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JP.346 Find all values of � such that the following inequality: 

��

�
+

��

�
+

���

� + �
≥ �� +

�

�
� (� + �) 

holds for all positive real numbers �, �. 

Proposed by Nguyen Viet Hung-Hanoi-Vietnam 
Solution 1 by Alex Szoros-Romania 

��

�
+

��

�
+

���

� + �
≥ �� +

�

�
� (� + �); (∗) ⇔

��

�
+

��

�
− (� + �) + � �

��

� + �
−

� + �

�
� ≥ � 

Let be the function �: ℝ → ℝ, �(�) = �
��

���
−

���

�
� � +

��

�
+

��

�
− (� + �) 

��(�) =
��

� + �
−

� + �

�
=

��� − (� + �)�

�(� + �)
⇒ ��(�) = −

(� − �)�

�(� + �)
≤ �, ∀�, � > 0 ⇒ 

� −decreasing; (1) 

But �(��) =
��

�
+

��

�
− (� + �) −

��(���)�

�(���)
=

(���)(���)�

��
−

�(���)�

���
 

�(��) = (� − �)� �
� + �

��
−

�

� + �
� = (� − �)� �

(� + �)� − ���

��(� + �)
� =

(� − �)�

��(� + �)
≥ �, 

∀�, � > 0 ⇒ �(��) ≥ �; (�) 

From (1),(2) it follows that: � ≤ �� ⇒ �(�) ≥ �(��) ≥ �, so �(�) ≥ �, ∀� ≤ ��. 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

��

�
+

��

�
+

���

� + �
≥ �� +

�

�
� (� + �) ⇔

��

�
+

��

�
− (� + �) + � �

��

� + �
−

� + �

�
� ≥ � 

⇔
(� − �)�(� + �)

��
≥

�(� − �)�

�(� + �)
 

For � = � ⇒ (∗) holds for all � ⇒ (∗) ⇔ (� + �)� ≥
���

�
 

If � ≤ � ⇒ (∗) holds for all �, � > 0. Let � > 0 and let � =
�

�
, then 

(∗) ⇔ �� + �� −
�

�
� � + � ≥ �, with � = �� −

�

�
�

�

− � =
�(����)

��
 

� ≤ � ⇒ � ≤ � ⇒ (∗) holds for all �, � > 0. 

If � ≤ ��, and if � < � <
�

�
�−� +

�

�
+ √�� > 0 ⇒ �� + �� −

�

�
� � + � < 0. 
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Therefore, � ≤ ��. 

Solution 3 by proposer 

The inequality is equivalent to 

��

�
+

��

�
− (� + �) +

���

� + �
−

�(� + �)

�
≥ � 

�� + �� − ��(� + �)

��
−

�[(� + �)� − ���]

�(� + �)
≥ � 

�
� + �

��
−

�

�(� + �)
� (� − �)� ≥ � 

� + �

��
≥

�

�(� + �)
 

�(� + �)�

��
≥ � 

This is true for all positive real numbers �, � if and only if  

���
�,���

�(� + �)�

��
≥ � 

Because �(� + �)� ≥ ���� and the equality happens when � = �, it follows that 

���
�,���

�(� + �)�

��
= �� 

So, � ≤ ��. 

JP.347 Let �, �, � be non-negative real numbers, no two of which are zero. Prove that 

�(� + �)(� + �)

� + �
+

�(� + �)(� + �)

� + �
+

�(� + �)(� + �)

� + �
>

(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
 

Proposed by Nguyen Viet Hung-Hanoi-Vietnam 
Solution 1 by proposer 

We rewrite the inequality as 

�
�(�� + �� + �� + ��)

� + �
���

>
(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
 

Or equivalent to 
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� �
�(�� + ��)

� + �
+ ���

���

>
(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
 

�
�(�� + ��)

� + �
���

>
(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
− �(� + � + �) 

�
�(�� + ��)

� + �
���

>
[(� + � + �)� − (�� + �� + ��)]�

�(�� + �� + ��)(� + � + �)
 

�
�(�� + ��)

� + �
���

>
(�� + �� + �� + �� + �� + ��)�

�(�� + �� + ��)(� + � + �)
 

Now, we use the Cauchy-Schwarz inequality to obtain 

�
�� + ��

� + �
���

= �
(�� + ��)�

(�� + ��)(� + �)
���

≥
(�� + �� + �� + �� + �� + ��)�

∑(�� + ��)(� + �)
= 

=
(�� + �� + �� + �� + �� + ��)�

� ∑ ��(� + �)
≥

(�� + �� + �� + �� + �� + ��)�

�(�� + �� + ��)(� + � + �)
 

Note that equality can’t happen. The proof is completed. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�(� + �)(� + �)

� + �
+

�(� + �)(� + �)

� + �
+

�(� + �)(� + �)

� + �

>
(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
; (∗) 

(∗) ⇔ � �
��

� + �
���

+ � � �

���

+ � �
��

� + �
���

>
(∑�)�

∑��
+

∑��

∑�
⇔ 

� �� ��

���

� ��
��

� + �
���

� + � �� �

���

� �� ��

���

� + � �� ��

���

� ��
��

� + �
���

�

> �� ��

���

� +
(∑��)�

∑�
⇔ 
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� �
���

� + �
���

+ � �
���

� + �
���

+ ���� �
�

� + �
���

+ � �� �

���

� �� ��

���

� + ���� �
�

� + �
���

+ ���� �
�

� + �
���

+ � �
(��)�

� + �
���

> �� �

���

�

�

+
(∑��)�

∑�
⇔ 

� � ��

���

+ ���� �
�

� + �
���

+ � � ���

���

+ ���� + ���� + � �
(��)�

� + �
���

> � ��

���

+ � � ���

���

+ ���� +
(∑��)�

∑�
⇔ 

�� ��

���

+ ����� + � �
(��)�

� + �
���

+ ���� �
�

� + �
���

+ ���� > � ���

���

+
(∑��)�

∑�
; (�) 

which is true, because ∑�� + ���� ≥ ∑���(�������) and �∑
����

���
≥

(∑��)�

∑�
(���). 

 Solution 3 by Tran Hong-Dong Thap-Vietnam 

We have: � + � > 0, � + � > 0, � + � > 0. 

�
�(� + �)(� + �)

� + �
���

= � �
�(� + �)(� + �)�

�

(� + �)(� + �)(� + �)
���

= �
∑�(� + �)(� + �)�

�

(� + �)(� + �)(� + �)
= 

=
�∑�(� + �)(� + �)�

�

(� + � + �)(�� + �� + ��) − ���
>

�∑�(� + �)(� + �)�
�

(� + � + �)(�� + �� + ��)
 

We need to prove that: 

�∑�(� + �)(� + �)�
�

(� + � + �)(�� + �� + ��)
>

(� + � + �)�

�� + �� + ��
+

�� + �� + ��

� + � + �
⇔ 

� ��(� + �)(� + �)�
�

���

> (� + � + �)� + (�� + �� + ��)� ⇔ 

�[(�� + �� + �� + ��)� + (�� + �� + �� + ��)� + (�� + �� + �� + ��)�]

> (� + � + �)� + (�� + �� + ��)� ⇔ 

�[�� + �� + �� + �(�� + �� + ��)(�� + �� + ��) + �(�� + �� + ��)�]

> ��� + �� + �� + �(�� + �� + ��)�
�

+ (�� + �� + ��)� ⇔ 
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� �� ��

���

+ � �� ��

���

� �� ��

���

� + � �� ��

���

�

�

� > 

> �� ��

���

�

�

+ � �� ��

���

� �� ��

���

� + � �� ��

���

�

�

⇔ 

� � ��

���

+ �� ��

���

�

�

> �� ��

���

�

�

⇔ � ��

���

+ �� ��

���

�

�

> 2 � ����

���

⇔ 

� ��

���

+ ����(� + � + �) > � ����

���

 

Which is true, because: �� + �� + �� ≥ �� + �� + ��. Hence, 

�(��)�

���

≥ � ����

���

⇒ � ��

���

+ ����(� + � + �) > � ����

���

 

JP.348 If �, �, � > 0 then: 

�
��

��
+

��

��
+

��

��
� �

��

��
+

��

��
+

��

��
� ≥ �

��

��
+

��

��
+

��

��
�

�

 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer 

We will prove: 

∑
��

����� ≥ ∑
��

�����    (1) 

∑
��

����� ≥ ∑
��

�����    (2) 

(1) ⇔ ∑ ����
��� ≥ ∑ ������

���   (by multiplying with (���)�) 

� ����

���

=
�

��
� ������

���

=
�

��
�(����� + ����� + �����)

���

= 

=
�

��
�(����� + ����� + �����)

���

≥ 
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≥
����� �

��
� �� �(����)� ⋅ (����)� ⋅ (����)���

���

= � ������������

���

= � ������

���

 

(2) ⇔ ∑ ����
��� ≥ ∑ �����

���   (by multiplying with (���)�) 

� ����

���

=
�

�
� �����

���

=
�

�
�(����� + ���� + ����)

���

= 

=
�

�
�(����� + ���� + ����)

���

≥
����� �

�
� ��(����)� ⋅ ���� ⋅ �����

���

= 

= � ���� ⋅ �� ⋅ ����

���

= � �����

���

 

By multiplying (1); (2): 

��
��

��

���

� ��
��

��

���

� ≥ ��
��

��

���

�

�

 

Equality holds for � = � = �. 

Solution 2 by Tan Tey Tan-China 

��
��

��

���

� ��
��

��

���

� ≥ ��
��

��

���

� �� ⋅ ��
��

��

���

�
� = ��

��

��

���

� ⋅ � = 

= ��
��

��

���

� (� + � + �) ≥ ��
��

��

���

�

�

 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� �
�

�
�

�

���

≥
��� �

�
��

��

��

���

�

�

, � �
�

�
�

�

���

≥
�����

� � �
�

�
�

���

= � 

Therefore, 

��
��

��

���

� ��
��

��

���

� ≥ ��
��

��

���

�

�
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 Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

�
��

��
+

��

��
+

��

��
� �

��

��
+

��

��
+

��

��
� ≥

�
��

�� +
��

�� +
��

���
�

�
�
�

+
�
� +

�
��

�
≥ 

≥ �
��

��
+

��

��
+

��

��
� �

��

��
+

��

��
+

��

��
� = �

��

��
+

��

��
+

��

��
�

�

 

Solution 5 by Samar Das-India 

� �
�

�
�

�

���

≥ ��� �
�

�
�

�

���

�
= �; (�); � �

�

�
�

�

���

≥ ��� �
�

�
�

�

���

�
= �; (�) 

� �
�

�
�

�

���

≥ ��� �
�

�
�

�

���

�
= �; (�) 

� �
�

�
�

�

���

= � �
�

�
�

���

���

≥
�

�
� �

�

�
�

�

⋅ � �
�

�
�

�

������

=
�

�
�� �

�

�
�

�

���

�

�

; (�) 

� �
�

�
�

�

���

=
�

�
� �

�

�
�

�

���

⋅ � �
�

�
�

���

; (�); �
�

�
���

≥ �; (�) 

� �
�

�
�

�

���

⋅ � �
�

�
�

�

− �� �
�

�
�

�

���

�

�

���

≥
�

�
�� �

�

�
�

�

���

�

�

⋅
�

�
� �

�

�
�

���

− �� �
�

�
�

�

���

�

�

= 

=
�

�
�� �

�

�
�

�

���

�

�

�� �
�

�
�

�

���

⋅ � �
�

�
�

���

− �� =
�

�
� �

�

�
�

�

���

�� �
�

�
�

�

���

⋅ � �
�

�
�

���

− �� 

Therefore, 

��
��

��

���

� ��
��

��

���

� ≥ ��
��

��

���

�

�

 

Solution 6 by Tran Hong-Dong Thap-Vietnam 

Let � =
�

�
> �, � =

�

�
> �, � =

�

�
> � ⇒ ��� = � 
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�� + �� + �� = �� ⋅ �� + �� ⋅ �� + �� ⋅ �� ≥
����������� �

�
�� ��

���

� �� ��

���

� ≥
�����

 

≥
�

�
⋅ � ⋅ �(���)��

⋅ � ��

���

= � ��

���

; (�) 

�� + �� + �� = � ⋅ �� + � ⋅ �� + � ⋅ �� ≥
����������� �

�
�� �

���

� �� ��

���

� ≥
�����

 

≥
�

�
⋅ � ⋅ � ��

���

= � ��

���

; (�) 

From (1),(2) it follows that: 

�� ��

���

� �� ��

���

� ≥ �� ��

���

�

�

 

Therefore, 

��
��

��

���

� ��
��

��

���

� ≥ ��
��

��

���

�

�

 

Equality holds for � = � = �. 

JP.349 Let �, �, � be positive real numbers such that  � + � + � = �. Prove 

that: 

��

�� + �
+

��

�� + �
+

��

�� + �
≥

�

�
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by proposer 

By AM-GM inequality, we have: 

��

�� + �
+

�� + �

�
+

�

�
≥ ��

��(�� + �)

�(�� + �)

�

=
���

�
 

��

�� + �
+

�� + �

�
+

�

�
≥

���

�
;

��

�� + �
+

�� + �

�
+

�

�
≥

���

�
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Adding up these inequalities, we get: 

��

�� + �
+

��

�� + �
+

��

�� + �
+

�� + �� + ��

�
+

�

�
+

�

�
≥

�

�
(�� + �� + ��) 

It ia well-known that (� + � + �)� ≤ �(�� + �� + ��), so �� + �� + �� ≥ �. So, 

��

�� + �
+

��

�� + �
+

��

�� + �
≥

�

�
(�� + �� + ��) −

�

�
≥

��

�
−

�

�
=

�

�
 

Namely 

��

�� + �
+

��

�� + �
+

��

�� + �
≥

�

�
 

Equality holds when � = � = � = �. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� ��

���

≥
��� (∑�)�

�
; (�) 

�
��

�� + �
���

≥
��� (∑��)�

∑�� + ∑�
≥

����������� (∑��)�(∑�)�

�(∑�� + �)
≥
(�) (∑��)�

∑�� + ∑��
=

∑��

�
≥
(�) �

�
 

 Solution 3 by Tran Hong-Dong Thap-Vietnam 

� + � + � = � ⇒ � = �� + �� + �� ≥
��� (� + � + �)�

�
= � 

��

�� + �
+

��

�� + �
+

��

�� + �
=

∑(��)�

�� + �
≥

������ (∑��)�

�(∑�� + ∑�)
=

��

�(� + �)
 

We need to prove: 

��

�(� + �)
≥

�

�
⇔ ��� − �� − �� ≥ � ⇔ (� − �)(��� + �� + �) ≥ � 

which is true, because � ≥ �. Equality holds for � = � ⇔ � = � = � = �. 

Solution 4 by Sanong Huayrerai Nakon Pathom-Thailand 

For �, �, � > 0 and � + � + � = � we have:  
��

�� + �
+

��

�� + �
+

��

�� + �
≥

(�� + �� + ��)�

�(�� + �� + �� + � + � + �)
≥

�

�
 

Iff �(�� + �� + ��)� ≥ �(�� + �� + �� + �) 

Iff (�� + �� + ��)� + (�� + �� + ��)� ≥ �(�� + �� + ��) + � ⋅ �, which is true because 
(�� + �� + ��)� = (�� + �� + ��)�(�� + �� + ��) ≥ �(�� + �� + ��) and  
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(�� + �� + ��)� = (�� + �� + ��)�(�� + �� + ��) ≥ � ⋅ �, because � + � + � = � ⇒ 

�� + �� + �� ≥ �. 

JP.350 For � ≤ �, �, � ≤
�√�

�
, prove that: 

�� − ��� + �� − ��� + �� − ��� + (� + � + �)� − �(� + � + �) ≤ � 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by proposer 

First, will prove that √� − ��� ≤ −��� + �� + �. We have: 

−��� + �� + � − �� − ��� = ��(� − �) +
� − (� − ���)

� + √� − ���
= 

= ��(� − �) +
��� − �

� + √� − ���
= ��(� − �) +

�(� − �)(� + �)

� + √� − ���
= 

= ��(� − �) − �(� − �) ∙
� + �

� + √� − ���
= ��(� − �) �

� + �

� + √� − ���
− �� = 

= ��(� − �) ∙
� + � − � − √� − ���

� + √� − ���
= ��(� − �) �

� − √� − ���

� + √� − ���
� = 

= ��(� − �)
�� − � + ���

�� + √� − ������ + √� − ����
= 

= ��(� − �) ∙ � ∙
�� − �

�� + √� − ������ + √� − ����
=

���(� − �)�(� + �)

�� + √� − ������ + √� − ����
≥ �  

Equality holds when � = �. Similarly: 

�� − ��� ≤ −��� + �� + �, �� − ��� ≤ −��� + �� + � 

So, 

�� − ��� + �� − ��� + �� − ��� ≤ −�(�� + �� + ��) + �(� + � + �) + � 

We know that �� + �� + �� ≥
�

�
(� + � + �)�. So, 

√� − ��� + √� − ��� + √� − ��� ≤ −(� + � + �)� + �(� + � + �) + �, namely 

�� − ��� + �� − ��� + �� − ��� + (� + � + �)� − �(� + � + �) ≤ � 

Equality holds when � = � = � = �. 
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Solution 2 by Tran Hong-Dong Thap-Vietnam 

Because: � ≤ �, �, � ≤
�√�

�
⇒ � ≤ � + � + � ≤ �√�, ; � − ���, � − ���, � − ��� ≥ � 

Now, √� − ��� + √� − ��� + √� − ��� ≤
���

��[�� − (�� + �� + ��)] ≤
∑���

(∑�)�

�

 

≤ ��(�� − (∑�)�) = ��(�� − ��) 

We need to prove: 

��(�� − ��) + �� − �� ≤ �; �∵ � ≤ � ≤ �√�� ⇔ 

��(�� − ��) ≤ �� + � − �� ⇔ 

�(�� − ��) ≤ (�� + � − ��)�; �∵  � ≤ � ≤ �√� ⇒ �� + � − �� ≥ �√� − � > 0� ⇔ 

�� − ��� + ��� + ��� − �� ≥ �, which is true because: � ≥ � ⇒ (� − �)� ≥ � ⇒ 

�� − � ≥ � > 0. 

JP.351 In ∆��� the following relationship holds: 

� �����

���

≥ � � ���� −

���

� � �����

���

 

Proposed by Cristian Miu-Romania 
Solution 1 by proposer 

We may assume that ∆��� is acute. 

Now, it is enough to prove that these exists a triangle with sides �����, �����, �����, 

because ������ = ������ + ������ − ������������(� − ��) 

This equality follows from �� = �� + �� − ������� using law of sinus and changing  

� → � − ��, � → � − ��, � → � − ��. 

Let us ��, ��, �� −the radius of the circumscribed circle, inscribed circle and area of 

triangle, ����� = �������� ⇒ �� =
�

�
. 

�� =
�������������(� − ��)

�
=

���������������

�
 

�� =
��

��
= ������������� 
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Because: ∑ ����� = � ∏ ����. 

Now, we want write Gerretsen inequality: �� ≥ ���� − ��� and obtain: 

�
�

�
� ������

�

≥ �� � ���� − �� � ����� 

Hence, 

� �����

���

≥ � � ���� −

���

� � �����

���

 

Because: ∑ ����� = � ∏ ����  

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

If ���� is an obtuse triangle, thus ∏���� ≤ � ⇒ 

� �����

���

≥ � ≥ � � ���� −

���

� � �����

���

 

Let ���� be an acute triangle. 

Let � = � − ��; � = � − ��; � = � − ��; ∑� = � 

� �����

���

≥ � � ���� −

���

� � �����

���

⇔ � ����
�

�
���

≥ � � ���
�

�
���

− � � ����
�

�
���

⇔ 

�
�

��
�

�

≥ � �
�

��
� − � �

�

��
�

�

⇔ �� ≥ ���� − ���(���������) 

Therefore, 

� �����

���

≥ � � ���� −

���

� � �����

���

 

JP.352 If �, �, � ∈ ℂ; |�| = |�| = |�| = � then: 

�|� + � + �| + �(|� − �| + |� − �| + |� − �|) ≥ � 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

��� = ��|� + � + �| + (|� − �| + |� − �|)�

���

 ≥ �|� + � + � + � − � + � − �|

���

= 

= � �|�|

���

= � 
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Therefore, 

�|� + � + �| + �(|� − �| + |� − �| + |� − �|) ≥ � 

Solution 2 by Samar Das-India 

�, �, � ∈ ℂ; |�| = |�| = |�| = � 

Let � = ���� + �����; � = ���� + �����; � = ���� + ����� 

� + � + � = ���� + ����� + ���� + ����� + ���� + ����� 

|� + � + �| = �(���� + ���� + ����)� + (���� + ���� + ����)� = 

= �� + �����(� − �) + ���(� − �) + ���(� − �)� = 

= �� − � ����� �
� − �

�
� + ���� �

� − �

�
� + ���� �

� − �

�
�� ; (�) 

|� − �| = �(���� − ����)� + (���� − ����)� = �� − ����(� − �)

= � ���� �
� − �

�
�� ; (�) 

|� − �| = � ���� �
� − �

�
�� ; (�)   |� − �| = � ���� �

� − �

�
�� ; (�) 

Now, �|� + � + �| + �|� − �| + �|� − �| + �|� − �| = 

= ��� − � ����� �
� − �

�
� + ���� �

� − �

�
� + ���� �

� − �

�
�� + 

+� ����� �
� − �

�
�� + ���� �

� − �

�
�� + ���� �

� − �

�
��� = � 

Solution 3 by proposer 

|� + � + �| + |� − �| + |� − �| ≥ 

≥ |� + � + � + � − �| + |� − �| = 

= |�� + �| + |� − �| = |�� + �| + |� − �| ≥ 

≥ |�� + � + � − �| = �|�| = � 

|� + � + �| + |� − �| + |� − �| ≥ �   (1) 

Analogous: 

|� + � + �| + |� − �| + |� − �| ≥ �   (2) 
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|� + � + �| + |� − �| + |� − �| ≥ �   (3) 

By adding (1); (2); (3): 

�|� + � + �| + �(|� − �| + |� − �| + |� − �|) ≥ � 

JP.353 In ∆���, � ∈ ���(∆���), ������ � = ���, 

������ � = ������ � = ���, ������� = ���. 

Prove that: |��| + |��| = √�|��| 

Proposed by Mehmet Şahin-Ankara-Turkey 

Solution 1 by proposer 

 

Let � ∈ [��), |��| = |��| ⇒ ∆��� −is equilateral triangle. 

|��| = |��|, |��| = |��|, � = ���, ������ � = ��� 

In ∆���, ∆��� applying sines law, we have: 

|��|

������
=

|��|

������
; (�) ⇒

|��|

|��|
=

������

������
 

|��|

������
=

|��|

������
; (�) ⇒

|��|

|��|
= �������; (�)(�� = ��) 

In ∆���:
|��|

������ =
|��|

������ ⇒ |��| = �������; (�) 

|��| + |��| = �|��|������ + �|��|������ = 

= �|��|(������ + ������) = �|��| ∙ ������������� = �√�|��|������; (�) 
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(�)
�� ������ =

|��|

|��|
������ =

|��|

�|��|������
������ =

|��|

�|��|
; (�) 

(�),(�)
����� |��| + |��| = �√�|��| ∙

|��|

�|��|
 

|��| + |��| = √�|��| 

Solution 2 by Eltac Qafarli-Baku-Azerbaijan 

 

(�� + �)� + �� = � ⋅ ���; |��| =
�(� − �)

√�
 

�� + � = �√� ⇒ �� = √�� + � − � 

√�� = � +
� − �

√�
 

√�|��|

�
=

|��|

�
+

|��|

�
⇒ √�|��| = |��| + |��| 

 

JP.354 In acute ∆���, � −circumcenter, �, � ∈ (��), �, �(��), �, � ∈ (��) 

���������, ����������, ��������� −are the antiparallels. Let ��, ��, �� −inradii of 

���, ∆∆���, ∆���. Prove that: �� + �� + �� = � 

Proposed by Mehmet Şahin-Ankara-Turkey 

Solution by proposer 

Let �� −semiperimeter of ∆��� 
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��� = �(���� + ����) + � �
���� + ����

��������
� = 

= �
����

��������
+ �

���� + ����

��������
= �

� + � + �
��
��
��

=
��

��

���

��
 

��� =
����

��
⇒ �� =

����

��
;  (�) 

[���] =
�

�

�

����

�

����
���� =

��

�
�

��
�

��

�

��
=

��� ∙ ���

����
=

�

��
��; (�) 

From (1),(2) it follows that: 
�

��
�� =

����

��
��, ��� =

��

��
� 

Therefore, 

�� + �� + �� =
�

��
(� + � + �) = � 

 

JP.355 In ����, ��, ��, �� are contact points with incircle. Prove that: 

�
��

����
�

�

+ �
��

����
�

�

+ �
��

����
�

�

≥
��

�
 

 

Proposed by Marian Ursărescu-Romania 
 



 
www.ssmrmh.ro 

 �� NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS 

 

Solution 1 by George Florin Şerban-Romania 

 

��� = ��� = �; ��� = ��� = �; ��� = ��� = �; 

� + � = �;  � + � = �; � + � = � ⇒ � + � + � = �; � = � − �; � = � − �; � = � − � 

������ −isosceles, from law of sines: 
����

����
=

���

����
���

�
�

⇒
����

����
=

���

���
�

�

 

���� =
(� − �)����

���
�
�

=
�(� − �)���

�
� ���

�
�

���
�
�

= �(� − �)���
�

�
  

��

����
=

�

�(� − �)���
�
�

⇒
��

����
⋅

��

����
⋅

��

����
= 

=
���

�(� − �)(� − �)(� − �)���
�
� ���

�
� ���

�
�

=
���

���

� ⋅
�

��

= 

=
��� ⋅ ���

����
=

���

��
 

�
��

����
�

�

+ �
��

����
�

�

+ �
��

����
�

�

≥⏞
�����

���
��

����
�

�

⋅ �
��

����
�

�

⋅ �
��

����
�

��

= 

= ��
���

��

�

≥⏞
(∗)

��

�
; (∗) ⇔

���

��
≥

���

��
⇔ � ≥ ��(�����). 
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Solution 2 by Alex Szoros-Romania 

 

����� −inscriptible, then �(∠�����) = � − �(�) 

From Law of cosines in ������:  ����
� = �� + �� − ��� ⋅ ���(� − �) 

����
� = ���(� + ����) ⇒

���

����
�

=
��

���(� + ����)
⇒ 

� �
��

����
�

�

���

=
�

���
�

��

� + ����
���

≥
�

���
⋅

(∑�)�

� + ∑����
 

� �
��

����
�

�

���

≥
���

��� �� + � +
�
��

⇒ � �
��

����
�

�

���

≥
����

��(�� + �)
; (�) 

It is enough to prove that: 
����

��(����)
≥

��

�
; (�) 

(�) ⇔
��

�(�� + �)
≥ � ⇔ �� ≥ ��(�� + �)(������) 

From (1),(2) it follows that: 

�
��

����
�

�

+ �
��

����
�

�

+ �
��

����
�

�

≥
��

�
 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

����� −inscriptible, then �(∠�����) = � − �(�) 
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���(����) = ��� �
� − �

�
� =

���

�
=

����

��
 

���� = �� ⋅ ���
�

�
;and analogs. 

� �
��

����
�

�

���

=
�

���
�

��

���� �
����

=
(��)�

���
� ����

�

�
���

=
���

��
�

� − ����

�
���

= 

=
���

��
�� −

�

�
� 

⇒ � �
��

����
�

�

���

=
���

��
−

��

�
≥⏞
(∗)

��

�
; (∗) ⇔

���

��
≥

��

�
⇔ � ≥ ��(�����). 

Therefore, 

�
��

����
�

�

+ �
��

����
�

�

+ �
��

����
�

�

≥
��

�
 

Solution 4 by proposer 

�(������)� =
�

�
−

�

�
 

In ∆������ : �
���� = ����� �

�

�
−

�

�
� = �����

�

�

� = �����
�

�
���

�

�
���

�

�

⇒ 

���� = �����
�

�
���

�

�
���

�

�
���

�

�
= ���������

�

�
���

�

�
 

��

����
=

�

�����
�
� ���

�
�

=
�

����
�
� ���

�
�

 

We must to show:  

�

�
�

�

���� �
� ���� �

����

≥
��

�
; (�) 

��� �
�

���� �
� ���� �

����

=
��(�� − �)

��
; (�) 

From (1),(2) it follows that: 
��(����)

�� ≥
��

�
⇔ �� − � ≥ �� ⇔ �� ≥ �� ⇔ � ≥ ��(�����) 
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JP.356 In ∆���, � −incenter and ��, ��, �� −circumradii in 

∆���, ∆���, ∆���.  Prove that: 

�
��

�
�

�

+ �
��

�
�

�

+ �
��

�
�

�

≥ � 

 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

������ � = � −
�

�
−

�

�
=

�

�
+

�

�
⇒ 

��� =
�

��� �
�
� +

�
��

=
�

���
�
�

=
������

���
�
�

= �����
�

�
⇒ �� = �����

�

�
(��� �������) 

��

�
=

�����
�
�

������
=

���
�
�

����
=

�

����
�
�

⇒ �
��

�
�

�

=
�

����� �
�

 

�
��

�
�

�

+ �
��

�
�

�

+ �
��

�
�

�

=
�

�
�

�

���� �
����

 

���  �
�

���� �
����

= � + �
�� + �

�
�

�

 ���  (�� + �)� ≥ ���(������) ⇒ 

�
��

�
�

�

+ �
��

�
�

�

+ �
��

�
�

�

≥ � 
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Solution 2 by Daniel Văcaru-Romania 

BY Sine Law in ∆���, � = ����������� � = ������ �� −
�

�
−

�

�
� = 

= ������ �
� + �

�
� = ������

�

�
⇒

��

�
=

�

����
�
�

⇒ 

�
��

�
�

�

= �
�

����� �
����

≥
��������� �

�∑���� �
�

=
�

� �� +
�

���
≥

�����
� 

JP.357 In ∆���, �� −Nagel’s point. Prove that if �� lies on incircle if and only 

if �� + ��� = ����    

 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

If that inscribed circle of ∆���  passes through point �� ⇔ ��� = � ⇔ ���
� = ��; (�) 

���
�������⃗ =

(� − �)������⃗ + (� − �)�������⃗ + (� − �)������⃗

�
⇔ 

��� =
∑(� − �)���� + ∑ ��(� − �)������⃗ ∙ �������⃗

��
; (�) 
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�(� − �)���� = �(� − �)�(�� − ���) = � ��(� − �)� − ��� �(� − �)� = 

= ��� �
(� − �)�

�
− ��� �(� − �)� = ���� ∙

�(�� + �� − ����)

���
− ��� 

�� − ��� − ��� = ��(�� + �� − ����) − ���(�� − ��� − ���) = 

��(�� + �� − ����) − ����� + ���(��� + ���) = 

= ��(�� + �� − ����) + ����(�� + �); (�) 

�(� − �)(� − �)������⃗ ∙ �������⃗ = �(� − �)(� − �) �
��� + ��� − ���

�
� = 

= �(� − �)(� − �) �
�� − ��� + �� − ��� − ��

�
� = 

= �(� − �)(� − �) �
��(� − �) − ���

�
� = 

= �(� − �)(� − �)(�(� − �) − ���) = 

= (� − �)(� − �)(� − �) ∙ �� − ��� �(� − �)(� − �) = 

= ����� − �����(�� + �)� = ����� − ����(�� + �); (�) 

From (2),(3),(4) it follows that:  

��� = �� + �� − ���� +
����(�� + �)

��
+ ��� −

����(�� + �)

��
= �� + ��� − ����; (�) 

From (1),(5) it follows that: �� + ��� = ����.    

Solution 2 by Daniel Văcaru-Romania 

We know that: ��� = ��� ⇒ ��� = � ⇒ �� = ���� ⇒ �� = �� + ��� − ���� ⇒ 

���� = �� + ���. Or, else: 

���� =
� − �

�
��� +

� − �

�
��� +

� − �

�
��� + ��� − ���; (∗) 

We obtain ���� =
���

�
��� +

���

�
��� +

���

�
��� + ��� − ��� and  

�� =
��

�
 ���

�

�
, ��� =

����

��
⋅

�(� − �)

��
⇒

� − �

�
��� =

��(� − �)�

��
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�
� − �

�
���

���

= �
��(� − �)�

��

���

=
�� ∑ �� − ����� + ���(� + � + �)

��
= 

=
�� ∑ �� − �����

��
=

��(�� + �� + ���) − ������

��
= �� + �� − ���� 

Again in (∗), we obtain  

���� = �� + �� − ���� + ��� − ��� = �� + ��� − ����. 

But ��� = � ⇒ �� = �� + ��� − ����. 

Therefore, �� + ��� = ����. 

JP.358 If �, �, � > �, ��� = � then in ���� the following relationship holds: 

�� �� + � +
�

�
� + �� �� + � +

�

�
� + �� �� + � +

�

�
� ≥ ������ 

Proposed by Daniel Sitaru-Romania 
Solution 1 by George Florin Şerban-Romania 

�� �� + � +
�

�
� + �� �� + � +

�

�
� + �� �� + � +

�

�
� = 

(��� + ��� + ���) + (�� + �� + ��) + �
��

�
+

��

�
+

��

�
� ≥⏞

�����

 

≥ ��(���)� ⋅ ���
�

+ � ��

���

+ ��
(���)�

���

�

= ��(���)��
+ � ��

���

+ ��(���)��
≥ 

≥ ��(����)��
+

(∑�)�

��
= ����(���)��

+
����

��
≥⏞

����

���√��

����� ⋅ �� ⋅ ����
+ �� ⋅ ����

= ������ 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� �� �� + � +
�

�
�

���

≥⏞
�����

��(���)� � �� + � +
�

�
�

���

�
≥⏞

������

 

≥ ��(����)��
������ + � +

�

�����
� ≥⏞

����

���√��

���� ⋅ (��)� ⋅ ��√���
�

⋅ ��
�

= ������ 
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 Solution 3 by Samar Das-India  

� = �� �� + � +
�

�
� + �� �� + � +

�

�
� + �� �� + � +

�

�
� ≥⏞

�����

 

≥ �������� �� + � +
�

�
� �� + � +

�

�
� �� + � +

�

�
� 

�

= 

= �(���)
�
� ⋅ ���� + � + � +

�

�
+

�

��
+

�

�
+

�

�
+

�

�
+ �� �� +

�

�
+ ��

�

= 

= �(���)
�
� ⋅ ��

�

�
+ � + � +

�

�
+ �� +

�

�
� �� +

�

�
+ ��

�

= 

= �(���)
�
� ⋅ �� + � � ��√� −

�

√�
�

�

+ �� + �
�

�
+

�

�
+

�

�
�

���

�

≥ 

≥ �(���)
�
� ⋅ �� + �� + ��

�

�
⋅

�

�
⋅

�

�

��

= �(���)
�
� = �(����)

�
�; 

∵ ���� + ���� + ���� = � +
�

�
≤

�

�
; 

���
�

�
≤ �����° =

�

√�
;  � = (� − �)���

�

�
⇒ ���

�

�
=

�

� − �
 

�����° ≥
�

� −
�
� �

⇒ � ≥ �√�; 

Therefore, 

� ≥ �(����)
�
� = ���� ⋅ �√�� ⋅ ���

�
� = ������ 

Solution 4 by Tran Hong-Dong Thap-Vietnam 

(��)�

�

� + � +
�
�

+
(��)�

�

� + � +
�
�

+
(��)�

�

� + � +
�
�

≥⏞
��� (�� + �� + ��)�

�

� + � +
�
�

+
�

� + � +
�
�

+
�

� + � +
�
�

= 
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=
(�� + �� + ��)�

�
�� + � + � +

�
�� + � + � +

�
�� + � + �

=
�����

 

=
(�� + �� + ��)�

�
�� + � + ��� +

�
�� + � + � +

��
��� + �� + �

 =
�����

 

=
(�� + �� + ��)�

� + � + ��
� + � + ��

= (�� + �� + ��)� ≥
�������������������

��√���
�

= 

= �� ⋅ � ⋅ �� ⋅ �� = ������ 

JP.359 Find all � natural numbers such that:  

�
� + ��

(� + �)(� + �)

�

∈ ℚ 

Proposed by George Florin Şerban-Romania 

Solution by proposer 

(� + ��)(� + �)(� + �) = (� + ��)(�� + �� + �) = �� + ���� + ���� + ��� 

is perfect cube. We want to prove: 

(� + �)� < �� + ���� + ���� + ��� < (� + ��)� 

�� + ���� + ���� + ��� ≤ �� + ���� + ���� + ��� ⇔ 

���� + ���� ≥ � ⇔ �(��� + ���) > � true for all � ∈ ℕ. 

On the other hand �� + ���� + ���� + ��� < �� + ���� + ���� + ����, true. 

If �� + ���� + ���� + ��� = (� + �)� ⇔ 

�� + ���� + ���� + ��� = �� + ���� + ���� + ��� ⇔ ���� + ���� = ��� 

⇔ �(��� + ���) = ���, ��� −prime number, � = � is false. 

If (� + ��)(� + �)(� + �) = (� + �)�, (� + ��)(� + �) = (� + �)�, � + � ≠ � 

�� + ��� + �� = �� + ��� + �� ⇔ ��� = �� ⇔ � =
��

��
∉ ℕ false. 

If �� + ���� + ���� + ��� = (� + �)� ⇔ 

�� + ���� + ���� + ��� = �� + ���� + ���� + ��� ⇔ �(�� + �) = �� ∙ �� 

�� + � ∈ {�, ��, ��, ��, ���, ���} ⇔ �� ∈ {�, ��, ��, ��, ���, ���}, false. 
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If �� + ���� + ���� + ��� = (� + ��)� ⇔ 

�� + ���� + ���� + ��� = �� + ���� + ���� + ��� ⇔ ��� − �� = ��� ⇔ 

���� − ���� = ���� ⇔ (� − ��, �)� = ����, �� ⇔ 

�� − ��, � = �����, �� ∉ ℕ, false. 

If �� + ���� + ���� + ��� = (� + ��)� ⇔ 

�� + ���� + ���� + ��� = �� + ���� + ���� + ���� ⇔ 

�(�� − ���) = � ∙ ���, �� − ��� ∈ {�, �, ���, ����},  

�� ∈ {���, ���, ���, ����} ⇒ � ∈ �
���

�
, ��,

���

�
, ���� ∩ ℕ = {��, ���} 

If � = �� ⇒ � + � = �� which isn’t perfect cube. 

If � = ��� ⇒ � + � = ���, �� < ��� < ��� < �� < ���, which isn’t perfect 

cube. 

So, � = �. 

JP.360 If �, �, � ∈ ��,
�

�
� then: 

�
���� �

���� � + ��� �
���

+ �
���� �

���� � + ��� �
���

≥ � �
�

���� � + ���� �
���

 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer 

���� �

���� � + ��� �
+

���� �

���� � + ��� �
≥

��������� (��� � + ��� �)�

���� � + ���� � + ��� � + ��� �
 

=
(��� � + ��� �)�

(��� � + ��� �)����� � − ��� � ��� � + ���� � + ��
= 

=
��� � + ��� �

���� � + ���� �
≥

����� �√��� � ��� �

���� � + ���� �
= 

=
�

���� � + ���� �
 

By summing: 

�
���� �

���� � + ��� �
���

+ �
���� �

���� � + ��� �
���

≥ � �
�

���� � + ���� �
���
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Equality holds for: � = � = � =
�

�
. 

Solution 2 by Daniel Văcaru-Romania 

We have 
���� �

���� ����� �
=

���� �

���� ��
�

��� �

=
���� �

���� ���
 and 

���� �

���� ����� �
=

�

���� �
�

���� �
�����

=
����

���� ���
. 

It follows that: 
���� �

���� ����� �
+

���� �

���� ����� �
=

���� ����� �

���� ���
. On the other hand, with calculus, we 

find 
�

���� ������ �
=

���� �

���� ���
. We must to prove that: 

���� � + ��� �

���� � + �
≥

� ���� �

���� � + �
; (∗) 

But is clear that ���� � + ��� � = ��� � (���� � + �) ≥
�����

� ��� �, which proves (∗). 

Writing (∗) for �, �, � and adding, we obtain: 

�
���� �

���� � + ��� �
���

+ �
���� �

���� � + ��� �
���

≥ � �
�

���� � + ���� �
���

 

 

SP.346 Determine all functions �: (�, ∞) → ℝ such that: 

�(��) ≤ ��(�) + ��(�) ≤ ���(��), ∀�, � > � 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

For � = � = � ⇒ �(�) ≤ ��(�) ≤ � ⇒ �(�) ≥ � and how �(�) ≥ � ⇒ �(�) = �. 

For � = � ⇒ �(�) ≤ ��(�) ≤ ���� ⇒ �(�) < −
����

�
; (�) 

For � =
�

�
⇒ �(�) ≤ ��(�) +

�

�
� �

�

�
� ≤ ���� ⇒ 

� ≤ ��(�) +
�

�
� �

�

�
� ≤ � ⇒ ��(�) +

�

�
� �

�

�
� = � ⇒ � �

�

�
� = −���(�); (�) 

In (1) we take: � →
�

�
⇒ � �

�

�
� ≤

����
�

�
�

�

�

⇒ �/�) ≤ −�����; (�) 

From (2),(3) it follows that: −���(�) ≤ −����� ⇔ ���(�) ≥ ����� ⇒ �(�) ≥
����

�
; (�) 

From (1),(4) we get: �(�) =
����

�
; ∀� > �. 
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Solution 2 by Ravi Prakash-New Delhi-India 

�: (�, ∞) → ℝ; �(��) ≤ ��(�) + ��(�) ≤ ���(��), ∀�, � > � 

Put � = � = �, we get �(�) ≤ �(�) + �(�) ≤ � ⇔ �(�) ≤ � but �(�) ≥ � ⇒ �(�) = �. 

For � =
�

�
, �(�) ≤ ��(�) +

�

�
� �

�

�
� ≤ ����; (�) 

⇔ � ≤ ��(�) +
�

�
� �

�

�
� ≤ � ⇔ ��(�) =

�

�
� �

�

�
� 

Replacing � by 
�

�
, � by 

�

�
, we get: � �

�

��
� ≤

�

�
� �

�

�
� +

�

�
� �

�

�
� ≤ ��� �

�

��
� ⇒ 

−���(��) ≤ −��(�) − ��(�) ≤ −���(��) ⇔ 

���(��) ≤ ��(�) + ��(�(≤ ���(��) 

Put � = � ⇒ ���� ≤ ��(�) + � ≤ ��(�) ⇒
����

�
≤ �(�), ∀� > �; (�) 

Also, from (1), putting � = � ⇒ �(�) ≤ ��(�) ≤ ���� ⇒ �(�) ≤
�

�
����; (�) 

From (2),(3) it follows that �(�) =
�

�
����, ∀� > �  

 Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�(��) ≤ ��(�) + ��(�) ≤ ���(��), ∀�, � > �; (∗) 

� = � = �
(∗)
�� �(�) ≤ ��(�) ≤ � ⇒ � ≤ �(�) ≤ � ⇒ �(�) = � 

� =
�

�

(∗)
�� � ≤ ��(�) +

�

�
� �

�

�
� ≤ � ⇒ ��(�) +

�

�
� �

�

�
� = � ⇒ 

� �
�

�
� = −���(�); ∀� > � 

� = �
(∗)
�� �(�) ≤ −����� ⇔ ��(�) ≤ ���� ⇒ �(�) ≤

����

�
; ∀� > �; (�) 

� =
�

�

(∗)
�� � �

�

�
� ≤ −����� ⇔ −���(�) ≤ −����� ⇒ �(�) ≥

����

�
; ∀� > �; (�) 

From (1),(2) it follows that �(�) =
����

�
; ∀� > �, which is true when we replace � in (*). 

Therefore, 

�(�) =
����

�
; ∀� > �. 
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SP.347 If �, � ∈ ��(ℝ) such that ��((�� − ��)�) = �. Prove that: 

���((�� − ��)� + �� − �� + ��) = �� − ���(�� − ��)�
�

 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

Let � = �� − ��, ��(�) = �� − ����� + ���∗� − ���� 

��� = ��(�� − ��) = �, ���∗ =
�

�
((���)� − ����) = � ⇒ 

��(�) = �� − ���� 

��(�) = (� − ��)(� − ��)(� − ��), ��, ��, �� ∈ ℂ 

Le �(�) = �� + � + � ⇒ ���(�� + � + ��) = �(�) = �(��)�(��)�(��) 

Let � ∈ ℂ, �� = �, �� + � + � = �, � + �� = −�, � ∙ �� = �, �� = �� 

�
��(�) = (� − ��)(� − ��)(� − ��)

��(��) = (�� − ��)(�� − ��)(�� − ��)
⇒ 

��(�) ∙ ��(��) = �� + �� + ��
���� + �� + ��

���� + �� + ��
�� = �(��)�(��)�(��); (�) 

From (1),(2) it follows that: ���(�� + � + ��) = ��(�) ∙ ��(��); (�) 

��(�) = � − ����, ��(��) = � − ���� ⇒ ��(�) ∙ ��(��) = (� − ����)�; (�) 

From (3),(4) it follows that ���(�� + � + ��) = (� − ����)� 

Solution 2 by Ravi Prakash-New Delhi-India 

Let �� − �� = �

��� ��� ���

��� ��� ���

��� ��� ���

� =
���

� 

Now, ��(�) = ��(�� − ��) = ��(��) − ��(��) = � ⇒ ��� + ��� + ��� = � 

Next, ��(��) = ���
� + ������ + ������ + ���

� + ������ + ������ + ���
� + ������ +

������ 

� = (��� + ��� + ���)� + �(������ − ������) + �(������ − ������) 

���(�∗) = (��� + ��� + ���)� = � ⇒ ��(�∗) = � 

Characteristic polynomial of � is: 

���(��� − �) = �� − ���(�)��� + ��(�∗)� − ���(�) ⇒ 

���(��� − �) = �� − ���(�) 
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Now, ���(�� + � + ��) = ��� �(��� − �)(���� − �)� = ���(��� − �)|� = 

= ��� − ���(�)�
�

= �� − ���(�)�
�
 

SP.348 Prove that if G-centroid in ∆��� lies on incircle then: 

�� = ���� + ��� 

 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

The inscribed circle of ∆��� passes through to � if and only if �� = � ⇔ ��� = ��; (�) 

������⃗ =
������⃗ + �������⃗ + ������⃗

�
⇔ ��� =

∑ ��� + � ∑ ������⃗ ∙ �������⃗

�
; (�) 

� ��� = �� + �� − ���; (�) 

� ������⃗ ∙ �������⃗ = �
��� + ��� − ���

�
= �

�� − ��� + �� − ��� − ��

�
= 

= �
��(� − �) − ���

�
= � �(� − �) − ���� = ��� + ��� − ���� = ��� − ���; (�) 

From (2),(3),(4) it follows that: 

��� =
�� + �� − ��� + ��� − ���

�
=

�� + ��� − ����

�
; (�) 

From (1),(5) it follows that 
�����������

�
= �� ⇔ �� = ���� + ��� 
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Solution 2 by Daniel Văcaru-Romania 

We know that: ���� = �� + ��� − ����; (∗), It follows that ∆��� prove that inscribed 

circle of ∆��� passes through to � if and only if �� = � and we have equivalency  

��� = ���� = �� + ��� − ���� ⇔ �� = ���� + ���. 

To prove (∗), we use Leibniz relationship, i.e. for all point � and ∆���, we have 

��� + ��� + ��� =
��������

�
+ ���� and �� =

���

��
��, where �� is bisectors from �. 

We have: �� =
���

��
⋅

���

���
���

�

�
=

��

�
���

�

�
⇒ ��� =

����

�� ⋅
�(���)

��
=

��(���)

�
⇒ 

� ���

���

=
�(�� + �� + ��) − ����

�
= �� + �� + �� − ���� = �� + �� − ��� 

We obtain: ���� = �(�� + �� − ���) − (��� − ��� − ���) = �� + ��� − ���� 

 

SP.349 If � ∈ ��,
�

�
� then prove: 

 (����)������������ + (����)������������ ≤ √� 

Proposed by Ionuţ Florin Voinea-Romania 
Solution by proposer 

� ∈ ��,
�

�
� ⇒ ����, ���� ∈ (�, �) ⇒ ����������� > 0, ����������� > 0 

(����)������������ ≤
�����

(����)
�
�

�
�
�

����������� = √����(����)�������√����

= √�������� 

Similarly, (����)������������ ≤ √�������� 

So, (����)������������ + (����)������������ ≤ �√�������� 

But √�������� ≤
�����������

�
=

�

�
, therefore 

(����)������������ + (����)������������ ≤ √� 

Equality holds if � =
�

�
. 
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SP.350 If �, �, � > 0, �� + �� + �� = 1 and  � ≥
�

�
, then: 

�

��(�� + �)
+

�

��(�� + �)
+

�

��(�� + �)
≥

��

�� + �
 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Using identity: 
�

��(����)
=

�

�
�

�

�� −
�

����
�, inequality can be written as: 

�

�
� �

�

��
−

�

�� + �
� ≥

��

�� + �
⇔ � �

�

��
−

�

�� + �
� ≥

���

�� + �
⇔ 

�
�

��
− �

�

�� + �
≥

���

�� + �
⇔ �

�

��
+

�

�
�

��

�� + �
≥

���

�� + �
+

�

�
 

⇔ �
�

��
+

�

�
�

��

�� + �
≥

���� + �� + �

�(�� + �)
 

Which follows from ∑
�

�� ≥ �, (�) and ∑
��

����
≥

�

����
, (�), where 

�
�

��
≥ �

�

��
≥

�

∑ ��
=

�

�
 

Equality holds if and only if � = � = � =
�

√�
. 

�
��

�� + �
≥

(∑ �)�

∑(�� + �)
=

∑ �� + � ∑ ��

∑ �� + ��
=

∑ �� + � ∙ �

∑ �� + ��
≥
(�) �

�� + �
  

(�) ⇔
∑ �� + � ∙ �

∑ �� + ��
≥

�

�� + �
⇔ (�� − �) � �� ≥ (�� − �) 

Which follows from ∑ �� ≥ ∑ �� = � and � ≥
�

�
⇔ (�� − �) ≥ �. 

From (1),(2), it follows that: 

�
�

��
+

�

�
�

��

�� + �
≥ � +

�

�
∙

�

�� + �
=

���� + �� + �

�(�� + �)
 

Equality holds if and only if � = � = � =
�

√�
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�
�

��(�� + �)
���

=
�

�
�

(�� + �) − ��

��(�� + �)
���

=
�

�
�

�

��

���

−
�

��
�

(�� + �) − ��

�� + �
���
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�
�

��(�� + �)
���

=
�

�
�

�

��

���

+
�

��
�

��

�� + �
���

−
�

��
 

�
�

��

���

= � �
�

�
�

�

���

≥ � �
�

�
⋅

�

�
�

���

= �
�

��
���

≥
��� �

∑ ��
= �; (�) 

�
��

�� + �
���

≥
��� (� + � + �)�

(�� + �� + ��) + ��
≥
(�) �

�� + �
 

(�) ⇔ � �� −
�

�
� � ��

���

≥ �� − �(�� + �) � ��

���

= �� − � 

Which is true because: � ≥
�

�
 and ∑ �� ≥ ∑ �� = � 

From (1),(2) it follows that: 

�
�

��(�� + �)
���

≥
�

�
+

�

��(�� + �)
−

�

��
=

��

�� + �
 

Solution 3 by Michael Sterghiou-Greece 

�
�

��(�� + �)
���

≥
��

�� + �
; (�) 

Let (�, �, �) = �∑ ���� ; ∑ ����� ; ����; � = � and �� ≥ �� ⇒ � ≥ √� 

� ≤ �
�

�
�

�
�

=
√�

�
; (�) ⇒ �

�
��

�� + �
���

≥
��� �∑

�
��

�

(∑ ��) + ��
≥
(∗)

�� + �  

��
�

�
���

�

�

=
�

��
, � ��

���

= �� − �; (� = �) 

So, it suffices to prove that:  ����(�� − � + ��) ≤ �� + � or  

������ + (�� − �) ⋅ ���� ≤ �� + �; (�) 

But �� ≥ ��� ⇒ ���� ≤
�

�
, so (2) becomes the stronger inequality: 

� + (�� − �) ⋅ ���� ≤ �� + � ⇔ ���� ≤
����

����
= � as �� − � > �. 

If � =
�

�
 we have equality, which is true �� ≤

√�

�
�. 
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SP.351 If �, � ∈ ��,
�

�
� ; √� + ��� �

�
+ �� + ��� �� = �√�

�
 then: 

√� − ��� �
�

+ �� − ��� �� ≤ � − �√�
�

 

Proposed by Daniel Sitaru - Romania 
Solution 1 by proposer 

Denote � = √� + ��� �
�

+ √� − ��� �
�

 

�� = �√� + ��� �
�

�
�

+ �√� − ��� �
�

�
�

+ 

+�√� + ��� �
�

⋅ √� − ��� �
�

�√� + ��� �
�

+ √� − ��� �
�

� 

�� = � + ��� � + � − ��� � + ��� − ���� �
�

⋅ � 

�� − �

��
= �� − ���� �

�
≤ � ⇒

�� − �

��
≤ � 

�� − � ≤ �� ⇒ �� − �� ≤ � 

�� − � − �(� + �) ≤ � ⇒ �(� − �)(� + �) − �(� + �) ≤ � 

(� + �)(�� − � − �) ≤ � 

(� + �) ��� − � − (� + �)� ≤ � 

(� + �)�(� − �)(� + �) − (� + �)� ≤ � 

(� + �)�(� − �) ≤ � ⇒ � − � ≤ � ⇒ � ≤ � 

√� + ��� �
�

+ √� − ��� �
�

≤ �  (1) 

Analogous: 

�� + ��� �� + �� − ��� �� ≤ �   (2) 

By adding (1); (2): 

√� − ��� �
�

+ �� − ��� �� + √� + ��� �
�

+ �� + ��� �� ≤ � 

√� − ��� �
�

+ �� − ��� �� + �√�
�

≤ � 

√� − ��� �
�

+ �� − ��� �� ≤ � − �√�
�

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let � = √� + ��� �
�

; � = �� + ��� �� ⇒ � − ��� � = � − ��; � − ��� � = � − �� 

So, we need to prove that: √� − ���
+ √� − ���

≤ � − �√�
�

, ∀�, � ∈ ��, �√�
�

− �� 
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and � + � = �√�
�

 

We have:  √� − ���
≤ � − � ⇔ � − �� ≤ (� − �)� ⇔ �(� − �)� ≥ � which is true. 

Hence, 

√� − ���
≤ � − � and √� − ���

≤ � − � 

Therefore, 

�� − ���
+ �� − ���

≤ � − (� + �) ≤ � − �√�
�

 

 Solution 3 by Tran Hong-Dong Thap-Vietnam 

Let us denote: � = √� + ��� �
�

; � = √� − ��� �
�

; � = �� + ��� �� ; � = �� − ��� ��  

⇒ �� + �� = �; �� + �� = � ⇒ �, � < � < �, � 

Other, √� + ��� �
�

+ �� + ��� �� = �√�
�

⇔ � + � = �√�
�

. 

Inequality becomes as: � + � ≤ � − �√�
�

; (�) 

If �, � < � then: � < � − �√�
�

⇔ �√�
�

< � ⇔ �� < ��(����). 

If � ≤ �, � < � then: (�) ⇔ � + � ≤ � − (� + �) ⇔ � + � + � + � ≤ �, which is true by 

Holder’s inequality: 

��

�
+

��

�
+

��

�
+

��

�
≥

(� + � + � + �)�

��
⇒ (� + � + � + �)� ≤ �� ⇒ � + � + � + � ≤ � 

If � < � < � < � then: � + � + � + � < � + � + � < � + �√�
�

< � ⇒ (�) is true. 

If � < � < � < � then: � + � + � + � < � + � + � < � + �√�
�

< � ⇒ (�) is true. 

 

SP.352 Let (��)���, (��)��� be sequences of real numbers with  

�� = �, �� = �, 

���� =
��� + ���

� + �
, ���� =

��� + ���

� + �
, ∀� ≥ �, �, �, �, � > �, �� ≠ ��. 

Prove that if (��)���, �� = �� − ��, then  (��)��� −geometric progression, 

and if � < �, � −ratio of progression, then ���
�→�

�� = ���
�→�

��. 

Proposed by Marin Chirciu-Romania 
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Solution 1 by proposer 

���� = ���� − ���� =
�� − ��

(� + �)(� + �)
(�� − ��) =

�� − ��

(� + �)(� + �)
�� 

We deduce that (��)��� −geometric progression with � =
�����

(���)���)
 ratio, (1). 

We get, �� = ������ = � ∙ ���� = ����, where � =
�����

(���)���)
. 

From �� = �� − �� and �� = ����, then �� = �� + ���� which replacing in  

���� =
�������

���
, it follows ���� = �� +

�

���
����, and then for �, �, … , � − � values, we 

get: �� = �� +
�

���
(� + � + �� + ⋯ + ����) = � +

�

���
∙

����

���
=

�

���
∙

����

���
. 

How � ∈ (�, �), it follows that (��)���, �� =
�

���
∙

����

���
 is convergent, and then 

���
�→�

�� =
�

���
∙

�

���
 and replacing � =

�����

(���)���)
, we get: 

���
�→�

�� =
�(� + �)

�� + ��� + ��
. 

Using �� = �� + ����, � ∈ �, �), (��)��� −convergent, then (��)��� −convergent. 

Hence, ���
�→�

�� = ���
�→�

��. 

Solution 2 by Remus Florin Stanca-Romania 

�� = �� − �� =
����� + �����

� + �
−

����� + �����

� + �
= 

=
������ + ������ + ������ + ������ − ������ − ������ − ������ − ������

(� + �)(� + �)
= 

=
������ − ������

(� + �)(� + �)
= �� ⇒

��

����
=

�� − ��

(� + �)(� + �)
= � 

���� =
��� + ���

� + �
=

�

� + �
�� +

�

� + �
�� +

�

� + �
�� −

�

� + �
�� ⇒ 

���� − �� = −
�

� + �
�� ⇒ �(���� − ��)

�

���

= −
�

� + �
� ��

�

���

⇒ 

���� − �� = −
�

� + �
�� ⋅

�� − �

� − �
; �� = � ⇒ ���� = � −

�

� + �
⋅

�� − �

� − �
; � < � ⇒ 
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���
�→�

�� = � −
�

� + �
⋅

�

� − �
; (�) 

���� =
��� + ���

� + �
=

���

� + �
+

���

� + �
+

���

� + �
−

���

� + �
⇒ ���� − �� =

�

� + �
�� ⇒ 

�(���� − ��)

�

���

=
�

� + �
⋅

�� − �

� − �
⇒ ���

�→�
�� =

�

� + �
⋅

�

� − �
; (�) 

We need to prove that: 

� −
�

� + �
⋅

�� − �

� − �
=

�

� + �
⋅

�

� − �
⇔

�

� − �
�

�

� + �
+

�

� + �
� = � ⇔ 

�� + ��� + ��

(� + �)(� + �)
= � − � ⇔ � −

�� − ��

(� + �)(� + �)
=

�� + ��� + ��

(� + �)(� + �)
⇔ 

�����������������

(���)(���)
=

���������

(���)(���)
 , which is true. 

Therefore, 

���
�→�

�� = ���
�→�

��. 

SP.353 Let � > 0 fixed. Solve for real numbers: 

⎩
⎨

⎧�� = ����� − � + ����� − �

�� = ����� − � + ����� − �

�� = ����� − � + ����� − �

 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Conditions: �, �, � ≥
�

�
, (�) and denote �

� = √���� − �

� = ����� − �

� = √���� − �

, �, �, � ≥ � ⇒ �
�� = � + �
�� = � + �
�� = � + �

 

⇔ �
���� = �� + �� + ���
���� = �� + �� + ���

���� = �� + �� + ���

⇔ �
�� + � = �� + �� + ���
�� + � = �� + �� + ���
�� + � = �� + �� + ���

⇔ 

�� + �� + �� + ��� + ��� + ��� = � ⇔ (� + � + �)� = � ⇔ � + � + � = √�. 

From � = √� − (� + �), � = √���� − � and � + � = ��, then 
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����� − � = √� − �� ⇔ ���� − � = � + ���� − ��√�� ⇔ � =
�

�√�
. 

Similarly, � = � =
�

�√�
. 

(�, �, �) = �
�

�√�
,

�

�√�
,

�

�√�
� 

Solution 2 by Ravi Prakash-New Delhi-India 

�� = ����� − � + ����� − � 

As ��� ≥ �, �� ≥ � ⇒ � ≥ �. Similarly, � ≥ �, � ≥ �. 

�(� − �) = ����� − � − ����� − � =
��(�� − ��)

����� − � + √���� − �
⇒ 

�(���)

���������������
= −� (not possible as RHS<0)  or � = � 

Similarly, � = �, � = �. Thus, �� = �√���� − � ⇒ ���� = �(���� − �) 

⇒ � =
�

√��
 

Therefore, � = � = � =
�

√��
 

 Solution 3 by Aggeliki Papasyropoulou-Greece 

√���� − � > �; ����� − � > �; √���� − � > � because if √���� − � = � ⇒ 

�� = ����� − �; �� = ����� − � ⇔ 

���� = ���� − �; ���� = ���� − � ⇒ ���� + ���� = ���� + ���� − � ⇔ � = −� 

Let � = √���� − �; � = ����� − �; � = √���� − � and we need to solve the system: 

�

��� + � = � + �; (�)

��� + � = � + �; (�)

��� + � = � + �; (�)

⇒ �� + � + �� + � + �� + � = (� + �)� + (� + �)� + (� + �)� 

� ��

���

+ � = � � ��

���

+ � � ��

���

⇔ �� + �� + �� + ��� + ��� + ��� = � ⇔ 

(� + � + �)� = � ⇔ � + � + � = √� 

So, (�) ⇔ √�� + � = √� − �. Let �(�) = � + √�� + �, � > �; � ↗ 
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(�) ⇔ ��� + � = √� − �;  (�) ⇔ ��� + � = √� − �. 

So, � = � = � and we solve the equation √�� + � = √� − �; √� > � > � ⇔ 

�� + � = � + �� − ��√� ⇔ � =
√�

�
 and � = � =

√�

�
 

So, we solve equation: 
√�

�
= √���� − � ⇔ ���� − � =

�

�
⇔ 

���� =
�

�
⇔ �� =

�

���
; (� > �) ⇔ � =

�√�

��
 

Therefore, 

� = � = � =
�√�

��
 

SP.354 If �, �, � ≥ � then: 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + ���(��� ⋅ ��� ⋅ ���) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Ruxandra Daniela Tonilă-Romania 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + ���(��� ⋅ ��� ⋅ ���) 

⇔ � ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + � ⋅ ����� + � ⋅ ����� + � ⋅ ����� 

Let � = ��; � = ��; � = ��; �, �, � ≥ � 

�� + �� + �� − � − � − � − ����� − ����� − ����� ≥ � 

�(� − � − ����) + �(� − � − ����) + �(� − � − ����) ≥ � 

Since �, �, � ≥ �, to prove that inequality holds, we have to prove that: 

�

� − � − ���� ≥ �
� − � − ���� ≥ �
� − � − ���� ≥ �

⇔ �

� ≥ � + ����
� ≥ � + ����
� ≥ � + ����

⇔ �

����� ≥ � + ����

����� ≥ � + ����

����� ≥ � + ����

 

Let �� = ����; �� = ����; �� = ���� ⇔ �
���

≥ � + ��

���
≥ � + ��

���
≥ � + ��

 which is true ∀��, ��, �� ∈ ℝ 

Therefore, 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + ���(��� ⋅ ��� ⋅ ���) 
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Solution 2 by Ravi Prakash-New Delhi-India 

For � ≥ �, ���� ≥ �; �� = ������ ≥ � + ���� 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + �� ⋅ ���� + �� ⋅ ���� + �� ⋅ ���� = 

� + � + � + ���(��� ⋅ ��� ⋅ ���) 

Solution 3 by Nikos Ntorvas-Greece 

� � ⋅ ��

���

≥ � �

���

+ � �� ⋅ ����

���

, ∀�, �, � ≥ � ⇔ 

� � ⋅ ��

���

≥ � �

���

+ � � ⋅ �����

���

 

� �(�� − �����)

���

− � �

���

≥ � 

� �(�� − ����� − �)

���

≥ �, ∀�, �, � ≥ � 

We need to prove that: �(�) = �� − ����� − � ≥ �, ∀� ≥ �. 

��(�) = (� + ����)������� − �� > 0, ∀� > 1 

 � ≥ � ⇒ � + ���� ≥ � 

 � ≥ � ⇒ ����� ≥ � ⇒ ������ − � ≥ � 

So, � increasing for � ≥ � and we have that: 

� ≥ � ⇔ �(�) ≥ �(�) ⇔ �(�) ≥ �, ∀� ≥ �. 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

�������
+ �������

+ �������
≥ ����� + ����� + ����� + ���(��� ⋅ ��� ⋅ ���) 

���������������
≥ ���(������ ⋅ ��� ⋅ ��� ⋅ ���) 

������������
≥ ������ ⋅ ��� ⋅ ��� ⋅ ��� 

������ ⋅ ������ ⋅ ������ ≥ ��� ⋅ ��� ⋅ ���, which is true 

Because ������ ≥ ��� ⇔ ��(����) ≥ ��� ⇔ ����� ≥ ��. 

Analogously: ������ ≥ ��� and ������ ≥ ���. 

Solution 5 by proposer 

It is known that �� ≥ � + �; � ≥ � 
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Replace � → � �� � ; � ≥ � 

�� �� � ≥ � + � �� � ⇒ ��� ��
≥ � + �� �� 

�� ≥ � + �� ��    (1) 

Multiplying (1) with �: 

� ⋅ �� ≥ � + � �� ��    (2) 

Analogous with (2): 

� ⋅ �� ≥ � + � �� ��  (3) 

� ⋅ �� ≥ � + � �� ��   (4) 

By adding (2); (3); (4): 

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + � ��(��) + 

+� ��(��) + � �� �� = � + � + � + ��(���) + ��(���) + ��(���) = 

= � + � + � + ��(��� ⋅ ��� ⋅ ���) 

Equality holds for � = � = � = �. 

Solution 6 by Lazaros Zachariadis-Thessaloniki-Greece 

�� ⋅ ���� = � ⋅ ����� ≤ �(�� − �) = � ⋅ �� − � 

So, �� ⋅ ���� + � ≤ � ⋅ �� or ������ + � ≤ � ⋅ ��. Thus. 

� � ⋅ ��

���

≥ � �

���

+ � ������

���

 

Therefore,  

� ⋅ �� + � ⋅ �� + � ⋅ �� ≥ � + � + � + ���(��� ⋅ ��� ⋅ ���) 

 
SP.355 Let ��, ��, �� and ��, ��, �� denote the excenters and exradii of the 
triangle ���, respectively. Let �� −be the radius of the circle that lies inside 
and touches internally the excircle opposite � and touches the sides 
����, ���� of triangle ������ externally. Let ��, �� be defined similarly. Prove 
that: 

��

��
+

��

��
+

��

��
≤ � 

Proposed by Mehmet Şahin-Ankara-Turkey 
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Solution by proposer 
 

The following equalities can be obtained easily. 

��� �
� + �

�
� =

��

�� − ��
; ��� �

� + �

�
� =

��

�� − ��
; ��� �

� + �

�
� =

��

�� − ��
; (�) 

��

��
=

��� �
� − �

� �

� + ��� �
� − �

� �
;
��

��
=

��� �
� − �

� �

� + ��� �
� − �

� �
;
��

��
=

��� �
� − �

� �

� + ��� �
� − �

� �
; (�) 

Moreover we have: 

� + ��� �
� − �

�
� = ����� �

� + �

�
� ; � + ��� �

� − �

�
� = ����� �

� + �

�
� ; 

� + ��� �
� − �

�
� = ����� �

� − �

�
� ; (�) 

Substituing (3) into (2) we get: 

��

��
+

��

��
+

��

��
=

����� �
� + �

� � − �

����� �
� + �

� �
+

����� �
� + �

� � − �

����� �
� + �

� �
+

����� �
� + �

� � − �

����� �
� + �

� �
= 

= � −
�

�
�

�

���� �
� + �

� �
+

�

���� �
� + �

� � + ���� �
� + �

� �
� ; (�) 

Let �(�) =
�

�����
, ���(�) > � → � −convex function, using Jensen’s inequality, (4) becomes  

�

���� �
� + �

� �
+

�

���� �
� + �

� � + ���� �
� + �

� �
≥

�

���� �
�� + � + � + �

� ⋅ � �
=

�

���� �
�

 

��

��
+

��

��
+

��

��
≤ � −

�

�
⋅ � = � 

 

SP.356 If �, �, � > 0 such that ��� = � then: 

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
≥

��

(�� + �� + ��)�
 

Proposed by Pedro Pantoja-Natal-Brazil 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
≥

��

(�� + �� + ��)�
 

⇔ �� ��

���

�

�

��(� + ��)�(� + �)

���

� ≥ �� �(� + �)

���

 

∵ � ��

���

≥
��� �

�
�� �

���

�

�

⇒ 

�� ��

���

�

�

≥
�

�
�� �

���

� �� �

���

�

�

≥
����� �

�
�� �

���

�

�

= 

=
�

��
��(� + �)

���

�

�

≥
����� �

�
�(� + �)

���

; (�) 

�(� + ��)�(� + �)

���

≥
�����

���√���
�

��√���

���

=
�����

�� � �����

���

≥
�����

 

≥
�����

�� ⋅ � ⋅ �� ����

���

� =
�����

��; (�) 

(�), (�) ⇒ �� ��

���

�

�

��(� + ��)�(� + �)

���

� ≥ �� �(� + �)

���

 

Therefore, 

�
(� + ��)�

(� + �)(� + �)
���

≥
��

(∑ ��)�
 

 Solution 2 by Tran Hong-Dong Thap-Vietnam 

�� + �� + �� ≥ � ⋅ �(���)��
= � 

�
(� + ��)�

(� + �)(� + �)
���

≥
������ (� + �� + �� + ��)�

� ∑�(� + �)(� + �)�
≥

�����
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≥
����� �� + � ⋅ �(���)��

�
�

� ∑�(� + �)(�� + �)�
=

(� + �)�

� ∑�(� + �)(� + �)�
=

��

� ∑�(� + �)(� + �)�
= 

=
��

∑�(� + �)(� + �)�
≥
(�) ��

(�� + �� + ��)�
 

(�) ⇔ �(�� + �� + ��)� ≥ � ��(� + �)(� + �)�

���

⇔ 

�(�� + �� + ��)� ≥ � ��� + �� + �� + �(�� + �� + ��)� 

But: �� + �� + �� ≤ �� + �� + �� ⇒ 

� ��� + �� + �� + �(�� + �� + ��)� ≤ � ��� + �� + �� + �(�� + �� + ��)� = 

= ��(�� + �� + ��); 

We need to prove that: 

�(�� + �� + ��)� ≥ ��(�� + �� + ��) ⇔ �� + �� + �� ≥ �(����). 

Solution 3 by Aggeliki Papasyropoulou-Greece 

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
≥

��

(�� + �� + ��)�
; (�) 

� + � + � ≥ �√���
�

 (�� − ��) ⇔ � + � + � = �; (��� = �); (�) 

�� + �� + �� ≥ ��(���)��
= � ⇒ �� + �� + �� ≥ �; (�) 

� =
(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
; 

(�, �, �) = (∑�, ∑��, ∏�); � ≥ �; � ≥ �; � = � 

� ⋅ [(� + �)(� + �) + (� + �)(� + �) + (� + �)(� + �)](� + � + �) ≥ 

≥ [(� + ��) + (� + ��) + (� + ��)] ⇔ 

� ⋅ [∑�� + �∑��] ⋅ � ≥ (� + ∑��)� ⇔ 

� ≥
(� + �)�

�(�� − �� + ��)
=

(� + �)�

�(�� + �)
 

So, it’s enough to prove that: 

(� + �)�

�(�� + �)
≥

��

(�� − ��)�
⇔ (�� − ��)�(� + �)� ≥ �� ⋅ ��(�� + �); (�) 
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� ≥ � ⇒ � + � ≥ �; � ≥ � and �� ≥ ��; (�) 

(�) ⇒ ��� ≥ (�� − ��)��� ≥ � ⋅ � ⋅ ��(�� + �) ⇔ 

�(�� − ��)� ≥ ��� + �� 

(�) ⇒ �� + ��� ≤ �� + ��� = ��� 

So, we have to prove that: 

�� − �� ≥ � ⇔ �� + ��� + �� ≥ � + � + �; (�) 

���: �(�� + �� + ��) ≥ (� + � + �)�; (�) 

From (6),(7) we must to prove that: 

(�����)�

�
≥ � + � + � ⇔ � + � + � ≥ �; true. 

 Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
+

(� + ��)�

(� + �)(� + �)
≥

�(� + ��)(� + ��)(� + ��)

�(� + �)�(� + �)�(� + �)��
≥ 

≥
��

(�� + �� + ��)�
 

(� + �)(� + �)(� + �)(�� + �� + ��)� ≥ ���(� + �)�(� + �)�(� + �)��
 

(� + �)(� + �)(� + �)(�� + �� + ��) ≥
��((� + �)� + (� + �)� + (� + �)�)

�
= 

= ��(�� + �� + �� + �� + �� + ��) 

�(�� + �� + ��)� ≥ ��(�� + �� + �� + �� + �� + ��) 

��(�� + �� + ��) ≥ ��(�� + �� + �� + �� + �� + ��) 

�(�� + �� + ��) ≥ �� + �� + �� + �� + �� + �� true. 

Solution 5 by proposer 

��(� + �)

���

� ��(� + �)

���

� ��
(� + ��)�

(� + �)(� + �)
���

� ≥ ��(� + ��)

���

�

�

 

�
(� + ��)�

(� + �)(� + �)
���

≥
(� + �� + �� + ��)�

�(� + � + �)�
 

(� + � + � + �� + �� + ��)� ≥
�����

���(���)��
�

�

= ���; (∗) 
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Note that �� + �� + �� ≥ �
�

��
�

��
�

�(� + � + �), by Murihead’s inequality since 

(�, �, �) ≻ �
�

�
,

�

�
,

�

�
�. However ��� = �, then 

�

(�����)� ≥
�

����������
� ; (∗∗) 

Therefore, from (∗), (∗∗) we have: 

�
(� + ��)�

(� + �)(� + �)
���

≥
��

(�� + �� + ��)�
 

Equality holds if and only of � = � = � = �. 

 

SP.357 Let �(�) be the sum of the digits of the positive integer �. Determine 

all pairs of positive integers (�, �), � ≥ � such that the equation 

 �(��) = (� − ����)� has only finite solutions in positive integers. 

Proposed by Pedro Pantoja-Natal-Brazil 

Solution by proposer 

i) If � > � the equation has infinite solutions: � = �����
− �,  

� = ���� + ��, � ∈ ℕ. 

������: �� = �� … . ������
�����

� ��� … ������
�����

�, then �(��) = �(��� − �) + � + � = ���� 

On the other hand (� − ����)� = (���) = ����. 

ii) If � = �. Note that �(��) = (� − ����)� ≤ �� ⇒ 

(� − ����)� ≤ � ⇒ �� − ����� + ����� ≤ � ⇒ ���� < � < 2064, so we 

conclude that the number � has � digits. 

If � ≥ ���� then (� − ����)� ≥ �� and �(��) < 36(� + � + � + �). 

If � ≤ ���� then (� − ����)� ≥ �� and �(��) < 36(� + � + � + �). 

Therefore, � ∈ {����, … , ����}, � ≠ ����. Testing all these possibilities in the 

statement equation, we obtain as the only solution � = ����. 

Cheking: �� = ������� ⇒ �(��) = �� and (���� − ����)� = �� = ��. 

Answer: (�, �) = (����, ����). 
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SP.358 If �, �, � > 0 then: 

� �
��

(� + �)(� + �)
���

+ � ≥ ������  

Proposed by Daniel Sitaru-Romania 
Solution 1 by Tran Hong-Dong Thap-Vietnam 

� �
��

(� + �)(� + �)
���

≥
������

� ⋅
(� + � + �)�

� ∑(� + �)(� + �)
= � ⋅

(� + � + �)�

�(∑ �� + � ∑ � + �)
≥ 

≥
� ∑ ���(∑ �)�

� ⋅
(∑ �)�

� �
�
�

(∑ �)� + � ∑ � + ��
= � ⋅

(∑ �)�

(∑ �)� + � ∑ � + �
= � ⋅

(∑ �)�

(∑ � + �)�
 

→ � �
��

(� + �)(� + �)
���

+ � ≥ � ⋅
(∑ �)�

(∑ � + �)�
+ �;  (�) 

Let us denote:� = ∑ � ≥
�����

� ⋅ ����� > � → �� ≥ � ⋅ ����� ;  (�) 

From (�), (�) we need to prove that: 

� ⋅
��

(� + �)�
+ � ≥ �� ⇔ ��� + �(� + �)� ≥ ��(� + �)� ⇔ 

��� + �(�� + �� + �) ≥ ��(�� + �� + �) ⇔ ��� − ��� + �� ≥ � 

⇔ (� − �)�(�� + �) ≥ �, which is true because � > � → �� + � > �. 

Equality holds when � = � = � and � = � ⇔ � = � = � = �. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

By AM-GM: ∑ � ≥ ������ . So, it is suffices to prove that: 

� �
��

(� + �)(� + �)
���

+ � ≥ � � �

���

⇔ 

� � ��(� + �)

���

+ � �(� + �)

���

≥ � �� �

���

� �(� + �)

���

⇔ 

� � ��

���

+ � � ��

���

+ ���� + � � �

���

+ � � ��

���

+ � ≥ 



 
www.ssmrmh.ro 

 �� NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS 

 

≥ ���� � �

���

+ � �� �

���

�

�

+ � �� �

���

� �� ��

���

� + � � �

���

⇔ 

� � ��

���

+ � � ��

���

+ � �

���

+ � ≥ 

≥ ���� � �

���

+ � � ��

���

+ � ��

���

+ � � ���

���

+ ���� 

We have: 

� � ��

���

≥
��������

� � ����

���

= ���� � �

���

;   (�) 

� � ��

���

≥
��������

� � ���

���

;  (�) 

� � ��

���

+ � �

���

= �(�� + �� + �)

���

≥
�����

� � ��

���

;  (�) 

� ��

���

≥
�����

����;  (�) 

� � ��

���

+ � = �(�� + �� + �)

���

≥
�����

� � ��

���

≥ � � ��

���

+ � ��

���

;   (�) 

From (�) → (�) it follows that: 

� � ��

���

+ � � ��

���

+ � �

���

+ � ≥ ���� � �

���

+ � � ��

���

+ � ��

���

+ � � ���

���

+ ���� 

Therefore, 

� �
��

(� + �)(� + �)
���

+ � ≥ ������  

Solution 3 by proposer 

��

(� + �)(� + �)
+

� + �

�
+

� + �

�
≥

�����
��

��

(� + �)(� + �)
⋅

� + �

�
⋅

� + �

�

�

= 

= ��
��

��

�

=
��

�
 



 
www.ssmrmh.ro 

 �� NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS 

 

�
��

(� + �)(� + �)
���

+ �
� + � + � + �

�
���

≥ �
��

�
���

 

�
��

(� + �)(� + �)
���

+ � ⋅
�

�
+

�

�
�(� + �)

���

≥
�

�
� �

���

 

�
��

(� + �)(� + �)
���

+
�

�
≥ � � �

���

−
�

�
� �

���

 

� �
��

(� + �)(� + �)
���

+ � ≥ � � �

���

− � �

���

= � � �

���

= �(� + � + �) ≥
�����

 

≥
�����

� ⋅ ������ = ������  

Equality holds if and only if � = � = � = �. 

SP.359 If � ∈ ��(ℝ), � ∈ ℝ∗ such that ���(�� − �� + ����) = �. 

Prove that: 

����(�� + ����) ≥ (���� + ��)� 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

���(�� − �� + ����) = ���(� + ��) ⋅ ���(� + ������) = �, where �� + � + � = �, 

�� = �, �� = −� − �.  

Let �(�) = ���(� + ���) = ���� + ��� + ���� + �� → 

�(��) = � → ���� + ���� + ������ + ���� = � → 

���� + ���� + ����(−� − �) + �� = � → 

���� − ���� + ��(�� − ���) = � → �� = ���; ���� − ���� + �� = � 

�� =
���� + ��

��
, �� =

���� + ��

�
→ 

�(�) = ���� +
���� + ��

�
� +

���� + ��

��
�� + �� 

�(��) = ���� + (���� + ��)� − (���� + ��) − ��� = �� + �����,  

�(−��) = �� − ����� → �(��)�(−��) = �� + (����)� → 

���(� + ��) ⋅ ���(� − ��) = �� + (����)� → 
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���(�� + ����) = �� + (����)� ≥
(�� + ����)�

�
 

Solution 2 by Ravi Prakash-New Delhi-India 

Let �(�) = ���(��� − �) = �� − (���)�� + (���∗)� − ���� be the characteristic 

polynomial of �. 

Now, � = ���(�� − �� + ����) = ���(� + ����)(� + �����) = 

= |���(� + ����)|� ⇒ ���(� + ����) = � ⇒ −���(−� − ����) = � 

⇒ �(−��) = � ⇒ (−��)� − (���)���� + (���∗)(−��) − ���� = � 

⇒ (�� + ����) −
�

�
[(���)�� + (���∗)�] +

√�

�
�[(���)�� − (���∗)�] = � 

�� + ���� =
�

�
(���)�� + (���∗)� and (���)�� = (���∗)� 

�� + ���� =
�

�
[(���)�� + (���)��] = (���)�� = (���∗)� 

Now, 

 ����(�� + ����) = ����(� − ����)(� + ����) = |����(� − ����)|� = 

= �|−���(���� − �)|� = ��−��� + (���)�� + (���∗)�� − ����� = 

= �[(���)�� − ��}� + �[(���)�� − ����]� = �(����)� + �(��)� = 

= (���� + ��)� + (���� − ��)� ≥ (���� + ��)� 

 Solution 3 by Ruxandra Daniela Tonilă-Romania 

Let �� − �� + �� = �; � = −���; ��,� =
���±�√��

�
 

���(�� − �� + ����) = ��� ��� − � ⋅
� + �√�

�
��� �� − � ⋅

� − �√�

�
���� = 

= ��� �� − � ⋅
� + �√�

�
��� ⋅ ��� �� − � ⋅

� − �√�

�
��� = �; (�) 

Let ��(�) = ���(� − ���) = �� − (���)�� + (���∗)� − ���� be the characteristic 

polynomial. From (1) it follows that: 

�� �� ⋅
� + �√�

�
� ⋅ �� �� ⋅

� − �√�

�
� = �; (�) 

Let ��, ��, �� ∈ ℂ be the eigenvalues for �. 
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(�)
��

⎩
⎪
⎨

⎪
⎧�� = � ⋅

� + �√�

�
 ���� = � ⋅

� − �√�

�
∈ ℂ 

� ∈ ��(ℝ) ⇔ ����, ���, ���∗ ∈ ℝ
��� = �� + �� + ��

���∗ = ���� + ���� + ����

⇒ �� = ��
��� 

Therefore, the eigenvalues for � are �� = � ⋅
���√�

�
, �� = � ⋅

���√�

�
, �� ∈ ℝ. 

⎩
⎪⎪
⎨

⎪⎪
⎧ ��� = � ⋅

� + �√� + � − �√�

�
+ �� = � + ��

���� = �� ⋅
�� + �√��(� − �√�)

�
⋅ �� = ����

���∗ = �� ⋅
�� + �√��(� − �√�)

�
+ ��� ⋅

� + �√� + � − �√�

�
= �� + ���

 

⇒ ��(�) = �� − (� + ��)�� + (�� + ���)� − ���� 

���(�� + ����) = ���[(� + ����)(� − ����)] = ��(−��)��(��); (�) 

��(��) = (��)� − (� + ��)(��)� + (�� + ���)�� − ���� = �� + �����; (�) 

��(−��) = (−��)� − (� + ��)(−��)� + (�� + ���)(−��) − ���� = �� − �����; (�) 

From (3),(4),(5) it follows that: 

���(�� + ����) = (�� + �����)(�� − �����) 

���� + �� = ���� + ��; (�) 

We must show that: ����(�� + ����) ≥ (���� + ��)�
(�;�)
��� 

���� + ����
�� ≥ (���� + ��)� ⇔ 

��� + �����
� ≥ ����

� + �� + �����|: �� 

�� + ��
� − ���� ≥ � ⇔ (� − ��)� ≥ �, true ∀�, �� ∈ ℝ. 

Therefore,  

����(�� + ����) ≥ (���� + ��)�. 

SP.360 ��, ���� ∈ ℂ∗ different in pairs such that |��| = |��| = |��|. If  

� �
��� − �� − ��

(�� − ��)|�� − ��| + (�� − ��)|�� − ��|
�

���

=
�

|�� − ��|
+

�

|�� − ��|
+

�

|�� − ��|
, 

then ��, ��, �� are affixes on equilateral triangle. 

Proposed by Marian Ursărescu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let �(��), �(��), �(��); ���� ⊂ �(�, �); |��| = |��| = |��| = � 

|�� − ��| = �� = �; |�� − ��| = �� = �; |�� − ��| = �� = � 

|��� − �� − ��| = � ��� −
�� + ��

�
� = ��� 

�(�� − ��)|�� − ��| + (�� − ��)|�� − ��|� = 

= |(� + � + �)�� − (��� + ��� + ���)| = 

�� ��� −
��� + ��� + ���

� + � + �
� = �� ⋅ �� 

Now, 

� �
��� − �� − ��

(�� − ��)|�� − ��| + (�� − ��)|�� − ��|
�

���

=
�

|�� − ��|
+

�

|�� − ��|
+

�

|�� − ��|
 

⇔
�

�
� �� ⋅ ��� 

�

�
���

≥
�����

�� �
� + �

�
⋅ ��� 

�

�
��� 

�

�
���

= �
� + �

�
⋅ �

���

= � ��

���

 

Equality holds if and only if triangle is equilateral. 

Therefore, 

� �
��� − �� − ��

(�� − ��)|�� − ��| + (�� − ��)|�� − ��|
�

���

=
�

|�� − ��|
+

�

|�� − ��|
+

�

|�� − ��|
, 

then ��, ��, �� are affixes on equilateral triangle. 

Solution 2 by proposer 
�(��), �(��), �(��), ∆��� ∈ �(�, �), |��| = �, |�� − ��| = �� = �, |�� − ��| = �� = � 

|�� − ��| = �� = � → �
� ��� −

�� + ��

� �

|�(�� − ��) + �(�� − ��)|
���

=
�

�
+

�

�
+

�

�
↔ 

�
��� −

�� + ��

� �

�
��(� + �) − ��� − ���

� + � + �
����

=
� + � + �

�
�

�

�
+

�

�
+

�

�
� ↔ 

�
��� −

�� + ��

� �

��� −
��� + ��� + ���

� + � + �
����

= � �
�

�
+

�

�
+

�

�
� ↔ �

��

��
���

= � �
�

�
+

�

�
+

�

�
� ; (�) 
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��� �
��

��
���

≥ � �
�

�
+

�

�
+

�

�
� ; (�) 

From (1),(2) equality holds if and only if  ∆��� equilateral. 

�� =
�

���
�
�

⋅ �� ≥
� + �

�
���

�

�
→ �

��

��
���

≥ �

� + �
� ���

�
�

����
�
����

= 

=
�

�
�(� + �)���

�

�
���

�

�
���

=
�

��
�

(� + �)�

��
���

=
�

���
� �(� + �)

���

=
�

���
� ��

���

= � �
�

�
+

�

�
+

�

�
� 

 

UP.346 Solve for real numbers: 

� �
�� ⋅ ������� �

√� + ��

�

�

�� = � 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer 

� = �
�� ⋅ ������� �

√� + ��

�

�

�� = � � ⋅ ������� �
�

�

⋅ ��� + ���
�

�� = 

= �������� ��� + �� − � �������� � +
�

� + ��
������� ��

�

�

�� + ���� = 

= �������� ��� + �� − � ������� �
�

�

�� + ���� − �
�√� + ��

� + ��

�

�

������� ��� = 

= �������� ��� + �� − � ������� �
�

�

�� + ���� − � ������� � ��� + ���
�

��
�

�

= 

= �������� ��� + �� − � ������� ��� + ��
�

�

− 

−������� � ⋅ �� + �� + � + �
√� + ��

� + ��

�

�

������� ��� = 

= �������� ��� + �� − ������� ��� + �� + � − � ������� �
�

�

��� + �� −
�

√� + ��
� �� = 
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� = ������� � ⋅ �� + ��(� − �) + � − � ������� � ⋅
�

�

� + �� − �

√� + ��
�� = 

= ������� ��� + ��(� − �) + � − �
��������� ���

√� + ��

�

�

 

� = ������� � ⋅ �� + �� ⋅ (� − �) + � − � 

�� = ������� � ⋅ �� + �� ⋅ (� − �) + � 

�� = � ⇒ ������� � ⋅ �� + �� ⋅ (� − �) + � = � 

������� � ⋅ �� + �� ⋅ (� − �) = � 

� − � = � 

� = �. 

Solution 2 by Surjeet Singhania-India 

Let:  

�(�) = �
���������

√� + ��
��

�

�

= � ������� ⋅ ��� �
������

�

�� = 

= ����� � ⋅ ��� �|�
������ − � ��(��� � + �����)��� �

������

�

�� = 

= ���������� + �� − � ��(��� � ⋅ ��� � + ��� �)��
������

�

− �(�) 

Now, 

�(�) =
��������√� + ��

�
−

�������√� + ��

�
+

�

�
 

Given that: �(�) =
�

�
→

(���)������������

�
= �. 

Since �������√� + �� > � → (� − �) �������√� + �������������
��

= � → � = �. 

There is only real solution at � = �. 

 

UP.347 Solve for complex numbers: 

�
|�|�

�
+

|�|�

�
=

|� + �|�

�
��� + � = � + ���

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

|�|�

�
+

|�|�

�
−

|� + �|�

�
= � ⇒ ��|�|� + ��|�|� − ��|� + �|� = � 

��� ⋅ � + ��� ⋅ � − ��(� + �)�� + �� = � 

���� + ���� − ��(� + �)(� + �) = � 

���� + ���� − ��(�� + �� + �� + ��) = � 

���� + ���� − ���� − ���� − ���� − ���� = � 

���� + ��� − ���� − ���� = � 

��(�� − ��) − ��(�� − ��) = � 

(�� − ��)(�� − ��) = � 

(�� − ��) ⋅ ��� − ��� = � 

|�� − ��|� = � ⇒ �� − �� = � ⇒ � =
��

�
 

��� + � = � + ��� ⇒ �� ⋅
��

�
+ � = � + ��� 

�� + � = � + ��� ⇒ �� = � + ��� ⇒ � = � + �� 

� =
�

�
� =

�

�
(� + ��) =

�

�
+

�

�
� 

Solution �
� =

�

�
+

�

�
�

� = � + ��
 

Solution 2 by Daniel Văcaru-Romania 

Consider � = �� + ��� and � = �� + ���; ��, ��, ��, �� ∈ ℝ. Then |�|� = ��
� + ��

�,  

|�|� = ��
� + ��

� and |� + �|� = (�� + ��)� + (�� + ��)�. Then the first equation is the 

condition for equality in Bergstrom inequality, proving that 
��

�
=

��

�
=

���
� and 

��

�
=

��

�
=

���
�. Writing the equality for ��� + � = � + ��� in terms of real and imaginary 

parts, we obtain ��� + �� = � ⇒ � =
�

�
 and ��� + �� = �� ⇒ � =

�

�
. 

Then �� =
�

�
 and �� = �; �� =

�

�
; �� = �. We obtain � =

����

�
 and � = � + ��. 
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Solution 3 by Bangalore Mathematical Institute-group of solving 

Using Bergstrom inequality: 

��

�
+

��

�
≥

(� + �)�

� + �
, ∀�, �, �. � ∈ ℝ� 

|��|�

�
+

|��|�

�
≥

(|��| + |��|)�

�
 

By triangle inequality: |�� + ��| ≥ |��| + |��|, we have: 

|��|�

�
+

|��|�

�
≥

(|��| + |��|)�

�
≥

|�� + ��|�

�
 

But given that: 
|��|�

�
+

|��|�

�
=

|�����|�

�
 

So, because if equality �� is collinear with �� and also  
|��|

|��|
=

�

�
, we get: 

�
�� = �����

�� = ����� 

Substituting in ���� + �� = � + ���. 

Comparing real and imaginary parts, we get: 

���� � =
�

�
;   ���� � =

�

�
⇒ � = �, � = �����(�). 

So, �
�� = ����

�� = ���� 

UP.348 If �, �, � ∈ ℝ�
∗ = (�, ∞) and ��� is a triangle with the area �, then: 

(� + ��)(� + �� + ��)

(� + ��)(� + ��)
⋅ �� +

(� + ��)(� + �� + ��)

(� + ��)(� + ��)
⋅ ��

+
(� + ��)(� + �� + ��)

(� + ��)(� + ��)
⋅ �� ≥ ���� 

Proposed by D.M. Bătinețu – Giurgiu – Romania  
Solution 1 by proposer 

Let be � = � + ��, � = � + ��, � = � + ��, then the inequality from enunciation 

becomes: 
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�
�(� + �)

��
���

⋅ �� = �
�� + ��

��
���

⋅ �� = �
� + �

�
���

⋅ �� ≥ 

≥
�ă����ț���������

�� ⋅ �� 

So, � = ��, � = ��, � = �� and Bătinețu-Giurgiu inequality is: 

�
� + �

�
���

�� ≥ ���� 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�
(� + ��)(� + �� + ��)

(� + ��)(� + ��)
���

⋅ �� ≥
�����

���
(� + ��)(� + �� + ��)

(� + ��)(� + ��)
⋅ ��

���

�
= 

= ����
(� + ��) + (� + ��)

� + ��
���

� ⋅ (���)�
�

≥
�����

 

≥
�����

��(��)� ��
��(� + ��)(� + ��)

� + ��
���

� ⋅ ��
�

≥
����������������

 

≥ ��(��)� ⋅ � ⋅
���

��
⋅ ���

�

= ���� 

Therefore, 

�
(� + ��)(� + �� + ��)

(� + ��)(� + ��)
���

⋅ �� ≥ ���� 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Tahiland 

�
(� + ��)(� + �� + ��)

(� + ��)(� + ��)
���

⋅ �� = � �
� + ��

� + ��
+

� + ��

� + ��
� ⋅ ��

���

= 

= � �
� + ��

� + ��
� ⋅ ��

���

+ � �
� + ��

� + ��
� ⋅ ��

���

≥ �(�� + �� + ��) ≥ 

≥
�

�
(�� + �� + ��)� ≥

�

�
��√���

�
= ���� 

For �, �, �; �, �, � > � we have: 
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�

�
⋅ � +

�

�
⋅ � +

�

�
⋅ � ≥ � + � + � ⇔ ���� + ���� + ���� ≥ ���(� + � + �) 

���(� − �) + ���(� − �) + ���(� − �) ≥ �, which is true from  

�

�
(��� + ��� + ���)�(� − �) + (� − �) + (� − �)� ≥ � 

UP.349 If � ≥ �; �, �, � > �, then in any ���� with the area � the following 

inequality holds: 

� + �

� ⋅ ��
���

+
� + �

� ⋅ ��
��� +

� + �

� ⋅ ��
���

≥
�

�√��
��� �√�

�
�

���
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
Solution 1 by proposers 

We have: 

� = ∑
���

�⋅��
������ = ∑

���

�⋅(���)������ ⋅ ���� =
�

����⋅���� ⋅ ∑
���

���� ⋅ ����   (1) 

Let be �, �, � ∈ ℝ�
∗  such that ���� = �, ���� = �, ���� = � then relation (1) becomes: 

� =
�

���� ⋅ ����
⋅ �

���� + ����

����

���

���� ≥ 

≥
�

��������
⋅

�

��
� �

� + �

�
⋅ ��

���

���

≥
����� �

����� ⋅ ���� ⋅ ��
��

� + �

�
���

⋅ ��

���

≥ 

≥
�

����� ⋅ �� ⋅ ����
⋅ ���� ��

√��

�
�

���

�

���

≥ 

=
�

�� ⋅ ����
�� ⋅ �� �

√��

�
⋅ ��

���

�

�

���

=
�

������
�√���

�
�

���
= 

=
�

�� ⋅ ����
��(���)��

�

���
�

≥
�

������
�

�√��

�
�

���
�

= 

=
�

������
⋅ ���� ⋅

�
���

�

�
���

�

=
�

�
���

�

⋅ ���
���

� = 
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=
�

�√��
���

⋅ �
���

�  

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have:  

� ��

���

= �
��

�
���

=
���

�
;  �� ≥

��

�√�
(����� − ����������) 

� ��

���

≤ ����
⋅ ���; (�) 

�
� + �

� ⋅ ��
���

���

≥
�����

���
� + �

� ⋅ ��
���

���

�
= ��

∏(� + �)

�
⋅

�

(∏ ��)���

�

≥
�����

 

≥

�����
(�)

��
�

�√���
⋅ √���

���

�
=

�

√����
⋅ �√�

�
�

���
 

UP.350 If �, �, � ∈ ℝ�
∗ = (�, ∞), then in any ���� with the area � the 

following inequality holds: 

�
� + �

� + �(� + ��)(� + ��)
���

�� ≥ �√�� 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
Solution 1 by proposers 

We have 

�
� + �

� + �(� + ��)(� + ��)
���

�� ≥ �
� + �

� +
� + �� + � + ��

����

�� = 

= �
� + �

�� + � + �
���

�� = �
�(� + � + �) − (�� + � + �)

�� + � + �
���

�� = 

= �(� + � + �) ⋅ �
��

�� + � + �
���

− � ��

���

≥
���������

 



 
www.ssmrmh.ro 

 �� NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS 

 

≥  � ⋅
(� + � + �)�

∑ (�� + � + �)���

(� + � + �)�� = � ��

���

= 

= �(� + � + �) ⋅
(� + � + �)�

�(� + � + �)
− � ��

���

=
�

�
(� + � + �)� − � ��

���

= 

=
�

�
�∑ ��

��� + � ∑ ����� � − ∑ ��
��� = ∑ ����� −

�

�
∑ ��

���     (1) 

But �� + �� + �� = �(�� − �� − ���), �� + �� + �� = �� + �� + ��� and then 

relationship (1) becomes: 

�
� + �

� + �(� + ��)(� + ��)
���

�� ≥ �� + �� + ��� − (�� − �� − ���) = 

= �(�� + ���) = ��(�� + �) ≥
������

��√�� = �√��� = �√�� 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have: �(� + ��)(� + ��) ≤
����� (����)�(����)

�
= � + � + � 

Thus, 

�
� + �

� + �(� + ��)(� + ��)
���

⋅ �� ≥ �
� + �

(� + �) + (� + �)
⋅ ��

���

≥
����������

�√�� 

 Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

� + �

� + �(� + ��)(� + ��)
≥

� + �

� + � + � + �
=

� + �

(� + �) + (� + �)
 

Hence,  

�
� + �

� + �(� + ��)(� + ��)
���

⋅ �� ≥ �
� + �

(� + �) + (� + �)
⋅ ��

���

= 

=
�

� + �

̇
�� +

�

� + �
⋅ �� +

�

� + �
⋅ �� ≥

�

�
(�� + �� + ��) ≥

�

�
��√��� = �√�� 

Which is true, because:  

�(� + �)(� + �)�� + �(� + �)(� + �)�� + �(� + �)(� + �)�� ≥ 

≥
�

�
(� + �)(� + �)(� + �)(�� + �� + ��) 

��(� + �)(� + �)��� − (� + �)� + ��(� + �)(� + �)��� − (� + �)� + 
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+��(� + �)(� + �)��� − (� + �)� ≥ � 

���(� + �)(� + �) + ��(� + �)(� + �) + ��(� + �)(� + �)� (�� + �� + �� − (�� + �� + ��)

�
≥ � 

 

UP.351 If �, �, � ∈ ℝ�
∗ = (�, ∞) and ��� is a triangle, then: 

(� + ��)(�� + � + ��) ⋅ ��

(� + �)(� + ��) ⋅ ��
�

+
(� + ��)(�� + � + ��) ⋅ ��

(� + ��)(� + ��) ⋅ ��
�

+ 

+
(� + ��)(�� + � + ��) ⋅ ��

(� + ��)(� + ��) ⋅ ��
�

≥ � 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
Solution 1 by proposers 

Let be � = � + ��, � = � + ��, � = � + ��, then we have: 

�
(� + ��)(�� + � + ��)��

(� + ��)(� + ��)��
�

���

= �
�(� + �)��

� ⋅ � ⋅ ��
�

���

= 

= �
�� + ��

��
���

⋅
��

����
�

=
�

���
⋅ �

�� + ��

��
���

�� = 

=
�

���
⋅ �

� + �

�
���

�� ≥
�ă����ț��������� �

���
⋅ ���� = � 

So, � = ��, � = ��, � = ��. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have:  

�
�

��
���

= �
��

��
���

=
���

�
≥

���������������� �

�√�
 

�
��

��
�

���

≥ �
�

�
�

�

; (�) 

Thus, 

�
(� + ��)(�� + � + ��) ⋅ ��

(� + �)(� + ��) ⋅ ��
�

���

≥
�����

� ⋅ ��
(� + ��)(�� + � + ��) ⋅ ��

(� + �)(� + ��) ⋅ ��
�

���

�
= 
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= ����
(� + ��) + (� + ��)

� + ��
���

� ��
��

��
�

���

�
�

≥
������,(�)

��� ⋅ �
�

�
�

��

= � 

 

UP.352 If �, �, � > 0 and ���� have the semiperimeter � the following 

relationship holds: 

(� + �)�

� ⋅ ��(� − �)
+

(� + �)�

� ⋅ ��(� − �)
+

(� + �)�

� ⋅ ��(� − �)
≥

��√�

�
 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by Marian Ursărescu-Romania 

�
� + �

� ⋅ ��(� − �)
���

≥ ��
(� + �)(� + �)(� + �) ⋅ ���

��� ⋅ ������ ⋅ (� − �)(� − �)(� − �)

�

; (�) 

(� + �)(� + �)(� + �)

���
≥

���� ⋅ �√�� ⋅ ����

���
= �; (�) 

From (�), (�) we must to show that: 

�
� + �

� ⋅ ��(� − �)
���

≥ � ⋅ �
���

������ ⋅ (� − �)(� − �)(� − �)

�

⇔ 

���

������ ⋅ (� − �)(� − �)(� − �)
≥

� ⋅ �√�

��
; (�) 

But: ��� = ����, ������ =
�����

�
 and (� − �)(� − �)(� − �) = ���; (�) 

From (�), (�) we must to show: 

���� ⋅ �

����� ⋅ ���� 
≥

� ⋅ �√�

��
⇔ ��� ≥ � ⋅ �√��� 

⇔ �� ≥ ���, which is true because � ≥ ��(�����) and � ≥ �√��(���������). 

Solution 2 by proposers 

We have: 



 
www.ssmrmh.ro 

 �� NUMBER 24-RMM SPRING EDITION 2022-SOLUTIONS 

 

�
(� + �)�

� ⋅ ��(� − �)
���

≥ � �
��� ⋅ �

� ⋅ ��(� − �)
���

= � �
��� ⋅ ��

�(���)(� − �)
���

= 

=
�

��
⋅ �

��� ⋅ ��

�(� − �)
���

≥
�

�
⋅ � ⋅ ��

��� ⋅ ��

�(� − �)
���

�

= 

=
�

�
⋅ �

(���)�

(� − �)(� − �)(� − �)

�

≥
������ �

�
⋅

�√��

�
⋅

�

�(� − �)(� − �)(� − �)
�

= 

= �√� ⋅
√�
�

��(� − �)(� − �)(� − �)
�

=
�√�√�

�

√��� =
�√�√�

�

√����� = 

=
�√�

√�
�

⋅ √��� ≥
���������� �√�

�� ⋅ ��

��

�
=

��√�

�
 

UP.353 Let (��)��� be a sequence of real numbers with �� = √�� − �
�

, � ≥ � 

and  ���� = ��� − � + ��
�

, � ≥ �. Prove that (��)��� −convergent and find 

�� = ���
�→�

��, �� = ���
�→�

{��}, where {∗} −fractional part.  

Proposed by Marin Chirciu-Romania 

Solution 1 by proposer 

Let �(�): ���� > ��, ∀� ≥ �. We have: �(�): �� > �� ⇔ �� > � true for � > 1. 

Next, �(�) ⇒ �(� + �): ���� > ��, � ≥ � ⇒ ��� − � + ��
�

> ��� − � + ����
�

 is true. 

From �(�) −true and  �(�) ⇒ �(� + �), ∀� ≥ � ⇒ �(�) −true for all � ≥ �. 

Let �(�): �� < �, � ≥ 1. We have: √�� − �
�

< � ⇔ �� − � < �� ⇔ � > 0 true. 

Next, �(�) ⇒ �(� + �): �� < � ⇒ ���� < � ⇔ ��� − � + ��
�

< � ⇔ �� − � + �� < �� 

⇔ �� < � true. 

From �(�) true and �(�) ⇒ �(� + �), ∀� ≥ � ⇒ �(�) is true for all � ≥ �. 

Because sequence (��)��� −bounded and increasing, by Weierstrass theorem, it follows 

that (��)��� −is convergent ⇒ ∃� ∈ ℝ such that � = ���
�→�

��. We have: 
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���� = ��� − � + ��
�

⇔ � = ��� − � + ���
⇔ �� = �� − � + � ⇔ 

(� − �)(�� + �� + �� − �) = � ⇔ � = �, because �� + �� + �� − � = � has  

∆= � − ��� < 0, so for � ≥ �, has not real roots. 

Hence, �� = ���
�→�

�� = �. Now, 

�� = √�� − �
�

> � − 1 and (��)��� −increasing, so �� > � − 1, ∀� ≥ 1 and from 

(��)��� − bounded, we have: �� < �, ∀� ≥ 1. It follows that: 

� − � ≤ �� < �, ∀� ≥ 1 ⇒ [��] = � − �, hence {��} = �� − [��] = �� − (� − �) and  

�� = ���
�→�

{��} = ���
�→�

��� − (� − �)� = � − (� − �) = �. 

Therefore, �� = ���
�→�

{��} = � 

Solution 2 by Ravi Prakash-New Delhi-India 

We first show that: � ≤ �� ≤ �, ∀� ≥ � 

For � = �:  �� = √�� − �
�

≥ �(∵ � ≥ �) and ��
� ≤ �� → �� ≤ � → � ≤ �� ≤ �. 

Next, assume that � ≤ �� ≤ �. 

����
� = �� − � + �� ≥ � → ���� ≥ � also ����

� = �� + (�� − �) ≤ ��. Thus 

� ≤ ���� ≤ �. Hence, � ≤ �� ≤ �, ∀� ≥ � 

Next, we show that: ���� ≥ ��, ∀� ≥ �. We have: 

��
� = (�� − �) + �� = ��

� + �� → ��
� ≥ ��

� → �� ≥ ��(∵ �� ≥ �) 

Next, assume that ���� ≥ �� for some � ≥ �. Now, 

����
� − ����

� = ���� − �� ≥ � → ����
� ≥ ����

� → ���� ≥ ����. Thus, 

���� ≥ ��, ∀� ≥ �. So, (��)��� is an bounded increasing sequence, then 

(��)��� −converges. 

Let ���
�→�

�� = �, � ≥ �. Now,  ���
�→�

����
� = ���

�→�
(�� − � + ��) → �� = �� − � + � 

(� − �) + (� − �)(�� + �� + ��) = � → (� − �)(�� + �� + �� + �) = � → � = � 

→ ���
�→�

�� = �; (�) 

We next show that: ���
�→�

[��] = [�]. 

For � < � < �, there exists a positive integer numbers � such that |�� − �| < �, ∀� ≥ �. 
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→ −� < �� − � < �, ∀� ≥ � → � ≤ �� − � ≤ �, ∀� ≥ � 

→ � ≤ �� < � + �, ∀� ≥ � → [�] ≤ [��] ≤ [�], ∀� ≥ � → 

���
�→�

[��] = [�]; (�) 

From (�), (�), we get ���
�→�

(�� − [��]) = � − [�] → ���
�→�

{��} = {�} 

UP.354 Find: 

� = ���
�→�

�� + ��
�

�
���

��

�

���

���

�

��

�

�

 

Proposed by Florică Anastase-Romania 
Solution 1 by Narendra Bhandari-Bajura-Nepal 

Clearly, 
��

�
> 0 for all � ∈ [�, � − �] so due to Taylor series around � = � we have: 

��� � ≤ �, ∀� ≥ �. Choose � =
��

�
 we have  

��� �
��

�
� ≤

��

�
⇒ �(�) = �

�

�
��� �

��

�
�

���

���

≤ � �
��

��

���

���

=
�

�
⋅

(� − �)(�� − �)

�
 

Since the partial sum of the later sum diverges as � → ∞ so  

�(�) → ∞ (due to comparison test). Therefore, � = ����→�(� + (�(�)��)� = �� 

And hence we have: 

� = ���
�→�

���(� + (�(�)��)� = ��� ����
�→�

� ��
�

�
��� �

��

�
�

���

���

�

��

� 

Since latter expression is Riemann integrable function on [�, �], (reads may prove it) so 

the limit reduces to: 

� = ��� �� � ⋅ ���(��)
�

�

���

��

=
���

������
��

= �� 

Solution 2 by proposer 

∀� ∈ ℕ∗, � ≥ �: �
�

�
���

��

�

���

���

=
�

�
���

�

��
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Let be � = ���
�

�
+ ����

�

�
, then: 

� ����
��

�

���

���

= ��(� + ��� + ��� + ⋯ (� − �)����), �� = −� ⇒ 

� + ��� + ��� + ⋯ (� − �)���� =
(� − �)���� − ��� + �

(� − �)�
=

(� − �)� + � + �

(� − �)�
= 

=
� − (� − �)�

� − ����� �
�� + �����

�
�� ���

�
�� − �

=
� − (� − �)�

−����� �
�� ����

�
� + ����

�
��

= 

=
� − �

����� �
��

−
�

����� �
��

����
�

�
− ����

�

�
� ⇒ 

� ����
��

�

���

���

= �� �� ���

���

���

� =
����

�
�

����� �
��

=
�

�
���

�

��
⇒ �

�

�
���

��

�

���

���

=
�

�
���

�

��
 

���
�→�

��� �� + ��
�

�
���

��

�

���

���

�

��

�

�

= ���
�→�

���� �� + ����
�

��
� = 

= ���
�→�

��� �� + ����
�

���

����
�

��

∙
����

�
��

�
��

∙
�

��
∙ � = � 

Therefore, 

� = ���
�→�

�� + ��
�

�
���

��

�

���

���

�

��

�

�

= �� 

UP.355 Find: 

� = ���
�→�

⎝

⎜
⎛

���
�→

�
��

�
����

�
∙ ��

�

�
���

��

�

���

���

�

��

�

�
���(���)

⎠

⎟
⎞

 

Proposed by Florică Anastase-Romania 
Solution 1 by Narendra Bhandari-Bajura-Nepal 

Since: 

�(�) = �
�

�
��� �

��

�
�

���

���

= � �
� − �

�
� ��� �

��

�
�

���

���

⇒ �(�) =
�

�
� ��� �

��

�
�

���

���
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Now, 

� ��� �
��

�
�

���

���

= � �� �
��
�

���

���

� = � �
� − ���

� − �
��
�

� =
� ����

��
���

��� �
�

���
=

�

�
��� �

�

��
� 

So we are now supposed to find: 

� = ���
�→�

� ���
�→

�
��

��� �

��� �
�

���
�

�
���(���)

= ���
�→�

��(�)�
�

���(���) 

We note that as � →
�

��
, �(�) → � then limit attains the form of �� so 

����(�) = ���
�→

�
��

�

���(���)
��� �

��� �

��� �
�

���
� 

As �(�) attains 
�

�
 form so due to L-hopitals rule we have 

����(�) = − ���
�→

�
��

��� � ⋅ ��� �

�� ⋅ ����(���)
= −

��� �
�

��� ⋅ ��� �
�

���

��
 

Therefore, 

� = ���
�→�

��� �−
��� �

�
���

��
� = �����

=
�

√�
�  

Solution by proposer 

∀� ∈ ℕ∗, � ≥ �: �
�

�
���

��

�

���

���

=
�

�
���

�

��
 

Let be � = ���
�

�
+ ����

�

�
, then: 

� ����
��

�

���

���

= ��(� + ��� + ��� + ⋯ (� − �)����), �� = −� ⇒ 

� + ��� + ��� + ⋯ (� − �)���� =
(� − �)���� − ��� + �

(� − �)�
=

(� − �)� + � + �

(� − �)�
= 

=
� − (� − �)�

� − ����� �
�� + �����

�
�� ���

�
�� − �

=
� − (� − �)�

−����� �
�� ����

�
� + ����

�
��

= 
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=
� − �

����� �
��

−
�

����� �
��

����
�

�
− ����

�

�
� ⇒ 

� ����
��

�

���

���

= �� �� ���

���

���

� =
����

�
�

����� �
��

=
�

�
���

�

��
⇒ �

�

�
���

��

�

���

���

=
�

�
���

�

��
 

� = ���
�→

�
��

�
����

�
∙ ��

�

�
���

��

�

���

���

�

��

�

�
���(���)

= ���
�→

�
��

�
����

�
∙ �

�

�
���

�

��
�

��

�

�
���(���)

 

= ���
�→

�
��

�
����

���
�

��

�

���(���)

= ���
�→

�
��

�� +
���� − ���

�
��

���
�

��

�

���(���)

= 

= ���
�→

�
��

�� +
���� − ���

�
��

���
�

��

�

���
�

��

��������
�

��

∙
���������

�
��

����(���)

��� 
�

��

= 

= �
���

�→
�

��

���(���)∙
����

�
��

���

����∙���
�

��

∙���
�

��
 

= �
�

�

����
�
� = 

� = ���
�→�

⎝

⎜
⎛

���
�→

�
��

�
�

�
(����) ��

�

�
���

��

�

���

���

�

��

�

�
���(���)

⎠

⎟
⎞

= ���
�→�

�
�

�
�

���
�
�

∙
�
�

=
�

√�
�  

UP.356 Find: 

� = ���
�→�

�� ���
(� − �)��

�
∙ ������ �

��

�
�

�

���

�

 

Proposed by Florică Anastase-Romania 
Solution by proposer 

∵ � ���
(� − �)��

�
∙ ������ �

��

�
�

�

���

=
�

����
, ∀� ∈ ℕ, � ≥ � 

(� + �)� = � �
�

�
� ��

�

���

, � ∈ ℕ∗; (�) 
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Let � = ���
���

�
+ ����

���

�
, � = �, ������ ⇒ � + � = � + ���

���

�
+ ����

���

�
= 

= ����
��

�
����

��

�
+ ����

��

�
� ⇒ 

������
��

�
����

���

�
+ ����

���

�
� = � �

�

�
� ����

����

�
+ ����

����

�
�

�

���

⇒ 

������
��

�
���

���

�
= � �

�

�
� ���

����

�

�

���

, � = �, ������ ⇒ 

�� � ����
��

�
���

���

�

�

���

= � �
�

�
�

�

���

� ���
����

�

�

���

= 

= �
�

�
� � �

�

���

+ � �
�

�
�

�

���

� ���
����

�

�

���

; (�) 

Now, 

∵ � �������(��)

�

���

=
�������(��) − �����(� + �)� + ���� − �

�� − ������ + �
; � = �, � =

���

�
⇒ 

� ���
����

�

�

���

=
������ − ���

(� + �)���
� + ���

���
� − �

� − ����
���

�

= �, ∀� = �, �������; � < �; (�) 

From (�), (�) it follows that: 

�� � ����
��

�
���

���

�

�

���

= � �
�

�
� ⇒ � ����

��

�
���

���

�

�

���

=
�

��
 

For � = � − �, it follows that: 

� ���
(� − �)��

�
∙ ������ �

��

�
�

�

���

=
�

����
 

Therefore, 

� = ���
�→�

�� ���
(� − �)��

�
∙ ������ �

��

�
�

�

���

�

= ���
�→� 

�
�

����

�
=

�����
���
�→�

� + �

��
∙

����

�
=

�

�
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UP.357 �� �: ��,
�

�
� → ℝ, �(�) = − ∫ ���(����)

�

�
�� 

Prove that: 

���
�→

�
�

��
�
�

�(�) = − � ���(����)

�
�

�

�� 

Proposed by Florică Anastase-Romania 
Solution 1 by Hussain Reza Zadah-Afghanistan 

� = �
����

�� − ��
��

�

�

=
������

�
���(����)

√� − �����
����

�
�

�

�� = � ���(����)

�
�

�

�� = � ���(����)

�
�

�

�� 

� = � ���(����)

�
�

�

�� → �� = � ���(�����)

�
�

�

�� −
�

�
���� 

���
�→

�
�

�(�) = − � ���(����)

�
�

�

�� =
�

�
���� 

 Solution 2 by Dawid Bialek-Poland 

�(�) = − � ���(����)
�

�

�� =
�→

�
�

��

� ��� ���� �
�

�
− ���

�
�

��

�
�

�� = − � ���(����)

�
�

�
�

��

�� 

���
�→

�
�

��
�
�

�(�) = − � ���(����)

�
�

�
�

�
�
�

�� = − � ���(����)

�
�

�

�� 

Solution 3 by proposer 

∵ � ���
��

�

���

���

=
√�

����
 

Let: ��, � = �, �, . . , �� the roots of the unity. 

�� = ���
��

��
+ ����

��

��
, � = �, �, … , �� 

��� − � = �(� − ��)

��

���

=⏞

��,��±�������

(�� − �) �(� − ��)(� − �����)

���

���
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= (�� − �) � ��� − �����
��

�
+ ��

���

���

 

⇒ ����� + ����� + ⋯ + �� + � = � ��� − �����
��

�
+ ��

���

���

���
��� 

� = � �� − ����
��

�
�

���

���

= � ������
��

��
�

���

���

 

� = ��(���)  ∙ ����
�

��
∙ ����

��

��
∙ … ∙ ����

(� − �)�

��
 

���� ∙ ���
�

��
∙ ���

��

��
∙ … ∙ ���

(� − �)�

��
= √� ⇒ � ���

��

�

���

���

=
√�

����
 

� ���(����)

�
�

�

�� =
�

�
� ���(����)

�

�

�� =
�

�
� ���(�����)

�

�

�� = 

= ���
�→�

�

��
� ��� ����

��

�
�

���

���

= ���
�→�

�

��
��� �� ���

��

�

���

���

� = 

= ���
�→�

�

��
��� �

√�

����
� =

�

�
���
�→�

���√� − (� − �)����

�
= −

�

�
����; (�)  

� ���(����)

�
�

�

�� =
�

�
� ���(����)

�

�

�� =
�

�
� ���(�����)

�

�

�� = 

= ���
�→�

�

��
� ��� ����

��

�
�

���

���

= ���
�→�

�

��
��� �� ���

��

�

���

���

� = 

= ���
�→�

�

��
��� �

�

����
� =

�

�
���
�→�

���� − (� − �)����

��
= −

�

�
����  

�(�) = − � ���(����)
�

�

�� =
��

�
�

��

� ���(����)

�
�

��

�
�

�� = 

= � ����� + ��� ����
�

�
� + ��� ����

�

�
��

�
�

��

�
�

�� = 
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= � � ���(����)

�
�

�
�
�

�
�

�� + � � ���(����)

�
�

�
�
�

�
�

�� − ����� = 

=  � � ���(����)

�
�

�
�
�

�
�

�� − � � ���(����)

�
�

�
�
�

�
�

�� − ����� 

= �� �
�

�
−

�

�
� − �� �

�

�
+

�

�
� − ����� 

Therefore, 

���
�→

�
�

��
�
�

�(�) =
�

�
���� = − � ���(����)

�
�

�

�� 

UP.358 If � < � ≤ � <
�

�
 then: 

��
����

�
��

�

�

�

�

+ ��
����

�
��

�

�

�

�

≤ ���� �
�

�
� 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

� = �
����

�
��

�

�

, � = �
����

�
��,

�

�

 � = |�|(���� + �����), � ∈ [�, ��), 

� = |�|����, � = |�|����, |�|� = �� + �� = � ∙ � + � ∙ � = 

= |�|���� ∙ � + |�|���� ∙ � = 

= |�| ����� �
����

�
��

�

�

+ ���� �
����

�
��  

�

�

� ≤ 
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≤ |�| � ��
����

�
�

�

+ �
����

�
�

�
�

�

�� = |�| �
�

�

�

�

�� = |�|��� �
�

�
� 

|�|� ≤ |�|��� �
�

�
� → |�| ≤ ��� �

�

�
� → |�|� ≤ ���� �

�

�
� → �� + �� ≤ ���� �

�

�
� 

��
����

�
��

�

�

�

�

+ ��
����

�
��

�

�

�

�

≤ ���� �
�

�
� 

Solution 2 by Gabriel Brehuescu-Romania 

Applying BCS inequality, we get: 

��
����

�
��

�

�

�

�

= �� �
����

√�
� ⋅

�

√�
��

�

�

�

�

≤ � �
����

√�
�

�

��
�

�

⋅ � �
�

√�
�

�

��
�

�

= �
�����

��

�

�

�� ⋅ �
��

�

�

�

; (�) 

��
����

�
��

�

�

�

�

= �� �
����

√�
� ⋅

�

√�
��

�

�

�

�

≤ � �
����

√�
�

�

��
�

�

⋅ � �
�

√�
�

�

��
�

�

= �
�����

��

�

�

�� ⋅ �
��

�

�

�

; (�) 

From (�), (�) we get: 

��
����

�
��

�

�

�

�

+ ��
����

�
��

�

�

�

�

≤ �
��

�

�

�

⋅ � �
����� + �����

�
� ��

�

�

= ��
��

�

�

�

�

�

= ���� �
�

�
� 

Solution 3 by Mohammad Rostami-Kabul-Afghanistan 

⎩
⎪
⎨

⎪
⎧� = �

����

�

�

�

��

� = �
����

�
��

�

�

→

⎩
⎨

⎧
� = |�|(���� + �����)

|�|� = �� + ��

� = |�|����
� = |�|����
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|�|� = �� + �� = |�| ⋅ ����� + |�| ⋅ ����� = 

= |�| ����� �
����

�
��

�

�

+ ���� �
����

�
��

�

�

� ≤ 

≤ |�| � ��
����

�
�

�

+ �
����

�
�

��

�

�� = |�| �
�

�
��

�

�

= |�|��� �
�

�
� 

⇒ |�|� ≤ |�|���� �
�

�
� ⇒ |�| ≤ ��� �

�

�
� ⇒ |�|� ≤ ���� �

�

�
� 

�� + �� ≤ ���� �
�

�
� 

Therefore, 

��
����

�
��

�

�

�

�

+ ��
����

�
��

�

�

�

�

≤ ���� �
�

�
� 

Solution 4 by Ravi Prakash-New Delhi-India 

Let � = ∫
����

�
��

�

�
, � = ∫

����

�
��

�

�
 

Now, �� + �� = |� + ��| = �∫
�

�
(���� + �����)��

�

�
�

�

= �∫
���

�
��

�

�
�

�

≤ 

≤ ��
�

�
�������

�

�

�

�

= ��
�

�
��

�

�

�

�

= ���� �
�

�
� 

Therefore, 

��
����

�
��

�

�

�

�

+ ��
����

�
��

�

�

�

�

≤ ���� �
�

�
� 

UP.359 Find: 

� = �
������

�� + �

�

�

�� 

Proposed by Vasile Mircea Popa-Romania 

Solution 1 by proposer 

�(�) = �
�������

�� + �

�

�

��, � > 0 → ��(�) = �
�

(�� + �)(� + ����)
��

�

�

 

∵ � = ��,
�

(� + �)(�� − � + �)(� + ���)
=

�

� + �
+

�� + �

�� − � + �
+

�� + �

� + ���
→ 
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� = −
�

�(� + �)
, � = −

�� − �

�(�� − � + �)
, � =

� + �

�(�� − � + �)
, � =

��

�� + �
, � = −

�

�� + �
 

Then, we have: 

�
�

� + �
�� = ����(� + �) + � 

�
�� + �

�� − � + �
�� =

�

�
���(�� − � + �) +

�� + �

√�
�����

�� − �

√�
+ � 

�
�� + �

��� + �
�� =

�

��
���(��� + �) +

�

√�
�����√�� + � 

We make the notations: 

�(�) = �
�

(� + �)(�� − � + �)(� + ���)
�� = 

= �
�

� + �
�� + �

�� + �

�� − � + �
�� + �

�� + �

� + ���
�� 

We have: 

�
�

(�� + �)(� + ���)
��

�

�

= ���
�→�

�(�) − �(�) 

We can write: �(�) = �(�) + �(�), where:  

�(�) =
�� + �

√�
�����

�� − �

√�
+

�

√�
�����√�� 

�(�) = ����(� + �) +
�

�
���(�� − � + �) +

�

��
���(��� + �) 

Let us denote: ∆�= ���
�→�

�(�) − �(�), we have: 

���
�→�

�(�) =
�� + �

√�
⋅

�

�
+

�

√�
⋅

�

�
; �(�) = −

�� + �

√�
⋅

�

�
  

So, ∆�=
����

√�
⋅

�

�
+

�

√�
⋅

�

�
+

����

√�
⋅

�

�
, but we have: �� + � =

���

����
; � = −

�

����
→ 

∆�=
��√� − ��√� + ��√��

��(�� + �)
 

We make the notation: ∆�(�) = ���
�→�

�(�) − �(�), where 

�(�) = ����(� + �) +
�

�
���(�� − � + �) +

�

��
���(��� + �), �(�) = �. 
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�(�) = ����
� + �

�
+

�

�
���

�� − � + �

��
+

�

��
���

��� + �

���
+ �� + � +

�

�
� ��� +

�

��
���� 

But � + � +
�

�
= �, so ���

�→�
�(�) =

�

��
���� =

��

�(����)
���� → ∆�=

������

�(����)
 

�
�

(�� + �)(� + ���)
��

�

�

= ∆� + ∆�=
��√� − ��√� + ��√�� + �������  

��(�� + �)
 

�
�

(�� + �)(� + ����)
��

�

�

=
��√� − ��� + ��√��� + ��������

��(�� + �)
 

� = �(�) = � ��(�)
�

�

��, ∵ ���
�→�
���

�(�) = � 

� =
��√�

�
�

�

�� + �
��

�

�

+
�

�
�

�

�� + �
��

�

�

+
��√�

�
�

��

�� + �
��

�

�

+ �
������

�� + �
��

�

�

; (�) 

�� = �
�

�� + �
��

�

�

=
�

�
�� + √������ + √��� ; (�) 

�� = �
�

�� + �
��

�

�

=
�

��
��√� + ������; (�) 

�� = �
��

�� + �
��

�

�

=
�

��
 

We calculate the fourth integral: 

�� = �
������

�� + �
��

�

�

 

For this, we consider the function: �(�) =
��

����
. We develop the function in power series. 

We have for � ∈ (�, �): �(�) = �� − ��� + ��� − ��� + ��� − ��� + ��� − ��� + ⋯ 

�� = � �(�)��
�

�

= −
�

��
+

�

���
−

�

���
+

�

���
−

�

���
+

�

���
−

�

���
+ ⋯ 

= − �
�

��
+

�

���
+

�

���
+

�

���
+ ⋯ � + �

�

���
+

�

���
+

�

���
+

�

���
+ ⋯ � 

Now, we will use the trigamma function, which is defined by the relationship: 

��(�) = �
�

(� + �)�

�

���

→ �� =
�

���
�−�� �

�

��
� + �� �

��

��
�� 
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But, we have the equality: −�� �
�

��
� + �� �

��

��
� = ���√� − ���, where � is Catalan’s 

constant. So we have: 

�� =
�

��
��√� −

�

�
�; (�) 

Replacing the relationships (2),(3),(4),(5) in the relation (1), we obtain: 

� =
�

��
��√� +

�

�
������ + √�� −

�

��
����� −

�

�
�. 

Solution 2 by Syed Shahabudeen-India 

� = �
������

�� + �
��

�

�

=
��

���
���

� �
����� �

� − �
� + ��

��� + �
⋅

��

(� + �)�

�

��

= 

= � �
�

�
� − ������� (� + �)

��� + �
��

�

��

= 

=
�

�
�

� + �

��� + �
��

�

��

− � �
� + �

��� + �
������ ��

�

��

 

� = �
� + �

��� + �
��

�

��

=
�

�
�

�

�� +
�
�

�

�

�� =
�

�√�
 

� = �
� + �

��� + �
������ ��

�

��

= � �
�������

��� + �

�

�

�� = 

= � �
�

�
���� −

�

��
�

���(��� + �)

�� + �

�

�

��� 

�(�) = �
���(��� + �)

�� + �

�

�

�� 

��

��
= �

��

(��� + �)(�� + �)

�

�

�� =
�

� − �
� �

�

�� + �
−

�

��� + �
�

�

�

�� = 

=
�

� − �
�

�

�
−

�����√�

√�
� =

�

�(� − �)
−

�����√�

(� − �)√�
→ 

�(�) =
�

�
���(� − �) − �

�����√�

(� − �)√�
�� 
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�
�����√�

(� − �)√�
�� =

��√� �

�
�

��

�� − �
+ � �

����� �
� − �
� + ��

�� − �
�� = 

=
�

�
��� �

√� − �

√� + �
� + ��� �

√� − �

√� + �
� + � 

�(�) =
�

�
���(� − �) −

�

�
��� �

√� − �

√� + �
� − ��� �

√� − �

√� + �
� + � 

��� −Inverse tangent integral. When � = � → � = � 

�(�) = −���(−�) + � = � → � = −�; (� − ������� ��. ) 

�(�) =
�

�
���� +

�

�
����� + √�� − ��� �

√� − �

√� + �
� − � 

Finally we’ll get: 

� =
��

�√�
−

�

�
���� +

�

��
���� +

�

��
����� + √�� −

�

�
��� �

√� − �

√� + �
� −

�

�
 

UP.360 Find �, � > 0 such that: 

⎩
⎨

⎧ � + � =
�

�
(� + �)�

��� − �� + �
+

(� + �)�

��� − �� + �
=

��

�

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Christos Tsifakis-Greece 

� + � =
�

�
⇔ �

�� = � − ��

� + � =
�

�
− �

⇔ �
��� − �� = −���

� + � =
�

�
− �

⇔ �
��� − �� + � = � − ���

� + � =
�

�
− ��

 

⇔ �
��� − �� + � = � − (� − ���)�

� + � =
�

�
− �

⇔ �
��� − �� + � = ��� − �� + �

� + � =
�

�
− �

 

So, 
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⎩
⎨

⎧ � + � =
�

�
(� + �)�

��� − �� + �
+

(� + �)�

��� − �� + �
=

��

�

⇔

⎩
⎪
⎨

⎪
⎧ � + � =

�

�

�
�
� − ��

�

��� − �� + �
+

(� + �)�

��� − �� + �
=

��

�

⇔ 

⎩
⎨

⎧ � + � =
�

�

� �
�

�
− ��

�

+ �(� + �)� = ��(��� − �� + �)

⇔ 

�
� + � =

�

�

� �
��

�
−

��

�
� + ��� + �(�� + �� + �) = ���� − ��� + ��

⇔ 

�
� + � =

�

�

��� − �� +
�

�
= �

⇔ �
� + � =

�

�

� =
�

�

⇔ � = � =
�

�
 

Solution 2 by Ravi Prakash-New Delhi-India 

Put � =
�

�
+ �; � =

�

�
− �; −

�

�
< � <

�

�
 

(� + �)�

��� − �� + �
=

�
�
� + ��

�

� �
�
� + ��

�

− � �
�
� + �� + �

=
�

�
� + ��

�

� ��� +
�
� � +

�
�� −

�
� − �� + �

= 

=
�

�
� + ��

�

��� +
�
�

 

(� + �)�

��� − �� + �
=

�
�
� − ��

�

� �
�
� − ��

�

− � �
�
� − �� + �

=
�

�
� − ��

�

� �
�
� −

�
� � + ��� −

�
� + �� + �

= 

=
�

�
� − ��

�

��� +
�
�

 

Then, it follows that: 
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�
�
� + ��

�

+ �
�
� − ��

�

��� +
�
�

=
��

�
⇒ � ⋅

��

�
+ ��� = ���� +

��

�
⇒ ���� = � 

� = �. Thus, � = � =
�

�
. 

Solution 3 by proposer 

First we prove: 
�������

��������
≤

�(����)

�
; (�) 

�(�� + �� + �) ≤ �(�� + �)(��� − �� + �) 

��� + �� + � ≤ ���� − ���� + �� + � 

���� − ���� − �� + � ≥ � 

���� − ���� − ��� + � − �� + � ≥ � 

����(�� − �) − �(�� − �) − (�� − �) ≥ � 

(�� − �)(���� − � − �) ≥ � 

(�� − �)[(���� − ��) + (�� − �)] ≥ � 

(�� − �)�(�� + �) ≥ � 

Equality holds for � =
�

�
. Analogous: 

�� + �� + �

��� − �� + �
≤

�(�� + �)

�
; (�) 

By adding (1),(2): 

�� + �� + �

��� − �� + �
+

�� + �� + �

��� − �� + �
≤

�

�
(�� + � + �� + �) = 

=
�

�
(�(� + �) + �) =

�

�
�� ⋅

�

�
+ �� =

��

�
. 

Equality holds for � = � =
�

�
. 

Solution: � = � =
�

�
. 

Solution 4 by Fayssal Abdelli-Bejaia-Algerie 

⎩
⎨

⎧ � + � =
�

�
; (�)

(� + �)�

��� − �� + �
+

(� + �)�

��� − �� + �
=

��

�
; (�)
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From (�) → � =
�

�
− � 

(�) →
(� + �)�

��� − �� + �
+

�
�
� − � + ��

�

� �
�
� − ��

�

− � �
�
� − �� + �

=
��

�
 

�� + �� + �

��� − �� + �
+

�� −
��
� � +

��
�

� �
�
� + �� −

�
� �� −

�
� + �� + �

=
��

�
 

�� + �� + �

��� − �� + �
+

�� −
��
� � +

��
�

��� − �� + �
=

��

�
 

��� −
�
� � +

��
�

��� − �� + �
=

��

�
→ ���� − ��� +

��

�
= � 

��� − �� +
�

�
= � → � =

�

�
→ � =

�

�
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


