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PROBLEMS FOR JUNIORS

JP.436 In AABC the following relationship holds:

18R

a b c
—+—-+—-+ 3 wawpw, = 6
b ¢ a ab+bc+ca @b e

Proposed by Alex Szoros-Romania
Solution 1 by proposer

3/
Lemma.lfx,y,z > Othen:£+f+£+9 7S 6;(1)

x+y+z —

Proof. We have:3( + = +zx) (Zx y Zy ZZ = 2

XX Z ZZX _ 3 | x2
233/——X+33\/XX- zzx /—+3/ / -

yyz ZZX xxz yz

_3(x+y+2)
xyz

1/x +y+ 33/xyz

—(—+X+f)2x yre Y2 525

3\y z x 3%/xyz x+y+tz

z  93xyz
y z x x+y+z

Putting x = h;,; y = h,and z = h_, inequality (1) becomes as:

h, h, h, 93h.h,h

by e ey INTahe o

h, h, hy, h,+h,+h,
b
c

93/h_h,h
a'tbhitc 6 (2)

C
teta T hothy th -

a
b
But: w,w,w, > h,h,h, so (2) becomes as:

a b ¢ 9w,w
—_ = — a—bc_ (3)
b ¢ a h,+h,+h,

On the other hand, we have:
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Zh_ ZF_Zle_ZFZ b—lzb(4)
@ a a " abc .’ T2RLY
cyc cyc cyc cyc cyc
From (3) and (4) we get the conclusion:
a b c 18R 5
— — — E—— >
b+c+a+ab+bc+ca WaWpWe = 6
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The inequality in the statement can be rewritten as

hy hc+ha 93/ waw,w,

IV WalWbWe o
h, Ry h, h,+th,+h, -

Since w, > h, (And analogs),we have : /w,w,w, > {/h,hyh,

Also,by AM — GM i lit h hb+hb+ha > 33 hy, hy h, 3h,
SO, - inequality,we have: —+——+-—2> 2 L _ae_
y q Yy h, h, h, h, h, h, 3/—hahbhc

h. h. h, 3he o ha ha he_  3h

—t =t > ———
hy hy, hg 3[h,hyh, he  he hy, ~ 3/h,h,h,

, , . , hb hc ha ha + hb + hc
Summing up these inequalities,we obtain : - —+ - —+-—=>2 —/———.
he hy h h,hyh,

h, h. h, 93 w,w,w
Then 2+ 424V a7b7c
h, h, h., hg,+h,+h,

Similarly,we have :

Jhathy+h 9Hum%“gm2m+m+m 93/h,hyh,
~ 3/h hyh, hat+hy+h 3/hyhyh, ha+hy+h,
= 6.

a b c 18R 5
—_t 3 > 6.
Therefore, b + p + p + ab + be + ca W Wpw, > 6

JP.437 If a, b > O then:

ab vab a+b
+ +

a? + b?
_I_ —_—
a+b 2 4

> 2ab + +/2ab(a? + b?)

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

Let be the function: f: R - R; f(x) = (x—@ _ﬂ _ x_m) x— a2+b2>

8
(2ab>_ 2ab 2ab a2+b2

/ a+b/ a+b a+b

a+b a+b a+b a2+b2
(5=

Havs) f(“Z”

Hence, the equation f(x) = 0 has real roots, then A > 0

2ab a+b a? + b? ab(a? + b?)
— 2 _ | o~ 7
f(x) =2x <a+b+\/ab+ > + / 3 >x+ab+ ’ >

2

+b Z + b? b(a? + b?
A> 0:><a +vVa +a /aB )—8<ab+/—a (as )>20

2

2ab a+b ’az+b2 ’ab a? + b?
( +va + 8 ) 28<ab+ %)

Therefore,

2

ab vab a+b a? + b?
> 2 2
<a+b+ > + 1 + / 3 ) _2ab+\/2ab(a + b?)

Equality holds for a = b.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM-GM inequality, we have: (x + y)? > 4xy;Vx,y > 0
Then,
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2
ab +Vab+a+b+ a? + b2 >4( ab +a+b) \/ab+ a? + b?
a+b 2 4 8 - a+b 4 2 8

ab a+b ab a+b
+ >2 :
a+b 4 a+b 4

=ab

Therefore,

2

ab vab a+b a? + b2 vab a? + b2

> 4/

<a+b+2 T +,I 8 >—4ab<2 +‘/ 8 >
2
ab vab a+b a? + b2

> 2 2

<a+b+ > + 1 +/ 3 )_2ab+\/2ab(a + b?)

Solution 3 by Tapas Das-India

2

ab +Vab+a+b+ a? + b2 B ( ab +a+b) \/ab+ a? + b?
a+b 2 4 8 " \a+b 4 2 8

2

2

_( ab +a+b>2+ \/ab_l_ a? + b? +2( ab +a+b) \/ab+ a? + b?
" \a+b 4 2 8 a+b 4 2 8

2ab(a? + b? 2ab(a? + b?
2ab+\/ (2 )+2[ab+\/ (4 ) =2ab+\/2ab(a2+b2)
Now,
b b b b1
a a-+ a a + b\2
> . =/
atb 4 = <a+b 4) ab

(ab +a+b>2> b

a+b 4 =a

2

Vab |a? + b? 4 Vab |a?+b?\ 4Vab /2(a?+b?) /2ab(a?+ b?)
2 8 = 2 8 T2 4 B 2

6 | 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

ab a+b m a? + b2 \/(E 2(a2+b2)
T ><2 +\[T>2m<2 * 716 >=

Solution 4 by Khaled Abd Imouti-Damascus-Syria

/az+b2 a+b

= >+vab (AGM)
2 2

’2+b2 +b
T = a > ;M=a2 :GvVab

1 GZ+G+M+T2;262+ 4G2T
2 M 2 2 2~

1 /G2 2
(Z-4+6+M+T) >2G?+26T
4<M+ M+ ) > 2G2 +

G2 2
<ﬁ+G+M+T> > 8(G? + GT)

2
2
<%+M+(G+T)) >8G(G+T)

2
2
<%+M+ (G+T)> >(26+(6+1))" > (2 ZG(G+T))2

2
2
<%+M+(G+T)) >8G(G+T)

Solution 5 by Hikmat Mammadov-Azerbaijan

x<y<z<t>(x+y+z+t)?>8(xz+yt)

X=Mpy=mgz=m,t=m,

2

ab +ab a+b /az+b2
- 2 1 p2
<a+b+ st 3 ) > 2ab ++/2ab(a? + b2) &
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a? + b?

m, Mmg; m, mp)z 2ab a+b
_ty_ S, ¢, ) >9. .
(2 * 2 * 2 * 2 =2 at+b 2

+2Vab -

(my, + my, +m, + mp)z > 8(mym, + mgmp)
Let f(a) = 2a® + a(m;, + m, + m, + m,) + mym, + mym,

f(a) = (a+my)(a+ ma)(a + mg)(a +m,)

f(my) = (—mh + mg)(—mh + mp) >0
f(-my) = (-m,+my)(-m, +m,)<0=>A;>0
2
= (my +my +m,)" > 8(mym, + mym,)

2

ab vab a+b a? + b?
> 2 2
<a+b+ 2 + m + / 3 ) _2ab+\/2ab(a + b?)

Solution 6 by Ravi Prakash-New Delhi-India

a2+b?
2

Let H = 222 G=vVab,A=(a+b),Q=

a+b’

then

HA = G?, Q% + G* = 24A?
Inequality becomes as:

(H+G+A+Q>2>262+ZG
—+=+=-+= =
2 2 2 2) 7 Q

(H+G+A+Q)?*>86(6+Q) &
(H+A4)??+2H+A4)(G+Q)+(G+Q)?*—-8G(G+ Q) =0;(1)
LHS ;) > 4HA+ 4VHA(G + Q)* + (G + Q)* —8G(G + Q) =
=46 +46(G+Q)*+(G+Q)*-8G(G+ Q) =
=(26-6-0*=(6G-Q*=20
Solution 7 by Vivek Kumar-india

ab a+b22\/( ab )<a+b):m

a+b+ 4 a+b 4

So, we have to prove

8 30-RMM AUTUMN EDITION 2023-SOLUTIONS
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2
3Vab / 2 + b2
( za + ? 3 ) 22ab+\/2ab(a2+b2)=>

<3\/E +Va? + b?
2V2

(3vzab + m)z > 16ab + 8./2ab(a? + b?) &
18ab + a? + b + 6/2ab(a? + b?) > 16ab + 8,/2ab(a? + b?) &
(\/m)z + (\/ﬁ)z —2\/2ab(a?+b?) >0
(V& +b? —v2ab) =2
JP.438 Find A > 0 so that the following relationship holds in any AABC.
3R (a b C) 93/abc

_— -4 — 4 — >
=4 +c+ +A(a+b+c)_6

r b
Proposed by Alex Szoros-Romania

2
) > 2ab + \/2ab(a? + b?) &

a

Solution 1 by proposer
If it holds that

3R (a b 4 c> 4 9¥abc

r b ¢ a/ Ala+b+c)

N {a =Rb:=2c;' =1

= 6,then AABC is equilateral.

But6231+:—;126:>6231+%26:>1+%=2:>l=1

Next, we prove that 4 = 1.

a b c 2a b 2b ¢ 2c a
3(—+—+—>=(—+—)+(—+—)+(—+—)2
b ¢ a b c c a a b

3(a+b+c) 1ma b c a+b+c
= 3 :>—(—+—+—>23—
abc 3\b ¢ a 3Vabc
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1(2 2 c>+ 33/abc >a+b+c+ 33/abc >
a+b+c 33abc a+b+c—

3\b ¢ a
a+b+ c+ 93/abc > 6: (1)
b ¢ a a+b+c "’
On the other hand, using a? + b% + ¢? < 9R? (Leibniz) and from CBS inequality
3R a b c

— 2 t—+—;(2)

2r=b ¢ a’

Now, from R > 2r (Euler) and AM-GM:

5 3R 93abc 3R _ 9¥abc
> Vab —>3>—— = —>—
- ac:>2r_ _a+b+c:>2r_a+b+c

By adding (2),(3), we get:
3R a b c 9abc
—>—+—+—-—+—4)

r b ¢ a a+b+c
From (1) and (4), it follows that:

3R a b c 93/abc

>4+ —-4+—-+———2>6

r b ¢ a a+b+c
Therefore, 4 = 1.

a+b+c

3 3

Solution 2 by George Florin Serban-Romania

If AABC is equilateral, then R = 2r and

R 623142 —31+226
r - 3da A~

Hence,31+%=6or312—61+3=O,thenl=1.

We must to prove:

3R a b c 93\/abc

—>—+—4+—+—"—>6

r b ¢ a a+b+c
We have:

a b c 93\/abc CBS 1 93\/abc Leibniz
—+—-+-—+—— < E a? E — | +— <
b ¢ a a+b+c b? a+b+c

cyc cyc

10 30-RMM AUTUMN EDITION 2023-SOLUTIONS
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a+b+c
< logz. L, 9Vabc <3R+9'T_3R+3(23R
= 412 "a+b+c” 2r a+b+c  2r ~r

(1) ©3R+6r <6R < R > 2r (Euler).
9¥/abc

a+b+c

= 6 we prove the inequality

Now,for5+2+£+
b c a

a b ¢ a+b+c

— ->
b (r+-a'_ 3 abc
a+a+c>33 aZ_ 3a
b b a bc_?’\/abc
c+b+b>33 bzc_ 3b
a ¢ ¢~ ¢  3abc
a+c+c>33 c2_ 3c
b a a” " Jab ¥abc
By adding, it follows
3(a_l_b_l_c>>3(a+b+c) a+b+c>a+b+c
J— J— J— —c>_ — J— —_—
b ¢ a/~ {abc b ¢ a— 3abc
So, we have:
a b c 9abc a b c 93abc
—t—t—t———>2 (—+—+—)-—=
b ¢ a a+b+c b ¢ a/ a+b+c

Yabc ‘at+b+c
3R>a b ¢ 93\/abc

— > ot 2
r b ¢ a a+b+c

Therefore, 4 = 1.

_2\/a+b+c 93\/abc

JP.439 If x, y, z are natural numbers such that 2x* + y¥ = 327, then find

2021x + 2022y + 2023z
x+y+z

Proposed by Neculai Stanciu-Romania
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Solution 1 by proposer

Hy>z=>y>z+1>322=2x"+yY > (z+ 1)*"! > 272" + (z + 1)z? > 32*
contradiction!
fy<z=2x*=322-y'Y>22"=>x>z=>x>z+1
322 =2x* +y? > 2(z +1)**! > 227" + (z + 1)z* > 3z” contradiction!

So,y=z=>x¥=z"© x=2z.Hence, x =y =z

Therefore,
2021x + 2022y + 2023z 6066
= = 2022
xt+y+tz 3

Solution 2 by Rovsen Pirguliyev-Azerbaijan

x,¥,Z€N.Letx # y # z. max(x,y, z) é 3
If z= max(x,y,z),then 2x* + y¥ < 2z% + 7% = 32*
If y = max(x,y,z),then3z? <y -y’ 1 =yYsincey—1>2ztheny>z+1andy > 3.
If x = max(x, y, z), then 327 < x - x*~1 = x*.
In all cases we obtain a contradiction, then x =y = z.

Therefore,

2021x + 2022y +2023z 6066

= 2022
xX+y+z 3

Solution 3 by Hikmat Mammadov-Azerbaijan

2021x + 2022y + 2023z _
X+y+z B

Z
{221 {z =1 { 377 > 3

xzl=x"=21=4, -
y>1 ¥ =1 2x*+yY >3

If{ 3z2=3
2x*+y¥ =3
_2021x + 2022y +2023z  3-2021+3
B X+y+z B 3

thenx=1;y=1andz = 1.

= 2022
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JP.440 Solve for positive integers the equation

(142D (13 (145) -2

Proposed by Neculai Stanciu-Romania
Solution 1 by proposer

WLOG, we can assumethata < b <cso,1 + i =1+ % =1+ %, then taking account that

the greater of the numbers 1 + t—ll 1+ %, 1+ % is greater than G-M of them, we deduce
that
1 +¢_1: > ¥/2. Hence, a € {2, 3,4}.
Ifa=2,then3(b+!)(c+1)=4bc=>c=3 +%and
(a,b,c) € {(2,4,15),(2,5,9),(2,6,7)}.
Ifa=3thenc=2+ b% and (a,b,c) € {(3,3,8),(3,4,5)}.

If a = 4, then we doesn’t have solutions.
Therefore,
(a,b,c) € {(2,4,15),(2,5,9),(2,6,7),(3,3,8),(3,4,5)} and permutations.

Solution 2 by George Florin Serban-Romania

tabe=t=2=(1+])(1+)(1+]) = (1+) =() =%

= 128 < 125 impossible!
Let c € {1, 2,3}.

1 1
Casel)lfc=1:>(1+;)(1+;)-2=2:>ab+a+b+1=ab
a+ b+ 1= 0impossible becausea+b+1>3 >0
1 1 3
CaseZ)Ifc=2:><1+E)(1+Z)-E=Z:>3ab+3a+3b+3=4ab:>ab—a—b=

3

3b+3
a(b—3)=3b+3=>a= b3 EN=b-3|3b+3;b—-3[3b+3-3b+9

=>b-3/12>b-3€{1,2,3,4,6,12,-1,-2},b-3>1-3=-2>
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be{4,56,7,9,15,2,1}

Ifb=1>= a= -3 ¢& Nimpossible.
Ifb =2 = a= -9 ¢ Nimpossible.
fb=4=>a=15>= (ab,c) = (15,4,2)
fb=5=>a=9= (ab,c) =(9,5,2)
Fb=6=>a=7=(ab,c)=(7,62)
fFb=7=>a=6= (ab,c)=(6,72)
¥Fb=9=a=5= (ab,c)=(592)
¥b=15=>a=4>= (a,b,c) = (4,15,2)

Case3)|fc=3=>(1+i)(1+%)-§=2:>

2ab+2a+2b+2=3ab=>ab—-2a—-2b=2
2b+2
— EN
b—2|2b+2,b—2|2b—4=b—-2|2b+2—-2b+4
b-2/6=>be{123,6—1}
b-2>1-2=b-2>-1=>b€{3,4,58,1}
Ifb=1= a=—4 ¢& Nimpossible.
fb=3=>a=8>= (ab,c) =(83,3)
fb=4=>a=5>= (ab,c) =(5423)
fb=5=>a=4>= (ab,c) =045,3)
fb=8=a=3=(ab,c)=(383).
$=1{@3,8,3),(8,3,3),(3,3,8),(3,4,5),(3,5,4),(4,5,3),(4,3,5),(5,3,4),
(5,4,3),(2,5,9),(2,9,5),(5,9,2),(5,2,9),(9,2,5),(9,5,2),(2,6,7),(2,7,6),
(6,2,7),(6,7,2),(7,2,6),(7,6,2),(2,4,15),(2,15,4), (4,2,15),(4,15,2),(15,2,4),(15,4,2)}
JP.441 Prove that if a, b, c > 0 then holds:

alb—2)=2b+2>=>a=

a? + 2b? N b?% + 2c* . c? + 2a?
bVva?+ b%? c¢cVb%2+c? avc? + a?

Proposed by Florica Anastase-Romania

> 6
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Solution 1 by proposer

We have the following transforms:
a? + 2b? N b? + 2¢? N c? + 2a?
bvaz +b?> cVb? +c? aVc? + a?

B+2 Bz (@
2

J& 1 B e J©

>6<

>6

2
Let be the function f: R - M, f(x) = \Z% We have:
£ x?+2 (xz2+1)2+1 714 1 AG>M2 .
xX) = = =4 X ywnere
Vaxz+1 Vxz+1 Vaz +1

x*+1>0,vxeR
So, f(x) = 2; Vx € R. Remains to prove that [2,x0) c f(R).
Let be u € [2, ) such that f(x) = u, hence,
— x*+2 \/ziz 2 4 — 272) 42 2 =
u m@ux+1 x*+2ox*+4—-u)x*+4—-u 0

Solving the above equation, we find the next solution:

\/u2—4+u\/u2—1
X =
2

So, for all u € [2, ) exists x = such thatf(x) = u, which means that

u?2—4+uju2-1
2

[2,00) c f(R). In this conditions the above problem has been solved.

Solution 2 by Daniel Vacaru-Romania

We have:

AGM a? + 2b?
by a2 + b% = \/b%(a® + b?) < ——=
a? + 2b? >2 @)

bVaZ + b2~

By adding relationships (1), we find:
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a’ + 2b? b? + 2c¢? c? + 2a?
+ + >6
bvaz + b2 cVb2 +c2 aVc? + a?
Solution 3 by Marin Chirciu-Romania

x2+2
VxZ+1

Proof. We have:

Lemma. If x > 0 then >2

a .
=, We get the conclusion.

J_

Note by editor:

a’® + 2b*
o b a? + 2b? a? + 2b?

a
B +2 5 6
S5 —2> 2 = —_— >
r S@ir T Ware T La iR
B b

Remark. The problem it can be developed.
Ifa,b,c > 0then
(b —¢)? + 2a?
T a\/(b -2 +a?

Proof. Using Lemma and putting x = ?.
Equality holds fora = b = c.
JP.442 For x,y,z > 0 prove that:

x2z xy? z2
y y S 2

+ +
xy? + yz? yz? + x?z  |x%z + xy?
Proposed by Florica Anastase-Romania

Solution 1 by proposer

Let uta—f
P y

x%z
xy? +yz?
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Analogously, we can find that

xy? b . yzt c
yZ2 +x2z  Jc+a’ |x?z+xy? Na+b

In this conditions, the problem becomes as:

a+b+c>2
Ub+c c+a Qa+b

Using AM-GM inequality, we can written as:

a 2 _ 2a
\Nb+c b+C+1 a+b+c

a

Analogously, we can find that

b 2b . c 2c
> si =
c+a a+b+c’ Ya+b a+b+c

By adding the above relationships, it follows that

a b c 2a+2b + 2c
/ + +/ > =2
b+c c+a a+b a+b+c

Equality holdsforb+c =a,c+a=b,a+ b =c © a = b = ¢ = 0 impossible because

ab,c>0.
Solution 2 by Marin Chirciu-Romania

Denoting xy? = a, yz?> = b, zx* = c inequality becomes as

a+b+c>2
Qb+c c+a Qa+b

Using AM-GM inequality, we can written as:

a 2 2a
“b¥c . b
b+c +1 a+b+c

a

Analogously, we can find that
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b 2b . [ 2c
= si =
c+a a+b+c’ Ya+b a+b+c

By adding the above relationships, it follows that

a b c 2a+2b + 2c
i+ i+ > =2
b+c c+a a+b a+b+c

JP.443 In AABC the following relationship holds:

3 wi 3 Wz 3 we 3
2 + 2 + 2 > 34/3r?
wi + w(w, + wp) wZ +w,(w, +w,) w2 +wy(w, +w,)

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Lemma. If x, y,z > 0 then:

3 x4 3 y4 3 74
; ; i
y2+z(x+y) 72 + x(y+2) x2+y(z+x)

cyc

wiN

Proof. Using Radon’s inequality, we get:

4 4
3 x* x3 Radon Ox)3
A — >
; \/yz +z(x+y) ; [y2 + z(x + y)]% [Z(xz + x(x + y))]%

4 1 4
BB . R . B
(Ex? +25y2)s  (Sx2 +25y2)3 (507

Denoting x = w,,y = wy,Z = w, it is enough to prove that:
2
(Tw,)3 = 3V3rZ, which follows from Yw, > 9r.

2
Remains to prove that (Y97)3 > 3V372  (91)% > 27 - 3r2 & 81r% > 81r2.
Equality holds is and only if triangle is equilateral.

Solution 2 by George Florin Serban-Romania

4
[ wm wot
Z\/w§+wc(wa+wb)_z 1

cyc cyc (WIZ; + wc(wa + Wb))3
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_ Z (wa)%+1 Radon < waﬁ

= 1 >

WIH

cye (w +w.(w, + w,,) wb +w.(w, + wb)

4
w. )3 (1)
— (Z a)z Wa a 31-2
(Z Wa)§ cyc cyc cyc

1) o (Z ha> >81r% o z h, > 9r; (2)

cyc cyc

s2 + r2 + 4Rr Gerretsen 16Rr — 5% + > + 4Rr 20Rr — 41r% (3
Z ha = 2R = 2R =7 2R = 9r

cyc
(3) © 20Rr — 41?> > 18Rr © 2Rr > 41?> © R > 2r(Euler).

Therefore,

3 wi
Z > 3 3r2
wb +w.(w, +wy)

cyc

JP.4441fa,b,c > Osuchthata+ b+ c=1and A > 1 then:

a b c 3
+ + > [——
Vvb+Ac Jc+2ada Ja+ b A+1

Proposed by Marin Chirciu-Romania

Solution 1 by proposer

Using Jensen’s inequality for the convex function f(x) = x > 0, we get:

\/—,
af(b+ Ac) + bf(c + 2a) + cf(a + Ab) > f(a(b + Ac) + b(c + Aa) +c(a+,1b))
Hence,

LHS = ? + b + ¢ = af(b+ Ac) + bf(c + Aa) + cf(a + Ab) >

Vvb+4ic +VJc+da +“a+ib

> f(a(b + Ac) + b(c + 2a) + c(a + Ab)) = f((A + 1)¥bc) =
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1 1 1 3

> - =
J@+ 1DYbc \/(A+1)-(2§1)2 \[(/1_'_1)_% A+1

Equality holds fora = b = ¢ = %

Solution 2 by Daniel Vacaru-Romania

We have:
a b c a? b? c? Bergstrom
+ + = + + >
Vvb+2Ac +Jc+ia “Va+ib aVvb+2Ac bVc+2da cVa+ b
(a+ b+ c)?

> 0 (1
avb + Ac + bVc + 2a + cvVa + Ab @

But t — +/t is concave, and we obtain

a\b+ Ac+byJc+ Aa+cja+ b <

S(a_l_b_l_c)\/a(b+/1c)+b(c+/1a)+c(a+/1b):

a+b+c

=4+ 1)(ab + bc + ca); (2)
By SOS technology, we have:

_ 12 1
1=1 23(ab+bc+ca):>ab+bc+cas3, 3)
From (1),(2) and (3) we obtain:

a b c 3
+ + >
Vvb+2c +Jc+ia +a+ b A+1

JP.4451fa,b,c > Osuchthata+ b+ ¢ = Aand A > 0 then:

A+a a
2y
A—a b

cyc cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

We have:
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A+a Zz Z(l"' 2a)<22a=)
b A—a) ™~ b

CyC cyc cyc cyc
b + c b b b + c - 2 b(b +¢) 2
cyc cyc cyc cyc

which follows from pqr —method. Denotingp = a+ b + ¢,q = ab + bc + ca,r = abc,
we have g% = (ab + bc + ca)? > 3abc(a + b + ¢) = 3pr,so q*> > 3pr; (1)
Hence, we get:

B 1 (ac)?cas 1 (Qac)? 1 (3 bc)? 3
LHS_Zb(b+c)_abc b+cZabc.2(b+c)_abc. 2Ya

cyc cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

/1+a Z“"Z(”bH) zz <—>3+zzb+ ZZ%

cyc cyc cyc cyc cyc cyc

Multiplying the both sides by ab + bc + ca,we get :

abc a’c
32ab+22a +ZZ <22a2+22ab+227

cyc cyc cyc cyc cyc cyc
Sap+2y 2 ,VEC )
> —_— —_
. btc b
cyc cyc cyc
Bv CBS i it B - Z a’c < (ca)? - (ca + ab + bc)?
y inequatity, we nave : b bc = bc+ca+ab
cyc cyc
= ab d1<1(1 1>(Ad logs)
ab an b AV nd analogs
cyc
abc/1 1
Then : LHS(l) <Zab+ z ( ) ZZab <ZZ——RHS(1).
cyc cyc cyc cyc
A
So the proof is completed. Equality holds whena =b =c = 3
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Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

b ¢ a+b b+c c+a
—4—=>
c

a
b a b+c c+a a+b

+
S A =
Il

QIS =
+ +
SRR SRS
+ | +
SRS S K
+
aIQ =
+ +
aSaIQ

4 1
_1+§+1+y+1+;_ 1+x N 1+y N 1+z
1 1, 1+4+zx 1+xy 1+yz
—+z =4+x E+y

here — = x;

yd1+x) zl+y) x(1+2) a b
1+y 1+z 1+x " b c

x+y+2)x+1D)(y+1)(z+1) >
>x(1+2)?*A+y)+yA+x)*(A+2)+z(1+y)*(1+x)

1 1 1
(x+y+z)(2+x+y+z+—+—+—)2
X'y z

1 1 1
2x+y+z+—-+-+-
x y z
y z 1 1 1
x2 4+ y? + 2% + +=+-=—-+—-+—-+3true.
y z X x y z

Solution 4 by Khaled Abd Imouti-Damascus-Syria

/1+a (1 2a <2 a 342 a <2 a
Zb Z +b+c>_ ZE Il Zb+c_ ZE

cyc cyc cyc cyc cyc cyc
2 a Z 3
b b+ b(b + c) 2
cyc cyc

Let ab = x; bc = y; ca = z, then

z X y 3

+ + >
b’2+y ¢ +z a’+x" 2

ZZ x2 yZ

+ +
xy+zy yz+zx xz+yx

? 3
2 —

2
We have:

z* x? y? (x+y+2)>?
+ + >
xy+zy yz+zx xz+yx 2(xy+yz+zx)

3
=>-&
2
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X2+ y:+ 22+ xy+yz+2zx>0trueVx,y,z > 0

JP.446 Let a > 0 fixed. Solve for real numbers:

(1+ 1 )_ 35
¥ Va?xz -1/ 12a

Proposed by Laura and Gheorghe Molea-Romania
Solution 1 by proposers

Firstly, we observe that x > 0 and a?x%? — 1 > 0, where x > i

[ 42
Denoting Va?x? — 1 = t, thenx = G

1 .
a+ ,t > 0. Equation becomes as:

t2+1(1+1>—35@ t?2+1= 35¢
t) 12 T 12(t+ 1)

1225¢2
[ —3
144t% + 288t + 144
144t* + 288t30937t% + 288t + 144 =0 &

t + 2t 937+2+1—0
144 t 2

Let us denote: t + % =k; k > 0, then t? + tiz = k? — 2. Equation becomes:

t? +1=

k% + 2k 937—04:)(k+1)2—1369<:>k+1—37:>k—25
144 T 44 12 12
t+1 25 12t - 25t+12=0=>t 4t 3
—=— S - =0t ==;t, =—
t 12 1737274
25 5 1
242 = — 22:— = — —
ax-—1 3:>ax 9:>x1 3a>a
3 25 5 1
2.2 _ 1 — 2,2 _ 22 2o
a“x 1 4:>ax 16:>x2 1a_a
Hence, S = {:—a,%}

Solution 2 by Amir Sofi-Kosovo

35 1 1 35

1
= S —— —_— e ——
\/a2x2—1> 12a L+ 1 12
ax 1~ g2,z
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1 1

— =1, 1—ﬁ=v;u,v>0=»
asx

ax
35
1 1 35 12 U LI
w?+vti=1 (u+v)?-2uv=1 utv=g
12
uv = —
” (53 Gl =relmad
72 @ Eilcz)le5)*€ 35 1a
u+v=§

Solution 3 by Tapas Das-India

1 35 1 35
x(1+m>=12a=>ax(1+ﬁ)=ﬁletx=sec0=>
1 35 cos 6 35
sec9<1+—m>=E=>sec0(1+sin9)=ﬁ
sinf@+cos@ 35 sinfO+cosO 35
25in0c050=ﬁ=> sin 260 ~ 24
(sin@ + cos 8)®> 1225 1+sin20 1225
sin?26 576 _ sin?26 _ 576
Let sin 20 = t, then
1+t 1225 ) B
t—z_ﬁ@uza —576t—-576 =0
t_576i\/5762—4-1225-(—576):t_ﬂ:sinze_ﬂ
21225 1225 1225
c05220=1—sin220=1—<ﬂ>2:>c0520:+£
1225 —1225
2c0520=1+c0520=@:>c0s20=ﬂ:>c050=—
1225 1225 5
5 5 5
:>sec0=1:>ax=1:>xza
343 5, 441 3 5 5 _
cosZO——Ezcos —ﬁ::»cose—§:>sec0—§:>ax—§:>x——
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Solution 4 by Ravi Prakash-New Delhi-India

1
1 = ; (1
x( +,/a2x2_1) 12a'()
Asa>0,RHS>0=LHS>0=>x>0=>ax > 0.

Putax =secO,0< 60 < g, then (1) can be written as

sec?0 + csc?2 0+ 2secBcsch =£25
144
4 4 1225
sin?20 T sinze " 1~ 144 1

(2 +1>2_(37)2 2 +1_37
sin 20 “\12) Tsinze " " T 12

2 25 o 24 2tamo 24
= =—
sin20 12 SM 25 1+tan2@ 25

12tan? 60 — 25tanf +12 =0

4 3
(3tan8 —4)(4tan 0 — 3)—0=>tan0€{3 4}

=secH =+1+tan?0 = E{Eﬁ}ﬁ E{ii}
ax = secO = an ax 32 X 3a’ 4d
JP.447 If 4R + r = 1, then prove that:

Proposed by Laura and Gheorghe Molea-Romania
Solution 1 by proposers

We known thatr, + r, + r. = 4R +1r,but4R +r = 1, then

Te+71, +71. =1 We have:

Te+71) 4 1 1 2
JTalp < and <—+—e0<(r,—1p)
2 TegtTp T Ty

By multiplying, we have:

4./r,r 1 1 1
ab<ra+rb( +_> (2 ra+r_b)

Te+71, 2 e Tp

2

ry Tq
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Hence,

Tl 1
—ab<_(2+:_a+r_b)
b

Te+71, 8 T,

JTal rotr 1 1-—7r 1 1
Z b <— 6+Z bl=2 6+z a =—(3+—)=
re+rmy 8 rq 8 r

cyc cyc cyc
_1(3+4R+r>_1(3+4R+1)_1(1+R)
B r B r 2 r
Therefore,
JTal
Yain=z(1+3)
rq +rb r

Equality holds if and only if AABC is equilateral.

Solution 2 by Daniel Vacaru-Romania

We have: 122 < %

rqt+7p

We obtain: ¥, VTah < %; (D

rqt7p

On the other hand, by Euler, > 2, it follows - (1 + )

N|w
~
N
-

By (1) and (2), we obtain:

Yain=aied)

Te+71p, 2
JP.448 In AABC the following relationship holds:

cos® 4 3 2
Z 5 gzﬁ(%)

2D 2
cyc €OS* 5 + cos® 5

Proposed by Marian Ursarescu-Romania

Solution 1 by proposer

4 3 3 3
X X+ +z
Forx,y,z > Owehave:Z:ZyT

WLOG, assume that x* > y* > z* = — > — > — From ChebysheV’s inequality:
y+z — z+x ~ x+y
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x* 1 1 1 1
> 4 4 4( ) 1
Zy+z_3(x Ty x+y+y+z+z+x + (1)
cyc

1 1 1 9
+ + = ;
x+y y+z z+x 2(x+y+2)

(2)

From (1) and (2), we get:
Z x* >3 x4+y4+z4>x3+y3+z3
y+z 4 x+y+z 2

cyc

2,
£z . (3
2

A A B C
gA 64 6D 6&
Z cos®5 cos®3 + cos® 5 + cos
B
cyc €0s? 7+ cos?

A (AR+1)®-3s2(2QR+71)
: § 62 _ :
But: ) cos®o = 3283 ; (4)

cyc

From (3) and (4), it follows:

Z cosg%4 _ (4R +1)*—35*2R+ 1) )

B C— 32R3 ’
cyc €OS? 7+ cos? 5

(4R + 1)? > 3s?(Doucet's); (6). From (5) and (6), it follows

A
cos’; _3s’(4R+r-2R-1) 3s* 2R _ 3s’
£ cosngr coszg - 32R3 ~ 32R3  16R?

Solution 2 by Marin Chirciu-Romania

Lemma. In AABC the following relationship holds:

A
Z cosgi . 1 (2+ r)s
cyc €COS? g + cos2£ 18 2R

2
Proof.
4 4
Z (:OS8 g Berg;trom (2 COS2 %4) _ (2 COS2 %)
B C - B C\ A
2D 2L ) 25 2 & ) 24
cyc €0S% 5 + cos? 5 9 Z(cos > + cos 2) 9.2 cos >
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3

_ 1 Z ZA 1 (2 n r )3
—18\ L% 2] T18\" 2R
cyc
Equality holds if and only if AABC is equilateral.

Using Lemma, we get:

A
LHS COSSE Lemma 1 2 r\3@® 3
= (2+35)

(3

> > —(=) =RHS,

cyc €OS?2 l; + cos? g 18 32 'R
3

(1) 1—18(2 + ﬁ) > 312(%)2 & 2(4R +71)3 > 27Rs?

which follows from s? < RZ((ZR% (Blundon — Gerretsen)

Remains to prove that:

R(4R +1)3
2(4R+r)2227R-¥@5R2—8Rr—4r220(:
2(2R—-1)

(R —27r)(5R + 2r) = 0 true from R > 2r (Euler).
Equality holds if and only if AABC is equilateral.
Remark. The problem can be developed.

In AABC the following relationship holds:

cossg 3 S 2
Z B C— 2(,1+1)()

cyc COS2 = 7+ Acos2 5 5

Marin Chirciu

Solution

Lemma. In AABC the following relationship holds:

A
B 2C—
cyc COS2 = 7+ cos? 5 18 2R

Proof.
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4 4
Z COS8 g Berg;trom (Z COSZ %4) _ (Z COSZ g) _
cye coszg+ coszg 9. (coszg+ cos? g) 9. ZZCOSZé

3

_1 Z ZA _1(2+T)3
“18\ £, 2] T18 2R

cyc
Equality holds if and only if AABC is equilateral.

Using Lemma, we get:

A
LHS cos’y tegme 1 (2+ r )3 Q_3 ( )2 RHS
cye coszg+lcoszg - 9@+ 1) 2R/~ 2(A+1\R

1 r\3 3 5\2
(1)@18(2+2R) —2(,1+1)(R) < 2(4R+1)° = 27Rs

3
which follows from s? < % (Blundon — Gerretsen)

Remains to prove that:

R(4R+1)3

Z> —_ 2 _ — 42 >
2(4R +1)* = 27R Z(ZR—T)(:)SR SRr—4r- =20

(R—27r)(5R + 2r) = 0 true from R > 2r (Euler).
Equality holds if and only if AABC is equilateral.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder inequality, we have:

2 4
cosgg B C A
E E (cosz—+cosz—> E 1] > E cos? —
, B , C 2 2
cos? 3 + cos?3

2
cyc cyc

cyc cyc

Then,

cost 1 A
2 il 247] .
Z B C>18 Z cos®z | i)

2

By AM-GM inequality, we have:

29 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3

ZCOSZg 233-1_[cos ;—27( ) :(2)

cyc cyc

From (1) and (2), we obtain:

cosag 1 s\2 3 ,s\2
> () - 20
cosZE+coszg 18 4R 32 R
cyc 2 2

Equality holds iff AABC is equilateral.

Solution 4 by Soumava Chakraborty-Kolkata-India

BA 2
CoS” o Bergstrom 1 A\ < Chebyshev
E 2 > ( E cos4—) >
B c - A B C) 2 -

22 22 222 22 22
Ccos 2+COS 2 Z(COS 2+COS 2+COS 2

B 4 (Z cos” E)

A
2 2 2
18(cos 2+c:os 7 T cos®5

cos® ® 1 2A
> —
”Z C_18(ZCOS 2)

cos2 + cos2 5

4

Via A — G, (a + b? + ¢?)3 > 27a%b?c?

applying which on circumcevian triangle of the incenter of ABC,
3

A A
(4R2 Z cos? E) > 27 1_[ <4R2cos2 E)

R Y ) R
= — . = — —
cos”5) =27-16rz 18\ 2. %" 2) 218 %7 16R2

= 1_18 (z cos? %) (i) 332 ( ) (%), () = z cos” v

cos2 + cos2 5
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JP.449 In AABC the following relationship holds:

cott 4 AR
2 e
z B Czsx/i(r 5)

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

x3+y3+23

4
Forx,y,z>0wehave:ZxT2 5

WLOG, assume that x* > y* > z* = — > — > —— From ChebysheV’s inequality:
y+z z+x ~ x+y

x* 1 1 1
> 4 4 4( )
Zy+z_3(x Ty x+y y+z+z+x @

cyc

1 1 1 9

> (2
x+y+y+z+z+x_2(x+y+z) @

From (1) and (2), we get:

Z x* >3 x4+y4+z4>x3+y3+z3
yt+z 4 x+y+z 2
cyc
cot‘Iﬂ cot3é+cot3g+cot3c
2 2 2
c= > ; (3)

B

2 _
Z cot? é _ s(s 12Rr); @

2 r3

From (3) and (4), we get:

A
COt47 s(s? —12Rr)
Z B C2 3 ; (5)
cye cot7 + cot

s > 3v3r (Mitrinovic's); s> > 16Rr — 5r%(Gerretsen's); (6)
From (5) and (6) it follows that:

A
Z cot's _3V3r(4Rr—5r>) 3VB(4R-51) _
> =

B 3 B T

31 | 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Marin Chirciu-Romania

ANz (st- 2r — 8Rr
cot? Bergstrom (Z cot? 2) ( ) Blundon
LHS = Z > = >
cyccot +c0t— ZZCO 7 Z'F
2r(2R - ;)(4-R +r) 212 _ SR
72 8R2 — 6RT — 212
- Rr
- 2.3 2s
r r
r(8R%? — 6RT — 212 )? (1) 4R
2R%r2s r
r(8R%? — 6RT — 212 )? 4R
1 e ( ) 23\/?7(——5)(:)
2R%r?%s r

(8R? — 6Rr — 21%)? > 3+/3sR?(4R — 57) which follows from

3RV3
s < — (Mitrinovic)

Remains to prove that:

3RV3
(8R? — 6RT — 21%) > 33 - — R% (4R - 51) &

2(8R? — 6Rr — 21%)?2 > 27R3(4R — 51) © 20R* — 57R3r + 8R?*r? + 48Rr3 + 8r*
=0
(R —2r)(10R3 — 17R?*r — 26Rr? — 41%) > 0 which follows from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
Remark. The problem can be developed.
In AABC the following relationship holds:
z coﬁ‘% _ 3v3 (4_R 5);/120

B C—21+1
cyc cot7+ )Lcot2

Marin Chirciu

Solution.
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2 s2 — 2r2 — 8Rr\’
c0t4 Bergstrom (Z COt2 é) ( 2 ) Blundon
LHS = > 2 r >
¢ - 4 A+1)-2 N
cye cot +Ac0t (A+ 1)Zcot7 ( ) r
2
2r(2R - 11;)(4-R +r) 212 _ SRy 2
72 8R* — 6Rr — 2r?
. _ Rr
- 5 a A+ Ds
A+1) - S

_ r(8R*— 6Rr — 21% )? (;) 3vV3 (4R )
B (A + 1)R%r2s “@A+D\r
r(8R?% — 6Rr — 212 )2 3V3 (4R )
= (—1
2R%r2s Zi+1
(8R? — 6Rr — 21%)? > 3+/3sR?(4R — 57) which follows from

1) e

RV3
s < — (Mitrinovic)

Remains to prove that:

3R\/_
(8R%2 — 6Rr — 21%) >3V3-—— - R*’(4R - 51) &

2(8R? — 6Rr — 21%)2 > 27R3(4R - 51) & ZOR4 — 57R3r + 8R?*r? + 48R3 + 8r*
=0
(R —2r)(10R3 — 17R?*r — 26Rr? — 413) > 0 which follows from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
In AABC the following relationship holds:

z tan"g s
B C = 9R
Marin Chirciu

Solution. We have:

2 4R +1)?
tan? Bergstrom (Z tan? g) (% - 2) Blundon
LHS=) —p—2—7 > A AR+t =
Cyctan +tanZ ZZtanf 2. -
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2

(4R +1)*
R(4R + 1)* 2R — 21\?
2QR—71) _ (=% _2R-1 D s e
= , AR+T ~ 2(4R+71)  R2(4R+71) T 9R
r S
2s(R —1)?
1) e ( ) ©18(R—-1r)2>RAR+T1) ©

R%2(4R + 1) = 9R 9R
14R? —37Rr + 18r?> > 0 © (R — 2r)(4R — 9r) > 0 true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
Remark. The problem can be developed.
In AABC the following relationship holds:

Z tan“%4 2s
A=>0
cye tan B + Atang 94+ DR’

Marin Chirciu
Solution. We have:

2 4R +1)?
tan? Bergstrom (Z tan? %4) (% -2 ) Blundon
LHS = c = A~ iR B 2
cye tan + Atan 5 (A+1) Y tans > A+1)-
2

(4R +1)*
R(4R + 1r)? (ZR — Zr)2 ssR—1)? @
(7R — — s(R—r s
2(2R—-71) R S — RHS

T o+, 4R+r " A+1)@R+1r) (A+1DRZ’@AR+1) ~ 9R
s
4s(R — 1)? 2s
1e ( ) >
(A+ 1R?(4R+71)  9(1+ 1R
14R?> — 37Rr + 181> > 0 © (R — 2r)(4R — 97) > 0 true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

JP.450 In AABC the following relationship holds:

©18(R-1)?>RAR+1) &

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

For x,y,z > 0 we have:
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3 x2 +yz 9%/xyz ‘:’Z xt+yz - 9
Cyc y? +z2 xt+y+z Cyci/xyZ(x2+yZ)2(y2+zz)_x+y+z
x%+yz AGM 3(x% + yz)

Vxyz(x? + yz)2(y% + z2) 2 x%y

We must show:

3(x2+yz+zz+xy+yz+zx)> 9 <
x2y +y?z + z%x T (x+y+2z)3

x2+y3+ 23 +3xyz > x*y + y*z + z%x

Therefore,

3r2+rr rrbr
b i(1),  ra+ry+r.,=4R+71;(2)
Cyc rs + 12 ra+rb+rc

3r rpre = N S2r > 3/27r3 = 3r; (3)

From (1), (2) and (3) it follows that:

Z 3|12 + ToTe 27r
rs + 12 4R +r

cyc

Solution 2 by Soumava Chakraborty-Kolkata-India
Z 3 rt% + 11
R

B Z r? + ryr. AZG Z 3(r? + nr.)
i/ - r7 +r2+r2 +rpr. +r2 + rr,

(rl? + I'CZ)(I"% + rbrc)(rg + rbrc)

A G 3(r? + n,r.) 3 )
= ) ami v  mE v (L )
2r2+rf+r2+rf +r2 2(r2 + 1 +12)

_ 3((4R +1)? — 25% + 5?) 2 27r
~ 2((4R+1r)2-2s2) T 4R+

?
& (4R+71)3 — (4R +1r)s? > 18r(4R + r)? — 36rs?

?
< (4R +71)3 — 18r(4R +r)? > (4R - 8r)s? — 27rs?
()
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Gerretsen

Now,RHS of (x) < (4R — 8r)(4R? + 4Rr + 3r2)

—27r(16Rr — 3r%) < (4R +r)3 — 18r(4R + r)?

? R ?
o 3t3 —14t2 4+ 20t-8>0 (t=;)=}(t—2)2(2t+t—2)20

. tmgerz () ist Zs r,§+rbrc> 27r (QED)
—>true~t > 2= (x)istrue - >
rZ+r2 ~ 4R+r Q

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The inequality in the statement can be rewritten as

3 r: + T+ Tpre
T rbr > 271,11,
T2 22
T3 + 12
cyc cyc cyc

By Holder’s inequality, we have:

3(x2 4+ yz
Z(y+z) Zx(y+2) Z ’m
cyc cyc cyc

3

9 x2+yz
> Z:\/(y+z)3-x3(y+z)3-yz_|_z2 ;Vx,y,2>0

cyc

By AM-GM inequality, we have:
(y+2)°=[2yz+ (y* +2)1*(y + 2)? > 4 - 2yz(y?* + z%) - 4yz =
= 32(yz)?(y? + z?) and x*> + yz > 2x,/yz. Then,

x4+ vyz 2x./yz
x3(y+2)°- v +)z,2 > x% - 32(yz)?(y? + 22) EIVYE 43,/ x3(xyz)5

Thus,
3
9 AGM
5= Z 43\/x3(xyz)5 | =4| Y (xy2)s- Z Vx| =
cyc cyc

3
Y (xyz)s -3 xyz) =4.27xyz

3x% +
Or Z(y+z) Zx(y+z) z 2_|_y2 >27xyz

cyc cyc cyc
Taking x = 1r,;y = r); Z = r yields the desired result.
Equality holds if and only if AABC is equilateral.

36 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 4 by Marin Chirciu-Romania

3 T2+ 17, zs g+ rpre AGM 3
’ 2 / 2 2
e rb+r rb+r — rb+r +141

2'|'bc

3 3(ri +r,r.) cBs Z 3ri+rpr) 3 Xrit+Xrr.
2rz+ (rp+ 1% — 215 + 2(r2+712) 2 xri

cyc
_ 3 [4R+1)>—25*]+s5> 3 (4R+71)%—5s? (;) 27r
2 (4R+1)2—-2s2 2 (4R+1r)2—252 " 4R+
3 (4R +71)? — s? - 27r
2 (4R+1r)2—2s2 4R+

1) e © s2(35r—4R) + (AR —17r)(4R+1)?2 >0

We distinguish the following cases:
Case 1) If (3517 — 4R) > 0 applying Gerretsen’s inequality s> > 16Rr — 512, we mast to
prove (16Rr —5r?)(35r —4R) + (4R —17r)(4R+1)* >0 &
4R?® — 19R?’r + 28R1* —12r3 >0 © (R — 2r)?(4R — 31r) > 0 true from R >
2r (Euler).
Case 2) If (357 — 4R) < 0 applying Blundon-Gerretsen:

, _R@AR+71)?

————<4R?> + 4R 3
st< TE + 4Rr + 312
Remains to prove that:

R(4R + 1)?
2(2R-71)

< (R—2r)(12R — 177r) = 0 which is true from R > 2r (Euler).

r— + —17r +7r)-=20& — r+ 34rc =
(35 4R) + (4R - 17r)(4R )2 0 12R%? — 41R 34r2 >0

Equality holds iff AABC is equilateral.
Remark. Let’s replace r, with h,,.
In AABC the following relationship holds:
Z 3|h% + hyh, 6
“hZ+hZ =R
cyc

Marin Chirciu
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Solution

+1+1

3|h% + hyh, 3|h% + hyh, 1 1G§Mz 3
2 2 2 2 = 2 2
o hy + hg o hy, + hg o hy + h¢

h2 + hyh,

_ 3(h2 + hyh,) css Z 3(h%+hyh.) 3 YhZ+Xhyh,
" Li2h2+ (hy+ h)? T Li2hZ+2(h2 +h2) 2 Yhz
cyc b

cyc

s2 +1%2 4+ 4Rr Z_Z.ZTSZ +2rs2
2R R R

N| W

s2 + 12+ 4Rr 2_2.2rs2
2R R
s* +25%r?2 + r*(4R + r)? (;) 61
s*+s2(2r2—8Rr)+r?(4R+1r)? — R
s* + 25’12 + r*(4R + 1)? - 4r
st +s2(2r2—8Rr) +r2(4R+1)? — R

3
T2

1) e

s?[s?’(R—41r) +2r* 17R—41r)] + (4R +1)*>(R—41r) = 0
We distinguish the following cases:
Case 1) If (R — 4r) > 0 inequality is obviously true.
Case 2) If (R — 4r) < 0 inequality can be rewritten as:
r2(4R + 1)?(R — 4r) > s*[s?(4r — R) + 2r?(4r — 17R)] which follows from Blundon-

Gerretsen inequality

16R 512 < 2<R(4-R+r)2<4-RZ+4-R + 37?2
e T r+3r

Remains to prove:

R(4R +1)?
22R—-1)

16R?® —31R*r —6Rr*+81r*>0< (R—2r)(16R2+ Rr—41r*) >0

(4R +1)*(R— 47r) > [(16Rr — 5r%)(4r — R) + 2r%(4r — 17R)]

Equality holds iff AABC is equilateral.

Remark. Inequality can be stronger.
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3 h2+hb
h% + h?2 _4R+r
cyc

3|h% + hyh, 3|hZ + hyh, 6HM
i 2 i 11 z Y
pthE L] hG+ h2 + h?

Marin Chirciu

Solution.

~ 3(h% + hyh,) cgsz 3(h2 + hyh,) _3 S h2 + X hyh,
T Li2hZ+ (hy +h)? T Li2nz+2(hE+hZ) 2 3h?
cyc yc

s2 + 1%+ 4Rr 2_2.21"32
2R R

cyc — 20— ——

2rs?
R

+

3
2

2R R
3 s* +25%r?2 + r?(4R +1)? M 27r

T 2 s*+52(2r2 — 8Rr) + r2(4R + 1)? = 4R+ 1
(1) © s?[s*(4R — 177) + 2r%(76R —177r)]| + r*(4R +1r)?’(4R—1771) > 0
We distinguish the following cases:
Case 1) If (4R — 17r) = 0 inequality is obviously true.
Case 2) If (4R — 17r) < 0 inequality can be rewritten as:
r2(4R + 1r)2(4R — 177) = s*[s*(17r — 4R) + 2r?(17r — 76R)] which follows from
16Rr — 51% < s? <R(4R—+r)2
-7 T 22R-1r) T
Remains to prove:
2
(4R + 1)*(R—41r) > % [(16Rr — 51%)(17R — 47) + 2r*(17r — 76R))]
64R3 — 124R?r — 25Rr* + 3413 >0 © (R— 2r)(64R* + 4RTr — 171%) > 0
Which is true from R > 2r (Euler). Equality holds iff AABC is equilateral.

I(sz +7rZ+ 4Rr>2 _q. 2rs?

4R? + 4Rr + 312

In AABC the following relationship holds:

Zs hZ + h,h, 27r >6r
h% + h? 4R+r R

Marin Chirciu

Solution. See up these inequalities.
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PROBLEMS FOR SENIORS

SP.436 In AABC the following relationship holds:

1 1 1 V3
= + >—
(b ++bc ++ea)h} (c++ca++Vab)h; (a++ab++Vbc)hi 6F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

N oy reerred) " -
£ (b +be +Vea)hi £ (b +vbe +ea)(ahy)?®
1 3 3

- 32 Z -
8F b+w/c+\/a 8F3 cycb_l_bg-c_*_c—iz—a

a 3

_ ’ _ 1 Z a _
"~ 4F3 2b+b+c+c+a 4F3 a+3b+2c

cyc cyc

1 a* Bergstrom
4F3 a? + 3ab + 2ac

cyc
1 2(a? + b? + ¢?)?
4F3 ‘a2 + b2 +c2+3(ab+ bc + ca) + 2(ab + bc + ca)
1 2(a? + b? + ¢?)? -
" 4F3 a2+ b%2+c2+5(ab+bc+ca)”
1 2(a? + b? + ¢?)? (a? + b% + ¢*)?
ZAF @bt 5(a? + b + c2) 4F%-6(a% + b? + c2)
a?+b% +c21-w4\/3F 3
> > -2
- 24F? ~ 24F? 6F
Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam

a+b+c
2

Let us denote: p =

By AM-GM Inequality we have:

b+c c+a 3b a
=—+4+c+o

< .
b+ Vvbc++ca<b+ > > > X
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Similary:

b

c++Vca++Vab <—+a+2,

c

a+Vab+\/ES7a+b+E;
=>b++Vbc++eca+c++ca+Vab+a++Vab++Vbc<3(a+b+c);

Now,
1 . 1 . 1
(b +Vbc +vca)h3 (c++ca+Vab)hi} (a++ab++bc)h3

1 ( al N b3 N c3 >
-~ 8F3' \p++bc++ca c++ca+vab a-++ab+bc
Holder 4 (a+ b +c)3

> .
3.8F3 p ++/bc +ca + ¢ + Vca + Vab + a + Vab + Vbc

- 1 (a+b+c)3_(a+b+c)2_2p.2pp 3\/_r12\/_pr _12¢/3.F V3
~24F3'3(a+b+c) = 72F? T 72F2 T 72F2 ~ 72F?2  6F
Proved.

Solution 3 by Marin Chirciu-Romania

AGM b+c c+a_a+3b+2c

b+x/_c+\/ﬁ<b+2+2 = 5 ; (1)

1 (1) 1
LHS = z = Z =
(b+1/ C+‘/C(l)h3 (a+ 3b+2C)h3

cyc 2

1\3 1\3
_5 Holder 9 (Z h_a> (2 h_a>

— > = =

Za+3b+2c‘ - 3).(a+3b+ 2c) 3:6)a

cyc

3
_ (Z%) _%Qaﬁ 1 Ca)?  s? s2 @ V3

= = > = RHS
9 a N a 8F3 9 72F3 18F3 ~— 6F2
2
Where (2) & 1;F3 > % & s2 > 3V3F & s > 3V3r (Mitrinovic).

Equality holds if and only if triangle is equilateral.

Remark. The problem can be developed.
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In AABC the following relationship holds:

n-2 1

z 1 >(i) 1
£ (b +bc +Vea)hy '3 2F"

neNn=2.

Solution. We have:

AGM b+c c+a_a+3b+2(:

b++Vbc++ca < b+ St = > ; (1)
1
LHS Z 1 (;) Z 1 ) h_al Holder
= = _— >
> 572 ). >
£ (b +Vbc +ea)hy ~ L (%) hp  4iat3bt2c
1 n 1 n a\"
- (25,) . (£5,) _(Zzp) _
7 3" 2¥(a+3b+2c) 3"-2.6Ya 3" 1)a
1 Ca)*1! sn1 s\ 2 1
T 2nfn 3n-lyq ~ 2.3n-1fn (5) ‘g~ RHS

Equality holds if and only if triangle is equilateral.

SP.437 Prove that in acute AABC the following relationship holds:
1
max{hZ, h}, h?} — min{hZ, h, h?} > 5 (s® — 2R?* — 8Rr — 31?)
Proposed by Cristian Miu-Romania
Solution 1 by proposer
Let us first prove for acute triangle the Erdos inequality:
min{h2, h}, h?} < R + r < max{hZ, h}, h?}
It is easy to prove that
Z a? cotA = 4F and z acotA=2(R+71)
cyc cyc

So, we need to prove:
4F
i ) bl S PN S ) bl
min{a, b, ¢} 2R max{a, b, c}

Because if x, y, z are real numbers and u, v, w are positive numbers

min{f y £}<M< max{x y Z}

uv'w T u+v+w™ u'v'w
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4F
. < in:
From min{a, b, c} < RIS max{a, b, c}, we obtain
_ AF
min{h,, h,, h.} < m < max{h,, hy, h.}

Now, let us prove that:

1
min{h,, hy, h .} < E\/ a? + b? + ¢? < max{h,, hy, h .}

It is easy to prove that

5 a? + b? + ¢?
Za cotA = 4F and ZCOtAzT

cyc cyc

So, we obtain that

1
min{h,, hy, h .} < E\/ a? + b? + ¢? < max{h,, hy, h .}
But: %\/az + b2 + ¢2 > R + r because it is Walker’s inequality:

s2 > 2R? + 8Rr + 312

Z a? =2(s®> —r? —4Rr)

cyc

Now, we can write that

1
min{h, hy,h.,} <R+ 1r < E\/ a? + b? + ¢? < max{h,, hy, h .}

Hence,

1
min{h, b}, h2} < (R+7)? < )" a? < max{h%, hi, b2}

cyc

Therefore,
1
max{h?, h%, h?} — min{h2, h2, h2} > E(SZ — 2R? — 8Rr — 31?)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

()
g |
max{h,*, h,? h.,*} — min{h,? h,? h>} = 3 (s? —2R? — 8Rr — 31?)

We have :
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1
(x) & max{h,* h,* h,} —min{h,* h,* b} > Z(a2 +b%+c2) — (R+1)?
So it suffices to prove :
1
max{h,’ h,’ h.S} > 2 (@ + b? +c*) and min{h,% h,’, h.°} < (R +71)?
WLOG,we may assume that a > b > c. Clearly,we have : max{haz, hbz, hcz}
= h.* and min{h,’, h,* h.*} = h,”.
Since AABC is acute, then there are positive numbers x,y,z such that : a
=.Jy+z b=+Vz+x, c=x+y.
We have : 16F? = ZZ a’b? — Z at* = ZZ(y +2)(z+x)— Z(x + y)?

cyc cyc cyc cyc

=4ny then : 4F* = xy + yz + zx

cyc

4F* 1 Xy + yz + zx
We need to prove : hc2=—22—(a2+b2+c2) or P TYET X
c 4 x+y
x+y+z
2+ or yz + zx > x* + y?

Sincea>b > c,wehave: z>y > x then
1
yz+2zx > y.y+xx = x?+y? Thus, max{h,’ h,* h>} > Z(a2 + b% + c?).

Now,since h, = min{h,, hy, h.},we have :
1 1~ bc  s% 4712+ 4Rr " 4R? 4 8Rr + 412
h, < —Z hy==)» ——= <
3 3 2R 6R 6R
cyc cyc

_(R+1)@R+2r) "5 (R+7).3R _
B 3R = 3R B
Then : min{haz, hbz, hcz} = ha2 < (R + )% So the proof is completed.

R+

SP.438 In AABC the following relationship holds:
a3 N b3 N c3 - 43
b++vbc++ca c++ca++vab a++Vab++vVbc 3

Proposed by D.M. Bdtinetu-Giurgiu-Romania

- F

Solution 1 by proposer

3 3 3

a

a a
= ) :
Zb+ bc ++ca ;b+b+c+C+a 2b+b+c+c+a

cyc 2 2 cyc
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3

a a? Bergstrom
P L :
a+3b+2c a? + 3ab + 2ac

cyc cyc

- 2(a? + b? + ¢?)? _
~a?+b%2+c?+3(ab+ bc+ ca)+ 2(ab + bc + ca)
2(a? + b? + ¢?)?
a2+b2+cz+5(ab+bc+ca)
S 2(a? + b? + c?)?
aZ+b2+c2+5@+b2+c?) 3
43

1
>-.4/3F=—-F
=3 V3 3

(a +b2+(:2) >

Solution 2 by Marin Chirciu-Romania

AGM b+c c+a a+3b+2c

b++Vbc++ca < b+ 5 + > = > ; (D)
LHS — (1) a3 5 a3 Holder
I — - >
Zb+~/_c+\/a a+3b+2c Za+3b+2c B
ye 2 cyc
a)? a3 a) a)? 4s? (2 443
RN S o S P CA R N S
3Y(a+3b + 2¢) 3:6a 9Ya 9 9 3
45> 443
(2)@T>TF<:>SZ>3\/§F<:>523\/§r(Mitrinovic).

Equality holds if and only if triangle is equilateral.
Remark. The problem can be developed.
In AABC the following relationship holds:

n—-1

,MNMeENn=>2

AGM b+c c+a a+3b+2c
b++vbc++vca < b+ > + > = >

; (1)

LHS — 1 am® ) a” Holder
e — - >
Zb+w/c+w/_ca a+3b+2c za+3b+2c -

2 cyc
(Ta)" B o CGor (et 2\t
32 (a+ 3b + 2¢) 23nz. 6Ya 3"1yaq 371 (?) = RHS
2) e 4% > 4T\/§F & s? > 3V3F & s > 3\3r(Mitrinovic).

Equality holds if and only if triangle is equilateral.
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SP.4391f x,y,z > 0, then:

1+ x+ x? 1+y+ y? 1+z+ 2% 9

1+y+z+2z2 1+z+x+x* 1+x+y+y? 4

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers
2

25331 .1 2 = 1te+t7 .
1+t+t2>3Y1-t-2=3tot> 3 VtER;

1+ x+x? >Z 14+ x+ a2

2 = 1 2z
cyc1+y+z+z cyc1+Z+Zz+y

1+ x + x?
=3§ 5 55 (1)
3(1+z+2z3)+1+y+y

cyc

Denote:u=1+x+x%v=1+y+y%w=1+ z + z?%, inequality (1) becomes:

1+ x+ x? u u? Bergstrom
) S
1+y+2z+ 22 v+ 3w uv + 3uw

cyc cyc cyc

- (u+v+w)?  3u+v+w)? -
=7 Yuv+3uw) 4(uv+vw+wu) ”

3-3(uv+vw+wv)_9

4(uv+vw+wu) 4

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Leta=1+x+ x?, b=1+y+y? c=1+z+ 72

a 1+x+x?
By AM — GM inequality,we have : — = —3 = 3\/ 1.x.x2

W |

= x (And analogs)

1+ x+x? 1+y+y? 1+z+ 2% a b
Then : 5+ 7+ 22p  Te
1+y+z+2z- 1+z+x+x* 1+x+y+y 3+c z+a

+ =
+b

Wi

>
ab+30a+bc+3ab+ca+3bc - 4(ab + bc + ca) —
3.3(ab + bc + ca) 9

= 4(ab+bc+ca) 4
So the proof is completed. Equality holds iff x=y=z=1.

5 )
( a? b? c? er‘qgmm 3(a+ b +c)?
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Solution 3 by Soumava Chakraborty-Kolkata-India

1+ x+ x? 1+y+y? 1+z+z?2
1+y+z+z2 1+z+x+x2 1+x+y+y?

B (1+ x + x?)? N (1+y+y?)?
S (A +x+a)A+y+z+z2) A+y+y)A+z4x+ x2)

N (1 +2z+z?)?
1+z+z2)(1+x+y+y?2)

Bergstrom (chc(l +x+ xz))z
T T+ x+2a)A+y+yD) + Doy + x + x2))
- 3Vl +x+x)(1+y+y?)
T Ny +x + 21 +y +y2) + Leye(y(1 + x + x2))
3Yyc(1+x+ 21 +y+y?)
. 3 chc(1 +x+ xZ)(l +y+ yz) +3 chc(Y(l +x+ xz))

=3

3 Yeye(1+x+22)(1+y +y?) + 3 Veye (YA + X +27)) = 3By (y(1 + 2 + 27) )
' 3 chc(1 +x+ xZ)(l +y+ y2) +3 chc(Y(l +x+ xz))

43 Teye (y(1 + x +22))
T TSy x A2 A+y + YD) + Dy + x + 22))
_a_3 Yeye (y(l +x+ xz))
T T ae(AH x +2D) + Teye(1+ Yy (1 + X+ x2) + Teye(y(1 + x + 22))
A-G Deye (y(1 +x+ xz)) _ Deye (y(l +x+ xz))
=7 2 chc(y(l +x+ xz)) +2 chc(y(l +x+ xz)) B 4chc(y(1 +x+ xz))
9
=3-4=5 (QED)

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

1+ x+x? N 1+y+y? N 1+z+2%
1+y+z+22 1+z+x+x2 14+x+y+y%

_1+z+x+x2—z+1+x+y+y2—x 1+y+z+z2—y
1+ y+z+z2 1+z+x+x2 1+x+y+y?

9
>
4
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1+ x + x? N 1+y+y? 1+z+ 2% -
1+y+z+z2 1+z+x+x2 1+x+y+y?—
9 X y z
>
_4+

+ +
1+z+x+x? 1+z+y+y? 1+y+z+2z?2

Which is true, because

x y z
Z+ 2+ 2
1+z+x+x* 1+z+y+y> 1+y+z+z

3
< -
4
X y z 3
+ + <=
3x+z 3y+x 3z+y 4
4(xBy+x)3Bz+y) +yBx+2)(3z+y)+zBx+z)By +x)] <
<3Bx+2)By+x)By+y)

4[x(9yz + 3y? + 3zx + xy) + y(9xz + 3xy + 3z% + yz) + z(9xy + 3x% + 3yz + x2z)]
<

< 3[(9xy + 3x* + 3yz+ zx)(3z + y)]
108xyz + 24(xy? + z%y + zx?) + 4(x%y + y?z + z%x) <
< 84xyz + 27(x*z + z%y + y*x) + 9(x%y + y*z + z*x)
27xyz < 3(x%*z + 2%y + y?x) + 9(x%y + y*z + z%x)
True because

1+z+x+x2_|_1+x+y+y2
1+y+z+2z2 1+z+x+x?

SP.440If a,b,c > 0, then prove that:

1+y+z+ 2> -
1+x+y+y?~

a? + b? + c? >\/3(a2+b2+c2)
ab + bc + ca — a+b+c

Proposed by Neculai Stanciu-Romania
Solution 1 by proposer

We have: a? + b? + ¢? > ab + bc + caand \/3(a? + b% + ¢2) > a + b + c, then writing

the inequality from the statement as:

2
sa*-Yab_\33@-3a _3a*-3ab_ (3Ia) -Ta?
2ab T La 2ab " (ya)(/3Ta® +Xa)
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(a - b)? ZZ (a - b)?
2Y ab Ya (m +y a)
It is suffices to show that:
(a - b)? (a - b)?

23 ab ZZa-(m+Za)

If a = b we have equality, if not, it is suffice to prove that

1 1
=
2Yab " yq. (\/BZaz +Ya
which is true, because (Ya)? > 3Yab and

Ya-+/3¥a% =Ya-Ya=a)?

Solution 2 by Daniel Vacaru-Romania

) e Ca)? +Ya-+/3Ya% = 2Yab

We have:

2 p2 4 2 2 1 h2 4 (2
Zb _I-I: ll;ci :::a > \/3(2 ++bb+: ) e (@ +b>+c®)(a+b+c)? >3(ab + bc + ca)?
Buta? + b? + ¢> > ab + bc + ca; (1)and (a+ b + ¢)?> = 3(ab + bc + ca); (2)
Multiplying (1) and (2), we find:

(a? + b* + c*)(a+ b + ¢)? > 3(ab + bc + ca)?
Solution 3 by Marin Chirciu-Romania

We have:
a? + b? + ¢ - J3(a? + b2 + c?)
ab+ bc+ ca a+b+c <
(a? + b* +c*)(a+ b + ¢)? = 3(ab + bc + ca)?

But, it is known that
a’+b?>+c2>ab+bc+ca; (1)and (a+ b+ c)? =3(ab + bc + ca); (2)
By multiplying (1) and (2), we find:

(a? + b* +c*)(a+ b + ¢)? = 3(ab + bc + ca)?

SP.441 In AABC the following relationship holds:

Z T, <3(4R—5r)
re+2r,  4R+7r

cyc

Proposed by Marian Ursarescu-Romania
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Solution 1 by proposer
X 3(x% + y* + z%)
x+2y- ((x+y+2)?

If x,y,z > 0,then: Z

cyc
y 3(x% + y? + 2%)
-3 (i)
£ x+2y (x+y+2)?

2. :
. >
Xt 2y yx+2y)=2(x+y+2)

cyc cyc

We must show that:
(x+y+2)?*=>3(xy+yz+zx)(xy + yz + zx + 2x% + 2y% + 272%) ©
(x+y+2)?—(xy+yz+zx)?)?>0

2 22 4 42
”Z T, <3(ra+rb+rc) 1)

ra+2ry,~ (ro+r,+ry)?’
cyc

r2+71i+1%2=(4R+1)%-25%(2)
Te+rp+r.=4R+71;(3)
From (1),(2) and (3) it follows that:
T 3((4R +1)? — 252 2s?
Z @« _ « ) )=3 1-———|; (@)
r, + 21, (4R + 1r)? (4R + 1r)?

cyc
2s5% > 6r(4R + r)(Doucet's) = —2s> < —6r(4R+1) =
2s? <1 6r  4R-—5r
(4R+71)2~ " 4R+r 4R+71’

1 (5)

From (4),(5) we get:

Z T <3(4R—5r)
re+2r, 4R +T71T
cyc

Solution 2 by Marin Chirciu-Romania

Lemma. In AABC the following relationship holds:

Z T, - or
re+2r, 4R +r

cyc

Proof. We have:
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Zra+2rb—2rbs3(4R—5r)@3_z 2ry, S3(4R—5r)
o+ 21 4R + 1 o+ 21 4R + 1

cyc cyc

Z Tp 9r
>
re+2r, 4R +r

cyc

Now, using Lemma and Bergstrom’s inequality, we have:

T s Ery)? (4R +1)? ¢V
Z +2 =Z 22 % 2Y T 52 + 2[(4R + )2 — 252] =
LiT+ 21y Latgry + 21 Y(rary +212) s T s
9r
=
4R+ 1
(4R + 1)? 9r

1D e & 27rs* + (4R +1)3 > 18r(4R + 1)?

>

s2+2[(4R+1r)?2 —2s2] " 4R+
2

which follows from s? > % (Gerretsen)

Remains to prove that:

(4R +1)?
R+r7r
< (R—21r)(4R — 51) = 0 true from R > 2r (Euler).

27r + (4R+1)3>18r(4R+1)> © 4R? —13Rr + 1012 > 0

Remark. The problem can be developed.
In AABC the following relationship holds:

Ty 3 4A+1DR+(A-8M)r 1
> <. <<
Tet+Ar,  A+1 4R +1r 2

N3

cyc

Solution. Lemma. In AABC the following relationship holds:

Z T - 27r
ro+Ar,  (A+1)(4R+1)

cyc

Proof. We have:

zra+lrb—/1rb - 3 4A+1DR+(1-8A)r
. =
Te+Ar, ~—1+1 4R+ R

cyc

Z Ary, - 3 4(/1+1)R+(1—8,1)r@
Te+Ar, — A+1 4R + 1

cyc
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Z T 27r
=
reo+Ar,  (A+1)(4R+1)

cyc

Z ™ _ Z s o Gr)? (4R +1)? ®
LiT, + Ary, LT oT) +Ar: T Y(rory + Ar2)  s2+A[(4R+ 1) —2s5%]
27r
(A+1@AR+T)

(4R +1)? 27r

>
Ve Fi @R Z 28> GrD@RT D
(2A—1)27rs?> + (A +1)(4R + r)3 > 27Ar(4R + r)? which follows from

r(4R + 1)?
sz > ¥ (Gerretsen)
R+r

Remains to prove that:

(4R + 1)?
R+r

4(A+1)R*+ (5—222)Rr+ (281-26)1r* >0 &

(24 —-1)27r - +(A+1)(4R+R)? >272r(4R+71)* &

(R-2r)[4(A+ 1)R+ (13 — 142)r] = 0 true from R > 2r(Euler) and 1 < %

Equality holds if and only if triangle is equilateral.
Note. For A = 2 we get the Problem SP441. From RMM 30, Autumn 2023, proposed by
Marian Ursarescu

SP.442 In AABC the following relationship holds:

a+c—>b b+a-c c+b—a 2r
+ + < [8+—
a b c R

Proposed by Marian Ursarescu-Romania

Solution 1 by proposer
We must to prove:

2
—-b 2
(3t oo

cyc
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. . B
ZSmismf

a 2Rsin A

2
2] =2
p =
cyc cyc

2
(cosg\/sinc + cos%\/sinA + cos%‘\/sinB) CBS
<

. . . . A. B . C
\[a+c—b_\/2R(smA+smB—smC)_ 4sinysiny sing

2 sinAsin B 4
SIHZSIHZ COSZ

2

A osBcos&
COSZCOSZ COSZ

(sin A + sin B + sin C) (coszg + cos? g + cos? g) s 4R+
< _R

Ja+c—b \/b+a—c \/c+b—a \/ 2r
+ + < [8+—
a b c R

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
\/a+c—b \/b+a—c \/c+b—aCBS
+ + <
a b c

at+c—b b+a—-c c+b—a
< ( + + )(a+b+c)
ca ba ac

2 coszg 2 coszg 2 cos? A

5 A
= + + 2).25= ’4 E cos? - =
s s S 2
cyc

Therefore,

at+c—>b b+a-c c+b—a 2r
+ + < [8+4+—
a b c R

30-RMM AUTUMN EDITION 2023-SOLUTIONS
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SP.443 Determine all functions f: R — (0, +c0) continuous such that

f(4x) - f(3x) =2%Vx€eER

Proposed by Marian Ursarescu-Romania

Solution 1 by proposer
f(4x) - f(3x) = 2*%;vx € R © log, f(4x) + log, f(3x) =log, 2* = x

Let g(x) = log, f(x), then g(4x) + g(3x) = x
X 3 X
xo a0+ (gx) =g

3 (3 )+ (3)2 x 3
- —X: J— f— e —
Yo 9y*)"9\\a) *)T 1'%
2
Hence,g(x) — g (G) x) = 2(1 —%
32
Let() =a;a € (0, 1),then

N
I
&=

g(x) — glax) = E

g(ax) — g(a® x)—1—16 ax

1
n—-1 — n—-1
g@'x) —g(a™x) = e ¥

Therefore,

1
glx) — g(ax)—ﬁx(1+a+a+ 4 am )

. 1 a*—-1
1lll_)m(g(x) —g(alx)) lim 1—16x p—
x x x
= g(x) — 9(0)—16 1-a_16 9 =7
1-16

g(0) = logz f(0) =log; 1
So, g(x) == then fx) = 27
Solution 2 by Mohamed Amine Ben Ajlba Tanger-Morocco

X 3 x
Replacing x by 7V get: f(x).f (— ) =24, VxeR (1)

3 3 9
Replacing x by 1—z,we get: f (Zx> f (Ex> = 216 Vx €R (2)
f(x)

Y 216, vxeR (3)
f(15%)

From (1) and (2) we obtain :
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k (£ ') oy

9 x
Replacing x by (—) x,(k e N)in(3),we get : 5 <l 16) 16, Yx €ER
(5" %)

16
Multiplying this relation for k =0,1,... , n—1,n € N*,we obtain :

f(x)

() =)

|
N—

X -
= 216%450(36) | vx e R

Thus, f()=2 '16 .f <(i)"> =26 ) <(16)nx>’vx €K

Since f is continuous on R then f(x) = nl_i)rzloo (2;(1_(196) ).f <(i)n x>> - 27, f(0)

E
[y
B
gl
s

X
= .27, Vx € R,where c = f(0).
4x 3x
Replacing in the given equation,we obtain : (c. 27) . (c. 27) = 2% or c?
=1then c=1 ( f:R- (0,+°°))

Therefore, fx) = 2;, Vx € R.
Solution 3 by Ruxandra Daniela Tonila-Romania

f(4x) - f(3x) = 2* © log f(4x) + log f(3x) = xlog 2

7x
log f(4x) +log f(3x) — 7log2 =0
4x 3x
log f(4x) — 7log2 + log f(3x) — 7log2 =0

log (&,‘f)) + log (f(§:)> =0
27 27

Let be g: (0,0) - R, g(x) = log (&?), then
27

gx)+g (%x) =0

o)1) oo () -
2 2

e o) o))
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= Qe () -0(()"5) -0
gx)—g <(2>n+2 x) =0=>gx)=g <(Z)n+2 x>;Vx € (0,0),n €N

Since g(x) = h(t(x)), where h(x) = log x and t(x) = ™) are continuous, sog(x) is

27

continuous too, (1).

o= () <000 - pmo (1) ¥

n+2
—g <lim ) x) ~ 9(0) = log(f(0))

n—-oo

f(40) - f30) = 2* & (£(0))* = 1 & log(£(0)) = 0

Hence, g(x) = 0,Vx € (0,») < log (f(x)) =0 f(x) = 23'76

27
Solution 4 by Ravi Prakash-New Delhi-India

Let g(x) = log, f(x), x € R. As f(x) is continuous on R, g(x) is continuous in R.
Since, f(4x) - f(3x) = 2* = log, f(4x) +log, f(3x) = x
=>g4x)+gBx)=x,VxeR; (1)
9(0)=0

3 32 3
X =g g3x)—g <Zx> =% (2)
From (1) and (2) we get:
32 1
gax)—g <Zx> =1%
3\2 1
wo-o{() )
9 1
90 -9 (15x) = 1% @

. 9 92 _
Putting x — —x, (R) X, ...,(9.16)"x in (3), we get:
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(%) -0((2) ) (5
o((2) ) -s((5) =) () =

9 \" g \"+1 1 /9\"
o((z8) =)o () ) =1elie) ~
Adding the above relationships, we get:
g \"+1 X 9 9 \2 9\"
90‘)‘9((1—6) x) =1_6l1+1_6+(1_6) ++ (1) l
Taking limit as n — o, we get

X 1

g(x)=R.1__%=;:>1og2f(x)=;=>f(x)=z’-§

SP.444If a,b,c.0 and abc = 1 then:

za8+28a6+70a4+28a2+1>
b® +7b* + 7b%2 + 1 -

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Lemma. If a > 0 then

a® + 28a® + 70a* + 28a% + 1
=
a®+7a*+7a2 +1

8a

Proof. We have:

a® + 28a® + 70a* + 28a% + 1
a®+7a*+7a2 +1

> 8a o

a® — 8a’ + 28a® — 56a°® + 70a* — 56a® +28a* —-8a+1>0 <
(a — 1)® > 0. Equality holds for a = 1.

a® + 28a® + 70a* + 28a? + 1 a6m a8 + 28a® + 70a* + 28a? + 1 Lemma
> o] :
b® +7b* +7b% + 1 a®+7a*+7a% + 1

cyc cyc
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> 33 1_[8a= 24
cyc

Equality holds fora = b = c = 1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly, let’s prove that;

a® + 28a® + 70a* + 28a%? + 1
a® +7a*+7a*> +1
(1) © a® — 8a” + 28a® — 56a® + 70a* — 56a® +28a> —8a+1>0

> 8a,Va > 0;(1)

& (a—1)® > 0 which is true.

Then,

Z a® +28a® + 70a* + 28a% + 1 AgM 3 1—[ a8 4+ 28a% + 70a* + 28a%2 + 1 (1)
b +7b* +7b% + 1 - a®+7a*+7a%2+1

cyc cyc

> 33 1_[ 8a "= 24
cyc

Equality holds fora = b = c = 1.
SP.445If x,y,z > 0 and 4 > 3 then:

z b4 - 3
Jay? + (A2 —8)yz + 422 4

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Using Holder’s inequality, we have:

Zx(élyz + (42 — 8)yz + 422)

cyc

X
Z\/4}’2+(AZ 3)y2+4222\/4y2+(/12 8)yz + 4z2

cyc
3
= Zx =
cyc
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(Z Jay? + (/12 8)yz + 4z2> Z x(4y*+ (4 - 8)yz +42%) 2 <2 x) ©

cyc cyc cyc

2
Z N (Zeyex) ®9
JAy? + (AZ 8)yz + 422 |  Yeyex(4y? + (22 - 8)yz +422) ~ A°

cyc

PR . S
Yeye X(4y% + (A2 — 8)yz + 4z%) — A%

2200x)3 > 9Yx(4y? + (A2 — 8)yz + 47°%)
A2Yx3 + (322 —36)Yyz(y + 2) > (214% — 216)xyz &
A2Yx3 + (216 — 21A%)xyz > (36 — 32%)Yyz(y + z)
which is true from Yx3 + 3xyz > Yyz(y + z); (Schur’s) | A% >
A2Yx3 + 3A%xyz + (216 — 24A%)xyz > A*Yyz(y + z) + (216 — 242A})xyz &
A2Yx3 + (216 — 212%)xyz > A2Yyz(y + z) + (216 — 24A%)xyz &
A2yz(y +2z) + (216 — 242%)xyz > (36 — 32* ) yz(y + z) ©
(422 - 36)Yyz(y + z) + (216 — 242A%)xyz > 0 &
422 -9 yz(y+2) +24(9—2A)xyz>0 &
4(A%> — 9)[Yyz(y + z) — 6xyz] > Owhich is true from (412 — 9) > 0 and
Yyz(y + z) = 6xyz(AM — GM). Equality holds for x = y = z.
Solution 2 by Soumitra Mandal-Chandar Nagore-india

Applying Holder’s inequality, we have:

5 ) s

cyc cyc cyc

Z - (x+y+2)3
Cyc\/4y2+(,12 8)yz+ 4z 4ny(x+y)+3(/12—8)xyz

We need to prove that:

(x+y+2)3 9

>
4y xy(x+y) + 3(A2 —8)xyz — 22 <
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Ax+y+2z)3> 362 xy(x+y) +27(A% — 8)xyz

cyc
A2 -9){(x+y+2)3—27xyz} + {(x +y +2)3 —27xyz} >
A2 -9){(x+y+2z)3—27xyz} +9(p3 —4pq+97r) >0
Which is true, wherep =x+y+2z,q=xy+yz+zxandp3 —4pq+9r =0

Therefore,

3
>—
Z:\/tly2 + (AZ 8)yz+4z2 4

cyc

Solution 3 by Michael Sterghiou-Greece

1
;\/th + (AZ 8)yz + 422 » @

Denote (p,q,7) = Ox, Y xy, xyz). We can assume WLOG, p = 3,thenq < 3,r < 1.
The function f(t) = L is convex on (0, o) so by applying generalized Jensen’s inequality

Vt
with weights x, y, z, we get:
Z - x+y+z
2 2 _ 2
cyc \/4y +(4 8)yz +4z Y[x(4y? + (42 — 8)yz + 427]
x+y+z

3
J4 -3(q — 1) + 3r(A%2 — 8)
3

Because Y, (xy? + xz%) = pq — 3r
It suffices to show after squaring that A2 > 4q — 12r + rA? or
fA) =4q—-12r— (1 —1)A2 < 0= f(2) \.So,
?

fA) <f3)=4q—-3r—9 < 0 which is true from 3 rd degree Schur’s inequality.
Equality holds for x = y = z.
Solution 4 by Soumava Chakraborty-Kolkata-India

Z x B z xVx
\/4y2 + (A2 — 8)yz + 4z2 \/4-xy2 + (A%2 — 8)xyz + 42%x
3 3
_ X2 Ragon (chc x)z ; 3
- i = 1=3
(4xy? + (A? — 8)xyz + 4z2x)2 (4 Xcycxy? + 4 Yoy X2y + 3(A2 — 8)xyz)?
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3

N (chc x) ; 2

4 Yeye Xy2 + 4 Yeye X2y + 3(A% — 8)xyz — A?
Yeye X+ 3 Xy Xy + 3 Loy X2y + 6xyZ 2 9
2 -
4Yeye Xy2 + 4 Yeyc X%y + 3(A% — 8)xyz — A?

o chc x3 +3 chc xyZ +3 chc xzy + 6xyz - 4'chc xyz - 4chc x2y - B(AZ - 8)xyz ; 9 - )\Z

4 Ycye Xy? + 4 Yeye X%y + 3(A% — 8)xyz —  AZ
o chc x3 + 3xyz - chc xyZ - chc xzy + 3xyz(9 - )kz) ; 9 —2?
4Ycye Xy% + 4 Yeyc X2y + 3(A% — 8)xyz — AZ

chc x3 + 3xyz — chc xy? — chc xty
4 Ycye Xy% + 4 Yeye X%y + 3(A% — 8)xyz
2’-9 2 3(A% — 9)xyz
)‘2 (?) 4'chc xy2 + 4‘ch¢ xzy + 3()»2 - 8)xyz

Now, Schur = Z x3 + 3xyz — z xy? — z x2y >0

cyc cyc cyc
. chc x3 + 3xyz - chc xy2 - chc x2y
4Ny xy? 4 4 Yy X2y + 3(A% — 8)xyz

+

> 0 = LHS of (%)

- A2 -9 ; 3(A%2 — 9)xyz
T A T AY e xy? + 4 Yy X%y + 3(A% - 8)xyz
vA23=>2%2-920 1 ? 3xyz

s

= >

A2 7AYoy xy? + 4 Yeye X%y + 3(A% — 8)xyz
?

o 42 xy? + 42 x%y + 3A%xyz — 24xyz > 3A%xyz

cyc cyc
?
& Z x%y + Z xy? > 6xyz — true
cyc cyc
A-G
Z x%y + Z xy? > 3xyz+ 3xyz = 6xyz .. (x)istrue=>Vx,y,z>0and A

cyc cyc

>3 Z ad >3 (QED)
T L fay? 1 (A2 —8)yz + 422 A
SP.446 If x,y = 0,x + y > 0 then in any convex quadrilateral with sides

a, b, c,d and r —inradii, holds:
(a’x + b?y)® + (b%*x + c*y)® + (c*x + d?y)® + (d*x + a®y)*
> 47 (x + y)br1?

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

(a®x + b*y)® (b%*x + c?y)® (c*x+d?y)® (d?x+ a*y)® Radon
15 + 15 + 15 + 15 =
- (a’x + b%y + b*x + c®y + ¢?x + d*y + d’x + a’y)®
- 1+14+14+1)5 B

LHS =

(az(x +y)+b*(x+y) +cA(x+y)+ dz(x+y))6

4_5
(x +y)°(a® + b* + ¢ + d?)°
(x + }’)6 a: b? % d? 6 Bergstrom
=— =\ttt >
4 1 1 1 1
_@+y)° (@+btctd)?  (x+y)° (257
T 45 (1+1+41+1D° 45 46
(x + y)6 6 12 Mitrinovic (x + y)6 T\ 12
x+y)°
— Q . 4_12 . r12 — 47(x+ y)6 ‘1'12

4_5

Equality holds for square:a=b =c =d;r = %
Solution 2 by Adrian Popa-Romania

x,y = 0,x+y > 0,ABCD —quadrilateral convex with sides a, b, ¢, d and r —inradii.
(a’x + b%?y)® (b%>x+ c?y)® (c*x+d?*y)® (d?x + a*y)® Radon
15 + 15 + 15 + 15 =
- (a’x + b%y + b*x + c®y + c¢?x + d*y + d*x + a’y)®
- 1+1+1+1)5 B

6
(az(x +y)+b*(x+y) + 2(x+y) +d*(x +y))
_(x+ y)¢(a? + b? + ¢ + d?)°®
- rE

We must to prove that:

(@ + b2 + % +d2)o(x + y)® > 412(x + ¥)6 - r12 | : (x + y)®
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(@2 +b%2+c2+d*>)%>42r12 © g2 + b%2 + ¢% + d? > 1612

ABCD —circumscribed, then F? = abcd = 1r?s?

(a+b+c+d)2
4

abcd = r?

a+b+c+dAGM

2 VYabcd = (a+ b + ¢ + d)? > 16Vabcd |

12
T (a+ b+ c+d)? > 4r>Vabcd = abcd > 4r2Vabcd | : Vabed

= vVabcd > 4r?

Hence,

AGM
a’+ b*>+c?+d* > 4Vabcd > 4 - 41% = 1612 (true.)
SP.447 If x = 0 then:
e*-2¢"1 4 g% .21 > ¢ogh x - 25¢chx

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

If f:[0,0) — Ris convex function then by Jensen’s inequality:

ex —x

f("‘)+ = f(x)>f( e’ .e—x+e__x,ex):

e*+e™* e*+e™*

2 1
- f(ex + e‘x> - f(coshx) = f(sechx); (1)
Let be f:[0,) - R, f(x) = 2%, then f'(x) = 2*log 2 and

e +e*

f"(x) = 2*¥10og? 2 > 0 = f —convex function hence, by (1) it follows that:
e* e *

- . Ze_x O

e*+e* e*+e*

ex . Ze_x—l e . Zex—l

. Zex > Zsechx PN

+ > Zsechx P
cosh x coshx

e¥.2¢7" 14 gx.2¢"-1 > ¢ogh x - 25echx
Equality holds for x = 0.
Solution 2 by Tapas Das-India

x e *-1 -x e*—1 AGM -x_1 - x_1
e*- 2 +e*-2 > Zx/ex-Ze -ex . 2¢-1 =
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eX+e ¥
= 2\/e"e"‘29"+9_"‘2 =2.271.2 = 2shx > ¢cosh x ( because 2¢ > t)

cosh x = 25¢hx . cosh x = cosh x (1 _ Zsinhx)

e*+e*
coshx=TZ e*-e*=1

Let f(x) = 1 — 25¢h* = f/(x) = 25¢h*X]gg 2 (sech x tanh x)
f(x)>0,vx>0=f 7= f(x) = f(0) = 1 —2%¢hx > ¢
cosh x (1 — 25i"h*) > 0 = coshx > 25""* cosh x
e*-2¢7""1 L ex.2¢"-1 > coshx
e*-2¢ "1 4 gmx.2¢"-1 > psechx . cogh x
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco
The function f(x) = 2* is convex on (0,©) (- f"(x) = (log2)%.2* > 0)

By Jensen's inequality, we have :

x —x

= fe) + . flen 2

-X

(e*.2¢7 1 4 e 2¢71) =

cosh x e +e*

e e * b
> —.e"‘+—.e">= sech x) = 2sechx,
! (e" +e™* e*+e™* £ )

Therefore, ex.2¢7" 1 4 e=x 2¢"-1 > cogh x.25¢chx vx > 0.
Solution 4 by Ravi Prakash-New Delhi-India

Firstly, we show that:

1 1
2t>t-2t,Vt>1 o tlog2 210gt+?log2

1 1 1
Letf(t)—(t——>10g2+logt t>1, thenf(t)—<1+ )log2+t>0\7’t>1

= f —strictly increasing on [1,00) = f(t) = f(1) = 0,Vt > 1.

Equality when t = 1. Now, forx = 0

x , pe *-1 -x , pe*-1 AGM -x_1 - x_1
e* -2 +e*.2 > 2\er-2¢ 1. g x.2¢"-1 =

1
— 2\/exe—xzex+e‘x—2 — zcoshx > cosh x ecoshx =

—-X_ — X _
e* . 2¢ 1+ex_2e IZCOtheCOth
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1 1 1 3
SP.448If x,y,z > 0 and 1 + e + el Ethen.
VxZ +1 \/ 2+1 \/z2 < 3V3
—x+1 y? —y+1 1_

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

x-—1)?2>0=>x>-2x+1>0=>x*+1<2x*—-2x+2
1 1 1 2
= = < ;
x2+1 2x2—-2x+2 x2—-x+1"x2+1
x+1 x-1+1- 1c3s x2+12)(12+12) 2 242
Z—x+1 x2—-x+1 Z—x+1 x+1 Vaz +1
x+1 - 242 Vxz +1 <2\/§
=
x2—x4+1"Vx241 x2—-x+1"x+1

(1)

Therefore,
VaZ +1 3
<2 Z 2o
Z x2—-x+1 vz +1 2 3V2
cyc cyc

Equality holds forx =y =z = 1.
Solution 2 by Marin Chirciu-Romania

Lemma. If x > 0 then:

vxz +1 - 2V2

x2—x+1" x+1

Proof.
Vxz +1 2\/—
|2 o 7xt —18x3 + 2232 —18x+7 >0 &
Z_x+1" x+1

(x — 1)%2(7x%* — 4x + 7) = 0. Equality holds for x = 1.
Now, using Lemma and summing, we get:

sziz—:ﬂ—ZWZ +1_Z\/_ 3V2

cyc cyc

Equality holds forx =y =z = 1.
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SP.449If a,b > O then:

1 1

J2atb _pVab | 3Va+b _ 3Vab 4 - >0
6a+b 6@

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Letbe f:[0,) - R, f(x) = 2* + 3* + 6%, then
f'(x) =2*log2 +3*log3 — 6 *log6 and
f'(x) =2%10og?2 + 3*1log?3 + 6 *log?6 = f"(x) > 0 = f' —increasing function,
then

f(x)=f'(0)=f'(x) >1log2 +1log3 —log6 = 0 = f —increasing.

,(a+b)
S
<f 2
a+b a+b a+b
2Vab 4 3Vab L g—Vab < 277 1372 + 6
1 a+b a+b 1
Vab Vab
2Vab 4 3va +6\/_<22 +32 +—
6 2
Therefore,
1 1
a+b __ Vab va+b J__ _
V2 2vab 4+ 3 — 3va W 6‘/520

Solution 2 by Tapas Das-India
Let f(x) = 2* + 3* + 6%, then f'(x) = 2*log2 + 3*log3 — 6 *log 6 and
f"(x) = 2*10og?2 + 3*log? 3 + 6 *log? 6 = f""(x) > 0 = f' —increasing function.
Now, f'(x) > f'(0),f'(0) = 0 = f'(x) > 0 = f —increasing.

ath > Vab (AM — GM):>f( )>f(\/_)

a+b a+b a+b

2Vab 4 3Vab 4 g—Vab < 277 1 377 4+ 6
1 a+b a+b 1
vab vab
2Vab | 3Va +6V_<22 +372 +—p
6z

Therefore,
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1 1
a+b _ 9Vab Va+b __ 9Vab _ >
V2 2 +3 3 + eab  gvab = 0

SP.450 In AABC the following relationship holds:

2

2 _E 3 2 2
45+ 2|s > +2(a b)c > 108r

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

2

3c 3
2 — _ — 2 _
4s +2(s 2) +2(a b)% =

(a+ b + c)? a+b+c 3c\> 3 5
R — +2( 2 _7) tala=-b7=

1 3
=(a+b+c)2+E(a+b—2c)2+§(a—b)2=

a? b?
=a2+b2+c2+2ab+2bc+2ca+7+7+2c2+

3 3
+ab — 2ac — 2bc+za2 +§b2 —3ab =
-w
= a® + 2a? + b?> + 2b% + 3¢* = 3(a® + b*> + ¢?) >

Mitrinovic

>3-4V3-F=12V3rs > 12vV3-r-3V3-r =108r?
Equality holds fora = b = c.
Solution 2 by Marin Chirciu-Romania

Lemma. In AABC the following relationship holds:
2

3c 3
4sz+2(s—7> +E(a—b)2 =3§:a2

cyc
Proof. We have:
2

3c 3
4sz+2(s—7> +§(a—b)2 =4(

a+b+c>2 (a+b+c—3c
2 2

=Za2+22bc+zza2—zzbc=32a2

cyc cyc cyc cyc cyc

2
) +5 @by =

Using Lemma, inequality becomes as
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32 a% > 10812 o Z a? > 36r2(J. Neuberg, 1906)

cyc cyc
Equality holds if and only if triangle is equilateral.
Remark. The problem can be developed.

In AABC the following relationship holds:

2

3c 3
108712 < 4s? + 2 (s —7) +E(a— b)? < 27R?

Solution. Using Lemma, inequaity becomes:

108r? < 32 a’? <27R? & 261r% < Z a’ < 9R?*(J.Neuberg, 1906)

cyc cyc

Equality holds if and only if triangle is equilateral.

UNDERGRADUATE PROBLEMS

UP.436 Let f, g:(0,) — (0, ) be continuous functions such that
X X
9@ [ F©de= 1@ [ g@de=1,vx € ©0,)
0 0
Prove that exists a, b € (0, ©) such that

1 1
5-2(}”(0{) +g(a) = \/%,where a+pB+y=3

cyc
Proposed by Florica Anastase-Romania
Solution 1 by proposer

Because f, g are continuous functions, from hypothesis we deduce that f, g are

differentiable functions, then:

J{f 0=-2W
ST, F@)_g®
(1) f’(x)’vx>0:>f(x)_g(x)

99 ="Fwm
= 3a € (0,): log f(x) = log(a- g®)) = f(X) =a- g(»)

From (1) we obtain that
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_ 9 _
a-g*’(x)=-g (x)@gg(x)——

By integrating, we have:

E|b€(000)'#— +B=> ()—; d()_L

Piag T T I S s MY T et

X Berg;trom 1 9 CgS

;(f(a)+g(a))—(a+ )Zﬁ > @D 2
9 _9(a+1) _3(a+1)

>(a+1)

J3Rata+B+y) +3b) 3V2a+b +Za+h
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ACI €D
Jy fde [ g(Odt

For any x € (0,©),we have :

Integrating this relation,we obtain : log (f f(t)dt> = log <c. J. g(t)dt),‘v’x
€ (0,) where c>0.
Then : ff(t)dt =c. fg(t)dt Vx € (0,). Deriving this relation,we obtain
: f(x) =c.g(x),Vx € (0,0)
Replacing in (1),we get : cg(x) f g®dt =1,vx € (0, ).

Integrating this relation,we get :

X

c

E(f g(t)dt> =x+d,Vx € (0,0),whered > 0.
0

X
2(x+d) o . . .
Then : fg(t)dt = - ,Vx € (0,). Deriving this relation, we obtain
0
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1
hen. _
Then 3;0(“)"'9(“)) 3;(\[2@7 m>

_ Z c+1
3 Si2c(a+d)

The function h(x)

1
= — is convex on (0,»),then by Jensen's inequality, we have :

Vx
1 c+1 1
§Z(f(a) +g(a) = TZ h(2c(a+d)) = (c+1).h 52 2c(a+d)

cyc cyc cyc

c+1
V2¢ + 2cd

Therefore,there exists a,b € (0,©) such that
a+1

1
3@+ g(@) 2 ——

cyc

Solution 3 by Adrian Popa-Romania

=(c+1).h(2c + 2cd) =

g(x) j:f(t)dt 15 J:f(t)dt - Vx>0>

gx)’
g'(x)
g(x)

f(x)-f gdt=1 :>f gdt = —
0 0

f(x) =-

)
fx

(F ()
fr(x)

—f O + 2f O (f ()" .
f4(x)
fr @O0 - 2fO(F )" 1)
G (F @)°
) f*(x) T OfA )

fx)=——"—"-2f(x) >3 =
(F () (f ()

_ @@ - (F@)° @
) (F ()" lf:ﬂerc_ f(x)

| f =>log f(x) = —llog(2x+ c)=fx)=

g'(x) = nd g*(x) =

=f() =

ffx)
fx) C2x+c

1
V2x+ ¢
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,()__(\/2x+c)’__ 1
F = e T T xtoviiie
f'x) 1

1
_fz(x) - (2x + c)vV2x + c. (2x+e) = Vv2x +c =f®

1 2 2(_1 ! =
§Z(f(a)+g(a))=§Zf(“) =§<\/2a+c+\/zﬂ+c+\/2y+0>

cyc cyc

glx) =

Let f(x) = S () = —(2x+6) 2> f(x) = 32x+ )7 > 0,vx >0

1
V2x+ ¢

= f —convex function. So,

F@ + 1B+ £ 2 3f (LX)

22f()>2 3 1 2 b=1
—_ a — . = :az = .
3 =3

T J,Zigi1+c VZ+te

UP. 437 Let ABCD be a bicentric quadrilateral , R and r its exradius and

inradius, a, b, c, and d its sides ( in this order ) and e, f its diagonals.

Prove that:

R> —Rr +1r*VJ2 e* f?
S
) 2T e

Proposed by Vasile Jigldu-Romania
Solution 1 by proposer

In order to prove the inequality , we’ll use the following known formulas :

e+f=i(\/4R2+r2+r),ef=Zr(\/4R2+r2+r);(1)

2R
We’ll use the inequality of Blundon’s inequality s < V4R? +r2 + r; (2)
From the formulas (1) we get:
2
(e+f)? s* (VaRZ+r2+71r)  s’(VAR2+712+7)
ef 4R?> 2r(VARZ + 712 +71) 8R2r
This imply:
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e? +f2_|_2 s’ (VAR + 12 + 1) 2_l_e2+f2 s?(VARZ + 1% + 1)
= = =
ef 8R%r ef 8R?%r

3
- 2_I_e“+f4 sZ(V4R2+r2+r)<(\/4R2+r2+r2)
= =
ezf? 8R%r - 8R%r

( 've used Blundon’s inequality (2) ). We obtain :

et +f* _ (4R? + r?)V4R? + 12 + 3r(4R? + 1?) + 3r’V4R2 + 12 + 13 5
’2 +—5— —&=

erZ - 8R%r B
_(R*+ r2)V4R? + r2 — R*r + 13

2R%r
2
s e? _I_f2 B et + f* - (R? + r2)V4RZ + r2 — R*r + 13
f2 ez e?fz — 2R2r

which becomes after calculation equivalent to:

e? N f? - 2R® + R*1r? + 2R*r* + r® —r(R* — r*)V4R?2 4+ 12
fZ eZ - 2R41‘2

It is sufficient to prove that:

2R® + R*r? + 2R*>r* + r® — r(R* — r*)V4RZ + 12 - RZ —Rr +r%J/2
2R4r2 - r2

& 2R® + R*r? + 2R*r* + 1% — r(R* — r*)\V4R? + 12 < 2R® — 2R®r + 2V2R*r?
© 2R5 — (2V2 — 1)R*r + 2R*1® + 1% < (R* — )/ 4R? + 12
2 2
& [2R? - (2vZ - )R + 2R*r® +12]” < |(R* — r)V4R? + 12|

(because both terms are positive in the previous inequality) . After computation , this

becomes equivalent to

(R—1V2)[(2v2 - 1)R* — (2V2 — 2)R%r + (2V2 — 2)R?*r? — (V2 — 1)Rr® + (V2 — 1)1r?]

>0
(% - 1) [(8v2-4) (% — 1)4 +(36V2 - 24) (% — 1)3 + (64V2 - 52) (% — 1)2 +
+(53v2 - 50) (% — 1) +(18V2-19)] =0
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which is true because of the Euler’s inequality for bicentric quadrilaterals R > /2, and

because all the coefficients in the second paranthesis are positive, ged .
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

With usual notation, the following identities are well known :
s( 4R? +r? + r)
2R

ef=2r( 4R2+r2+r) and e+ f =

Using these identities,we get :

e f2 (e + f)? 2 sz( 4R2+r2+r)
2 6_2:< ef _2> —Z= 8R2r

By W.J.Blundon and R.H.Eddy's inequality,we have: s <+ 4R?> + 1% +r.

2

-2 =2

ez f2 ( 4R? + r2 +r)3

Then : f—2+e—zs T -2 -2
2
_ ((R* +71%)y4R?* + r2 —r(R* —1?) 5
B 2R?r
_ 2R®+ R*r% 4+ 2R*r* + 6 —r(R* —r*)J4R? + 12
B 2R*r?
] ] ~ R*—Rr+2r?
So it suffices to prove that : 2
- 2R® + R*r% + 2R*r* + % — r(R* — r*)J4R? + 12 o
- 2R*r?

R
Let x = ——. By L.Fejes Toth inequality,we have: R > V2r or x>1

V2r
16x% + 4x* +4x%2 + 1 — (4x* —1)V/8x2 + 1
Then,we have: (1) & 2x%—2x++V2 > 8x* ( )

o (ax*—1)(V8x2 +1-3) > 8vZx5 — 8(VZ + 1)x* + 42% + 4
8(4x*-1)(x—D(x+1)
d
8x2+1+3

> 4(x — 1)(2vV2x* — 243 — 242 —x - 1)

(4x*-1)(x+ 1)
V2x +2

Since x > 1 and \/8x% + 1 < 2V2x + 1, s0 it suf fices to prove :

> 2v2x* —2x% —2x% —x -1
Or 2(2 —V2)x* +2(2 +v2)x® + (4 +V2)x* + (V2 — 1)x + 1 > 0 which is true.
R —Rr+V2r?2 _e* f?
S,
72 27 ez

Therefore,
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Solution 3 by Soumava Chakraborty-Kolkata-India
. m  4R?
If m = product of the lengths of the diagonals, then : 2 m 1
4r? +/16r* + 64R%r2
2

>m?—-4mr?-16R?r’=0>m =

= 2r% 4+ 2ry4R? + r2
(a)
= 2r(r+ 4R2 +r2) (.m>0).-.m=ef < 2r(r+ 4RZ + rz)
. , d e ad+bc f ab+cd e f
Proof : Via Ptolemy's 2"¢ theorem, - = and hence,— = > -—+-

f ab+cd e ad+bc f+e
3 (ab + c¢d + ad + bc)?2 — 2(ab + c¢d)(ad + bc)

(ab + cd)(ad + bc)
(a(b+ d) + c(b + d))* — 2(ab + cd)(ad + bc)
- (ab + cd)(ad + bc)
3 ((a+ )b+ d))2 —2(ab + cd)(ad + bc) gic=b+d=s s* —2(ab + cd)(ad + bc)

(ab + cd)(ad + bc) (ab + cd)(ad + bc)
e f»s*—2(ab+ cd)(ad+ bc)
f e (ab + cd)(ad + bc)
Now, (ab + cd)(ad + bc) = bd(a? + ¢2) + ac(b? + d?) = bd(s? — 2ac) + ac(s? — 2bd)

Ptol ia (a)
= s%(ac + bd) — 4r?s? =™ sZef —4r2s? = s2.2r (r +v4R2 + rz)
— 4r?s?
(**) e f
= (ab + cd)(ad + bc) = 2rs? (\/ 4R2 +r?% — r) o (x), (k%) = n + o
st — 4rs? (\/4R2 +r2— r) s? — 4r (\/ 4R? +r2 — r) e? f2

erz(\/4R2+r2—r) - Zr(\/4R2+r2—r) :>f_2+e_2

(£+) -2
f e

s? —4r (\/4R2—+r2 - r) :
2r (\/4R2—-|—r2 - r)
s* + 8r? (4R2 +2r? — 2r\/4R2—+r2) — 852r(\/4RZ—-I—r2 - r) Blundoz—Eddy
ar?(4R? + 2r2 — 2r/4R? + 12) B
s? (4R? + 2r% + 2rV/4R? + 12) + 8r% (4R? + 2r2 — 2r//4R? + r2) — 8s?r (V4RZ + 12 — 1)
ar? (4R? + 2r2 - 2r/4R? + 12)
s? (4R? + 10r% — 6r/4R? + 12) + 8r% (4R? + 2r% — 2r/4R? + r2)

412 (4R2 +2r2 — 2r/4R? + rZ)

-2
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Blundon—Eddy (4R2 +2r2 + 2r/4R? + rz) (4R2 +10r% — 6r/4R? + rz) + 8r2 (4RZ +2r2 — 2r/4R? + r2)

<

B 412 (4R2 +2r2 — 2r/4R? + rZ)
_ 2R* +4R?r? + 3r* — r(2R% + r?)y4R? + r? 2R?—Rr+ r2v2
r2 (ZR2 +r2 —ry4R?% + rz) B r?

?
& 2R3 + 3R%r + Rr? + 3r% — rv2(2R? + r?) < VAR? + r2(R% + Rr + r? — r?v2)

()
L.Fejes Toth,1948
Now, 2R3 + 3R?r + Rr? + 3r% — rv2(2R? + r?) > 2R%.rv2 + 3R?r + rv2.r?

+3r3 — rv2(2R? + r?) = 3R?r + 3r® > 0 and R? + Rr + r? — r?V2
L.Fejes Toth,1948
> RZ4+1rV2.r+r2—r2V2=R%2+r2>0 - (v)

2
& (2R + 3R?r + Rr? + 3r% — rV2(2R? +12))

< (4R*+r?)(R? +Rr + r2 — rz\/f)z
& (2R3 + 3R?*r + Rr? + 3r3)2 +2r%(2R? + rz)2
—2V2r(2R? + r?)(2R® + 3R?r + Rr? + 3r?)
< (4R? +r?) ((R2 +Rr+r2)” + 2r* — 2v2r2(R? + Rr + rz))
© 2V2r(4R5 + 2R*r + 4R?*r3 + 2r%) > r(4R5 + 8R*r + 8R®r? + 12R?*r® + 4Rr* + 8r%)
& 8(4RS + 2R*r + 4R?r® + 2r5)” — (4R5 + 8R*r + 8R3r? + 12R%r3 + 4Rr* + 8r5)° > 0
& 7t10 + 4% — 6t8 + 2t7 — 10t° — 125 — 9t* — 143 — 5t — 4t — 2

R
>0 (t = ?>
& (t2 —2)(7t® + 4t7 + 8t° + 10t° + 6t* + 8t3 + 3t? + 2t + 1) > 0 > true
L.Fejes Toth,1948 RZ —Rr + rZ\/E e2 f2
vt > VZ = (s)istrue = = > 7+ -7 (QED)

UP.438If t € R} and (a,),>1, (b,),,>1 be positive real sequences such that

a b
lim 22l =aec R%, lim ?H = b € R}.Find:
n-o NA, n-contb,
0 = lim n+1\/ an+1bn+1 . n\/ anbn
n—oo (n+ 1)t nt

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers
We have:

=1 an+1bn+1 nn(t+1) _
T e (n+ DOOED g b
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. Qny1 bn+1 n (n+1)(+1) 1 ab
= lim ' (n + 1) =ab- et+l = et+l

n-o na, nth,

n+\1/ an+1bn+1 . n' vn > 2 th _ n+1\/ an+1bn+1 . nt+1 . n+1
V= M ="mrt 7 n
a,b,

Ifu, =
Un n+1t /g b,

nt
limu® = lim @ s1bnia n ! =
n . . —
now  Ayby (n +1)m n+1\/ An+1bnia

n—-oo
t+1 nt+t+1 (n + 1)t+1

an+1-bn+1.( n )n. n :abl]m(L) L
i) a0 G e

n+ 1)1 e
( ) abet -

= lim
n-o na, nth,
t+1

= abe‘t Jlim —
n+1
noe vV an+1bn+1 ab

n+1 n n
a,..1b a,b a,b
We deonte: B,, = \(/nrflfll)rtlﬂ — ‘/n’; L ‘/n’; % (u,—1) =

B ",/anbn.un—l Ya,b, un_l-logu”-‘v’n>2
= noyn >

nt logu, logu, = nt*1 logu,

YVanb u, -1 ab
v ) = 21 g = 2

lim B, = lim ———
" noe nt*l noo logu,

n—->oo

Solution 2 by Marian Ursdrescu-Romania

T\l/anbn n+i/an+1bn+1 . n —1) =
noeo Mt n+1D"  “a,b,

\ a,b, ) n<n+1\/ Ani1bni1 . ( n )t _ 1>; (1)

= lim
n-oo mitl “[a,b, n+1
. n\/ a, . n|QypC-D _, an+1 n" . n " n Ani1
lim—=1lim |— = llm—ﬂ'—lem( ) . . =
now N n-co \\ M noo(n+1)"1 a, noo\n+1/ n+1 na,
1 a
=—-1-a=—; (2)
e e

n\/ bn . " bn c-D .. bn+1 n"t . n tn n bn+1
=i — = llm—'—=llm( ) : : =
n"t noo (n+ 1)@t b now\n+1 n+1 ntb,

o n \"" n by, 1 _ b
_rlll—l»lc}o[(n+ 1) ] 'n+1'ntbn_§'1'b_3' 3)
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n+1
T t Vant1bni1  n ¢
lim n( nan+1bn+1 : ( n ) - 1) =limn|e Vanbn Gs1) -1 =
n—-oo /anbn n+1 n—-oo

n+1
=limn ¢ - —1 -10g< an+1bn+1'( - ))
n—-oo log <n+1/an+1bn+1 . ( n )t> n/anbn n+1
"Tab, n+1

— lim nlog <n+1\' Pni1bnia ( n )t> = lim log<( n )nt <n+1V n+1b "+1>n> _
n—oo m n+1 n—oo n+1 m
= log<lim (( n ) ) ns1bnsr ! >=
n-co \\n + 1 a,b, "+m
t+1 t
= log (11113)10% ‘::: anl "+W> @U> log <l ab - %) =loge =1;(4)

From (1) to (4), it follows that

0 — i Vnbn ("V@niibna  nt\ _ ab
noo nt (n+ 1)t "la b, et+1
UP.A39If f(x) = ——2* -1 =1, f~15 o f~1then find:
n—times
1

2
Q=1lim | f;'(x)dx
n—-oo 0
Proposed by Neculai Stanciu-Romania

Solution 1 by proposer

We have: f'(x) = —2x% — 2x and by mathematical induction principle, we get:
1 . 1,2
fal(x) = 27 2271 (x_f)
1 1\2
Indeed, for n = 1, we have f'(x) = 3 2 (x — E) true!

We assume that is true for n = k, and forn = k + 1, we have:

1, (1 n? 1\%
fiea () = fi' (f(0) =5 -2 ‘1<§—2(x—§) —5) =
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Zk
1 k 1 2 1 k+1 1
_ = op2k1 | _ _ = Y Lo
=772 ( Z(x 2)) 22 (x 2)

Therefore,

2k+1

1 2k11
1 . 1 1 1 1
-1 - = _22—1_ ( __) —
]Of" (x) dx <2x 21\ T2 ST a2 D
1 1
— 1 2 £-1 — =
Hence Q = lim JEfai'(x)dx = Z
Solution 2 by Hikmat Mammadov-Azerbaijan
ds s=f(u)
Say x = s=>dx=—=>ﬂ—llm s)ds =
1 1
1z 1 1 2 1
0 (1-2w2*"2 o (12t
1 (2 s 1
= lim — T ds u_Zs —lim —nf [(1 u)zn -(1- u)z_"] du =
n—oo 0 (1 2 )Zk l_k 4n—>002
_ 1l 1(1 1 I (1 ) 1
Tanwzn |11 | Taee T 2nr1) T
2n  2n
Therefore,

] z 1
Q = lim f fal(x)dx ==
now ) 4
UP.440 Find a closed form:
= ——dx ——dx
o X0 +1 o x4° +4

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

flng _ x9 fl xZO(xQ _ x—ll) 1 x10—1 _ x—10—1

- — X = dx =
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_ 1 1 (xIO + x—lO)/ dy — 1
“10), GO+ 22" T 2002

1
x10 4 x~10 _ /2

o —
Slx0 fx 1012 0

1 <2 -2
= log
20V2 2++2
10-1 _ 9,—10-1

11 29 — 2x° 11 x20(x° — 2x~11) x 4
—dx = X = X =
o X014 o X20(x20 4 4x~20) o (210 4+ 2x710)2

1

1

1 1 (x10 4 2x 10y 1 x10 4+ 2x10 2 1 1
~ 710 10 “toyz — 524X = gglog |5 1 =—log(—)
10 ), (x10 4 2x710)2 2 40 x10 + 2x-10 4 2 , 40 5
Therefore,
1 | <2 \/_> (1)
= 0 J—
800vV2 ~\2++2
Solution 2 by Timson Folorunsho-Nigeria
1x29 _ x9 1x9((x10)2 _ 1) xlO 1 y 1
11=f—40 dx=f o2 dx = J. T dy =
o X0 +1 o (x10)%+1 10 ), y*+1
1 1
1 11_F 1 1 1—}7 u=y+%
10)y 4oy 1 10 ), 1,
y? (3’+§) -
1 (” du 1 J‘w( 1 1 )d
= —_— — — _ u=
10), (u—v2)(u++v2) 20v2); \u—-v2 u+v2
1 |u—\/§ * 1 2 -2
= — log = log
20v2 2[l, 20v2 "[2+v2
; _fl 29 2x _flx‘)((xlO)Z Z)d _xO
27 ), e T @t +4 T
2 2
_1fu_2d_1 11—;({ 1f e dui_
“10), w+a™ T 10), o, 4 e T
u2 (u+a)
_1f3dv_1f3 dv f( )d—
10/ v -4 10) w-2)(w+2) 40 V=

=10 g|v+z|| ~ 10 gs
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1 : ‘2 V2 1
og
800vZ °|2++v2|
Solution 3 by Ravi Prakash-New Delhi-India

ﬂ=11'12=

1329 _ gx9 Tx9(x?0 — k) |, xt0
FOI‘kZl,letI(k)=fO x40—+kz X=J x40—+k2dx =
k k
_1f1t2—kdt 1 1_t_2dtt+fu Itk du 3
10 ), t* + k? 10”2 k2 10), u?-2k
2
1+k
1 1 ‘u—\/Zk 1 1 ‘1+k—\/2k
= 0 = 0o
20V2k gu+\/2k o 202k 8 1+k++V2k
Now,
22| 1
Q= I(DI2) = 2\/_1 g|2+\/_ s 21og|3+2

1 V2-1 1 1
= log[—— |log= = ————1log(vV2 —1)log5
800+2 g<ﬁ+1> &5 4002 5 Jlog

Solution 4 by Yen Tung Chung-Taichung-Taiwan
flng_xgd _f x _x11 f x9_x—11 A —
o X0+ 1 X = o X230+ x 20 204 (x10 § x-10)2 _ 2%~
_ 1
~ 10 ), (x10 + x~10)2 — 2

1 1
T 20720 \x10 4 x710 2 x10 4 x10 42

1 1
x10 + x710 —+/2 1, 20 —v2x1° +1
= (4]
x10 + x710 + V21|, 20v2 & lxzo V2x10 + 1],

1 : 242
_20\/_°g<2+\/_>

1,29 _ 9,9 1, 2x‘11 11
T " dx= dx =
fo x*0 +4 fo x20 + 4x-20 4x—2° (x1° +2x~ 10)2

d(x10 + x710) =

) d(x10 + x~10) =

1
= lo
202 &

1
710 ), (x10 +2x-10)2 — 4

d(x10 + 2x710) =
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1 1( 1 1

) d(x10 + 2x710) =

=Eo x10 425710 2 x10 4 2510 1 2
_1 x1°+2x‘1°—21_11 1_ 1
T 20 %8 |x10 {2101 2 , 40 857 40 °8

UP441If f:R — [—g,g] , f —continuous, then:

5 5
2 2 75
5\/50 —8f2()dx+ | f(x)dx < —
2 2
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Denote f(x) = y;y € —gg] then 2y € [-5,5] and
-2y € [-5,5],15 — 2y € [10,20], hence 15 — 2y > 0.
We will start from (5 — 6y)%? > 0; Vy € [—gg] o
25 + 36y2 — 60y > 0 © 200 — 32y% < 225 — 60y + 4y2
200 — 32y% < (15 — 2y)? & /200 — 32y2 < 15 — 2y
V200 — 32y2 + 2y < 15 & /200 — 32f2(x) + 2f(x) < 15
15
2./50 — 8f2(x) + 2f(x) <15 & /50 — 8f%(x) + f(x) < >

Therefore,

5 5 5
2 [so-sf@dx+ L fdrs [Fdax =2
s —8f2(x) dx + _Ef(x) X< | gpdx=—
2 z 2

Equality holds for f(x) = %;Vx € [—;,;]

Solution 2 by Daniel Vacaru-Romania

With CBS inequality, we have:

V50 —8f2(x) + f(x) = V2 - /25 — 4f%(x) +%[2f(x)] <
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5
< [0+ (5 ) V25— 472G + Zf P =25 (9)
Integrating (*) on [—E;;], we obtain:
f v/ 50 —8f2(x) dx+j f(x)dx<J —5dx—72—5

Equality holds for f(x) = =;Vx € [— = —]

UP.442 If (H,)p>1, Hy = Zféﬂp then compute
n—-oo

n
Q = lim e %Hx» Z W

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Daniel Vacaru-Romania

We have:
k n+1
= i oS 47 = i Bep e GO
- n—-oo - n—-oo eZHn o n—oo eZHn+1 — eZHn

k=2

We know that, if x, = 1 + % + ; + 4 % —log(n + 1), then (x,,) >4 is convergent and

his limit is y. Furthermore, by Lagrange, for x - e?*,x € [H,,, H,,,], we have
2¢cp
n+1

But x — e%* is increasing, and we obtain:

e?Hn+1 — eZHn = = (2Hp41 — 2Hy)2e = ,€n € (Hp, Hp14); (1)

4e%Hn 4e%Hn+1
< e%Hn+1 _ g2Hn <
n+1 n+1

We obtain:

m+ 1" (n+ 1)' "M (n+ 1! (n + D)"Y (n+ 1)'

1
4e2Hn+1 eZHn+1 — e2Hn = 4e2Hn ( )

But we have: H,, = x,, + log(n + 1) = e?'» = (n + 1)? - **»; (2) and
e*fn+1 = (n 4 2)?% - e**n+1; (3). Then (1) gets:
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n+ 1"V (n+1)! - " (n+ 1)! - n+ 1" (n+ 1)! @)

4(n+ 2)%2e?n+1 T efHni1 — e2Hn T 4(n+ 1)2e%%n

It is well known that

_ Vn! o1
lim =—
n-oco N e
We have:
.+ D)"Y+ 1) i n+1D)" Y+ 1
noe  4(n + 2)2eFnrt  nos  4(n+ 1)2e2*n | 4e?r+i

UP.443 Determine all the derivable functions f: R — R which satisfy

FO3) - £(0)
fO-f©

Proposed by Neculai Stanciu-Romania

x2,Vx+0

Solution by proposer
We have:
f&x*) = £(0)  f(x) - f(0)
x3 B x

1
Replacing x with x3, we deduce that

f) - £(0) _ f (x%) —f(0) _ f (x%) - f(0) _ f (xB") - f(0)

1 1 1
x x3 X9 x3"
1 1,forx>0
limx3®"={ 0, forx=20
n—-0
—1,forx <0

Hence, by continuity it follows that

fx)—f(0) { f(1) — f(0),forx> 0
x ~f(0) — f(—1),forx <0

£(0) + (f(1) — £(0))x,for x > 0
f(x) =1 f(0) forx=0
f(0) - f(-1) ,forx <0

The derivability of f in 0 imply f(1) — f(0) = f(0) — f(—1) = f'(0).
Hence, f(x) = f'(0)x + f(0),Vx € R.
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UP.444 Find:

Q = lim (e?!n+1 — ¢2H !

n—o T

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

im ™ — lim nn"chl (n+ 1)1 n!_l_ (n+1)"_
nI—TO’{/__nLoo n! noe (n+ 1)! n"_nl—g}z n - ¢

Denote: ¥, = H,, —logn;limy, =y
n—-oo

1 1
(eZHn+1 — eZHn) —_— = eZHn eZ(Hn+1_Hn) — 1 o =
( ) =

W

2
2 1 e*in n enti—-1 2n
= eZH" . (en+1 — 1) . = . . . —
Ynl n? Ynl 2 n+1
n+1
2
= eZHn . e_ZIOgn . n . enti—1 . 2n —
Vn! 2 n+1
n+1
2
2 n enti—1 2n
=e Yn .
n! 2 n+1
n+1
Therefore
2
1 n enti—1 2n
Q = lim (eZHn+1 ZHn) I llm eZYn . . . — 2e1+2y
n—oo W n—oo W 2 n+1
n+1

Solution 2 by Adrian Popa-Romania

1 2H,
=l 2Hpy1 _ @2Hy)) . = 2(Hp+1—Hp) _ —
@ = lim (et — et o = lim s (e 1)=
2
: e?tn /2 D e?thh ent1—1 2
= lim enti—1) = lim : ,
n_)oon(—.( n ) n—co X/l 2 n+1
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. n-2e*tn ’ 2e?n  npn
= lim =lim—— |—
oo (pn+1)Vnl-n nenn+1) | n!

i n " c-p I (n+ 1)+ n!_l_ (n+ 1)n! (n+1)"_
noe [l T noe n+1)! nt nee m+D)! \n ) "¢

Hence, we have:

2e - e%Hn e2Hn e2(r+logn)
Q=1lim——=2e - lim——=2¢-lim—— =
n-on(n + 1) n-con(n + 1) n-o n(n + 1)
n2
=2e-e?’ lim ————— = 2¢e?r+1
noon(n+ 1)

Solution 3 by Ruxandra Daniela Tonila-Romania

2H 2H 2 2
Q=lim(eZH"+1—eZH")-n1 =lime ntl — @ n.(n+nl) -n — 0,9,
n—e n! now(n+1)2 —n? n!
] eZHn+1 _ eZHn c-5 . eZHn ] eZ(logn+y)
2, = lim n+12—n2 lim nz lim nz
log n?
= e%r. rlll_r)g o e?; (1)

0 = i (n+1)?%-n? y n[(2n+1)" c-p i (2n + 3)*1 n! B
25T e n oae m+1)! @n+Dn

5 (1+ 2 )" 2n+3_2_ 5
o 2n+1 n+1 e (2)

From (1) and (2), we find that: Q = 2271

UP.445 Solve for real numbers:

e’0%(a) — 6eQ(a) + 8 = 0, where

Q(a) = 11111?0(’{/— -1)-Y@2n- 1!

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

y V@2n-1! y n|(2n—1)! cpa . 2n+ 1) n" B
ne n gt nn T oaoe (m+ D1 2n— D!

85 | 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2n+1 n \* 2
Gv1) =

m
noo n+1

n+1
loga \ﬁ
en —1 Y(2n-1)!
Q(a)=lim("a—l)-",/(Zn—l)!!=lim—-loga-—=
n—oo n—oo loga n
n
2 2loga
=1-loga-—=
e e
Hence,

4log?a 2loga
>— —6e -

e’0%(a) —6eQ(a) +8=0 = e?- +8=0

loga—3loga+2=0<logac{1;2}
Therefore a € {e; e?}

Solution 2 by Daniel Vacaru-Romania

We have:

Q(a) = lim(Va - 1) - m_h "a 1 m:

1 n
n
Y(2n-1)! \/ 2n—1)!!
= lim — m ( L =loga ( i ; (D
n—oo n—-oo n n—>oo

n

For the second limit from (1), use D’Alembert, and we find:

w/(Zn 1)” n (Zn 1)” D A (Zn + D! n"
n—>°° n—»oo (n+ 11 (2n— 1)”

2n+1 ( n
nl—>no}>n+1 n+1

The equation e2Q2(a) — 6eQ(a) + 8 = 0 provides

) :E::»eﬂ(a) =2loga

eQ(a) = 2 or eQ(a) = 4. Therefore, a € {e, e?}.
UP.446 Find:
1
=limn3-VYn!-Y2n-1D!- sm — - sin =
n—-oo

Proposed by D.M. Bc‘itine,tu-Giurgiu, Daniel Sitaru-Romania

86 30-RMM AUTUMN EDITION 2023-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by proposers

n

. W—l "ntepa (n+1)! n"_l_ (n )"_1
noeh n noe nt nl—>00(n+ 1)1 nl gt n+1/ e

,/(zn ni_ (Zn Do @ADL W
n—>oo n—>00 (n+1)n+1 (Zn 1)”_

o 2n+1 n
=lm- '(n+1) =Z

Therefore,

1 1
Q=1imn3 -VYn!'-Y2n-1- sin?-sinﬁ =
n—oo

.1 1
S Sy VAl YGnDE_ 12
= 1 n n B e e ez
n? n3

Solution 2 by Daniel Vacaru-Romania

.1
sSin F
lim n? sin— = lim =1
n—-oo n n—-oo i
nz

We must calculate

y W—l' "ntoa (n+1)! L (n )"_1
noe m o nn . nbem+ D nl noe\n+ 1) T e

o Y@n-1)! o n2n -1 D'A 2n+ 1) n" 2
Iim———=1lim |— = lim —
n—o n n—o n" n-w (n + 1)n+1 (Zn 1)” e

Then we have with notation

n

Yn N (2n - D!

xnzTandynz

n
.1 .1
smﬁ smﬁ 2
i YT — u.'_ SR | Se——— .1 —
Tlll_)lgn vn!-/(2n —1)! - sin ll—’n‘;ill 'lll_gloxnyn 1lll—>l¥>lo 1 -2
nd X, Ya n?

Therefore, Q. = 32
e
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UP.447 Find:

2 1
(a) = lim ¢S - ("Va—1) - sin®=;a > 0
n—co n

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution by proposers

1 e5Hn 1
Q(a) = lim e®Hn . ("foc_l— 1) -sin® — = lim ‘ns- (nZ\/c_l - 1) .sin3 = =
n-oo n n-oo n5 n

2 . 31
5H n — sin® —
e’ "/q 1 n

= lim

T W |
n2 n3
3
e 1
a—1 sin=
= lim e3fn=51087 . |jm ———— . lim LU
n2 n

= lim e°"» - loga - 13 = €% - loga

UP.448Ifm € [1,»),a, € R}, k=1,n,n € N* — {1,2} and
Yr_,a; =s € R}, then:
m-1
n n n
Z azl =S (1_[ ak>
=1 k=1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by proposers

By AM-GM inequality and by )}}}_, a; = s, we have:
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Solution 2 by Adrian Popa-Romania

n n
" AGM ay +a + - +a,
nak = a, <
n

We must to prove that:

n

(a; +a; +-+a,)™! (ag+a,+-+a,)™
Z ay >(a;+a +-+a,)- e = = o) =
=1

But from Radon’s inequality we have:

n

Zam rm1ap (ag+ay+--+a,)™

k= qm1 > oo true.
k=1

UP.449 Prove that:

< '§/n+1+\/n 1w,
z Z\/k+1,wheren,keN*
k=1 k=1

Proposed by Florica Anastase-Romania

Solution 1 by proposer
First, we prove that

n
n+1szk\/k+1;n,kEN
k=1

Wehave:0 < (n—1)(k—1)=nk— (n—k+1) >n—k+ 1< nk, and then

k k k k
n(n—i+1) Sl_[ni(:l_[(n—i+1) Sn"l_[i
i=1 i=1 i=1 i=1

Hle(nk— i+1) <t
l_[i—l i

It is known that: % (") then (n) < n*. So, (n)( ) =1

In these conditions, we can write

S ) =ner

k=0
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From Newton’s binomial theorem, we have:

> MG ()

k=0

n n

1 1
=>(1+£) Sn+1=>1+;£"\/n+1;(1)
So,
n
n+1szk\/k+1;n,kEN;(1)
k=1

Now, let be the function f:[1,0) = R, f(x) = Yx + 1 — ¥/x, then:
FG) £ = (v T - 43) - (e + 1 - 4f) =
- (YT - YT ) - (7 - 4/7) -

X1 — X2
VA + )1+ A+ xR 2@+ 2x) + -+ V(@ +x) A+ x)k2 + /(A + x,)k1
X1 — X

k _ k _ k _ k _
\/x’l‘ 1+\/x’{2-x2+---+Jx1x§2+\/x§ 1

Because sgn(f(x;) — f(x;)) = —sgn(x, — x,), then f is decreasing on [0, ).

So,we have: f(n) < f(n—1);vneN* o Vn+1-Yn<¥n-Yn—-1

S nri+in—1
n n-—
’Vn+1+'Vn—1<2'{/ﬁ<:Z h <n+1;(2)
2n
k=1
From (1) and (2), it follows that:
n+1, k n
Vn+1+Vn-1
D i <) VEFTmken
k=1 Zﬁ k=1

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The function f(x) = ¥/x, k > 2 is concave on (0, ©) because

k2 . X/x2k—1
By Jensen’s inequality, we have

fa+D+fn—-1) < 2f<("+ 1 er (n— 1)) = 2f(n)

f'(x) =— <0,vx>0
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Then,

'Vn+1+'Vn—1
24/n

Thus,

nr1+¥n—-1<2%nor

<1L;VkeNn=>2neN"

n+1 k +1 k

L 2%n B 2n 2%n

So, it is suffices to prove that

k=2

n
Z"\/k+1 >n+1,vn e N
k=1
If n = 1, we have equality. Assume that n > 2. We have:

n n
k\/k+121,vkEN,k22:zk\/k+12221=2+(n—1)=n+1
k=1 k=2

Therefore,
n+1 , n
n+1+Vn 1
S z VEF
k=1 =1

Solution 3 by Ravi Prakash-New Delhi-India

1 1
Let f(x) = (x+ Drand g(x) = xk,x € [n — 1,n]
By Cauchy’s mean value theorem, there exists some ¢ € (n — 1, n) such that

fW)—f(n-1) f (C)
gmn)—gn—-1) ’(C)

1 1
n+1F—nk c+11 c \1%
(n+1) _er Dk =(55) "suvk=1
nk— (n— 1)k clx ¢+

i1 1 1
> Mm+Dk—nk<nk—(n-1)k

1 1 1
nm+1Dk+(n— 1)k < 2nk =

1 1

n+1k+(n—-—1)k

( ) 1( ) <1
2nk
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<n+1; (1)

1§'§/n+1+'§/n—1
24/n

1
Fork>2(1+kkxk>1=>
n n
Z"x/k+ =2+Zk\/k+122+(n—1)=n+1;(2)
k=1 k=2

From (1) and (2) it follows that

n+1 n
+1+ 1
ZV" Vi - <) 4T

k=1 k=1

UP.450 If A1A4, ...A,(n = 3) is a convex polygon with the inradius 7 and the

lengths sides A, Ay,1 = ai, k =1,1n,4,,,1 = A;. If h; € R such that
akhk = (n - 1)F,k = ﬁ, then:

- hk—(n—l)r>n(n—2)
_1hk+(n—1)r_ n+2

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers
We have:

i —(n- 1)r - hia, — (n — Dra, B - n—1F - (n—1ra, B

Ly + (n—-Dr — hay + (n—-Dra, L mn—-1F+ n-Dra,
n

_ F —ra,;
— F +ra;
Hence,
F — rak Bergstrom (1 +14 -+ 1)2
Z ( ) = ZFZ = 2F - —; =
i \F + ray F +ra, he1(F +1ay)
2n*F 2n*F  2n?

T nF+ry’_ap nF+2rs n+2

Therefore,
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B > 2n? _nn-2)
n=hr2 T Ttz

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1% F
Lets = —Z a;, = —.We have:
Zk_1 r

n (n—1)sr

n = = = =
— —1
] hy+m-1Dr k=1%+ (n—1Dr k=15+ak
< 2s CBS n? 2s - n? nn-2)
S == =
s+ ay Yhoi(s+ay) ns + 2s n+2

=1
Therefore,

< hk—(n—l)r>n(n—2)
k_lhk+(n—1)r_ n+2
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