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JP.031. Let a, b, ¢ be non-negative real numbers. Prove that

4|qt + bt + c* ab + bc + ca
a+b+c)> |———m——+26 |

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sean: a, b, c nUmeros reales no negativos. Probar que:

4|a* + b* + ¢ (ab + bc + ca)?
9(a+b+c) > f+26

9

Desde que: a, b, c > 0, sea: a* + b* + ¢* = 3x*, (ab + bc + ac)? = 9y*

= 9(a+ b +c) = x + 26y. Por la desigualdad de Holder:

(x* +26y*)(1 +26)(1 + 26)(1 + 26) > (x + 26y)* —» 1/273(x* + 26y*) > x + 26y

Esto es suficeiente probar: 9(a + b + ¢) > 3/273(x* + 26y*) -
- 38a+b+c)*>3%°(x* + 26y%)
= 3(a+ b +c)* > 3(a* + b* + ¢*) + 26(ab + bc + ac)?
= 3(a* + b* + ¢*) + 18(a?b? + b%c? + c?a?) + 12ab(a? + b?) +
+12bc(b? + ¢?) + 12ca(c? + a?) + 36abc(a + b + c) >
> 3(a* + b* + ¢*) + 26(a?b? + b%c? + c?a?) + 52abc(a + b + ¢)
= 12ab(a? + b?) + 12bc(b? + ¢?) + 12ca(c? + a?) >
> 8(a?b? + b*c? + c?a?) + 16abc(a+ b + ¢)
= 12ab(a? + b?) + 12bc(b? + ¢?) + 12ca(c? + a?) >
> 24(a?b? + b?*c? + c%a?) > 8(a’b? + b%c? + c*a?) + 16abc(a+ b + c)

= 16(a’?b? + b*c? + c?a?) > 16abc(a+ b + ¢) ... (LQQD)

JP.032. Prove the following inequality holds for all non-negative real numbers a, b:

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 3b+a+1
Proposed by Nguyen Viet Hung- Hanoi — Vietnam
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar la siguiente desigualdad para todos los nimeros reales non negativos: a, b:

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 3b+a+1

Sea:x=4a+1=>1,y=4b+1>1,x+y=2(2a+2b + 1). Ademas:
12a+4b+4=3(4a+1)+(4b+1)=3x+y,
12b+4a+4=34b+1)+(4a+1)=3y+x

o1yl 12 > 16, 16 x+y 12 > 16(3y+x)+16(3x+y)
x y x+y  3x+y 3y+x xy x+y Bx+y)(y+3x)
(x+y)2 +12xy 64(x +y)
= 4
xy(x+y) (3x% + 3y% + 10xy)

- [3(x* + y?) + 10xy][(x + y)* + 12xy] = 64(x + y)*xy
= 3(x? + y?)(x + y)? + 36xy(x? + y?) + 10xy(x + y)? + 120x%y? > 64(x + y)*xy
= 3(x? + y?)(x + y)? + 36xy(x? + y?) + 10xy(x + y)? + 120x%y? > 64(x + y)*xy
= 3(x% + y?)(x + y)? + 36xy(x? + y?) + 120x%y? > 54(x + y)*xy
= (2% +y?)(x + y)? + 12xy(x? + y?) + 40x%y? > 18(x + y)%xy
= (2% + y2)? + 14xy(x? + y?) + 40x%y? > 18xy(x? + y?) + 36x2y>

= (xz + yZ)Z _ 4_xy(x2+2) + 4.ny2 — ((xZ + yZ) _ (ny))z = (x _ y)4 >0

La igualdad se alcanzacuando:x =y =4a+1=4b+1->a=»b

Solution 2 by Soumitra Mandal — Kolkata — India

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 a+3b+1

1 1 1 1 1

o fx‘“‘ dx + f x*dx+6 f x2(a+h) gx > 4f x3b dx + 4 f x2+3b dx
0 0 0

© A* + B* + 6A’B? > 4AB(A? + B?)
& (A% + B?)? —4AB(A%? + B?) + 44?’B? > 0 & (A4 — B)* > 0, which is true

1 1 6 4 4
+ + > +
4a+1 4b+1 2a+2b+1 3a+b+1 a+3b+1

(proved)
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Solution 3 by Henry Ricardo - New York — USA

Noting thatﬁ = fol t*e dt, we see that the given inequality is equivalent to

1 1

f t4a + t4b + 6t2a+2bdt > f4_t3a+b + 4_t3b+a dt
0 0

or t* + t*0 + 6129+20 > 4¢39+D + 4¢3b+a |fwe let t* = x and t? = y, the inequality is
equivalent to x* + y* + 6x2y? > 4x3y + 4xy3, or (x — y)* = 0, which is true.

Solution 4 by Imad Zak — Saida — Lebanon

Another attempt:
LetA = 4a1+1 * Za+;b+1 * 3b+4a+1 and B = 4b1+1 * Za+2b+1 - 3b+4a+1 we wantto prove
A+B =0 WefindA = (4a+12)((‘;¢_:-)b(45-:)_(l;:1)2b+2) and B = (4b+1§iz;i¥j;)iz;i)2b+1) and
finally A+ B = zziaz_bb:1 . ((4a+51‘;Z3b:+1b+1) (4b+al;?:+_31b+1)) = 24(a - b)% where

D=4a+1)(@db+1)Ba+b+1)(a+3b+1)2a+2b+1)
Clearly +B > 0. Q.E.D. and equality holds when a = b.

JP.033. Let a, b, ¢ be positive real numbers such that

avbc + byca + cVab + 2abc = 1

Prove that

>2(a+b+c)

Vbc . Jea . vab
a b c
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c nUmeros reales positivos de tal manera que:
avbc + b\ac + cvab + 2abc = 1. Probar que: — +£+£>2(a+b+c) .(A)

Siendo:A+B + C =m. Enun trlangulo ABC, se cumple:

cos? A+ cos’?B+cos’2C+2cosAcosBcosC =1

= Sea:avbc = cos? A, b\/ac = cos? B,c\Vab = cos? C,
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abc = cos A cos B cos € > 0 (4 acutangulo). Por lo tanto:

3 3 3
cos® A cos’ B cos® C . .
=— = = ————> 0. La desigualdad es equivalente en
cos Bcos C ! cos Acos C ! cos Acos B g q
(A) . cos? Bcos? C cosZ Acos? C cos? A cos? B cos34 + cos3 B + cos3 C
’ cos* A cos* B cos? C ~ cosBcosC cosAcosC cosAcosB

De la siguiente desigualdad para todos x, y, z nimeros reales, se cumple en un

triangulo ABC: x* + y? + z2 > 2xy cos A + 2yz cos B + 2zx cos C. Siendo:

cosAcosC cos BcosA cos BcosC P
= >0,y=———>0,z=———>0 - (4 acutangulo
cosZ B Y cos2C ! cosZ A ( g )

2 2 2 2 2 2

- cos“ B cos“ C cos“ Acos~ C cos“ Acos“ B

Se obtiene: = T+ - + - >
cos* A cos*B cos* C
cos3 4 cos3 B cos3 C
>2 +2 +2 .. (LQQD)
cos B cos C cos AcosC cosAcos B

JP.034. Find all pairs (x,y) of integers satisfying the equation
xt—(y+2)x3+(y -2+ (y*+2)x+y=2.
Proposed by Nguyen Viet Hung — Hanoi — Vietham
Solution by Nguyen Viet Hung — Hanoi — Vietnam
The equation is equivalent to (x? — 2x — y)(x®> —yx — 1) = 2.
There are four possible cases as follows

2 _ - 2 _ 1=
Case 1- X 2x —y =1, o {x 2x—-1=y,
xX—yx—1=2, x(x—y)=3.

It's easy to find 3 pairs of (x, y) satisfying this system of equations as
(-1,2),(1,-2),(3,2).
2 _9my— 2 _9y_2 =
Case 2- xZ 2x —y 2,@{x 2x—-2=y,
x2—yx—-1=1, x(x—y)=2

There is only one pair (x, y) satisfying this system of equations as (—1, 1).

2 _ [P —1)2 =
x*—2x-y 1,@{(x 1) =y,

Case 3:
{xz—yx—lz—z, x(x—y)=-1.

There is no pair of (x, y) satisfying this system of equations.

x2—2x—y=-2, {x2—2x+2=y,

Case 4:
{xz—yx—lz—l, x(x—y)=0.
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We find 3 pairs (x, y) satisfying this system of equations as (0,2), (1, 1), (2, 2).
So, there are 7 pairs (x, y) satisfying the requirement as
(-1,2),(1,-2),(3,2),(-1,1),(0,2),(1,1),(2, 2).

JP.035. Let a, b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Prove that
5+ ¥Ya+ b +3c+abc>3(ab + bc+ ca)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c numeros reales no negativos de tal manera que:
a+ b+ c = 3.Probare que: 5 + Ya + /b + ¥c + abc > 3(ab + bc + ca)
=>5+3Ya+VYb+3c+abc=(a+b+c)ab+ bc+ ac)
= 5+3a+ b +¥c+abc= (a+b)b+c)c+a)+ abc
= 15+3a+ Vb +3c=3(a+b)(b+c)(c+a)
a3 +b3+c3+15+3¥a+3Vb+3¥c=ad3+b3+c3+3(a+b)(b+c)c+a)
sa3+b3+c3+33a+3Vp+3¥c=(a+b+c)3=27
= a3+ b® + 3 + 33a + 3Yb + 3Yc > 12. Desde que: a,b,c > 0. Por: MA > MG
sa3+¥Ya+¥Ya+¥a=>4Vat=4a- a3 +3Ya>4a.. (A
Analogamente: b3 + 33/b > 4b ... (B); ¢ + 3¥/c = 4c ... (C)
Sumando: (A) + (B) + (C): (a® + b3+ ¢3) +3¥a +33¥b+3¥c>4(a+b+c) =12

JP.036. Prove the following inequality

[(x+y)(y+2)(z+x)]* = 12—673 (x +y +z)3x3y323

where x, y, z are positive real numbers.
Proposed by Andrei Bogdan Ungureanu — Romania

Solution 1 by Soumitra Mandal — Kolkata — India
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o| [+ 28x+y+2)xy+yz+20)

cyc

4
212
= n(x+y) zﬁ(x+y+2)4(xy+yZ+ zx)* =

cyc

163
:?(x+y+z)3 (x+y+z)(xy+yz+zx) (xy+yz+zx)3
163 163
= ?(x +y+2)3 - 9xyz- 27 x?y?z? = F(x +y+2)3x3y323
(proved)
Solution 2 by Pham Quy — Vietnam
Lemma:

AM-GM

NG+ D+ 2 Gty Dy ryzrm) 2 3Gty + )Y GyD?

=[x+ y)y+2)(z+x)]° > g (x+y+2)3(xyz)? (1)
By AM-GM inequality
(x+y)(y + 2)(z+ x) = 2%xyz (2)
1&®)
= [+ N+ D) z+01* 222 (x+ y + 2°2%y%2* (ged)
The equality holdsatx =y =z
Solution 3 by Rustem Zeynalov — Baku — Azerbaidjian

x+y=a,y+z=b;z+x=c
3

163 (a+b+c>3 [a+b—c a+c—b b+c—a]

4ptod >
a’b’c 2 2 2 2

=27
1
a*b*c* > E[(a +b+c)la+b-c)a+c—b)(b+c—a)l®
(a+b+c)a+b-c)a+c—b)b+c—a)<i27a*b*ct
2a?b? + 2a%c? + 2b%c* — a* — b* — ¢* < {/27a*b*ct
a* + b* + ¢t + 27a*b*ct > 2a%b? + 2a’c? + 2b%c?
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JP.037. Let x, y, z be positive real numbers such that:
16(a? + b? + ¢2?) + 27 = 128abc
Find the maximum value of the expression:

E= 1 1 N 1

- 27 27 27
3 34427 3 34427 3 3447
a+b+64 b+c+64 c+a+64

Proposed by luliana Trascd; Neculai Stanciu — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

Sea: x,y,z nimeros R* de tal manera que: 16(a? + b? + ¢?) + 27 = 128abc

1 1
27 27
3.p3427 303427
a’+b +64 b’ +c +64

- 1
Hallar el maximovalorde: A = + 52 Desde que:
+ad+

(4a—-3)2+(4b—-3)2+(4c—-3)2=16(a’?+b*+c?)+27—-24(a+b+¢) =
128 a+b+c 16 1 1 1

=128abc—-24(a+b+c)=>0=> > >+
( )2 24 — abc 3 "ab bc ca
. .3 3, 27 3(27a3b3 1 4
Por: MA>MG:a>+ b +6423 ” —>a3+b3+£_9ab
Por la tanto tenemosen ... (A): 4 = LIS I S . SR . S

343427 p34c3+% 0 3463+4% " 9ab  9bc  9ac
a’+b tea b°+c tgy Ctattos

=3, - (LQQD)

64 - 3
Aysr < Py La igualdad se alcanza cuando:a=b =c = "

JP.038. Let a, b, ¢ > 0, prove that:
6(3 ab)(X a?) + 7abc(Y a) > 23abc/3(X a?) (*)

Proposed by Soumitra Mandal — Kolkata — India

Solution by Ngo Minh Ngoc Bao - Vietnam
We have two lemma: Lemma 1: If a, b, ¢ > 0 then (Z %) G a) =>3/3Ca?)

Prove: Use Cauchy — Schwarz

PR [pE
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We need to prove: %—Zf >3/3Ca?) & Ca)é =27C ab)?(X a?) (**).

Use AM - GM inequality: (X a)® = ((Z a?)+ Qab)+ ab))3 > 27 a?)(C ab)?
= LHS (**) > RHS (**).

Lemma 2: Consider polynomial

f(x,y,2) 22x4+AZnyZ+Bxysz+sz3y+szy3

(with A4, B, C, D is the constant)

1+A+B+C+D>0
3(1+A) < C?+CD + D?
fx,y2)>20o 5+A+2C+2D>0
g) =@+ C+D)(XFP* +1)+(A+2€-D-1x* +(A-C+2D -1)x 20,Vyx 20

My solution

(Yo 6Ya3b+6Yab3+ 13abcY a > 23abc,/3(Y a?), we need to prove:
23 a
3 3 _22 bt
6Za b+62ab +13abc2a 3 abc(zb)(Za)ZO
23
= 6Za3b + 62 ab3 + 13abc2a—?(z a?b? +Z:ab3 + abcz a) >0

= 6Za3b—§Zab3 —?Z a’b? +13—6acha > 0 (**%)

Use lemma 2 with 4 = —?,B :?,C: 6,D =

([ 1+A+B+C+D=1-2+2+6--=3>0
Wehave:J 5+A+2C+2D=5-2+12-2=6>0
l3(1+A)———<6Z 6- —+——26+——CZ+CD+DZ

Considering function: g(x) = ?x3 + 5x% — 18x + ? = g'(x) = 25x* +10x — 18
—1 + /19
5

!
| x

'(x) =0 25x2+10x—18=0 o |
g (x) [ 1T 19
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-1+ \/ﬁ
—-5 +Cc0

g(x)z‘q(%ﬁ>>0:>g(x)>o,\1x20

JP.039. In ABC triangle the following relationship holds:
: x
3(a®bPc®)?s > 9\/4RSZ(a“bbc”) *
Proposed by Daniel Sitaru — Romania

Solution by proposer

TR IR e O P
If/le(0,1);x,y,zE[R;x+y+z:1then:Za"b3’czzZa 3 P73 ¢T3
b
x = = z = +y+z= +b+c=
For:x = a+b+c,y 2T T .Wehave:x+y+z=1,a+b+c=2p
Aa 1-2 b 1-2 Ac 1-1
Za2s-b2s-c2s>2a2s 3 bzs' 3 c2st 3 (@))
2
1_
Wetake: 4 =2;2¢ 17224, 75 @ 1 3ars
3 2s 3 6s 3 3s 9 9s
—A _ 3b+s A i_3
andanalogous—s T_ s z_§+T_ ;” The relationship (1) can be written:

3a+s 3b+s 3c+s el

Z(aa bb . ¢ )Zs > Z a9 b9 c9 = Z(a3a+s . p3b+s . c3c+s)95 —

1 1 1 1

— Z(abc)g (a3ab3bc3c)93 — 91/ach(aabbcc)3s — 9‘/4RSZ(aabbCC)3S
JP.040. Prove thatif a, b, c,d € (0,);v3(ad — bc) = ac + bd # 0 then:

d(a + bV3) — ¢(b — aV3) > 4Vabcd

Proposed by Daniel Sitaru — Romania
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Solution by Anas Adlany - El Jadida- Morroco
We have V3 (ad — bc) = ac + bd # 0 = d(av3 — b) := c(a + bV/3)

Also, we conclude that ad > bc = Yabed < Vabced and av3 > b, 3a > bV/3.
Thus, d(a +bv3) — ¢(b — av3) = d(a+ bv3) + < (a + bV3) = (L) (a + bV3)

d

2 2
Hence, we have to prove that (C ;d ) (a+ bv3) > 4Vabcd. But,

a>%:>a+b\/§>b(\/§+§):>(C2+d2)(a+b\/§)>S(c2+d2)(\/§+§)

d

c? + d? c bc b3¢3
< y >(a+b\/§)>2bc(\/§+3)>4bc\/;::4/H

And note that /sz > vabcd  (ad)? > (bc)?

Which is true due to the first observation (see above).
Conclusion: From all those inequalities, we shall obtain the desired inequality.

Comment: this is a great problem for juniors, all thanks to sir DAN SITARU.

JP.041. Prove that in an ABC acute-angled triangle the following relationship holds:
73 14 73 28
cos(Z—A) +cos(Z—B) +cos(Z—C) >F
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC, la siguiente desigualdad:
/(3 (3 /(3 28
cos(Z—A) +cos(Z—B) +cos(Z—C) >F
Dado que es un triangulo acutangulo 0 < A,B,C < g
cosA ,cosB,cosC >0,senA,senB,senC >0

Desde que: S = 2R? sen A sen B sen C, se tiene la desigualdad:

= g((cosA + sen A) + (cos B +sen B) + (cos C + sen C)) >4senAsenBsenC... (A)

Probaremos lo siguiente:
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V2
:7(cosA +senAd) >sen24 —» cosA+send >+2senA4 — (cos A+ senA)? > 2sen? A

=1+sen24 >2sen?24 - 2sen’24—sen24—1=(2sen24+1)(sen24—1) <0
Lo cual esciertoyaque: 0 <24 <m — 0 <sen2A4 < 1, por la tanto:

2sen24A+1>0 Asen24—1 <0.Porlotantosetendraen ... (A):

2
= 7((cosA +senA) + (cos B + senB) + (cos C + sen C)) >

>sen2A +sen2B +sen2C =4senAsenBsenC (LQQD)
Solution 2 by Nguyen Minh Triet - Quang Ngai — Vietnam

. . 1
(V)x, we have: cos x + sin x = V2 cos G — x). Hence, LHS = [chc(cosA + sin A)] 5

Letx =cosA+sinA;y =cosB +sinB,c=cosC+sinC. Thenx,y, z € (0\/7] and
LHS:\/ii(x+y+z).So(\/i—x)(x\/i+1)2 0=x>x%/2 -2
Similarly y > y>v2 —V2;z > z>V2 -2

:>x+y+22\/i-(x2+y2+zz—3)=x/i2[(sinA+cosA)Z—1]:

cyc

a b
Zﬁ-ZsinZA24\/E-sinAsinBsinCZﬁ-E-E-sinC—

cyc
= % (x+y+2)=> i—s or LHS > RHS. The equality doesn’t hold, so:

ZCOS(g—A)>g

cyc

(g.ed)
Solution 3 by Soumava Chakraborty — Kolkata — India

. . . 1 1. 1 1. 1 1.
leenInequallty@ﬁcosA+\/—ismA+EcosB+\/—ismB+\/—icosC+\/—ismC>

2 2 s . .
> ﬁ(ZR sin A sin B sin C)

S Y cosa+ Y sinAd > 4\/2(2 singcosg) (2 singcosg) (2 singcosg)

1t asinBsin Bein €+ 4.cos A cos B cos C
Lt — — — — — —
smzsm 2Sll'l2 COSZCOSZCOS2
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. A . B . C A_B__C
> 242 (4 sin sin sin E) (4 cos cos Cos E) & 1+ x+y> 2+/2xy, where

. A . B . C A__B c 1
x=4smEsmEsmE,y=4cosEcosEcos—<:>1+x>y(2\/7x—1);0<xSEand

3v3
0<ys<

Case 1: x<—\/_:>2\/_x—1S0:>y(2\/ix—1)S0; (y>0)

x> 0,1+ x >0and hence 1 + x > 0 or any negative quantity
=>1+x>y(2V2x—-1)

. 1 _
Case2.x>2ﬁ:>2\/7x 1>0

>y Now,x <7 =2V2x < V2= 2V2x—1<VZ -

1

1+x

1+x>y(2\/_x—1)<:>

> (zx/_x—1>0) VZ+1.Again, 1+x>1+-—: x >

:>Z\/Ex 1 2v2' ﬁ
(1+x) 1 1 3 5\/_ 3\/_
zﬁx—1>< )(‘/_“Ll) VZH1+o+ Yoz 27a Tz =Y

=1+ x> y(2v2x — 1) (Proved)

Solution 4 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

g- cos A + cos B + cos C + (sin A + sin B + sin C) Zg(1+£+%)>§—Z(ASSURE)
1+ [
R R
T 2V2-§
1+E+%> e "R2+R-r+R-p>2V2-S;R>2r,p=>3V3r;S=p-r

R2+R-r+R-p=2R-r+Rr+3V3-R-r>2V2-p-r; (3+3V3)-R>2V2-p

(325).R>p (*)- (ASSURE)

2V2
a+b+c 3vV3 3v3
p=———=R-(sinA+sinB+sinC)<R-—=——"R
2 2 2
RRzp (™)
() (%) =228 538 (True p <22 g <238 g
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JP.042. Prove thatin A ABC:

> 645%(1 — cos? A — cos? B — cos? C)

a?(b? + % — a?)3
Z b?c?
Proposed by Daniel Sitaru — Romania
Solution 1 by Anas Adlany- El Jadida- Morroco
First, note that in any triangle. 1 — Y cos?(A4) := 2] cos(A4)

2, .2_.2\3
So, the original inequality is equivalent to ¥, a2 % > 2 x 64 % S2[] cos(4)

b%+c2-a?

Let’s do it! From the cosine’s law, we have cos(4) := e

Now, if we use AM-GM, we shall obtain

S () o

Hence, it suffices to show that 2 x 64 x §2 > 24abcabc <> 165% > 3abciabc

e (a+b+c)[l(a+b-c)=>3abcVabc. But this is true to AM-GM inequality and

[I(a+ b —c) = abc. Done!
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

az(b2+c2—a2)3
b2c2

Probar en un triagulo ABC: Y, > 645%(1 — cos? A — cos? B — cos? C)
Desdeque:A+B+C=m
(1 —cos?A — cos?B — cos?C) =sin? A— (1 —sin?B) — (1 —sin?C) =
= sin? A + sin? B + sin? C — 2
= (1 —-cos?A —cos?B —cos?C) =sin?A+sin? B+sin’C -2 =
= 2 cos A cos B cos C. Ademas:

b%? +c? —a? =4ScotA, a* +c* — b?2 =4S cotB,a* + b? — ¢ = 4S cot C,

abc

§=-g-Enun triAngulo ABC: sinAsinBsinC >0 A1 —-8cosAcosBcosC >0

a?
= z pigE 6453 cot> A > 645%(2 cos Acos Bcos C) =
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a?
b2c

a?
:z Sc0t3A22cosAcosBcosC:>z
b2c?

e S = 2ZcosdcosB ¢ z cos 4 >2cosAcosB C
& A L\ cos’A .
4Rbc sin3 4 = Cos A cos b cos 2 sinBsinc > cos A cos B cos

>S cot?’A > 2cosAcosBcosC =

= 4 cos3 Asin A + 4 cos® Bsin B + 4 cos3 Csin C > 2 sin 24sin 2B sin2C
= sin 24 (1 + cos 24) + sin 2B(1 + cos 2B) + sin 2¢ (1 + cos 2C) >
> 2sin2Asin 2B sin 2C
= (sin2A4 + sin 2B + sin 2C) + (0,5)(sin 44 + sin 4B + sin 4C) >
> 2sin2Asin 2B sin 2C
= 4 sin Asin Bsin C — 2 sin 24 sin 2B sin 2C > 2 sin 24 sin 2B sin 2C -
— 4sinAsinBsinC(1—-8cosAcosBcosC) >0
Solution 3 by Soumava Chakraborty — Kolkata — India
a?(b*+ c? —a*)® a*(2bccosA)?
b?c? B b?c?

s=4

= 8a’bccos® A

= 8(4R? sin? A)(4R? sin B sin C) cos® A = 128R*(sin A sin B sin C) sin A cos® 4
= 64R?*(2R? sin Asin B sin C) sin A cos® A = (64R? - sin A - cos® A)A

2024 g2 p2)°
Similarly, 2 (c :2';2 b) = (64R? sin B cos® B)A
20021 p2—c2)°
and =) = (64R? sin C cos® €)A

given inequality © R? Y(sin A cos® A) > A(1 — cos? A — cos? B — cos? ()

1 1
sinAcos3A = 2 (2sinAcos A)(2cos? A) = 2 (sin24)(1 + cos 24)

1 . . 1 . 1
ZZ(sm 2A + sin 2AcosZA)=Zsm2A+§sm4A

R? R?
R? Z(sinA cos3 A) = Tz sin 24 + ?z sin 44
z sin4A = sin4A4 + sin 4B + sin4C

= 2sin(2(4 + b)) cos(2(4 — B)) + 2 sin 2C cos 2C
= 2sin(2m — 2C) cos(2(A4 — B)) + 2sin2C cos 2C
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= —2sin 2C cos(2(4 — B)) + 2 sin 2C cos 2C = 2 sin 2C {cos 2C — cos(2(4 — B))}
=4sin2Csin(C+ A — B)sin(A— B — C) = 4sin 2Csin(mw — 2B) sin(24 — )
= —4sin 2Asin 2B sin2C

R? R?
ry (z sin 4A) =g (—32 sin A sin B sin C cos A cos B cos C)

= —2(2R?sin A sin Bsin C)(cos Acos BcosC) = —2A cos A cos B cos C

2
Again, RT (X sin2A4) = R?sinAsinBsinC = %given inequality &

A
5 2AcosAcosBcosC > A(1 — cos? A — cos? B — cos? ()

& 1—4cosAcosBcosC >2—(2cos?A+2cos?B+2cos?C)

& —1—4cosAcosBcosC > —(3 +cos2A+ cos 2B + cos 2C)

1
=—-3+1+4cosAcosBcosC © 8cosAcosBcosC<1& cosAcosBcosCS§

which is true (proved)

JP.043. Let a, b, ¢, d be nonnegative real numberssuch asa + b + ¢ + d = 4. Prove that:
a)ab+ bc+cd+da<4
b) a’?bc + b%*cd + c*da + d*ab < 4
c)abc + bcd + cda + dab < 4
d) abVc + bevd + cdva + davb < 4
Proposed by Nguyen Tuan Anh - Viet Nam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, ¢, d nimeros reales no negativos de tal maneraque:a+b + ¢ +d = 4.
Probar que:

a)ab+bc+cd+da<4

[(b+d)+ (a+c)]?
=

> bla+c)+dla+c)=(b+d)(a+c) < 7

>[(b+d)—(a+c)]?=>0

b) a’?bc + b?*cd + c*da + d*ab < 4
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Desde que:
= a’bc + b%*cd + c*da + d*ab — (ab + cd)(ac + bd) = bd(b — d)(c — a)... (A)
= a’bc + b%*cd + c*da + d*ab — (ac + bd)(ad + bc) = ac(a—c)(b — d)... (B)
Multiplicando (A) x (B):

<z a’bc — (ab + cd)(ac + bd)) (z a’bc — (ac + bd)(ad + bc)) =

= —(abcd)(b— d)*(a—c)?* <0
Por la tanto se puede afirmar lo siguiente:
= a’bc + b*cd + c*da + d*ab < (ab + cd)(ac + bd) v
a’bc + b%*cd + c*da + d*ab < (ac + bd)(ad + bc)

Si: a’bc + b?%cd + c*da + d*ab < (ab + cd)(ac + bd) <
_lab+cd)+ (ac+bd)* _[(b+c)a+d)])® 16 _
- 4 - 4 — 4

Si: a’bc + b?%cd + c*da + d*ab < (ac + bd)(ad + bc) <
< [(ac + bd) + (ad + bc)]? < [(c + d)(a + b)]? < 16 _
- 4 - 4 — 4

c)abc + bcd + cda +dab < 4

Solo basta probar lo siguiente: abc + bed + cda + dab = ac(b + d) + bd(a+c) <
<ab+bc+cd+da=(a+c)(b+d)
> 4ac(b+d)+4bd(a+c)<(a+c)(b+d)[(b+d)+ (a+c)]
>b+d)i?a+c)+(a+c)’(b+d) <4(a+c)bd + 4ac(b + d)
s(a+c)b-d)?*+(b+d)(a-c)?=>0
Por la tanto: = abc + bcd + cda+ dab < ab + bc+cd +da < 4

d) abvc + beVd + cdva + davb < 4. Desde que: a, b,c,d > 0. Por: MA > MG

N ab\/E'FbC\/C_l'FCd\/E'Fda\/ES ab+2abc+bc+2bcd+cd+2cda+da-i—zdab ng 4 (LQQD)
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JP.044. Let a, b, c, d be nonnegative real numbers such as

at+b+c+d=4.
a) avbc + bVed + cv/da + dvab < 4
b)vabc +Vbcd +cda + \dab < 4

¢) Vabc + Vbed + Veda + Vdab < 4;(n € N)
d) ab%c + bcVd + cdVa + daV/b < 4, (n € N)
Proposed by Nguyen Tuan Anh — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, ¢, d nimeros reales no negativos, de tal manera que:
a+b+c+d=4
a) avbc + bVcd + cv/da + dvab < 4. Desde que: a, b, c,d > 0. Por: MA > MG

= avbc + bved + cVda + dvab < T + 200 4 SR DD (p)

Anteriormente ya se demostro lo siguiente: = abc + bcd + cda + dab < 4

+abc | b+bed | ctcda | d+dab
= Por lo tanto tenemos en (A): == + ==+ ==+ = < 4

= Por transitividad: avbc + bVcd + cVda + dvVab < 4
b) Vabc ++bcd +Vcda+ Vdab < 4 = Por: MA > MG

= vabc +Vbcd +cda++dab < ab;c + bc;d + Cd;a + da2+b .. (B)

Asimismo también ya se ha demostrado lo siguiente: = ab + bc + cd + da < 4.

Por lo tanto, por transitividad en (B): Vabc + Vbcd + Vcda + Vdab < 4
¢) Vabc + Vbcd + Veda + Vdab < 4,n €N

1
Sea: f(x) = xn V x €< 0,+0 > Aconsiderando para:n > 1
1-n —2n+1
Calculamos la primera y segunda derivada: f'(x) = = A f"(x) = 22D < g

n le

Desde que: f"(x) < 0 — entonces f es una funcién concavay se cumple:

Desigualdad Ponderada de Jensen:

abc + becd + cda + dab)

f(abc) + f(bed) + f(cda) + f(dab) < 4f( .
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1
)n <4(1)" =4

abc + bed + cda + dab
:4< 4

d) ab%/c + bcVd + cda+da\/b <4 neN

Siendo: f(x) = x% (Concava) V x €< 0,+o > A considerando para: n > 1
Desigualdad Ponderada de Jensen: = abf(c) + bcf(d) + cdf(a) + daf(b) <

abc + bcd + cda + dab

ab + bc+ cd + da

1
abc+bcd+cda+dab abc+bcd+cda+dab\n
)=( )< =1

ab+bc+cd+da ab+bc+cd+da

s(ab+bc+cd+da)f< )g4(1)n:4

Ya que: f(
Solution 2 by Soumava Chakraborty — Kolkata - India
a,b,c,d € R* U{0}, then, givena+ b+ c+d = 4,
a) avbc + bVcd + cv/da + dab < 4
b) Vvabc ++Vbcd ++cda +Jdab < 4
If 2 variables or 3 variables = 0, LHS of (a) and LHS of (b) both = 0 < 4.
If 1 variable=0,saya = 0,then,b+c+d =4,with0 < b,c,d < 4.

GM-AM _ 2 _
So bved < 5%9:5%95%4:2<4@wMM—b)s“§bzzﬂs4—b>o)

which proves (a). Also, ifa = 0, Vbcd < b+;+d = g = bed < % = vbed < % <4,

which proves (b). Now, let’s consider a, b,c,d > 0

a) avbc + bVcd + cVda + dvab = Vab+ac + Vbcvbd + Vedvca + Vdavbd

¢msam a+b\ya+cy (b+c)(b+d) (c+d)(c+a) (d+a)b+d)
- <z)<2)+ 4 " 4 " 4

_(a+0) (b+d)
T4 4

(a+b+c+d)+ (b+c+d+a)

2
:@:%:4(equalityata:b:c:d:1)

(Proved)

b) Vabc +Vbcd +Veda + Vdab = Vbc(vVa + Vd) +da(Vb + c)

GM=AM ‘b+c\/a+1 d+1 d+a\/b+1 c+1
< + + +
( 2 )( 2 2 ) ( 2 )( 2 2 )
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_2(ab+bd+ac+cd)+2(a+b+c+d)
B 4

— 2(a+d)(b+c)+8 < 2(4)+8 —

16 .
” <= 724(equalltyata:b:c:d:1)

GMsAMa+d+b+C_4- 2
s =2=2)

(-.-\/(a+d)(b+c) < ————=-=

(Proved)
a,b,c,de R*u{0tanda+ b+ c+d=4.Then,

¢) Vabc + Vbcd + Veda + Vdab < 4
d) ab%c + bcVd + cd¥a + da¥/b < 4
If exactly 2 or 3 variables = 0,LHS ofc),d) =0 <4
If exactly 1 variable,saya = 0,thenb+c+d = 4
Letusfirstprovec)fora=0and0<b,c,d <4

Casel:n=1

WGQA—b+;+d:§:>bcds%<4
Case2:n=2
\/m<i<4
~3V3
Case3:n=3
3bcdsg<4

Cased4:n >4

'%/bcd:::/bcd-1-1-...-1

n-3
cMsaMmb+c+d+n—-3 4+n-3 1+n 1
< = = =1+—-—<4
n n n n

Letus now proved) fora=0&0<b,c,d <4

o) 12 0 )]

2 2 “b+c=4-d)

11 , 1
_ (4-d)ndn-(4-d)*"n

- (1)
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GMSAM 41444

Now, /(4 —d)d < 5 :2:>(4—d)ds4:>(4—d)%d%54% @) (i)

1 1
Also4 —d<4(:d>0)= (4—d)> n<4’n ( 2-1> 1)

11 1

ndn 2, (2) 42
4—d)ndn(4—d 4
( Yndn( )Y n <

4

(i) x (i) = (4 — d)ndn(4 — d)*"n < (4n) (4%70)

11 51
1\ (1) (4- — d)ndn(4- — d) n
= bc (dn) < <
4
Hence, c), d) are provedfora=0and 0 < b,c,d < 4
= ¢), d) holds true if exactly 1 variable = 0
Let us now consider 0 < a, b, c,d < 4. Let us first prove (c)
Casel:n=1
abc + becd + cda + dab = bc(a+ d) + da(b + ¢)

(b+c)?(a+d) (d+a)*(b+c)
< +
4 4
_+ ol +c)a+d)}+(d+a)(d+a)b+c)}

4
< 4(b + ¢) :4-(d +a) ( \/(b +o)a+d) <

_4(a+b+c+d)
B 4
Case 2:n = 2 = given inequality is:

(GM < AM)

b+c+d_4_2>
2 2

=a+b+c+d=4

Vvabc ++bcd +Veda ++dab < 4, which is inequality (b), which was proved earlier.
Case3:n=3

Vabc + Vbcd + Veda + Vdab

¢Msama+b+c b+c+d c+d+a d+a+b 3(a+b+c+d)
< =+ =+ =+ = e
- 3 3 3 3 3
Case4:n=>4
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n GMsaM @ +b+c+n—3
\/abczr:]abc-l-l-l...l <

n
n-3
n GscAb+c+d+n-3
\/bcdzr:]bcd-l-l-l...ls -
n-3

n GscAc+d+a+n-3
\/cdazr:]cda-l-l-l...l <

n-3 n

n GscAd+a+b+n-3
\/dabzr:]dab-l-l-l...l <

n-3 n

3(a+b+c+d)+4n—12_4n_4
n B n B
Letus prove (d) for 0 <a,b,c,d <4

Vabc + Vbed + Veda + Vdab <

Casel:n =1 = (d) becomes abc + bcd + cda + dab < 4

abc + bed + cda + dab

< bc(a+ d) +da(b + ¢) GgA (b + c)i(a + d) N (d+ a):(b +c)

(d +a)
4

= (?) {(b+c)a+d)}+ {(b+c)(d+ a)}

b+c +d+a GSAb+c+a+d_ }

<o -{-.-\/(b+c)(a+d)sf—2

=a+b=c+d=4
Case2:n>2

GsAc+n—-—1
VYe=rlc-1-1-1..1 < ————
n-1 n

.. d+n-1 +n-1 b+n-1
Similarly, Vd < =& ,’{/Es%,“bs :

n

~ aby/c + bcVd + cd%a + da"/b

- abc+ (n—1)ab + bcd+ (n —1)bc +cda+ (n—1)cd + dab + (n — 1)da
- n
__abc+bcd +cda+dab

n—1
= +< )(ab+bc+cd+da)
n n

<

% + "%1 (a+c)(b +d) (~ abc + bcd + cda + dab < 4, as proved in Case (1)

above)
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<24 ( ) ( J@robra) < arerbrd 2) = 4471 — 4 (Done)

n

P.045. Ifa, b, ¢ > %then:

1_[ (a2 + Z ad + Z ab — 3abc) > (a+ b)%2(b + c)*(c + a)?
Proposed by Mihaly Bencze — Romania
Solution by proposer
Ininequality x3 + y3 + z3 — 3xyz > 0 we take x = a—%,y =b —%,zz c—%
and we obtain a® + b3 + ¢3 — 3abc > a? + b%> + ¢ —ab — bc — caor
a® + b3+ c®+ab+ bc+ca—3abc > a*+ b%*+c?or
a2+2a3+2ab—3abc2 2a? + b% + ¢ = (a? + b?) + (a®> + ¢?) >

2
(a+b) 4 (at0)? > (a + b)(a + c) therefore

1_[ a +Za +Zab 3abc 1_[(a+b)(a+c)—1_[(a+b)Z

SP.031. If (a,)n=1 C (0, ) is a sequence that

. an+1
lim

n-w na,

=a € (0,o)

find:

= lim (*"%@r - *an ) Vi

n—oo

Proposed by D.M. Bdtinetu — Giurgiu — Romania
Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R, x R%.If(a,),»1 € S(R})isaB — (t + 1, a) sequence, then

(Van) _ isaL—(ta(t+1) e V) sequence.

a
i e = @€ 0
n

0=l (s ) = {fm (Y - @)t V)
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= {limoo (" €1 — Y/ €n)}(lim,, o, V) Where ¢, = /a, foralln>1

c 1 a 1
lim —1 = (lim —) lim —L |=+a (lim —)
N

n-oon - Cn n— oo n n—-oo n- an

Hence, (¢,),»1 IS B — (1, Va (limn_,m W)) sequence, so by the above theorem
(3/cn) L isal— (0 \/_(llmn_,oo r) 1- e‘1) sequence.

\F(llmn_,m Vn) (llmn_,c,o r) ‘/_l im,,_ (\/ﬁ x \/iﬁ) = ‘/?a (Ans:)

SP.032. If (a,)ns1; (by)ns1 € (0, o) such that

a, +1 b 1
lim — =a € (0,0); lim =
n-o Na, n-w nb,

=b € (0,)

find:

= llm(2n+2\/ Api1 bn+1 \/ a, - bn)

n—-oo

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R, x R}. If (a,).=1 € S(R}) isaB — (t + 1, a) sequence, then
(Van) _ isaL—(ta(t+1) e **V)sequence.

. ni1 _ bnii _ 3. 0 — 1; 2n+2 2n
lim,_ .~ = a and lim,_, b= lim,, o, (™3 @ns1bnir — Y anhy)

n

= lim, oo ("*\/€ns1 — 3f€n), Where ¢, = \/a, b, foralin > 1

. Cn+1 . vV an+1bn+1 . Ani1 . bn+1
lim —— = lim ————= lim lim =+vab
n-co M - Cy n-ow n. anbn n-co M- Ay n-oo [N - bn

Hence (c¢,)p>1 iSa B — (1, Vab) sequence, so by the above theorem

(Ven),, isal—(0,Vab-1-e™")sequenceie. L — (0,@) sequence. S0 2 :@
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SP.033. Letbe: r,s € [0, ©); (a,,),>1; (b,)»1 € (0, o) such that

n

n

a b 1

lim 1 =a € (0,); lim —% b € (0,); x,,:ZE
k=1

n_,ooan,nr_ n—’oobn'ns"'l_

Find:

Q = lim ((n+i/an+1 . bn+1 _ 7\‘/anbn)e—(r+s)xn)

n—oo
Proposed by D. M. Bdtinetu — Giurgiu — Romania
Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R} x R} .If<a, >,.:€ S(R})isaB — (t + 1,a) sequence

then < %/a, >,.; isa L — (¢t a(t + 1),e"**V) sequence.

. a . b
lim,,_, n:;l = a € (0,00) and lim,,_, o, ns::.;; = b € (0,x)
n n

0 = lim ((u+Van+1bn+1 — ’\‘/anbn)e—(rﬂ)xn)

n-oo
= {,lli_,no})("+i/an+1bn+1 — 'Vanbn)} (rllLTo e—(r+s)xn)

Letc, = a,b,foralln>1

c a b
lim —1 — (lim nr”) (lim n+l ) (lim "—+1) =ab (lim nr”)

n-ooN - Cp n-co n-oN" - A,/ \n>w nstl. b, n-oo

Hence < ¢, >,>1isaB — (1, ab(lim,_, n”s)) is a sequence. Hence the above

theorem yields < %/c,, >,>1 a L — (0,ab(lim,_,, n"*%) - 1 - e~ 1) sequence.

0= a_b (llm nr+s) (llm e—(r+s)xn) — a_b (llm nr+s e—(r+s)(yn+lnn))
e n— oo n— oo e n—oo
Wherey, =1+ % + % + e+ % —Innis Euler’'s Constant = e(r+)bn+1 (Ans:)
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SP.034. Let f: (0, ) — (0, o) be a continuous function such that:

lim,_ f;;f;l)) = a € (0, »),and it does exists:

1
x

lim,_,, U@

’
X

find:
o= tim| T
(fx+1))2x*2Z  (f(x))>

X

VE

Proposed by D.M. Bdtinetu — Giurgiu — Romania
Solution by Marian Ursédrescu — Romania

n
Let a, = f(n) = lim,_,, i";l =aA3lim,_ “:". We must calculate:
n

. 1
Q= llmn—mo (2n+r%}-m - 21&;—“) \/ﬁ (1)

In n+1 In n n In n+1 1
2n+2 "2 2 2n+2
Q = lim (e Vaner — g 7Y “"> vn=lime Van (e Vane
n—-oo

n—-oo

m,va__l>ﬁ:

n
an
_ n 2n+2 >
= lim,,_, s Vant1/ — 1 | (2)
2
. vn . Bmm _ o [ . (+1)*1! a,
lim — = lim — = lim —— — =
n—-oo an n—-oo an n—-oo an+1 n
n+1\" a,(n+1) 1\" a,n n+1 e
=\]llmn_,c,o (—) L == [lim,_ 1+—) n = [- 3)
an+1 n An+1 n
2n
a
sy
2 e v An+1
n
ln(n+1~2 Zw/an > 21\l/a—
. n 2n+t . n
limn| e Vantt/ — 1 | == lim =
n—-oo

) Ya, .on Ya,
=limnln ———=1lim=-In|——
n-oo "+1/an+1 n-oo 2 "+1/an+1
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1 ",/a 1

a
li 1 n 1 (l ( n_ o+l ))
= —11m n<—n+1 1> =—Iin|( l1m . vV An+1

1

1 na
= Eln (lim L "+,1/an+1) =

no>eolpqg N

na, n+1 n+1,/an+1 _1 1 al _ -1
el )-"“(;'1';)—7(4)

=1 In(lim,,_,
2 an+1 n n+1 2

For (1)+(2)+(3)+(4)=> 2 = — \/;

SP.035. Evaluate

2n digits 4
i |Va4| + |Vadaad| + - + |Va4. 44|
1m
n-oo 10"

where x| denotes the integer part of x.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Henry Ricardo - New York — USA
To simplify things typographically, we introduce the notation
(mm ... mm); to denote the k - digit number each of whose digits is m.
First we see that for any positive integer k
(44 .. 44),;, = (44 ... 44),, - 10* + (44 ... 44),,
= (44 .. 44); - (10 + 1) = 4(11...11), - (9(11...11), + 2)

=36-(11.. 11)% +8(11..11), = (66... 66)% +8(11..11),
) 4 2\?
< (66...66) +8(11..11); +5 = ((66 . 66); +§)

2
Thus (66 ... 66)2 < (44 ... 44),; < ((66 ..66), + é) , implying that

(66...66), < /(44 ..44),, < (66...66), +§and so /(44 ... 44),;| = (66 ... 66),.

n n 63" (1ok_1)
Sh=1ly(44..44) 21| _ 6-X=1(11..11), _ S2e=1\"9
10n 10" 10n

Now we have
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10n+1_1
— 2 (Zk=q10-n E( 9 _") — 2 (10"1-1-9n) _ 2 _1_5n 20
_3( 10m )_3 10n _27( 10m )_27(10 10m 10“)_)278‘571_)00'
SP.036. Let a, b, ¢ be positive real numbers such that
3(a+b)(b+)(c+a) = e
a c)c+a) > 77—
Va3 + b3 + 3

Provethata + b + ¢ > /9.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Anas Adlany - El Jadida- Morroco

We have knownthat(a+b +c¢)3 =Y a3 +3[[(a+b) > Y a3+ 8

va3+b3+c3

° 8
>9 3 (;»Th a+b+c>3%9.H .
\/(Za) e us,a ¢ > /9. Hence proved

Solution 2 by Soumitra Mandal — Kolkata — India

8
3(a+b)(b+c)(c+a) > ——
(@rDbrolera 2y e

8
§ 3 | | 3 3 3
= a®+3 (a+b)28a3+b3+c3+(a + b3 + ¢3)

cyc cyc

8

> (8 + 1)9\/{;} (a3+b3+c3)=9

Va3 + b3 +c3
:>(a+b+c)329:>a+b+c2%(proved).Equalityata:b:c:%

SP.037. Compute the limit

™

3 sin @ sec? 0

deo

n

sin @ sec? 0>c°s ? cos 0\°°%? cot @
) (=) (=)
n

lim | nln <1 +

n-oo n
T
4

Proposed by Kunihiko Chikaya — Tokyo —Japan
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Solution by Mirza Uzair Baig-Lahore-Pakistan

It is easy to prove the following asymptotic expansions

a\? ,a\?[(a’?b(3b+5) ab
Y = (&) (22T TS %P -2
nln(1+n) _(n) ( Y™ > +n+0(n?)
a?*’p(3b+5) al*bh
= — +
24nt+b 2nb

(1 + %)b =1+ %b +0(n2).

abnl-b + 0(n~2-?)

Now now that

sin 0 secZ 6\ °**° tan(x) + sec(x)\ "™
nln<1+—> =n< (x) ()> +0(n‘5)
n n
cos 6\t cos 0 cot O
(1+ ) =1+—— " +0(n?)
n n
cot ysinfsec” sin @ sec? 0 cot 0

Forx € Gg) we have, n17¢s(® _ © n - .

Thus limit is +oo.

SP.038. If x,y,z € R\ {1} and n € N then:

1 xn+1_1 n

3 Z (x—2y—22)<ﬁ>+\/x2+y2+z2 Z\sz"+y2"+zz" >0
k=0

Proposed by Mihaly Bencze — Romania

Solution by proposer

First we show thatifa, b, c,x,y,z € R then:

ax+by+cz+\/(a2+b2+c2)(x2+y2+zz)2§(a+b+c)(x+y+z) 1)

2 2 2
Letust = /%,xzm,yzqt,zzrt:uzz+b2+c2 =p?+q%+r?and (1)

becomesap+bq+cr+a2+b2+c22§(c+b+c)(p+q+r)or
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4(a+b+c)p+q+r)<((a+b+c)+(p+q+ r))Z it suffices to prove that:
(@+b)2+(b+q)*+(c+r)2 =1 ((a+p)+(b+q)+(c+r)" Thisisclearly true

In(1) wetakea =x*b=y* c=2z">

n
z <xk+1 4yl 4 ghtl \](xz + y2 + z2) (x2k + y2k + ZZk)> >
i=0

> gZﬁ(x +y+z)(xk+yk + 2z or

n+1
Z(x—Zy Zz)< >+w/x2+y2+zzz\/x2k+y2k+z2k>0

cycllc

SP.039. Prove thatif a, b, ¢ € (1, ) then:

3
ellna_cbl . elln% -elln% . <1+ 1+ 1) >27
a b c

Proposed by Daniel Sitaru — Romania

Solution by Nguyen Phuc Tang — Hanoi — Vietnam

We have |lna7b| + |lna |ln | = In(abc)
1+1+12
a b c
LHS = elel Gl nT (1 ; 1) > emtabd . 27 5 qpe. 27— 97
a b c abc abc
Equality holdsifa=b = c.
SP.040. Prove that if a, b, ¢ € (V3, ) then:
In(bc) In(ac) In(ab) Inc
+ + > zz
In(ea?) In(eb?) In(ec?) 1+2VInalnb

Proposed by Daniel Sitaru — Romania

Solution by Nguyen Phuc Tang — Hanoi — Vietnam

Wehavelna > 1,Inb > 1,In ¢ > 1. The given inequality is equivalent to
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lnb+lnc+lna+lnc+lnb+lna>z Inc
1+2lna 1+2Inb 1+2Inc — 1+2vVInalnb

1 1 _ 2 *
< X(Inc) (1+Zlna * zmp 1+2m) =0 ()

(*) is true, by the well — known inequality

! ! Zy forallx,y > 0& xy > 1. Equality holdsifa = b = c.

+ >
1+x2  1+y2 — 1+x

SP.041. Letbe f:[0,1] - R, f continuous on [0, 1]. Compute:

st (ke 0231 ()
tim = lnz(n+1)(2n-:-i) .

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash — New Delhi — India
n k .
Sxew 3 r()-
n
k=1 j=1

) o7 () s ()] oo ) ()
)]
=y (Ot + 22+ + (n—k+1)2] Q)

Weknow§k3 <12+4+22+4+ ...+ k2 <§(k+ 1)3

n—k+1

1 1
§(n—k+1)3< z j2<§(n—k+2)3
j=1

n 1 (n—k+1)3f(§)

1 n 1 (n-k+2)3f(%)
k=13 n2(n+1)(2n+1)

Using (1), we get ), <J< Zk=13m(2)

Shea((-kt 2 5E 4 £(3)
n2(n+1)(2n+1)

:E;n(1+%)(1+i)(1+5_5) f(ﬁ)

n 1 (n—k+1)3f(§) —
k=13 p2(n+1)(2n+1) ~

When J = .Now, ¥,
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e RS (S I (O PIOREI (RO MORENE)

2n.

1 1 1 1
5 % [ of (1 - x)? f(x)dx + (0) of (1 - x)2f(x) dx + (0) of (1 — x)f(x) dx + (0) of £(0) dx‘ _

1
1
= gf(l —x)? f(x)dx
0
Similarly, expression on RHS of (2) approaches:

1 1
%f(l —x)3 f(x)dx; ] - %f(l —x)3 f(x)dx
0 0

asn — oo

SP.042. If A, B € M,(R) then:
det(xI, + yAB + zBA) + det(yl, + zAB + xBA) + det(zI, + xAB + yBA) >
> (xy + yz + zx) ((1 + Tr(AB))2 + 2det(AB) — Tr(AZBZ))
foranyx,y,z € R
Proposed by Mihéaly Bencze — Romania
Solution by proposer
With elementary calculus holds:
det(xI, + yAB + zBA) = x> + x(y + z)Tr(AB) + (y* + z?) det(4AB) +
+yz ((Tr(AB))Z - Tr(AZBZ)) and using the inequality x? + y? + z2 > xy + yz + zx
holds det(xI, + yAB + zBA) + det(yl, + zAB + xBA) + det(zI, + xAB + yBA) =
=% +y*+2z%) +2(xy+yz+ zx)Tr(AB) + 2(x* + y? + z?) det(4AB) +

+(xy + yz + zx) ((Tr(AB))2 — Tr(AZBZ)) > (xy+yz+ zx)(l +2Tr(AB) + Tr(AB))2 +

+2 det(AB) — Tr(42B%) = (xy + yz +22) ((1+ Tr(4B))’ + 2 det(4B) - Tr(42B?))
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SP.043. If x,y,z,a,b,c > O then:

1 1
x3y + y3Z + 73y > (x3a+cy3b+az3c+b)a+b+c + (y3a+cz3b+ax3c+b)a+b+c +

1
+(Z3a+cx3b+ay3c+b)m

Proposed by Mihaly Bencze — Romania

Solution by proposer
1
We have: ax3y + by3z + cz3x > (a + b + ¢)((x3y)*(y32) (23 x))atbrc =

1
=(a+b+ c)(x3a+cy3b+az3c+b)m = (a+b+ C)Z x3y —

1
— Z(ax3y + by3z + Cng) >(a+b+ C)Z(x3a+cy3b+az3c+b)m

SP.044. In all convex quadrilateral ABCD we have:

(—a+b+c+d)*+(a—b+c+d)*+(a+b—c+d)*+(a+b+c—d)* >

a a a

b+c+d c+d+a d+a+b
+< 3 +“)+< 3 +b)+< 3 ”)

a
>

a+b+c
(5—+q)

foralla > 1.
Proposed by Mihaly Bencze — Romania

Solution by proposer

x5 +x5+x5 x1+x2+x3\%
1772733 > (B2I22733) forall xq, x5, X2 > 0
3 3 1:42:143

Ifxy,=—a+b+c+d,x,=a—b+c+dx;=a+b—-—c+d,x,=a+b+c—d

a a a a
x{+x3+x3 > Z (x1+x2+x3)

and X1,X2,X3,X4 > Othen x‘f + x% + xg + xg = chclic 3 3

orY(—a+b+c+d)*> Z](%b“+d)‘Z etc.
SP.045. If a, b, c € (0,1) then:
1 1 1 3125\"
4n + 4n + 4n 2 < 56 )
(a@—a®)™" (A -b%)" (c(1-c%) 2

Proposed by Mihaly Bencze — Romania
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Solution by proposer

5
1 55 5
>—asavd=x
1-a* — 4 '5-

| -

5x

We have: "

= =

>5§/§
a(l1—a*) ~ 4

1 5Y5\" . 3125\
ZWZZ<T> =3(356)

=R

ox—-1)22x 32 +2x2+3x+4)>0>

=

UP.031.1fA,B,C € M, (C); n > 2;detA # 0;AB = BA;AC = CA; A’B + C = ABC then
BC = CB.
Propsed by D.M. Bdtinetu — Giurgiu — Romania
Solution by Soumitra Mandal — Kolkata — India
AB = BA; AC = CAand A’B + C = ABC
Now A%?B + C = ABC = (A’B+ C) - B= ABCB = A*B* + CB = ABCB
= A(AB)B + CB = ABCB = (AB)* + CB = ABCB [+ AB = BA]
= CB = AB(CB — AB) ... (1)
Again, A’B + C = ABC = B - (A*’B + C) = BABC = BA?B + BC = BABC
= (BA)AB + BC = BABC = (BA)?> + BC = BABC [- AB = BA]
= BC = BA(BC — BA) = BC = AB(BC — AB)[- AB = BA] ... (2)
So, from (2) - (1): BC — CB = AB(BC — CB)
det(BC — CB) = det(4AB) det(BC — CB) = det(BC — CB)(1 — det(4AB)) = 0
Now, now det(4B) # 1 sinceif det(AB) =1theAB=1,>B=A"1
so from relation A2B + € = ABC we would have got A = 0,, but det(4) # 0, hence a
contradiction. So, det(4B) = 1 is neglected.
. det(BC — CB) = 0 = BC = CB (proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

UP.032.Ifx,y,z€ C*;A,B,C € M,,(C);n>2;x?A+ B = xAB;y?*B + C = yBC;
z?C + A = zCA then:

xy(yz+z)+1A+yz(zx+ 2)+1B+zx(xy+ 2)+1
yz zZx xy

C =3ABC

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution by Marian Ursédrescu — Romania
Theorem: If M,N € M,,(C) suchthat MN =1I,, = NM = I,,, then MN = NM
x*A+B =xAB > xAB—x*-B =0, => xA(B—xl,) — B+ xI, = xI,
> xA-L)B—-xI,)=xI, > B —xI,)(xA-1,) =xI, >
= xBA— B —x*A+xl, =1, = xBA=x*A+ B = AB = BA and similarly BC = CB
and AC = CA. We must show this:
(x2y%z + 2x*y + x)A + (xy?z% + 2y*z + y)B + (x®yz* + 2z°x + z)C = 3xyzABC (1)
XAB = x*A+ B > xyzABC = x*yzAC + yzBC = x*y(z’C + A) + z(y*B + C) =
= x2yz®C + x*yA + y?zB + zC (2)
yBC = y*B + C > xyzABC = xy*zAB + xzAC =
= y2z(x%A + B) + x(22C + A) = x?y*zA + y?zB + xz*C + xA (3)
zCA = z*C+ A > xyz = xyz?BC + xyAB = xz*(y*B + C) + y(x?A+ B) =
= xy?z*B + xz?C + x*’yA+ yB (4)
From (2)+(3)+(4)= 3xyzABC = (x*y*z + 2x*y + x)A + (xy?z* + 2y?’z + y)B +

+(x%yz? + 2z%x + z)C = (1) its true.
UP.033. If a, b > O then:

2(\/a+\/3)2+m(%+%)§33;a;b(%+%) i[2a3-|-b+3\[a-;2b

Proposed by Mihaly Bencze — Romania
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a:; a+b+c
a+b+c
By the AM-GM inequality = < / 1+1+a+b+c
a+b+c

3c
a+b a+b+c

Solution by proposer

+b+c

After addition holds a + \/ﬁ + 3/abc < \/aTaHHc

a++Vab +3abc < a+ 3’ab%b + /abc therefore for a, b, ¢ > 0 holds:

3
a+vab+*“abc 3 a+b a+b+c
— s sJae5 5 @

3
a+vVab++ aZb 3 a+b 2a+b
————7;————‘< cz—;—-—;——and

31 b2
M%'Ib < 3fa . “T”’ . “J;Zb and after addition holds the desired inequality.

In (1) we take ¢ = aand ¢ = b then:

UP.034. Find the numbers a, b, c € N* knowing that:

= NEEN ndﬂeN

Proposed by Gheorghe Alexe; George — Florin Serban — Romania

Solution by SK Rejuan West Bengal — India

Case I: If threeata,b,careequaliea=b =c € N*

“—Zl = b—zl = %1 = ﬂl , which belongs to N [given]

Nowa—HElea—l:a—l—bzc

~(1,1,1) = (a,b,c) is a solution

Case II: If two of them are equal. Let a = b(+ ¢)

%1,$EEN[glven] Now, == - 1,itbelongstoNifa:1:>a:1:b
From—eregetﬁeN[ b—1]:> EN=>c=1o0r2

butc#(a=b)=>c#1=>c=2ie(ab,c)=(11,2)isasolution,
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similarly, by taking a = c(# b) we get (a, b,c) = (1,2,1) is a solution
and by taking a # (b = ¢) we get (a,b,c) = (2,1,1) is a solution
Case I1I: If three of them inequal, so in this case we get six possibilities ie
a<b<cora<c<borb<c<aorb<a<corc<a<borc<b<a

Subcasel: Whena<b<c=(a+1)<b+1<(c+1)(1)

b+1 __
b
a+1 a+1 1 a+1

'.'TENandT<1+;:>T=1:>a+1=b

From (1) we get, “—;;1 < 1 +% [+ b eN]

cheN b31otc1o1+ric2s® b ®
[. EN =~ b> >7<1= pS22—— and —

|
Subcasell:lIfa<c<b=2a+1<c+1<b+1 Itisgiven“THeN:b|(a+1)

Also by own assumption a < b and by given condition b|(a + 1)
= a and b must be consecutive numberinN*anda < b
« a, b are consecutive numbers in N* and a < b so there exists no number ¢ betwen a

and b which also belongsto N*iefora < c < b and

1 b+1 1 .
%,%,% € N we get no solutions

. 1 b+1 1
- No solutions forthecasea <c < b and%,%,1 € N.

a

Subcase lll: If b < ¢ < a. In this case, by similar calculation at subcase | we get
(a,b,c) =(3,1,2); (a,b,c) = (5,3,4)
Subcase IV:Ifb<a <c
In this case, by similar calculation at subcase Il we get 3 no solution.
Subcase V: If ¢ < a < b, in this case by similar calculation at subcase | we get,
(a,b,c) =(2,3,1); (a,b,c) = (4,5,3)
Subcase VI:

If c < b < a, in this case by similar calculation at subcase | we get, 3 no solutions.

Similarly from (1) we get, b—zl < % =1 +%

b+1 b+1 1 b+1
'.'TENandT<l+;:>T=1:>b+1=c:>a+1+1=c:>c=a+2

[by similar asignment]



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

“+Z+16N:>136N:>1+ eN

Now, % € N [given =

which is possibleifa = 1 or 3

ifa=1:>b=2:>c=3}(a,b,c)=(1,2,3)
ifa=3=>b=4>c=5)(ab,c)=(3,45)

Therefore the solutions are:
(a,b,¢0) €{(1,1,1),(1,1,2),(1,2,1),(2,1,1),(1,2,3),(3,4,5),(3,1,2), (5,3,4),(2,3,1), (4,5,3)}

is also solution

UP.035. Find:

0 = lim (/@ + DI - /@n— DY) Vn2

Proposed by D. M. Bdtinetu — Giurgiu — Romania
Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R} x R%.If(a,),»1 € S(R})isaB — (t + 1, a) sequence, then
(Van), ., isaL—(ta(t+1),e *P)sequence.

2= lim (3"+i/(2n + DI - */(2n - 1)!!) Yz =
= {lim,_o, ("Y1 — Ya,)}(lim, ., ¥Yn?) where a, = /(2n — 1)!

foralln>1

i 41 (1 ) lim (2n+1)!
nl—>no}>n a, nl—>no}> In? nl—{g n-2n-1)!

1 1 2n+1)! 271 (n—1)!
_(lh‘?oﬁ) ,llL“.?o n 2n-nl  @n-1)! |

- (tim o) (1m [z~ ) = 2 (1m L)
m — 1m —— | = m —
n—-oo n—-oo n n—-oo

Hence, (a,),»1 isaB — <1, V2 (limn_,oo %)) sequence so by the above theorem
n

(Van) , isal- (0, V2 (limn_,oo V%) 1. e‘l) sequence
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32 . 3 . 1 3z
0= (lim,, \/r?) (llmn_,oo 3/7) =-= (Ans)

UP.036. Let (a,,),,»1 be a positive real sequence such that:

lim(a,,; —a,)=r€ER, uvERu+v=1.
n—oco

1
We denote a,,! = a a; ... a,, G, = (a,")»,V n € N*. Compute:

tm (- 4G 7~ 0/ G,17)
Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solution by Soumitra Mandal — Kolkata — India
Let (t,a) e R, x RL. If<a, >,-1€ S(R})isa B — (t + 1,a) sequence then
<*a, >ps1isal — (t a(t+ 1), e~ D) sequence.
lim,_(a,,; —a,) =reR,, u,ve Randu+v=1

a,' =aa,..a,and G, = "/a,' wheren € N*

2 = lim ((n+ 1)*"Y/(6,1)” - n*Y(G,)°)

n—-oo

= lim <n+1\](n + 1)u(n+1) (Gn+1)v — "/nnu(Gn!)v>

Let H, = n"™(G,!")* wheren >1andu+v=1

H 1 1\™ G\’
lim —- = (lim N ) lim (1 +—) (lim "*1)
Hn n-oon u n—-oo n n—oo Gnl

n-on-

. G v
=e" (llmn_m "T“) since, Gpyq! = Gpy1Gy!

1 v 1 a +Z| v
— u - - - n+1 | — u - - - n -
et {(tim 2) (tim ™arat)} = ev{(tim ) (1im 222))

[Cauchy D — Alembert’s Theorem]

. Ani2 v . Api3 — Apy2 v
=e¥ (llm ) =e¥ (llm —) = e"r?
n-o M nbo n+1—n

Hence, < H, >, isa B — (1, e¥r?) sequence. By the above theorem it yields that
<% H,>,s1isaL—(0,e"r’-1-e 1) sequencei.e.L— (0,e* 1r?) sequence.

0 =e"* 1r? (Ans:)
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UP.037. Let (a,,)1>1, (b,,) n>1 b€ positive real sequence such that
Lgrgo(an+1 —a,) =a€R,
1lli_)r£10(bn+1 —b,)=beR,,u,veR
with u + v = 1. Calculate
le ( 1"V (biby .. by, )" — a,’i’i/m)

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R, x R}.If<a, >,:1€ S(R})isaB — (t + 1,a) sequence then
<fa, >pz1isal —(t a(t+ 1), e~ V) sequence.

lim,_(a,,; —a,) =a€R; andlim,_,(b,;; —b,) =beR, andu+v=1

(

— 11 u
2 =lim kanﬂ
n—-oo

Let H, = a®™([Ii., by )" foralln > 1andu+v =1
Hn+1 1 . u . Api1 n . v
Mmoo (LL“JO nz—) (tim at,,) (AL“JO ( a, ) ) (tim b7,,)

(llm ;) (rlli_fg(an+1an)u) (rlll_glo bZ+1)

n—oo nZ +

Applying Cauchy — D’Alembert’s theorem
Ani1 . Ani1 v . a, u . bn+1 v
tim 3@, = lim =224 = (lim =22)" (1im ) (1im =)

Api2 — Apyq . Ani1 — Ay u . bn+2 - bn+1
(ll —) (llm —) lim——— | = azub"
nbo n+1—n nbom+1—n nbo n+1—n

Hence < H,, >,.; is B — (u + 2, a**b") sequence. Hence by the above theorem it
yields < Y/H, >,5; asa L — (u + 1,a?*b”(u + 2)e~®*2) sequence or

L—(u+1,a*b"(3u+2v) e Cu*)sequence ~u+v =1

a?p? (Bu+2v)
e3u+2v

L 0= (Ans:)
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UP.038. Let (a,,),,»1 be a positive real sequence such that

lim(a,;; —a,) =r € R}
n—-oo

1
We denote a,,! = a;a, ... a,, G, = (a,")»,V n € N*. Evaluate

) (n+1)? n?
llm n+1 - n
n—-eo vV Gn+1! vV Gn!

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R, x R}.If<a, >,:1€ S(R})isaB — (t + 1,a) sequence then
<fa, >psq isal— (ta(t+1),e” V) sequence.
Liﬂlo(a"“ —a,) =TER;
a,! =aa,..a,and G, = ’\‘/a_n!for alln e N*

(n+1)? n? n+t |(n + 1)2(m+1) 5 p2n
Q= 1lim | co—=]=lim | =
e\ Gns! VGn/ ™ Gy!

Gn+1-
nZn
LetH, = Fforall n=>1

Hu (o . 1\ WDY Gl
tim et = (1 ) (1 (1)) (im 20

n n+1

) : (l. ) : : (l. ) :
=e?(limn =e?(limn
: [
n—co lim ""Y/a,., n-o0 lim %n+2:
n-—oo n-oo an+1!

= (lim n) e? (lim

n—-oo n-o Gpuiq

Applying Cauchy D-Alembert’s Theorem

5 1 5 1 e?
=e —_— = = —
lim Znt2 lim 2nt3 — An+2 r

n-ooco N nooo N+ 1-n

2
hence< H,, >,.,isaB — (187) sequence. According to the above theorem it yields
n - e? -1 - e
<%H, >, isaLl— (0,7- 1-e ) sequence l.e. L — (0,;) sequence.

0 ==(Ans)
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UP.039. Let (a,,)1>1, (b,,) o1 b€ positive real sequences with:

lirn(an+1 - an) =ac R:—a lirn(bn+1 - bn) =be R:—a
n—co n-o

Grdtord
Pn: n ,Pn!:P1P2...Pn,

vne N  uveER u+v=1Find
tim (B2,,"" Y/ (Puyt)? — b3Y/(P,D?)

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Soumitra Mandal — Kolkata — India
Theorem: Let (t,a) € R, x R}.If<a, >,:1€ S(R}) isa
B — (t + 1,a) sequence then < %/a,, >,.; isa
L—(t,a(t+1),e~ V) sequence.

lim(a,;; —a,) =a€R;; lim(b,;,; —b,) =b € R}
n—-oo n—-oco

n
a?+ai+--+az
p,= |[+——2 rp'=||P:
n k=1

2 =1lim,_ (b2 "V (Ppis")? — b/ (P,)?) whereu+v =1

= lim (J B (P ) -:/bgn@nm):,zaw Cnet = \/€n)

n—-oo

where ¢, = b¥"(P,!)" where n € N*

cn+1 . 1 bzg-nfl)(PrHl!)u —

s~ lim —————— = lim
noo Ut . Cn n-co putl b#n(Pn!)”

= 1i bu+1 li bn+1 " li v lim bu+1 lim b*) ( 1i v —
= (1im =) (1im (2) ) (lim (Pas)?) == ( lim 222 ) (1im bY) (lim (Poi0)”) =

n

Applying Cauchy — D Alembert’'s Theorem

= (1 (%21)") (m (32)) (um (%22)') =
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v
. bn+2 - bn+1 “ . bn+1 - bn “ . 1 . ;cl:lai z
= [ lim (—) lim (—) (llm —) lim =
n—oo n+1—n no\n+1—n n—-oco NV n—oo n

4

n n
1
= p%¢ (llm _17) lim <| | ak>
n-oon n—oo

k=1
since
a+ai+ -+ a? 1
- 1 2 n__q: n — Kh2u( 1; : v
lim = lim {/aqa; ..a, = b**(lim — | (lim a; , ;
n—-oo n n—-oo n—oo n” n—-oo

Applying Cauchy — D’ Alembert’s Theorem

a v a —a v
— 1.2u - n+1 — 1.2u - n+2 n+1 — 2U v
= b2 (1im (%) ) = b2 (lim (27 720) ) = ba

Hence, < ¢,, >,>1 constitues a B — (u + 2, b**a’) sequence by the above
theorem < %/c,, >, constitues L — (u + 1,b**a”(u + 2)e~®*2) sequence or

L — (u+1,b*a’(3u + 2v)e-®*+29) sequence.

0= b a¥(3u+2v)
- e3u+2v

(Ans:)

UP.040. Let (a,,),>1 be a positive real sequence such that
lim(a,.; —a,) =r € R
n—-oo

1

Y and M = MM M vnen

af+aj+--+a}

For any x € R we denote Mgf] = (

Find:

M w

lim —

n—coo n+1 [x] n [ ]
\ MY M

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Soumitra Mandal — Kolkata — India

Theorem: Let (t,a) € R, x R}.If<a, >,-1€ S(R}) isa
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B — (t +1,a) sequence then < %/a,, >,5q isa L — (t,a(t + 1), e~ D) sequence.

lim(a,;; —a,) =r €R}
n—-oo

XiaX+...+aX
for any x € R, we denote M = J:/@and

M = MM M foralln e N

(n+1)2 n? w1 [(n+ 1)2(t) I p2n
2 =lim — = lim i — o | =
oo\ [ pg g | moe M M
\]Mr::l M: n+1 n

2n
— 1z n+1 n _n
= lim,_ o, ("*\/Cns1 — 3fcn) Where ¢, = @for alln>1

Cni1 1 (n +1)2=0 yl
lim = (lim —) lim i T =
n-wo N - C, n-on n-oo Mnx.il.ll n<n

e 1\ 1
= (llm —) lim (1 + —) (llm (n+ 1)2) lim—— | =
n-on n—-oo n n—-oo n—-oo MLx.iI.l

1 1
lim lim n) lim

2
2 : 1 : 2
=e*|lim(1+— (llm n) T =e ( —
n—-oo n n— oo n—oo 22:1 ai n— oo n—-o pi1 H;{li’% ak
N n+1 k=

since

n
1
— .2 . .
| | a=e (rlll—{?o n) <rlll—>nolo lim an+1>

k=1 n-o

Applying Cauchy — D Alembet’s Theorem

5 1 e? e?
=e = = —
. Anyq s Apyp — Ay T
lim lim
nooo N nooco N+ 1-n

2
hence, <c¢, >,s1isaB — (0, 87) sequence and by the above theorem
n - e? -
< /¢, >,»1 constitutesa L — (1,7 -e 1) seguence or,

e _e .
L— (1,;) sequence. 2 = ;(Ans )
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UP.041. Prove that:

le

(n!)?
2n + 1)'
0

Proposed by Francis Fregeau — Quebec — Canada
Solution by proposer

Let f2n+1) = fom u?nle=v gy

We now consider another similar integral as a function of v such that:

(0] (00

[f(zn + 1)]2 — f u2n+le—u2 du - f v2n+le—v2 dv = f f(uv)2n+le—(u2+v2) dudv
0 0 00

We now apply the change of variables:u =r-cos@ ;v =r - sinf

And our domain of integrationissu>0;v>0=0<60 < %;r >0

T
o 2

= [f2n+1))? = f f[sin(e) . cos(8)]2 1 i3 dodr

7
- f [sin(8) - cos(8)]?"*1 d6 - f(2[2n + 1] + 1)
0

We now turn our attention back to f(2n + 1) and apply the substitution:

1 1
uzzx:duzi-x 2dx

r 17 rn+1) n
f untle—v gy = —f x"e *dx = —( ) =—
0

2 2 2
0

[f(2n +1)]?
f22n+1]+1)

(n1)?
(2n + 1)!

[sin(0) - cos()]2"*1 d@ = %

I}
S — iy

Next:

(00

. 1 sin(8) - cos(8)
ZO:[sm(B) - cos(9)]>"*1 = 1 — [sin(0) - cos(0)]2
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We consider: fM

_ sin(260)
1—[sin(8)-cos(8)]2 d6 = -2 d

sin%(20)-4

sin(x) _ sin(x)
_fsinz(x)—éldx_f dx

cos2(x)+3

dy
cos(x) =y=>dx = ~sin(o)

- f sin(x) dx = f 1 4 1 . ( y )
cosZ(x) +3 =) 3¥ y2 Y= \/garc an V3
Un-doing the substitutions yields:

f sin(0) - cos(0) arctan (M)

_ V3
“Tsin(8) - cos(@E 20 = NE

2
. sin(0) - cos(0) _
- Of “Tsin(6) - cos(O)Z ¢ =

Bl A

o Z o 7
1 (n)? ) 1 sin(0) - cos(0)
ZO: 2 2n+1)! szo:[sm(ﬂ) - cos(9)]?"*1 = f (0 cos(@IT?

do =

Wl ¥

3 o
32 (n)*
) 4 2n+1)!

UP.042. Let ABCD be a trapeze where AB || CD;AB = a;CD = b;AD =c¢
BC =d;a > b. Prove that

(a+b)(a-b+c+d)>
Area [ABCD] < W

Proposed by Daniel Sitaru — Romania
Solution by SK Rejuan - West Bengal — India

D i
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Let ABCD be the trapeze and h be the hight of it. Area [ABCD] = %h(a + b)

Now, from picture, h<candh <b

:>2h<c+d=% [asa—b >0]> 2h <

4(a—b)(c+d) {(a—b)+(c+d)}> (a—b+c+d)?
(a-b) < 4(a-b) [by GM<AM] =2h < 4(a-b)

(a—b+c+d)?
4(a —b)

(a-b)(c+d) _ 4(a-b)(c+d)
(a=b) ~ 4(a-b)

=>2h <

:>%(a+b)-2h<%(a+b)

[“a+b>0]

(a+b)(a—b +c+ d)? (a+b)(a—b+c+d)?
16(a—b) = Area [ABCD] < 16(a—b)

1
:>Eh(a+b) <

[proved]
UP.043. Prove thatin any A ABC we have:

2s + JZ(aZ + 2ab cos(A — B)) > Z Ja? + 2ab cos(A — B) + b?

Proposed by Daniel Sitaru — Romania

Solution by Nguyen Phuc Tang — Hanoi — Vietnam

We have: LHS — RHS = \/Z(az +2abcos(A—B))—(a+b+c)+2(a+b+c)—

—z\/az + 2ab cos(A — B) + b2 =

_ z 2ab[1 — cos(A — B)] Y. 2a[-cos(A — B) + 1]
Ja?+2abcos(A—B)+b2+a+b /Y(a%+2abcos(A—B))+(a+b+c)
We prove that:

\/Z(az+2abcos(A—B))+a+b+c2\/(aZ+2abcos(A—B)+bZ+a+b

& /X (a? + 2ab cos(A — B)) > \/(a? + 2ab cos(A — B) + b2 — ¢ (*)

@ case ¢ > /(a? + 2ab cos(A — B)) + b2 then (*) is true

@ casec < \/(az + 2ab cos(4 — B) + b?

(*) © 2bccos(B — C) +2accos(A—C) = —2c\/(aZ + 2ab cos(A — B) + b?)

—[b cos(B — €) + acos(A — €)] < /(a2 + 2ab cos(A — B)) + b2 (**)
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if bcos(B—C) +acos(A—C) = 0= (*)istrue
ifbcos(B—C)+acos(A—C)<0=>sinBcos(B—C)+sindAcos(4—-C) <0
= cosCsin(A+ B) +2sinAsinBsinC<0=>cosC<0=>C>A&C>B
(**) © b?>(1 — cos?(B — €)) + c?>(1 — cos?(A4 — C)) + 2ab[2 cos(4 — B) —
2cosA—CcosB—C=>0 (**%)
(**) is true, because
2cos(A—B) —2cos(A—C)cos(B—C) =cos(A—B)—cos(A+ B —2C) =
= 2sin(C — A) sin(C — B) > 0. Equality holdsifa = b = c.
UP.044. For all n € N* holds:
(Vi + VA ] + [Va + VA T 2] + [V + VR T 3] =
= [Van + 1] + [V4n + 3] + [V4n + 5]

where [-] denote the integer part.

Proposed by Mihaly Bencze — Romania

Solution by proposer

Weprovethat: Van +1 <V/n+Vn+1<+4n+2
Vin+3<Vn+Vn+2<+V4n+4
Vin+5<Vyn+Vn+3<V4n+6

1) If VAn +2,V/4n + 4,V/4n + 6 ¢ N then: [V4n + 1] = [V4n + 2];
[Van +3] = [Va4n + 4|; [Va4n + 5| = [Van + 6]

) IfVan+2,Van+4,VAn+ 6N = [Van + 2| = [Van + 1] + 1;
[VAn + 4] = [VAn + 3] + 1;[V4n + 6] = [VAn + 5] + 1 therefore
[Vi+Vn+1] = [Van+1]; [Vr+Vn+2] = [Van +3]; [\n+Vn+3] = [VAn +5]
After addion holds.

UP.045. Calculate:
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1

tr g
J- J- J- 1+ /tan(x,) {/tan(x,) ... ""{/tan(x,)

Proposed by Cornel loan Vélean — Romania
Solution by Hamza Mahmood - Lahore — Pakistan

dx,dx, ...dx,

Let

T M T

22 22

f f f f ! dx,dx, .. dx,_,d
n X1aXy ...AX,_104X

RS 1+ i/tan(x,) - Ytan(x,) - ...- Vtan(x,_;) - "/tan(x,) " "

dx,dx; ..dx,_1dx, ... (A)

T T T T

zz7 22 "

ff ff weg/cos(xy_q)

o b b Hn+1k cos(xk 1)+1_["+1 k\/ sin(x,_)

Now by substitution x; — % — x;, we have:

dxidx, ..dx,_1dx, ..(B)

T T T T
22 22 -
:I_ff ff kzvsm(xk1)
o0 b szi k\/ sin(x;_;) + n+1 k\/ sin(x;_4)

Adding (A) and (B) gives:

dx,dx, ..dx,_;dx, =

=2I= ff ffn2+% kV cos(xy_q1) + H"+1 k\/ sin(xy_1)
00 H;clﬂ k\/ cos(x_q) + H"+1 k\/ sin(x;_,)

00
T T T T
22 22
T\ "
=ff ff(l)dxldxz dxn:ZIZ(E) :>I—2n+1
00 00



