induction after m € N.
Let be the proposition: P(m): 2™ + m > (m + 1)V2.
We have: P(0):2 > /2 true.
Suppose: P(k):2¥*1 + k > (k + 1)V2 and we prove that P(k + 1) is true.

P(k):2"" ' + k> (k+1)V2=2>Pk+1):2¥"2 + k+1>(k+2)V2 o kV2> k-1
true for all k € N.Proved

Solution 2 by Daniel Vacaru-Romania

We could write LHS as:
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AM-GM AMGM
) +1+1+ +1] > (m+1)2/_a

cyc T m—times cyc
—3(m+1)" abe e
=3mA D) o -ne-o P
But:
abc B abc _
(s—a)(s—b)(s—c) s3—s2(a+b+c)+s(ab+ bc+ca) —abc
abc abc

— 25+ s(s2+1r%2+ 4Rr) — abc ~ 53 _253+ 53+ sr2 + 4Rrs — 4Rrs

O >2; (2)

B (s—a)(s—b)(s —

From (1) and (2) we obtain:

abc B 4RS B 4R Euler 6 abc
sr2  Sr  Sr

a m+
Y =) +3mz3@m+1)VZmen

cyc

SP.317.1fa,b,c,d,e € R} = (0,) and a?® + b? + ¢ + d? = e?, then
(a+c)(b+d) < e?
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by Daniel Vacaru-Romania

We have:

AM—-QM AM—QM

at+tc < 2(@*+c?); MMandb+d < /2(b%>+d?); (2)

Multiplying (1) and (2), we obtain

(a+c)(b+d) <2(a? + c)(b? + d?) ¢ < " (@ +c®)+b*>+d*)=¢€e?>
(a+c)(b+d) < e?
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Solution 2 by Daniel Vacaru-Romania

We have:

GM-aM a? +c2 a’?+d?> c2+d?> c?+ b2
(a+c)(b+d)=ab+ad+bc+cd < 5 + > + > + =

=a’+b*+c?+d? =e?
Solution 3 by Abner Chinga Bazo-Lima-Peru
a? + b? > 2ab, equality occurs whena = b
a? + d? > 2ad, equality occurs when a = d
b? + ¢* > 2bc, equality occurs when b = ¢
c? + d? > 2cd, equality occurs when ¢ = d
Therefore
2(a? + b%* + c?> +d?) > 2(ab + ad + bc + cd)
a?+b>+ct+d*>(a+c)b+d)
(a+c)(b+d) <e? a?>+b%?+c?+d? =e?
Equality occurswhena=b=c=d

Solution 2 by proposers

Let be the matrix 4 = (a b Z ‘ci') and At = , then

d a

QU

d
a
b
c

da+ab +bc+cd a?+ b? + c* + d?

(az+b2+cz+d2 ad+ba+cb+dc)_

QU T
a0 S

_( e? (a+c)(b+d)
“\(a+c)(b+d) e?

=et—(a+c)2b+d)?,(1)

) = det(A4-AY)

1
From Cauchy-Binet, we have: det(A-4Y) >0=¢e* - (a+c)’(b+d)? >0
set>(a+c)*?b+d)? o (a+c)(b+d) < e?
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SP.318.If x,y € R} = (0, ) and in triangle ABC, a, b, c are the lengths of

the sides, h,, hy, h, are the lengths of the altitudes, then

(2x —y)xa N (2y —x)yb N xyc
ha hb hc

= 2\/§xy
Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by Daniel Vacaru-Romania

2

a a

We have — = — (and analogs)
he  2F

(2x — y)xa N (2y — x)yb Xy _ (2x — y)xa® + (2y — x)yb? + xyc? cos.Law

h, hy h, 2F
_ 2(x%a® + y?b?) + xy(c?* — a* — b*) _ x?a’ + y*b? — abxycos C am_m
B 2F a F =
- 2xyab — xyabcos C  xyab(2 — cosC)
- F B F B
. ,C C . ,C _,C
xyab (3sin? 5 + cos? =) am-cm nyab\/Bsm > C0Ss2 >
— ( FZ 2) > - 2 2

, C Cc
_ xyab - 2sing cosiﬁ _ xyab - sinCy3
B F B F
Solution 2 by Marin Chirciu-Romania

= 2V/3xy

2
Using hi = :—F (and analogs) we get:

_ (2x-y)xa N (2y —x)yb Lxye (2x — y)xa? + (2y — x)yb* + xyc* _

Lhs
h, h, h, 2F
__ 2(x*a’? +y°b*) + xy(c® — a* — b?) AM_GM 2:2xyab + xy(c? — a* — b?)
o 2F - 2F
xy(4ab + c?* —a?> —bp*) @D
= 4 ) > 2v3xy = Rhs
2F
2_,2_p2
Where (1) xy(4ab+e’—a’-b7) > 2v/3xy & (4ab + c? — a? — b?) > 4F\/3 &

2F
(4ab + c? — a?> — b*)? > 16F* -3 &
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(2
(4ab + ¢* — a? — b?)? > Zszcz—Za“ 3o

cye cye
(4ab + c¢* — a? — b?)? > 3(2a?b? + 2b*c?* + 2c%*a* —a* - b* - ) &
c* — 2¢*(a® + b* — 2ab) + (a? + b* — Zab)2 +a* + b* + 3a?b? — 2ab(a® + b?) 2 0 &
c* — 2¢*(a? + b* — 2ab) + (a? + b? — Zab)2 >0&
[c2 — (a? + b? - 2ab)]" > 2

Equality holds if ¢ = a? + b* — 2ab.

SP.319.If (H,) 1, Hn = Xk=1 P then find:
n
H
ek
Q= lime‘"n-zk—
e k=1 Vk!
Proposed by D.Batinetu Giurgiu-Romania
Solution by Sergio Esteban-Argentina

By Stolz-Cesaro theorem:

n

n
e
Q=lime‘”n-2— Z
n—-oo k,/ n—>oo eHn

1
eHn+1 Hni1= i"+n+1 e"’n"‘%
= lim — = lim I =
5 (et — etn)™C+ 1) " gt (57— 1) "+ D
1 . 1
= llm = lim 1
n n—-oo
? (en+1 - 1)+ DI enti—1) 1
. . |
i ] J(n+1)!
n+1
By Stirling’s approximation:
. n+1 . n+1
Q=1lim ———=1im —e

et A Dl R iy L
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SP.320.If x € R} = (0,) and in AABC, a, b, c —are lengths of the sides,

h,, hy, h, —are lengths of the altitudes, then:
2
6x—1a |a=—1)b ¢
( ) + (3" ) —>2V3

ha hy k.

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution 1 by Marian Ursdrescu-Romania

We must show that:

2 2
(6x — 1)a? (ﬁ—l)b c?
>
. + bR +c_hc_2\/§<:>

2
(6x— 1)a® + (ﬁ — 1) b% + c* > 4V3s; (1)
Theorem: If m{, m,, m3 € Rsuch thatm; + m, > 0,m, + m3 > 0,m3; + my > 0 and

mym; + mymz + mym, > 0 then

mya* + myb* + myc® > 45,/mym, + mymz + mym,

Proof: Let \/mlmz + mym3 + mymy = m, from 25 = bcesinA and cosines law, we have:

2bc(m - sinA + m, - cosA) < b?>(m; + my) + ¢*(m; + m3) ©

b c
P (my + my) + %(ml +m3) — (m- sind + my - cosA) = 0; (i)

But: % (m1 + mz) + é (m1 + mg) = \/(ml + mz)(ml + mg); (ll) and

m-sinA+m, - cosA < /mz +m?; (iii)

From (i),(ii), (iii) we have:

m,a® + myb* + myc? > 4S,/mym, + mymsz + mym,

2
Inour case: m; = 6x —1,m, =5 1m;=1
X

1 2
m1+m2:2(3x—§>—3>0; my + mg = 6x > 0; m2+m3:§>0

and mim, + m,mgs; + msmq = 3>0=
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2
(6x —1a? + (5— 1) b? + ¢ > 43S

Solution 2 by proposer
Let be F — area of the AABC.Then:

U= (61— 1) a+<2 1) b+c_6x—1 2+(2 1) b2+c
-0 h, " \3x h, h, ah, ° ch,

1 2 1
_ . _ 2 _ 2 2| )
=>F <(6x Da +(3x 1)b +c> TR

Where V = (6x — 1)a? + (:—x — 1) b? + c2, (2)

By Oppenheimer inequality, we have:

va? + ub? + wc? > 4Jvu + uw + wv - F,Vu, v, weR, (0)

Ifin (O)welettu=6x—-1,v =:—x— 1,w=1, weget:

2 2
V=4- (6x—1)(——1)+6x—1+——1-F
3x 3x

12x —2 —18x2 +3x + 18x2 —3x+ 2 — 3x 9x
=4- T -F=4- a-F=4\/§F, 3)

From (1), (2), (3) we have: U > % -4+/3F = 2/3

SP.321. Let a, b, c be the lengths of the sides of a triangle with circumradius R
and iradius r. Prove that:

a? b2+c2 az+b2+b2+c2+c2+a2 +12(R)2>3
b2 a? bZ+c%2 c2+a?2 a?+ b? -

2r
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

We know that:

2 2
1 Si(i_l_l):>c+a<

L (1 + < + a + CZ) and similarl
a?+bp? a? b2 a’?+b2 — 4 a? b2 b2 y
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(1+ +5+ ) nd < <

2+2—

2+b2
b2+c2 -

H1+5+5+0).

Adding up these inequalities, we have:

az+b2_|_b2+c2_|_c2+a2
bz +c%2 c%2+a?2 a?+ b?
I az+b2 + bz+c2 + c2+a2 +a2+b2+cz+3
~4\\b%2 a2 ¢z b? a? b?
Also we know that:
a b Rb ¢ Rc a R
—d-<—,—4—<—,—+—<—
b a rc b " ra cr
So,
a? b R? Bz 2 2 2 a® RZ
Eiasz tatpse tetasnm?
Now,
a2+b2+b2+c2+c2+a2<1 3 R? 6+a2+b2+c2+3
b2+c? c2+a? a’?+b?" 4\ 1’ b? " ¢ a?
or
1 a2+b2+b2+c2+c2+a2 <3 RZ_I_aZ_l_bZ_l_c2 3
b2+c% c2+a? a’?+b%)/” 12 b* c* a®
a2+b2+cz 4 a2+b2_|_b2+c2_|_c2+a2 +12(R)2>3
bz 2 a2 bz +c%2 c2+a? a?+ b? 2r) —

Equality holds if and only if the triangle is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

X Z x+ +zZ z+x x+ + Z+x x+ + Z+x
LY IS IV VTR, Yertz, Iy yrE >
y z x y+zZ zZ+x x+y y Z X y+z z+x x4y

zx+y) x(y+z) y(z+x)

> 3 - true

yiy+z) z(z+x) x(x+y)
zlx+y)  x(y+2z) Y(Z+x)Ar;G33 z(x+y) x(y+z) y(z+x)
"yy+z) z(z+x) x(x+y) T y(y+z) z(z+x) x(x+y)
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' ?

y z_x+y y+z z+x ] 2 ) )
+=+-2= and choosing x = a®,y = b“,z = ¢, we get
Z X y+z Z+x Xx+Yy
.a2+b2+c2>a2+b2+b2+c2+c2+a2
b2 ¢z a? " b2+c2 c2+a? a?+Db?
é3+4 az+b2_|_b2+c2_|_c2+a2 12(R)2
- b2+c¢2 c2+a? a?+b? 2r
a2+b2_|_b2+c2_|_c2+a2 éRZ
@ —_
b2+c¢2 c2+a?2 a?+Db? T r?
a2+b2+cz—c2_|_b2+c2+az—az_l_c2+a2+b2—b2_|_1éR2
= -
b2 + c2 cZ + a? a? + b? T r?
2 R? a? b2 c?
15+ + +
Z Zb2+ 2 wrz c2+a? a?+b%? b?+c?
R a b? ¢z "EIMRZ (a+b+ )2 tenieR?
Now, — + + + > St = —
r2 c2+a? a’?+b? b2+c? rz 2 a? rz
N 2s2 Ge"gs"“ R2 N 27Rr + 5Rr — 10r2
9R2 - r2 9R?
E‘gerR2+27Rr+10r2—10r2_R2+3r
~ r2 9R?2 " r2 R
R? a? b? cz @ R34+ 3r3
= —+ + + >
r2 c2+a? a%?+b%? b?2+c? Rr?
2 1 Lelbmtz ,;G 9R? 1 1
a?) ) ———+1 Z 1< —+
(Z )z:b2+c2 b2+c2 2bc

=9R2(zs>+1z>z Z
8Rrs bz + ¢ 2 T  4r

R . . R3+3r3 O9R+4r
(i), (ii) = in order to prove (1), it suffices to prove : RiZ > ar

& 4R3 + 12r3 > 9R?r + 4Rr?
R
© 48 - 98 —4t+122 0 (wheret =) & (t—2)((t—2)(4t+7) +8) 2 0

Euler
/"-\ =
—>true+t > 2= (1)istrue
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a’? b? c? a’?+b? b% +c? c?+a? R\?
prtatgz3t4 + + —12(—)

Y b2+c¢2 c2+a? a?+b? 2r
=>a2+b2+c2 4 a2+b2_|_b2+c2_|_c2+a2 +12(R)2>3 p 4
—_t =t —= - — > rove
b2  c¢%2  a? b2+c¢2 c2+a%2 a?+Db? 2r ( )

SP.322 Let a, b, c be the lengths of the sides of a triangle with circumradius R
and iradius r. Prove that:

2r< a? N b? . c? <R2 .
R " b2 +bc+c%2 c2+ca+a? a?+ab+b%~ 2r2

Proposed by George Apostolopoulos-Greece

Solution 1 by Avishek Mitra-West Bengal-India

a’ Bergstrom (a +b+ C)Z S x2=Y xy 452
- > =
z:b2+bc+c2 2(a2+b%2+c?)+ab+bc+ca —  3(a%+ b% + c?)

cyc

B 452
"~ 6(s2—4Rr —1?)

2
We need to show: m > < s%(R—3r) + 12Rr2 +3r3 2 0

From s?2 > 16Rr — 512 (Gerretsen) we need to show that:
(16Rr — 5r2)(R—3r) + 12Rr> +3r3 >0 © 16R* —41Rr + 18r* > 0 &
(R—-2r)(16R — 9r) = O(true) R = 2r(Euler).

Now,
a AM~GM a? 1 a? 1
Db d = D aberhe=30be " 3abe % "
b2 + bc + c? 2bc + bc 34L.bc 3abc
cyc cyc cyc cyc
_3abc + Y a® —3abc _3abc+ Y a)Xa*-Yab)
B 3abc - 3abc B
_ 12Rrs +2s(2s* — 8Rr —2r®> — s —r? —4Rr) _
B 3abc B
_ 2s(s> —6Rr —31%?) 2(s* — 6Rr — 3r?) Gerretsen
B 12Rrs B 12Rr -

51 NUMBER 22-RMM AUTUMN EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
<4R2+4Rr+3r2—6Rr—3r2 _2R-r
- 6RT - 3r

Need to show:

2R—r<R2 X R2 — 272 AR 272 < 3R2 — 672

— < -1=—¢ - - =

3r ~ 2r2 212 T s r

3R?—4Rr—4r*>0< (R—-2r)(3R + 2r) > 0 (true)R > 2r (Euler).
Proved.

Solution 2 by Adrian Popa-Romania

- 2

2
b2+bc+c2A>M2bc+bc=3bc=> E a < E a =
- b%Z + bc + %2~ 2bc + bc

cyc cyc

—-1<—-1
3abc 3abc 12Rrs - 212

B Z a®> a®+b*+c  2s(s>—3r2—6Rr) 25’ — 6sr? (1) R?
-~ ZL.3abc - -

cyc
o — 3s1? - R? s — 312 - R? 5 373 < 3R
[—4 [—4 — —

6Rrs  — 212 3Ry ST s

~ 52 < 4R? + 4Rr + 3r? (Gerretsen)

2
s’r—3r* < (4R? + 4Rr + 3r¥ )r - 3r: < 3R> o 3 (g) — % — 4 > 0 true from

R > 2r(Euler)

\Y

Z a? Z 2a? 2 (a+b+c)? 45?2 @ 2r
—_ > - S, — > —
b% + bc + c? 3(b2+c?) 3 2(a®?+b*+c?) 3(@*+b*+c?) R

cyc cyc

(2) © 2s’R > 3r(2s> — 8Rr — 21%) &

Gerretsen

(Br—R)s* < (Br—R)(4R*+ 4Rr + 31r%) = 12R?>r — 4R® + 12Rr? — 4R?*r +

3)
+913 — 3r2R < 12Rr? + 31r3s?

(3) © 4R® — 8R?r + 3Rr? — 613 = 0 © (R — 2r)(4R? + 31?) > 0 true from
R > 2r (Euler). Proved.
Solution 3 by Ertan Yildirim-Turkey
Lemma 1. a3 + b3 + ¢3 = 2s(s? — 3r? — 6Rr)
Lemma 2. 2s% > 27Rr

Lemma 3. aZ + b? + ¢% < 9R?
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Rh Z a? AM;GM Z a? Z a? z al 1 2 3
s b2+ bc+c2 ~ 2bc + be  Zu3bc  Zi3abe  3abel.® T
cyc cyc cyc cyc
1 1 (1) R?
=—— - 2s(s?—3r2—6Rr) =——(s*—3r2 —6Rr) < —— 1
3 aRrs s(s* — 3r* — 6Rr) SRr (s* —3r*“—6Rr) < 277
R3 3R3
(1)@S2—31‘2—6R1‘ST—6RT®S2 S3T2+T

3R3

cyc

Gerretsen (2
s < 4R*+4Rr+3r? < 3r?+

R\? R R\3 R 2 "
@ e4(%) +4(5)<3(5) ett="s42+4r <3 o

R
0<t(3t?—4t—4)=t(3t+2)(t—-2)=>t= ~ > 2 (true)R > 2r (Euler)

Y x22Y xy 452
3(a? + b% +¢?)

(a+ b +c)?
2(a%?+b%2+c2)+ab+ bc+ca

2 Bergstrom

a
L :Z—
hs b?% + bc + ¢?

cyc

45> (3 2r
2 JR—
3 -9R? R
(3) © 2s% > 27Rr (true)

=

Solution 4 by proposer
Wehave: (a—b)2 >0 a’?+b*-2ab>0¢<

2a2+4ab+4b2—3a2—3b2—6ab20<:>(a2+ab+b2)2%(a+b)2<:>

1 1 1
<5 (z*3%)

1 4 1
<-- . Also we know that: <
a’+ab+b2 — 3 (a+b)? (a+b)2 — 8
1 1 (1 1 c2 1 (2 ¢ b2 1 (b%2 b
SR W U IR S O A g BT
"a?+ab+b? — 6 \a? = b? a’+ab+b? — 6 \a?2 b2 Y c2+ca+a? — 6 \c2 a?
2 2 2
a 1 a a
and <-- (— + —).
b2+bc+c2 — 6 \bZ = 2

Adding up these inequalities, we have:

b? c?

2
+
a? + ab + b?

a
b% + bc + c?

+cz+ca+a2
<1 a2+a2 N b2+b2 N c2+c2
) b%z 2 I a? b2

. b _R
Now, will prove that: S+-<=
b a r
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Consider the supstitutionsa =y + z,b = z 4+ x,c = x + y, where x, y, Z are positive real

numbers.

R abc a+b+c . . .
We know that: — = , Where s = — s the semiperimeter.

r 4(s—a)(s—b)(s—c)

R x+ +z)(z+x
So,— = M. We have:
4xyz
1 1 1 1 x+y

et T o S T e = i and multiplying by (z + x)(y + z) both sides, we have

ytz | ztx _ (x4y)(r+2) (@)

< <
z+x y+z 4xyz

a b R . . b c
namely — + - < — ,similarly - + =
’ yb+a_r' yc-l-b

a2 a2 _R?
So,b—2+c—2 < T 2, then

@ + b + ¢ <1 i 2|+ R 2]+ R 2 R 1
b2+bc+c?2 c2+ca+a? a’l+ab+b%2"6 \\r? 2 r2 T2rz

Now, using Cauchy-Rogers inequality, we have:

a? N b? N c? - (a+ b+ c)?
b2 +bc+c? c?+ca+a?> a?+ab+b? " 2(a?+ b%+c?)+ (ab+ bc + ca)
45? 2(25%)

> =
—2(a?+b%+c?)+a®+b*+c2 3(a?+ b?%+c?)
We know that: 252 > 27Rr and a? + b% + c% > 9R?. So,

a? b? c? 2r

+ + > —.
b2+bc+c? c*+ca+a?> a?+ab+b?> R
Equality holds if the triangle is equilateral.

Solution 5 and generalization by Marin Chirciu-Romania

For LHS using Bergtrom inequality, we have:

a? Bergstrom (Z a)Z 452
. > = =
z:b2+br:+c2 - Y%+ bc+c?) 2-2(s2—12—4Rr)+ s+ 1r2+4Rr

cyc
4s? D 2r

>
552 —-3r2—12Rr — R
Where (1)< 2Rs? > r(5s%2 —3r2 —12Rr) © s?(2R—-57r) + 3r’(4R+1r) >0

We distinguish the cases:
(1) f 2R — 5r > 0 inequality is obviously.
() If 2R — 57 < 0 inequality it can be written as: 3r%(4R + 1) > s?(5r — 2R)
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Which follows from s? < 4R? + 4Rr + 31% (Gerretsen).

It remains to prove that 37%(4R + r) > (4R?> + 4Rr + 3r* )(5r — 2R) &
4R3 — 6R?*r —Rr? — 1213 > 0 © (R — 2r)(4R? + 2Rr + 3r%) > 0 which is true from
R > 2r (Euler)
Equality holds if and only if triangle is equilateral.

For RHD we have:

Z a AM;GMZ a? 1 zaz_l sz—3r2—6Rr_
b2 +bc+c®2 2bc + bc 3 bc 3 2Rr -

cyc cyc cyc
s2 —3r%2 — 6Rr » R?
6RT 212

2 2 2

s“—3r“—6Rr R
Where 2)o ————— < — —
6RT 2r

1 © r(s* — 31?2 — 6Rr) < 3R(R?* - 21?%)
Which follows from s? < 4R? + 4Rr + 312 (Gerretsen).
It remains to prove that
r(4R?> + 4Rr + 31> — 31> — 6Rr) < 3R(R*> - 21%) ©
3R? —4Rr — 4r?> > 0 © (R — 2r)(3R + 2r) > 0 which is true from R > 2r(Euler)
Equality holds if and only if triangle is equilateral.

Remark. The inequality it can be developed.

In AABC the following relationship holds:

61 <z a? _ 3 [ R? . 1 o
(A+2)R ™ Lub%?+Abc+c?~ 2+2\2r2 '
cyc

Proposed by Marin Chirciu-Romania

Solution by proposer

For LHS using Bergtrom inequality, we have:

a? Bergstrom (2 a)z 452
> = =
Z:b2+)bbc+c2 - Y (b%2+ Abc+c%?) 2Y a%*+ A1) bc

cyc

4s? 45?2 ¢))
= = >
2-2(s2—1r2—4Rr) + A(s?2+1r2+4Rr) (A+4)s?2+(A1—4)r2+ (41— 16)Rr —
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(€Y

>
= (A+2)R

452 - 6r o
A+4)s2+(A1—-4)1r2+(42—-16)Rr — (A +2)R

2(A+2)Rs?> > 3r[(A+4)s? + (A —4)r* + (41— 16)Rr] &
s [2(A+2)R-3A+D)7r]+3r2[(4—D)r+ (16 —4AR] =0

6r

where (1) ©

We distinguish the cases:
() 1f2(A+ 2)R — 3(A + 4)r = 0 inequality is obviously.

(M) 1f2(A+ 2)R — 3(A + 4)r < 0 the inequality it can be written as:
3r2[(4 — )r + (16 — 4AR] = s?[3(A + 4)r — 2(A + 2)R] which follows from
s2 < 4R? + 4Rr + 31% (Gerretsen).

It remains to prove that
3r?[(4 — )r+ (16 — 4AR] = (4R?> + 4Rr + 3r®>)[3(A + 4)r —2(A+ 2)R] &
(42 +8)R3 — (24 + 16)R*r + (—94+ 6)Rr* — (6A+ 12)1r* >0 &

(R —21)[(424 + 8)R? + 6ART + (31 + 6)1?%] = 0 which follows from R > 2r(Euler)
and [(44 + 8)R? + 6ART + (31 + 6)1%] > 0.

Equality holds if and only if triangle is equilateral.

For RHD we have:
2

Z a AM;GMZ a? 1 Zaz_ 1 sz—3r2—6Rr_
b2 + Abc+c%2 ~ 2bc+Abc 2+ 2 bc 2+2 2Rr N

cyc cyc cyc

_32—3r2—6Rr(2) 3 (RZ >

< —
22+ HDRr  — 1+ 2 \2r2
2_9..2_ 2
Where (2) “— % < = — 1 & r(s? — 3r% — 6Rr) < 3R(R? — 217%)

Which follows from s?> < 4R? + 4Rr + 31r? (Gerretsen).
It remains to prove that
r(4R?> + 4Rr + 31> — 312 — 6Rr) < 3R(R*? -21r%) &
3R? —4Rr — 41r* > 0 © (R — 2r)(3R + 2r) = 0 which is true from R > 2r(Euler)
Equality holds if and only if triangle is equilateral.

Note:
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For A = 1 we get the Problem SP.322 from 22-RMM-Autumn Edition 2021, proposed by

George Apostolopoulos-Greece.

SP.323. Let be z4, zg, z; € C7, different in pairs such that
|Zal = |zg|l = |z¢| = 1.1 |24 — zg — 2¢| + |2 — 2¢ — 24| +
+|zc — z4 — zg| = 6, then AABC is an equilateral triangle.

Proposed by Marian Ursarescu-Romania

Solution 1 by Khaled Abd Imouti-Damascus-Syria
|zal = |zp| = |z¢] =1
|zg —zp — zc| + |zp —2¢ — 24| + |2¢ — 24 — 2g] = 6; (¥)

Zptzgtzc

We know that: z; = then relation (*) is written as:

CBS
6 = |ZZA - BZG| + |ZZB - 3ZG| + |ZZC - Bch <

<32z, — 32|12 + |225 — 32¢|? + |22¢ — 32¢|%; (1)
|2z, — 3z¢| = (224 — 32¢) - (224 — 3Z¢) = 4 — 62,4Z5 — 62474 + 92Z¢
So,l; = |2z, —3z4|% + |22z — 32| + |22 — 324]* =
=12—-6(z4+ 25+ 20)z2g — 6(Z, +Zg +20)zg + 2723Z¢ =
=12 — 182,Z; — 182,Z¢ + 272,27 = 12 — 92,7
=>1; =12 -9|z4% (2)
From (1),(2) we have: 6 < /3 - \/12_—9|ZG|2 =
36 <3(12-9|z4|?) ©12<12-9|z,2 2 0< —-9|z;2 © |25 =0 = 6 =0
So, triangle ABC is equilateral.
Solution 2 by proposer
Let A(z,), B(z;),C(z3),AABC c C(0,1) and Q — the middle of OH —( Euler point)

zZyt2;+2z3 |2y — z; — z3]

_ZO+ZH_ZI+ZZ+Z3
B 2 2

Zo =
. 2 2
|21—ZZ—Z3|+|ZZ—Z1—Z3|+|Z3—Z1—Z2|:6@

AQ+BQ+CQ=3; (1)

:>AQ:|ZA—ZQ|: zZ{ —
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2 2\_ 52
Let A’ —midle of BC = Q4’2 = 2(BY+C0%)-a® _, by _ 2(BQ? + €Q?) — a? and analogs.

3R* + a* + b* + ¢* 3R? +9R?
< < 3R?

4 4
But: (AQ + BQ + €Q)? < 3(40% + BO? + CQ%) < 9R?%; (2)

AQ% + BQO? + €Q? =

From (1), (2) equality when the AABC is equilateral.

SP.324. Find all functions f: (0, +o) — R such that:
fxy) < xf(x) + yf(y) < log(xy),vx,y > 0

Proposed by Marian Ursarescu-Romania
Solution 1 by Ravi Prakash-New Delhi-India
fGxy) < xf(x) + yf(y) < log(xy),vx,y > 0; (1)
Takex=y=1=f(1)<1-f(1)+1-f(1) < log1l
fH<2f(1)<0>f(1)=00rf(1)<0
Puty = iin (1) we get:f(1) < xf(x) + J—lcf(i) <logl e
0 <xf(x) +%f(%) <0eflx) = —x—lzlog (;)
In (1) put y = 1 to obtain: f(x) < xf(x) < logx,vx > 0; (2)
Replace x < i in (2) we get: f G) < %f (%) < log (%) =
—x%f(x) < —xf(x) < —logx &
logx < xf(x) < x*f(x),x > 0; (3)
From (2) and (3) we get:

l
xf(x) =logx = f(x) = %; Vx>0

Solution 2 by Remus Florin Stanca-Romania

fxy) < xf(x) +yf(y) < log(xy),vx,y >0

16)

lety =-= f(1) Sxf() +=2<0; (1)

letx=1=f(1) <2f(1) < 0= f(1)>0and f(1) <0 = f(1) = 0
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1 1
f(—) f(—)
Puti Sy o (xy) < xf(x) = LD f(y) < log( ) f(i) <xf(x)—yf(y) <log (3), 3)

LE) +yf(y) < log (X) = yf) - xf(x) < log (%) =

0 < xf(0) + =X < 0 5 xf(x) + —XL 0:»f(%)=—x2f(x); @)

1
Putx—>;=>

xf () = yf () = log (J); @)

From (3),(4) we get xf(x) — yf(y) = log (;) and for y = 1 we have:

xf(x) — f(1) = logx = xf(x) = logx > f(x) = lo%,‘v’x >0

Solution 3 by Khaled Abd Imouti-Damascus-Syria

fxy) < xf(x) + yf(y) < log(xy),vx,y >0 &
fxy) <xf(x) + yf(y) < logx + logy,Vx,y >0 &
xf(x) —logx < —yf(y) + logy
x(x) —logx < —(yf(y) — lofy)
Suppose F(x) = xf(x) — logx; F(y) = yf(y) — logy,Vx,y > 0= F(x) < —F(y) =
F(x)+ F(y) <0,Vx,y >0
Forx=y: 2F(x) < 0= F(x) <0; (i)
Forx=y=1: f(1)<2f(1) < f(0) = f(1) = 0.So, f(1) = 0 = F(1) = 0.
logx
;cq ; (D

F(x) = xf(x) — logx = @ =f(x) — lo;rqx

fxy) < xf(x) + yf(y) < log(xy),Vx,y > 0
Fory=1: f(x) <xf(x) <logx,Vx>0

£(3) <37 () s —togx = 10 -2F 2 fy + £ (); G

xf(x) —logx < 0= f(x) <

flre)<or@ 2 1(3) o 0<xr@+57(3)s G

..... logx logx

>0 fx) 2

; (2)
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From (1),(2) we get: f(x) =

logx
x

Solution 4 by proposer
x=y=1=f(1)<2f(1)<0=f(1)<0butf(1)=0=f(1)=0

logx
; (D
x

y=1= f(x) <xf(x) <logx = f(x) <
y=%:f(1)£xf(x)+%f(%)slogl:»OSxf(x)+%f(%)SO=>
)+ f(3)=0=7(3) =2 ; @
In(Dx - i = f(i) < @ = f(i) < —xlogx; (3)

From (1),(2) = —x%f(x) < —xlogx = x*f(x) = xlogx = f(x) > logx. (4)

X

From (3), (4) = f(x) = 2%

X

SP.325. If A, B € M, (C) are such that:
det[(I, — B)A + (A — I,)B] = det(A — B), then find:
Q = (AB—-BA)", n e N".
Proposed by Florica Anastase-Romania
Solution 1 by George Florin Serban-Romania

det(C + xD) = detC + (TrC - TrD + Tr(CD))x + (detD)x?
Forx = 1: det(C + D) = detC + (TrC - TrD + Tr(CD)) + (detD)
det((I, — B)A+ (A—1I,)B) = det[(A— B) + (AB — BA)] =
= det(A— B) + Tr(A— B) - Tr(AB — BA) — Tr(A — B)(AB — BA) + det(AB — BA)
= det(A — B) = det(AB — BA) = Tr(A — B)(AB — BA)
How Tr(AB — BA) = 0,Tr(AB) = Tr(BA) = Tr(AB — BA) = Tr(AB) — Tr(BA) = 0
Let t = Tr[(A — B)(AB — BA)] = Tr(A%B) — Tr(ABA) — Tr(BAB) + Tr(B?A) =
= Tr(BA?) — Tr(ABA) — Tr(BAB) + Tr(AB?)
t=Tr[(A—B)(AB — BA)] =Tr[(AB - BA)(A— B)] =

60 | NUMBER 22-RMM AUTUMN EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
=Tr(ABA) + Tr(BAB) — Tr(BA?) — Tr(AB?) = —t=>t =0

Applying Hamilton Cayley Theorem, we get:
X? — (TrX)X + det(X)I, = 0,,VX € M,(C)
(AB — BA)? — tr(AB — BA)(AB — BA) + det(AB — BA) I, = 0,
det(AB— BA) =t =0 > (AB— BA)? = 0,
From mathematical induction, we prove that:
P(n): (AB — BA)" = 0,,Vn > 2
(N.P(2): (AB — BA)? = 0, (true)
(II) Suppose: P(k): (AB — BA)* = 0, then
(AB — BA)**1 = (AB — BA)*- (AB — BA) = 0, - (AB — BA) = 0,
Solution 2 by proposer
(I,-B)A+(A-1,)B=A—-BA+AB—-B=A—-B+AB—BA
From tr[(A — B)(AB — BA)| = tr(A’B — ABA — BAB + B*A) = tr(A*B) — tr(ABA) —
tr(BAB) + tr(B%A) = 0 and how tr(AB — BA) = 0 we get:
tr[(A— B)(AB — BA)] = tr(A— B)tr(AB — BA)
det(A— B + AB — BA) = det(A — B) + det(AB — BA) ,thendet(AB — BA) =0
From Hamilton Cayley theorem we have:
X2 — (TrX)X + det(X)I, = 0,,YX € M,(C)
(AB — BA)?> —tr(AB — BA)(AB — BA) + det(AB — BA) I, = 0,
From mathematical induction, we prove that:
P(n): (AB — BA)" = 0,,Vn > 2
(I).P(2): (AB — BA)? = 0, (true)
(IT) Suppose: P(k): (AB — BA)* = 0, then
(AB — BA)**1 = (AB — BA)* - (AB — BA) = 0, - (AB — BA) = 0,
So,l = (AB—BA)" =0,,n € N".
tr(X)tr(Y)=tr(XY)edet(X+Y)=det(X)+det(Y).
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SP.326. Let x,y, z > 0 such that xyz = 1. Find the minimum value of :

3

Z (2y% — yz + 22%)?

cyc

xy+yz+zx

Proposed by Hoang Le Nhat Tung-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

2

x* x?
0o Z x3 N\ 2y?—yz+222)2 z (Zy2 —yz+ Zzz)
- L2yt —yz +2z2)2 x B x -
cyc cyc cyc
(ozyr=aam)
Berg;trom cyc Zyz —yz + ZZZ
xt+y+z

(xZ) Bergstrom (Z xZ) ®
;;Zy2 —yz+ 27?2 _g;szyz —x2yz+2x%z2 —  AYx*y*—xyz(x+y+z)

2
1) e (sz) > 4Zx2y2—xyz(x+y+z)=>
Zx4+22x2y224Zx2y2—xyz(x+y+z)(:>
Zx4+xyz(x+y+z)222x2 2

Which is clearly true. In fact, by Schur’s inequality:

AM-GM
Zx“ +xyz(x+y+z)=> Z:xy(x2 +y3) = ny(ny) = Zsz 2

So, we have:

2 2
x
(ch‘ 2y> —yz + 222) L 1

Q= >
x+y+z x+y+z

Much more,

AM-GM
xy+yz+zx = 33y(xyz)?=3;(xyz=1)

(xy +yz+2zx)?>3xyz(x+y+2z)=3(x+y+2);(xyz=1)
1 3
= > =
x+y+z (xy+yz+zx)?
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Xy +yz+zx 1 Xy +yz+zx
p=q+22% > Y-y >
3 x+y+z 3
3 xy + yZ + zx t—xy+yz+zx>3
(xy+yz+zx)2
3+t+t tAMGM 43t3 4 >4
t2 9 9 93t2 3 _3
4 x=y=z>0
Pmin—g‘i’{ xyz =1 ox=y=z=1.
Solution 2 by proposer
xy+yz+zx x3

Z(Zy —yz+222)2' 1)

cyc

By Schur’s inequality, we have:
Z xt*+xyz(x+y+2) > Z:xy(x2 +y2); (2)
Yy +y) 2 Y wyay) =2 2y ()
From (2),(3) we get:

2
Zx4+xyz(x+y+z) > Zszyz & (sz) 24Zx2y2—xyZ(x+y+Z) &
(z2?)"

4y x2y? —xyz(x+y+z)_1 @)
x* x? 2
Z x3 B Z (2y? —yz + 222)2 Z <2y2 —yz+ ZZZ>
(2y2 —yz +2z%)2 X B x -
cyc cyc cyc
x? 2
Berg;trom (chc 2y2 —yz + ZZZ> . (5)
- x+y+z '
x2 (xZ)Z Bergstrom
= >
Z 2y —yz + 222 Z 2x%y? — x?yz + 2x%22
cyc cyc
(X x%)?
; (6)

T 4)y x?y? —xyz(x+y+2z)
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From (4),(6) we get:

2

Z x
2y? —yz +2z%

cyc

>1; (7)

From (5),(7) we get:
x3 - 1
=
(2y? —yz+22?)?  x+y+z

cyc

xy+vyz + zx x3 Xy +yz+ zx 1
p— y y > yTy n . (8)
Z(Zy 2 —yz+272)? 3 x+y+z

cyc
1 AM-GM
2( xy+yz+zx+xy+yz+zx)+xy+yz+zx 3
x+y+z 9 9 9

33\] 1 xy+yz+zx xy+yz+zx+33,/xy-yz-zx_
—_— x -

ty+z 9 9 9

3|y + yz + zx)? V (xyz)? 3xyz(x+y+z) —
_3j 81(x+vy+2) + 3 >3\/ 81(x+y+z) (xyz (9

xy+yz+zx+ 1 >3 313 1+1 1_|_1_4
3 x+y+z~ 81 3 3 3

So, from (8),(9) we have: P > g = Pin = g

x=y=z>0

xyz=1 eox=y=z=1

Equality occurs if {

- . . 4
Hence, the minimum value of expression P is Ewhen x=y=z=1.

SP.327.If a,b,c = 0,ab + bc + ca = 3 then find:

_ 1 1 1
minQ(a, b, c); Q(a,b,c) = @+ b + b+ o) + c+a)s

Proposed by Hoang Le Nhat- Hanoi- Vietnam

Solution by Marin Chirciu and Octavian Stroe-Romania

Lemma:
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Iifa,b,c > 0,ab + bc + ca = 3 then find minf(a, b, ¢),
1 1 1

f(a'b'c)=a+b+b+c+c+a'

Proof:
We have:

1 Y(a+ b)(a+c)
f<a'b'c>=zb+c= Ob+o

3 (a+b+c)?>+ab+bc+ca 3
“(a+b+c)ab+ bc+ ca) —abc

(@+b+c)2+3 x=arbtc x243 0,243 x 1
= = +;:(1)

= = _— > =
3(a+b+c)—abc 3x — abc 3x 3

Another hand, we have:

a 1 3
Zb+c_za2b+c_

We get:
a Bergstrom 1 < (a + b+ C)2>

1
R — E >
f(a,b,c) a+b+c(3+ b+c) - a+b+c 3+ 2 bc

Y PO I A oS
X 2-3/ 6 x’

5x 10 5x 5
From (1) +3-(2) > 4f(a,b,c) 2+ f(a,b,c) 2~ +

5x 5 5/x  1\4Ms5 [y 1 5
. > = —_ = - — - > - [ — e = —
We get: f(a,b,¢) = 2+ 2(12+x) = /12 S =55

Equality for% = % o x?=12 o x = 2/3.

We deduce that: minf(a, b, c) = % fora+b+c=2V3(ex:a=b=+3,c=0)

Let solve the proposed problem.

Using Lemma and Hélder, we get:

1 1 1
Uab o) = s T oros T eras -
5 5 \>
ZL —— 5
2( bsi—c) 2(2\3/4§> :3(635)
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We deduce that: minQ(a,b,c) = 3 (%)sfor a+b+c=2V3
(ex.a=b =+3,c=0)
Remark: The problem can be dezvolted:
1)Ifa,b,c = 0,ab + bc + ca = 3 then find:
1 1 1
@+by bror (crap "

Proposed by Marin Chirciu and Octavian Stroe-Romania

minQ(a,b,c); Q(a,b,c) = € N*

Solution by proposers

Using Lema and Hdlder inequality, we get:

1 + 1 4 1 -
(a+b)» (b+o) (c+a)"—

_(E5re)

- 3n—1 - 3n—1

Q(a,b,c) =

n

5 n
(2\/5) _ 3 ( 5 )”
6V3
n
We deduce that: minQ(a, b,c) = 3 (i) fora+b+c=2V3
6V3
(ex.a=b = V3,c= 0)
Note: For n = 5 we get the Problem JP.297 from RMM number 20, Spring 2021, proposed
by Hoang Le Nhat, Hanoi, Vietnam.

Forn = 1 we get lemma.

SP.328. Let a, b, c € [1, 3] such that a + b + ¢ = 6. Find the maximum value
of the expression:
P =a®+b®+c®
Proposed by Hoang Le Nhat Tung-Vietnam

Solution 1 by Adrian Popa-Romania

a = max.
P=max.:>{b=max.:>a=3
c = max.
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Ifb>2=c<1false.S0, b0y =2=>c=1.

Ppax = 3%+ 26+ 15 =794,
Solution 2 by Florentin Visescu-Romania

a,b,ce[1,3],a+ b+ c=6Q=max{a® + b® + c°}
Froma+b+c=6=>c=6—a—bc€e[1,3]21<6—-—a—-bhb<3>
b-5<-a<b-3=23-b<a<5-b>
How b € [1, 3] we distinguish the cases:

1<3-b<2
3<5-b<4

0<3-b<1
2<5-b<3

Let be the function f(a) = a® + b® + ¢® = a® + b® + (6 — a® — b®)®
f'(a) = 6a® —6(6—a®— b%)> =
=6(a—6+a+b)|a*+a%(6—a—b)+a*(6—a-b)?++a(6—a—b)%+(6—a-—b)*
6-—b>b

f'(a)=0=>2a—6+b=0@a=T

(1)|fbe[1,2]=>—2s—bs—1:>{ > a€[3-b,3]

(2)|fbe[2,3]=>—3s—bs—2:>{ = ac(1,5-b]

We distingush the cases:

(i)If%bE[S—b,B]@6—2b£6—b$6®2b2b20(true)

(ii)lf6T_bE[1,5—b](:)2S6—bS10—2b<:)0S4—b£8—2b®b£4(true)

(1)1fb € [1,2]

a 6-—b
3—b 5 3
f@| ———————— O++++++++

f(@ \.\.\f(T>/‘/‘/‘

f(3—b) =(3—b)°+ bb + 3°
f(3) =3%+b°® + (3 - b)°

(7Y 25 oo

6—b

6
So, forb € [1,2] = z(T) +b% <ab+b®+c®<(3—b)°+ b+ 36
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(2)1fb € [2,3]

a 6—-D>b

1 2 5-b
flla ———————— 0++++++++

f(1) =1+ b°+ (5-b)°
f5-b)=(G-b)°*+b°+1

1) =257 v

6
2) + b < a®+bS+cS <1+ b6+ (5-b)°

.6
Let be the function g(b) = 2 (62—b) + b®

(1)1 b € [1,2]

b 1 2
gb)y| —-—-—-——————————=
g(b) \ \ \

g(2)=3-2°
(2)1f b € [2,3]

b 2 3
gm)y, -———-—-—-—-—-—-—-—-—-—--
g(b) \ \ \

g3) =11 ;—:

7
50,3-263aﬁ>+b6+c6s11-2—5

Let be the function h(b) = (3 — b)® + b® + 3%, h:[1,2] > R
h'(b) = 6b° — 6(3 — b)*> =

=6(b—3+b)[b*+b3(3—-b) +b*(3—-b)>+b(3—-b)3+ (3 —b)*]

3
h’(b)=0(:>b=5
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3
b X 3 )
hb)| -—-—-—-——-—- O++++++++
3
h(b) NN N h(E) r2 77

h(1) =2+ 16+ 3¢
h(2) = 1° + 26 + 3¢
Let be the function k(b) = (5—-b)® + b® + 1,k:[2,3] > R
k'(b) = 6b> — 6(5 — b)° =
= 6(b— 5+ b)[b* + b3(5 — b) + b*(5 — b) + b(5 — b)? + (5 — b)*

5
k’(b)=0=>b=§

5
b ) 5 5
KMb)| ———-——-——- O++++++++
5
¥(b) NIEVERV h(i) r 27

k(2)=3°+2°+1
k(3)=2°+3°+1
$0,3:2°<a®+b®+c®<1+26+3°

Solution 3 by Marian Dinca-Romania

c=6—-a—-b=>1<6—-—a—-b<3=>3<a+b<5
P=a®+b%+ (6 —a—b)®=f(ab)

of 5 sazf 4 4
—aa—6a —6(6—a—b),aa2—30a +306—a—b)*>0
of _ s s 0°f 4 4
ab_6b —6(6—a—b),ab2—30b +306—a—-—b)*>0

The expression is a separately convex function with:
(a,b) € {(1,1),(1,3)(3,3)}
We evaluate the values: f(1,3) = 1 + 3° + 2 is the only solution, because for (1, 1) the

sum:a+b=2<3and(3,3)thesum:a+b=6>5
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f:11,3] x[1,3]n{a,b/3<a+b<5}->R

[1,3] x[1,3]n{a,b/3 <a+ b <5} = EBGHDF where
E(2,1),B(3,1),6(3,2),H(2,3),D(1,3),F(1,2)
f:M - R, f —convexand M = EBGHDF —convex hexagon...
So, maxf(a,b) < {f(E),f(B), f(G),f(H),f(D),f(F)} =1+ 3° + 2% because is

simetric.

D H C

LN
J

A E B
0 2 4
SP.329. Find:
n CDFR)
. e k=1 k
4= lim——

Proposed by Marian Ursarescu-Romania

Solution 1 by Sergio Esteban-Argentina

N1 \k(m N1 \k-1(n o1 \k-1(n
py Y (k):_z( o (k);Let:Sn:z< o ()
k=1 k=1 k=1

k
We have:
n+1 (_1)k—1 (n+1) n+1 (_1)k—1
Sue1 = ;%: kZl k <(1l:)+(kf1)> =
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0 ) s LEEG)-

k=1

n+1

=S“_L (_ )k(n+1)

Henceforallm > 1,S,,,1 — S, = ZmH( 1)k(m+1) =

m+1
1 Z( )k(m+1) 1
m+1 m+1 m+1
Summing fromm =1,..,(n — 1) yields S,, — S =§+§+---+;l

o (D)
P
k=1

Then by (i) we get:

. CDFG

Q= ek=1 k() 1 e Hn g e~ (rtlogn) lim e?
=11mm--———= lm m--———=

n—oo "w/n! n—oo n,/ n—oo n,/n! n—oo n,/

Solution 2 by Florica Anastase-Romania

=0

let: P():E(m) = (1) — () +3 (D + -+ EL (M) =1+ +5+ -+

P():E(D) = 1L,PQIE@) =25 =145

P(n) > P(n+1)
We prove that: E(n + 1) — E(n) = ﬁ

E(n+1)—EMn) = Z (- 1)‘ 1 [(n-: 1) (l)] | (;1-{)_1114-1 ("T1)=(£)+(if1)

l_

Z( 1)1 1 ( 1)n+1 (_1)i—1 “n! (_1)n+1 B

l— n+1 __1i!(n—i+1)! n+1
1=

1 CED D! D™ 1 o mt Ly (D
:n+1i=1 iin—i+1)! n+1 :n+1z(_1) 1( i )+ n+1
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)Y e (L S

1 -1 n+1 1 —1)" -1 n-1 1
o _—[(1_ 1)n+1 _1_ (_1)Tl+1] +( ) — ( ) ( ) _
n+1 n+1 n+1 n+1 n+1 n+1

- (—Dk(E)
=y —F —-_H,
2k

D )
eZ}:=1 K e Hn e~ (rtlogn) e

Q =1lim

Mm-S lim e = lim e = lim =

SP.330. Let ABC be a triangle with inradius r and circumradius R.Pove that:

(secd + secB + Ef
48r< secs + secy + sec <12R

R A B C r
tani + tani + tani

Proposed by George Apostolopoulos-Greece

Solution by Marin Chirciu-Romania

Using the identity in any triangle: ), tang = 4Rs+r the inequality becomes:
48r 4R+r<( A, B, c)3 12R 4r+7
R ;S ser:2 sec2 sec2 = p
( A B C>3>48r 4R + 71
sec2 sec2 sec2 = p
Using AGM we get:
LHS_( A B c>3>27 A B C_ 27 27
= sec2 sec2 sec2 > seczseczsecz— 1 B C= 5

C037C037C057 4R

108R () 48r 4R+ 1
= > R = LHD,
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Where (1) © 9R?> > 4r(4R+71) ©9R?* —16Rr — 41> >0 (R—-2r)(9R +2r) = 0

true by R > 2r(Euler)

Equality holds if and only if the triangle is equilateral.

( A B 6‘)3 12R 4r +7r
- r S

secE+secE+secE

A B c
Lemma: In any AABC: sec + sec + sec < .

(x+y+2)?

. . L1011 A B
Proof: Using the identity: < + 5 + - < 3xyz forx = €os.;y = CoS_;

c
zZ = COSE we get:

\/._ 2
( A B C\2 3V3) 2y
1 1 1 COSE+ COSE+ COSi) Jensen \ 2 4 O9R
+ + < < =5-=—
AT BT € oA osBost 3.5 35 s
Cos5 C0S> COS5 €057 COS+ COS> 4R iR
Equality if and only if the triangle is equilateral.
A B c\> /(9R\> @ 12R 4R+
LHS = (sec— + sec—+ sec—) < (—) < — = RHS
2 2 2 s r

Where (2) & (9R) < g dR+r

< 243R?*r < 4s*(4R + 1) true from:

s? > 16Rr — 5r%(Gerretsen).We must show that:
243R*r < 4(16Rr — 5r*)(4R+71) © 13R* —16Rr - 201> > 0 &
(R—2r)(13R+ 10r) = 0 trueby R > 2r(Euler)

Equality if and only if the triangle is equilateral.

UP.316.If (H,)ps1, Hy, = 27(1=1% is the armonic sequence, find:

n
lim e 2Hn . Z N2k — DN
k=2

n—oo

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Marian Ursarescu-Romania

n—-oo nZ

- 2 n k
. oon®t Y, QK-
L= lim e " 42k = Dl = lim - =422 ; (D
k=2
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. n ] n LC-S (.. n+1-—n\?2 ] 1
lim ——— = (llm T ) = | lim ) = lim 1 =
n—-o € n n—oo @M1n n—oo efn+1 ef'n n—oo
eHn (en+1 — 1)

2 2
K 1 | m— 2
= | Jim 5N | =\dim | = lmom ) =
\ oo [ €1 -1 / n+1 n n+1
nr1 @D
2
1 1 \? 1 :
= li (l —) =11 = )2 — _Zy; 2
nl_)lg eHn nl_)oo eln—logn <nl_)lg el"';"';*' +1 logn) (e ) e ( )
Llogn
,/(2k DU 1e-s "Yen+Dn  "@n+ D
lim = lim =
n—>°o noo(n+1)2 —n?  noo 2n+1
o Y@2n-1)! . n V(2n - 1)!! 1 n (Zn 1)” c- D A
=lim ————=1im : ==
noo  2n-—1 noo2n—1 n 2 n
1 2n+1!  n" 1. 2n+! (-2 n_1 1 1.
T2 e mt+ D Zn-DI 2 neen+l n+1 227 ®

From (1), (2), (3) we get:

n
1
lim e~ 2Hn . E k- DN = e == e-2r-1
n—-00
i=2

Solution 2 by Samir HajAli-Damascus-Syria

Q=lime—2Hn-2m_l mws m
k=

n-oo n-o e2Hn n—>oo eZHn — e2Hp-1
n n z n
. v(2n—1)! . V(2n—1)! n o n-yY2n-1)!
= lim = lim 5 = 1m2—><llm > o2Hn =
[ee] = — 00 = 0 = o0 . n—
n— ean—1+n — eZHn_l n eZHn_]_ (en — 1) n- en —_— 1 n- e

n—->oo

ot 2n—Depa,. m+1D"-2n+ 1! 2" e?Hn
=1-lim = lim . =
2n . g2nHy g N—00 2n+1 . g2(n+1)H, nn- (Zn — 1)”
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I 2n (n+ D 2n+ 1! e?Hna l 3

= lim

n—oo

on+l nn ' (2n - 1! " e2m+DHy, | —

1 m+1\"
— lim —(—) (m+1D)En+1)
n e

2nHy,_1
n—oo 2

nHy . g2Hy |

e2Hn-1 .2 . @2Hn| —

e eann_l
=E-liml(n+1)(2n+1)- l
n—-oo

1
( e2nHn — eZn(Hn—1+ﬁ) - eZHn_1+2)

e—l

el . eZHn] - 2

=;1111_)1£1o [(n+1)(2n+1)- 1111_{2 [(n+ 1)2n+1)-

e? (logn+y+6n)] =

( H,=logn+y+é,andé, 3 0; Yy — Euler — Mascheroni ct.)

n+12n+1) el i 1 im (n+1)(2n+1)
n-ow | @2y . @28y . elog(nz) 292)’ nl—g}a e2én nl—>oo n2 o
B el 3 el 1
=2 1T T

Solution 3 by Hemn Hsain-Cairo-Egypt

(2k)?k >F 2k

(~-H, = logn+yand \/2k — 1)!! = < 2k . gk .

n—-oo e n—-oo nZ
k=2 k=2

n n
2k e%r 2
lim e~ 2Hx» Z A2k — 1)l = lim e~2logn-2v . Z — = lim —5--—- Z k=
n—->oo
k=2

27 I 4+n) . e (n?+n)
= lim = lim

= e 2r-1
n—oo 2n2 n—oo n2

UP.317.If a,b € R, find:

lim <"+1\/(n + 1) (2n+ D)’ - "\/na (2n - 1)!!)”)

n—oo

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Adrian Popa-Romania

a, = n\[n“ (2n - 1)!!)b

"\/n“ (@n-1D1) c-p'a po DTt (2n+ )’

a
1) lim — = lim

now m noo n" now (D™ nt (on 1))’
—n
_ n \" 2n+1? 1 @D (20 4+ 1)P
=11m( ) . =1li (1__) e
n-oo \n+ 1 n+1 n—oo n+1 n+1

2
1. @i | pifb=1
e

- nl—>lg n+1 - +o0,if b > 1
0,ifb<1
Wetakeb =1

@y "”\/(n + 12 (n+ 1)’
2) lim = lim =

n—-oo an n—-oo

"\/na (2n-1n)°

=2.2.1=1
ne-(2n-pn)’ n 2

e 2
(n + 1)+l e

n—->oo

~ limnﬂj(n + e (@n+ 1) ,,j nn n+1

/'”i/(n +1)2- (2n+ 1)!!)”\n i
'i/na (zn-1n)°

((n+ 1)*2n+ DWisi

gt n*(2n— D!
i (n+1>a 1 e 2n+ D! 1
= _— . n . - ==
noeh (n+1) 2n—-D! "Yn+ DI

- n+1 —-a ntl (n+ 1)n+1 1
_111%( Vn+1) -(2n+1) /(2n+1)” - 22e=4e
lim” n"  c-p'a ’ (n+ 1™ 2n-1! ’ (n + 1)" n+1 5
e [Zn-DI  noe @n+DI . nr 2o\ n ) zn+1 ¢
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2

i1 . —(log2+1),if b=1

ll%( J(n + e (@n+ D) - \[na (2n - 1)!!)”> =1®  ifb>1
0,if b<1

UP.318.Find:

Q = lim Vi n+1 n
nl—>n;> 2(n+1m - ZW

Proposed by D.Batinetu Giurgiu-Romania
Solution 1 by Sergio Esteban-Argentina

By Stirling’s approximation:

\_

n+1 / n+1 n

= lim Vn — lim Vn —
n-oo <Z(n+1)/( + 1)] \/_) n-oo \ n+ 1 E/

e e

:

o [((n+1DVn nn ’n(n+1)2
=\/E']ll_)rg< Nrewi —\/_ \/_rlll_)rg< e 2>

- Ve i () =

e.lim(\/n2+n—\/n2)(\/n2+n+ n2 —\/E-limi——e
n (V2 + 1 — V) TV T 2

Solution 2 by Marian Ursdrescu-Romania

nn/n+1 2l
Q= 7111_)1?0 21\1/—< 2n+2 /—(n 1) N 1) ; (D

(n+ 1)1 n!
e (m+ 1! nn

lim-— Vn = lim
n—-oo Z’V__ n—-oo ’V_
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M/l
n+1 nl 109<ﬂ1' m )
lim n( o . 2"+ﬁ — 1) = lim n(e no 22Dl _ 1] =
n-o n+1)! n-oo

/ tog("L g ) \
e " VDY _q ! <n +1 “Vn! )
"tog

= lim n |

n—oo lo n + 1 . ZW n ) 2n+2l(n + 1)' -
N " mr
i l n+1 n! ~ liml (n+1)" n! " B
T I T ) e U m+ D) |
n n ]
= limlog |e - <n+1 Vn! ) = limlog |e - v = =
n—oo l( + 1)] n—oo (n+1 (n+ 1)')
_ n!- "/ (n+ 1) "”,/(n + 1)'
= mlog|e j m+Dr | amleg|e -

= limlog

n—->oo

e- ‘ ‘@ og(e >=%;(3)

From (1), (2), (3) we get

Q= lim VA n+1 n _\/E
nl—g}; 2(n+1m_ mrn ] 2

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

Q = lim vn

n—-oo

/ n+1
( n+1 n ) . n\/_I 2"+Z,/(n+1)l

\
2(n+1m B = rlll_)00 27\1/_\ MLM /| =
n+1

2n+2
n+1)!
N+ / nt1
2n+

T 1
= +elimn nl ' (n +1)! -1

-log | \|
it = A
\ =)
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- n+1 n n!
= Velimlog <( ") j Wmf) ]

= Velimlog ((": 1>n. n W) = Velimlog (("T“)n n_\/’?> _ Ve

(n+1)! n-oo

. n+1 n Ve
o=t (e s o)<

UP.319.If (H,)n>1, Hp = Z£=1%» (a,)n=1 is sequence of real numbers strictly

2.
n

positive such that: lim,,_, ., ::"J: =a € R} = (0,) then find:
n

lime~3Hn . Z "ay

n—oo
k=2

Proposed by D.M.Batinetu-Giurgiu-Romania

Solution 1 by Marian Ursdrescu-Romania

n 3 n k
3,,"_2 . n’ Yi_p+Qx

L =lime~ a;, = lim . 1
n—-oo k n—-oo e3Hn n3 ! ( )
k=2
i n3 (l' n )3 LeS (o T +1-n\? y 1 3
m-—=|(1m = m-—-——-- =|1l1m =
n-o e3Hn n-o eln nooo efn+1 — efn n—oo eHn(eHn+1_Hn — 1)
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Yk=2 V@ Lc-s I "V i1 I "V i
n3

1 = l1m =
nbo(M+1)3—n3 no03n?2+3n+1

(n + 1)? n+\l/an+1 1. Ya, 1  .[a, c-pa
= =— lim =— lim 2 =

Taee3n2 +3n+1 (n+1)2 3 nos nZ 3 now

lim

n—oo

1 a nm 1 a n \» 1
=5 lim n+12 2’ =zl n+12 ( ) =--a-e? (3)
3 nbo(n+1)"% a, 3 noo(nm+1)%a, \n+1 3
g . e_3y_2

From (1),(2),(3) = L = ; e -a-e?=1

Solution 2 by Samir HajAli-Damascus-Syria

n
. - .k . Agi1 . Qg1
a,>0,vn=>1; a; — is diverge, because lim’/a; = lim — = lim - =a+0
= k— oo k—oo ayg k—o g% - ag
n k n n
 Xk=2 QK LC-S |, \V @n . \ @n
O =lim—=5— = lim 5 =5, = lim CR
n—-oo e n n—-co @ n— n—-1 n—oo 3H 2
e>fn-1{en —1

3
A MW L may cpay (R4 DM ayyy 30 et
= lim : = lim =" lim : =

a,.1 m+1)"2-(n+1)3 e3nHna

1 .
=3 1111_)123 T a nn-2 " e3m+DH, -
1 3nH, 1
:§.a.e.111i_>r?o(n+1)3 .W:

1
( e3nHn — eBn(Hn-1+;) — e3""n-1+3)

LI m+1)3 a1 1 . (m+1)3
T3 N e3 e3Hn 3 €2 3 noath glognd . g30,
a n+1)3 a
= — - lim ( ) = — e_3y_2
3e2e 3V noo nd 3

Solution 3 by Mokhtar Khassani-Mostaganem-Algerie

n+1

n
Yk=2 k\/ Ay Lc-s a,.1
Q= lime‘3"n-zk a,=lim——>— =" e lim-—"———=
n—00 £ k™ now  e3Hn n-o3n? +3n+1
o3 lim Van L S n? n’-3n+2
B no3n?—3n+2 nowon?-a, 3n2+3n+5 3n2+3n+5
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1 n
a-e_sy . 1+m a-e_gy_z
REE N1 SRS B
3n

UP.320.If a,b,c € R, x,, = n!,y, = 2n — 1)!',vn € N*, then find:

lim <n+1\/(n + 1)2- xfl+1 Vo1 — n\/n“ - x5 - J’ﬁ>

n—oo

Proposed by D.M. Batinetu-Giurgiu-Romania

Solution by proposer

. x . x, C-D'A _. n+1)! n" . n\" _ 1 . 1
lim 22 = Jim "2 2 lim -2 = i (—) = = and analogous lim 2 = =
nn n-o (n+1)n+ n! n—-oo

n-oo N n—-oo n+1 e n-oco N e

n+1
b
\/(n+1)a'xn+1'yrc1+1

. . -1
Let: u, = ,vn > 2 then limu,, = 1, lim —=— = 1 and
n o a. b..c n—oo n-oo loguy,
1’" “Xn'Yn
(n+ 1% X, Vi _ 1

limu? = lim
noow " n—oo na - x;’l . yfl

n+1
J(n +1)e- xg+1 "Y1
a

= lim (?) (n+1DP-2n+ 1)

1 1 1
("Va+D)" (V). (VPned)

b+c

=e

_ (2n+1>‘ <n+1>b <n+1> _2%-el-ef
nboo\n+1 n+\1, Xn+1 n+1\/ Yn+1 2
Bn=n+i/(n+1)“'x?;+1'y;+1_i/na'xﬁ'}’ft:i/n“'xg'Yﬁ'(un_l)

n u, —1 yne-xb.yc u, —1
= /n“-x,’{-y,ﬁ- e -logu, = n Yn Un -logu®

logu, n logu,

b c
_ a\a n n pic—1 Un — 1 n
=(vyn) - . n . logul',vn > 2
(V) ("\/x,) (’i/n) logu, 7

c .9C
Then: limB, = 1- eib (Z) -1-logeb*e - limnb+e-1 = LXOZ . iy pb+e-1

n—oo e n—oo ebte n—oo
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0,if h+c<1
[

= ?,ifb+c=1
o, if b+c>1

UP.321 Let Ap4; ... A,, be an Euclidean n-simplex.We’ll use the following
notations:
—0,V, R, 1 the centre if it’s circumscribed hypersphere, it’s volume, it’s
circumradius and it’s inradius,respectively.
—0;, R; the centre and the radius of the hypersphere tangent to the
circumscribed sphere of Ag4; ... A, in the vertex 4; and to the hyperplane
ApAq ... A;_14;1 --- 4, simultaneously.
With the above notations, the following identity holds:
n
Saeged
R;
l=
Proposed by Vasile Jiglau-Romania

Solution by proposer
Let AyA1 A, be an arbitrary triangle and denote by R; the radius of the cercle which is
tangent to the circumcircle of 4ygA14; and to the side A;A; of the given triangle,

simultaneously ({i, j, k} = {1, 2, 3}). In [1] the authors proved that:

1+1 1_2+1
R, R, RZ_R r

Where R and 1 are the circumradius and the inradius of AgA;A4,, respectively.

In the following we’ll prove an extension of this identity to the Euclidean n-simplex.
Taking in the proposition enunciated below and in it’s proof n = 3 one obtains the
corresponding identity for tetrahedron.

Let ApA, ... A,, be an Euclidean n-simplex.We’ll use the following notations:
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—0,V, R, 1 the centre if it’s circumscribed hypersphere, it’s volume, it’s circumradius and

it’s inradius,respectively.

—0';, R'; the centre and the radius of the hypersphere tangent to the circumscribed
sphere of AyA, ... A, in the vertex A; and to the hyperplane AyA; ... A;_14;41 .- Ap
simultaneously.

—V; the volume of the n-simplex 0A4¢A; ... A;_14;+1 .- Ap

—V’; the volume of the n-simplex 0';4¢A; ... Aj_1Ajq ... Ay

—V"; the volume of the (n-1)-simplex AgA4; ... A;_14i+1 ---Apn

Proposition: With the above notations, the following identity holds:

Proof: Since the hypersphere having —0’; as centre defined above is tangent to the

circumscribed hypersphere of the given n-simplex, it results that 4;, 0';, O are collinear.
We recall that the volume of AyA4; ... 4, is given by the formula V = %hiV"i, where h; is

the distance from the vertex A; to the hyperplane AyA; ... A;_14;,1 ... A,,.Projecting 0, 0’;

on the hyperplane AgA; ... Aj_14j1 ... Ay, (I # j) applying the Thales’ theorem, then the

Vi; R;:
precedent formula, we ramark that 7’ = ?‘. We have:
j

174 zn:V' +V Zn:R"V LA | v+ L | VoINy 2
= . . = — . = . —_ .  — = — = — . [—
AT ""LRT n ""TRL7 ' n R, RL 7' n
j=0 j=0 j=0 j=0
JE JEI \ JED! Jj#i

1 1

: n n H n n —

Since the sum Y7 E:jzo V; any V; appears n times, we have 7 o §j=0 V= EnV
JES! Jj#i

On the other hand nV =)}, V"j, therefore

|74 nv |4 1 n 1
n n
ri—=—+-=>)r —=—-+4+- q.e.d.
i=1p, 7 R ' r 2o Ri R 1 q
Reference:

[1] L.Isaev, Y.Maltsev, A.Monastyreva-On some geometric relations of a triangle, Journal of

Classical Geometry, volume 4.
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UP.322. Find:

omm S5 1)

k=1

Proposed by Marian Ursarescu-Romania

Solution by Sergio Esteban-Argentina
We will use the following identities:

i) (i) + ("11) + .+ (x+y) = (**),putx=kandy=n—k

x+1

() =n (o)

m+t
lll)z ( ) ( )putm=n—1,t=n+1,r=n—1:>

n 2n n n(zn)! by Stirling's
= li ( ) = li 2
noe ["\n—1)  noe =Dl n+ 1)
2n\?2
(%)
n—-1 +1

(nzl)T_(n-(le—l)T
et S () QI

=4

= lim

n—-oo

=
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UP.323If S,, = Y ;-1 log (cos 2;2) then find:

= lim(%/n-S,) keatang

n—>0oo

Proposed by Florica Anastase-Romania
Solution by proposer

Let S,(x) = Y-, log (cos zik) with cosg > 0 and from sin2a = 2sinacosa we get:
log(cosa) = log(sin2a) — log(sina) — log2
,Zinwe get: S,(x) = log(sinx) — nlog2 — log (sinzin) = log( sinx )

n —
2 szn

X
Fora=-,—

)2 )

N | &

1

e 5 ' 2
Then: S, = S,, (= ) log <2,, n2n+2> log <f zns,n2n+2> — log (22)

= llm(,/n S )Zk 3tan _ ele (Zk 3tan—)logJ11—_s}l

n—->oo

log(n-Sy,)  (Siostang) 1ognsa)
— enhm (Zk ztan k)% — er}l—»n:}o N i, (1)
T T
lim —(Zzzs tam E) STCET Nim —tann +1 _ Jim TR . d
n—oo Vn oo\ n+1—yn o _n’:l m+1)Hn+1-vn)
=0, (2)

log(n . Sn) . logn+logs, . logn s- Cesaro
———— = lim = lim

) log(n+1) — logn
lim im =
n—-o ﬁ n—-oo \/ﬁ n—-oo \/_ n—-oo 1/n + 1 —_ \/ﬁ
1
log|1+
= lim ( )

S (VT 1 - vn) =0, 3)
From (1),(2),(3) weget: 0 = €% = 1.

UP.324.Forn € N",n > 2,P, = [[}:Z 1sm( ) find:

cos3x
.Pn.

dx

S p—
N| S

sin™x

N — i3

Proposed by Florica Anastase-Romania
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Solution 1 by Sergio Esteban-Argentina

i) We know that:
x2n—1 = kn
— =1_[(x2—2cos(—)+1)=>
x k=1

k=1
_n—12 . ke _n—l 22 , ke n-1 ke ~ \/1’_1
n=] [2(1+eos(3) ) =] [2200 (35) = | [ o5 (5) = 2o
k=1 k=1 k=1

Analogously if 11 L = [T7z1sin

" (G
By (i)= [1}2 1sm( ) [Thz Zsm(k)cos(k:)z _vneN,n=>2>=

n-1’
Po= ] sin(5) = ¢
= sin|— | =
Now,
T T
2 2 3 .,
cos3x cos’x — 3cosxsin“x
- dx = - dx =
sin™x sin™x

n n
6 6

> d

2 1 u=sinx:>dx=c0;lx

= f cosx( - — 4sin? "x) dx =
sin™

n

6

n

csc™ 1x  4csc™3x|2 53 2" —3n+1

1-n 3—n |z 8(n—-3)(n—1)

6

n 2"-3n+1
Finally, (0 = —rlll_)lg (2 271 (n—-3)(n— 1)) -1

Solution 2 by Naren Bhandari-Bajura-Nepal

We have that 2i sinx = e** — e** with i = V—1 which follow that

n—-1 n-1 n—1
1 kin kin L, kn L,
Pn = gn l_[e" 1_[(1“’") D Z? = gn-1
k=1 k=1 k=1
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where L, is the latter product to be evaluated by noticing the polynomial

n
Zkizt)

F(X)=1_[(X—e‘ n

k=1
whose zeros are non-trivial solution n-th roots or unity i.e

n

n-1
f(X)=Zxk andF(1)=21k=n=>

k=1
V3 T
2 2
n: Pn cos3x . n? [4cos3x— cosx
P,=-—=5=>0=Iim f dx = lim —nf — dx =
Zn n—-oo Sln X n—oo 2 sin x
T T
6 6
sinx=u n? fl_uzd li nz 2"—-3n+1 1
= lim—- u == —lim —_— | =-
n-oo 21 un now \ 21 nz in+3

UP.325 Let be (ap)nz1, (fa(x)) ;M ENR27,x>1

2 x?%

= (ﬂ CD) () =f lo,gl'Wdt

k=1 X

Then find:
1
Q= llm fan(x) and Q, = llm (a—llmfn(x))
n
Proposed by Florica Anastase-Romania

Solution by proposer
Let g: (1,0) > R, g(t) = %gtand G:(1,00) > R,G'(t) = g(©)
How f, (x) = G(x?) — G(x) then f,, — differentiable
2x 1 x—1
fa(x)=2x-g(x) —gx) = logxz—logx= logx >0 fp(x) Tx€(1,0)
vt € (x,x2),x > 1 we have

>

1
How

logt lo x2 !
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X xz X
1 1 n(x? —x)
fn(x)=jl ﬁdt=nf@dt2nfm7dt=m,‘v’x>l
X X
2 ' _ 2 _
= 0 = im0 = lim " it T < i P = o
x
1 1 1 1
tlogt logt t—1 3—t’wE .3
1 1 1 1
togt S Toge VL€ M 3)@W(1——) >0,vte(1,3) o
-1 > 0,vt € (1,3)(true)
tlogt — "’ ’
Now,
2
vte (1,3) &

! < ! + ! vt e (1,3) 1 <
(=4
logt" t—1 3-t ’ logt — —t>+4t-3’

t?2—4t+3
logt+TZ o,vt e (1,3)

—3 te (1,3); R (P) = % >0,vte(1,3) > h()Tte(1,3)

From (*) we have:

Let h(t) = logt +

2 x2 x2

f 1 dt<f 1 dt<f( 1 + 1 )dt
tlogt — ) logt — t—1 3-t
X X

X

X

2

xz X
f dt < < f( 1 + 1 )dt
n tlogt S/ =m t—1 3-t
X X
xZ 2
1
,I-tlo dt—log(logt)lx log2,vx € (1, \/_)::»llmf —dt—logZ
X
r 1[* (x+1DE-x)
— x+ -x
f t_1+3_t>dt—log| —log< T >,Vx6(1,\/§)

li ( 1 + 1 )dt_l 2
xl—l}il t—1 3-— - 09
x
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So, we have:

lim f,,(x) = nlog2
x-1

Let be:
b = = (n)_ﬁ(n)_ﬁ n! _ (n!)”‘l
n - - " (n—k)Y  [11-21. . —_ 1)112
14 k 11 k 11 kk(n—k) [1!'-2!-.-(n—1)!]
n+1
2<e,= <3n=6 (%)

"/ (n+ 1)

1 (x
buyg _ (A" _ (@t D™ (>) 21> by >2™1 b
b, n! (n+1)! " "

b n+1* m+1)"1®
"+1=( ¢ ) <3"l=p, ., <2 p,

b, nl  (n+1)!
b Zﬁ ﬁ nZ+2n+2 (n+1)2
Suppose: n > &z =S by>2"122 =272 >2 2
bni1 > 2n+t by,

b, < 3"

= b < 3n+1 . 3n2 — 3n2+n+1 < 3(n+1)2
bpi1 < 3+t b, "

Suppose: {

Therefore,

n 2
27 < (1_[ (Z)) <3” vn>7

k=1
nlog2 nlog2 nlog2
3n an Zn

n n n n

= < — = =
gn? _m.gm. _.2n o2n (14 1)n

n n

n
:1+(,11)+(;)+...+(:):1+n+n(n2—1)+m<n(nz—1) =

0

nlog2
g )=0

n

1
Q = lim (—limfn(x)> = lim (
n—oo an x-1 n—-oo
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UP.326 Find:
e e log(x+e)
Q= lim ( ) -efo log( x24+ne )dx
n-o \logn

Proposed by Florica Anastase-Romania

Solution by proposer

-a g 2 log(f@)dx _ j
——— < ef-a@ < x)dx,a
< B (x) means Integral Inequality
logn < log(x+e) < log(e+n)

Forxe[0,e] >ne<x’+ne<e’*+ne=——<— <
e“+ne xX“+ne ne
. __log(x+e) .
Let f:[0,e] - R, f(x) = —Zme We have:
e e e 1 logn
= (1)

>
e 1 e x%+ne = celt+ne, e e+tn’
Jo f(x)dx X log(x+e)dx Iy logn d
e
ff(x)dx__flog(x+e) <1-]‘log(e+n) dx = l_log(e+n) @
x2 + ne *=e ne e n ’
0 0

From (1), (2) we get:

1 e log(x+e)
1 logn < gelalo (W) < 1 log(e+mn)
e e+tn e n
Ln o n (e 1 loglerm
e e+n  logn e logn
LI () el 1 (fogte
e¢ \e+n/ ~ \logn T ef logn
. . log(e+n)
lim = lim ———=

nsoe+mn n-ow logn

So,

log(x+e)) x l

e e
) . efo log( x%+ne

Q= lim (
n-o \logn e
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UP.327. If (x,,)>1, Xn € R, VN € N* satisfy lim (x,,,; — x,,) = x € R},
n—>oco

then find:
lim (Xper "V +1 - x,¥n)
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Marian Ursarescu-Romania

L= lim (xn "V +1-x,Vn) =
- }li_)rg(xn+1"+m — X VI + XV — x, V) =
= limx, . ("Vn+1 - ¥n) + im V(e - x.); (1

limVn(xy g —X,) = 1+ x = x;(2)

limx,,("Vn+1-%n) = llm ise ( +1)- ("Va+1-"%n)

n—-oo

Xn+1 Xn LC-S Xn+1 — Xn
lim —— = lim = lim———=x; (3)
nooon+ 1 n—>oon nbon+1—n

1
Let be the function f: [n,n + 1] - R, f(x) = xx, from MVT we have:
3c € (n,n + 1) such thatM JHGES

1
cc(1-logc) R
c2

"Vn+1-%Yn=

llm (n +1) ("Vn+1-n) = llm n+1)- M = 0; (4) because

x+1 1-logx

Fromc € (n,n+ 1) = lim — =1:-0=0

x—oo X X

From (1),(2),(3),(4) we get L = x.
UP.328. Let (V) ns1, Vn = —logn + Z}:zli, with }li_)lgloyn = y (y is Euler-
Mascheroni constant), then find:
1111_)1?0 (siny,, — siny)Vn!

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
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Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

n,n' sin(H,, — logn) — sin
Q= 11m (smyn — siny)Vn! = hm nn G lg ) "=

n
1 1 i
1 . sin <y + 5= n +o0 (?)) — siny cosy
= —-11ms =
ze n—-oo 1 Ze
Y +2n 2n

Solution 2 by Marian Ursdrescu-Romania

— +
L = lim (siny,, — siny)Vn! = lim2sin (Yn y) cos (Yn y) n! =
n—oo n-oo 2 2

H y _y n
ThNe T Yn—y 7Y n 2 )
2
sin (Yn _Y)
lim % =1; (2)
n—-oo n2

Vn! n|n! c-p'a n+1) n* n \* 1
fim === tim o= m e e s im () = @

0
Now, we use Cesaro-Stolz for ; case:

lim(y,, —y) 'n=lim Yo 7V _ lim%z
n—00 n—-0oo - n—-oo _
n n+1 n
1 1
n—_l_l—log(n+ 1) + logn 1-(n+1)log (1+ﬁ)
= lim = lim
nn+1) n
1
. 1‘(}"‘1)109(1"‘3‘) ] (1+x)log(1+x)—x“1
= lim = lim 5
x-0 —X x—0 X
. logl+x)+1-1 1
B !cl—l}(} 2x — 2’ 4)
From (1),(2),(3),(4) we get
cosy
- 2e
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UP.329. If (a,),>1 is a sequence of real positive numbers such that:

lim % = a € R, then find:
n—-oo n

. n+l an+1Fn+1 n anFn
lim -_— P E————
n—oco 2n+ 1) 2n—1)!

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mokhtar Khassani-Mostaganem-Algerie

. ntl|Apy1Fryg  » a,F, Lc-s ., a,F, c-D'a
Q=1lim - [ — =" lim |—— " =
n-oo 2n+ 1)! 2n-1)! nooo M (20 — 1)!!

an+1Fn+1 2
c-p'a . m+DCn+DY 1 n Any1 Fnyn @
T oo a,F, e noo(n+1)(2n+1) n%a, F, 2e
n"(2n—1)!
(2n)!
(En— D=

«1lim 21 = ¢ ¢ — Golden ratio.

n—oo n

UP.330Forn € N,n > 1, F,, —Fibonacci numbers, prove that:

F1 + Fa + ot F > (Fn+2—F1)2
3(F2 + F2)"  4(F? +F%+ F%)’ m+2)(F2+F%+ -+ F2,,)"  Froa@Fni+ Fy)

Proposed by Florica Anastase-Romania

Solution by proposer

n
(D ) (k+2)Fy = nFyus + F,
k=1
Proof:
Fk+2 - Fk+1 = Fk,Vk > 0; (1)

(€))
(k+2)Fk = 2Fk+ka:>ka = k(Fk+2 _Fk+1) =
= (k+2)Fy; — (k+1)Fyyq —2(Fgyp — Fyiq) — Friq; (3)
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(1) (3)
= Fy41 = Fri3 —Fry2 =

n n n
D kFi= ) [+ 2)Firs = (k+ DFia] - 2 Z(Fk+z ~Fien) = ) (Fres = Fia) =
k=1 = k=1 k=1

k=1
=M+ 2)F,3 —2F; —2(Fpy — F3) — (Fpy3 — F3) =
=nFpi; —Fpy3 +F;3

n n
Z =Z Fiio — Fk+1)— n+2 — F2
k:
2) 2
2
2 (k+ 2)F, = Z KF +2 Z Fio = 2(Fyuz — F2) + (0Fyyy — Fps + F3)
k=1

=M+ 2)Fu — (Fpy3 —F3—F3) —3F, =
=M+2)Fy; —Fpis=M+1)F,,; —Fy .y =nF,, +F,

F 1
(u)z > > k =1-
F +F + - +Fk+1 Fn+2
Proof:
Fi+Z_Fi=Fi+1:Vk>0=>Fi+1'Fi+2_Fi'Fi+1=Fi2+2; (*)
Adding up relations (*) foralli € 1, 2, ..., k, we get:
Fiy1 Froz—Fy F; =F3+F3+-+Ff, =
F{+F5+ -+ Fiyg =Fiy1 Froz =

Fy _Friz—Fpn 11

PP+ P2t 4 F2,, Firr Fraz Fei Fres
1+ F;++Fp 4 k1" Fraz k+1 k+2

n

1
=1-
z I+ F2 + -+ Frpyq Fpiz

Fl 2 Fn _
2 22 + 2 2 2 2t 2 2 2 \2
3(F2+F2%)" 4(F2+F%+ F3) (mn+2)(F2+F:+-+F2,,)

2 2 2
_ F3 + F2 N F3 + F5 + F3 et Fi+Fi+--+F2,, Bergstrom

3F, 4F, (n+ 2)F, =

94 | NUMBER 22-RMM AUTUMN EDITION 2021-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2
F 2
n k 1
( k:lF%+F§++Fi+1) _ (1_F1l+2) _
= n_ (k+2)F, nFy; + Fy

_ (Fn+2 - Fl)z _ (Fn+2 - Fl)z
F121+Z (nF,, +F,) F121+2 (nFn+2 + Fn)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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