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JP.376. Let ���� be an acute triangle. Prove that: 

�
��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
≥ √���

�
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

�
��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
= 

= �
���(� + �)

��� � ⋅ ��� �
+ �

���(� + �)

��� � ⋅ ��� �
+ �

���(� + �)

��� � ⋅ ��� �
= 

= �
��� � ��� � + ��� � ��� �

��� � ⋅ ��� �
+ �

��� � ��� � + ��� � ��� �

��� � ⋅ ��� �

+ �
��� � ��� � + ��� � ��� �

��� � ⋅ ��� �
 

= √��� � + ��� � + √��� � + ��� � + √��� � + ��� � 

∵ (� + � + �)� ≥ �(�� + �� + ��) 

�√��� � + ��� � + √��� � + ��� � + √��� � + ��� ��
�

≥ 

≥ � ��(��� � + ��� �)(��� � + ��� �) + �(��� � + ��� �)(��� � + ��� �)

+ �(��� � + ��� �)(��� � + ��� �)� = 

= ������ � + (��� � ��� � + ��� � ��� � + ��� � ��� � + 

+������ � + (��� � ��� � + ��� � ��� � + ��� � ��� �) + 

+������ � + (��� � ��� � + ��� � ��� � + ��� � ��� �) 

We know that: ��� � ��� � + ��� � ��� � + ��� � ��� � = �. So, 

�√��� � + ��� � + √��� � + ��� � + √��� � + ��� ��
�

≥ 

≥ � ������ � + � + ����� � + � + ����� � + �� 
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Using Minkowski’s inequality, we have: 

� ������ � + � + ����� � + � + ����� � + �� ≥ 

≥ ��(��� � + ��� � + ��� �) + (� + � + �)� 

≥ ���(��� � ��� � + ��� � ��� � + ��� � ��� �) + � = �√� ⋅ � + � = �√� 

So, √��� � + ��� � + √��� � + ��� � + √��� � + ��� � ≥ √���
�

 

Therefore, 

�
��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
≥ √���

�
 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Henry Ricardo-New York-USA 

We will use the known inequality 

� < ��� � ��� � ��� � ≤
�√�

�
; (∗) 

for acute triangles [Bottema et al., Geometric Inequalities, 2.8]. 

Now the AGM inequality yields 

� �
��� �

��� � ⋅ ��� �
���

≥
�

√��� � ��� � ��� �
� ≥

(∗) �

��√�
�

�
= √���

�
 

Solution 3 by Daniel Văcaru-Romania 

We have: 

�
��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
=

��� � + ��� � + ��� �

√��� � ⋅ ��� � ⋅ ��� �
≥

�����
 

≥
�√��� � ⋅ ��� � ⋅ ��� �

�

√��� � ⋅ ��� � ⋅ ��� �
=

�

√��� � ⋅ ��� � ⋅ ��� �
�  

But we know that: 

��� � ⋅ ��� � ⋅ ��� � ≤ �
√�

�
�

�

⇒ √��� � ⋅ ��� � ⋅ ��� �
�

≤
√�
�

√�
� ⇒ 
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�
��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
+ �

��� �

��� � ⋅ ��� �
≥

�√�
�

√�
� = √� ⋅ ��

�
= √���

�
 

JP.377. Let �, �, � be positive real numbers such that  

�� + �� + �� ≤ � + � + �. Prove that: 

�

����
+

�

����
+

�

����
≥ � 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

�

����
+

�

����
+

�

����
=

�� + �� + ��

(���)�
 

By Power Mean Inequality, we have:  
��������

�
≥ �

�����

�
�

�

. From the condition 

�� + �� + �� ≤ � + � + �, we have � + � + � ≥ ��� �
�

�
+

�

�
+

�

�
�, so 

�
� + � + �

�
�

�

≥ ���� ⋅

�
� +

�
�

+
�
�

�
�

�

→
�� + �� + ��

�
≥ ���� ⋅

�
� +

�
�

+
�
�

�
�

�

 

By the GM-HM Inequality, we have: 
�

�
�

�

�
�

�

�

�
≥

�

√���
� , so 

��������

�
≥ (���)� �

�

√���
� �

�

= (���)� 

Namely,  

�

����
+

�

����
+

�

����
≥ � 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

� + � + � ≥ �� + �� + �� 

�� + �� + �� ≥
(� + � + �)�

�
≥

(�� + �� + ��)�

�
= 

=
(��)� + (��)� + (��)� + ������ + +����� + ����� + ����� + ����� + �(���)�

�
≥ �(���)� 

(��)� + (��)� + (��)� + ������ + +����� + ����� + ����� + ����� + �(���)� ≥ ��(���)� 

�� + �� + �� ≥ �(���)� 
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�

(��)�
+

�

(��)�
+

�

(��)�
≥ � 

 Solution 3 by Fayssal Abdelli-Bejaia-Algerie 

�
(��)� +

�
(��)� +

�
(��)�

�
≥ �

���

(���)�
⇒

�

(��)�
+

�

(��)�
+

�

(��)�
≥ ��(���)��

 

⇒
�

(��)�
+

�

(��)�
+

�

(��)�
≥ ���� ≥

(?)

� ⇔ ��� ≥
(?)

�; (�) 

� + � + �

�
≥ √���

�
⇒ � + � + � ≥ �√���

�
 

�� + �� + ��

�
≥ �(���)��

⇒ �� + �� + �� ≥ ��(���)��
 

� + � + �

�� + �� + ��
≥ � ⇒

�√���
�

��(���)��
≥ � ⇒

�

√���
� ≥ � ⇒ ��� ≤ �; (�) 

From (�)&(�) it follows that: 

�

����
+

�

����
+

�

����
≥ ���� ≥ � 

Solution 4 by Abdallah El Farissi-Bechar-Algerie 

� + � + � ≥ �� + �� + �� ⇒ 

�

����
+

�

����
+

�

����
=

�

������
(�� + �� + ��) ≥

�→��������� �

������
�

� + � + �

�
�

�

≥ 

≥
�

������
�

�� + �� + ��

�
�

�

≥
���

� 

Solution 5 by Michael Sterghiou-Greece  

� + � + � ≥ �� + �� + ��; (�) 

�

����
+

�

����
+

�

����
≥ �; (�) 

Let (�, �, �) = (∑ � , ∑ �� , ∏�) with � ≥ �. 

It holds that: �� ≥ ��� ≥ ��� or � ≥ ��. Now, 

�

����
+

�

����
+

�

����
=

�

�
⋅ �

��

��
���

≥
��� �

�
⋅

��

�
≥
(�) �

�
≥
(�)

� 
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Solution 6 by Henry Ricardo-New York-USA 

We note that the AM-GM inequality gives us �� + �� + �� ≥ ��(���)��
, so that 

� + � + � ≥  ��(���)��
. Furthermore, the power mean inequality yields 

�
�� + �� + ��

�
�

�
�

≥
� + � + �

�
, �� �� + �� + �� ≥

(� + � + �)�

�
 

Now we have: 

�
�

����

���

= �
��

������

���

≥
(� + � + �)�

�(���)�
≥

��(���)�

�(���)�
= � 

Equality holds if and only if � = � = � = �. 

Comment. We could have used consequence of Holder’s inequality: 

��

�
+

��

�
+

��

�
≥

(� + � + �)�

�(� + � + �)
 

JP.378. Determine all triplets (�, �, �) of positive integers which satisfy the 

following two equations:  �� + �� = ��,   � + ��� = �� 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

Taking the sum and the difference of the corresponding sides of the given two equations, 

we obtain, respectively (� + �) ⋅ (� + ��) = �� and (� − �) ⋅ (−� + ��) = ��. 

Since both � and � are positive integers, we see that � + �, � − � are factors of ��, ��, 

respectively. 

From this fact, we can conclude that only possible values of � are �, �. 

If � = �, we obtain by solving the simultaneous equations � + �� = ��, −� + �� = �� 

that (�, �, �) = (�, �, �).If � = �, analogous (�, �, �) = (�, �, �). 

Since it is easy to check that all of these triples satisfy the requirement, the desired answer 

is (�, �, �), (�, �, �). 

Solution 2 by Fayssal Abdelli-Bejaia-Algerie 

Let �� + �� = ��; (�) and � + ��� = ��; (�) 
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(�) − (�) ⇒ � + ��� − �� − �� = �� ⇒ �(� − �) + ��(� − �) = �� 

⇒ (�� − �)(� − �) = ��; (�) 

(�) ⇒ (�� − � = �)&(� − � = ��); (�) 

⇒ (�� − � = ��)&(� − � = �); (�) 

⇒ (�� − � = ��)&(� − � = �); (�) 

⇒ (�� − � = �)&(� − � = ��); (�) 

(�): � = �� & �� − � = � ⇒ �� = � + � ⇒ �� + ��� = �� 

From (�)&(�) ⇒ �� = �� − ��� = � + � ⇒ ��� = �� ⇒ � ∉ ℕ 

(�): (� − �)&(�� − � = ��)�� = �� + �, (�) ⇒ �� = �� − �� ⇒ 

�� − �� = �� + � ⇒ �� + � ⇒ � = � 

� = � ⇒ � = � ⇒ �� = �� ⇒ � = �. Hence,(�, �, �) = (�, �, �). 

(�): (� = �)& (���� = ��) ⇒ �� = �� + �, (�) ⇒ �� = �� − �� ⇒ �� − �� = �� + � 

⇒ � = �, �� = �� + � = �� + � = �� ⇒ � = �. Hence, 

(�, �, �) = (�, �, �). 

(�)(� = ��)& (�� = � + �), (�) ⇒ �� = �� − ��� ⇒ �� − ��� = � + � ⇒ ��� = �� 

⇒ � ∉ ℕ. Finally � = {(�, �, �), (�, �, �)}. 

JP.379. If ���� tetrahedron �� = �, �� = �, �� = �, �� = �, 

�� = �, �� = �, � −total area, then 

�� + �� + �� + �� + �� + �� ≥ ��� 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by proposers 

By Goldner’s inequality: 

In ����:  �� + �� + �� ≥ ��[���]�; (�) 

In ����: �� + �� + �� ≥ ��[���]�; (�) 

In ����: �� + �� + �� ≥ ��[���]�; (�) 

In ����: �� + �� + �� ≥ ��[���]�; (�) 

By adding (�), (�), (�), (�) it follows that: 



 
www.ssmrmh.ro 

 � NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS 

 

�(�� + �� + �� + �� + �� + ��) ≥ �� �
[���]�

�
+

[���]�

�
+

[���]�

�
+

[���]�

�
� ≥ 

≥⏞
���������

�� ⋅
([���] + [���] + [���] + [���])�

� + � + � + �
=

��

�
⋅ �� = ��� 

�(�� + �� + �� + �� + �� + ��) ≥ ��� 

Therefore, 

�� + �� + �� + �� + �� + �� ≥ ��� 

Solution 2 by Ravi Prakash-New Delhi-India 

First, we show that for a ����, �� + �� + �� ≥ ����
�, �� − area of ����. 

�� + �� + �� − �√� = �� + �� − ��� ⋅ ��� � + �� + �� − �√� �
�

�
�� ⋅ ��� �� = 

= �(�� + ��) − ���(��� � + √� ��� �) = 

= �(�� + ��) − ��� ⋅ ��� �
�

�
− �� = �(�� + ��) − ��� = �(� − �)� ≥ � 

⇒ �� + �� + �� ≥ �√��� 

���,
�� + �� + ��

�
≥ �

�� + �� + ��

�
�

�

⇒ �� + �� + �� ≥
�

�
��√����

�
= ����

�. 

In tetrahedron, let: 

�� = ����(����); �� = ����(����); �� = ����(����); �� = ����(����) 

�� = �, �� = �, �� = �, �� = �, �� = �, �� = � 

� = �� + �� + �� + �� 

Now,  

In ����:  �� + �� + �� ≥ ����
� ; (�) 

In ����: �� + �� + �� ≥ ����
�; (�) 

In ����: �� + �� + �� ≥ ����
�; (�) 

In ����: �� + �� + �� ≥ ����
�; (�) 

By adding (�), (�), (�), (�) it follows that: 

�� + �� + �� + �� + �� + �� ≥ � �
��

�

�
+

��
�

�
+

��
�

�
+

��
�

�
� ≥ 
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≥ �� ⋅
��

� + ��
� + ��

� + ��
�

�
≥ �� �

�� + �� + �� + ��

�
�

�

= ��� 

JP.380. If �, �, �, � > �, √� + √� + √� + √� = � then: 

�
�

�� + �� + �� + �
���

≤
�

�√����
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

�� + �� + �� + � = �� + �� + �� + � + � ≥ �������� ⋅ ���
+ � = ���� + � = 

= �(��� + �) = � ⋅ �√��� = �√��� 

Hence, 

�

�� + �� + �� + �
≤

�

�√���
; (�) 

�

�� + �� + �� + �
≤

�

�√���
; (�) 

�

�� + �� + �� + �
≤

�

�√���
; (�) 

�

�� + �� + �� + �
≤

�

�√���
; (�) 

By adding (�), (�), (�), (�) it follows that: 

�
�

�� + �� + �� + �
���

≤
�

�
�

�

√���
���

=
�

�
⋅

√� + √� + √� + √�

√����
= 

=
�

�√����
=

�

�√����
 

Equality holds if and only if � = � = � = � = �. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For �, �, �, � > � and √� + √� + √� + √� = � we give � = ��, � = ��, � = ��, � = �� 

⇒ � + � + � + � = � 

�
�

�� + �� + �� + �
���

= �
�

�� + �� + �� + �
���

≤
�

�
�

�

���
���

≤
�

�����
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which is true, because � + � + � + � = �. 

 Solution 3 by Asmat Qatea-Afghanistan 

�� + �� + �� + � ≥
�����

���������
⟺ �� + �� + �� + � ≥ �√��� 

�

�� + �� + �� + �
≤

�

�√���
 

Hence, 

�
�

�� + �� + �� + �
���

≤ �
�

�√���
���

⟺ �
�

�� + �� + �� + �
���

≤
�

�√����
� √�

���

⟺ 

�
�

�� + �� + �� + �
���

≤
�

�√����
 

JP.381. If ��� and ��� are two triangles. Prove that: 

�
���

�
�

� + ���
�
����

�� + ���
�

�
� ≥ � ���

�

�
���

 

Proposed by Cristian Miu-Romania 

Solution 1 by proposer 

Let us write Pedoe-Neuberg inequality for ��� and ���. We obtain: 

� ��(�� + �� − ��)

���

≥ ������, 

where ��, �� are the areas of ��� and ���. 

This inequality can be written as: 

� ��� � (��� � + ��� �)

���

≥ � 

We used the fact that: 

��� � =
�� + �� − ��

���
 (��� �������) 

Now, let us make the changes � →
���

�
, � →

���

�
 and the similarly. We obtain: 
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�
���

� + �
�

���
� + �

����

�
���

� + �
�

���
� + �

�

+
���

� + �
�

���
� + �

�

� ≥ � 

So, we obtain: 

�
���

�
� − ���

�
�

���
�
� + ���

�
����

�
���

�
� − ���

�
�

���
�
� + ���

�
�

+
���

�
� − ���

�
�

���
�
� + ���

�
�

� ≥ � 

Which can be written as: 

�
���

�
�

� + ���
�
�

�
���

�
�

� + ���
�
�

+
���

�
�

� + ���
�
�

�

���

≥ � 

�
���

�
�

� + ���
�
�

�
���

�
� + ���

�
� + ���

�
�

�� + ���
�
�� �� + ���

�
� �

�

���

≥ � 

�� ���
�

�
���

� �
���

�
�

� + ���
�
�

�� + ���
�

�
�

���

≥ � � �� + ���
�

�
�

���

 

But: 

�� ���
�

�
���

�

�

= � � �� + ���
�

�
�

���

→ �
���

�
�

� + ���
�
�

�� + ���
�

�
�

���

≥ � ���
�

�
���

 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���� ���� �� ��� �� �� ����� �������� ���� ����� �� � �������� ���� ������

∶  � − ��, � − ��, � − ��. 

→ ��� ∶  {�, �, �} → {� − ��, � − ��, � − ��} ��� {�, �, �}

→ {� − ��, � − ��, � − ��} 

→ �� ���� �� ����� ∶  �
��� �

� + ��� �
���

(� + ��� �) ≥ � ��� �

���

, ∀����� ����, ���� 

↔ �
� ���

�
� . ���

�
�

� ���� �
����

. � ����
�

�
≥ � ��� �

���

↔ � � ���
�

�
���

. ����
�

�
≥ � ��� �

���

 (∗) 

��� ����� ∶ 

{�, �, �} → {� − ��, � − ��, � − ��}  

��� �, � �� ��� ���� ��� ������������ �� ����. 
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→ (∗) ↔ � � ���
�

�
���

. ���� � ≥ � ��� ��

���

= � � ��� �

���

=
��

��
 

↔ � ���
�

�
���

.
��

���
≥

�

��
   ↔    � ���

�

�
���

. �� ≥ ��. 

����� �� ���� ���� ����������� ���������� ∶ 

 � ���
�

�
���

. �� ≥ ��. �� ���
�

�
. ���

�

�
���

= ��. 

���������, �
���

�
�

� + ���
�
����

�� + ���
�

�
� ≥ � ���

�

�
���

. 

JP.382 In acute ����, � ∈ (��), � ∈ (��), � ∈ (��). Prove that: 

�
��� + ���

��� + ���
+ �

��� + ���

��� + ���
+ �

��� + ���

��� + ���
≤

�

�
 

Proposed by Marian Ursărescu-Romania 

Solution 1 by proposer 

We have: ���� + ��� ≤ (�� + ��)(�� + ��) 

�

�� + ��

�� + ��
≤

�

�� + ��

�(�� + ��) ≤ (� + �)�

→
�� + ��

�� + ��
≤

�

(� + �)�
→ �

�� + ��

�� + ��
≤

�

� + �
 

Hence, 

� �
�� + ��

�� + ��

���

≤ �
�

(� + �)�

���

; (�) 

���:
�

� + �
≤

�

�
�

�

�
+

�

�
� →

�

� + �
≤

�

�
�

�

�
+

�

�
� ; (�) 

From (�), (�) it follows that: 

� �
�� + ��

�� + ��

���

≤
�

�
+

�

�
+

�

�
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Thus, 

�
��� + ���

��� + ���
+ �

��� + ���

��� + ���
+ �

��� + ���

��� + ���
≤

�

��
+

�

��
+

�

��
; (�) 

���: �� ≥ ��, �� ≥ ��, �� ≥ �� →
�

��
+

�

��
+

�

��
≤

�

��
+

�

��
+

�

��
=

�

�
 

Therefore, 

�
��� + ���

��� + ���
+ �

��� + ���

��� + ���
+ �

��� + ���

��� + ���
≤

�

�
 

Solution 2 by Adrian Popa-Romania 

�� + ��

�� + ��
≤

�� + ��

��� + ���
=

�� + ��

��(�� + ��)
=

�

��
 

�

�
+

�

�
+

�

�
≥

�

���
+

�

���
+

�

√��
; (∵ ∑�� ≥ ∑��) 

Let � = ��, � = ��, � = �� then, 

�
��� + ���

��� + ���
+ �

��� + ���

��� + ���
+ �

��� + ���

��� + ���
≤

�

√�� ⋅ ��
+

�

√�� ⋅ ��
+

�

√�� ⋅ ��
≤ 

≤
�

��
+

�

��
+

�

��
≤

�

��
+

�

��
+

�

��
=

�

�
 

JP.383 In ���� the following relationship holds: 

� �
�

���� �
+

�

���� �
+

�

��������
���

≥ � 

Proposed by Marian Ursărescu-Romania 

Solution by proposer 

(� − �)� ≥ � ⇔ ��� + ��� + ��� ≥ ��� + ��� + ��� 

→ ��� + �� + �� ≥
√�

�
(� + �) →

√�� + �� + ��

��
≥

√�

�
�

�

�
+

�

�
� 
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�
√�� + �� + ��

��
���

≥ √� �
�

�
+

�

�
+

�

�
� ≥

�

�
 

���: �
�

�
+

�

�
+

�

�
� ≥

√�

�
(�����������) → 

�
√��� ���� � + ��� ���� � + �����������

��� ��� � ��� �
���

≥
�

�
⇔ 

�
√���� � + ���� � + ��������

��� � ��� �
���

≥ � ⇔ � �
�

���� �
+

�

���� �
+

�

��������
���

≥ � 

JP.384. Solve for real numbers: 

�� + �
�
� + �� ⋅ �

�
� = �� 

Proposed by Marian Ursărescu-Romania 

Solution 1 by Ionuț Florin Voinea - Romania 

� ≠ � ⇒ � = ℝ∗ 

1) If � < � ⇒ �� + �
�

� + �� ⋅ �
�

� < � no has solutions. 

2) If � > �: �� + �
�

� + �� ⋅ �
�

� = �� ⇔ �� + �
�

� + �� ⋅ �
�

� + � = �� ⇔ 

(�� + �) ��
�
� + �� = �� ⇔ (�� + �) ��

�
�

���� � + �� = �� 

Let �: (�, ∞) → ℝ, �(�) = (�� + �) ��
�

� + �� , � > �, � > �, which is decreasing on ��, √�� 

and increasing on �√�, ∞�. We observe that �(�) = � �
�

�
� , ∀� > �. 

For � = �, � = ���� � ⇒ �(�) = (�� + �) ��
�

�
���� � + �� which is decreasing on 

(�, ����� �) and increasing on (����� � , ∞). So, the equation �(�) = �� has two 

solutions or no has solutions. 

For � = � ⇒ �(�) = (�� + �) ��
�

�
���� � + �� = �� ⇒ � = � has solution. 

How �(�) = �(���� �) ⇒ � = ���� � has solution. 

So, � ∈ {���� � , �} 
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 Solution 2 by Jamal Issah-Teshie-Ghana 

Let �� = �, �
�

� = � ⇒ � + � + �� = �� ⇔ � + (� + �)� = �� 

Let’s assume that �, � are consecutive positive integer numbers, hence � = � + � ⇒ 

� + (� + �)(� + �) = �� ⇔ �� + �� − �� = � ⇔ �� = −� < � (impossible), �� = � 

� = � ⇒ � = � ⇒ �� = � ⇒ � = ���� � and � = � ⇒ � = � 

So, � ∈ {���� � , �} 

 Solution 3 by proposer 

If � < �:  �� + �
�

� + �� ⋅ �
�

� < � then, the equation has not solutions. 

So, � > �. Let �: (�, ∞) → �, �(�) = �� + �
�

� + �� ⋅ �
�

� strictly increasing on ������ � , ∞� 

and strictly decreasing on ��, ����� ��. Thus, the equation admit unique solution 

 � = � on ������ � , ∞� and � = ���� � unique solution on ��, ����� ��. 

 So, � ∈ {���� � , �} 

JP.385 If �, �, � > 0 are such that 
�

���
+

�

���
+

�

���
=

�

�
 then: 

�
� + ��

�� + ���

���

+ �
� + ��

�� + ���

���

≤ � 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

First we prove that: 

� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
; (�) 

⇔ (� + �)(� + ��)(�� + ���) + (� + �)(� + ��)(�� + ���) ≤ 

≤ �(�� + ���)(�� + ���) 

⇔ (� + �)(��� + ��� + ��� + ����) + (� + �)(��� + ��� + ��� + ����) ≤ 

≤ �(���� + ��� + ��� + �����) 

⇔ ���� + ��� + ���� + ���� + ��� + ���� + ��� + ����� + ��� + ���� + ��� + 

+����� + ���� + ��� + ���� + ���� ≤ 
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≤ ����� + ��� + ��� + ������ ⇔ �� − ���� + ����� − ���� + �� ≥ � 

⇔ (� − �)� ≥ �.Equality holds for � = �.Analogous: 

� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
; (�) 

� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
; (�) 

By Adding (�), (�), (�) it follows that: 

�
� + ��

�� + ���

���

+ �
� + ��

�� + ���

���

≤ � �
�

� + �
+

�

� + �
+

�

� + �
� = � ⋅

�

�
= �. 

Equality holds for � = � = � = �. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���� ∶
� + ��

�� + ���
=

�� + ��� + ���

(� + �)(�� + ���)
=

�

� + �
+

���

(� + �)(�� + ���)
 

���������,
� + ��

�� + ���
=

�

� + �
+

���

(� + �)(�� + ���)
 

→
� + ��

�� + ���
+

� + ��

�� + ���

=
�

� + �
+

�

�(� + �)
�

���

�� + ���
+

���

�� + ���
� ≤⏞

����� �

� + �

+
�

�(� + �)
�

���

��� + ��
+

���

��� + ��
� = 

=
�

� + �
+

�

�(� + �)
�� − �

��

��� + ��
+

��

��� + ��
�� ≤⏞

���������

 

≤
�

� + �
+

�

�(� + �)
�� −

(� + �)�

(� + �)� + ���
�  ≤ 

≤⏞
�����

 
�

� + �
+

�

�(� + �)
�� −

(� + �)�

(� + �)� +
(� + �)�

�

� =
�

� + �
+

�

�(� + �)
�� −

�

�
� =

�

� + �
 

→
� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
 (��� �������) 

���������, �
� + ��

�� + ���

���

+ �
� + ��

�� + ���

���

≤ �
�

� + �
���

= �. 
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Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

� + ��

�� + ���
+

� + ��

�� + ���
=

(� + ��)(�� + ���) + (� + ��)(�� + ���)

(�� + ���)(�� + ���)
= 

=
��� + ��� + ��� + ���� + ��� + ��� + ��� + ����

���� + ��� + ��� + �����
≤

�

� + �
 

(� + �) ���� + ��� + �(��� + ���) + �(�� + ��)� ≤ 

≤ �((��)� + ��� + ��� + �(��)�) 

���� + ��� + �(��� + ����) + �(�� + ���) + ��� + ���� + �(���� + ���)

+ �(��� + ��) ≤ ��(��)� + �(�� + ��) 

��� + ���� + ���� + ��� + ���� + ���� + �(�� + ��) ≤ ��(��)� + �(�� + ��) 

�(��� + ���) ≤ ��(��)� + �(�� + ��) 

�(���� − (��)�) + �(��� − (��)�) ≤ �(�� − ���) + �(�� − ���) 

����(� − �) + ����(� − �) ≤ ���(� − �) + ���(� − �) 

(� − �)(���� − ����) ≤ �(� − �)(�� − ��) 

���(� − �)(� − �) ≤ �(� − �)(� − �)(�� + �� + ��) 

��� ≤ �(�� + �� + ��). Hence, 

� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
 ���

� + ��

�� + ���
+

� + ��

�� + ���
≤

�

� + �
 

Therefore, 

�
� + ��

�� + ���

���

+ �
� + ��

�� + ���

���

≤ �
�

� + �
���

= � 

JP.386. In ����, � ∈ ℕ the following relationship holds: 

�
|� − �||� − �|����

�����|� − �|���

���

 ≥ �����(��� + ��� + �� − ��) 

  Proposed by George Florin Serban-Romania 

Solution 1 by proposer 

�
���

�����

���

≥ � ��

���

, ∀�, � > 0; (�� �����) 
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���

�����
+

���

�����
+ �� + �� + ⋯ + �� ≥

�����
�� ⋅ �

���

�����
⋅ �����

��

= ���� 

����

�����
+ (�� − �)�� ≥ ���� 

� �
���

�����

���

+ (�� − �) � ��

���

≥ �� � ��

���

⇒ �
���

�����

���

≥ � ��

���

 

Let � = ���|� − �| ⋅ |� − �|, � = ���|� − �| ⋅ |� − �|, � = ���|� − �| ⋅ |� − �| 

�
���

�����

���

= �
|� − �||� − �|����

�����|� − �|���

���

≥ � ��|� − �| ⋅ |� − �|

���

≥ 

≥ � ��(� − �)(� − �)

���

= �����(��� + ��� + �� − ��) 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���� ∶  �
|� − �||� − �|����

�����|� − �|���

���

= �
(|� − �||� − �|��)�

(|� − �||� − �|��)���

���

 ≥
⏞

������
 

�∑ |� − �||� − �|���
�

�∑ |� − �||� − �|���
���

= �|� − �||� − �|��

���

≥ 

≥ �(� − �)(� − �)��

���

= � ��

���

− � ���

���

+ ��� � ��

���

= �� �

���

� �� ��

���

� − � �� ��

���

� �� ��

���

� + ���� � ��

���

= 

= ��. �(�� − ����� − ����� + ���� + ������ + ��)

− �. ��(�� − ��� − ���)(�� + �� + ���) + �. ����. �(�� − �� − ���)

= �����(��� + ��� + �� − ��). 
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���������, �
|� − �||� − �|����

�����|� − �|���

���

 ≥ �����(��� + ��� + �� − ��), ∀� ∈ ��� 

JP.387. Let ���� be any triangle. Prove that for any � ∈ ℕ − {�, �} the 

following relationship holds: 

|� − �| ⋅ |� − �|� ⋅ ���

�����|� − �|���
+

|� − �| ⋅ |� − �|� ⋅ ���

�����|� − �|���
+

|� − �| ⋅ |� − �|� ⋅ ���

�����|� − �|���

≥ ���[(�� + �)� − ���] 

Proposed by George Florin Șerban-Romania 

Solution 1 by proposer 

�
���

�����

���

≥ � ��

���

, ∀�, � > 0; (�� �����) 

���

�����
+

���

�����
+ �� + �� + ⋯ + �� ≥

�����
�� ⋅ �

���

�����
⋅ �����

��

= ���� 

����

�����
+ (�� − �)�� ≥ ���� 

� �
���

�����

���

+ (�� − �) � ��

���

≥ �� � ��

���

⇒ �
���

�����

���

≥ � ��

���

 

Let � = ��|� − �| ⋅ |� − �|, � = ��|� − �| ⋅ |� − �|, � = ��|� − �| ⋅ |� − �| 

�
���

�����

���

= �
|� − �| ⋅ |� − �|� ⋅ ���

�����|� − �|���

���

≥ � ��|� − �| ⋅ |� − �|

���

≥ 

≥ � ��(� − �)(� − �)

���

= ���[(�� + �)� − ���] 

Solution 2 by Adrian Popa-Romania 

�
|� − �| ⋅ |� − �|� ⋅ ���

�����|� − �|���

���

= �
|� − �| ⋅ (�� ⋅ |� − �|)�

���(� − �)�
���

���

= 
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= �
(��|� − �| ⋅ |� − �|)�

(|� − �| ⋅ |� − �| ⋅ ��)���

���

≥
����� (∑(��|� − �| ⋅ |� − �|))�

(∑�� ⋅ |� − �| ⋅ |� − �|)���
= 

= � ��|� − �| ⋅ |� − �|

���

≥ � ��(� − �)(� − �)

���

= � ��(�� − �� − �� + ��)

���

= 

= ∑�� − ∑��� − ∑��� + ��� ⋅ ∑� = ∑� ⋅ ∑�� − �∑�� ⋅ ∑�� + ���� ⋅ ∑� = 

= �� ⋅ ��(�� − ��� − ���) − �(��� − ��� − ���)(�� + ��� + ��) + � ⋅ ���� ⋅ �� = 

= −������ + ���(���� + ��� + ��) = ���[(�� + �)� − ���] 

JP.388 Solve for complex numbers: 

�

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

 

Proposed by Ionuţ Florin Voinea-Romania 

Solution 1 by proposer 

�

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

⇔ �

|� − �|� ≥ �|�|�

|� − �|� ≥ �|�|�

|� − �|� ≥ �|�|�

 

→ |� − �|� + |� − �|� + |� − �|� ≥ �(|�|� + |�|� + |�|�) 

How, |�� + ��|� + |�� − ��|� = �(|��|� + |��|�), ∀��, �� ∈ ℂ then, 

�(|�|� + |�|�) + �(|�|� + |�|�) + �(|�|� + |�|�) ≥ 

≥ �(|�|� + |�|� + |�|�) + |� + �|� + |� + �|� + |� + �|� 

→ |�|� + |�|� + |�|� ≥ |� + �|� + |� + �|� + |� + �|� 

How, |�� + ��|� + |�� + ��|� + |�� + ��|� = |��|� + |��|� + |��|�, ∀��, ��, �� ∈ ℂ then, 

|�|� + |�|� + |�|� ≥ |�|� + |�|� + |�|� + |� + � + �|� 

Hence, |� + � + �| ≤ � namely, � + � + � = �. 

We distinguish the following cases: 

(�) If � = �, then |� − �| = � and how |� − �| ≥ √�|�|, we get |�| ≤ � then, � = �. 

It follows that, |�| ≥ √�|�| and |�| = |�| then |�| ≥ √�|�| ⇔ |�| ≤ � ⇔ � = �. 

So, (�, �, �) = (�, �, �) has solution for the system. 
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(��) If �, �, � ∈ ℂ different in pairs, let’s consider �(�), �(�), �(�). 

� + � + � = �, � =
�����

�
= �, and let �(�) −centroid then � = �. 

�

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

⇔ �
�� ≥ √���

�� ≥ √���

�� ≥ √���

⇔

⎩
⎪⎪
⎨

⎪⎪
⎧� ≥

�√�

�
��

� ≥
�√�

�
��

� ≥
�√�

�
��

⇔

⎩
⎪
⎨

⎪
⎧�� ≥

�

�
��

�

�� ≥
�

�
��

�

�� ≥
�

�
��

�

; (∗) 

Thus, �� + �� + �� ≥
�

�
���

� + ��
� + ��

��. We know that: 

��
� + ��

� + ��
� =

�

�
(�� + �� + ��) namely, in (∗) we have just equality. Therefore, 

⎩
⎪
⎨

⎪
⎧�� =

�

�
��

�

�� =
�

�
��

�

�� =
�

�
��

�

 

�� =
�

�
��

� ⇔ ��� = �(�� + ��) − �� ⇔ ��� = �� + ��. 

Similarly, we get: ��� = �� + �� and ��� = �� + ��.  

We have, ���� = �� + ��

��� = �� + �� ⇒ �(�� − ��) = �� − �� ⇒ �� = �� ⇒ � = �. 

Similarly, � = �. Thus, � = � = � ⇒ |� − �| = |� − �| = |� − �|. 

�

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

|� − �| ≥ √�|�|

⇔ �

|� − �| = √�|�|

|� − �| = √�|�|

|� − �| = √�|�|

 

So, it follows that, |�| = |�| = |�|. 

� = {(�, �, �)} ∪ {(�, �, �)||�| = |�| = |�|; �, �, � ∈ ℂ∗, � + � + � = �, � ≠ � ≠ �} 

Solution 2 by Ravi Prakash-New Delhi-India 

|� − �| ≥ √�|�| ⇒ |� − �|� ≥ �|�|�; (�) 

|�|� + |�|� − ��� − ��� ≥ �|�|�; (�). Similarly, 

|�|� + |�|� − ��� − ��� ≥ �|�|�; (�) and |�|� + |�|� − ��� − ��� ≥ �|�|�; (�) 
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From (2),(3) and (4) it follows, 

�|�|� + �|�|� + �|�|� − ��� − ��� − ��� − ��� − ��� − ��� ≥ �(|�|� + |�|� + |�|�) ⇒ 

|�|� + |�|� + |�|� + ��� + ��� + ��� + ��� + ��� + ��� ≤ � ⇔ 

|� + � + �|� ≤ � ⇔ |� + � + �| = � ⇔ � + � + � = �. 

Also, |� − �|� ≥ �|�|� and |� − �|� ≥ �|�|� ⇒ 

|�|� + |�|� − ��� − ��� ≥ �|�|� and |�|� + |�|� − ��� − ��� ≥ �|�|� 

|�|� + �|�|� + |�|� − ��(� + �) − �(�� + ��) ≥ �|�|� + �|�|� ⇒ 

�|�|� − ��(−�) − �(−��) ≥ �|�|� + �|�|� ⇒ |�| + |�|� ≤ �|�|�; (�) 

Now, |� − �|� + |�|� ≥ �|�|� ⇒ |� − �|� + |−� − �|� ≥ �|�|� ⇒ 

�(|�|� + |�|�) ≥ �|�|� ⇒ |�|� + |�|� ≥ �|�|�; (�) 

From (5),(6), we get: |�|� + |�|� = �|�|�; (�). 

Similarly, |�|� + |�|� = �|�|� ⇒ |�|� − |�|� = �(|�|� − |�|�) ⇒ �(|�|� − |�|�) = � 

⇒ |�| = |�|. From (7) we get: |�| = |�| = |�|. 

Now, � + � + � = � and |�| = |�| = |�| 

If � = �, then � = � = �. 

If � ≠ �, |� − �|� + |�|� = |� − �|� + |−� − �|� = �|�|� + �|�|� = �|�|� ⇒ 

|� − �|� = �|�|�. Similarly, |� − �|� = |� − �|� = �|�|�. 

Thus, if � ≠ �, then �, �, � are vertices of an equilateral triangle lying on a circle with 

center at the origin. 

JP.389 A right parallelipiped  �����′�′�′�′ has the basis ���� rhombus, 

and areas of the two diagonals sections of the parallelipiped are �� and �� 

respectively.  Let � be the circumradius of ����, ��circumradius of ���� 

and � volume of the right parallelipiped. 

Prove that: �������� ≥ ��. 

Proposed by Radu Diaconu-Romania 

Solution 1 by proposer 

Let � be the side edge and altitude, �� = ��, �� = �� diagonals of the bases. 
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Sections diagonals are rectangle, so �� = � ⋅ ��, �� = � ⋅ ��. 

� =
��⋅��

�
−area of the rhombus. We have: �� ⋅ �� = ������ ⇔ �� =

����

��
 then, 

� = �
����

��
. 

So, � = � ⋅ � =
�

�
��� ⋅ ����. 

����� =
�� ⋅ �� ⋅ ��

���
=

�� ⋅ ��

���
=

�� ⋅ ��

�
⇒ �� =

��

��
 

����� =
�� ⋅ �� ⋅ ��

���
=

�� ⋅ ��

���
=

�� ⋅ ��

�
⇒ �� =

��

��
 

� =
�� ⋅ ��

�
=

��

�����
; ��

� + ��
� = ��� ⇔

��

��
�

+
��

��
�

= ��� ⇒ �� =
���

���
�

��
� + ��

�
 

� =
����

���
�

���
� + ��

��
� ⋅

�

�����
=

���
���

�

���
� + ��

��
� 

Hence, 

� =
�

√�
⋅

�√����������

��
� + ��

�
⋅ ����� ≤ ���������, �������

�����

��
� + ��

�
≤ �. 

Squaring, we get �������� ≥ ��. 

Solution 2 by Adrian Popa-Romania 

�� = �� ⋅ � ⇒
��

��� �
= ��� ⇒ �� = �� ⋅ ��� � 

�� = �� ⋅ � ⇒
��

��� �
= ��� ⇒ �� = ��� ⋅ ��� � 

� = � − � ⇒ ��� � = ��� � 

� = ����� ⋅ � =
�� ⋅ ��

�
⋅ � =

��� ⋅ ��� � ⋅ ��� ⋅ ��� �

�
⋅ � = 

= ����� ���� � ⋅ �� 

�������� = �� ⋅ � ⋅ �� ⋅ ����� >
(∗)

���
���

� ���� � 

��� ��� � ⋅ � ⋅ ��� ��� � ⋅ � ⋅ ���� >
(∗)

���
���

� ���� � ⋅ ��⟺ 

���� � ⋅ �� ≥ ���� � ⋅ �� ⟺ ���� � ≥ ���� �, which is clearly true. 
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JP.390 Let � ∈ ℝ and ��� a triangle with � area. Prove that: 

��

√�� ���� � + �� ���� �
+

��

√�� ���� � + �� ���� �
+

��

√�� ���� � + �� ���� �
≥ �√�� 

Proposed by D.M. Bătinețu-Giurgiu-Romania 

Solution by proposer 

We have: 

�
��

√�� ���� � + �� ���� �
���

= �
��

�√�� ���� � + �� ���� �
���

≥⏞
�����

 

≥ �
��

�� + �� ���� � + �� ���� �
����

= � ⋅ �
��

�� + �� ���� � + �� ���� �
���

≥⏞
���������

 

≥ � ⋅
(�� + �� + ��)�

∑(�� + �� ���� � + �� ���� �)
= � ⋅

(�� + �� + ��)�

(�� + �� + ��)(� + ���� � + ���� �)
= 

= � ⋅
(�� + �� + ��)�

�(�� + �� + ��)
= �� + �� + �� ≥⏞

���������

�√�� 

 SP.376 Let �, ��, ��, �� and � be, respectively, the inradius, the exradii, and 

the circumradius of triangle ��� with side lengths �, �, �. Prove that: 

��√�
��

��
≤

�� + ��

� + �
+

�� + ��

� + �
+

�� + ��

� + �
+ �� �

��

� + �
+

��

� + �
+

��

� + �
� ≤

�√���

��
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

We will prove that: 

��√�
��

��
≤

�� + �� + ����

� + �
+

�� + �� + ����

� + �
+

�� + �� + ����

� + �
≤

�√���

��
 

We know that: �� = � ⋅ ���
�

�
, �� = � ⋅ ���

�

�
, �� = � ⋅ ���

�

�
, � = �� 

→ �� + �� + ���� = ���
�

+ �� ⋅ � ⋅ ���
�

�
= �� + �� + �� ⋅ ���

�

�
= 
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= �� + �� + �� ⋅
���

�
�

���
�
�

= �� + �� +
��

����
�
� ���

�
�

⋅ ����
�

�
= �� + �� +

��

����
⋅ ����

�

�
 

We know that: � =
�

�
�� ⋅ ���� and ���� = � − ����� �

�
, so 

�� + �� + ���� = �� + �� + ��� ⋅ ����
�

�
= �� + �� + ��� ⋅

� − ����

�
= 

= �� + �� + ��� − ��� ⋅ ���� = (�� + �� − ��� ⋅ ����) + ��� = �� + ��� 

Similarly, �� + �� + ���� = �� + ���, �� + �� + ���� = �� + ���. 

Namely, we’ll prove that: 

��√�
��

��
≤

�� + ��

� + �
+

�� + ���

� + �
+

�� + ���

� + �
≤

�√���

��
 

We have: 

�� + ��

� + �
+

�� + ���

� + �
+

�� + ���

� + �
= 

= �
��

� + �
+

��

� + �
+

��

� + �
� + � �

��

� + �
+

��

� + �
+

��

� + �
� ≥⏞

���

 

(� + � + �)�

�(� + � + �)
+ ���� �

�

�(� + �)
+

�

�(� + �)
+

�

�(� + �)
� ≥ 

≥ � + ���� ⋅
(� + � + �)�

�(�� + �� + ��)
= � +

����

�� + �� + ��
 

We know that: �� + �� + �� ≤ �� + �� + �� ≤ ���, ��� = ����, � ≥ ��, � ≥ �√��. So, 

�� + ��

� + �
+

�� + ���

� + �
+

�� + ���

� + �
≥ �√�� +

�(����)

���
=

�√���� + ����

��
≥ 

≥
�√��(��)� + �(��) ⋅ � ⋅ �√��

��
= ��√�

��

��
 

�� + ��

� + �
+

�� + ���

� + �
+

�� + ���

� + �
≤

�� + �� + ��

� + �
+

�� + �� + ��

� + �
+

�� + �� + ��

� + �
= 

= (�� + �� + ��) �
�

� + �
+

�

� + �
+

�

� + �
� ≤ (�� + �� + ��) �

�

�√��
+

�

�√��
+

�

�√��
� = 

=
(�� + �� + ��)

�
�

�

√��
+

�

√��
+

�

√��
� ≤⏞

��� ���

�
�� �

�

��
+

�

��
+

�

��
� ≤ 
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≤
�√�

�
���

�

��
+

�

��
+

�

��
 

Now, we’ll prove that: 
�

�� +
�

�� +
�

�� ≤
�

���. We have: (� − �)� ≥ � → �� − (� − �)� ≤ �� 

�

��
≤

�

�� − (� − �)�
=

�

(� + � − �)(� − � + �)
=

�

�(� − �) ⋅ �(� − �)
=

�

�(� − �)(� − �)
 

Similarly, 

�

��
≤

�

�(� − �)(� − �)
,

�

��
≤

�

�(� − �)(� − �)
 

�

��
+

�

��
+

�

��
≤

�

�
�

�

(� − �)(� − �)
+

�

(� − �)(� − �)
+

�

(� − �)(� − �)
� = 

=
�

�
⋅

� − � + � − � + � − �

(� − �)(� − �)(� − �)
=

�

�
⋅

��

�(� − �)(� − �)(� − �)
= 

=
�

�
⋅

��

��
=

�

�
⋅

��

����
=

�

���
 

Now, 

�� + ��

� + �
+

�� + ���

� + �
+

�� + ���

� + �
≤

�√���

�
⋅ �

�

���
=

�√���

��
 

Namely, 

��√�
��

��
≤

�� + ��

� + �
+

�� + ��

� + �
+

�� + ��

� + �
+ �� �

��

� + �
+

��

� + �
+

��

� + �
� ≤

�√���

��
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���� ∶ ���� =
����

� − �
=

����(� − �)(� − �)

(� − �)(� − �)(� − �)

= �(� − �)(� − �) ≤⏞
�����

 [(� − �) + (� − �)]� = �� 

→ �
�� + ��

� + �
+ �� �

��

� + �
≤ �

�� + ��

� + �
+ �

��

� + �

= �
�� + �� + ��

� + �
 ≤⏞
���

 �� ��� �
�

�
�

�

�
+

�

�
� ≤ 
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≤⏞
�������

 ���.
�

�
�

�

�
 ≤⏞
���

 
���

�
�� �

�

��
 ≤⏞
���������

 
���

�
��.

�

���
=

�√�

�
.
��

�
 

����, �� ���� ∶  �
�� + ��

� + �
 ≥⏞
���

 �
(� + �)�

�(� + �)
=

�

�
�(� + �)

= �� ≥⏞
����������

 �. �√�� ≥⏞
�����

 �√�� �
��

�
�

�

= ��√�.
��

��
 

��� ∶  �� �
��

� + �
= ���� �

�

(� − �)(� + �)
 ≥⏞
���

  ����.
�

∑(� − �)(� + �)

=
�����

��� − � ∑ ��
≥ 

≥⏞
���������� ��. �√��. ��

(∑ �)� − � ∑ ��
=

���√���

∑ ��
 ≥⏞
�������

 
���√���

���
= ��√�.

��

��
 

→ �
�� + ��

� + �
+ �� �

��

� + �
 ≥ ��√�.

��

��
+ ��√�.

��

��
= ��√�.

��

��
 

���������, ��√�.
��

��
≤ �

�� + ��

� + �
+ �� �

��

� + �
≤

�√�

�
.
��

�
 

Solution 3 by Soumava Chakraborty-Kolkata-India 

�
�� + ��

� + �
+ �� �

��

� + �
≤⏞

������� ��� ��� �

�
�

���

�(� + �)

+ �� �
��

√��
≤⏞

��� �(����)

��
�

�

�√��
+

��

√���
����√��

= ���� � ��
�

��
�

�

��
� +

��

√����
���������� 

≤⏞
���

���� �
�

��
+

��

√����
�� ��� �� ��

=
����(��)

����
+

(��)√�� + �

√����
���� � ����

�

�
���

�

�
���

�

�
�

=
��

�
+ ��

��� + ��

�
��(� − ����) =

��

�
+ �

�(�� − �)(��� + ��)

�
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≤⏞
? ���

��
⇔

��

��
≥⏞
?

�
�(�� − �)(��� + ��)

�
⇔ ���� ≥⏞

?

⏟
(�)

�(�� + �)(�� − �)�� ���

∵ ���� ≥⏞
����������

������ ∴ �� ����� �� ����� (�), �� �������� �� �����

∶  ���� ≥ ��(�� + �)(�� − �) 

⇔ ���� − ���� + ��� + � ≥ � �� =
�

�
� ⇔ (� − �) ����� + (� − �)(� + �) + ��(� − �)�

≥ � → ���� ∵ � ≥⏞
�����

� ⇒ (�) �� ���� ⇒ �
�� + ��

� + �
+ �� �

��

� + �

≤
���

��
≤⏞

���������� �√���

��
 

∴
�� + ��

� + �
+

�� + ��

� + �
+

�� + ��

� + �
+ �� �

��

� + �
+

��

� + �
+

��

� + �
� ≤

�√���

��
 

�����, �
�� + ��

� + �
+ �� �

��

� + �

≥ �
(� + �)�

�(� + �)
+ �� �

����� �
�

�����
�
�

���
�
�

���
� − �

�

≥⏞

∵ � � ���
���

�
 � � ��� �������

�
� + �

�

+
��

�
�

���� �
�

���
�
�

≥⏞
���������

= �� + �
��

���
�

(�� + �)�

∑ ���
�
�

≥⏞

∑ ���
�
�

 � 
�
�

 

�� +
��(�� + �)�

���
=

���� + ��(�� + �)�

���
≥⏞

���������� �(���� + ��(�� + �)�)

����√���
≥⏞
?

��√�
��

��

⇔ ���� + �(�� + �)� ≥⏞
?

⏟
(��)

����� ���

∵ ���� + �(�� + �)� ≥⏞
����������

����� + �(�� + �)� 

∴ �� ����� �� ����� (��), �� �������� �� ����� ∶  (�� + �)� + ���� − ����� ≥ �

⇔ ���� + ���� − ����� ≥ � ⇔ (� − ��)(��� + ����) ≥ � → ����

∵ � ≥⏞
�����

�� ⇒ (��) �� ���� 
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⇒ �
�� + ��

� + �
+ �� �

��

� + �
≥ ��√�

��

��

⇒ ��√�
��

��
≤

�� + ��

� + �
+

�� + ��

� + �
+

�� + ��

� + �
 (���) 

SP.377 Let ��, ��, �� be the internal bisectors, ��, ��, �� the exradii, � the 

inradius and � the circumradius of a triangle ���. Prove that: 

�
��

��
�

�

+ �
��

��
�

�

+ �
��

��
�

�

≤ �� �
�

��
�

�

− �� 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

Let �� = �, �� = �, �� = � and �� = � + � + � is the semiperimeter of ����. We know 

that: �� =
���

���
���

�

�
 and ���

�

�
= �

�(���)

��
. Then: 

�� =
���

� + �
�

�(� − �)

��
=

�√��

� + �
��(� − �) 

Also, we know that: � = �� =
���

��
, so �� =

���

���
. Now, 

(� + � − �)� ≥ � ↔ (� + �)� − ��(� + �) + ��� ≥ � ↔ 

��(−� + � + �) ≤ (� + �)� ↔ ��(�� − ��) ≤ (� + �)� ↔ ��(� − �) ≤ (� + �)� ↔ 

���(�� − ��) ≤ (� + �)�, so� + � ≥ �√���(� − �). So, 

�� =
�√��

� + �
��(� − �) ≤

�√�� ⋅ ��(� − �)

�√� ⋅ √� ⋅ √� − �
=

�

�
�

��

�
⋅ √�� = 

=
�

�
�

��

�
⋅ �

���

���
=

�

�
⋅

��

√���
 

We know that: �� =
�

���
, �� =

�

���
, �� =

�

���
. Now, we have: 

�
��

��
�

�

+ �
��

��
�

�

+ �
��

��
�

�

≤

�
��

�√���
�

�

�
�

� − ��
� +

�
��

�√���
�

�

�
�

� − �
�

� +

�
��

�√���
�

�

�
�

� − ��
� = 
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=
����(�� − ��� + ��) + ����(�� − ��� + ��) + ����(�� − ��� + ��)

��� ⋅ ��
= 

=
���� + ���� + ���� − ���(�� + �� + ��) + ������

����
 

Now, we will prove that: ���� + ���� + ���� ≤ �����. We have: 

���� + ���� + ���� = ������ �
�

��
+

�

��
+

�

��
� 

Also, we have: (� − �)� ≥ � ↔ �� − (� − �)� ≤ �� ↔ 

�

��
≤

�

�� − (� − �)�
=

�

(� + � − �)(� − � + �)
=

�

�(� − �) ⋅ �(� − �)
=

�

�(� − �)(� − �)
 

Similarly: 
�

�� ≤
�

�(���)(���)
,

�

�� ≤
�

�(���)(���)
 

��,
�

��
+

�

��
+

�

��
≤

�

�
⋅

(� − �) + (� − �) + (� − �)

(� − �)(� − �)(� − �)
=

�

�
⋅

�(�� − ��)

�(� − �)(� − �)(� − �)
= 

=
�

�
⋅

��

��
=

��

�(��)�
=

�

���
 

∵ � = �� = ��(� − �)(� − �)(� − �), � ≥ ��, � ≤
�√�

�
� 

Namely:���� + ���� + ���� ≤ (���)� ⋅
�

��� = (����)� ⋅
�

��� = ����� 

Also, we know that �� + �� + �� ≥ ����. So, 

�
��

��
�

�

+ �
��

��
�

�

+ �
��

��
�

�

≤
����� − ��� ⋅ ���� + ������

����
≤ 

=

��� �
�√�

� ��

�

− ������� + ������

����
=

���� − ������

����
≤ 

≤
���� − �� ⋅ ���

����
= �� �

�

��
�

�

− �� 

Equality holds if and only if triangle ��� is equilateral. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: 

�� ≤ ��(� − �); (��� �������); (�) and ∏(�� + ��) = ����; (�) 
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� �
��

��
�

�

���

≤
(�)

�
����

��
�

���

= ������ � �
�

��
�

�

���

= ������ ���
�

��
���

�

�

− � � �
�

��
+

�

��
�

���

� = 

= ������ ���
�

��
���

�

�

− � � �
�� + ��

����
�

���

� =
(�)

 

= ��� ��
�

�
�

�

− � ⋅
����

(���)�
� = �

�

�
�

�

− �� ⋅
�

�
≤

����������
�����

 

≤ �
�√��

��
�

�

− �� ⋅ � = �� �
�

��
�

�

− �� ≤
�����

�� �
�

��
�

�

⋅ �
�

��
�

�

− �� = �� �
�

��
�

�

− �� 

Therefore, 

� �
��

��
�

�

���

≤ �� �
�

��
�

�

− �� 

SP.378. Let ��, ��, �� be the lengths of the medians of a triangle ��� with 

area �.Prove that: 

��
� + ��

� + ��
� ≥ �

�

�
�� ⋅ �

�

� for each integer � ≥ �. 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by proposer 

Let � = ��, � = ��, � = ��. It is well-known that: 

�� + �� + �� ≥ �� + �� + �� ≥ �√�� (������� − ��������) 

Proof. We have: 

�

����
+

�

����
+

�

����
≥ ��

�

������������

�

 

We know that: 

√������������
�

≤
���� + ���� + ����

�
≤

�√�
�
�

=
√�

�
 

So, ������������ ≤
�√�

�
, namely 

�

����
+

�

����
+

�

����
≥ �√�. Now, 
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�� + �� + �� ≥ �� + �� + �� = �� �
�

����
+

�

����
+

�

����
� ≥ �� ⋅ �√� = �√� 

Now, (� + � + �)� = �� + �� + �� + �(�� + �� + ��) ≥ ��√��. Namely, 

� ≤
√�

�
�

� + � + �

�
�

�

 

Also, we know that: �
�����

�
�

�

≤ �
��������

�
�

�

�
. So, � ≤

√�

�
�

��������

�
�

�

�
; (�) 

We know that in �����; (�� = ���), we have:  

�� =
�

�
��, ��� =

�

�
��, ��� =

�

�
��; (� − ��������), ������ =

�

�
�. 

The inequality (�) gives: 

�

�
� ≤

√�

�
�

�
�
� ���

�

+ �
�
� ���

�

+ �
�
� ���

�

�
�

�
�

 �� ��
� + ��

� + ��
� ≥ �

�
�

�� ⋅ �
�
� 

Equality holds if and only if triangle ��� is equilateral. 

Solution 2 by Marian Ursărescu-Romania 

��
� + ��

� + ��
� ≥ ��(������)��

 

We must show that: 

��(������)��
≥ �√���

⋅ √�� ⇔ �������
� ≥ √�

�
⋅ √� ⇔ 

(������)� ≥ √�� ⋅ ��; (�). But: �� ≥ ��(� − �); (�). 

From (1),(2) remains to prove that: 

���� ≥ √��� ⇔ �� ≥ �√��� ⇔ � ≥ �√�� (����������). 

Solution 3 by Adrian Popa-Romania 

(��)
�
�

�
�
�

��
+

(��)
�
�

�
�
�

��
+

(��)
�
�

�
�
�

��
≥

���
� + ��

� + ��
��

�
�

�
�
�

��
=

�
�
�

(�� + �� + ��)�

�
�

�
�
�

��
≥ 

≥
�

�
� ⋅ �√���

�
�

�
�
�

��
= �

��
�

�
�
�

�� ⋅ �
�
� = �

�
�

�� ⋅ �
�
� 
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SP.379 If �, �, � ∈ (�, �) then: 

�

(� + �)�(� − ��)
+

�

(� + �)�(� − ��)
+

�

(� + �)�(� − ��)
≥

�√�

�
 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by proposers 

Let be �: (�, �) → ℝ, �(�) = � − ��, ��(�) = � − ��� 

��(�) = � → �� =
�

�
→ � =

√�

�
 

����(�) = � �
√�

�
� =

√�

�
−

�

�
⋅

√�

�
=

�√�

�
=

�√�

�
=

�

�√�
 

�(�) ≤
�

�√�
→

�

�(�)
≥

�√�

�
; (�) 

�
�

(� + �)�(� − ��)
���

= �

�
(� + �)�

� − ��

���

= �
�

�
� + ��

�

� − ��

���

= �
�

�(�)
⋅ �

�

� + �
�

�

���

≥⏞
(�)

 

≥
�√�

�
�

�
�

� + ��
�

�
���

≥⏞
���������

�√�

�
⋅

�
�

� + � +
�

� + � +
�

� + ��
�

� + � + �
≥⏞

�������

 

≥
�√�

�
⋅

�
�
��

�

�
=

√�

�
⋅

�

�
=

�√�

�
 

Equality holds for � = � = � =
√�

�
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

���� �� − ��, �� ���� ∶  �� +
√�

��
+

√�

��
 ≥ ����.

√�

��
.
√�

��

�

= � → 

 � − �� ≤
�√�

��
 (��� �������) 
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→  �
�

(� + �)�(� − ��)
���

≥ �
�

(� + �)�.
�√�
��

���

=
�√�

�
� �

�

� + �
�

�

���

 ≥⏞
���

 
�√�

�
.
�

�
��

�

� + �
���

�

�

≥ 

≥⏞
�������

 
√�

�
. �

�

�
�

�

=
�√�

�
. 

���������, �
�

(� + �)�(� − ��)
���

≥
�√�

�
, ���� �������� �� ∶ � = � = � =

√�

�
. 

 Solution 3 Sanong Huayrerai-Nakon Pathom-Thailand 

For � < �, �, � < 1, we have: 

�
�

(� + �)�(� − ��)
���

= �
�

�
� + ��

�

�(� − ��)
���

≥
�∑

�
� + ��

�

� + � + � − (�� + �� + ��)
≥

�√�

�
 

�
�

�
�

�

≥
�√�

�
[(� + � + �) − (�� + �� + ��)] 

�

�
+

�√�

�
(�� + �� + ��) ≥

�√�

�
(� + � + �) 

� + √�(�� + �� + ��) ≥ √�(� + � + �), which is true because 

�

�
+ √��� ≥ √�� ⟺

�

��
+ √��� ≥ √� 

�

��
+

�

��
+ √��� ≥ ��√�

�

�

≥ √� 

Similarly, 
�

�
+ √��� ≥ √�� and 

�

�
+ √��� ≥ √��. 

SP.380 Let �, �, �  be the sides of an arbitrary triangle. Denote by 

��, ��, ��the lengths of the median, the internal bisector and the altitude 

corresponding to the side � and � its Brocard angle . Prove that: 
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�

��� �
≥ ��

��
���

���
�

������������

�

 

Proposed by Vasile Jiglău-Romania 

Solution 1 by proposer 

The sums and the products used below are cyclic  

Lemma 1:The sides of an arbitrary triangle verify: 

�(���� + ���� + ����) ≥ (� + � + �)(� + �)(� + �)(� + �); (�) 

Proof. 

With the substitutions� = � − �, � = � − �, � = � − � after computations , the inequality 

becomes equivalent to: 

�∑�� + �∑���� ≥ ∑��� + ∑��� + �∑���� ⇔ 

�(∑�� + ∑���� − ∑��� − ∑���) + ∑��(� − �)� ≥ � 

The first paranthesis is positive ,since it is the inequality of Schur 

∑��(� − �)(� − �) ≥ � for � = �, therefore the inequality is true. 

Lemma 2: The sides of an arbitrary triangle verify 

(∑�)�(∑����) ≥ ∏(��� + ��� − ��); (�) 

With the substitutions � = � − �, � = � − �, � = � − �, after computations , the inequality 

becomes equivalent to : 

�∑��� + �∑��� + ��∑���� + ��∑���� + ��∑���� ≥ 

≥ ��∑���� + ��∑����� + ��∑����� + �������� 

which immediately results from the Muirhead’s lemma , then the inequality is true . 

Let’s go to the solution of the problem .With the formulas 

��
� =

��� + ��� − ��

�
, �� =

���� ⋅ �(� − �)

� + �
, �� =

��

�
,

�

��� �
=

�∑����

��
 

the enunciated inequality becomes: 

�(���� + ���� + ����)� ≥ �(� + �)(� + �)(� + �)��
���

���
�, 

which immediately result if we multiply  (1) and (2) . 



 
www.ssmrmh.ro 

 �� NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS 

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

��
���

���
� =

�

��
���� + ��� − ������� + ��� − ������� + ��� − ��� =⏞

(�) �

��
�−� � ��

+ � �� ���� + � ����� + �������� 

���, � �� = �� ���
�

− �(��+��)(�� + ��)(�� + ��)

= �� ���
�

− � �������� + � ���� �� �� − ����

= �� ���
�

+ ������� − � �� ����� � �� =⏞
(�)

� �� 

�����, � ���� + � ���� = �� ����� �� �� − ��� =⏞
(�)

�� ����� � �� − ������� 

∴ (�), (�), (�) ⇒ ��
���

���
�

=
�

��
�−� �� ���

�

− �������� + �� �� ����� � �� + � �� ����� � ��

− �������� + �������� 

=
�

��
�−� �� ���

�

+ �� �� ����� � �� − ���������

=
�

��
�−� �� ���

�

+ �� ��� ���
�

− ����(��)� �� ��� − ��������� 

=
�

��
�−����� − ��� − ���

�
+ ����� − ��� − ������ + ��� + ���

�

− ���������� − ��� − ��� − ���������� 

=
�

��
��� − ������� − ����� − ��������� + ������ + ����� − ��(�� + �)��

∴ ����
���

���
� =⏞

(∗)

�� − ������� − ����� − ��������� + ������ + �����

− ��(�� + �)� 

���,
�

����
≥ ��

��
���

���
�

������������

�

⇔
�

������
�� �����

�

(������)(������) ≥ ����
���

���
� 
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⇔
�

������
�� �����

�

�
�������

�� + ��� + ��� �
�����

�
�

≥ �� − ������� − ����� − ��������� + ������ + ����� − ��(�� + �)� 

⇔ � ���� + ��� + ���
�

− �������
�

≥ ��� − ������� − ����� − ��������� + ������ + ����� − ��(�� + �)�����

+ ��� + ��� 

⇔ �� − ������� + ����� + ���������� + ���� + �����

− ���������� − ������ − ������ − �����

+ �������� + ������ + ������� + ����� + ���� ≥⏞
(�)

� 

∵ ��� ���������, ��� − ���� + ����
�

+ ����� − �������� − ���� + ����
�

≥ �

∴ �� ����� �� ����� (�), �� �������� �� ����� ∶ 

�� − ������� + ����� + ���������� + ���� + �����

− ���������� − ������ − ������ − �����

+ �������� + ������ + ������� + ����� + ���� 

≥ ��� − ���� + ����
�

+ ����� − �������� − ���� + ����
�

 

⇔ ������ − ������ + �������� − �������� − �������� + �������� − ����������

+ ����������� − ��������� + ���������� − �������� + ������� ≥ � 

⇔ (� − ��)(���� − ����)�� − �������

− �������� − �������� + �������� − ����������

+ ����������� − ��������� + ���������� − �������� + ������� ≥⏞
(�)

� 

��� ∵ −������� ≥⏞
���������

− ����������� + ��� + ���� ∴ ��� �� (�) ≥ 

(� − ��)(���� − ����)��

− ������������ + ��� + ���� + ������� − �������� + ��������

− �������

+ ����������� − ��������� + ���������� − �������� + ������� 

∴ �� ����� �� ����� (�), �� �������� �� ����� ∶ 
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(� − ��)(���� − ����)��

− ������������ + ��� + ���� + ������� − �������� + ��������

− �������

+ ����������� − ��������� + ���������� − �������� + ������� ≥⏞
(��)

� 

∵ ��� ���������, (� − ��)(���� − ����)��� − ���� + ����
�

≥ � ∴

�� ����� �� ����� (��), �� �������� �� ����� ∶  

(� − ��)(���� − ����)��

− ������������ + ��� + ���� + ������� − �������� + ��������

− �������

+ ����������� − ��������� + ���������� − �������� + ������� 

≥ (� − ��)(���� − ����)��� − ���� + ����
�

⇔ ������� − �������� + �������� − ���������

≥ ��������� − ��������� + ���������� − �������� + �������� 

⇔ (� − ��) �(� − ��)(����� + �����) + ������� �� − ��������

− ��������� − ��������� + ���������� − �������� + �������� ≥⏞
(���)

� 

�����, ��� �� (���) ≥⏞
���������

 

(� − ��) �(� − ��)(����� + �����) + ������� ����� − ���� − ���������� + ��� + ����

− ��������� − ��������� + ���������� − �������� + �������� ≥⏞
?

� 

⇔ ������� − �������� + �������� + ������ − ����� ≥⏞
?

� ������ � =
�

�
�

⇔ (� − �) �(� − �)�������� + ������ + ������ + ������ ≥⏞
?

� 

→ ���� ∵ � ≥⏞
�����

� ⇒ (���) ⇒ (��) ⇒ (�) ⇒ (�)�� ���� ∴
�

����
≥ ��

��
���

���
�

������������

�

(���) 
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SP.381 Find all continuous functions �: (�, ∞) → ℝ such that 

�(��) + �(���) + �(���) = �, ∀� ∈ ℝ, � > 0, � ≠ 1 −fixed. 

Proposed by Marian Ursărescu-Romania 

Solution 1 by proposer 

Let �� = � → � = ���
�

� → �(�) + �(��) + �(��) = ���� � 

�~�� → �(��) + �(��) + �(��) = ���� �� 

→ �(�) − �(��) = − ���� � → �(��) − �(�) = ���� � 

�~�
�
� → �(�) − � ��

�
�� = ���� �

�
� 

�~�
�
� → � ��

�
�� − � ��

�
��� = ���� �

�
�� 

… … … … … … … … … … … … … … 

�~�
�
� → � ��

�

����� − � ��
�

��� = ���� �
�

��  

Adding up these relations, it follows that: 

�(�) − � ��
�

��� = �
�

�
+

�

��
+ ⋯ +

�

��
� ���� � 

���
�→�

��(�) − � ��
�

���� = ���
�→�

�
� �

�
�� − ��

�
� − �

���� � → �(�) − �(�) =
�

�
���� � 

�(�) = � ( from hypothesis � = � → ��(�) = �). So, �(�) =
�

�
���� �. 

Solution 2 by Ruxandra Daniela Tonilă-Romania 

Let � = �� ⇔ � = ���� � ⇒ �(�) + �(��) + �(��) = ���� � ; (�) 

(�): � → √� ⇒ ��√�� + �(�) + �(��) =
�

�
���� � 

(�): � → √�
�

⇒ ��√�
�

� + ��√�� + �(�) =
�

�
���� � 

⇒ �(��) − ��√�
�

� =
�

�
���� � 

� → √� ⇒ �(�) − ��√�
�

� =
�

��
���� � 
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… … … … . … … … … … 

�� √�
��

� − � � √�
����

� =
�

����
���� � 

Hence, 

�(�) − � � √�
����

� = �
�

��
+

�

��
+ ⋯ +

�

����
� ���� � 

���
�→�

��(�) − � � √�
����

�� = ���
�→�

�
�

��
+

�

��
+ ⋯ +

�

����
� ���� � = 

= ���� � ���
�→�

�
�

��
+

�

��
+ ⋯ +

�

����
� =

�

��
���� � ���

�→�

�
�

���

�
�

− �

�
�� − �

 

�(�) − ���
�→�

� � √�
����

� =
�

�
���� � 

� −continuous and ���
�→�

� ��
�

����� = � ����
�→�

�
�

����� = �(�) ⇒ �(�) = �(�) =
�

�
���� � 

From �(�) + �(��) + �(��) = ���� � and for � = �, we get: ��(�) = ���� � ⇔ �(�) = �. 

Therefore, 

�(�) =
�

�
���� � , ∀� ∈ (�, ∞) 

SP.382. ��, ��, �� ∈ ℂ∗ −different in pairs such that  

|��| = |��| = |��| = �, �(��), �(��), �(��). Prove that: 

�
����

(�� − ��)�[��(�� − ��)� − ��(�� + ��)�]
���

=
�

�������
⇒ �� = �� = �� 

Proposed by Marian Ursărescu-Romania 

Solution 1 by proposer 

�(��), �(��), �(��) → ���� ⊂ �(�, �) 

�
����

(�� − ��)�[��(�� − ��)� − ��(�� + ��)�]
���

=
�

�������
⇔ 

�
����

���
�

(�� − ��)�[��(�� − ��)� − ��(�� + ��)�]
���

=
�

�
⇔ 
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�
�

(�� − ��)�

����
�
��(�� − ��)�

������
−

��(�� + ��)�

������
����

= �; (�) 

But: ���� ⊂ �(�, �) → ���� � =
(�����)�

�����
, ���� � = −

(�����)�

�����
; (�) 

From (�), (�) it follows that: 

�
���� �

���� � + ���� �
���

= �; (�) 

���: �
���� �

���� � + ���� �
���

≥⏞
���������

(∑ ��� �)�

� + � + �
≥

��√��
�

�
= �; (�) 

From (�), (�) equality holds if and only if �� = �� = ��. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

|��| = |��| = |��| = � →  ���� ∈ �(�, �)  →  ���� � = −
(�� − ��)�

�����
 ��� ���� �

=
(�� + ��)�

�����
 (��� �������) 

(∗) ↔  �
�

−
(�� − ��)�

�����
�−

(�� − ��)�

�����
+

(�� + ��)�

�����
����

= � ↔  �
�

���� � [���� � + ���� �]
���

= � 

��� ���� �ӧ����, �� ���� ∶  �
�

���� � (���� � + ���� �)
���

≥
��

(∑ ���� �)[∑(���� � + ���� �)]
 

����, �� ���� ∶  �(���� � + ���� �) = �(���� � + ���� �) = � � = �. 

��� ∶  � ���� � =
�

���
� ��  ≤⏞

�������

 
�

���
. ��� =

�

�
 

→  �
�

���� � (���� � + ���� �)
���

≥
��

�
� . �

= �, ���� �������� �� ���� �� �����������. 
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���������, �
����

(�� − ��)�[��(�� − ��)� − ��(�� + ��)�]
���

=
�

�������
  → 

  �� = �� = �� 

SP.383 If �, �, � > � then: 

����� + ����� + �����

��� + ��� + ���
≥ ������ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

Let �: (�, ∞) → (�, ∞), �(�) = �
�

�
�

�

+ �
�

�
�

�

+ �
�

�
�

�

 

��(�) = �
�

�
�

�

��� �
�

�
� + �

�

�
�

�

��� �
�

�
� + �

�

�
�

�

��� �
�

�
� 

���(�) = �
�

�
�

�

���� �
�

�
� + �

�

�
�

�

���� �
�

�
� + �

�

�
�

�

���� �
�

�
� ≥ � 

⇒ ���(�) ≥ � ⇒ �� −increasing, then ��(�) ≥ ��(�), ∀� ≥ � 

��(�) ≥ ��� �
�

�
� + ��� �

�

�
� + ��� �

�

�
� = ��� �

�

�
⋅

�

�
⋅

�

�
� = ��� � = � 

��(�) ≥ �, then � −increasing, so �(�) ≥ �(�). 

Hence,  

�
�

�
�

�

+ �
�

�
�

�

+ �
�

�
�

�

≥ �
�

�
�

�

+ �
�

�
�

�

+ �
�

�
�

�

≥
�

�
⋅

�

�
+

�

�
⋅

�

�
+

�

�
⋅

�

�
= 

=
�

�
+

�

�
+

�

�
 

Therefore, 

��

��
+

��

��
+

��

��
≥

�

�
+

�

�
+

�

�
 

����� + ����� + �����

������
≥ ��� + ��� + ��� 

Finally, it follows that: 

����� + ����� + �����

��� + ��� + ���
≥ ������ 
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Equality holds for � = � = �. 

Solution 2 by Fayssal Abdelli-Bejaia-Algerie 

����� + ����� + �����

�
≥ �����������

⇒ ����� + ����� + ����� ≥ ������� 

�������

��� + ��� + ���
≥
(�)

������ ⇒ ��� ≥ ��� + ��� + ���; (�) 

��� + ��� + ���

�
≥ ��������

⇒ ��� + ��� + ��� ≥ ����; (�) 

From (�), (�), we have ��� + ��� + ��� = ���� ⇒
�������

����
≥ ������ true. 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

����� + ����� + ����� = (���)� + (���)� + (���)�  ≥⏞
�ӧ����

 
(��� + ��� + ���)�

��
= 

=
(��� + ��� + ���)�

��
. (��� + ��� + ���)� ≥⏞

�����
(∑ �)��� ∑ ��

 

��√���. ���. ���
�

�
�

��
. �(���. ��� + ���. ��� + ���. ���) = 

= (���)�. ���(��� + ��� + ���) = ������(��� + ��� + ���). 

���������,
����� + ����� + �����

��� + ��� + ���
≥ ������. 

Solution 4 by Adrian Popa-Romania 

We must prove that: 

����� + ����� + ����� ≥ ������ + ������ + ������ 

(��, �, �) > (�, �, �) because �� > �, �� + � > � + �, �� + � + � = � + � + �. 

 Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand 

We have: 

���

��
+

���

��
+

���

��
≥

�� + �� + ��

�
�

���

��
+

���

��
+

���

��
� ≥ �� + �� + ��

≥ ��� + ��� + ��� 

Hence, 
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����� + ����� + �����

(���)�
≥ ��� + ��� + ��� 

Finally, it follows that: 

����� + ����� + �����

��� + ��� + ���
≥ ������ 

Equality holds for � = � = �. 

SP.384 Let (��)��� be sequence of real numbers with  �� > �, ∀� ∈ ℕ and 

�� = �, ��
� + ����� = (� + �)(� + � + ���).Find: 

� = ���
�→�

�� ⋅ ��� ⋅ ��� � ⋅ ���
�

�
⋅ … ⋅ ���

�

�

�

 

Proposed by Florică Anastase-Romania 

Solution 1 by proposer 

��
� + ����� = (� + �)(� + � + ���) ⇔ 

(� + �)��� − ����� + (� + �)� − ��
� = � ⇔ 

����(� + �) − ��� + (� + �)� − ��
� = � ⇔ 

�(� + �) − ���(��� + �� + � + �) = � ⇔ �� = � + �, (�� > �, ∀� ∈ ℕ) 

Now, we have: 

� = ���
�→�

�� ⋅ ��� ⋅ ��� � ⋅ ���
�

�
⋅ … ⋅ ���

�

�

�

= 

= ���
�→�

�(� + �)��� ⋅ ��� � ���
�

�
… ���

�

�

�

=⏞
���

 

= ���
�→�

(� + �)��� ⋅ ��� � ���
�
� … ���

�
� ���

�
� + �

(� + �)��� ⋅ ��� � ���
�
� … ���

�
�

= 

= ���
�→�

��
� + �

� + �
�

���

⋅ (� + �) ���
�

� + �
� = 
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= ��� +
�

� + �
�

���

⋅
���

�
� + �
�

� + �

⋅
� + �

� + �
� = �  

Solution 2 by Mikael Bernardo-Mozambique 

�� = �, ��
� + ����� = (� + �)(� + � + ���) ⇔ 

��
� + ���� = (� + �)� + (� + �)��� ⇔ �� = � + �; (�� = �) 

� = ���
�→�

�� ⋅ ��� ⋅ ��� � ⋅ ���
�

�
⋅ … ⋅ ���

�

�

�

= ���
�→�

���
��� ⋅ ��� � ⋅ ���

�

�
⋅ … ⋅ ���

�

�

�

= 

=
���

���
�→�

����
��� ��� � ⋅ ���

�
� ⋅ … ⋅ ���

�
� ⋅ ���

�
� + �

��
��� ��� � ⋅ ���

�
� ⋅ … ⋅ ���

�
�

= 

= ���
�→�

(� + �)� ⋅ (� + �)� ⋅ ���
�

� + �
(� + �)� ⋅ (� + �)

= 

= ���
�→�

��� +
�

� + �
�

���

�

�
���

⋅
(� + �)�

(� + �)�
⋅

���
�

� + �
�

� + �

= � ⋅ � ⋅ � = � 

SP.385 Let (��)��� be sequence of positive real numbers such that: 

����
� − (�� + ��)����

� + (���� − ��)��
� + �������� = �, ∀� ∈ ℕ∗, 

� > �. Prove that: 

� ���� ��
��

����
�

�

+ �
��

����
� + ��

�

���

≥ � 

Proposed by Florică Anastase-Romania 

Solution 1 by proposer 

����
� − (�� + ��)����

� + (���� − ��)��
� + �������� = � ⇔ 

����
� + ������

� − ������
� − ������

� − ����
� + �������� = � ⇔ 

(���� − ��) ⋅ �����
� + ��

� − ������� = � ⇔ 
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(���� − ��) �
����

��
+

��

����
− �� = � ⇔ ���� = ��, ∀� ∈ ℕ∗, � > � 

������� 
����

��
+

��

����
− � ≥ �, ∀� ∈ ℕ∗, � > � ��� �� > � 

Now, applying AM-GM inequality, we have: 

�
��

����
�

�

+ �
��

����
� + � ≥ � ⋅ �

��
�

����
�

�

= � ⋅
��

����
 

� ��
��

����
�

�

+ �
��

����
� + ��

�

���

≥ �� ⋅ �
��

����

�

���

= ��,  

������� ���� = ��, ∀� ∈ ℕ∗, � > � 

Therefore, 

� ���� ��
��

����
�

�

+ �
��

����
� + ��

�

���

≥ � 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(∗) ∶  ����
� − (�� + ��)����

� + (���� − ��)��
� + �������� = �, ∀� ∈ �∗, � > �. 

��� � ∈ �∗, � > �. 

(∗)  ↔  (����
� − ������

�) − (������
� − ��������) + (���� − ��)��

� = � 

↔  ����
�(���� − ��) − ������(���� − ��) + (���� − ��)��

� = � 

↔  (���� − ��)(����
� − ������ + ��

�) = �  

↔  ���� = ��, ∀� ∈ �∗, � > �    (∴ ����
� − ������ + ��

� > �) 

���, ���� �� − ��, �� ���� ∶ 

 �
��

����
�

�

+ �
��

����
� + � ≥ ���

��

����
�

�

. �
��

����
� . �

�

= � �
��

����
� 

→ � ���� ��
��

����
�

�

+ �
��

����
� + ��

�

���

≥ � ���� �� �
��

����
��

�

���

= � �� + ���� �
��

����
��

�

���

= � + ���� �
��

����
� = �. 
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���������, � ���� ��
��

����
�

�

+ �
��

����
� + ��

�

���

≥ �. 

Solution 3 by Kamel Gandouli Rezgui-Tunisia 

����
� − (�� + ��)����

� + (���� − ��)��
� − �������� = � 

(� + ����)�����
� − ������ + ��

�� = � ⇔ ���� = ��, ∀� ≥ � because  

����
� − ������ + ��

� > �. 

�� = � ���� ��
����

��
�

�

+
����

��
+ ��

�

���

 

�� = ���� ��
��

��
�

�

+
��

��
+ �� + ���� ��

��

��
�

�

+
��

��
+ �� = 

=
�

��� �
⋅ ��� ���

��

��
�

�

+
��

��
+ �� ��

��

��
�

�

+
��

��
+ ��� ≥

��� �

��� �
= � ������� 

��� + � +
�

�
� �

�

��
+

�

�
+ �� ≥ � 

�������: �� = � ���� ��
����

��
�

�

+
����

��
+ ��

�

���

, ∀� > � 

⇒ � ���� ��
����

��
�

�

+
����

��
+ ��

���

���

= �� + ���� ��
����

����
�

�

+
����

����
+ �� ≥ � + � 

Solution 4 by Hyun Binh Yoo-South Korea 

����
� − (�� + ��)����

� + (���� − ��)��
� + �������� = � ⇔ 

����
� + ������

� − ������
� − ������

� − ����
� + �������� = � ⇔ 

(���� − ��) ⋅ �����
� + ��

� − ������� = � ⇔ ���� = �� or ����
� + ��

� − ������ = �. 

�) ���� = �� ⇒ � ���� ��
��

����
�

�

+ �
��

����
� + ��

�

���

= 

= � ���� ��
��

��
�

�

+ �
��

��
� + ��

�

���

= � ���� �

�

���

= � 

��) ����
� + ��

� − ������ = � ⇔ ����� −
��

�
�

�

+
�

�
��

� = � ����������. 
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SP.386 Solve for real numbers: 

����(�� − �) = ����(�� + �) 

Proposed by Ionuț Florin Voinea-Romania 

Solution 1 by proposer 

C.E. �
�� − � > 0
�� + � > 0

⇒ �
� > ���� �

� ∈ ℝ
⇒ � ∈ (���� � , ∞) 

Let us denote: � = ����(�� − �) = ����(�� + �) ⇔ �
�� − � = ��

�� + � = �� 

I) If � ≥ �. 

i) For � > � ⇒ �
�� > ��

�� = �� + �
⇒ �� + � > ��|: �� > 0 ⇒ �

�

�
�

�

+ � �
�

�
�

�

> 1; (∗) 

Let be the function �: (�, ∞) → ℝ, �(�) = �
�

�
�

�

+ � �
�

�
�

�

 decreasing and for � ≥ � ⇒ 

�(�) ≤ �(�) = � but from (∗): �(�) > 1 then, � < �(�) ≤ � contradiction! 

ii) For � < � ⇒ �
�� < ��

�� = �� − �
⇒ �� − � < �� ⇒ �� + � > ��|: �� > 0 ⇒ 

�
�

�
�

�

+ � �
�

�
�

�

> 1; (∗∗) 

Let be the function �: (�, ∞) → ℝ, �(�) = �
�

�
�

�

+ � �
�

�
�

�

 decreasing and for � ≥ � ⇒ 

�(�) ≤ �(�) = � but from (∗∗): �(�) > 1 then, � < �(�) ≤ � cotradiction! 

iii) For � = � ⇒ �
�� − � = ��

�� + � = �� 

�� − � = �� ⇔ �� + � = ��|: �� ⇔ �
�

�
�

�

+ � �
�

�
�

�

= � 

We observe that: � = � has unique solution, because function �(�) = �
�

�
�

�

+ � �
�

�
�

�

 is 

decreasing. 

II) If � ∈ (���� � , �) 

i) For � > � ⇒ �
�� > ��

�� = �� − �
⇒ �� − � > �� ⇒ �� + � < ��|: �� > 0 

⇒ �
�

�
�

�

+ � �
�

�
�

�

< 1; (�) 
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� < 1 and �(�) = �
�

�
�

�

+ � �
�

�
�

�

 decreasing then, �(�) ≥ �(�) = � but from (�): �(�) < 1 

thus, � > �(�) > 1 contradiction! 

ii) For � < � ⇒ �
�� < ��

�� < �� + �
⇒ �� + � < ��|: �� > 0 

⇒ �
�

�
�

�

+ � �
�

�
�

�

< 1; (�) 

� < 1 and �(�) = �
�

�
�

�

+ � �
�

�
�

�

 decreasing then, �(�) > �(�) = � but from (�): �(�) < 1 

thus, � > �(�) > 1 contradiction. 

iii) For � = � ⇒ �
�� − � = ��

�� + � = �� has solution � = � but � ∉ (���� � , �). No has solution. 

So, � = � has unique solution of the equation. 

Solution 2 by Hyun Bin Yoo-South Korea 

Let �(�) = ����(�� − �) , � = {�|� > ���� � , � ∈ ℝ} and �(�) = ����(�� + �) such that 

�(�) = �(�). First � = � is a trivial solution. Now, we will prove that there are no other 

solutions of �(�) = �(�). 

��(�) =
�

��� �
⋅

�� ��� �

�� − �
= ���� � ⋅

��

�� − �
 

Because ���� � > ���� � > 1 and  
��

����
> then ��(�) > 1, ∀� > ���� �. 

��(�) =
�

��� �
⋅

�� ��� �

�� + �
= ���� � ⋅

��

�� + �
 

Because � < ���� � < ���� � = � and � <
��

����
< 1 then � < ��(�) < 1. 

So, ��(�) > ��(�), ∀� > ���� �. 

�) � > 1, �(�) = �(�) + � ��(�)
�

�

�� = � + � ��(�)
�

�

�� 

�(�) = �(�) + � ��(�)
�

�

�� = � + � ��(�)
�

�

�� 

Since ��(�) > ��(�) ⇒ �(�) > �(�) ⇒ − ∫ ��(�)
�

�
�� > ∫ ��(�)

�

�
�� ⇒ 

�(�) = �(�) no has solution. 

��) ���� � < � < 1, 
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, �(�) = �(�) − � ��(�)
�

�

�� = � − � ��(�)
�

�

�� 

�(�) = �(�) − � ��(�)
�

�

�� = � − � ��(�)
�

�

�� ⇒ 

�(�) = �(�) no has solution. 

So, � = � is unique solution of the equation. 

SP387. Given �: ℝ → ℝ defined by �(�) = −��� + �� − �, then find 

� = ���
�→�

� ��(�)

�

�

�� 

(where ��(�) = � �� ���… �(�)���
�������������

�������

 

Proposed by Rajeev Rastogi-India 

Solution by proposer 

∵ �(�) = −�(�� − ��) − � = −� ��� − �� +
�

�
� + �

�

�
− �� =

�

�
− � �� −

�

�
�

�

 

⇒ �(�) =
� − (�� − �)�

�
⇒ (��(�) − �)� = (�� − �)� 

∴ ���(�)� =
� − �(�(�) − �)�

�
=

� − (�� − �)��

�
 

Now, by induction we will show that 

��(�) =
��(����)��

�
   (1) 

Suppose (1) is true for some � = � (where � > �) 

⇒ ��(�) =
� − (�� − �)��

�
 

∴ ����(�) =
� − (��(�) − �)��

�
=

� − (�� − �)����

�
 

Hence by induction (1) is true for all � ∈ ℕ 

Now 
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� = ���
�→�

� �
� − (�� − �)��

�
�

�

�

�� = ���
�→�

�

�
��� −

(�� − �)����

(�� + �) ⋅ �
�

�

 

= ���
�→�

�

�
��� −

�

(�� + �) ⋅ �
� − �� +

�

(�� + �) ⋅ �
�� = ���

�→�

�

�
�� −

�

�� + �
� =

�

�
 

∴ � =
�

�
 

SP.388  Given {��} is a sequence of real numbers satisfying �� = � and 

�

� − ����
−

�

� − ��
= �� + �; ∀� ≥ � 

Define �� =
����

�
  for � ≥ �, then find 

� = ���
�→�

�� ⋅ �����
����

��
− �� −

�

�
+ ��� ��� ���� �� ��

�

���

�� 

Proposed by Rajeev Rastogi-India 

Solution 1 by proposer 

�

� − ����
−

�

� − ��
= (� + �)� − �� 

⇒
�

������
− (� + �)� =

�

����
− ��   (1). Let �� =

�

����
− ��, then 

(1)⇒ �� = ���� = ���� = ⋯ = �� =
�

����
− �� ⇒ �� =

�

�
− � = � 

⇒
�

� − ��
= �� ⇒ �� = � −

�

��
 

∵ �� =
� − ��

�
=

�

��
 

∵ ������ � =
�

�
��� �

� + �

� − �
� 

⇒ ������ ��� =
�

�
��� �

� +
�
�

� −
�
�

� =
�

�
��� �

� + �

� − �
� 

Also,  
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� ��

�

���

= � � �
� − �

�
� ⋅ �

� + �

�
�

�

���

 

= � ��
�

�
⋅

�

�
⋅

�

�
…

� − �

�
� �

�

�
⋅

�

�
⋅

�

�
…

� + �

�
�� 

= � �
�

�
⋅

� + �

�
� ⇒ � ��

�

���

=
�(� + �)

�
 

∴ � = ���
�→�

�� ⋅ �����
��

(� + �)�
− �� −

�

�
+

�

�
��� �

� + �

� − �
�� ⋅

�(� + �)

�
� 

= � ����� � − �� −
�

�
+

�

�
��� �� ⋅ � 

= � ⋅
�

�
− �� −

�

�
� ⋅ � = �� − �� + � 

⇒ � = � 

Solution 2 by Adrian Popa-Romania 

Denote: 
�

����
= �� ⇒

�

������
= ����; �� = � 

� = � ⇒ �� − �� = �
� = � ⇒ �� − �� = �
� = � ⇒ �� − �� = �

… … … … … … … … …
� = � − � ⇒ �� − ���� = �� − �⎭

⎪
⎬

⎪
⎫

⇒ �� − �� = � + � + � + ⋯ + (�� − �) 

�� = � + � + � + ⋯ + (�� − �) = �� ⇒
�

� − ��
= �� ⇒ 

�� =
��� − �

��
=

�(� − �)(� + �)

��
= � �� −

�

��
� ⇒ �� =

� − ��

�
= � −

�

�
�� =

�

��
 

����

��
=

�
(� + �)�

�
��

=
��

(� + �)�
→ � 

���
�→�

� ����� �
����

��
� = � ����� � = �� 
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������ ��� = ������ �
�

�
� =

�

�
��� �

� +
�
�

� −
�
�

� =
�

�
��� �

� + �

� − �
� →

�

�
��� � = � 

� ��

�

���

=
�(� + �)

�
 

Therefore, 

� = ���
�→�

�� ⋅ �����
��

(� + �)�
− �� −

�

�
+

�

�
��� �

� + �

� − �
�� ⋅

�(� + �)

�
� = 

= � ����� � − �� −
�

�
+

�

�
��� �� ⋅ � = � 

Solution 3 by Hyun Bin Yoo-South Korea 

Let �� =
�

����
 for � ≥ � then, �� = � and 

�

������
−

�

����
= ���� − �� = �� + � 

Hence, 

�(���� − ��)

�

���

= ���� − �� = ���� − �, � ≥ �, �(�� + �)

�

���

= � ⋅
�(� + �)

�
+ �

= �� + �� 

Since ���� − �� = �� + � and  

�(���� − ��)

�

���

= �(�� + �)

�

���

⇒ ���� = (� + �)�; � ≥ � ⇒ �� = ��; � ≥ � 

Since �� = �, �� = ��; � ≥ � ⇒ �� =
�

����
⇔ �� − � =

��

����
⇔ �� = � �� −

�

��� ; � ≥ � 

Since �� = �, �� = � �� −
�

��� ; � ≥ � and �� =
�

��
⇒ �� =

�

�� ; � ≥ � 

���
�→�

����

��
= ���

�→�
�

�

� + �
�

�

 = �, ���
�→�

����� �
����

��
� = ���

�→��
����� � =

�

�
 

���
�→�

��� = ���
�→�

�
�

�
= ��, ���

�→�
������ ��� = ���

�→��
������ � = � 
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� ��

�

���

= � � �� −
�

��
�

�

���

= � � �
� − �

�
� �

� + �

�
�

�

���

= 

= � �
�

�
⋅

�

�
⋅

�

�
⋅

�

�
⋅ … ⋅

� − �

�
⋅

� + �

�
� =

�(� + �)

�
⇒ ���

�→�
� ��

�

���

= ���
�→�

�(� + �)

�
= � 

Therefore, 

� = ���
�→�

�� ⋅ �����
��

(� + �)�
− �� −

�

�
+

�

�
��� �

� + �

� − �
�� ⋅

�(� + �)

�
� = 

= � ����� � − �� −
�

�
+

�

�
��� �� ⋅ � = �� − �� + � = � 

SP.389 Given �: ℝ → ℝ is a continuous function satisfying the functional 

equation �(� + �) − ���(�) = ���(�); ∀�, � ∈ ℝ, � ∈ ℕ∗ then find 

�(�) = ���
�→�

�
�(�)

��(�)
+

��(�)

���(�)
+ ⋯ +

����(�)

��(�)
� 

(where ��(�) denotes the ��� derivative of �(�) with respect to �) 

Proposed by Rajeev Rastogi-India 

Solution by proposer 

∵ �(� + �) − ���(�) = ���(�); ∀�, � ∈ ℝ  (1) 

Define new function �(�) = ��� ⋅ �(�) then (1) ⇒ 

���� ⋅ �(� + �) − �� ⋅ ���(�) = �� ⋅ ���(−�) ⇒ �(� + �) = �(�) + �(�) 

Hence �(�) satisfies Cauchy functional equation 

∴ �(�) = �� where � ∈ ℝ ⇒ �� = ��� ⋅ �(�) ⇒ �(�) = �� ⋅ �� 

��(�) = �[� ⋅ �� �� � + �� ⋅ �] = � ⋅ ��(� ⋅ �� � + �) 

���(�) = �[�� ⋅ �� � + (� �� � + �) ⋅ �� ⋅ �� �] 

���(�) = � ⋅ �� ⋅ �� � (� �� � + �) 

����(�) = �(�� �)� ⋅ ��(� �� � + �) 

⋮ 

��(�) = � ⋅ (�� �)��� ⋅ ��(� �� � + �) 
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∴ � = ���
�→�

�
�(�)

��(�)
+

��(�)

���(�)
+ ⋯ +

����(�)

��(�)
� 

= ���
�→�

⎣
⎢
⎢
⎢
⎡

�� ⋅ ��

� ⋅ ��(� �� � + �)
+

� ⋅ ��(� �� � + �)

� ⋅ �� ⋅ �� � (� �� � + �)
+ ⋯

… +
� ⋅ (�� �)��� ⋅ ���� �� � + (� − �)�

�(�� �)��� ⋅ ��(� �� � + �) ⎦
⎥
⎥
⎥
⎤

 

= ���
�→�

�
�

� �� � + �
+

� �� � + �

�� � (� �� � + �)
+ ⋯ +

�� �� � + (� − �)�

�� � (� �� � + �)
� 

=
�

�� �
+

�

�� �
+ ⋯ +

�

�� �
   (� – times)⇒ � =

�

�� �
 

SP.390 Given �(�) be a non-constant function satisfying the integral equation 

�(�) = ��� − ∫ (�(�) − �)��

�
��  then find: 

� = ���
�→�

����
�→�

�
∑ � �

�
����

���

�
�� 

Proposed by Rajeev Rastogi-India 

Solution 1 by proposer 

Given 

�(�) = ��� − � (��(�) − ���(�) + ��)��
�

�

 

= ��� − ∫ ��(�)
�

�
�� + �� ∫ �(�)��

�

�
− �� ∫ ��

�

�
⇒ �(�) = �� ∫ �(�)

�

�
�� − ∫ ��(�)

�

�
��   (1) 

Let 

� �(�)��
�

�

= �, � ��(�)
�

�

�� = � 

then (1) ⇒ �(�) = ��� − �   (2) 

Using this in the given equation, we have 

��� − � = ��� − � (��� − � − �)�
�

�

�� = ��� − �
(��� − � − �)�

��
�

�

�

 

= ��� −
�

��
���� − (� + �)�

�
+ (� + �)�� 
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= ��� −
�

��
[(��)� − �(��)�(� + �) + � ⋅ �� ⋅ (� + �)�] 

= ��� −
��

�
�� + ��(� + �) − �(� + �)� 

⇒ ��� − � = (�� − ��) + ���� − ��
��

�
− ���� ; ∀� ∈ ℝ 

Comparing coefficients 

�� = �� − ��  (3) 

−� = ��� − ��
��

�
− ���   (4) 

(3)⇒ �� = �� ⇒ � =
�

�
� 

∴ (4) ⇒ −
�

�
� = �� ⋅

�

�
� − ��

��

�
− � ⋅

�

�
�� 

⇒ �� ��� −
��

�
−

�

�
� = −

�

�
�(∵ � ≠ �) 

∴ � �
�� − �� − ��

�
� = −

�

�
 

⇒ −
��

�
� = −

�

�
⇒ � =

�

��
∴ � =

��

��
 

∴ (2) ⇒ �(�) =
��

��
� −

��

��
 

∴ � = ���
�→�

����
�→�

�
�(�) + � �

�
�� + � �

�
��� + ⋯ + � �

�
���

�
�� 

=
��

��
�� +

�

�
+

�

��
+

�

��
+ ⋯ �� �� ∞� =

��

��
×

�

� −
�
�

=
��

��
× � 

⇒ � =
��

��
 

Solution 2 b Kamel Gandouli Rezgui-Tunisia 

�(�) = ��� − � (�(�) − �)���
�

�

= 

= ��� − �� ��(�)�
�

��
�

�

− �� � �(�)��
�

�

+ ���� = 
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= − �� ��(�)�
�

��
�

�

− �� � �(�)��
�

�

� = ��� − � 

� = � (��� − �)��
�

�

= �� ⋅
��

�
�

�

�

− �� = �� − ��  

� ��(�)�
�

��
�

�

= � (��� − �)���
�

�

=
�

��
(��� − �)��

�

�
= 

=
�

��
(� + �)� +

�

��
⋅ �� =

�

��
�� +

��

�
�

�

+
�

��
�

��

�
�

�

=
��

�
= � 

���

��
�� +

��

��
�� =

�

�
�; � ≠ � ⇒ � =

�

��
⇒ � =

��

��
⇒ �(�) =

��

��
� −

��

��
 

� (�(�) − �)���
�

�

= � �
��

��
� −

��

��
− ��

�

��
�

�

⇒ 

� �
�

��
� =

��

��
�

�

��
� −

��

��
 

�

�
� � �

�

��
�

�

���

=
��

��
� ⋅

� −
�

����

� −
�
�

�
−

��
�� (� + �)

��������
→� �� �→�

=
��

��
 

UP.376 If �, � > � then find: 

� = ���
�→�

�
�

�(�� − �)‼
�

⋅ � �
�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

� 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by proposer 

���
�→�

�

�(�� − �)‼
�

= ���
�→�

�
��

(�� − �)‼

�

=⏞
(���)

���
�→�

(� + �)���

(�� + �)‼
⋅

(�� − �)‼

��
= 

= ���
�→�

� + �

�� + �
⋅ �

�

� + �
�

�

=
�

�
���
�→�

�� +
�

�
�

�

=
�

�
; (�) 
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� = ���
�→�

�
�

�(�� − �)‼
�

⋅ � �
�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

� = 

= ���
�→�

�

�(�� − �)‼
�

⋅ ���
�→�

�
�

�
� �

�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

� =⏞
(���)

 

= ���
�→�

�

�(�� − �)‼
�

⋅ ���
�→�

�
�

�� +
�

(� + ��)� +
�

�� + �(� + �)�
�

� + � − �
= 

=
�

�
⋅ ���

�→�
�

�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
� =

�

�
⋅ �

�

��
+ � + � =

�

��
 

Solution 2 by Ruxandra Daniela Tonilă-Romania 

� �
�

��

�

���

< � �
�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

≤
�����

 

≤ � ⋅ �
�

�
� �

�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
��

�

���

⇔ 

�

�
< � �

�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

≤
�

�
�

�

�
� �� +

�

�
�
�

+ ��
�

+
�

�
�
�

+ � + ��
��

�

���

 

⇔
�

� �(�� − �)‼
�

<
�

�(�� − �)‼
�

� �
�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

≤ 

≤
�

� �(�� − �)‼
�

�� +
�

�
�

⎝

⎛
�

�
�
�

+ ��
� +

�

�
�
�

+ (� + �)�
�

⎠

⎞

�

���

 

Let: �� =
�

�(����)‼
� , it follows 
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�

�
���
�→�

�� < � ≤
�

�
���
�→�

�� �� +
�

�
�

⎝

⎛
�

�
�
�

+ ��
� +

�

�
�
�

+ (� + �)�
�

⎠

⎞

�

���

; (�) 

From Stirling approximation, we have: 

���
�→�

�� = ���
�→�

� ⋅ √�� ⋅ �!
�

�(��)!
�

= ���
�→�

�� ⋅
�
�

�
��
� �

� =
�

�
; (�) 

�

⎝

⎛
�

�
�
�

+ ��
� +

�

�
�
�

+ (� + �)�
�

⎠

⎞

�

���

= � � �
�

�
�
�

+ ��
��

�

���

+
�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
�

< � �
�

��

�

���

+
�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
� 

Hence, 

� < �� +
�

�
�

⎝

⎛
�

�
�
�

+ ��
� +

�

�
�
�

+ (� + �)�
�

⎠

⎞

�

���

≤ 

≤ �� +
�

�

⎝

⎛� �
�

��

�

���

+
�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
�

⎠

⎞ 

� < ���
�→�

�� +
�

�
�

⎝

⎛
�

�
�
�

+ ��
� +

�

�
�
�

+ (� + �)�
�

⎠

⎞

�

���

≤ 

≤ ���
�→�

�� +
�

�

⎝

⎛� �
�

��

�

���

+
�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
�

⎠

⎞ = 
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= ���
�→�

�� +
�

�

⎝

⎛� ⋅
��

�
+

�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
�

⎠

⎞ = � 

Hence, 

���
�→�

�� +
�

�

⎝

⎛� �
�

��

�

���

+
�

�
�
�

+ (� + �)�
�

−
�

�
�
�

+ ��
�

⎠

⎞ = �; (�) 

From (1),(2),(3) it follows that: 

� = ���
�→�

�
�

�(�� − �)‼
�

⋅ � �
�

��
+

�

(� + ��)�
+

�

�� + �(� + �)�
�

�

���

� =
�

��
 

UP.377 Let (��)��� sequence of positive real numbers such that  

���
� = �����

� + (�� − �)������; � > 0, �� > 0 −fixed. Find: 

� = ���
�→�

⎝

⎜⎜
⎛

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

�

����
�

√�
�

⎠

⎟⎟
⎞

 

Proposed by Florică Anastase-Romania 

Solution 1 by proposer 

�����
� + (�� − �)������ − ���

� = � ⇔ �������� + �����
� − ���

� − ������ = � ⇔ 

(����� − ��)(��� + ����) = � ⇔ ����� −
�

�
��� (��� + ����) = �; (�� > 0, ∀� ∈ ℕ)

⇔ 

���� −
�

�
�� = � ⇔ ���� =

�

�
�� 

So, (��)��� −geometric progression with ratio � =
�

�
. 

Now, we have: 
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���
�→�

⎝

⎜⎜
⎛

� +

∑ ��
�

�

√� − ���
���

�

⎠

⎟⎟
⎞

�

∑ ��
�

�

√�����
���

= � 

���
�→�

∑ ��
�

�

√� − ���
���

� ��� �
�

√�
�

=
�

�
���

�→�

⎣
⎢
⎢
⎡

�

√�

���
�

√�

⋅ �

⎝

⎛
�

�

�

√� − �

�

√� ⎠

⎞

�

���
⎦
⎥
⎥
⎤

= 

=
�

�
� ��� ��

�

���

=
�

�
��� �� ��

�

���

� =
�

�
��� ���

� �
�

�
�

������⋯�(���)

� = 

=
�

�
��� ���

� �
�

�
�

�(���)
�

� = ��� ��� �
�

�
�

���
�

� 

� = ���
�→�

⎝

⎜⎜
⎛

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

�

����
�

√�
�

⎠

⎟⎟
⎞

= 

= ���
�→�

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

���
�→�

⎣
⎢
⎢
⎢
⎢
⎢
⎡

⎝

⎜⎜
⎛

� +

∑ ��
�

�

√� − ���
���

�

⎠

⎟⎟
⎞

�

∑ ���

�

√�����
���

⎦
⎥
⎥
⎥
⎥
⎥
⎤

∑ ���

�

√�����
���

� ����
�

√�
�

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

= 

= ���
�→�

��� �
�

�
�

���
�

� = �
�;            � > 1
∞;     � ∈ (�, �)
��;           � = �

 

Solution 2 by Kamel Gandouli Rezgui-Tunisia 

�����
� + (�� − �)������ − ���

� = �, � = (�� + �)���
� 
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���� =
� − �� + (�� + �)

��
�� =

��

�
⇒ �� = �

�

�
�

�

�� 

�
�

�

√� = �
�

�
�

�

√�
�� ⇒ � �

�

�

√�

�

���

= � �
�

�
�

�

√�
��

�

���

= ����

� − �
�
��

�

√�

� − �
�
��

�

√�

⇒ 

�
�

�
� �

�

�

√�

�

���

�

�

���
�

√� =

⎝

⎜
⎛����

�

� − �
�
��

�

√�

� − �
�
��

�

√�

⎠

⎟
⎞

�

����
�

√�
�

= ���

⎩
⎪
⎨

⎪
⎧

�

��� �
�

√�
�

���

⎝

⎜
⎛����

�

� − �
�
��

�

√�

� − �
�
��

�

√�

⎠

⎟
⎞

⎭
⎪
⎬

⎪
⎫

 

���
�→�

����

�

� − �
�
��

�

√�

� − �
�
��

�

√�

=

� ��� �
��� �

�
���� = ���� 

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

�

����
�

√�
�

= �

���
�→�

�

����
�

√�
�

��� ����

= �

�, �� ���� = ���
� < 1

+∞, �� ���� = ���
� > 1

�, �� �� ���������

 

Therefore, 

� = ���
�→�

⎝

⎜⎜
⎛

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

�

����
�

√�
�

⎠

⎟⎟
⎞

= �

�, �� ���� = ���
� < 1

+∞, �� ���� = ���
� > 1

�, �� �� ���������

 

 Solution 3 by Ruxandra Daniela Tonilă-Romania 

���
� = �����

� + (�� − �)���� ⋅ �� 

� = � �
����

��
�

�

+ (�� − �) ⋅
����

��
 

� =
�

�
⋅ �

����

��
�

�

+ �� −
�

�
�

����

��
⇒ ���

�→�

�

�
⋅ �

����

��
�

�

+ �� −
�

�
�

����

��
= � 
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���
�→�

����

��
=

�

�
⟺ ���

�→�

����

��
=

�

�
���
�→�

�(� + �)

�(�)
, 

 ����� �(�) = ���� + �������� + ⋯ + ��� + �� ⟺ ���� =
�(� + �)

�(�)
⋅

�

�
⋅ �� 

Let’s suppose that �� = ���� = ⋯ = �� = � and �� ≠ �, then ���� =
��

�
. 

⇒ �
��

�

��� = �
��

�

����� +
(����)��

�

����� ⇒ �� = � + �� − � ⇒ �� = ��, true ∀� > 0 and � ∈ ℕ. 

� = ���
�→�

⎝

⎜⎜
⎛

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

�

����
�

√�
�

⎠

⎟⎟
⎞

= ���
�→�

⎝

⎜
⎜
⎜
⎛

���
�→�

⎝

⎛
∑ �

�

�

√��
���

�

⎠

⎞

√�⋅

�

√�

����
�

√�
�

⎠

⎟
⎟
⎟
⎞

= 

= ���
�→�

⎝

⎜⎜
⎛

���
�→�

⎝

⎜
⎛∑ �

��

���

�

√��
���

�

⎠

⎟
⎞

√�

⎠

⎟⎟
⎞

= �� ���
�→�

⎝

⎜
⎜
⎜
⎜
⎛

���
�→�

⎝

⎜
⎜
⎜
⎛∑ �

�

�
�

√�

�

�

�
���

�

⎠

⎟
⎟
⎟
⎞

√�

⎠

⎟
⎟
⎟
⎟
⎞

 

Case 1. If � ∈ (�, �), we have: 

� =
���

�� ���
�→�

⎝

⎜
⎜
⎜
⎜
⎛

���
�→�

⎝

⎜
⎜
⎜
⎛∑ �

�

�
�

√�

�

�

���
��� − ∑ �

�

�
�

√�

�

�

�
���

� + � − �

⎠

⎟
⎟
⎟
⎞

√�

⎠

⎟
⎟
⎟
⎟
⎞

= 

= �� ���
�→�

�
�

�
�

√�

�

√�(���)

= �� ���
�→�

�

����
= +∞ 

Case 2. If � = �, we have: 

� = �� ���
�→�

�
�

�
� �

�

√�

�

���

�

√�

= �� 

Case 3. If � > �, we have: 
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� = �� ���
�→�

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

���
�→�

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

�

�
�

√�

⋅

�
�

�
�

√�

�

�

− �

�

�
�

√�

− �

�

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

√�

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

= �� ���
�→�

⎝

⎜
⎜
⎜
⎜
⎛

���
�→�

⎝

⎜
⎜
⎜
⎛� − �

�

�
�

√�

�

�

��
�

√� − �� �

⎠

⎟
⎟
⎟
⎞

√�

⎠

⎟
⎟
⎟
⎟
⎞

 

We have: 

� ≤ � ≤ �� ���
�→�

⎝

⎜⎜
⎛

���
�→�

�

�√� ��
�

√� − ��

√�

⎠

⎟⎟
⎞

= � 

Therefore, 

� = �
�;            � > 1
∞;     � ∈ (�, �)
��;           � = �

 

UP.378 If (��)���, (��)��� are positive real sequences such that  

�� = �� ⋅ ���! ⋅ ���!� ⋅ … ⋅ ���!�  and ���
�→�

����

�⋅��
= �. Find: 

���
�→�

�
(� + �)�

�����
���

−
��

���
�

� 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by proposers 

���
�→�

�

���
�

= ���
�→�

�
��

��

�

=⏞
�����

���
�→�

(� + �)���

����
⋅

��

��
= ���

�→�
�

� + �

�
�

���

⋅ ���
�→�

� ⋅ ��

����
=

�

�
 

���
�→�

�

���
�

= ���
�→�

�
��

�

�

=⏞
�����

���
�→�

(� + �)���

����
⋅

�

��
= ���

�→�
�

� + �

�
�

���

⋅
(� + �)��

����
= 

= � ⋅ ���
�→�

� + �

�����
���

= � ⋅
�

�
=

��

�
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�� ����:
(� + �)�

�����
���

−
��

���
�

=
��

���
�

⋅ (�� − �) =
��

���
�

⋅
(�� − �)

��� ��
⋅ ��� �� 

=
�

���
�

⋅
(�� − �)

��� ��
⋅ ��� ��

� ; (�) 

�����, �� = �
� + �

�
�

�

⋅
���
�

�����
���

.  �� ����: ���
�→�

�� = � , ���� ���
�→�

�� − �

��� ��

= �. ������, 

���
�→�

��
� = ���

�→�
�

� + �

�
�

��

⋅
��

����
⋅ �����

���
= �� ⋅ ���

�→�
�

(� + �) ⋅ ��

����
⋅ �����

���
� = 

= �� ⋅ ���
�→�

� + �

�����
���

⋅ ���
�→�

�����
���

� + �
= �� ⋅

�

�
⋅

�

��
= � 

From (�) it follows that: 

���
�→�

�
(� + �)�

�����
���

−
��

���
�

� =
��

�
⋅ � ⋅ ��� � =

��

�
 

Solution 2 by Marian Ursărescu-Romania 

� = ���
�→�

�
(� + �)�

�����
���

−
��

���
�

� = ���
�→�

��

���
�

�
(� + �)�

�����
���

⋅
���
�

��
− �� = 

= ���
�→�

�

���
�

⋅ � ⋅ �
(� + �)�

��
⋅

���
�

�����
���

− �� ; (�) 

���
�→�

�

���
�

= ���
�→�

�
��

��

�

=
���

���
�→�

(� + �)���

����
⋅

��

��
= ���

�→�
�

� + �

�
�

�

⋅
(� + �)��

����
= 

= ���
�→�

�� +
�

�
�

�

⋅
� + �

�����!���
= � ⋅ ���

�→�

�

���
�

= � ⋅ ���
�→�

�
��

��

�

=
���

 

= � ⋅ ���
�→�

(� + �)���

����
⋅

��

��
= � ⋅ ���

�→�
�� +

�

�
�

�

⋅
(� + �)��

����
= 

= � ⋅ ���
�→�

�� +
�

�
�

�

⋅
���

����
⋅

� + �

�
= � ⋅ � ⋅

�

�
⋅ � =

��

�
; (�) 
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���
�→�

�
(� + �)�

��
⋅

���
�

�����
���

− �� = ���
�→�

� ��
����

(���)�

�� ⋅
���

�

�����
��� �

− �� = 

= ���
�→�

�

⎝

⎜
⎛ �

����
(���)�

�� ⋅
���

�

�����
��� �

− �

��� �
(� + �)�

�� ⋅
���
�

�����
���

�
⎠

⎟
⎞

⋅ ��� ��� +
�

�
�

�

⋅
���
�

�����
���

� = 

= ���
�→�

� ⋅ ��� ��� +
�

�
�

�

⋅
���
�

�����
���

� = ���
�→�

��� ��� +
�

�
�

��

⋅
���
�

� �����
���

�
�� = 

= ���(���
�→�

��� +
�

�
�

��

⋅
��

����
⋅ �����

���
� = ��� ��� ⋅ ���

�→�

�

�����
���

⋅ �����
���

� = 

= ��� ��� ⋅ ���
�→�

���
�

���
�

� = ��� ��� ⋅ ���
�→�

���
�

�
⋅

�

���
�

� =
(�)

��� ��� ⋅
�

��
⋅

�

�
� = ��� � = �; (�) 

From (1),(2),(3) it follows: 

���
�→�

�
(� + �)�

�����
���

−
��

���
�

� =
��

�
 

UP.379. If �� = −�√� + ∑
�

√�

�
���  is the Ioachimescu’s sequence with 

���
�→�

�� = �, then compute ���
�→�

(�� − �) �(�� − �)‼
��

. 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by proposers 

���: �� = (�� − �) �(�� − �)‼
��

= (�� − �) ⋅ √� ⋅ � �(�� − �)‼
�

�
; (�) 

���
�→�

�(�� − �)‼
�

�
= ���

�→�
�

(�� − �)‼

��

�

= ���
�→�

�
(�� + �)‼

(� + �)���
⋅

��

(�� − �)‼
� = 

= ���
�→�

�� + �

� + �
�

�

� + �
�

�

=
�

�
; (�) 
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���
�→�

(�� − �)√� = ���
�→�

�� − �

�

√�

=⏞
�.���

���
�→�

���� − ��

�

√� + �
−

�

√�

= 

= ���
�→�

��(� + �)

√� + � − √�
(�� − ����) = 

= ���
�→�

��(� + �)�√� + � + √�� �−�√� −
�

√� + �
+ �√� + �� = 

= ���
�→�

√��√� + � + √�� ��� + � − ���(� + �)� = 

= ���
�→�

√��√� + � + √��

�� + � + ���(� + �)
=

�

�
; (�) 

From (�), (�) and (�) we get: 

���
�→�

(�� − �) �(�� − �)‼
��

= ���
�→�

�� =
�

�
�

�

�
=

�

√��
 

Solution 2 by Shivam Sharma-New Delhi-India 

(�� − �)‼ =
(��)!

���!
⇒ ���

�→�
(�� − �) �

(��)!

���!
�

�
��

=
��������

 

= ���
�→�

(�� − �)(
�

��
�

� √�√���

√� �
�
��

�
�

�√����
�

��

= √� ���
�→�

(�� − �) ��
�

�
� = �

�

�
���
�→�

(�� − �)√� =
���

 

= �
�

�
���
�→�

���� − ��

�

√� + �
−

�

√�

= �
�

�
���
�→�

�

√� + �
− ��√� − √� + ��

�

√� + �
−

�

√�

= 

= �
�

�
���
�→�

�

√� + �
−

�

√� + √� + �
�

√� + �
−

�

√�

= �
�

�
���
�→�

√�

√� + � + √�
= �

�

�
���
�→�

�

� + �� +
�
�

=
�

√��
 

UP.380 Let be �(�) = � �
�

�
� ⋅ � �

�

�
� ⋅ … ⋅ � �

���

�
� , � ≥ �, � ∈ ℕ∗. 

Find: 
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� = ���
�→�

�
�(�)

���
�

√�

⋅ ���
�

�(��)���
� 

Proposed by Florică Anastase-Romania 

Solution 1 by proposer 

��(�) = �� �
�

�
� � �� −

�

�
�� �� �

�

�
� � �� −

�

�
�� … �� �

� − �

�
� � �� −

� − �

�
�� = 

=
�

���
�
�

⋅
�

���
�
�

⋅ … ⋅
�

��� �
� − �

� �
= �

�

��� �
��
� �

���

���

; (�) 

� ��

���

���

= � �� − ��� �
���

�
� − � ��� �

���

�
��

���

���

 

For � = �, we get: 

� = � �� − ��� �
���

�
� − � ��� �

���

�
��

���

���

= � ������ �
��

�
�

���

���

= ���� ⋅ � ��� �
��

�
�

���

���

 

Thus,  

� ��� �
��

�
�

���

���

=
�

����
→ �(�) =

�

√�
⋅ (��)

���
�  

Hence, we have: 

� = ���
�→�

�
(��)���

�
⋅

�

���
�

√�

⋅ ���
�

�(��)���
= ���

�→�

�

√�
⋅

(��)
���

�

���
�

√�

⋅ ���
�

(��)
���

�

 

���
�→�

(��)
���

� ⋅

�

√�

���
�

√�

⋅ ���
�

(��)
���

�

= ���
�→�

(��)
���

� ⋅ ���
�

(��)
���

�

= 
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= ���
�→�

���
�

(��)
���

�

�

(��)
���

�

= � 

Solution 2 by Kaushik Mahanta-Assam-India 

Recall, �(�) = � �
�

�
� ⋅ � �

�

�
� ⋅ … ⋅ � �

���

�
� =

�

√�
⋅ (��)

���

�  

� = ���
�→�

�
(��)���

�
⋅

�

���
�

√�

⋅ ���
�

�(��)���
= 

= ���
�→�

�

√�
⋅

(��)
���

�

���
�

√�

⋅ ���
�

(��)
���

�

= � 

 Solution 3 by Syed Shahabudeen-Kerala-India 

�(�) = � �
�

�
� ⋅ � �

�

�
� ⋅ … ⋅ � �

� − �

�
� =

�

√�
= � � �

�

�
�

���

���

 

From Gauss multiplication, we have: 

� � �� +
�

�
�

���

���

= (��)
���

� �
�
�

����(��) 

� � �
�

�
�

���

���

= (��)
���

� ���
�→�

�
�
�

��� �(��)

�(�)
= (��)

���
� �

�
�

�� =
(��)

���
�

√�
 

� = ���
�→�

�
(��)���

�
⋅

�

���
�

√�

⋅ ���
�

�(��)���
= ���

�→�

�

√�
⋅

(��)
���

�

���
�

√�

⋅ ���
�

(��)
���

�

 

= ���
�→�

⎝

⎜
⎛

��� �
�

�(��)���
�

�

�(��)���

⋅

�

√�

��� �
�

√�
�

⎠

⎟
⎞

= � 
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UP.381 If �, � ∈ ℝ�, ��(�, �) = − ���(� + �) + ∑
�

���

�
��� , 

���
�→�

��(�, �) = �(�, ) ∈ ℝ, then find: 

� = ���
�→�

���� �
�

� + �
� + �

�

� + �

�

���

− �(�, �)�

�

 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by proposers 

� = ���
�→�

���� �
�

� + �
� + �

�

� + �

�

���

− �(�, �)�

�

= ���
�→�

�� + ��(�, �) − �(�, �)�
�

= 

= ���
�→�

�� + ��(�, �) − �(�, �)�
�

��(�,�)��(�,�)
⋅����(�,�)��(�,�)�

= 

= �
���

�→�
����(�,�)��(�,�)�

; (�) 

���
�→�

����(�, �) − �(�, �)� =
���
�→�

���(�, �) − �(�, �)�

�
�

=⏞
���

 

= ���
�→�

����(�, �) − ��(�, �)

�
� + � −

�
�

= 

= ���
�→�

(�� + �) �− ���(� + �) + ���(� + � + �) −
�

� + � + �
� = 

= ���
�→�

(�� + �) ���� �
� + � + �

� + �
� −

�

� + � + �
� =

���

��
�
�

,�→�,���

� − � +
�

�
; (�) 

From (�), (�) it follows that: 

� = ���
�→�

���� �
�

� + �
� + �

�

� + �

�

���

− �(�, �)�

�

= �����
�
� = ���� ⋅ √� 

UP.382 For � > � find: 

�(�) = ���
�→�

���� �
� �(� + �)!

���
�

��

(� + �)�
−

� √�!
�

�
��

��
� 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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Solution 1 by proposers 

��� ��(�) = ���� �
� �(� + �)!

���
�

��

(� + �)�
−

� √�!
�

�
��

��
� . �� ����: 

(∗): ��(�) = ���� ⋅
� √�!

�
�

��

��
⋅ (�� − �) = �

√�!
�

�
�

��

⋅ � ⋅
�� − �

��� ��
⋅ ��� �� = 

= �
√�!
�

�
�

��

⋅
�� − �

��� ��
⋅ ��� ��

� , ∀� ≥ � 

�� ������: �� = �
�(� + �)!

���

√�!
� �

��

⋅ �
�

� + �
�

�

, ∀� ≥ �. 

���
�→�

�� = �, ���
�→�

�� − �

��� ��
= � 

���
�→�

��
� = ���

�→�
���

�� ⋅ �
�(� + �)!

���

√�!
� �

���

� = ��� ⋅ ���
�→�

�
(� + �)!

�!
⋅

�

�(� + �)!
���

�

��

= 

= ��� ⋅ ���
�→�

�
� + �

�(� + �)!
���

�

��

= ��� ⋅ ��� = �� 

By (∗) and above, we obtain, 

���
�→�

��(�) = ���� ⋅ � ⋅ ��� �� = � ⋅ ���� 

Solution 2 by Asmat Qatea-Afghanistan 

� = ���
�→�

���� �
� �(� + �)!

���
�

��

(� + �)�
−

� √�!
�

�
��

��
� = 

= ���
�→�

���� �
� √�!

�
�

��

��
� �

� �(� + �)!
���

�
��

(� + �)�
⋅

��

� √�!
�

�
�� − �� = 

= ���
�→�

�
�� √�!

�
�

��

���
� �

�� � �(� + �)!
���

�
��

(� + �)�� √�!
�

�
�� − �� = 
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����
�→�

� ��
�
� − �� = ��� �� 

= ���
�→�

�
� √�!

�
�

��

���
� ⋅ � ⋅ ��� �

�� � �(� + �)!
���

�
��

(� + �)�� √�!
�

�
�� � 

���
�→�

√�!
�

�
=

�

�
⇒ ���

�→�
√�!
�

=
�

�
⇒ ���

�→�
�(� + �)!

���
=

� + �

�
 

� = ���
�→�

�
�

�
��

��

���
� ⋅ � ⋅ ��� �

�� �
� + �

� �
��

(� + �)� �
�
��

��� =
�

���
���
�→�

� ⋅ ��� �
��(� + �)��

(� + �)����
� = 

=
�

���
���
�→�

���� �� +
�

�
� =

�

���
���
�→�

��� �� +
�

�
�

�

=
�

���
��� � =

�

���
 

Solution 3 by Syed Shahabudeen-India 

� = ���
�→�

���� �
� �(� + �)!

���
�

��

(� + �)�
−

� √�!
�

�
��

��
� = ���

�→�
����

� √�!
�

�
��

��
(�� − �) = 

= ���
�→�

�
√�!
�

�
�

��

⋅
�� − �

��� ��
⋅ ��� ��

� , ����� �� =
�� � �(� + �)!

���
�

��

(� + �)�� √�!
�

�
��  

���
�→�

√�!
�

�
=

���
���
�→�

�(� + �)!
���

− √�!
�

� + � − �
= ���

�→�
� �(� + �)!

���
− √�!

�
� =

������� �

�
 

���
�→�

�� = ���
�→�

�� � �(� + �)!
���

�
��

(� + �)�� √�!
�

�
�� = ���

�→�
�

�(� + �)!
���

� + �
�

��

�
�

√�!
� �

��

�
� + �

�
�

�

= � 

���
�→�

�� − �

��� ��
= �, ���

�→�
��

� = ���
�→�

�
�

� + �
�

��

�
�(� + �)!

���

√�!
� �

���

=
�

��
���
�→�

�� +
�

�
�

���

= �� 

 Therefore, 

� = ���
�→�

���� �
� �(� + �)!

���
�

��

(� + �)�
−

� √�!
�

�
��

��
� =

�

���
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UP. 383 Let � be the circumradius of ���� having the length of the sides 

�, �, �. Prove that: 

� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� > 0 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

Lemma 1. In any ����: � ≤
�√��

�
 (���������� ����������) 

��� � + ��� � = � ���
� + �

�
���

� − �

�
≤ � ���

� + �

�
 

��� � + ���
� + � + �

�
≤ � ���

� +
(� + � + �)

�
�

= � ���
� + � + ��

�
 

��� � + ��� � + ��� � + ���
� + � + �

�
≤ � ����

� + �

�
+ ���

� + � + ��

�
� ≤ 

≤ � ⋅ � ���

� + �
� +

� + � + ��
�

�
= � ���

�� + �� + � + � + ��

�
= 

= � ���
�� + �� + ��

�
= � ���

��

�
= �

√�

�
= �√� 

��� � + ��� � + ��� � +
√�

�
≤ �√� 

� + � + � ≤ �√��; (�) 

Lemma 2. If �, �, �, � ∈ ℝ then: 

�� = �

� � � �
�
�
�

�
�
�

�
�
�

�
�
�

� = (� + � + � + �)(� − � + � − �)(� + � − � − �)(� − � − � + �) 

Proof. 
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�

� � � �
�
�
�

�
�
�

�
�
�

�
�
�

� =⏞
�����������

(� + � + � + �) �

� � � �
�
�
�

�
�
�

�
�
�

�
�
�

� =⏞
�����������

 

= (� + � + � + �) �

� � �             �           
� �  �  � − � + � − �

�
�

�
�

      � −(� − � + � − �)
� � − � + � − �

� = 

= (� + � + � + �)(� − � + � − �) �

� � � �
� � �  �
�
�

�
�

 � −�
� �

� =⏞

�����
�����

 

= (� + � + � + �)(� − � + � − �) �

� �    �      �
� � − � � − �  �
�
�

� − �
� − �

� − � −�
� − � �

� = 

= (� + � + � + �)(� − � + � − �) �
� − � � − � �
� − � � − � −�
� − � � − � �

� =⏞

�����
�����

 

= (� + � + � + �)(� − � + � − �) �
� − � + � − � � − � − � + �

� � − � + � − �
� = 

= (� + � + � + �)(� − � + � − �)(� + � − � − �)(� − � − � + �); (�) 

If �, �, �, � > 0; � > � + � + � then �� > 0 

� − � + � − � > � + � + � − � + � − � = 2� > 0 

� + � − � − � > � + � + � + � − � − � = 2� > 0 

� − � − � + � > � + � + � − � − � + � = 2� > 0 

Let be � = �√��; � = �; � = �; � = �. It follows � = ��; �√�� ≥ � + � + � and from 

(�), (�): 

� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� > 0 

Solution 2 by George Florin Şerban-Romania 
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� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� =
�������

(−�)� ��√� �

� �√�
� ⋅ ��√�� �

� �√��
� + 

+(−�)� ��√�� �
� �

� ⋅ �
� �

� �√��
� + (−�)� ��√�� �

� �
� ⋅ �� �√��

� �
� + 

+(−�)� �
� �

�√�� �
� ⋅ �

� �

� �√��
� + (−�)�� �

� �
� �

� ⋅ �
� �
� �

� = 

= ����� + ��√����� + ∑�� − �∑���� − ����∑�� =
�����

 

= ����� + ��√�� ⋅ ���� − ����(��� − ��� − ���) − ���� = 

= ����� + ��√����� − ������� + ������� + ������ − ������ ≥ 

≥ ����� + ������� − ����� − ���� >
(?)

� 

Let� =
�

�
≥ � ⇒ ����� + ����� − ��� − �� > 0 ⇔ 

(� − �)(����� + ����� + ����� + ����) + ���� > 0 which is clearly true for all 

� ≥ �. 

Therefore, 

� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� > 0 

Solution 3 by Ruxandra Daniela Tonilă-Romania 

� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� =
�����������

 

= �� + � + � + �√��� �

� � �        �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

� =
�����

 

= �� + � + � + �√��� �

� � �        �

� �√�� − � �         �
�
�

� − �

� − �√��
�√��

�

�

�√��

� =
�����
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= �� + � + � + �√��� �

� � �       �

� − � �√�� − � �         �

� − �√��
� − �

� − �

� − �√��
�√��

�

�

�√��

� = 

= �� + � + � + �√��� ��
� − � �√�� − � �

� − �√�� � − � �

� − � � − �√�� �√��

� − �
� − � �√�� − � �

� − �√�� � − � �√��

� − � � − �√�� �

��

= 

= �� + � + � + �√���(�� − ��) 

�� = �
� − � �√�� − � �

� − �√�� � − � �

� − � � − �√�� �√��

� =

��+��
��+��

�� − �√���
�

�� + �√���

− (� − �)��� + �√��� 

�� = �� + �√��� ��� − �√���
�

− (� − �)�� 

�� = �
� − � �√�� − � �

� − �√�� � − � �√��

� − � � − �√�� �

� =

��+��
��+��

�� − �√���
�

(� + �) − (� − �)�(� + �) = 

= (� + �) ��� − �√���
�

− (� − �)�� 

� = �� + � + � + �√���(�� − ��) = 

= �� + � + � + �√��� ��� + �√��� ��� − �√���
�

− (� − �)��

− (� + �) ��� − �√���
�

− (� − �)��� = 

= �� + � + � + �√����� + �√�� − � − �� ��� − �√���
�

− (� − �)�� ; (�) 

� =
� + � + �

�
≤

�√��

�
; (����������) ⇒ � + � + � ≤ �√�� ⇒ 

� < 2� < 3√�� + � − � − � ⇔ � + �√�� − � − � > 0; (�) 

�� − �√���
�

− (� − �)� = �� − �√�� − � + ���� − �√�� + � − �� > 0 because  

� + � + � ≤ �√��; (����������) ⇒ � − �√�� − � + � < 0 and � − �√�� + � − � <

0 ⇒ 

�� − �√���
�

− (� − �)� > 0; (�) 
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From (1),(2),(3) it follows that 

� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� > 0 

 Solution 4 by Mohammad Rostami-Afghanistan 

�√�� = � �
√�

�
� (��) = � ��� ��∘ ⋅ �� 

�

��� �
=

�

��� �
=

�

��� �
= �� and �√�� = �� ��� ��∘ ⇒ � �√�� = �� �� �� �� ��

�� = ��∘  �� �� = ��∘  �� �� = ��∘
 

If �√�� = �� ⇒ �� = ��∘ ⇒ �� + �� = ���∘ 

� = �

�� �  �  �
�
�
�

�� �    �  
  �   �� �   

�  � ��

� =

�����→��
�����→��

�

�� � � � + �
��

� + �
� + �

�� � � + �
� ��   ��
� �    ��

� 

� + � = � ⋅
��� �

� + �
� �

���
�
�

= � ⋅
��� ��∘

��� ��∘
= � ⇒ � + � = � 

� = �

�� �    �    �
��
�
�

��    �      �  
     �   �� ��    

�     � ��

� = �� �

� �    �    �
�
�
�

��    �      �  
     �   �� �    

�     �    �

� = 

= ���(−�)(−�)� �
� � �

�� � �
� − � �� �

� = ���� �
� � �

�� � − � �
� − � �� �

� = 

= ���� ⋅ � ⋅ (−�)� �
�� � − �

� − � ��
� = ����[��� − (� − �)�] = 

= ����[��� − (�� + �� − ���)] 

�� = ��∘ ⇒ �� = �� + ��� − ��� ��� ��∘ ⇒ �� = �� + �� − �� ⇒ 

� = ����(��� + ��) > 0. 

 Solution 5 by Ravi Prakash-New Delhi-India 

Let � = �√�� so that: 
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� = ��

�√�� � �         �

� �√�� �         �
�
�

�
�

�√��
�

�

�√��

�� > 0 

Using �� → �� + �� + �� + ��, we get: (� + � + � + �) is factor of �. 

Using �� → �� + �� − �� − �� gives (� + � − � − �) is factor of �. 

Similarly, (� − � − � − �) and (� − � − � + �) are factor of �. 

Thus, � = �(� + � + � + �)(� + � − � − �)(� − � + � − �)(� − � − � + �), where � is a 

constant. Comparing coefficients of �� on both the sides, we get k=1. 

Hence, � = (� + � + � + �)(� + � − � − �)(� − � + � − �)(� − � − � + �). 

To show � > 0 it is sufficient to show that each of the three expressions with negative sign 

is positive. � + � − � − � > 0 ⇔ � + � − � < � ⇔ 

��(��� � + ��� � − ��� �) < 3√�� ⇔ ��� � + ��� � − ��� � <
�√�

�
, which is true as  

��� < 2 and ��� > 2. 

UP. 384 Find: 

� = ���
�→�

�� + �� +
�

�
�

���

− ��

�

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by proposers 

Its known that:  

�

�� + �
< �� +

�

�
�

���

− � <
�

��
; � ∈ ℕ∗ 

It follows that: 

��

�� + �
< � ��� +

�

�
�

���

− �� <
�

�
; � ∈ ℕ∗ 

Pass to the limit: 

���
�→�

��

�� + �
≤ ���

�→�
� ��� +

�

�
�

���

− �� ≤ ���
�→�

�

�
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Hence, 

���
�→�

� ��� +
�

�
�

���

− �� =
�

�
; (�) 

Let be �� = �� +
�

�
�

���

− �; ���
�→�

�� = � and by (�) ���
�→�

��� =
�

�
 

� = ���
�→�

�� + �� +
�

�
�

���

− ��

�

= ���
�→�

(� + ��)� = 

= ���
�→�

�� +
�

��
�

�⋅��

= �
���

�→�
��� = �

�
� 

Solution 2 by Asmat Qatea-Afghanistan 

� = ���
�→�

(� + �)� = ���
�→�

�(� + �)
�
��

��

= ���
�→�

��� = ���
�→�

��. 

� = ���
�→�

� ��� +
�

�
�

���

− �� = ����
�→�

� ���
�

�
�� +

�

�
�

���

�

�

�

�
�

− �� = 

= ����
�→�

� ��� �
�� +

�
��

���

�
� = ����

�→�
� �(� + �) ��� �� +

�

�
� − �� = 

= ����
�→�

�(�� + �) �
�

�
−

�

���
+

�

���
−

�

���
+ ⋯ � − �� = 

= ����
�→�

�� + � −
�� + �

���
+

�� + �

���
−

�� + �

���
+ ⋯ − �� = � �� −

�

�
� =

�

�
 

Therefore, 

� = ���
�→�

�� + �� +
�

�
�

���

− ��

�

= �
�
� 

 Solution 3 by Amrit Awasthi-Punjab-India 

We start with expanding � = �� +
�

�
�

���

. 

Taking log both sides, we get: ��� � = (� + �) ��� �� +
�

�
� = ((� + �)(

�

�
−

�

��� + ⋯ ) 
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��� � = � +
�

�
−

�

��
−

�

���
+ ⋯ 

� = ���� = � ⋅ �� = � �� + � +
��

�!
+

��

�!
+ ⋯ �,  where � =

�

�
−

�

��
−

�

��� + ⋯ 

Substitute for � and after arranging, we get : 

�� +
�

�
�

���

= � +
�

��
+

�

����
+

�

����
+ ⋯ 

Therefore, 

� = ���
�→�

�� + �� +
�

�
�

���

− ��

�

= ���
�→�

�� +
�

��
�� +

�

���
+

�

����
+ ⋯ ��

�

= 

= ���
�→�

��� +
�

��
�� +

�

���
+

�

����
+ ⋯ ��

�
�

��
���

�
���

�
�

�����⋯ �
�

�
��

���
�

���
�

�

�����⋯ �⋅�

= 

= ���
�→�

�
�

��
���

�
���

�
�

�����⋯ �
= �

�
� 

 Solution 4 by Serlea Kabay-Liberia 

Let � = �� + �� +
�

�
�

���

− ��
�

 

���
�→�

� = ���
�→�

��� �� ��� �� + ��� �(� + �) ��� �� +
�

�
�� − ��� =

��
�
�
 

� = ��� �
�

�
��� �� + ��� ��

�

�
+ �� ���(� + �)� − ��� = 

= ��� �
�

�
��� �� + ���(�

�

�
+ �� �� −

��

�
+

��

�
+ ���(�)� − ��� ; (�(�) → �) 

= ��� ��
�

�
���(� + ���(� +

�

�
−

��

�
+

��

�
+ ��(�))� − �� ; ((��(�) → �)) = 

= ��� �
�

�
���(� + ��� + ��(�))� = ��� ��

�

�
� �

��

�
−

���

�
+

���

�
+ ����(�)�� = 

= ��� �
�

�
−

��

�
+

���

�
+ ��(�)� 
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���
�→�

� = √��; ���
�→�

�−
��

�
+

���

�
+ ��(�)� = � 

Therefore, 

� = ���
�→�

�� + �� +
�

�
�

���

− ��

�

= �
�
� 

UP.385 In any ���� let �, �, � be the distances from the incentre to the sides 

of triangle and � ≥ � −fixed. Prove that: 

�� + �� + �� ≤ �
���(���)

� + �
���(���)

� �
���(���)

�  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution by proposers 

 

� ∈ (��); �� = �� and �′ the symmetric of �; �� = ���; �, �, �� −collinears. 

�� + �� = ��� + �� > ��� = ��� ≥ �� 

�� + �� > 2� ⇒ � <
�� + ��

�
 

Analogous: � <
�����

�
; � <

�����

�
 

�� ≤ �
�����

� ; �� ≤ �
�����

� ; �� ≤ �
�����

�  

�� + �� + �� ≤ �
��
� ⋅ �

��
� + �

��
� ⋅ �

��
� + �

��
� ⋅ �

��
� ≤ ��� + ��� + ��� 

∵ �� + �� + �� ≤ �� + �� + ��; �, �, � > 0 
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�� + �� + �� ≤ �

�

���
�
� + �

�

���
�
� + �

�

���
�
� 

�

���
�
�

=
�

� ���
�
�

=
��(� − �)(� − �)(� − �)

��(� − �)(� − �)
��

= �
��(� − �)

�
 

Therefore, 

�� + �� + �� ≤ �
���(���)

� + �
���(���)

� �
���(���)

�  

UP.386 If � < � ≤ � then: 

� �
����

�� + �

�

�

�

�

≤
�(� − �)�

(� + �)(� + �)
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

Let be �, � > �. 

(�� + �) �
�

�
+ �� ≥⏞

���

���� ⋅ �
�

�
+ √� ⋅ √��

�

= (� + �)� 

�

(� + �)�
≥

�

(�� + �) �
�
� + ��

; (�) 

(�� + �) �
�

�
+ �� ≥⏞

���

���� ⋅ �
�

�
+ √� ⋅ √��

�

= (� + �)� 

�

(� + �)�
≥

�

(�� + �) �
�
� + ��

; (�) 

By adding (�), (�) it follows that: 

�

(� + �)�
+

�

(� + �)�
≥

�

(�� + �) �
�
� + ��

+
�

(�� + �) �
�
� + ��

= 

=
�

�� + �
�

�
�
� + �

+
�

�
� + �

� =
�

�� + �
�

�

� + �
+

�

� + �
� =

�

�� + �
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� �
����

�� + �

�

�

�

�

≤ � �
�

(� + �)�
��

�

�

��
�

�

+ � �
�

(� + �)�
����

�

�

�

�

= 

= �(� − �) �
�

(� + �)�
��

�

�

= �(� − �) �−
�

� + �
−

−�

� + �
� = 

= �(� − �) �
�

� + �
−

�

� + �
� =

�(� − �)�

(� + �)(� + �)
 

Equality holds for � = �. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

����� ����� ���� ∶  
�

�� + �
≤

�

(� + �)�
+

�

(� + �)�
, ∀�, � > 0 

�� ���� ∶  (� + �)� ≤⏞
���

(�� + �) �
�

�
+ �� =

(�� + �)(� + �)

�
. 

 ���������, (� + �)� ≤
(�� + �)(� + �)

�
 

→  
�

(� + �)�
+

�

(� + �)�
≥

� + �

(�� + �)(� + �)
=

�

�� + �
, ∀�, � > 0 

→  � �
����

�� + �

�

�

�

�

≤ � � �
�

(� + �)�
+

�

(� + �)�
� ����

�

�

�

�

= �(� − �) �
�

� + �
−

�

� + �
�

=
�(� − �)�

(� + �)(� + �)
. 

���������, � �
����

�� + �

�

�

�

�

≤
�(� − �)�

(� + �)(� + �)
. 

UP.387 If in ����, �� = � then: 

�� + ��

��
+

���(�� + ��)

��
+

���(�� + ��)

��
≥ �√�� 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

�� + ��

��
+

���(�� + ��)

��
+

���(�� + ��)

��
≥⏞

�����
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≥
������

��
+ ��� ⋅

������

��
+ ��� ⋅

������

��
≥⏞

�����

 

≥ � ⋅ � ⋅ �
������

��
⋅ ��� ⋅

������

��
⋅ ��� ⋅

������

��

�

= 

= ���������
≥⏞

�������

� ⋅ ��
��

√�
�

��

= � ⋅
��

√�
=

��√��

�
= �√�� 

Equality holds for � = � = � = �. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�������� ∶ 

���(∗)  ≥⏞
�����

 ��
�� + ��

��
.
���(�� + ��)

��
.
���(�� + ��)

��

�

= ��(���)�.
(�� + ��)(�� + ��)(�� + ��)

������

�

≥ 

≥⏞
������

��(���)�. �
�

= �. ����. �. ���
 ≥⏞

����������
�����

 ����.
��

�√�
. ��. ��

�

= ����
��

√�
�

��

= ��.
��

√�
= �√�� 

���������,
�� + ��

��
+

���(�� + ��)

��
+

���(�� + ��)

��
≥ �√��. 

UP.388 If �, �, �, �, �, � > �; � + � + � = � + � + � = � then: 

�� + �� + �� + �� + �� + �� + �� + �� + �� ≥ � 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution 1 by proposers 

�� + �� + �� + �� + �� + �� + �� + �� + �� = 

=
��

����
+

��

����
+

��

����
+

��

����
+

��

����
+

��

����
+

��

����
+

��

����
+

��

����
≥⏞

�����
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≥
(� + � + �)�

(� + � + �)���
+

(� + � + �)�

(� + � + �)���
+

(� + � + �)�

(� + � + �)���
≥⏞

�����

 

≥ � ⋅ �
(� + � + �)�

����
⋅

(� + � + �)�

����
⋅

(� + � + �)�

����

�

= 

= � ⋅ �
(� + � + �)�����

��������

�

= � ⋅ �
(� + � + �)�

��

�

= � ⋅ ����
= � 

Equality holds for � = � = � = � = � = � = �. 

Solution 2 by George Florin Șerban-Romania 

�� + �� + �� + �� + �� + �� + �� + �� + �� ≥
�����

 

≥ �√�������
+ ��������� + �√�������

= 

= �√�������
+ ���������

+ �√�������
= 

= �(� + � + �) = � 

 Solution 3 by Ravi Prakash-New Delhi-India 

�� + �� + �� ≥ �√�������
⇒ �� + �� + �� ≥ �����

= ��; (�) 

Similarly,  

�� + �� + �� ≥ ��; (�) and �� + �� + �� ≥ ��; (�) 

From (1),(2),(3) it follows that: 

�� + �� + �� + �� + �� + �� + �� + �� + �� ≥ �(� + � + �) = � 

UP.389 If � < � ≤ � then: 

� �
����

(�� + �)�

�

�

�

�

≤
�(� − �)�(�� + �� + �� + �� + �� + �)

�(� + �)�(� + �)�
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

(�� + �) �
�

�
+ �� = ������

�
+ ��� ���

�

�
�

�

+ ��� ≥⏞
���
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≥ ���� ⋅ �
�

�
+ � ⋅ ��

�

= (� + �)� 

�

(� + �)�
≥

�

(�� + �) �
�
� + ��

⇒
�

(� + �)�
≥

�

(� + �)(�� + �)
; (�) 

(�� + �) �
�

�
+ �� = ������

�
+ ��� ���

�

�
�

�

+ ��� ≥⏞
���

 

≥ ���� ⋅ �
�

�
+ � ⋅ ��

�

= (� + �)� 

�

(� + �)�
≥

�

(�� + �) �
�
� + ��

⇒
�

(� + �)�
≥

�

(� + �)(�� + �)
; (�) 

�

(� + �)�
+

�

(� + �)�
=

�
(� + �)�

�
+

�
(� + �)�

�
≥⏞

��������� �
�

(� + �)� +
�

(� + �)��
�

� + �
≥⏞

(�),(�)

 

≥
�

�
�

�

(� + �)(�� + �)
+

�

(� + �)(�� + �)
�

�

= 

=
�

�
�

� + �

(� + �)(�� + �)
�

�

=
�

�(�� + �)�
 

Hence, 

�

�(�� + �)�
≤

�

(� + �)�
+

�

(� + �)�
 

�

�
� �

����

(�� + �)�

�

�

�

�

≤ � � �
�

(� + �)�
+

�

(� + �)�
�

�

�

��
�

�

�� 

� �
����

(�� + �)�

�

�

�

�

≤ �(� − �) �
�

(� + �)�
��

�

�

= �(� − �) ⋅
(� + �)����

−� + �
�

�

�

= 

= −
�

�
(� − �) �

�

(� + �)�
−

�

(� + �)�
� =

�

�
(� − �) ⋅

(� + �)� − (� + �)�

(� + �)�(� + �)�
= 

=
�(� − �)(�� + ��� + �� + � − �� − ��� − �� − �)

�(� + �)�(� + �)�
= 

=
�(� − �)�(�� + �� + �� + �� + �� + �)

�(� + �)�(� + �)�
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Equality holds for � = �. 

Solution 2 by Ravi Prakash-New Delhi-India 

We have, for �, � > �, (�� + �) �
�

�
+ �� = �� + �� +

�

�
+ � ≥ �� + ��(��) �

�

�
� + � 

⇒ (�� + �) �
�

�
+ �� ≥ (� + �)� 

Similarly, (�� + �) �
�

�
+ �� ≥ (� + �)� 

⇒
�

(� + �)�
+

�

(� + �)�
≥

�

(�� + �)(� + �)
+

�

(�� + �)(� + �)
= 

=
� + �

(� + ��)(� + �)
=

�

� + ��
 

⇒
�

(� + ��)�
≤

�

(� + �)�
+

�

(� + �)�
+

�

(� + �)�(� + �)�
 

� �
����

(� + ��)�

�

�

�

�

≤ � � �
�

(� + �)�
+

�

(� + �)�
+

�

(� + �)�(� + �)�
�

�

�

����
�

�

= 

=
�

�
(� − �) �

�

(� + �)�
−

�

(� + �)�
� + � �

�

� + �
−

�

� + �
�

�

= 

=
�

�
(� − �) ⋅

�� − �� + �(�� − ��) + �(� − �)

(� + �)�(� + �)�
+

�

�
⋅

(� − �)��

(� + �)�(� + �)�
 

Where � = �� + �� + �� + �� + �� + � + �(� + �)(� + �) = 

= �� + �� + ��� + �� + �� + � ≤ �(�� + �� + �� + �� + �� + �) 

Therefore, 

� �
����

(�� + �)�

�

�

�

�

≤
�(� − �)�(�� + �� + �� + �� + �� + �)

�(� + �)�(� + �)�
 

 

UP.390 If �, �, � ≥ �; � + � + � = � then in ���� the following relationship 

holds: 

(�� + �� + ��)�� + (�� + �� + ��)�� + (�� + �� + ��)�� ≥ ������ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
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Solution 1 by proposers 

(�� + �� + ��)�� + (�� + �� + ��)�� + (�� + �� + ��)�� = 

= �
��

����
+

��

����
+

��

����
� �� + �

��

����
+

��

����
+

��

����
� �� + �

��

����
+

��

����
+

��

����
� �� ≥⏞

����� 

 

≥
(� + � + �)�

(� + � + �)���
�� +

(� + � + �)�

(� + � + �)���
�� +

(� + � + �)�

(� + � + �)���
�� = 

=
��

����
�� +

��

����
�� +

��

����
�� ≥⏞

�����

� ⋅ �
������

��������
⋅ ������

�

= 

= � ⋅ �
��

��
⋅ (������)�

�

= � ⋅
��

�
⋅ �(������)��

≥⏞
������� ���

�
⋅ ��

��

√�
�

��

=
���

�
⋅

����

�
= 

=
��

�
⋅ ������ ≥⏞

����������

�� ⋅ �� ⋅ ���� = ������ 

Equality holds for � = � = �; � = � = � = �.  

Solution 2 by George Florin Şerban-Romania 

(�� + �� + ��)�� + (�� + �� + ��)�� + (�� + �� + ��)�� = 

= (���� + ���� + ����) + (���� + ���� + ����) + (���� + ���� + ����) ≥
�����

 

≥ ��(���)��������
+ ��(���)��������

+ ��(���)��������
= 

= ��(���)��
�√�������

+ ��������
+ √�������

� = 

= ��(���)��
∑�� ≥

���
��(���)��

⋅
(∑�)�

�
= ���(���)��

≥
(∗)

������ 

(∗) ⇔ �(���)��
≥ ����� = ����� ⇔ (���)� ≥ ������ 

(���)� = �������� ≥
����������

���� ����√���
�

= ������ ⋅ ���� ≥
�����

����� 

 Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�(�� + �� + ��)��  ≥⏞
�����

 ���(�� + �� + ��)��
�

= ��(���)� �(�� + �� + ��)
�

 ≥ 
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≥⏞
�ӧ����

 ��(����)�. ��
�����

� + �
�����

� + �
�����

� �
��

 ≥⏞

�����
����������

 �(�� + ��

+ ��). ���. ��. �√��. ��
��

 ≥ 

≥⏞
���

 (� + � + �)�. ���√���
���

= ��. ��√���
�

= ������. 

���������, �(�� + �� + ��)�� ≥ ������. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


