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JP.346 Find all values of k such that the following inequality:

a2+b2+ kab >(
b a a+b—

holds for all positive real numbers a, b.

+§>(a+b)

Proposed by Nguyen Viet Hung-Hanoi-Vietnam
Solution 1 by Alex Szoros-Romania

a2+b2+kab <+k)( b @az_l_bz (+b)+k<ab a+b)>
— — — — '* — — — —
b a a+b- atb)i(x) =4 @ Tb 4 )<
Let be the function f:R - R, f(k) = (j—aTer)k+ +——(a+b)
ab a+b 4ab—(a+b)* (a—b)?
FO =~ = a@+n T W= 1@ =0veb>0=

f —decreasing; (1)

2 2 _p2 _p)2 _p)2
Butf(16) :a?+b;_(a+b)_16(a b) _ (a+b)(a-b) _4(a b)

4(a+b) ab a+b
_ atb 4\ (a +b)> —4ab] _ (a—b)*
f(16) = (a — b)? ( Ta+ b) =(a-b)* ab(a+b) | abatb)-

va b > 0= f(16) = 0; (2)
From (1),(2) it follows that: k < 16 = f(k) = f(16) > 0,so f(k) = 0,Vk < 16.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 2

M (1)@ o T @i k(2 -2 20
b a a+b~ 4 a4 b a a4 a+b 4 -
(a—b)*(a+b) k(a-b)?
= >
ab ~ 4(a+b)

Fora=b = () holds forallk = (*) © (a + b)? > %

If k < 0= (+) holds forall a,b > 0. Let k > 0 and let x = -, then

k(k-16)

Wox+(2-Yxr1>0witha=(2-5) —4=k

k<0=A<0= (*)holds foralla,b > 0.

. 1 k 2 k
Ifks16,and|f0<x<5(—2+z+\/z)>0=>x +(2—Z)x+1<0.
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Therefore, k < 16.

Solution 3 by proposer

The inequality is equivalent to

a? b? kab k(a+b)
>0

pre @t 2

a® + b3 —ab(a+b) k[(a+ b)?—4ab]
ab 4(a+ b) -
<a +b k
ab 4(a+ b)
a+b k
>
ab ~ 4(a+b)
4 2
Aatb)” .
ab

This is true for all positive real numbers a, b if and only if

~ 4(a+ b)?
min——2>
a,b>0 ab

)(a—b)ZZO

k

Because 4(a + b)? > 16ab and the equality happens when a = b, it follows that

_ 4(a+ b)?
min—— =
a,b>0 ab

So, k < 16.

16

JP.347 Let a, b, c be non-negative real numbers, no two of which are zero. Prove that

2@+ b)a+c) 2(b+c)b+a) 2(c+a)(c+b) (a+b+c)® ab+bc+ca
b+c c+a a+b ab + bc + ca a+b+c

Proposed by Nguyen Viet Hung-Hanoi-Vietnam
Solution 1 by proposer

We rewrite the inequality as

ZZ(a2+ab+bc+ca) (a+b+c)® ab+bc+ca
b+c ab + bc + ca a+b+c

cyc

Or equivalent to
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Z(Z(a2+bc) > (a+b+c)® ab+bc+ca

b+c ab + bc + ca a+b+c

cyc

22(a2+bc) (a+b+c)® ab+bc+ca

b+c ab+bc+ca+ a+b+c —2(a+b+oc)

cyc

z 2(a®+bc) [(a+b+c)*—(ab+ bc + ca)l?

b+c > 2(ab + bc+ca)(a+ b + )
cyc

22((12+bc)>(az+b2+cz+ab+bc+ca)2
b+c 2(ab + bc+ca)(a+ b + )

cyc

Now, we use the Cauchy-Schwarz inequality to obtain

a2+bc_Z (a? + bc)? >(az+b2+c2+ab+bc+ca)2_
b+c Zu(a?+bc)(b+c)” Y (a2 + bc)(b + ¢) B
cyc

cyc

_(az+b2+c2+ab+bc+ca)2>(az+b2+cz+ab+bc+ca)2
B 2Y be(b +c) ~ 2(ab+bc+ca)(a+b+c)

Note that equality can’t happen. The proof is completed.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2(a+ b)(a+c) N 2(b+c)(b+ a) N 2(c+a)(c+b)

b+c c+a a+b

(a+b+c) +ab+bc+ca
B i 3
ab + bc + ca a+b+c $ ()

2

a bc (Ca)?® Yab
(*)®22b+c+zza+22b+c> sab " ya O

cyc cyc cyc

(S (Z5%e) (e )(Ze)2(Z e (5%

2
><Za3>+(zza—ab)(:>

cyc
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2255

cyc cyc cyc cyc cyc
3
c (bc)? (Yab)?
by 12 5
+2abc ) ——+ b+c>< a>+ e ©
cyc cyc cyc
a (bc)?
22(13 + 2ach—+ ZZazb + 6abc + 6abc + Zz
b+c b+c
cyc cyc cyc cyc
ab)?
>Za3+32a2b+6abc+(z ) PN
Ya
cyc cyc
2 ab 2
Za + 3abc | + 22( 2 + 2ach—+ 3abc > Za2b+&;(1)
CyC CyC CyC CyC Za

(ZbC)

which is true, because Y a3 + 3abc > Ya (BCS).

Solution 3 by Tran Hong-Dong Thap-Vietnam

Wehave:a+b>0,b+c>0,c+a>0.

2@+b)b+o) _\_(@+h)b+0) . L(@+bh)b+0) _
Z b+c B cyc(a+b)(b+c)(c+a)_ (a+b)(b+c)(c+a)

cyc

~ 25((a+b)(a+0))* 25 ((a+ b)(a+ o))
" (a+b+c)ab+bc+ca)—abc” (a+b+c)(ab + bc + ca)

We need to prove that:

ZZ((a+b)(a+c))2 (a+b+c¢)® ab+bc+ca
(a+b+c)ab+ bc+ca) ab+ bc+ ca a+b+c

22:((a+b)(a+c))2 >(a+b+0)*+(ab+bc+ca)l o

cyc

2[(a® + ab + bc + ca)? + (b? + ab + bc + ca)? + (¢* + ab + bc + ca)?]
> (a+b+c)*+ (ab + bc + ca)? &

2[a* + b* + c* + 2(a? + b? + ¢*)(ab + bc + ca) + 3(ab + bc + ca)?]

2
>(a2+b2+c2+2(ab+bc+ca)) + (ab + bc + ca)? &
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[y x(3) (S} (3]

(3] {27z 3) -
zza4+<zab> (z) @zau(gab) 22 an

cyc cyc cyc cyc cyc cyc

Za" + 2abc(a+b +c) > Zazb2

cyc cyc

Which is true, because: x* + y% + z2 > xy + yz + zx. Hence,

Z(az)z > Z a’b? = Z a* + 2abc(a+b + c) > Z a’b?

cyc cyc cyc cyc

JP.348 If a, b, c > 0 then:

at* p* MN\/a® b A a’? b? c?
o529

Proposed by Daniel Sitaru — Romania

2

Solution 1 by proposer
We will prove:
4 2
Yeyeys 2 Teyepz (1)
3 2
chc% = chc% (2)
(1) © Yeycalet = ¥ abb?*c* (by multiplying with (abc)*)
1 1
Z alct = —Z 12a8c* = —Z(8a8c4 + 2a8c* + 2a8c*) =
cyc 12 cyc 12 cyc

1
= EZ(sch‘* + 2b%a* + 2¢8p*) >

cyc
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AM M 1 zlzli/(asc4)8 (b8a*)Z - (c8b*)2 = z 121722448 — z abb?c*

cyc cyc cyc

(2) © Yeycabe? = ¥ a’be® (by multiplying with (abc)?)

z 6¢3 = z 9ac3 = Z(7a6c3 + a®c® + abc?®) =

cyc cyc cyc
1 63 6.3 6p3y MM 1 9
=§Z(7a c® + b°a’ + c°b®) = 52 9\/(a5c3)7.b6a3.c6b3 —
cyc cyc
= Z 91/(145 -b% - 27 = Z a5bc3
cyc cyc

By multiplying (1); (2):

(25)(z%)-(z%)

Equality holds fora = b = c.
Solution 2 by Tan Tey Tan-China

25z () )25

= (ZZ—:) A+1+1)2 (ZZ—E)Z

cyc cyc
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ST SeEe-

cyc cyc cyc cyc

Therefore,

9)(25)-(25)
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Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

2 2 2,3
a* b* M\/a® b <Zz+léz+c)(%+%+§)
<F+F+F><ﬁ+c_3+$>2 9 =
a’? b%? c*\[/a®> b% c? a? b2 2\’
2(ﬁ+c_2+¥><ﬁ+?+¥>=<ﬁ+_+_>

¢z a?
Solution 5 by Samar Das-India

a4

;(E) >3’ 1;[(%)4 = 3; (1);2 (%)4 > 33“_[(%)3 =3;(2)

cyc

> =[G -2

cyc cyc

;<§>“;<§f—(;<§>2)2-3(z )32 () -

cyc cyc cyc

S(se) e o se (e se-)

Therefore,

2
a* al a?
(Z F) (Z F) = (Z ﬁ)
cyc cyc cyc
Solution 6 by Tran Hong-Dong Thap-Vietnam

Letx=%>0,y:§>0,z:£>0:>xyz:1
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Chebyshev's 1 AM—-GM
xt+yt+zt =% x?+yt oy + 2% 22 > 3 sz sz >

cyc cyc

2%-3-3\/(xyz)2-2x2 =Zx2;(1)

cyc cyc

Chebyshev's 1 AM—-GM
By’ +=x-x*+y-y*+z-22 = sz sz =

cyc cyc

2%-3-2x2=2x2;(2)

cyc cyc

From (1),(2) it follows that:

(2)g7)+(z-)

Therefore,

5)(z):(25)

Equality holds fora = b = c.
JP.349 Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove
that:
a® b® c®
a2+b+b2+c+c2+a

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

By AM-GM inequality, we have:

a® a’+b 1 3|a%(a?2+b) 3a?
+ +->3 =
a’+b 4 2 8(a? + b) 2

b® +b2+c 1>3b2_ c® +c2+a
b% + ¢ 4 27 2 'ct+a 4
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Adding up these inequalities, we get:
a® N b° N c® +a2+b2+c2+3+3>3( 2y b2y cd)
a’l+b b2+c c?+a 4 4 Z_Za ¢
It ia well-known that (a + b + ¢)? < 3(a? + b? + c¢?),s0 a® + b3 + ¢ > 3. So,
a® b° c® 5 9 15 9 3

S22 epiecdy——>2_2_2
Zib i @razg @t ) g2 -g=2

Namely

a® N b® N c® >3
a’l+b b2 +c ct+a 2

Equality holdswhena = b =c = 1.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

_ 2
Z 2 CZS (Z;l) (1)

cyc

a® c-s (yaP): chemyshews (3a2)2(ya)’ ® ($a¥)? _Fa?®3
Za2+b22a2+2a = 9(¥a? +3) 2Zaz+2az_ 2 ZE

cyc
Solution 3 by Tran Hong-Dong Thap-Vietnam

c-s (a+ b+ c)?
a+b+c=3=t=a’+b*+c?* > ;:3

3
a6 N b6 c6 B Z(aZ)s Holder (Za2)3 ~ t3
a?+b b’ +c c +a a’+b T 3Qa?+Ya) 3(t+3)

We need to prove:

t3 3
— > —o2t3-9t-27>0= (t—-3)2t2+6t+9)=>0
3(t+3) - 2 20 (-3)Q2+6t+9) =

which is true, because t > 3. Equality holdsfort =3 ©@a=b =c = 1.
Solution 4 by Sanong Huayrerai Nakon Pathom-Thailand

Fora,b,c > 0anda + b + ¢ = 3 we have:
a® b® c® (a® + b% + ¢?)3
a2+b+b2+c+cz+a23(a2+b2+cz+a+b+c)
Iff 2(a® + b% + c?)3 > 9(a? + b? + ¢* + 3)
Iff (a® + b% + ¢®)3 + (a® + b% + ¢%)® > 9(a® + b? + ¢?) + 9 - 3, which is true because
(a® + b% + ¢?)3 = (a® + b? + ¢?*)?(a® + b? + ¢*) > 9(a® + b? + ¢?) and

3
>
2
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(a® + b% + c?)? = (a® + b? + ¢?)?(a? + b> + ¢*) >9 -3, becausea+b+c=3 =
a’ + b? + ¢ > 3.

JP.350For1 <a,b,c < ?, prove that:

Ja—-3a2++/4-3b2+J4—-3c2+(a+b+c)?—3(a+b+c)<3

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

First, will prove that V4 — 3a2 < —3a? + 3a + 1. We have:

— (4 - 3a2)
—-3a’+3a+1—-+y4—-3a2=3a(1-a) +

+ V4 — 3a?
3a? -3 3(a—1)(a+1)
= 3a(l-a)+ ————=3a(1-a)+ _
1+ V4 - 3a? 1+ V4 — 3a?
a+1 a+1
=3a(1—a)—3(1—a)-—=3a(1_a)<—_1)_
1+ V4 — 3a? 1+ V4 — 3a?
3a(a— 1) a+1—-1—-+V4 - 3a? 3a( 1)<a— 4—3a2>
=3a(a—1)- = 3a(a — —_— | =
1+ V4 — 3a? 1+ V4 — 3a?
a? — 4 + 3a?
=3a(a—1) =
(a+V4—3a?)(1+V4 - 3a?)
Z_1 12 -1)2?(a+1
=3a(a—1)-4 a2 = aa- (@t

(a+Va-3a2)(a+V&—3a%) (a+Vd-3a%)(1+Va-3aZ)
Equality holds when a = 1. Similarly:

V4 —-3b%2<-3b*+3b+1,V4—-3c2<-3c*+3c+1

So,

Ja—-3a2+J4—-3b2++/4-3c2<-3(a®+b*+c?)+3(a+b+c)+3

We know that a? + b? + ¢? > ;(a + b + ¢)?. So,

V4 —-3a2+vV4—-3b2+V4—-3c2<—(a+b+c)>+3(a+b+c)+ 3 namely

Va-3a2+V4-3p2+J4-3c2+(a+b+c)2—3(a+b+c)<3
Equality holdswhena = b =c = 1.
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Solution 2 by Tran Hong-Dong Thap-Vietnam

Because:1Sa,b,cs¥=>3Sa+b+cs2\/§,;4—3a2,4—3b2,4—3c220
Ca)?
c-S Zazzzz
Now, V4 — 3aZ + V4 —3b2 + V4 —3cZ < /3[12 — (a® + b2 +¢2)] <

<3(12 - (Z@)?) = /312 - 1?)
We need to prove:
V312 —t) +2-3t<3;(v3<t<2V3) &
J3(12-) <3t+3-2 &
3(12-t) < 3t+3-t)% (v 3<t<2V3=>3t+3-t?26V3-9>0) &
t* — 6t3 + 6t% + 18t — 27 > 0, which is true because: t >3 = (t—3)2>0=>
t?—3>6>0.
JP.351 In AABC the following relationship holds:

1_[ sin’A > 4 1_[ cosA—5 1_[ cos?A
cyc cyc cyc

Proposed by Cristian Miu-Romania
Solution 1 by proposer

We may assume that AABC is acute.
Now, it is enough to prove that these exists a triangle with sides sin2A4, sin2B, sin2C,
because sin?2A4 = sin?2B + sin*2C — 2sinBsinCcos(m — 2A)
This equality follows from a? = b? + ¢ — 2bccosA using law of sinus and changing
A-m—-—2AB-nm—2B,C > mw— 2C.
Letus R,, 17,, F, —the radius of the circumscribed circle, inscribed circle and area of
triangle, sin2A = 2R,sin24 = R, = ;.

Fo sin2Bsin2Csin(w — 24)  sin2Asin2Bsin2C
° 2 B 2

F,
To=3 = 2cosAcosBcosC
o
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Because: ) sin24 = 4[] sinA.

Now, we want write Gerretsen inequality: s > 16Rr — 57 and obtain:
2

1 P
(Ez sinZA) > 16 —[ cosA — 20 1_[ cos?A

Hence,

1_[ sin’A > 4 cosA—5 l_[ cos*A

cyc cyc cyc

Because: ). sin24 = 4[| sinA

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
If AABC is an obtuse triangle, thus [[cosA < 0 =
nsinZA >0 41_[ cosA—5 1_[ cos’A
cyc cyc cyc
Let AABC be an acute triangle.
letX=m—-24;Y=nm—-2B;Z=m—-2CYX=m

. X X . ¢
l_lsmzA > 41_[cosA—51_[coszA o l_[coszfz 41_[51115— Sl_lsmzic)

cyc cyc cyc cyc cyc cyc

( ; )2 = 4( ; ) -5 (L)Z © s? 2 16Rr — 51*(Gerretsen)

4R 4R 4R
Therefore,
1_[ sin?A > 4 1_[ cosA -5 1_[ cos’A
cyc cyc cyc

JP.3521If a,b,c € C; |a| = |b| = |c| = 1 then:
3la+b+c|l+2(la—b|+|b—c|+|c—a|]) =9

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

LHS:Z(|a+b+c|+(|a—b|+|c—a|)) 22|a+b+c+a—b+a—c|:

cyc cyc

=3Z|a|=9

cyc
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Therefore,

3la+b+c|+2(la=b|+|b—c|+]|c—a]) =9
Solution 2 by Samar Das-India
a,b,ceC;lal=|bl=|c|=1
Let a = cos0 + isinB@; b = cosa + isina; ¢ = cosf + isinf

a+ b+ c=cos0 + isin@ + cosa + isina + cosf + isinf

a C| = cosa + cos cosy sina + sin siny )« =
la+b+c| ( + + )% + (sina + sinf + siny)?

- \/3 +2(cos(0 — a) + cos(a — B) + cos(B — 0)) =

= \/3 2 (sm2 (9 ; a> + sin? (a ; B) + sin? <B ; 0)) ; (1)

la — b| = \/(cosO — cosa)? + (sind — sina)? = /2 — 2cos(0 — a)

=2 |sin (0—_a)| ;(2)

|b—c|=2|sin(az;ﬁ)| (3) |c—a|—2|sm( )| €Y

Now, 3la+ b +c|+ 2|a—b|+2|b—c|+ 2|c—a] =
0—-—«a a—f p—0
— _ in2 in2 in2
3]9 2<sm( 2 )+sm( 2 )+sm< 2 ))+
. (0—a . (a—p . (B—O0\]\ _
4 (fsim (=57) + [sin (557) |+ [sin (55 ) =9

Solution 3 by proposer

la+b+c|+|a—b|+]|c—al >
>la+b+c+a—-b|l+|c—a|=
=|2a+c|+|c—a|=|2a+c|+|a—c| =
>|2a+c+a—c|=3la|=3
la+b+c|l+|la—b|+|c—a|l =3 (1)
Analogous:

la+b+cl+|c—a|l+|b—c|=3 (2)
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la+b+c|l+|la—b|+|b—c| =3 (3)

By adding (1); (2); (3):
3la+b+c|l+2(la—b|+|b—c|+]|c—a])=9
JP.353 In AABC, P € Int(AABC), u(ABP) = 20°,
p(PBC) = u(PCB) = 10°, u(PCA) = 40°.
Prove that: |AP| + |BC| = V/3|AB|
Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by proposer

B C

Let K € [BA), |PK| = |PB| = APKC —is equilateral triangle.
|CK| = |CA|,|CA| = |CP|,a = 70°, u(BAP) = 30°
In AAPB, AAPC applying sines law, we have:

|AP| |AB| 1) |AP| sin20°
= . = =
sin20° sin50°’ |AB| sin50°
|AP| |PC| |AP|
= ;(2) > —— = 2s5in20°% (3)(PB = PC
sind0° ~ sin700’ B = Jpgy = 25in20% (3)( )

In APBC: 1B¢L — _IPCI

sin20° ~ sin10°

|AB| + |BC| = 2|PB|sin20° + 2|PB|cos10° =
= 2|PB|(sin20° + sin80°) = 2|PB| - 25in50°c0s30° = 2v/3|PB|sin50°; (5)

= |BC| = 2c0s10%; (4)
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€Y |AB| |AB| , |AB|

= $in50° = —— sin20° = ——— §in20° =
sin iap| S 2|PB|sin20°°"" 2ipg|’ ®
(5),(6) |AB|
AP| + |BC| = 23|PB
28 4P| +1BC| = 2V3|PB] -5

|AP| + |BC| = V3|AB|
Solution 2 by Eltac Qafarli-Baku-Azerbaijan

2(b—x)
2b+ x)? + a® = 8 - 4a?%; |AP| =
( ) |AP] 73
2b+x=aV3=>3b=V3a+b—x
b—x
V3b=a+
V3

V3|AB| _|BC| |AP|

= AB BC| + |AP
— = > V34B| = |BC| + 4P|

JP.354 In acute AABC, O —circumcenter, F,K € (AB),M,L(BC),E,N € (CA)

FOE,MON, LOK —are the antiparallels. Let p,, pp, p. —inradii of
AFE,AABLK,ACMN. Prove that: p, + pp, + p. = R
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by proposer

Let u, —semiperimeter of AAFE
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sinB + sinC
2u, = R(cotB + cotC) + R <—)

sinBsinC

a+b+c
sinA sinB + sinC —32R  2s4R?
- sinBsinC+R sinBsinC bc ~ 2R bc

R2
4R?s 2R%s
2u, = be ﬁua:Wi ¢Y)
1 R R _ R a aR*4R* a ,
[AFE] =3 G sing S = , € b 2R 4Rbc “pcR @

2R 2R

: . @ p3 _ 2R%s _ R
From (1),(2) it follows that: bCR == Pa (pa = Zs)

Therefore,

R
pa+pb+pc=£(a+b+c)=R

JP.355In AABC, A4, B4, C4 are contact points with incircle. Prove that:

AB \? BC \? CA \*> 6R
i) ) *ea) =

Y Ay z _ﬁc

Proposed by Marian Ursarescu-Romania
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Solution 1 by George Florin Serban-Romania

y A 2 >

AB]_ = ACI =X, BCI = A]_B = y,Blc = A]_C =2Z,

y+z=a, x+z=b;x+y=c=>x+y+z=s5;z=s—cy=s—b;x=s—a
A1Bq _ B41C A1Bq _ s

sinC Sln(nT_C) sinC COS%

AB,CA, —isosceles, from law of sines:

. C C
(s —c)sinC 2(s— c)smfcosi
AB, = =

c
=2(s— c)sini
cos> cos>

AB c AB BC AC
= = . . —
A1B, 2(s—c)sin% A:B, B:C; A,C4

abc 4RF

8F2 1
4R

., A . B ., C
8(s—a)(s—b)(s— c)smismfsmi

__4RF -4Rs _ 2R?
- 8F(r 12

AB \? BC \? CAN\>AMEM 51, AB \* , BC \* / CA \*
aE) *Ge) *en) 2 2 as) Ge) (Ea) =
A1B4 B.Cy Ci44 A1B4 B.Cy Ci44

3|4R* ) 6R 4R* 8R3
=3 FZT;(*) @Fer@RZ 2r(Euler).
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Solution 2 by Alex Szoros-Romania

Y A Z T
IA{CB —inscriptible, then u(£A,IB,) = w — u(C)
From Law of cosines in A4,IB;: A;B? = 1% +r* —2r% . cos(m — C)

AB? c?
= =
AB? 2r%(1+ cosC)

z( AB )2 1 c? - 1 (Yc)?
AB,)  2r2/i1+cosC~ 2r? 3+ YcosC

A{B? = 2r?(1 + cosC) =

cyc cyc
( AB ) S 4s? ( )2 - 2s’R o
2 N .
- 2 )
e A]_Bl 272 (3 +1+4+ R) e A B1 r (4‘R + 7')
It i ht that: =25k _ > R, 5
is enough to prove that: 572" > ( )

52
rA4R+1r)
From (1),(2) it follows that:
AB \? BC \? CA\?> 6R
@5) *Ge) *(ea) =+
AlBl BICI CIAI Tr

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2) e >3 < s% > 3r(4R + r)(Doucet)

IA{CB —inscriptible, then u(£A1IB{) = m — u(C)
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. . w—C AIM AlBl
sin(A1IM) = sm( > ) = =

r  2r

c
A{B{ =2r- cosE;and analogs.

z(BC)Z_ 1 z a’ _(4R)Zz _ZA_4Rzzl—cosA_
B.C,) 42 A~ a2 LS 2T 2

cyc cyc cos? 7 cyc cyc
2R? r
o2 (Z_E)
Z(BC)Z 4R? 2R(>)6R . 4R R > 20 (Buler)
= = ——z—ine—Z 22— .
B,C, r? r o r r? T rituter
cyc
Therefore,
AB \? BC \? CA\*> 6R
&) * e o) =7
AIB]_ BICI CIAI Tr
Solution 4 by proposer
B{A,C -z 4
u(B14,4 1)—2 2
B,C{ = 2rsin (g - g) = 2rcosg
lnAAlB]_Cl: A B c =
r = 4Rsin-sin-sin-
2 2 2
BC—8R'A'B'C A—4-R'A'B'C
1C1 = smzsmzsmzcosz— sin smzsm2
BC _ a _ 1
B,C;

rasinBsinC  2eimEoimnC
asmzsmz SanSlnz

We must to show:

z > 6R %0
4 oyc sin? sm2 T
1 8R(2R —r
But Z - B8 = ); (2)

tve Sin? 5 sin? ¢
Y 2 2

2R(2R r)

From (1),(2) it follows that: R 2R-7 >3r © 2R > 4r © R = 2r(Euler)
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JP.356 In AABC, I —incenter and R, R, R, —circumradii in
AIBC,AIAB,AIAC. Prove that:

(&) + () +(2) =

angle bisector

R

B

Proposed by Marian Ursarescu-Romania

angle bisecf/

Solution 1 by proposer

(BTC) B C =« N A
= —_——_———_— = — N
# TT2727272
IR = a . a _ZRsinA_4R_A R—2R'A p ,
e . (E+4) T A 4 - Sing = Ra = smi(an analogs)
sin(3+3) cosz  cosy
R, 2Rsin% sin% 1 (Ra)z 1
— = ; = — = > ||— =
a 2RsinA sinA 2cosg a 4coszé
(@) + () +(2) =32 2
* ¢ cyc €OS? 5

1 4R +1\? 2 a2
But Z =1+ ( ) and (4R +r)“ = 3s“(Doucet) =
24 S

cyc coSs 7

2

B () (5 =

22 NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Daniel Vacaru-Romania

BY Sine Law in AIBC, a = 2R,sin(BIC) = 2R,sin (m -2 - %) =

. (B+C A R, 1
= 2Rasm< ) = 2Racos§ >—= =
Zcosi
Ra 2 1 Bergstrom 9 9 Euler
(_> - Z a = A~ 7y = 1
a cyc 4cos? 7 ‘l-ZCOS2 7 4 (2 + ﬁ)

JP.357 In AABC, N, —Nagel’s point. Prove that if N, lies on incircle if and only
if s2 + 41 = 16Rr

/
Py g2
o

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

If that inscribed circle of AABC passes through point N, © IN, = r < IN2 = r?; (1)

__. (s—a)IA+(s—b)IB+ (s—o)IC
IN, = <

S

Y(s — a)’1A%* + ¥ be(s —a)IA- 1B

IN? = 1 (2)

SZ
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Z(s —a)?IA? = Z(s —a)?(bc — 4Rr) = z bc(s — a)? — 4Rr2(s —a)? =

s—a)? s(s? +1r%2 —12Rr
=abcz( ) —4Rr2(s—a)2 = 4Rrs - ( )—4Rr
a 4Rr

s? —2r? — 8Rr = s*(s* + r> — 12Rr) — 4Rr(s* — 2r* — 8Rr) =
s2(s> + 12 —12Rr) — 4Rrs? + 4Rr(2r*> + 8Rr) =
= s%(s2 +r> —16Rr) + 8Rr?(4R +1); (3)

E s—a)s— — E IA2-|— 2 _ 2
E(S—a)(S—b)< ac 4Rr—c>

=Z(s—a)(s—b)<2c(s_c)_BRr>=

2
= Z(s —a)(s—b)(c(s — ¢) — 4Rr) =

=(s—a)(s—b)(s—c) 25— 4RrZ(s —a)(s—b) =
= 25%r2 —4Rr(r(4R + 1)) = 25*r?> — 4RT*(4R + 1); (4)
From (2),(3),(4) it follows that:

8Rr*(4R + 1) 4y 8Rr*(4R + 1)
r —_—

IN? = s + 2 — 16Rr + > > = 5% + 512 — 16Rr; (5)
S S

From (1),(5) it follows that: s? + 41% = 16Rr.
Solution 2 by Daniel Vacaru-Romania
We know that: NI = 316G = 3IG =r = r? = 9GI?> = r? = s + 5r? — 16Rr =
16Rr = s? + 412, Or, else:

s—a s—b s—c
N M2 = - MA2 +TMBZ+TMCZ+4r2—4Rr; (%)

We obtain N, I? = S;—“IAZ + S;—”IBZ + %1(:2 + 412 — 4Rr and

bc A . b’ s(s-a) s—a ., bec(s—a)?
Al = — cos—,AI* = . = AlIf = —————
s 2 52 52 s 52
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z:s—a”12 B z:bc(s—a)2 _s?Y ab— 6abcs +abc(a+b+c)
s B s2 B s2 B

cyc cyc

_s?Yab—4abcs _ s*(s* +r* + 4Rr) — 16Rrs®

) 2
&2 &2 =s“+4+r“—12Rr

Again in (*), we obtain
N, I? = s* + r> — 12Rr + 4R?* — 4Rr = s* + 5r%> — 16Rr.
But N,J =r = r? =s?+ 5r? — 16Rr.
Therefore, s* + 41* = 16Rr.

JP.358If x,y,z > 0,xyz = 1 then in AABC the following relationship holds:
4 1 4 1 4 1 4
a <y+z+;)+b (z+1+;>+c <x+1+;) > 12967

Proposed by Daniel Sitaru-Romania
Solution 1 by George Florin Serban-Romania

1 1 1
a4<y+z+—)+b4(z+1+—)+c4<x+1+—)=
X y z

at bt AM;GM
(a4y+b4z+c4x)+(a4+b4+c4)+<7+;+7> >

3|(abc)*
> 33/ (abo)* - xyz + Z a*+3 ’(xyz) = 3%/(abo)* + Z a* + 33/ (abc)* =
cyc cye

R>2r

a)* 16543337
> 63/(4Rrs)* + (233) = 63/28(Rrs)* + 57 2 63212 .36 . 712 4 16 - 2714
= 129671

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 AM—-GM 1 Holder
Za4<y+z+;) > Si](abc)4l_[(y+1+;) >

cyc cyc

R>2r
>523V§r

o 3 4
> 9J44-(2r)4-(3J§r) 14 = 129671*

> 33/(4Rrs)* <3 xyz+ 1+
xXyz
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Solution 3 by Samar Das-India

_ 4 1 4 1 4 Z) S
T=a y+z+x +b z+1+y +ct(x+1+ =

3 1 1 1
23\/a4b4c4<y+1+—)<z+1+—)(x+1+—) =
x y z

4 3 z 1 1 1 1 1
= 3(abc)3 - (yz+y+1+—+—+—+—+—+1)(x+—+1)=
X Xy x y zZ z

4 3(/2 1 z 1
= 3(abc)3 - <—+2+y+—+22+—)(x+—+1)=
x y x z

2

= 3(abo)s - 6+3Z{(\/§_i)

= +2}+<f+z+5)2

y z Xx
cyc

4 3 3[x Yy z 4 4
> 3(abc)3- |6 +18+3 ;; = 9(abc)3 = 9(4Rrs)3;

r 3
~* c0SA+cosB+cosC=1+—-<—;
R 2
tA<t30°1 ()tAtAr
J— [ f— e — —_ —_=
anz_ an \/§,1‘ S a anz anz s—a
tan30° > = s > 3/3;
S — §S
Therefore,
4 4
T > 9(4Rrs)3 = 9(4r - 3v3r - 2r)3 = 1296R*
Solution 4 by Tran Hong-Dong Thap-Vietnam
(aZ)Z (bZ)Z (CZ)Z C’SS (az + b2+ CZ)Z
1 71 T 1 71 1 1

+ +
1 1 1 1 1 1
y+1+§ Z+1+; X+1+E y+1+§ Z+1+; x+1+;

26 NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
(az + b?% + CZ)Z xyz=1
X y Z -
xy+x+1+yz+y+1+xz+z+1

(a2 + b% + CZ)Z xyz=1
X SN A— Yz B
xy+x+xyz yz+y+1 xyz+yz+y

2 2 2y2 i
a“+ b“+c Ionescu—Weitzenbock 2
Y T s Y

1+y+yz

=16-3-27-r*=12961r*

JP.359 Find all n natural numbers such that:

3 n+ 27
n+8)(n+ 1)6(@

Proposed by George Florin Serban-Romania

Solution by proposer
M+27) n+8(n+1)=m+27)(n*+9n+8) =n3 + 36n? + 251n + 216
is perfect cube. We want to prove:
(n+6)3 <n3+36n%+251n+ 216 < (n + 12)3

n3 +18n% + 108n + 216 < n3 + 36n? + 251n + 216 &

18n% + 143n > 0 © n(18n + 143) > 0 true foralln € N.
On the other hand n2 + 36n? + 251n + 216 < n® + 36n? + 432n + 1728, true.

Ifn3 +36n%+251n+216 = (n+7)3
n3 +36n? + 251n + 216 = n3 + 21n? + 147n + 343 © 15n% + 104n = 127
< n(15n+ 104) = 127,127 —prime number, n = 1 is false.
Fn+27)(n+8)(n+1)=n+83N+27)(n+1)=n+8%n+8+0
n®+28n+27=n*>+16n+64 < 12n = 37@n=%$Nfalse.

Ifn3 +36n% +251n+216 = (n+9)3
n3+36n%+251n+216 =n3 +27n* +243n+ 729 o n(9n+8) = 33-19
9n + 8 € {9,19,27,57,171,513} © 9n € {1,11, 19,49, 163, 505}, false.
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Ifn3+36n%+251n+216 = (n+10)3

n3 +36n% + 251n+ 216 = n3 + 30n? + 300n + 100 © 6n* —49 =784 &
36n? — 294n = 4704 © (n — 24,5)? = 5304,25
6n — 24,5 = /5304, 25 ¢ N, false.
Ifn®+36n*+251n+216 = (n+11)3
n3 +36n% + 251n + 216 = n3 + 33n2 + 363n+ 1331

n(3n—112) =5-223,3n-112 € {1,5,223,1115},

113 _ 335
3n € {113,117,335,1227} > n € {T 39,7,409} NN = {39,409}

Ifn =39 = n+ 1 = 40 which isn’t perfect cube.
fn=409=>n+1=410,73 < 343 < 410 < 8% < 512, which isn’t perfect
cube.

So,n=0.

IP.3601f x,y,2 € (0,7) then:

Z tan? x N Z cot? x - Z 1
tan3 x + cotx cot3x+tanx tan? x + cot? x

cyc cyc cyc

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer

tan? x N cot? x BERGiTROM (tan x + cot x)?
tan3x + cotx cot3x+tanx - tan3 x + cot3 x + tanx + cotx
(tan x + cot x)?

~ (tanx + cotx)(tan? x — tan x cot x + cot? x + 1)

tanx + cotx AM;GM 2+/tan x cot x

tan?x +cot?2x —  tan’x+cot?x
2
" tan? x + cot2 x
By summing:
tan? x cot? x 1
) £, 22) oo
tan3 x + cotx cot3 x + cotx tan? x + cot? x
cyc cyc cyc
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Equality holdsfor:x =y =z = E.
Solution 2 by Daniel Vacaru-Romania

2 2 3 2 ;
tan“ x _ tan“ x _ tan” x cot“ x _ tanZ x _ tanx

We have

+tanx - tan? x+1°

= = an
tan3 x+cotx  tan3 x+——  tan%*x+1 cot3 x+tanx 1
3
tanx tan® x

tanz X COt2 X _ tan3 x+tanx

It follows that:

3 3 = . . On the other hand, with calculus, we
tan” x+cotx cot? x+tanx tan* x+1

1 _ tan? x
tan2 x+cot2x  tan?x+1

find

We must to prove that:

tan3x+tanx> 2 tan? x
ok
tan*x+1 ~tan*x+1’

AM—GM
Butis clear thattan3x + tanx = tanx (tan?x +1) > 2 tanx, which proves (*).

Writing (*) for x, y, z and adding, we obtain:

Z tan? x N Z cot? x - Z 1
tan3 x + cotx cot3x +tanx — tanZ x + cotZ x

cyc cyc cyc

SP.346 Determine all functions f: (0,0) — R such that:

fxy) < xf(x) +yf(y) < log(xy),Vx,y >0

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

Forx=y=1=f(1)<2f(1)<0= f(1) =0andhow f(1) = 0= f(1) = 0.

Fory=1= f(x) < xf(x) < logx = f(x) < —logx; (D

X

Fory == f(1) < xf(®) +2f(3) < log1 =

0 < xf(x) +%f<;) <0=xf(x) +%f<;) =0= f(;) = —x2f(x); (2)

loa(L
In (1) we take: x — % =>f G) < L(") = 1/x) < —xlogx; (3)

1
From (2),(3) it follows that: —x%f(x) < —xlogx © x*f(x) = xlogx = f(x) > logx 4)

x )

9% vx > 0.

x )

From (1),(4) we get: f(x) =
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Solution 2 by Ravi Prakash-New Delhi-India

f:(0,0) > R; f(xy) < xf(x) + yf(y) < log(xy),Vx,y > 0
Putx=y=1wegetf(<f(H+f1) <0 f(1)<0butf(1)=>0=f(1)=0.

Fory = %,f(l) <xf(x)+ %f(%) <log1;(1)
1 /1 1 /1
@03 +3f () s0e v =21 ()
. 1 1 1 1,.(1\ , 1,/(1 1
Replacing x by =y by " we get: f (E) < ;f (;) + ;f (;) < log (E) =
—xyf(xy) < —xf(x) —yf(y) < —log(xy) &
log(xy) < xf(x) + yf(y(= xyf(xy)
Puty =1=logx < xf(x)+0 < xf(x) = lo% < f(x),vx > 0;(2)
Also, from (1), puttingy = 1 = f(x) < xf(x) < logx = f(x) < ilogx; 3)
From (2),(3) it follows that f(x) = %logx, Vx>0
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco
fxy) < xf(x) + yf(y) < log(xy),Vx,y > 0; (*)

x=y=19f1)<2f1)<0=0<f(1)<0=f(1) =0

y=%(*)0Sxf(x)+;f(%>SO=>xf(x)+;f<%>:0:>

f(;) = —x2f(x); Vx>0

. l
y= 1(=2f(x) < —xlogx © xf(x) < logx = f(x) < %;Vx >0;(1)

1 /1 logx
x = ;:»f(;) < —xlogx © —x*f(x) < —xlogx = f(x) > Tg;‘v’x > 0;(2)

From (1),(2) it follows that f(x) = lo%; Vx > 0, which is true when we replace f in (*).

Therefore,

logx
f(x) =Tg;Vx>0.
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SP.347If A, B € M5(R) such that tr((AB — BA)?) = 0. Prove that:

det((AB — BA)> + AB— BA +15) = (1 —det(AB — BA))2

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

Let C = AB — BA,P;(X) = X3 — trCX? + trC*X — detC
1
trC = tr(AB — BA) = 0,trC* = E((trC)2 —trc*>) =0=

P:(X) = C3 —detC
Pe(X) =X —241)X —22)(X —243),44,43,43 € C
Le f(x) = x* +x + 1> det(C* + C+1I3) = f(C) = f(A)f(A)f(43)
leteeCe3=1e*+e+1=0e+=—-1e-8=1e2=¢

{PC(S) =(e—2A)(e—2)(e—43)
Pc(2) = (E—21)(E—22)(E— 43)

Pc()- Pe(®) = (1+ Ay + 23) (1 + Az + 23) (1 + A3 + 23) = FADF(A)f (A3); (2)
From (1),(2) it follows that: det(C? + C + I3) = P(g) - P¢(8); (3)
Pc(e) =1—detC,P:(s) =1 —detC = Pc(g) - Pc(g) = (1 —detC)?; (4)
From (3),(4) it follows that det(C? + C + I3) = (1 — det()?
Solution 2 by Ravi Prakash-New Delhi-India

not

a1y aq2 Aass
=C

Let AB — BA = <a21 azp; 4azs
az; daszz; dasg

Now, Tr(C) = Tr(AB — BA) =Tr(AB) —Tr(BA) = 0> ay; + ay; + az3 =0
Next, Tr(C?) = a3, + a 30,31 + a43a31 + a3, + a120;1 + Az3a3; + a5 + agzas; +
az3a3;

0 = (ayq + az; + az3)® + 2(ag2051 — Az2041) + 2(ag3a31 — A1 033)
2Tr(C") = (a1 + az; +az3)>=0=>Tr(C) =0
Characteristic polynomial of C is:
det(Al3 — C) = 2 — (Tr(€))2% + Tr(C)A — det(C) =
det(AI; — C) = A3 — det(C)
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Now, det(C? + C + I3) = det (w3 — €)(w?I; - C)) = det(wl; — C)|? =

= |w? — det(C)|" = (1 — det(C))"
SP.348 Prove that if G-centroid in AABC lies on incircle then:
s? = 16Rr + 4r?

B o — ) ° : Q@

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

The inscribed circle of AABC passes through to G ifand only if IG = r & IG* = r%; (1)

_q_ﬁ+ﬁ?’+l—c’

1A2 +2YTA- 1B
ie _Z > _

G* ;(2)

=
3 9

Z I1A? = s +r* — 8R1; (3)

—_— IA?% + IB? — AB? bc — 4Rr + ac — 4Rr — c>
Z’A'IB:Z 2 =Z 2 -

_ ZZc(s—c) — 8Rr

5 = Z c¢(s —c¢)— 12Rr = 8Rr + 2r? — 12Rr = 2r% — 4Rr; (4)

From (2),(3),(4) it follows that:

s2 +1r%2 —8Rr + 4r%* — 8Rr B s?2 + 5r2 — 16Rr

IG? = 5
9 9 ; (5)

2 2_
From (1),(5) it follows that W% =12 © s? = 16Rr + 412
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Solution 2 by Daniel Vacaru-Romania

We know that: 9GI? = s? + 512 — 16R7; (), It follows that AABC prove that inscribed
circle of AABC passes through to G if and only if GI = r and we have equivalency
9r? = 9GI* = s* + 51> — 16Rr & s> = 16Rr + 412
To prove (*), we use Leibniz relationship, i.e. for all point M and AABC, we have

+ 3MG? and Al = %AD, where AD is bisectors from A.

a%+b%+c?

MA? + MB? + MC? =

b+c 2bc A bc A
We have: Al = — - =cos==—cos= = AlI* =
2s b+c 2 s 2

b%2¢2 s(s—a bc(s—a
s _ betsma)
s bc s

=ab + bc+ca— 12Rr = s* + r%> — 8Rr

ZAIZ B s(ab + bc + ca) — 3abc

S
cyc

We obtain: 91G? = 3(s? + r?> — 8Rr) — (25> — 2r? — 8Rr) = s* + 5r> — 16Rr

SP.3491fa € (0,;) then prove:

(sina)V09sinac0sa ¢ (cosa)V9cosasina < /2

Proposed by lonut Florin Voinea-Romania
Solution by proposer

/1
ac (0, E) = sina,cosa € (0,1) = log,in.cosa > 0,109 .ysqSina > 0

AM~-GM 1,1
(Sina)\/logsinacosa < (Sina)2+210951na003a — 1/Sina(Sina)logsim,\/cosa
= Vsinacosa
Similarly, (cosa)V!®9cosasina < \[sinacosa

So, (sina)vV!09sinacosa 1 (cosq)V!09cosasina < 2 /sinacosa

;2 2
T sin“a+cos“a 1
But Vsinacosa < — Y = therefore

(Sina) V00gsinacosa + (Cosa)\/ logcosasina < \/E

Equality holds if a = %-
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SP.350Ifx,y,z>0,xy+yz+zx=1and 4 > %, then:

1 N 1 N 1 - 27
x2(x2+ 1) y*(y +24) z%(z2+21) 312+1

Proposed by Marin Chirciu-Romania

Solution 1 by proposer

Using identity: x2(x12+,1) = %(l _

1 (i_ 1 )> 27 @z(l_ 1 )> 272 -
A x2 x24+2/  31+1 x2 x2+4+42/  32+1
zl_z 1 274 @Zhl x? >27/1+§
x? x2+1 31+1 x2 ALux? 4+ 324+1 2
1 1 x? 2722 +91+3
@Z?+izx2+az /1(3/1+1)
Which follows from )’ xlz 9,(1) and Z

1 1 9 9
SAeYAes )
x? xy Yxy 1
Equality holdsifand onlyif x =y =z = %
Z X Ew _Eaf+23%yz $x+2:1@ 3
X2 +21°Yx%2+2)  Yx2+32  Yxa2+31 T 31+1
Zx +2- 1 3
Y xz + 34 _3/1+1

1), . .
2+/1)’ inequality can be written as:

= YITL ,(2), where

3 e

e (3A—Z)Zx2 > (31-2)
Which follows from Y, x* > Y yz = 1and 1 2 > & (31— 2) > 0.
From (1) (2), it follows that:

z z 9+1 3 2722 +9i+1
P Sy e By e A(BA+1)

i : frx—voz—l
Equality holdsifand onlyif x =y =z = NeR

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z 1 A (2 +A) —x? 2 (x% + 1) — x?
x2(x24+21) 2 22+ ) ALix? /12 x4+ 21

cyc cyc cyc cyc
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Z 1 2 x? 3
xz(x2+/1) /1 x2 /12 xZ+24 A2

cyc

a2 Z(Ei) > = T

cyc cyc cyc

Z x% «cBs (x+y+z)2 (i) 3
x24+2 ~ (x2+y?+22)+312  31+1

cyc
2
2) o 3(1—5)23& >91—2(31+ 1)ny —31-2
cyc cyc
Which is true because: 4 > gand Yx2>Yxy=1
From (1),(2) it follows that:
Z 1 9, 3 3 27
x2(x24+2) " A A2(3A+1) A2 31+1
cyc
Solution 3 by Michael Sterghiou-Greece
1 27
z:xz(x2 +1) 3/1 +1’ ;)

cyc

Let (p,q, 1) = (chcx;chcxy;xyz);q = 1and pZ =23q=>p= V3
3 1 12
@z V3 Z Z CBS (ZE) ()
<(=) =—: >
r—(s) o W= %222 G312 3411

cyc

2

1 1
2x| mw )= -nasy

cyc cyc
So, it suffices to prove that: 27r*(p> —2+31) <31+ 1or
27p*1r2 + (31—2)-27r2 <32+ 1;(2)
But g2 > 3pr = p*r? < %, so (2) becomes the stronger inequality:

3+(31-2)-27r2 <31+ 1 o 2712 <?’i—2=1a53]L 2> 0.

IfA= gwe have equality, which is true (r < ?)
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SP.3511If x,y € (0,;); V1 +tanx + i/l +tany = 232 then:

Vi—tanx+3/1—tany <4 -232

Proposed by Daniel Sitaru - Romania
Solution 1 by proposer

Denote z = i/l + tanx + §/1 —tanx
3 3
2= (V1+tanx) +(V1—tanx) +

+3¥1 +tanx- V1 — tanx(i/l +tanx + V1 — tanx)

zZ2=1+tanx+1—tanx+ 331 —tanx-z
z3 -2 z3 -2
—1-tan2x<1= <1
3z 3z
z2-2<3z=273-3z<0
22-2z-2(z+1)<0=2>zz-1(z+1)-2(z+1)<0

(z+1)(z2-2z-2)<0

(z+1)(zz—1—(z+1))S0

(z+1)((z—1)(z+1)—(z+1))SO
(z+1%(z-2)<0=2>z-2<0=>z<2

VI+tanx+ 31 —tanx <2 (1)

Analogous:

Y1+tany+3/1—tany <2 (2)
By adding (1); (2):

V1—tanx +3/1—tany+ V1 +tanx +3/1 +tany < 4

V1—tanx +3/1—tany +2V2 < 4

V1—tanx+3/1—tany <4 -232
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

leta=3Y1+tanx;b=3/1+tany=>1—tanx=2—-a3%1—tany =2 — b3

So, we need to prove that: V2 — a3 + Y2 — b3 <4 —2¥2,va, b € (1,2V2-1)
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anda+ b =233

Wehave: Y2 —a3<2-ao2—a3 < (2-a)® o 6(1—a)? > 0 which is true.

Hence,
V2-a3<2-aand¥V2-b3<2-b
Therefore,

V2—a?+Y2-b3<4-(a+b)<4-232
Solution 3 by Tran Hong-Dong Thap-Vietnam
Let usdenote:a = Y1+ tanx;b = V1 —tanx;c=3/1+ tany;d = }/1 —tany
>al+b3=2;c*+d®*=2=ac<1<b,d

Other, V1 + tanx + /1 +tany=2V2 o b +d = 2¥2.
Inequality becomes as: a + ¢ < 4 —-232; (D
Ifa,c < O0then:0 <4 —232 & 232 < 4 © 16 < 64(true).
fo0<ac<1lthenn(1l)ea+c<4—-(b+d) = a+b+c+d<4,whichistrue by
Holder’s inequality:

a_3+b_3+§+d_3>(a+b+c+d)3
1 1 1 1 42

fa<0<c<1lthenna+b+c+d<c+b+d<1+2Y2<4=(1)istrue.

s(a+b+c+dP<4¥=>a+b+c+d<4

fc<O0<a<1lthenna+b+c+d<a+b+d<1+2Y2<4=(1)istrue.

SP.352 Let (X,,)n>1, (Vn)n>1 be sequences of real numbers with

x1=0y,=1,
ax, + by cx, +dy
xn+1=ﬁ,yn+1=#,Vn21,a,b,c,d>0,ad¢bc.

Prove that if (2,,),,51,Z,, = Y» — X, then (z,,),,>1 —geometric progression,

and if g < 1, q —ratio of progression, then limx,, = limy,,.
n—->oo

n—>0oo

Proposed by Marin Chirciu-Romania
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Solution 1 by proposer

~ _ ad-bc ( )= ad — bc
It = Vn Tt T e d) 0t Y T @+ b+ d) "

ad—bc

We deduce that (z,,),,-; —geometric progression with g = @rbyerd ratio, (1).
_ n-1_+4.n-1_ ,n-1 _ _ad-bc
We get, z,, = 21q =1-q = q" ", whereq = Grberd’

Fromz, =y, — x, and z, = q""1, then y,, = x,, + q"~ ! which replacing in

ax,+b . b —
Xpi1 = ZTby", it follows x,,, 1 = x,, + mq" 1 andthenfor1,2,...,n — 1 values, we

b 1-q" b 1-q"

atb 1-q a+b 1-q°

gEt:xn=x1+ﬁ(1+q+q2+,_,+qn—1)=0+

. b 1-q"
How g € (0, 1), it follows that (x,,) 51, X, = - 1—qq

is convergent, and then

b 1 -
limx,, = — - — and replacin =
nocw ™  a+h 1-gq and replacing q (a+b)c+d)

Lo ble+d)
nat ™ = ac + 2bc + bd'

Usingy, = x, + q" 1, q € 0,1), (x,,),,>1 —convergent, then (y,,),,>; —convergent.

we get:

Hence, limx,, = limy,,.
n—>oo

n—-oo

Solution 2 by Remus Florin Stanca-Romania

_ _ CXp_1+ dyn—l axy_1+ byn—l _
Zp =Yn—Xn = - -

c+d a+b
_acxy_1 +ady,_1 + bcxy,_y +bdy, 1 —acx, 1 —bcy, 1 —adx, 1 —bdy, 1
B (a+ b)(c+d) B
adz,_{ — bcz,_4 zZ, ad — bc
T @tbhctd) "z, (at+b(ctd) T
cx, +dy, c d c c
Y1 = T g Texd T exd T eralr Tcradn”
n n
c c
Yns1 = Yn = _C_I__dzn:)Z(yk+1_yk) = _c+dzzk:>
k=1 k=1
c q" -1 c q"—-1
}’n+1—}’1:—c+dz1'q_1}Z1:1:>)’n+1:1—C+d'q_l;‘I<1:>
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limy,=1-—— — (1)
e T T d 1 q’
ax, + by, ax, bx, by, bx, b
- Tuet =X =

Xnsy1 = = + + - =
n+l a+b a+b a+b a+b a+bhb

c _b g-1 b 1
kzl(xk+1_xk)_a+b'q—1:>nl—>lf>lox"_a_-l—b.1Tq'()

We need to prove that:

c q"-1 b 1 1 c b
1-—. - e (o) =1
c+d q—-1 a+b 1—-q 1-q\c+d a+b
ac + 2bc + bd ad — bc _ac+2bc+bd

arbictrd 1 G herd " @i bherd

ac+ad+bc+bd—ad+bc _ ac+2bc+bd which is true
(a+b)(c+d) " (a+b)(c+d)’ ’

Therefore,
limx, = limy,,.
n—-oo n—0oo
SP.353 Let 4 > O fixed. Solve for real numbers:

Ax =\[A%2y2 —1++/2%222 -1
Ay =JA%222 — 1 +A%x%2 -1
Az =\2%x? —1+/A%y%2 -1

Proposed by Marin Chirciu-Romania

Solution 1 by proposer

a=vVi*x? -1 Ax=b+c
Conditions: x,y, z 2%,(1) and denote (b = ,/A2y2 —1,a,b,c =2 0> {Ay=c+a
c=VAZZ -1 Az=a+b

A2x*=b%+c*+2bc  (a®+1=hb%+c?+2bc
oAy =c*+a*+2caoi{b*+1=c*+a®+2ca e
A272 = a? +b*+2ab ¢ +1=a’+b?+2ab

a?+b%2+c:+2ab+2bc+2ca=3<(a+b+c)2=3ca+b+c=3.
Froma =+3 — (b +c),a=VA2x2 —1and b + ¢ = Ax, then
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2
JA2x2 —1=V3-2xo 22x2-1=3+22x2 - 2A1V/3x o x = —.
M3
Similarly,y =z = ;ﬁ
( ) ( 2 2 2 )
x' )Z = ) )
Y A3 AV/3 V3

Solution 2 by Ravi Prakash-New Delhi-India

Ax =222 —1++/2222 -1
AsRHS > 0,Ax = 0 = x = 0. Similarly,y > 0,z > 0.

A2(v2 — x2
Ax—y) =/22y2 —1—/22x2 —1 = ¥ ) =
JAZy2 — 1 +V2A2x2 — 1

A(x+y)
JAZyZ-1+/22x2-1

= —1 (not possible as RHS<0) orx =y

Similarly, y = z,z = x. Thus, Ax = 2V2A%2x2 — 1 > 2%x%? = 4(A%x* - 1)
2
X =—
V34

Therefore, x =y =2z = N7

Solution 3 by Aggeliki Papasyropoulou-Greece
VA2x2 — 1> O;\//lzy2 —1>0; V2222 — 1 > O because if VA2x2 — 1 =0 >
Ay=Jrz22-1,1z=J22y? -1
Ay?=2%222 — 1,222 = 22y — 1= 22y? + 222 = 2222+ A’y? -2 0= -2
Leta = \/m; b= \/m; ¢ = V2222 — 1 and we need to solve the system:
Va2 +1=b+¢ (1)

Jh2+1=c+a;(2)=a®*+1+b*+1+c*+1=(b+c)?+(c+a)+ (a+b)?

vez+1=a+b;(3)

Za2+3=22a2+22ab<=a2+b2+cz+2ab+2bc+20a=3(:»

cyc cyc cyc
(a+b+c)2=3ca+b+c=+3
So, NeVva?+1=V3—-a.letf(x) =x+VxZ+1,x>0;f /
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2)evr2+1=V3-b;, B eJ2+1=V3-c
So, a = b = c and we solve the equationVa? +1=V3-a;V3>a>0&

a2+1=3+a2—2a\/§<:>a=?andb=c=?

. 3 1
So, we solve equation: g =VA2x2 -1 A%x*-1= 35S

4 4 23
2,2 _ 2 . = —_—
A°x —B@x 3/12,(x>0)(:)x 37
Therefore,
23
¥=y=z=737

SP.354 If x,y,z > 1 then:
yx*+z-y+x-z22=>2x+y+z+log(x? -y¥* - z%%)

Proposed by Daniel Sitaru-Romania
Solution 1 by Ruxandra Daniela Tonila-Romania

yx*+z-y+x-22>2x+y+z+logx? - y¥*. z?%)
oy x*+z-yY+x-2Z2>2x+y+z+y-logx*+z logy’ +x-logz*
Leta=x%b=y",c=2%ab,c>1
xc+zb+ya—x—y—z—yloga—zlogb — xlogc > 0
y(a—1—-1loga)+z(b—1—-logh)+x(c—1—-1logc) =0
Since x,y,z > 1, to prove that inequality holds, we have to prove that:

a—1-loga=>0 a>1+loga el’9% > 1 + loga
b—1—-1logb>0<:{b=>1+logh e >1+logh
c—1-logc=0 c=>1+logc el°9¢ > 1 + logc

eX >1+x
Letx' = loga;y’' = logh;z' = logc & eV >1+ y' whichistruevx',y’,z' € R
e? >1+2
Therefore,

yx*+z-y+x-z2"2=>2x+y+z+log(x®” -y¥” . z%%)
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Solution 2 by Ravi Prakash-New Delhi-India

Forx > 1,logx > 0; x* = e*1°9* > 1 + logx
yx*+z-y+x-z22>2x+y+z+xy-logx+yz-logy+zx-logz =
x+y+z+log(x™ - y¥.z?%)

Solution 3 by Nikos Ntorvas-Greece

Zy-xx22x+2xy-logx,Vx,y,zz 1o

cyc cyc cyc
Zy-xx 22x+2y-logxx
cyc cyc cyc
Zy(xx — logx™) — Zx =0
cyc cyc

Zy(xx —logx*—-1)>0,vx,y,z>1
cyc

We need to prove that: f(t) = t* — logt' — 1 > 0,Vt > 1.
f'@®) =@1+logt)(et™®*—1)>0,ve>1
e t>1>1+1logt>1
e t>1>tlogt=>0=>¢e"9"-1>0
So, f increasing for t > 1 and we have that:
tz1ef)=>f1)s f(t)=0,vt > 1.
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
loge*® + loge™ + loge” > loge* + loge? + loge” + log(x* - y¥* - z7¥)
logexzz+zyy+yxx > log(ex+y+z XYY yyz ) sz)
eXz’+zy’ +yx* > Xtz . xXY . yYZ . 77X
e X . @YY L @2V "7 > xXV . Y7 . 72X which is true
Because €% ¥ > z7* o eX(Z'-1) > 77X o 71 > g7,
Analogously: e ™Y > x*¥ and e?’ % > y»Z,
Solution 5 by proposer

Itis knownthate! >14+¢t;t>0
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Replacet » xIlnx;x > 1

eM*>1 4 xInx= e >14Inx*
x*=>1+Inx* (1)
Multiplying (1) with y:
y-x*>y+ylnx* (2)
Analogous with (2):
z-y>z+zlny” (3)
x-z2>2x+xInz* (4)
By adding (2); (3); (4):
yx*+z-y+x-zZ22x+y+z+zIn()?) +
+xIn(z*) + yInx* = x + y + z + In(x?) + In(p”*) + In(z**) =
=x+y+z+In(x?-y¥”.z?%)
Equality holds forx =y =z = 1.
Solution 6 by Lazaros Zachariadis-Thessaloniki-Greece
xy-logx =y -logx*<y(x*-1)=y-x*—y
So,xy-logx+y<y-x*orlogx®” +y <y-x*. Thus.
Zy-x" ZZy+Zlogxxy
cyc cyc cyc
Therefore,

yx*+z-y+x-zZ2>2x+y+z+log(x?” -y .z?%)

SP.355 Let I, I}, I, and r,, 1}, . denote the excenters and exradii of the
triangle ABC, respectively. Let p, —be the radius of the circle that lies inside
and touches internally the excircle opposite A and touches the sides
I,1,,1,1,.of triangle I,1,1. externally. Let p;, p. be defined similarly. Prove

that:

Pa  Pb 4Py
L rp r¢

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution by proposer

The following equalities can be obtained easily.

. (B + C) Pa . (C + A) Pp . (A + B) Pc
sin = ; sin = ; sin
4 Tq— Pa b

= ; (1)
4 b —pP 4 Te—Pc
, (M—A ., (T—B ., (m—C
&: sm(—4 ) '&: sm(—4 ) .&_ sm(—4 ) .2
Ta 1+sin(n; )rb 1+sin(n;B) Te 1+sin(nzc)
Moreover we have:
. (T — , (M+A . (T—B ,(M+B
1+sm( )chos (—);1+sm< )chos ( );
8 4 8
1 +si (n—C)_Z 2<1I—C) 3
sin 7 )= cos 3 ;(3)
Substituing (3) into (2) we get:
2(M+A 2(M+B 2(m+C
&_I_&_I_&:Zcos( 3 )—1 2cos (T)_l 2cos (T)_l
Tq Tp T 2, (M+HA 2, (T+B , (M+C
a c Zcos( 8 ) 2cos( 8 ) Zcos( 3 )
=3 ! 1 + ! 4)
“Y 2| ,m+A ,(T+B 2 (M+C\|’
cos(s)cos(8)+cos(8)

Let f(x) = cozzx,f"(x) > 0 — f —convex function, using Jensen’s inequality, (4) becomes
1 1 - 3 3
,(M+A ,(M+B ,(M+C\~  ,3m+A+B+C\ . 2T
cos(s) cos(8)+cos(8) cos( 8.3 ) cos” ¢

1
&4.&4_&53__.4:1
Ty Tp T¢ 2

SP.356If a, b, c > 0 such that abc = 1 then:

(1 + ab)3 (1+ bc)3

(1 + ca)3 54
cta)at+h @ibb+o

(b+c)(c+a) = (a? + b?% + c%)?

Proposed by Pedro Pantoja-Natal-Brazil

a4
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(1+ ab)3 (1 + bc)3 (1 + ca)? - 54
ct+a)a+h) (@a+b)b+o) (b+olcta) - (@+b%+ 22

2
=Y (Z a2> (Z(l + ab)3(b + c)) > 54 n(a + b)

cyc cyc cyc

Y a C?%(Z a>2 S

cyc cyc

() =39 2] (ze) -

3
- %(Z(a ; b)) "o Ja+ms@

cyc cyc

> 1+ ab?b+ o) e > (2Vab) (2vbe) S 16 ) Ja?b? s

cyc cyc cyc

AM-GM =
> 16-3-° Ha2b3 P 48; (2)

cyc

2
1), (2) > (Z a2> (Zm + ab)3(b + c)> > 54 H(a 4+ b)

cyc cyc cyc
Therefore,

3
(1+ ab) - 54

T (c+a)(a+b) (3 a?)?

Solution 2 by Tran Hong-Dong Thap-Vietnam

a?+b%+c*>3-3(abc)? =3
(1+ab)® Holder (3 + ab + bc + ca)? AM_GM
o (a+b)(a+c) 3%((a+b)(b+0))
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AM~GM (3 +3-3 (abc)2)3 B (3+3)3 B 63 B
3%((a+b)(aa+c)) 3%((a+b)a+c) 3Y((a+b)a+c)
72 Q 54

B Y((a+b)(a+0) = (a2 + b2 + c2)2

(1) & 4(a® +b? + 22 23 ) ((@+ bY@+ 0) &

cyc
4(a’> +b*+c*)?* >3 (a2 + b? + ¢ + 3(ab + bc + ca))
But: ab + bc + ca < a* + b* + ¢* =
3(a2+b2+c2+3(ab+bc+ca)) < 3(a2+b2+c2+3(a2+b2+c2)) =
= 12(a® + b + c?);
We need to prove that:
4(a® + b? + ¢*)? > 12(a?® + b? + ¢?) © a? + b? + ¢* > 3(true).

Solution 3 by Aggeliki Papasyropoulou-Greece

(1 + ab)3 (1 + bc)3 (1+ ca)? - 54 1
cra)a+h) T atb)bio) Bbrota) > (@tbrtcE D

a+b+c>3Vabc(AM — GM) © a+ b+ c = 3; (abc = 1); (2)

ab + bc + ca > 33/(abc)2 =3 = ab + bc + ca > 3; (3)
(1 +ab)? (1 + bc)3 (1 + ca)? _
(c+a)a+b) (a+b)(b+c) (b+c)c+a)’
(p.qr)=FaYab[la)p=3;9q=3;r=1
P-[(c+a)(la+b)+(a+b)(b+c)+(b+c)(c+a)]1+1+1) >
>[(1+ab)+(1+bc)+ (1 +ca)] &
P-[Ya*+3Yab]-3 > (3 +Yab)® o
ps_ Bte®  (q+3)
3(p*-2q9+3q) 3(*+q)

So, it’s enough to prove that:

(q+3)3 54

32+ @) - 297 @* -29)%(q+3)° 23q-3°(p* + q); (4
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q=3=q+3=6;p=3andp*=3q;(5)

(4) > LHS > (p* - 2¢)?63>3-2-33(p*> +q) &
4(p* - 2q)* 2 3p* + 3q
(5) = 3q + 3p? < p? + 3p? = 4p?

So, we have to prove that:
p!-2q=pea*+B62+c*>a+b+c;(6)
CBS:3(a* + b*+c*) = (a+ b + ©)*(7)
From (6),(7) we must to prove that:

(a+b+c)?

3 >a+b+ce a+ b+ c>= 3;true.

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

(1 + ab)? N (1 + bc)? N (1+ ca)? - 3(1+ ab)(1+ bc)(1 + ca) -
(c+a)(a+b) (a+b)(b+c) (b+c)c+a) i/(a+b)2(b+c)2(c+a)2 -
54

>
~ (a% + b% + c%)?

(1+a)(1+ b)(1 + c)(a® + b? + ¢2)? > 183/ (a + b)2(b + ¢)%(c + a)?

18((a+b)?>+(b+c)*+ (c+a)?)
3 =

1+a)(1+b)(1+c)(a?+ b?*+c?) >
= 12(a? + b%> + ¢? + ab + bc + ca)

8(a% + b% + ¢®)? > 12(a® + b%> + ¢* + ab + bc + ca)

24(a® + b% + ¢?) > 12(a? + b? + ¢* + ab + bc + ca)

2(a? + b% + ¢?) = a® + b%? + ¢*> + ab + bc + ca true.

Solution 5 by proposer

3
(1 + bc)?
( E (b + c))( E (a+ c)) (cyc @i b T c)) > (cygc(l + bc))

cyc cyc

(1 + bc)? - (3 +ab + bc + ca)?
(a+b)(b+c) 4(a+b+c)?
cyc

AM-GM 3
(1+1+1+ab+bc+ca)® > (63 (abc)Z) = 216; (*)
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1 11
Note that a? + b? + ¢* > a3b3c3(a + b + c¢), by Murihead’s inequality since

75 (%)

411
3’3’3

1
(a+b+c)* ™~ (a2+b2+c2)

(2,0,0) >(

). However abc = 1, then

Therefore, from (%), (+*) we have:

(1 + bc)3 - 54
(a+b)(b+c)  (a?+ b+ c?)?
cyc

Equality holds ifand onlyof a = b = ¢ = 1.

SP.357 Let S(n) be the sum of the digits of the positive integer n. Determine
all pairs of positive integers (a, b), a = b such that the equation
S(a?) = (b — 2018)* has only finite solutions in positive integers.
Proposed by Pedro Pantoja-Natal-Brazil
Solution by proposer

i) If a > b the equation has infinite solutions: a = 10%" — 1,
b =2018+ 3k, k € N.

Indeed: a* =99....98000...0 1, then s(a®) = 9(9k* - 1) + 8 + 1 = 81k*
9k4-1 9k4-1

On the other hand (b — 2018)* = (3k*) = 81k*.
ii) If a = b. Note that S(a?) = (a — 2018)* < a? =

(a—2018)2 < a= a?—-4037a+ 20182 < 0 = 1974 < a < 2064, so we
conclude that the number a has 4 digits.
If a > 2021 then (a — 2018)* > 81 and S(a?) <36(9+9+9+9).

If a < 2015 then (a — 2018)* > 81 and S(a*) <36(9+9+ 9 +9).
Therefore, a € {2015, ...,2021},a # 2018. Testing all these possibilities in the
statement equation, we obtain as the only solution a = 2020.
Cheking: a> = 4080400 = S(a®) = 16 and (2020 — 2018)* = 2* = 16.
Answer: (a,b) = (2020,2020).
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SP.358 If x,y,z > 0 then:
3

X
42 +3>6°
b+ Dz+1) ryz
cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by Tran Hong-Dong Thap-Vietnam

42 x3 Hogier . (x+y+2z)3 . (x+y+2z)3 S
cyc(y+1)(z+1) 3(y+1)(z+1) 3Qxy+2Yyx+3)

32xy§(2x)24' (T x)3 4. T x)3 R L)
- 3(%(Zx)2+22x+3)_ Cx2+6Yx+9 = (Xx+3)2
x3 (X x)* _
_)4;(}’+1)(Z+1)+324.m+3’ (1)
AM-GM

letusdenote:t =Y x > 3-3/xyz>0-2t>6-3/xyz (2)
From (1), (2) we need to prove that:
£3
N CFEYY:
A3 +3(t*+6t+9)=>2t(t> +6t+9) ©2t3 -9t +27>0
& (t—3)%(2t + 3) = 0, which is true because t > 0 — 2t + 3 > 0.

+3>2to 43 +3(t+3)?=>2t(t+3) o

Equality holdswhenx =y =zandt=3 o x=y=z=1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM-GM: Y x > 33/xyz. So, it is suffices to prove that:

3

X
4;(y+1)(z+1)+3222x®

cyc

4Zx3(x+1)+31_[(x+1) 22<Zx>1_[(x+1)<:>

cyc cyc cyc cyc
4Zx4+42x3 +3xyz+32x+32xy+3 >
cyc cyc cyc cyc
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2nyzzm(zx)z+z<zx><zxy>+zzm

cyc cyc cyc cyc cyc

4Zx4+42x3+2x+32

cyc cyc cyc
> 2xysz+ZZx2 +ny+22x2y+ 3xyz
cyc cyc cyc cyc
We have:

Murihead
sz4 > Zszyz=2xyZZx; (1)

cyc cyc cyc

Murihead
4Zx3 > Zszy; (2)

cyc cyc

22x4+2x=2(x4+x4+x) AM£GM32x3; (3)

cyc cyc cyc cyc

AM-GM
Zx3 > 3xyz; (4)

cyc
AM-GM
Zz:x3 +3= Z:(x3 +x3+1) > SZxZ > ZE:x2 +ny; (5)
cyc cyc cyc cyc cyc
From (1) — (5) it follows that:
lex4 +42:x3 +Zx+ 3> nysz+22x2 +ny+22x2y+ 3xyz
cyc cyc cyc cyc cyc cyc cyc

Therefore,
3

X
42 3> 63/
LG+DE+D e

Solution 3 by proposer

x3 +y+1+z+1AM;GM 3 x3 y+1 z+1
(y+1(z+1) 8 8 - y+1(z+1) 8 8

_33x3_3x
T4 4
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X3

Z +zy+1+z+1> 3x
y+1(z+1) - 4
cyc cyc cyc
z x3 L3 2+1z( N )>32
G+Dz+D 8 8LV TV =3L*
cyc cyc cyc
3
2 23) x=g ) x
(y+1)(z+1)
cyc cyc
3 3 2 2 AM-GM
> - - >
Z(y+1)(z+1)+ Z Z" Z" (x+y+z) =
cyc cyc cyc
AM-GM

> 2-3%xyz=63xyz
Equality holdsifandonlyif x =y =z = 1.
SP.359 If A € M5(R), p € R* such that det(A* — pA + p?I3) = 0.
Prove that:
2det(A? + p?l5) = (detA + p3)?

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

det(A? — pA + p*I3) = det(A + pe) - det(A + pg) = 0, wheree? + £+ 1 =0,
e=1e=-1—=¢
Let f(x) = det(A + xI3) = detA + a;x + azx? + x3 >
f(pe) = 0 - detA + a pe + a,p*e® + p3e3 =0 -
detA + a;pe + a;p*(-1—-¢&) +p3=0-
detA — a,p* + pe(a; — a;p) = 0 > a; = pay;detA —a,p?> +p3 =0

detA + p3 detA + p3
Q= = 7
P p
detA+p3  detA+p3
f(x) =detA + Pt 2 P_ 2 443

f(pi) = detA + (detA + p3)i — (detA + p3) — p3i = p3 + detAi,
f(=pD) = p* — detAi > f(pD)f(—pi) = p° + (detd)® -
det(A + pi) - det(A — pi) = p® + (detA)? >

51 NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(p3 + detA)?

det(A? + p?I5) = p° + (detA)? > 5
Solution 2 by Ravi Prakash-New Delhi-India
Let P(A) = det(Al; — A) = A3 — (TrA)A? + (TrA*)A — detA be the characteristic
polynomial of A.
Now, 0 = det(A? — pA + p?I3) = det(A + wpl;3)(A + w?pl;) =
= |det(A + wpl3)|? = det(A + wpl;) = 0 = —det(—A — wpl3) =0
= P(—wp) = 0 = (—wp)3 — (TrA)w?p? + (TrA*)(—wp) — detA = 0

3 1 2 V3. 2
= (p° +detA) — 2 [(TrA)p” + (TrA")p] + 71[(TrA)p —(TrA")p]=0
p3 + detA = %(TrA)p2 + (TrA")p and (TrA)p? = (TrA")p

p3 + detA = %[(TrA)p2 + (TrA)p?] = (TrA)p? = (TrA)p
Now,
2det(A? + p?I3) = 2det(A — ipl3)(A + ipl;3) = |2det(A — ipl3)|* =
= 2|—det(ipl; — A)|? = 2|—ip® + (TrA)p? + (TrA")pi — detA| =
= 2[(TrA)p? — p3}? + 2[(TrA)p? — detA)? = 2(detA)? + 2(p3)? =
= (detA + p?)? + (detA — p3)? > (detA + p3)?

Solution 3 by Ruxandra Daniela Tonila-Romania

Let x> — px + p?> = 0;A = —3p%;xy, = —p(li;iﬁ)
1+iV3 1-iV3
det(A? — pA + p?l3) = detl(A—p- 5 13> (A—p- 5 13>l =

1+iv3 1-iv3
= det<A—p- 21\/—I3> -det (A -p- Zh/—l3> =0;(1)

Let P,(x) = det(A — xI3) = x3 — (TrA)x? + (TrA*)x — detA be the characteristic

polynomial. From (1) it follows that:

PA(p-1+i\/§>-PA<p-1_2i\/§>=0;(2)

2

Let A1, 45, A3 € C be the eigenvalues for A.
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1+iV3 1-iVv3
Ai=p- orA,=p- > eC
2) _
= A€ M;3(R) © detA, TrA, TrA*eR =1, =4
TrA =).1 +).2 +).3
TrA* = 1112 + 1213 + },311

Therefore, the eigenvalues forAare A; = p - 1+2N§,/12 =p- I_Tiﬁ,lg € R.
( TrA:p.1+i\/§-2l-1—i\/§+/13:p+as
) detA:pz.(1+i\/§)4(1—i\/§)'AS i,
\TrA*:pz'(1+i\/§)4(1—i\/§)+/13p'1+i\/§;1—i\/§:p2+lsp

= Py(x) = x° — (p + 3)x% + (p* + pA3)x — p*A5
det(A? + p*I3) = det[(A + ipI3)(A — ipl3)] = P4(—ip)P4(ip); (3)
P,(ip) = (ip)® — (p + 23)(ip)* + (p* + pAx)ip — p*A3 = p* + ip43; (4)
P,4(=ip) = (—ip)* — (p + A3)(—ip)* + (P* + pA3) (—ip) — p*43 = p° — ip*43;(5)
From (3),(4),(5) it follows that:
det(A? + p°I3) = (p* + ip®43)(p° — ip*23)
detA + p3 = p?25 + p3;(7)

(6;7)
We must show that: 2det(4% + p?I;) > (detA + p3)? =

2(p® +p*23) 2 @’ 23+ P°) &
2p° + 2p*A% > p*23 + p® + 2pSa,|: pt
p*+2%—2pA; >0 o (p—23)%2 > 0,true Vp, 13 € R.
Therefore,

2det(A? + p?I3) > (detA + p3)2.

SP.360 z,, z,z; € C* different in pairs such that |z,| = |z,| = |z3]. If
22— 27, — Z 1 1 1
Z | 172273 _ n n ’
e (21— 22)|21 — 23| + (21 — 23)|21 — 23| |21 — 22| |22 — 23| |23 — 24|

then z4, z,, z5 are affixes on equilateral triangle.

Proposed by Marian Ursarescu-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let A(z1), B(22),C(23); AABC < C(O,R); |z4| = |z2| = |z3] = R

|Z1—Z2|:AB:C;|Z2—Z3|:BC:a;lzl—Z3|:CA:b

Zz+Z3

|22y — 2z, — 23| =2 |z4 — =2m,

|(Zl—Zz)|Z1—Zs| +(Z1—23)|Z1—Zz|| =

=|(a+b+c)zy — (azy + bz, + cz3)| =

azq + bz, + cz;
a+b+c

Now,

=2s- Al

2s |21 -

1 1 1

ZZI—ZZ—Z:; N N
|24 — 25| |2y — 23| |25 — 24|

Z |(Z1 —z3)|zy — 23| + (21 — 23) |21 — 24|
cyc
1 . A lascu b+c A A b+c
S =) mg-sin - = 4RZ -cos—sm—=z -a=Zab
s 2 a 2 2 a

cyc cyc cyc cyc

Equality holds if and only if triangle is equilateral.

Therefore,

1 1 1
+ + ,
|2y — 25| |2y — 23| |23 — 24]

Z | 22, — 2y — Z3
e (21— 22)|21 — 23| + (21 — 23) |21 — 23|

then z4, z,, z; are affixes on equilateral triangle.

Solution 2 by proposer
A(z41),B(z;),C(z3),AABC € C(0,R),|z4| = R,|2y — 2z, =AB =¢,|z, —z3] =BC=a
Zy, +Z
| |=AC=0b Z 2|Zl_22 3| L
—_ = = —_ e J— [— f—
277 b(zy —23) +c(z1—23)] _a b ¢
cyc
Z2+Z3
|Z1— 2 | a+b+c/1 1 1
2 S -
z,(b+c)— bz, — cz3 3 a b c
cye a+b+c
Z2+Z3
z |z - 2252 <1+1+1> m, (1+1+1)(1)
= —_ —_— —_— > —_— —_— —_ —_
aZ1+bZ2+CZ3 § a b c Al S a b 'od !
|1 " a¥b+c cye
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ButZAI ( ) (2)

cyc

From (1),(2) equality holds if and only if AABC equilateral.

b+c A
r b+c 5 C0S%
Al = —— — -my, cos——>z Z
sm2 cye cye rsm
_1Z(b+ )si A B_1Z(b+c)a_ 2 b+l = Zb
~2 sty Sy = 4 2R 8Rr L. C)_4Rr ¢
cyc cyc cyc cyc

_ (1+1+1)
AV

UP.346 Solve for real numbers:

xe . earctanx
2| ———dx=1
o V1+x2
Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
xe . earctanx

x /
Q= 0—_1+x2 dxzfox-ea“ta“x-(m) dx =

arctanx /1 _I_xZ f arctanx +

T +x2 arctanx) 1+ x2dx =

x *xV1 + x2
—_ xearctanx ,1 + xz _ j‘ earctanx 1 + dex _ .[ 1 + xz earctanxdx —
0 0

x X
= yedrctanx /1 4 x2 — f earctanx /4 1 42y — f earctanx( /1 + xz)’ dx =
0 0

X
— xearctanx /1 + xZ _.[ earctanx /1 + xZ —
0
Nwe

_earctanx 1+x2+1+f 127 earetanx g, —
0

x
— yearctanx /1 4+ x2 — earctanx /9 4 42 4 1 _J earctanx( /1 +x2 —
0

55 NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
x 2 _
Q= earctanx . /1 + xZ(x _ 1) +1-— .[ earctanx ,de =
0

V1 + x2

X xZ earctan xdx

= ety /1 4 x2(x -1 +1— | ————
0 V1 + x2

Q= f1 42 (x—1)+1-Q
20 = e 14 x2. (x—1) +1
20=1=¢mx. 14142 (x—1)+1=1
earctanx . m x—1)=0
x—1=0
x=1.
Solution 2 by Surjeet Singhania-India

Let:

X tZetan‘lt
-[0 V1 + t2

tan™"x
-1
= elsect-tant|f™ * - f el(tant + sec’t)sec tdt =
0

tan~1x
f(x) = dt = f e'tan®t - sec tdt =
0

1

tan1lx

= xet™ 'x[1 4 x2 — j e'(tant- sect+ sec t)dt — f(x)
0
Now,
xet TN x2 et TIxT 1 a2 1
f = 2 B 2 2

_ tan~1x / 2
Given that: f(x) = % e > It — .
Since e 1+ xZ2>0-> (x—1) e 1+ x2=0-x=1.
=0
There is only real solution at x = 1.

UP.347 Solve for complex numbers:
|x|? N lyl>  |x+yl?
3 5 8
10x+y =7+ 14i

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

I lyl* Ix+yl?
3 5 8

40x-x+24y-y—15(x+y)(x+y) =0

=0 = 40|x|% + 24|y|> — 15|x+ y|2 = 0

40xx + 24yy —15(x+y)(x+y) =0
40xx + 24yy — 15(xx+xy+yx+yy) =0
40xx + 24yy — 15xx — 15xy — 15xy — 15yy =0
25xx+9yy — 15xy — 15xy =0
5x(5x —3y) —3y(5x —3y) =0
(5x—-3y)(5x—-3y) =0
(5¢x-3y)-(5x—3y)=0

3

3
mx+y=6+1n:40~g+y=7+1u

6y+y=7+14i=>7y=7+14i>y =1+ 2i

3 —3(1+2')—3+6'
*=5Y73 V=5735!
3 6.
Solution {x_§+§l
y=1+2i

Solution 2 by Daniel Vacaru-Romania
Consider x = x; + ix; and y = y; + iy2; X1, X2, Y1, ¥2 € R. Then |x|? = x% + x3,

ly|2 = y% + y5 and |x + y|? = (x1 + y1)? + (x3 + y2)%. Then the first equation is the

t
condition for equality in Bergstrom inequality, proving that % = % 2" k and

x3_z = y?z = l. Writing the equality for 10x + y = 7 + 14i in terms of real and imaginary

parts, we obtain 30k + 5k =7 => k = %and 30l+5l=14=>1= %

Then x4 =§andy1 =1;x, =§;y2 = 2.Weobtainx=%andy= 1+ 2i.
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Solution 3 by Bangalore Mathematical Institute-group of solving
Using Bergstrom inequality:
2 2 2
a b - (a+b)

X y x+y

,Va,b,x.y € R,

|z1|%  |z,|? S (Iz1] + |z5])?
8

By triangle inequality: |z{ + z;| = |z4| + |z;|, we have:

2 2 2 2
z VA Z4| + |2z Z1t+2z
| 1| I ZI >(| 1| | 2|) >| 1 2|

3 5 — 8 - 8
. Jlzal® | lzpl?  lzatzl?
But given that: 3 + s = g
. . . . . 3
So, because if equality z, is collinear with z, and also % =5 we get:
2

z, = 32e%
Zy = 5/1ei9

Substituting in 10z, + z, = 7 + 14i.

Comparing real and imaginary parts, we get:

1 2
Acos 6 =5 Asin 0 :E::»/l: 1, 0 = tan~1(2).
_ i0
so, Zy = 33.0
z, = 5e'
UP.348If x,y,z € R} = (0,) and ABC is a triangle with the area F, then:

(x+3y)(y+4z+3x) , (¥+32)(z+4x+3y) -
(y+32z)(z + 3x) @ (z+3x)(x + 3y) .
(z+3x)(x+4y + 32)
(x+3y)(y + 32) '

Proposed by D.M. Batinetu — Giurgiu — Romania

c* > 32F?

Solution 1 by proposer

Letbem = x + 3y,n =y + 3z, p = z + 3x, then the inequality from enunciation

becomes:
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zm(n+p)'a4:zmn+mp'a4: u+v.a4>

np np w -
cyc cyc cyc

Bitinetu—Giurgiu

> 32 - F?
So, u = mn,v = mp,w = np and Batinetu-Giurgiu inequality is:

u+v
Z a* > 32F?
w

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

4=

(x+3y)(y+4z+ 3x) 4AM;GM33 (x+3y)(y+4z+ 3x)
(y+3z)(z + 3x) = (y+3z)(z + 3x) '

3 +32)+(z+3 AM—GM
:3< (y+32) + (z x)>'(4RF)4 8
x+ 3y
cyc

AM-GM 3 2 +3z)(z + 3x Euler—Mitrinovic
z+ 3y

cyc

3 452
>3 [(4F)*- 8 - 4r2 = 32F”

Therefore,

(x+3y)(y+4z+ 3x)
(y+32)(z+3x)

a* > 32F?

Solution 3 by Sanong Huayrerai-Nakon Pathom-Tahiland

(x+3y)(y + 4z + 3x) 4_z:<x+3y+x+3y) 4
(y +32)(z + 3x) B y+3z z+3x ¢

cyc

x+3 x+3
:Z( y)-a4+z< y)-a422(a4+b4+c4)2
y+3z z+ 3x

cyc cyc

2 2
(a® + b% +c?)? > §(4\/§F) = 32F2

Wl N

=

Fora,b,c; x,y,z > 0 we have:
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y

;'a+; b+;-cza+b+c<:>xzza+y2xb+zzyczxyz(a+b+c)
xza(x —y) + yxb(y — z) + zyc(z — x) = 0, which is true from
3 (xza +yxb + zyo)(x—y+@-2)+(z—x) =0
UP.349Ifm = 0; x,y,z > 0, then in any AABC with the area F the following

inequality holds:

+z Z+x X+ 3-m
x).’hm+1 + hm+1 + z - hm)-ll-l = m+1 (V_)
Ly : wf)
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
Solution 1 by proposers
We have:
z z 1 z

U= chc ;;:14.1 chcx (a:;]l+)m+1 am+1 = W : chc% : am+1 (1)

Let be u, v, w € R} such that u™*! = x,v™*1 = y w™*1 = z then relation (1) becomes

1 vm+1 + wm+1
U= 2m+1 . Fm+1 ' z um+1
cyc

m+1
1 1 v+w \™1 Radon 1 v+w
= 2m+1Fm+1 ) Z_mz ( u ' a) = 22m+1 . Fm+1 .3m Z a =

am+1 2

u
cyc cyc

m+1
> 1 . 2m+1 z ﬂ a >
= 22m+1 .3m. Fm+1 u =

cyc

m+1
1 3 \/_ m+
=W<3ﬂ_[<%“>> szm+1(V )" =

cyc

m+1
3 s —— L 3  (4/3F\ 2
= 2m . Fm+1( (abc)z) = 2mEm+1 3 =
m+1
3 F 2 2y mi
— . 2m+1 . — -3 4 =
2mEm+1 m+1 m+1
3 4 F 2
60
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2 3-m
=—.3 4
+1
VF)"
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:
2F _ 2F*  _ 4F o
1_[ h, = =——; R*>——(Euler — Mitrinovic)
R 3V3
cyc cyc
Hha < V33 -VF3;(1)
cyc
y+z AM;GM 33 y+z 3 H(y+z) 1 AM;GM
cyc cyc
AM-GM
€Y) 8 2 3-m
3 4
(V33 - VF) Fm

UP.350If x,y,z € R} = (0, ), then in any AABC with the area F the

following inequality holds:

Z yrz a? > 2+/3F
x+\/(x+2y)(x+22)

cyc

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
Solution 1 by proposers

We have

y+z 2 y+z 2
2 a 22 X+ 2 +x+22a -
cycx+\/(x+2y)(x+22) Six+ yz

y+z 2 Zz(x+y+z)—(2x+y+z)
2x+y+za B 2x+y+z

cyc cyc

2 Bergstrom

a
=204y HD) ) g ) At

cyc cyc
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(a+ b+ c)?
=2 (x+ +z)a2=Za2=
Tolx+y+2) 7 2,

(a+ b+ c)?

=2(x+y+z)'4(x+—y+z)—cyc

1
azzi(a+b+c)2—2a2=
cyc

1 1
= E (chc aZ +2 chc ab) - chc aZ = chc ab — Echc aZ (1)
But a® + b? + ¢?> = 2(s®> — > — 4Rr),ab + bc + ca = s* + r? + 4Rr and then

relationship (1) becomes:

+z
Z Y a’?>s>+r*+4Rr — (s* — 1> —4Rr) =
x++/(x+2y)(x + 22)

cyc

Doucet
=2(2%+4Rr)=2r(4R+1r) > 2rV3s=2V3sr=2V3F

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM-GM
We have: \/(x + 2y)(x + 2z) < W=x+y+z
Thus,
Tsintsifas
Z i -a* > y*z .a> > 2V3F
Cycx+\/(x+2y)(x+22) cyc(x‘l'}’)‘l'(y‘"l)

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
x+y - x+y _ x+y
z+./(z+2x)(z+2y) Zztx+y+z (z+x)+(z+y)

Hence,

y+z y+z
z .aZZ -azz
x ++/(x+2y)(x + 22) o x+y)+@+2)

cyc
m n

= a* + %+ —L

n+p p+m n+m

1 1
‘c? 2o (a? + b2+ c?) 2 E(4\/§F) = 2V3F
Which is true, because:
m(m+p)(m+n)b? + n(n+m)(n+p)a? +p(p + m)(p + n)c? >
1
> E(m +n)(n +p)(p + m)(a? + b? + c¢?)

a?(m+n)(n+p)(2n— (m+p)) +b*(m+n)(m+p)(2m—- (n+p)) +
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+Z(p+m)(p+n)(2p—(m+n)) =0

(az(m +n)n+p)+b2m+n)(m+p)+c2@Pp+m)p+ n)) (2m+2n+2p — (2m+ 2n + 2p) o
>
3 >

UP.3511If x,y,z € R} = (0,0) and ABC is a triangle, then:

(x+2y)2x+y+32z) - a? N (y +22)(2y + z + 3x) - b?
(y+2)(z + 2x) - h% (z +2x)(x + 2y) - h}

(z+2x)(2z + x + 3y) - ¢? g
(x+2y)(y+2z)-h: —

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
Solution 1 by proposers

Letbeu=x+2y,v=y+ 2z,w = z + 2x, then we have:

(x+2y)(2x +y+32z)a® z u( +w)a®

(y+22z)(z+ 2x)h2 v-w-h3

cyc

u +wu a* 1 uv+wu |,
= . = . a =
z vWw a’h% 4F? z vWw

cyc cyc
1 m+ P 4 Batinetu—Giurgiu 1
= : a > —.32F*=8
4F? Z n - 4F?

cyc

So,m =uv,n = vw,p = wu.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have:
a a’ 2R? Mitrinovic—Euler 8
_—= _—— > -
l_[ha HZF F = 33
cyc cyc
a? 43
—>(=) ;@1
1_[ hz = (3) )
cyc
Thus,

(x+2y)(2x + y + 32) - a? aM—GM 3.7 (x+2y)(2x+y+32z)-a%
(y +2)(z + 2x) - h - (y+2z)(z+2x)-hz2
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3

3 2\ Cesaro,(1) 3
_3 1—[(2+2x)+(y+22) l—la_ Z 3 8(1) _g
x+ 2y h2 3

cyc cyc

UP.352If x,y,z > 0 and AABC have the semiperimeter s the following

relationship holds:

¥y +2)a (z+x)b (x+ y)c - 123
x-ha(s—a)+y-hb(s—b)+z-hc(s—c)_ s

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by Marian Ursdrescu-Romania

Z y+z >33 y+2)(z+x)(x+y)-abc (1)
x-hy,(s—a) = |xyz-hshyh.-(s—a)(s—b)(s—¢c)’
cyc
+ + + 2./yz-2zx-2\/x
N+ D)z +x) 2 yz W 2yxy oo
xXyz xyz
From (1), (2) we must to show that:
y+z 3 abc
Z ——>6" S
x-h,(s—a) h,hyh,. - (s —a)(s—b)(s — ¢)
cyc
abc 8-3V3
;(3)

>
h,hyh. - (s—a)(s—b)(s—c) — s3

_ 2s52r2

But: abc = 4Rrs, hyhyh, = =—and (s —a)(s —b)(s —¢) = sr?; (4)

From (3), (4) we must to show:
4Rrs - R - 8-3V3
2s2r2 . sr62 — s3

& R? > 4712, which is true because R > 2r(Euler) and s > 3+/3r(Mitriovic).

& R%s > 4 - 3V/313

Solution 2 by proposers

We have:
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_(+2a z Jyz-a ZZ Jyz - a?

o X - ha(s—a) x-h,(s—a) ycx(aha)(s—a):
Jyz-a® 1
~2F ;x(s—a) F.B'
3| (@b coe3 43F 1 _
F (-a)6-b(-0 T F 3 3Ys-a)(s-b(s-0
Vs _4V3Vs _4V3Vs

=H3- \/s(s—a)(s—b)(s—b) VF? stz
_ 4\/§ Mitrinovic 4\/§ _ 12\/§

= — > =
%i/ﬁ BS.SZ S
\]27

UP.353 Let (x,,),,>1 be a sequence of real numbers with x; = Va3 —a,a>2

and x,,1 = i/a3 —a+ x,,n = 1. Prove that (x,,),,=1 —convergent and find
Q= Tlli_)lgxn, Q, = Tlli_)lg{xn}, where {*} —fractional part.
Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Let P(n): X411 > X,, VL = 1. We have: P(1):x, > x; © a3 > a true fora > 1.

Next, P(k) = P(k+ 1): X311 > X, k= 1> /a3 —a + x;, > /a3 — a + x;_q is true.
From P(1) —trueand P(k) = P(k+ 1),Vk > 1 = P(n) —true foralln > 1.

Let P(n):x, <a,n=>1Wehave: Va? —a<a o a3 —a<ad e a>0true.
Next, P(k) = P(k+1):x, <a=> X <ae a3 —a+x <aea®—a+x.<a’
& xp < atrue.

From P(1) trueand P(k) = P(k+ 1),Vk > 1 = P(n)istrueforalln > 1.
Because sequence (X,,),,>1 —bounded and increasing, by Weierstrass theorem, it follows

that (x,,),>1 —is convergent = 3l € R such that [l = limx,,. We have:

n—>oo
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=V —a+x,ol=Yad-a+BeolB=ad-a+le
(Il-a)(l?+al+a*-1)=0<1=a,becausel? + al + a* —1 = 0 has
A= 4 — 3a? < 0, so for a > 2, has not real roots.

Hence, Q; = limx,, = a. Now,
n—>oo

X1 = Ya®—a>a-1and (Xn)ns1 —increasing, so x, > a — 1,Vn > 1 and from
(xn)ns1 — bounded, we have: x,, < a,Vn > 1. It follows that:
a—-1<x,<avVn=>1=[x,] =a—1, hence{x,} =x, —[x,] =x, — (a—1) and
Q, = 1lli_>l£10{xn} = 1lll_>l£10(xn —(a-1)=a-(a-1) =1,

Therefore, Q, = lim{x,} =1
n—-oo

Solution 2 by Ravi Prakash-New Delhi-India
We firstshow that: 1 < x, <a, Vn>1
Forn = 1: x1=3\/a3—a21('-'a22)andx§Sa3—>x1Sa—>15x1Sa.

Next, assume that1 < x,, < a.

3 — 3
Xn+1 =

—a+x,>21->x,,,=1alsox3,, =a®+ (x, — a) < a®. Thus
1<x,;,1<aHence,1<x,<avVn=>1
Next, we show that: x,,,; = x,,Vn > 1. We have:
3_ (3 — 23 3 3 .
=@ -—a)+x;=x7+x1 22X, =2x] > x =>x1(vx1=1)
Next, assume that x;..; = x; for some k > 1. Now,
Xy — Xy = X1 — Xk =0 x5, > X3, > Xji2 = Xjpq. Thus
k+2 k+1 — Ak+1 k= k+2 = Ak+1 k+2 = Xk+1- ,
Xp+1 = X, VN = 1. So, (x,),>1 is an bounded increasing sequence, then

(x)ns1 —CONvVerges.

Let limx, =L, > 1.Now, limx3 ;, = lim(a® —a+x,) > B =a®-a+1
n—>oo n—->oo

n—o0o
I-a)+(U-a)lP+a*>+1la)=0->(1l-a)(*’+a*+la+1)=0->1l=a
- limx, = a; (1)

n—o0o
We next show that: lim[x,,| = [a].
n—o0o

For 0 < € < 1, there exists a positive integer numbers m such that |x,, — a| < €, Vn > m.
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> —€e<x,—a<evVn>2m->0<x,—a<eVn=>m

sa<sx,<a+evn=m- [a] <[x,] <[a],yn=>=m -
lim[x,] = [a; (2)

From (1), (2), we get lim (x, - [x,]) = a - [a] > lim{x,} = {a}

UP.354 Find:

n—1 -1\ "
) k k=n
Q=1lim| 1+ Z —sin—
n-oo n n
k=1

Proposed by Florica Anastase-Romania
Solution 1 by Narendra Bhandari-Bajura-Nepal

Clearly, k;" > 0 for all k € [1,n — 1] so due to Taylor series around x = 0 we have:

. km
sinx < x,Vx = 0. Choose x = . we have

n—-1 n-1
_ (km\ kn k  (km K m m-1D2n-1)
sin([—|<—=5n) = —sin|—|<m ) —=—-
n n kln n £ 1n 6 n

Since the partial sum of the later sum diverges as n — oo so
S(n) - oo (due to comparison test). Therefore, L = lim,,_,.,(1 + (S(n) )" = 1®

And hence we have:

_ -1
S~k _ (km

L=1limexp(1+ (S(n)™H)" =exp| limn E ;sin (—)

n—-oo n—oo

n
k=1
Since latter expression is Riemann integrable function on [0, 1], (reads may prove it) so

the limit reduces to:
1 ! IBP -1\~1
L =exp (f x - sin(mx) dx) = em™) =em
0

Solution 2 by proposer

-1
< k k1 T
vn e N, n > 2: —sin— = —cot—
k_ln n 2 2n
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Letbe z = cos% + isin%, then:
n-1

kn
Z kSinT =Im(z + 272 + 323 + ... (n— 1)Zn—1),zn -—-1>

m—-1z""'—-nz"+z (1-n)z+n+z

2 2 3 3 -1 n—1 — —
z+2z°+3z°+--(n )z Z -1 Z-1)°
B n-mn-2))z B n-n-2)z B
1 2sin? 2— + 2isin zn COS 5— 2n —1 —4sin? % (cos% + isin %)
n-— 2 n T T
= (cos— —isin —) =
n n

T
43m2 4$m2
2n n

n-1

nsm T
ksm—= E kz* ———cot—:> E —sm—=—cot—
2n

4sm2

: _ 1 Ty _
1111_{210 log (1 + (z —sm—) ) = 1111_{210 nlog (1 + 2tan Zn) =

log (1+2tan%) 2tanz7; T

k=1

= lim : — nN=T
Therefore,

n

n-1 -1
. k kn
Q=1lim| 1+ —sin— =e"
n-oo ] n n

UP.355 Find:

cotx
Q = lim llm (2 —sm—)
n—oo x—>—

Proposed by Florica Anastase-Romania
Solution 1 by Narendra Bhandari-Bajura-Nepal

1
—1\ tan(2nx)

Since:
n-1 n—-1 n-1

= S5 (1) 5 ()t ()< = 5 ()
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Now,
-1 -1 , inm
n (kn') (n k_n) (1 _ eim i1 <le Zn) 1 ( - )
sin|l— | =§& Zen =g | = TN = 5 €08 (—
=1 n =] 1—en sin (Zn) 2 2n
So we are now supposed to find:
1
tan(2nx)
. . cotx ) 1
L=lim| lim —— = lim (B(n))tannx)
n—oo x_)_ cot (2 ) n—oo
n

We note thatas x — %, $B(n) — 1 then limit attains the form of 1 so

1 cotx

logB(n lim log
g8(n) = x_,_tan(an) cot(%)

.0 .
As B(n) attains ° form so due to L-hopitals rule we have

cscx-secx __ese(g) - see(z5)
logB(n) = — lim =
0g%B(n) = xi_ 2n - sec?(2nx) 2n
Therefore,
T
csc _ 1
L = lim exp _Ln) —e ™ = —
n—oo 2n Ve
Solution by proposer
n-1
k  km 1 T
vn e N, n > 2: —sin— = —cot—
k_ln n 2 2n

Letbe z = cosg + isin s, then:

n—-1

. km
z kSln? = Im(z + ZZZ + 323 + ... (n — 1)Zn_1), MmM=_1>

Z+ZZZ+3z3+...(n_1)Zn—1:(n_1)2n+1—nzn+z_(1_n)z+n+z_

(z—1)2 - (z-1)?
B n-n-2)z B n-n-2)z B
2 T os® 1 —asin2 (cos™ + isin
1 2sin n + lemz COS 75— n -1 4sin 2n (cosn + isin n)
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n—2 n ( T L. T[)
= - cosS——1sin— ) =
T T
in2 _—_ in2 —_ n n
4sin 2 4sin n
n-1 n
nsinZ T
kSlTl—= (Z ) —2=—cot—=>z—sm—=—cotﬁ
=1 =1 4sin 2
1
n—-1 -1\ tan(2nx) _1 _ 1
P cotx k  km i cotx (1 ; 11') tan(2nx)
= 11m . —sin— = 11m |\ =—Ccotl—
-\ 2 n n =\ 2 2 2n
2n k=1 2n
cot(2nx) cot(2nx)
cotx cotx — cotﬁ
= lim 7 = lim 1+ T =
x5\ cot 5— X coto—
2n 2n 2n 2n
cot% (cotx—cotﬁ)cot(an)
T T T
cotx — cotﬁ cotx—coty. cot 5
= lin% 1+ =
X9 COtﬁ
. Y3
linj)r cot(2nx): M tan% - 1 7T
— e sinx: smﬁ — e MSing _
—1 T
n—-1 —1\ tan(2nx) n 1
. . 1 k kn . “anEr 1
Q = lim | lim > —(cotx) —sin— =lime >"n =—
n—oo T k=1n n n—co \/E
UP.356 Find:
n
ooon (n—1)kn kn
Q = lim Z cos—— - cos™1
n—oo n n
k=1

Proposed by Florica Anastase-Romania
Solution by proposer

¢ (n—1)kr . (kT n
‘.‘ZCOS—'COSn_ <—>= —,VneN,n>3
] n n 2n-1

m

1+2)™= Z(T)z’,m € N*; (1)

=0
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Let z = cos%+ isin?,k =1ln=>14+z=1+ cos¥+ isin? =
kr krnr | krm
= 2cos—(cos— + lsm—) =

n n n

kr mkr . A mkn — m 2lkr | | 2lkm
2Mcos™ — (cos + isin ) = 2 ( ) <cos + isin ) =
n n n l n n
1=0
km mk1t m 2lkm
2Mcos™ —cos ! )cos Jk=1,n>

- km mkn 2ikm
2m z cos™—cos Z Z cos =
k=1 n =0 n

n n
= m)z 1+ Z (m)z cosZIkn-(Z)
N i & n '’

k=1 i=1
Now,
n
a™"1cos(nB) — a*cos(n + 1)0 + cosO — a 2l
Z a*lcos(kO) = (n6) ( ) a=1,0=—>=
] 2 _2acos0 +1 n
2lkt cos2lm — cosM + cos% -1

cos = =0,vi=1,m;m<n;(3)

n 2l

k=1 2 — ZcosT

From (2), (3) it follows that:

n n

km mkn m km mkmn n
2m cos™—cos =n ( ) = cos™—cos = —
n n 0 n n 2m

Form = n — 1, it follows that:

n
(n—1Vkn g (kT n
Z €os ————— cos (—) =

k=1

Therefore,

rlw (- 1Dkn km\  af W cpa.. n+1 271
Q = lim z cos—— - cos™1 <—> = lim — = lim . =
n—-oo =] n n —c0 \| 21 noco 21 n

N| =
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UP.357 If f: [0, E) - R f(x)=— f:log(cosy) dy

Prove that:

z
limf(x) = — | log(siny)dy
x—>7 0

3

x<7

Proposed by Florica Anastase-Romania
Solution 1 by Hussain Reza Zadah-Afghanistan

Y

lo ¢ (7 log(sint z 2
f 09y y = st g(sint) costdt = f log(cost)dt = f log(sint) dt
0 0

J1-— y 0o V1 —sin?t

Y3 VA

2 2 T
= f log(sint)dt — 2I = f log(sin2t) dt — Elogz
0 0

Tl'
2 T

lim f(x) = f log(siny)dy = Elogz
0

x—>—

Solution 2 by Dawid Bialek-Poland

x -5y (77 n 2
f(x) = —j log(cosy)dy = j log | cos (— — x) dy = —f log(siny) dy
0 L 2 T x

Y3 T

2 2
lim f(x) = —f log(siny)dy = —f log(siny) dy
75 :
x<§
Solution 3 by proposer
T ik _
o,
k=1
Let: x;,k = 1,2,..,2n the roots of the unity.
= km + isi e k=12 2
X =coso+isino—,k=12,..,2n

x12=t1-roots

2n n-1
=] Je-x0 2 @-n] |e-we-mw
k=1 k=1
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n—-1
kn
=(x?-1) 1_[ (xz — 2xcosT + 1)
k=1

n-—1

km =1
S 2ty b xt 4+ 1= <x2—2xc057+ 1)x=
k=1
n-1 n-1
T 2 km
n= (2 — 2cos —) = (4sm —)
n 2n
k=1 =1
(4 21 n—1n
n =220 . gin?2 —. sin? — - ...- sin® (- m
2n 2n 2n
n-1
.4 2m n-1Dm kn  n
2" l.gin—-sin—-...-sin——— = n:>1_[sin—=
2n 2n 2n Vn - n 2n1

z 1 (™ (!
j log(sinx) dx = Ef log(sinx)dx = E_[ log(sinmtx) dx =
0 0 0

n-1 n-1
-t oo (sin) it Tin) -
- nl—glo 2n ] 0g\ s n N nl—g}? 2n °9 el st n -

B

.om n_ . logyn— (n—1)log2 T
= lim —log <2n_1> = Ellm = —Elogz; (D)

n-o 2N n—oo n

T 1

2 1 ("
f log(sinx) dx = —f log(sinx)dx = Ef log(sinmtx) dx =
0 2, 2 Jo

n-1 n-1
S o) [ -
T e 2n °g\st ) T Al 2n %9 k_lsmn B

n logn— (n—1)log2
( )=Elim g ( )log =—§log2

= lim —1
T o °9 2 n-o 2n

n-o 2n 2n-1
—X

T
2
—t
f log(sint) dt =
Y3
2

NI]

y:

fOO = f log(cosy) dy
0

4
5—X

t t
= f (logZ + log (sini) + log (cos E)) dt =
s
2
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X X
2 4 2

)
=2 f log(sinu) du + 2 f log(cosu)du — xlog2 =
T
1

T
4

X T
12 2t

N &

)
=2 f log(cosu)du — 2 f log(cosu) du — xlog2
LA T
) )

=2f(§—;)— f( ) xlog2

Therefore,

T

lim f(x) = —logz = — leog(siny) dy
X 0

2

s
x<i

UP358If0<a<bh< gthen:

b 2 b 2
smx CcoSXx b
j ] dx | <log? (—)
a
a

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

b
f smx
a

= |u|cost,B = |u|sint,|u|>? =A4>+B*=A-A+B-B =

= |u|(cost + isint),t € [0,2m),

a

= |u|cost- A + |u|sint- B =

b b
sinx . cosx
= |u|<costf—dx+smtj—dx > <
X x
a a
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b

b
sinx\? cosx\?2 1 b
Slulf ( p ) +( p ) dx=|u|f;dx=|u|log<a)
a a

|lul? < |ullog <2> - |lu| < log (2> - |u|? < log? <2) — A% + B? < log? (2)
- a - a - a - a

b 2 b 2
sinx coSsXx b
(j dx) + (j dx) < log? (—)
X X a

a a

Solution 2 by Gabriel Brehuescu-Romania

Applying BCS inequality, we get:

 sinx : b sinxy 1 g b sinx\? b,1\?
af o) =([[(CF) zar) <[ (CF) e[ () ax

_jbsinzxd jbdx_ L
=) x p ; (1)

From (1), (2) we get:

b 2 b 2
sinx cosx bax (b /sin%x + cos*x b
f dx | + f dx SJ —f dx =
X x . X ), x
a a

b
— 2
= log (a)

Solution 3 by Mohammad Rostami-Kabul-Afghanistan

Q
| &
SN—

U= fbsmx dax W = |W|(cos0 + isin®)
a . lw|? = U? + V?
bcosx U = |W|cos8

= L x dx V = |W|sin@
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|W|? = U? + V2 |W|-UcosO + |W| - Vsin =

bcosx
= |W| cosef —dx+sin9f dx | <
a X a X

b [ /sinx\*> ,cosx\2 b1 b
SIWIJ ( p ) +( p ) dx=|W|J ;dleWIlog(E)
a

) b b 5 , (b
= |W|? < |W|log? ( )=>|W|<log( ):lWI < log <E)

b
U? +V? < log? <E)

Therefore,

b 2 b 2
sinx CcOSX b
(f dx) + (f dx) < log? (—)
X X a

a a

Solution 4 by Ravi Prakash-New Delhi-India

b sinx b cosx

letA= [ ——dx,B= |,

Now, A2 + B2 = |B + iA| = |f:%(cosx + isinx)dx| |fb em | <
by o\ b1\ b
< j —|e™*|dx | = J —dx | =log* (—)
a X a X a
Therefore,

b 2 b 2
sinx CcOSX b
(f dx) + (f dx) < log? (—)
X X a
a

a

UP.359 Find:

0 J‘°° tan‘lxd
= — dx
0o X3+1

Proposed by Vasile Mircea Popa-Romania

Solution 1 by proposer

aa) j‘”tan‘laxd 0 Q') j°° x i
= — - =
. o X341 xa “ o (x3+1)(1+ a?x?) o
X A Bx+C Dx + E

— 2 _
a "x+1)(x2—x+1)(1 + bx?) x+1+x2—x+1+1+bx2_)
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A= 1 L 2b-1 . b+1 b® po__b
~ 3(b+1) "  3(M*2-b+1) 3MB2-b+1) b3+1'"  b3+1

Then, we have:

A
jx+1dx—Alog(x+1)+K

f Bx+C d —Bl (2 +1)+ZC+Bt _1Zx—1+K
Z—xt1 x—zogx X 73 an 73
Dx +E D E
_Z 2 = -1
bx2+1dx zblog(bx +1)+\/Etna Vbx + K
We make the notations:
X
P = dx =
(x) ,[(x+1)(x2—x+1)(1+bx2) x

_f A d +f Bx + C d +fDx+Ed
T x+1 2 —x+1* 1+b2”

We have:
|, roarese
o (X3 +1)(1+ bx?)
We can write: P(x) = Q(x) + R(x), where:

2C+ B 2x—1 E
tan! + —tna Wbx

V3 v3 b

B D
R(x) = Alog(x + 1) + Elog(x2 —x+1)+ ﬁlog(bx2 +1)

x = )lcl_)l‘g P(x) — P(0)

Qx) =

Let us denote: A;= limQ(x) — Q(0), we have:
X—>00

lim Q(x) 2C+B n+E 11'0(0) 2C+B m
imQ(x) = =t == =— C—
xX—00 V3 2 +p 2 V3 6
2C+B @ E m 2C+B m b+1 b
So,\i==5 5+ ;+t 5 gbutwehave:2C+B = - E = — 7 -

_ 413 — 9tVb + 4m\V/3b
1= 18(b3 + 1)

We make the notation: A,(x) = limR(x) — R(0), where
X—00

B D
R(x) = Alog(x +1) + Elog(x2 —x+1)+ ﬁlog(bx2 +1),R(0) = 0.
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R(x) = Alog 2+ B xz_x+1+Dl bx2+1+(A+B+D)l +2 togb
X = a0y 209 2 2b %9 ba? b) %9 " 2p"%9
D _ . _ Db _ b%loghb
ButA+B+;—0,so)lcl_)1£10R(x)—Zblogb 2(b3 1)logb A,= 20541
X dx = A+ A _ 4m\/3 — 9nVb + 4m\/3b + 9b*logh
(3 +1)(1+ bx2) ¥~ P17 027 18(b% + 1)
X I 411\/_ 9am + 4m\/3a? + 18a*loga
o (3 +1)(1+ a?x?) 18(a®+ 1)
1
Q=Q(1)=.f Q'(a)da, !li_l)l(}ﬂ(a)=0
0 a>0
Zm/— 1 m(l a 23 (1 a? La*loga
da+ - da + da + da;(1
9f6+1 zfoa6+1a 9f0a6+1af0a61a()

11 1
lej; a6+1da=g(n+\/§log(2+\/§));(2)

1 a 1
Q, = J;) aG—_}_lda = E(Tﬁ/g + 310g2), (3)

1 a? T
Q. = da = —
3 foa6+1 12

We calculate the fourth integral:

Ix*logx
94:f g dx
0

x6+1

4
For this, we consider the function: f(x) = x:+1
We have for x € (0,1): f(x) = x* — x10 + x16 — x22 4 x28 — x34 4 x40 — x46 4 ...

1 1 N 1 1 4 1 1 N
112 17?2 232 292 352 412

1 1
Q, = .[0 f(x)dx = —?+

= (1+1+1+1+ )+<1+1+1+1+)
~ \52 172 292 " 412 112 232 352 472

Now, we will use the trigamma function, which is defined by the relationship:

¥y (x) = Zﬁ >l = 114( "1 (152) th (E))
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But, we have the equality: —¥; ( ) + ¥, ( ) 4m*\/3 — 80G, where G is Catalan’s

constant. So we have:

LN 565

Replacing the relationships (2),(3),(4),(5) in the relation (1), we obtain:

Qy

5
Q——nzx/_+ nlog(2+\/_)——1rlogz—66

Solution 2 by Syed Shahabudeen-India

_ 1-
1 -1 Yy
_J‘ tan X x:ﬁz.rtan (m) dy
), 1 T ) T etz Aty
I(E—tan‘lx)(1+y)
-1 6y2+2

_nj‘l 1+yd Zfl 1+yt 1y g
“2) 62+2" % eyr 42t YV

A—fl 1+yd _1f1 1 P
_—163’2"'2 y_30 1y_3\/§

2 —
Yy +3
L 1+y lytan=1y
B= tan"ly d =zf T Tdy=
f_16y2+2 ayay==2) eyr+z v
1 (llog(3y* +1)
‘2<4"’92_E “yrr Y

Llog(ay® + 1)
1 =| ———d
=] 222

y? 1 (/01 1
= 2 2 dy = f ( 2 P )dy =
o (ay*+1)(y*+1) a—-1J), \y*+1 ay*+1
1 <Tl’ tan‘H/E) T tan a

“a-1\#" " va ) 4@-1 (@-1va
/2 tan~ 1\/—
I(a) =Zlog(a—1)— (a—1)\/_
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ym-—1
tan"'Va  m=yam [ dm +2ft¢m 1(m+ 1)

a-Dva & T 2/ m-1 m? — 1

_T, Va-1 Ti Va-1 c
_Z°g<\/a+1>+ ’2<ﬁ+1>+

-1 -1
I(a) =%log(a— 1) —%log <%> —Ti, <£+ 1) +C

Ti, —Inverse tangent integral. Whena=0->1=0
1(0) = -Ti,(-1)+ C=0- C = —G; (G — Catalan ct.)
V3 - 1)
-G
V3+1

dm =

T w
I(3) = 7 log2 + Zlog(z ++/3) - Ti, (

Finally we'll get:

Q= %—%logz +%logz +%log(2 ++3) —%Tiz <g; i) —g
UP.360 Find x, y > 0 such that:
2
x+y=3
(x + 1)? y+1* 16

3ﬂ—2x+1+3ﬁ—2y+1_3

Proposed by Daniel Sitaru-Romania
Solution 1 by Christos Tsifakis-Greece

xXt+ty=-©

2 {3x=2—3y {3x2—2x=—3xy {3x2—2x+1=1—3xy
3

t1=2-y° 1=2 1=2
X —3 y X + —§—y X+ —E—xy

5
x+1l==—-y

3x2-2x+1=1-(2-3xy)y 3x2-2x+1=3y*-2y+1
(=4 (=4
3

r1=2
X —3 y

So,
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2 2
x+y=§ x+y_§
2 2 < 5 z <
x+1)° _O+D7 16 (3-) +1? 16
3x2-2x+1 3y2—-2y+1 3 + ==
yo— 4y 3y2—2y+1 3y2-2y+1 3
N 2
X y—3
5 \2 <
3(§—y> +3(y+1)2=16(3y* -2y +1)
N 2
X y—3 o
25 10 ) ) )
3(?—?y+y)+3(y +2y+1) =48y - 32y + 16
+ 2 + 2
x+ty=2 x+ty=2 1
3 o 3 ymymo
3y> -2 +1=0 _1 3
Yy y 3 Yy 3
Solution 2 by Ravi Prakash-New Delhi-India
1 1 1 1
Putx—§+t,y—§—t,—§<t<§
4 \? 4\
x+1D* (3+1) _ (3+1)
3x2—2x+1 _ 1 %> _/1 Ca(pza 2, 1) 2 -
3(§+t) _2(§+t)+1 3(t +3t+9) z3-2t+1
4 2
:(§+t)
3t2+§
4 \? 4 2
+1? (3-¢) _ G-Y) _
3y?—-2y+1 1 2 1 g[1_2 5] 2
2_4) —2(2_ s—mt+t2|—5+2t+1
3(3-t) —2(3-t)+1 [5-3t+¢]-3
4 2
_(§—t)
3t2+§

Then, it follows that:
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2

2
(%H) +(%_t) —E:Z-E+2t2=16t2+¥=> 14t2 =0

o2 39 Z
t= 0.Thus,x=y=§.
Solution 3 by proposer

x242x+1 _ 4(3x+1)
3x2-2x+1 — 3 7

(1
3(x2 +2x+1) <4@Bx+1)(3Bx*—-2x+1)
3x2+6x+3<36x3—12x*+4x+4
36x3 —15x*—-2x+1>0
36x3 —12x* —3x>+x—-3x+1>0
12x*(3x—-1)—xBx—-1)-3x-1)=>0
Bx—-1)(12x2-x-1)=0
Bx—-1D[(12x*—-4x)+ (3x—-1)] =0
Bx-1)2?MAx+1)=0

First we prove:

Equality holds for x = % Analogous:

24+2y+1 43y+1
y y S(y );(2)
3y2 -2y +1 3
By adding (1),(2):
xX>+2x+1  y*+2y+1 4

<
3x2—2x+1+3y2—2y+1_3

Bx+1+3y+1)=

ICTen )+2)—4(3 Z+z)—16
BRI —3\°'37%) 3"
Equality holds forx =y = %
Solution: x =y = %
Solution 4 by Fayssal Abdelli-Bejaia-Algerie
2
x+y=§mU
(x+1)2 (y + 1)? 16
=—;(2)

3x2—2x+1+3y2—2y+1_ 3
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From (1) —>y=§—x

2

2
(x +1)? (§—x+1) 16
(2)_) + 2 ==
3x2-2x+1 3 2 ) 2 1 3
(3-%) -2(3-%)+
10 |, 25

4241 -ty 16
— _2°
3x"—2x+1 3(%+x2—%x)—%+2x+1 3

10 25
X*+2x+1 XX+ 16

3x2—2x+1+ 3x2—-2x+1 3

4 34
2 _ =% 2=
2x 3x+9

a3
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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