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JP.376. Let AABC be an acute triangle. Prove that:

sinA N sinB N sinC > 4108
sinB -sinC sinC -sin4 sinA4-sinB

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

sin4 N sin B 4 sinC _
sin B - sin C sinC - sin 4 sind-sinB

_\/sin(B+C) +Jsin(C+A) +\/sin(A+B) B

sin B - sin C sin C - sin 4 sin4-sinB

sinC -sin4

_ sinBcosC + sinCcosB 4 sinCcosA +sinAcosC
B sin B - sin C

sinAcosB +sinBcosA
+ - :
sinA - sin B

=+/cotC + cot B + VcotA + cot C + VcotB + cotC
v (x+y+2)3=30(xy+yz+yz)

2
(Vcot € + cot B + VcotA + cot € + Veot B + cotC) =

>3 (\/(cotA + cot B)(cotB + cotC) + \/(cotB + cot C)(cot C + cot A)

+ \/(cotC + cot A)(cot A + cot B)) =

= 3\/cot2A + (cotAcotB + cot BcotC + cotC cotA +

+3\/cot2 B + (cotAcotB + cotBcotC + cotCcotA) +

+3\/cot2 C + (cotAcotB + cotBcotC + cotCcotA)
We know that: cot Acot B + cot B cot C + cot C cot A = 1. So,

2
(Vcot € + cot B + VcotA + cot € + Vot B + cotC) =

>3(ycot“A+1++cot“B+1++cot“C+1
(\/ 2 \/ 2 \/ 2 )
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Using Minkowski’s inequality, we have:

3(\/c0t2A+1+\/cotzB+1+\/cot2C+1) >

> 3,/(cotA + cotB + cotC) + (1 + 1 + 1)2

> 3,/3(cot Acot B + cot BcotC + cotCcotA)+9=3V3-1+9=6V3

So, VcotC + cot B + VcotA + cot € + Vcot B + cot € > /108

Therefore,

sinA4 N sin B 4 sin C > 4108
sinB -sinC sinC -sin4 sinA -sinB —

Equality holds if and only if triangle is equilateral.

Solution 2 by Henry Ricardo-New York-USA

We will use the known inequality

3v3
0 < sin A sin B sin C ST;(*)

for acute triangles [Bottema et al., Geometric Inequalities, 2.8].

Now the AGM inequality yields

sin A 3 ® 3 4
Z.B..Czﬁ_ N = 4/108
&4 SIn B -sin Vsin A sin B sin C 6\/3\/§

8

Solution 3 by Daniel Vacaru-Romania

We have:
sin A N sin B 4 sinC _ sina + sin B + sinC AM;GM
sinB-sinC = [sinC-sindA  [sinA-sinB  \/sind-sinB-sinC

_3Vsin4-sinB-sinC _ 3
~ \sind-sinB-sinC %/sind-sinB -sinC

But we know that:

2 4
3
sind - -sinB -sinC < <7> = g/sinA -sinB-sinC <—>

Va
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sin A sin B sin C 3Y2
j +j +j > = V427 = V108

sinB-sinC [sinC -sinA sind -sinB — %/3
JP.377. Let a, b, c be positive real numbers such that

ab + bc + ca < a + b + c. Prove that:

a b c
b2 c? + cta? i a’b? z3

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

a_ . b L€ _a+b+c
b%2c?2 ' c2a?  a?b?  (abc)?

ad+b3+c3 > (a+b+c)

3
. From the condition

By Power Mean Inequality, we have:

ab+bc+ca§a+b+c,wehavea+b+c2abc(%+%+%),so

1,1, 1\3 1.1, 13
<a+b+c>3> b atpte a® + b3 + ¢? b atpte
————————— . —) .
3 =\ ¢T3 3 =\ T3
By the GM-HM | lty, we have: 57 > _L_ oo @b+’ (abc)? ( ! ) = (abc)?
y the GM- nequality, we have: ¢—— > y—,s 3 = (abo)’ (=) = (abc
Namely,
a b
b?c? + c2a? + a?b? =3
Equality holds if and only if triangle is equilateral.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
a+b+c=>ab+ bc+ca
3 3
24 b4 2(a+b+c) > (ab + bc + ca) _
9 9
(ab)? + (bc)3 + (ca)® + 3a’b3c + +c?a®b + a®c?b + c3b?a + b3a’c + 6(abc)?
= 5 > 3(abc)?

(ab)3 + (bc)® + (ca)® + 3a%b3c + +c?a3b + a3c?b + c3b%*a + b3a?c + 6(abc)? > 27(abc)?
a3 + b3 + ¢ > 3(abc)?
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a b
>3

BoZ T (ca)? ' (ab)? =

Solution 3 by Fayssal Abdelli-Bejaia-Algerie

b c
+ +
(bC)Z (ca)z (ab)z abc a b c
> b 3
3 Z [abot = o? | e T @bz = V(abe)
a b c ™ O]

> >
= ho)? + ca)? (ab)z > 3abc > 3 © abc > 1;(A)

at+b+c
—3 ————>3Yabc=>a+b+c=>3Va

ab + bc + ca
— > 3/(abc)? = ab + bc + ca = 33/(abc)?

a+b+c 3¥abc
— 215 ———>
ab + bc + ca 33/(abc)?

>1>=abc<1;(B)

From (A)&(B) it follows that:

a b c
b2 + 22 + 2ZbZ >3abc >3

Solution 4 by Abdallah El Farissi-Bechar-Algerie

a+b+c>ab+ bc+ca=
a b, ° 1 (@ + b3 + s)xﬁxz_ﬁonvex 3 (a+b+c)3>
= a c
b%2c¢z  c2a? a?b? a?b?c? - a’b?c? 3 -
3 (ab + bc + ca)3 AgM 3
~ a?b?¢c? 3

Solution 5 by Michael Sterghiou-Greece

a+b+c=>ab+ bc+ca;(c)
a b c
bZc2 + c2a? + a’b? = 3;(1)
Let (p,q,v) = X a,) ab,[]a) withp > q.
It holds that: g2 > 3pr > 3qr or q > 3r. Now,

a . b L€ 1 ac§s1 pz(gq(Z)B
b2cZ ' c2a? ' a?b®> r ZLubc q " r~
cyc
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Solution 6 by Henry Ricardo-New York-USA
We note that the AM-GM inequality gives us ab + bc + ca > 33/(abc)?, so that

a+ b+ ¢ > 33/(abc)?. Furthermore, the power mean inequality yields

1
(a3+b3+c3>3>a+b+c (a+b+c)

3 3 3 S
3 3 ,ora’>+ b° +c° > 5

Now we have:

z a _z a3 - (a+b+c) >Z7(abc)2 _ 3
b2c2  Zua?b c?~ 9(abc)? T 9(abc)?
cyc cyc
Equality holdsifand onlyifa = b =c = 1.
Comment. We could have used consequence of Holder’s inequality:
a3 b 3 (a+b+c)}
—t—t =
x y z 3kx+y+2)
JP.378. Determine all triplets (x, y, z) of positive integers which satisfy the
following two equations: xy + z%> = 31, x + yz? =53
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

Taking the sum and the difference of the corresponding sides of the given two equations,
we obtain, respectively (y + 1) - (x + z?) = 84 and (y — 1) - (—x + z?) = 22.
Since both x and z are positive integers, we see that y + 1,y — 1 are factors of 84,22,
respectively.

From this fact, we can conclude that only possible values of y are 2, 3.

If y = 2, we obtain by solving the simultaneous equations x + z* = 28, —x + z? = 22
that (x,y,z) = (3,2,5).If y = 3, analogous (x,y,z) = (5,3,4).

Since it is easy to check that all of these triples satisfy the requirement, the desired answer
is (3,2,5),(5,3,4).

Solution 2 by Fayssal Abdelli-Bejaia-Algerie
Let xy + z%> = 31; (1) and x + yz? = 53; (2)
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D-2)>x+yz?—xy—-2z2=22=>x(1—-y)+z*(y—1) = 22

= (22 -0 —-1) =22;(4)
(4) > (22 —x = 1)&(y —1=22);(a)
= (22 —x=22)&(y—-1=1);(b)
= (22 -x=11D)&(y -1 =2);(c)
= (22 —x=2)&(y—-1=11);(a)
(a):y=238&z*°—x=1=2>z’=x+1=2z*+23x=31
From (a)&(1) 22> =31-23x=x+1=>24x=31=>x¢N
(b):(y—2)& (2> —x=22)z>=22+x,(1)>2z*=31-2x>
31-2x=224+x=>3x+9>x=3
y=2=>x=3=22=25=2z=5.Hence,(x,y,2) = (3,2,5).
(©):(y=3)&((Z*0x=11)>2z>=11+x,(1)>2z*=31-3x=>31-3x =11 +x
>x=52=11+x=11+5 =16 = z = 4. Hence,
(x,y,z) = (5,3,4).
(y=12)&(z*=2+x),(1)>2z*=31-12x>31-12x =2+ x> 13x = 29
= x ¢ N. Finally S = {(5,3,4),(3,2,5)}.
JP.379. If ABCD tetrahedron AB = a,AD = b,AC = c¢,BD = d,

DC = e, CB = f,F —total area, then

a* + b* +c* +d* + e* + f* = 2F?

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers
By Goldner’s inequality:

In AABC: a* + ¢* + f* > 16[ABC]?%*; (1)

In AACD: c* + b* + e* > 16[ACD]?; (2)

In AABD: a* + b* + d* > 16[ABD]?; (3)

InABCD: e* + f* + d* > 16[BCD]?; (4)

By adding (1), (2), (3), (4) it follows that:
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ABC)?> [ACD)* [ABD]*> [BCD)?
[ABC] N [ACD] N [ 1“ ] ) >

2(a* +b*+c* +d* +e* + f*) = 16 +
(a ¢ e+ 1 1 1 1

e 1. [ABCl + [ACD] + [ABD] + [BCDD* _16 , .,
= 1+1+1+1 4

2(a* + b* + c* + d* + e* + f*) > 4F?
Therefore,
a* +b* +c* +d* +e* + f* > 2F?
Solution 2 by Ravi Prakash-New Delhi-India
First, we show that for a AABC,a* + b* + ¢* > 16F%, F, — area of AABC.
1
a? + b% + ¢ — 4/3 = b? + ¢2 —Zbc-cosA+b2+cz—4\/§(ibc-sinA> =
= 2(b% + ¢?) — 2bc(cos A + V3 sinA) =
i3
= 2(b%? + ¢?) — 4bc - cos (E_A) =2(b%2+c?*)—4bc=2(b—-0¢c)*>0
= a? + b? + ¢ > 4VJ/3F,

a* + b* + c* a? + b% + ¢
Now, >

2
3 3 > = a*+b*+ct > %(4\/§F1)2 = 16F2.
In tetrahedron, let:

F, = area(AABC);F, = area(AACD); F; = area(AABD); F, = area(ABCD)
AB =a,AD =b,CD =¢,CB=f,AC=c¢,BD =d
F=F,+F,+F;+F,

Now,

In AABC: a* + c¢* + f* > 16A%; (1)

In AACD: c* + b* + e* > 1643; (2)

In AABD: a* + b* + d* > 16A3%; (3)

InABCD:e* + f* + d* > 16A3; (4)

By adding (1), (2), (3), (4) it follows that:

A2 A% A% Ai) -

44 pt ity gt 4 4> g1, 2,374
at+bt+ct+dt+et+f1 > <1+1+1+1
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A% + A%+ A%+ A2 A+ A, + Az + Ay\2
2. 21 24 3 4232<1 24 3 4) _ 4F?

JP.380.1fa,b,c,d > 0,/a + Vb + ¢ +Vd = 4 then:

2 1 - 1
a*+b*+c*+5" 2\ /abcd

cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

a*+b*+ct+5=a*+b*+c*+1+4>4a*b*c* 14 +4 = 4abc+ 4 =

= 4(abc + 1) = 4 - 2Vabc = 8Vabc

Hence,

! < ! ; (1)
a*+b*+c*+5 " gJabc

! < ! ;(2)
b*+c*+d*+5 " g/bed

1 1
c4+d4+a4+5S3\/m;(3)

1 1

< (4
a*+b*+d*+5 " g/abd @)
By adding (1), (2), (3), (4) it follows that:

Z 1 .1 1 1 Va+Vb+Vc+Vd
cyca4+b4+€4+5_8cyc\/m_8 Vabed -
4 1

~ 8Vabcd 2Vabcd
Equality holdsifandonlyifa=b=c=d = 1.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c,d > 0andvVa+ Vb +Vc++Vd =4wegivea = x%,b = y?,c = z%,d = t*
>x+y+tz+t=4

Z 1 _Z 1 <1z 1 < 1
a*+b*+c*+5 Lix8+y83+28+5" 8L.xyz~ 2xyzt

cyc cyc cyc
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which is true, because x +y + z + x = 4.

Solution 3 by Asmat Qatea-Afghanistan

AM—GM
a*+b*+ct+5 > 8Yathtc* = a*+b* +c*+5 > 8Vabe
1 1
<
a*+b*+c*+5" gJabc
Hence,

Z ! < ! ! < ! § \
= [—
A+ b+t +5 chc 8vabc Zm @+ B+ 45 gabed s

cyc

1 1
Z <
at+b*+c*+5" 2v/abcd
cyc

JP.381. If ABC and UVW are two triangles. Prove that:

cosé U U
Z—A<1 + sinE) > ZCOSE

cyc 1+ Sinf cyc
Proposed by Cristian Miu-Romania

Solution 1 by proposer

Let us write Pedoe-Neuberg inequality for ABC and UVIW. We obtain:

Z u?(b? + ¢® — a®) > 16F,F,,

cyc
where F4, F, are the areas of UVW and ABC.

This inequality can be written as:

Z cotA (cotV + cotW) > 2

cyc
We used the fact that:

b% + c? — a?
cotA = ———— (and analogs)
4F,

A U . .
Now, let us make the changes A — %, Uu- % and the similarly. We obtain:
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T+ A m+V m+W
cos

cos cos
4 4 4
>
Z w4\ L w+v T w22
cye Sin— si ) sin—
So, we obtain:

cosé—sin— coS— — sin—+ cos——sinE
z 4 4 4 4_|_ 4 4 > 2

cyc cos%+ sin% cosZ+ sinZ cosT+sinT -
Which can be written as:
A
cos» cos 5 N cos > _
cycl+sin% 1+sing 1+sin¥

A U |4
Z COSE C087+ COSE+ COS7
. A .V . W
cye 1+ sinz (1 + sin 7) (1 + sin 7)

A
U COSE 1 .U - 1 .U
D, cosg |2, Lg(tesing) z 2] [(1+sing)

cyc cye 1+ Sin cyc
But:
A
cos % U U
ZCOS— :21_[(1+sm ) Z <1+sin—)22cos—
A 2 2
cyc cyc cyc 1+ sinz 73 cyc

Equality holds if and only if triangle is equilateral.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that if XYZ is an acute triangle then there is a triangle with angles
cm—2X, T —-2Y,m—2Z.
- Let: {A,B,C} > {m—2A,mt— 2B, t— 2C} and {U,V,W}
>{m—-2U,t—-2V, Tt - 2W}

sin A
— We need to prove : — (1 +cosU) > Z sinU,Vacute AABC,AUVW
1+ cosA
cyc cyc
2 sm cos > U A U
Hz .2 cos? EZZsinUHZZtanE.COSZEZZSinU(*)
cye 2 COSZ cyc cyc cyc
Let again :

{UVW} > {mr—-2U,wt -2V, T — 2W}

and F,R be the area and circumradius of AUVW.
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2F
—>(*)<—>22tan— sin U>Zs1n2U 41_[San_R2

cyc cyc cyc
« an— — = A4 an—.u” =2 .
2 4-RZ R2 2
cyc cyc

Which is true from Oppenheim's inequality :

Zt 4 2 > 4AF Zt At B—4F
anz.u = . anz. anz— .

cyc cyc

cosg U U
Therefore, Z — (1 + sin E) > z cos 7

cyc 1 + Sini cyc

JP.382 In acute AABC,D € (BC),E € (AC),F € (AB). Prove that:

+ + <
ADS + BES ' |BES + CF5 ' [CF5 + ADS

AD3 + BE3 BE3 + CF3 CF3 +AD3 1
r

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

We have: 2(x° + y°) < (23 + y*) (22 + y?)

3 3
{ xsiysS zf_ 2 x3+y3< 4 x3+y3< 2
x>ty x+yt 2= 5 = 27 |5 5=
x> + X+ x> + X+

Hence,

x3 + y3 z
oy = Ly U
cyc

1 1
< < 2
x+y 4<x+y) x+y 2<x+y) 2

From (1), (2) it follows that:

x3+y
x5+y
cyc

But:
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Thus,

CF5+AF5_AD BE CF’

AD3+BE3+ BE3+CF3+ CF3 + AD3 1 4 1 L1 1 .(3)
ADS + BE® BES + CF5

But: AD > hg, BE > hy, CF > hy » —+ o=+ =<~ 4 L, L _1
. ) = ) - — — _— _— _——
AT =l b AD "BE CF " h, h, h,

Therefore,

\/AD3 + BE3 \/BE3 + CF3 \/CF3 +AD3 1

+ + <=
ADS + BES ' |BES + CF5 ' |CF5+ AF5 ~ r

Solution 2 by Adrian Popa-Romania
3+y3 a3 +y3 x3+y3 1
< = = —
x5 +y5 7 xty + xyt xy(x3 +y3) xy
1 1 1 1 1

5 e

Letx = AD,y = BE,z = CF then,

; (+ Xa* = Yab)

AD3+BE3+ BE3+CF3+ CF3+AD3< 1 N 1 N 1 -
ADS + BES BES + CF> CF5+ AF° ~ \JAD -BE +BE-CF ~/CF-AD

1+1+1 1+1+1_1
=aptBEtCFS h, h, h. r

JP.383 In AABC the following relationship holds:

Z 1 N 1 N 1 -6
sin?4 sin?B sinAsinB —

cyc
Proposed by Marian Ursarescu-Romania
Solution by proposer

(a—b)3 > 0 © 4a® + 4ab + 4b*? > 3a? + 6ab + 3b?

V3 va? + ab + b? \/_1 1
2 2 > _ —
—>+a*+ab+b _Z(a+b)—> T Z(a b)
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va? + ab + b? 1 1 1 3
>V3(=+=4+=|>=

z ab _\/_<a+b+c>_R

cyc

1 1 1 V3
| — — —_] > —
But: (a + b + c) Z (Leuenberger) -

V4R? sin? A + 4R? sin? B + 4R?sinAsinB 3
z >
—
4R?sin Asin B R

cyc

Vsin2 4 + sin? B + sinAsinB 1 1 1
y YEA Fsin' RPN o N T
sinAsin B sin2 A  sin?B sinAsinB

cyc cyc

JP.384. Solve for real numbers:

1 1
2* +9x + 2% .9x =19
Proposed by Marian Ursarescu-Romania

Solution 1 by lonut Florin Voinea - Romania

x#0>D=R"
1NIfx<0=2*+ 9% + 2% . 9% < 3 no has solutions.
2)Ifx>0:2x+9%+2x-9%=19®2x+9%+2x-9%+1=20(:>
(2*+ 1) (9% + 1) =20 (2*+1) <2%‘°g29 + 1) =20
Let f: (0,) - R, f(x) = (a* + 1) <ag + 1) ,a > 1,b > 0, which is decreasing on (0,Vb)
and increasing on [\/E ). We observe that f(x) = f (g) ,Vx > 0.
Fora=2,b=1log,9= f(x) = (2*+1) (2%l°g29 + 1) which is decreasing on

(0,/1og; 9) and increasing on (y/log, 9, =). So, the equation f(x) = 20 has two

solutions or no has solutions.
1
Forx =2 = f(2) = (2% + 1) (25‘°g29 + 1) = 20 = x = 2 has solution.

How f(2) = f(log, 9) = x = log, 9 has solution.
So, x € {log, 3,2}
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Solution 2 by Jamal Issah-Teshie-Ghana

Let2x=a,9%=b:>a+b+ab= 19 a+(1+a)b=19
Let’s assume that a, b are consecutive positive integer numbers, henceb =1+ a =
a+(1+a)(1+a)=19<a*+3a—-18=0 < a,; = —6 < 0 (impossible), a, = 3
a=3=>b=4=>2"=3=>x=log;3anda=4=>x=2
So, x € {log, 3,2}
Solution 3 by proposer

1 1
If x < 0: 2¥ + 9x + 2% - 9x < 3 then, the equation has not solutions.

1 1
So,x > 0.Let g: (0,0) = R, f(x) = 2* + 9x + 2% - 9x strictly increasing on (,/logz 9, 00)

and strictly decreasing on (O, J1og, 9). Thus, the equation admit unique solution

x =2 on (,/log; 9,») and x = log, 3 unique solution on (0, /log; 9).

So, x € {log, 3,2}

JP.385 If a, b, c > 0 are such that ! + L + o Ethen:
a+b b+c ct+a 4
Z a+2b +z b+ 2a -3
a? + 2b> b% + 2a? —
cyc cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

First we prove that:
a+2b b+ 2a 4
a2+2b2+b2+2a2 Sa+b;(1)
& (a+ b)(a+ 2b)(b? + 2a?) + (a + b)(b + 2a)(a? + 2b?) <
< 4(a? + 2b?)(b? + 2a?)
& (a+ b)(ab? + 2a3 + 2b3 + 4a*b) + (a + b)(a?b + 2b3 + 2a3 + 4ab?) <
< 4(a?b? + 2a* + 2b* + 4a*b?)
& a’b? + 2a* + 2ab? + 4a3b + ab? + 2a3b + 2b* + 4a®’b? + a®b + 2ab3 + 2a* +
+4a%b? + a’*b? + 2b* + 2a3b + 4ab3 <
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< 4a’b? + 8a* + 8b* + 16a’b?  a* — 4ab® + 6a*b? — 4ab® + b* > 0
& (a — b)* > 0.Equality holds for a = b.Analogous:
b+ 2c c+2b 4

+ < ;
b2 +2c2 c¢2+2b2 b+c
c+2a N a+ 2c < 4 3)

c2+2a? a?+2c2 " c+a’

By Adding (1), (2), (3) it follows that:

z:a+2b+ b+ 2a <4< 1 4 1 4 1)_43_3
a? + 2b? b2+2a2~ \a+b b+c c+a) ~ 4

cyc cyc

(2)

Equality holds fora = b = ¢ = 2.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+2b a’® + 2b%* + 3ab 1 3ab
@120 (a+b)(a@+2b5) a+b  (a+tb)(a®+2bd)
b+ 2a 1 3ab
b2 + 2a? =a+b+(a+b)(b2+ZaZ)
a+2b b+ 2a
_)a2+2b2+b2+2a2
2 3 2ab 2ab MM 2
:a+b+2(a+b)<a2+2b2+b2+2a2) ~ a+b
3 2ab 2ab
+ 2(a+b) (Zab + b? + 2ab + a2> -

2 3 bz az Bergstrom
= —~ 2
a+b+2(a+b)[2 <2ab+b2+2ab+a2>l -

2 3 (a + b)?
< + 2 — <
a+b 2(a+b) (a+ b)2 + 2ab

AM;M 2 N 3 ) (a+ b)? 2 N 3 (z z)_ 4
~ a+b 2(a+h) (a+b)2+(a+2b)2 “a+b 2(a+b) 3/ a+b

We have :

Similarly,

a+2b N b+ 2a < 4
_)
a?+2b%? b2+2a2 a+b

(And analogs)

Th z a+2b N b+ 2a <z 4
erefore, a? + 2b? b2+2a2~ Lia+b

cyc cyc cyc

3.

17 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

a+2b b+2a (a+2b)(b?+2a®) + (b+2a)(a® +2b?)

+ =
a? + 2b%2  b? + 2a? (a? + 2b2%)(b? + 2a?)
3 ab? + 2a3 + 2b3® + 4a®b + a?b + 2b3 + 2a3 + 4ab? - 4
N a’b? + 2a* + 2b* + 4a?b? “a+b

(a+b) (ab2 + a?b + 4(a?b + ab?) + 4(a® + b3)) <
< 4((ab)? + 2b* + 2c¢* + 4(ab)?)
a’b? + a®b + 4(a®b + a?b?) + 4(a* + ab3) + ab3 + a*b? + 4(a’b? + ab?3)
+ 4(a3b + b*) < 2a(ab)? + 8(a* + b*)
ab + 4a3b + 4ab? + ab?® + 4ab? + 4a3b + 4(a* + b*) < 10(ab)? + 8(a* + b*)
9(a3b + b3a) < 10(ab)? + 4(a* + b*)
5(a3b? — (ab)?) + 5(ab* — (ab)?) < 4(a* — a3b) + 4(b* — b%a)
5a’b(a — b) + 5ab*(b — a) < 4a3(a—b) + 4b3(b — a)
(a — b)(5a*b — 5ab*) < 4(a — b)(a® — b?)

5ab(a — b)(a — b) < 4(a— b)(a— b)(a®? + ab + b?)

5ab < 4(a®? + ab + b?). Hence,

a+2b b+ 2a 4 c+2a a+2c 4
a2+2b2+b2+2a2Sb+candcz+2a2+a2+2czsc+a
Therefore,
a+2b b+ 2a 4
Za2+2b2+ZbZ+ZaZSZa+b=3

cyc cyc cyc

JP.386. In AABC,n € N the following relationship holds:

la — b||la — c|"a?"

b3n—3|b — Cln—l
cyc

> 16sr?(4R* + 5Rr + 1% — %)

Proposed by George Florin Serban-Romania

Solution 1 by proposer

x2n
z y2n-2 = z x%,Vx,y > 0; (To prove)

cyc cyc
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xZn xZn 5 ) , AM-GM | xAn Ana )
. . n—4 —
72 + 72 +y“+y“+---+y° = 2n YA y = 2nx

2 2n
oz + (2n — 2)y? > 2nx?

xZn

x2n
Zz_ym—z +(2n-— Z)Z:x2 > ZnZ:x2 = Zyzn‘z > sz

cyc cyc cyc cyc cyc
Letx = a\/ala—b|-la—c|,y=by/blb—c|-|b—al,z=c/clc—al|c—b|
x |a — b||la — c|"a® 3
Zﬁ: zzala—bl-la—clz
yen-

b3n—3 |b — cln—l
cyc cyc cyc

> Z a(a—b)(a—c) = 16sr?(4R* + 5Rr +r* — 5%)

cyc
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

la — b||a — c|*a®"

b3n—3|b _ Cln—l
cyc

We have :

(la—blla—cla®)" Hotder (¥ |a— b|la—cla®)"

= _ — 3yn-1 - n-1
cyc(|b allb — c|b3) (S |b—allb— c|b3)

=2|a—b||a—c|a3 >

cyc

> Z(a— b)(a—-c)a® = Zas — 2 a*b + abcz a?

cyc cyc sym cyc
= Za Za" -2 Za3 Zab +3acha2=
cyc cyc cyc cyc cyc

= 25.2(s* — 65*r? — 8s?Rr + 8Rr3 + 16R*r? + r*)
—2.25(s* —3r? —6Rr)(s®> + r?> + 4Rr) + 3.4Rrs.2(s* —r* — 4Rr)
= 16sr?(4R* + 5Rr +r* — 52).
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la — b||a — c|"a®"

b3n—3|b _ Cln—l
cyc

JP.387. Let AABC be any triangle. Prove that foranyn € N — {0, 1} the

> 16s1*(4R?* + 5Rr + 1% — s%),Vn € N,

Therefore,

following relationship holds:

la—b|-la—c|®*-a** |b—c|-|b—a|l®-b** |a—c|-|c—b|"-c*"
bZn—Zlb_cln—l C2n—2lc_a|n—1 aZn—Zla_bln—l

> 41r*[(4R + 1)? — 35?]

Proposed by George Florin Serban-Romania

Solution 1 by proposer

2n

X
Z yZn-2 = z x%,Vx,y > 0; (To prove)

cyc cyc

xZn xZn AM—-GM m| xAn
n V24 v2 4ty > 21 - yAn—4 = 22

2n
——+ (2n — 2)y? > 2nx?

xZn xZn
2 2 2
ZZyZ"‘2+(2n_Z)Zx ZZan :>zyZn_2 ZZx
cyc cyc cyc cyc cyc
Letx =a\/la—b|-la—c|,y=by|lb—c|-|b—al,z=c/|c—al|c—b]|
S =yla bl e LS wla—bl-la—l >
= = a a— la—=c¢ =
yZn—Z b2n—2|b — cln—l
cyc cyc cyc

> z a’(a—b)(a—c) = 4r*[(4R + r)? — 35?]

cyc
Solution 2 by Adrian Popa-Romania

Ela—bl la—c|™-a™ _Zla—bl-(az-la—CI)"_
bZn—Zlb — Cln—l (bz(b _ C))n—l

cyc cyc

20 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
B (a®la—b|-la—c|)* Radon (Y(a’la-b|-la—c])"
~L{a=bl-Ib—cl b1 = Eb¥-b—al-b—cD™ T
cyc

=Za2|a—b|-|a—c| EZaz(a—b)(a—c)=Za2(a2—ac—ab+bc)=

cyc cyc cyc
=Ya*—-Ya3b—Ya3c+abc-Ya=Ya-Ya®-2Ya? Yab +3abc-Ya =
=25 -2s(s> — 31> — 6Rr) — 2(2s> — 8Rr — 21*)(s* + 4Rr + 1?) + 3 - 4Rrs - 2s =
= —12r%s? + 4r*(16R? + 8Rr + 1%) = 4r*[(4R + 1)? — 35?]

JP.388 Solve for complex numbers:

|x —y| = V3|z|
|y — 2| = V3|x|
|z — x| = V3|y|

Proposed by lonut Florin Voinea-Romania

Solution 1 by proposer

|x — y| = V3|z| lx — y|? = 3|z|?
ly — z| = V3|x| © { |y — z|? > 3|x|?
lz—x| >V3ly] \lz—=x*>=3]y|?

= lx—yl>+ 1y —zI* + |z - x|* 2 3(|x]* + |y|* + |z|*)
How, |z, + z,|? + |21 — 25|? = 2(|24|% + |22|?), V24, 2, € C then,
2(|x* + 1y1*) + 2(yl* + 121%) + 2(|z|* + |x|?) =
23(x1* +|y1* +1zI®) + [x + yI* + [y + zI* + |z + x|?
= x2+ 1yl + 1z 2 |x +y1* + |y + zI* + |z + x/?
How, |z1 + 23|% + |2y + 23]|% + |25 + 24|% = |24|% + |23]|? + |25|?, V24, 25, 25 € C then,
112 + 1y1? + |21* = |x|> + |yI? + |2]* + |x + y + 2|
Hence, |[x + y + z| < O namely,x+y+z = 0.
We distinguish the following cases:
(D) Iif x = y, then |x — y| = 0 and how |x — y| > V3|z|, we get |z| < 0 then, z = 0.
It follows that, |y| > v3|x| and |x| = |y| then |x| > V3|x| © x| <0 © x = 0.
So, (x,y,z) = (0,0, 0) has solution for the system.
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(IT) If x,y, z € C different in pairs, let’s consider A(x), B(y), C(z).

x+y+z

x+y+z=0u= = 0, and let G(u) —centroid then G = O.

(243

CZTmc (czzimﬁ
Ix—yl =>V3lzl  (aB > 36C 3

2v3 2% 5.

ly — z| = V3|x| © BCZ\/§GA=><a2Tma@<a nga,(*)
— >
|z—x| >V3|y] \CA=+V3GB 2V3 2ot

b=—~m, (7 =3M

Thus, a + b + ¢ > g(mﬁ + mj + m2). We know that:

m: +mi +m? = %(a2 + b% + c?) namely, in () we have just equality. Therefore,

( 4
c2=§m§
4
<a2—§mﬁ
4
2 _ 2.2
(b =3

4
a? =§m§<:)3a2 =2(b% +c?) — a* © 2a® = b? + ¢~

Similarly, we get: 2b% = ¢? + a? and 2¢? = a? + b?.

2a? = b% + ¢?
2b% = ¢? + a?

Similarly, b =c.Thus,a=b=c=|x—y|=|y—z| = |z — x|.

Wehave,{ =>2@®-b>)=b*-a*>a’*=b*>*=>a=h.

|x — yl = V3lz| |x — yl = V3lz|
ly =zl 2 V3|x| © ||y — z| = V3x|
|z — x| = V3ly| |z — x| = V3lyl

So, it follows that, [x| = |y| = |Zz|.
$={00,00)}U{(wv,wllul =v|=|wjuv,weC,u+v+w=0u+v+w}
Solution 2 by Ravi Prakash-New Delhi-India
lx —yl =2 V3|z| = |x — y|* = 3|2|% (1)
|x|2 + |y|? — xy — Xy > 2|z|?%; (2). Similarly,
lyl? + |z|* — yZz — ¥z = 3|x|% (3) and |x|? + |z|* — xZ — Xz = 3|y|?; (4)
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From (2),(3) and (4) it follows,

2|x|12+ 2|y +2|z1? —xy —xy —yz —yz —xZ —xz = 3(|x|* + |y|* + |z|®) =
X2+ |yl + |zI> +xy + Xy + yZ+ Yz +xZ+X2< 0 &
x+y+z?’<0o|x+y+zl=0x+y+z=0.
Also, |x — y|? = 3|z|? and |y — z|?> > 3|x|?> =
x| + |y|> — xy — Xy = 3|z|? and |y|* + |z|* — yZz — yz > 3|x|?
x|+ 2|y|% + 12| = y(x + 2) —y(x + 2) = 3|x|* + 3|z|*> =
2ly1> = y(=y) —y (=) = 2|x|* + 2|z|* = |x| + |z|* < 2|y|% (5)
Now, [x — z|? + |y|* = 4]y|* = |x — z|* + |-x — z|> 2 4|y|* =
2(|x|* + |z|*) = 4ly|* = |x|* + |z]* = 2]y|?; (6)
From (5),(6), we get: |x|? + |z|? = 2|y|?; (7).
Similarly, |y|* + |z|? = 2|x|? = |x|* = |y|* = 2(|y|* — |x|?) = 3(|x[* - |y[*) = 0
= |x| = |y|. From (7) we get: |x| = |y| = |z|.
Now,x +y+2z =0and|x| = |y| = |z|
Ifx=0,theny =2z=0.
Ifx #0,|x—yl* +|z]* = [x —y|* + |-x — y|*> = 2|x|* + 2|y|* = 4|z|* =
|x — y|? = 3|z|? Similarly, |y — z|* = |z — x|?* = 3|z|.
Thus, if x # 0, then x, y, z are vertices of an equilateral triangle lying on a circle with

center at the origin.

JP.389 A right parallelipiped ABCDA'B’C'D’ has the basis ABCD rhombus,
and areas of the two diagonals sections of the parallelipiped are F; and F,
respectively. Let R be the circumradius of AABC, R,circumradius of AABD
and V volume of the right parallelipiped.
Prove that: R{R,F,F, > V2,
Proposed by Radu Diaconu-Romania
Solution 1 by proposer

Let h be the side edge and altitude, d; = AC,d, = BD diagonals of the bases.
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Sections diagonals are rectangle,so F{ = h-d{,F, = h-d,.

F= % —area of the rhombus. We have: F, - F, = h*d,d, © h? = %then,
h= [F1f2
2F °
1
So,V =h-F =_.[2F - FF,.
AB-BC-CA I?>-d, d,-d, I?
Faapc = = = =dy =—
4R, 4R, 4 R,
AB-BD-DA I*>-d, d,-d, I?
Fpapp = = = =>dy =—
4R, 4R, 4 R,
d,-d, * R 4R%R3
F= = s di+di =4l o s+ —==4l>1 =—=
2 2R.R,’ ! R? R} R? + R3
_ 16R1R; 1 8R3R3
= 2 . = 2
(R} +R3)" 2RiR2 (R} +R3)
Hence,
1 2v2R,R,./R{R 2R4R
V=—. LIV 2. [F1F; < JRR,F F;, because —— 5 < 1.
V2 Ri + R; R + R;

Squaring, we get R,R,F,F, > V2.

Solution 2 by Adrian Popa-Romania

AC
B=2R1 = AC = 2R - sinB

sin

F,=AC-h=

BD
F, =BD - -h=> =2R, = BD = 2R, -sinA
2 sin A 2 2 sIn

A=m—B=sinAd =sinB
AC-BD 2R, -sinA - 2R, - sin4
V=AABCD'h=T'h= 2 h=

= 2R1R2 Sinz A- hZ

()
F,F,RR, = AC-h-BD - hR{R, > 4R3R5sin* A

©)
2R;sinA-h-2R,sinA-h-R.R, > 4R5R5sin* A - h’s

sin? A - h? > sin* A - h? < sin? A > sin* 4, which is clearly true.
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JP.390 Let x € R and ABC a triangle with F area. Prove that:

al b3 c3

_ + _ + _ > 4+/3F
VbZsin2x + c2cos?2x +VcZsinZx+ a?cos?x Va?sin?x + b?cos?x

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by proposer

We have:

AM—GM
a at "

= =
— Vb?sin? x + c2 cos? x aVb? sin? x + c2 cos? x

cyc

3

N z a4 _, z a4 Berggtrom
- a? + b?2sin2x + c2cos?x a? + b?sin? x + ¢? cos? x -
cyc 2 cyc
- (a? + b? + ¢?)? 3 (a? + b? + ¢?*)? B
~— % Y(a?+ b%sin2x+c2cos2x) ~ (a?+ b2+ c2)(1+sin2x + cos2x)
2 2 2\2 Ionescu—-wW
a“+ b“+c
=2 ( ) =a’?+b*+c2 S 4V3F

'2(a? + b? + c2)
SP.376 Let r,r,, T, . and R be, respectively, the inradius, the exradii, and

the circumradius of triangle ABC with side lengths a, b, c. Prove that:

r3> a*+b* b*+c* *+a? T4 T T, 9/3R?
36V3 — < + + + 4r + + <
\/_RZ a+b b+c ct+a (b+c c+a a+b) 4r

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer
We will prove that:

3 2 2 2 2 2 2 2
r a“ + b* + 4rr b® + c* + 4rr cc+a“+4rr 9vV3R
36V3— < ‘+ 4 b <
R2 a+b b+c c+a 4r

A B c
We know that: r, = s - tan;,rb =s- tan;,rc =s- tanE,F =rs

A A
—>b2+c2+4rra=bzg+4r-s-tanE=b2+c2+4F-tanE=

25 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

, A
sin+ 8F A 8F A
=b2+c2+4F~—z=b2+c2+—-sin25=b2+c2+ _A-sinzi
cosi Zsinicosi sin

We know that: F = %bc . sind and cosA = 1 — 2sin? %, so
1—cosA

A
bz+c2+4rra=bz+c2+4bc-sin2§=b2+c2+4bc-T=

= b?% + ¢* + 2bc — 2bc - cosA = (b? + ¢* — 2bc - cosA) + 2bc = a?® + 2bc
Similarly, ¢? + a? + 4rry, = b% + 2ca, a? + b? + 4rr,. = c? + 2ab.
Namely, we’ll prove that:

r3 az+bc+b2+an_|_c2+2ab<9\/§R2
RZ_ b+c c+a a+b ~ 4r

We have:

36v3 -

a’+bc b?*+2ca c*+2ab
+ +
b+c c+a a+b

B a? . b? N c? +2( ab N bc N ca )CSS

" \b+c c+a a+b a+b b+c c+al ~

(a+ b+ c)? 1 1 1

— 4 bc( + + )2

2(a+b+c) cla+b) a(b+c) b(c+a)
1+1+1)* 9abc

>s+ 2abc -

2(ab + bc + ca) =St ab+bc+ca
We know that: ab + bc + ca < a® + b% + ¢ < 9R?,abc = 4Rrs,R > 2r,s > 3+/3r. So,

a’+bc b%*+2ca c*+2ab 9(4Rrs) _3V3R*r + 4Rrs -

> 3V3r +

b+c + c+a + a+b 9R2 R? =
3\/—r2r2+42r r-3vV3r r3
(2r) (2r) - _36v3
R? R?
a’?+bc b>+2ca c*+2ab a*+b*+c2 b +c*+a* ¢+ a?+ b?
+ + < + + =
b+c ct+a a+b b+c ct+a a+b

=(a2+b2+c2)< t .1 )<(a2+b2+c2)< .1 )z
b+c c+a a+bl~ 2vVab 2Vbc 2+Vca

e e ) T i)

26 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

93 1 1
2
<—-R +b2+

’ A1 1 1  (h— 2 2 _(h_ M2 2
Now,wellprovethat.az+b2+c S4r2.Wehave.(b c)“°>0-a“—(b—c)*<a

1 1 1 1 1
Z @ _b-0? @+b-0@—b+o 2G6-0 -26-b) 1G-b)G—0
Similarly,

1_ 1 1_ 1
bz~ 4(s—c)(s—a) P 4(s—a)(s—b)
1 1 1 1 1 1 1
P ﬁ+c_2SZ((s—a)(s—b)+(s—b)(s—c)+(s—c)(s—a)>_
1 s—c+s—b+s—a 1 s?

4 G-a)(s—b)(s—c) 4 sC-ais-bis-—c
152 1 s2 1
T4 FZT 4 122 a2

Now,

a’+bc b’+2ca c’+2ab _9V3R® |1 _9V3R?

b+c + c+a + a+b — 2 |42 4r
Namely,
P a*+b*? b +c% c*+a* r r r 9/3R?
36V3 = < + + tar () <
R a+b b+c ct+a b+c c+a a+b 4r

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

4sr> _ 4sr’(s—b)(s—c)
s—a (s—a)(s—b)(s—o)

We have : 4rr, =

AM—GM
=4(s—b)(s—c) < [(s=b)+(s—0)]*=

b2+c2+4 Ta _ b2+c2+

b+c T b+c b+c b+c

2 CBS

_za2+bz+c = (z 2)21<1+1)<
B b+c - a 4\b ¢/~
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Lei%mz 9R2 Z 1 C£S 9R2 Goldstone 1 9\/_ RZ
- 2 a2 '4r2

b2+t B+ c?
Also,we have : > Z(b +c)

b+c 2(b+c)
Mitrinovic Euler
—2s S 23v3r S 6\/_r( ) —z4x/_—
Ad-4zr“ — 4 Zz 1 65542 9
L bre T LG—ab+o - T Ys-ab+o
36s1?
- >
4s2 -2 ab

M""i>:‘°""c 36.3V3r.r2 _ 108V3r? Le‘i’"z 108v3r3
= CaZ-23ab ya - 9R2

b2+c Ty r3 r3 r3
-y 22 Zb > 24V3. 15 + 124307 = 36VE o

b? + c? Tq 9\/_ R*
Therefore, 36\/— F < bt + 4r brc= a4 7

Solution 3 by Soumava Chakraborty-Kolkata-India
Bandlla and A-G R

b2+c z z abc
b+c a(b + ¢)

o Z R(4Rrs) Z — \/—Z(ra‘/—)

- 2RZ<EF> e (JaraF)

b [Yar [

=2st(Zs)+(2r)m\/4Rsz< A A A)

\/__

sin—cos—tan—
4Rrs 4Rrs 2

2 2
Rs 4Rr + r2 Rs 2(2ZR —r)(4Rr + r2)
=T+2 T Z(l—COSA)=T+ R
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2(2R —r)(4Rr + r2 e
( ) ) < R3s? 28(4R+T1)(2R— r)r3 and

’3Rs RsA
<— —=
2r 2r R ;
(O]

Mitrinovic
’.A-\ - - - -
+R3s2 > 27R3r? . in order to prove (i), it suffices to prove

: 27R® > 8r(4R+r)(2R—r)
R
& 27t3 - 64t2 +16t+8>0 (tz;)@(t—Z)(thZ+(t—2)(t+2)+5t(t—2))
Euler bz +C2 r
+4r2—a
b+c

>0-true~t > 2:>(i)istrue:>z
b+c

3Rs Mitrfi:novic 9 \/§R2
<—— =
2r 4r
.a2+b2 b? + c2 C2+a2+4r( a ry s r. )<9\/§R2
La+b b+c cta b+c ct+a a+b/ ™ 4r
. b? + ¢? I,
Agaln! b+c +4-I‘Zb—+c
(b + )2 stanZA '.'OSCOSESIand analogs b +
¢ 7 e C
= ———+4r >
2(b+0) Z4Rtan%cos%cosB;C Z 2
A ergstrom sinésE
rs tanZEB ggt ZZS+(£)(4R+1-)ZZ ~>3 2
R sin% Rs? Zsin%
25+ 2r(4R +r)>2  6Rs? + 2r(4R +r)? Mitrg‘“’ic 2(6Rs? + 2r(4R + r)?) é 2643 3
S = N S r
3Rs 3Rs 3R(3V3R) R

?
& 3Rs?2 + r(4R +1)? 3 243r3 and
(i
Mitrinovic
~3Rs’+r(4R+r)>? >
~ in order to prove (ii), it suffices to prove : (4R +r)? + 81Rr — 243r? > 0
© 16R? + 89Rr — 242r%? > 0 © (R — 2r)(16R + 121r) > 0 - true

81Rr? + r(4R + r)?

Euler
) = =
+ R = 2r = (ii) is true
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b2+c r3
+ l"zb 36\/5@
36\/— r3 a2+b2_|_b2+c2_|_c2+a2 ED
=> —
RZ_ a+b b+c c+a (QED)

SP.377 Let w,, wy,, w,. be the internal bisectors, r,, rj, r. the exradii, r the

inradius and R the circumradius of a triangle ABC. Prove that:

Wo\2  Wp\Z W R\*
o) () + () =27 () -8
T, T T, 2r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by proposer

Let BC = a,CA = b,AB = cand 2s = a + b + c is the semiperimeter of AABC. We know

2bc A A s(s—a)
that: w, = 3o €055 and cos f (b . Then:

2bc |s(s—a) 2Vbc
b+c bc b+c

W, = s(s—a)

abc abc
Also, we know that: F = rs = an’ 5° 2s = T Now,

(b+c—a))=>0o(b+c)>—4a(b+c)+4a*>0o
4a(-a+b+c) < (b+c)> - 4a2s—2a)<(b+c)? o 8a(s—a) < (b+c)? o
16a(2s —2a) < (b + c)?,sob + ¢ > 2v/2./a(s — a). So,

2vVbc 2vVbc-/s(s—a) 1 |bc
We=pyc VST =2z vavs-a 2 PR

_ bc abc
B 2Rr 2 ~/2Rr

F
We know that: r, = —,r, = —,r. = —. Now, we have:
s—a s—b s—c’

(&)1(&)2%6) (zvbc—rz <zm) (z\;%) _

T, Ty 2 2

i (sfa) (sfb) (sfc)
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b%c?(s* — 2as + a?) + c?a®(s? — 2bs + b?) + a®b?*(s* — 2¢s + c?)
- 8Rr - F2 -
a’b? + b%c? + c*a® — 8Rr(ab + bc + ca) + 48R*r?
B 8R13

Now, we will prove that: a®?b? + b%c? + c?a? < 4R?*r?. We have:

1 1 1
a’b? + b*c? + c*a® = a’b*c? ( + — —)

b2
Also, we have: (b—c)220<—>a2—(b—c)2£a o
1 _ 1 ~ 1 ~ 1 ~ 1
az~a?—(b-c)2 (a+b-c)la—-b+c) 2(s—c)-2(s—b) 4(s—b)(s—c)
Similarl 1 1 1
imi al'yb2_4(s c)(s—a)’ c2_4(s b)(s—a)
S 1 1+ 1 s—a)+(s—-b)+(s—c) 1 s(3s —2s)
0 b2 02_4 (s—a)is—b)(s—c) 4 s(s—a)(s—b)(s—c)
1 s? s? 1

"4 F2 T 4(rs)?  ar?

3V3
wF=sr=.s(s—a)(s—b)(s—c),R=>2rs< TR
Namely:a?b? + b%c? + c?a? < (abc)? -4—:2 = (4Rrs)? -4—:2 = 4R?*s?

Also, we know that ab + bc + ca = 18Rr. So,

wa\2  wp\2 w2 4R?*s* — 8Rr - 18R + 48R*r?
o) +5) () = <

rg ry re

3\/—
4R? — 144R?*r? + 48R?%*r?
( ) ’ " 27R*— 96R*r?

8Rr3 B 8Rr3
<27R4—96-4r4_27(R)4 24
- 167+ - \er

Equality holds if and only if triangle ABC is equilateral.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that:

< ./s(s — a); (and analogs); (1) and [[(r}, + 1.) = 4Rs?;(2)
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P R G R D B (I B
Ta B Tﬁ ~ TalbTe Ta ~ TalbTe Ta rp T¢ B

cyc cyc cyc cyc cyc

(32 -2
=T, TpT, o o =
cyc cyc
1,3 4Rs? 5\ 2 R "Eer
= 2 — —_ —_— | = - —_ - —_ <
Sr[(r) 3 (szr)zl (r) 12 r -
(38R iz 2o ar(B) 2a " ar (BY (BY aacar(B) 2
—\ 2r N 2r = 2r 2r N 2r
Therefore,

4

w2 R
z<—) < 27(—) — 24
Ta 2r
cyc

SP.378. Let m,, m;, m. be the lengths of the medians of a triangle ABC with

area F.Prove that:

mg +mp +mi > 3¢"1. F2 for each integern > 1.
Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer
Leta = BC,b = CA, c = AB. It is well-known that:

a? + b% + ¢ > ab + bc + ca > 4V3F (Finsler — Hadwiger)

Proof. We have:

1 1 1 3 1
. + — + — >3 |— . .
sinA sinB sinC sinAsinBsinC

We know that:

_ ] ] 3V3
—_— sind + sinB +sinC _—5— V3
VsinAsinBsinC < < =—
3 3 3
So, sinAsinBsinC < ﬂ, namely —— + — L > 23. Now,
8 sinA sinB sinC
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1 1

+ +
sinA sinB sinC

a2+b2+022ab+bc+ac=2F(

)ZZF-Z\/_=4\/§

Now, (a + b + ¢)? = a®? + b%? + ¢ + 2(ab + bc + ca) > 12+/3F. Namely,

<\/§<a+b+C)2
4 3

2

2
2 n,pn, n\o- n,pn, MmN\
Also, we know that: (a+:+c) < (a H; e )". So, F < ? (a H; i )n: (1)

We know thatin ABGA’; (AG = GA'), we have:

2 2 2 1
BG =-my,GA' = -my, A'B = -m; (G — centroid), Fyp;y = = F.
3 3 3 3
The inequality (1) gives:
2
2 \" L 2\t 2 \"\"
1 \/§ m +lamp) +|gm n n

Equality holds if and only if triangle ABC is equilateral.
Solution 2 by Marian Ursdrescu-Romania
my +mp +mg > 33/ (mymym)"

We must show that:

33 (mambmc)n 2 BW' VFn (=4 31[mambmc 2 4\-/5' \/F =4
(mo,mym,)? > /27 - F3;(1). But: m, > \/s(s — a); (2).

From (1),(2) remains to prove that:
s*F%2 > \2rF & s* > 3\/3rs © s > 3+/3r (Mitrinovic).

Solution 3 by Adrian Popa-Romania

n
3 z
n n n o z(a%+b%+ c?
(m)2  (mp)Z (m)Z _ (m2 +mj + m?2)? (4( :
n n n = n = n =
1z7'  1z7t 127! 3271 327!
3 n
2
= -4\/3F 3
> (4 ) _ 377l ;2 —31*l .z
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SP.3791If x,y,z € (0,1) then:

X y z >9\/§
O+22A-2)  @+0EA-y)  xt+yid-z9) - 8

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

Letbe f:(0,1) > R, f(x) = x — x3, f'(x) = 1 — 3x?

1
! :O 2:— = —
f'(x) - X 3—>x 3

_(¥3\_V¥3 13 _2V3_2V3_ 2
maxf(x)_f(?) 3733773 9 "33
1 _3V3
235 > O

V3=

G2l
Z(y+z)2(1 x2) 2(1’4'22_2 i’-l—_yzﬁ :CCI%x),<in)Z

cyc

x y z
B t
>3\/— ( - ) erg;roms\/— (y+z+z+x+x+y) Negltt

2 1 - 2 1+41+1 -
cyc
32
- 2 3 2 4 8
V3

Equality holdsforx =y =z = 3

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

PR E I WV

From AM — GM,we have : x? +—+— 3 =1 -
9x — 9x 9x

2V3
1-x%< ox (And analogs)
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X

*;@n)zx(l—xzrz f

(v +2)2.553

x >9\/§
;(}’4'2)2(1—362) 8

3
Therefore, ,with equalityif :x=y=2z = 3

Solution 3 Sanong Huayrerai-Nakon Pathom-Thailand

For0 < x,y,z < 1, we have:

x ) (255) 9v3
;(y+z)z(1—xz) :;x(l—xz) 2x+y+x—(x3+y3+z3) = 8

2
(;) Zﬂ[(x+y+z)—(x3+y3+z3)]

z+£(x +y3 +z3)>£(x+y+z)

2 +V3(x3 +y3 + z%) > V3(x + y + z), which is true because

2 2
§+\/§x32\/§x=>§+\/§x22\/§

1 1 ’\/_
4 2 > —_—>
2t 32 +V3x2>3 5 V3

Similarly, g ++/3y3 >+/3yand g ++/323 >3z

SP.380 Let a, b, ¢ be the sides of an arbitrary triangle. Denote by
m,, w,, h,the lengths of the median, the internal bisector and the altitude

corresponding to the side a and w its Brocard angle . Prove that:
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. mZmim?
sinw — w,wpyw h,hyh,

Proposed by Vasile Jiglau-Romania

Solution 1 by proposer

The sums and the products used below are cyclic
Lemma 1:The sides of an arbitrary triangle verify:
8(a’b? + b*c* + c*a®) = (a+ b+ c)(a+ b)(b+ c)(c + a); (1)
Proof.
With the substitutionsx = s —a,y = s — b,z = s — c after computations, the inequality
becomes equivalent to:
2Yx% 4+ 2Yx%yz = Ya3y + Yxdz + 2Yx%y? &
203x% + Yx?yz — Yx3y — Yx3z) + Yxy(x —y)2 =0
The first paranthesis is positive ,since it is the inequality of Schur
Yx"(x —y)(x — z) = 0 for r = 4, therefore the inequality is true.
Lemma 2: The sides of an arbitrary triangle verify
(Za)?(Ta?b?) > [1(2a? + 2b% — ¢2); (2)
With the substitutionsx = s —a,y = s — b,z = s — ¢, after computations, the inequality
becomes equivalent to :
4y x5y + 43x%z + 353 x*y? + 353 x*z% + 663 x3y3 >
> 54Yxtyz + 423 x3y%z + 42 x3yz? + 18x%y?z>
which immediately results from the Muirhead’s lemma, then the inequality is true .

Let’s go to the solution of the problem .With the formulas

2 2 _ 2
m2:2b +2c“—a W :2 bc-s(s—a), :2_F' 1 :\/Eazbz
@ 4 @ b+c ¢ a’sinw 2F

the enunciated inequality becomes:
s(a?b? + b*c* + c*a?)? > 4(a + b)(b + ¢)(c + a)mimim?,

which immediately result if we multiply (1) and (2) .
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Solution 2 by Soumava Chakraborty-Kolkata-India

1 W 4
mZmZm? = a(Zb2 +2c¢? —a?)(2¢® + 2a® —b?)(2a% + 2b%* — ¢?) £ —{—42 a®

+6(> a2+ ) a2b*) + 3a%bc?) N
Now, Y a¢ = (Y a?)’ - 3@ +b2) (b2 + 2)(e? + a?)
- 3zt s Yt (Lt - )
() s s (Y)Y £ Y
again Y a2+ vt = (Y a7 (Y a2 - ) 2 (Y a62) ¥ a2 - 3atbc?

= (1),(2),(3) = mZm{m?

= %{—4 (Z a2)3 —12a%b?c? + 12 (Z azbz) Z a’+6 (Z azbz) Z a?

— 18a%b?c? + 3a2b2c2}

— gl (@) v18(Y )Y o - 27wt
= %{—4 (Z a2)3 +18 <(Z ab)z - 2abc(25)> (Z a?) - 27a2b2c2}

1
= a{—32(52 — 4Rr — r2)3 +36(s? — 4Rr — r?)(s? + 4Rr + rz)2
— 576Rrs?(s? — 4Rr — r?) — 432R%r?s?

1
E{s" — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*) — r3(4R + r)3}

()
~ 16mimim? = s — s*(12Rr — 33r?) — s?(60R?r? + 120Rr> + 33r*)

—r3(4R+r)3
4| m2Zmim? 1 . Y
Now, sinw = 2 \] w,ow,wch,hph, < Tertst (Z a‘b ) (Wewpwe) (hghph) > 16m;mymg
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2 2.2 2.2
- 1 (Z azbz) 16Rr*s 2r-s
16r4s? s2 4+ 2Rr +r2 R

> s® — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*) — r3(4R + r)?

o2 ((s2 + 4Rr + rz)z - 16Rrsz)2
> (s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) — r3(4R + r)3)(s?
+ 2Rr +r?)

& s8 — s5(22Rr + 26r?) + r?s*(276R? + 34Rr + 12r?)
— r3s%(328R3 — 220R?r — 230Rr? — 42r3)

(m)
+r*(640R* + 672R3r + 264R%r? + 46Rr3 + 3r*) = 0

+ via Gerretsen, (s — 16Rr + 5r2)" + (42Rr — 46r2)(s? — 16Rr + 5r2)° > 0
~ in order to prove (m), it suffices to prove :
s8 — s®(22Rr + 26r?) + r?s*(276R? + 34Rr + 12r?)
— r3s%(328R3 — 220R?r — 230Rr? — 42r3)
+r*(640R* + 672R3r + 264R?r? + 46Rr3 + 3r*)
> (s> — 16Rr + 5r2)4 + (42Rr — 46r?)(s? — 16Rr + 5r2)3
& (756R? — 1844Rr + 552r%)s* — (16200R3 — 40348R?r + 20200Rr? — 2992r3)rs?
+r?(107136R* — 267104R3r + 188904R*r? — 52404Rr? + 5128r*) > 0
< (R—2r)(756R — 332r)s* — 112r2s*
— (16200R3 — 40348R*r + 20200Rr? — 2992r3)rs?
0
+12(107136R* — 267104R%r + 188904R?r? — 52404Rr> + 5128r%) = 0

Gerretsen

and v —112r%s* = —112r2s?(4R? + 4Rr + 3r2) - LHS of (i) >

(R —2r)(756R — 332r)s*
—rs?(112r(4R? + 4Rr + 3r?) + 16200R® — 40348R?r + 20200Rr?
—2992r3)
+r?(107136R* — 267104R3r + 188904R*r? — 52404Rr? + 5128r*)

=~ in order to prove (i), it suffices to prove :
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(R —2r)(756R — 332r)s*

—rs?(112r(4R? + 4Rr + 3r?) + 16200R® — 40348R?r + 20200Rr?
—2992r3)
(i)
+12(107136R* — 267104R%r + 188904R?*r? — 52404Rr> + 5128r%) = 0
» via Gerretsen, (R — 2r)(756R — 332r)(s? — 16Rr + 5r2)2 >0 .
in order to prove (ii), it suffices to prove :
(R—2r)(756R — 332r)s*
—rs?(112r(4R? + 4Rr + 3r?) + 16200R® — 40348R?r + 20200Rr?
—2992r3)
+r?(107136R* — 267104R3r + 188904R*r? — 52404Rr? + 5128r*)
> (R — 2r)(756R — 332r)(s% — 16Rr + 5r2)
© (7992R3 — 26668R’r + 19040Rr? — 3984r3)s?
> r(86400R* — 325920R%r + 295020R?r? — 99936Rr3 + 11472r*)
& (R-2r) ((R — 2r)(7992R + 5300r) + 8272r2) s% — 8640r3s?

(iii)
— r(86400R* — 325920R%r + 295020R?r? — 99936Rr? + 11472r*) 5 0

Gerretsen

Again, LHS of (iii) =

(R—2r) ((R —2r)(7992R + 5300r) + 8272r2) (16Rr — 5r%) — 8640r3(4R? + 4Rr + 3r?)

?

— r(86400R* — 325920R>r + 295020R?r? — 99936Rr? + 11472r*) S 0

,
- R
& 41472t* — 140728t3 + 108400t% + 44672t — 60672 >0 (where t= ;)

2

e (t-2) ((t —2)(41472t% 4+ 25160t + 43152) + 11664) So

Eul
e 1 - 4\/ mZmZm?

(QED)

- true wt = 2= (iii) = (ii) = (i)  (m)is true ~. ——=>
(iii) = (i) = (i) = (m) sinw wowpwehghphe
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SP.381 Find all continuous functions f: (0, ) — R such that

f(@a®) + f(a*) + f(a**) = x,vx € R,a > 0,a # 1 —fixed.
Proposed by Marian Ursarescu-Romania
Solution 1 by proposer
Leta* =t > x=log t— f(t) + f(t?) + f(t*) = log, t
t~t? > f(t3) + f(t*) + f(t?) = log, t?
= f() = f(t®) = —log, t - f(t?) — f(t) = log, t

1 1 1

t~t8 — f(t) — f(tﬁ) — log, i3

1 1 1 1
t~t8 > f (t8> —f <t64) = log,, t64
1 _1 1 1
t~t8 > f| 8" 1) — f<t8") = log, t8"
Adding up these relations, it follows that:

FO — £ (65) = (3 + g+ + g7 loga

8 82 8n
1,1
lim (f(t) ~f (ts*%)) = gigg*’(f—l)loga = fO) - F(1) = 7loggt
1

f(1) = 0 (from hypothesis x = 0 - 3f(1) = 0). So, f(t) = %loga t.
Solution 2 by Ruxandra Daniela Tonila-Romania

Lett =a* © x =log,t = f(t) + f(t*) + f(t*) =log, t; (1)
(D)2t~ VE= F(VE) + F(0) + f(12) = S log,
(D:t - Ve = f(VT) + F(VE) + f(©) = %loga t
= (%)~ F(4F) = 7log,t

t T = f(0) ~ () = g loga
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FCND) £ (*"VE) = saeglogat

Hence,

1

f() — f(zmi/f) <213 + 76 + -4 2nl+3) log,t

. n+3 1 1 1
lim <f(t) - f(2 ﬁ)) = lim <23 tog ot 2n+3)logat =

1 1 1 1 .
logatllm (23 +§+ -+ 2n+3) = ﬁlogaty_)rgl—

£@) - lim £ (V) = 7 loga

f —continuous and 1111_)1130]’ (tﬂﬁ> = f(llmt2"+3) fH=f1)=fQ)= loga t
From f(t) + f(t?) + f(t*) = log,tandfort = 1, we get: 3f(1) = log,1 < f(1) =0
Therefore,
flx) = ;logax,Vx € (0,00)
SP.382. z4, z,, z3 € C* —different in pairs such that
|z{| = |zy| = |z3| = 1,A(z4), B(z,), C(z3). Prove that:

).
T (22 — 23)%[25(21 — 23)% — 23(21 + 23)%] 4z,2,2;5

= AB = BC =CA

Proposed by Marian Ursarescu-Romania

Solution 1 by proposer

A(z,),B(z;),C(z3) > AABC c €(0,1)
z ZyZ3 1
= PR
e (22 — 23)%[22(21 — 23)% — 23(21 + 23)%] 422,23

z,757% 1

; (22 — 23)%[22(21 — 23)% — 23(21 + 22)?] T4

=4
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1
4;(1)
(Zz —23)% [2,(24 — 23)*  z3(z, + Zz)z
Z373 Z12373 Z12373

_ 2
But: AABC c C(0,1) — cos? A = (Z:L:‘),sinzA G YO

Z2Z3 42,23

From (1), (2) it follows that:

Z cscZ A _ 4,(3)
sin2 B + cos2C '

cyc

2
But. z csc? A Ber‘q:mm (X csc A)? (2\/§)

sinZ B + cos? C - 1+1+1 3
cyc

From (3), (4) equality holds if and only if AB = BC = CA.

=4;(4)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
Zy — Z
|24| = |2| = |z3| =1 > AABC € €(0,1) — sin®A = —% and cos* 4
2Z3
Z, + 23)?
=% (And analogs)

1 1
4o )
() Z (22— 23)%[ (21— 23)% | (21 +2p)? < sin? A [sin? B + cos? (]
4'Z2Z3 4Z1Z3 4Z1Z2 cye

=4

1
sin2 A (sin? B + cos? C)

But from Holder,we have : z
cyc
33
>
(X sin? A)[2.(sin%? B + cos? C)]

Also,we have : Z(sin2 B + cos?C) = Z(sin2 A+ cos?A) = z 1=3.

1 Leibniz 1 9
. in2 A4 — 2 2 2 _
and: ) sintA=gog) @ 2 9K =g
1 27 . L . .
- z > = 4,with equality if AABC is equilateral.

sin? A (sin? B + cos2C) — 9 3
i

cyc
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Theref z ZyZ3 1
erefore, =
(23 — 23)?[2(21 — 23)? — 23(21 + 2)%]  4242,23
AB =BC =CA

SP.383If a, b, c > 0 then:
al®cs + p10g5 + c10p5
a’b + b%c + c?a
Proposed by Daniel Sitaru-Romania

> a*b*c?t

Solution 1 by proposer

Let f: (0,0) — (0, ), f(x) = (%)x + (B)x + (Z)x

x ) 1N b x

o= G e (3 (2 (3 (3
£/ = () 10g? (2) + (2) 102 (2) + (£) 10g? (£) 2 0
= f"(x) = 0 = f' —increasing, then f'(x) = f'(0),Vx >

f'(x) >log(b)+log<b)+log(£) =log<g-g-£) =log1=0

f'(x) = 0, then f —increasing, so f(5) = f(2).

Hence,

a5  /b\°

G+ @+ =6 @)
a b c

T eTh

Therefore,

a5+b5+c5>a+b+
b5 ¢ a®> ¢ a

S| a

al®c5 4 p19g5 + c10p5
a*b*ct

Finally, it follows that:

> a?b + b%*c + c*a

10 5+b10a5 +c10b5

414,4
a?b + b%c + c%a za'b’c
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Equality holds fora = b = c.

Solution 2 by Fayssal Abdelli-Bejaia-Algerie

al%c5 + p10g5 + c10p5
> 3 a15p15¢15 = q10c5 4 p10g5 4 ¢10p5 > 345h5¢5
3

3a°b>c® @
*b*c* = abc = a?b + b%c + c%a; (A)

a?b + b*c + c*a
2 2 2
a“b + b“c + c“a
3 > Y/ a3b3c3 = a?b + b%c + c*a > 3abc; (B)
55,5 5
From (4), (B), we have a?b + b%*c + c¢*a = 3abc = % > a*b*c* true.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Holder q20 4 p2g + ¢2b)5

34

al®c® + b1%° + c1%b° = (a?c)® + (b%a)® + (c*b)>
AM—-GM
T x)?=23% xy

-
=

a’c + b%a + c¢?b)3
=( T ) .(a%*c + b%a + c?b)?
3
33aZc. b%a. c?b
( ) .3(a%c.b?*a + b*a.c*b + c?b.a*c) =

34
= (abc)3.abc(a?b + b%*c + c*a) = a*b*c*(a?b + b%c + c*a)

- al®cS + p10g5 4 c10p5  gtptet
erefore, a*b*ct.
/ a?b + b%c + c%a

Solution 4 by Adrian Popa-Romania
We must prove that:

a'®c® + b'%a5 + c1°b° > a®b*c® + b>c*a® + c*a*b®

(10,0,5) > (5,4,6) because 10 >5,10+0>5+4,10+0+5=5+4+6

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand
We have:

b b®a aP+b3+c3/a’c b b3a
+ >a’+ b +c?

abc - N
- 3 b* a* ct

b* + a* ct
> a’b + b%c + c%a
Hence,
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10,.5 10p5 4 p10,5

a’c’+c
(abc)*
Finally, it follows that:
al®cs + p10g5 + c10p5
azb + b%c + c?a

Equality holds fora = b = c.

> a?b + b%*c + c*a

> a*b*c?

SP.384 Let (a,,),,>1 be sequence of real numbers with a,, > 0,vn € N and

ap=1, a2 +a,e» =(n+1)(n+ 1+ e™).Find:

n 1 1
Q=Ilima, - an-sinl-sini- ...-sinﬁ

n—>0oo

Proposed by Florica Anastase-Romania
Solution 1 by proposer
a:i+a,e»=m+1)n+1+e™)
n+1e* —ae+(n+1)?2-ad2=0s
en(n+1)—a,)+m+1)?-ad2=0&
(m+1)-a,)(e™+a,+n+1)=0sa,=n+1(a,>0,vneN)

Now, we have:

n—-oo

n 1 1
Q=Ilima, - |a,-sinl-sin—-..-sin—=
i n \]n i i > i -

n 1 1 C-D
=lim |[(n+1)"+1. sinlsinE...sin; =

n—>oo

1 1
n+2. = = ot = it
(n+2) smlsmz...smnsmn_l_l:

= lim
n—oo

1 1
+1 . gj in= in —
(n+ 1)1 .sin1sin > - Sin
n+1

i (n+2) (n+2)si 1]
e |\ 1 n M)
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. 1
(1+ 1 )"“.S“‘m,nﬂ
n+1 1 n+1
n+1

=e

Solution 2 by Mikael Bernardo-Mozambique
ap=1,a:+a,e=m+1)(n+1+e™) o

a+a,e"=n+1)>2+(n+1De» o a,=n+1;(a; =1)

n—oo n n—-oo

: " : 1 1o : .1 1
Q=Ilima,- an-sml-SInE-...-SIn—:llm aﬁ“-sml-smi-...-smﬁ

n+2 s .1 1
C-D lim a,.1sn 1- Sll’li C et Slnﬁ . s1nn—+1
= l ==

n—->oo

. .1 .1
a'tlsin1-sins - .. -sin=
n 2 n

(n+2)* (n+2)?%-sin
=1i
e m+ D" (n+1)
n
1 \""N\"*1 (n+2)? Sin%
=lim<<1+—) ) n =e-1-1=e

n-c0 n+1 m+1? 1
n+1

1
n+1:

SP.385 Let (a,,),,»1 be sequence of positive real numbers such that:
ani1 — (ay + apag, + (@pq — ay)ai + a;a,8,,1 = 0,V € N,

n > 1. Prove that:

- a 2 a
Z logs + +1|=n
] A1 Qg1

Proposed by Florica Anastase-Romania

Solution 1 by proposer

3 2 2 —
Apv1 — (an + al)an+1 + (an+1 - al)an + A1,0p11 = 0=

3 2 2 2 2 —
Ani1 + Api1@y — apldn.q — a0, — a0y +a1a,0,41 = 0=

2
(an+1 - al) ) (an+1 + a?l - anan+1) =0
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a a
(an+1—a1)< nly o —1)=O@an+1=a1,VnEN*,n>1
a, Apt1
Ani1 a,
because + —1>1,vneN,n>1anda, >0
a, (L]

Now, applying AM-GM inequality, we have:
3

2
ay ay 3l a ay

( )+( )+123- =3
A1 A1 a.q A1

n 2 n
a a a

<< <)+ k>“>23"'l| “=3mn
Ap+1 Ap+1 weg Ak+1

becausea,,; = a;,Vne N, n>1

k=1

Therefore,

- ai 2 ag
z log; ( ) + ( ) +1)=2n
prr Api1 Qg1

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

() * Qper® = (an + 1) @pie* + (Apsq — a)a,* + a4a,a,,4 = 0,Yn € N, n > 1.
Letne N ,n> 1.
(*) © (Aps1® — a18441%) — (An8p11% — A1038411) + (Apsq — ag)ay® = 0
© Api1?(@per — O1) — Ay 1 (g — A1) + (Apeq — a)a,? =0
& (Aps1 — a)(@piq® — Ayan1q +a,?) =0
© apy=a,VneEN " n>1 (- a, 1% —-a,a,.4+a,?>0)

Now, from AM — GM,we have :

o)+ () w12 () -5 ()
ot ) ) 1) = o (3 ) ) = [+t )

k=1

a,
=n+logs T =n.
n+
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- ay 2 ay
Therefore, z log; ( ) + ( ) +1)=n
= Ap+1 Ap+1

Solution 3 by Kamel Gandouli Rezgui-Tunisia

3 2 2 —
Apv1 — (al + an)an+1 + (an+1 - al)an —a10,0,11 = 0

1+ api1)(at, 1 — api1a, +a2) = 0 © a,,q = ay,Vn > 1 because

2 2
Api1 — Ani1Qy + ay > 0.

n
a Z a
v, = Z log; (( :;'1) + :;ﬂ + 1)
= k k
_ &)2 a (ﬂ)z a .\ _
2 —log3((a1 +a1+1>+log3< a, +a1+1 =

1 a; 2 a, aq 2 aq
= —.log (—) + 2241 (—) + 4
log 3 a, a, a, a,

n
a1\> a
Suppose: v, = z log; (( ZH) Tiuiaz S 1>,Vn >1
k
k=1

n+1
a Z a a 2 a
:210g3 <k+1> +—1 4 = v, + log; <"+2) + 22 1) >n+1
] Ay Ay An+1 An+1

Solution 4 by Hyun Binh Yoo-South Korea

3 2 2 —
Ani1 — (an + al)an+1 + (an+1 - al)an + aA1a,0,+1 = 0=
3 2 2 2 2 —
g+ Qni1Qy — ARa5, — Q1051 — Q105 + 10,0, =0 &

2 2 — — 2 2 —
(an+1—aq) - (an+1 +a, - anan+1) =0 ay =ag0ray, +ay —a,a,, 4 =0.

, c ai \? ag
l)an+1=a1:>210g3 ( ) +< >+1 =
prr Ap+1 Ap+1
n 2 n
aq aq
=Zlog3<(—> +<—)+1> =210g33 =n
a; a;
k=1 k=1
2

an? 3
ia:, ,+a%—a,a,,,=0& (an+1 — 7") +40n = 0 impossible.
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SP.386 Solve for real numbers:

log,(5* — 3) = log,(3* + 4)
Proposed by lonut Florin Voinea-Romania

Solution 1 by proposer

5*-3>0_ (x>1logs3
C.E.{3x+4>0:>{ ER = x € (logs 3, )
5*—-3=2Y
v — _ 2y — 3

Let us denote: y = log,(5* — 3) = log,(3 +4)<:>{3x+4=7y

)Ifx > 1.
y x x X

i)Fory>x=>{7y7_§x7+4=>3x+4>7x|:7x>o=>(§) +4(3) >

t t
Let be the function f: (0,©) - R, f(t) = (;) + 4 (%) decreasingandforx > 1 =

f(x) < f(1) = 1 but from (x): f(x) > 1then, 1 < f(x) < 1 contradiction!
27 < 2%
2y =5*—3

(5) +3@) > e

t t
Let be the function g: (0,) - R, g(t) = (é) +3 (E) decreasingandforx > 1 =

ii)Fory<x=>{ 55 —3<2¥=2%4+3>5:5">0>

g(x) < g(1) = 1 but from (xx): g(x) > 1 then, 1 < g(x) < 1 cotradiction!

5* -3 =2*
|||)Fory=x=>{3x+4=7x

X

2\* 1
5x—3=zx@zx+3=5X|:5x@(§) +3<§) =1

X X
We observe that: x = 1 has unique solution, because function g(x) = (E) +3 (%) is

decreasing.
nifx e (logs3,1)
i)Fory>x=>{zyZi§x2j3=>sx—3>2x=>2x+3<5x|:5x>o
2\* 1\*
:’<§> +3(§) <11
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2

t t
x<landg(t) = (g) +3 (%) decreasing then, g(x) = g(1) = 1 butfrom (1): g(x) < 1

thus, 1 > g(x) > 1 contradiction!

77 <7*

ii)Fory<x:>{7y<3x_|_4

=23*+4<7*:7*>0
X X

- +ofl) <o
3

t t
x<1landf(t) = (;) +4 G) decreasing then, f(x) > f(1) = 1 butfrom (2): f(1) < 1
thus, 1 > f(1) > 1 contradiction.

5% —3=2%
3*+4=7"

So, x = 1 has unique solution of the equation.

iii)Fory =x = { has solution x = 1 but 1 € (logs 3,1). No has solution.

Solution 2 by Hyun Bin Yoo-South Korea
Let f(x) = log,(5* —3),D = {x|x > logs 3,x € R} and g(x) = log;(3* + 4) such that
f(x) = g(x).First x = 1 is a trivial solution. Now, we will prove that there are no other
solutions of f(x) = g(x).

1 5"log5_l 5 5*
log2 5*—3 082 '5x_3

fl(x) =

Because log, 5 > log, 2 > 1 and % > then f'(x) > 1,Vx > logs 3.

1 3*log3 3*
log7 3*+4

g (x) =

3x

Because 0 <log;3 <log;7 =1and 0 < 372

<1lthen0< g'(x) < 1.

So, f'(x) > g'(x),vx > logs 3.

Dx>1F) = f(1)+ jxf'(t) dt =1+ fxf'(t) dt
1 1

g = g(1) +f g@®di=1 +j g'(0) dt
1 1

Since f'(x) > g'(x) = f(x) > g(x) = — [[ f () dt > [[ g’ (D dt =
f(x) = g(x) no has solution.

ii)logs3 <x<1,

50 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1
) =f(1)—f @) dt = 1—[ £ dt

1 1
g(x) =g(1) —j g@®dt=1 —f g'(®dt=>

f(x) = g(x) no has solution.

So, x = 1 is unique solution of the equation.

SP387. Given f: R — R defined by f(x) = —2x% + 6x — 3, then find
2
Q= lim ff”(x) dx
n—oo
1

(where f*(x) = f(f (f(---f(x))))

n—times

Proposed by Rajeev Rastogi-India

Solution by proposer

2
'-'f(x)=—2(x2—3x)—3=—2<x2—3x+z)+<;—3)=;—2(x—;)
_ _ 2
= o0 =222 pen - 32 = 22— 3"
3-2 —3)2 3-—(2x-3)%
- F(fo) <3T2IW =D _3-@x-3)

2 2

Now, by induction we will show that

3-(2x-3)2"

ffx) =——— (1)

Suppose (1) is true for some n = k (where k > 1)

— —3)2"
NP (2; 3)
e 3-f0 -3 3-(2x-3)*"
- () = . = _

Hence by induction (1) is true foralln € N

Now
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Q-1 z/3 - (2x—3)%" dx = 1 1 3 (2x — 3)"+1
= o )y 2 AR\ T e 2

z,llil?ozK (zn+1) 2) ( +ﬁ)]=ﬂ?oz[3_z"+1
3

s Q==
2

SP.388 Given {a,} is a sequence of real numbers satisfying a; = 0 and

zn 1: n

2

Define b,, = 4_4‘1" for n > 1, then find

n
b 1
4 -sin~?! ZH — (n — 5 ttan h-1 w/bn> <1_[ ak>]
n

k=2

Q= lim

n—>0oo

Proposed by Rajeev Rastogi-India

Solution 1 by proposer

4
4-ay1 4-ay

=(n+1)?*-n?

::»4_an+l—(n+1)2=ﬁ—nZ (1).Letcn=ﬁ—n2,then
UA)>c,=Cpyg=Cpy==¢€=—-122¢,=2-1=0
4—aq 4
4
:>4_an—n :>an—4——Z
4—a 1
b= =
tanh 1lelog(l-l_x)
2 1—x
1 1+% 1. m+1
= tanh™1 /b, = —log 1 =3 g<ﬁ)
n
Also,
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[ o= [(59)-(5)

k=2

_4[(1 2 3 n—1)<3 4 5 n+1)]
I\2 347 n 2 347 n

. Q= lim l4 -sin~1

n—oo

arrae (gt gee () 2

1 1
:4-_11—( —_ = —l 1)2
sin T 2+20g

_411( 1)2—2 2w+ 1
=4-5-\T—3 =2 — 21

=>0=1

Solution 2 by Adrian Popa-Romania

4
Denote: 4—an_x"=>4—an+1 =Xpa10x1 =1

n=1=>x,—x1=3

n=2=>x3—x;=>5

n=3=x,—x3=7 X, —X1=3+5+7+--+2n-1)

n=n-1=x,—x,.1=2n-1

4
X, =143454++@2n-1)=n?= =n’>

4—-a,
4n’—-4 4n-1(n+1) 1 4—a, 1 1
R U Che R IR E e B LA
1
bn+1:(n+1)2: n? 51
b, 1 (n+1)2
nz

bn+1

b,

lim 4 sin™1 (

n—oo

)= 4sin"11 =2n
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1
1\, 1 1+-) 1 n+1, 1
tanh~1,/b, = tanh™! (;) = Elog 1_—1 = Elog (m) - Elog 1=0

n

= 2(n+ 1)

[ |-
n

k=2

Therefore,

Q= lim |4 sin-1 n? ( 1+11 <n+1)) 2(n+1)]
T[T iz T2 2% T n |

n—oo

1 1
j— sn—1 —_ — — . =
=4sin"" 1 (n Z+210g1) 2=1

Solution 3 by Hyun Bin Yoo-South Korea

4 4 4
Letcn=4afornthhen,cl=1and4a a
—On —&n+1 —G&n

=Cpp1—Cp=2n+1

Hence,

n n
nn+1

> (€1 =€) = Cun = €1 = Cuir ~Ln2 1, ) (2i+1)=2-¥+"

=1 i=1

=n?+2n

Sincec,,,1 — ¢, = 2n+ 1 and

n n
Z(ci+1—ci) =Z(2i+1) Scp=mM+1D35n>1=¢,=n%n>1
i=1 i=1

. 4 a
Sincec; = 1,¢c, =n* ,n>1=>n?= ont-1=-—"=2 (:)an:4(1——2);n21
4—-a, 4—a, n

Sincea1=0,an=4(1—n—12);n21andbn=Ci:>bn=n—12;nz1

n

b n 2 b T
lim =1 = lim (—) =1, lim sin™! ("—H> = lim sin"1t = =
n-oo bn no\n+1 n—oo bn t—>1— 2

’1
. R T = . -1 R T -1 4 _
1111_1)210,/bn = 1111_13)10 - = OjL,’lll_l)?o tanh™ /b, = }ll(‘)l}_ tanh™ ™"t =0
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n n n
[ Jae=][e(r-5) =] [0 (55 =
% = Kz) = K k)~
k=2 k=2 k=2
n
(1 3 2 4 n-1 n+1> 2(n+1) " 1 2(n+1) )
— —_— . — e — . — . et . e = = =
2'2'3'3 n n n noe | 1T 208 n
k=2
Therefore,
Q= lim |4 sin-1 n? ( 1+1l <n+1)) 2n+1)]
T[T Tz T2 2% T n |

1 1
=4sin‘11—(n—i+ilog1)-2=21t—21t+1=1

SP.389 Given f: R — R is a continuous function satisfying the functional

equation f(x +y) — 37f(x) = 3*f(y); Vx,y € R,n € N* then find
[f(x) f M®

Fo T T e

(where f™(x) denotes the n'" derivative of f(x) with respect to x)

Q(n) = lim

X—00

Proposed by Rajeev Rastogi-India
Solution by proposer
“fx+y) - 3f(x) =3"f(y);vx,y €R (1)
Define new function g(x) = 37 - f(x) then (1) =
3. g(x+y)—37-3"g(x0) =3"-37g(-D =>gx+y) =g(0) + g(»)
Hence g(x) satisfies Cauchy functional equation
~gx) =axwhereae R=>ax=3":f(x) = f(x) =ax-3*
ff(x)=a[x-3*In3+3*-1]=a-3*(x-In3 +1)
f'x)=a[3* - In3+ (xIn3 +1)-3*-In3]
f'fx)=a-3*-In3 (xIn3 + 2)
f"(x) =a(ln3)?-3*(xIn3 + 3)

A (x)=a-(In3)"1.3*(xIn3 + n)
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1 n—1
~ Q= lim f,(x) + f,,(x) P
x>0 | f(x) - f(x) fr(x)
ax - 3* N a-3*(xIn3+1) N
_ lim a-3*(xIn3+1) a-3*In3(xIn3 +2)
T xo0 a-(In3)"2-3*(xIn3 + (n—1))
a(In3)"1.3*(xIn3 +n)
_ x xIn3 +1 (xIn3+ (n—1))
x-o(xIn3+1 In3(xIn3 + 2) In3(xIn3 + n)

1 1 . _n
tist i3 (n —times)= Q =13

_ 1

" In3

SP.390 Given f(x) be a non-constant function satisfying the integral equation

f(x) = 222 — [ (f(t) — x)? dx then find:

X
n
—of (57
Q = lim |lim r—(zr)
X—>00 | n—oo X
Proposed by Rajeev Rastogi-India

Solution 1 by proposer

Given
2
) = 222 - fo (F2(0) — 2xf(0) + x2)dt

=2x% - [P 2O dt+2x [ f(Odt — 22 [ dt = f(x) = 2x [, f(®) dt — [, f2(O) dt (1)
Let

2 2
ff(t)dt=a,f f2(H)dt=b
0 0

then (1) = f(x) =2ax—b (2)

Using this in the given equation, we have

(2at — b — x)3>2
0

6a

2
2ax—b=2x2—j (Zat—b—x)zdt=2x2—<
0

= 2x% — 6—1‘1 (40— B+ 1)+ b +2)]
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=2x% - 6_1a [(4a)® — 3(4a)?>(b+ x) + 3 -4a - (b + x)?]

32
= 2x? —?az + 8a(b + x) — 2(b + x)?

a?
:>2ax—b=(8a—4b)+<8ab—32?—2b2>;VxER

Comparing coefficients

2a = 8a—4b (3)
2
—b =8ab—32% —2p% (4)
3
(3)>6a=4b=>b="a
2
~@)=>-2a=8a-2a-32%5-2.2q2
2 2 3 4

32 9 3
= a? (12 ————) = —Ea('-' a+0)

3 2
(72—64—27) 3
SsaA|l/—— )| = ——
6 2

19 3 o, 27

= — — = —— = — = —

6 2T 27% 19 38

~(2)= f(x) = gx—%

(122D 1B )

X—00

lim
n—oo

X

18 1 1 1 18 1 18
:E(1+E+?+§+"‘“pt"°"):EXZ:EXZ
2
36
=2=19

Solution 2 b Kamel Gandouli Rezgui-Tunisia

2
FOO) = 202 — f (F(O) - x)2dx =
0

2 2
=2x% — f(@® 2dt — 2x fOdt + 2x* ) =
| )
0 0
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2 ) 2
= _<j (f(©)"de - fo f(t)dt> =2xa—p
0

2

— 2B =4a-28
0

2

a—f 2ta — p)dt = 2a - 7

1
f (f(t))zdt = f 2ta — B)?dt = a(2m _ B)slz _

L arpra oo L (s 28 +i(3—“)3=3—“=ﬂ

2 6a\ 2 2
125 , 27 , 3 9 w18, 27
—_ —_ — — = — — — —_——
28 & Tag% T%¢ a=19=F=3g=> I 38
18 27 2
t) —x)%dt = (—t——— ) dt
j()(f() ) f St-so—x) dis
x\ 18 27
) =-5G) 35
1
1-5m1
1 27
12": (x)_18 1-5 3g(n+1) 36
x Of 27) T19% T & x 19
r= M

-0 as x—>oo

UP.376 If a, b > 0 then find:

1
Q= lim

S o} E NP S
e \V@En-Di g b @b (g4 b+ 1))

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposer

€2 DM 2r— DU
n—>oo ’m n—>oo (2 — 1)” n—>oo 2n+ )N nn"

= lim ( ) ——llm(1+1) —E'(l)
noo2n+1 \n+1 2 now 2’
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Q = lim Zn: ! =
e\ Y/@n— 1Dl (2n DI & " las b")z (a+bm+1))*

N S I
N Gn-nn A \r g B @ a0y

1,1 1
n b? ~ (a+ bn)? (a+b(n+ 1))2
= lim - lim =

oo [ — DI o n+tl-n

e i 1 1 1 e 1 +0+0 e
im =—_. /_ -
2 n—-oo (a + bn)z (a +b(n+ 1))2 2 b2 2b

Solution 2 by Ruxandra Daniela Tonila-Romania

n

z 1 - 1 1 1 AM-GM
/— < z — 4 + <
2 2 2 2
L b? 4y (b (a+bl)? (g4 p(k+1))

1 1 1
<n- =) [=+ + PN
ne (bz (a+bl)* (g4 bk + 1))2>

n_ - 11 1 _n 1% P S 1
n E h2 2 2=p _E 2 2
b o] b%  (a+ bk) (a+b(k+1)) b néd (%+k) (%+k+1)

n - 1
b"’_(Zn—l)” (Zn 1)! ZJ (a+bk) (a+b(k+1))2 <

- 1
b"/Zn— DIl Z

( + (k + 1))2

Let: x,, = 7———, it follows

"n-1D)V
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Ly a<ly 142 Y . ! (1)
Enl—{gxn < _Bnl—{?oxn +Zz a 2 a 2
=1\ (5+k) (E+(k+1))

From Stirling approximation, we have:

n
: | n- 2" n! I 2n-5 e 2)
mx, = 11im = lim = —
nooo 1 n-oo "/(Zn)! n—oo (2_11,)2 2
e
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_ 1 =2 1 1
=lim |[1+—|2-—+ - =1

n-oo n 2 (% rn+ 1))2 (% N 1)2

Hence,

From (1),(2),(3) it follows that:

Q = lim 1 i l+ ! + : =
Tre\YEn-n &7 @ri? (aipm+n)’) 2D

UP.377 Let (x,),>0 Sequence of positive real numbers such that

nx% = ax’ ., + (an — 1)x,.1x,; a > 0,xy > 0 —fixed. Find:
1

1\ T

M tan(\/TTJ

n
k=1 xk

Q=1lim| lim
n—oo m— oo n

Proposed by Florica Anastase-Romania
Solution 1 by proposer
ax?, ; + (an— 1)x,1X, — Nx%2 = 0 © anx,X,,1 + Ax2,.; — Nx% — X, Xy = 0 ©
1
(axpi1 —x)(Mx, + x,,1) =0 & (xn+1 — Ex”) (nx, + x,41) = 0; (x,, > 0,Vn € N)

=4

1 1
Xn+1 _Exn =0o x40 = Exn

. . . . 1
So, (x,,)n=0 —8€OMetric progression with ratio q = -

Now, we have:
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n

1 YAENR\
D=1 (xﬁ - 1) ﬁ:l("ﬁ_1>

lim| 1+ =e
m—oo n

1
ym 1
22—1 x;‘{ﬁ 1 i n ym
. 1 . Vm X, -1
lim =—lim Z =
™7 ntan (l> nm=co tanL 1
ym ym ! m
1 n 1 n 1 1 1+2+3+---+(n—1)
13 e ([ o) -drs( () -
0g Xy - og( xk> - og<x1 p
k=1 k=1
n(n-1) n—1
1\ 2 1\ 2
=—log<a’1’(—> >=10g<x1 (—) >
a
) 1
= 1
Z;{'_lxm tan(\/m)
Q= lim| lim —k =
n-oo | m—oo n
1
ZZ’=1 x;(/ﬁ—].)
n 1
1 1 ntan(—)
— Vm
r=1 (xﬁ—l) L(dﬁ-l)
=lim| lim|| 1+ =
n-o | m-oo n

15 0; a>1
= lim | x4 <—) = {00; ac(0,1)
n—-oo a

X1; a=1
Solution 2 by Kamel Gandouli Rezgui-Tunisia

ax? ; + (an— Dx,x,,_; —nx% = 0,A = (an + 1)%x2
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1—-an+ (an+1) X, 1\"
Xn+1 = 2a xnzz:’xn_<_> Xo
n
1 k n 1 n k 1\vm
= /1 = 1 1-(,4
o s S 5 ) e
a a 1
k=1 k=1 1- (1)%
a
1
n 1
n ’ 11 1 1 \/_ﬁ tan(m)
lzx\/_m tanzs _ | XoX1 (E)
nik n 1 \/L_
- 1-(g)™
( 1 n_
=
1 xox3 1~ (E) "
= exp 1 log = 1
tan (—) 1\Vm
\ vm 1- (E)
1 \/% nloga
. xxp 1 (a) loga
lim = XoX1 = XgX1
n-o M nT= n
1-(a)
1
1
n x\/_ﬁ tan(ﬁ) nl11—I>I:}ot ( 1 )lngOxl O, if XoX1 = ax% <1
= an|—
lim | 2=k =e Vm =1 +o00,if xgx1 = ax3 > 1
m-—oo n

1,if x, constante

Therefore,
1
=AY (=) - 2
. . = k .
Q= lim | lim | — —— = {+00,if xox1 = axi > 1

1,if x, constante

Solution 3 by Ruxandra Daniela Tonila-Romania

nx; = axg,q + (@n — Dxpiq - Xp

x 2 x
n= a( n+1) + (an _ 1)  ontl
X X

n n

a /x 2 1\ x a /x 2 1\ x
1=_.<n+1> +<a——) n+1=>lim_.<n+1) +<a__) n+1=1
n \ x, n/ x, noomn \ X, n/ x,
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. Xn+1 1 . Xn+1 1 . P(n + 1)
lim =— < lim =—lim —,
noo X, @ noo X, an->o P(n)
Pn+1)
where P(x) = qjxk +aj_x* 1+ - +ax+ay = x,,,=——— —- x
( ) k k-1 1 0 n+1 P(n) a n
Let’s suppose thata, = a;,_; = -~ =a; = 0and a, # 0, then x,,,.{ = 7"
2 2 2
Xg __ X0 (an—1)xg _ .
PN = Agnt g o na=1+an—-1=an=an,trueva>0andn€N.

1

1 t (1) 1 t (_)
n_ o m\ N\ m n_m W
- - k=1 k . . k=1 k
Q=I1lim| lim | —— =lim| lim | —— =
n—»o | m—-oo n n-o | m-o n
Ky VM
1 Vm Zn 1
n  (X0)Vm k=1\" 1
(Y . o
= lim | lim | —— = xp lim | lim | —MMM8MM8M™—
n—oo | m—-oo n n—-oo | m-ooo n
Case l.Ifa € (0,1), we have:
K Ky Vm
n+1 1 n 1
k1| T | " 2k=1| T
c-S . . avm aym
Q = xplim | lim =
m—o | nooo n+1—-—n
vm(n+1)
li 1 li 1 =+
= — = (0]
%o Jim | — o lim o
a’'m

Case2.Ifa =1, we have

_xorlll_)lg( 21\/_> = X

Case 3. If a > 1, we have:
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n Vm
1
| —1
1 a\/m n \/ﬁ
1 1 1
am —T-1 1- <_\/i—>
m
Q=xplim| lim (AL = Xxp lim | lim 1 a
n—-o | m—oo n m-—oo | n—oo < \/_ﬁ 1) n
a —_—
We have:
1
=0

0<Q<xplim| lim =
m—oo n—-oo 1
nvym <a\/_ﬁ — 1)

Therefore,
0; a>1
o; a€(0,1)
X1,
UP.378 If (a,,),;>1, (b, ),,>1 are positive real sequences such that
Zntl — g1, Find:

b = T Y. Y an i
. <(" kDL >
lim il T a
noo \"b, 1 by

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Q=
a=1

Solution by proposers
. n _ompreDA )™l g m4+N\""' n-a, e
lim—=1im |— = llm—-—n=llm(—) - lim =—
n-oo a n-o an n-o an+1 n n-o n n-o an+1 T
] . nprCD'A  (p4 1)1 p om+1\""! (n+1b,
lim =lim [— = llm—-—=llm<—) — =
nooo M bn n—coo b n—oo bn+1 nn n—oo n bn+1
lim +1 e e?
=e - lim =e - —=—
n-o n+1\/ an+1 n n
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Weh (n+1)2 n? n2 D n*> (u,—1) :
e have: -1) = : -logu
"bre:  “bn b, "o, logu, "
n (un_l)
= . -logul; (1)
"p, logu, &t
-1

n+1\* /b, u,
where, u, = ( ) e . We have: lim u,, = 1,then lim
n ,bn+1 n—-oo n—>ool g n

= 1.Namely,
n+1\>" b n+1)-b
lim u? = lim ( ) . " b,.1 =e?- lim m+1) by " bpit | =
n—oo n—-oo n b, .1 n—oo b1
I n+1  "by, , e m
=e‘ lim——— - lim———=e“-— = =e¢
n—oo "+1/an+1 noo n+1 T e

From (1) it follows that:

(n+1)?* n? e’ e
i — =—-1-loge=—
n-oo w

n+1 n
n
+\/ b +1 vV bn

Solution 2 by Marian Ursdrescu-Romania

Q- lm((n+1)2 n2> ((n+1)2 '(/b__1>_
noo \" Vb1 Vba "*°°\/_ Vb T

n n+1)?% /b
=limn—-n-(( 2) = —1>;(1)
n_)oo\/bn n Vbn+1

~ an"™ ¢c-p (n+ 1)"+1 b, .. m+1\" (n+1b,
lim =lim |[— = —_ = 11m< ) : =
nootfp mow b,  mow by Mt now\ n by+1

li (1+1)n n+1 I i nn"cn
= 11m -] ————=e": lm_ =e-1iim =
n—oo n n+1 /an+1 n-oo /o n-o |a,

- (n+1D"1! q, ] 1\" (n+ 1a,
=e-lim———=e-lim(1+—) - ———=
n-o  Apiq n" n-c n An+1
1\" na, n+1 1
=e-lim<1+—)- - ——=e-e-—1=—; (2)

n—o an+1 n A
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n—oo

=limn

" -log ( 1+—
n—o log ((n +1)2 \/b_n ) ( n

n—->oo

www.ssmrmh.ro

(n+1)? n\/bn

n+1 2 nw/b 10g< n )

<( 2 ) TS = —1>=limn e nt M \bnei) 1 | =
n V bn+1 noe

log((n+1)2- Vb )
e n2 n+1\/m _1

1)2, Vb >_
n+1/bn+:l

2 Tl
n V bn+1

n—-oo

12 nb 1271 nb
=limn-log<<1+;)- \/_" >=lim10g<(1+;) Ln>=

n+1 ,bn+1 (n+1 ,bn+1)

. N by ap— 2 1 wap—
= log(lim <(1 + ;) T bn+1> = log( 1111_,1?0 n+m' bn+1> =

n—oo

— 2
- l°g< ‘Wm,, "an

bn+1

/by ) Vb, n\® , ™ ey L
) log( 1111_)1130 - 1\l/a_n>—log(e -g-;)—loge—l,(B)

From (1),(2),(3) it follows:

o [((n+1)* n? e’
llm n+1 - n -
2N Vbat1  Vba T

UP.379.If S, = —2v/n+ X}, \/_ is the loachimescu’s sequence with
lims,, = s, then compute llm (sn —s)/2n - D).

n—>0oo

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers

Let:x, = (s, —s)A/2n—- D = (s, —s) - Vn - -

Y@2n-1)! (1)

,/(Zn 1)” n (Zn 1)” (2n+ 1! n" B
. (n + 1) (2n - 1)!!) N

2n+1 n
n—>oo n+1 (n+1)

=—;(2)

67
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LC-S

s, —S Spiq1—S
lim(s,, — s)vn = lim nl = lim%=
Vn n+1 Vn
1 Jnn+1) ( )
= lim—— (s, — S =
N0 n+1—\/ﬁ n n+1
1
— lim Ja(n + D(Va+1+Vn (—2\/5— +2\/—n+1)=
n—>°°\/ ( )( ) vn+1

= limVa(Va+1+Vn) (2n+1-2/nm+1D) =

= lim Va(Vn+1+Vn) =1:(3)
mo2n4+1+2/nn+1) 2

From (1), (2) and (3) we get:

. n . 1 (2 1
1111_{?0(511 - S)Z\/ 2n-1D!' = rlll_)rgxn = E\/; = z

Solution 2 by Shivam Sharma-New Delhi-India

1

(2n)! <(2n)!>ﬁ Stirling
S) =

(@n = D% = g = 2860 =9

2n
) V2v2
:Ai_)rg(sn—S)( ( ) nnl \/E}li_)l?o(sn—s)(\/%):\/gli_)rg(sn—s)\/ﬁcés

O

1
———-2(Vvn—-vn+1
. 2 Sn+1 — Sn 2. n+1 (n " )_
= lem—l— ;ll =

am o 1 1

Vn+1 Vn vn+1 Vn

v— fw— Vn 2, 1 1

= —lim =

en—mo en—>oo\/_+\/_ en—>001 1 1 \/ﬂ
v— \/— +1+q

UP.380 Letbe E(n) =T (5) T (3) .. T (=), n>2,n e N"

n

Find:
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Qi E(n) 1
= lim . Sin ——
oo | gin o V @2m)n1
Vn

Proposed by Florica Anastase-Romania

Solution 1 by proposer

o= r@)r(o-H]FGrlo-3]-F -5

n-1

. m vi4 T _1—[ T 1
_snl.snz .'s'n n—1)_ i (_kn)'( )
in_ sin_ i n k=1 Sin n
n-1 n-1
x"* = X—cos|— | —isin|—
n n
k=0 k=1

Forx = 1, we get:

2km .. (2km . knt
n= [1 — CcOoSs <—) — isin <—)] = 2 |sinZ (—)
n n n
k=1 k=1
n—-1
km
= 2n-1 sin (—)
n
k=1
Thus,
n—-1
km n 1 n-1
L ] sin (7) = F E(n) = \/_ﬁ . (ZTE) 2

Hence, we have:

-1
0ot ,(Zn)"‘l 11 Lo ez 1
= lim . - sin = lim —- - sin
n-o00 n .1 (27-[)11—1 n-w+\/n .1 n-1
sin— sin— 21
=Y v = @en

n
1
%i_)]‘g(Zn’)nT_l- \/51 - sin 1n_1 = 11}_)12(211’)117_1 - sin 1n_1 =
sin\/—ﬁ 2m) 2 2n)z
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. 1
Sll’l—n;l
n—oo 1
1
(2m)

Solution 2 by Kaushik Mahanta-Assam-India

Recal, E(n) =T (%) T (%) T ("—_1) = \/iﬁ (211)’12;1

n

Q=i ’(211’)"_1 1 . 1
= 1m . - Sln =
n—oo n sin\/i_ /(Zn)n—l

n
n-1
I 1 (2m) . 1 1
= lim —- - sin =
S0 .1 n-1
oo sm\/—H (21) 2
Solution 3 by Syed Shahabudeen-Kerala-India
n-1
1 2 n—1 1 k
s =r(2) () r () = L []r()
n n n n n
k=1
From Gauss multiplication, we have:
n-1
k n-1 1
nr<z+;> = (2m) 2 n27™I'(nz2)
k=1
n-1 K r 2 n-1
n-1 1 nz n-1 1 T) 2
r(-) - 2o T limnz LD _ o) et = BT
11 \n z-0 I'(z) Vr
n-1
. |emmt 1 . 1 .1 @2m)y2z
Q = lim . 1 ~Sin = lim —- 1 Sin —
n=ee n sin\/—H @mr1  meVn sin\/—H 2n) "z
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UP.3811fa,b € R,,y,(a,b) = —log(n + @) + Tj_;

limy, (a,b) = y(a,) € R, then find:
n—oo

n
n

1
) + P y(a,b)
k=1

Q= lim log(

n—>oo

n+a

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by proposers

n
n
. e 1 . n_
o= lim <'°g a)* Lies 7@ b>> = Jim(1+7a(ab) ~y(@b)" =

1
= lim(1 + y,(a,b) — y(a, b))m'”(yn(a@-ﬂa,w) _
n—-oo
— el n()’n(a.b)—y(a,b)); 1)

lim(y,(a b) —y(a, b)) c-s
lim n(y,(a,b) — y(a b)) = 2= T =

n
- 1i Yn+1(a’ b) - Yn(a; b) _
B nl—{g 1 _l -
n+l n L
= lim(n? + n) (— log(n+a) +log(n+1+a)— —) =

n—oo n+1+>b
L'H

n+1+ a) 1 ) x=%'x—’°'x>0

1
n+a / n+1+b = bratzi®@
From (1), (2) it follows that:

n
n
e 1 1
Q = lim <log( ) + —— —v¥(a, b)) = P97 = gb-a. /g

n-oo n+a k+b
k=1

= lim(n? + n) <log(
n—-oo

UP.382 For t > O find:

1 2t i ,
ﬂ(t) = lim nl—t ( \/m) - (W)Z

n—oo (n+ 1)t nt

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

71 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by proposers

(n+ 1)

2t
n+1/ 01 n 2t
Letx, (t) = n'™t <( (n+ 1) ) — (\/:l:) ).We have:

2t
u,—1
logu,

-logu,

| B . (n n!)Zt B W
(*)-xn(t)—nl 'T'(un_l)—<n>

2t
Vn! u,—1

=( ) 'l(;igu -loguj,vn > 2
n

n
Y (m+ 1)!>2t ' ( n )t,Vn -

We denote: u,, = (

n! n+1
u,—1
limu,, =1, lim =
n—oo -0 ]og u,

] o B
nooo\ nl M

By (*) and above, we obtain,

limx,(t) =e % -1-loget =t-e %
n—>oo

Solution 2 by Asmat Qatea-Afghanistan

+1/ 2t n t
Q= lim nl—t <( (n + 1)') (W)Z ) —

(n+1)t nt

n—oo

nt

(n+ 1)t (W)Zt

n—-oo

() ),

= lim

n—oo

(n(w)2t> nt (n+1 /—(n n 1)!)2t e
n2t (n n 1)t(w)2t
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1
(lim n (aﬁ - 1) = log a)
n—>0oo

((ﬂ)g< <ﬁ>>

lim
yn! 1 n+1
limTz—:llm\/ —=>11m " (m+ 1) = .
n—oo n—oo

2
Q=lim<(%—)t>-n-log nt(nzl) 1tllmn log<M>=

o 2t 2t 2t oo t2t
n n (n+1)t(g) ~ e2tn (n+1)n

t 1 1n\" t t
2tllmnlog<1+ ) o2 llmlog(1+ ) =ﬁloge=—

e n—oo n—>oo eZt

Solution 3 by Syed Shahabudeen-India

2t
n+1 +1)! n 2t n 2t

— lim <W>2t 1 n' ("t 1)!)2t

-log a;; ,where a,, =

n-oo \ M loga, (n + 1)t(W)2t
tm Y€ gy VO DIy oy )
n+1 (—+ D 2t - 2 t )
lim a, —llm ( (n )) —lim( \/(n+1)!> (nn )2 (n+1) _ 4
n—co n—oo (n + 1) (1V_) n—oo n+1 W n

n+1 2nt nt
a,—1 _ _ ( n )tn( w/(n+1)!) 1 <1+%)2 .

. _ n_ _1 _
1111_)1210 loga, =1 1{1_}12) n = rlzl—{g: n+1 n! et 1111_)12) €
Therefore,
n+1 2t 2t
0 - i e [UV@HDY) (D™ e
T aoe (n+ 1)t nt | e
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UP. 383 Let R be the circumradius of AABC having the length of the sides

a, b, c. Prove that:

3V3R a b c
A=| a 3V3R ¢ b |

b c 3J3R @

C b a 3\/§R

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

Lemma 1. Inany AABC:s < # (Mitrinovic inequality)

A+B A-B A+B

sinA + sin B = 2 sin 2 cos 2 < 2sin

i A+B+O

. . A+B+C . 3 . A+B+4C
smC+smTS251n 2 =2s1nT

A+B+C . A+B . A+ B+4C
TS 2<sm +s1nT) <

A+B A+B+4C
N 6 _3A+3B+A+B+4C
<2-2sin 2 = 4 sin 3 =

sin A + sin B + sin C + sin

4A + 4B + 4C 2t V3
= 3 sin - =4sin?=47=2\/§

V3
sinA+sinB+sinC+7S 2V3

a+b+c<3V3R;(1)

Lemma2.Ifx,y,z,t € R then:

x Yy z t
, y x t z
t z y x
Proof.
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1

z t
; ;, t z L1+L2;L3+L4 y ; % ; C4—C3£C2—C1
Z t x y = x+y+z+0)|, ; » y =
t z y x t z y x
1 1 1 0
_ y X t z—x+x—Yy _
—(x+y+z+t)z t x —(z—-t+x—y)|
t z y zZz—-t+x-—-y
11 1 0]
y x t 1|9
=(x+y+z+t)(x—y+z—t)z t . -1l =
t z y 1
0 0 0

x—y t—-y 1|
t—-z x—z -1|

1
=(x+y+z+t)(x—y+z—t)z

t z—-t y—-t 1
L1+L2
L3+L2

x—y t—-y 1
t—-z x—z -1
z—t y—-t 1
_ X—y+t—z x—y—z+t
—(x+y+z+t)(x—y+z—t)’ 0 x_z+y_t|

=x+y+z+t)x—y+z-—-1t)

=(x+y+z+t)x—y+z-t)x+y—-z-t)(x—y—z+1t);(2)
fx,yzt>0x>y+z+tthenA' >0
X—y+z—-t>y+z+t—y+z—-t=2z>0
x+y—z—-t>y+z+t+y—z—-t=2y>0
X—y—z+t>y+z+t—y—z+t=2t>0
Letbex=3\/§R;y=a;z=b;t=c.ltfollowsA=A’;3\/§R2a+b+candfrom

(1), (2):

3V3R a b c
A=| a 3V3R ¢ b |>o
b c 3V3R @
C a 3\/§R

Solution 2 by George Florin Serban-Romania
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3V3R a b c
A=| @ 3V3R c b Lapzlace (—1)6 3V3 a | |3\/§R a |+

b c 3J3R 4 a 3V3 3V3R
Cc b a 3\/§R

_1v7|3V3R b|,C a _ 83\/§R c|,|c 3\/§R|
HEDTT T b 3zl + D P

_18| @ 10 cl.|b c|_
+=D 3V3R c| | 3\/_R|+( D b| | b|

2 Heron

= 729R* + 24/3Rabc + Ya* — 2Ya’b? — 54R*Ya
= 729R* + 24/3R - 4Rrs — 54R%(2s? — 2r? — 8Rr) — 16F?2 =
= 729R* + 96V3R%rs — 108R?%s? + 108R%r?% + 432R3r — 161252 >
@
> 297R* + 584R?*1r? — 64R13 — 481r* > 0
Letx=§22 = 297x* + 58422 —64x— 48>0 &

(x —2)(297x3 + 594x% + 1772x + 3480) + 6912 > 0 which is clearly true for all

x = 2.
Therefore,
3V3R a b c
A=| a 3V3R ¢ b <
b ¢ 3V3R @
C b a 3\/§R
Solution 3 by Ruxandra Daniela Tonila-Romania
3V3R a b c
A _ a 3\/§R C b R1+R2+R3+R4
b ¢ 3V3R @
c b a 3V3R
1 1 1 1
Cy—-C
—(a+b+c+3\/_R)a 3V3R ¢ L
c 3J3R @
C b a 3\/§R
1 0 1 1
c1-C
—(a+b+c+3\/—R)a 3VBR—b ¢ L

c—a 3\/§R a
cb—3\/§R a 3V3R
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0 0 1 1
a—c 3V3R—b c b
b-3V3R ¢—a 3Jy3R @
c—a b-3V3R 4 3V3R
a-c 3V3R-b b
b —-3V3R c—a a
c—a b-3V3R 3vV3R

=(a+b+c+3V3R)

a—c 3V3R—b c
b—-3V3R c¢c—-a 3V3R
c—a b —3V3R a

=(a+b+c+3\/§R)<

|

=(a+b+c+3V3R)(A; — Ay)

a—c¢ 3\/§R—b b
b—3\/§R c—a
c—a b-3V3R 3V3R

— (c—a)*(b + 3V3R)
Ay = (b+3V3R)[(b~3V3R) - (c - a)?]

a—c¢ 3\/§R—b c

b —3vV3R c—a 3vV3R R (b- 3\/§R)2(a +¢)—(a—c)(a+c) =
c—a b - 3vV3R a

R1+R3
C3+Cy

A, = = (b—3V3R) (b +3V3R)

R1+R3

A2=

=(a+0[(b- 3v3R)" — (c - a)?|
A= (a+b+c+3V3R)(A; —Ay) =
= (a+b+c+3V3R){(b+3V3R)|(b- 3V3R) - (c - 0)?|
~(@+0|(b-3V3R) ~ (c-a)?|} =
=(a+b+c+3V3R)(b+3V3R—a—c)[(b—3V3R) — (c - @?|;(1D)

a+b+c 3V3R
s = > < > ; (Mitrinovic) > a+b+c<3V3R=>

0<2b<3V3R+b—-c—-ao b+3V3R—a—c>0;(2)
(b—3v3R) - (c—a)? = (b—3V3R—c+a)(b—3vV3R + c — a) > 0 because
a+ b+ c < 3V3R; (Mitrinovic) = b—-3V3R—c+a<0andb—-3V3R+c—a<

0=

(b-3V3R) - (c— a)? > 0; (3)
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From (1),(2),(3) it follows that

3V3R a b c
A=| & 3V3R ¢ b |>o
b c 3V3R @
C b a 3\/§R
Solution 4 by Mohammad Rostami-Afghanistan

3V3R=3 (\/2—§> (2R) = 3sin60° - 2R

a b _ ¢

= 2R and 3V3R = 6R sin 60° = {A 3V3R = 3aor 3bor 3¢
¢ A =60° or B=60° or C =60°

f3V3R=3a=>4=60°=>B+C =120°

sin A sin B sin

3a a b c Cp+C1-Cq 4a a b b+c
a 3a ¢ b [©Bt9G)| 4a 3a ¢ b+c

A= b c 3a c B a+b ¢ 3a 4a
c b a 3a b+C b a 4a
B+C
COS( 2 ) cos 60°
b+c=a- - — =a=>b+c=a
. A sin 30°
sins
2
4a a b a 4 a b 1
A_4a 3a ¢ a _a24 3a ¢ 1 |_
" la c 3a 4a | 1 c 3a 4 |
a b a 4a 1 b a 4
a b 1 a b 1
=5a%(-3)(-1)°| 3a ¢ 1|=15a%*|2a c¢c-b 0|=
c—b 2a 0 c—b 2a 0

=15a2-1-(-D*| 2, € P| = 15a%[4a® - (c - b)?] =
= 15a?[4a? — (b%? + ¢* — 2bc)]
A =60°> a? = b?> + c62 — 2bccos 60° = a? = b* + ¢* — bc =
A = 15a*(3a? + bc) > 0.
Solution 5 by Ravi Prakash-New Delhi-India

Let d = 3/3R so that:
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3V3R a b c
A=| a 3V3R ¢ b <

b c 3V3R @

C b a 3\/§R

Using C; » €1 + Cy + C3 + C4, we get: (a + b + ¢ + d) is factor of A.
UsingC; » C{ + C; — C3 — C4 gives (a + d — b — c) is factor of A.

Similarly, (d —a — b — c¢) and (d — b — a + c) are factor of A.
Thus,A=k(d+a+b+c)([d+a—b—c)(d—a+b—-c)(d—b—a+c),wherekisa
constant. Comparing coefficients of d* on both the sides, we get k=1.
Hence, A=(d+a+b+c)d+a—-b—-c)d—a+b—-c)(d—b—a+c).

To show A > 0 it is sufficient to show that each of the three expressions with negative sign

is positive.d+a—b—-c>0b+c—a<d&

2R(sinA + sinB —sinC) < 3V3R © sin4 + sin B — sin € < 37\/5, which is true as

LHS < 2and RHS > 2.

1 n+1
Q=lim<1+<1+—> —e)
n—oo n

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP. 384 Find:

n

Solution 1 by proposers

Its known that:
n+1

e e
2n+1<(1+5) —e<ﬁ,nEN

It follows that:

mecn((1+d) o) <Zinen
n+1 " n e|szn

Pass to the limit:

ne n+1 e
. < Ii L _ < lim &
rlanc?oZn+1_rlzl—>Ton<<1+n> e>_llm2

n—-oo
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Hence,

111L1£10n(<1+%> —e)zg;(l)

1\"+1 . . e
Letbe u, = (1 + ;) —e; 1111_)1?0un = 0and by (1) 1111_)1?0nun =3

n+1

n—>oo n—>oo

n+1
Q=lim(1+(1+;) —e> =lim(1+u,)" =
nu,

. lim nu €
= lim (1 + —) = en-o " = e2
Uy

n—oo

Solution 2 by Asmat Qatea-Afghanistan

1\
Q=1lim(1+p)" = lim <(1 + p)5> = lim e™ = lim é&°.
n-oo n—oo n—oo

1\ "+ 1 1\ \n
S = limn<(1+—) —e) = elimn <(—<1+—) ) ) -1 )=
n—-oo n n—oo e n
n+1
(1+3) 1
= elimnlog| ——— | =elimn| (n + 1) log (1 + —) -1|=
n—»>oo e n-oo n

. ) 1 1 1 1 ~
=elim | (n +")(Z_zn2+3n3_4n4+"')_" B

_ ol i1 n2+n+n2+n n2+n+ B (1 1)_
~ e\ Zn? | 3n®  4n® m=e\tT2z)T

e
2

Therefore,

1 n+1 n e
Q=lim<1+<1+;) —e) = e2
n—oo

Solution 3 by Amrit Awasthi-Punjab-India

1 x+1
We start with expanding y = (1 + —) .

X

Taking log both sides, we get: logy = (x + 1) log (1 + %) =((x+ 1)(% - % + )

80 NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS




ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 1

2 3
y=e1+t=e-et=e(1+t+%+%+---), wheretzi—i— .

_— ..
2x  2x2

Substitute for t and after arranging, we get :

(1+1)x+1—e+i ° ¢ +
x 2x  24x? 48x3
Therefore,
1 n+1 n 1 1 n
“:,'L‘E‘o<1+<1+§) —e> =111Ln30<1+2—(1+m 24n2+--)>

e 1 1

= lim

n—oo

e 1 1 e
— limBZn(1+12n+24n2+ ) = ez

n—-oo

Solution 4 by Serlea Kabay-Liberia

Let w = (1 + (1 + %)nﬂ - e)

1 n=1

1111_{?0(» = llm exp (n log (1 + exp ((n + 1) log (1 + )) - e)) =

w = exp <%log (1 + exp <(; + 1) log(1 + x)) - e)) =
1 1 x2 X
= exp (; log <1 + exp((; + 1) (x -7 + 3 +x e(x)) — e)); (e(s) » 0)
B 1 x x% x3 _ B
= exp (;log(l + exp(1 + 2" 6 + 3 + el(x))> —e|;((e,(s) 2 0)) =
1 3 1\ [ex ex* ex3
= exp (;log(l + ex® + ez(x))> = exp ((;) (7 e + =3 +x ez(x)>>

B e ex+ex2+ )
=exp(-—— 3 tel

n

. 1 . Zn(1 12n+24n2+'")'n
1 1 (Lt gt )
— . . 2n 12nt 24n?
(1 " 2n (1 T1za oz T )) "
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2
ex ex
i = e 1i R Sy— =
!cl_l)‘l(}w \/8,5}_1)1&( 6+ 3 +e3(x)> 0

Therefore,

1 n+1 n e
Q=lim<1+<1+;) —e) = e2
n—oo

UP.385 In any AABC let x, y, z be the distances from the incentre to the sides

of triangle and u > 1 —fixed. Prove that:

fbc(s—a) ca(s—b) ab(s—c)
uwH+uwtu<uv s +u\/ O A

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution by proposers

B
E € (BC); BE = EC and I' the symmetricof I, IE = EI'; I, E,I' —collinears.

IB+IC=IC+IC>II'=2IE > 2x

IB +IC

2

IC+1A,  _ IA+IB
2 2
IB+IC IC+IA IA+IB
uw<u 2 ;uwW<u 2 ;u*<u 2

IB+IC>2x>x<

Analogous: y <

I IC e 1 1B 1A IB Ic
u+uw+ur<uz -uz24+uz - -uz+uz - -uz2 <u4+u+u

~ab+bc+ca<a’?+b?+c%abc>0
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Tr Tr Tr
A — B A
u* +uw +u? <ut"z +ut"Z +ut"2

r F ss—a)(s—b)(s—c) _ ’bc(s—a)
sin% ssin% S\/(s—b)(s—c) §

bc

Therefore,
bc(s—a) ca(s—b) |ab(s—c)
u"+uy+uZSuVT+u\/ s u\/ s
UP.386 If 0 < a < b then:

b bdxdy< 2(b — a)?
_[af xy+1~ (a+1)(b+1)

a

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer
Let be x,y > 0.
CBS

2
(xy+1)(§+1> S <J:Tyj§+ﬁﬁ> = (x+ 1)2

1
>
(x+1)? _(xy+1)(§+ 1)

; (1)

CBS 2
(xy+1)(%+1) > (J:Ty\/%%/?ﬁ) = (y + 1)?
1 >
O+D* " ay+1)(2+1)

By adding (1), (2) it follows that:

LA S 1 .\ 1 ~

x+1)2 +1)2 X Y B
( ¥ (+1D (xy+1)(y+1) (xy+1)(x+1)

; (2)

1 1 1 1 y X 1
xy+1 ;4_1 §_|_1 xy+1\x+y x+y xy+1
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b b dxdy b b q b b q
< ——dxd +f f ———dxdy =
fafaxy+1 fafa(x+1)2 y a Ja 0+ 1)2 y

b1 1 -1
=2(b_a)famdx:z(b_a)<_b+1_a+1)=
_ 1\ 20b-a)?
_z(b_a)<a+1_b+1)_(a+1)(b+1)

Equality holds for a = b.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
< 1 N 1
xy+1~ (x+1)?2 (y+1)?%

): Gy + D& +y)
5 :

Let's prove that : vx,y >0

CBS X
We have : (x +1)? < (xy+1) <;+ 1

(xy+D(x+y)

Similarly, (y + 1) < ~

1 1 y+x
ﬁ
(x+1)2 (y+1)2 = (xy+1Dx+y) xy+1'

b b
_)‘[!dxdy ff (x+1)2 (y+11)2)dxdy 2(b - “)( J1r1 bJ1r1)

_ 2(b-a)?
T (a+1D(b+1)

b b
dxdy 2(b — a)?
Therefore, f f
a a

Vx,y >0

xy+1 = (a+1)(b+1)
UP.387 If in AABC, 2s = 3 then:

m, + m, N a’b(my, + m,) N bc*(m, +m,)

> 8V3F

m, m, my
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

m, + my, N a’b(my, + m,) N bc%(m, + my) MM

m, m, my
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AM—-GM
2./m.m, "
_— 2
m,

2 |, BT

+ bc? -

312,/m,m, ) 2, /mym, ) 2,/m.m, B
>2-3- T y— -ab-—m -bc e
c a b

= 8V3F

Carlitz 31 4F\3 AF _ 24v3F
—63/a2b2c2 S 6- (_> = =
V3 "7 VBT 3
Equality holdsfora = b =c = 1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution :

LHS,, =

AM_GM 33 m, + my a?b(my, +m,.) bc*(m,+my,)
m, m, ' my

_ 37 (abeye. (Mt )y + mo(me 4 my)

moympym,
Mitrinovic
Cesaro Euler

~ 3 3 ~ 2 ZF
S 3Y@RF?.8=3.42RRF? S 12°[2°" 2rF2=12 ( )
3v3 V3

2F

=12.— = 8V3F
V3
m,+m, a’b(m,+m bc’(m,+m
Therefore, = b + (m, ) + (m, @) > 8V3F.
m, m, my

UP.388Ifx,y,z,p,qr > 0;x+y+z=p+q+r=3then:
xXP+xT+x"+yP+yl+y" +2P +29+2" =9
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers
xXP+xt+x"+yP+yl+y " +2P + 29+ 2" =

xP yP zP x y1 z1 x" y" 77 Radon
= >
1pr-1 + 1pr-1 + 1pr-1 + 19-1 + 19-1 + 19-1 + 1r-1 + 1r-1 + 1r-1 =
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(x+y+2)P (x+y+2)1 x+y+2)y AM;M
T(@A+14+1Pt 141410 A4+14+1)7 T

3{(x+y+2P (x+y+2)1 (x+y+2)
=3 3p—1 ’ 3q—1 ) 3r—1 =

3|(x +y + z)Ptatr 3l(x+y+12)3 3=
:3\] 3p+q+r—3 =3. T:B 33:9

Equalityholdsforx =y=z=p=q=1r=1.

Solution 2 by George Florin Serban-Romania

AM—GM
xXP+xt+x"+yP+yl+y ' +2P + 29+ 2" >

> 3¥aPxix™ + 33[yPyly” + 33/zPziz" =

= 3Vaptarr 4 33[ypratT 4 3P raiT =
=3(x+y+z)=9
Solution 3 by Ravi Prakash-New Delhi-India

xP 4+ x9 + x" > 33aPxdxT = AP + xT + x7 > 333 = 3x;(1)
Similarly,
yP+yl+y" >3y;(2)and z? + 294+ z" > 3z; (3)
From (1),(2),(3) it follows that:
XP+xT+x"+yP+yl+y " + 2P+ 29+ 2" >3(x+y+2)=9
UP.389If 0 < a < b then:

.j‘ .j‘ dxdy 4(b—a)2(a2+b2+ab+3a+3b+3)
(xy + 1)2 3(a+1)3(b+1)3

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

S

(xy+1)< +1)=((\/x_y) +11) (\/%) + 12 Cg
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2
z(ﬁ-ﬁ+1-1> = (x + 1)2

1 1 1 y
GHD? " Gy (T 1) G2 GGy D)

; (1)

CBS

a0 Q)= (1) () +re) 3
Z(x/x_y'\/%+1-1>2=(y+1)2

1 1 1 X

G+ (xy + 1) (% ) Gr12 - iy F 1)’ $(2)
1 1 1 1 \?
1 1 (x+1)? + (y+1)>2 perasrom <( + 1)2 * (y + 1)2) W@
(x+1)4 y+1D* 1 1 - 1+1 =

1 y X 2
> = + =
2 ((x +y)xy+1) (x+y)(xy+ 1))

3 1( x+y )2 B 1
2\(x+y)(xy+1) 2(xy + 1)2
Hence,
1 1 1

2y + 12 - xt Dy 1)*

b ~b b b
%ff%sf f (<x:1>4+<y+11)4)d“’y

b b -a+1)b
f f dxdy 4-(b a)f de_‘l-(b— ) & =

o Xy +1)2°7 —4+1
3 1 1 4 (b+1)°%—(a+1)®
‘_§(b_“)<(b+1)3_(a+1)3>‘5(”_“)' (a+ 13+ 13

_4(b-a)(b®*+3b*>+3b+1-a’-3a’—-3a—-1)
B 3(a+1)3(b+1)3 B
_4(b—-a)*(a*+b*> +ab +3a+3b+3)

B 3(a+1)3(b+1)3
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Equality holds for a = b.

Solution 2 by Ravi Prakash-New Delhi-India
We have, forx,y > 0, (xy + 1) (§+ 1) = x? +xy+§+ 1>x%2+2 f(xy)(i) +1
= (xy + 1)<§+ 1) > (x+y)?

Similarly, (xy + 1) (% + 1) > (y+1)?

1 1 b y
TGH1? G+ DI y+ D+y) Gyt D@ty
x+y 1
:(1+xy)(x+y):1+xy

1 < 1 1 2
" A+l Gt r Dt G+ 12y + 12

b b b (b
fa fa “df"i‘f’)z = L L [(x +11)4 e +11)4 e 1)22(y n 1)2] dxdy =

=E(b—a)[ t 1 ]+2[1 - 1]22

3 (a+1)3 (b+1)3 a+1 b+1

b —a®+3b*—-a®*)+3(b—a) 2 (b — a)*A
@+ 13+ 1)° T3 @r b+ 1?

WhereA=b?>+a*+ba+3b+3a+3+3b+1D(a+1)=

_zb

=b%+a’+4ba+6b+6a+6<2b*+a’+ba+3a+3b+3)

Therefore,

jbjb dxdy - 4(b—a)*(a®* +b*+ab+3a+3b+3)
0 Ja Xy+1)27 3(a+1)3(b+1)3

UP.390Ifx,y,z > 1;x + y + z = 6 then in AABC the following relationship
holds:
(x* + y* + z5a* + (x¥ + y¥ + 22)b* + (x% + y? + z%)c* > 5184r*

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

(X +y* +z%a* + (& + y¥ + 22)b* + (x* + y? + z%)c* =

x*  y* N, x oy 2N, x>y N\, Radon
= <1x—1 + 1x—1 + 1x—1) a”+ (1y—1 + 1y—1 + 1y—1) b* + <1z—1 + 1z—1 + 1z—1) ¢ =
(x+y+2)* ” x+y+z) , (x+ty+2z)° o
T (14+14+ 1)1 1+1+1)r1 1+1+1)1
6* 6Y 67 AM’:‘GM 3| gr+y+z
_ 4 4 4 _
3@ tgabitgme 2 3 o atbict =
6 Carlitz 6 2
=3. 316 a?b%¢?)? =3 - E (azbZCZ)Z N g ? <£) =% 16F -
33 3 - 3 V3 3 3
36 Mitrinovic
=3 16r%s? > 12-16-27R*=5184r*
Equalityholdsfora=b=c;x =y =2z = 2.
Solution 2 by George Florin Serban-Romania
(X +y* +z%a* + (& + y¥ + 22)b* + (x* + y* + z%)ct =
AM—-GM

= (a*x* + b*x? + c*x?) + (a*y* + b*y? + c*y?) + (a*z* + b*z? + ¢*z%) >

> Si/(abc)“xxxyxz + 3i/(abc)4yxy3’yz + 3i/(abc)4zxz3’zz =

_ 33\/(abc)4(3\/x"+3’+z + 3\/yx+y+z + 3\/Zx+y+z) —

w/(abc)“ cg 33/(abc)* - (Z )’ = 36/(abc)* > 5124r*

(+) © i (abc)* = 144r* = 12%2r* © (abc)* > 126r12

Mitrinovic Euler

(abc)? = 16R%r2s? > 16R?12(3v3r) = 16R%r%-3%2 > 12616

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM GM

Z(xx + y*+ z%a* > Jn(xx + y* + z¥)a* = 3\/(¢1bc)4 l_l(xx + yX +2¥) >
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Euler
Holder 3 Mitrinovic

1d 3 x+y+z xX+y+z X+y+z mn
> 3 (4Rsr)4.<x 3 +y 3 +z 3 ) > 3(x%+y?

+ 2%). i/(4 2r.3V3r. r)4 >
CE\S 3 12 4
> (x+y+2)72% [(2vV3r)  =62.(2V3r) =5184r%.

Therefore, Z(xx + y* + z¥)a* > 5184r*.

90

NUMBER 26-RMM AUTUMN EDITION 2022-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.

To be continued!

Daniel Sitaru
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