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JP.031. Let ࢈,ࢇ,  be non-negative real numbers. Prove that ࢉ

ࢇ)ૢ + +࢈ (ࢉ ≥ ඨࢇ
૝ + ૝࢈ + ૝ࢉ

૜
૝

+ ૛૟ඨ
࢈ࢇ + ࢉ࢈ + ࢇࢉ

૜  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sean: ࢈,ࢇ,  :números reales no negativos. Probar que ࢉ

+ࢇ)ૢ ࢈ + (ࢉ ≥ ඨࢇ
૝ + ૝࢈ + ૝ࢉ

૜
૝

+ ૛૟ඨ
+࢈ࢇ) +ࢉ࢈ ૛(ࢇࢉ

ૢ  

Desde que: ࢈,ࢇ, ࢉ ≥ ૙, sea: ࢇ૝ + ૝࢈ + ૝ࢉ = ૜࢞૝, +࢈ࢇ) +ࢉ࢈ ૛(ࢉࢇ = ૝࢟ૢ  

⇒ ࢇ)ૢ + ࢈ + (ࢉ ≥ ࢞ + ૛૟࢟. Por la desigualdad de Holder: 

૝࢞) + ૛૟࢟૝)(૚ + ૛૟)(૚+ ૛૟)(૚ + ૛૟) ≥ ࢞) + ૛૟࢟)૝ → ඥ૛ૠ૜(࢞૝ + ૛૟࢟૝)૝ ≥ ࢞ + ૛૟࢟ 

Esto es suficeiente probar: ૢ(ࢇ + ࢈ + (ࢉ ≥ ඥ૛ૠ૜(࢞૝ + ૛૟࢟૝)૝ → 

→ ૜ૡ(ࢇ+ ࢈ + ૝(ࢉ ≥ ૜ૢ(࢞૝ + ૛૟࢟૝) 

⇒ ૜(ࢇ+ ࢈ + ૝(ࢉ ≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૛૟(࢈ࢇ+ ࢉ࢈ +  ૛(ࢉࢇ

⇒ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૚ૡ(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૚૛ࢇ)࢈ࢇ૛ + (૛࢈ + 

+૚૛࢈)ࢉ࢈૛ + (૛ࢉ + ૚૛ࢉ)ࢇࢉ૛ + (૛ࢇ + ૜૟ࢇ)ࢉ࢈ࢇ + +࢈ (ࢉ ≥ 

≥ ૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૛૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૞૛ࢇ)ࢉ࢈ࢇ+ +࢈  (ࢉ

⇒ ૚૛ࢇ)࢈ࢇ૛ + (૛࢈ + ૚૛࢈)ࢉ࢈૛ + (૛ࢉ + ૚૛ࢉ)ࢇࢉ૛ + (૛ࢇ ≥ 

≥ ૡ(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૚૟ࢇ)ࢉ࢈ࢇ+ ࢈ +  (ࢉ

⇒ ૚૛ࢇ)࢈ࢇ૛ + (૛࢈ + ૚૛࢈)ࢉ࢈૛ + (૛ࢉ + ૚૛ࢉ)ࢇࢉ૛ + (૛ࢇ ≥ 

≥ ૛૝(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૡ(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૚૟ࢇ)ࢉ࢈ࢇ+ +࢈  (ࢉ

⇒ ૚૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૚૟ࢇ)ࢉ࢈ࢇ+ ࢈ +  (LQQD) … (ࢉ

 

JP.032. Prove the following inequality holds for all non-negative real numbers ࢈,ࢇ: 

૚
૝ࢇ+ ૚ +

૚
૝࢈ + ૚ +

૟
૛ࢇ+ ૛࢈ + ૚ ≥

૝
૜ࢇ + ࢈ + ૚ +

૝
૜࢈ + ࢇ + ૚ 

Proposed by Nguyen Viet Hung- Hanoi – Vietnam  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar la siguiente desigualdad para todos los números reales non negativos: ࢈,ࢇ: 
૚

૝ࢇ+ ૚ +
૚

૝࢈ + ૚ +
૟

૛ࢇ+ ૛࢈ + ૚ ≥
૝

૜ࢇ + ࢈ + ૚ +
૝

૜࢈ + ࢇ + ૚ 

Sea: ࢞ = ૝ࢇ+ ૚ ≥ ૚,࢟ = ૝࢈ + ૚ ≥ ૚,࢞ + ࢟ = ૛(૛ࢇ+ ૛࢈ + ૚). Además:  

૚૛ࢇ + ૝࢈+ ૝ = ૜(૝ࢇ+ ૚) + (૝࢈+ ૚) = ૜࢞ +  ,࢟

૚૛࢈+ ૝ࢇ+ ૝ = ૜(૝࢈+ ૚) + (૝ࢇ+ ૚) = ૜࢟ +  ࢞

⇒: ૚
࢞

+ ૚
࢟

+ ૚૛
࢟ା࢞

≥ ૚૟
૜࢞ା࢟

+ ૚૟
૜࢟ା࢞

→ ࢟ା࢞
࢟࢞

+ ૚૛
࢟ା࢞

≥ ૚૟(૜࢟ା࢞)ା૚૟(૜࢞ା࢟)
(૜࢞ା࢟)(࢟ା૜࢞)

  

⇒
+࢞) ૛(࢟ + ૚૛࢟࢞

+࢞)࢟࢞ (࢟ ≥
૟૝(࢞ + (࢟

(૜࢞૛ + ૜࢟૛ + ૚૙࢟࢞) → 

→ [૜(࢞૛ + (૛࢟ + ૚૙࢞)][࢟࢞ + ૛(࢟ + ૚૛࢟࢞] ≥ ૟૝(࢞ +  ࢟࢞૛(࢟

⇒ ૜(࢞૛ + ࢞)(૛࢟ + ૛(࢟ + ૜૟࢞)࢟࢞૛ + (૛࢟ + ૚૙࢞)࢟࢞ + ૛(࢟ + ૚૛૙࢞૛࢟૛ ≥ ૟૝(࢞ +  ࢟࢞૛(࢟

⇒ ૜(࢞૛ + ࢞)(૛࢟ + ૛(࢟ + ૜૟࢞)࢟࢞૛ + (૛࢟ + ૚૙࢞)࢟࢞ + ૛(࢟ + ૚૛૙࢞૛࢟૛ ≥ ૟૝(࢞ +  ࢟࢞૛(࢟

⇒ ૜(࢞૛ + ࢞)(૛࢟ + ૛(࢟ + ૜૟࢞)࢟࢞૛ + (૛࢟ + ૚૛૙࢞૛࢟૛ ≥ ૞૝(࢞+  ࢟࢞૛(࢟

⇒ ૛࢞) + ࢞)(૛࢟ + ૛(࢟ + ૚૛࢞)࢟࢞૛ + (૛࢟ + ૝૙࢞૛࢟૛ ≥ ૚ૡ(࢞ +  ࢟࢞૛(࢟

⇒ ૛࢞) + ૛)૛࢟ + ૚૝࢞)࢟࢞૛ + (૛࢟ + ૝૙࢞૛࢟૛ ≥ ૚ૡ࢞)࢟࢞૛ + (૛࢟ + ૜૟࢞૛࢟૛ 

⇒ ૛࢞) + ૛)૛࢟ − ૝࢟࢞(࢞૛+૛) + ૝࢞૛࢟૛ = ቀ(࢞૛ + (૛࢟ − (૛࢟࢞)ቁ
૛

= ࢞) − ૝(࢟ ≥ ૙ 

La igualdad se alcanza cuando: ࢞ = ࢟ = ૝ࢇ+ ૚ = ૝࢈+ ૚ → ࢇ =  ࢈

Solution 2 by Soumitra Mandal – Kolkata – India  

૚
૝ࢇ+ ૚ +

૚
૝࢈ + ૚ +

૟
૛ࢇ+ ૛࢈ + ૚ ≥

૝
૜ࢇ + ࢈ + ૚ +

૝
ࢇ + ૜࢈ + ૚ 

⇔ න࢞૝ࢇ
૚

૙

࢞ࢊ + න࢞૝࢈
૚

૙

࢞ࢊ + ૟න࢞૛(ࢇା࢈)

૚

૙

࢞ࢊ ≥ ૝න࢞૜ࢇା࢈
૚

૙

࢞ࢊ + ૝නࢇ࢞ା૜࢈
૚

૙

 ࢞ࢊ

⇔ ૝࡭ + ૝࡮ + ૟࡭૛࡮૛ ≥ ૝࡭)࡮࡭૛ +  (૛࡮

⇔ ૛࡭) + ૛)૛࡮ − ૝࡭)࡮࡭૛ + (૛࡮ + ૝࡭૛࡮૛ ≥ ૙ ⇔ ࡭) − ૝(࡮ ≥ ૙, which is true 

૚
૝ࢇ+ ૚ +

૚
૝࢈ + ૚ +

૟
૛ࢇ+ ૛࢈ + ૚ ≥

૝
૜ࢇ + ࢈ + ૚ +

૝
ࢇ + ૜࢈ + ૚ 

(proved) 
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Solution 3 by Henry Ricardo - New York – USA  

Noting that ૚
૝ࢇା૚

= ∫ ૚ࢇ૝࢚
૙  we see that the given inequality is equivalent to ,࢚ࢊ

න࢚૝ࢇ
૚

૙

+ ࢈૝࢚ + ૟࢚૛ࢇା૛࢚ࢊ࢈ ≥ න૝࢚૜ࢇା࢈ + ૝࢚૜࢈ାࢇ
૚

૙

 ,࢚ࢊ

or ࢚૝ࢇ + ࢈૝࢚ + ૟࢚૛ࢇା૛࢈ ≥ ૝࢚૜ࢇା࢈ + ૝࢚૜࢈ାࢇ. If we let ࢇ࢚ = ࢈࢚ and ࢞ =  the inequality is ,࢟

equivalent to ࢞૝ + ૝࢟ + ૟࢞૛࢟૛ ≥ ૝࢞૜࢟ + ૝࢟࢞૜, or (࢞− ૝(࢟ ≥ ૙, which is true. 

Solution 4 by Imad Zak – Saida – Lebanon  

Another attempt: 

Let ࡭ = ૚
૝ࢇା૚

+ ૜
૛ࢇା૛࢈ା૚

+ ૝
૜࢈ାࢇା૚

 and ࡮ = ૚
૝࢈ା૚

+ ૜
૛ࢇା૛࢈ା૚

− ૝
૜࢈ାࢇା૚

 we want to prove 

࡭  + ࡮ ≥ ૙. We find ࡭ = ૛(࢈ିࢇ)(૞࢈ିࢇା૚)
(૝ࢇା૚)(૜ࢇା࢈ା૚)(૛ࢇା૛࢈ା૛)

 and ࡮ = ૛(࢈ିࢇ)(ିࢇ૞ି࢈૚)
(૝࢈ା૚)(૜࢈ାࢇା૚)(૛ࢇା૛࢈ା૚)

 and 

finally ࡭ + ࡮ = ૛(࢈ିࢇ)
૛ࢇା૛࢈ା૚

⋅ ቀ ૞࢈ିࢇା૚
(૝ࢇା૚)(૜ࢇା࢈ା૚)

+ ૚ି࢈૞ିࢇ
(૝࢈ା૚)(ࢇା૜࢈ା૚)

ቁ = ૛૝(ࢇ − (࢈
૝
  where ࡰ

ࡰ = (૝ࢇ + ૚)(૝࢈+ ૚)(૜ࢇ+ ࢈ + ૚)(ࢇ+ ૜࢈ + ૚)(૛ࢇ+ ૛࢈ + ૚) 

Clearly +࡮ ≥ ૙ . Q.E.D. and equality holds when ࢇ =  .࢈

 

JP.033. Let ࢈,ࢇ,  be positive real numbers such that ࢉ

+ࢉ࢈√ࢇ +ࢇࢉ√࢈ +࢈ࢇ√ࢉ ૛ࢉ࢈ࢇ = ૚ 

Prove that 

ࢉ࢈√
ࢇ + ࢇࢉ√

࢈ +
࢈ࢇ√
ࢉ ≥ ૛(ࢇ+ ࢈ +  (ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢉ,࢈,ࢇ números reales positivos de tal manera que: 

ࢉ࢈√ࢇ + ࢉࢇ√࢈ + +࢈ࢇ√ࢉ ૛ࢉ࢈ࢇ = ૚. Probar que: √ࢉ࢈
ࢇ

+ ࢉࢇ√
࢈

+ ࢈ࢇ√
ࢉ
≥ ૛(ࢇ + ࢈ +  (A) … (ࢉ

Siendo: ࡭ + ࡮ + ࡯ =   :se cumple ,࡯࡮࡭ En un triángulo .࣊

૛ܛܗ܋ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ ࡯ + ૛࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ૚ 

⇒ Sea:ࢉ࢈√ࢇ = ૛ܛܗ܋ ࢉࢇ√࢈ ,࡭ = ૛ܛܗ܋ ࡮ , ࢈ࢇ√ࢉ = ૛ܛܗ܋  ,࡯
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ࢉ࢈ࢇ = ࡭ܛܗ܋ ܛܗ܋࡮ܛܗ܋ ࡯ >  :Por lo tanto .(acutángulo ࢤ) 0

ࢇ = ૜ܛܗ܋ ࡭
ܛܗ܋ ܛܗ܋࡮ ࡯

> 0,ܾ = ૜ܛܗ܋ ࡮
ܛܗ܋ ܛܗ܋࡭ ࡯

> 0, ܿ = ૜ܛܗ܋ ࡯
ܛܗ܋ ܛܗ܋࡭ ࡮

> 0. La desigualdad es equivalente en 

… (A): ⇒ ૛ܛܗ܋ ૛ܛܗ܋࡮ ࡯
૝ܛܗ܋ ࡭

+ ૛ܛܗ܋ ૛ܛܗ܋࡭ ࡯
૝ܛܗ܋ ࡮

+ ૛ܛܗ܋ ࡭ ࡮૛ܛܗ܋
૝ܛܗ܋ ࡯

≥ ૛ ૜ܛܗ܋ ࡭
ܛܗ܋ ܛܗ܋࡮ ࡯

+ ૛ ࡮૜ܛܗ܋
࡭ܛܗ܋ ܛܗ܋ ࡯

+ ૛ ૜ܛܗ܋ ࡯
ܛܗ܋ ࡭ ܛܗ܋ ࡮

  

De la siguiente desigualdad para todos ࢟,࢞,  números reales, se cumple en un ࢠ

triángulo ࢞ :࡯࡮࡭૛ + ૛࢟ + ૛ࢠ ≥ ૛࢟࢞ ܛܗ܋ ࡭ + ૛ࢠ࢟ ࡮ܛܗ܋ + ૛࢞ࢠ  :Siendo .࡯ܛܗ܋

࢞ = ࡭ܛܗ܋ ܛܗ܋ ࡯
૛ܛܗ܋ ࡮

> ݕ,0 = ܛܗ܋ ࡮ ࡭ܛܗ܋
૛ܛܗ܋ ࡯

> 0, ݖ = ܛܗ܋ ࡮ ࡯ܛܗ܋
૛ܛܗ܋ ࡭

> 0  (acutángulo ࢤ) →

Se obtiene: ⇒ ࡮૛ܛܗ܋ ૛ܛܗ܋ ࡯
૝ܛܗ܋ ࡭

+ ૛ܛܗ܋ ࡭ ૛ܛܗ܋ ࡯
૝ܛܗ܋ ࡮

+ ૛ܛܗ܋ ࡭ ૛ܛܗ܋ ࡮
૝ܛܗ܋ ࡯

≥ 

≥ ૛ ૜ܛܗ܋ ࡭
ܛܗ܋ ࡮ ࡯ܛܗ܋

+ ૛ ૜ܛܗ܋ ࡮
ܛܗ܋ ࡯ܛܗ܋࡭

+ ૛ ૜ܛܗ܋ ࡯
ܛܗ܋ ࡭ ܛܗ܋ ࡮

 … (LQQD) 

 

JP.034. Find all pairs (࢟,࢞) of integers satisfying the equation 

૝࢞ − +࢟) ૛)࢞૜ + ࢟) − ૚)࢞૛ + ૛࢟) + ૛)࢞ + ࢟ = ૛. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Nguyen Viet Hung – Hanoi – Vietnam 

The equation is equivalent to (࢞૛ − ૛࢞ − ૛࢞)(࢟ − ࢞࢟ − ૚) = ૛.  

There are four possible cases as follows 

Case 1: ቊ࢞
૛ − ૛࢞ − ࢟ = ૚,
૛࢞ − ࢞࢟ − ૚ = ૛,

⇔ ൜࢞
૛ − ૛࢞ − ૚ = ,࢟
࢞)࢞ − (࢟ = ૜.

 

It’s easy to find 3 pairs of (࢟,࢞) satisfying this system of equations as  

(−૚,૛), (૚,−૛), (૜,૛). 

Case 2: ቊ࢞
૛ − ૛࢞ − ࢟ = ૛,
૛࢞ − ࢞࢟ − ૚ = ૚,

⇔ ൜࢞
૛ − ૛࢞ − ૛ = ,࢟
࢞)࢞ − (࢟ = ૛.

 

There is only one pair (࢟,࢞) satisfying this system of equations as (−૚,૚). 

Case 3: ቊ࢞
૛ − ૛࢞ − ࢟ = −૚,
૛࢞ − ࢞࢟ − ૚ = −૛,

⇔ ൜
࢞) − ૚)૛ = ,࢟
࢞)࢞ − (࢟ = −૚.

 

There is no pair of (࢟,࢞) satisfying this system of equations. 

Case 4: ቊ࢞
૛ − ૛࢞ − ࢟ = −૛,
૛࢞ − ࢞࢟ − ૚ = −૚,

⇔ ൜࢞
૛ − ૛࢞ + ૛ = ,࢟
࢞)࢞ − (࢟ = ૙.

 



 
www.ssmrmh.ro 

 
We find 3 pairs (࢟,࢞) satisfying this system of equations as (૙,૛), (૚,૚), (૛,૛). 

So, there are 7 pairs (࢟,࢞) satisfying the requirement as 

(−૚,૛), (૚,−૛), (૜,૛), (−૚,૚), (૙,૛), (૚,૚), (૛,૛). 

 

JP.035. Let ࢈,ࢇ, ࢇ be non-negative real numbers such that ࢉ + ࢈ + ࢉ = ૜. Prove that 

૞ + ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ + ࢉ࢈ࢇ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru 

Siendo ࢉ,࢈,ࢇ números reales no negativos de tal manera que: 

ࢇ + +࢈ ࢉ = ૜. Probare que: ૞ + ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ + ࢉ࢈ࢇ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇒ ૞ + ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ + ࢉ࢈ࢇ ≥ +ࢇ) ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ +  (ࢉࢇ

⇒ ૞ + ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ + ࢉ࢈ࢇ ≥ +ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ +  ࢉ࢈ࢇ

⇒ ૚૞ + ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ ≥ ૜(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ +  (ࢇ

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ + ૚૞ + ૜√ࢇ૜ + ૜√࢈૜ + ૜√ࢉ૜ ≥ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ +  (ࢇ

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜√ࢇ૜ + ૜√࢈૜ + ૜√ࢉ૜ ≥ ࢇ) + ࢈ + ૜(ࢉ = ૛ૠ 

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜√ࢇ૜ + ૜√࢈૜ + ૜√ࢉ૜ ≥ ૚૛. Desde que: ࢈,ࢇ, ࢉ ≥ ૙. Por: ࡭ࡹ ≥  ࡳࡹ

⇒ ૜ࢇ + ૜ࢇ√ + ૜ࢇ√ + ૜ࢇ√ ≥ ૝√ࢇ૝૝ = ૝ࢇ → ૜ࢇ + ૜√ࢇ૜ ≥ ૝ࢇ ... (A) 

Análogamente: ࢈૜ + ૜√࢈૜ ≥ ૝࢈ ... (B); ࢉ૜ + ૜√ࢉ૜ ≥ ૝ࢉ ... (C) 

Sumando: (A) + (B) + (C): (ࢇ૜ + ૜࢈ + (૜ࢉ + ૜√ࢇ૜ + ૜√࢈૜ + ૜√ࢉ૜ ≥ ૝(ࢇ+ ࢈ + (ࢉ = ૚૛ 

 

JP.036. Prove the following inequality 

+࢞)] ࢟)(࢟ + +ࢠ)(ࢠ ૝[(࢞ ≥
૚૟૜

૛ૠ
࢞) + ࢟ +  ૜ࢠ૜࢟૜࢞૜(ࢠ

where ࢟,࢞,  .are positive real numbers ࢠ

Proposed by Andrei Bogdan Ungureanu – Romania  

Solution 1 by Soumitra Mandal – Kolkata – India  
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ૢෑ(࢞ + (࢟

ࢉ࢟ࢉ

≥ ૡ(࢞ + ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ +  (࢞ࢠ

⇒ ቎ෑ(࢞+ (࢟
ࢉ࢟ࢉ

቏

૝

≥
૛૚૛

ૢ૝
࢞) + ࢟ + +࢟࢞)૝(ࢠ +ࢠ࢟ ૝(࢞ࢠ = 

=
૚૟૜

ૢ૝
࢞) + ࢟ + ૜(ࢠ ⋅ ࢞) + ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ + (࢞ࢠ ⋅ ࢟࢞) + +ࢠ࢟  ૜(࢞ࢠ

≥
૚૟૜

ૢ૝
࢞) + ࢟ + ૜(ࢠ ⋅ ࢠ࢟࢞ૢ ⋅ ૛ૠ	࢞૛࢟૛ࢠ૛ =

૚૟૜

૛ૠ
+࢞) ࢟ + ૜ࢠ૜࢟૜࢞૜(ࢠ  

(proved) 

Solution 2 by Pham Quy – Vietnam  

Lemma:  

࢞) + +࢟)(࢟ +ࢠ)(ࢠ (࢞ ≥
ૡ
ૢ

࢞) + ࢟ + ࢟࢞)(ࢠ + +ࢠ࢟ (࢞ࢠ ≥
ࡹࡳିࡹ࡭ ૡ

૜
࢞) + ࢟ + ૛૜(ࢠ࢟࢞)ඥ(ࢠ  

⇒ ࢞)] + ࢟)(࢟ + +ࢠ)(ࢠ ૜[(࢞ ≥ ૡ૜

૛ૠ
࢞) + ࢟ +  ૛ (1)(ࢠ࢟࢞)૜(ࢠ

By AM-GM inequality 

࢞) + ࢟)(࢟ + +ࢠ)(ࢠ (࢞ ≥ ૛૛(2)  ࢠ࢟࢞ 

(1) & (2) 

⇒ ࢞)] + +࢟)(࢟ +ࢠ)(ࢠ ૝[(࢞ ≥ ૚૟૜

૛ૠ
+࢞) ࢟ +   ૜ (q.e.d.)ࢠ૜࢟૜࢞૜(ࢠ

The equality holds at ࢞ = ࢟ =  ࢠ

Solution 3 by Rustem Zeynalov – Baku – Azerbaidjian  

࢞ + ࢟ = ;ࢇ ࢟	 + ࢠ = ;࢈ ࢠ	 + ࢞ =  ࢉ

૝ࢉ૝࢈૝ࢇ ≥
૚૟૜

૛ૠ ⋅ ൬
ࢇ + +࢈ ࢉ

૛ ൰
૜

⋅ ൤
ࢇ + ࢈ − ࢉ

૛ ⋅
+ࢇ ࢉ − ࢈

૛ ⋅
࢈ + ࢉ − ࢇ

૛ ൨
૜

 

૝ࢉ૝࢈૝ࢇ ≥
૚
૛ૠ

ࢇ)] + ࢈ + +ࢇ)(ࢉ −࢈ +ࢇ)(ࢉ ࢉ − +࢈)(࢈ ࢉ −  ૜[(ࢇ

+ࢇ) ࢈ + +ࢇ)(ࢉ ࢈ − +ࢇ)(ࢉ ࢉ − ࢈)(࢈ + ࢉ − (ࢇ ≤ ඥ૛ૠࢇ૝࢈૝ࢉ૝૜  

૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ + ૛࢈૛ࢉ૛ − ૝ࢇ − ૝࢈ − ૝ࢉ ≤ ඥ૛ૠࢇ૝࢈૝ࢉ૝૜  

૝ࢇ + ૝࢈ + ૝ࢉ + ඥ૛ૠࢇ૝࢈૝ࢉ૝૜ ≥ ૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ + ૛࢈૛ࢉ૛ 
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Schur inequality 

JP.037. Let ࢟,࢞,  :be positive real numbers such that ࢠ

૚૟(ࢇ૛ + ૛࢈ + (૛ࢉ + ૛ૠ = ૚૛ૡࢉ࢈ࢇ 

Find the maximum value of the expression: 

ࡱ =
૚

૜ࢇ + ૜࢈ + ૛ૠ
૟૝

+
૚

૜࢈ + ૜ࢉ + ૛ૠ
૟૝

+
૚

૜ࢉ + ૜ࢇ + ૛ૠ
૟૝

 

Proposed by Iuliana Trașcă; Neculai Stanciu – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea: ࢟,࢞, ૛ࢇ)números ℝା de tal manera que: ૚૟ ࢠ + ૛࢈ + (૛ࢉ + ૛ૠ = ૚૛ૡࢉ࢈ࢇ 

Hallar el máximo valor de: ࡭ = ૚

૜ା૛ૠ૟૝࢈૜ାࢇ
+ ૚

૜ା૛ૠ૟૝ࢉ૜ା࢈
+ ૚

૜ା૟૝૛ૠࢇ૜ାࢉ
. Desde que:  

(૝ࢇ − ૜)૛ + (૝࢈ − ૜)૛ + (૝ࢉ − ૜)૛ = ૚૟(ࢇ૛ + ૛࢈ + (૛ࢉ + ૛ૠ − ૛૝(ࢇ+ +࢈ (ࢉ = 

= ૚૛ૡࢉ࢈ࢇ − ૛૝(ࢇ+ ࢈ + (ࢉ ≥ ૙ ⇒
૚૛ૡ
૛૝ ≥

ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ →

૚૟
૜ ≥

૚
࢈ࢇ +

૚
ࢉ࢈ +

૚
 ࢇࢉ

Por: MA ≥ MG: ࢇ૜ + ૜࢈ + ૛ૠ
૟૝
≥ ૜ට૛ૠࢇ૜࢈૜

૟૝

૜
→ ૚

૜ା૛ૠ૟૝࢈૜ାࢇ
≤ ૝

࢈ࢇૢ
 

Por la tanto tenemos en … (A): ࡭ = ૚

૜ା૛ૠ૟૝࢈૜ାࢇ
+ ૚

૜ା૛ૠ૟૝ࢉ૜ା࢈
+ ૚

૜ା૟૝૛ૠࢇ૜ାࢉ
≤ ૝

࢈ࢇૢ
+ ૝

ࢉ࢈ૢ
+ ૝

ࢉࢇૢ
≤ 

≤ ૝
ૢ
	× ૚૟

૜
= ૟૝

૛ૠ
 … (LQQD) 

࢞áࡹ࡭ ≤
૟૝
૛ૠ

. La igualdad se alcanza cuando: ࢇ = ࢈ = ࢉ = ૜
૝
 

 

JP.038. Let ࢈,ࢇ, ࢉ > 0, prove that: 

૟(∑࢈ࢇ)(∑ࢇ૛) + ૠ(ࢇ∑)ࢉ࢈ࢇ ≥ ૛૜ࢉ࢈ࢇඥ૜(∑ࢇ૛) (*) 

Proposed by Soumitra Mandal – Kolkata – India  

Solution by Ngo Minh Ngoc Bao – Vietnam  

We have two lemma: Lemma 1: If ࢈,ࢇ, ࢉ > 0 then ቀ∑ ࢇ
࢈
ቁ (ࢇ∑) ≥ ૜ඥ૜(∑ࢇ૛) 

Prove: Use Cauchy – Schwarz  

෍
ࢇ
࢈ ≥

૛(ࢇ∑)

࢈ࢇ∑ ⇒ ቀ෍
ࢇ
࢈
ቁ ቀ෍ࢇቁ ≥

૜(ࢇ∑)

࢈ࢇ∑ 	. 
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We need to prove: (∑ࢇ)૜

࢈ࢇ∑
≥ ૜ඥ૜(∑ࢇ૛) ⇔ ૟(ࢇ∑) ≥ ૛ૠ(∑࢈ࢇ)૛(∑ࢇ૛) (**). 

Use AM – GM inequality:  (∑ࢇ)૟ = ቀ(∑ࢇ૛) + (࢈ࢇ∑) + ቁ(࢈ࢇ∑)
૜
≥ ૛ૠ(∑ࢇ૛)(∑࢈ࢇ)૛ 

⇒ ≤ (**) ࡿࡴࡸ  .(**) ࡿࡴࡾ

Lemma 2: Consider polynomial 

,࢟,࢞)ࢌ (ࢠ = ෍࢞૝ + ૛࢟૛࢞෍࡭ + ࢞෍ࢠ࢟࢞࡮ + ࢟૜࢞෍࡯ +  ૜࢟࢞෍ࡰ

(with ࡰ,࡯,࡮,࡭ is the constant) 

(ࢠ,࢟,࢞)ࢌ ≥ ૙ ⇔ ൞

૚ + ࡭ ࡮+ + +࡯ ࡰ ≥ ૙
૜(૚ + (࡭ < ૛࡯ + ࡰ࡯ + ૛ࡰ

૞ + ࡭ + ૛࡯ + ૛ࡰ ≥ ૙
(࢞)ࢍ = (૝ + ૜࢞)(ࡰ+࡯ + ૚) + ࡭) + ૛࡯ − −ࡰ ૚)࢞૛ + ࡭) − +࡯ ૛ࡰ −૚)࢞ ≥ ૙,∀࢞ ≥ ૙

 

My solution 

(*) ⇔ ૟∑ࢇ૜࢈+ ૟∑࢈ࢇ૜ + ૚૜ࢇ∑ࢉ࢈ࢇ ≥ ૛૜ࢉ࢈ࢇඥ૜(∑ࢇ૛), we need to prove: 

૟෍ࢇ૜࢈ + ૟෍࢈ࢇ૜ + ૚૜ࢉ࢈ࢇ෍ࢇ −
૛૜
૜ ቀ෍ࢉ࢈ࢇ

ࢇ
࢈
ቁ ቀ෍ࢇቁ ≥ ૙ 

⇔ ૟෍ࢇ૜࢈ + ૟෍࢈ࢇ૜ + ૚૜ࢉ࢈ࢇ෍ࢇ −
૛૜
૜
ቀ෍ࢇ૛࢈૛ + ෍࢈ࢇ૜ + ቁࢇ෍ࢉ࢈ࢇ ≥ ૙ 

⇔ ૟∑ࢇ૜࢈− ૞
૜
૜࢈ࢇ∑ − ૛૜

૜
૛࢈૛ࢇ∑ + ૚૟

૜
ࢇ∑ࢉ࢈ࢇ ≥ ૙ (***) 

Use lemma 2 with ࡭ = − ૛૜
૜

࡮, = ૚૟
૜

࡯, = ૟,ࡰ = − ૞
૜
. 

We have: 

⎩
⎪
⎨

⎪
⎧ ૚ + ࡭ + ࡮ + +࡯ ࡰ = ૚ − ૛૜

૜
+ ૚૟

૜
+ ૟ − ૞

૜
= ૜ > 0

૞ + ࡭ + ૛࡯ + ૛ࡰ = ૞ − ૛૜
૜

+ ૚૛ − ૚૙
૜

= ૟ > 0

૜(૚+ (࡭ = − ૟૙
૜

< ૟૛ − ૟ ⋅ ૞
૜

+ ૛૞
ૢ

= ૛૟ + ૛૞
ૢ

= ૛࡯ + ࡰ࡯ + ૛ࡰ

 

Considering function: (࢞)ࢍ = ૛૞
૜
૜࢞ + ૞࢞૛ − ૚ૡ࢞ + ૛૞

૜
⇒ (࢞)ᇱࢍ = ૛૞࢞૛ + ૚૙࢞ − ૚ૡ 

(࢞)ᇱࢍ = ૙ ⇔ ૛૞࢞૛ + ૚૙࢞ − ૚ૡ = ૙ ⇔

⎣
⎢
⎢
⎢
࢞⎡ =

−૚ + √૚ૢ
૞

࢞ =
−૚ − √૚ૢ

૞
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(࢞)ࢍ ≥ ቆࢍ
−૚ + √૚ૢ

૞ ቇ > 0 ⇒ (࢞)ࢍ > ࢞∀,0 ≥ ૙ 

 

JP.039. In ࡯࡮࡭ triangle the following relationship holds: 

૜൫ࢉࢉ࢈࢈ࢇࢇ൯
૚
૛࢙ ≥ √૝ૢࡿࡾ ෍൫ࢉࢉ࢈࢈ࢇࢇ൯

૚
૜࢙

 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

If ࣅ ∈ (૙,૚); ,࢟,࢞ ࢠ ∈ ℝ; ࢞ + ࢟ + ࢠ = ૚ then: ∑ࢠࢉ࢟࢈࢞ࢇ ≥ ା࢞ࣅࢇ∑
૚షࣅ
૜ ା࢟ࣅ࢈

૚షࣅ
૜ ାࢠࣅࢉ

૚షࣅ
૜  

For: ࢞ = ࢇ
ࢉା࢈ାࢇ

; ࢟ = ࢈
ࢉା࢈ାࢇ

; ࢠ = ࢉ
ࢉା࢈ାࢇ

. We have: ࢞ + ࢟ + ࢠ = ૚;ࢇ + ࢈ + ࢉ = ૛࢖ 

ࢇ∑
ࢇ
૛࢙ ⋅ ࢈

࢈
૛࢙ ⋅ ࢉ

ࢉ
૛࢙ ≥ ࢇ∑

ࢇࣅ
૛࢙ା

૚షࣅ
૜ ࢈

࢈ࣅ
૛࢙ା

૚షࣅ
૜ ࢉ

ࢉࣅ
૛࢙ା

૚షࣅ
૜    (1) 

We take: ࣅ = ૛
૜

; ࢇࣅ
૛࢙

+ ૚ିࣅ
૜

= ૛ࢇ
૟࢙

+
૚ି૛૜
૜

= ࢇ
૜࢙

+ ૚
ૢ

= ૜ࢇା࢙
࢙ૢ

 

and analogous: ࢈ࣅ
૛࢙

+ ૚ିࣅ
૜

= ૜࢈ା࢙
࢙ૢ

; ࢉࣅ
૛࢙

+ ૚ିࣅ
૜

= ૜ࢉା࢙
࢙ૢ

. The relationship (1) can be written: 

෍൫ࢇࢇ ⋅ ࢈࢈ ⋅ ൯ࢉࢉ
૚
૛࢙ ≥෍ࢇ

૜ࢇା࢙
࢙ૢ ࢈

૜࢈ା࢙
࢙ૢ ࢉ

૜ࢉା࢙
࢙ૢ = ෍൫ࢇ૜ࢇା࢙ ⋅ ࢙ା࢈૜࢈ ⋅ ൯࢙ାࢉ૜ࢉ

૚
࢙ૢ = 

= ෍(ࢉ࢈ࢇ)
૚
ૢ ൫ࢇ૜࢈ࢇ૜ࢉ࢈૜ࢉ൯

૚
࢙ૢ = ૢࢉ࢈ࢇ√ ෍൫ࢉࢉ࢈࢈ࢇࢇ൯

૚
૜࢙ = √૝ૢࡿࡾ ෍൫ࢉࢉ࢈࢈ࢇࢇ൯

૚
૜࢙ 

 

JP.040. Prove that if ࢈,ࢇ, ࢊ,ࢉ ∈ (૙,∞);√૜(ࢊࢇ − (ࢉ࢈ = ࢉࢇ + ࢊ࢈ ≠ ૙ then: 

ࢇ൫ࢊ + ૜൯√࢈ − ࢈൫ࢉ − ૜൯√ࢇ > ૝ࢊࢉ࢈ࢇ√4  

Proposed by Daniel Sitaru – Romania  
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Solution by Anas Adlany - El Jadida- Morroco 

We have √૜૜ ࢊࢇ) − (ࢉ࢈ ≔ ࢉࢇ + ࢊ࢈ ≠ ૙ ⇒ ૜√ࢇ൫ࢊ − ൯࢈ ≔ ࢇ൫ࢉ +  ૜൯√࢈

Also, we conclude that ࢊࢇ > ܾܿ ⇒ ૝ࢊࢉ࢈ࢇ√ < ૜√ࢇ and ࢊࢉ࢈ࢇ√ > ܾ, ࢇ3 > ܾ√૜. 

Thus, ࢊ൫ࢇ + ૜൯√࢈ − ࢈൫ࢉ − ૜൯√ࢇ ≔ +ࢇ൫ࢊ +૜൯√࢈ ૛ࢉ

ࢊ
൫ࢇ + ૜൯√࢈ ≔ ቀࢉ

૛ାࢊ૛

ࢊ
ቁ ൫ࢇ +   ૜൯√࢈

Hence, we have to prove that ቀࢉ
૛ାࢊ૛

ࢊ
ቁ ൫ࢇ+ ૜൯√࢈ > ૝ࢊࢉ࢈ࢇ√4 . But, 

ࢇ > ࢉ࢈
ࢊ
⇒ +ࢇ ૜√࢈ > ܾ ቀ√૜ + ࢉ

ࢊ
ቁ ⇒ ቀࢉ

૛ାࢊ૛

ࢊ
ቁ ൫ࢇ + ૜൯√࢈ > ࢈

ࢊ
૛ࢉ) + (૛ࢊ ቀ√૜ + ࢉ

ࢊ
ቁ  

ቆ
૛ࢉ + ૛ࢊ

ࢊ ቇ൫ࢇ + ૜൯√࢈ > ቀ√૜ࢉ࢈2 +
ࢉ
ࢊ
ቁ > ඨࢉ࢈4

ࢉ࢈
ࢊࢇ ≔ ૝ඨ

૜ࢉ૜࢈

ࢊࢇ  

And note that ට࢈૜ࢉ૜

ࢊࢇ
> ࢊࢉ࢈ࢇ√ ⇔ ૛(ࢊࢇ) >  ૛(ࢉ࢈)

Which is true due to the first observation (see above). 

Conclusion: From all those inequalities, we shall obtain the desired inequality. 

Comment: this is a great problem for juniors, all thanks to sir DAN SITARU. 

 

JP.041. Prove that in an ࡯࡮࡭ acute-angled triangle the following relationship holds: 

ܛܗ܋ ቀ
࣊
૝ − ቁ࡭ + ܛܗ܋ ቀ

࣊
૝ − ቁ࡮ + ܛܗ܋ ቀ

࣊
૝ − ቁ࡯ >

૛ࡿ
 ૛ࡾ

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭, la siguiente desigualdad: 

ܛܗ܋ ቀ
࣊
૝ − ቁ࡭ + ܛܗ܋ ቀ

࣊
૝ − ቁ࡮ + ܛܗ܋ ቀ

࣊
૝ − ቁ࡯ >

૛ࡿ
 ૛ࡾ

Dado que es un triángulo acutángulo ૙ < ܥ,ܤ,ܣ < ࣊
૛

, 

࡭ܛܗ܋ ܛܗ܋, ࡮ , ࡯ܛܗ܋ > ࡭ܖ܍ܛ ,0 , ࡮ܖ܍ܛ , ࡯ܖ܍ܛ > 0 

Desde que: ࡿ = ૛ࡾ૛ ࡭ܖ܍ܛ ࡮ܖ܍ܛ  :se tiene la desigualdad ,࡯ܖ܍ܛ

⇒ √૛
૛
൫(࡭ܛܗ܋ + ܖ܍ܛ (࡭ + ࡮ܛܗ܋) + (࡮ܖ܍ܛ + ܛܗ܋) +࡯ ܖ܍ܛ ൯(࡯ > 4 ܖ܍ܛ ࡭ ܖ܍ܛ࡮ܖ܍ܛ  (A) …࡯

Probaremos lo siguiente: 
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⇒
√૛
૛

࡭ܛܗ܋) + ܖ܍ܛ (࡭ > ࡭૛ܖ܍ܛ → ࡭ܛܗ܋ + ࡭ܖ܍ܛ > √૛ ܖ܍ܛ ࡭ → ܛܗ܋) +࡭ ܖ܍ܛ ૛(࡭ > 2 ૛ܖ܍ܛ  ࡭

⇒ ૚ + ܖ܍ܛ ૛࡭ > 2 ૛ܖ܍ܛ ૛࡭ → ૛ܖ܍ܛ૛ ૛࡭ − ܖ܍ܛ ૛࡭ − ૚ = (૛ ܖ܍ܛ ૛࡭ + ૚)(ܖ܍ܛ૛࡭− ૚) < 0 

Lo cual es cierto ya que: ૙ < ࡭2 < ߨ → ૙ < ࡭૛ܖ܍ܛ < 1, por la tanto: 

૛ ࡭૛ܖ܍ܛ + ૚ > 0	 ∧ ࡭૛ܖ܍ܛ − ૚ < 0. Por lo tanto se tendrá en … (A): 

⇒
√૛
૛ ൫(ܛܗ܋ ࡭ + (࡭ܖ܍ܛ + ࡮ܛܗ܋) + (࡮ܖ܍ܛ + ܛܗ܋) +࡯ ൯(࡯ܖ܍ܛ > 

> ܖ܍ܛ ૛࡭ + ࡮૛ܖ܍ܛ + ࡯૛ܖ܍ܛ = ૝࡭ܖ܍ܛ  (LQQD)   ࡯ܖ܍ܛ࡮ܖ܍ܛ

Solution 2 by Nguyen Minh Triet - Quang Ngai – Vietnam  

ܛܗ܋ :we have ,࢞(∀) ࢞ + ܖܑܛ ࢞ = √૛ܛܗ܋ ቀ࣊૝ − ࡿࡴࡸ ,ቁ. Hence࢞ = ൣ∑ ࡭ܛܗ܋) + ܖܑܛ ࢉ࢟ࢉ(࡭ ൧ ⋅ ૚
√૛

 

Let ࢞ = ࡭ܛܗ܋ + ܖܑܛ ࡭ ; ࢟ = ࡮ܛܗ܋ + ܖܑܛ ࡮ , ࢉ = ܛܗ܋ ࡯ + ܖܑܛ ,࢟,࢞ Then .࡯ ࢠ ∈ ൫૙,√૛൧ and 

ࡿࡴࡸ = ૚
√૛

࢞) + ࢟ + So ൫√૛ .(ࢠ − ૛√࢞൯൫࢞ + ૚൯ ≥ ૙ ⇒ ࢞ ≥ ૛√૛࢞ − √૛.  

Similarly ࢟ ≥ ૛√૛࢟ − √૛; ࢠ ≥ ૛√૛ࢠ − √૛ 

⇒ ࢞ + ࢟ + ࢠ ≥ √૛ ⋅ ૛࢞) + ૛࢟ + ૛ࢠ − ૜) = √૛෍[(ܖܑܛ ࡭ + ૛(࡭ܛܗ܋ − ૚]
ࢉ࢟ࢉ

= 

= √૛ ⋅෍ܖܑܛ૛࡭
ࢉ࢟ࢉ

= ૝√૛ ⋅ ܖܑܛ ࡭ ܖܑܛ ࡮ ࡯ܖܑܛ = √૛ ⋅
ࢇ
ࡾ ⋅

࢈
ࡾ ⋅ ܖܑܛ ࡯ =

૛ࡿ ⋅ √૛
૛ࡾ  

⇒ ૚
√૛

࢞) + ࢟ + (ࢠ ≥ ૛ࡿ
૛ࡾ

 or ࡿࡴࡸ ≥  :The equality doesn’t hold, so .ࡿࡴࡾ

෍ܛܗ܋ ቀ
࣊
૝ − ቁ࡭ >

૛ࡿ
૛ࡾ

ࢉ࢟ࢉ

 

(q.e.d.) 

Solution 3 by Soumava Chakraborty – Kolkata – India  

Given inequality ⇔ ૚
√૛
࡭ܛܗ܋ + ૚

√૛
ܖܑܛ ࡭ + ૚

√૛
࡮ܛܗ܋ + ૚

√૛
࡮ܖܑܛ + ૚

√૛
࡯ܛܗ܋ + ૚

√૛
ܖܑܛ ࡯ > 

>
૛
૛ࡾ (૛ࡾ૛ ࡭ܖܑܛ ܖܑܛ ܖܑܛ࡮  (࡯

⇔ ܛܗ܋∑ ࢇ + ܖܑܛ∑ ࡭ > 4√૛ ቀ૛ ܖܑܛ ࡭
૛
ܛܗ܋ ࡭

૛
ቁ ቀ૛ ܖܑܛ ࡮

૛
ܛܗ܋ ࡮

૛
ቁ ቀ૛ ܖܑܛ ࡯

૛
ܛܗ܋ ࡯

૛
ቁ  

⇔ ૚ + ૝ ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ + ૝ ܛܗ܋

࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ 
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> 2√૛ ቀ૝ ܖܑܛ ࡭

૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
ቁ ቀ૝ ܛܗ܋ ࡭

૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
ቁ ⇔ ૚ + ࢞ + ࢟ > 2√૛࢟࢞, where  

࢞ = ૝ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
࢟ , = ૝ ܛܗ܋ ࡭

૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
⇔ ૚ + ࢞ > ࢞൫૛√૛ݕ − ૚൯;૙ < ݔ ≤ ૚

૛
 and 

૙ < ݕ ≤ ૜√૜
૛

 

Case 1: ࢞ ≤ ૚
૛√૛

⇒ ૛√૛࢞ − ૚ ≤ ૙ ⇒ ࢞൫૛√૛࢟ − ૚൯ ≤ ૙; ࢟)	 > 0) 

࢞ > 0, 1 + ݔ > 0 and hence ૚ + ࢞ > 0 or any negative quantity  

⇒ ૚ + ࢞ > ࢞൫૛√૛ݕ − ૚൯ 

Case 2: ࢞ > ૚
૛√૛

⇒ ૛√૛࢞ − ૚ > 0 

૚ + ࢞ > −࢞൫૛√૛ݕ ૚൯ ⇔ ૚ା࢞
૛√૛ି࢞૚

> ࢞ ,Now .ݕ ≤ ૚
૛
⇒ ૛√૛࢞ ≤ √૛ ⇒ ૛√૛࢞ − ૚ ≤ √૛ − ૚ 

⇒ ૚
૛√૛ି࢞૚

≥ ૚
√૛ି૚

; 	൫૛√૛࢞ − ૚ > 0൯ = √૛+ ૚. Again, ૚ + ࢞ > 1 + ૚
૛√૛

; ࢞	 > ૚
૛√૛

 

(૚ + (࢞
૛√૛࢞ − ૚

> ൬૚ +
૚
૛√૛

൰ ൫√૛ + ૚൯ = √૛ + ૚ +
૚
૛ +

૚
૛√૛

=
૜
૛ +

૞√૛
૝ >

૜√૜
૛ ≥  ࢟

⇒ ૚ + ࢞ > ࢞൫૛√૛ݕ − ૚൯ (Proved) 

Solution 4 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

√૛
૛
⋅ ቌ࡭ܛܗ܋ + ܛܗ܋ ࡮ + ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ࡯ܛܗ܋

૚ାࡾ࢘

+ ࡭ܖܑܛ) + ܖܑܛ ࡮ + ܖܑܛ ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ(࡯
࢖
ࡾ

ቍ = √૛
૛
ቀ૚ + ࢘

ࡾ
+ ࢖

ࡾ
ቁ > ૛࢙

૛ࡾ
 (ASSURE) 

૚ +
࢘
ࡾ +

࢖
ࡾ >

૛√૛ ⋅ ࡿ
૛ࡾ ; ૛ࡾ	 + ࡾ ⋅ ࢘ + ࡾ ⋅ ࢖ > 2√૛ ⋅ ;ࡿ ࡾ	 ≥ ૛࢖;࢘ ≥ ૜√૜ࡿ;࢘ = ࢖ ⋅  ࢘

૛ࡾ + ࡾ ⋅ ࢘ + ࡾ ⋅ ࢖ ≥ ૛ࡾ ⋅ +࢘ ࢘ࡾ + ૜√૜ ⋅ ࡾ ⋅ ࢘ > 2√૛ ⋅ ࢖ ⋅ ;࢘ 	൫૜ + ૜√૜൯ ⋅ ࡾ > 2√૛ ⋅  ࢖

ቀ૜ା૜√૜
૛√૛

ቁ ⋅ ࡾ >  (ASSURE) – (*)  	݌

࢖ =
ࢇ + ࢈ + ࢉ

૛ = ࡾ ⋅ ࡭ܖܑܛ) + ܖܑܛ ࡮ + ܖܑܛ (࡯ ≤ ࡾ ⋅
૜√૜
૛ =

૜√૜
૛ ⋅  ࡾ

૜√૜
૛
⋅ ࡾ ≥  (**) 	࢖

(*); (**) ⇒ ૜ା૜√૜
૛√૛

> ૜√૜
૛

   (True) ࢖ ≤ ૜√૜
૛
⋅ ࡾ < ૜ା૜√૜

૛√૛
⋅  ࡾ

 



 
www.ssmrmh.ro 

 
JP.042. Prove that in ࢤ	࡯࡮࡭: 

෍
૛࢈)૛ࢇ + ૛ࢉ − ૛)૜ࢇ

૛ࢉ૛࢈ ≥ ૟૝ࡿ૛(૚− ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ ࡮ − ૛ܛܗ܋  (࡯

Proposed by Daniel Sitaru – Romania  

Solution 1 by Anas Adlany- El Jadida- Morroco 

First, note that in any triangle. ૚ − ∑ (࡭)૛ܛܗ܋ ≔ ૛∏(࡭)ܛܗ܋ 

So, the original inequality is equivalent to ∑ࢇ૛ ൫࢈
૛ାࢉ૛ିࢇ૛൯

૜

૛(ࢉ࢈)
≥ ૛ × ૟૝ ×  (࡭)ܛܗ܋∏૛ࡿ

Let’s do it! From the cosine’s law, we have (࡭)ܛܗ܋ ≔ ૛ࢇ૛ିࢉ૛ା࢈

૛ࢉ࢈
 

Now, if we use AM-GM, we shall obtain 

෍ࢇ૛
૛࢈) + ૛ࢉ − ૛)૜ࢇ

૛(ࢉ࢈) ≥ ૜ඨෑቆࢇ૛
૛࢈) + ૛ࢉ − ૛)૜ࢇ

૛(ࢉ࢈) ቇ
૜

≔ ૜ࢉ࢈ࢇ√ࢉ࢈ࢇ૜ ෑ(࡭)ܛܗ܋ 

Hence, it suffices to show that ૛ × ૟૝ × ૛ࡿ ≥ ૛૝ࢉ࢈ࢇ√ࢉ࢈ࢇ૜

											
ሯልሰ ૚૟ࡿ૛ ≥ ૜ࢉ࢈ࢇ√ࢉ࢈ࢇ૜  

											
ሯልሰ +ࢇ) ࢈ + +ࢇ)∏(ࢉ ࢈ − (ࢉ ≥ ૜ࢉ࢈ࢇ√ࢉ࢈ࢇ૜ . But this is true to AM-GM inequality and  

+ࢇ)∏ −࢈ (ࢉ ≥  !Done .ࢉ࢈ࢇ

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triágulo ࡯࡮࡭: ∑ ૛൯ࢇ૛ିࢉ૛ା࢈૛൫ࢇ
૜

૛ࢉ૛࢈
≥ ૟૝ࡿ૛(૚ − ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ −࡮ ૛ܛܗ܋  (࡯

Desde que: ࡭ + ࡮ + ࡯ =  ࣊

(૚ − ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ −࡮ ૛ܛܗ܋ (࡯ = ૛ܖܑܛ ࡭ − (૚ − ૛ܖܑܛ (࡮ − (૚ − ૛ܖܑܛ (࡯ = 

= ૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ −࡯ ૛ 

⇒ (૚ − ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ −࡮ ૛ܛܗ܋ (࡯ = ૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ − ૛ = 

= ૛ ܛܗ܋ ܛܗ܋࡭ ܛܗ܋࡮  :Además .࡯

૛࢈ + ૛ࢉ − ૛ࢇ = ૝ܜܗ܋ࡿ ૛ࢇ ,࡭ + ૛ࢉ − ૛࢈ = ૝ࢇ ,࡮ܜܗ܋ࡿ૛ + ૛࢈ − ૛ࢉ = ૝ܜܗ܋ࡿ  ,࡯

ࡿ = ࢉ࢈ࢇ
૝ࡾ

. En un triángulo ࡭ܖܑܛ :࡯࡮࡭ ܖܑܛ ܖܑܛ࡮ ࡯ > 0	 ∧ 1 − 8 ࡭ܛܗ܋ ࡮ܛܗ܋ ܛܗ܋ ࡯ ≥ ૙ 

⇒෍
૛ࢇ

ࡿ૛૟૝ࢉ૛࢈
૜ ૜ܜܗ܋ ࡭ ≥ ૟૝ࡿ૛(૛࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮ (࡯ ⇒ 
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⇒෍
૛ࢇ

૛ࢉ૛࢈ ࢚࢕ࢉ	ࡿ
૜࡭ ≥ ૛ܛܗ܋ ࡭ ࡮ܛܗ܋ ࡯ܛܗ܋ ⇒෍

૛ࢇ

૛ࢉ૛࢈ ࢚࢕ࢉ	ࡿ
૜࡭ ≥ ૛࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ⇒ 

⇒෍
૜ࢇ

૝ࢉ࢈ࡾ ⋅
૜ܛܗ܋ ࡭
૜ܖܑܛ ࡭ ≥ ૛࡭ܛܗ܋ ܛܗ܋࡮ܛܗ܋ ࡯ ⇒෍

૜ܛܗ܋ ࡭
૛ ࡮ܖܑܛ ܖܑܛ ࡯ ≥ ૛ ܛܗ܋ ࡮ܛܗ܋࡭ ࡯ܛܗ܋ ⇒ 

⇒ ૝ܛܗ܋૜ ࡭ܖܑܛ࡭ + ૝ܛܗ܋૜ ࡮ܖܑܛ࡮ + ૝ܛܗ܋૜ ܖܑܛ࡯ ࡯ ≥ ૛ ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯ 

⇒ ܖܑܛ ૛࡭ (૚ + ܛܗ܋ ૛࡭) + ܖܑܛ ૛࡮(૚ + ܛܗ܋ ૛࡮) + ܖܑܛ ૛ࢉ (૚ + ܛܗ܋ ૛࡯) ≥ 

≥ ૛ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯ 

⇒ ܖܑܛ) ૛࡭ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯) + (૙,૞)(ܖܑܛ ૝࡭ + ܖܑܛ ૝࡮ + ܖܑܛ ૝࡯) ≥ 

≥ ૛ܖܑܛ ૛ܖܑܛ࡭ ૛࡮ ܖܑܛ ૛࡯ 

⇒ ૝࡭ܖܑܛ ܖܑܛ ܖܑܛ࡮ ࡯ − ૛ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ ܖܑܛ ૛࡯ ≥ ૛ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ ܖܑܛ ૛࡯ → 

→ ૝࡭ܖܑܛ ܖܑܛ ܖܑܛ࡮ ࡯ (૚ − ૡ ࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮ (࡯ ≥ ૙ 

Solution 3 by Soumava Chakraborty – Kolkata – India  

૛࢈)૛ࢇ + ૛ࢉ − ૛)૜ࢇ

૛ࢉ૛࢈ =
ࢉ࢈૛(૛ࢇ ૜(࡭ܛܗ܋

૛ࢉ૛࢈ = ૡࢇ૛ࢉ࢈ ૜ܛܗ܋  ࡭

ࡿ =  ࢤ

= ૡ(૝ࡾ૛ ૛ܖܑܛ ૛ࡾ૝)(࡭ ܖܑܛ ܖܑܛ࡮ (࡯ ૜ܛܗ܋ ࡭ = ૚૛ૡࡾ૝(࡭ܖܑܛ ܖܑܛ ࡮ (࡯ܖܑܛ ࡭ܖܑܛ ૜ܛܗ܋  ࡭

= ૟૝ࡾ૛(૛ࡾ૛ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ (࡯ ࡭ܖܑܛ ૜ܛܗ܋ ࡭ = (૟૝ࡾ૛ ⋅ ܖܑܛ ࡭ ⋅ ૜ܛܗ܋  ࢤ(࡭

Similarly, ࢈
૛൫ࢉ૛ାࢇ૛ି࢈૛൯

૜

૛ࢇ૛ࢉ
= (૟૝ࡾ૛ ܖܑܛ ࡮ ૜ܛܗ܋   ࢤ(࡮

and ࢉ
૛൫ࢇ૛ା࢈૛ିࢉ૛൯

૜

૛࢈૛ࢇ
= (૟૝ࡾ૛ ܖܑܛ ࡯ ૜ܛܗ܋  	ࢤ(࡯

given inequality ⇔ ܖܑܛ)∑૛ࡾ ࡭ ૜ܛܗ܋ (࡭ ≥ ૚)ࢤ − ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ ࡮ − ૛ܛܗ܋  (࡯

࡭ܖܑܛ ૜ܛܗ܋ ࡭ =
૚
૝

(૛ܖܑܛ ܛܗ܋࡭ ૛ܛܗ܋૛)(࡭ (࡭ =
૚
૝

ܖܑܛ) ૛࡭)(૚ + ܛܗ܋ ૛࡭) 

=
૚
૝

ܖܑܛ) ૛࡭ + ܖܑܛ ૛࡭ (࡭૛ܛܗ܋ =
૚
૝ ܖܑܛ ૛࡭ +

૚
ૡ ܖܑܛ ૝࡭ 

ܖܑܛ)૛෍ࡾ ૜ܛܗ܋࡭ (࡭ =
૛ࡾ

૝ ෍ܖܑܛ૛࡭ +
૛ࡾ

ૡ ෍ܖܑܛ ૝࡭ 

෍ܖܑܛ૝࡭ = ܖܑܛ ૝࡭ + ܖܑܛ ૝࡮ + ܖܑܛ ૝࡯ 

= ૛ ࡭)൫૛ܖܑܛ + ࡭)൫૛ܛܗ܋൯(࢈ ൯(࡮− + ૛ ܖܑܛ ૛ܛܗ܋࡯ ૛࡯ 

= ૛ ࣊૛)ܖܑܛ − ૛࡯) ࡭)൫૛ܛܗ܋ − ൯(࡮ + ૛ܖܑܛ ૛࡯  ࡯૛ܛܗ܋
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= −૛ܖܑܛ ૛ܛܗ܋࡯൫૛(࡭ ൯(࡮− + ૛ ܖܑܛ ૛ܛܗ܋࡯ ૛࡯ = ૛ ܖܑܛ ૛࡯ ൛ܛܗ܋૛࡯ − −࡭)൫૛ܛܗ܋  ൯ൟ(࡮

= ૝ ܖܑܛ ૛࡯ ࡯)ܖܑܛ + ࡭ (࡮− ࡭)ܖܑܛ − ࡮ − (࡯ = ૝ܖܑܛ ૛࡯ −࣊)ܖܑܛ ૛࡮) ࡭૛)ܖܑܛ −  (࣊

= −૝ܖܑܛ ૛࡭ ܖܑܛ ૛ܖܑܛ࡮ ૛࡯ 

૛ࡾ

ૡ
ቀ෍ܖܑܛ ૝࡭ቁ =

૛ࡾ

ૡ
(−૜૛ ܖܑܛ ࡭ ܖܑܛ ࡯ܖܑܛ࡮ ࡭ܛܗ܋ ࡮ܛܗ܋ ܛܗ܋  (࡯

= −૛(૛ࡾ૛ ࡭ܖܑܛ ܖܑܛ ܛܗ܋࡭ܛܗ܋)(࡯ܖܑܛ࡮ ࡮ (࡯ܛܗ܋ = −૛࡭ܛܗ܋ࢤ ࡮ܛܗ܋  ࡯ܛܗ܋

Again, ࡾ
૛

૝
(࡭૛ܖܑܛ∑) = ૛ࡾ ܖܑܛ ࡭ ࡮ܖܑܛ ܖܑܛ ࡯ = ࢤ

૛
 given inequality ⇔ 

ࢤ
૛ − ૛࡭ܛܗ܋ࢤ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ −૚)ࢤ ૛ܛܗ܋ ࡭ − ૛ܛܗ܋ −࡮ ૛ܛܗ܋  (࡯

⇔ ૚− ૝ܛܗ܋ ܛܗ܋࡭ ࡮ ܛܗ܋ ࡯ ≥ ૛ − (૛ ૛ܛܗ܋ ࡭ + ૛ ૛ܛܗ܋ ࡮ + ૛ ૛ܛܗ܋  (࡯

⇔ −૚ − ૝ܛܗ܋ ࡮ܛܗ܋࡭ ܛܗ܋ ࡯ ≥ −(૜ + ܛܗ܋ ૛࡭ + ܛܗ܋ ૛࡮ + ܛܗ܋ ૛࡯) 

= −૜ + ૚ + ૝ ܛܗ܋ ࡮ܛܗ܋࡭ ࡯ܛܗ܋ ⇔ ૡܛܗ܋ ࡭ ܛܗ܋ ࡯ܛܗ܋࡮ ≤ ૚ ⇔ ܛܗ܋ ࡭ ܛܗ܋ ࡯ܛܗ܋࡮ ≤
૚
ૡ 

which is true (proved) 

 

JP.043. Let ࢈,ࢇ, ࢇ be nonnegative real numbers such as ࢊ,ࢉ + ࢈ + +ࢉ ࢊ = ૝. Prove that: 

a) ࢈ࢇ + +ࢉ࢈ +ࢊࢉ ࢇࢊ ≤ ૝ 

b) ࢇ૛ࢉ࢈ + +ࢊࢉ૛࢈ +ࢇࢊ૛ࢉ ࢈ࢇ૛ࢊ ≤ ૝ 

c) ࢉ࢈ࢇ + +ࢊࢉ࢈ ࢇࢊࢉ + ࢈ࢇࢊ ≤ ૝ 

d) ࢉ√࢈ࢇ+ +ࢊ√ࢉ࢈ +ࢇ√ࢊࢉ ࢈√ࢇࢊ ≤ ૝ 

Proposed by Nguyen Tuan Anh - Viet Nam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo: ࢈,ࢇ, +ࢇ :números reales no negativos de tal manera que	ࢊ,ࢉ ࢈ + ࢉ + ࢊ = ૝. 

Probar que:  

a) ࢈ࢇ + ࢉ࢈ + ࢊࢉ + ࢇࢊ ≤ ૝ 

⇒ +ࢇ)࢈ (ࢉ + +ࢇ)ࢊ (ࢉ = ࢈) + ࢇ)(ࢊ + (ࢉ ≤
࢈)] + (ࢊ + +ࢇ) ૛[(ࢉ

૝ ⇒ 

⇒ +࢈)] (ࢊ − ࢇ) + ૛[(ࢉ ≥ ૙ 

b) ࢇ૛ࢉ࢈+ +ࢊࢉ૛࢈ +ࢇࢊ૛ࢉ ࢈ࢇ૛ࢊ ≤ ૝ 
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Desde que: 

⇒ ࢉ࢈૛ࢇ + +ࢊࢉ૛࢈ +ࢇࢊ૛ࢉ ࢈ࢇ૛ࢊ − +࢈ࢇ) +ࢉࢇ)(ࢊࢉ (ࢊ࢈ = ࢈)ࢊ࢈ − ࢉ)(ࢊ −  (A) …(ࢇ

⇒ +ࢉ࢈૛ࢇ +ࢊࢉ૛࢈ ࢇࢊ૛ࢉ + ࢈ࢇ૛ࢊ − ࢉࢇ) + +ࢊࢇ)(ࢊ࢈ (ࢉ࢈ = −ࢇ)ࢉࢇ ࢈)(ࢉ −  (B) …(ࢊ

Multiplicando (A) × (B):  

ቆ෍ࢇ૛ࢉ࢈ − ࢈ࢇ) + +ࢉࢇ)(ࢊࢉ ࢉ࢈૛ࢇቇቀ෍(ࢊ࢈ − ࢉࢇ) + +ࢊࢇ)(ࢊ࢈ ቁ(ࢉ࢈ = 

= −࢈)(ࢊࢉ࢈ࢇ)− ࢇ)૛(ࢊ − ૛(ࢉ ≤ ૙ 

Por la tanto se puede afirmar lo siguiente: 

⇒ ࢉ࢈૛ࢇ + +ࢊࢉ૛࢈ +ࢇࢊ૛ࢉ ࢈ࢇ૛ࢊ ≤ ࢈ࢇ) + ࢉࢇ)(ࢊࢉ +   v (ࢊ࢈

+ࢉ࢈૛ࢇ +ࢊࢉ૛࢈ +ࢇࢊ૛ࢉ ࢈ࢇ૛ࢊ ≤ ࢉࢇ) + +ࢊࢇ)(ࢊ࢈  (ࢉ࢈

Si: ࢇ૛ࢉ࢈ + +ࢊࢉ૛࢈ ࢇࢊ૛ࢉ + ࢈ࢇ૛ࢊ ≤ +࢈ࢇ) +ࢉࢇ)(ࢊࢉ (ࢊ࢈ ≤ 

≤
+࢈ࢇ)] (ࢊࢉ + ࢉࢇ) + ૛[(ࢊ࢈

૝ ≤
࢈)] + +ࢇ)(ࢉ ૛[(ࢊ

૝ ≤
૚૟
૝ = ૝ 

Si: ࢇ૛ࢉ࢈ + +ࢊࢉ૛࢈ ࢇࢊ૛ࢉ + ࢈ࢇ૛ࢊ ≤ ࢉࢇ) + +ࢊࢇ)(ࢊ࢈ (ࢉ࢈ ≤ 

≤
ࢉࢇ)] + (ࢊ࢈ + +ࢊࢇ) ૛[(ࢉ࢈

૝ ≤
ࢉ)] + +ࢇ)(ࢊ ૛[(࢈

૝ ≤
૚૟
૝ = ૝ 

c) ࢉ࢈ࢇ+ +ࢊࢉ࢈ ࢇࢊࢉ + ࢈ࢇࢊ ≤ ૝ 

Solo basta probar lo siguiente: ࢉ࢈ࢇ + +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ = +࢈)ࢉࢇ (ࢊ + +ࢇ)ࢊ࢈ (ࢉ ≤ 

≤ ࢈ࢇ + +ࢉ࢈ +ࢊࢉ ࢇࢊ = ࢇ) + +࢈)(ࢉ  (ࢊ

⇒ ૝࢈)ࢉࢇ + (ࢊ + ૝ࢇ)ࢊ࢈+ (ࢉ ≤ ࢇ) + +࢈)(ࢉ +࢈)](ࢊ (ࢊ + +ࢇ)  [(ࢉ

⇒ +࢈) +ࢇ)૛(ࢊ (ࢉ + +ࢇ) +࢈)૛(ࢉ (ࢊ ≤ ૝(ࢇ + ࢊ࢈(ࢉ + ૝࢈)ࢉࢇ +  (ࢊ

⇒ ࢇ) + −࢈)(ࢉ ૛(ࢊ + +࢈) ࢇ)(ࢊ − ૛(ࢉ ≥ ૙ 

Por la tanto: ⇒ ࢉ࢈ࢇ + +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ ≤ ࢈ࢇ + +ࢉ࢈ +ࢊࢉ ࢇࢊ ≤ ૝ 

d) ࢉ√࢈ࢇ + +ࢊ√ࢉ࢈ +ࢇ√ࢊࢉ ࢈√ࢇࢊ ≤ ૝. Desde que: ࢈,ࢇ, ࢊ,ࢉ ≥ ૙. Por: ࡭ࡹ ≥  ࡳࡹ

⇒ +ࢉ√࢈ࢇ +ࢊ√ࢉ࢈ +ࢇ√ࢊࢉ ࢈√ࢇࢊ ≤ ࢉ࢈ࢇା࢈ࢇ
૛

+ ࢊࢉ࢈ାࢉ࢈
૛

+ ࢇࢊࢉାࢊࢉ
૛

+ ࢈ࢇࢊାࢇࢊ
૛

≤ ૡ
૛

= ૝  (LQQD) 
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JP.044. Let ࢈,ࢇ,  be nonnegative real numbers such as ࢊ,ࢉ

ࢇ + +࢈ +ࢉ ࢊ = ૝. 

a) ࢉ࢈√ࢇ+ +ࢊࢉ√࢈ +ࢇࢊ√ࢉ ࢈ࢇ√ࢊ ≤ ૝ 

b) √ࢉ࢈ࢇ+ +ࢊࢉ࢈√ +ࢇࢊࢉ√ ࢈ࢇࢊ√ ≤ ૝ 

c) √࢔ࢉ࢈ࢇ + ࢔ࢊࢉ࢈√ + ࢔ࢇࢊࢉ√ + ࢔࢈ࢇࢊ√ ≤ ૝; ࢔) ∈ ℕ) 

d) ࢔ࢉ√࢈ࢇ + ࢔ࢊ√ࢉ࢈ + ࢔ࢇ√ࢊࢉ + ࢔࢈√ࢇࢊ ≤ ૝; ࢔) ∈ ℕ) 

Proposed by Nguyen Tuan Anh – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo: ࢈,ࢇ,  :números reales no negativos, de tal manera que ࢊ,ࢉ

+ࢇ ࢈ + ࢉ + ࢊ = ૝ 

a) ࢉ࢈√ࢇ + +ࢊࢉ√࢈ +ࢇࢊ√ࢉ ࢈ࢇ√ࢊ ≤ ૝. Desde que: ࢈,ࢇ, ࢊ,ࢉ ≥ ૙. Por: MA ≥ MG 

⇒ ࢉ࢈√ࢇ + +ࢊࢉ√࢈ ࢇࢊ√ࢉ + ࢈ࢇ√ࢊ ≤ ࢉ࢈ࢇାࢇ
૛

+ ࢊࢉ࢈ା࢈
૛

+ ࢇࢊࢉାࢉ
૛

+ ࢈ࢇࢊାࢊ
૛

 ... (A) 

Anteriormente ya se demostro lo siguiente: ⇒ +ࢉ࢈ࢇ +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ ≤ ૝ 

⇒ Por lo tanto tenemos en (A): ࢇାࢉ࢈ࢇ
૛

+ ࢊࢉ࢈ା࢈
૛

+ ࢇࢊࢉାࢉ
૛

+ ࢈ࢇࢊାࢊ
૛

≤ ૝ 

⇒ Por transitividad: ࢉ࢈√ࢇ + +ࢊࢉ√࢈ +ࢇࢊ√ࢉ ࢈ࢇ√ࢊ ≤ ૝ 

b) √ࢉ࢈ࢇ + +ࢊࢉ࢈√ +ࢇࢊࢉ√ ࢈ࢇࢊ√ ≤ ૝ ⇒ Por: MA ≥ MG 

⇒ ࢉ࢈ࢇ√ + +ࢊࢉ࢈√ +ࢇࢊࢉ√ ࢈ࢇࢊ√ ≤ ࢉା࢈ࢇ
૛

+ ࢊାࢉ࢈
૛

+ ࢇାࢊࢉ
૛

+ ࢈ାࢇࢊ
૛

 ... (B) 

Asimismo también ya se ha demostrado lo siguiente: ⇒ ࢈ࢇ + ࢉ࢈ + +ࢊࢉ ࢇࢊ ≤ ૝.  

Por lo tanto, por transitividad en (B): √ࢉ࢈ࢇ+ ࢊࢉ࢈√ + +ࢇࢊࢉ√ ࢈ࢇࢊ√ ≤ ૝ 

c) √࢔ࢉ࢈ࢇ + ࢔ࢊࢉ࢈√ + ࢔ࢇࢊࢉ√ + ࢔࢈ࢇࢊ√ ≤ ૝,࢔ ∈ ℕ 

Sea: (࢞)ࢌ = ࢞
૚
࢞	∀	࢔ ∈< 0, +∞ >	∧ considerando para: ࢔ > 1 

Calculamos la primera y segunda derivada: ࢌᇱ(࢞) = ࢞
૚ష࢔
࢔

࢔
∧ (࢞)ᇱᇱࢌ = ࢞

ష૛࢔శ૚
࢔ (ା૚࢔ି)
૛࢔

< 0 

Desde que: ࢌᇱᇱ(࢞) < 0 → entonces ࢌ es una función concava y se cumple: 

Desigualdad Ponderada de Jensen:  

(ࢉ࢈ࢇ)ࢌ + (ࢊࢉ࢈)ࢌ + (ࢇࢊࢉ)ࢌ + (࢈ࢇࢊ)ࢌ ≤ ૝ࢌ൬
+ࢉ࢈ࢇ +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ

૝ ൰ = 
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= ૝ ൬
+ࢉ࢈ࢇ ࢊࢉ࢈ + ࢇࢊࢉ + ࢈ࢇࢊ

૝ ൰
૚
࢔
≤ ૝(૚)࢔ = ૝ 

d) ࢔ࢉ√࢈ࢇ + ࢔ࢊ√ࢉ࢈ + ࢔ࢇ√ࢊࢉ + ࢔࢈√ࢇࢊ ≤ ૝,࢔ ∈ ℕ 

Siendo: (࢞)ࢌ = ࢞
૚
࢞	∀ (Concava) ࢔ ∈< 0, +∞ >	∧ considerando para: ࢔ > 1 

Desigualdad Ponderada de Jensen: ⇒ (ࢉ)ࢌ࢈ࢇ + (ࢊ)ࢌࢉ࢈ + (ࢇ)ࢌࢊࢉ + (࢈)ࢌࢇࢊ ≤ 

≤ ࢈ࢇ) + +ࢉ࢈ +ࢊࢉ ࢌ(ࢇࢊ ൬
ࢉ࢈ࢇ + +ࢊࢉ࢈ ࢇࢊࢉ + ࢈ࢇࢊ
࢈ࢇ + +ࢉ࢈ +ࢊࢉ ࢇࢊ ൰ ≤ ૝(૚)࢔ = ૝ 

Ya que: ࢌ ቀࢉ࢈ࢇାࢊࢉ࢈ାࢇࢊࢉା࢈ࢇࢊ
ࢇࢊାࢊࢉାࢉ࢈ା࢈ࢇ

ቁ = ቀࢉ࢈ࢇାࢊࢉ࢈ାࢇࢊࢉା࢈ࢇࢊ
ࢇࢊାࢊࢉାࢉ࢈ା࢈ࢇ

ቁ
૚
࢔ ≤ (૚)࢔ = ૚ 

Solution 2 by Soumava Chakraborty – Kolkata – India  

,࢈,ࢇ ࢊ,ࢉ ∈ ℝା ∪ {૙}, then, given ࢇ+ ࢈ + ࢉ + ࢊ = ૝, 

a) ࢉ࢈√ࢇ + +ࢊࢉ√࢈ +ࢇࢊ√ࢉ ࢈ࢇ√ࢊ ≤ ૝ 

b) √ࢉ࢈ࢇ + +ࢊࢉ࢈√ +ࢇࢊࢉ√ ࢈ࢇࢊ√ ≤ ૝ 

If 2 variables or 3 variables = ૙, ࡿࡴࡸ of (a) and ࡿࡴࡸ of (b) both = ૙ < 4. 

If 1 variable = ૙, say ࢇ = ૙, then, ࢈ + ࢉ + ࢊ = ૝, with ૙ < ܾ, ܿ, ݀ < 4. 

So, ࢊࢉ√࢈ ≤
ࡹ࡭ିࡹࡳ (ࢊାࢉ)࢈

૛
= (࢈૝ି)࢈

૛
≤ ૛૛

૛
= ૛ < 4 ቀ∵ ඥ࢈(૝ − (࢈ ≤ ࢈ା૝ି࢈

૛
= ૛,࢙ࢇ	૝ − ࢈ > 0ቁ 

which proves (a). Also, if ࢇ = ૙, ૜ࢊࢉ࢈√ ≤ ࢊାࢉା࢈
૜

= ૝
૜
⇒ ࢊࢉ࢈ ≤ ૟૝

૛ૠ
⇒ ࢊࢉ࢈√ ≤ ૡ

૜√૜
< 4, 

which proves (b). Now, let’s consider ࢊ,ࢉ,࢈,ࢇ > 0 

a) ࢉ࢈√ࢇ + +ࢊࢉ√࢈ +ࢇࢊ√ࢉ ࢈ࢇ√ࢊ = +ࢉࢇ√࢈ࢇ√ +ࢊ࢈√ࢉ࢈√ +ࢇࢉ√ࢊࢉ√  ࢊ࢈√ࢇࢊ√

≤
ࡹ࡭ஸࡹࡳ

൬
ࢇ + ࢈
૛ ൰൬

+ࢇ ࢉ
૛ ൰+

࢈) + +࢈)(ࢉ (ࢊ
૝ +

ࢉ) + ࢉ)(ࢊ + (ࢇ
૝ +

ࢊ) + ࢈)(ࢇ + (ࢊ
૝  

=
ࢇ) + (ࢉ

૝
ࢇ) + ࢈ + +ࢉ (ࢊ +

࢈) + (ࢊ
૝

࢈) + ࢉ + +ࢊ  (ࢇ

= ૛(ࢊାࢉା࢈ାࢇ)

૝
= ૚૟

૝
= ૝ (equality at ࢇ = ࢈ = ࢉ = ࢊ = ૚)  

(Proved) 

b) √ࢉ࢈ࢇ + +ࢊࢉ࢈√ +ࢇࢊࢉ√ ࢈ࢇࢊ√ = ࢇ√൫ࢉ࢈√ + ൯ࢊ√ + ࢈√൫ࢇࢊ√ +  ൯ࢉ√

≤
ࡹ࡭ஸࡹࡳ

൬
࢈ + ࢉ
૛ ൰൬

+ࢇ ૚
૛ +

+ࢊ ૚
૛ ൰+ ൬

ࢊ + ࢇ
૛ ൰൬

࢈ + ૚
૛ +

+ࢉ ૚
૛ ൰ 
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=
૛(࢈ࢇ+ +ࢊ࢈ ࢉࢇ + (ࢊࢉ + ૛(ࢇ+ ࢈ + ࢉ + (ࢊ

૝  

= ૛(ࢇାࢊ)(࢈ାࢉ)ାૡ
૝

≤ ૛(૝)ାૡ
૝

= ૚૟
૝

= ૝ (equality at ࢇ = ࢈ = ࢉ = ࢊ = ૚) 

൬∵ ඥ(ࢇ + ࢈)(ࢊ + (ࢉ ≤
ࡹ࡭ஸࡹࡳ +ࢇ ࢊ + +࢈ ࢉ

૛ =
૝
૛ = ૛൰ 

(Proved) 

,࢈,ࢇ ࢊ,ࢉ ∈ ℝା ∪ {૙} and ࢇ + ࢈ + ࢉ + ࢊ = ૝. Then, 

c) √࢔ࢉ࢈ࢇ + ࢔ࢊࢉ࢈√ + ࢔ࢇࢊࢉ√ + ࢔࢈ࢇࢊ√ ≤ ૝ 

d) ࢔ࢉ√࢈ࢇ + ࢔ࢊ√ࢉ࢈ + ࢔ࢇ√ࢊࢉ + ࢔࢈√ࢇࢊ ≤ ૝ 

If exactly 2 or 3 variables = ૙,ࡿࡴࡸ of c), d) = ૙ < 4 

If exactly 1 variable, say ࢇ = ૙, then ࢈+ ࢉ + ࢊ = ૝ 

Let us first prove c) for ࢇ = ૙ and ૙ < ܾ, ܿ,݀ < 4 

Case 1 : ࢔ = ૚ 

૜ࢊࢉ࢈√ ≤
࡭ஸࡳ ࢈ + ࢉ + ࢊ

૜ =
૝
૜ ⇒ ࢊࢉ࢈ ≤

૟૝
૛ૠ < 4 

Case 2: ࢔ = ૛ 

ࢊࢉ࢈√ ≤
ૡ
૜√૜

< 4 

Case 3: ࢔ = ૜ 

૜ࢊࢉ࢈√ ≤
૝
૜ < 4 

Case 4: ࢔ ≥ ૝ 

࢔ࢊࢉ࢈√ = ටࢊࢉ࢈ ⋅ ૚ ⋅ ૚ ⋅… ⋅ ૚ᇣᇧᇧᇤᇧᇧᇥ
૜ି࢔

࢔  

≤
ࡹ࡭ஸࡹࡳ ࢈ + ࢉ + +ࢊ ࢔ − ૜

࢔ =
૝ + ࢔ − ૜

࢔ =
૚ + ࢔
࢔ = ૚ +

૚
࢔ < 4 

Let us now prove d) for ࢇ = ૙	&	0 < ܾ,ܿ, ݀ < 4 

ࢊ൬ࢉ࢈
૚
൰࢔ ≤

ࡹ࡭ஸࡹࡳ ࢈) + ૛(ࢉ

૝ ൬ࢊ
૚
൰࢔ =

(૝ − ૛(ࢊ ൬ࢊ
૚
൰࢔

૝
(∵ ࢈ + ࢉ = ૝ −  (ࢊ

= (૝ିࢊ)
૚
ࢊ࢔

૚
૛ష(ࢊ૝ି)⋅࢔

૚
࢔

૝
    (1) 
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Now, ඥ(૝ − ࢊ(ࢊ ≤
ࡹ࡭ஸࡹࡳ ૝ାࢊାࢊ

૛
= ૛ ⇒ (૝ − ࢊ(ࢊ ≤ ૝ ⇒ (૝ − (ࢊ

૚
ࢊ࢔

૚
࢔ ≤ ૝

૚
  (ii) (i)   ࢔

Also ૝ − ࢊ < 4(∵ ࢊ > 0) ⇒ (૝ − ૛ି(ࢊ
૚
࢔ < ૝૛ି

૚
࢔ ቀ∵ ૛ − ૚

࢔
≥ ૚ቁ 

(i) × (ii) ⇒ (૝− (ࢊ
૚
ࢊ࢔

૚
૝)࢔ − ૛ି(ࢊ

૚
࢔ < ቀ૝

૚
ቁ࢔ ቀ૝૛ି

૚
⇒ ቁ࢔ (૝ିࢊ)

૚
ࢊ࢔

૚
૛ష(ࢊ૝ି)࢔

૚
࢔

૝
<
(૛) ૝૛

૝
= ૝ 

⇒ ࢊ൬ࢉ࢈
૚
൰࢔ ≤

(૚) (૝− (ࢊ
૚
ࢊ࢔

૚
૝)࢔ − ૛ି(ࢊ

૚
࢔

૝ < 4 

Hence, c), d) are proved for ࢇ = ૙ and ૙ < ܾ, ܿ, ݀ < 4 

⇒ c), d) holds true if exactly 1 variable = ૙ 

Let us now consider ૙ < ܽ,ܾ, ܿ, ݀ < 4. Let us first prove (c) 

Case 1: ࢔ = ૚ 

ࢉ࢈ࢇ + +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ = +ࢇ)ࢉ࢈ (ࢊ + ࢈)ࢇࢊ +  (ࢉ

≤
+࢈) ࢇ)૛(ࢉ + (ࢊ

૝ +
+ࢊ) +࢈)૛(ࢇ (ࢉ

૝ ࡹࡳ)	 ≤  (ࡹ࡭

=
࢈) + ࢈)}(ࢉ + +ࢇ)(ࢉ {(ࢊ + ࢊ) + ࢊ)}(ࢇ + +࢈)(ࢇ {(ࢉ

૝  

≤
૝(࢈ + (ࢉ + ૝(ࢊ + (ࢇ

૝ ൬∵ ඥ(࢈ + +ࢇ)(ࢉ (ࢊ ≤
+࢈ ࢉ + ࢊ

૛ =
૝
૛ = ૛൰ 

=
૝(ࢇ + +࢈ ࢉ + (ࢊ

૝ = +ࢇ ࢈ + ࢉ + ࢊ = ૝ 

Case 2: ࢔ = ૛ ⇒ given inequality is: 

+ࢉ࢈ࢇ√ ࢊࢉ࢈√ + ࢇࢊࢉ√ + ࢈ࢇࢊ√ ≤ ૝, which is inequality (b), which was proved earlier. 

Case 3: ࢔ = ૜ 

૜ࢉ࢈ࢇ√ + ૜ࢊࢉ࢈√ + ૜ࢇࢊࢉ√ + ૜࢈ࢇࢊ√  

≤
ࡹ࡭ஸࡹࡳ +ࢇ ࢈ + ࢉ

૜ +
+࢈ ࢉ + ࢊ

૜ +
+ࢉ ࢊ + ࢇ

૜ +
+ࢊ ࢇ + ࢈

૜ =
૜(ࢇ+ +࢈ ࢉ + (ࢊ

૜ = ૝ 

Case 4: ࢔ ≥ ૝ 
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࢔ࢉ࢈ࢇ√ = ටࢉ࢈ࢇ ⋅ ૚ ⋅ ૚ ⋅ ૚…૚ᇣᇧᇧᇤᇧᇧᇥ
૜ି࢔

࢔ ≤
ࡹ࡭ஸࡹࡳ ࢇ + ࢈ + ࢉ + ࢔ − ૜

࢔

࢔ࢊࢉ࢈√ = ටࢊࢉ࢈ ⋅ ૚ ⋅ ૚ ⋅ ૚…૚ᇣᇧᇧᇤᇧᇧᇥ
૜ି࢔

࢔ ≤
࡭ஸࡳ ࢈ + ࢉ + +ࢊ ࢔ − ૜

࢔

࢔ࢇࢊࢉ√ = ටࢇࢊࢉ ⋅ ૚ ⋅ ૚ ⋅ ૚…૚ᇣᇧᇧᇤᇧᇧᇥ
૜ି࢔

࢔ ≤
࡭ஸࡳ ࢉ + ࢊ + +ࢇ ࢔ − ૜

࢔

࢔࢈ࢇࢊ√ = ට࢈ࢇࢊ ⋅ ૚ ⋅ ૚ ⋅ ૚…૚ᇣᇧᇧᇤᇧᇧᇥ
૜ି࢔

࢔ ≤
࡭ஸࡳ ࢊ + +ࢇ ࢈ + ࢔ − ૜

࢔ ⎭
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎫

 

࢔ࢉ࢈ࢇ√ + ࢔ࢊࢉ࢈√ + ࢔ࢇࢊࢉ√ + ࢔࢈ࢇࢊ√ ≤
૜(ࢇ+ +࢈ ࢉ + (ࢊ + ૝࢔ − ૚૛

࢔ =
૝࢔
࢔ = ૝ 

Let us prove (d) for ૙ < ܽ,ܾ, ܿ,݀ < 4 

Case 1: ࢔ = ૚ ⇒ (d) becomes ࢉ࢈ࢇ+ +ࢊࢉ࢈ +ࢇࢊࢉ ࢈ࢇࢊ ≤ ૝ 

+ࢉ࢈ࢇ +ࢊࢉ࢈ +ࢇࢊࢉ  ࢈ࢇࢊ

≤ +ࢇ)ࢉ࢈ (ࢊ + +࢈)ࢇࢊ (ࢉ ≤
࡭ஸࡳ +࢈) +ࢇ)૛(ࢉ (ࢊ

૝ +
ࢊ) + ࢈)૛(ࢇ + (ࢉ

૝  

= ൬
࢈ + ࢉ
૝ ൰ ࢈)} + +ࢇ)(ࢉ {(ࢊ +

ࢊ) + (ࢇ
૝

+࢈)} +ࢊ)(ࢉ  {(ࢇ

≤
࢈ + ࢉ
૝ ⋅ ૝ +

ࢊ + ࢇ
૝ ⋅ ൜∵ ඥ(࢈ + +ࢇ)(ࢉ (ࢊ ≤

࡭ஸࡳ ࢈ + ࢉ + +ࢇ ࢊ
૛ = ૛ൠ 

= ࢇ + ࢈ = ࢉ + ࢊ = ૝ 

Case 2: ࢔ ≥ ૛ 

࢔ࢉ√ = ටࢉ ⋅ ૚ ⋅ ૚ ⋅ ૚…૚ᇣᇧᇧᇤᇧᇧᇥ
૚ି࢔

࢔ ≤
࡭ஸࡳ ࢉ + ࢔ − ૚

࢔  

Similarly, √࢔ࢊ ≤ ૚ି࢔ାࢊ
࢔

, ࢔ࢇ√ ≤ ૚ି࢔ାࢇ
࢔

, ࢔࢈√ ≤ ૚ି࢔ା࢈
࢔

 

∴ ࢔ࢉ√࢈ࢇ + ࢔ࢊ√ࢉ࢈ + ࢔ࢇ√ࢊࢉ + ࢔࢈√ࢇࢊ  

≤
+ࢉ࢈ࢇ ࢔) − ૚)࢈ࢇ + +ࢊࢉ࢈ ࢔) − ૚)ࢉ࢈ + ࢇࢊࢉ + −࢔) ૚)ࢊࢉ+ ࢈ࢇࢊ + −࢔) ૚)ࢇࢊ

࢔
 

=
+ࢉ࢈ࢇ ࢊࢉ࢈ + ࢇࢊࢉ + ࢈ࢇࢊ

࢔ + ൬
࢔ − ૚
࢔ ൰ +࢈ࢇ) +ࢉ࢈ +ࢊࢉ  (ࢇࢊ

≤ ૝
࢔

+ ૚ି࢔
࢔

+ࢇ) ࢈)(ࢉ + ∵) (ࢊ +ࢉ࢈ࢇ +ࢊࢉ࢈ ࢇࢊࢉ + ࢈ࢇࢊ ≤ ૝, as proved in Case (1) 

above) 
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≤ ૝
࢔

+ ቀି࢔૚
࢔
ቁ ૝ ൬∵ ඥ(ࢇ + +࢈)(ࢉ (ࢊ ≤

࡭ஸࡳ ࢊା࢈ାࢉାࢇ
૝

= ૛൰ = ૝ା૝ି࢔૝
࢔

= ૝ (Done) 

 

JP.045. If ࢈,ࢇ, ࢉ ≥ ૚
૜
 then: 

ෑቀࢇ૛ + ෍ࢇ૜ + ෍࢈ࢇ− ૜ࢉ࢈ࢇቁ ≥ +ࢇ) +࢈)૛(࢈ +ࢉ)૛(ࢉ  ૛(ࢇ

Proposed by Mihály Bencze – Romania  

Solution by proposer 

In inequality ࢞૜ + ૜࢟ + ૜ࢠ − ૜ࢠ࢟࢞ ≥ ૙ we take ࢞ = ࢇ − ૚
૜

࢟, = ࢈ − ૚
૜

, ࢠ = ࢉ − ૚
૜

 

and we obtain ࢇ૜ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ −  or ࢇࢉ

૜ࢇ + ૜࢈ + ૜ࢉ + ࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૜ࢉ࢈ࢇ ≥ ૛ࢇ + ૛࢈ +  ૛ orࢉ

૛ࢇ + ෍ࢇ૜ + ෍࢈ࢇ− ૜ࢉ࢈ࢇ ≥ ૛ࢇ૛ + ૛࢈ + ૛ࢉ = ૛ࢇ) + (૛࢈ + ૛ࢇ) + (૛ࢉ ≥ 

≥ ૛(࢈ାࢇ)

૛
+ ૛(ࢉାࢇ)

૛
≥ +ࢇ) +ࢇ)(࢈  therefore (ࢉ

ෑቀࢇ૛ + ෍ࢇ૜ + ෍࢈ࢇ− ૜ࢉ࢈ࢇቁ ≥ෑ(ࢇ + +ࢇ)(࢈ (ࢉ = ෑ(ࢇ+  ૛(࢈

 

SP.031. If (࢔ࢇ)࢔ஹ૚ ⊂ (૙,∞) is a sequence that  

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ࢔

= ࢇ ∈ (૙,∞) 

find: 

ࢹ = ܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚૛࢔శ૛ − ඥ࢔ࢇ૛࢔ 	൯  ࢔√

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If (࢔ࢇ)࢔ஹ૚ ∈ ℝା)ࡿ

∗ ) is a ࡮ − ࢚) + ૚,ࢇ) sequence, then 

൫ඥ࢔࢔ࢇ ൯
ஹ૚࢔

 is a ࡸ − ൫࢚)ࢇ,࢚+ ૚),ିࢋ(࢚ା૚)൯ sequence. 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

= ࢇ ∈ (૙,∞) 

ࢹ = ܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚૛࢔శ૛ − ඥ࢔ࢇ૛࢔ ൯ ࢔√ = ቄܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚૛࢔శ૛ − ඥ࢔ࢇ૛࢔ ൯ቅ ቀܕܑܔ
ஶ→࢔

 ቁ࢔√
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= ൛࢔ܕܑܔ→ஶ൫ ඥ࢔ࢉା૚࢔శ૚ − ඥ࢔࢔ࢉ ൯ൟ൫࢔ܕܑܔ→ஶ ࢔ࢉ ൯ where࢔√ = ඥ࢔ࢇ  for all ࢔ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
࢔ ⋅ ࢔ࢉ

= ൬ܕܑܔ
ஶ→࢔

૚
࢔√

൰ቌܕܑܔ
ஶ→࢔

ඨ
ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

ቍ = ܕܑܔ൬ࢇ√
ஶ→࢔

૚
࢔√

൰ 

Hence, (࢔ࢉ)࢔ஹ૚  is ࡮− ൬૚,√ࢇቀ࢔ܕܑܔ→ஶ
૚
࢔√
ቁ൰ sequence, so by the above theorem 

൫ඥ࢔࢔ࢉ ൯
ஹ૚࢔

 is a ࡸ − ቀ૙,√ࢇቀ࢔ܕܑܔ→ஶ
૚
࢔√
ቁ ⋅ ૚ ⋅  .૚ቁ sequenceିࢋ

ࢹ = ࢇ√
ࢋ
൫࢔ܕܑܔ→ஶ ஶ→࢔ܕܑܔ൯ቀ࢔√

૚
࢔√
ቁ = ࢇ√

ࢋ
ஶ→࢔ܕܑܔ ቀ√࢔	×

૚
࢔√
ቁ = ࢇ√

ࢋ
  (Ans:) 

 

SP.032. If (࢔ࢇ)࢔ஹ૚; ஹ૚࢔(࢔࢈) ⊂ (૙,∞) such that 

ܕܑܔ
ஶ→࢔

࢔ࢇ + ૚
࢔ࢇ࢔

= ࢇ ∈ (૙,∞); ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈࢔

= ࢈ ∈ (૙,∞) 

find: 

ࢹ = ܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚ ⋅ ା૚࢔࢈
૛࢔శ૛ − ඥ࢔ࢇ ⋅ ࢔࢈

૛࢔ ൯ 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If (࢔ࢇ)࢔ஹ૚ ∈ ℝା)ࡿ

∗ ) is a ࡮ − ࢚) + ૚,ࢇ) sequence, then 

൫ඥ࢔࢔ࢇ ൯
ஹ૚࢔

 is a ࡸ − ൫࢚)ࢇ,࢚+ ૚),ିࢋ(࢚ା૚)൯ sequence. 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅࢔

= ஶ→࢔ܕܑܔ and ࢇ
శ૚࢔࢈
࢔࢈⋅࢔

= ;࢈ ࢹ	 = ஶ൫→࢔ܕܑܔ ඥ࢔ࢇା૚࢔࢈ା૚
૛࢔శ૛ − ඥ࢔࢈࢔ࢇ

૛࢔ ൯ 

= ஶ൫→࢔ܕܑܔ ඥ࢔ࢉା૚࢔శ૚ − ඥ࢔࢔ࢉ ൯, where ࢔ࢉ = ඥ࢔࢈࢔ࢇ for all ࢔ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
࢔ ⋅ ࢔ࢉ

= ܕܑܔ
ஶ→࢔

ඥ࢔ࢇା૚࢔࢈ା૚
࢔ ⋅ ඥ࢔࢈࢔ࢇ

= ቌܕܑܔ
ஶ→࢔

ඨ
ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

ቍቌܕܑܔ
ஶ→࢔

ඨ
ା૚࢔࢈
࢔ ⋅ ࢔࢈

ቍ =  ࢈ࢇ√

Hence (࢔ࢉ)࢔ஹ૚ is a ࡮− ൫૚,√࢈ࢇ൯ sequence, so by the above theorem 

൫ඥ࢔࢔ࢉ ൯
ஹ૚࢔

 is a ࡸ − ൫૙,√࢈ࢇ ⋅ ૚ ⋅ ࡸ .૚൯ sequence i.eିࢋ − ቀ૙, ࢈ࢇ√
ࢋ
ቁ sequence. So ,ࢹ = ࢈ࢇ√

૜
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SP.033.  Let be: ࢘, ࢙ ∈ [૙,∞); ;ஹ૚࢔(࢔ࢇ) ஹ૚࢔(࢔࢈) ⊂ (૙,∞) such that  

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ ⋅ ࢘࢔

= ࢇ ∈ (૙,∞); 	 ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈ ⋅ ା૚࢙࢔

= ࢈ ∈ (૙,∞); ࢔࢞	 = ෍
૚
࢑

࢔

ୀ૚࢑

 

Find: 

ષ = ܕܑܔ
ஶ→࢔

ቀ൫ ඥ࢔ࢇା૚ ⋅ ା૚࢔࢈
శ૚࢔ − ඥ࢔࢈࢔ࢇ

࢔ ൯ିࢋ(࢘ା࢙)࢔࢞ቁ 

Proposed by D. M. Bătinețu – Giurgiu – Romania  

 Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା
∗ 	× 	ℝା

∗  . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ
∗ ) is a ࡮− ࢚) + ૚,ࢇ) sequence 

then < ඥ࢔࢔ࢇ ࡸ ஹ૚ is a࢔< − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅࢘࢔

= ࢇ ∈ (૙,∞) and ࢔ܕܑܔ→ஶ
శ૚࢔࢈

࢔࢈⋅శ૚࢙࢔
= ࢈ ∈ (૙,∞) 

ࢹ = ܕܑܔ
ஶ→࢔

ቀ൫ ඥ࢔ࢇା૚࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈࢔ࢇ

࢔ ൯ିࢋ(࢘ା࢙)࢔࢞ቁ 

= ቄܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈࢔ࢇ

࢔ ൯ቅ ቀܕܑܔ
ஶ→࢔

 ቁ࢔࢞(࢙ା࢘)ିࢋ

Let ࢔ࢉ = ࢔ for all ࢔࢈࢔ࢇ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
࢔ ⋅ ࢔ࢉ

= ቀܕܑܔ
ஶ→࢔

ቁ࢙ା࢘࢔ ൬ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢘࢔ ⋅ ࢔ࢇ

൰൬ܕܑܔ
ஶ→࢔

ା૚࢔࢈
ା૚࢙࢔ ⋅ ࢔࢈

൰ = ܕܑܔቀ࢈ࢇ
ஶ→࢔

 ቁ࢙ା࢘࢔

Hence < ࢔ࢉ ࡮ ஹ૚ is a࢔< − ൫૚,࢔ܕܑܔ)࢈ࢇ→ஶ  ൯ is a sequence. Hence the above(࢙ା࢘࢔

theorem yields < ඥ࢔࢔ࢉ ஹ૚࢔<  a ࡸ − (૙,࢔ܕܑܔ)࢈ࢇ→ஶ (࢙ା࢘࢔ ⋅ ૚ ⋅  .૚) sequenceିࢋ

ࢹ =
࢈ࢇ
ࢋ
ቀܕܑܔ
ஶ→࢔

ቁ࢙ା࢘࢔ ቀܕܑܔ
ஶ→࢔

ቁ࢔࢞(࢙ା࢘)ିࢋ =
࢈ࢇ
ࢋ
ቀܕܑܔ
ஶ→࢔

࢙ା࢘࢔  ቁ(࢔ܖܔା࢔ࢽ)(࢙ା࢘)ିࢋ

Where ࢔ࢽ = ૚ + ૚
૛

+ ૚
૜

+ ⋯+ ૚
࢔
− = is Euler’s Constant ࢔ܖܔ ࢈ࢇ

 శ૚  (Ans :)࢔ࢽ(࢙శ࢘)ࢋ
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SP.034. Let ࢌ: (૙,∞) → (૙,∞) be a continuous function such that: 

ஶ→࢞࢓࢏࢒
(ା૚࢞)ࢌ
(࢞)ࢌ࢞

= ࢇ ∈ (૙,∞),and it does exists: 

ஶ→࢞࢓࢏࢒
൫(࢞)ࢌ൯

૚
࢞

࢞
,  find: 

ࢹ = ࢓࢏࢒
ஶ→࢞

ቌ
࢞ + ૚

൫࢞)ࢌ + ૚)൯
૚

૛࢞ା૛
−

࢞

൫(࢞)ࢌ൯
૚
૛࢞
ቍ ⋅  ࢞√

Proposed by D.M. Bătinețu – Giurgiu – Romania  

Solution by Marian Ursărescu – Romania  

Let ࢔ࢇ = (࢔)ࢌ ⇒ ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ࢔

= ࢇ ∧ ∃ ஶ→࢔ܕܑܔ
ඥ࢔࢔ࢇ

࢔
. We must calculate: 

ષ = ஶ→࢔ܕܑܔ ൬
ା૚࢔

ඥ࢔ࢇశ૚૛࢔శ૛ − ࢔

ඥ࢔ࢇ૛࢔ ൰√(1)    ࢔ 

ષ = ܕܑܔ
ஶ→࢔

൭ࢋ
ܖܔ ା૚࢔

ඥ࢔ࢇశ૚
૛࢔శ૛

− ࢋ
ܖܔ ࢔

ඥ࢔ࢇ
૛࢔ ൱√࢔ = ܕܑܔ

ஶ→࢔
ࢋ

࢔
ඥ࢔ࢇ

૛࢔ ൭ࢋ
ܖܔ ା૚࢔

ඥ࢔ࢇశ૚
૛࢔శ૛ ܖܔି ࢔

ඥ࢔ࢇ
૛࢔

− ૚൱√࢔ = 

= ஶ→࢔ܕܑܔ
࢔√
ඥ࢔ࢇ૛࢔ ⋅ ࢔ ⋅ ቌࢋ

࢔శ૚࢔ቆܖܔ ⋅ ඥ࢔ࢇ૛࢔

ඥ࢔ࢇశ૚
૛࢔శ૛ ቇ

− ૚ቍ   (2) 

ܕܑܔ
ஶ→࢔

࢔√
ඥ࢔ࢇ૛࢔ = ܕܑܔ

ஶ→࢔

࢔૛࢔࢔√

ඥ࢔ࢇ૛࢔ = ඩܕܑܔ
ஶ→࢔

ඨ
࢔࢔

࢔ࢇ

࢔
.ࡰ.࡯= ඨܕܑܔ

ஶ→࢔

࢔) + ૚)࢔ା૚

ା૚࢔ࢇ
⋅
࢔ࢇ
࢔࢔ = 

= ට࢔ܕܑܔ→ஶ ቀ
ା૚࢔
࢔
ቁ
࢔
⋅ (ା૚࢔)࢔ࢇ

శ૚࢔ࢇ
== ට࢔ܕܑܔ→ஶ ቀ૚ + ૚

࢔
ቁ
࢔
⋅ ࢔⋅࢔ࢇ
శ૚࢔ࢇ

⋅ ା૚࢔
࢔

= ටࢋ
ࢇ
    (3) 

ܕܑܔ
ஶ→࢔

ࢋቌ࢔
࢔ା૚࢔ቆܖܔ ⋅

ඥ࢔ࢇ૛࢔

ඥ࢔ࢇశ૚
૛࢔శ૛ ቇ

− ૚ቍ == ܕܑܔ
ஶ→࢔

ቌࢋ
ܖܔ

ඥ࢔ࢇ૛࢔

ඥ࢔ࢇశ૚
૛࢔శ૚ ି૚

ቍ

ܖܔ ඥ࢔ࢇ૛࢔

ඥ࢔ࢇା૚
૛࢔శ૛

⋅ ܖܔ
ඥ࢔ࢇ૛࢔

ඥ࢔ࢇା૚૛࢔శ૛ = 

= ܕܑܔ
ஶ→࢔

࢔ ඨܖܔ
ඥ࢔࢔ࢇ

ඥ࢔ࢇା૚࢔శ૚ = ܕܑܔ
ஶ→࢔

࢔
૛ ܖܔ ቆ

ඥ࢔࢔ࢇ

ඥ࢔ࢇା૚࢔శ૚ ቇ = 
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=
૚
૛ ஶ→࢔ܕܑܔ

ܖܔ ቆ
ඥ࢔࢔ࢇ

ඥ࢔ࢇା૚࢔శ૚ ቇ
࢔

=
૚
૛ ஶ→࢔ܕܑܔ൬ܖܔ

൬
࢔ࢇ
ା૚࢔ࢇ

⋅ ඥ࢔ࢇା૚࢔శ૚ ൰൰ 

=
૚
૛ ܖܔ ൬࢔ܕܑܔ→ஶ

࢔ࢇ࢔
ା૚࢔ࢇ

⋅
૚
࢔ ඥ࢔ࢇା૚࢔శ૚ ൰ = 

= ૚
૛
ܖܔ ൬࢔ܕܑܔ→ஶ

࢔ࢇ࢔
శ૚࢔ࢇ

⋅ ା૚࢔
࢔
⋅ ඥ࢔ࢇశ૚
శ૚࢔

ା૚࢔
൰ = ૚

૛
ܖܔ ቀ૚

ࢇ
⋅ ૚ ⋅ ࢇ

ࢋ
ቁ = ି૚

૛
   (4) 

For (1)+(2)+(3)+(4)⇒ ષ = − ૚
૛
ටࢋ
ࢇ

 

 

SP.035. Evaluate 

ܕܑܔ
ஶ→࢔

උ√૝૝ඏ+ උ√૝૝૝૝ඏ + ⋯+ උ√૝૝. . .૝૝ඏᇩᇭᇭᇪᇭᇭᇫ
૛࢔	ܛܜܑ܏ܑ܌	૝

૚૙࢔  

where ⌊࢞⌋ denotes the integer part of ࢞. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

 

Solution by Henry Ricardo - New York – USA  

To simplify things typographically, we introduce the notation  

 .࢓ digit number each of whose digits is - ࢑ to denote the ࢑(࢓࢓…࢓࢓)

First we see that for any positive integer ࢑ 

(૝૝…૝૝)૛࢑ = (૝૝… ૝૝)࢑ ⋅ ૚૙࢑ + (૝૝…૝૝)࢑ 

= (૝૝…૝૝)࢑ ⋅ ൫૚૙࢑ + ૚൯ = ૝(૚૚…૚૚)࢑ ⋅ (ૢ(૚૚…૚૚)࢑ + ૛) 

= ૜૟ ⋅ (૚૚…૚૚)࢑૛ + ૡ(૚૚… ૚૚)࢑ = (૟૟…૟૟)࢑૛ + ૡ(૚૚… ૚૚)࢑ 

< (૟૟…૟૟)࢑૛ + ૡ(૚૚…૚૚)࢑ +
૝
ૢ = ൬(૟૟…૟૟)࢑ +

૛
૜൰

૛

 

Thus (૟૟… ૟૟)࢑૛ < (૝૝…૝૝)૛࢑ < ቀ(૟૟…૟૟)࢑ + ૛
૜
ቁ
૛

, implying that 

(૟૟…૟૟)࢑ < ඥ(૝૝…૝૝)૛࢑ < (૟૟…૟૟)࢑ + ૛
૜
 and so උඥ(૝૝…૝૝)૛࢑ඏ = (૟૟… ૟૟)࢑. 

Now we have ∑ උඥ(૝૝…૝૝)૛࢑ඏ࢔
స૚࢑

૚૙࢔
=

૟⋅∑ (૚૚…૚૚)࢔
స૚࢑ ࢑

૚૙࢔
=

૟⋅∑ ൬૚૙
ష૚࢑
ૢ ൰࢔

స૚࢑

૚૙࢔
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= ૛
૜
ቀ∑ ૚૙࢔࢑

స૚࢑ ࢔ି
૚૙࢔

ቁ = ૛
૜

൬૚૙
శ૚ష૚࢔
ૢ ൰࢔ି

૚૙࢔
= ૛

૛ૠ
ቀ૚૙

࢔శ૚ି૚ିૢ࢔
૚૙࢔

ቁ = ૛
૛ૠ
ቀ૚૙ − ૚

૚૙࢔
− ࢔ૢ

૚૙࢔
ቁ → ૛૙

૛ૠ
 as ࢔ → ∞. 

 

SP.036. Let ࢈,ࢇ,  be positive real numbers such that ࢉ

૜(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ≥
ૡ

૜ࢇ√ + ૜࢈ + ૜ૡࢉ  

Prove that ࢇ+ ࢈ + ࢉ ≥ √ૢ૜ . 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam 

Solution 1 by Anas Adlany - El Jadida- Morroco 

We have known that (ࢇ+ ࢈ + ૜(ࢉ ≔ ૜ࢇ∑ + ૜∏(ࢇ+ (࢈ ≥ ૜ࢇ∑ + ૡ
ඥࢇ૜ା࢈૜ାࢉ૜
ૡ  

≥ ૢඨ(∑ࢇ૜) ൬ ૚
ඥࢇ૜ା࢈૜ାࢉ૜
ૡ ൰

ૡૢ
. Thus,ࢇ + ࢈ + ࢉ ≥ √ૢ૜ . Hence proved. 

Solution 2 by Soumitra Mandal – Kolkata – India  

૜(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ≥
ૡ

૜ࢇ√ + ૜࢈ + ૜ૡࢉ  

⇒෍ࢇ૜
ࢉ࢟ࢉ

+ ૜ෑ(ࢇ + (࢈
ࢉ࢟ࢉ

≥
ૡ

૜ࢇ√ + ૜࢈ + ૜ૡࢉ + ૜ࢇ) + ૜࢈ +  (૜ࢉ

≥ (ૡ + ૚)ඨ൜
૚

૜ࢇ√ + ૜࢈ + ૜ૡࢉ ൠ
ૡ

૜ࢇ) + ૜࢈ + (૜ࢉ
ૢ

= ૢ 

⇒ +ࢇ) ࢈ + ૜(ࢉ ≥ ૢ ⇒ +ࢇ ࢈ + ࢉ ≥ √ૢ૜  (proved). Equality at ࢇ = ࢈ = ࢉ = ૚

√૜૜  

 

 

SP.037. Compute the limit 

ܕܑܔ
ஶ→࢔

න࢔ ቆ૚ܖܔ +
ܖܑܛ ૛܋܍ܛࣂ ࣂ

࢔ ቇ
ܛܗ܋ ࣂ

࣊
૜

࣊
૝

	൬૚ +
ܛܗ܋ ࣂ
࢔ ൰

ܛܗ܋ ࣂ

൬૚ +
ܜܗ܋ ࣂ
࢔ ൰

ܖܑܛ ࣂ ૛܋܍ܛ ࣂ

 ࣂࢊ

Proposed by Kunihiko Chikaya – Tokyo – Japan  
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Solution by Mirza Uzair Baig-Lahore-Pakistan 

It is easy to prove the following asymptotic expansions 

࢔ ቀ૚ܖܔ +
ࢇ
࢔
ቁ
࢈

= ቀ
ࢇ
࢔
ቁ
࢈
൭
+࢈૜)࢈૛ࢇ ૞)

૛૝࢔ −
࢈ࢇ
૛ + ࢔ +  ൱(૛ି࢔)ࡻ

=
+࢈૜)࢈࢈૛ାࢇ ૞)

૛૝࢔૚ା࢈ −
࢈࢈૚ାࢇ
૛࢈࢔ + ࢈૚ି࢔࢈ࢇ +  ൯࢈૛ିି࢔൫ࡻ

ቀ૚ +
ࢇ
࢔
ቁ
࢈

= ૚ +
࢈ࢇ
࢔ +  .(૛ି࢔)ࡻ

Now now that 

࢔ ቆ૚ܖܔ +
ܖܑܛ ࣂ ૛܋܍ܛ ࣂ

࢔ ቇ
ࣂܛܗ܋

= ቆ࢔
(࢞)ܖ܉ܜ + (࢞)܋܍ܛ

࢔ ቇ
(࢞)ܛܗ܋

+  ൯	ࢾି࢔൫ࡻ

൬૚ +
ࣂܛܗ܋
࢔ ൰

ܜܗ܋ ࣂ

= ૚ +
ࣂܛܗ܋ ܜܗ܋ ࣂ

࢔ +  (૛ି࢔)ࡻ

൬૚ +
ܜܗ܋ ࣂ
࢔ ൰

ܖܑܛ ࣂ ૛܋܍ܛ ࣂ

= ૚ +
ܖܑܛ ࣂ ࣂ૛܋܍ܛ ܜܗ܋ ࣂ

࢔ +  (૛ି࢔)ࡻ

For ࢞ ∈ ቀ࣊
૝

, ࣊
૜
ቁ we have, ࢔૚ି(࢞)ܛܗ܋ → ࢔,∞ → ∞. 

Thus limit is +∞. 

 

SP.038. If ࢟,࢞, ࢠ ∈ ℝ ∖ {૚} and ࢔ ∈ ℕ then: 

૚
૜ ෍ ࢞) − ૛࢟ − ૛ࢠ)
ࢉ࢏࢒ࢉ࢟ࢉ

ቆ
ା૚࢔࢞ − ૚
࢞ − ૚ ቇ + ඥ࢞૛ + ૛࢟ + ૛ࢠ 	෍ට࢞૛࢑ + ࢑૛࢟ + ࢑૛ࢠ

࢔

ୀ૙࢑

≥ ૙ 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

First we show that if ࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ ∈ ℝ then: 

࢞ࢇ + ࢟࢈ + +ࢠࢉ ඥ(ࢇ૛ + ૛࢈ + ૛࢞)(૛ࢉ + ૛࢟ + (૛ࢠ ≥ ૛
૜

+ࢇ) ࢈ + ࢞)(ࢉ + ࢟ +  (1)   (ࢠ

Let us ࢚ = ට࢞૛ା࢟૛ାࢠ૛

૛ࢉ૛ା࢈૛ାࢇ
࢞, = ࢟,࢚࢖ = ,࢚ࢗ ࢠ = ࢚࢘ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ = ૛࢖ + ૛ࢗ +  ૛ and (1)࢘

becomes ࢖ࢇ + +ࢗ࢈ +࢘ࢉ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛
૜

ࢉ) + ࢈ + +࢖)(ࢉ ࢗ +  or (࢘
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૝(ࢇ + ࢈ + +࢖)(ࢉ ࢗ + (࢘ ≤ ൫(ࢇ + +࢈ (ࢉ + +࢖) ࢗ + ൯(࢘

૛
 it suffices to prove that: 

+ࢇ) ૛(࢈ + ࢈) + ૛(ࢗ + ࢉ) + ૛(࢘ ≥ ૚
૜
൫(ࢇ+ (࢖ + ࢈) + (ࢗ + ࢉ) + ൯(࢘

૛
. This is clearly true. 

In (1) we take ࢇ = ࢈,࢑࢞ = ,࢑࢟ ࢉ = ࢑ࢠ ⇒ 

෍ቆ࢑࢞ା૚ + ା૚࢑࢟ + ା૚࢑ࢠ + ට(࢞૛ + ૛࢟ + ࢑૛࢞)(૛ࢠ + ࢑૛࢟ + ቇ(࢑૛ࢠ
࢔

ୀ૙࢑

≥ 

≥ ૛
૜
∑ ࢞) + ࢟ + ࢑࢞൫(ࢠ + ࢑࢟ + ࢔൯࢑ࢠ
࢑  or 

૚
૜ ෍ ࢞) − ૛࢟ − ૛ࢠ)ቆ

ା૚࢔࢞ − ૚
࢞ − ૚ ቇ

ࢉ࢏࢒ࢉ࢟ࢉ

+ ඥ࢞૛ + ૛࢟ + ࢑૛࢞૛෍ටࢠ + ࢑૛࢟ + ࢑૛ࢠ
࢔

ୀ૙࢑

≥ ૙ 

 

SP.039. Prove that if ࢈,ࢇ, ࢉ ∈ (૚,∞) then: 

ܖܔቚࢋ
࢈ࢇ
ࢉ ቚ ⋅ ܖܔቚࢋ

ࢉࢇ
࢈ ቚ ⋅ ܖܔቚࢋ

ࢉ࢈
ࢇ ቚ ⋅ ൬

૚
+ࢇ

૚
࢈ +

૚
൰ࢉ

૜

≥ ૛ૠ 

Proposed by Daniel Sitaru – Romania  

Solution by Nguyen Phuc Tang – Hanoi – Vietnam  

We have ቚܖܔ ࢈ࢇ
ࢉ
ቚ + ቚܖܔ ࢉࢇ

࢈
ቚ + ቚܖܔ ࢉ࢈

ࢇ
ቚ ≥ ቚܖܔ ࢈ࢇ

ࢉ
+ ܖܔ ࢉࢇ

࢈
+ ܖܔ ࢉ࢈

ࢇ
ቚ =  (ࢉ࢈ࢇ)ܖܔ

૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ૜

૜ࢉ࢈ࢇ√    (AM-GM) 

ࡿࡴࡸ = ܖܔቚࢋ
࢈ࢇ
ࢉ ቚାቚܖܔ

ࢉࢇ
࢈ ቚାቚܖܔ

ࢉ࢈
ࢇ ቚ ൬

૚
+ࢇ

૚
࢈ +

૚
൰ࢉ

૜

≥ (ࢉ࢈ࢇ)ܖܔࢋ ⋅
૛ૠ
ࢉ࢈ࢇ ≥ ࢉ࢈ࢇ ⋅

૛ૠ
ࢉ࢈ࢇ = ૛ૠ 

Equality holds if ࢇ = ࢈ =  .ࢉ

 

SP.040. Prove that if ࢈,ࢇ, ࢉ ∈ ൫√૜,∞൯ then: 

(ࢉ࢈)ܖܔ
(૛ࢇࢋ)ܖܔ +

(ࢉࢇ)ܖܔ
(૛࢈ࢋ)ܖܔ +

(࢈ࢇ)ܖܔ
(૛ࢉࢋ)ܖܔ ≥ ૛෍

ࢉܖܔ
૚ + ૛√ࢇܖܔ ࢈ܖܔ

 

Proposed by Daniel Sitaru – Romania  

Solution by Nguyen Phuc Tang – Hanoi – Vietnam  

We have ܖܔ ࢇ ≥ ૚, ܖܔ ࢈ ≥ ૚, ܖܔ ࢉ ≥ ૚. The given inequality is equivalent to  
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ܖܔ +࢈ ܖܔ ࢉ
૚ + ૛ ࢇܖܔ +

ܖܔ +ࢇ ܖܔ ࢉ
૚+ ૛ ࢈ܖܔ +

࢈ܖܔ + ܖܔ ࢇ
૚ + ૛ ܖܔ ࢉ ≥ ෍

ࢉܖܔ
૚ + ૛√ࢇܖܔ ࢈ܖܔ

 

⇔ ܖܔ)∑ (ࢉ ቀ ૚
૚ା૛ ࢇܖܔ

+ ૚
૚ା૛ ࢈ܖܔ

− ૛
૚ା૛√ࢇܖܔ ܖܔ ࢈

ቁ ≥ ૙   (*) 

 (*) is true, by the well – known inequality 
૚

૚ା࢞૛
+ ૚

૚ା࢟૛
≥ ૛

૚ା࢟࢞
  for all ࢟,࢞ > ࢟࢞ & 0 ≥ ૚. Equality holds if ࢇ = ࢈ =  .ࢉ

 

SP.041.  Let be ࢌ: [૙,૚] → ℝ,ࢌ continuous on [૙,૚]. Compute: 

ܕܑܔ
ஶ→࢔

∑ ቀ(࢔ − ࢑ + ૚)૛ ∑ ࢌ ቀ࢔࢐ቁ
࢑
ୀ૚࢐ ቁ࢔

ୀ૚࢑

+࢔)૛࢔ ૚)(૛࢔ + ૚)  

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash – New Delhi – India  

෍(࢔ − +࢑ ૚)૛
࢔

ୀ૚࢑

෍ࢌ൬
࢐
൰࢔

࢑

ୀ૚࢐

= 

= ࢌ૛࢔ ൬
૚
൰࢔ + −࢔) ૚)૛ ൤ࢌ ൬

૚
൰࢔ + ࢌ ൬

૛
൰൨࢔ + −࢔) ૛)૛ ൤ࢌ ൬

૚
+൰࢔ ࢌ ൬

૛
൰࢔ + ࢌ ൬

૜
൰൨࢔ + ⋯ 

… + ૚૛ ൤ࢌ ൬
૚
൰࢔ + ࢌ ൬

૛
+൰࢔ ⋯+ ࢌ ቀ

࢔
࢔
ቁ൨ = 

= ∑ ࢑ቀࢌ
࢔
ቁ࢔

ୀ૚࢑ [૚૚ + ૛૛ + ⋯+ −࢔) ࢑ + ૚)૛]   (1) 

We know ૚
૜
૜࢑ < ૚૛ + ૛૛ + ⋯+ ૛࢑ < ૚

૜
+࢑) ૚)૜ 

૚
૜

࢔) − +࢑ ૚)૜ < ෍ ૛࢐
ା૚࢑ି࢔

ୀ૚࢐

<
૚
૜

࢔) − ࢑ + ૛)૜ 

Using (1), we get ∑ ૚
૜

ቁ࢔࢑ቀࢌ૜(ା૚࢑ି࢔)

(ା૚࢔૛)(ା૚࢔)૛࢔
࢔
ୀ૚࢑ < ܬ < ∑ ૚

૜
࢔
ୀ૚࢑

ቁ࢔࢑ቀࢌ૜(ା૛࢑ି࢔)

(ା૚࢔૛)(ା૚࢔)૛࢔
 (2) 

When  ࡶ =
∑ ቀ(࢑ି࢔ା૚)૛ ∑ ቀࢌ ቁ࢔࢐

࢑
స૚࢐ ቁ࢔

స૚࢑

(ା૚࢔૛)(ା૚࢔)૛࢔
. Now, ∑ ૚

૜
⋅

ቁ࢔࢑ቀࢌ૜(ା૚࢑ି࢔)

(ା૚࢔૛)(ା૚࢔)૛࢔
࢔
ୀ૚࢑ = 

=
૚
૟෍

૚

࢔ ቀ૚ + ૚
ቁ࢔ ቀ૚ + ૚

૛࢔ቁ

࢔

ୀ૚࢑

൬૚ +
૚
࢔ −

࢑
൰࢔

૜

ࢌ ൬
࢑
 ൰࢔
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= ૚
૟
⋅ ૚

ቀ૚ା૚࢔ቁቀ૚ା
૚
૛࢔ቁ

⋅ ૚
࢔
⋅ ∑ ൜ቀ૚ − ࢑

࢔
ቁ
૜
ࢌ ቀ࢑

࢔
ቁ + ૜

࢔
ቀ૚ − ࢑

࢔
ቁ
૛
࢑ቀࢌ

࢔
ቁ + ૜

૛࢔
ቀ૚ − ࢑

࢔
ቁ ࢌ ቀ࢑

࢔
ቁ + ૚

૜࢔
ࢌ ቀ࢑

࢔
ቁൠ࢔

ୀ૚࢑   

→
૚
૟
቎න(૚ − ૜(࢞
૚

૙

+࢞ࢊ(࢞)ࢌ (૙)න(૚ − (࢞)ࢌ૛(࢞
૚

૙

+࢞ࢊ (૙)න(૚ − (࢞)ࢌ(࢞
૚

૙

࢞ࢊ + (૙)න(࢞)ࢌ
૚

૙

቏࢞ࢊ = 

=
૚
૟න

(૚ − ૜(࢞
૚

૙

 ࢞ࢊ(࢞)ࢌ

Similarly, expression on ࡿࡴࡾ of (2) approaches:  

૚
૟න

(૚ − ૜(࢞
૚

૙

;࢞ࢊ(࢞)ࢌ ࡶ	 →
૚
૟න

(૚ − ૜(࢞
૚

૙

 ࢞ࢊ(࢞)ࢌ

as ࢔ → ∞ 

 

SP.042. If ࡮,࡭ ∈  :then (ࡾ)૛ࡹ

૛ࡵ࢞)ܜ܍܌ + ࡮࡭࢟ + (࡭࡮ࢠ + ૛ࡵ࢟)ܜ܍܌ + ࡮࡭ࢠ + (࡭࡮࢞ + ૛ࡵࢠ)ܜ܍܌ + ࡮࡭࢞ + (࡭࡮࢟ ≥ 

≥ ࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬൫૚ + ൯(࡮࡭)࢘ࢀ
૛

+ ૛(࡮࡭)ܜ܍܌−  ൰(૛࡮૛࡭)࢘ࢀ

for any ࢟,࢞, ࢠ ∈ ℝ 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

With elementary calculus holds: 

૛ࡵ࢞)ܜ܍܌ + ࡮࡭࢟ + (࡭࡮ࢠ = ૛࢞ + ࢟)࢞ + (࡮࡭)࢘ࢀ(ࢠ + ૛࢟) + (࡮࡭)ܜ܍܌(૛ࢠ + 

ࢠ࢟+ ൬൫(࡮࡭)࢘ࢀ൯
૛
− ૛࢞ ൰ and using the inequality(૛࡮૛࡭)࢘ࢀ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + +ࢠ࢟  ࢞ࢠ

holds ࡵ࢞)ܜ܍܌૛ + ࡮࡭࢟ + (࡭࡮ࢠ + ૛ࡵ࢟)ܜ܍܌ + ࡮࡭ࢠ + (࡭࡮࢞ + ૛ࡵࢠ)ܜ܍܌ + ࡮࡭࢞ + (࡭࡮࢟ = 

= ૛࢞) + ૛࢟ + (૛ࢠ + ૛(࢟࢞ + ࢠ࢟ + (࡮࡭)࢘ࢀ(࢞ࢠ + ૛(࢞૛ + ૛࢟ + (࡮࡭)ܜ܍܌(૛ࢠ + 

࢟࢞)+ + +ࢠ࢟ (࢞ࢠ ൬൫(࡮࡭)࢘ࢀ൯૛ − ૛൯൰࡮૛࡭൫࢘ࢀ ≥ ࢟࢞) + +ࢠ࢟ ൫૚(࢞ࢠ + ૛(࡮࡭)࢘ࢀ + ൯૛(࡮࡭)࢘ࢀ + 

+૛(࡮࡭)ܜ܍܌ − (૛࡮૛࡭)࢘ࢀ = ࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬൫૚ + ൯(࡮࡭)࢘ࢀ
૛

+ ૛ −(࡮࡭)ܜ܍܌  ൰(૛࡮૛࡭)࢘ࢀ
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SP.043. If ࢟,࢞, ,࢈,ࢇ,ࢠ ࢉ > 0 then: 

࢟૜࢞ + ࢠ૜࢟ + ࢞૜ࢠ ≥ ൫࢞૜ࢇା࢟ࢉ૜࢈ାࢠࢇ૜ࢉା࢈൯
૚

ࢉା࢈ାࢇ + ൫࢟૜ࢇାࢠࢉ૜࢈ା࢞ࢇ૜ࢉା࢈൯
૚

ࢉା࢈ାࢇ + 

+൫ࢠ૜ࢇା࢞ࢉ૜࢈ା࢟ࢇ૜ࢉା࢈൯
૚

 ࢉା࢈ାࢇ

Proposed by Mihály Bencze – Romania  

Solution by proposer 

We have: ࢞ࢇ૜࢟ + +ࢠ૜࢟࢈ ࢞૜ࢠࢉ ≥ ࢇ) + +࢈ (ࢉ(࢞૜ࢠ)(ࢠ૜࢟)ࢇ(࢟૜࢞))(ࢉ
૚

ࢉశ࢈శࢇ = 

= +ࢇ) ࢈ + ൯࢈ାࢉ૜ࢠࢇା࢈૜࢟ࢉାࢇ૜࢞൫(ࢉ
૚

ࢉା࢈ାࢇ ⇒ +ࢇ) +࢈ ࢟૜࢞෍(ࢉ = 

= ෍(࢞ࢇ૜࢟ + ࢠ૜࢟࢈ + (࢞૜ࢠࢉ ≥ +ࢇ) ࢈ + ൯࢈ାࢉ૜ࢠࢇା࢈૜࢟ࢉାࢇ૜࢞෍൫(ࢉ
૚

 ࢉା࢈ାࢇ

 

SP.044. In all convex quadrilateral ࡰ࡯࡮࡭ we have: 

ࢇ−) + ࢈ + ࢉ + ࢻ(ࢊ + ࢇ) − ࢈ + ࢉ + ࢻ(ࢊ + ࢇ) + ࢈ − ࢉ + ࢻ(ࢊ + +ࢇ) ࢈ + ࢉ − ࢻ(ࢊ ≥ 

≥ ൬
+ࢇ ࢈ + ࢉ

૜ + ൰ࢊ
ࢻ

+ ൬
+࢈ +ࢉ ࢊ

૜ + ൰ࢇ
ࢻ

+ ൬
ࢉ + +ࢊ ࢇ

૜ + ൰࢈
ࢻ

+ ൬
+ࢊ ࢇ + ࢈

૜ + ൰ࢉ
ࢻ

 

for all ࢇ ≥ ૚. 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

૚࢞
૛࢞ାࢻ

૜࢞ାࢻ
ࢻ

૜
≥ ቀ࢞૚ା࢞૛ା࢞૜

૜
ቁ
ࢻ

 for all ࢞૚, ૜࢞,૛࢞ > 0 

If ࢞૚ = +ࢇ− ࢈ + ࢉ + ,ࢊ ૛࢞ = ࢇ − ࢈ + ࢉ + ૜࢞,ࢊ = ࢇ + ࢈ − ࢉ + ,ࢊ ૝࢞ = +ࢇ ࢈ + ࢉ −  ࢊ

and ࢞૚, ,૛࢞ ૝࢞,૜࢞ > 0 then ࢞૚ࢻ + ࢻ૛࢞ + ࢻ૜࢞ + ࢻ૝࢞ = ∑ ૚࢞
૛࢞ାࢻ

૜࢞ାࢻ
ࢻ

૜ࢉ࢏࢒ࢉ࢟ࢉ ≥ ∑ቀ࢞૚ା࢞૛ା࢞૜
૜

ቁ
ࢻ

 

or ∑(−ࢇ + ࢈ + ࢉ + ࢻ(ࢊ ≥ ∑ቀࢇା࢈ାࢉ
૜

+ ቁࢊ
ࢻ

 etc. 

 

SP.045. If ࢈,ࢇ, ࢉ ∈ (૙,૚) then: 

૚

൫ࢇ(૚ − ૝)൯ࢇ
૝࢔ +

૚

൫࢈(૚ − ૝)൯࢈
૝࢔ +

૚

൫ࢉ(૚ − ૝)൯ࢉ
૝࢔ ≥ ૜൬

૜૚૛૞
૛૞૟ ൰

࢔

 

Proposed by Mihály Bencze – Romania  
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Solution by proposer 

We have: ૚
૚ିࢇ૝

≥ ૞ √૞૞

૝
ࢇ ⇔ ૝૞√ࢇ = ,࢞ ૚

૞ି࢞૝
≥ ૞࢞

૝
⇔ 

⇔ ࢞) − ૚)૛(࢞૜ + ૛࢞૛ + ૜࢞ + ૝) ≥ ૙ ⇒
૚

૚)ࢇ − (૝ࢇ ≥
૞√૞૞

૝ ⇒ 

෍
૚

൫ࢇ(૚ − ૝)൯ࢇ
૝࢔ ≥෍ቆ

૞√૞૞

૝ ቇ
૝࢔

= ૜ ൬
૜૚૛૞
૛૞૟ ൰

࢔

 

 

UP.031. If ࡯,࡮,࡭ ∈ ;(ℂ)࢔ࡹ ࢔	 ≥ ૛;࡭ܜ܍܌ ≠ ૙;࡮࡭ = ࡯࡭;࡭࡮ = ࡮૛࡭ ;࡭࡯ + ࡯ =  then ࡯࡮࡭

࡯࡮ =  .࡮࡯

Propsed by D.M. Bătinețu – Giurgiu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

࡮࡭ = ࡯࡭;࡭࡮ = ࡮૛࡭ and ࡭࡯ + ࡯ =  ࡯࡮࡭

Now ࡭૛࡮ + ࡯ = ࡯࡮࡭ ⇒ ࡮૛࡭) + (࡯ ⋅ ࡮ = ࡮࡯࡮࡭ ⇒ ૛࡮૛࡭ + ࡮࡯ =  ࡮࡯࡮࡭

⇒ ࡮(࡮࡭)࡭ + ࡮࡯ = ࡮࡯࡮࡭ ⇒ ૛(࡮࡭) + ࡮࡯ = ∵]	࡮࡯࡮࡭ ࡮࡭ =  [࡭࡮

⇒ ࡮࡯ = ࡮࡯)࡮࡭ −  (1) … (࡮࡭

Again, ࡭૛࡮ + ࡯ = ࡯࡮࡭ ⇒ ࡮ ⋅ ࡮૛࡭) + (࡯ = ࡯࡮࡭࡮ ⇒ ࡮૛࡭࡮ + ࡯࡮ =  ࡯࡮࡭࡮

⇒ ࡮࡭(࡭࡮) + ࡯࡮ = ࡯࡮࡭࡮ ⇒ ૛(࡭࡮) + ࡯࡮ = ∵]	࡯࡮࡭࡮ ࡮࡭ =  [࡭࡮

⇒ ࡯࡮ = ࡯࡮)࡭࡮ − (࡭࡮ ⇒ ࡯࡮ = −࡯࡮)࡮࡭ ∵](࡮࡭ ࡮࡭ =  (2) … [࡭࡮

So, from (2) – (1): ࡯࡮ − ࡮࡯ = −࡯࡮)࡮࡭  (࡮࡯

࡯࡮)ܜ܍܌ − (࡮࡯ = −࡯࡮)ܜ܍܌(࡮࡭)ܜ܍܌ (࡮࡯ ⇒ −࡯࡮)ܜ܍܌ ૚)(࡮࡯ − ((࡮࡭)ܜ܍܌ = ૙ 

Now, now (࡮࡭)ܜ܍܌ ≠ ૚ since if (࡮࡭)ܜ܍܌ = ૚ the ࡮࡭ = ࢔ࡵ ⇒ ࡮ = ૚ି࡭  

so from relation ࡭૛࡮ + ࡯ = ࡭ we would have got ࡯࡮࡭ = (࡭)ܜ܍܌ but ࢔ࡻ ≠ ૙, hence a 

contradiction. So, (࡮࡭)ܜ܍܌ = ૚ is neglected. 

∴ ࡯࡮)ܜ܍܌ − (࡮࡯ = ૙ ⇒ ࡯࡮ =  (proved) ࡮࡯
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UP.032. If ࢟,࢞, ࢠ ∈ ℂ∗;࡯,࡮,࡭ ∈ ࢔;(ℂ)࢔ࡹ ≥ ૛; ࡭૛࢞ + ࡮ = ࡮૛࢟;࡮࡭࢞ + ࡯ =  ;࡯࡮࢟

࡯૛ࢠ + ࡭ =  :then ࡭࡯ࢠ

+ࢠ࢟)࢟࢞ (ࢠ + ૚
ࢠ࢟ ࡭ +

+࢞ࢠ)ࢠ࢟ ૛) + ૚
࢞ࢠ ࡮ +

+࢟࢞)࢞ࢠ ૛) + ૚
࢟࢞ ࡯ = ૜࡯࡮࡭ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by Marian Ursărescu – Romania  

Theorem: If ࡺ,ࡹ ∈ ࡺࡹ such that (ℂ)࢔ࡹ = ࢔ࡵ ⇒ ࡹࡺ = ࢔ࡵ , then ࡺࡹ =  ࡹࡺ

࡭૛࢞ + ࡮ = ࡮࡭࢞ ⇒ −࡮࡭࢞ ૛࢞ ࡮− = ࢔ࡻ ⇒ −࡮)࡭࢞ (࢔ࡵ࢞ − ࡮ + ࢔ࡵ࢞ = ࢔ࡵ࢞  

⇒ ࡭࢞) − −࡮)(࢔ࡵ (࢔ࡵ࢞ = ૝ࡵ࢞ ⇒ ࡮) − −࡭࢞)(࢔ࡵ࢞ (࢔ࡵ = ࢔ࡵ࢞ ⇒ 

⇒ −࡭࡮࢞ −࡮ ࡭૛࢞ + ࢔ࡵ࢞ = ࢔ࡵ ⇒ ࡭࡮࢞ = ࡭૛࢞ + ࡮ ⇒ ࡮࡭ = ࡯࡮ and similarly ࡭࡮ =  ࡮࡯

and ࡯࡭ =  :We must show this .࡭࡯

+ࢠ૛࢟૛࢞) ૛࢞૛࢟ + ࡭(࢞ + ૛ࢠ૛࢟࢞) + ૛࢟૛ࢠ+ ࡮(࢟ + ૛ࢠ࢟૛࢞) + ૛ࢠ૛࢞ + ࡯(ࢠ = ૜(1)  ࡯࡮࡭ࢠ࢟࢞ 

࡮࡭࢞ = ࡭૛࢞ + ࡮ ⇒ ࡯࡮࡭ࢠ࢟࢞ = ࡯࡭ࢠ࢟૛࢞ + ࡯࡮ࢠ࢟ = +࡯૛ࢠ)࢟૛࢞ (࡭ + ࡮૛࢟)ࢠ + (࡯ = 

= ࡯૛ࢠ࢟૛࢞ + ࡭࢟૛࢞ + ࡮ࢠ૛࢟ +  (2)   ࡯ࢠ

࡯࡮࢟ = ࡮૛࢟ + ࡯ ⇒ ࡯࡮࡭ࢠ࢟࢞ = ࡮࡭ࢠ૛࢟࢞ + ࡯࡭ࢠ࢞ = 

= ࡭૛࢞)ࢠ૛࢟ + (࡮ + +࡯૛ࢠ)࢞ (࡭ = ࡭ࢠ૛࢟૛࢞ + ࡮ࢠ૛࢟ + ࡯૛ࢠ࢞ +  (3)   ࡭࢞

࡭࡯ࢠ = +࡯૛ࢠ ࡭ ⇒ ࢠ࢟࢞ = ࡯࡮૛ࢠ࢟࢞ + ࡮࡭࢟࢞ = ࡮૛࢟)૛ࢠ࢞ + (࡯ + ࡭૛࢞)࢟ + (࡮ = 

= ࡮૛ࢠ૛࢟࢞ + ࡯૛ࢠ࢞ + ࡭࢟૛࢞ +  (4)    ࡮࢟

From (2)+(3)+(4)⇒ ૜࡯࡮࡭ࢠ࢟࢞ = ࢠ૛࢟૛࢞) + ૛࢞૛࢟ + +࡭(࢞ ૛ࢠ૛࢟࢞) + ૛࢟૛ࢠ + ࡮(࢟ + 

૛ࢠ࢟૛࢞)+ + ૛ࢠ૛࢞ + ࡯(ࢠ ⇒ (1) its true. 

 

UP.033. If ࢈,ࢇ > 0 then: 

૛൫√ࢇ + ൯࢈√
૛

+ ૜࢈ࢇ√ ൫√ࢇ૜ + ૜࢈√ ൯ ≤ ૜ඨ
+ࢇ ࢈
૛

૜
൫√ࢇ૜ + ૜࢈√ ൯ቌඨ

૛ࢇ+ ࢈
૜

૜
+ ඨࢇ + ૛࢈

૜
૜

ቍ 

Proposed by Mihály Bencze – Romania  
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Solution by proposer  

By the AM-GM inequality ⇒

⎩
⎪⎪
⎨

⎪⎪
⎧ට૚ ⋅ ૛ࢇ

࢈ାࢇ
⋅ ૜ࢇ
ࢉା࢈ାࢇ

૜
≤

૚ା ૛ࢇ
ା࢈శࢇ

૜ࢇ
ࢉశ࢈శࢇ

૜

ට૚ ⋅ ૚ ⋅ ૜࢈
ࢉା࢈ାࢇ

૜
≤

૚ା૚ା ૜࢈
ࢉశ࢈శࢇ
૜

ට૚ ⋅ ૛࢈
࢈ାࢇ

⋅ ૜ࢉ
ࢉା࢈ାࢇ

૜
≤

૚ା ૛࢈
ା࢈శࢇ

૜ࢉ
ࢉశ࢈శࢇ

૜

 

After addition holds ࢇ + ට࢈ࢇ ࢈ାࢇ
૛

૜
+ ૜ࢉ࢈ࢇ√ ≤ ටࢇ ⋅ ࢈ାࢇ

૛
⋅ ࢉା࢈ାࢇ

૜

૜
 but 

+ࢇ ࢈ࢇ√ + ૜ࢉ࢈ࢇ√ ≤ +ࢇ ට࢈ࢇ ࢈ାࢇ
૛

૜
+ ૜ࢉ࢈ࢇ√  therefore for ࢈,ࢇ, ࢉ > 0 holds: 

ା࢈ࢇ√ାࢇ ૜ࢉ࢈ࢇ√

૜
≤ ටࢇ ⋅ ࢈ାࢇ

૛
⋅ ࢉା࢈ାࢇ

૜

૜
    (1) 

In (1) we take ࢉ = ࢉ and ࢇ = ା࢈ࢇ√ାࢇ :then ࢈
ඥࢇ૛࢈
૜

૜
≤ ටࢇ ࢈ାࢇ

૛
⋅ ૛ࢇା࢈

૜

૜
 and 

ା࢈ࢇ√ାࢇ ඥ࢈ࢇ૛
૜

૜
≤ ටࢇ ⋅ ࢈ାࢇ

૛
⋅ ࢈ା૛ࢇ

૜

૜
 and after addition holds the desired inequality. 

 

UP.034. Find the numbers ࢈,ࢇ, ࢉ ∈ ℕ∗ knowing that: 
ା૚ࢇ
࢈
∈ ℕ, ା૚࢈

ࢉ
∈ ℕ and ࢉା૚

ࢇ
∈ ℕ 

Proposed by Gheorghe Alexe; George – Florin Șerban – Romania  

Solution by SK Rejuan West Bengal – India  

Case I: If  three at a,࢈, ࢇ are equal ie ࢉ = ࢈ = ࢉ ∈ ℕ∗  
ା૚ࢇ
࢈

= ା૚࢈
ࢉ

= ା૚ࢉ
ࢇ

= ା૚ࢇ
ࢇ

, which belongs to ℕ [given] 

Now, ࢇା૚
ࢇ
∈ ℕ if ࢇ = ૚ ⇒ ࢇ = ૚ = ࢈ =  ࢉ

∴ (૚,૚,૚) = ,࢈,ࢇ)  is a solution (ࢉ

Case II: If two of them are equal. Let ࢇ = ≠)࢈  (ࢉ
ା૚ࢇ
࢈

, ା૚࢈
ࢉ

, ା૚ࢉ
ࢇ
∈ ℕ [given]. Now, ࢇା૚

࢈
= ା૚ࢇ

ࢇ
, it belongs to ℕ if ࢇ = ૚ ⇒ ࢇ = ૚ =  ࢈

From ࢈ା૚
ࢉ
∈ ℕ we get, ૚ା૚

ࢉ
∈ ℕ [∴ ࢈ = ૚] ⇒ ૛

ࢉ
∈ ℕ ⇒ ࢉ = ૚ or ૛  

but ࢉ ≠ ࢇ) = (࢈ ⇒ ࢉ ≠ ૚ ⇒ ࢉ = ૛ ie (࢈,ࢇ, (ࢉ = (૚,૚,૛) is a solution, 
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similarly, by taking ࢇ = ≠)ࢉ ,࢈,ࢇ) we get (࢈ (ࢉ = (૚,૛,૚) is a solution 

and by taking ࢇ ≠ ࢈) = ,࢈,ࢇ)  we get (ࢉ (ࢉ = (૛,૚,૚) is a solution 

Case III: If three of them inequal, so in this case we get six possibilities ie 

ࢇ < ܾ < ܿ or ࢇ < ܿ < ܾ or ࢈ < ܿ < ܽ or ࢈ < ܽ < ܿ or ࢉ < ܽ < ܾ or ࢉ < ܾ < ܽ 

Subcase I: When ࢇ < ܾ < ܿ ⇒ ࢇ) + ૚) < ܾ + 1 < +ࢉ) ૚) (1) 

From (1) we get, ࢇା૚
࢈

< ା૚࢈
࢈

= ૚ + ૚
࢈
	[∵ ࢈ ∈ ℕ∗] 

∵ ା૚ࢇ
࢈
∈ ℕ and ࢇା૚

࢈
< 1 + ૚

࢈
⇒ ା૚ࢇ

࢈
= ૚ ⇒ ࢇ + ૚ =  ࢈

൤∵ ࢈ ∈ ∗ࡺ ∴ ࢈ ≥ ૚ ⇒
૚
࢈ ≤ ૚ ⇒ ૚ +

૚
࢈ ≤ ૛ ⇒

ࢇ + ૚
࢈ < 2	ܽ݊݀

+ࢇ ૚
࢈ ∈ ℕ൨ 

Subcase II: If ࢇ < ܿ < ܾ ⇒ +ࢇ ૚ < ܿ + 1 < ܾ + 1. It is given ࢇା૚
࢈
∈ ℕ ⇒ +ࢇ)|࢈ ૚) 

Also by own assumption ࢇ < ܾ and by given condition ࢇ)|࢈+ ૚) 

⇒ ࢇ must be consecutive number in ℕ∗ and ࢈ and ࢇ < ܾ 

∵ ࢇ are consecutive numbers in ℕ∗ and ࢈,ࢇ < ܾ so there exists no number ࢉ betwen ࢇ 

and b which also belongs to ℕ∗ ie for ࢇ < ܿ < ܾ and  
ା૚ࢇ
࢈

, ା૚࢈
ࢉ

, ା૚ࢉ
࢈
∈ ℕ we get no solutions 

∴ No solutions for the case ࢇ < ܿ < ܾ and ࢇା૚
࢈

, ା૚࢈
ࢉ

, ା૚ࢉ
ࢇ
∈ ℕ. 

Subcase III: If ࢈ < ܿ < ܽ. In this case, by similar calculation at subcase I we get 

,࢈,ࢇ) (ࢉ = (૜,૚,૛); ,࢈,ࢇ)	 (ࢉ = (૞,૜,૝) 

Subcase IV: If ࢈ < ܽ < ܿ 

In this case, by similar calculation at subcase II we get ∃ no solution. 

Subcase V: If ࢉ < ܽ < ܾ, in this case by similar calculation at subcase I we get, 

,࢈,ࢇ) (ࢉ = (૛,૜,૚); ,࢈,ࢇ)	 (ࢉ = (૝,૞,૜) 

Subcase VI:  

If ࢉ < ܾ < ܽ, in this case by similar calculation at subcase I we get, ∃ no solutions. 

Similarly from (1) we get,  ࢈ା૚
ࢉ

< ା૚ࢉ
ࢉ

= ૚ + ૚
ࢉ
 

∵ ା૚࢈
ࢉ
∈ ℕ and ࢈ା૚

ࢉ
< 1 + ૚

ࢉ
⇒ ା૚࢈

ࢉ
= ૚ ⇒ +࢈ ૚ = ࢉ ⇒ ࢇ + ૚ + ૚ = ࢉ ⇒ ࢉ = ࢇ + ૛ 

[by similar asignment] 
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Now, ࢉା૚

ࢇ
∈ ℕ [given ⇒ ା૛ା૚ࢇ

ࢇ
∈ ℕ ⇒ ା૜ࢇ

ࢇ
∈ ℕ ⇒ ૚ + ૜

ࢇ
∈ ℕ 

which is possible if ࢇ = ૚ or ૜ 
ࢇ	ࢌ࢏ = ૚ ⇒ ࢈ = ૛ ⇒ ࢉ = ૜
ࢇ	ࢌ࢏ = ૜ ⇒ ࢈ = ૝ ⇒ ࢉ = ૞ൠ

,࢈,ࢇ) (ࢉ = (૚,૛,૜)
,࢈,ࢇ) (ࢉ = (૜,૝,૞) is also solution 

Therefore the solutions are: 
(ࢉ,࢈,ࢇ) ∈ {(૚,૚,૚)	, (૚,૚,૛), (૚,૛,૚), (૛,૚,૚), (૚,૛,૜), (૜,૝,૞), (૜,૚,૛), (૞,૜,૝), (૛,૜, ૚), (૝,૞,૜)} 

 

UP.035. Find: 

ષ = ܕܑܔ
∞→࢔

ቀ ඥ(૛࢔+ ૚)‼૜࢔శ૜ − ඥ(૛࢔ − ૚)‼૜࢔ ቁ ඥ࢔૛૜  

   Proposed by D. M. Bătinețu – Giurgiu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା
∗ 	× 	ℝା

∗ . If (࢔ࢇ)࢔ஹ૚ ∈ ℝା)ࡿ
∗ ) is a ࡮ − ࢚) + ૚,ࢇ) sequence, then 

൫ඥ࢔࢔ࢇ ൯
ஹ૚࢔

 is a ࡸ − ൫࢚)ࢇ,࢚+ ૚),ିࢋ(࢚ା૚)൯ sequence. 

ࢹ = ܕܑܔ
ஶ→࢔

ቀ ඥ(૛࢔ + ૚)‼૜࢔శ૜ − ඥ(૛࢔ − ૚)‼૜࢔ ቁ ඥ࢔૛૜ = 

= ൛࢔ܕܑܔ→ஶ൫ ඥ࢔ࢇା૚࢔శ૚ − ඥ࢔࢔ࢇ ൯ൟ൫࢔ܕܑܔ→ஶ ૛૜࢔√ ൯ where ࢔ࢇ = ඥ(૛࢔ − ૚)‼૜   

for all ࢔ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

= ൬ܕܑܔ
ஶ→࢔

૚
૛૜࢔√ ൰ቌܕܑܔ

ஶ→࢔
ඨ

(૛࢔+ ૚)‼
࢔ ⋅ (૛࢔ − ૚)‼

૜
ቍ = 

= ൬ܕܑܔ
ஶ→࢔

૚
૛૜࢔√ ൰ቌܕܑܔ

ஶ→࢔
ඨ
૚
࢔ ⋅

(૛࢔+ ૚)!
૛࢔ ⋅ !࢔ ⋅

૛ି࢔૚ ⋅ −࢔) ૚)!
(૛࢔ − ૚)!

૜
ቍ = 

= ൬ܕܑܔ
ஶ→࢔

૚
૛૜࢔√ ൰ቌܕܑܔ

ஶ→࢔
ඨ૛ −

૚
࢔

૜
ቍ = √૛૜ ൬ܕܑܔ

ஶ→࢔

૚
૛૜࢔√ ൰ 

Hence, (࢔ࢇ)࢔ஹ૚ is a ࡮− ቆ૚, √૛૜ ൬࢔ܕܑܔ→ஶ
૚

ඥ࢔૛
૜ ൰ቇ sequence so by the above theorem 

൫ඥ࢔࢔ࢇ ൯
ஹ૚࢔

 is a ࡸ − ൬૙, √૛૜ ൬࢔ܕܑܔ→ஶ
૚

ඥ࢔૛
૜ ൰ ⋅ ૚ ⋅  ૚൰ sequenceିࢋ
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ࢹ = √૛૜

૜
൫࢔ܕܑܔ→ஶ ૛૜࢔√ ൯ ൬࢔ܕܑܔ→ஶ

૚

ඥ࢔૛૜ ൰ = √૛૜

ࢋ
  (Ans:) 

 

UP.036. Let (࢔ࢇ)࢔ஹ૚ be a positive real sequence such that: 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢘ ∈ ାࡾ
∗ ࢜,࢛, ∈ +࢛,ࡾ ࢜ = ૚. 

We denote ࢔ࢇ! = ૛ࢇ૚ࢇ ࢔ࡳ,࢔ࢇ… = (!࢔ࢇ)
૚
࢔	∀,࢔ ∈  :Compute .∗ࡺ

ܕܑܔ
ஶ→࢔

ቀ(࢔ + ૚)࢛ ඥ(࢔ࡳା૚!)࢔࢜శ૚ − ࢔࢜(!࢔ࡳ)ඥ࢛࢔ ቁ 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ

∗ ) is a ࡮− ࢚) + ૚,ࢇ) sequence then 

< ඥ࢔࢔ࢇ ࡸ ஹ૚ is a࢔< − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ା૚࢔ࢇ)ஶ→࢔ܕܑܔ − (࢔ࢇ = ࢘ ∈ ℝା
∗ ࢜,࢛, ∈ ℝ and ࢛ + ࢜ = ૚ 

!࢔ࢇ = ૛ࢇ૚ࢇ ࢔ࡳ and ࢔ࢇ… = ඥ࢔!࢔ࢇ  where ࢔ ∈ ℕ∗ 

ࢹ = ܕܑܔ
ஶ→࢔

ቀ(࢔+ ૚)࢛ ඥ(࢔ࡳା૚)࢔࢜శ૚ − ࢔࢜(!࢔ࡳ)ඥ࢛࢔ ቁ 

= ܕܑܔ
ஶ→࢔

ቆ ට(࢔+ ૚)࢛(࢔ା૚)(࢔ࡳା૚)࢔࢜శ૚
− ඥ࢔࢜(!࢔ࡳ)࢛࢔࢔ ቇ 

Let ࢔ࡴ = ࢔ where ࢜(!࢔ࡳ)࢛࢔࢔ ≥ ૚ and ࢛ + ࢜ = ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࡴ

࢔ ⋅ ࢔ࡴ
= ൬ܕܑܔ

ஶ→࢔

૚
൰࢛૚ି࢔ ቆ࢔ܕܑܔ→ஶ ൬૚ +

૚
൰࢔

࢛࢔

ቇ ൬ܕܑܔ
ஶ→࢔

!ା૚࢔ࡳ
!࢔ࡳ ൰

࢜

 

= ࢛ࢋ ቀ࢔ܕܑܔ→ஶ
శ૚࢔ࡳ
࢔
ቁ
࢜

 since, ࢔ࡳା૚! =  !࢔ࡳା૚࢔ࡳ

= ࢛ࢋ ൜൬ܕܑܔ
ஶ→࢔

૚
൰࢔

ቀܕܑܔ
ஶ→࢔

ඥ࢔ࢇା૚!࢔శ૚ ቁൠ
࢜

= ࢛ࢋ ൜൬ܕܑܔ
ஶ→࢔

૚
൰࢔ ൬࢔ܕܑܔ→ஶ

!ା૛࢔ࢇ
ା૚!൰ൠ࢔ࢇ

࢜

 

[Cauchy D – Alembert’s Theorem] 

= ࢛ࢋ ቀܕܑܔ
ஶ→࢔

ା૛࢔ࢇ
࢔

ቁ
࢜

= ࢛ࢋ ቀܕܑܔ
ஶ→࢔

ା૜࢔ࢇ − ା૛࢔ࢇ
+࢔ ૚ − ࢔

ቁ
࢜

=  ࢛࢜࢘ࢋ

Hence, < ࢔ࡴ −࡮ ஹ૚ is a࢔< (૚,  sequence. By the above theorem it yields that (࢛࢜࢘ࢋ

< ඥ࢔ࡴ
࢔ ࡸ ஹ૚ is a࢔< − (૙,࢛࢜࢘ࢋ ⋅ ૚ ⋅ ࡸ .૚) sequence i.eିࢋ − (૙,ି࢛ࢋ૚࢜࢘) sequence. 

ࢹ =  (: Ans) ࢜࢘૚ି࢛ࢋ
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UP.037. Let (࢔ࢇ)࢔ஹ૚,  ஹ૚ be positive real sequence such that࢔(࢔࢈)

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢇ ∈ ℝା
∗ , 

ܕܑܔ
ஶ→࢔

ା૚࢔࢈) − (࢔࢈ = ࢈ ∈ ℝା
∗ ࢜,࢛, ∈ ℝ 

with ࢛ + ࢜ = ૚. Calculate 

ܕܑܔ
ஶ→࢔

ቀ࢔ࢇା૚࢛ ඥ(࢈૚࢈૛ శ૚࢔࢜(ା૚࢔࢈࢔࢈… − ૛࢈૚࢈)ඥ࢛࢔ࢇ … ࢔࢜(࢔࢈ ቁ 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ

∗ ) is a ࡮− ࢚) + ૚,ࢇ) sequence then 

< ඥ࢔࢔ࢇ ࡸ ஹ૚ is a࢔< − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ା૚࢔ࢇ)ஶ→࢔ܕܑܔ − (࢔ࢇ = ࢇ ∈ ℝା
∗  and ࢔ܕܑܔ→ஶ(࢔࢈ା૚ − (࢔࢈ = ࢈ ∈ ℝା

∗  and ࢛ + ࢜ = ૚ 

ࢹ = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
࢛ା૚࢔ࢇ ඩ൭ෑ࢑࢈

ା૚࢔

ୀ૚࢑

൱

࢜
శ૚࢔

− ࢑࢈ඩ൭ෑ࢛࢔ࢇ

࢔

ୀ૚࢑

൱
࢜

࢔

⎠

⎟
⎞

 

Let ࢔ࡴ = ∏)࢛࢔࢔ࢇ ࢔࢑࢈
ୀ૚࢑ ࢔ for all ࢜( ≥ ૚ and ࢛ + ࢜ = ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࡴ

ା૚࢛࢔ ⋅ ࢔ࡴ
= ൬ܕܑܔ

ஶ→࢔

૚
൰࢜ା࢛૛࢔

ቀܕܑܔ
ஶ→࢔

࢛ା૚࢔ࢇ ቁ ൬ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ

൰
࢛࢔
൰ ቀܕܑܔ

ஶ→࢔
࢜ା૚࢔࢈ ቁ 

= ൬ܕܑܔ
ஶ→࢔

૚
൰࢜ା࢛૛࢔

ቀܕܑܔ
ஶ→࢔

ቁ࢛(࢔ࢇା૚࢔ࢇ) ቀܕܑܔ
ஶ→࢔

࢜ା૚࢔࢈ ቁ 

Applying Cauchy – D’Alembert’s theorem 

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ

= ቀܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔

ቁ
࢛
ቀܕܑܔ
ஶ→࢔

࢔ࢇ
࢔
ቁ
࢛
൬ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔ ൰

࢜

 

= ቀܕܑܔ
ஶ→࢔

ା૛࢔ࢇ − ା૚࢔ࢇ
࢔ + ૚ − ࢔

ቁ
࢛
ቀܕܑܔ
ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
࢔ + ૚ − ࢔

ቁ
࢛
൬ܕܑܔ
ஶ→࢔

ା૛࢔࢈ − ା૚࢔࢈
+࢔ ૚ − ࢔ ൰ =  ࢜࢈࢛૛ࢇ

Hence < ࢔ࡴ −࡮ ஹ૚ is࢔< ࢛) + ૛,ࢇ૛࢜࢈࢛) sequence. Hence by the above theorem it 

yields < ඥ࢔ࡴ
࢔ ஹ૚࢔<  as a ࡸ − ൫࢛ + ૚,ࢇ૛࢛)࢜࢈࢛+ ૛)ିࢋ(࢛ା૛)൯ sequence or  

ࡸ − ൫࢛ + ૚,ࢇ૛࢜࢈࢛(૜࢛ + ૛࢜) ⋅ ∵ ൯ sequence(࢜ା૛࢛૜)ିࢋ ࢛ + ࢜ = ૚  

∴ ࢹ = (࢜ା૛࢛૜)࢜࢈࢛૛ࢇ
࢜శ૛࢛૜ࢋ

   (Ans :) 
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UP.038. Let (࢔ࢇ)࢔ஹ૚ be a positive real sequence such that 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢘ ∈ ℝା
∗  

We denote ࢔ࢇ! = ૛ࢇ૚ࢇ ࢔ࡳ,࢔ࢇ… = (!࢔ࢇ)
૚
࢔	∀,࢔ ∈ ℕ∗. Evaluate 

ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)૛

ඥ࢔ࡳା૚!࢔శ૚ −
૛࢔

ඥ࢔!࢔ࡳ ቇ 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ

∗ ) is a ࡮− ࢚) + ૚,ࢇ) sequence then 

< ඥ࢔࢔ࢇ ࡸ  is a	ஹ૚࢔< − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢘ ∈ ℝା
∗  

!࢔ࢇ = ૛ࢇ૚ࢇ ࢔ࡳ and ࢔ࢇ… = ඥ࢔!࢔ࢇ  for all ࢔ ∈ ℕ∗ 

ࢹ = ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)૛

ඥ࢔ࡳା૚!	࢔శ૚ –
૛࢔

ඥ࢔࢔ࡳ ቇ = ܕܑܔ
ஶ→࢔

ቌ ඨ
࢔) + ૚)૛(࢔ା૚)

!ା૚࢔ࡳ
శ૚࢔

− ඨ
࢔૛࢔

!࢔ࡳ
࢔

ቍ 

Let ࢔ࡴ = ࢔૛࢔

࢔ࡳ !
 for all ࢔ ≥ ૚ 

∴ ܕܑܔ
ஶ→࢔

ା૚࢔ࡴ

࢔ ⋅ ࢔ࡴ
= ቀܕܑܔ

ஶ→࢔
ܕܑܔቁቆ࢔

ஶ→࢔
൬૚ +

૚
൰࢔

૛(࢔ା૚)

ቇ൬ܕܑܔ
ஶ→࢔

!࢔ࡳ
ା૚࢔ࡳ

൰ 

= ቀܕܑܔ
ஶ→࢔

ቁ࢔ ૛ࢋ ൬ܕܑܔ
ஶ→࢔

૚
ା૚࢔ࡳ

൰ = ૛ࢋ ቀܕܑܔ
ஶ→࢔

ቁ࢔ ቌ
૚

ܕܑܔ
ஶ→࢔

ඥ࢔ࢇା૚࢔శ૚ ቍ = ૛ࢋ ቀܕܑܔ
ஶ→࢔

ቁ൮࢔
૚

ܕܑܔ
ஶ→࢔

!ା૛࢔ࢇ
!ା૚࢔ࢇ

൲ 

Applying Cauchy D-Alembert’s Theorem 

= ૛ቌࢋ
૚

ܕܑܔ
ஶ→࢔

ା૛࢔ࢇ
࢔

ቍ = ૛ቌࢋ
૚

ܕܑܔ
ஶ→࢔

ା૜࢔ࢇ − ା૛࢔ࢇ
+࢔ ૚ − ࢔

ቍ =
૛ࢋ

࢘  

hence < ࢔ࡴ −࡮ ஹ૚ is a࢔< ቀ૚, ࢋ
૛

࢘
ቁ sequence. According to the above theorem it yields 

< ඥ࢔ࡴ
࢔ ࡸ ஹ૚ is a࢔< − ቀ૙, ࢋ

૛

࢘
⋅ ૚ ⋅ ࡸ .૚ቁ sequence i.eିࢋ − ቀ૙, ࢋ

࢘
ቁ sequence. 

ࢹ = ࢋ
࢘
 (Ans :) 
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UP.039. Let (࢔ࢇ)࢔ஹ૚,   :ஹ૚ be positive real sequences with࢔(࢔࢈)

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢇ ∈ ାࡾ
∗ , ܕܑܔ

ஶ→࢔
ା૚࢔࢈) − (࢔࢈ = ࢈ ∈ ାࡾ

∗ , 

࢔ࡼ	 = ඨࢇ૚
૛ + ૛૛ࢇ + ⋯+ ૛࢔ࢇ

࢔ !࢔ࡼ, = ૛ࡼ૚ࡼ  	,࢔ࡼ…

࢔∀ ∈ ࢜,࢛,∗ࡺ ∈ +࢛,ࡾ ࢜ = ૚. Find 

ܕܑܔ
ஶ→࢔

ቀ࢔࢈ା૚࢛ ඥ(࢔ࡼା૚!)࢔࢜శ૚ − ࢔࢜(!࢔ࡼ)ඥ࢛࢔࢈ ቁ 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ

∗ ) is a  

−࡮ ࢚) + ૚,ࢇ) sequence then < ඥ࢔࢔ࢇ   ஹ૚ is aࢇ<

ࡸ − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢇ ∈ ℝା
∗ ; 	 ܕܑܔ

ஶ→࢔
ା૚࢔࢈) − (࢔࢈ = ࢈ ∈ ℝା

∗  

࢔ࡼ = ඨࢇ૚
૛ + ૛૛ࢇ + ⋯+ ૛࢔ࢇ

࢔ !࢔ࡼ, = ෑ࢑ࡼ

࢔

ୀ૚࢑

 

ࢹ = ࢛ା૚࢔࢈ஶ൫→࢔ܕܑܔ ඥ(࢔ࡼା૚!)࢔࢜శ૚ − ࢔࢜(!࢔ࡼ)ඥ࢛࢔࢈ ൯  where ࢛+ ࢜ = ૚ 

= ܕܑܔ
ஶ→࢔

ቆ ට࢔࢈ା૚
࢜(!ା૚࢔ࡼ)(ା૚࢔)࢛

శ૚࢔
− ඥ࢔࢜(!࢔ࡼ)࢔࢛࢔࢈ ቇ = ܕܑܔ

ஶ→࢔
൫ ඥ࢔ࢉା૚࢔శ૚ − ඥ࢔࢔ࢉ ൯ 

where ࢔ࢉ = ࢔ where ࢜(!࢔ࡼ)࢔࢛࢔࢈ ∈ ℕ∗ 

∴ ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
ା૚࢛࢔ ⋅ ࢔ࢉ

= ܕܑܔ
ஶ→࢔

૚
ା૚࢛࢔

ା૚࢔࢈
࢜(!ା૚࢔ࡼ)(ା૚࢔)࢛

࢜(!࢔ࡼ)࢔࢛࢔࢈ = 

= ቆܕܑܔ
ஶ→࢔

࢛ା૚࢔࢈

࢜ା࢛૛࢔
ቇቆܕܑܔ

ஶ→࢔
൬
ା૚࢔࢈
࢔࢈

൰
࢛࢔

ቇ ቀܕܑܔ
ஶ→࢔

ቁ࢜(ା૚࢔ࡼ) == ቆܕܑܔ
ஶ→࢔

࢛ା૚࢔࢈

࢜ା࢛૛࢔
ቇ ቀܕܑܔ

ஶ→࢔
ቁ࢛࢔࢈ ቀ࢔ܕܑܔ→ஶ

ቁ࢜(ା૚࢔ࡼ) = 

Applying Cauchy – D Alembert’s Theorem 

= ቆܕܑܔ
ஶ→࢔

൬
ା૚࢔࢈
࢔ ൰

࢛

ቇቆܕܑܔ
ஶ→࢔

൬
࢔࢈
࢔ ൰

࢛

ቇቆܕܑܔ
ஶ→࢔

൬
ା૚࢔ࡼ
࢔ ൰

࢜

ቇ = 
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= ቆܕܑܔ
ஶ→࢔

൬
ା૛࢔࢈ − ା૚࢔࢈
࢔ + ૚ − ࢔ ൰

࢛

ቇቆܕܑܔ
ஶ→࢔

൬
ା૚࢔࢈ − ࢔࢈
࢔ + ૚ − ൰࢔

࢛

ቇ ൬ܕܑܔ
ஶ→࢔

૚
൰࢜࢔

ቌܕܑܔ
ஶ→࢔

ቆ
∑ ࢔૛࢑ࢇ
ୀ૚࢑

࢔ ቇ

࢜
૛
ቍ = 

= ࢛૛࢈ ൬ܕܑܔ
ஶ→࢔

૚
൰࢜࢔

൮ܕܑܔ
ஶ→࢔

൭ෑ࢑ࢇ

࢔

ୀ૚࢑

൱

࢜
࢔

൲ 

since 

ܕܑܔ
ஶ→࢔

ඨࢇ૚
૛ + ૛૛ࢇ + ⋯+ ૛࢔ࢇ

࢔ = ܕܑܔ
ஶ→࢔

ඥࢇ૚ࢇ૛ ࢔࢔ࢇ… = ࢛૛࢈ ൬ܕܑܔ
ஶ→࢔

૚
൰࢜࢔

ቀܕܑܔ
ஶ→࢔

࢜ା૚࢔ࢇ ቁ 

Applying Cauchy – D’ Alembert’s Theorem 

= ࢛૛࢈ ൬ܕܑܔ
ஶ→࢔

ቀ
ା૚࢔ࢇ
࢔

ቁ
࢜
൰ = ࢛૛࢈ ൬ܕܑܔ

ஶ→࢔
ቀ
ା૛࢔ࢇ − ା૚࢔ࢇ
+࢔ ૚ − ࢔

ቁ
࢜
൰ =  ࢜ࢇ࢛૛࢈

Hence, < ࢔ࢉ ஹ૚࢔<  constitues a ࡮− ࢛) + ૛,࢈૛࢜ࢇ࢛) sequence by the above 

theorem < ඥ࢔࢔ࢉ ࡸ ஹ૚ constitues࢔< − ൫࢛+ ૚,࢈૛࢛)࢜ࢇ࢛ + ૛)ିࢋ(࢛ା૛)൯ sequence or  

ࡸ − ൫࢛ + ૚,࢈૛࢜ࢇ࢛(૜࢛ + ૛ିࢋ(࢜(૜࢛ା૛࢜)൯ sequence.  

ࢹ = (࢜ା૛࢛૜)࢜ࢇ࢛૛࢈
࢜శ૛࢛૜ࢋ

   (Ans:) 

 

UP.040. Let (࢔ࢇ)࢔ஹ૚ be a positive real sequence such that 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢘ ∈ ାࡾ
∗ . 

For any ࢞ ∈ ାࡾ
∗  we denote ࢔ࡹ

[࢞] = ቀࢇ૚
૛ࢇା࢞

࢞࢔ࢇା⋯ା࢞

࢔
ቁ
૚
࢔ࡹ and ࢞

![࢞] = ૚ࡹ
૛ࡹ[࢞]

[࢞] ࢔ࡹ…
࢔	∀,[࢞] ∈  .∗ࡺ

Find: 

ܕܑܔ
ஶ→࢔

⎝

⎛ +࢔) ૚)૛

ට࢔ࡹା૚
[࢞] !

శ૚࢔
−

૛࢔

ට࢔ࡹ
![࢞]

࢔

⎠

⎞ 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by Soumitra Mandal – Kolkata – India  

Theorem: Let (ࢇ,࢚) ∈ ℝା 	× 	ℝା
∗ . If < ࢔ࢇ ∋ஹ૚࢔< ℝା)ࡿ

∗ ) is a  
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−࡮ ࢚) + ૚,ࢇ) sequence then < ඥ࢔࢔ࢇ ࡸ  ஹ૚ is a࢔< − ൫࢚)ࢇ,࢚ + ૚),ିࢋ(࢚ା૚)൯ sequence. 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ) − (࢔ࢇ = ࢘ ∈ ℝା
∗  

for any ࢞ ∈ ℝା
∗  we denote ࢔ࡹ

[࢞] = ටࢇ૚
૛ࢇା࢞

࢞࢔ࢇା⋯ା࢞

࢔

࢞
 and 

࢔ࡹ
![࢞] = ૚ࡹ

૛ࡹ[࢞]
[࢞] ࢔ࡹ…

࢔ for all [࢞] ∈ ℕ∗ 

ࢹ = ܕܑܔ
ஶ→࢔

⎝

⎛ +࢔) ૚)૛

ට࢔ࡹା૚
శ૚࢔[࢞]

−
૛࢔

ට࢔ࡹ
࢔[࢞]

⎠

⎞ = ܕܑܔ
ஶ→࢔

ቌ ඨ
+࢔) ૚)૛(࢔ା૚)

ା૚࢔ࡹ
[࢞] !

శ૚࢔
− ඨ

࢔૛࢔

࢔ࡹ
![࢞]

࢔
ቍ = 

= ஶ൫→࢔ܕܑܔ ඥ࢔ࢉା૚࢔శ૚ − ඥ࢔࢔ࢉ ൯ where ࢔ࢉ = ࢔૛࢔

࢔ࡹ
![࢞]

 for all ࢔ ≥ ૚ 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢉ
࢔ ⋅ ࢔ࢉ

= ൬ܕܑܔ
ஶ→࢔

૚
൰࢔

൭ܕܑܔ
ஶ→࢔

࢔) + ૚)૛(࢔ା૚)

ା૚࢔ࡹ
[࢞] !

⋅
࢔ࡹ

![࢞]
࢔૛࢔

൱ = 

= ൬ܕܑܔ
ஶ→࢔

૚
ஶ→࢔ܕܑܔ൰ቆ࢔

൬૚ +
૚
൰࢔

૛࢔

ቇ ቀܕܑܔ
ஶ→࢔

࢔) + ૚)૛ቁ ൭ܕܑܔ
ஶ→࢔

૚
ା૚࢔ࡹ

[࢞] ൱ = 

= ૛ࢋ ቆܕܑܔ
ஶ→࢔

൬૚ +
૚
൰࢔

૛

ቇ ቀܕܑܔ
ஶ→࢔

ቁ࢔

⎝

ܕܑܔ⎛
ஶ→࢔

૚

ට∑ ା૚࢔࢞࢑ࢇ
ୀ૚࢑
+࢔ ૚

࢞

⎠

⎞ = ૛ࢋ ቀܕܑܔ
ஶ→࢔

ቁ࢔

⎝

ܕܑܔ⎛
ஶ→࢔

૚

ට∏ ା૚࢔࢑ࢇ
ୀ૚࢑

శ૚࢔

⎠

⎞ 

since 

ܕܑܔ
ஶ→࢔

ඨ
∑ ࢔࢞࢑ࢇ
ୀ૚࢑
࢔

࢞
= ܕܑܔ

ஶ→࢔
ඩෑ࢑ࢇ

࢔

ୀ૚࢑

࢔

= ૛ࢋ ቀܕܑܔ
ஶ→࢔

ܕܑܔቁ൭࢔
ஶ→࢔

૚
ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
൱ 

Applying Cauchy – D Alembet’s Theorem 

= ૛ቌࢋ
૚

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔

ቍ =
૛ࢋ

ܕܑܔ
ஶ→࢔

ା૛࢔ࢇ − ࢔ࢇ
࢔ + ૚ − ࢔

=
૛ࢋ

࢘  

hence, < ࢔ࢉ −࡮ ஹ૚ is a࢔< ቀ૙, ࢋ
૛

࢘
ቁ sequence and by the above theorem 

< ඥ࢔࢔ࢉ ࡸ ஹ૚ constitutes a࢔< − ቀ૚, ࢋ
૛

࢘
⋅  ,૚ቁ sequence orିࢋ

ࡸ − ቀ૚, ࢋ
࢘
ቁ sequence. ࢹ = ࢋ

࢘
 (Ans :) 
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UP.041. Prove that: 

૜
૜
૛

૛ ⋅෍
૛(!࢔)

(૛࢔+ ૚)!

∞

૙

=  ࣊

Proposed by Francis Fregeau – Quebec – Canada 

Solution by proposer 

Let ࢌ(૛࢔ + ૚) = ∫ ૛ஶ࢛ିࢋା૚࢔૛࢛
૙  ࢛ࢊ

We now consider another similar integral as a function of ࢜ such that: 

+࢔૛)ࢌ] ૚)]૛ = න ૛࢛ିࢋା૚࢔૛࢛
ஶ

૙

࢛ࢊ ⋅ න ૛࢜ିࢋା૚࢔૛࢜
ஶ

૙

࢜ࢊ = න න(࢛࢜)૛࢔ା૚ିࢋ൫࢛૛ା࢜૛൯
ஶ

૙

ஶ

૙

 ࢜ࢊ࢛ࢊ

We now apply the change of variables: ࢛ = ࢘ ⋅ ࣂܛܗ܋ ࢜; = ࢘ ⋅ ܖܑܛ  ࣂ

And our domain of integration is: ࢛ ≥ ૙; ࢜ ≥ ૙ ⇒ ૙ ≤ ࣂ ≤ ࣊
૛

; ࢘ ≥ ૙ 

⇒ +࢔૛)ࢌ] ૚)]૛ = න න[(ࣂ)ܖܑܛ ⋅ ା૚࢔૛[(ࣂ)ܛܗ܋

࣊
૛

૙

ஶ

૙

 ࢘ࢊࣂࢊ૛࢘ିࢋା૜࢔૝࢘

= න[(ࣂ)ܖܑܛ ⋅ ା૚࢔૛[(ࣂ)ܛܗ܋

࣊
૛

૙

ࣂࢊ ⋅ +࢔૛[૛)ࢌ ૚] + ૚) 

We now turn our attention back to ࢌ(૛࢔+ ૚) and apply the substitution: 

૛࢛ = ࢞ ⇒ ࢛ࢊ =
૚
૛ ⋅ ࢞

ି૚૛࢞ࢊ 

∴ න ࢛ࢊ૛࢛ିࢋା૚࢔૛࢛
ஶ

૙

=
૚
૛න ࢞ିࢋ࢔࢞

ஶ

૙

࢞ࢊ =
+࢔)ࢣ ૚)

૛ =
!࢔
૛  

⇒ න[(ࣂ)ܖܑܛ ⋅ ା૚࢔૛[(ࣂ)ܛܗ܋

࣊
૛

૙

ࣂࢊ =
࢔૛)ࢌ] + ૚)]૛

࢔૛[૛)ࢌ + ૚] + ૚) =
૚
૛ ⋅

૛(!࢔)

(૛࢔ + ૚)!	 

Next: 

෍[(ࣂ)ܖܑܛ ⋅ ା૚࢔૛[(ࣂ)ܛܗ܋
ஶ

૙

=
(ࣂ)ܖܑܛ ⋅ (ࣂ)ܛܗ܋

૚ − (ࣂ)ܖܑܛ] ⋅ ૛[(ࣂ)ܛܗ܋  
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We consider: ∫ (ࣂ)ܛܗ܋⋅(ࣂ)ܖܑܛ

૚ି[(ࣂ)ܛܗ܋⋅(ࣂ)ܖܑܛ]૛
ࣂࢊ = −૛∫ (ࣂ૛)ܖܑܛ

૝ି(ࣂ૛)૛ܖܑܛ
 ࣂࢊ

= −න
(࢞)ܖܑܛ

(࢞)૛ܖܑܛ − ૝࢞ࢊ = න
(࢞)ܖܑܛ

(࢞)૛ܛܗ܋ + ૜࢞ࢊ 

(࢞)ܛܗ܋ = ࢟ ⇒ ࢞ࢊ = −
࢟ࢊ

 (࢞)ܖܑܛ

⇒ න
(࢞)ܖܑܛ

(࢞)૛ܛܗ܋ + ૜࢞ࢊ = න
૚

૜ + ૛࢟ ࢟ࢊ =
૚
√૜

ܖ܉ܜ܋ܚ܉ ൬
࢟
√૜

൰ 

Un-doing the substitutions yields: 

න
(ࣂ)ܖܑܛ ⋅ (ࣂ)ܛܗ܋

૚ − (ࣂ)ܖܑܛ] ⋅ ૛[(ࣂ)ܛܗ܋ ࣂࢊ =
ܖ܉ܜ܋ܚ܉ ൬ܛܗ܋(૛ࣂ)

√૜
൰

√૜
 

∴ න
(ࣂ)ܖܑܛ ⋅ (ࣂ)ܛܗ܋

૚ − (ࣂ)ܖܑܛ] ⋅ ૛[(ࣂ)ܛܗ܋

࣊
૛

૙

ࣂࢊ =
࣊

૜
૜
૛

 

෍
૚
૛

ஶ

૙

⋅
૛(!࢔)

(૛࢔ + ૚)!	 = න෍[(ࣂ)ܖܑܛ ⋅ ା૚࢔૛[(ࣂ)ܛܗ܋
ஶ

૙

࣊
૛

૙

= න
(ࣂ)ܖܑܛ ⋅ (ࣂ)ܛܗ܋

૚ − (ࣂ)ܖܑܛ] ⋅ ૛[(ࣂ)ܛܗ܋

࣊
૛

૙

ࣂࢊ =
࣊

૜
૜
૛

 

∴
૜
૜
૛

૛ ⋅෍
૛(!࢔)

(૛࢔+ ૚)!	

ஶ

૙

=  ࣊

UP.042. Let ࡰ࡯࡮࡭ be a trapeze where ࡮࡭ ∥ ࡮࡭;ࡰ࡯ = ࡰ࡯;ࢇ = ࡰ࡭;࢈ =   ;ࢉ

࡯࡮ = ࢇ;ࢊ > ܾ. Prove that  

Area [ࡰ࡯࡮࡭] < ૛(ࢊାࢉା࢈ିࢇ)(࢈ାࢇ)

૚૟(࢈ିࢇ)
 

Proposed by Daniel Sitaru – Romania  

Solution by SK Rejuan - West Bengal – India  
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Let ࡰ࡯࡮࡭ be the trapeze and ࢎ be the hight of it. Area [ࡰ࡯࡮࡭] = ૚

૛
+ࢇ)ࢎ  (࢈

Now, from picture, ࢎ < ܿ and ࢎ < ܾ 

⇒ ૛ࢎ < ܿ + ݀ = (ࢊାࢉ)(࢈ିࢇ)
(࢈ିࢇ)

   [as ࢇ − ࢈ > 0] ⇒ ૛ࢎ < (ࢊାࢉ)(࢈ିࢇ)
(࢈ିࢇ)

= ૝(࢈ିࢇ)(ࢉାࢊ)
૝(࢈ିࢇ)

 

⇒ ૛ࢎ < ૝(࢈ିࢇ)(ࢉାࢊ)
(࢈ିࢇ)

< ૛{(ࢊାࢉ)ା(࢈ିࢇ)}

૝(࢈ିࢇ)
   [by GM<AM] ⇒ ૛ࢎ < ૛(ࢊାࢉା࢈ିࢇ)

૝(࢈ିࢇ)
 

⇒
૚
૝

+ࢇ) (࢈ ⋅ ૛ࢎ <
૚
૝

+ࢇ) (࢈
ࢇ) − ࢈ + ࢉ + ૛(ࢊ

૝(ࢇ − (࢈  

[∵ ࢇ + ࢈ > 0] 

⇒
૚
૛ࢎ

+ࢇ) (࢈ <
+ࢇ) −ࢇ)(࢈ ࢈ + ࢉ + ૛(ࢊ

૚૟(ࢇ − (࢈ ⇒ [ࡰ࡯࡮࡭]	ࢇࢋ࢘࡭ <
+ࢇ) ࢇ)(࢈ − +࢈ ࢉ + ૛(ࢊ

૚૟(ࢇ − (࢈  

[proved] 

UP.043. Prove that in any ࢤ	࡯࡮࡭ we have: 

૛࢙ + ට෍(ࢇ૛ + ૛࢈ࢇ ࡭)࢙࢕ࢉ ((࡮− ≥෍ඥࢇ૛ + ૛࡭)࢙࢕ࢉ࢈ࢇ (࡮− +  ૛࢈

Proposed by Daniel Sitaru – Romania  

Solution  by Nguyen Phuc Tang – Hanoi – Vietnam  

We have: ࡿࡴࡸ − ࡿࡴࡾ = ඥ∑(ࢇ૛ + ૛࡭)ܛܗ܋࢈ࢇ ((࡮− − ࢇ) + +࢈ (ࢉ + ૛(ࢇ + ࢈ + (ࢉ − 

−෍ඥࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ (࡮− + ૛࢈ = 

= ෍
૛࢈ࢇ[૚ − ࡭)ܛܗ܋ − [(࡮

ඥࢇ૛ + ૛࡭)ܛܗ܋࢈ࢇ − (࡮ + ૛࢈ + +ࢇ ࢈
−

∑૛ࢇ	[– ࡭)ܛܗ܋ (࡮− + ૚]

ඥ∑(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ ((࡮− + +ࢇ) ࢈ + (ࢉ
 

We prove that: 

ට෍(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ − ((࡮ + ࢇ + +࢈ ࢉ ≥ ඥ(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ (࡮− + ૛࢈ + +ࢇ  ࢈

⇔ ඥ∑(ࢇ૛ + ૛࡭)ܛܗ܋࢈ࢇ − ((࡮ ≥ ඥ(ࢇ૛ + ૛࡭)ܛܗ܋࢈ࢇ − (࡮ + ૛࢈ −  (*)   ࢉ

⊕ case ࢉ ≥ ඥ(ࢇ૛ + ૛࡭)ܛܗ܋࢈ࢇ ((࡮− +  ૛ then (*) is true࢈

⊕ case ࢉ < ඥ(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ (࡮− +  ૛࢈

(*) ⇔ ૛࡮)ܛܗ܋ࢉ࢈− (࡯ + ૛ࢉࢇ ࡭)ܛܗ܋ − (࡯ ≥ −૛ࢉඥ(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ (࡮− +  (૛࢈

࢈]− −࡮)ܛܗ܋ (࡯ + ࢇ ࡭)ܛܗ܋ − [(࡯ ≤ ඥ(ࢇ૛ + ૛࢈ࢇ ࡭)ܛܗ܋ ((࡮− +  (**) ૛࢈
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if ࢈ −࡮)ܛܗ܋ (࡯ + ࡭)ܛܗ܋ࢇ − (࡯ ≥ ૙ ⇒ (**) is true 

if ࡮)ܛܗ܋࢈− (࡯ + ࢇ ࡭)ܛܗ܋ − (࡯ < 0 ⇒ ࡮ܖܑܛ −࡮)ܛܗ܋ (࡯ + ܖܑܛ ࡭ ࡭)ܛܗ܋ − (࡯ < 0 

⇒ ܛܗ܋ ࡯ ࡭)ܖܑܛ + (࡮ + ૛ ܖܑܛ ܖܑܛ࡭ ܖܑܛ࡮ ࡯ < 0 ⇒ ࡯ܛܗ܋ < 0 ⇒ ࡯ > ܥ	&	ܣ >  ܤ

(**) ⇔ ૛(૚࢈ − −࡮)૛ܛܗ܋ ((࡯ + −૛(૚ࢉ ࡭)૛ܛܗ܋ − ((࡯ + ૛࢈ࢇ[૛ ࡭)ܛܗ܋ − (࡮ −

૛࡯−࡮ܛܗ܋࡯−࡭ܛܗ܋≥૙ (***) 

(**) is true, because 

૛ ࡭)ܛܗ܋ (࡮− − ૛࡭)ܛܗ܋ − (࡯ −࡮)ܛܗ܋ (࡯ = ࡭)ܛܗ܋ (࡮− − +࡭)ܛܗ܋ ࡮ − ૛࡯) = 

= ૛ −࡯)ܖܑܛ (࡭ ࡯)ܖܑܛ − (࡮ > 0. Equality holds if ࢇ = ࢈ =  .ࢉ

UP.044. For all ࢔ ∈ ℕ∗ holds: 

࢔√ൣ + +࢔√ ૚൧ + +࢔√ൣ ࢔√ + ૛൧ + ࢔√ൣ + +࢔√ ૜൧ = 

= ൣ√૝࢔+ ૚൧ + ൣ√૝࢔+ ૜൧ + ൣ√૝࢔ + ૞൧ 

where [⋅] denote the integer part. 

Proposed by Mihály Bencze – Romania  

Solution by proposer  

We prove that: √૝࢔ + ૚ ≤ +࢔√ +࢔√ ૚ < √૝࢔+ ૛ 

√૝࢔ + ૜ ≤ ࢔√ + ࢔√ + ૛ < √૝࢔+ ૝ 

√૝࢔ + ૞ ≤ ࢔√ + ࢔√ + ૜ < √૝࢔+ ૟ 

1) If √૝࢔ + ૛,√૝࢔+ ૝,√૝࢔+ ૟ ∉ ℕ then: ൣ√૝࢔+ ૚൧ = ൣ√૝࢔+ ૛൧; 

ൣ√૝࢔+ ૜൧ = ൣ√૝࢔+ ૝൧; ൣ√૝࢔ + ૞൧ = ൣ√૝࢔ + ૟൧ 

2) If √૝࢔+ ૛,√૝࢔+ ૝,√૝࢔+ ૟ ∈ ℕ ⇒ ൣ√૝࢔ + ૛൧ = ൣ√૝࢔ + ૚൧ + ૚; 

ൣ√૝࢔+ ૝൧ = ൣ√૝࢔+ ૜൧ + ૚; ൣ√૝࢔+ ૟൧ = ൣ√૝࢔+ ૞൧ + ૚ therefore 

+࢔√ൣ ࢔√ + ૚൧ = ൣ√૝࢔ + ૚൧; +࢔√ൣ	 ࢔√ + ૛൧ = ൣ√૝࢔ + ૜൧; +࢔√ൣ	 ࢔√ + ૜൧ = ൣ√૝࢔ + ૞൧ 

After addion holds. 

 

UP.045. Calculate: 
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නන…

࣊
૛

૙

࣊
૛

૙

න
૚

૚ + ඥܖ܉ܜ(࢞૚)૛ ඥܖ܉ܜ(࢞૛)૜ … ඥ࢔(࢔࢞)ܖ܉ܜశ૚

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ  ࢔࢞ࢊ…

Proposed by Cornel Ioan Vălean – Romania 

 Solution by Hamza Mahmood – Lahore – Pakistan  

Let  

ࡵ = නන …

࣊
૛

૙

නන
૚

૚ + ඥܖ܉ܜ(࢞૚)૛ ⋅ ඥܖ܉ܜ(࢞૛)૜ ⋅… ⋅ ඥܖ܉ܜ(ି࢔࢞૚)࢔ ⋅ ඥ࢔(࢔࢞)ܖ܉ܜశ૚

࣊
૛

૙

࣊
૛

૙

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ  ࢔࢞ࢊ૚ି࢔࢞ࢊ…

⇒ ࡵ = නන…

࣊
૛

૙

࣊
૛

૙

නන
∏ ඥܛܗ܋(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑

∏ ඥܛܗ܋(ି࢑࢞૚)࢑ + ∏ ඥܖܑܛ(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑

ା૚࢔
ୀ૚࢑

࣊
૛

૙

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ ࢔࢞ࢊ૚ି࢔࢞ࢊ… …  (࡭)

Now by substitution ࢏࢞ →
࣊
૛
−  :we have ,࢏࢞

⇒ ࡵ = නන…

࣊
૛

૙

නන
∏ ඥܖܑܛ(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑

∏ ඥܖܑܛ(ି࢑࢞૚)࢑ + ∏ ඥܖܑܛ(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑

ା૚࢔
ୀ૚࢑

࣊
૛

૙

࣊
૛

૙

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ ࢔࢞ࢊ૚ି࢔࢞ࢊ… …  (࡮)

Adding (A) and (B) gives: 

⇒ ૛ࡵ = නන…

࣊
૛

૙

නන
∏ ඥܛܗ܋(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑ + ∏ ඥܖܑܛ(ି࢑࢞૚)࢔࢑ା૚

ୀ૛࢑

∏ ඥܛܗ܋(ି࢑࢞૚)࢑ + ∏ ඥܖܑܛ(ି࢑࢞૚)࢔࢑ା૚
ୀ૛࢑

ା૚࢔
ୀ૚࢑

࣊
૛

૙

࣊
૛

૙

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ ࢔࢞ࢊ૚ି࢔࢞ࢊ… = 

= නන…

࣊
૛

૙

࣊
૛

૙

නන(૚)

࣊
૛

૙

࣊
૛

૙

૛࢞ࢊ૚࢞ࢊ ࢔࢞ࢊ… ⇒ ૛ࡵ = ቀ
࣊
૛
ቁ
࢔
⇒ ࡵ =

࢔࣊

૛࢔ା૚ 

 

 


