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JP.361 Find x,y,z > 0 such that:

{x3y +y3z+z23x =xyz(x+y + 2)
2x+3y+5z=10

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

4 1 2 4 1 2
3 3 3, _(Z.3y, 23,123 ol O T S
xy+yz+zx—<7xy+7yz+7zx)+(7(yz+7zx+7xy)+
2 AM-GM

4 1 1
HzPx+sxy+2y02) 2 7 VGO +

1 PO @O + 72 @D TN D7 =

— </x14y7z7 + 1/x7y14z7 + </x7y7zl4 —

= x’yz + xy?z + xyz? = xyz(x + y + z)

Equality holds for x3y = y3z=z23x o x =y =z
2x+3y+5z2=10=>10x=10=>x= 1.
Solution:x =y =z =1.
Solution 2 by AsmatQatea-Afghanistan
By+y3z+23x =xyz(x + y + 2)|: (xyz)
2y Z2

S—4+—+—=x+y+z
z x y

x2 yz ZZ Bergﬁs_\trom
—+—=+= =2 x+ty+z
z x y
Equality holdswhenx =y =z ->2x+3x+ +5x=10->x = 1.
So,x=y=z=1.

Solution 3 by AmritAwasthi-India

Zx3y = szyz o szy(x—z) =0

cyc cyc cyc

The left summand becomes zerowhenx =y =z.letx =y =z = a.

Therefore, putting in the next equation we get,
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2x+3y+5z2=10->2a+3a+5a=10-

10a=a—-»a=1.So,x=y=z=1.
Solution 4 by Abdul Aziz-Semarang-Indonesia

AM-GM

3y + x2yz + xyz2 S 3xlyz
AM-GM

Y3z + ylzx + yzx? = 3ylzx
AM-GM

2Bx + z%xy + zxy* > 3z%xy

Thus,
By+y3z+23x > xyz(x +y + 2)
Since: x3y + y3z+ z23x = xyz(x + y + z), then:x = y = z.
Since, 2x + 3y + 5z = 10, we have:
x=y=z=1
Solution 5 by Daniel Vacaru-Romania

{x3y +y3z+23x = xyz(x + y + 2); (1)
2x+3y+5z=10;(2)

(1) 3 3 3 ) ) 2Bergstrom 5

X y+y°z+z°x X VA ~ x+v+z
Wehave:x+y+z§L=—+y—+— > u:x-}y.kz

xyz z x y x+y+z

x=y=2z.From(2),weobtainx=y=z=1.
JP.362. Let ABC be a triangle with inradius r, and circumradius R. Equilateral
triangles with AB, BCand CA, are drawn externally to triangle ABC. Let K, L

and M be the centroids of the equilateral triangles, respectively. Prove that:

Es [KLM] 5 (£>2
R ~ [ABC] ~ \2r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

Let a, b, c be the lengths of sides BC, CA, AB, respectively. Then, we have:
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C\/— V3 2 bVv3 bV3
3 2 3 3 2 3

We use Law of cosines on AAKH:

¢ b? . .
KM? = AK? + AM? — 2AK - AMcos(¢KAM) = 3 t3 §bccos(cos30 +A+30)
b% + c? \ L
=—a- 5bc(cos60 cosA — sin60 sinA) =
_b2+c2 2 1 b%+c?-a? 3 a)
T3 3°°2 2bc 2 2R) "

_a2+b2+c \/—abc
B 6 t3 2R

2 2
So, KM? = % 2\/— - [ABC].Similarly, we have:

2 2 2
KL2 =2 L 28 apcland LM2 = S 1 25 apq),

Namely, KL = KL = LM.SoAKLM is equilateral. Now,

KM? -3 _ \/‘
4

We know that: a? + b? + ¢? < 9R2and 4+/3[ABC] < a® + b? + ¢* < 9R?.

3V3 3V3 2
) TR .SO,

[KLM] = ( 24+ b%2+c?)+ ; [ABC]

Namely, [KLM] < —(9R2) + - (

[KLM] 34—\/§R2 3\/§

R?  /R\*
< < —
[ABC] = rs r(3\/ ) ~ 472 (Zr)

Also, we have: [KLM] = g(a2 + b% + %) + % [ABC] > §(36r2) + % (rs).

We know that: [KLM] > — 3\/_ r? += r(3\/—r) = 3+/31r2. Namely,

[KLM] 3\/§r2 3\/§r2 2R

>
[ABC] — rs 3\/— T

Therefore,
2r [KLM] (R )2
R~ [ABC] 2r
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
VA NSEE
D
O
B C
K

Let O be the circumcenter of AABC and D the midpoint of AC.
The medians of equilateral triangles passing through the

midpoints of AB,BC,CA intersect at O.

b w 3
We have : DL =Etang=?b and OD = RcosB —» DL

V3
= RcosB + 3 b (And analogs)

1
> [KLM] = Z[MOL] _ Ez OL.OM.sin MOL

:%Z(RcosB+gb> (RcosC+\/?§c>sin(1t—A) =

R? _ V3R _ 1 _
= 72 cosB.cosC.sinA +EZ(CCOSB + bcosC)sinA +ﬁz bcsin A

Now,z cosB.cosC.sinA = (1_[ coSs A) (Z tanA) = (1_[ coSs A) (1_[ tanA)
= nsinA =z—‘;2.

cZ+a%?—-b* a?+b%-c?
ccosB+ bcosC = + =a-
2a 2a

1
BibeosOysina =LY a
Z(ccos + b cos C) sin 2R a

d E bcsinA = — E bc = . = 6F -
:
an c sin aoc
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[KLM]—R2 F +\/§R 1 2 4 1 6F—1F+\/§ 2
T2 2R2 12 2R T2 T2V T LY
Ionescu Weitzenbock \/§ [KLM] Euler 2r
Now, KLM S —F+-— 4JV3F=F >1 S = (.
ow,  [KLM] F o343 ~ TABC] r @D

Leibniz V3 [KLM] 1 3v3R?
And [KLM] < —=F+—.9R? <=
nd [KLM] 2" T 21 ~TABC] =2 8sr

<

Mitrinovic
)

V3R? Eiﬁier 2 2 2 2
L A () 2

2r

0.2 2r<[KLM]< R\?
()’()_’F—[ABC]—(Z)

JP.363. Let a, b, ¢ be positive real numbers with a? + b? + ¢* = 12.
Prove that:
a* b* c*
+ + > 16
Vva3+1 Vb3+1 VJe3+1

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

We have: a?(a — 2)? > 0, with equality fora = 2.So, a?(a®> —4a+4) > 0 &

a*+4a’+4-4a®-4=(a*+2)?-4@@+1>2024@+1)<(a*+2)?*>

1 1 at at
2Va3 +1 < a? + 2. Now, > —— > .
2Va3+1 — a?+2  2/a3+1 ~ a?+2

Similarly,

4 b4 C4 C4

a
> ; >
23 +1 b +2'2Vc3+1 c*+2

Adding up these inequalities, we have:
1 a* N b* N ct - a* N b* N c*
2\Va¥+1 Vb3 +1 VeE+1) a*+2 bP+2 242

Applying Cauchy-Schwarz inequality, we get:
a* b* c*

(a? + b% + ¢%)? 2 - 122
+ + >2 = =16
Va3+1 Vb3+1 Je3+1 (a> +b*+c*)+6 12+6
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Equality holds whena = b = c = 2.

Solution 2 by Angel Plaza-Spain

By Jensen’s inequality, by doing a? = x, b? = y, ¢? = z, the inequality becomes:

2 2 2
x z
+ 4 + =16

3 3 3
xz2+1 yz2+1 zZ+1

For x,y, z positive real numbers withx +y + z = 12.

x2
3
x2+1

3
., 10xZ + 5x3 + 32
f'(x) = 5

3 \2
16 (xZ + 1)

Function f(x) = is convex for x € (0,12) because

Therefore, by Jensen’s inequality, we get:
X2 y? 72 42
+ + >3- =16

3 3 3 3
x2+1 yz+1 z2+1 42 +1

JP.364 If x,y,z > O then:

x2(J6-\2) _ 2/ 2 _E+i6
X z

\/xz—xy\/§+y2+\[y2—yzx/i+zz=\/x2+zz— 5 5
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

Denote OX = x,0Y = y;0Z =z

X
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m(X0Y) = 30°,m(Y0Z) = 45°, m(X0Z) = 75°

Y € Int(X02Z)

V3
XY=\/x2+y2—2xyc0530°=\/x2+y2—2xy-7=\/x2+y2—xy\/§

V2
YZ =/y? + 22 — 2yzcos 45° = \/yz + 72 —2yz-?= \/yz +22 —yz2

XZ = \/x2 + 2% — 2xzcos75° = \/x2 + 22 — 2xz(cos 45° cos 30° — sin 45°sin 30°) =

j m(f.g_g.;) jM

x2(V6-VZ) _

\/xz—xy\/§+y2+\/y2—y2\/f+zz=\/x2+zz— >

< XY+YZ =XZ < X,Y,Z - colineare
S [X0Y] + [YOZ] = [X0Z] &

1 1 1
o Exy sin30° + Eyz sin45° = Exz sin 75°

& xysin 30° + yzsin45° = xzsin(30° + 45°)

1 V2 _ _
Sxy5 + yz - — = xz(sin 30° cos 45° + sin 45° cos 30°)

2
Al
& 2xy + 2V2yz = xz(V2 +V6) & 2 2\/— \/—-Iy_\/—

Solution 2 by Ravi Prakash-New Delhi-India

T T 2 T
x2 — xyV3 + y? = x? —Zcosgxy+y2 = (xcosg—y) +xzsinzg=

= |(xcos%—y) +xsin§i|2

- \/xz —xyV3+y2 = |(xcos%—y) + (sin%)xi|
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Next,

\/yz —yzV2 + 22 = |(y — coszz) + (sinz) zi|

4 4
xz+ZZ—\/E;\/EXZ=X2+Z2—Z(COS%COS——SIH%SIHZ)Z)C=
(xcos%—zcos ) +(x n%+zsin%)2=
|(xcos——zcos )+(;\csm16t+zs1nZ)L|2

- \/xz + z2 —%(\/E—\/f)xz = |(xcos%—zcos%) + (xsin%+zsin%) i|

Now,

\/xz—xy\/§+y2+\/y2—yzx/§+22=\/x2+zz—%(\/€—\/§)xz
= |(xcos%—y) + (sin%) xi| + |(y— cosgz) + (sing) zi| =

T T T T xcos%—y xsin%
=|(xcosg—zcos—)+(xsin—+zsinz)i|<:> =

4 6 _ n o T
y—zcosz zsing
(:)xz(coszsinz)— zsinz—x sinE—xzsinEcosE
6 Ng) YISy = Xysing 6°%6
V3 1 zZ x
xz<—+—> Rl + 4
2VZ 2v2) V2 2z
1+V3 1 1 +1 V6e+v2 V2 2
S —= — —+—
2V2 Yy xJ2 2z y X z
Therefore,
22 2 V246
x 27y

JP365. If in AABC exists the relationship:

2= % + ri then prove that AH > 2r.

Wq

Proposed by Marian Ursarescu-Romania
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Solution 1 by proposer

4 1+1 4 s+s—a 4F(b + ¢)
— =t — = o
w, r r, 2bc A F

b+cC052
4F(b + ¢) A 4F A
.sin—=b+ce ——-sin—=1
. A 2 . A 2
2bc - sin, cos» bcsmi

A=2$—a(:)
2bc-cos§

4F A 1o si A 1 A 30° > 4 = 60°
_ —_ = = —_—=— 0 — = = =
2F smz smz 2 2

AH = 2R - sinA = R = R > 2r(Euler)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

4 1 1 2Mb+c) 1 s—ay b+c A 4srR A
— —+—<—>—=—(1+ )= & 2rs = bc.cos— = .COS —
rs 2 a 2

w, T T, A r s

bc. cos 2

- 2R R i - 2R i -
AN = — 4 — — = — —_ = =
a Ccos COS —s1n Ccos sin .

Euler

A 1 oo
Now,we know that : AH = 2R|cos A| = 2R|1 —2sin?=| = 2R|1 _2'Z| =R > 2r

2

Therefore, AH = 2r.
JP.366. In acute AABC the following relationship holds:

cosA + VcosAcosB + i/cosAcosBcosC <2

Proposed by Marian Ursarescu-Romania

Solution by proposer

cosA + VcosAcosB + 3'\'/cosAcosBcosC =

1 1
= cosA + E\/cosA -4cosB + 1 VcosA - 4cosB - 16cosC <
1 1
< coaA + 7 (cosA + 4cosB) + = (cosA + 4cosB + 16cosC) =
1
= E(lZcosA + 3cosA + 12cosB + cosA + 4cosB + 16cosC) =

16 4
=12 (cosA + cosB + cosC) = 3 (cosA + cosB + cos(C); (1)
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3
cosA + cosB + cosC < E; (2)

From (1),(2) it follows that:

4 3
cosA +VcosAcosB + i/cosAcosBcosC < § . E <2

Equality holds if and only if triangle is equilateral.
JP.367. a, b, c € C* —different in pairs, A(a), B(b),C(c); |a| = |b| = |c| = 1.
If
(ab)3 + (bc)3 + (ca)® = 3(abc)?, then AABC is equilateral.
Proposed by Marian Ursarescu-Romania
Solution 1 by proposer
A(a),B(b),C(c); |a] = |b| = |c| = 1;AABC c €(0,1) = |al* =1=
a-a=1Lb-b=1c-c=1
(ab)’ + (bc)’ + (ca)® = 3(abc)”
1 1 1 1 1 1 3
E BT 3T @ e

ad+b3+c®—-3abc=0<

ecad+bP+c=3abce

(a+b+c)a?>+b*+c*—ab—bc—ca)=0
e fa+b+c=0>=>ay=ap=H=0 = AABC —equilateral.
e Ifa? + b%+ c? = ab + bc + ca = AABC —equilateral.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
la| = |b| =|c| =1—-> AABC € C(O,R =1).

1 1 1 3
ab)? T o3 T (ca)? ~ (abo)?

cat+b®+c®=3abco (a+b+c)a?+b*+c*—ab—bc—ca)=0

() & (ab)’ + (bc)’ + (ca)® = 3(abc)” © (

oa+b+c=00ra’?+b*+c*—ab—bc—ca=0
Ifa+b+c=0-2zy=29p—-> H=0 - AABC is equilateral.
b—a_c—b
c—a a-»b

Ifa>+b*>+c>—ab—bc—ca=0o
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< AABC ~ ABCA - AABC is equilateral.

Therefore, (ab)3 + (bc)3 + (ca)® = 3(abc)? - AABC is equilateral.
Solution 3 by Daoudi Abdessattar-Tunisia
A(a),B(b),C(c),(a—b)(b—c)(c—a) #0and |a| =|b| =]|c| =1
Suppose that: (ab)3 + (bc)3 + (ca)® = 3(abc)?; (1)

(1)(:>a—b+E Y 3o el@B-21) = 3 (a =e* b =ef,c=e?, a,p
Cz az bz - - ) - ) - ) - ) ) )y
cuc
€ [—m, m]

{Zcos(a+ﬁ—2)/):3(:)oH_B:zy@ab:cz,bc:az,ca=bz

Ysinfa+p—-2y)=0
ab = ¢? - ab3 = (bc)? = a* > b3 = a® and similarly, a®=c3.

a,b,c areroots of equationz3 = e, -t <0 <m

0 10 2im i6 2in
—>{a,b,c}e{e3,e3 3,e3 3}—>AB=BC=CA.

JP.368. a, b, c € C* —different in pairs, A(a), B(b),C(c); |a| = |b| = |c| = 1.
If |a— b (§+%) +|b—c| (%+%) +lc—al (%+§) — 0, then AABCis
equilateral.

Proposed by Marian Ursarescu-Romania

Solution by proposer
A(a), B(b), C(c); lal = |b] = |c| = 1; AABC  €(0,1)
la*=1=2a-a=1>a-@a=b-b=c-c=1
la—b|+]la—c| |b—c|+|b—a| |c—a|+|c—b|
+ + =0
a b c
la—b|+]la—c| |b—c|+|b—a|l |c—al|+|c—b|
+ + =0
a b c
B+y)a+(a+y)b+(a+B)c=0
(a+B+y—aa+(a+p+y—Bb+(a+B+y—y)c=0&
(x+B+y)a+b+c)=aa+pb+yce
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@atpbive . g =1 = AABC —equilateral.

a+b+c=
a+f+y

Solution 2 by Mohamed Amine-Ben Ajiba-Tanger-Morocco
la| = |b| =|c|=1- AABC € C(O,R = 1).
Letx=|b—c|=BC,y=|c—a|=CAz=|a—b|=AB.

1 1 1 1 1 1
(*)69 Z(::+ﬂ:)'+ﬁx<::+“:) )’(::+ﬂ:) =0

a p p € c a

oz(a+b)+x(b+c)+y(c+a)=0

ox+y+z)(a+b+c)=xa+yb+zc

xa+yb + zc
ca+b+c=———ozy=2z,oH=I
x+y+z

then AABC is equilateral.
JP.369. Find x,y,z € (0, g) such that:

cos(5x) cos(5 cos(5z) 15
(5x) cos(5y) cos(52) 15 _
cosx cosy coSsz 4

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

cosx cosy cosz 4 4

cos(5x cos(5 cos(5z 15 15 cos(5x
(52) , cos(5y) | cos(52) By (5%) _

COSXx
cyc

_x 3+ cos(5x) _sz cos(5x)+1 B
T\ 4 5cosx | 5cosx 4]

cyc cyc

s Z <16cos5x — 20cos3x + 5cosx N 1)

5cosx 4
cyc

B 52 16cos*x — 20cos®x + 5 N 1\ 52 64cos*x — 80cos*x +20+5 B
B 5 4) 20 B
cyc cyc
5 4 2 1 2 2
=52(64cos x — 80cos“x + 25) =ZZ(8cos x—5)=0

cyc cyc
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( N 5
CcoSXx = —
—.8

(5, 5
cos“x = 3
8cos’x—-5=0 = 5
8cos’y—-5=0 5 8
2, —_
(cos°z = 3 . 5
LCOSZ =t 3
Therefore,

S —r

Solution 2 by Daniel Vacaru-Romania

cos(5x) N cos(5y) N cos(52) N 1_5 )
1

cosx cosy cosz
Using cos 2x = 2 cos? x — 1, cos 3x = 4 cos3 x — 3 cos x and
cos(x +y) = cosx cosy — sin x sin y, we obtain
cos 5x = 16 cos® x — 20 cos3 x + 5 cos x and

cos 5x

=16 cos* x — 20 cos? x + 5; (1)
Cos X

We write () as ), (16 cos*x — 20 cos? x + ?) =0

2
2, _5\ = s i cosZ x = 2
Z(4cos X 2) =0.Forx,y,z € (0,2) we obtain: cos X =<

—>cosx—£—>x— —z—cos‘1<£>e(0 E)
2v2 Y 2v2 ‘2

JP.370. In AABC the following relationship holds:

a? + b2 b? + ¢2 cz + a?
vab +Vbc +Vea+ |——+ |[——+ TS6\/§R

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

First we prove that Va, b > 0 then:

2

az+b
vab + > <a+b;, (1)

a
Denote u? == -» a = u®b

b
u*bh? + b* ut+1
Ju?b - b+ TSub+b, u+ > <u-+1

ut+1 ut+1
> < (W -u+1)?

< (W —-u+1)>?

ut+1<2(ut+u?+1-2ud +2u? -2u)
2ut+2ut+2-4ud +4uP —4qu—-ut-1=0
ut—4ud+6u’—-4u+1=>0, u-1D*=>0
By (1) it follows that:

/az+b2
Z vVab + > SZ(a+b)=2(a+b+c)=
cyc cyc

Mitrinovic
il 3V3R
=2-2s=4s < 4-T=6\/§R

Solution 2 by Daniel Vacaru-Romania

n

n n
By CBS: z a;b; < z az - z b?,we have:
i-1 i=1

i=1

a?+b%2 b2+ c%2  |c?+a?
\/ab+\/ﬁ+\/ca+\/ +j +j

2 2

2
a? + b? b? + c? 2+ a2’
=1-vab+1-Vbc+1-Vea+1- 7 +1 / > +1-/ > <
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a?+b? b%+c? c%+a?
< |6lab+ bc+ ca+ > + > + 5 =

=.6(a%+ b% +c%+ab + bc + ca) < V12 - a? + b? + c?

But:

a? + b%? + ¢ < 9R? > Va? + b? + ¢ < 3R. We have:

a?+b% (b +c?  |c? + a?
Vab+JE+\/ca+j > +j > +\/ > < 2v3.a? + b% + ¢ = 6V3R

JP.371 Solve for real positive numbers the equation

xlogB + xlog4 + xlogS — xlog6

Proposed by D.M. Batinetu-Giurgiu ,Neculai Stanciu-Romania
Solution 1 by proposers

It is well known that x!°9¢ = q!°9% for any real positive number a.
So, the given equation becomes 3/°9% 4 4!09% | 5logx — glogx

, then we denote logx = t, and the equation becomes

t t

3t+4‘+5t—6t@<§)t+(i) +(E) =1
B 6 6 6/

and since LHS is decreasing, it results that we have unique solution.
We note that t = 3.
Therefore logx = 3and the solution is x = e3.
Solution 2 by Ravi Prakash-New Delhi-India
Lety = x!°83 - logy; = log3 - log x = log(3!°8%) - y; = 308%  xlog3 — 3logx
Similarly for other three expressions. The equation becomes:
37 +4Y +5Y = 6Y, wherey =logx, (x> 0); (1)

Now, we can rewrite as:

B Q) o oo
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2 5

et 70 = (3) + () +(F) eem

0=~ (2 sz (3 o 3) - ) e (§) <o

f —is strictly decreasing on R. Thus, equation (2) and (1) have at most one solution.
So, y = 3 is the only solution of (1), thus
logx=3->x= 3% where b is base of the logarithm in the question.
Solution 3 by Daniel Vacaru-Romania
(o) x1093 4 xlog4 | xlog5 — ylogé
We have x!°8% = (1010g")loga = (1010g“)10gx = a'°8%; (1)
Taking account of (1), we have:

(*) = 3logx + 4logx + slogx — 6logx; (2)
not 3\t (a4 5

Setting log x = t, we obtain equation 3! + 4! + 5! = 6! & (3) + (g)t + (g)t =1

. N\t s\t . . .
But: f:R —» R, f(t) = (g) + (g) + (g) is decreasing. Then equation f(t) = 1 has an unique

solution, t =1 © logx =3 & x = 1000.

JP.372.If in AABC: a? + b? = 2¢? then:

ab
m,m,

V3
2am, + m? - S7(a2+b2+c2)

Proposed by Daniel Sitaru — Romania

Solution by proposer

2(b* + c®) —a* 2a’b?® +2a%c* —a* _

2.2 _ 2
a‘m:; = a* - =
a 4 4
_ 2a%b?+a?*(a?+b?)-a* _ 2a*b*+a*+a’b?’-a* _ 3a’b? (1)
- 4 - 4 T4
) 2 , 2(a®+c?)—b*  2a*b* + 2b*c* - b*
b mb = b . = =
4 4
2a?b*+b%(a?+b%)-b* _ 2a’b®+a?b%+b*-b* _ 3a%b?
- 4 - 4 R (2)

By (1); (2) = a*m? = b*m} = am, = bm,, (3)
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ct ct B 16¢* ~
mé 2(a? + b?) — c2\2  4(a® + b))%+ ct —4ct(a? + b?)
(=)

B 4 - (2c%)? ~
B 2 4 p2)\2 B
4(a2 + b7 + (S5 2) - (a2 + ) - 2(a2 + b?)
4(a?+b?)’ 4 16

(e z z=5a1=5 (4
2(a2+b2)+% 4
a’b? a’b?
mZm? 2%+ X)) —a? 2(a* +c?) — b? N
4 4
B 16a’b? ~
= 2 1 p2 Z 1 p2 =
(2(r +£575) - ) (2o + 557) -27)
2 2
B 16a’b? ~
~ (2b% + a% + b% — a?)(2a% + a? + b2 — b?)
16a?b> _ 16
= 9azp2 9 (3)
c* a’?b? c? ab
BY(O: B2 0 = o = = g

f b
=>c=m, mjmb (6)

CBS
am, + bm, +cm, < \/(az + b2 + c2)(m2 + m? + m2)

By (3); (6):

ab
m,m,

3
ama+ama+mc-mcj S\/(a2+b2+c2)-z(a2+b2+c2)

<

ab V3
2am, + m? p—— ?(a2 + b? + ¢?)
a

Equality holds fora = b = c.
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JP.373If a,b,c < 0;a + b + ¢ = 3; F,, — Fibonacci numbers; L,, — Lucas

numbers; P,, — Pell numbers; n € N; n > 2 then:

aZ(Pn - Fn)(Pn - Ln) + bZ(Fn - Ln)(Fn - Pn) + CZ(Ln - Pn)(Ln - Fn)
FypL, L,P,

>
P.Fy

Proposed by Daniel Sitaru — Romania
Solution by proposer:

Lemma: If x, y, z > 0 different in pairs then:
xy
(z—x)(z-y)

yz zx

o2 T oo -1 W

Proof:

Xy yz zX
-0y G-Na-2 G-Dr-»
_xyx—y) —yz(y—2z) —zx(z— %) _
(x—y)(y—2)(z—x)

_ —x’y+xy? —y*z+yz? - 22x +2x*
(xy—xz—y?+yz)(z—x)
_xy?+yz? +zx’ - X’y - y’z - 2°x

= =1
xy? + yz? + zx% — x2y — y?z — z%2x

We takein(l):x=F,;y=L,;z=P,
Fnly

LyPy
(Pn_Fn)(Pn_Ln)

PyFy _
(Fn_Ln)(Fn_Pn) (Ln_Pn)(Ln_Fn) - 1 (2)

aZ(Pn - Fn)(Pn - Ln) + bZ(Fn - Ln)(Fn - Pn) + CZ(Ln - Pn)(Ln - Fn)

FyL, L,P, P,Fy
a? b? c?

B FyL, * LP, * P, Fy =
(Pn_Fn)(Pn_Ln) (Fn_Ln)(Fn_Pn) (Ln_Pn)(Ln_Fn)
BERGSTROM (a+ b +c)? @

= FL, L,P, B

P,F, -
Pr—F)Pr—L)  Fn—L)Fp—Pp) " T = Pr)Ln — Fp)

a+b+c)?
:—( T ) =32=9

Equality holds fora = b = c.
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JP.374 Solve for complex numbers:

57x® — 180x° + 234x* —159x3 + 60x*> —12x +1 =0
Proposed by Daniel Sitaru — Romania
Solution by proposer

57x% — 180x° + 234x* — 159x% + 60x* — 12x + 1 =10

(64x°® — 8x% + x°) + (12x° — 192x°) + (240x* — 6x*) +
+(x3—160x3) +60x* —12x+1=0
(64x°® — 192x> + 240x* — 160x3 + 60x> — 12x + 1) +
+x6 + (23 — 6x* + 12x° —8x%) = 0
6 6_ (6 5, (6 4_ (6 3, (6 2 _
(o) @0t - (5) @0+ () @0t - (3) @0* +(3) @0
_(6 6 6 1 +3(1 _ 2 _ 0.3y —
()2x+(g) +x* +x*(1—6x+ 122 —8x*) = 0
(1-2x)°%+x°+x3(1-2x)3=0

1-2x\°% /1-2x\3
( ) +( ) +1=0
X X
6

(s s (e w2

1
——2=y=y%+y34+1=0

x
Wedenotey3=t;t2+t+1=0,t112=—%ii?
- 211'+__211't_ 4-11'+__4-11'
1 =cos—+isin—-;t; = cos—+isin—
3 Zn+_ . 2m
= cos— + isin—
y 3 3
2Tﬂ+2k1r ZTT[+2k1T
yk=cosT+iSin 1k €{0,1,2}
3 41r+_ . 4n
= cos— + isin—
y 3 3
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4—"+2k1t 4—n+2kn’

Y = €OS 3 + isin 3 ;ke€{0,1,2}

Solutions:

_ 1
_yk+2'

1
X = k €{0,1,2)

X )
k Y t+2

JP. 375 Let a, b, ¢ be positive real numbers such thata + b + ¢ = 3.
Prove that:

9(a?+b*+c®) —2(a®+b3+c2) =21

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by proposer

It is well-known the identity
(—ra+b+c)*+(@a-b+c)3+(@a+b-c)*=(a+b+c)®—24abc
so (3—2a)®+ (3—-2b)%3+ (3 —2c)% =27 — 24abc

Using the AM-GM inequality, we have:

a+b+c

— > 3\/abc soabc<1

Now,
(27 — 54a + 36a% — 8a3) + (27 — 54b + 36b* — 8b3) +
+(27 — 54c + 36¢* — 8c3) > 27 — 24
Or
—54(a+b+c)+36(a’?+b*>+c*)—-8@®+b3+c3)>3-3-27s0
36(a’+b*+c*)—-8(@a®+b3+c3)>3-3-27+3-54=84
Namely 9(a? + b%? + ¢?) — 2(a® + b3 + c®) > 21
Equality holdswhena =b =c = 1.

Solution 2 by George Florin Serban-Romania

pzzazg,zaz:<za>z_zzab:9_2q;q:zab

cyc cyc cyc cyc cyc
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3

Za3= Za —3H(a+b)=p(p2—3q)+3r=; (r = abc)
cyc cyc cyc
=3(9—-3q)+3r=27-9q+3r
©)
9Za2—22a3=9(9—2q)—2(27—9q+3r)=27—6r221

cyc cyc
(x)eo6r<6-r<1;(xx)
a+b+c\’ 3\3
abc§<T> =(§> =1->1r<1- (xx) > (%) true.

Solution 3 by Samir Cabiyev-Azerbaijan
(a+b+c)a?+b%*+c?) =a®+ b3+ c2 +ab? + ac® + ba®? + bc? +
a’c + b*c + (abc + abc + abc) — 3abc =
=al+b3+cB+abla+b+c)+bc(a+b+c)+cala+b+c)—3abc =
=a®+b3+c3+(a+b+c)ab + bc + ca) — 3abc
a’? + b? + c&* = (a+ b + ¢)? — 2(ab + bc + ca)
Else, 9(a? + b2+ c?) —2(a® + b3 + 3) =
=9(a+b +c)?—18(ab + bc + ca) —

-2 ((a+b+c)(a2 +b%2+c*)—(a+b+c)ab + bc + ca) —3abc) =
=9.32—-18(ab + bc + ca) — 6(a* + b? + ¢* — (ab + bc + ca) — abc) =
=81—18(ab + bc + ca) —6((a+ b + c)* —3(ab + bc + ca) — abc) =

=81—-54—18(ab + bc + ca) + 18(ab + bc + ca) — 6abc =
=27 —6abc;a+b+c=3
Equality holdsfora=b=c=1
Solution 4 by Nikos Ntorvas-Greece
al+b3+c3=(a+b+c)®-3[(a+b+c)(ab+ bc + ca) — abc]
a’+b*+c?=(a+b+c)®>—2(ab + bc + ca)
We denote:p =a+ b +c,q=ab+ bc+ ca,r =abc
LHS = 9(p* - 2q) - 2[p* — 3(pq — 1)] > 21
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9p? — 18q — 2p3 + 6pq — 61 = 21

9.32-18q—-2-33+18q—6r > 21
—6r + 27 > 21 & r—1 < 0 which is true from:
a+b+c>3Vabc o3 >3Vabco 1> 3Vabc = 1>abc=r.
Equality holdsfora=b=c=1
Solution 5 by Angel Plaza-Spain
By changing variables by a = 3x, b = 3y, ¢ = 3z, the problem becomes to proving that
81(x? + y? + z%) — 54(x% + y3 + z3) > 21, where x, y, z are positive numbers with
x + y + z = 1. The inequality becomes homogeneous by multiplying by the appropriate
power of (x + y + 2):
81(x?> +y?* +z-)(x+y +2) —54(x3 + y3 + 23) > 21(x + y + z)3, which is equivalent
to 6x3 + 6y3 + 623 + 18x%(y + z) + 18y?*(x + z) + 18z%(x + y) = 126xyz which
follows by the weighted arithmetic mean geometric mean inequality.

SP.361 Let (x,,),>1, X1 = 1 such that

n? [2(Xpi1 — X — 1) — nZ] + 2x, = n[3(n2 + Xp) — Xp41]

Find:
n Xn
1 )\
lim|1+— k
nl—>lg< T/ 2k+1>

Proposed by Florica Anastase-Romania

Solution by proposer
n? [z(xn+1 —Xn — 1) - nz] + 2x, = n[3(n2 + xn) - xn+1]
2n?(xpi1 — X, — 1) +n(xp1 — 3x,) +2x, =n*+3nd o
2n+1 2n—1

m+Dm+2) ™ nmrn " "
[ 2k+1 2k-1 _\ n(n+1)
Z((k+1)(k+2)xk+1_k(k+1)xk) -T2

k=1
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nn+1)n*-n+1)

*n = 22n-1)
- ()
S
n Zz 1
k=0
n n n-1 1
Sn Sn+1:z (k) - (k) =
2k+1 2k +1
k=0 k=0
n 1 n—1 -1 n -1
B z(n) ()1 K6 6
2n+1 2k+1  2n+1 2k +1 2k +1
-1 k=1 k=1
n k(n) n
oy 1 2k /mn 1 1 n
n \k
= = — = — — :—Zn—S
22k+1 2n 2k+1(k) 2n2< Zk+1)(k) 2n n) =
k=1 k=0 k=0
<1+1)s ) +zn __2n 2"
2n)°" " "1 T2 "T2n+17" T 2n+1
2" 2"
P(n):S, =>—, Q(n):Ss, < ,Vn =>4
2n
R
>
P(4): S, > yihad 7k + 1 4 (true)
k=0
If P(k — 1),k > 5is true, thus
g - 2k +2">2k 2kt zk(k+1)_
k= 2k+1°%1 " 2k+17 2k+1 k-1 2k+1\k+1 B
_ 2k@k-1) _ 2K .
—m>T:>P(n)|strueforalln24.
4
24 . 24
: < — < — .
Q) Sa=3 ®22k+1_ 3 (true)
k=0
IfQ(k — 1),Vk = 5 is true, thus
2k zk—1 2k 2k <k )_ 2k 2k-2
Sk=ok+1 k-2 2k+1 2k+1\k—2 “2k+1 k-2

2k2k-2) <2 2k
T (k-1 (2k-2)+k-4 — k-
n n n
(k) < 2n 1 iz (k) < 1
n 2n a

—<
n_k_02k+1_n—1 2k+1 n-1

1= Q(k) is true for all n > 4. So,
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Xn
Xn — Xn
(1+1)ﬁ< 1+1 ) "2<(1+ 1 )F
n/ - 2" a2k +1 - n—1
k=0
Xn n(n+1)(n®?-n+1) (n+1)(n2-n+1)

. 1\n2 1\~ zn22n-1) ) 1\"] 2zn2@n-1» .
llm(1+—) =llm<1+—) = lim <1+—) = e
n—-oo n n—-o n n—oo n

Xn n(n+1)(n?-n+1)

. 1 n? ] 1 2n2(2n-1)
im (14 =) = tim (1 1) .
n—oo n— 1 n—-oo n— 1
n(n+1)(n®2-n+1)

1 \"12r2@n-D(@n-1)
= lim [(1 + —) l = Ve
n-oo n—-1

1o (M
— 1 _ k —_ 4
:Q_ii‘l‘o<1+znkz()2k+1> Ve

SP.362 Let m,, m;,, m, be the lengths of the medians of a triangle AABC.

Prove

43 c¢scA c¢scB c¢scC 3R
< + + <
3R m, my m, ~ 3r?

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

Let a, b, ¢ be the lengths of the sides BC, CA, AB,

respectively. We have:
2

BC
b? + c* = 2AM?* + — = 2AM? + 2BM?
= 2(AM? + BM - MC) = e
= 2(AM? + AM - MM') = 2AM(AM + MM')
= 2AM - AM’

So, b* + ¢* = 2m, - AM’; AM' < 2R. Namely,

b% + ¢ < 4m R or

4m,R > b* + c? > 2bc; (by AM — GM). We know
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that: F = 1 bc - sinA. So,

4m R > =L 1 Also, we have: F = rs and s > 3v/3r. So,

sinA masmA

1 V3R cscA _ 3R cscB \/_R escC \/_R
< —<—or < nd similarl
o 92'a ds arly: my _9rZ me _9r2

mgsinA — rs — 9r2 my

Now, using AM-GM inequality, we have:

1 1 1 3
— + — + — =3 = - — >
mgsind = mysinB - m.sinC ~ {/m,m,m, - VsinAsinBsinC
- 3 B 27
~mg+my, + m, sind + sinB + sinC "~ (m, + m;, + m.)(sinA + sinB + sinC)
3 3

We know that m?2 + m% + m? = %(a2 + b% +¢?) < E -9R? = %RZ, so
(mg + my, + my)? < 3(m2 + m% + m?), namely
(mg + my +m)? < i—lRZ orm,+m,+m, < ER' Also, it is well-known that:

33

sinA + sinB + sinC < N

cscA . cscB  cscC 27 43
Hence, + + = =—
mq mp me gRﬂ 3R
2

Therefore,

443 c¢scA cscB c¢scC 3R
< + + <
3R m, my, m, ~ 3r?

Solution 2 by Aggeliki Papaspyropoulos-Greece

43 ¢scA c¢scB c¢scC \/— 3R
< + +

(1

3R — m, my, m, 3 25 (1)
A=— icscB=—jcscC=—

SCA=5ina " T5inB’ Y Tsinc

3rz’

43 1 V3R
ST Szma.sinA <32 ®

cyc

43 ZZR \/_R(B)

3R ~Lia-m,” 3r%’
cyc
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\/_ Z 2R ‘:’2 1 >i§_(4)

I —— )
(D: - a-m, 3R?

a-m,
cyc cyc
R R ]
a-m, < > ahg; |~ m, < Zha(Panaltopol)

BEp AABC L. . !
-a- —_— = - = =
@ Ma =" /( area of ) a-m, R-F R-rs Rs

1 3

Yema

a-m, Rs

cyc

So it is enough to prove that == Rz,from (4) - 9R > 25V/3; (5)

R
— > ——; (Mitrinovic)

‘3\/—

2s 18s 6s
So, R>——-9R > = = 2v/3s - 9R > 2s5V/3 - (I) is true.
3V3 3V V3

2R 3R 1 V3
(n: Z <2 z <=
a-m,~ 3r? a-m, " 6r2

cyc cyc

b?% + ¢?
m, > AR ,we have
- a(b2 + cZ) 1 - 4R 4R 2R
d M = “a m, ~ a(b?+ cz) 2abc _ abc

z 6R 3
- =
a- ma abc 4R -rs 2-rs

cyc

3 1
So, we have to prove: — < 6—\/;2 = g S5 Ors<;z \/_ (Mitrinovic) — (II) is true.

SP.363 Triangle ABC has |BC| = a,|CA| = b, |AB| = c,inradius r and

circumradius R. Equilateral triangles A{BC, B;CA and C{AB with centroids

K, L and M respectively, are drawn externally to triangle ABC. Prove that:

3V3 < [ALM] + [BMK] + [CKL] < %_ R?

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution 1 by proposer

We have:
2 ¢/3 ¢V3
AM =BM =3 —==—3~
AM = CK_iandCL AL—f

ZLAM =30"+A4+30=60"+4
LMBK =60" +B,2KCL = 60" + C

Also, we have:

[ALM] = 1AM - AL - sin(LAM) =

1 ¢/3 bV3
Z'T'T'Sln(60 +A)_
bc (V3 A+1 o _br:\/§b2+cz—a2+1 a\
6 \ 2 cosATsMA ="\ 2bc 2 2R)”
V3 abc x/_ [ABC]
_ V2 12 2 2 2 _ g2
—24(b + c62 a)+6 AR (b +c ) + z

C]

So, [ALM] = E (b2 +c? —a?) + [A%. Similarly, we have:

ABC] [ABC]

and [CKL] = Z—Jj(a2 +b%—c?) + ——-So,

[ABC]
2

[BMK] = g(az2 +c? - b?)+—

[ALM] + [BMK] + [CKL] = \2/—3 (a® + b% + %) +

We know that a? + b? + ¢> < 9R%, thens =3s—2s=(s—a)+ (s —b) + (s — ¢)

By AM-GM we have: s > 33\/(5 —a)(s—b)(s—c) o s3>27(s—a)(s—b)(s—¢)

& st >27s(s —a)(s — b)(s — ¢). We know that: [ABC] = \/s(s —a)(s—b)(s—c¢)

st > 27[ABC]? = s? > 3V3[ABC] © [ABC] < = Also, we know that:

3V3
s = %ER, so [ABC] < 3\/_RZ Now, we have:
V3 ABC
[ALM + [BKM) + [CKL] = 3o (a2 + b + ¢2) + 0] <

29 NUMBER 25-RMM SUMMER EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

V3 3V3 3V3
——=—R

< —-9R?
=24 T8 4
Also, we have: [ALM + [BKM] + [CKL] = %2 (a® + b2 + ¢2) + 429 >
3 rs_ V3 r(3v3r) 3v3 3V3
>-—.36r2 + — > — - 3612 = 2 2 = 3+/3y2
2 o 3617 + o> o0 3617 + —— STt V3r
Therefore,
3V3
3v3 < [ALM] + [BMK] + [CKL] < TRZ

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A

K

AB
2 ¢

— _ V3. similarly: AL =" b and (MAL) = A + =
COSMAB_ZCOS%_ g oStmuarty s AL =gmh anau - 3

We have : AM =

! \/—gb.?c.sin(A+E)

1
- [ALM] = 5. AL AM.sinMAL = -~ 3

1 /(1 V3
= gbc (EsmA +7cosA> =

1 abc V3 b*+c%2-a> 1 V3
= +pbe——p—=ZF+

- =7 Y2 p2 4 2 _ g2 L F =
=12 2R 2he 3 24(b +c¢* —a”). (-~ F=[ABC])

1. V3
- [ALM] = EF + 21 (b? + ¢® — a?) (and analogs)
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- Z[ALM] = Z [%F+§(b2 +c? - az)l =%F+\Z/—i a®.

IonescuW:itzenbock 1 \/§ Mitrfi:wvic
Now, Z[ALM] > FF+ ﬁ.4\/§1~‘ =F=sr > 3V3r:(1).
b Euler
Leiﬁniz \/§ Mitrzwvic 1 3\/5 1 3\/5
And : EALM 2 —sr+--9opz 2 - 2X2p_p4¥7p2
n [ALM] 25"t 22 22 RpRTg

3V3
=——R?* (2).

2 (2)

3V3
(1),(2) » 3V3rt < Z[ALM] < TRZ.

SP.364 Let ABC be a non-right triangle with circumradius R. Squares with
sides AB, BC, CA and centroids K, L, M respectively, are drawn externally to
triangle ABC. Let a, 3, y be the distance from the vertices A4, B, C to the

segments KM, KL, LM, respectively. Prove that:

<cotA>2 N (cotB)2 N <cotC>2 - 8- tan75
B % - 3R?

Proposed by George Apostolopoulos-Messolonghi-Greece

(44

Solution 1 by proposer
Let a, b, c be the lengths of the sides
BC,CA, AB of AABC, respectively.

We have AK = - Z,AM = bs—ﬁ and usingthe  /

2
law of the cosines in AAKH, we have: Lo _'_‘
KM? = AK? + AM? — 2AK
- AMcos(90° + A)
_ b* 4+t a b?+c?

== ther=">

+ 2F,

abc

Where F = area(AABC) = Y
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So, KM? = + 2F, KL? =

2 2
Now, we have area(AAKM) = %KM ‘a = % ’b ;Lc =
b2+ 2 bV2 bZ+c2 __ bc b*+c?-a?
Buta/ > +2F_TT cosA,soa > +2F—7- he

2
e’ 2F LM? = Tb+2F

c+a

~AK - AM - sin(KAM)

b2+c2+2F b?% + ¢ — a? b?% + ¢ — a? <b2+c2—a2

a- = s a= <

2 4 b2 + c2 4+/bc + 2F
4 > + 2F

2
1 . 2F b%+c%—a? b%+c%-a? 1
We have: F = -bc-sinA © bc=——ora < @( ) 232F(_—+1)
2 sinA 2F a sinA
4\/sinA+2F

+ 1) and (“2”’:‘62)2 > 32F (ﬁ + 1).

Adding up these inequalities, we have:

<b2 +c% — a2>2 N <c2 +a? — b2>2 N (az + b?% — c2>2
a B 14

>32F( 1 + 1 + 1 +3)
- sinA sinB sinC

c2+a%-b?

Similarly,( ) > 32F(

sinB

We know that: — + —— + —— > 2+/3, in any AABC.So,

sinA sinB sinC

b2+ c2—a?\> (2 +a%—b2\° [a®+b%—c2\
— ) ) > 3F(2V3 + 3)

a
From the law of cosines in AABC, we have:
aZ = b% + c¢% — 2bc - cosA © b% + ¢ —a? = 2bc - cosA
b +c*?—a*=2 -s?ﬁ - cosA = 4F - cotAand similarly,

c? + a?> — b* = 4F - cotB, a? + b? — ¢?> = 4FcotC. So,

4FcotA\* 4FcotB\* 4FcotC\*>
( ) +<T) +( ) >32F(2V3+3) o
cotA\* (cotB\* (cotC\* 2(2V3+3)
) <) +(5) =
a B Y F
Let 2s = a + b + cis the perimeter of the AABC, then

a
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s=3s—-2s=s+s+s—-a—-b—-c=(s—a)(s—b)(s—c)

By AM-GM: s > 33\'/(5 —a)(s—b)(s—c)os3>27(s—a)(s—b)(s—¢)

© s*>27s(s —a)(s — b)(s — ¢). We know that F = \/s(s —a)(s—b)(s—c),so

3V3

2
s* > 27F%orF < ;—7and s < 32—\/§R, namely F < TRZ. Now, we have:

cotA\® /cotB\* cotC2>2(2\/§+3)>4\/§+6_24(2+\/§)_8(2+\/§)
(a>+<ﬁ)+(y>_ F —3\/§R2_ 9RZ  3R?
4

Also, we know that tan75° = 2 + /3, so

(cotA)2 N (cotB)2 N (cotC)2 - 8- tan75’
B Y - 3R?

Equality holds if and only if triangle is equilateral.

(14

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

V2 V2 T
We have : AK = 7c,AM = 7b and n(KAM) = A +E'

1 1 T 1
- [KAM] = 5. AK. AM.sin(KAM) = _ bc.sin (A + E) = be.cos A

1 T
And : KM? = AK? + AM? — 2. AK.AM. cos(KAM) = E(b2 + ¢?) — bc. cos (A + E) =

a

1
-5 = E(b2 + ¢2) + 2F. (- F = [ABC))

1 1
=5 (b* +¢*) + be.sinAd = (b + ¢%) + be.
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,  (2.[KAM]\*  b*c*.cos?A (cotA)Z 2(b? + c2 + 4F)
- a = = —_ =
KM 2(b% + c2 + 4F) a b2c2.sin2% A
8RZ(b% + ¢+ 4F) [cotA\>* b%+c%+4F
= (@bo)? - ( = ) = 2F? (And analogs)
2 2 2 Ionescu Weitzenbock
—’Z(COtA) =Zb +c +4F=l(2a2+6F) S 4\/§F+6F=
a 2F2 F2 - F2
.Eu_ler .
_ 4346 "I 4346 8(2+43)
 sr = 3V3R R 3R?
2 2
1—-cos(2.75) 1-cos(90+60) 1+sin60° 2++3

We h : tan?75" = = - °
€ fave : tan 1+cos(2.75) 1+cos(90+60) 1-sin60° 2 -3

cotA)2 8.tan 75"
= —
3R?

=(2+V3) >tan75 =2+V3 - Z( a

Solution 3 by Aggeliki Papaspyropoulou-Greece
Working in triangle AKM, 2ZKAM = 90° + A

V2 bvV2
AK = — AM = —
2’ 2
, (V2 bv2\" o2 bV2 ) AL )
KM —<—2 + 5 2 - 3 cos KAM ,t /

1 \
KM? = 2 (c? + b?) — bc - (—sin 4) [

N

1
- KM? =E(b2 +¢?) + bc-sinA

Similarly,

1
LM? =E(a2 + b?) +ab -sinC

1
LK? :E(CZ +a?) + ac-sinB

bc . @ bc
a-KM = —sin (—+A) =?cosA

2 2
bc-cos4A 1 2KM
--gq=——>S>—-—=—
2KM a bc-cosA

NUMBER 25-RMM SUMMER EDITION 2022-SOLUTIONS

34



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
cotA B cos A 2KM 2KM B 2KM B KM

a  sind bc-cosA bc-sind _ 2F F
Because bc - sinA = 2F,F = [ABC] —area of triangle ABC.

So,

Similarly, 22 = K gpg € _ Mt
F Y F
cotA\> KM?+ KL? + LM? _ _
Z( — ) = 2 ;(2F = ab - sinC = ac - sin B)

cyc

Z(COtA)Z 1 bZ+c2+2F+cz+a2+2F+a2+b2+2F
N = —
a F2 2 2 2

cyc

We have to prove:

8F? - tan75’
2 2, .2 > iy
a“+ b“+c“+ 6F > 3R ; (1)
. a? + b?% + ¢*
tan75 =2 +/3;(2),3R? > — 3 (3)(Leibniz)
So, by (2), (3) it is enough to prove that:
a? + b? + c?)? a? + b?% + ¢?
( 3 ) +6F-TZSF2-(Z+\/§);(4)
a? + b% + c?)?  6(s? + b? + c?
ot > )& )224(2+\/§);(5)
F F
2 2 2
Letx =2 +I;+c,then (5) © 22 + 6x — 24(2 +/3) = 0; (6)

& (x—4V3)(x+ 6 +4V3) = 0;(7)
a? + b% + ¢ > 4V/3F » x > 4V/3 - (7) is true.
SP.365. Let f, F: [a, b] — R, such that F(x) = —f(x) + cosf(x).If F —is
Riemann integrable, prove that f —is Riemann integrable.

Proposed by Cristian Miu-Romania
Solution by proposer

Let us prove first two things. The first things is that the function x - —x + cosx is

injective. The second thing is that if (x,,),, —is a sequence and - x,, + cox,, is convergent,

then (x,,),, —is convergent.
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To ptove that x = —x + cosx is injective we shall prove that x — x + sinx is injective.

From x; + sinx; = x, + sinx, we have:
. X1~ X2 X1t X |x1—x2|
sin cos =
2 2 2

From here we obtain x; = x5, because |sinx| < |x| with equality if and only if x = 0.

. e e e o w . e e . o
So x — x + sinx is injective and because x — 5~ Xis also injective, we obtain that
X = —X + cosx is injective.

Now if - x,, + cosx,, is convergent, we obtain that (x,,),, —is bounded, so there exists

liminfx, and limsupx,, and they are real numbers.
n—->oo

n—-oo

Letl = 1lll_>lgmfxn and L = 1lll_>lgsupxn. Then exists x,, and x, such as

limx, =landlimx, =L; 1lli—>l?o(_x" + cosx,) = x, so

n—o0o n—o0o
1111_>l£10(—x1[,7l + cosxpn) =x= 1111_>1£10(—an + cosan). So-1+ cosl = —L + cosL.

But the function x - —x + cosx is injective. We obtain that [ = L which prove that
(x,)n —is convergent. Now, we shall use Lebesque’s theorem for Riemann integrability.
Because - f(x) + cosf(x) is Riemann integrable, we obtain that f —is bounded.

Let x, —be a continuity point of F. We shall prove that x is also a continuity point for f.

Let (x,,), —be sequences such as limx,, = x,. Then lim (—f(x,,) + cosf(x,)) = F(x,),
n—->oo n—->oo
so we obtain that f(x,,) —is convergent.

So, lim f(x,,) = A. W obtain that - 4 + cosA = —f(x,) + cosf(x,) and because
n—-oo

x - —x + cosx is injective we obtain that 4 = f(x,).

According to Lebesque theorem the function f —is Riemann integrable.

SP.366 Let m,, m;,, m. be the medians, r,, 1, 1. the exradii, r inradius and R

circumradius of a triangle ABC. Prove that:

-2 2 2

3/R Tq r,z, Te R\* 1/R
R
2\2r mZ+m2 mi+mi miZ+m 2r 2\2r

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution 1 by proposer

2 A
First we will prove that: r, < %. We have: r, = s - tan > where s —is the

semiperimeterof AABC.Let BC = a,CA = b,AB = c and F — the area of AABC. We

have:
a’  (2RsinA)? _ 2R’sinA _ 2R%sinA _ sinA
4F 4 (% bcsinA) bc (2RsinB)(2RsinC) 2sinBsinC
2sin=cos+ Zsinécos4 Zsinécos4
20572 29572 29957 _

= = >
cos(B—C)—cos(B+C) cos(B—C)+cosA~ 1+ cosA

2sinfeosh  sind
smz COSZ _ smz

= = = tan_
1+ (Zcoszg— 1) cos% 2

a? a? 2 2

A a? b c
So, tan= < — = —, Namely, r, < —. Similarly, r, < —,r. < —. Now
’ 2~ 4F  4rs YiTa =73 VTh =0 Te = ’

Tq 2 2 2
= becausems > r,r.,my >r.r,, m: =>r,r;.So
mi+mZ T reretrery  rptre a="b"c'h ="clac ="alb ’

rczl rIZ) 1‘% L Trp re
2 2 2 2 2 7 S + + =
my+m; mg+mg mi+my Tpt+Tr. TotTg, Tat+Ty
a? b? c?
4r 4r 4r
< =
S—F F T°F L F tT—F ,_F
s—a s—b s—-c s—-a s—a s-—b
a? b? c?
) ) i)
s—a s—0>b s—Cc S—a s—a s-—b
a? b? ?
_ 4ar n 4ar n 4ar

S S S
Fo-pe-0 Fe-oc-0 F'G-aG-bn

B a(s—b)(s—c)+b(s—c)(s—a)+c(s—a)(s—b) B

4rF
_a(s—a-zl-s—b)z+b(s—c-|2—s—a)2+c(s—a;s—b)2:
4rF
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2 2 2
_a'aT+b'bT+C'cT_a3+b3+c3
B 4rF - 16rF

It is well-known that a3 + b3 + ¢3 = 2s(s* — 3r? — 6Rr) and
s? < 4R? + 4Rr + 3r%(Gerretsen). So,

r2 r: r2  a®+b*+c  2s(s?—3r?—6Rr)
mi+m2 mZ+mi mZ+m:  16rF 167 - (rs) a

_s"—3r" —6Rr _(4R® +4Rr +3r%) —3r® —6Rr _4R* —2Rr _
B 8r2 . 8r2 - 8z

~2(3) 30z

Now, using Cauchy-Schwarz Inequality, we have:

r2 r: r2 - (ro+r,+r.)?

2 2 2 z = 2
my+mZ mg+mg mi+my; - 2(m3+mj+ m2)

We know that: 7, + 1, + . = 4R + 1; a® + b% + ¢* < 9R? and

3 27
m2 + mi + m? =Z(a2+b2+cz) <—R?

4
So,
T2 s r? - (4R +1)* _ 2-81r? _ E(i)_z
m2+m2 m?+mk mﬁ+m§_2'¥Rz_ 27R?2  2\2r
Namely,

3(R)2< r2 N r: N r2 <2<R)2 l(R)
2\2r/) "mi+mZ mi+mi mZ+mi~ \2r 2 \2r

Solution 2 by Marian Ursdrescu-Romania

For LHS, using Bergstrom’s inequality, we have:

Z r2 - (rg+mp+1.)? _ (4R +1)? _ 2(4R +1)?
mi +mZ ~ 2(mZ+mi+m2) -%(az +b2+c2) 3@ +b*+c?)

cyc
We must show that:

2(4R +1)? 3 4r?
2_'_<:>R24-R+ 2292 2+b2+2
3@ +b:+c2) -2 R (4R +1)" 2 9r(a c*)
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But: a® + b? + c? < 9R%; (2). From (1), (2) we must to prove:

R*(4R+1)*>81R*r1* © (4R+1)*>81r* © 4R +1r > 9r
4R > 8r & R > 2r (Euler).

For RHS, usingm, > ,/s(s — a), we have:
m2+m?>s(s—b)+s(s—c)=sa
We must show that:

1 2 2R*> R 2R?>-Rr
— Y A< =———;(3)
s a” 4r? 4r 472

cyc

2
But: r, < %; (4). From (3), (4) we must show that:
1 2R —Rr 1
SR LS o)

s-16r? 472 4s
cyc cyc

But: Ya3 = 2s(s? — 3% — 6Rr); (6)

From (5), (6) we must show:

1
e 2s(s* —3r* —6Rr) < 2R* - 2Rr

s? —3r% — 6Rr < 4R? — 2Rr & s? < 4R? + 4Rr + 3r%(Gerretsen)

SP.367. Let m,, m;, m. be the medians, r,, rj, r. the exradii, r the inradius

and R the circumradius of a triangle ABC. Prove that:

RZ mym, mym, mm, r

2r

8r r_ +r ry+r r.+r 1 R\?*
<a b+b c_l_c a<<3<)_1>

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

2
. . a A . . .
First we will prove that: r, < o We have: 1, = s - tan-, where s —is the semiperimeter

of AABC.lLet BC = a,CA = b,AB = c and F — the area of AABC. We have:
a’?  (2RsinA)? _ 2R’sinA _ 2R%sinA sinA
4F 4 (% bcsinA)

bc _ (2RsinB)(2RsinC) _ 2sinBsinC
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2sin cos 2sinfeosd  2sinf cosh
_ sinz cos> _ sinz cos> sinz cos _
cos(B—C)—cos(B+C) cos(B—C)+cosA~ 1+ cosA
. A A , A
2sin+cos+ sin A
_ 2 2 _ 2 _ ¢
= A T4 tany
1+ (Zcos 2~ 1) cos>
So tanﬂ<a—2—a—2 Namely, 1, < a Similarly, r <b—Z r <ﬁAIso we have:
’ 2 = 4F  4rs YiTa =0 Vil =30 Te = 0AIS0, :
, 2b*+c*)-a® (b+c)?—-a*> (b+c+a)b+c—a)
mg = > = =
4 4 4
25(2s — 2a) s(s—a)(s—b)(s—c) F?
:—:S(S—a) = = =
4 (s—b)(s—o0) (s—b)(s—o0)
F F
“s—b s—c ab

Now, we have:

a’ b? a’ + b62
TatTh __ TatTh _TatTh _ ir t ar _ —4r

memy — \[ryr.-\Jrorg rerers F ’ F_F F?

s—c\Ns—a s—b (s—c)/(s—a)(s—b)
s—a+s—b
_(@+b)(s-0Js-—a)s-b) _(@+b)(s—c) "
B 47rF? - 4rF? B
2 2 _ 2, .2 _ 2 2 -
_ (a?+b )(Zs c)c. Similarly: Th+7¢ < (b%+c )(.29 a)a; Tc+Tq < (c?+a )(; b)b
8rF mpym, 8rF mcmg 8rF

ra+rb Tb+1‘c rc+ra
+ + <
m,m, mym, mem,

< ((a2 +b2)(s — ¢)c + (b% + ) (s — a)a + (2 + a?)(s — b)b) =

8rF?
1 @+b>H@a+b—-c)+ B*+c*)(—a+b+c)+(c*+a*)(a—b+c)b
T 8rFZ 2 -
1 2(a’bc + ab’c + abc?) + ab® + a®b + be® + b3c + ac® + a’c — 2(a’b® + b*c? + c?a?)
8rF 2
ab(a? + b?) + bc(b? + c?) + ca(c? + a?)
2

1
= W(ubc(a +b+c)+ (a®b* + b*c* + c2a2)> <
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(anr ) (a? +b2)+(b+c) (b2+c2)+(c+a) (c? +a?)

< 2 abc(a+b+c)+ 3 — (a%b? + b2c® + c?a?) | <
2(a? + b*)?  2(b%* + ¢*)? | 2(c** + a?®)?
< abc(a+b+c)+ 4 " 4 i 4 — (a?b? + b*c? + c*a?) | <
~ 8rF2 2 -
- be(a+ b+ )+a4+b4+c4—(a2b2+bzcz+cza2)
= apcla C
8rF? 2

. 4R2F?
Now, we will prove that a?b? + b%*c? + c?a®? < ——

1 11
We have: a?b? + b%c? + c?a? = (abc)? (_2 +ot c_Z)

N2 (B — 2 1 _
Also, we have (b —¢)? > 0 © a? — (b — ¢)? < a? ‘:’azﬁaz (b—0)2

1 _ 1

- (a+b—c)(a—b+c) - (2s-2c)(2s-2b) - 4(s—-b)(s—c)" Similarly

1 1 1 1

b2 = 4(s—c)(s—a)and 2 = 4(s—a)(s—b)’ So,
1 1 L1 1 1( 1 1 4 1 ) _

b2 c2 “4\(s—b)(s—0) (s —c)(s—a) (s—a)(s—b)
1 s—a+s—-b+s—c 1 s(3s—2s) 1 s? Heron
4 s—a)s—-b)(s—-c) 4 ss—a)s—b)(s—c) 4 F2

1 s2

_1 s& 1 252 2,2 2.2 2. 1 .
=1 22 = 2 50, a’h® + b°c" +cta < (abc) .2+ Also we know that:

abc = 4R - F = 4Rrs; a* + b* + ¢* = 2(a?b? + b?*c? + c*a?) — 16F2. So,

r,+r Ty +71 r.+r
a b+b c_l_c a

2R*F? 5
< 8RsF + —8F° | =
m,m, mym, mim, 8rF? r?

BRrs'rs R?> 1 R R? 1 4Rr+R?—4r?r=2r3R? 1

8r -r2s? 4r3 r r? 413 r 473 413 r
1 R\?2 . .
== (3 (;) — 1). For the left inequality, we have:

3
Te+7p N rp+ 71, N T, +7, AM;GM 3YTa+1p)p + 1) +74) N

= 2
m,m, mym, m.m, (3 fmamym,)
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3O+ )y + 1) (e +1a) _ 27V (@a+ 1)@ + 1) +70)

(ma +my + mc)z - (mg + my, + m,)?
3

We know that: (m, + m;, + m.)? < 3(m% + m§ + m?) =3 '%(az +b% +¢?) <

<3.->.9R%?= i—lRZand (rg +rp)(rp + 1)@ +1,) = 4s*R,;s > 3+/3r. So,

3
4

3 2
ra+rb+rb+rc+rc+ra 27%4sZR  27./4(3V3r) '27'_

m,m, mym, m.m, = 81R?2 81R?
4 4
_J@2-3:1)3 _8r
~ 3R?  R?
Namely,

RZ mgym, mym, mm, T

8 1/ (R\*
r<ra+rb+rb+rc+rc+ra< <3<2r) _1>

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Rh,
We know that m, < 2— (Panaitopol) and
2 1 1 7ro+m
—_— =4 —=
hc Tq Tp Tql'p

re+71) 2r Te+T) 2r\2 2r,Tp 2r\? 2
> D 2 - (%) = (%) Fpgh T
m,m, R h hb R hahbhc R hahbhc
B (21‘)2 2R , 4 Euler g,
~\R

.m.s = R = RZ
Now,we know that m, > h, (and analogs).
re+ rb rqe+T1T) 2r,Ty
*Z mom, — Zs hyhy,  Zihghyh, R hbh Er“r”
_R: 1(3 (5)4 - 1)
rr - r 2r

3( )4 2( ) 1>06 (x—1)Bx3+3x2+3 +1)>0< = )
AN R — ] — AN — RS = —
2 J = X X X X = X

(and analogs)

R
Which is true from Euler (x =2 > 1).
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Therefore,

8r re+1r, 1 R\*
— < <—(3 (—) ~1
R? moym, ~ T 2r

SP.368If 0 < a < b < 1, then prove:

b
a(Zb—a)<f dx +\/§< a +b—a
2 2 2 23 2 2 2
bva®+b* J x\/(x? + a?) Vaz+b?  av2

Proposed by Florica Anastase-Romania

Solution by proposer

Let be the function:

1 1
f,9:la,b] - R, f(x) = si g(x) :(xTaZP ,h:[a,b] - R,

h(x) = f(x) — f(b) decreasing.
From second M.V.T. 3c € (a, b) such that:

b c
[ s@htodx = n@ [ gwax

b

fg(x)(f(x) —f(b))dx = (f(a) —f(b))fg(x)dx

a

b
[ regax -

b c c b
— b [ g@dx + (F@ - £B)) [ g@Idx =f(@) [ gGordx + fb) [ gz

a
dx X =
G = d = _ = (% t2_1
@ = [ geax= | e R B
e
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3 V(2 —1)3 at 3 dt a  ax
(*)—_.[ 3 . ,—(t2_1)3dt——a.[t—2—?——,m+c

b
dx
!W = f(a)(G(c) — G(a)) + f(b)(G(b) _ G(C))

a +c(b—a) _E

Va2 + b2 baP+E 2
c(b—a a(lb—a
( )> ( )

a<c<b-
bva? +c* bva?+ b?
Hence,
b
j dx _a +c(b—a) V2 a albb—a) V2 _
) xJ(x2 +a?)3 Va®+b®> bVa®+c* 2 Va®+b* bVa®+b* 2
_a(2b—-a) V2
bVa% + b2 2
ce<h 1 < 1 c(b—a) <b(b—a) b—a
a C e g =
a’+c* 2a® pJaZ+cz  abVZ  aV2
b
j‘ dx _a +c(b—a) \/f< a +b—a V2
xJ/(x2 +a?)3 Var+b? bVaZ+cz 2 JaZ+b: av2 2

a

Therefore,

b
a(Zb—a)<f dx +\/f< a +b—a
2 2 2 23 2 2 2
bva? +b* J x/(x? + a?) VaZz +b?2  aV2

SP.369 Let (L,,) >0, Lo =2,Ly =1,L,,» = L,,1 + L,,,Vn € N, be the Lucas’

sequences, and a, b, c € R} such that abc = 1. Prove that:

1 1 1
+ + >
a®(bL, + cL,.1)> b°(cL, +aL,.,)* c%(al, + bL,,,)*  L?

n+2

,Vn eN

D.M. Batinetu — Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers

By Bergstrom’s inequality we have
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1 1 1

A, = + + >
" aG(bLn + CLn+1)2 bG(CLn + aLn+1)2 CG(aLn + bLn+1)2
2

1 1 1 1
== + + ,vyneN; (1
3 (a3 (bL, +cL,.1) b3(L,+al,,;) c3(aL,+ bLn+1)> @)
Also we have
1 1 1
Bn = 3 + 3 + 3 =
a (bLn + CLn+1) b (CLn + aLn+1) ¢ (aLn + bLn+1)
1 1 1
a? b2 c

= + + ,Vvn €N
a(bLn + CLn+1) b(CLn + aLn+1) C(aLn + bLn+1)

Where we apply again the Bergstrom’s inequality and than AM-GM inequality and we

deduce that

1,1, 1\°
(E+F+E) (ab + bc + ca)?
B, > — _
"~ (ab+bc+ca)ll,+L,,;) (abc)?’(ab+ bc+ ca)(abc)?L,.,

_ab+bc+ caAMéaMS -3/ (abc)? B

,vn € N; (2)
Ln+2 Ln+2

From (1) and (2) follows that

Ln+2

1/ 3 \? 3
An2—<L >=L2 ,VvneN

3\Lyyz n+2

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
4 4
z 1 (%) abet Z (%)

a®(bL, + cL 2= abL,, + acL 2
( n n+1) ( n n+1) (%-Ln n %-Ln+1)

2 =

R R
3 [Z (%.Ln + %.Lnﬂ)] 3 (Z %) (Lpiq + Lp)? 3Ly,
32 3

>
= 2 2"
3Ln+2 Ln+2

Therefore,
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1 3
3 VneN

Z a®(bL, + cL,.1)? = Lo
SP.370 If ABC is a triangle with inradius r and circumradius R, then for any
point M in the plane of triangle, M &€ {A, B, C}, holds the inequality
MA MB MC R+r - ﬁ

- + > >
MB+ MC MC+MA MA+ MB R R
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers

In the inequality of Nesbitt = 4
y+z
MB,z = MC, and we deduce that:

. MA N MB N McC >3(2)
" MB+MC MC+MA MA+MB~2’

By Euler’ inequality, we have in any triangle : R > 2r & % > %; (3)

L+L2§’Vx,y,ze R; (1) we putx = MA,y =

z+x = x+y

From (2), (3) it follows that:

U>1+1>1+£:R+r>2r+r:£

- 2 R R ~— R R

Solution 2 by Daniel Vacaru-Romania
We have:
MA N MB N MC _
MB+MC MC+MA MA+ MB
MBZ MCZ Berg:;trom

>

MA?
= + +
MA-MB+ MA-MC MB-MC+MB-MA MB-MC+ MB-MA
(MA + MB + M(C)?

> =
~ 2(MA-MB+ MB-MC+ MC-MA)
505
- 3 1
2 1+E;(1)

14 MA? + MB? + MC? B
B 2(MA-MB+ MB-MC+MC-MA) ~— 2

But we know Euler, namely R > 271; (2) we get: % > %; (3). Then we have:
(2)

MA__ MB_ MC G313 v R+r&3r
MB+MC MC+MA MA+MB~™2 2~ R R TR
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SP.371. Let ABCD be a tetrahedron, and let M be a point in space,

M ¢ {A, B, C}. Prove that:

MA N MB N MC N MD >R+r>4r
MB+MC+MD MC+MD+MA MD+MA+MB MA+MB+MC™ R ~— R

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers
fx,y,z,t e R, X=x+y+2z+¢ then

X 4
U=Z ==
X—x 3()

cyc

U_z x x—X+X 4+XZ 1
CLiX-x X—-x X—x
cyc cyc cyc
By Bergstrom’ inequality, we get:
U=>-44+X 16 _ 4+16—4
- Y(X—x) 3 3
We putin (1): x = MA,y = MB,z = MC,t = MD and we obtain
MA - 4 1+ 1 @
MB+MC+MD~3 =~ 3’
cyc
By the inequality of Euler-Durrande for tetrahedron we have: R > 3r & % < %and then
by (2) we deduce that:
Z MA >1+1>1_|_r_R+r>4r
MB+MC+MD~" 3~ R R ~ R
cyc
Solution 2 by Daniel Vacaru-Romania
MA 4 MB 4 MC + MD _
MB+MC+MD MC+MD+MA MD+MA+MB MA+MB+MC
MA? MB?

= + +
MA-MB + MA-MC+MA-MD MB-MC+ MB-MD + MB - MA

Bergstrom

N MC? N MD? &
MC-MD + MC-MA+ MC-MB MD-MA+ MD-MB+ MD-MC ~
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(MA + MB + MC + MD)?

_Z(MA MB + MA-MC+ MA-MD + MB-MC+ MB-MD + MC - MD)

14 MA? + MB? + MC* + MD? 1
B 2(MA-MB+MA-MC+MA~MD+MB-MC+MB~MD+MC-MD)'()

But: 3(MA? + MB? + MC? + MD?) >
>2(MA-MB + MA-MC+ MA-MD + MB-MC+ MB -MD + MC - MD)

Hence,
MA? + MB? + MC? + MD? - 1_(2)
2(MA-MB + MA-MC +MA-MD + MB-MC+ MB-MD + MC-MD) ~ 3’

On the other hand, we have R > 3r;(3) & % > %; (4). Then we have:

~
=
~

MA + MB + McC 4 MD
MB+MC+MD MC+MD+MA MD+MA+MB MA+MB+ MC

MA? + MB? + MC? + MD?

1

()
I

=1+ >
2(MA-MB + MA-MC + MA-MD + MB - MC + MB - MD + MC - MD)
(i)1+1(§)1+r_R+r(§)4r
3 R R TR

SP.372If f: R”. — R* with lim 2

n-oo X

= a € R%, (b,),,>1 is an arithmetic

progression with by, € R} and u, v € R satisfy u + v = 1, then compute:

tim (0 " (OS2 [0 b)) =0 (1B B £ 5

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by proposers

We denote f(by)f(b,) ... f(b,) = f(b,)!,Vn € N* and

=+ D*""V(f(bp))” — n* / (Fbw)" =n*"[(f(by) Wy — 1) =

_ pu—1n wn—1 (VB wp-1
n" \/(f(bn)!)”-m-lnwﬁ—( " )'m -Inwl,vn > 2, where

Wn

n+1 n+1\/ f(bn+1)!
—_ —_— vyn >
w, ( ) ( R ) ) ,Vn 2. We have

48 NUMBER 25-RMM SUMMER EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
f(bn+1)! _ l f(bn+1)
- n

fon) o f(b) bn
=1 w0 Maso

lim,_,,— =lim,_, -—=ar and lim,,_,,
n b, n

= ar. Also

we have that

_ Nfb) L mf(bp)! . f(bpe)! n™ (1 f(bpyg))  ar
fm - =lm = =lm ((n+ 1) 'f(bny) = lim (e_n' n+i )‘?’

n
wheree,, = (1 + %) — e. We get
. omA (V!
lim w, = lim (—) lim | —————— | =
n—-oo n—oo n—-oo "/f(bn)!

n
“Ufm)! n n+1)
n+1 'W' n

- (ﬂ L. 1) = 1, s0 lim,,_,., 2®=2 = 1. Hence
nw.

=1-lim

n—>oo

e ar Inw,
(f(bn+1)! 1 >17
limw? = lim e¥ - lim . =
N M A (O TN

= e lim (f(bn+1) . n+1 >v _
- n+l el
=e" (ar . i)v = e'eV = e. Then
(W) . (W) (ar)
n

-1-Ilne =1lim
e

n—oo

n—oo

lim B,, = lim

n—->oo n—->oo

Solution 2 by Mikael Bernardo-Mozambique

u+v=1-u—-1=-v

n—oo

0= tim (0 D" OISO B b)) = (FB0F o) ) ) -

(4 %" (FBDFB) - f B Be)) — - (F I B2) - fB))’
= lim

n-o n+1-—n

"'_"

nt - n\/(f(b1)f(b2) ()"
= lim

n—oo n

= lim n*~- n\/(f(lh)f(bz) fby)" =
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n\/(f(bl)f(bz) (b))
= lim

ey ;(sinceu—1=v)
n—oo

i [ "f®D - fB2) - f(bn) i S Bne) v
T oo nn n-c (M + 1)n+1 -

—(l' b+n-r a)"_(r-a)”
s n+1 e Ve

3 l

fU—cE[R%* and

(a,,),,>1 is a positive sequence such that lim,,_,,(a,,; — a,) = a € R}, then

compute:

lim ( (n+ 1)2 n? )
e n+\/f(a1)f(a2) Sa)f(aniq1) 1\l/f(a1)f(a2) . flay,)

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

Solution by proposers

n:

Denoting f(a,)! = f(ay)f(ay) ...f(a,),Vvn € N*, e, = (1 + %)n and

(n +1)? n?  on? n u,—1

1 T T n ( n- 1) = n )
! Vi@ @l TFa)! Inu,

‘Inull,vn > 2

_ (n+1 2 "fay)!
where u, = (T) W. We have
. a, Apy1 — Ay . f(an) . f(an) a,
Iim—=1lim————— = q;lim = lim -— | =ac
nbon nmoo(mn+1)—n n-co M noo\ @, N
. n lim " nn ~ lim ((n + 1)+l f(an)'> n+1
im =lim [—— ime
neee n\/ f(a,)! ™ flapy)! noo\ fapgq)! n" oo f( n+1)
n+1 a,;q 11 e
—ellm( ) e ——=—
oo \ ey f(@n) a'c ac

limu, = lim

n—>oo

n+1\%> Yf(a,)! n+1 n 1 ac e
( n ) n "Uflan, nt1)

n—oo
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. u,—1

So, lim - =
’ n—>00 lnu

n

f(an) n+1 1 ac
lim u® =llm e Y I = —— =
n—co n ( n’ f( n+1)| f( n+1) ac e
n Un e e
Hence Q = lim,,_, o, 7/—— T lnun ‘Inull = —- 1-lne= >

SP.374 Let m,, m;,, m, be the lengths of the medians of a triangle with

circumradius R and area F.Prove that:
4 1 1 1 V3

< + + < —

9R? " m,(my +2m,) my(m,+2m,) m.(m,+2m,)~ 3F

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by proposer
For the right inequality we have:

. . 1 1 2 1
First will prove that ez = ome (E + m_b)

. (i i) .  _
m, my mg(mp+2me) -
) _ 1 (Zmb +m.)(my, + 2m.) — Imm,
m, 9Im,m.(m, + 2m,) B

1
We have 5

mq

1 /1,2 1 1
b )
m,\9\m, m, my, +2m,

1 2(mp—m,
, _2lmy—me)? > 0. Similarly
mg 9Impm (mp+2m.)

! <L(i+i)and

my(me+2mg) ~ 9my \m me

S WA RS
m.(m,+2my) = 9m,\m, m,
Adding up these inequalities, we get
1 1 1 < 1( 1 N 1 N 1 )
ma(m, + 2my) | my(m, + 2mg) | m(m, + 2my) mem, mym. mem,
1 n 1 V3

Now, will prove that: + <
mgmy mpym, mcmg F
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We know that in triangle BGA, we have GA; = %ma, BG = gmb,A1B = gmc and

area ABGA, = %F. Also we know that

abc

a+b+c=23§3\/§Rora+b+cS3\/§E.(abc=4R-F)
So for ABGA, we have

2 2 2
2 2 2 zMa3Mp3Mc 1 1 1 V3
“my+-my+-m. <3V3 -+—32"2—or < —.So,
3 3 3 4-3F mgmp  mpme  mcmg  F
1 1 1 V3

+ + <—
m,(my+2m,) my(m,+2m,) m.(mg,+2m,)  3F
Now, for the left inequality, we have by Cauchy — Schwarz inequality,
1 . 1 N 1 - (1+1+1)?
m,(my +2m,) my(m,+2m,) m.(m,+2my)  3(m,m,+ mym,+ m.m,)
Also we have

2 2 2_3 . 2 12 2
m,my, + mym,+mem, < mg; + my, + m; :Z(a + b* + ¢“)
We know that a? + b? + ¢ < 9R? in any triangle ABC. So
m,m, + mym, + m;m, < ?RZ. Namely
1 1 1 9 4

+ + > =
ma(mb + ch) mb(mc + Zma) mc(ma + Zmb) 3. ERZ 9R2
4

Equality holds if and only if the triangle ABC is equilateral.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 CBS 9 3 Y xysy x? 3
D S - s 2
m, (mb + zmc) Z m, (mb + zmc) Z m,m, Z m,

3 Leibniz 4

~

:%Zaz = W

Now,we know that m,, m,, m.can be the sides — lengths of triangle.

Let F',s',R'be the area, semiperimeter and circumradii of Am,m;m..
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Z 1 _Z 1 65521( 1 2 )_1 1
my(my +2m,) Lamomy,+2mym, ~ £a9\m,m, mym., 3Lim,m,
__XMa
3m,mym,

3.4R'F’ - 3.4R'F' 4F 3F

4 1 V3

Th . em<) <
erefore 9R? mg,(my, +2m,) ~ 3F

SP.3751f x,y,z € (0,1), then in any ABC triangle with the area F the

~F =—F
4

ZS’ Mitri?ovic 3\/§R’ \/§ B \/§ ( 3 )

following inequality holds:

xa' yb* zc*
(y +2)?2(1 — x?) " (z+x)2(1 — y?) + (x +y)2(1 - z) > 6V3F?

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by proposers
Letbe £: (0,1) > R, f(t) = t(1 — t*) with f'(t) = 1 — t? — 2t? =

=1-32,f()=0>t==f(5)==(1-3) ==and

V3’7 \v3 V3 3 V3
t 1
0 — 1
V3
f'(® ++++++0———————
2
f@® i N
3v3
= f(t) < 2 vt(0,1)
— Bﬁ) )
and then

Z xa* B x2a* - 3V/3 x2a* -
(y+2)2(1—x2) Li(y+2)>*f(x)~ 2 (y+2)2~
cyc cyc cyc

3 2
- 2 3 y+z = T(ZﬁF) -

cyc

2
Bergstrom 3./3 1( xa? ) Tsintsifas \[3
> 222 z
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3V3 - 4F?
=—F = 6V3F2

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

From AM-GM, we have:

a3 V8 e BB
9x 9x 9x 9x

2V3
>1-x2< ox (and analogs)

2
xa* - 9 x%a* 33 xa? 2c§s\/§ z xa?
(y+221-x2) " 2y3Li(y+2)? 2 y+z) T 2 y+z
yc cyc cyc

cyc

We know that:

x
S a? > 2V3F (Tsintsifas)

cyc

Therefore,

4-

Z(y+z)2(1 xz)_ > (2\/—F) = 6V3F?

UP.361 Prove that:

1

jta" X dx = log,(VE - l)fl (sinx) d
—ax = 10 o sinx X
Ox'—l—x 92 g

Proposed by Florica Anastase-Romania
Solution 1 by proposer

-1
7  km vn
| |sm—=2n_1
k=1

Let: x;, k = 1,2,..,2n the roots of the unity.

= k11'+, i knk-lZ 2
xk—coszn lsmzn, =1,2,..,2n
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x1,2=*1-roots

2n n-1
xzn—l=g(x—xk> = (x2—1)g<x—xk)<x—x—k>

n-1
km
=(x%2—-1) 1_[ (xz —2xcos——+ 1)
k=1

n—-1
kr x=1
S a2y a2t b x2 41 = <x2—2xc057+ 1)=
k=1
n-1 n-1
2 km
n= (2 — 2cos —) = (4sm —)
2n
k=1 =1
vi4 2 n—1n
n=22m"1 .gin2__ .gin?—- ...- sin? ( )
2n 2n
n—-1
ot gin T i 2m C (n—-Dm :>l_[ km  Vn
-sin—-sin—- ...- sin———=1n sin—=——
2n 2n 2n 11 n 21

z 1 (" w (!
j log(sinx) dx = Ef log(sinx)dx = E_[ log(sinmtx) dx =
0 0 0

n-1 n-1
- 500 s 7) < g o[ ') -
T o 2n °og\str) T a2 09 S )T

k:l =
om Vn n_ . logyn— (n—1)log2 T
T <2> 7 n - gl
1 14
Fiy) J‘ tan lxy dx > F'(%) jl dx j‘i dx
y) = | ———=dx x) = =
4 2Vl —x? o (1+x2y2)V1—x2 Jo 1+y*cos?t
1 _1< tant ) T
= tan = =
J1+y2 J1+y? 2,/1 + y2

F(y) =glog (y+\/1+y2) +C

1
tan 1x T

f—dx ==log(1++2);(2)

2 av1 — x2 2

From (1), (2) we get:
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1

Y3
tanlx 2
f—dx =log,(V2 - 1)f log(sinx) dx

xV1 — x? 0

Solution 2 by Timson Azeez Folorunsho-Lagos-Nigeria

X-5—

[RENE]

z 0 T
I=1log,(vV2 - 1).[0 log(sinx) dx log,(V2 - 1)_];r log (sin (E — x)) (—dx) =
2

=log,(vV2 - 1) leog(cosx) dx
0

T
2 2 sin2x
21 = log,(V2 - 1)] log(sinx - cosx) dx = log,(V2 — 1).[ log(— )dx =

xX=y

’_““

=log,(V2 - 1)(.[ log(sin2x) dx — flog(Z)d
1(™1 7

=log,(NV2-1)(5 | >log(sinx)dx— | log(2)dx =

0g:(VZ 1) | 3 log(sin)dx - [ “log(@)dx

=log,(V2 - 1) j:log(sinx) dx — glog(z)logz(\/f -1)=

=1- glog(z)logz(\/f -1)

I= —Elog(Z)logz(\/i ~1); (1)

1 .
tan 1x = T3V Ztan™ 1(smy) Ztan~ 1(siny)
j = f cosydy = f —d

0

J= W1 — x2 sinycosy siny
0
Tl' Tl'
Ztan~ 1(asmy) z sinydy z dy
J@= | ay-r@=|" = [ -
0 siny o siny(1+ a?sin?y) J, 1+ a?siny

u=tany
du=sec?ydy
~

T

B jz sec’ydy B J‘z sec’ydy
~ J, secty + a’tan?y ), 1+ tan?y(1 + a?)
o T

« du 1
= = tan ! (uy1+a?)| =——
-fo 1+ (wi+a?) Vit+ad ( )|0 2V1+a?
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a=tanr 2
, _ T _ T (sectr dr
J (@) = — —_—
V1 + a2

\/1 + a? 2 secr

=Efsecrdr=ilog(a+ 1+a2)

J() = glog(\/f+ 1) = glog (\/El_ 1) = —glog(\/f— 1);(2)

From (1), (2) it follows that:
1 4
tan x 2 ]
f—dx = log,(V2 — 1)f log(sinx) dx
xV1 — x? 0

Solution 3 by Rana Ranino-Setif-Algerie

1
Q j‘ tan 1x p l(fl dx )d
= | ———dx = y
) x 1 — x2 0o \Jo (1+ x%2y?)V1 — x2

1 dx x=sin@ ro do t=tan0 dt T
fo(1+x2 2)\/1—x2 - fo1+yzsin20 - fo 1+2(y2+1) 2 y2+1
T
= = 5 sinh™!(1) = —log(\/—+ 1) = ——log(\/— 1) =
s log(V2 —
=—=log2- g( )
2 log2

2 T
Known j log(sinx)dx = —Elogz
0

Therefore,
1

tan x z ]
f—dx = log,(V2 — 1)f log(sinx) dx
xV1 — x? 0

Solution 4 by Samar Das-India
1 x=siny

tan 1x s gtan‘1(siny) Ztan™ I(siny)dy
sz—dx = f ——————cosydy = f
/1 — x2 o Sinycosy siny

0

T 1 .
2 tan™ ' (msiny)

IGm) = fo siny
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T

ol (2 siny dv = f% dy _
am  J, (1+m?sin?y)siny Y= o 1+m?2sin?y
T T
B fi sec’ydy 1 fi sec’ydy B
)y 1+ (1 +m?tan2y m?2+1 2 B
0 ( ) Y 0 < 1 ) + tan?y
vm? +1
T
2
1 1 tan-1 tany _ T 1
_m2+1 1 an 1 —2,—m2+1'()
vm? +1 vm?2 + 1/
T dm
-1

.4
== =_—-log(m+ym?+1)+C;(2)
2 ,/m2+1 2 g( )

T
Ztan~1(0 - sin
Form=0—>I(0)=f ( Y)

; siny dy = 0 from (2):

100) = glog(l) +C>C=0

T
Ztan~1(1- sin @) o
10 =f ( Y) T

i siny dy = 2 log(1+v2); ()
T x—>E—x 0
J =log,(vV2-1) J:log(sinx) dx é log,(V2 - 1).[” log <sin (g - x)) (—dx) =
2

T
2
=log,(V2 - 1)] log(cosx) dx
0

- T

s 2 sin2x

2] = log,(V2 - 1).[ log(sinx - cosx) dx = log(V2 - 1)f log< 2 )dx
o 0

: P
=log,(V2 - 1)(j log(sin2x) dx — f log(2)dx =
0 0
171 _ z
=log,(V2 - 1)(2.[ Elog(smx) dx — j log(2)dx =
0 0

=log,(V2 - 1) j:log(sinx) dx — glog(z)logz(\/i -1)=

=1- glog(z)logz(\/f -1)
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T
J = —5109(2)1092(\/5 —1); (II)

From (I), (I) it follows that:
1

tan x z ]
f—dx = log,(V2 — 1)f log(sinx) dx
xV1 — x? 0

Solution 5 by Akerele Segun-Lagos-Nigeria

s (_1)kx2k+1

-1 —
tan™"(x) = 2k + 1

Vx|l <1
k=0

1
tan"1x 1 ( 1)k 2k+1
So,f—dx = z
xV1 — x2 4 (2k + 1)(xV1 - xz)

o (—DF (1 1 zu (-D* (* 4t
= (1-x¥)"2dx & = Z1—-u) Zdu—
kZ _I 2k=02k+1f

1 (D T (—1)*kI'(2k) om ~
_E;2k+1ﬁ(k+__> Z(2k+1)l‘(k+1)l“(k+1)__Elog(ﬁ_l)_

=log,(vV2 - 1) <—glog(2))

3 /4
Recall: f log(sinx)dx = —Elogz
0

Therefore,

! 1
tan "x

J mdx = logz(\/_ 1)f log(sinx) dx

2n

_z . kn ( Zk1l'+_ 2k1‘[)
On= % m 1 M 1 T %% 21

UP.362. Find:

= ,llljg 2 kwn+2 (cn)

Proposed by Florica Anastase-Romania
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Solution by proposer

2n

z( . kn )( 2km +i an)_z L vneN
L\t )M T ) T

i( . )( 2km +i an)_
LA\ 1) MM o T 1) T

2n
kr . 2km 2kn
) (stn )

i( . )( 2kn +i 2kn 4 Z . +i _
4 Orom+1/\*M a1 lCOSZn+1) . l(co 2n+ 1 nt+1 %mr1) 7
= =n+

:SI +Sz

Denote2n+1—-—k=Lhowke{n+1,n+2,..,2n}=>1€{1,2,..,n—1,n}

- (2n+1—l)1t<_ (4n+2-20m (4n+2—21)1t>
52=ZCO sin =

2n+1 nt1 ST o

=1
n

=S ot

k=1

Mon+1 “®2n+1

( . 2w . 2l )

n

S=S. 4§ _zi t2k1r . 2km _42 , km
IR i T E S R T RS T

n
22(1+cos )—2n+22cos

k=1
[2n—- (2k—-1)|n 2km
2n+1 2n+1’

—2n—1=>wn=2n—1

Hence,

. . 1
Q = lim z kwn+2 (k+n) = 1‘}_{22 Je2n—-1+2- (k+n) = ,111_,‘?0 z W; (1)
k=1

1 kK Kk <k)"_1_
kn+1—k knt1 (1 n (k— 1))n+1 k 1 (n-lk-l)
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k-1 1

et e

- 1 n-2 1
Z k“’n+2 (k+n) — =1+2e Z (n+1) + =1+2e: (n+1)
k=1

Therefore,

= ,lll_,To Z kwn+2 G = 1

UP.363 Let be (a,,),;51; (b;)n>1 € (0, ) such that:
1
n

n
}li_)lg(anu —a,) =ac€ (0,0);b, = ( a2k—1>
k

=1
Find:
0 = lim <an+1 ’ bn+1 . a, - bn)
n-o n+1 n

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposer

By Cesaro-Stolz’s theorem:

. a, . Api1 .
lim — = lim = lim(a,,;—a,) = a
n-o Nn n—oo an n—oo

By Cauchy D’Alembert’s theorem:

n n+1 n
lim b, _ lim k=121 _ lim [lkZ1azk-1 "
n-o N now nn n-o (n4+ 1)1 [R_; ay

I ( n )" iy 1 . Qypq 1 . Ayyq 2n+1  2a
= 11m . = —--11m =—--11m . [ —
n-o \n+ 1 n+1 e n-«2n+1 e n>o2n+1 n+1 e
Hence,
a,-b, _ a, b, 2a 2a?

lim 5 =lim— —=q+-— = —

n-o N n-co N n e e
Denote u,, = 2#1Pm1 ™ pance limu, = 1, lim 21 = 1

Ay by-(n+1) n-o n-oo logun
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n+1
n [lki1 Q2k-1 1 (a2n+1>n _

n

limul = lim ( ) .

now ' omow\n+ 1/ [l Qzkeq e ntl a,
[Tk21 azk-1

1 . a,;q n+1 Api1— a, —an+“1n_ an._‘:l.(anﬂ—an)
—-lim . . (1 + —)
e nbon+1 b,

an
1 e 1
=—-2a-—-e%a=¢
e 2a
. Api1 - bn+1 ay - bn anbn u,—-1
Q = lim — = . U, =
n—oo n+1 n-c0c n logu,
~a,b, u,—1 2a? 2a?
=li 5 logupy=—-1-e =—
n-oo M logu, e

Solution 2 by Amrit Awasthi-India
We are given that: lim(a,,.; — a,,) = a. This can be rewritten as:
n—-oo

. An+1 — Ay
lim—————=a
nbo(n+1)—n

Using Cesaro-Stolz Theorem, we have:

. . Api1 — Ay .y
lim(a,;; —a,) =lim————=1lim—=a - a, =na
n—oo n—oo (n + 1) —-n n-oc N

Now substituting this value in the given value of b,, we have
1
n ﬁ 1
b, = (H(Zk—l)a) —a-(1-3:5-..-@n-1)"
k=1
Now, the product can be rewritten as

1

(1-3-5- ... @2n—1) = ! _>bn:a[.<(2")!>ﬁ

n!.2m n!.2mn
Now, we have:

Ani1 l;n+1 _Qn- b,
= lim n+ n
nl—>oo n+1)—n

An+1 bn+1 _ a, - bn)

— I (
¢ nlm n+1

Therefore, again using Cesaro-Stolz theorem, we have:
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a, b,

— T1; n
¢ = lim n

Now, substituting previously obtained values, we have:
1

¢li m = lim a- (75'2112)"‘)H

n—-oo nZ n—oo n

Therefore, using Stirling’s approximation as n approaches infinity, we have:

2
((Zn)!)% ~ <Z?n) =N (n!)% ~ f

e

Hence, we have:

Therefore,

¢ — lim (an+1 ’ bn+1 _ a, - bn) zaZ
n-co n+1 n

UP.364 In AABC the following relationship holds:

1 1 1 3" )
22 mk) (T e e
a a a

cyc cyc cyc (R\/g)nz n

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposer

Z 1n+1 Radon @a+1+--+ 1)""'1 3nt+l (\/§)Zn+2 Mitrinovic
an Z

Lia~ L, Z T @+btor @ @t o
y (\/§)2n+2 B (\/§)2n+2—3n B (\/E)Z—n
= (3\/§R)" R R
_ )4t (2— _n(m+1)
(\/_)2 i \/5)(2 1)+(2-2)+-+(2-n) (\/§)2n >
1_[ Z 1_[ - R1+2+3++n = n(n+1) =
cyc cyc R 2
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(\/§)2n 3n

n(n+1) 2+n.
@ [y

Equality holds for an equilateral triangle.

Solution 2 by Adrian Popa-Romania

w
=

1 B 1n+1 N 1n+1 N 1n+1 Raf;"" (1 +1+ 1)n+1 3n+1 2
a®  an bn c® = (a+b+o)r  (2s)"

cyc

- 3n+1 B 3n+1 B 3n.3 ~ 3

<2'3R\/§>n (3V3R)" 37.3n.Rn  37.Rn
2

zl z 1 z 1 - 3 3 3
— _2 L. _n = 1 . 2 LI 2 o
cyc a cyc a cyc a 32.-R1 32.RZ 32.R"

n n

311,

3 3
o LZiStein 142+3+-4n - n(n+1) n(n+1) = nZ+n
3 2 ‘R ,/3 2 R 2 (RV3)

Solution 3 by George Florin Serban-Romania

zl>\/§(Pt ic’)
a_R, etrovic

cyc
2 n n
a2/ — 3 al] 3 an al 371\ R
cyc cyc cyc cyc
2
V3 (V3) . (v3Y
Yol Yz (Ym |
a az| ar | = 3.32....3n1 B
cyc cyc cyc
\/§1+2+3+---+n gn. 3712—371
= n(n+1) = nZ-n =
R1+2+3+-+4n . 3 Rn?+n . 372
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n2—3n_n2—n
3n.37 4 2 3" 3" 3"

= — =
VR +n R4 3nT+n JRn*+n . \/\/3"2+n \/(R\/E)nzm

UP.365 Let be a,, = Y"_, tan™! ( );n > 1. Find:

k2+k+1

Q = lim n?(e%+1 — %)

n—>0oo

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

It’s easy to prove that:

1 1 _ 1(1 (1 i
tan™ () = tan ™ () — tan ™ (i) ke

It follows that:

- — 1 T — 1 n
a, = tan 1 — tan 1(—) =——tan 1( )and lima, =
n+1 4 n+1 n-oo 4-

Q = lim n?(e%+1 — %) = lim n?e(e%+1 =% — 1) =
n—oo

n—oo

1 1
= limn2e% <e(n+1)2+(n+1)+1 — 1> = limn2e% <en2+3n+3 - 1) =
n—-oo n—oo
4 1
etan (n2+3n+3) -1 1
= limn2e% .tan~1 <2—) =
n—oo tan-1 ( 1 ) n“+3n+3
nZ+3n+3

1 _ 1

en?+3n+3 — 1 tan™! (m) n B
1 ) 1 n2+3n+3

nZ+3n+3 nZ+3n+3

2

= lime% .
n—o0o

tan-1 (

=e%-1-1-1=e%
Solution 2 by Asmat Qatea-Afghanistan

n n
1 E : -1 tan-17) — -1 — tan-1
kiltan <k2 A 1) k_l(tan (k+1)—tan""k) =tan""(n+1) —tan™ ' 1

4
a,=tan"'(n+1) - n
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Q = lim n? (etan‘l(n+2)—% . etan‘1(n+1)—%) _

n—oo

= 1 . lim nz etan_l(n+1)——(etan‘1(n+2) —tan~1(n+1) _ 1) —

eT[ n—oo

)t ()

= lim etan_l(n+1) . . n’+3n+3
noe tan—1 (—1 ) 1
n:2+3n+3 n2
_ 2n+3
(n? + 3n+ 3)2
1 2 n n
_ k. hm1+(—n2+3n+3) _er . 2mt43n’ er 2 om
n—w 2 2 nro(mM?+3n+3)2+9 2 1
n3
Therefore,
Q 1 2/,a a 1 in ‘{/_
= n+1 — n —_—_— 4 = Y[
lim n (e en) tor e e

Solution 3 by Ravi Prakash-New Delhi-India

Let b, = tan~! (—) = tan~! (M) =tan Y (k+1)—tan 1k
k= K+k+1) 1+k(k+1))

T
:Zbk=tan‘1(n+1)—1=an

nz(ean+1 — ean) =

1
_ _ -1
_ etan‘l(n+1)_% ) etan Tn+2) _ etan 1n+D) ' tan <1 +(n+1)n+ Z))
B tan-1(n+2) —tan"1(n+1) 1
1+(n+1)(n+2)
n?

m+Dn+2)+1
Q = lim n?(e%+1 — gn) = €T T = et
n—-oo

Solution 4 by Kaushik Mahanta-Assam-India

n n
1 E : -1 tan-17) — -1 — tan-1
kiltan <k2 A 1) k_l(tan (k+1)—tan""k) =tan""(n+1) —tan™ ' 1
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4
a,=tan"'(n+1) - 1

Q = lim n2 (etan‘l(n+2)—% . etan‘1(n+1)—%) _

n—oo

-1 -1
= lim e 4n2(etan (n+2) _ etan (n+1)) —

n—>oo
T s
_n T ez T ez
= lim e 4n? || ez — 4o |=| ez - +o || =
n-o n+2 n+1
T y[3
_m ez ez nn 1 L4
= lim e 4n? T~ 5 = lim ez 4n? - 1 o = eF
o nrhonEe)o n?(1+5)(1+5)

1 1 .
UP.366.1f s, =1+ =+ + =~ 2vn;n > 1 find:

Q = lim (1 + eSn+1 — gSn)mVn

n—>0oo

Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

It’s known that: lims,, = s € (—2,—-1).

n—>oo
It follows that: lim (e*r+t —en) = eS—e* =0

n—-oo

1 s s ; Sn+1—eS
Q= 1]11_5?0((1 + eSn+1 — Ssn)esn+1e ")n\/ﬁ(e n+l-esn) _ eJLnolon«/ﬁ(e n+l-e "); 1)

limnvn(er+1 — %) = lime®»(en+175» — Dnyn =
n—o0o n—oo

eSn+175n — 1

=ef lim———- n\/ﬁ(sn+1 —Sp) =
n-0 Spi11 — Sp
=es-1-llmn\/—< _—2Vn+1+2\/ﬁ)=
n—oo +
=e® - limnv/n =e llmn\/—< 2 )
n—oo \/ +1 Vn+l Vn+i++vn

_ Vn+1+vn-2vn+1
= elimnyvn - =
n-00 Vn+1(Vn+1++n)
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n

=€ n—>°°\/n+ 1(Vn+1—+n)n hm\/_(\/_ vn) =

n 1
=——e511m v =——e%(2)

N N

From (1),(2) it follows that:

S

Q= lim(1 + eSr+1 — ssn)"ﬁ =e 4

n—-oo

Solution 2 by Marian Ursdrescu-Romania

L _osn s. s i Sn+1—eSn
Q = lim ((1 + eSn+1 — Ssn)e5n+1e )n\/ﬁ(e n+l—eSn) _ eJanlon\/ﬁ(e +1—e ), (1)

n—oo
limnvn(eS»+t — eSn) = limesr(e’+175» — 1)nyn =
n—-oo n—>oo

eSn+175n — 1

=e% - lim ———  nVn(s,.1 — sp); (2)

n=© Spt1 — Sa

lim e’ = e, where s — is loachimescu constant; (3)
n—-0oo
esn+1_sn — 1
lim—————=1loge=1;4)

noo Spiq =Sy

limnVn(S,.1 — S,) = limnvn ( —2Vn+1+ zﬁ) =
n—>oo n—->oo

1
Vn+1

= llmn\/—<

n—oo

2
)_hmn\/—<\/n+1 \/n+1+\/_>

limnyn Vn+1+Vvn-2vn+1
=11 . =
n-00 Vn+1(Vn+1++Vn)

] n
T Ty 1(Vn+ 1—\/—)1115?0‘/_(V"+ —Vn) =

1 . Vn 1
=—=lim——=-—;(5)
2no0\n+14+4/n 4

From (1),(2),(3),(4), (5) it follows that: Q = lim,,_,,,(1 + eSr+1 — sSn)mn =

Vaii

1
s
Solution 3 by Felix Marin-Romania

1 1
Sp=1+—++—=—-2Vn.
" V2 vn
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Indeed, s, is related to the zeta function. Namely,

1) 1°{x} i !
sp=1 <_> + —j — dx suchthat lims, =¢ <—)
Z Z n xi n—oo Z

<L

Vn

Moreover,

as n—>oo
~

1
1+ eSn+1 —en =1+ en(e’nv1™5n —1) = 1+ e((f) (Sn+1 — Sp) =

=1+ ( ! ~ 2V T 1+2va)

n+1

ec(%) 1

=1- —
4 nvn

~ 1+e\2 —l(l—ﬁ)—ZTlZ(l-l-ﬁ—W)-anz
2

Therefore,

Q = lim (1 + eSn+1 — gSn )W — |j 1— ) _
lim(1 +e ) s eXP— n

1
(<3)
=exp| — 2 ~ 0.9436
. . nl(emn)"
UP.367.Find: Q = lim |———;a €N

noooN an)! '’
ol'=1,2k)"=2-4-..-(2k),k € N*
Proposed by D.M. Batinetu-Giurgiu and Daniel Sitaru-Romania

Solution by proposers

Denote x,, = n/—(gzg?, n=2e, = (2,:3”

Fora=0;x, = " (‘:)!#: 1,n=>2; limx,=1
n n—oo
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4. — "/«zm!!)" _ 4. T _
fa=1;x, = Zamn 1,n=2; 1lll_)lgxn =1
a
o "’((Zn)!!)n _(Yan\* e (nf@ny) n[ ana
Fora =1:x, = (2an)! n "/(Zan)! nn (2an)!

<<(" + (2n)!!> "(2an + 2a)!!  nna ) -

limx,, = lim

n—-oo n—-oo

. 2n+2 1 a (n+ 1) B

T e <( n+1 en> n Zan+ 2)(2an+4) - .- (2an + Za)> B
(n+1)°

rlll—>o02“(an+1)(an+2) (an+a)=

) n+l1l n+1 n+1 1

=n—>oo(an+1.an+2.'".an+a)_

a

a
:—a-e

T a®
UP.368. Let be

n+1 xM
Q, = .f dx;n € N*
n

ex+1+1,+2,+ + X

Prove that: Q,, < n!

Proposed by D.M. Batinetu-Giurgiu,Daniel Sitaru-Romania

Solution 1 by proposers

2 n
Let be P, (x) = 1+%+%+...+%

2 xn—l

S =
1! 2! (n-1)!

Py(x) =1+ Py_q1(x)

Py(x) — Pp(x) = x_” = x" = n! (Py(x) — Pp(x))
x" =nl (Pn(x) - Pn—l(x))

Q.(x) = f”“n' (Pr(x) — Py(x)) dx— f”“n! (e* + Po(x) — e* — Pi(x))

dx =
e+ P,(x) e*+P,(x) .

n

n+1

j‘"“ e* + Pl(x)

mdx =n!—n!log(e*+ P (x))

n! f dx —n!
n

n
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e""l4+P. (n+1
= n! (1 —log n )> <n!

e+ P,(n)
Because e"*! > e"; P, (n + 1) > P,(n), P,, —increasing function, hence

e"t1ip (n+1) e"t1ip (n+1)

. > land log P () > 0.

Solution 2 by Ravi Prakash-New Delhi-India

Forn < x <n+ 1 we have:
x x? xn
e* +1+1'+§+ +—>e -

x" x"

xX) = <—=

f) = X 41 X x” e*
e* + +1,+2,+ o

n+1 n+1 00
- j f(x)dx < j x"e *dx < f x"e *dx
n n 0

Therefore,

n+1
f f(xX)dx <T(n+1) =n!

Solution 3 by Jaihon Obaidullah-Afghanistan

Forn < x <n+ 1 we have:
x x? xn
e* +1+1'+§+ +—>e -

Also this integral smaller then
f x"e*dx = f xM+D-le=X gy = T(n+ 1) = n!
0 0

Solution 4 by Remus Florin Stanca-Romania

n+1 n
X
f dx <n e
n

ex+1+1,+z,+ +

xn
1 ol
fn+ n! dx<1
n ex+1+1,+2,+ +
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_ x | x2 xn
Letfn(x) =1 +E+Z+ ---+;then,

n+l e_xfn(x) - e_xfn—l(x) d

n+1fn(x) - fn—l(x)

fn e 1 £, (%) dx<1<:)fn 1+ e f, () x<1
n—1
fa(x) =1 +%+ +m = fan-1(x)
e f(x) — e fr(x) e f(x) + e fr(x)
@fn 1+ e ) dx<1<:>—fn 1+ e f () dx <1
(@) fu(x) + e fr(x) (e fulx) +1)
—fn 1+ e .00 dx<1<:>—fn e () T 1 dx <1
e —logle *f,(x) + DM <1
! e "f.(n)+1 1 e f,(n)+1
= 108 <e‘"‘1fn(n +1) + 1) em1lf m+1)+1 <€

se—1+e™(fr(n+1)—f,(n))>0;(1)
fn(X) = frn1(x),Vx = 0 - f,(x) —increasingforx e R, - f,(n+ 1) > f,(n)
> e (fp(n+1)— fo(n)) = 0and e — 1 > 0 then
e—1+e™(fo(n+1)— fr(n)) > 0and from (1) it follows that
n+1 X"

j pr— pe dx <n!

n ex+1+ﬂ+ﬂ+“'+m
UP.369. Let f: R — R be a continuous function; a,b > 0;a < b;a+ b = s;

f(s—x)+ f(x) =c;Vx € R; ¢ > 0. Find:
b
Q=] (x? —sx + s?)f(x)dx

Proposed by D.M. Batinetu-Giurgiu and Daniel Sitaru-Romania

Solution 1 by proposers

x=u(lt)=s—x;u'(t) = —-1;u(a) = b;u(lb) =a
b

b
n:f (xz—sx+sz)f(x)dx=j (s — )2 — s(s — £) + $2)f (s — £)dt =
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b

b b
= f (t> —st+s?)(c— f(t))dt = cf (x? — sx + s?¥)dx —f (x%? — sx + s®) f(x)dx

c (P clb®—a® b?-—a?
ﬂzif (xz—sx+sz)dx=2 — +s’(b—a)|=
a

3 3

_cb-a) _, .. €(b—a)(5s® — 2sb)
=137 (2s“ —2sb + 3s%) = 12
Solution 2 by Ravi Prakash-New Delhi-India

b b
Using: f gx)dx = f ga+b—x)dx, we get:
a a

b b
Q=f [(s—x)z—s(s—x)+sZ]f(s—x)dx=J (s —sx+x2)(c— f(x))dx

a
b 2 2 2 S 2 1o 3
=>29.=cj (s —sx+x)dx=c[s (b—a)—i(b —a)+§(b —a)]=
a

=c(b—a)[sz—%-s+%(b2+a2+ab)] =§[3$2—2(b2+a2+ab)](b—a) =

c c
= 3[352 —2(a+ b)? +2ab](b—a) = E(SZ + 2ab)(b — a)

Solution 3 by Kamel Gandouli Rezgui-Tunisia

X u

b =s— b
j (x? —sx+s*)f(x)dx = f (s—uw?—s(s—u)+s>)f(s—u)du=

b b
f (—su+u? + s®)f(s —u)du = J (—su+u? +s?)(c— f(w)du

a

b b
=>2f (x? — sx + s*)f(x)dx = cf (—su+ u? + s®)du =
a a

b
su2+u3+ 5 scb2+b3c+ 5 b+csa2+a3c+ )
=c|l-—+—+ s2u| =- — + s2¢ — +s%ca =
2 3 a 2 3 2 3
sch? N b3c ©es® 4 sca? N a3c
= — —+cs —
2 3 2 3

Solution 4 by Kaushik Mahanta-Assam-India

b
Q- f (x% — (a+ b)x + (a+ b)2)f(x)dx =
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b
:f ((@+b)—x)"~(a+b)((@+b—x)+(@a+b)?)fla+b—x)dx=

b
= f ((@+b)?+x2-2(a+b)x—(a+b)2+ (a+b)x+ (a+b)H)(c— f(x))dx =

b
=j (x2—(a+b)x+ (a+b)*)cdx—Q

b

- C

a

b 3 52
:>2(2=f (x*—(a+b)x+ (a+b)*)cdx = <?—(a+b)?+(a+b)2x>

c (b®-a® b? — a?
QZE(T—(Q-FI))'

+ (a+ b)%(b—a) =—=[(a+ b)? + 2ab](b — a)

ol a

Solution 5 by Angel Plaza-Spain
Bydoingx = s —t,sincex? —sx+ s = (s—t)? —s(s — t) + s = t* — st + s%and

f(x) = f(s —t) = c — f(t), the integral becomes
b b
Q= j (L2 —st+s?)(c—f()dt = —ﬂ+cj (t? — st + s?) dt

c(b—a)
12

(5a2 + 8ab + 5b?)

b

c

—>Q=—f (t? — st + s*)dt =
2 a

UP.370.If a,b > 0, then

n

2

f dx - 1 b + atan-1 (b)
(x + 1)(a?cos?x + b?sin’x) ab(mw+4) T am \a

0

Proposed by Florica Anastase-Romania

Solution:
Theorem (Bonnet-Weierstrass):

If f: [a, b] = R decreasing function of C'class and g: [a, b] — R continuous function, then

dc € [a, b] such that:

b c b
[ rg@ax = f@ [ geodx + b [ gwax
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Demonstration:

Let h:[a,b] - R, h(x) = f(x) — f(b)decreasing and h(x) = 0,Vx € [a, b].
From second M.V.T. 3c € [a, b] such that:

b c
f g(Oh(x)dx = h(a) f g(Ddx
b ’ ’ c
[ s(r00 - r®)ax = (f@ - £b) [ g)ax
a b a
f F)g(Odx =

b c c b
— ) [ g@ax + (®) - f@) [ g@ax =f(@) [ g@dx+ f®) [ goodx

g.e.d.

Letf,g:[O,%]%R,g(x)—m f()_—f()_— < Othenfis

(x+ 1)2

decreasing

6(x) = f dx

aZcos?x + b2sinZx
_f 1 dx _1] dt —1t _l(btanx)_l_c
] a% + b%tan?x cos?x b2 (2)2 L “ap " a
b

Then3c € [0, %] for which:

Z
f (x + 1)(a2coszx + b%sin?x) = f(0)(6(c) - 6()) + f( ) (6(b) - G(0) =
0

1 , (btanc 1 1 . b _1(b
=—tan” ( ) + tan™" ——tan <— tanc) =
a I +1 “ab a a

1

( tan™1 (b tanc) + 4tan~1 b)
S —— 1'[ — —
ab(rt + 4) a a
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1 1 b b b m b
vtan T tx < x,Vx > 0 - tan (—tanc) <—tanc<—tan—=—
a a a 4 a

Therefore,

n

2

f dx B 1 . _1<bt )+4t _1<b) -
(x + 1)(a%cos?x + b2sin?x) ab(m+4)\ ot \g "¢ e

0

—1 b + 4tan~1 b
ab(n+4) 1r an (E)
1
UP.371. Let be (@) n21; @n = [Th=1((2k — 1)) Find:

_ (n+ 1% n?
Q = lim — — -
e vV An+1 vV an

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution by proposers

i ™~ lim” nn y (n+ 1" a, . <n + 1)" n+1
im——=1lim |—=lim————— — = lim : =
oot gl oo (@, mow @y Mt mew\ nm ) MUopyn

_ (n—kl)"*l.(Zn——l)H__
m el 0 = M G Dr -

2

2n+1 2

2 n
ifu, = (nT“) -Mﬂ;VnZ 2 then:

n+1 n+1 e
=llm< ) =
n

1\1 an+1
-1
limu,, =1 and lim — =1
n—oo n-oo togun

limuj, = lim

n—-oo n—->oo

(n + 1)2" 2n e = el 1 "“w/anﬂ , €
- a,.1 = e’lim e? —.
n a,H_l 1 e ™ o n n+1 2 e?

=e
Hence,
(n+ 1)2 n? ) n? n* u,—-1
Q = lim =lim—(wu,—-1) =1 R u, =
n=eo <n+1\/ Ani1 n\/ a, ey ay " noee n\/ an logu" "
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n u,-1 € 1 e
"fa, logu, =5 °9¢ =75

= lim
n—oo

UP.372. (x),>1 —be a positive sequence of real numbers such that x; > 0

and
_ X7
il = oy log(1+x,)
Find:
2n)!! nx
Q= lim (Zn) -

noo (Zn— DN 2n+1
Proposed by Florica Anastase-Romania

Solution 1 by proposer

o _ xz

Let be the function: f: (0,©) - R, f(x) = T log (L)

x1 > 0. Suppose x,, > 0 and how x, > log(1 + x,,) = 2x,, > log(1 + x,,) =
Xn

2x, —log(1 + x,)

Xn+1

x, >log(1+x,) = x, —log(1+x,) >0=2x, —log(1+x,) >x, = p <1

n
= (X )n=1 V- S0, ()51 —is convergent sequence.
2

x
1 1 1 x, — f(x YT 2x—log(1+
lim — = lim (———) = lim = L)y 2E 000D
o NX, N0 \Xpyy  Xp n-o X, f(X,) x>0 X
2x —log(1+ x)
_ 1
. xt—xlog(l+x) . (A+xZ 1
=lim > =lim————=—
x—0 X x>0 2 2

Therefore, limnx,, = 2; (1)
n—>oo

X tn
I(x):f dt;, neN=
" 0o V1 — t2

x X
I,(x)=—-t"1.J1- t2|0 +(n— 1)f t" 21— t2dt =
0
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=n-1DI, ,—(n-DI,,—x"J1-x2>
n—1 (n—1)!
In o _n . In_z o= eee — n! IO
_@n-D!' =m _(@m)!
mTpn 27 LT gpn D

2n)! ™
2n+ 1)!!) 2n+1 (2)

Howi — 1, then IZI"” — 1 and lim (

n-1 2n n—-oo
From (1),(2) it follows that:
2n)!
Q= (Zn)H \f V2m
A @n— D1 W

Solution 2 by Adrian Popa-Romania

2n)!! 2-4-6-..-2n) _2"-n! 4" -(n)? 4" 4"
2n-1! 1-3-5-..-2n—-1) @n)!  (2n)!  (2n)! _(Zn)
2" - n! mnz "
2n
n_)oo( )\/_ 1; (Wallis)
2n
( ) 4" - S

T

N[ ]

2n)! 1 . vnm . nr
lim = lim = lim =
oo (2n-DI VZn+1 nowyZn+l nmooN2n+1
_ Xn
Tnt1 = 2x, —log(1+x,)

andlog(1 +x,) < x,, —

2 2
xn xn

Xn+1 < = =Xp— (xn)nzl N
2X, — Xn Xn

2
letbel = limx, > l=———— > P =1log(1+ 1) > l(l—log(1+1))=0->1=0

n—-oo 21—10g(1+l)

So, limx,, = 0.

n—>oo
Now, we have:
x; x5
x, —log(1+x,)

Xn+1 =
2 x2 x3 x}
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_ 1 1 2x,
2 1,1 x,, x2 1 1 2+x,
x, ntzT3ta T x,tz
0
4'x1
X = ZX1 o = ZXZ _ x1-|-2 _ 4‘X1 '2+X1 5
2724x 7 T 241, 2% 49 2+x 4+4x
2+x1
_ ZX1
3= 2 2x,
4-x1
. = 2x3  2+42x;  4x .2+2x1_ 2x4
YT 24x3 0 2% +9 2+2x 4+6x; 2+3x

2+ ZX1
Applying principle of mathematical induction, we get:

2x4 2nx,

Xy = - lim——— =
" 2+(n—1)x1 n>oNxy — Xq + 2

Therefore,
(Zn)ll \/7
Q=1 V21
noe (2n — DI \/W

UP373 ke N, k>0andx; >k, x,,1 = xk n € N*

n

Find:
n? ",/H -1
Q = lim r
n-o log(log n) Xn

Proposed by Florica Anastase-Romania

Solution 1 by Ruxandra Daniela Tonila-Romania

2

Xn Xn+1 Xn
Xn+1 = < = >1= Xpi1 > X0, 50 (X1 7
x,—k Xn x,—k
_ x2 _ kx,
Xn+1 = x |( xn) = Xpnt1 — Xn = x. —k
n— n
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§

_ kxn—l
Xn — Xpn-1= X, 1—k
_ kxn—Z
{ Xn-1— Xn-2 Xz — k
kx4
\ ¥2Th= x;—k

Adding these relations, we get:

L2 T +
Xnp =X
nTM T xi -k x,—k

kx, kx,_1

Xn-1— k

X X Xy
=x1+k( L 2 +---+"—1)>k-n
xl—k xZ—k xn_l—k
Therefore,

lim x,, = o0

n—oo

1 1 1
D 1+5+7+ -+
limY/H, = lim = lim 2131 n-{l 1
e " no T 4 s gtee
n?  H,-1 n e°sVin 1
Q = lim = lim —- -log YVH
n-wlog(logn)  x, nes X, log los“/H. 08 Viin - log(logn)
= lim > Xn i og(log ) log(log n) log Y Hy; (1)
.. n¢S n+1-n L Xy — 1
lim— = lim ——— = lim = lim ; (2)
n—-oo X n—oo xn+1 — xn n—-oo xrzl . n—oo kxn k
x, — k Xn
logH, log H,, — log(logn) + log(logn
lim og "/ = lim g _ i 198 Hn g(logn) + log(logn) _
n-o0 log(log n) n-olog(logn) n-w log(logn)
. ogn . logn
=lim|1+——2"2 |=1lim| 1+ =1;(3)
n-oo log(logn) n-o0 log(logn)
. . H, —logn _
g 111L1£10(Hn —logn) = yand 1111_)11010 log (W + 1) =0

From (1), (2), (3) it follows that:
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0= tim—"_ VHnz1_

1
n-w log(logn) x, k

Solution 2 by proposer
1 1 1
Letyn:;;}’l<;:>3’1€( ) Yn+1 = Yn(1 — kyy)
SupposeynE(O,%):»0<kyn<1=>0<1—kyn<1:0<yn(1—kyn)<yn=>

Yn+1 € (O, %) and (¥,)ns1 V- S0, (¥ )n=1 —convergent sequence, then 3y € R such that

1
}lgrgloyn=y=>y=y(1—ky):(y<ﬁ)=>y=0
1

. 1 T ﬁ_ . yn_yn+1_ . yn_yn(l_kyn)_
lim——=lim— = lim——— = lim 5 =
n-ocoNny, n-oon n-0 Yo Y+l n—o yn(l - kyn)
ky? k
= llm— lim =k
n_’°°yn(1 kyn) y-01—ky,
1

Thus, lim = ==
noowoXxy, k

="H;l<u,<Vn-1=2u,—1-0

n? VH,—1 n n(VH
Q = lim = = lim — n(VH, —1)
n-o log(logn) Xn oo X, log(log n)
; w, — 1 wg@+;+;+ +1)
= — lm . J—
k nowl 1 1 1 lOg(lOg n)
ﬁlog(l +i+§+ +ﬁ)
1+2+14. +1
log 273
logn
1 im it +1|=
~k noe logu, log(logn) B
1+;+?1’+---+1
log L
logn
1 1 bq |
Tk now 1 log(l Tk
" log[1 + (u, - DI og(logm)
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UP.374 Calculate the integral:

1

f xInx d
X
) x3+x/x+1
Proposed by Vasile Mircea Popa — Romania
Solution 1 by proposer

1 «xl
Let us denote: I = [ —x3:):/;+1

2
In this integral we make the variable change: x = z3

We obtain:

1 1
1_4.[ z3Inz
T 9) 22+z+41 z
0

We have, successively:

1 1
1- z)z3 Inz 4 lnz l
f 1-23 az, =3 f —z3 f —z3
0 0

We will use the following relationship:

1 3 _ 1
fo x)Inxdx = @ whereae R,a>0
We obtain:
4 — 1 1
- N 42
d|(3n+3) (3n+3)
Or:
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= 1 1
1212 5 ____ 9
El0ed) @)

We now use the following relationship:

-1
¥, (x) =;m

where W, (x) is the trigamma function.

We have obtained the value of the integral required in the problem statement:

= ) )

Solution 2 by Kaushik Mahanta-Assam-India

1

Q_j xInx p ‘/f_:t.r t’logt? ordt — 1 t?logt? ordp —
T Bzl tre Tl ) B2+ 3+1 B
0
1 2t2logt(1—t3 131 —t3)logt '=m
= Sg( 3 )6-2tdt=22f ( )9gdt2
o 1—83)(1+183+15) 0 1-t
1 1 1 _5 1
1ms3 (1—m3>logm9 dm 4 1m 9(1—m3)logmdm
:4- . = —-_— =
fo 1-m 9mg 81 ), 1-m
_5 _2
4 [ ('m9logm Im9logm
= — ———dm—- | ——dm | =
1,21 1,71
4 m9 “logm m9 “logm
= — ——dm—- | ———dm | =

(G- ()

Solution 3 by Serlea Kabay-Liberia

1
xInx x=u? 1 31ogy w3 - Dulogu
g:f— _4f—du=4f du
x3+xvx+1 o u+ud+1 0 w -1

0
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T yn a0 (n) a0 (n)
Let Q(n) = -[o 1 du such that Q(n) = 4( I ln=6 — o |n=3>
Q(n) = 2f uw’dy = — !
n n+9i+1
aﬂ(n) Z
=7 -
(n+9i+1)2

infty

Now, & = 4(2 (9i + 7)2 Z (9i +4)2

=450 () 500" ) =5 (#7 G) -+ 3)

Therefore,

1
e[ et (v ()-v (3)

Solution 4 by Ajentunmobi Abdulquyyom-Nigeria

1

0 f xInx 4 ‘/;:“fl u?log u? oud 4[1 u3logu
= —_—ax = —— r uau = u=
g +xx+1 o Ut H+ud+1 o W32 +ud+1

Lid(1—u®)logu Tudlogu Tublogu
=4f ( )9 8 du=4f g9 u—4f g9

du

® uont+4

2 9n + 4)2

IBP 1u9n+4 1
9n+3l du = _4_.[ du =
JZ opuau o ont+atT
=_iz_= 4 2o (f)
2L, 4 2~ T 81 9

B=4f —du 42 u’™Clogudu = —4f du
o 1—u’° 0o In+7

Yl

Thus,

9n+7

’Z (9n + 7)2
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4 7 4
510 5) -2 )

QO=A-B-=
81
Solution 5 by Mohammad Rostami-Afghanistan
1
xInx Visu 01 2 1og 2 1 ullogu wi=t
sz dxzf -Zudu=4f du =
B ravx+1 o U+ ud+1 o U+ U3 +1
0
1 1l l( 1
t3logt t3(1—-1t)logt
£ at =—f logt

L tlog ¥Vt _4j‘
o t2+t+1

B jo t2+t+1( i/—z>_9
(j tsZ(t3)"—|a ot“dt—j tsz(t3)"—|b otbdt>

(0 )-v(0)

4o 1 c
- 81 Z 72 Z 4\%2| 81
D(k+g) kD (n+s)
UP.375 In any convex polygon A4, ... A,,,n = 3 with the area F and the
1,n,4,., = A the following inequality

sides lengths A, 4,1 = a;, k

holds:
n
2
Z(ak —AkAri1 + ak+1) > 4F - tan—
Proposed by D.M. Batinetu-Giurgiu — Romania

k=
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Solution 1 by proposer

We have:

z(x—\/x_y+y)2 > x* +y%Vx,y € R} = (0,») (1)

Indeed, let be u € R%, such that x = u?y then the relationship (1) becomes:

Z(uzy—\/m+y)2 >uty’ +y* o2y’ -u+1)?2 > W+ 1y* e
s2w-u+1)?>ut+1e2ut+2ul+2 -4+’ -4u>ut+1e
sut—4ud +6u*—4u+1 >0 (u—1)* > 0 which is obvious with equality &
sSsu=1sx=y.

Hence, according with (1) we have:

n n
2 1
Z(ak — A1 + Api1) = 3 Z(ai +ag,q) =
k=1 k=1

E. Just-N. Schaunmberger

n

2 /4
= E aj,=>4-F- -tan—
n

k=1

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let s be the semiperimeter of the polygon A4, ... A,,.

AM—GM
We have : ay — \/ayQyi1 + g1 = ap— — +ap = —
vk =1,n,

n n 2 CBS n 2 n 2
2 g + A1) s ay + Ay 1
QZ(ak_\/akak+1+ak+1) ZE(T) = ; ZT =E Zak
k=1 k=1 k= =1

n
2
- Z(ak — J U pi1 + A1) = o
k=1

T
We know that, for any convex polygone with n sides, s* > nF. tan;

Therefore,
n

Z(ak — Jagay, + ak+1)2 > 4F - tan %

k=1
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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