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PROBLEMS FOR JUNIORS

JP.421 In AABC the following relationship holds:

2
a“ + ab + bc + ca
Z < 3V3R
2s +a
cyc
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Zaz+ab+bc+ca_za(a+b)+c(a+b)_ (a+ b)(a+c) B
2s+a B (a+b+c)+a Li(a+b)+(a+c)
cyc cyc cyc
_12 2 AH;AMlZ(a+b)+(a+c)_
2 1 1 - 2 2 B
Ya+b a+c cye
1 1 Mitrinovi 3Vv3R
=ZZ(2a+b+C) =Z-4Za=25 lrgomz-%zsx/ﬁ
cyc cyc

Equality holds fora = b = c.

Solution 2 by George Florin Serban-Romania

Zaz+ab+bc+ca_za(a+b)+c(a+b)_
2s+a B a+b+c+a

cyc cyc

(a+b)(a+c) AHM at+b+c+a at+b+c a
pysttiese_yarbie ye

- (a+b)+(a+c) ~— 4
cyc cyc cyc cyc
2s 2s Mitrinovic 3\/§
=—.34—=2s < 2-—R=3V3R
4 4 2
Therefore,
a’ +ab + bc + ca
Z < 3vV3R
2s+a

cyc
Equality holds fora = b = c.

Solution 3 by Daniel Vacaru-Romania

2s+a a%?+ab+bc+ca 2s+a
(=4 <
2 2s+a 4

We have: /(a + b)(a +¢) <
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Hence,

2 < R
2s+a - 4 s - 3V3

cyc cyc

Z a’+ab + bc + ca - 2s+a _ Mitrinovic

JP.422If a,b,c > 0, then:
(a? + c*)(b? + ¢?) N (b? + a®)(c? + a?) . (c? + b*)(a? + b?) -
(ab + c¢?)(ac + bc)  (bc + a?)(ba + ca) (ca+ b%)(cb + ab) —

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

AGM
(a? + c?)(b? + c?) = a?b? + (a®> + b*)c? + ¢t >
> a’b? + 2abc? + ¢* = (ab + ¢?)?

(a? + ¢?)(b? + ¢?) = (ab + ¢*)%; (1)

AGM
(a® + ¢ )(b? + ¢?) = a?b* + (a® + b? )c? + ¢* >

> 2abc? + a*c? + b%*c? = (ac + bc)?%; (2)
By (1) and (1), we get:

((a2 + c?)(b? + cz))2 > (ab + ¢?*)?(ac + bc)?
(a? + ¢?)(b? + ¢?) = (ab + c*)(ab + bc)

(a? + c®)(b? + ¢?) (a®? + c2)(b? + ¢?)
(ab + c¢?)(ac+ bc) — 7’ s (ab + c¢?)(ac + bc) —

Equality holds fora = b = c.

Solution 2 by George Florin Serban-Romania

(a? + c?)(b? + ¢?) cBs (ab + c?)? B
(ab + c2)(ac + bc) ~ (ab + c®)c(a+b)
cyc cyc

ab + c? ab c?
:Zc(a+b):Zc(a+b)+;C(a+b):

cyc cyc
1
—Z P +z C Nes>bitt3+3_3
411 a+b ~ 2 2
e q b cyc
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Therefore,
(a? + c?)(b? + ¢?)
>3
(ab + c%)(ac + bc)
cyc

Equality holds fora = b = c.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

\/(a2 + ¢2)(b?% + ¢2) > ab + ¢? and \/(a2 + c%)(c% + b%) = ca + bc
Multiplying up these inequalities, we obtain:
(a? + c?)(b? + ¢?)

(a®+ c*)(b* + c?) = (ab + c*)(ca + bc) > (ab+ ) ca+bo) =

Therefore,
(a? + c®)(b? + c?)
(ab + c*)(ac + bc) —

cyc

Equality holds fora = b = c.

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

(a? + c?)(b? + ¢?) - (@ +c®) (b +c?)
(ab + c2)(ac + bc) = £ (ab + c?)c(a+b)

cyc
(a* +c2)(b*+c?) 42 a* + (ab)? + (bc)? + (ca)?

(ab+cz +ca+cb>2 N (bc+a2+ab+aC)2
cyc
2

>4 (a* +ab + bc + ca)®
~4/.(a? +ab+bc+ca)?

cyc

Equality holds fora = b = c.
Solution 5 by Ravi Prakash-New Delhi-India
(a®? + c?)(b? + c?) = |la +ic|?|b —ic|? =
= |(a+ic)(b — ic)|? = |(ab + ) + i(bc — ac)|” =
= (ab + ¢*)? + (bc — ac)? = (ab + ¢*)%; (1)
Equality when a = b.
Next, (a + c®)(b?> + c?) = |(a + ic)(b + ic)|? =
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= |(ab — ¢*)? + ic(a + b)?| = (ab — ¢?)? + (ac + bc)? > (ac + bc)?; (2)

From (1) and (2), we get:
(a2 + b2 + cZ))2 > (ab + ¢2)?(ac + bc)?

(a®? + c®)(b?* + ¢?)
= (ab + c%)(ac + bc)

Equality whena = b = c.

>1;(3)

Similarly,
(b% + a?)(c? + a?) (c? + b?*)(a? + b?)
(bc + a?)(ba + ca) =z 1;(4) and (ca + b%*)(cb + ab)
By adding (3),(4) and (5), we get:
(a? + c®)(b? + ¢?)
(ab + c*)(ac + bc) —

cyc

>1;(5)

Equality holds fora = b = c.
Solution 6 by Vivek Kumar-india

(a? + c®)(b? + ¢?) B (a?b? + ¢*) + c?(a? + b?) AgM
(ab + c?)(ac+bc)  (ab+ c?)(ac + bc) -

"2

1 1
5 (ab + c2)? + fcz(a +b)? 1 <ab + c2> 1 (ca + bC) AGH

> - _
- (ab + c?)(ac + bc) 2\ac+ bc ab + c?

1/ab+c?\ 1/ca+ bc
>2. |- -—( ) -1
2\ac+ bc) 2\ab + c?
Analogous,
(b% + a?)(c? + a?) (c? + a?)(a? + b?)

> >
(bc + a?)(a + ca) — 1and (ca + b2%)(ch + ab) — 1

Therefore,

(a? + c?)(b? + ¢?) S 3
(ab + c¢?)(ac + bc) —

cyc

Equality holds fora = b = c.
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Solution 7 by Daniel Vacaru-Romania

We have \/(ab + c2)(ac + bc) < (”“)Zﬂ -

1 4
(ab + c%)(ac + bc) = (a+c)?(c + b)?
(a? + c?)(b? + ¢?) - 4(a? + c®)(b? + ¢?)
(ab + c?)(ac+ bc) — (c+ a)?(c + b)?
2(a? + b?
But:ﬁ
(a? + c®)(b? + ¢?)
(ab + c*)(ac + bc) —

cyc

> 1 (and analogs). Therefore,

Equality holds fora = b = c.
JP.4231If a,b,c > 0, then:

2 2
) @+ (2) e+ (5) e® =3
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Letbe f:(0,0) > R, f(x) =x—e* 1, f'(x) =1—e*!
f(X)=0>1-e"1=0oel=1ox-1=0x=1

f'(x) 0

M=r}c1>aoxf(x)=f(1)=1—e1‘1=1—1=0

x2

1
SfxX)<0=>x<e'sx<-e"=>—5>e
e x

~

Qln

e

(5))2 >e = (%)2 e(g)2 >e; (1)

Analogous:

Cc
Forx =->
a
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2 2
(B) e(s) >e; (2)
a
€\ o)
(B) e\c/ >e; (3)
By adding (1), (2) and (3), we get:
a2 (©F (b\* (@2 c\2 (b’
(Z) e(a) +(E> e(b) +(E) e(c) > 3e
Equality holds fora = b = c.

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

e*>ex,VxeR f(x)=e*—ex=>f'(x) =e*—e

X —0o0 1 00
f(x)l ———————— 0+++++++++
f(x) \ \ faa) -~ 7
So, f(x) > f(1),vxeR=>e*—ex=>0>e* >ex,VxER
> TSy @ e () e
cyc cyc
Equality holds fora = b = c.
Solution 3 by Avishek Mitra-West Bengal-India
1 1
Z (%)2 . e(g)z AgM 3 ((% : g : %)2 : e2(5)2>3 AgM 3 <e3(§%~g)2>3 = 3(63)% = 3e
cyc
Solution 4 by Christos Tsifakis-Greece
Let f(x) = xiz -e*’,x € (0,)
2 _
f'(x) = 2¢* (%—x—12> — 27 .2 pe 1
f(x)z20e=x=>1
X —00 1 o]
fo)| ———————-— 0+++++++++

fO| v v fD)=e »r 7
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> fmin = €
Forx=£=>f(£)2e, x=% f(%)_e,x=—=>f(g)2e
Finally,
Q)G er()zse

Solution 5 by Ravi Prakash-New Delhi-India

Let f(x) = e;,x >0 f'(x) = (x—x12)e . We have:

>0if0<x<1
f’(x)=1 =0;ifx=1
>0ifx>1

Thus, f(x) = f(1);Vx >0 > % >e Vx>0

Therefore,
2 2 2 2 2 2
(2) €@ +(2) e + () el > 3e
c a b

Equality holds fora = b = c.

Solution 6 by Hikmat Mammadov-Azerbaijan

Note f() =S = f(a) =S-S5 =0=a=1=f"(a) =S -22+25

a a?

f"(1) = e.So, f(1) = e is minimum of f(x) i.e.fora > 0 > % >e

wr oy ole)
(@) < - Ei
Similarly,
(2) e’ > eana () el >
Therefore,
() e 4 () e+ () e 5 e

Equality holds fora = b = c.
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Solution 7 by Hikmat Mammadov-Azerbaijan

2 2 2 2 2 2 292 .2 2 p2 2
(O e+ (2) o 1 () o 2 3j<_ 7Y e

c a b?%c%a?

2 2 2
1<a_+b +c_> AGM 1 _a?b?c?

=3e3\0? 7P TS 3e37p2%a? = 3e
Therefore,
a\Z (©2  (b\* (@2 c\2 (b’
(Z) e(a) +(E) e(b) +(B) e(c) > 3e

Equality holds fora = b = c.
Solution 8 by Angel Plaza-Spain
By the AM-GM inequality, we have:

(E)Z 5 4 (2) e® 4 (5)2 B M5 j (2)2 &) (2)2 e (5)2 B =

b

(@)

= 3e 3 > 3e
Equality holds fora = b = c.

Solution 9 by Daniel Vacaru-Romania

x—1
Let be the function f(0,©) - R, f(x) = eT We have:

(x-1)e*"1

2 and A(1,1) an minimum point. Then e; >e Vx eER.

f(x) =

2 (c 2 Ja 2 (b2
It follows that all therms in the sum (%) e(E) + (S) e(F) + (%) e(?) is = e and then

(O () e+ (O e 2 50

c

JP.424 Solve for real numbers:

yilli 1yl 11yl 1ily
Tyl 11yl 1ily yiii

Dy -1 =0
TOEDO-VirT 111y yial 1yid

111y yii1 1yil 1iyl

x111 1x11 11x1 111x
1x11 11x1 111x x111
11x1 111x x111 1x11
111x x111 1x11 11x1

x+1Dx-1)

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer
1000 100 x 1 11
3 100 10 1000 1 x 1 1
(x+3)(x —1Ddet| ;7 4 1000 100 <1 1 x 1]t
1 1000 100 111 x
1000 100 10 1 y 1.1 1
B 100 10 1 1000 1 ¥y 1 1)_
to+3DO-D| 197 1 1000 1001 1 y 1)7°
1 1000 100 10/ \1 1 1 y

(G+DE-DE+3E-13+ G+ - Dy +3)-1)?)

1000 100 10 1

100 10 1 1000
10 1 1000 100

1 1000 100 10
2 2
(G+3)x-1?) +(@+3)y-1?) =
x—1=y—-1=0=>x=y=1.
Solution 2 by Ravi Prakash-New Delhi-India

=0

Notethat 0 < x,y < 9.Leta = x111;b = 1x11;c = 11x1;d = 111x, then:
a+b+c+d=(x+3)1111

a b ¢ d
A(x) = ? 2 Z Z ;using ¢q; — ¢4 + ¢; + c3 + ¢4, we get:
d a b c
A(x) = [(x+3)1111]A,, where
1 b ¢ d
Ay = i 2 Z Z;uSingR4_’R4_R3;R3—>R3—R2andR2—>R2—R1,weget;
1 a b c
1 b c d
A, = 0 (x—1)-990 —-(x-1)-9 (x—1)-999 _ (x— 1)%A,, where

0 (x—-1)-9 (x—1)-999 —(x—1)-990
0 x—1)-999 —(x—1):990 —(x—1)-90
9290 -9 999 110 -1 111

A, =19 999 -990 1 111 -110
999 -990 -90 111 -110 -10

Cc1 > €1 — C3 — C3, gives:

=93
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0 -1 111
A, =93] 0 111 —-110/=93-231-(110+111%) # 0
231 -110 -10

The given equation is:

(x+Dx-DA®) + (¥ +3)y-DAQY) =0
x+Dx+3)x—-—D* c+ (y+3)%2(y—1* =0,wherec =1111-A, # 0
x+DE+3)x-D*+(y+3)2@p-1D*=0
AsO0<x<9,weget:x=1;y=1.

Solution 3 by George Florin Serban-Romania

x111 1x11 11x1 111x
1x11 11x1 111x x111|"1+72Xrs+rs
11x1 111x x111 1x11
111x x111 1x11 11x1

1 1 1 R s
1x11 11x1 111x x111|¢-a
11x1 111x x111 1x11|

111x x111 1x11 11x1

1 0 0 0

1x11 —90x+90 —-99x+99 900x —900| _
11x1 -9x+9 990x — 900 90x—90 | —
111x 999x—999  99x—99 9x — 9

-10 -11 100
-1 110 10
111 11 1

a

a=1222100+0
> @+ DE-DAG+ (@ +3)(y-1DAY) =0
x—-D*(x+Dx+3)+(y-D*(y+3)=0x=y=1.

= (111x + 3333)

=1111(x + 3) -

=1111(x + 3) - 93(x — 3)3 =A(y)

P.4251f x,y,z > 0,x% + y% + z? = 3, then:
xt+yrt oyt 2zt 24t
x2+y%2 y2+2z%2 7% +x?

+xy+yz+zx=>6

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

x4+y4 2 2 4 4 2 2 2 2
WZx —xy+y*oxt+y*>2x—xy+y )x*+y°) o
x* +y64 > x* + x2y? — x3y — xy3 + x%y? + y*

XBy+xy? —2x2y? >0 xy(x2 - 2xy +y?) >0

x* +yt
Ery 2 X s ()
Analogous:
4 4
Yy +z
WZYZ—YZ+ZZ; (2)

z4 + x*

z% + x?

By adding (1),(2) and (3), we get:

xt+yt oyt 2zt 4t
x2+y? y2+z2 z%+x?

>z —zx+x%; (3)

>2(x?+y?>+2z%) — (xy + yz + zx)

xt+yt yt+zt b+ xt
Tz T2 2T 22
x2+y2 y2+z2 z2+4+x

+xy+yz+zx>2(x®*+y*+2?)=2-3=6
Equality holds forx =y =z = 1.
Solution 2 by Angel Plaza-Spain

It is enough to prove that:

4 4 4, .3 3, .4
x* + x*+x’y+xy® +
Z—yz+xy2x2+y2(:> }2, Z Y
xz+y xz+y

> x? + y?

xt+2x2y2 +yt > xt + 222y + Yyt o
& xy(x? + y?) > 2x2y? by the AM-GM inequality. Therefore, the left hand of the
proposed inequality, say LHS, holds:
LHS > 2(x* + y*> + z%) = 6.
Equality holds forx =y =z = 1.
Solution 3 by Vivek Kumar-india

x4- + y4- (xZ + y2)2 _ znyZ
+xy =

+xy =
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2 2 2 2 2 2
=x“+y" - +x = x“+y° - +xy=x"+
y X2 + yZ y y 2xy y y
Similarly,
44 4 4 4 A4
+z VAl ol 4
%+y22y2+zzandﬁ+zx222+x2
y-+z z-+x

xt+yt yt+zt 2+ xt
x2+y? y:+z2 z%+x?

+xy+yz+zx >
>x2+y2+y?+z22+22+x2=2(x*+y*+2%) =6
Equality holds for x =y = z.
Solution 4 by Aggeliki Papaspyropoulou-Greece

xt 4yt yt4zt 2 4xt
x2+y? y:+z?2 z2+x?

+txy+yz+zx =6 <

xt+yt yrt+zt 2t at
x2+y* y2+2z2 z%+x?
Xt 4yt 4 4 -
—(x*+y) +xy+ —(yz+zz)+yz+zz_|_—xz—(zz+x2)+zx20

+xy+yz+zx>22(x*+y*+ 2% o

x2 + y? y* + z2
xy(x? + y?) — 2x%y*  yz(y? + z%) — 2y%z® zx(2* + x?) — 2z%x* -0
x2 + y? y? + z2 72 + x? -
xy(x? —2xy +y%) yz(y?—2yz+2z*) zx(z®—2zx+ x?) >0

x2 + y? y* + z2 zZ + x?

xy(x—y)* yz(y-2* zx(z—x)?*
x2 + y? y* + z2 zZ + x?

Equality holds for x = y = z.

Solution 5 by Daniel Vacaru-Romania

4 4
We prove that ;32 + xy = x% + y%,Vx,y > 0; (1). We have:
xt+ yt

xy(x —y)?
x2 + y?

+xy>xt+yt e
y y 21y

>0;vx,y>0

By adding relationships (1) for x, y, z to obtain:

xt+yt yr+zt 2+t

2 z T2 2t 2 2
x2+yr y2+z2 72+ x

+xy+yz+zx>2(x2+y*+2%) &
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xt+ oyt yt+zt b4+t

x2+y? y*+z®2 z*+x?
JP.426If a, b, c € C then:

la + 1| N |b + 1| N lc + 1] _

b+ 1|+|b+c|+]c|] |c+1|+]|c+a|l+|al |a+1|+|a+ b|+ |b|

+xy+yz+zx=>6

< 3+ |a| + |b| + |c|

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

1=|1l=[1+a—(a+b)+b|<|1+al|+|a+b|+|b|

1 lc + 1]

<1> <lc+1|<|c|+1;(1
|1+ a| + |a + b| + |b] |1+ a| + |a+ b| + |b] | < el 1)

Analogous:

l s ja a ; 2

|b + 1|
lc + 1| + |c + a| + |a]

By adding (1),(2) and (3), we get:

la + 1| N |b + 1| N lc + 1] -
Ib+1|+|b+c|l+]c| |c+1|+]|c+al+]|al |a+1]|+|a+ b|+|b| ™

<|b+1| < |b|+1;(3)

<3+ |a| + |b| +|c|
Equality holds fora = b = c.

Solution 2 by George Florin Serban-Romania

la + 1| N |b + 1| N lc + 1] -
Ib+1|+|b+c|l+]c| |c+1]l+]|c+al+]al |a+1]|+|a+ b|+|b| ™
la + 1| |b + 1| lc + 1]

< =
_|b+1—b—c+c|+|c+1—c—a+a|+|a+1—a—b+b|
=la+1|+|b+1|+|c+1|<|a|l+1+|b|+1+|c|+1=
= |a| + |b| + |c| + 3

Therefore,
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la + 1] |b + 1] lc + 1|

+ + <
[b+1|+|b+c|l+|c] |c+1|+]|c+a|l+]|al |a+ 1|+ |a+ b|+ |b]
<3+ |al + |b| + ||

Equality holds fora = b = c.
Solution 3 by Ravi Prakash-New Delhi-India

Ilb+1|+|b+c|l+|cl=|-b—1|+|b+c|+|—c| =
>|-b—1+b+c—c|=1
- la +1| <la+1l<lal+1; Q)
|b+ 1|+ |b+ c| + |c|
Similarly,
|b + 1]

<|b|l+1;(2
lc+ 1|+ |c + a| + |a] bl 2)

lc + 1]
la + 1| + |a + b| + |b]
By adding (1),(2) and (3), we get:
la + 1| N |b + 1| N lc + 1] -
Ib+1|+|b+c|l+]lc| |c+1]l+]|c+al+]|al |a+1]|+|a+ b|+|b| ™

<lc| +1;(3)

<3 +|al + |b| + |c]|
Equality holds fora = b = c.
JP.427 If a, b > 0 then:
(a* - e® + b* . ebzx) eV > (¥ + b¥) - e P . yx e R
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Let f: R — (0,), f(x) = e*, then f'(x) = €%, f"(x) = e* > 0, f —convexe.

By Jensen’s inequality, we have:

X X X X

a
2x 2x) > . 2x . h2x
fla )+ax+bxf(b )_f(ax+bx @ +ax+bx b )

axf(aZx) + bxf(be) - a3x + b3x
a* + b* - a* + b*

a* + b*
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a* - eaZx + b* . ebzx (ax+bx)(a2x_axbx+b2x)
=e a¥+b*
a* + b*
x a?x x b%x x x aZxp2x —a*b*
a*-e* +b*- e’ =(a*+b*)-e ‘e

Therefore: (a* - e® + b* - e?™) - e*"?" > (a* + b*) - 2" ;vx € R
Equality holds for x = 0.
Solution 2 by Angel Plaza-Spain
The solution comes by the weighted —GM inequality. Let us rename u = a* and w = b*.
Then, the inequality becomes:
(u-e” +w-e¥)-e™ > (u+w) e’ ";vxeR,
u - et@tw) 4 . ew(utw)

> euz +w?

u+w

(u . e’ +w- ewz) e > u+“\'/eu2(u+w) . eWrutw) — gul+w?

JP.428 Letbhe A = {a,b,c|la,b,c € R*}and B = {u,v,w, t|u,v,w,t € R*}

such that
a’? b* ¢* b* ¢ a?
plete g ptae=?3
u? v: ow?r o t2 vr ow?r o2 u?
vtetete~wtutete=1*
Find:

X X X X
a=2 Gl LTI+ 2 51T
x,yEA y X,yEA y XxX,YEB y X,yEB y

Proposed by Daniel Sitaru-Romania
Solution by proposer

2 b2 2

a
+C_2+§:3;(1)

b2
b? ¢* a?
¥+ﬁ+§=3;(2)

By adding (1) and (2), we get:
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2 2 2 C 2

-2 + @ -2 @) -2 () -0

(a b>2+(b c>2+(c a)2—0<:>
b a c b a ¢/

a bb cc a
z=—,—=2,—=—2a’=b"=c’=|al =|b| = c|
b ac ba c
x
= [l=vveyeas 3 L TT[=01=0
y
Analogous
u 2 v w2 w t\* /t u\?
B2 G (-2 -2 -
v u w v t w u t
u vv ww tt u
S—=——=—,—=—,—=—>uwW =1 =!=w?>
v uw v't wu t
x
|u|=|v|=|w|=|t|:|;|=1,vx,y63

= 2 LI L][l=ea1=1e

X,YEB

Therefore,

X X X X
a= 3B L1l S Bl [1fl=o o=
X, yEA y x,YEA y X,YEB y X,YEB y

JP.429 Find x € R such thatinany AABC holds:

Proposed by Alex Szoros-Romania
Solution 1 by proposer

Because the relationship is true in any AABC, then this is true for AABC equilateral.

_ i3 L3
a—b—C—lR—\/_andr =
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Replacing in the problem, we get:

V32 <2V3F 1 <23l e 2 =115 x =3,

We want to prove that for x = 3 the double inequality is true, namely,

2abc Z a® abc
<)y —<—
R T, r

cyc

For LHS, we have:

X | DLV B o )

cyc cyc cyc cyc cyc cyc cyc
=iZab(aZ+bZ)—Za4 >i ZZaZbZ—Za“ =
2F - 2F
cyc cyc cyc cyc

B 16F? _gF = 2abc
~ 2F R
For RHS, we have:
3

a®> abc a3(s —a) abc 3 .
—S—@z <s- @sZa —Za <s-abc
T, r F F

cyc cyc cyc cyc

Za Za3 —ZZa‘*Sacha@

cyc cyc cyc cyc
z:a(b3 +c3)—z:a4 Sacha@Za4—Za3(b+C)+Za2bcz 0
cyc cyc cyc cyc cyc cyc

Z a’la* - (b+c)a+bc] =20 Zaz(a— b)(a—c) = 0 (Schur's)

cyc cyc
Thus, x = 3.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2abc a* b* abc

Cx
S—+—4+—<—®
R r, T, T, r

. . 2
For an equilateral triangle ABC,wehavea = b = ¢ = 35
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sTr sTr
STy =Tp,=T,= = > =3randR = 3r

s—a
s—35S
3

(%) is true in any AABC = (*) is true in an equilateral AABC

23 a® 24 o ad
2r r T, r r

So, it suffices to treat the case where x = 3. We have:

al b3 c3aem 3abc 3abc Mitrinovic—Euler 3abc 2abc
—t—+— > e > =— @
Tg T, T Jrarpre  Vs?r 3 <3\/§R>2 R

2 r

Py OB
—= ) ———=—|s ) a’—- ) a*|=
Tq ST ST

cyc cyc cyc cyc
1
= [252(s? — 3r%2 — 6Rr) — 25* + 4(4Rr + 31r%)s?> — 2r?2(4R + 1r)?] =
_2(2R + 3r)s? — 2r(4R +1)? (<’) abc
B s ~r

™
3s2<(4R+1r)> © 3[(4R* + 4Rr + 3r*) — s?] + 4(R-2r)(R+71) = 0
Which is true from Gerretsen’s inequality and Euler’s inequality:
a® b® 3 abc
—+—+—=<—()
r, T, T, r
From (1) and (2) it follows that (*) is true for x = 3.Therefore, x = 3.

JP.4301If x,y,z > 0, then prove that:

X 4 3x+y+z x+3y+z x+y+3z 3
3(—+X+—>2 4 + Y + Y

y z Xx y+z Z+x x+y 2

Proposed by Neculai Stanciu-Romania
Solution 1 by proposer

Inequality from the statement can be written as:

x z X z 3
3(—+X+——3>23( + 4 ——);(1)
y z Xx y+z z+x x+y 2
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x?  y? z? - (x+y+2)?

. X y z
Using —+=+—-—-3 = > —
y z x Xy yz xz xXy+yz+zx
x—y)?+ @y —2)?%+(z—x)>?
G P
2(xy +yz + zx)

3 (x —y)? (y — 2)? @-»* .
T2 2(x+2)(y+ 2) 2(x+y)(x+z)+2(x+y)(y+z)’()

X y z
+ +
y+z z+x x+Yy

Now, (1) can be written as:

Z (x — y)? - (x — y)? o z2(x —y)? S 0tr
xy+yz+zx £ (x+2)(y+2) (xy+yz+zx)(x+z)(y+z) - ue.

cyc

Equality holds for x =y = z.

Solution 2 by George Florin Serban-Romania
(a+ b + ¢)?

a
= > >
Zb+1 Zab+a_ab+bc+ca+a+b+c_
cyc cyc
- (a+ b + c)? _a+b+c 3(a+b+c) ;3
(a+b+c)+a+b+c atbtc_ 4 “a+b+tc+3 "2

3 3
1He6(a+b+c)=>3(a+b+c)+9=>3(a+b+c)=9
< a+ b+ ¢ = 3 whichis true from AM-GM:

a+b+c>3-3abc= 3. Equality holdsfora=b =c = 1.

So,
X 3x+y+z x+3y+z x+y+3z 3
3 (— +24 —) > YTz, yre,2ry + -
y z Xx y+z zZ+x x+y 2
Solution 3 by Aggeliki Papaspyropoulou-Greece
z z +z x+z x+
3(—+X+—>23( +-2 4 ) yre, PR AP
y z X y+z z+x x+y z+y z+x y+x
z
3( +o)z3(-5 )+3e
y+z z+x x+y
x z x
- X +—-2 + 4 + - +1e
y z x y+z z+x x+Yy
x z x z
T T e LTI
y z x y+z z+x x+Yy
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x_ x oy ¥y .z z _xGtz-y) yetx-z zkty-x) _

y y+z z z+x x x+y y(y+2) z(z + x) x(x+y)

__*z oy L zy x%z? N yx? N z%y?
T y(y+2z) z(z+x) x(x+y) xyziy+z) xyz(z+x) xyz(x+ y)

(xy + yz + zx)? _ (xy +yz +zx)?
_xyz(y+z+z+x+x+y) 2xyz(x+y+2z)’

;(2)

(xy +yz + zx)? > 3xyz(x + y + 2)

(xy +yz+2zx)> 3xyz(x+y+z) 3

2): > ==>1
=2 2xyz(x+y+z) 2xyz(x+y+2z) 2>

So, (*) is true.

Solution 4 by Hikmat Mammadov-Azerbaijan

xX+y+z=
Note: {xy+y2+zx =n=n?>3mk

xyz =k
3x+y+z X X zZx
23052 yvr LG5 T s
y+z y y+z y(y + 2)
cyc cyc cyc
3 (zx)? 3 n? 3-3mk 3
— -3=2-—-32= -3==>0
XYyz~Luy+ 2z k 2 2mk 2

cyc

y+z Z+x x+y 2

—+=+=)>

X 4 3x+y+z x+3y+z x+y+3z 3
( y >> y n y n y
y z Xx

x z 3x z x+3 z x 3z
3(y+§+;> = ;ﬁ’; * +Z+yx+ + -:c}-ll--;

Solution 5 by Soumava Chakraborty-Kolkata-India

Substituting y+z=a,z+x=b,x+y=c,weseea+b>c,b+c>ac+a>b

= a, b, c form sides of a triangle with semiperimter, circumradius, inradius

= s,R, rrespectively (say) and we subsequently arrive at : 2 Z X = Z a=2s= Z X

=s~Xx=8—a,y=s—b,zZ=s— cand using such substitutions,

X'y Z 3x+y+z x+3y+z x+y+3z 3 s—a 3 s—a
3C+242)2 + + +oe3) 23143y
y z x y+z Z+x x+y 2 s—b 2 a

cyc cyc

Z >1+ 34 s b s+ 4Rr+r? 3
& —_— —_— _ = —
4Rrs 2. ¢ ARr 2

cyc cyc
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()

Iy = S% — 2Rr + r? I 1 5
S —>————— and — = Iy Ie
I, 4Rr I, Tahple
cyc cyc cyc
Bergstrom
1 r2r? & 1 (rgry + rpre + rerg)? s
rs? I, ~rs? Iy + 1, + 1 rs2(4R+r)

cyc

st ész — 2Rr +r?
" r(4R+1r) " 4Rr

?
& 4Rs? > (4R + r)s? — (4R + 1) (2Rr — r?)
?
< (4R+1r)(2R—-1) % s? and via Gerretsen, RHS of (+%)
(%)
? ?
< 4R% +4Rr +3r22 (4R +1)(2R—71) & 2R% — 3Rr—2r230
? Euler

- ~ X Z
S 2R+r)(R—=2r)=0 - true * R > 2r = (*x) = (x) is true .. 3(§+§+]—C)

3x+y+z x+3y+z x+y+3z 3
> + + +-Vxyz>0(QED)
y+z Z+x x+y 2

IP.4311f x,y,z € (0,7) then:

3+° 1_[(2 + tan® x) > sec? x + sec?y + sec® z

cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

3 3 Holder
3+ 1_[(2 +tan®x) =3 + 1_[(13 + 13 + (tan2x)3) >

cyc cyc

23+3\'/(1-1-tan2x+1-1-tan2y+1-1—tanzz)3 =
=3 +tan?x + tan?y + tan?z =
=(1+tan®x) + (1 + tan? y) + (1 + tan? z) = sec®?x + sec’y + sec’z
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

3\/1_[(2 + tan® x) > z tan? x

cyc cyc
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3+ 3\/1_[(2 + tan® x) > Z sec? x

cyc cyc

Solution 3 by Ravi Prakash-New Delhi-India
leta =tan’x,b=tan’y,c=tan’z;a,b,c>0as0< x,y,z < g
We have:
1+ a® + a®b3 > 3 a3 = 3a?b
1+ b3 + a®b® > 3ab?
1+ a3+ a3c? > 3ac?
1+c2+a3c® = 3ac?
1+ b® + b*c® = 3bc?
1+ c3 +b3¢® = 3bc?
a® + b3 + 3 > 3abc
1+ 1+ a3b3c® > 3abc
By adding the above inequalities, we get:
8+3(a®+b3+c2)+2(ah®+b3c® + c2ad) + a3b3c3® = 33 a’b + 3Y.ab? + 6abc
8 +4(a®+ b3+ c3) +2(a®b® + b3¢c® + c3a?) + a®b3¢c3
> Ya3 + 3Ya’b + 3Yab? + 6abc
2+a®>)2+b3)2+c*)=(a+b+c)?

Therefore,

3\/17:(2 + tan® x) > z tan? x

cyc cyc

3+3\/_[(2+tan6x) ZZSeczx

cyc cyc

JP.432 In AABC the following relationship holds:
r r r.\ (T r r 4R
(—“+—b+—c)(—b+—c+—“) >—+1
T, T, T/ \r, T, T, r
Proposed by Marian Ursarescu-Romania
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Solution 1 by proposer

Using 3(x2y + y%z + z2x) (xy? + yz? + zx*) > xyz(x + y + z)3;Vx,y,2> 0

2,,2,2 y )(y z ) 3
3x“y“z <z+ +y +x+y xyz(x+y+2z) o
X z x+y+2z)3
(Er2aZ) 24 2)p GErea

z x Yy Xy 3xyz

r, T, TN/} T, T (ro+r,+r.)3
(_a+_b+_c><_b+_c+_a>2 a b ¢ ;(1)
Ty re rq a Ty re 3rarbrc

Y Te+ T+ T, =4R +71,7,ry1. = §°1;(2)
From (1),(2), it follows that:

r, r, Tr.\/ma, r. T 4R +1)3
<_a+_b+_6><_b+_c+_a)2¥;(3)

r, r. rJ\r, r, 1. 3s2r

4R +1)?
352 < (4R + 1)? (Doucet) = % >1;(4)

From (3),(4), it follows that:
Tqg T re\ (T r. T 4R
(—“+—b+—c>(—b+—c+—“) >—+1
Ty, T, T /\rgy 1, T, r
Solution 2 by Alex Szoros-Romania

Ta J Qra)?* _(4R+1)*
Z Z ToTp Zrarb s2 } ()

cyc

Ty (s — a)? (2(s — @)
Z ZS—b (s—a)(s—b)<2(s—a)(s—b)

cyc cyc

2

zrb> s? B s
r,  Y[s?—(a+ b)s+ab] 3s%—4s2+s2+1r2+4Rr

cyc

2

Ty S
ﬁzazr(4R+r);(2)

cyc
From (1) and (2), it follows that:

r r r r r r 4R
(—“+—”+—”)(—”+—C+—“)2—+1
r, T, T g/ \r, 1, T, r
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Solution 3 by Alex Szoros-Romania

Lemma. If x,y,z > 0 then:

GGz aryraiege))

VA
:»;( +—+ ) Z(1+§+g);(1)

From Schur’s inequality, we have:
Yx(x—y)(x—2)=20=>Yx[x>—(y+2)x+yz] >0
Yx3—Yx*(y+2z)+Yxyz=0

Yx3 + 3xyz > Yxy(x + y); (2)

So, we have:

Z z _ Zxy(x+y) —3xyz
yz xyz Xy z o

xXyz
cyc cyc

xZ
XS
yz

cyc

cyc
On the other hand, from AM-GM inequality, we have

xz 3|Xy-yzZ-zX _

= >
y2 - T x2y2z2 Z 34
cyc

cyc

From (3) and (4), it follows:

sz sz Zx+y
D
yz y? z

cyc cyc cyc

Using }r, = 4R + r and Zrl == forx =1,y =1p,2z = r. from Lemma, we obtain the
a

proposed problem.
Solution 4 by Adrian Popa-Romania

B C Tq COtg Tp COt%
r, = 4R sin - cos - cos - (and analogs) = — = and — =
2 2 2 Tp 47 r, B
cot cot
2 2
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Z tA tB—4R+1
. cot5coto =—

cyc

We must show that:

B A
coti cotf A B
Y)Y E )= Y oo

cyc COt 7 cyc COt 7 cyc

Let us denote: x = cotg;y = cotg;z = cotg;x,y,z >0
X+y+z=xyz
y z x\(x y z\?
<;+;+E><y+z+ ) =Xxy+yz+zx
(y2z + z%x + x2y)(x%z + y*x + z2%y) é x3y322 + y323x% + x323y%; (%)
x2y2z% + ytxz + y323 + x323 + z'xy + xtyz + x3y3
+ x%y?z? é x*y?z%(xy + yz + zx)
x3y3 + y323 + 23x3 > 3x%y?2?
We must show:
6x2y%z2 + x*z(x3+y3 +23) > (x +y + 2)?(xy + yz + zx)
6xyzix+y+z)+(x+y+2)(3+y3+23) > (x+y+2)>2%(xy +yz+zx)
6xyz(x+y+z)+(x+y+2)(x3+y3+23) >
> (x? +y? + 2%+ 2xy + 2yz + 2zx)(xy + yz + zx)
From Schur’s inequality, we have:
ax-Nx-2D+y* -0y -2)+24(z-x0)(z-y) =0

= (*) is true.

Solution 5 by George Florin Serban-Romania
T r
GG
Trp re Tq/ \Iq rp r.

Trpr.

rbr ? 4R

rpre
cyc

rbr ? 4R

cyc
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>r3 N s?—12Rr 4R

>—-—2
[, r? T or
(4R +1)3 —12Rs*> s* 12R 4R
2 tEz-— =
s2r r r r
(4R+71)® 12R s* 16R
et 2 — -2
sir r T2 r
(4R +1)3 s* 2 28R
—z; tzZz 2
s2r r r
(4R +1)3 s2 Blundon-6 (4R + 1)3 16Rr — 51 28R
—t— = 2 -2
s%r T2 . R(4R + 1r)? 2 r
2R —71)
(4R —2r)(4R+71) 16R _ ? 28R
+——-5>—-2
Rr r r
16R?> —4Rr — 2r?> 12R
- -3>0
Rr r
4R 2 R (x—2)(4x+1)
———=—-—720Letx=—2>22> > 0 true vVx > 2.
r R T x
r

Therefore,

r r r T r T 4R
(—“+—b+—c>(—b+—”+—“)2—+1
Ty, T, T /\rg, T, T, r

Solution 6 by Nguyen Van Canh-Ben Tre-Vietnam

Using 1, = p%a (analogs). We have:

ry,+r r,+r r.+r 4R
b c+a b_l_c a _ ;

T, T, T r
r r r r r r 4R
<—>(—“+—b+—c>+(—"+—c+—“)+3=—+1;
r, T, T, r, Tp T r
Letx=:—“>0;y=:—”>0;z=%>0—>xyz=1.Weneedtoprovethat:
b c a

1 1 1 1 1 1
(x+y+z)(—+—+—>2x+y+z+—+—+—+3;
X Yy z X 'y z

ox+y+z2)(xy+yz+zx)z2x+y+z+xy+yz+zx+3;
oxyx+y)+tyzly+z)+zx(z+x)+3xyz>x+y+z+xy+yz+zx+3;
oxyx+y)+yzy+z)+zx(z+x)>2x+y+z+xy+yz+ zx;

x+y y+z z+x
© + + y 2x+y+z+xy+yz+zx;

Z X
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y y

<—>+++++>x++z+x+z+zx*
y Tz ety y y+y (*)
By AM-GM we have:
y z x
“+—+-2=3;
x y z

Thus, we need to prove that:

x z
;+§+;+32x+y+z+xy+yz+zx;(**)

Since: xyz =1 - 3, f,y > 0 such that: x=%,y=§, zZ= £
ap By B v B v «a
() o5 +—7 + +3>— + ottt
Y2 ﬂz B a B vy

o adp+ B3y +yiad + 3a3ﬂ3 3> aﬁy(aﬁ(a + B) +By(B+7v) +valy + ));
Which is true by Schur’s Inequality:
m3 +n3 +p3 +3mnp >mn(m+n) + np(n+p) + pm(p + m)
(Where: m = af5;n = fy;p =ya)
Therefore, (+*) true — (*) true. Proved.

JP.433In AABC,AA’,BB’, CC’ —internal bisectors and A", B"’, C'" —contact

points with circumcircle of AABC. Prove that:

1(7 2r>2 _ AA" .\ BB .\ cc’ e (R>2 ,
3 R - AIAII BIBII CICII - r

Proposed by Marian Ursarescu-Romania

Solution 1 by proposer

AA" B AA' +A4'A" B AA' 41 AA? 1= w? 11,01
A'A" - A A" _A/Au _AA"A’A” _BAI A'C
From theorem of bisector:
paac=-2P .2
~(b+0)?’
From (1) and (2), we get:
AA" 4b?c? (b + ¢)? 4bc  ,A 4bc s(s —a)
s—-—+1=—cos == =
A'A" (b + )2 a’bc a? 2 ac bc
4s(s —a b+c+a)b+c—a b+ c)?
= ¥ +1= ( )g ) +1= # (and analogs)
a a a
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We must to prove:

(5 -2) =y 0 305

2

Z(b+c)2>1 Zb+c _1(s?+12 — 2Rr\" Gerretsen
a? 3 a | 3 2Rr =

cyc cyc
1/14Rr — 4r2\* 1 21\ 2
> (2R —(7 - —)
3 2Rr 3 R

(b + ¢)? ¢Bs \ 2(b? + ¢?) b? a?
Drw S =2 et

cyc cyc cyc

Solution 2 by George Florin Serban-Romania

From bisector theorem we have:
AB AB ¢ A'B c A B A B
= =
AC AC b A'B+AC b+c BC a

ac ac ab
>AB=—>>AC=BC—-AB=a- =
b+c b+c b+c
2pc 2bc cos%
A)=AB-AC=A4A" AAd" =—= =244 =———*=
pA) (b + ¢)? b+c
2.2 )
AAI B AAI _AIAZ(b_I_C)Z (b+ )2 COS (b""C) B
A'A”  a’bc a’bc azbc
(b + ¢c)2AA’
s(s—a)
_Abc-—p— 4s(s—a)
N a? N a?
Z A”_ZAA’+A’A”_Z 1_I_AA’ 34 AA’ _
A'A" - A A" - A A" - A'A" -
cyc cyc cyc

cyc
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s—a s2(s2 +2r2 —12Rr) + (4R + 1)

=3+4s: 16R2r2s B

=3+4s

cyc

s?(s> +2r? —12Rr) + r3(4R + 1)
4R%r?

=3+

Gerretsen

s2+2r62—12Rr > 16Rr —51r62 + 21?2 — 12Rr =

Euler
=1r(4R-3r) > r(8r—4r)=5r*>0

Z A" (16Rr —5r2)(4Rr —3r?) + r*(4R + 1)
A A” - 4R%r? B

cyc

(16R 5r) (4R —3r) + r(4R + 1) ? 1(7 Zr)2

4R? -3 R
R (16x—5“4x—-3)+4x+1 1 2\2
Let: —=x=>2=3+ _(7__)
r 4x2 3 X
o (x—2)(32x —16) = 0 true Vx = 2.
AA" N s2(s> +2r> —12Rr) + (4R + 1) Gerrétsen
AA" 4R%r2

cyc

(4R2 + 4Rr + 31r*)(4R? + 4Rr + 3r% + 2r* — 12Rr) + r*(4R + r)
4R%r?

<6 ((5)2 _ z)

R
Let:F=x22:>(x—2)(2x3+8x2+x+2)20true‘v’x22

Therefore,
1 (7 2r>2 - AA" N BB’ N cc’ Iy (R)Z )
3 R - AIAII BIBII CICII - r

P.4341f x,y,z € (0,1); 4(x* + y* + z%) = 3 then:

243
2,204 _ +23\3 2,204 _ 2\3 2.2 722)3 <
y°(1-x°)’+y°z°(1 —y*)° + z°x*(1 — z%) 1024

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

3x2(1 —x%)3 < (

4

3x2+1—x2+1—x%2+1—x2 4_ 3 4_243
4 () 256

2(4 _ +2)3 ~ 81
x“(1 x)S256 (1)

By multiplying (1) with y?:
(2)

81
x2y2(1 —x2)3 < Eyz

Analogous:

2.2(4 _ 233 ~ 81 2
yzr(1-y*) s —z° (3)

z2x2(1—-2z2)3 < %xz (4)
By adding (2); (3); (4):

nyZ (1 _ x2)3 + yZZZ(l _ y2)3 + ZZxZ(l _ 22)3 <

CBL e ey BL3_ 243
256 256 4 1024
Equality holds for:
1
X=y=2z= 2

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that:

_xz_I_l—xz_l_l—xz_l_1—xZAgM4 4x2 1—x2\°
N 3 3 3 = 3

33 27 27
201 —x2)3 <2 = = x2v2(1 — x2)3 < 2
(A -2 s g =2 Xy (1 -x%) < ory

Similalry, we have:

27 27
y2z2(1 — y*)3 < —2z? and z%x?(1 — z%)3 < — x?

— 256 — 256

By adding these inequalities, we get:

27 27 3 81
20201 — 42)3 < 2 _ 2
ny 1 -x%) —2562" 256 4 1024

cyc cyc
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Therefore,

81
23201 — +2)3 <
Z”“ **) <7022

cyc

Equality holdsforx =y =z = %
Solution 3 by Ravi Prakash-New Delhi-India
Let f(t) = t?(1 — t?)3,t € (0,1), then f'(t) = 2t(1 — t?)?(1 — 2t)(1 + 2¢)
(> 0;if e (0;2
>0;ift e (0;3)
, 1
=4 =o0ift==

2
) 1

. . 1 1 27 . 1
f(t) is maximum when t = 5= fo<f (E) = ee" Equality holds for t = 7

Thus, for 0 < x,y,z < 1 we have: x% + y? + 2> =%

27
20201 — 22)3 < 2
x*y*(1 x)_256y

27
2,201 _ v2)3 < 2
y‘z*(1 y)_256z

27
x?z72(1-2z%)3 < ﬁxz
Hence, we get:
X2y?2(1—x2)3 + y222(1 — y?*)3 + x%22(1 — 2?)3 < ﬂ(x2 +y% + 2%) = 81
256 1024

Equality holdsforx =y =z = %

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
nyZ(l _ x2)3 + yZZZ(l _ y2)3 + x2Z2(1 _ Z2)3 —
= () 1 -1+ 0P + 2 [(1 -y A +y)]P + (2x)*[(1 - 2)(1 + 2)]° <

1—x+1+x02] ) 1-y+1+n2 ) 1-—z+1+22]
(f)l +(2) [(f)l +(2x) [(f)]

< (xy)?

(x2+y2+z2)2< 3 _243

— 2 2 2 < — -
(xy)* + (y2)* + (zx)* < 3 < 1¢ <1024
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Solution 5 by Nguyen Van Canh-Ben Tre-Vietnam

4(atb+c)
—3 =

leta=x:b=y*c=2z">4(a+b+c)=3-> 1

Then, we have:
243
x2y2(1 — x2)3 + y222(1 — y2)3 + 22x2(1 — z%)3 < 1024;

4(a+ b +c) 3 4(a+ b+ c) 3 4(a+ b +c) 3
< ab — 3  —a + bc #—b + ca ——5 ¢

81 <4(a +b+ c))5 _

= 1024 3 ’
— ab(a+4b+ 4c)® + bc(4a+ b + 4c)® + ca(4a+4b + ¢)® <9(a+ b + ¢)>;
By AM-GM Inequality we have:
e ab(a+4b+4c) = §.9a. (a+4b+4c)(a+4b+4c)(a+4b+4c) <

b(12a+12b+12c)*
9.44 !
Similary:

e bc(4a+b+4c)3 <

c(12a+12b+12c)*
9.44 !
c(12a+12b+120)*
9.44 !

e ca(4a+4b+c)d <

Therefore,
ab(a + 4b + 4¢)® + bc(4a+ b + 4¢)® + ca(4a + 4b + ¢)?
b(12a + 12b + 12¢)* c¢(12a+ 12b + 12¢)*

<
- 9.44 + 9.44
c(12a +12b + 12¢)* s

9 4% =9(a+ b+ c)>;

Proved. Equalityifandonlyif a=b =c = i eox=y=z =%

P.4351f x,y,z > 0; x* + y? + z% = 1 then:
4
(26 + y® +25)3 > (x® + y° + 2°)
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Denote s = x + y° + z°

3(x® + yb + 2
4=3+1= (6 }; 6)+x2+y2+22=
x0+y°+2z
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3x6 3y°% 3z°
+ 2 5 +x*+y?+22 =

6 6 6 6 6 6 6 6 6
X X X z z Z AM-GM
=<—+—+—+x2>+(y—+y—+y—+y2>+<—+—+—+z2> >
S S S S S S

s s S
AM—-GM 4 6\3 4 y63 4 6\3
> (—) x:+4- <?> y:+4 <—> z?
4 >4 x5+y5+25

4
V32 x5 +y5+25 & s3> (x5 + y° + 25)
Therefore,
4
(x® +y° + 2°)% > (x° + y5 + 2°)

Equality holdsforx =y =z = ?

Solution 2 by Ruxandra Daniela Tonila-Romania
x20 20 20 (,5)? 5)*  (23)% Radon
x? +y? + z° :W‘l'y_uﬁ'ﬁ: ( 6)3 +(y6)3 +( 6) =
x18 © y18 Z18  (x6)3 © (y6)3  (25)3

(x5 +y5 + 25)4 (x5 +y5 + 25)4
o
~ (x6 + y® + 26)3 — (x +y6 +25)3

4
& (x°+y° + 23 < (x5 + y° + 2°)

Equality holdsforx =y =z = \/3—5

Solution 3 by Aggeliki Papaspyropoulou-Greece

4
(x6 +y° + 283 (x% + y2 4+ 2%) > (szo +y20 + szo)
(x®+y°+29)3(x?+y2 +22) = (x5 +y° + 25)4
e x®+y°+2°)3 < (x5 +y° + 25)4

V3

Equality holds forx =y =z = 5

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

4
X +y°+2°)3 < (x°+y°+2°) &
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6 6 6\ 3
x°+y°+z
x>ty +z

X5 +y5 425\ f a4
1yttt 2x"+y"+z" <

g%£$§zﬁ+ﬁ+£@
xX2+y2+z2)x*+yr+2) > (B +y3+ 233 +y3+ 23 &
x6 + yb + 26 + x2y* + x%2z* + y2z* + y2x* + 2%x* + 2%yt >
>x0+y%+ 2%+ 2((xy)3 + (y2)3 + (zx)3) &
x2z* + y?z* + y?x* + z2%x* + 22y* > 2((xy)? + (y2)3 + (2x)?) true, because
xty? + y*x? > 2(xy)3, y*z? + y?z* > 2(yz)3, z*x? + z%x* > 2(zx)3
V3

Equality holdsforx =y =z = 5

Solution 5 by Vivek Kumar-india

x+y*+z22=1

(2)g)-(z-)

(z ) Sy

cyc cyc

Also,

(2)g)-(z-)

2
¥ x5)* yx5)t  (zx5)*
Z"GZ(Zx“) $<czwx6> 252x4222(2x6)

) +(z7)
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« |G

Equality holdsforx =y =z = —.
Solution 6 by Marin Chirciu-Romania
Using Holder’s inequality, we get:
LHS = (x4n—2 + y4n—2 + Z4n—2)3 — (x4-n—2 + y4n—2 + Z4n—2)3(x2 + yZ + ZZ) —

— (x4n—2 + y4n—2 + Z4n—2)(x4-n—2 + y4-n—2 + Z4n—2)(x4-n—2 + y4-n—2 + Z4-n—2)(x2 + yZ + ZZ) >

Holder ,, 4 4 4
> (\/x4n—2x4n—2x4n—2x2 + \/y4n—2y4n—2y4n—2y2 + \/Z4n—2z4n—224n—222) —

— (‘{/x12n—4 + fy12n-4 4 ‘:/21211—4)4 = (x3n-1 4 y3n-1 4 z3n-1)4 = RYg

. a1 _
Equality holdsforx =y =z = ﬁand n=1.

For n = 2 we get the Proposed Problem JP.435 by Daniel Sitaru-Romania.
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PROBLEMS FOR SENIORS

SP.421 In AABC the following relationship holds:

A%

A B
2 2
Z cos® 5 + cos >

8
cye cos‘“% + cos? '% cos? g + co 3

B
4D
52
Proposed by Marian Ursarescu-Romania

Solution 1 by proposer

x+y 4(x+y+2)
Z 2 7 = 2 =
xX‘+xy+y Yx% 4+ Yxy

cyc

cosz'%+ coszg 4(2 cos? g) "
> ; (1
A A B B~ A A B’
44 24 2D 4D 44 24 .20
cye €os* 5 + cos? 5 cos? 5 + cost 5 ¥ cos 2+Zcos 5 cos? >
A 4R+
242 _ .
Z cos” R (2)
cyc
A ,A B (4R+71)>—s* s>+ (4R+1)?
Zcos E+2cos 5 C0s* o = TP + 16R? =
cyc cyc
_3(4R+1)? - 5? Doucet 34R+1)>—3r(4R+1)
B 16R? - 16R? B
_34R+71)4R+1 — T) _3(4R+ ) .(3)
B 16R? 4R '’
From (1),(2) and (3), it follows that:
A B
Z cos? 5+ cos? > - 44R+1) 4R 8
B~ 2R 34R+1r) 3

cyc cos“g + cos? % cos? g + cos* >
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x+y - 4(x+y+2z)
xX2+xy+y? x2+y24+z24+xy+yz+zx

Let's prove that (*) : Z

cyc

,Vx,y,z > 0.
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5 x+y (2 +xy+y)+zix+y+2)](x+y)
D\ )= ) oy 97
xX“+xy+y xX“+xy+y

cyc cyc cyc cyc

z[(x* + xy + y*) + xy + yz + zx]
—Z x+y+

x% +xy + y?
cyc

V3%

z
=2 S —
Zx+Zz+(xy+yz+zx)zx2+xy+y2 32"

cyc cyc cyc cyc

(x+y+2? (xy+yz+zx)(x+y+2)*?
+ Z Y z(x? +xy +y2) zx (xy+yz+zx)(x +y+2)

cyc

x+y Xty
272\ 2y |20 Ly
x% +xy +y? x2 +xy+ y?

cyc

cyc cyc cyc
4(x+y+z
= ( Y ) ,Vx,y,z > 0.
x2+y2+z2+xy+yz+zx
Forx = cos? A v — cos?B 5 — cos2®. U A_4R+r A
OoTr X = COS 2,y—cos 5/Z= cos? > sing : cos?— = SR 2,053
cyc cyc
(4R + 1)? — s2 ,A B (4R + 1)? + 52
= Zcos —cos? ==
8R2 2 2 16R?
cyc
cos? % + cos? g 4, 41;;; r
() 2 A_,B B (@R+1)2 -5 (4R+1)7+ 52
cchOS47+COSZECOSZZ+COS42 811'22 4 1(1:R2 s
__32RU4R+1) L 32R(4R + 1) ;)
" 3(4R+1)2—s2 T 3(4R+1r)2-3r(4R+1) 3
A
24 2B
Therefore Z €0ST3 €05 3 >§
’ B B~ 3

A A
4 2 2 4
cyc COS 2+cos 2 COS 2+cos 2

Solution 3 by Soumava Chakraborty-Kolkata-India

. B . C . (B+C A , A .
sin 7 smi ssin (T) COS 7 SCOS 7 A (:_‘)
L, +r.=s = = = 4Rcos? 5 ToH IS 4Rcos? >

BT 05C)  cosBcosBeosC (o)
cos 2 Ccos 2 Ccos 2 Ccos 2 Cos 2 4R
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A B 0 G
cos?5 + cos? 5 via (i) and analogs I+ T+ T+ T,
2. "),
(ry

= 2 2
cos? % + cos? % cos? g + cos“g + 1% + (re +12)% + (1 + 1) (1 + 1)

(4R+7r1) + 1,
:4Rzr2+r2+2rr + 12 + 17 + 21,1, + (X 1y, + Nl + rery) + r2
b [ bfc c a cla a'b b'c cla c
1 (4R+1)? + 2r.(4R+1) —r, (4R + 1) — 5% + 52
4R + rz (4R +1)% — 252 + 52 + 2r.(4R+ 1)
1 (4R +1)? + 2r.(4R + 1) — 52
AR+ rZ- (4R +71)? + 2r.(4R + 1) — 52
s’ —r.(4R+r1)
'4R+r2(4R+r)2 —s2+2r. (4R +r)
N 1 z Iy + Iyl + Il — re(rg + 1 + 1)
AR+ sZ + (4R + )2 — 2(r 1y, + rpre + rery) + 2r.(r, + 1y, + 1)

= 4R

= 4R.

+ 4R

= 4R.

4R +r
= 4R.

4R+r
2(rum, —12) — s — (4R +1)? + 52 + (4R + 1)?
+4 2(4R +r1) Z s+ (AR +1)2 + 2(rZ — 1a1p)
3 3 2(rr, —12) — s — (4R + 1)?
T 2(4R+r) zsz+(4R+ 12 + 2(r2 — rary)
s? 4+ (4R +1)?
2(4R+71) Z (4R +71)2 — ; s2 + 2r.(4R+r)

=4R

+ 4R.

‘2(4R +71)

s+ (4R+1)? (a+ Bry)(a+ Bry) + (a + Bry) (a + Pre) + (a + Pre) (a + Pry) (a
2(4R+71) (o + Bry) (o + Bry) (o + Bre)

=(4R+r1r)? -s?andB=2(4R+ r))

=4R ——=
2(4R+71)

sZ 4+ (4R +1r)? 7(4R + r)* + 3s* — 6s2(4R +1r)? -
2(4R+r) '3(4R+r)® —s®+8rs2(4R+r)3 —3s2(4R+r)*+s*(4R+r)2 ~ 3
sZ 4+ (4R +1r)? 7(4R + r)* + 3s* — 6s%(4R +1r)?
2(4R+r) '3(4R+r)® —s® +8rs2(4R +r)3 —3s2(4R +r)* + s*(4R + r)?
_ _7R+4r
~ 6R(4R+T1)
& (16R + 41)s° + (96R? + 16Rr — 20r?)(4R + r)3s? — (16R + 4r)(4R + r)?s*
)
"~
—12r(4R+1r)¢ >0

Gerretsen
Now,LHSof () 2  —((16R+4r)(4R+1)? — (16R + 4r)(16Rr — 5r))s*
+ (96R? + 16Rr — 20r?)(4R + r)3s? — 12r(4R + r)°
= —(16R + 4r)(16R? — 8Rr + 61%)s* + (96R? + 16Rr — 20r?)(4R + r)3s?

Gerretsen

—12r(4R+1)¢ S

=]

+ 4R
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8Rr + 6r2)(4R? + 4Rr + 3r2) + (96R? + 16Rr — 20r?)(4R + 1)3)s
Gerretsen

(—(16R + 4r)(16R? —
>

—12r(4R +r)®
832R?r® — 512Rr* — 92r%)s? — 12r(4R + r)°®

= (5120R°® + 4864R*r — 128R%r? —
92r%)(16Rr — 5r?) — 12r(4R + r)°

(5120R° + 4864R*r — 128R%r? — 832R?r® — 512Rr* -
< 5120R® + 4864R*r — 128R3*r? — 832R?r3 — 512Rr* — 92r
= (R—2r)(5120R* + 15104R%r + 30080R?r? + 59328Rr> + 118144r*)

El:Ler
+236196r° > 0>

?
S0 o 102415 — 672t5 — 2264t* — 876t% — 2162 + 25t + 1450 ( r)
?

& (t—2)(1024t5 + 1376t* + 488t3 + 8t(t — 2) + 2(t2 —4) + 90t + 1) 20

Euler

—>true‘:t§2
c052%+coszg
= (%) is true z A y B B2 E(QED)
cos* 7+ cos? fcos2 5+ cost5 5
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
A+B+C= A+cosB+cosC<ood B LT
5> —4—4+—=—
T, COS cos cos =313 15=3
A+ B+ C 3V3 A m (B+C)
cos2 cos2 cosz_ > an 2573 213
A_ V(4 <B+C> _ (B C)_ B C+ C B
cosz—cos > 213 = sin 213 smzcos2 smzcos2
Hence,
Z 2A_(_B €. in B>2+ 2B 2C_
cos 5= smzcos2 smzcos2 cos > cos 5=
cyc
2B ,C, L, B B C B C B ,C_9
= sin 2cos > sin 2cos > smzsmzcoszcos2 cos 2cos 7 <3
A B c
Letx=cosE,y=cos;,z=cosg,then
A
Z cos? 7+ coszi _ X%+ y? ~
4 202 4
cyccos4g+coszgcoszg+cos4g cycx TXYE Ty
1 1 1
2ty () 8
~ L y22 1,1 y? 25
cycF+1+p Z(FJ’?)(?J’PUTZ)
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1 1
32—4+6z 5 2282 +ZZ< >truebecause
X x%y

cyc cyc cyc cyc
izt
x2

sz 2 _8Zx2

cyc cyc cyc cyc

3Y 24wy Y ;(z)(z)

cyc cyc cyc

> x2 + y? + 7% true.

1 xZ yZ
andBZFZZZ F-ij

cyc cyc

BZ:x“y4 >12 Z:(x6y4 + x*y®)

cyc cyc

4 9
3 Z xtyt > 3 (Z(xy)“) (Z x2> ez x% + y? + 2% true.

O

cyc cyc cyc

SP.422 In AABC the following relationship holds:

Z rp,t+r. - 2
ri+ryre+r: 2R-—r

cyc

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

Z x+y >4(x+y+z)
x2+xy+y:— Yxr+4+Yxy

cyc

(x+y)(x+y+z)_3 zxy+yz+zx
x2+xy+y: x2 + y? + 22
cyc cyc

We must to prove:

z:xy+yz+zx21 4y xy - 4y xy _222<1_xy+yz+zx)®
x2 + xy + y? Yx24+Yxy  Yx?2+Yxy x2 + xy + y?

cyc cyc

(x — 2)? (x —2)*(y* — x2)
Z YxZ 4+ Yxy Zyc (x%2 +xy + y2)(y? + yz + z2) <
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2 +xy +y)(Y? +yz + z%) = (y* — xz)(x* + y* + z* + xy + yz + zx) true.

; (1)

Z Tq+ Ty - 4(ro+ 1y +1.)
2 2= .2 2 2
e Ty, +Tpre+71e Ta+Ty+Te+7, Ty +Tpr+7.7,

“ra+r,+r.=4R+1;(2)

Doucet
T24+ri+ 12+ rgry+rpre+rrs=@4R+71)?—25* +s? =(4R+1)? —s* <

<(4R+71)>-3r4R+1r)=(4R+1)4R+1—-31r)=2(4R+71)(2R-1);(3)
From (1),(2) and (3) it follows that:

Z re+rmy S 2
ri+ryre+12 2R—7

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x+y - 4(x+y+2z)
x2+xy+y?  x2+y*+z2+xy+yz+zx

Let's prove that (x) : Z ,Vx,y,z > 0.
cyc

We have: (x2+y? +z> +xy+yz+zx)(x+y)
= +xy+yHx+y)+zx+y+2)(x+y) =
=@ +xy+y)x+y) +z[(x?+xy +y?) +xy+yz + zx]
=(x+y+2)(x*+xy+y?)+z(xy+ yz+ zx)

x+y
2 2 2 _
- (x*+y“+z +xy+yz+zx)2x2+xy+y2
cyc
(xy+yz+zx).z
_Z<(x+y+z)+ 2yt y?
cyc
SaY k) Y
B . xy- z(x2+xy +y2) ~
cyc cyc cyc
Berggmmgz +z (x+y+2)? _SZ +(xy+yz+zx)(x+y+z)2
- x xy'Zz(x2+xy+y2)_ . (xy+yz+zx)(x +y+2z)
cyc cyc cyc

=4(x+y+2z) > (x)istrue.

Forx=r1,y=r1,2z=r1,weobtain:
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) z ry,+r. > 4(rg+ry+71.)
* U d

ry2+rpyro+r2 rAritr2trgrytryrotro,
cyc

_ 4(4R+7) D"ge‘ 4(4R +1) 2
" (4R+1)2—-5* T (A4R+1r)?-3r(4R+1r) 2R-T1

ry,tr. 2
Therefore, Z >

ry?+ryro+r.2 2R—1r
cyc

Solution 3 by Nguyen Van Canh-BenTre-Vietnam

First, forallm,n,p > 0, we have:

AM-GM
2 +np +p2)(mn+np +mp) < Z(n2 + np + p? + mn + np + mp)?

1
= S+ pam+n+p)
1 - 4(mn + np + mp) |
_) .
n2+np+p2_(n+p)2(m+n+p)2’(ana0gs)
n+p - 4(mn + np + mp) |
_) .
n2+np+p2_(n+p)(m+n+p)2’(anaogs)
Hence,
n+p - 4y np Z 1 4Ynp Ym?+3Ynp
n+np+p? " (m+n+p2lun+p (M+n+p)2 m+n)(n+p)(p+n)
MOnORTe  4p?  (AR+T)P 4P _ (4R 4PP L 2
(4R +1)2’ 4Rp? " R(AR+1)? T 2R-71’

(*) © QR—1)((4R+1)? + p?) = 2R(4R + 1)%;
o (2R-1)p? = (4R +1)%;
But: p? > 16Rr — 5% ( Gerretsen’s Inequality). We need to prove that:
(2R —1)(16RT — 51%) > r(4R + 1)%;
< (2R —1)(16R — 51) > 16R? + 8Rr + 1?%;;
o 16R? — 34Rr + 41r* > 0;;
- 2(R-2r)(8R-1) = 0;
Which is true by R > 2r (Euler).

Thus, (*) is true. Proved.
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Solution 4 by Soumava Chakraborty-Kolkata-India

inZ  sin$\  ssin (—B i C) cos 2 24 ®
_ (sm > sm2> _ > 7 _Scos’z A A
Ih +Ic. =S = =

T = 4Rcos? 5 Th I = 4Rcos?—

L c A osBosE (i) 2
Cos 2 CcoSs 2 CcOoS 2 CcOoS 2 COoSs 2 4R
z Iy + e Z Iy + I via (i) and analogs Z 4Rcos? %
12 + rpre + rl (1) =TT - 16R2cos4% ~ bccosZ%
_ 4R 1 Bergr;:rom 36R
16R2cos? % _bc S8R*E(1+cosA)—-Xab

_ 36R

8R? 4RR+ L §2 —4Rr-r2

_ 36R o2
" 32R2+4Rr—-r2—s2 2R-r

? ? ?
& s2 + 18R(2ZR — r) S 32R? + 4Rr — r2 S s? + 4R? — 22Rr + r? % 0
™

Now, via Gerretsen, LHS of () > 16Rr — 5r? + 4R? — 22Rr + r? = 4R? — 6Rr — 4r?

Euler

Iy, + T,
=2(R-2r)2R+1) 3 0= (+)istrue zzb—cz
7 + rpre + r

o

SP.423 If z{, z,, z3 € C" different in pairs such that |z| = |z,| = |z3] = 1,

A(z4),B(z;),C(z3). Prove that:

ZyZ3 3
> = o AB=BC=CA
= 32,23 — 25 —2z5; 4

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

|z4| = |z5| = |z3| = 1,A(z4), B(2z,),C(z3) = AABC € €(0,1)

z Zy7Z3 3 Z Zy273 3
= - = -
i 32,23 — 75— 7% 4 Zy23 — (2, — 23)2 4

cyc

1 3
> 1 ®

1-—
cyc Z2Z3
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(z; — 23)2 _

But:sin? 4 = — 1 (2)
47,74

From (1) and (2), we have:

Z 1 _3 3)
1+4sin24 4’

cyc

1 Bergstrom 9 3
" Zl+4sm2A 3+4)sin24A " 4

cyc

aZ+b2+c2
4R2

12 >3 +4)sin? A © Ysin? A < %, true because Y sin? 4 =
a? + b? + ¢? < 9R?*(Leibniz). So, we get:

Z 1 >3 4)
1+4sin24A 4’

cyc

From (3),(4) equality holds if and only if triangle ABC is equilateral.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

. o (z, — 23)°
|z,| = |z,| =|2z3] =1 - AABC € €(0,1),then : sin“A = —————
42223
Z,Z
- 273 (And analogs)

32,25 — 7% — z5? ~“1+4sinZA

Z Zy7Z3 3 Z 1 3
e d = — & —_— - -
32,25 — 7,2 — 232 4 1+4sin?24 4

cyc cyc

1 CBS 32

Bt we have - s
UEWERAVET L1+ asin?4 = 3+ 4(sin? A + sin? B + sin? )

cyc

9 Leirli‘niz 9 3

= —.

a’+b>+c* — 3+9 4
R2

Equality holds if f AABC is equilateral.

3+

Therefore z 32 B BC Cc
f =— o AB = = CA.
’ 32223 — Zy" — Z32 4

cyc
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SP.4241f x,y,z > 0,27(x3y + y3z + z3x) = 1 then
45(x*’y +y?*z+ z*x) + 6(xy +yz+zx) <4+3(x+y+2)

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Bx—1)?(4x+1)=>0;vx>0
9x2—-6x+1)4x+1)>0
36x3 +9x* —24x* —6x+4x+1>0
36x3 +1 > 15x% + 2x; (1)
By multiplying (1) with y:
36x3y + y > 15x%y + 2xy
36Zx3y+x+y+zz 152x2y+2(xy+yz+zx)

cyc cyc

1
36-ﬁ+x+y+22 152x2y+2(xy+yz+zx)

cyc

4
152x2y+2(xy+yz+zx)Sx+y+z+§

cyc
45(x’y +y?z+ z*x) + 6(xy+yz+2zx) <4+ 3(x+y+2)
Equality holdsforx =y =z = %

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

?

We have that : 45(x*y + y*z + z?x) + 6(xy + yz + zx) 2 44+3(x+y+2)
o 45y +y*z+z2%x) +6(xy+yz+2zx) < 4.27(x3y +y3z+23x) + 3(x + y + 2)
o 3y(36x3 — 15x2 — 2x + 1) + 32(36y3 — 15y2 — 2y + 1)
+3x(362z3 — 1522 -2z+1) >0
oyBx—1)?Ux+1)+zBy—-1)2?A4y+1)+x(Bz—1)*(4z+ 1)
>0 (~« 3x—1)?(4x+1) =36x3—15x%> —2x+ 1)
Which is true for all x,y,z > 0.
Therefore, 45(x*y+y?z+z?x) +6(xy+yz+2zx) <4+3(x+y+2).

a7 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1
Equality holds iff x=y =2z = 3
SP.425If x € [0, 1], then

1 X 1
et dt + f 2t2et” dt + j (2t2 — 2t)et’ dt < e*
X

1+xZSJ
0

0

Proposed by Alex Szoros-Romania
Solution 1 by proposer

X X , X X
1= f 2t2et’ dt = f t(et’) dt = tet2|z —J et’ dt = xe™ —J et dt; (1)
0 0 0 0
1 2 1 2 ! 2y/
J =f (2% — 2t)et" dt = f (t—1)2tet dt =J (t—1(e*) dt =
X X X

= - Def; - |

X

1 1
et’dt = —(x — 1)e* — f et’ dt =
X

1
= —xe*’ +e* — f e’ dt; (2)
X

From (1) and (2), we get:

x 1 1
I+]=e"2—<fe‘2dt+fetzdt>=ex2—fetzdt
0 x 0

1
1+]+f e’ dt = e*
0

1 x 1
f e’ dt + f 2t%et’ dt + f (2¢% — 2t)et” dt = e**; (3)
0 0 x
On the other hand, we have: e* > u+ 1;Vu > 0, so
1+ <e”
How,x € [0,1] 2 x*<x > e*’ < e*.We get:
1+x2<e* <e* ; Vx € [0,1] and using (3) we get the problem.

Solution 2 by Ravi Prakash-New Delhi-India

1 x 1 1
sz et’ dt+f 2t2et’ dt+f 2t2et’ dt—f 2tet’ dt =
0 0 x X

48 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1
1 1
= te”’| - f t-2tet” dt + f 2t%et dt —et’| =e*’
0 0

As0<x<1=20<x*<x<1>e* <e* Also,e* >1+x2.
Thus,for0 <x <1,

1+x2Sf
0

1 X 1
e’ dt + f 2t2et’ dt + J (2t% — 2t)et” dt < e*

0 x

SP.426 Let Rl’ R2, R3 be circumradii of AAlBl(,'l, AAzBZ Cz, AA3B3 C3 with
sides a4, a,, a; respectively by, by, b3 and ¢4, c3, c3. Prove that:
1 1 1 93
+ + > 3
aia,as b1b2b3 C1CC3 (Rl + RZ + Rg)

Proposed by D.M. Bdtinetu-Giurgiu —Romania

Solution 1 by proposer

1 1 1 A6m 1 1 1
+ + = 3 + 3 + 3
aja,as b1b2b3 C1C7C3 ((11 + a, + a3) b1 + b2 + b3 (C1 + C) + C3)
3 3 3
14 14 14 Radon (1 +1+ 1)4 Mitrinovic
=27 + + = . =
(251)3 * (2s2)3  (2s3)? (251 + 25, + 253)3
S 27 -81 _ 27 -81 _
= 3 = =
3V3)(R; + R, + R3)3
(2 3\/_Rl_|_2 \2/§R2+2 3\/_ ) (3V3)(Ry + Ry + Ry
27 93

B \/§(R1 + RZ + R3)3 B (Rl + RZ + R3)3
Equality holds for a; = a, = a3; by = b, = b3; ¢y = ¢; = c3.
Solution 2 by Marian Ursdrescu-Romania

In any AABC we have:

3V3
abc=4RrsS4-TR-R-R=3\/§R3

1 - 1
abc — 3/3R3

We must show that:
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1 1 1 81
RIR TR R AR R D
But:R; + R, + R; > 33/R,R,R; > 1 < 1 ; (2)
(Ry+ R, +R3)® ™ 27R,R;R;
From (1) and (2), we must show that:
1 1 1
R_i + R_g + R_g = R.R,R, true because
1 1 1 3 1 3
B RER = B,IR?RgRg " RiReR;
Solution 3 by George Florin Serban-Romania
1 1 1 4a6M 3 1
a,a;as * bib;b; * €1C2C3 = 3\[‘1117101 “azby¢5 - azbszcs B
_ 3 3 1 1 AGM
J4R{Fq-4R,F, - 4R3F; 4 {/RiRyR3 /515283 -1rirars
3 3 1 1 Mitrinovic
4 Ri+ Ryt R3 {515,535 3[rirers
- 27 . 1 _
“4(R{+ Ry, + R3)(r{+1ry; +13) 3\/3\/5131 . 3V3R, . 3V3R,
2 2 2
_ 27 . 2 . 1 AgM
4(Ry + Ry + R3)(ri + 12 +73) 3V3 3/R,R,R;
> >4 . 3 =
“12V3(Ry + Ry +R3)(ry +1,+13) Ri+R;+R3
5443 Euler
T 12(Ry + R, + R3)2(ry + 15 + 13)
. 9v3 _ 9v3
2Ry + Ry + Ry)? (St 4 521 Ba) - (Ru+ Ry + Ry)?

Solution 4 by Alex Szoros-Romania

Mitrinovic
Inany AABC: Yabc < %b“ < 3V3R = {abc < RV3

- 2
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(1)

1 1
< 3V3R3 > :
abc < 3V3 :bc 3V3R3

Using (1), we can write as:
1 1 1 1 14 1% 1%\ Radon
+ + > —+—=+—
aja,as b1b2b3 C1C2C3 3\/§ R:; R% Rg
(1+1+1* 81 _ 9V3
~ 3V3(R{+R;+R3)3 3V3(R;+R,+R;) (Ry+R;+R3)3

SP.427If f:[0,n] - [0, ﬁ] continuous function, n € N, n > 3 then:

jnx“f(x) VL= (m = Df(x) dx < a;-l—l' "VYne-D-1¢ > 0
0

Proposed by Florica Anastase-Romania

Solution 1 by proposer

"\/fn—l(x)(l —(n— 1)f(x)) < (n— 1)f(x) + 111 - (n- 1)f(x) _ %

PO~ (- D) <

n-1 1
f(x) Jl—(n—l)f(x)ﬁm

n 1 1 n a
j;x f(x) - Jl—(n—l)f(x)dxsm-fox dx
na+1

" n-1 1
[ G- A== DFG dx < = g

" n—-1 1
foxaf(x)- Vi (- DfCdx < g e

" n-1 1
j;x“f(x)- Jl—(n—l)f(x)dxsa—ﬂ~ =S

fonx“f(x) . "_1/1 —(n-1Dfx)dx < aj— 1 n“ n-1

Therefore,
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M pa@m-1-1

j X f() - YT = = Df o) dx <
0
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+1

1
Leta > 0. From AM — GM Inequality,we have : a™ + ---+ a™ + o

n—1 times

n 1 1
>n [(@)"l—=a"1 o (n—-Da"+—=a"!
‘ n n

1 _ .
o a ' 1-m-Dal<— o a"V1-m-Da< V" va0.

Let x € [0,n], for a = f(x),we have that : f(x)." /1—-(n—1)f(x) <" Vn™

- x%f(x). "_Vl —(n-1Df(x) <" Vn ™ x%vx e [0,n],a>0.

n

Therefore, fx“f(x). "VY1-m - Df(x)dx <"V f x%dx = "\/n™.
0

0

na+1

a+1

L "_l‘lna(n—l)—ll a> 0.

- a+1
SP.428 Solve for real numbers:

Zn: 1 sin nx ¢
= -cotx
4 COS X — cos(2k+ 1)x sin(n+ 1)x

Proposed by Florica Anastase-Romania
Solution 1 by proposer

n

1 1
kZ1 cosx —cos(Qk + Dx kZ1 2sinkx -sin(k + Dx

_ 1211: sin x 1 _
2 £ sinkx - sin(k + 1)x sinx

B 1zn: sin(k + 1)x-coskx —sinkx-cos(k+1)x 1 _
2 & sin kx - sin(k + 1)x sinx

n
1
inxkz:l(cotx —cot(k+ 1x) =

(cotx —cot(n + 1)x) =

2s 2sinx
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1 (cosx cos(n + 1)x> 3

~ 2sinx\sinx sin(n + 1)x
1 cosx-sin(n+ 1)x —cos(n+ 1)x - sinx 3 sin nx
~ 2sinx sinx - sin(n + 1)x ~ 2sin?x-sin(n+ 1x
So, we have:
n -
Z sinnx tx o
- -cotx
i COS X — cos(Zk + 1)x sin(n + 1)x
sinnx sin nx . 1 cosx
= -cotx © = &
2sin?x-sin(n+1)x sin(n+ 1)x 2sin?x sinx

2sinxcosx =1 sin2x =1 2x = g+ kr
X € { + (— 1)" |k € Z}
Solution 2 by Ravi Prakash-New Delhi-India

cosx — cos(2k + 1)x = 2 sin(kx) sin((k + 1)x)

. Z 1 1 Z sin[(k + Dx — kx]
' £ cosx — cos(2k+Dx 2 sinx £y sin(kx)sin(k+ 1) x

1 Z sin(k + 1)x cos(kx) — cos(k + 1)x sm(kx)

~ 2sinx £ sin(kx) sin(k + 1)x

n

[cot(kx) — cot)k + 1)x]

1
= tx — cot 1 =
> x[co x — cot(n + 1)x]

1 sin(nx)
~ 2sin?2x sin(n+ 1)x

Thus,

1 sin(nx) B sin(nx) cotx
2sin2x sin(n+1)x sin(n+ Dx

Assuming sin(nx) # 0, we get:

1 ¢ cos x 0 2 1 4
- = cotx = — = sin2x = — = sin—
2sin? x sin x 2 6

_1 +(1)’"n EZ
x—zmn 12m

53 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
SP.429 Let (x,,),,>1 is a sequence of real numbers such that

1
X, = f x" -log(1 + x) dx. Find:
0

= llm— 2( 1)k 1x
n-ocoNn

Proposed by Florica Anastase-Romania
Solution 1 by proposer

0<log(x+1)<log2 log(1 + x)
[0,1] 1 1 =20<——<log2

- < <1 1+x

2 x+1

—x)"1log(1 + x
‘( ) B ) < x"*1.log2
14+x
fl (—x)"*1log(1 + x) - j‘ (—x)"*1log(1 + x)
0 1+x —Jo 1+x
1 log 2
<log2 f X gy = 8
0 n+1
L(—x)"1log(1 + x) - 1
lim dx=0=lim ) (-1)k 1xk—log———log 2
n-o Jo 1+ x n—-oo
k=1
Therefore,
n
- CaVk=1,
Q= 1111_13)10” (-1) 0
k=1

Solution 2 by Ruxandra Daniela Tonila-Romania

X, =20,YyneN

n
1
0<|Q < lim—-Z|(—1)"‘1 - x|
B =1

n

1
o<|Q<lim—- ) x4
n-oon
k=1
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n
1 1
0<|ﬂ|<11m— Zf k log(1+x)dx§lim—2f x4 dx
k=1"0

n-on n-on

<lol < li —Z
0 <0 < lim K+ 2

3
n+2_7
lim—==0
n—>oon Zk+2 n—oo n

Therefore,

‘,‘l“?o; Z(— Dy, =

Solution 3 by Naren Bhandari-Bajura-Nepal

For all n > 1, the following equality holds:

1 H,,— H
f x*1.log(1+x)dx = i n
0

ST (1)

where H,, is n'® harmonic number defined by H, = 1 + % + % + -+ %
Proof. Since f(x) = log(1 + x) possesses Maclaurin series for all x € [0, 1], we exploit it
here

)k 1 (_1)k+1

2n-1+k — —
fo * dx Lik@n+k)

fol 2 1f(x)dx_z(

kzzl((Zk 1)(2k+2n 1) 2k(2k1+ Zn))

_i< 1 1 11 ) 1
- &\2k-1 2k+2n-1 2k 2k+2n) 2n

n n
_ z 1 Z 1 1 Hp;,—H,
N 2k—1 2k) 2n 2n
k=1 k=1
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After partial fraction, one can use definition of digamma function and by multiplication

formula of harmonic number, H, 1 = 2H,, — H;, - log 4 easily leads us to proposed
2

result.
Now, replace n by g and enforcing n —» n + 1 gives

HZn - Hn+1

1
= n. =—T
Xn fox log(x + 1) dx 1 ;(2)

So, we find x,, explicitly, now we check if >5_; (—1)**1x, convergent or divergent.
It is easy to see that

Hk+1_Hﬂ 1

2 A _ =
m = lim ey = v - °

By asymptotic expansion of harmonic number and x;, > x4 and by Leibniz test we

conclude that Y.}_, (—1)**1x, is convergent. Therefore we have
n

lim ) (-1)*1x, =L LeR
n—-o0o

k=1

Further, limn # 0. So, by quotient rule of limit

n—-oo

lim — Z( 1)k 1x, —llm Z( 1)k 1x, —llm—=0

n-on

Solution 4 by Naren Bhandari-Bajura-Nepal

Using the finite geometric series formula,

n

Z(_l)kﬂxk: x _(_x)n

1+x 1+x
k=1

and by linearity of integral
n 1 1 n
®(n) = Z(—1)k+1 f X f(x) dx = f f(x)Z(—l)"“x" dx =
- 0 0 -

_ f xlog(l + x) f ()" log(1 + x) log(1 +x) , 15
0
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log? 2 1
=2log2 — > —1—[ gn(x)dx
Now, the required limit is lim 22 - =0—lim- f gn(x) dx, We notice that
n—>oo

1 1
- g, ()| < ;x" = h,(x);Vx € [0,1]

and is clearly integrable function f01 h,(x)dx = and by DCT, it follows

1
n(n+1)
1 1

1
lim=| g,(x)dx = J lim n~1g, (x) dx = 0, since
n-on 0 0 n—-oo

1
lim | h,(x)dx=0
n—>oo 0

Solution 5 by Naren Bhandari-Bajura-Nepal

We have a classical inequality 1 — % <logx<x—-1,Vx>0

X log(x+1) <x:vVx>—1
0r1_+_x__ Og X S X, VX

xk+1 1 1 1
< k < k+1 —
0<j;x+1dx_j;xlog(1+x)dx__]; dx = K2 ; (3)

The right most quantity

(- 1)k 1 (-3 o (- 1)" 1 1 _2log2-1 o (—1)k+t
Z z 2 2 Z k

k=3 k=n+1

()

and hence —

_1\k-1
Show that if n — oo, then A(n) = y»_, &2 _, 2log2-1

_ - 0ifn > .B
k=1 jy2 2 Y

squeeze theorem in (3) tells us that the required limit is 0

SP.430 In AABC the following relationship holds:

z 1 <SZ a <6R
A~ 2s A~ s

cyc COSE cyc COSE

Proposed by Alex Szoros-Romania
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Solution 1 by proposer
The triplets (a, b, ¢) and <LA, %, %) are same ordered, using Chebyshev’s inequality:

COSE COs- COs;

2 2
a S 1 1 _ 2s 1
e 1 030 [ D e R Sey
cyc COSE cyc cyc COSE cyc COSE
a
S e LTttt
Zs A
cyc COS cyc COS 7

On the other hand, using CBS we have:

Z\/ms\/Zbc-\[Z(s—a)zxf.;-\/sz+r2+4Rr

cyc cyc cyc

bc(s—a
’ ( )<J4R2+4Rr+3r2+r2+4Rr—2(R+r) (2)
cyc

Using (2) we can write:

Z A Z\/(S—b)(s—c) FZW_FZ bc(s a)

cyc Sll’l cyc

1 1
> LS 2(R+r)—2(1+ )(3)
. r
cye sin
sm sm 4R B C R
(3):>z i Z = smEsm2£2<1+;)
cyc Sln cyc [1 Slll cyc

2
i i <1 1 T 4) (V.Nicul
:»Zsmismi_i( +E)'( ) (V.Nicula)

cyc

zsinzA_zl—cosA_l 3 ZcosA _1(3 1 r)_ r
2 2 2 T2 R/ 2R

cyc cyc cyc

Hence,
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2

Z i z + 2 Z <1 +14+—
Sin 2 Sln Sln Sln ZR

2R
cyc cyc cyc
Z 4 < |24 G)(M.B
= sin 2 2 R’ (M.Bencze)
cyc
So, we have:
. A
32 a _32211-81117 6R A<6R 2+ (6)
2s A~ 2s sind sin 2R’
cyc COS 2 cyc cyc

(6)(1)— +ﬁS ’2+—

36R? T 18Rr(4R + 1)
- < _ 2
52 (2+2R) 2+r®5 sR+zr )
Using Gerretsen inequality: s> > 16Rr — 572, it is enough to prove:
5 18Rr(4R + 1) )
16Rr — 51r% > ER 1 21 < (16Rr — 5r*)(5R + 2r) > 18Rr(4R + 1)

< (16R—-5r)(5R+2r) > 18R(4R+1) © 8R?> —11Rr — 10> >0
< (R—2r)(8R + 51) = 0 true from R > 2r (Euler) = (7) its true.

From (1),(6) and (7) we get the conclusion.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a>b>c - u(A) > u(B) = u(lc) -»
1 1

v

1
B = C’ from Chebyshev's inequality, we have that :
5 C0Sy

N>

Ccos COS+

3 1 =2 2 1
>z el Y )=y e Yy —ZSZ i ®
cyc COS cyc cyc COSE cyc COS cyc € cyc COS 7
4R cos sm
Now,we have that : Z = z 4RZ sm—
(s —b)(s—c) B 1
= < — — — | =
4RZ J = 2 4R Z(s b)(s - ¢) Z -
cyc cyc cyc
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= 4R |[r(4R + ) 1 4R /2+ 32 ? 6R 2+ (2)
= —_— —_— - —_— -
T "R 2R 2s A_ s

cyc COS

r 5R 18R(4-R + r) 5R + 2r
Also,wehave:— 2+ﬁ— +T

o 18Rr(4R + r) S (5R + 21)s?
< (5R + 2r)[s? — (16Rr — 51%)]
+7r(R-2r)(8R

?

+ 57) S 0 which is true from Gerretsen and Euler's inequalities.

1
> — |24+ ﬁ < [2 + — (3) From (1),(2) and (3),we get : Z A
‘ cye €OS5

<3 ‘ /2+ 2+
_Zscyccos 2R = |

SP.431 In AABC the following relationship holds:

s* + s2(16Rr + 2r?) + r*(4R + r)? - 2r

>
- 252(s2 +12 4+ 2Rr) ~ R

Proposed by Alex Szoros-Romania
Solution 1 by proposer

Lemma. In AABC the following relationship holds:

bc - 2F (Tsintsifas)
bTc=R sintsifas
cyc
Proof. Usmg + (Bandild), we get: — B> BRac | be o1 bric
bc b+c — R b+c
bc T b? + c? o
b+c R b+c’
cyc cyc
b? + ¢ Bergstrom (Zb)z (ZC)Z
" b+c b+c b+c Sh+o Sbto
cyc cyc cyc
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=Za=25;(2)

cyc
From (1) and (2) it follows:
be__ zsr_2F
b+c R R

cyc

From Lemma, we get:

1 bc >2r_(3)
s b+c R’

cyc

On the other hand, we have:

b+c> bc b+c> bc >Z bc
= = =
4 “b+c 4 b+c $= b+c
cyc cyc cyc
1 bc
1>-— (4
s b+c()

cyc
From (1) and (4), we have:

1>1 bc >2r_(5)
s b+c R’

cyc

bc  Ybc(a+b)(a+c) _ Ybc(a®+3Ybc)  abcYa+ (Tbc)*
£ b+c (a+b)(b+c)c+a) (Ca)Tab)—abc (Ya)(Cab)—abc

__A4Rrs-2s+ (s® + 1%+ 4Rr)?
~ 2s(s2+ 12+ 4Rr) —4Rrs

bc  s*+s?(16Rr +21%) + r?(4R +1)* ©)
b+c 252(s2 + 12 4+ 2Rr) ’

cyc

From (5) and (6) we get the proposed problem.
Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam
s4+sz(16Rr+2r2)+r2(4R+r)2 .
I 252(52+r2+2Rr) !
o 252(s2 + %>+ 2Rr) > s* + s?(16Rr + 21%) + r*(4R + 1)?;
o s* —12Rrs? —r2(4R +1)? > 0;

& s2(s2 —12Rr) —r*(4R+1r)2 > 0;
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R=>2r

By Gerretsen’s inequality: s2 > 16Rr — 512 > s2 — 12Rr > 4Rr — 512 S 312> 0

()
— s2(s2 — 12Rr) — r2(4R + )2 > (16Rr — 5r2)(4Rr — 512) — r2(4R+1)2 S 0;

(*) & 48R?*r? — 108R13 + 24r* > 0;
- 12r2(4R-1)(R-271) > 0;
Which is true by R > 21 (Euler). Thus, (*) is true.

s*+s2(16Rr+2r2)+r2(4R+1)? __ 2r
2s2(s2+12+2Rr) ~ R’

< (R—4r)s* + (16R*r — 6R1* — 41%)s* + Rr*(4R + 1)? > 0;
< (R—41r)s* + 2r(8R?> — 3Rr — 2r®)s> + Rr*(4R +1)?> > 0;

o (R —4r)s* + 2r ((8R +137)(R - 2r) + 24r2) s+ Rr2(4R + )% > 0; (%)

If R > 4r then (xx) is clearly true.

If 2r < R < 4R then we using: 16RT — 51% < s? < 4R? + 4Rr + 3r*(Gerretsen)
(R — 4r)s* + 2r ((8R +13r)(R-2r) + 24r2) s2 + Rr2(4R +1)% >

(R — 41)(4R? + 4Rr + 31r2)% + 2r ((8R +13r)(R - 2r) + 24r2) (16Rr — 512)
+ Rr%(4R + 1)?%;
We need to prove that:
(R — 41)(4R? + 4Rr + 31r2)% + 2r ((8R +13r)(R - 2r) + 24r2) (16Rr — 512)
+ Rr*’(4R +1)%? > 0;
o (t—4)(4t*> + 4t + 3)%> + 2(8t> — 3t — 2)(16t — 5) + t(4t + 1)
R
= 0; (t =—2= 2)
Tr

o 16t° — 32t* + 184t3 — 304t% — 120t — 16 > 0;
- 8(t—-2)2t* +23t2+8t+1) > 0;

Which is true by t > 2. Hence, (x*) is clearly true. Proved.
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Solution 3 by George Florin Serban-Romania

s* + s2(16Rr + 2r2) + r2(4R+ )2 ®
<1
2s52(s2 + 12+ 2Rr)

2s* + s2(2r* + 4Rr) — s* — s?(16Rr + 21r?) —r?(4R+1)? >0
s* —12Rrs? —r*(4R+1)? >0
2(4R +1)?
r*( T) -0

s’ —12Rr — > >
s
1'2(4-R+r)2 Blundon—G r(4R+r)2 T2(4R+T)2
s2—12Rr - ——M8M=~ > —— ~ _ r———— =
s2 R+r (4R + 1)
R+r
(4R + 1)? ?
=—g3y " BRr-r"205 AR+ 2 (13R+1)(R+T)
Letx=§2 2=0MAx+1)%2>13x+1)(x+1) = 3x(x—2) > 0true Vx > 2.

s* + s2(16Rr + 21%) + r2(4R + 1)? ; 2r

252(s2 + 12+ 2Rr) ~ R
s? N 16RT + 2712 N r2(4R +1)? Blundon—G
252 +2r2+ 4Rr 252+ 2r2+4Rr 2s5%2(s?2+1r%+ 2Rr) -
1 16Rr + 212
= 212 + 4Rr + R(4R + r)?
2+ <2 SR—7 + 2r(2R + 1)
r2(4R + 1)? Blundon-G
+ >
R(4R +1)2[R(4R +1)? -
2R—r |2@R-r) TTZR+D)
- 1 N (16Rr + 2r*)(2R—1)
- 94 2r2+4Rr R(4R +71)%2+ 2r(4R% —12)
(4R + 1)?
R+r
N 2r2(2R —1)? 2 2r
RIR(4R + )2+ 2r(4R%?—-12)] — R
1 N 32R*r — 16Rr? + 4Rr?* — 213 N
94 (4R+2r)(R+1r) 16R3 + 8R%r + Rr? + 8R%r — 213
(4R + r)?
8R%*r? — 8Rr3 + 2r* 2r

+ >=
16R* + 8R3r + R21r2 + 8R3r — 2Rr3 — R
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16R? + 8Rr + 1? N 32R?r — 12Rr? — 213 N
32R%2 + 16Rr + 2r2 + 4R? + 4Rr + 2Rr + 2r%2  16R3 + 16R?r + R1r?2 — 213
8R?*r%2 — 8R13 + 21* 2r

R
>Z .letx=—>2th
t16R* + 16R3r + R2rZ— 2R3~ RS *¥ =7 en

16x3+8x2+x+ 32x3 — 12x% — 2x +32x3—4x2—10x+2;
36x2+22x+4 16x3+16x2+x—-2 16x3+16x2+x—-2 —

First we prove that:

16x3+8x2+x>37v -
- =
36x2+22x+4-32 " * %

(x —2)(256x2% + 154x + 27) > 0 which is true Vx > 2.

Now,
32x3 —4x2—-10x+2 37
> —
16x3 +16x2+x—2 — 32
(x —2)(144x? + 48x — 23) > 0 which is true for all x > 2.

Therefore,

32x3—4x2—10x+2+16x3+8x2+x>37+37_
16x3 +16x2+x—2 36x2+22x+4 32 32

SP.432Ifa,b,c > 0,a + b + ¢ = 3 then:

a6+15a4+15a2+1+b6+15b4+15b2+1+C6+1564+15C2+1>
3b5 + 10b3 + 3b 3¢5 +10c¢3 4 3¢ 3a’® + 10a3 + 3a

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

First we prove that:

a® + 15a* + 15a%2 + 1
3a’ + 10a3 + 3a

a® + 15a* + 15a% + 1 > 6a°® + 20a® + 6a
a® —6a’° +15a*—20a® +15a> - 6a+1>0= (a—1)°>0

>2;Va > 0;(1)

Za6+15a4+15a2+1AgM 1—[3 ab +15a* + 15a? + 1
3b5 +10b3 + 3b - 3b5 + 10b3 + 3b

cyc cyc
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3la® + 15a* + 15a%2 + 1
=3~1_[\[ —3.42°2.2=6

3a° + 10a3 + 3a

cyc

Equality holds fora = b = c = 1.
Solution 2 by George Florin Serban-Romania

x® +15x* +15x%2 + 1
3x5 + 10x3 + 3x

x% — 6x° +15x* —20x3 +15x2 —6x+1>0 & (x — 1)® > 0 true.

>2:Vx>0e

3b5 +10b3 + 3b - 3b5 + 10b3 + 3b

cyc cyc

Z:a6+15a4 +15a? + 1A§M l—li[a6 +15a* +15a% +1

3la® + 15a* + 15a% + 1 3
_3'1_[j 345+ 10a® +3a 5 V2:2:2=6

cyc

Equality holds fora = b = c = 1.
Solution 3 by Ravi Prakash-New Delhi-India

X0 —6x5 +15x* —20x3+15x2 - 6x+1>0<= (x—1)¢ >0
x6 +15x* + 1522 + 1

3x5 +10x3 + 3x
Hence,

=>2;Vx>0

> 3
3b5 +10b3 + 3b - 3b5 +10b3 + 3b

cyc cyc

z:a6+15a4 + 15a? + 1 46m ni/a6 +15a* +15a +1 _

3la® + 15a* + 15a% + 1 3
_3'1_[\/ 3¢5+ 10a® +3a S V%:2:2=6

cyc

Equality holds fora = b = c = 1.
SP.433Letbe fR-> R,f(x+2)+10f(x) =7f(x + 1);Vx € R.
If £(0) = 2, f(1) = 7 then find:

1
Q= log2-log5-J f(x)dx
0

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

f(x+2)—7f(x+1)+10f(x) =0
The characteristic equation is:
A2—72+10=0;4;,=2,2, =5
fx)=a-2i+b-23=a-2*+b 5%

fO)=a+b=2 o o
{f(1)=2a+5b=7=>a—b—1=>f(x)—2 +5

1 1
Q:logz-logs-.ff(x)dleogz.logs.j(Zx_l_sx)dx:
0 0

21 _20 51 _50
log 2 * log 5

1 4
=log2-1 ——+1log2 -1 =
> og2-log5 log2+ og2-log5 Tog5

=log2-log5 (
=log5+4-log2 =1log80
Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo
f(x+2)—7f(x+1)+10f(x) =0
Characteristic equationis t>? =7t +10=0< (t—=5)(t—2) =0
t,=2t,=5
f(xX)=A-5+B-2*

{f(0)=2 {A+B=2 :>{A

=1 ex .
f1)=7"15a+28=7"1g=1 " fX)=5"+2

Hence,
1
Q=1log2- logSf (2* + 5%)dx = 5% -log 2|} + 2* - log 5|3 =
0

=log5 +1og16 = log 80
Solution 3 by Chigbo Alex Ani-Nigeria
fx+2)+10f(x) =7f(x+1),f(0) =2,f(1) =7
Let f(x) = kw* Kk €ER
kw**2 + 10kw* = 7Tkw**! © kw*(w? + 10) = kw*(7w)
wr—7w+10=0= w—-2)(w—-5)=0
w=2w=7=f(x)=A-2*+B-5*
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1
Q=1log2- logSf (2* + 5%)dx = 5% -log 2|} + 2* - log 5[3 =
0

)= log 80

1
— log21 (—
og2log5 log 2 * log 5

Solution 4 by Tapas Das-India
fx+2)—7f(x+1)+10f(x) =0

Characteristic equationisa? —7a+10=0< (a—5)(a—2) =0
a; = 2, a, = 5
f(x)=A-5*+B-2*

fO=2_(a+B=2 _(A=1 o
{f(1)=7 {5A+ZB=7=>{B=1:>f(x)—5 +2

Hence,
1
Q=1log2- log5f (2* + 5%)dx = 5% -log 2|} + 2* - log 5|3 =
0
=log5 +1log 16 = log 80

Solution 5 by Ravi Prakash-New Delhi-India

Let u, = f(x). The given recurrence equation is u,,, + 10u, = 7u,,4.

The characteristic equation is t> — 7t + 10 = 0
©(t-5t-2)=0t;=2,t,=5>u,=A-2*+B-5*

2=uy=A+B o oy X
Now,{7:u1:2A+SB=>A—B—1.Thus,ux—2 + 5%
1 o 5x 11
= . X X — . —
Q =log2 logSJ; (2* +5%)dx = log2 logS[log +log5]0

1
— X X 1 _ _— _— ] =
=[2*1log5 + 5*log 2]; = log2log 5 (logZ + log 5) log 80

SP.434Lletbe f:R-> R, f(0) =3,f(1) =10, f(2) = 38
f(x+3)+31f(x+1)=10f(x+ 2) + 30f(x)

Solve for real numbers: f(x) = 10.
Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

f(x+3)—-10f(x+2)+31f(x+1)—-30f(x) =0
The characteristic equation is
A3—1042+314-30=0
A3 —222—-82%2+164+154-30=0
A2(A—2)-8a(1—2)15(4—-2)=0
(1-2)(42-81+15)=0
1-2)(A-3)1-5)=0214,=2;4,=3;23=5
f(x) = aAl + bA3 + c2}
f(x)=a-2*+b-3*+cc -5

f(0)=3 a+b+c=3
f(1)=10=>{2a+3b+5c=10 >a=b=c=1
f(2)=38 4a + 9b + 25¢ = 38

f(x) =2*+3*+ 4% f'(x) = 2*log2 + 3*log 3 + 5*log5,f'(x) > 0=
f —strictly decreasing, then f —injective.
f(1) =10, f(x) = f(1) = x = 1 solution.
Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo
f(x+3)—-10f(x+2)+31f(x+1)—-30f(x) =0
Characteristic equation is P(t) = t3 — 10t* + 31t —30 =0
Being that P(2) = P(3) = P(5) = 0, we get
P(t)=A-2*+B-3*+C-5*=10

f(0) =3 A+B+C=3
f(1):10:>[2A+SB+SC:10
f(2)=38 4A4+9B+25C=38

11 1
2 3 5
4 9 25

Finally, f(x) = 2* + 3* + 5%
f(x) =10 > 2%+ 3*+ 5 =10

One solutionis (1,1,1)and A = # 0 = (1,1, 1) is unique solution.

Let be the function g(x) = f(x) — 10 increasing, so x = 1 has unique solution.
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Solution 3 by Adrian Popa-Romania

Characteristic equation is t3 — 10t> + 31t — 30 =0,t; = 2,t, = 3,t3=5
A-2*+B-3*+C-5*=10

f(0)=3 A+B+C=3
f1)=10=>{24+3B+5C=10 2 A=B=C=1.
f2)=38 (44+9B+25C=238

f(x)=2*4+3*+5*"=10=>x=1
Suppose that the equation 2* 4+ 3* 4+ 5* = 10 has another solution y > x, then

{2x+3x+5x=10
2Y +3Y + 5 =10

But 2* < 27,3* < 3Yand 5* < 5%, byadding: 2* + 3* + 5* <2Y + 3V + 5V &
10 < 10 impossible! Therefore, x = 1 has unique solution.
Solution 4 by Tapas Das-India

fx+3)—10f(x+2)+31f(x+1)—-30f(x) =0
Characteristic equation is a® — 2a? +31a—30=0 &

(a—2)(a—-3)(a-5)=0<ac{23,5}
A-2*+B-3*+C-5*=10

f(0)=3 A+B+C=3 1 1 1

f(1)=10:>{2A+38+SC=10A=2 3 5|=6%0

f(2)=38 \44+9B+25C =38 4 9 25

3 1 1 1 3 1 1 1 3
Ay,=110 3 5|=6;A3=1|2 10 5|=6;D,=[2 3 10/=3

38 9 25 4 38 25 4 9 38

>A=B=C=1.
f(x)=2*+3*+5*"=10=>x=1
Solution 5 by Ravi Prakash-New Delhi-India

Let u, = f(x), x € R. The given equation is

Uy3 — 10Uy, +31u,,y —30u, =0

Characteristic equation is: t3 — 10t? + 31t — 30 =0

t-2)t-3)(t—-5=0ote{23,5}
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A+B+C=3
Thus,u, =A4-2*+B-3*+C-5* Wehave:{ 24+ 3B+ 5C =10
4A + 9B + 25C = 38

Solving above system, we get A = B = C = 1 and hence,
f(x) =2*+3* +5*
As f'(x) = 2*log2 + 3*log3 + 5*log 5 > 0,Vx € R, then
f is strictly increasing function. Thus, f(x) = 10 has exactly one solution x = 1.

SP.435 Let AABC with inradius r, circumradius R, and exradii r,, 1, T

Prove that:

R 1 |r, 17
=7 —+—+—+6
2r 3 |rp, T, T,

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

By AM-GM inequality, we have + b1 I > 3. 50,

r Tc Ta
—“+—+—+6——+—+—+3+3<
rp T¢ ra rp T¢ Ta
Te Tp T, T 1 1 1
s(—+—+—>+( +f >+3—(ra+rb+rc)( +—+—)
Ty T¢ Ta Tq Tp T Tq Tp T¢

Weknowthat:ra+rb+rc—4R+rand—+—+—=1,R22r.
Ta Tp Te r

2

So, 2+ 4+ 6<(4R+1) ><(4R+2). 1= 2= 9(X)

Tp Tc Ta T T

r 2r 2r 2r
Therefore,

R 1 |r r r
—2—\/—“+—”+—C+6

2r = 3 [rp, 1. T,
Equality holds if and only if triangle is equilateral.
Solution 2 by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=yands—c=z.s=x+y+z=>a=y+zb=z+xandc
:x_l_y'_'E:abcs: abcs
2r 8F2 8s(s—a)(s—b)(s—c)
()

R
~ 8xy Zl_[(y+z) ~2r and

cyc
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r, , r. s—-b s—c s—a Z X 1
fa To  Te_ Y Y 2 N 2y o RES?
n, r. r, s—-a s—-b s—-c x y z xyz
cyc
1 2 via (*) 1 2
o B o) < () k]|
9xyz Zx y+oxyz )= 2r 64x2y?z? y+2)
cyc cyc

2
<9 n(y +1z) = 64xyz z x%y + 6xyz

cyc cyc
o 9Z:x4yZ + 9Z:x2y4 + 18xyz Zx3 + 18Zx3y3
cyc cyc cyc cyc

O]
+ 54xyz Z xy? | S 10xyz Z x%y | + 294x2y?z?2

cyc cyc

A-G A-G

Now,x3 + x3 +y3 > 3x%y,y3 +y3 +23 > 3y?zand z3 + z3
A-G
+ x3 > 3z%x and adding these three : 3 Z x3 >3 Z x%y
cyc cyc
@
= 10xyz Z x3 | = 10xyz Z x*y |and

cyc cyc

92x4y2+92x2y4+8xyz Zx3 +1821x3y3

cyc cyc cyc cyc

G
+ 54xyz Z xy? 362 x3y3 + 8xyz Z x3

cyc cyc cyc

A

V3

A-G
+ 54xyz Z xy? | S (108 + 24 + 162)x%y?z? = 294x2y?z?

cyc
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=>9Zx4y2+92x2y4+8xyz Zx?’ +18§:x3 3
cyc cyc cyc cyc

(ll)
+ 54xyz Z xy? S 294x%y%z? - (i) + (ii) = LHS of (x) > RHS of (*)

cyc

.. RHS? > (5>
2r

R 1
:>_>_\[_+r +—+ 6 (QED)

2

2r 3 c Ta

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Ty re rg
By AM — GM,we have : —+—+— 3,then :
rq Ty re
Tq b
—+—+—+6<( +— ) (—+—+ )+3
L) re Trq re r re
1
Ty

4R + 1 Fuler
_) _ 2
C

_c
r
=(ra+rb+rc)( - <
9R " 9p R R\?
<=2 —9 (—)
2r 2r 2r 2r

R 1 |r, r, 71,
Therefore, —=>- |—+—+—+6
2r 3 [r, 1. 1,

Solution 4 by Nguyen Van Canh-Ben Tre-Vietnam
Usingr, = p%a ( analogs). We have indentity:

r,+r r,+r r.+r 4R — 2r
a b_l_b c+c a .
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1/r r r

=—(—“+—”+—‘+6— 1)

8\r, r. 1,

AM-GM

-
Let us denote: £ = :—"+ :—" + :—”+ 6 > +/3+ 6 = 3.We need to prove that:
b c a

1 1
—(t2-1) ==t
8( )—3

-3t2-8t—-3>0;
o (t-3)3t+1)=0;
Which is true by t > 3. Proved. Equality @ a = b = c.
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UNDERGRADUATE PROBLEMS

UP.421Let P, ;(x) = apx™ 1+ a;x" % + -+ a,_,; (n>2,n € N)such
that: V1 — x2.|P,_;(x)| < 1,Vx € [—1,1]. Prove that: |ay| < 2™
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by proposer
Let x; = cos (’—_ n) j =1,n be the roots of polynomial Chebyshev :

T,(x) = 2" '[[}L;(x — x;) and coefficient the highest order of T, (x)is 2"~.

We have:

Pn—l(x) ZEZ(_l)] 1 ’1 x Pn 1( ])xn(xx)]
j=1

Then, we have:

a, = ZIIZ(—l)j‘l. fl — x3.Py_4(x))
Syl = ‘—Z( i1, [1-22.Py(x)| < —— ‘Z [1-x2P,_

n- 1
1—x%. Py_y(x; |s nz1= n=2n1
j=1 j=1
UP.422 Find:
(a+1)(k+n)—a
+1
C Bfal@arDk+n)—a) G
Q= 1lim ra € N*
ool 1 (a+1)n

Proposed by Neculai Stanciu-Romania
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Solution 1 by proposer

(a+1)(k+n)—a
(a+1)
LetP. — - nf(a+1)(k+n)—a o B
= (a+1n B

(a+1)(k+n)—a

_ - (a+1)(k+n)—a\ (at+tD)n?
_1_[< (a+1n

k=1

1 (a+1Dk—-a (a+1Dk—a
Tlll_)TologP _1 Z;(l-'_ (a+1)n > log<1+ (a+1)n >

k-1 (a+1k—-a k

Since: < < —;Vk = 1,nthen
n (a+1)n n
< (a+1)k a (a+1k—a\ . .
Z -log| 1 + —————=——| is Riemann summ for
— (a +1)n (a+1n

f(x) = (1 + x)log(1 + x) on x € [0, 1] with partition {0

=IH
o
-

—

Since f(x) —is continue on [0, 1] yields that:

n

li 1 1+(a+1)k_a 1 1+(a+1)k_a —f1(1+ Ylog(1 + x) dx =
nl—glok_ln (a+ 1)n 8 (a+1n | J, X) 108 X)X =
=2log2 3
Therefore,

(a+1)(k+n)—a
+1
. “r(n (a+1)(k+n)—a (axtn 2 log2-3 4
Q = lim S Ll S p—
n-o + 1 (a + 1)n 4\/33

Solution 2 by Ruxandra Daniela Tonila-Romania

(a+1)(k+n)—a

1
A fel@+r k) —a) "
Q =lim =
n—-oo (a+1)n
k=1
(a+1)(k+n)—a

T /(a+ Dk +n) —a\ nkar)
= rlll_)l?o 1_[ ( n(a + 1) >
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Cla+Dk+n)—a  ((@a+Dk+n) —a)
< n(a+1) ) B

log Q = li
08 noe ] n?(a+1)

1 1n<k+n a )1 (k+n a )_
_nl_glonk_1 n n(a+1) 6\ na+1))

n 1
1 k k
= lim — —+1)log|—+1)=] (x+1Dlogx+1)dx =

1 . )
= %jﬂ [(x + 1)?] -log(x + 1) dx P E (x + 1)%log(x + 1)]0 - %Jo (x+1dx =

3 4
=Zlog2—Z=log -3

e4
Therefore,
(a+1)(k+n)—a

Q=i ﬁ sl@+ Dk+m)—a) " 21og2-3 _ 4
= (a+ Dn - ¢ TV

k=1
UP.423 Find:

0 1f"x2+n2d
= lim —= | ———dx
0 277+ 1

n—oo n3

Proposed by Neculai Stanciu-Romania
Solution 1 by proposer

Lemma. If f:[0,0) - Rand g: [0, 1] - R are continue functions with
1 x 1
lim f(x) = [,then lim —f fx)g (—) dx = lf gx)dx
X—00 n-oon 0 n 0
Proof. Let h(x) = f(x) — Ll converges at zero when x - ©, so
1M x 1M x L™ /x
;j; f(x)g (;) dx = E_]; h(x)g (;) dx + Efo g (H) dx; (1)
Since g(x) is continue on [0, 1], then 3M > 0 such that |g(x)| < M and
1 x
;j; h(x)g (;) dx

If H(x) is a primitive of the function |h(x)|, then from L’Hospital rule, we have:

M n
= fo ()| dx; (2)

H(n
limQ = lim|h(x)| =0
n X—00

n—-oo
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So, LHS from (2) converges to 0, when n — oo.

X
For —= t, we have:

%fong(%)dx=ljolg(t)dt

Hence, if we take in Lemma f(x) =

z—i+1 and g(x) = 1 + x? and if we taking account by

xl_)rg 711 = 1, we obtain:
1 j"xz +n?

Q=1im—
nl—>rg>n3 0 27 +1

1 4

dxzj gx)dx ==

0 3
Solution 2 by Naren Bhandari-Bajura-Nepal

Denote the integral by f,,(x) and on substitution 27* = y, the integral get reduces to the

following integral

n 1 (llog?y+n?log?2 . prp
f fa(x)dx =13 f . =
0 og:2)L YO +1)
1 j‘llogzy+nzlog22d 1 J‘llogzy+nzlog22d B
_log322in y ¥ log3 2 L y+1 Y=
_[log®’y  n?logy ! 1 fl log? Y4 n?log(1+ y)|* B
~|3log32 " log2 |1 log32 Ly+1 Y log 2 1
2" " 2n
1 1 1
o 1 J.b log? y log3 (2_”) n?log (2_") | n?log (1 + ﬁ)
n log32), y+1 Y 3log3 2 log 2 log 2

Here the integral in mid has primitive which we find by IBP,i.e.

blogylog(y + l)d IBP

blOgZy
— T2 _ =
j; y+1dy log®ylog(y +1) Zfa y y
bLi,(-
:logzylog(l+y)—2<—logyLi2(—y)+f 2; 2 dy )=

=1log(1+ y)log?y +2logyLi,(—y) — 2Li3(—)’)|zzi =

2n

_ 33021 (1+1)1 2(1) 2L'(1>l (1)+2L'< 1)
—2(( og on og on L2 on og on i3 o

77 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
From the last expression it is easy to see that
.1 ("log?y
lim -
noon® J  y+1

dy=0

Therefore, the required limit is:

1 1 4
[t () ) S
not 3 Of"(x) e e s log 2 3log3 2 Tl nd 3

Solution 3 by Naren Bhandari-Bajura-Nepal

Substitute x = ny we get:

. 1f"x2+n2d 1 1 1n3y2+n3d i L y241 p
nl_glon3 0 27+ 1 x_ng?on3 0 27 +1 Y= 0 27V +1 y
2
Let g,(x) = z}—’":if then |g,(¥)| < y* + 1 = h(y) which shows that y? + 1 is the

dominant function since the sequence {g,,(y)} pointwise converges to y? + 1.
Clearly h(y) is integrable function for all y € [0, 1] and hence by DCT,
y 1 ("x? +n?
im—

Solution 4 by Felix Marin-USA

’ 1'[‘"x2+n2d 5 1f” x? d i 1[" dx \
mend ), zE 1 T \wd ), 2 ) T\, 2 1) T

1 4
dx=f(y2+1)dy=—
0 3

1 n+1 xZ n+1 x
= jim (mf 25 11 d") thm | gexyq by Stolz - Cesaro)
Qq Q;
Moreover,
1 n?>+1 1 f"“ x?
. < dx
3n2+3n+1 2"+1 3n2+4+3n+1), 27*+1

- 1 n+1)?%+1
3n2+3n+1 27141

1
Hence, Q, = 3

Similarly, we get:
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1 - f"*l dx 1
n 2

2m+1 1 2l
Hence, 2, =1
Therefore,
limi “x2+n2dx= 1+1=i
neond Jy 27¥ 4+ 1 3 3

UP.424 Solve for integers:

, , 1+3/6x3-35x2+50x
VA +07 - (2x—4)>5 - (3x — 9)*10 = (1 + V/6x3 — 3522 + 50x)

Proposed by Daniel Sitaru-Romania
Solution by proposer

LHS =3 (1 +x)* - (2x -5+ 1) 5. (3x + 1 —10)3x10 =

=Y+ a)*(1+ b)P(1 + ©)°,
a=x;b=2x—-5¢c=3x—-10
1+ Vabc =1+ 3x2x—5)(Bx—10) = 1 + /6x3 — 20x2 — 15x2 + 50x =

=1+ 3/6x3 —35x2 + 50x

3
T
RHS = (1 + Yabe) "
Let be f: (0,0) - R; f(x) = xlog(1 + x)

/() = log(1 + x) + X Fr(x) = 1 +1+x—x
f'(x) =log . 1+x'f V1« (1+ x)2
1

f'(x) = T +x+ d+x)? > 0;Vx > 0 = f — convexe.

By Jensen’s Inequality:

b
f(@) + f(b) + f(c) = 3f (%) o

a+b+c
a-logll+a)+b-logl+b)+c-logll+c)=>3 - ———

a+b+c
tog (14 4E2E1)

3

a+ b+ c\**C am
log(1+ a)® +log(1 + b)? +log(1 + ¢)€ > log (1 + T) >
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3¥abc 3Vabe 3 3¥/abc
>log| 1+ 3 =log(1 + Vabc)
33abe

log(1+a)*- (1+b)?-(1+ ) >log(1 + 3\/ab(:)

§/(1+a)a-(1+b)b-(1+c)02(1+W)m
RHS =LHS s a=b=c x=2x—-5=3x-10.
Solution is x = 5.
UP.4251f 0 < a < b then:
a®1.exp(2(b —a)) < pP*1

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Letbe f:(0,0) - R, f(x) =logx — 1 +§, then

F=-m= o f=0sx=1
min{f(x)} =f(1)=0=>f(x) = 0;vx >0

1 1
logx—1+—>0=>logx+—-=>1
x x

b bq b
flogxdx+f —dxzf dx
a ax a

b

f x' -logxdx +logh—loga>b—a

a

b
b
blogb—aloga—f dx+log(a> >b—a
a

b
log (%) + log (g) >2(b—a)

b+1
108( ) >loge??~% o a**! . exp(2(b — a)) < b**1

aa+1

Equality holds for a = b.
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Solution 2 by Ravi Prakash-New Delhi-India

Let f(x) = (x+1)logx —2x,x > 0,then

, _x+1
ff(x)= o

f'(x) = —x—lz +%,hence ffx)<0ifxe(0,1),f'(x)=0ifx=1
and f"(x) >0ifx>1
Thus, f'(x) > f'(1) = 0if x > 0,x # 1, hence f (x) is an increasing function on [0, )
Ifo<a<hb fl(a)<f(b)or(a+1)loga—2a<(b+1)logh—-2b <
a®texp(2(b — a)) < b**1
Solution 3 by Christos Tsifakis-Greece

1
+logx—2=;+logx—1

If0 < a = b then b?*1 = pb*1 exist.

If0 < a < b, then a®1e2(b-0 > pb+1 o

eZb b+1 eZb bb+1

a
a+1 | b+1 - -

a+1

e(b+1) loghb e(a+ 1)loga

> P e(b+1) log b—2b > e(a+1) loga—2a

1
Let f(x) = e**D108x-2x x > 0, then f'(x) = logx + i 1,f (=0

”()_1 1_x—1
f x_x X2 x2
x 0 1 + o0
flo| ————- O++++++++++

X)) Y+N+ 0+72+7 +4+7 47+

fx| » » » 2 2 2

Forx<1=f(x)>f1)=>f(x)>0>f70n(0,1]
Forx>1=>f(x)>f(1)=>fx)>0=f 72on(l1,x)
So,f 7on(0,0)anda < b = f(a) < f(b).
Finally, for 0 < a < b, we have f(a) < f(b).
Equality holds iffa = b > 0.
Solution 4 by Kunihiko Chikaya-Tokyo-Japan

From the well-known inequality
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1
1—;S10gx§x—1;‘v’x> 0
b+1

b 1
log e e(@b) — f (logx - (1 - ;)) dx>0¢s
a

a®tle2(b-a) < pb+1 Equality holds iff a = b > 0.

Solution 5 by Khaled Abd Imouti-Damascus-Syria

b+1

e2(b-a) < e2(b-a)<(b+1)logh—(a+1)loga

aa+1

((b+1)logh —2b) — ((a+ 1)loga — 2a) é 0

xlogx—x+1
x

Let f(x) = (x+ 1)logx — 2x,then f'(x) =

By using M.V.T. we have:
fb) — f(a) = f'(c)(b—a);c € (a,b)
f'(e)>0= f(b) = f(a).
Thus, (b + 1)logb — 2b) — ((a + 1) loga — 2a) > 0
Equality holds iffa = b > 0.
Solution 6 by Hikmat Mammadov-Azerbaijan
0 <a<b;a*! exp(2(b—a)) < bP*!

{a +1<b+1_ {a“*l < pb*1 N {aa“ < pb*1
2a < 2b eZa < eZb eZ(a—b) <1

aa+1 . eZ(a—b) < bb+1 .1 = bb+1

Therefore, a®*1 - e2(a=b) < pb+1,
Equality holds iffa = b > 0.

UP.426 Let (a,,),»1 be a sequence of real numbers such that a,, < n;vn > 1

and
n—-1
n'ak i
z cosT = 0;Vn = 2.Find:
k=1
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ﬂ‘,‘lﬂg( Z< ”"EM))

Proposed by Florica Anastase-Romania
Solution by proposer
Is true that a; = 1. For cos % + cos ngﬂ =0,wegeta, = 2.

Suppose that a;, = k; Vk = 1,n — 1 and from hypothesis, we get:

n—

nan
cos

s = T
Let be the number z = cos — + i sin—.
n+1 n+1

z —z"*t1 1+z
1-z

_ 1+z 14+2z 142z
z-z=1:( >=— R( ) Oszzam
1-z 1-2z

ma mn .
Hence, cos—’; =cos— and from a,, < n, it follows that a,, = n; Yn > 2. So, we have:

~ ( Z( V" (M)) - iim( Z( V" (“)) @

LetS, = Z( 1)"( ,we have:

o)

2n
4n\ k! 2n — k)!
Sn=@2n+1) Z(_l)k (2k> 2n+1)!
k=0

zZ+22+723 442" =

- 2n+1) 2(—1)" (‘2“,:) fo (1 — )k gy =

— 2n+1) fo 1 [i (::) (—1k(1 — x)2n*
k=0

_nt 1f[(ﬂ+ ix)" +(VI-x-ivx) | dx
0

Because V1 — x + iv/x = cos (tan‘1 ’1%) + isin (tan‘1 flx:), we get:

dx =
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1 X tan~1 l%xzt
S,=(2n+ 1)f cos|4n-tan™1! / dx =
0 1-—x

2n+1) ffcos(élnt) sin(2¢t) dt =
0

2n+1
2

2n+1( 2 2 )

1
in(4 2)t —sin(4n — 2)t]dt = -
fo[sm( n+ 2)t —sin(4n — 2)t] > T2 A2

1
= — (2
2n_l,()

From (1) and (2), it follows that:

o e _ 1 \)\_ 1
o= “"',Z:o(_l) ) —nLTo("'(—Zn_l))——i

UP.427 Let (a,,),»1 be a sequence of real numbers such that a,, < n;vn > 1

and
n-1
z cos% = 0;Vn = 2.Find:
k=1
2n /2n az2n+1
&= (; » E—)>
k=0 \2k

Proposed by Florica Anastase-Romania
Solution by proposer
Is true that a; = 1. For cos "Tal + cos"Ta2 =0,wegeta, = 2.

Suppose that a;, = k; Vk = 1,n — 1 and from hypothesis, we get:

n-1
na, Z Ttk
cos = — cos
n+1 = n+1

Let be the number z = cos % + isin

T
n+1’
z—z""1 142

1-2z 1-2z

[ n

S 1+z> 14z R 1+z> 0 Z k 0
. = = = — = = = =
i (1—z 1-2z e(l—z £ Cn+1

z+z22+23 +-+ 2" =
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ma mn .
Hence, cosn—+'; =cos_— and from a,, < n, it follows that a,, = n; Vn > 2.

2n+1

2n
1 < (% ))
Q = lim (1)
n—>w< kzo(
R 2n\ (2K)! (4n - 2K)!
S = kZ (m = (4n+ 1)2(_1)k( k ) An+1)!

1

=@4n+1) ;(—1)" (2: ) L x*(1 - x) 2k dx =

1 2n n __xZ k
=@An+1) fo [(1 - x>‘“‘kZO (Zk) <W>

1 2 Zn
— (4n + 1)f (1—x)4"<1—x—> dx =
0

dx =

(1 - x)?

1
in+1
= (4 1 1-2x)"dx = ; (2
@n+ 1) | A-20tdx=3 @)
From (1) and (2), it follows that:
01 (1 4n + 1)2"“ . (1 L At )2"“ B
T aee\2 2n+1 Tane U T22n+ ) -
-1
=1i (1 I — ) ==
nl—glo 2(211, + 1) l \/E

Ani1

UP.428 If (a,),>1 is a positive real sequence, such that lim ey a;

n—oo a,

ac ]Ri, then find:

@ = 1lll—>oo m ("Vani1 —Van)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by proposers

2 2
lim 221 = Jim — ot ( n!> =a <lim n!) _4

2 - - u- =2
n-o n-a, neanan"/(1”)2 n n-o N e
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NVan . n[@y c-p'a . Gniq n’"
lim-———=lim [—- = lim . =
n-o N n-oo\ NN n-o @, (n + 1)2(n+1)

an+1 n )2"+2 a 1 a

= lim
n—»oon2 n+1

c-0'a (n+1)".(2n—1)!!_
namm Hm (Zn I M 2n+ 1!

Y n+1 (n+1) _
T noe2n + 1 B

2 ez et

e
2
n+1/ _ \/_
Y (2n —1)"( \/_) “f(2n— 1!
a, =1
/(Zn ! logun 08 Un =

n

(n_l)z

_Vaa n u, —
n? "f(on— 1)1 logu,
\/ An+1 \/ a1 (n+1)?* n? v

-log uji, where

U, = vn > 2
n/_an T (n+ 1)2 n2 n(_an

. e a u,—1

llmun=1=—-1-—4; lim =

n—oo a e* n-w logu,

2

llmu"—llman+1 ! = lim Gnt1 (n+1) ( n )Z—i-e—-l—e2
n—co oo @, "ifg T noo nZa "+1/an+1 n+1 e a

Hence,

n+1 _ a
Q‘l‘l’;m( Vana = a) = o 1l°ge e

UP.429 Find:
2 n+1 2
Q = lim T Z tan~1 (;) An!
e | 16 | 4 K2 —k+1 |

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

1 1 L - l
tan1! (—) —tan™! (—) —tan-1| k=1 k_
k—1 k 142 1

> () = s () - () -

1 T 1
=tan" 11 —tan! (—) =——tan’! (—)

n+1 4 n+1
Hence,
1'[2 n+1 1 2
J— —_— _1 —_— . n ' =
=\ 16 (Z tan (5 1)) Vn!
k=2
T 1 m T 1
— 3 — e -1 - —_— -1 _— . n | =
lim (4 5 Ttan (n n 1)) (4 Ty tan ( )) Vnl

T aoe qpvoan n+1> 274 s/ 7
1
. Ly ot ()
— i ~ -1 . . n+1 —
1111_1)210 (2 tan (n + 1)) nn

n 2 1
:(g_o)lii?o(%ﬂ) ',llilg(nz1)2' 1 =§'

Solution 2 by Naren Bhandari-Bajura-Nepal

We note that k* — k = k(k — 1) and using the standard formula of

tan—! x — tan~1y, the sum becomes:

n+1 n+1

Z tan1 (lcz—ilm> Z(tan lk—tan1(k—-1)) =

T
=tanl(n+1)— T which yields
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2 n+1
Q= 7;—6 — (Z tan~! (kz——lk-l-l)) = —(tan"'(n + 1))? + gtan"l(n +1);(1)

Now, we note that lim \Yn! = co however, lim L 1 So, the required limit is

n—-oo n-oo N
= llm\/_( tan 1(n+1) — (tan‘l(n +1))2 )
n—-oo
1 —(tan"1(n+1))% + Etan‘l(n +1)
=—lim
e n—-o l
n

The limit has % from which we evaluate by L’hopital rule by nothing that
d /m m—4tan !(n+1)
A -1 1) — -1 1 2 —
dn(Ztan n+1)— (tan " '(n+ ))) o+ An T+ 4
and last expression boils down to:
1 n*(mr—4tan"'(n+ 1)) _1( 11'—211')_ /4
2n2 +4n + 4 B 2 /0

e

UP.4301If a > 0;t € N; a, t —fixed then find:
Q(at) =lim(Va-1) - Y(@2n- D!
n—-oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

\/(Zn 1)” n (Zn 1)” ; (2n+ ! n"
. B+ D VanoDn

2
e

=2._ =
e

"a—-1 f(2n— 1)
Q(a,t)=111i_r)£10("ta—1)-f/(Zn—1)!!=1lli_)1£1o \/_1 -nt - ( - ) ‘n=

2n+1 n )
nl—l>lc>lo n+1 n+1

nt
1
2 "Wa-1 1 2. n _ an—-1 21 2loga
=—-lim c—-n=—lim—"-lim =—-—-loga=
e too 1 nt ens>ont noo 1 et et
nt nt

Solution 2 by Naren Bhandari-Bajura-Nepal

We recall that
a—-1 (2n)!
=loga;(x) and 2n— D! = K

lim
n-0
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and using these elementary limit results we evaluate our main result, i.e.

tn
Q(a,t) = llm(t" a-1)y/2n- 1= llm \/_ R2n-1D! =
E nt
log(a) . Y2n-1!" log(a) . [Vn!=|/2n
= lim = lim| — ( ) =
t noo n t noo|\ 2n n
log(a) _. n n, 4n log(a) 2
= lim = Lz
t noo\2ne [\/mn t e

log(a) 2

and hence the required limit is ——= Above we utilize the Stirling approximation of

n! ~v Znne—n and (Z:)~ ﬁ (WhICh is deduced by n! Approximation).
UP.431 Find:

Q(a) = 1l:im efin . W("Z\/— — 1) ;a > 0;a — fixed.

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

I Vn! y nn'_l_ (n+1)! n"_l_ (n )”_
nl—gl)T_ng?o nn_nl—glO(n+1)n+1 m_nl—)% n+1/

. 1 1
= lim—— =—
(1 +%) ¢
n n Anl
Q(a) = gim efln . \/E("Z\/E— 1) - 2 ("2\/5_ 1) =
1
efn n! "a—1 1 an? — 1

= lim — lim - lim Va = lim efln7198n . _. |im =

n-oo o8N ns0 N n-oo i n-oo e n-oow 1

1
=ev -E-logaz e’ 1.loga

Solution 2 by Naren Bhandari-Bajura-Nepal

We recall that

a—-1 (2n)!
i = . — Il = .
LI_I)I(} loga; () and (2n — 1)!! 2ing]

and using these elementary limit results we evaluate our main result, i.e.
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Q(a) = lim eH"\/H("Z\/E — 1) = log(a) lim efl» — =
n—-oo n-oo n

efln  log(a log(a
= log(a) lim g(@) lim effnlogn — g@)

n-o en e n—-oo e

=log(a) e’
which is the final required result of Q(a) for all a > 0.

Here H,, is n** Harmonic number and we have used the definition of Euler-Mascheroni

constant
y = lim(H, —logn).
n—>oo

exp (1lli_>rg(Hn —log n))

UP.432 Let (b,,),,>1 be a sequence of positive real numbers such that

b
lim—""—=b>0;a>0;t > 0;a,t — fixed. Find:
nooo by, 1
Va—1)- b
Q(a, b, t) = lim( nt) =
n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution by proposers

li n\/ bn = li n bn =i bn+1 nn(t+1) _
v TS R P T T e (n+ DEDED o

(n+1)(t+1)
_ biq n \@+D(+1) _ 1 b
_1111—>T0bn-n‘+1.(n+1) =b-lim 1+ 1 _et+1’(1)
n
1
eﬁloga -1
lim = 1;(2)
"7 ~loga
n
1
na—l 'n b n b eﬁloga_l (1)‘(2)
Q(a,b,t)zlim( t) —— =lim -~ lim—— — - loga =
n—oo n n-oon n—-oo 1
—loga
=S 1-loga
Therefore,
Ya—1)-%b bloga
Q(a,b,t)=lim(\/_ t) = = t+g1
n—oo n e
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UP.433 If m > 0; m —fixed, u,v > 0,u + v = 3 then

—<f er’ dx> -+ v_m< :/log x dx> = 2
0 0

um

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

1 1 mHl 1 1 ™1 Radon
—<f e~ dx) +v—m<J 3,/logxdx> >
0 0

um
1 U L ™+1 young

2m<Le dx+L\/lo?cdx> =
2 o ™ = e

Equality holds for m = 0.

Solution 2 by lulian Cristi-Romania

1 1 e 4 m+1 1 13 l 4 m+1 Radon
I —_ >
um .l;) e X + pm j; ogxax =

1 1 3 1 +1 Young
2—m<f e* dx+f 3 logxdx) >
(u+v) 0 0
> . m+1 zézi
(u+v)m (u+v)ym 3m

Equality holds for m = 0.
Solution 3 by Khaled Abd Imouti-Damascus-Syria

Let:11 = f
0

Let f(x) = e*’, x € R then f(x) = 3x2ex3.f’(x) = 0 © x = 0, f —strictly increasing.

1 1
e*’ dxand I, =f 3/log x dx.
0

So, R- R, f(x) = e*’ is bijective function, then f —invertible with

LR - R, f1(x) = }/log x. Therefore,

1 1
f e* dxzf 3log x dx
0 0
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1 1 1 1
u+v=3,us<3;v<3=u"<3Mv m<3m:u—ng—mand—_3m

m+1

1 1 m+1 1 1
—m<j e’ dx) +—m<f 3,/logxdx> >
u=\Jo v \Jo

2 1 m+1
> — Je"3 dx>
)

1 1

1

: ex321+x3:f e"3dx2J 1+x3Ndx=1+~
0 0

4
1 m+1 1m+1 1
<f e"sdx> 2(1+—) >1+(m+1) —
o 4 4

1 m+1
+1
fexsdx 21+m
0 4

1 m+1 m+1
2<fex3dx> >1+ 2 =1
0

1 1 m+1 1 1 1
3 3

u—m<.l- ex dx) +‘IF<_]. ,/lOg.X'd.X') 23_m
0 0

UP.434If a,b > 0; a, b —fixed, find:

a x2022
Q(a, b) =.f dx
—ab+Vb%2 +x2 +x

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

a

x2022 y=—x -a (_y)ZOZZ
aeb = [ et P e e e R

2022 a x2022
= dx
f-ab+w/b2+y -y f—ab+ b* + x* —x

x2022 a x2022
2Q(a,b) = f < +f dx) dx =
—a\b+VbP2+x2+x J b+ Vb%+x%—x

f“ 2022 DT VPP +x2—x+b+Vb?+x%+x
= X .

2
-a (b +Vb? + x2)" — x2

X =

92 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a Z(b + m)xzozz a 42022 1 [/ a?923 (_a)zozs

- j_u 20+ B+ 22 f p E<2023 " 2023 )
2a2023

—-a

a2023
= 20236’ = 2023b
Solution 2 by Ravi Prakash-New Delhi-India

2022

2Q

a X

Q(a,b) = f dx; (1)
—ab+Vb% +x% +x
a x2022
x=—-t> ﬂ(a,b)zj dx;(2)
—ab+ Vb2 +x%2—x

By adding (1) and (2), we get:

@ 22222 (b 1 \bZ + 22)
2Q(a,b) =f dx
—a (b+Vb% +x2)—x2
a 22022 (b +Vb? + x2)
Q(a' b) = .]- dx =
—ab? + b% + x? + 2bVb? + x? — x?
@ x202(p 4 VBT 1 2Z) | 1 (° 02923
=f dxz—f x2022 dx =
—a 2b(b +Vb? + x2) b J 2023b

Solution 3 by Vivek Kumar-india

a 2022

x ye—x a x2022
Q(a,b) =f dx = f dx
—ab+Vb%* +x%+x —ab+Vb%? +x% —x

a x2022 a x2022
2Q(a,b) = f dx +f dx =
—ab+Vb% + x2+x —ab+Vb% +x2—x

j'“ x2922(p + Vb% + x2)

dx =
ab? + b? 4+ x? + 2bVb? + x? — x?

@« x2022(p 4 VBE ¥ aZ) 1 (° 02923
=f dxz—f x2022 dx =
—a 2b(b + Vb2 + x2) b J 2023b
Solution 4 by Tapas Das-India
@ oz @ 52022 (p 4 x — VB2 ¥ x7)
Q(a,b)zf dxzf > > —~—dx =
P~ BN CES RO
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1 a 1 a a
= —j b-x*?1dx + —f x2022 gx — f x2021/p2 4 x2 dx
2b)_, 2bJ_,

—-a

2023

2023b

1 a
=—-2f x2022 dx =
b J

Solution 5 by Hikmat Mammadov-Azerbaijan

a oo « x2022(h 4 x VT2
Q(a,b)=f dx=J > > > ~dx =
bV R+ x ) B+ 2bx + x2) — (B2 + xP)
“xzozz(b+x—m)
=f 2bx dx =

-a

1 a 1 a a
= —f b-x*21dx + —J x2022 gx — J x2021,/p2 4 x2 dx
2b)_, 2bJ_,

—-a

a2023

2023b

1 a
=—-2f x2022 gy =
b Jy

UP.435
jt dx
o (X2 +n?)(x? + n*)(x? + nb)’

n € N,n > 2. Find:

If Q(n) = ,l:im

n(l
Q = lim

1
.f Vi+x+xtdx;a €R
n-wo Q(n) J,

Proposed by Florica Anastase-Romania
Solution 1 by proposer

Forx € [0,1] and n > 2, we have:

[V1+x+xn—V1+x|=
xn
= <
(Trxra) +(3T+x+a)" (Y150 ++E1+2)"

Where, V1 + x — x" < V1 + x + 2™ < V/1 + x + x™. Integrating on [0, 1], we have:

n

1 1
2n+1 1 1,z 11
—_— —_— —_— z ﬁ .
1y 1yq ne27 "7 1, 1y n+1 " o
n n n n
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dx 1 ft( 1 1 )d 3
o (X2 +a2)(x2+b2) b2-—a?), \x2+a% x%+ b2 r=

_ 1 <1t 4t 1t 1t)
_bz—azaan a b p

Hence,

I dx B 1 T
o o @2 +a2)(x2+b2) abla+b) 2

Now, we have:

t dx B
,[0 (x2 + a?)(x? + b2)(x2 + ¢%)

B dx dx
¢z —a? (-fo (x2 + a?)(x2 + b2) o (X2 +b?)(x? + c2)>

Q(a,b,c) = limf dx =
t-e Jo (x% + a?)(x? + b?)(x?% + c?)
1 ( 1 1 )_ a+b+c
c2—a?\ab(a+b) bc(b+c) abc(a+ b)(b + c)(c + a)
So, we have:
Q(n 1% nd) = n+n?+n3 n?+n+1

né(n +n2)(n?2 + n3)(n3 +n) n9(n +1)2(n2+1)’ $(2)
From (1) and (2), we get:

n*n’(n+1)?(n? +1)
— 1[ n — h =
rlzg?oﬂ(n) f 1+x+xtdx 1112?0 nZ+n+1
1
+11 . _

. n® ( n) ( ) 0 a>-11

= lim 1 1 1, a=-11

nee 1+,+-7 o0 < —11

Solution 2 by Adrian Popa-Romania

1 Ax+ b Cx+D Ex+F
T+ a) @+ bOE+ D) (+ad) 2+ b)) ( + D)
A+C+E=0
B+D+F=0

An® + An* +Cn® + Cn®  + En* + En?2 =0
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Bn® +Bn* +Dn® + Dn®  + Fn*+ Fn2 =0

Anl® + Cn® + Fn® =0
Bnl® + Dn®+Fn®=1=>A=C=E =0.
FA—-nYH)=Dn?*-1)=>D=—-1+n>F

1
6 _ 8 _ 10 _ 10 4 p12 | 110) — —
Fn®-n®-n""-n'""+n'+n )—1:»F—nlz_nlo_ns_l_n6
n? +1 n?
D=- B =
12 — 110 _ 118 1 16 n1Z — 110 _ 118 1 16
Q(n) =
2 t 2 t
n 1 x n® -1 1 x
L) - L (2)
N |n12_n10_n8+n6 n , MZ—nl0—nftnb n 2 o |
= lim
£ 1 1 oxy
TR i —pp s " (ﬁ)o

B n*-n*+n+1

Now, we have:

1 ng (1 1 "
f "v1+x+xndxx=0f "\/1+xdx=f (1+x)ndx =
0 0 0

n+1)1
(1+x) n n _n_ n n-oow
= = 21+t — —— —
n+1 n+1 n+1
n 0
Therefore,
n“n3(n12 — n1® — n8 + no) 0, a>-11
Q = lim I ——) =1:{1;, a=-11
e L too;a < —11
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

97 NUMBER 29-RMM SUMMER EDITION 2023-SOLUTIONS




