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PROBLEMS FOR JUNIORS 

JP.451 Prove that if 𝒎 ≥ 𝟎, 𝒏 ≥ 𝟏, then in any 𝚫𝑨𝑩𝑪 with usual notations is 

true the inequality 

∑
𝒃𝒏 + 𝒄𝒏

𝒂𝒎
𝒄𝒚𝒄

≥ 𝟐𝒏+𝟏𝟑𝟏−𝒎−𝒏 (𝟓 −
𝒓

𝑹
)
𝒎

 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 
Solution by proposers 

We denote 𝑺𝒏 = 𝒂
𝒏 + 𝒃𝒏 + 𝒄𝒏 so 𝒃𝒏 + 𝒄𝒏 = 𝑺𝒏 − 𝒂

𝒏, and other two similar. Therefore, 

(𝒃𝒏 + 𝒄𝒏, 𝒄𝒏 + 𝒂𝒏, 𝒂𝒏 + 𝒃𝒏) and (
𝟏

𝒂𝒎
,
𝟏

𝒃𝒎
,
𝟏

𝒄𝒎
) are in the same order. 

By Chebyshev’s inequality, Jensen’s inequality and well-known formulas we obtain that 

∑
𝒃𝒏 + 𝒄𝒏

𝒂𝒎
𝒄𝒚𝒄

≥
𝟏

𝟑
∑(𝑺𝒏 − 𝒂

𝒏)

𝒄𝒚𝒄

∑
𝟏

𝒂𝒎
𝒄𝒚𝒄

=
𝟐

𝟑
𝑺𝒏∑

𝟏

𝒂𝒎
𝒄𝒚𝒄

= 

=
𝟐

𝟑
(𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏)∑(

𝟏

𝒂
)
𝒎

𝒄𝒚𝒄

≥
𝟐

𝟑
⋅ 𝟑𝟏−𝒏(𝟐𝒔)𝒏𝟑𝟏−𝒎 (∑

𝟏

𝒂
𝒄𝒚𝒄

)

𝒎

= 

=
𝟐

𝟑
⋅ 𝟑𝟏−𝒏(𝟐𝒔)𝒏𝟑𝟏−𝒎

(∑𝒂𝒃)𝒎

𝟒𝒎𝑹𝒎, 𝒓𝒎𝒔𝒎
= 𝟐𝒏−𝟐𝒎+𝟏𝟑𝟏−𝒎−𝒏𝒔𝒏−𝒎 (

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝑹𝒓
)

𝒎

; (𝟏) 

By (1) and 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔) we get 

∑
𝒃𝒏 + 𝒄𝒏

𝒂𝒎
𝒄𝒚𝒄

≥ 𝟐𝒏+𝟏𝟑𝟏−𝒎−𝒏 (𝟓 −
𝒓

𝑹
)
𝒎

 

JP.452 Solve for real numbers: 

{

√𝒙 − 𝒚𝟓 = 𝟑

√√𝒙 − 𝟑
𝟓

− √𝒚𝟓 + 𝟔
𝟓

= −𝟏
 

Proposed by George Florin Şerban, Neculai Stanciu-Romania 
Solution 1 by proposers 

We note that 𝒙 > 0. From the first equation we have 𝒚 = √𝟑 − √𝒙
𝟓

 which replaced in the 

second equation yields that (∗): √𝒚𝟓 + 𝟔
𝟓

= 𝒚 + 𝟏. Since 𝒚𝟓 + 𝟔 = √𝒙 + 𝟑 > 3 we have 
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𝒚𝟒 + 𝟐𝒚𝟑 + 𝟐𝒚𝟐 + 𝒚 − 𝟏 = 𝟎 ⇔ (𝒚𝟐 + 𝒚 + 𝜶)(𝒚𝟐 + 𝒚 − 𝜷) = 𝟎, where 

𝜶 − 𝜷 = 𝜶𝜷 = 𝟏. We have 

𝜶 =
√𝟓+𝟏

𝟐
 and 𝜷 =

√𝟓−𝟏

𝟐
. 

Equation 𝒚𝟐 + 𝒚 + 𝜶 = 𝟎 has not solutions, and positive root of the equation 

𝒚𝟐 + 𝒚 − 𝜷 = 𝟎 is 𝒚 =
√𝟐√𝟓−𝟏−𝟏

𝟐
. So, 

𝒙 = (𝒚𝟓 + 𝟑)
𝟐
= [(

−𝟏 +√𝟐√𝟓− 𝟏

𝟐
)

𝟓

+ 𝟑]

𝟐

=
𝟕 + 𝟓√𝟓

𝟐
 

Hence, 

(𝒙, 𝒚) = (
𝟕 + 𝟓√𝟓

𝟐
; 
−𝟏 + √𝟐√𝟓 − 𝟏

𝟐
) 

Solution 2 by Hikmat Mammadov-Azerbaijan 

{
√𝒙 − 𝒚𝟓 = 𝟑

√√𝒙 − 𝟑
𝟓

− √𝒚𝟓 + 𝟔
𝟓

= −𝟏
. 𝐋𝐞𝐭 √𝒙 = 𝒚𝟓 + 𝟑, 𝒙 ≥ 𝟎 ⇒ 

𝒚 − (𝒚𝟓 + 𝟔)
𝟏
𝟓 = −𝟏 ⇒ 𝒚𝟒 + 𝟐𝒚𝟑 + 𝟐𝒚𝟐 + 𝒚 − 𝟏 = 𝟎 

(𝒚𝟐 + 𝒚 +
𝟏 − √𝟓

𝟐
)(𝒚𝟐 + 𝒚 +

𝟏 + √𝟓

𝟐
) = 𝟎 

𝒚 =
−𝟏 +√−𝟏 + 𝟐√𝟓

𝟐
 𝐚𝐧𝐝 𝒙 =

𝟕 + 𝟓√𝟓

𝟐
 

Solution 3 by Bedri Hajrizi-Mitrovica-Kosovo 

Let {√
𝒙 = 𝒂𝟓 + 𝟑

𝒚𝟓 = 𝒃𝟓 − 𝟔
⇒ {𝒂

𝟓 + 𝟑 − 𝒃𝟓 + 𝟔 = 𝟑
𝒂 − 𝒃 = −𝟏

⇒ {𝒃
𝟓 − 𝒂𝟓 = 𝟔
𝒃 − 𝒂 = 𝟏

⇒ 𝒃 = 𝒂 + 𝟏 

𝟓𝒂𝟒 + 𝟏𝟎𝒂𝟑 + 𝟏𝟎𝒂𝟐 + 𝟓𝒂 − 𝟓 = 𝟎 

𝒂𝟒 + 𝟐𝒂𝟑 + 𝟐𝒂𝟐 + 𝒂 − 𝟏 = 𝟎, (𝒂𝟐 + 𝒂)𝟐 + (𝒂𝟐 + 𝒂) − 𝟏 = 𝟎 

𝒂𝟐 + 𝒂 =
−𝟏 ± √𝟓

𝟐
, 𝟒𝒂𝟐 + 𝟒𝒂 = −𝟐 ± 𝟐√𝟓 

𝟒𝒂𝟐 + 𝟒𝒂 + 𝟏 = −𝟏 ± 𝟐√𝟓, (𝟐𝒂 + 𝟏)𝟐 = −𝟏 ± 𝟐√𝟓 
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𝟐𝒂 + 𝟏 = ±√−𝟏 + 𝟐√𝟓 ⇒ 𝒂 =
−𝟏 ±√−𝟏 + 𝟐√𝟓

𝟐
 

𝒂𝟓 + 𝟑 ≥ 𝟎 ⇒ 𝒂 =
−𝟏 + √−𝟏 + 𝟐√𝟓

𝟐
 

√𝒙 = 𝒂𝟓 + 𝟑 ⇒ 𝒙 = (𝒂𝟓 + 𝟑)
𝟐
⇒ 𝒃 =

𝟏 + √−𝟏 + 𝟐√𝟓

𝟐
 

𝒚𝟓 = 𝒃𝟓 − 𝟔 ⇒ 𝒚 = √𝒃𝟓 − 𝟔
𝟓

 

Solution 4 by Ertan Yildirim-Izmir-Turkiye 

√𝒙 − 𝒚𝟓 = 𝟑 ⇒ 𝒚𝟓 = √𝒙 − 𝟑 

√√𝒙− 𝟑
𝟓

− √√𝒙 + 𝟑
𝟓

= √√𝒙 − 𝟑
𝟓

− √𝒚𝟓 + 𝟔
𝟓

= −𝟏 

{
𝒂𝟓 = √𝒙 − 𝟑

𝒃𝟓 = √𝒙 + 𝟑
⇒ 𝒂 − 𝒃 = −𝟏 ⇒ 𝒃 − 𝒂 = 𝟏 

⇒ 𝒃𝟐 + 𝒂𝟐 − 𝟐𝒂𝒃 = 𝟏 ⇒ 𝒃𝟐 + 𝒂𝟐 = 𝟏 + 𝟐𝒂𝒃 
𝒃𝟓 − 𝒂𝟓 = (𝒃 − 𝒂)(𝒃𝟒 + 𝒃𝟑𝒂 + 𝒃𝟐𝒂𝟐 + 𝒃𝒂𝟑 + 𝒂𝟒) = 𝟔 

𝒃𝟒 + 𝒃𝟑𝒂 + 𝒃𝟐𝒂𝟐 + 𝒃𝒂𝟑 + 𝒂𝟒 = 𝟔 
𝒃𝟒 + 𝒃𝟐𝒂𝟐 + 𝒂𝟒 + 𝒃𝟑𝒂 + 𝒃𝒂𝟑 = (𝒃𝟐 + 𝒂𝟐)𝟐 − 𝒂𝟐𝒃𝟐 + 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) = 𝟔 

= (𝒃𝟐 + 𝒂𝟐 − 𝒂𝒃)(𝒃𝟐 + 𝒂𝟐 + 𝒂𝒃) + 𝒂𝒃(𝟏 + 𝟐𝒂𝒃) = 𝟔 
(𝟏 + 𝒂𝒃)(𝟏 + 𝟑𝒂𝒃) + 𝒂𝒃(𝟏 + 𝟐𝒂𝒃) = 𝟔 

Let 𝒂𝒃 = 𝒎, then 
(𝟏 +𝒎)(𝟏 + 𝟑𝒎) +𝒎(𝟏 + 𝟐𝒎) = 𝟔 

𝟓𝒎𝟐 + 𝟓𝒎 = 𝟓 ⇒ 𝒎𝟐 +𝒎 = 𝟏 ⇒ 𝒎𝟐 +𝒎+
𝟏

𝟒
=
𝟓

𝟒
 

(𝒎+
𝟏

𝟐
)
𝟐

=
𝟓

𝟒
⇒ 𝒎𝟏 =

√𝟓 − 𝟏

𝟐
,𝒎𝟐 =

−√𝟓− 𝟏

𝟐
 

⇒ 𝒂𝒃 =
√𝟓 − 𝟏

𝟐
⇒ 𝒂𝟓𝒃𝟓 = (

√𝟓− 𝟏

𝟐
)

𝟓

= (√𝒙 − 𝟑)(√𝒙 + 𝟑) = 𝒙 − 𝟗 

𝒙 = (
√𝟓 − 𝟏

𝟐
)

𝟓

+ 𝟗 ⇒ 𝒚 = √√(
√𝟓 − 𝟏

𝟐
)

𝟓

+ 𝟗 − 𝟑

𝟓

 

⇒ 𝒂𝒃 =
−√𝟓 − 𝟏

𝟐
⇒ 𝒂𝟓𝒃𝟓 = (

−√𝟓 − 𝟏

𝟐
)

𝟓

= (√𝒙 − 𝟑)(√𝒙 + 𝟑) = 𝒙 − 𝟗 

𝒙 = 𝟗 − (
√𝟓− 𝟏

𝟐
)

𝟓

⇒ 𝒚 = √√𝟗 − (
√𝟓 − 𝟏

𝟐
)

𝟓

− 𝟑

𝟓
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JP.453 Prove that: 

∏
(𝟏 + 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩)(𝟏 + 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧 𝑪)

𝟏 + 𝐬𝐢𝐧 𝑨√𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≥ (𝟏 +
𝟏

𝑹
⋅ √

𝑭𝟐

𝟒𝑹

𝟑

)

𝟑

 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

For 𝒙, 𝒚, 𝒛 > 𝟎 we have: 

(𝟏 + 𝒙)(𝟏 + 𝒚) ≥ (𝟏 + √𝒙𝒚)
𝟐
⇔ 𝟏+ 𝒙 + 𝒚 + 𝒙𝒚 ≥ 𝟏 + 𝟐√𝒙𝒚 + 𝒙𝒚 ⇔ 

𝒙 + 𝒚 − 𝟐√𝒙𝒚 ≥ 𝟎 ⇔ (√𝒙 − √𝒚)
𝟐
≥ 𝟎 true. 

(𝟏 + 𝒙)(𝟏 + 𝒚)(𝟏 + 𝒛) ≥ (𝟏𝟑 + √𝒙𝟑
𝟑

) (𝟏𝟑 + √𝒚𝟑
𝟑

) (𝟏𝟑 + √𝒛𝟑
𝟑

) ≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (𝟏 ∙ 𝟏 ∙ 𝟏 + √𝒙𝒚𝒛
𝟑 )

𝟑
= (𝟏 + √𝒙𝒚𝒛

𝟑 )
𝟑
; (∗) 

Now, 

(𝟏 + 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧 𝑪)

𝟏 + 𝐬𝐢𝐧 𝑨√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
≥
(𝟏 + √𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 ⋅ 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧 𝑪)

𝟐

𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪
= 

= 𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪 

Hence, 

∏
(𝟏+ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪)

𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≥∏(𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪)

𝒄𝒚𝒄

≥
(∗)

 

≥ (𝟏 + √∏𝐬𝐢𝐧𝟐 𝑨

𝒄𝒚𝒄

𝟑 )

𝟑

 

∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

=
𝑭

𝟐𝑹𝟐
⇒∏𝐬𝐢𝐧𝟐 𝑨 =

𝑭𝟐

𝟒𝑹𝟒
𝒄𝒚𝒄

 

Therefore, 

∏
(𝟏+ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑪)

𝟏 + 𝐬𝐢𝐧 𝑨√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≥ (𝟏 +
𝟏

𝑹
⋅ √

𝑭𝟐

𝟒𝑹

𝟑

)

𝟑
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

By CBS inequality we have: 

(𝟏 + 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪) ≥ (√𝟏 ⋅ 𝟏 + √𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 ⋅ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪)
𝟐
= 

= (𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪)
𝟐

 

Then 
(𝟏 + 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧𝑨𝐬𝐢𝐧 𝑪)

𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪
≥ 𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪 

∏
(𝟏+ 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪)

𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪
𝒄𝒚𝒄

≥∏(𝟏 + 𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪)

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (√𝟏 ⋅ 𝟏 ⋅ 𝟏
𝟑

+ √∏𝐬𝐢𝐧𝑨√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪

𝒄𝒚𝒄

𝟑 )

𝟑

= (𝟏 + √𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝟑 𝟐

)
𝟑

= 

= (𝟏 + √(
𝑭

𝟐𝑹𝟐
)
𝟐𝟑

)

𝟑

 

Therefore, 

∏
(𝟏+ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩)(𝟏 + 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑪)

𝟏 + 𝐬𝐢𝐧 𝑨√𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≥ (𝟏 +
𝟏

𝑹
⋅ √

𝑭𝟐

𝟒𝑹

𝟑

)

𝟑

 

JP.454 If 𝒂, 𝒃, 𝒄 > 𝟎 such that 𝒂 + 𝒃 + 𝒄 = 𝟏, then prove that: 

∑𝒂𝒃(𝟑𝒂 + 𝟐𝒃 + 𝒄)

𝒄𝒚𝒄

≤
𝟐

𝟑
 

Proposed by Laura and Gheorghe Molea-Romania 
Solution 1 by proposers 

∑𝒂(𝒂 − 𝒃)𝟐 ≥ 𝟎 ⇔ ∑𝒂𝟑 +∑𝒂𝒃𝟐 − 𝟐∑𝒂𝟐𝒃 ≥ 𝟎 

∑𝒂𝟑 + ∑𝒂𝟐𝒃 + ∑𝒂𝒃𝟐 ≥ 𝟑∑𝒂𝟐𝒃 ⇔ 

∑𝒂𝟑 +∑𝒂𝟐𝒃 + ∑𝒂𝒃𝟐

𝟑∏𝒂
≥
∑𝒂𝟐𝒃

∏𝒂
⇔
(∑𝒂)(∑𝒂𝟐)

𝟑∏𝒂
≥
𝒂

𝒄
+
𝒃

𝒂
+
𝒄

𝒃
⇒ 

𝒂

𝒄
+
𝒃

𝒂
+
𝒄

𝒃
≤
∑𝒂𝟐

𝟑𝒂𝒃𝒄
⇔ 𝟑(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐;   (∗) 

From Schur’s inequality, we get: 
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𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 +
𝟗𝒂𝒃𝒄

𝒂 + 𝒃 + 𝒄
⇔ 

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟗𝒂𝒃𝒄; (∗∗) 

By adding, we have: 

𝒂𝒃(𝟑𝒂+ 𝟐) − 𝟑𝒂𝒃𝒄 + 𝒃𝒄(𝟑𝒃 + 𝟐) − 𝟑𝒂𝒃𝒄 + 𝒄𝒂(𝟑𝒄 + 𝟐) − 𝟑𝒂𝒃𝒄 ≤ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝒂𝒃(𝟑𝒂+ 𝟐 − 𝟑𝒄) + 𝒃𝒄(𝟑𝒃 + 𝟐 − 𝟑𝒂) + 𝒄𝒂(𝟑𝒄 + 𝟐 − 𝟑𝒃) ≤ 

≤ 𝟐(𝒂 + 𝒃 + 𝒄)𝟐 − 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝒂𝒃(𝟑𝒂 + 𝟔 − 𝟑𝒄) + 𝒃𝒄(𝟑𝒃 + 𝟔 − 𝟑𝒂) + 𝒄𝒂(𝟑𝒄 + 𝟔 − 𝟑𝒃) ≤ 𝟐 

∑𝒂𝒃(𝟑𝒂 + 𝟔𝒂 + 𝟔𝒃 + 𝟔𝒄 − 𝟑𝒄) ≤ 𝟐 

𝟑(∑𝒂𝒃)(𝟑𝒂 + 𝟐𝒃 + 𝒄) ≤ 𝟐 ⇔ ∑𝒂𝒃(𝟑𝒂+ 𝟐𝒃 + 𝒄) ≤
𝟐

𝟑
 

Equality holds if 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑯𝒐𝒎𝒐𝒈𝒆𝒏𝒊𝒛𝒊𝒏𝒈 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 

𝟑∑𝒂𝒃(𝟑𝒂 + 𝟐𝒃 + 𝒄)

𝒄𝒚𝒄

≤ 𝟐(∑ 𝒂
𝒄𝒚𝒄

)

𝟑

 

𝑶𝒓   𝟗∑𝒂𝟐𝒃

𝒄𝒚𝒄

+ 𝟔∑𝒂𝒃𝟐

𝒄𝒚𝒄

+ 𝟗𝒂𝒃𝒄 ≤ 𝟐∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟔∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+ 𝟏𝟐𝒂𝒃𝒄 

𝑶𝒓   𝟑∑𝒂𝟐𝒃

𝒄𝒚𝒄

≤ 𝟐∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 

𝑶𝒓    𝟎 ≤∑𝒂(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒄𝒚𝒄

+∑𝒂(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

∑ 𝒂𝐛(𝟑𝒂+ 𝟐𝐛+ 𝐜)

𝐜𝐲𝐜

≤
𝟐

𝟑
⇔ 𝟗∑𝒂𝟐𝐛

𝐜𝐲𝐜

+ 𝟔∑𝒂𝐛𝟐

𝐜𝐲𝐜

+ 𝟗𝒂𝐛𝐜

≤ 𝟐 =
∵𝟏 = 𝒂+𝐛+𝐜 

𝟐(∑𝒂

𝐜𝐲𝐜

)

𝟑

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
(∗)

𝟑∑𝒂𝟐𝐛

𝐜𝐲𝐜
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𝐍𝐨𝐰, 𝐒𝐜𝐡𝐮𝐫 ⇒ 𝟐∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
(∗∗)

∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

∴ (∗∗)

⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

≥ 𝟑∑𝒂𝟐𝐛

𝐜𝐲𝐜

 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

≥ 𝟐∑𝒂𝟐𝐛

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∵ 𝒂𝟑 + 𝒂𝐛𝟐 ≥
𝐀−𝐆

𝟐𝒂𝟐𝐛 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑  𝒂𝐛(𝟑𝒂+ 𝟐𝐛+ 𝐜)

𝐜𝐲𝐜

≤
𝟐

𝟑
 ∀ 𝒂, 𝐛, 𝐜 > 𝟎 │𝒂 + 𝐛 + 𝐜 = 𝟏 (𝐐𝐄𝐃) 

Solution 4 by Michael Sterghiou-Greece 

∑𝒂𝒃(𝟑𝒂+ 𝟐𝒃 + 𝒄)

𝒄𝒚𝒄

≤
𝟐

𝟑
; (𝟏) 

WLOG, assume 𝜶 = 𝐦𝐢𝐧{𝒂, 𝒃, 𝒄}, then 𝜶 ∈ (𝟎,
𝟏

𝟑
] or if we extend the conditions of the 

problem to [𝟎,
𝟏

𝟑
]. By expanding (1) we get 

𝟑𝒂𝟐𝒃 + 𝟐𝒂𝟐𝒄 + 𝟐𝒂𝒃𝟐 + 𝟑𝒂𝒃𝒄 + 𝟑𝒂𝒄𝟐 + 𝟐𝒃𝟐𝒄 + 𝟐𝒃𝒄𝟐 −
𝟐

𝟑
≤ 𝟎 

This is a trinomial of 𝜶, 𝒇(𝜶) with coefficient of 𝜶𝟐 equal to 𝟑𝒃 + 𝟐𝒄 ≥ 𝟎. 

As 𝜶 ∈ [𝟎,
𝟏

𝟑
] it suffices that 𝐦𝐚𝐱 {𝒇(𝟎), 𝒇 (

𝟏

𝟑
)} ≤ 𝟎. Now,  

𝒇(𝟎) = −𝒃𝟑 − 𝒃𝟐 + 𝟐𝒃 −
𝟐

𝟑
< 𝟎,𝒃 ∈ [𝟎, 𝟏]. As 𝒂 = 𝟎 then 𝒄 = 𝟏 − 𝒃. 

𝒇 (
𝟏

𝟑
) = 𝒃𝟑 − 𝟐𝒃𝟐 + 𝒃 −

𝟒

𝟐𝟕
=

𝟏

𝟐𝟕
(𝟑𝒃 − 𝟒)(𝟑𝒃 − 𝟏)𝟐 < 𝟎. As 𝒂 =

𝟏

𝟑
 then 𝒄 =

𝟐

𝟑
− 𝒃. 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

JP.455 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒂𝟐 + 𝒃)(𝒂𝟐 + 𝒄)(𝒃𝟐 + 𝒂)(𝒃𝟐 + 𝒄)(𝒄𝟐 + 𝒂)(𝒄𝟐 + 𝒃)

(𝒂 + 𝟏)𝟐(𝒃 + 𝟏)𝟐(𝒄 + 𝟏)𝟐
≥ 𝟏𝟕𝟐𝟖𝒓𝟔 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

First we prove that: 

(𝒂𝟐 + 𝒃)(𝒃𝟐 + 𝒂)

(𝒂 + 𝟏)(𝒃 + 𝟏)
≥ 𝒂𝒃;  (𝟏) 



 
www.ssmrmh.ro 

10 31-RMM WINTER EDITION 2023-SOLUTIONS 

 

(𝒂𝟐 + 𝒃)(𝒃𝟐 + 𝒂) ≥ 𝒂𝒃(𝒂 + 𝟏)(𝒃 + 𝟏) ⇔ 

𝒂𝟐𝒃𝟐 + 𝒂𝟑 + 𝒃𝟑 + 𝒃𝒂 ≥ 𝒂𝒃(𝒂𝒃 + 𝒂 + 𝒃 + 𝟏) 

𝒂𝟐𝒃𝟐 + 𝒂𝟑 + 𝒃𝟑 + 𝒂𝒃 ≥ 𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒂𝒃 

𝒂𝟑 + 𝒃𝟑 − 𝒂𝟐𝒃 − 𝒂𝒃𝟐 ≥ 𝟎 ⇔ (𝒂 − 𝒃)(𝒂𝟐 − 𝒃𝟐) ≥ 𝟎 ⇔ (𝒂 − 𝒃)𝟐(𝒂 + 𝒃) ≥ 𝟎 

By (1), we get: 

∏
(𝒂𝟐 + 𝒃)(𝒃𝟐 + 𝒂)

(𝒂 + 𝟏)(𝒃 + 𝟏)
𝒄𝒚𝒄

≥∏𝒂𝒃

𝒄𝒚𝒄

= (𝒂𝒃𝒄)𝟐 = (𝟒𝑹𝒓𝒔)𝟐 ≥
𝑬𝒖𝒍𝒆𝒓

 

≥ (𝟒 ⋅ 𝟐𝒓 ⋅ 𝒓 ⋅ 𝒔)𝟐 = 𝟖𝟐𝒓𝟒𝒔𝟐 ≥ 𝟔𝟒𝒓𝟒(𝟑√𝟑𝒓)
𝟐
≥ 𝟔𝟒 ⋅ 𝟐𝟕𝒓𝟒 ⋅ 𝒓𝟐 = 𝟏𝟕𝟐𝟖𝒓𝟔 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  (𝒂𝟐 + 𝒃)(𝒃𝟐 + 𝒂) − 𝒂𝒃(𝒂 + 𝟏)(𝒃 + 𝟏) = (𝒂𝟑 + 𝒃𝟑) − 𝒂𝒃(𝒂 + 𝒃) = 

= (𝒂 + 𝒃)(𝒂 − 𝒃)𝟐 ≥ 𝟎 

𝑻𝒉𝒆𝒏 ∶   (𝒂𝟐 + 𝒃)(𝒃𝟐 + 𝒂) ≥ 𝒂𝒃(𝒂 + 𝟏)(𝒃 + 𝟏) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  (𝒃𝟐 + 𝒄)(𝒄𝟐 + 𝒃) ≥ 𝒃𝒄(𝒃 + 𝟏)(𝒄 + 𝟏)  &  (𝒄𝟐 + 𝒂)(𝒂𝟐 + 𝒄) ≥ 𝒄𝒂(𝒄 + 𝟏)(𝒂 + 𝟏) 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝒂𝟐 + 𝒃)(𝒂𝟐 + 𝒄)(𝒃𝟐 + 𝒂)(𝒃𝟐 + 𝒄)(𝒄𝟐 + 𝒂)(𝒄𝟐 + 𝒃)

(𝒂 + 𝟏)𝟐(𝒃 + 𝟏)𝟐(𝒄 + 𝟏)𝟐
≥ (𝒂𝒃𝒄)𝟐 = 𝟏𝟔𝒔𝟐𝑹𝟐𝒓𝟐 

𝑩𝒚 𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒔 ≥ 𝟑√𝟑𝒓  𝒂𝒏𝒅  𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝑹 ≥ 𝟐𝒓 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝒂𝟐 + 𝒃)(𝒂𝟐 + 𝒄)(𝒃𝟐 + 𝒂)(𝒃𝟐 + 𝒄)(𝒄𝟐 + 𝒂)(𝒄𝟐 + 𝒃)

(𝒂 + 𝟏)𝟐(𝒃 + 𝟏)𝟐(𝒄 + 𝟏)𝟐
≥ 𝟏𝟔. 𝟐𝟕𝒓𝟐. 𝟒𝒓𝟐. 𝒓𝟐 = 𝟏𝟕𝟐𝟖𝒓𝟔. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

 

JP.456 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒃 (
𝒂

𝒃
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒄(
𝒃

𝒄
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒂(
𝒄

𝒂
)

𝟐√𝟑𝒔
𝟗𝑹

≤ 𝟑√𝟑𝑹 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by proposer 

Let be 𝒇(𝒙) = 𝒙𝒂; 𝒙 > 0, 0 < 𝑎 ≤ 1, then 𝒇′′(𝒙) = 𝒂(𝒂 − 𝟏)𝒙𝒂−𝟐 ≤ 𝟎; 

𝒇 −concave, so by Jensen’s inequality and 𝟎 <
𝟐√𝟑𝒔

𝟗𝑹
≤ 𝟏(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄), we have: 

𝒃

𝟐𝒔
(
𝒂

𝒃
)

𝟐√𝟑𝒔
𝟗𝑹

+
𝒄

𝟐𝒔
(
𝒃

𝒄
)

𝟐√𝟑𝒔
𝟗𝑹

+
𝒂

𝟐𝒔
(
𝒄

𝒂
)

𝟐√𝟑𝒔
𝟗𝑹

≤ (
𝒃

𝟐𝒔
⋅
𝒂

𝒃
+
𝒄

𝟐𝒔
⋅
𝒃

𝒄
+
𝒂

𝟐𝒔
⋅
𝒄

𝒂
)

𝟐√𝟑𝒔
𝟗𝑹

= 

= (
𝒂+ 𝒃 + 𝒄

𝟐𝒔
)

𝟐√𝟑𝒔
𝟗𝑹

= (
𝟐𝒔

𝟐𝒔
)

𝟐√𝟑𝒔
𝟗𝑹

= 𝟏 

𝒃 (
𝒂

𝒃
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒄 (
𝒃

𝒄
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒂(
𝒄

𝒂
)

𝟐√𝟑𝒔
𝟗𝑹

≤ 𝟐𝒔 ≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟐 ⋅
𝟑√𝟑

𝟐
𝑹 = 𝟑√𝟑𝑹 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟐√𝟑𝒔

𝟗𝑹
≤
√𝟑. 𝟑√𝟑𝑹

𝟗𝑹
= 𝟏. 

𝑳𝒆𝒕 𝒑 =
𝟐√𝟑𝒔

𝟗𝑹
∈ (𝟎, 𝟏] 𝒂𝒏𝒅 𝒇(𝒙) = 𝒙𝒑,   𝒙 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝒇′′(𝒙) = 𝒑(𝒑 − 𝟏)𝒙𝒑−𝟏

≤ 𝟎,∀𝒙 > 0. 
𝑻𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒐𝒏 (𝟎,∞)  𝒂𝒏𝒅 𝒃𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒃 (
𝒂

𝒃
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒄(
𝒃

𝒄
)

𝟐√𝟑𝒔
𝟗𝑹

+ 𝒂 (
𝒄

𝒂
)

𝟐√𝟑𝒔
𝟗𝑹

= 𝒃. 𝒇 (
𝒂

𝒃
) + 𝒄. 𝒇 (

𝒃

𝒄
) + 𝒂. 𝒇 (

𝒄

𝒂
) ≤ 

≤ (𝒃 + 𝒄 + 𝒂)𝒇(
𝒃.
𝒂
𝒃 + 𝒄.

𝒃
𝒄 + 𝒂.

𝒄
𝒂

𝒃 + 𝒄 + 𝒂
) = 𝟐𝒔. 𝒇(𝟏) = 𝟐𝒔 ≤⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 𝟑√𝟑𝑹. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

JP.457 If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟔 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Let be 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) = 𝐥𝐨𝐠 (𝒂 +
𝒃(𝒂+𝒃)

𝒙
), then 
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𝒇′(𝒙) =
−
𝒃(𝒂 + 𝒃)
𝒙𝟐

𝒂 +
𝒃(𝒂 + 𝒃)

𝒙

= −
𝒃(𝒂 + 𝒃)

𝒂𝒙𝟐 + 𝒃𝒙(𝒂 + 𝒃)
 

𝒇′′(𝒙) = 𝒃(𝒂 + 𝒃) ⋅
𝟐𝒂𝒙 + 𝒃(𝒂 + 𝒃)

(𝒂𝒙𝟐 + 𝒙𝒃(𝒂 + 𝒃))
𝟐 > 𝟎 

𝒇 −convex function and by Jensen’s inequality, we get: 

𝟐𝒇 (
𝒂 + 𝒃

𝟐
) ≤ 𝒇(𝒂) + 𝒇(𝒃) ⇔ 

𝟐 𝐥𝐨𝐠(𝒂 +
𝒃(𝒂 + 𝒃)

𝒂 + 𝒃
𝟐

) ≤ 𝐥𝐨𝐠 (𝒂+
𝒃(𝒂 + 𝒃)

𝒂
) + 𝐥𝐨𝐠 (𝒂 +

𝒃(𝒂 + 𝒃)

𝒃
) 

𝟐 𝐥𝐨𝐠(𝒂 + 𝟐𝒃) ≤ 𝐥𝐨𝐠((𝒂 + 𝒃 +
𝒃𝟐

𝒂
) (𝟐𝒂 + 𝒃)) 

(𝒂 + 𝟐𝒃)𝟐 ≤ (𝒂 + 𝒃 +
𝒃𝟐

𝒂
) (𝟐𝒂+ 𝒃) 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
≤ 𝒂 + 𝒃 +

𝒃𝟐

𝒂
 

∑
(𝒂+ 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
𝒄𝒚𝒄

≤ 𝟐(𝒂+ 𝒃 + 𝒄) +∑
𝒃𝟐

𝒂
𝒄𝒚𝒄

 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟔 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒂, 𝒃, 𝒄 > 𝟎 and 𝒂 + 𝒃 + 𝒄 = 𝟑 we will obtain that: 

𝒃𝟐

𝒂
+ 𝒂 + 𝒃 ≥

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
⇔
𝒃𝟐 + 𝒂𝟐 + 𝒂𝒃

𝒂
≥
𝒂𝟐 + 𝟒𝒃𝟐 + 𝟒𝒂𝒃

𝟐𝒂 + 𝒃
 

(𝒃𝟐 + 𝒂𝟐 + 𝒂𝒃)(𝟐𝒂 + 𝒃) ≥ 𝒂(𝒂𝟐 + 𝟒𝒃𝟐 + 𝟒𝒂𝒃) 

𝟐𝒂𝒃𝟐 + 𝟐𝒂𝟑 + 𝟐𝒂𝟐𝒃 + 𝒃𝟑 + 𝒂𝟐𝒃 + 𝒂𝒃𝟐 ≥ 𝒂𝟑 + 𝟒𝒂𝒃𝟐 + 𝟒𝒂𝟐𝒃 

𝒂𝟑 + 𝒃𝟑 ≥ 𝒂𝒃𝟐 + 𝒂𝟐𝒃 

𝒃𝟐

𝒄
+ 𝒃 + 𝒄 ≥

(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
 𝐚𝐧𝐝 

𝒄𝟐

𝒂
+ 𝒄 + 𝒂 ≥

(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
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Hence, 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟔 

Solution 3 by Tapas Das-India 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
− [(𝒂 + 𝒃) +

𝒃𝟐

𝒂
] =

𝒂(𝒂 + 𝟐𝒃)𝟐 − (𝒂 + 𝒃)𝒂(𝟐𝒂 + 𝒃) − 𝒃𝟐(𝟐𝒂 + 𝒃)

𝒂(𝟐𝒂 + 𝒃)
= 

=
(𝒂𝟑 + 𝟒𝒂𝟐𝒃 + 𝟒𝒂𝒃𝟐) − (𝟐𝒂𝟑 + 𝟑𝒂𝟐𝒃 + 𝒂𝒃𝟐) − (𝟐𝒂𝒃𝟐 + 𝒃𝟑)

𝒂(𝟐𝒂 + 𝒃)
= 

=
𝒂𝒃𝟐 + 𝒂𝟐𝒃 − (𝒂𝟑 + 𝒃𝟑)

𝒂(𝟐𝒂 + 𝒃)
=
𝒂𝒃𝟐 + 𝒂𝟐𝒃 − (𝒂 + 𝒃)𝟑

𝒂(𝟐𝒂 + 𝒃)
= 

=
(𝒂 + 𝒃)(𝒂𝒃 − 𝒂𝟐 + 𝒂𝒃 − 𝒃𝟐)

𝒂(𝟐𝒂 + 𝒃)
= −

(𝒂 + 𝒃)(𝒂 − 𝒃)𝟐

𝒂(𝟐𝒂 + 𝒃)
≤ 𝟎 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
≤ (𝒂 + 𝒃) +

𝒃𝟐

𝒂
 

Analogous, we have: 

(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
≤ (𝒃 + 𝒄) +

𝒄𝟐

𝒃
 𝐚𝐧𝐝 

(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
≤ (𝒂 + 𝒄) +

𝒂𝟐

𝒄
 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
≤ 𝟐(𝒂 + 𝒃 + 𝒄) +

𝒃𝟐

𝒂
+
𝒄𝟐

𝒃
+
𝒂𝟐

𝒄
 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟔 

Solution 4 by Nikos Ntorvas-Greece 

It suffices to prove that: 

(𝒙 + 𝟐𝒚)𝟐

𝟐𝒙 + 𝒚
−
𝒚𝟐

𝒙
≤ (𝒙 + 𝒚); ∀𝒙, 𝒚 > 𝟎; (𝑰) 

(𝑰) ⇔ 𝒙(𝒙 + 𝟐𝒚)𝟐 − (𝟐𝒙 + 𝒚)𝒚𝟐 ≤ 𝒙(𝟐𝒙 + 𝒚)(𝒙 + 𝒚) 

𝒙(𝒙𝟐 + 𝟒𝒙𝒚 + 𝟒𝒚𝟐) − 𝟐𝒙𝒚𝟐 − 𝒚𝟑 ≤ 𝟐𝒙𝟑 + 𝒙𝟐𝒚 + 𝟐𝒙𝟐𝒚 + 𝒙𝒚𝟐 

𝒙𝟑 + 𝟒𝒙𝟐𝒚 + 𝟒𝒙𝒚𝟐 − 𝟐𝒙𝒚𝟐 − 𝒚𝟑 ≤ 𝟐𝒙𝟑 + 𝒙𝟐𝒚 + 𝟐𝒙𝟐𝒚 + 𝒙𝒚𝟐 

𝒙𝟑 + 𝒚𝟑 − 𝒙𝟐𝒚 − 𝒙𝒚𝟐 ≥ 𝟎 ⇔ (𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) − 𝒙𝒚(𝒙 + 𝒚) ≥ 𝟎 

(𝒙 + 𝒚)(𝒙𝟐 + 𝒚𝟐) ≥ 𝟎 true for all 𝒙, 𝒚 > 𝟎 

For 𝒂, 𝒃, 𝒄 > 𝟎 from (I) we have that: 
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(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ (𝒂 + 𝒃) + (𝒃 + 𝒄) + (𝒄 + 𝒂) 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟐(𝒂 + 𝒃 + 𝒄) 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟔 

Solution 5 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒃𝟐

𝒂
+ 𝒂 + 𝒃 ≥

(𝒃 + 𝒂 + 𝒃)𝟐

𝒂 + 𝒂 + 𝒃
  𝒕𝒉𝒆𝒏 ∶   

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
≤ 𝒂 + 𝒃 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
≤ 𝒃 + 𝒄  𝒂𝒏𝒅  

(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝒄 + 𝒂 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝒂 + 𝟐𝒃)𝟐

𝟐𝒂 + 𝒃
−
𝒃𝟐

𝒂
+
(𝒃 + 𝟐𝒄)𝟐

𝟐𝒃 + 𝒄
−
𝒄𝟐

𝒃
+
(𝒄 + 𝟐𝒂)𝟐

𝟐𝒄 + 𝒂
−
𝒂𝟐

𝒄
≤ 𝟐(𝒂 + 𝒃 + 𝒄) = 𝟔. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

JP.458 If 𝒂, 𝒃, 𝒄 > 0 such that 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟏 then prove: 

∑𝒂𝒃(𝟑𝒂𝟑𝒃 + 𝟒𝒂𝒃 − 𝟐𝒄𝟐 + 𝟏)

𝒄𝒚𝒄

≤ 𝟐 

Proposed by Gheorghe Molea-Romania 
Solution 1 by proposer 

∑𝒂𝟐(𝒂𝟐 − 𝒃𝟐)𝟐

𝒄𝒚𝒄

≥ 𝟎 ⇔∑𝒂𝟔

𝒄𝒚𝒄

+∑𝒂𝟐𝒃𝟒

𝒄𝒚𝒄

− 𝟐∑𝒂𝟒𝒃𝟐

𝒄𝒚𝒄

≥ 𝟎 

⇔∑𝒂𝟔

𝒄𝒚𝒄

+∑𝒂𝟒𝒃𝟐

𝒄𝒚𝒄

+∑𝒂𝟐𝒃𝟒

𝒄𝒚𝒄

≥ 𝟑∑𝒂𝟒𝒃𝟐

𝒄𝒚𝒄

 

∑𝒂𝟔 + ∑𝒂𝟒𝒃𝟐 + ∑𝒂𝟐𝒃𝟒

𝟑∏𝒂𝟐
≥
∑𝒂𝟒𝒃𝟐

∏𝒂𝟐
⇔ 

(∑𝒂𝟐)(∑𝒂𝟒)

𝟑∏𝒂𝟐
≥
𝒂𝟐

𝒄𝟐
+
𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒃𝟐
⇔
𝒂𝟐

𝒄𝟐
+
𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒃𝟐
≤

∑𝒂𝟒

𝟑𝒂𝟐𝒃𝟐𝒄𝟐
 

⇔ 𝟑(𝒂𝟒𝒃𝟐 + 𝒃𝟒𝒄𝟐 + 𝒄𝟒𝒂𝟐) ≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒;   (∗) 

From Schur’s inequality we have: 
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𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒃𝒄(𝒃𝟐 + 𝒄𝟐) + 𝒄𝒂(𝒄𝟐 + 𝒂𝟐) ≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

⇔∑𝒂𝒃(𝟏 − 𝒄𝟐)

𝒄𝒚𝒄

≤∑𝒂𝟒

𝒄𝒚𝒄

+∏𝒂

𝒄𝒚𝒄

∑𝒂

𝒄𝒚𝒄

⇔ 

∑𝒂𝒃

𝒄𝒚𝒄

− 𝟐∏𝒂

𝒄𝒚𝒄

∑𝒂

𝒄𝒚𝒄

≤∑𝒂𝟒

𝒄𝒚𝒄

;   (∗∗) 

By adding (∗) and (∗∗), it follows that 

∑𝒂𝒃(𝟑𝒂𝟑𝒃 + 𝟏)

𝒄𝒚𝒄

− 𝟐∏𝒂

𝒄𝒚𝒄

∑𝒂

𝒄𝒚𝒄

≤ 𝟐∑𝒂𝟒

𝒄𝒚𝒄

⇔ 

∑𝒂𝒃(𝟑𝒂𝟑𝒃 + 𝟏)

𝒄𝒚𝒄

− 𝟐∏𝒂

𝒄𝒚𝒄

∑𝒂

𝒄𝒚𝒄

≤ 𝟐 − 𝟒∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

⇔ 

∑𝒂𝒃(𝟑𝒂𝟑𝒃 + 𝟒𝒂𝒃 + 𝟏)

𝒄𝒚𝒄

− 𝟐∏𝒂

𝒄𝒚𝒄

∑𝒂

𝒄𝒚𝒄

≤ 𝟐 ⇔ 

∑𝒂𝒃(𝟑𝒂𝟑𝒃 + 𝟒𝒂𝒃 − 𝟐𝒄𝟐 + 𝟏)

𝒄𝒚𝒄

≤ 𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑯𝒐𝒎𝒐𝒈𝒆𝒏𝒊𝒛𝒊𝒏𝒈 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 

𝟑∑ 𝒂𝟒𝒃𝟐
𝒄𝒚𝒄

+ (∑ 𝒂𝟐
𝒄𝒚𝒄

)(𝟒∑ 𝒂𝟐𝒃𝟐
𝒄𝒚𝒄

− 𝟐𝒂𝒃𝒄∑ 𝒂
𝒄𝒚𝒄

) + (∑ 𝒂𝟐
𝒄𝒚𝒄

)

𝟐

(∑ 𝒂𝒃
𝒄𝒚𝒄

)

≤ 𝟐(∑ 𝒂𝟐
𝒄𝒚𝒄

)

𝟑

 

𝑨𝒇𝒕𝒆𝒓 𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 𝒂𝒏𝒅 𝒔𝒊𝒎𝒑𝒍𝒊𝒇𝒚𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

∑ 𝒂𝟒𝒃𝟐
𝒄𝒚𝒄

+ 𝟐∑ 𝒂𝟑𝒃𝟑
𝒄𝒚𝒄

+∑ 𝒂𝒃(𝒂𝟒 + 𝒃𝟒)
𝒄𝒚𝒄

≤ 𝟐∑ 𝒂𝟔
𝒄𝒚𝒄

+ 𝟐∑ 𝒂𝟐𝒃𝟒
𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑ 𝒂𝟑
𝒄𝒚𝒄

 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑ 𝒂𝟔
𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑ 𝒂𝟑
𝒄𝒚𝒄

−∑ 𝒂𝒃(𝒂𝟒 + 𝒃𝟒)
𝒄𝒚𝒄

=∑ 𝒂𝟒(𝒂 − 𝒃)(𝒂 − 𝒄)
𝒄𝒚𝒄

 ≥⏞
𝑺𝒄𝒉𝒖𝒓

 𝟎  (𝟏) 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂𝟒𝒃𝟐 ≤
𝒂𝟔 + 𝒂𝟐𝒃𝟒

𝟐
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  𝒂𝒏𝒅  𝒂𝟑𝒃𝟑 ≤

𝒂𝟔 + 𝟑𝒂𝟐𝒃𝟒

𝟒
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒏 ∶   ∑ 𝒂𝟒𝒃𝟐
𝒄𝒚𝒄

+ 𝟐∑ 𝒂𝟑𝒃𝟑
𝒄𝒚𝒄

≤∑
𝒂𝟔 + 𝒂𝟐𝒃𝟒

𝟐𝒄𝒚𝒄
+ 𝟐∑

𝒂𝟔 + 𝟑𝒂𝟐𝒃𝟒

𝟒𝒄𝒚𝒄

=∑ 𝒂𝟔
𝒄𝒚𝒄

+ 𝟐∑ 𝒂𝟐𝒃𝟒
𝒄𝒚𝒄

  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟑
. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

∑ 𝒂𝐛(𝟑𝒂𝟑𝐛+ 𝟒𝒂𝐛− 𝟐𝐜𝟐 + 𝟏)

𝐜𝐲𝐜

≤ 𝟐 ⇔ 𝟑∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟐 

⇔
∵ 𝟏 = 𝒂𝟐+𝐛𝟐+𝐜𝟐

𝟑∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟒(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

+ (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≤ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

 

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝟐∑𝒂𝟔

𝐜𝐲𝐜

−∑(𝒂𝐛(∑𝒂𝟒

𝐜𝐲𝐜

− 𝐜𝟒))

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

−∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥ 𝟎 

⇔ 𝟐∑𝒂𝟔

𝐜𝐲𝐜

− (∑𝒂𝟒

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

−∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
(∗)

𝟎 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗)

≥∑𝒂𝟔

𝐜𝐲𝐜

−(∑𝒂𝟒

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

 

=∑𝒂𝟔

𝐜𝐲𝐜

−(∑𝒂𝟒

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟐(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐)

𝐜𝐲𝐜

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
?
𝟎 

⇔∑𝒂𝟔

𝐜𝐲𝐜

− (∑𝒂𝟒

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
?
𝟎 
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⇔ (∑𝒂𝟑

𝐜𝐲𝐜

)

𝟐

−((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+ (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

− 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟒∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
?
⏟
(∗∗)

𝟎 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦
⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂 =∑𝒙 = 𝟐𝐬 ⇒∑𝒂 = 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛

= 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

=
(𝐢)
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 𝒂𝐧𝐝  

∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) = 𝐬𝟑 − 𝟑𝒙𝐲𝐳 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬

⇒∑𝒂𝟑

𝐜𝐲𝐜

=
(𝐢𝐢)
𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨 ∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐 

⇒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=
(𝐢𝐢𝐢)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐 𝒂𝐧𝐝 𝐦𝐨𝐫𝐞𝐨𝐯𝐞𝐫,∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

− 𝟑𝒂𝐛𝐜(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) = (𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
− 𝟑𝐫𝟐𝐬. 𝟒𝐑𝐫𝐬

⇒∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

=
(𝒂)
(𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 

𝐕𝐢𝒂 (𝐢), (𝐢𝐢), (𝐢𝐢𝐢), (𝒂), (∗∗)

⇔ 𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫)
𝟐

− (𝟒𝐑𝐫 + 𝐫𝟐) ((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟐((𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟐𝐫𝟐𝐬𝟐))

+ 𝟐𝐫𝟐𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫) + (𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)((𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐) 

−𝟑𝐫𝟒𝐬𝟐 − 𝟒((𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
− 𝟏𝟐𝐑𝐫𝟑𝐬𝟐) ≥ 𝟎

⇔ 𝐬𝟔 − (𝟐𝟖𝐑𝐫 + 𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟐𝟐𝟒𝐑𝟐 + 𝟔𝟒𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
(⦁)

𝟎 𝒂𝐧𝐝

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨  
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𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞
∶ 𝐬𝟔 − (𝟐𝟖𝐑𝐫 + 𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟐𝟐𝟒𝐑𝟐 + 𝟔𝟒𝐑𝐫 + 𝟐𝐫𝟐) − 𝟖𝐫𝟑(𝟒𝐑+ 𝐫)𝟑

≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟐𝟎𝐑𝐫 − 𝟏𝟔𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟓𝟒𝟒𝐑𝟐 − 𝟓𝟒𝟒𝐑𝐫 + 𝟕𝟑𝐫𝟐)

+ 𝐫𝟑(𝟑𝟓𝟖𝟒𝐑𝟑 − 𝟒𝟐𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟏𝟎𝟒𝐑𝐫𝟐 − 𝟏𝟑𝟑𝐫𝟑) ≥
(⦁⦁)

𝟎 𝒂𝐧𝐝

∵ (𝟐𝟎𝐑𝐫 − 𝟏𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨  

𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞

∶ (𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫 + 𝟖𝟕𝐫𝟐)𝐬𝟐 ≥
(⦁⦁⦁)

𝐫(𝟏𝟓𝟑𝟔𝐑𝟑 − 𝟑𝟎𝟕𝟐𝐑𝟐𝐫 + 𝟏𝟗𝟓𝟔𝐑𝐫𝟐 − 𝟐𝟔𝟕𝐫𝟑) 

𝐍𝐨𝐰, ∵ 𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫 + 𝟖𝟕𝐫𝟐 = 𝟏𝟐𝐑𝟐 + 𝟖𝟒𝐑(𝐑 − 𝟐𝐫) + 𝟖𝟕𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟐𝐑𝟐 + 𝟖𝟕𝐫𝟐 > 0  

∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫 + 𝟖𝟕𝐫𝟐)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

− 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝐫(𝟏𝟓𝟑𝟔𝐑𝟑 − 𝟑𝟎𝟕𝟐𝐑𝟐𝐫 + 𝟏𝟗𝟓𝟔𝐑𝐫𝟐 − 𝟐𝟔𝟕𝐫𝟑) 

⇔ (𝐑− 𝟐𝐫)(𝟗𝟔𝐑𝟑 − 𝟐𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟎𝟕𝐑𝐫𝟐 − 𝟒𝟓𝐫𝟑) ≥
?
(𝐑 − 𝟐𝐫)(𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫

+ 𝟖𝟕𝐫𝟐)√𝐑𝟐 − 𝟐𝐑𝐫 

⇔
∵ 𝐑−𝟐𝐫 ≥ 𝟎

𝟗𝟔𝐑𝟑 − 𝟐𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟎𝟕𝐑𝐫𝟐 − 𝟒𝟓𝐫𝟑 ≥
?
⏟

(⦁⦁⦁⦁)

(𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫 + 𝟖𝟕𝐫𝟐)√𝐑𝟐 − 𝟐𝐑𝐫 

∵ 𝟗𝟔𝐑𝟑 − 𝟐𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟎𝟕𝐑𝐫𝟐 − 𝟒𝟓𝐫𝟑

= (𝐑 − 𝟐𝐫)(𝟔𝟎𝐑𝟐 + 𝟑𝟔𝐑(𝐑 − 𝟐𝐫) + 𝟔𝟑𝐫𝟐) + 𝟖𝟏𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝟏𝐫𝟑 > 0 ∴ (⦁⦁⦁⦁) ⇔ 

(𝟗𝟔𝐑𝟑 − 𝟐𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟎𝟕𝐑𝐫𝟐 − 𝟒𝟓𝐫𝟑)
𝟐
≥ (𝐑𝟐 − 𝟐𝐑𝐫)(𝟗𝟔𝐑𝟐 − 𝟏𝟔𝟖𝐑𝐫 + 𝟖𝟕𝐫𝟐)

𝟐

⇔ 𝐫𝟑(𝟏𝟏𝟓𝟐𝐑𝟑 + 𝟓𝟕𝟔𝐑𝟐𝐫 − 𝟑𝟒𝟗𝟐𝐑𝐫𝟐 + 𝟐𝟎𝟐𝟓𝐫𝟑) ≥ 𝟎 

⇔ 𝐫𝟑 ((𝐑− 𝟐𝐫)(𝟏𝟏𝟓𝟐𝐑𝟐 + 𝟐𝟖𝟖𝟎𝐑𝐫 + 𝟐𝟐𝟔𝟖𝐫𝟐) + 𝟔𝟓𝟔𝟏𝐫𝟑) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (⦁⦁⦁⦁)

⇒ (⦁⦁⦁) ⇒ (⦁⦁) ⇒ (⦁) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑ 𝒂𝐛(𝟑𝒂𝟑𝐛+ 𝟒𝒂𝐛− 𝟐𝐜𝟐 + 𝟏)

𝐜𝐲𝐜

≤ 𝟐 ∀ 𝒂,𝐛, 𝐜 > 0 │𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟏 (𝐐𝐄𝐃) 

 
JP.459 If 𝒙, 𝒚, 𝒛 > 𝟎 then: 

𝒙𝟐

𝒚𝟐
+
𝒚𝟐

𝒛𝟐
+
𝒛𝟐

𝒙𝟐
≥ 𝐦𝐚𝐱 {

𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
;
𝒙

𝒛
+
𝒚

𝒙
+
𝒛

𝒚
} 

Proposed by Daniel Sitaru-Romania 

Solution by proposer 

∵ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

𝒙𝟐

𝒚𝟐
+
𝒚𝟐

𝒛𝟐
+
𝒛𝟐

𝒙𝟐
≥
𝒙

𝒚
⋅
𝒚

𝒛
+
𝒚

𝒛
⋅
𝒛

𝒙
+
𝒛

𝒙
⋅
𝒙

𝒚
=
𝒙

𝒛
+
𝒚

𝒙
+
𝒛

𝒚
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𝟐𝒙𝟐

𝟑𝒚𝟐
+
𝒚𝟐

𝟔𝒛𝟐
+
𝒛𝟐

𝒙𝟐
=
𝟏

𝟔
(
𝒙𝟐

𝒚𝟐
+
𝒙𝟐

𝒚𝟐
+
𝒙𝟐

𝒚𝟐
+
𝒙𝟐

𝒚𝟐
+
𝒛𝟐

𝒙𝟐
) ≥
𝑨𝑮𝑴

 

≥
𝟏

𝟔
⋅ 𝟔√(

𝒙𝟐

𝒚𝟐
)

𝟒

⋅
𝒚𝟐

𝒛𝟐
⋅
𝒛𝟐

𝒙𝟐

𝟔

= √
𝒙𝟖 ⋅ 𝒚𝟐 ⋅ 𝒛𝟐

𝒙𝟐 ⋅ 𝒚𝟖 ⋅ 𝒛𝟐
𝟔

=
𝒙

𝒚
 

Thus, 

∑(
𝟐𝒙𝟐

𝟑𝒚𝟐
+
𝒚𝟐

𝟔𝒛𝟐
+
𝒛𝟐

𝒙𝟐
)

𝒄𝒚𝒄

≥∑
𝒙

𝒚
𝒄𝒚𝒄

 

(
𝟐

𝟑
+
𝟏

𝟔
+
𝟏

𝟔
)∑

𝒙𝟐

𝒚𝟐
𝒄𝒚𝒄

≥∑
𝒙

𝒚
𝒄𝒚𝒄

 

𝒙𝟐

𝒚𝟐
+
𝒚𝟐

𝒛𝟐
+
𝒛𝟐

𝒙𝟐
≥
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
 

JP.460 If 𝒂, 𝒃, 𝒄,𝒎, 𝒏 > 0 then: 

(
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑 +

𝒃

√𝒎𝒄 + 𝒏𝒂
𝟑

+
𝒄

√𝒎𝒂 + 𝒏𝒃
𝟑 )

𝟑

≥
(𝒂 + 𝒃 + 𝒄)𝟒

(𝒎 + 𝒏)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

(∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

)(∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

)(∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

) ⋅∑𝒂(𝒎𝒃+ 𝒏𝒄)

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (∑𝒂

𝒄𝒚𝒄

)

𝟒

 

(∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

)

𝟑

≥
(𝒂+ 𝒃 + 𝒄)𝟒

∑𝒂(𝒎𝒃 + 𝒏𝒄)
=

(𝒂 + 𝒃 + 𝒄)𝟒

(𝒎 + 𝒏)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥ 

≥
(𝒂 + 𝒃 + 𝒄)𝟒

(𝒎 + 𝒏)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
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Solution 2 by Tapas Das-India 

∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

=∑
𝒂
𝟒
𝟑

√𝒎𝒂𝒃 + 𝒏𝒂𝒄
𝟑

𝒄𝒚𝒄

≥
(∑𝒂)

𝟒
𝟑

[∑(𝒎𝒂𝒃 + 𝒏𝒂𝒄)]
𝟏
𝟑

=
(∑𝒂)

𝟒
𝟑

[(𝒎 + 𝒏)(∑𝒂𝒃)]
𝟏
𝟑

 

Hence,  

(∑
𝒂

√𝒎𝒃 + 𝒏𝒄
𝟑

𝒄𝒚𝒄

)

𝟑

≥
(𝒂+ 𝒃 + 𝒄)𝟒

∑𝒂(𝒎𝒃 + 𝒏𝒄)
=

(𝒂 + 𝒃 + 𝒄)𝟒

(𝒎 + 𝒏)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥ 

≥
(𝒂 + 𝒃 + 𝒄)𝟒

(𝒎 + 𝒏)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

JP.461 If 𝒎,𝒏, 𝒑, 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 with area 𝑭 holds: 

(𝒎 + 𝒏)(𝒛 + 𝒙)

𝒑𝒚
𝒂𝟐𝒃𝟐 +

(𝒑 +𝒎)(𝒚 + 𝒛)

𝒎𝒛
𝒃𝟐𝒄𝟐 +

(𝒏 + 𝒑)(𝒙 + 𝒚)

𝒏𝒙
𝒄𝟐𝒂𝟐 ≥ 𝟔𝟒𝑭𝟐 

Proposed by D.M. Bătineţu-Giurgiu-Romania 
Solution 1 by proposer 

∑
(𝒎+ 𝒏)(𝒛 + 𝒙)

𝒑𝒚
𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥ 𝟒∑
√𝒎𝒏𝒛𝒙

𝒑𝒚
𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥ 

≥ 𝟒 ⋅ 𝟑 ⋅ √∏
√𝒎𝒏𝒛𝒙

𝒑𝒚
𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

𝟑
= 𝟒 ⋅ 𝟑√𝒂𝟒𝒃𝟒𝒄𝟒

𝟑
=
𝟒

𝟑
(𝟑√𝒂𝟐𝒃𝟐𝒄𝟐

𝟑
) ≥
𝑪𝒂𝒓𝒍𝒊𝒕𝒛

 

≥
𝟒 ⋅ 𝟏𝟔 ⋅ 𝟑

𝟑
𝑭𝟐 = 𝟔𝟒𝑭𝟐 

Solution 2 by Avishek Mitra-West Bengal-India 

∑
(𝒎+𝒏)(𝒛 + 𝒙)

𝒑𝒚
𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
∏𝟐√𝒎𝒏 ⋅ ∏𝟐√𝒛𝒙

𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛
⋅∏𝒂𝟒

𝟑

= 

= 𝟑√
𝟔𝟒𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛

𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛
∏𝒂𝟒

𝟑

= 𝟑 ⋅ 𝟒√(𝟒𝑹𝒓𝒔)𝟒
𝟑

 

Need to show: 
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𝟏𝟐√(𝟒𝑹𝒓𝒔)𝟒
𝟑

≥ 𝟔𝟒𝑭𝟐 ⇒ 𝟏𝟐𝟑 ⋅ 𝟒𝟒(𝑹𝒓𝒔)𝟒 ≥ 𝟒𝟗(𝒓𝒔)𝟔 ⇒ 𝟐𝟕𝑹𝟒 ≥ 𝟏𝟔𝒓𝟐𝒔𝟐 which is true 

from 𝑹 ≥ 𝟐𝒓; (𝑬𝒖𝒍𝒆𝒓) and 𝟑√𝟑𝑹 ≥ 𝟐𝒔; (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

Solution 3 by Tapas Das-India 

(𝒎 + 𝒏)(𝒛 + 𝒙) ≥
𝑨𝑮𝑴

𝟐√𝒎𝒏 ⋅ 𝟐√𝒛𝒙 = 𝟒√𝒎𝒏 ⋅ 𝒛𝒙 

(𝒑 +𝒎)(𝒚 + 𝒛) ≥ 𝟒√𝒑𝒎 ⋅ 𝒚𝒛 

(𝒏 + 𝒑)(𝒙 + 𝒚) ≥ 𝟒√𝒏𝒑 ⋅ 𝒙𝒚 

∑
(𝒎+𝒏)(𝒛 + 𝒙)

𝒑𝒚
𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
∏𝟐√𝒎𝒏 ⋅ ∏𝟐√𝒛𝒙

𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛
⋅∏𝒂𝟒

𝟑

= 

= 𝟑√
𝟔𝟒𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛

𝒎𝒏𝒑 ⋅ 𝒙𝒚𝒛
∏𝒂𝟒

𝟑

= 𝟑 ⋅ 𝟒√(𝟒𝑹𝒓𝒔)𝟒
𝟑

= 𝟏𝟐√(𝟒𝑹𝒓𝒔)𝟒
𝟑

≥
𝑪𝒂𝒓𝒍𝒊𝒕𝒛

 

≥ 𝟏𝟐 (
𝟒𝑭

√𝟑
)

𝟑
𝟐
⋅
𝟒
𝟑
= 𝟏𝟐 ⋅

𝟏𝟔𝑭𝟐

𝟑
= 𝟔𝟒𝑭𝟐 

 

JP.462 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝟏

𝒉𝒂𝒉𝒃
+

𝟏

𝒉𝒃𝒉𝒄
+

𝟏

𝒉𝒄𝒉𝒂
) (

𝟏

(𝒂 + 𝒃)𝟐
+

𝟏

(𝒃 + 𝒄)𝟐
+

𝟏

(𝒄 + 𝒂)𝟐
) ≥

𝟗

𝟏𝟔𝑭𝟐
 

Proposed by D.M. Bătineţu-Giurgiu-Romania 
Solution 1 by proposer 

(∑
𝟏

𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

)(∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

) = (∑
𝒂𝒃

𝒂𝒉𝒂𝒃𝒉𝒃
𝒄𝒚𝒄

)∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

= 

=
𝟏

𝟒𝑭𝟐
(∑𝒂𝒃

𝒄𝒚𝒄

)(∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

) ≥
𝑱𝒊 𝑪𝒉𝒆𝒏 𝟏

𝟒𝑭𝟐
⋅
𝟗

𝟒
=

𝟗

𝟏𝟔𝑭𝟐
 

Equality holds iff 𝚫𝑨𝑩𝑪 is equilateral. 

Solution 2 by Alex Szoros-Romania 

𝒂𝒉𝒂 = 𝟐𝑭 ⇒
𝟏

𝒉𝒂
=
𝒂

𝟐𝑭
⇒

𝟏

𝒉𝒂𝒉𝒃
=
𝒂𝒃

𝟒𝑭𝟐
⇒∑

𝟏

𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

=
∑𝒂𝒃

𝟒𝑭𝟐
; (𝟏) 
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∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

≥
𝟗

𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
; (𝑰𝒓𝒂𝒏 𝟏𝟗𝟗𝟔) (𝟐) 

From (1) and (2) it follows that: 

(∑
𝟏

𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

)(∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

) ≥
𝟗∑𝒂𝒃

𝟏𝟔𝑭𝟐 ⋅ ∑ 𝒂𝒃
=

𝟗

𝟏𝟔𝑭𝟐
 

Note by Editor: 

Lemma. (Iran Inequality 1996) If 𝒂, 𝒃, 𝒄 > 0 then holds: 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) (
𝟏

(𝒃 + 𝒄)𝟐
+

𝟏

(𝒄 + 𝒂)𝟐
+

𝟏

(𝒂 + 𝒃)𝟐
) ≥

𝟗

𝟒
 

Proof. 

The appearance of ∑
𝟏

(𝒃+𝒄)𝟐𝒄𝒚𝒄  suggests the Cauchy Schwartz inequality (since it is the sum 

of squares). Let us the above idea to attack this inequality. By the Cauchy Schwartz 

inequality, we have 

[∑(𝒎𝒂 + 𝒏𝒃 + 𝒏𝒄)𝟐

𝒄𝒚𝒄

] [∑
𝟏

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

] ≥ (∑
𝒎𝒂 + 𝒏𝒃 + 𝒏𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

)

𝟐

 

The equality holds if and only if  

𝒎𝒂+ 𝒏𝒃 + 𝒏𝒄

𝟏
𝒃 + 𝒄

=
𝒎𝒃 + 𝒏𝒄 + 𝒏𝒂

𝟏
𝒄 + 𝒂

=
𝒎𝒄 + 𝒏𝒂 + 𝒏𝒃

𝟏
𝒂 + 𝒃

 

We notice that the original inequality has an equality case for 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎, hence the 

above solution must be satisfied at this point, that is 

𝒎+ 𝒏

𝟏
=
𝒎+𝒏

𝟏
=
𝟐𝒏

𝟏
𝟐

⇔ 𝒎 = 𝟑𝒏 ⇒ 𝒎 = 𝟑,𝒏 = 𝟏 

And now, we have the solution as follows: 

By the Cauchy Schwartz inequality, we have 
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(𝟏𝟏∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟏𝟒∑𝒂𝒃

𝒄𝒚𝒄

) [∑
𝟏

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

] = [∑(𝟑𝒂+ 𝒃 + 𝒄)𝟐

𝒄𝒚𝒄

] [∑
𝟏

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

] ≥ 

≥ (∑
𝟑𝒂+ 𝒃 + 𝒄

𝒃 + 𝒄
𝒄𝒚𝒄

)

𝟐

= 𝟗(𝟏 +∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

)

𝟐

 

It suffices to prove that 

𝟒(𝟏 +∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

)

𝟐

≥
𝟏𝟏∑𝒂𝟐 + 𝟏𝟒∑𝒂𝒃

∑𝒂𝒃
 

Due to the homogeneity, we may assume 𝒂 + 𝒃 + 𝒄 = 𝟏, setting 𝒒 = ∑𝒂𝒃, 𝒓 = 𝒂𝒃𝒄, then 

by Schur’s inequality for third degree, we obtain 𝒓 ≥ 𝐦𝐚𝐱 {𝟎,
𝟒𝒒−𝟏

𝟗
}. 

The inequality becomes  

𝟒(
𝟏 + 𝒒

𝒒 − 𝒓
− 𝟏)

𝟐

≥
𝟏𝟏 − 𝟖𝒒

𝒒
 

If 𝟏 ≥ 𝟒𝒒, then: 

𝟒 (
𝟏 + 𝒒

𝒒 − 𝒓
− 𝟐)

𝟐

−
𝟏𝟏 − 𝟖𝒒

𝒒
≥ 𝟒(

𝟏 + 𝒒

𝒒
− 𝟐)

𝟐

−
𝟏𝟏 − 𝟖𝒒

𝒒
=
(𝟒 − 𝟑𝒒)(𝟏 − 𝟒𝒒)

𝒒𝟐
≥ 𝟎 

If 𝟒𝒒 ≥ 𝟏, then: 

𝟒(
𝟏 + 𝒒

𝒒 − 𝒓
− 𝟐)

𝟐

−
𝟏𝟏 − 𝟖𝒒

𝒒
≥ 𝟒(

𝟏 + 𝒒

𝒒 −
𝟒𝒒 − 𝟏
𝟗

− 𝟐)

𝟐

−
𝟏𝟏 − 𝟖𝒒

𝒒
= 

=
(𝟏 − 𝟐𝒒)(𝟒𝒒 − 𝟏)(𝟏𝟏 − 𝟏𝟕𝒒)

𝒒(𝟓𝒒 + 𝟏)𝟐
≥ 𝟎 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 or 𝒂 = 𝒃, 𝒄 = 𝟎 and any cyclic permutations. 

 

JP.463 If in 𝚫𝑨𝑩𝑪, 𝑰 −incenter and 𝑹𝒂, 𝑹𝒃, 𝑹𝒄 circumradius of 

𝚫𝑰𝑩𝑪, 𝚫𝑰𝑪𝑨, 𝚫𝑰𝑨𝑩, then:  
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𝑹𝒃
𝟑𝑹𝒄

𝟑

𝑹𝒂𝒉𝒂
𝟐
+
𝑹𝒄
𝟑𝑹𝒂

𝟑

𝑹𝒃𝒉𝒃
𝟐 +

𝑹𝒂
𝟑𝑹𝒃

𝟑

𝑹𝒄𝒉𝒄
𝟐
≥
𝟖𝑹𝟐𝒓

𝟑
 

Proposed by D.M. Bătineţu-Giurgiu-Romania 
Solution by Daniel Sitaru-Romania 

 
𝑹𝒃
𝟑𝑹𝒄

𝟑

𝑹𝒂𝒉𝒂𝟐
+
𝑹𝒄
𝟑𝑹𝒂

𝟑

𝑹𝒃𝒉𝒃
𝟐 +

𝑹𝒂
𝟑𝑹𝒃

𝟑

𝑹𝒄𝒉𝒄𝟐
=∑

𝑹𝒃
𝟑𝑹𝒄

𝟑

𝑹𝒂 ∙
𝟒𝑭𝟐

𝒂𝟐
𝒄𝒚𝒄

=
𝟏

𝟒𝑭𝟐
∑

𝒂𝟐𝑹𝒃
𝟑𝑹𝒄

𝟑

𝑹𝒂
𝒄𝒚𝒄

= 

 

=
𝟏

𝟒𝑭𝟐
∑

𝟒𝑹𝟐𝒔𝒊𝒏𝟐𝑨 ∙ (𝟐𝑹𝒔𝒊𝒏
𝑩
𝟐)

𝟑

∙ (𝟐𝑹𝒔𝒊𝒏
𝑪
𝟐)

𝟑

𝟐𝑹𝒔𝒊𝒏
𝑨
𝟐𝒄𝒚𝒄

= 

 

=
𝟏

𝟒𝑭𝟐
∙ (𝟐𝑹)𝟕 ∙ 𝟒∑𝒔𝒊𝒏

𝑨

𝟐
𝒄𝒐𝒔𝟐

𝑨

𝟐
𝒔𝒊𝒏𝟑

𝑩

𝟐
𝒔𝒊𝒏𝟑

𝑪

𝟐
𝒄𝒚𝒄

= 

 

=
𝟑𝟐𝑹𝟕

𝑭𝟐
∙ 𝟒𝒔𝒊𝒏

𝑨

𝟐
𝒔𝒊𝒏

𝑩

𝟐
𝒔𝒊𝒏

𝑪

𝟐
∑𝒄𝒐𝒔𝟐

𝑨

𝟐
𝒔𝒊𝒏𝟐

𝑩

𝟐
𝒔𝒊𝒏𝟐

𝑪

𝟐
𝒄𝒚𝒄

= 

 

=
𝟑𝟐𝑹𝟕

𝑭𝟐
∙
𝟒𝒓

𝟒𝑹
∑

𝒔(𝒔 − 𝒂)(𝒔 − 𝒂)(𝒔 − 𝒄)(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝟐𝒃𝟐𝒄𝟐
𝒄𝒚𝒄

= 

 

=
𝟖𝑹𝟔𝒓

𝑭𝟐
∙

𝟒

𝟏𝟔𝑹𝟐𝑭𝟐
∙ 𝑭𝟐∑(𝒔 − 𝒂)𝟐

𝒄𝒚𝒄

=
𝟒𝑹𝟒𝒓

𝟐𝑭𝟐
(𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) ≥ 

 

≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵 𝟐𝑹𝟒𝒓

𝑭𝒓𝒔
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) =

𝟐𝑹𝟒

𝑭𝒔
(𝟖𝑹𝒓 − 𝟕𝒓𝟐) = 

 

=
𝟐𝑹𝟒𝒓(𝟖𝑹 − 𝟕𝒓)

𝒓𝒔𝟐
=
𝟐𝑹𝟒(𝟖𝑹 − 𝟕𝒓)

𝒔𝟐
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟐𝑹𝟒(𝟖𝑹 − 𝟕𝒓)

𝟐𝟕𝑹𝟐

𝟒

= 

 

=
𝟖𝑹𝟐(𝟖𝑹 − 𝟕𝒓)

𝟐𝟕
≥⏞

𝑬𝑼𝑳𝑬𝑹 𝟖𝑹𝟐(𝟖 ∙ 𝟐𝒓 − 𝟕𝒓)

𝟐𝟕
=
𝟖𝑹𝟐𝒓

𝟑
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 
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JP.464 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝟐𝐜𝐨𝐬𝟔
𝑨
𝟐
+ 𝐜𝐨𝐬𝟔

𝑩
𝟐𝒄𝒚𝒄

≤
𝟖𝑹

𝟗𝒓
 

Proposed by Marian Ursărescu-Romania 
Solution by proposer 

𝟐𝐜𝐨𝐬𝟔
𝑨

𝟐
+ 𝐜𝐨𝐬𝟔

𝑩

𝟐
= 𝐜𝐨𝐬𝟔

𝑨

𝟐
+ 𝐜𝐨𝐬𝟔

𝑨

𝟐
+ 𝐜𝐨𝐬𝟔

𝑩

𝟐
≥ 𝟑𝐜𝐨𝐬𝟒

𝑨

𝟐
𝐜𝐨𝐬𝟐

𝑩

𝟐
 

𝐜𝐨𝐬𝟐
𝑨
𝟐

𝟐𝐜𝐨𝐬𝟔
𝑨
𝟐 + 𝐜𝐨𝐬

𝟔𝑩
𝟐

≤
𝟏

𝟑𝐜𝐨𝐬𝟐
𝑨
𝟐 𝐜𝐨𝐬

𝟐 𝑩
𝟐

 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝟐𝐜𝐨𝐬𝟔
𝑨
𝟐 + 𝐜𝐨𝐬

𝟔𝑩
𝟐𝒄𝒚𝒄

≤
𝟏

𝟑
∑

𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐 𝐜𝐨𝐬

𝟐𝑩
𝟐𝒄𝒚𝒄

 

𝐁𝐮𝐭 ∑
𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐 𝐜𝐨𝐬

𝟐𝑩
𝟐𝒄𝒚𝒄

=
𝟖𝑹(𝟒𝑹+ 𝒓)

𝒔𝟐
; (𝟐) 

Note by editor: 

∑
𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐 𝐜𝐨𝐬

𝟐 𝑩
𝟐𝒄𝒚𝒄

=∑
𝟏

𝒔(𝒔 − 𝒂)
𝒃𝒄

∙
𝒔(𝒔 − 𝒃)
𝒄𝒂𝒄𝒚𝒄

=
𝟏

𝒔𝟐
∑

𝒂𝒃𝒄𝟐

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

= 

=
𝒂𝒃𝒄

𝒔𝟐
∑

𝒄

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

=
𝟒𝑹𝑭

𝒔 ∙ 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
∑𝒄(𝒔 − 𝒄)

𝒄𝒚𝒄

= 

=
𝟒𝑹𝑭

𝒔 ∙ 𝑭𝟐
(𝒔∑𝒄

𝒄𝒚𝒄

−∑𝒄𝟐

𝒄𝒚𝒄

) =
𝟒𝑹

𝒔𝑭
(𝟐𝒔𝟐 − 𝟐𝒔𝟐 + 𝟐𝒓𝟐 + 𝟖𝑹𝒓) = 

=
𝟒𝑹

𝒔 ∙ 𝒔𝒓
∙ 𝟐𝒓(𝟒𝑹+ 𝒓) =

𝟖𝑹(𝟒𝑹+ 𝒓)

𝒔𝟐
 

From (1) and (2) we get: 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝟐𝐜𝐨𝐬𝟔
𝑨
𝟐 + 𝐜𝐨𝐬

𝟔𝑩
𝟐𝒄𝒚𝒄

≤
𝟖𝑹(𝟒𝑹+ 𝒓)

𝟑𝒔𝟐
; (𝟑) 

But 𝒔𝟐 ≥ 𝟑𝒓(𝟒𝑹+ 𝒓); (𝟒) (Doucet) 
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Note by editor: 

𝒔𝟐 ≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 = 𝟏𝟐𝑹𝒓 + 𝟒𝑹𝒓 − 𝟓𝒓𝟐 ≥⏞
𝑬𝑼𝑳𝑬𝑹

 

≥ 𝟏𝟐𝑹𝒓 + 𝟒 ∙ 𝟐𝒓 −  𝟓𝒓𝟐 = 𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐 

From (3) and (4), it follows that: 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝟐𝐜𝐨𝐬𝟔
𝑨
𝟐 + 𝐜𝐨𝐬

𝟔𝑩
𝟐𝒄𝒚𝒄

≤
𝟖𝑹(𝟒𝑹 + 𝒓)

𝟗𝒓(𝟒𝑹 + 𝒓)
=
𝟖

𝟗
⋅
𝑹

𝒓
 

JP.465 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐

𝒄𝒚𝒄

+ 𝟖∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥ 𝟑𝟖𝟖𝟖𝒓𝟒 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐 + 𝟒𝒂𝟐𝒄𝟐 + 𝟒𝒃𝟐𝒄𝟐 = (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐 + 𝟒𝒃𝟐𝒂𝟐 + 𝟒𝒄𝟐𝒂𝟐 = (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 

(𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐)𝟐 + 𝟒𝒄𝟐𝒃𝟐 + 𝟒𝒂𝟐𝒃𝟐 = (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 

Hence, we get: 

∑(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐

𝒄𝒚𝒄

+ 𝟖∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

= 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 ≥ 𝟑 ⋅ (𝟒√𝟑𝑭)
𝟐
= 

= 𝟑 ⋅ 𝟏𝟔 ⋅ 𝟑𝑭𝟐 = 𝟗 ⋅ 𝟏𝟔𝒓𝟐𝒔𝟐 = 𝟏𝟒𝟒𝒓𝟐𝒔𝟐 ≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟏𝟒𝟒𝒓𝟐(𝟑√𝟑𝒓)
𝟐
= 

= 𝟏𝟒𝟒𝒓𝟐 ⋅ (𝟑√𝟑𝒓)
𝟐
= 𝟏𝟒𝟒𝒓𝟐 ⋅ 𝟐𝟕𝒓𝟐 = 𝟑𝟖𝟖𝟖𝒓𝟒 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑(𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐)
𝟐

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=∑𝒂𝟒

𝐜𝐲𝐜

+∑(𝐛𝟐 − 𝐜𝟐)
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐(𝐛𝟐 − 𝐜𝟐)

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=∑𝒂𝟒

𝐜𝐲𝐜

+∑(𝐛𝟒 + 𝐜𝟒 − 𝟐𝐛𝟐𝐜𝟐)

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟐∑𝒂𝟐𝐜𝟐

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜
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=∑𝒂𝟒

𝐜𝐲𝐜

+∑𝐛𝟒

𝐜𝐲𝐜

+∑𝐜𝟒

𝐜𝐲𝐜

− 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝟑(∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)

= 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
𝐈𝐨𝐧𝐞𝐬𝐜𝐮−𝐖𝐞𝐢𝐭𝐳𝐞𝐧𝐛𝐨𝐜𝐤

𝟑(𝟒√𝟑𝐫𝐬)
𝟐

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑(𝟒√𝟑𝐫. 𝟑√𝟑𝐫)
𝟐

= 𝟑𝟖𝟖𝟖𝐫𝟒 (𝐐𝐄𝐃) 

Solution 3 by Tapas Das-India 

(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐 = 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝟐𝒂𝟐𝒃𝟐 − 𝟐𝒃𝟐𝒄𝟐 − 𝟐𝒄𝟐𝒂𝟐 

(𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐)𝟐 = 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 − 𝟐𝒂𝟐𝒃𝟐 + 𝟐𝒃𝟐𝒄𝟐 − 𝟐𝒄𝟐𝒂𝟐 

(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 = 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 − 𝟐𝒂𝟐𝒃𝟐 − 𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒄𝟐𝒂𝟐 

∑(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐

𝒄𝒚𝒄

= 𝟑∑𝒂𝟒

𝒄𝒚𝒄

− 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

 

∑(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐

𝒄𝒚𝒄

+ 𝟖∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

= 𝟑∑𝒂𝟒

𝒄𝒚𝒄

+ 𝟔∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

= 

= 𝟑[∑𝒂𝟒

𝒄𝒚𝒄

+ 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

] = 𝟑(∑𝒂𝟐

𝒄𝒚𝒄

)

𝟐

 

Now, we have: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟑
≥
𝒂 + 𝒃 + 𝒄

𝟑
⋅
𝒂 + 𝒃 + 𝒄

𝟑
=
𝟒𝒔𝟐

𝟗
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥
𝟒

𝟑
𝒔𝟐 =

𝟒

𝟑
(𝟑√𝟑𝒓)

𝟐
≥ 𝟑𝟔𝒓𝟐 

∑(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝟐

𝒄𝒚𝒄

+ 𝟖∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≥ 𝟑(𝟑𝟔𝒓𝟐)𝟐 = 𝟑 ⋅ 𝟏𝟐𝟗𝟔𝒓𝟒 = 𝟑𝟖𝟖𝟖𝒓𝟒 

 

PROBLEMS FOR SENIORS 

SP.451 If 𝑨𝑩𝑪𝑫 is a convex quadrilateral such that 𝑨𝑪 ∩ 𝑩𝑫 = {𝑶}, 𝑨𝑬 =

𝑬𝑪, 𝑩𝑭 = 𝑭𝑫 with order 𝑨 − 𝑶 − 𝑬 − 𝑪 respectively 𝑩 − 𝑭 − 𝑶 −𝑫, 
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𝑬𝑭 ∩ 𝑨𝑩 = {𝑱}, 𝑬𝑭 ∩ 𝑪𝑫 = {𝑲}, 𝑪𝑱 ∩ 𝑩𝑲 = {𝑳} and 𝑴 the point of 𝑲𝑱, then 

prove that 𝑶,𝑴 and 𝑳 are collinear. 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution by proposers 

We consider 𝑶 the origin and we compute the vectors of 𝑬, 𝑭, 𝑪,𝑩, 𝑨, 𝑫, 𝑱,𝑲,𝑴 and  

𝑳; 𝑬 → �⃗� , 𝑭 → �⃗� , 𝑪 → 𝒄�⃗� , 𝑩 → 𝒃�⃗� , (𝒄, 𝒃 > 𝟏) 

𝑨 → (𝟐 − 𝒄)�⃗� ,𝑫 → (𝟐 − 𝒃)�⃗� . 

Since 𝑱 ∈ (𝑨𝑩) ⇒ ∃𝜶,𝜷 ∈ ℝ such that 𝜶(𝟐 − 𝒄)�⃗� + (𝟏 − 𝜶)𝒃�⃗� = 𝜷�⃗� + (𝟏 − 𝜷)�⃗�  

𝜶 =
𝒃 − 𝟏

𝒃 + 𝒄 − 𝟐
⇒ (𝒃 + 𝒄 − 𝟐)𝒋 = (𝟐 − 𝒄)(𝒃 − 𝟏)�⃗� + 𝒃(𝒄 − 𝟏)�⃗�  

Analogous, the vector of 𝑲 verify (𝒃 + 𝒄 − 𝟐)�⃗⃗� = (𝟐 − 𝒃)(𝒄 − 𝟏)�⃗� + 𝒄(𝒃 − 𝟏)�⃗�  

Since 𝑴 is the midpoint of 𝑲𝑱, we have 

�⃗⃗⃗� =
𝟏

𝒃 + 𝒄 − 𝟐
[(𝒃 − 𝟏)�⃗� + (𝒄 − 𝟏)�⃗� ];   (∗) 

Since 𝑳 ∈ (𝑪𝑱), 𝑳 ∈ (𝑩𝑲) ⇒ ∃𝝀,𝝁 ∈ ℝ such that 

𝝀(𝒃 + 𝒄 − 𝟐)𝒃�⃗� + (𝟏 − 𝝀)(𝟐 − 𝒃)(𝒄 − 𝟏)�⃗� + 𝒄(𝟏 − 𝝀)(𝒃 − 𝟏)�⃗� = 

= 𝝁(𝒃 + 𝒄 − 𝟐)𝒄�⃗� + (𝟏 − 𝝁)(𝟐 − 𝒄)(𝒃 − 𝟏)�⃗� + 𝒃(𝟏 − 𝝁)(𝒄 − 𝟏)�⃗�  

Therefore, 𝝀 =
𝒄−𝟏

𝒃+𝒄−𝟏
. So, the vector of 𝑳 is  

𝒍 =
𝒃𝒄

𝒃 + 𝒄 − 𝟏
[(𝒃 − 𝟏)�⃗� + (𝒄 − 𝟏)�⃗� ];   (∗∗) 

From (∗) and (∗∗) we obtain that 𝑶,𝑴 and 𝑳 are collinear. 

SP.452 If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
) (𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟐𝟓𝟔 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝟏 + 𝒂 = 𝟏 +
𝒂

𝟑
+
𝒂

𝟑
+
𝒂

𝟑
≥
𝑨𝑮𝑴

𝟒√
𝒂𝟑

𝟐𝟕

𝟒
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𝒂 + 𝒃 = 𝒂 +
𝒃

𝟑
+
𝒃

𝟑
+
𝒃

𝟑
≥
𝑨𝑮𝑴

𝟒√
𝒃𝟑𝒂

𝟐𝟕

𝟒

 

𝒃 + 𝒄 = 𝒃 +
𝒄

𝟑
+
𝒄

𝟑
+
𝒄

𝟑
≥
𝑨𝑮𝑴

𝟒√
𝒄𝟑𝒃

𝟐𝟕

𝟒

 

𝒄 + 𝟖𝟏 = 𝒄 + 𝟐𝟕 + 𝟐𝟕 + 𝟐𝟕 ≥
𝑨𝑮𝑴

𝟒√𝒄 ⋅ 𝟐𝟕𝟑
𝟒

 

Hence: 

(𝟏 + 𝒂)(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝟖𝟏) ≥ 𝟒𝟒 ⋅ √
𝒂𝟑

𝟐𝟕
⋅
𝒃𝟑𝒂

𝟐𝟕
⋅
𝒄𝟑𝒃

𝟐𝟕
⋅ 𝒄 ⋅ 𝟐𝟕𝟑

𝟒

 

(𝟏 + 𝒂)(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝟖𝟏)

𝒂𝒃𝒄
≥
𝟐𝟓𝟔

𝒂𝒃𝒄
⋅ √𝒂𝟒𝒃𝟒𝒄𝟒
𝟒

 

(𝟏 + 𝒂) ⋅
𝒂 + 𝒃

𝒂
⋅
𝒃 + 𝒄

𝒃
⋅
𝒄 + 𝟖𝟏

𝒄
≥
𝟐𝟓𝟔

𝒂𝒃𝒄
⋅ 𝒂𝒃𝒄 

Therefore, 

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
)(𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟐𝟓𝟔 

Equality holds for 𝒂 = 𝟑, 𝒃 = 𝟗, 𝒄 = 𝟐𝟕. 

Solution 2 by Ertan Yildirim-Izmir-Turkiye 

√(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
) (𝟏 +

𝟖𝟏

𝒄
)

𝟒

≥ 𝟏 + √𝒂 ∙
𝒃

𝒂
∙
𝒄

𝒃
∙
𝟖𝟏

𝒄

𝟒

= 𝟒 

Hence,  

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
) (𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟒𝟒 

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
)(𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟐𝟓𝟔 

(
𝒃

𝒂
= 𝒂 𝒂𝒏𝒅 

𝟖𝟏

𝒄
=
𝒄

𝒃
 𝒂𝒏𝒅 √𝒃 =

𝟗

√𝒃
) ⇒ (𝒃 = 𝟗, 𝒄 = 𝟐𝟕, 𝒂 = 𝟑) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(𝟏 + 𝒂)(𝟏 +
𝐛

𝒂
) = 𝟏 +

𝐛

𝒂
+ 𝒂 + 𝐛 ≥

𝐀−𝐆
𝟏 + 𝐛 + 𝟐.√

𝐛

𝒂
. 𝒂 = 𝟏 + 𝐛 + 𝟐√𝐛 = (𝟏 + √𝐛)

𝟐

⇒ √(𝟏 + 𝒂)(𝟏 +
𝐛

𝒂
) ≥
(𝐢)

𝟏 + √𝐛  
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𝐀𝐠𝒂𝐢𝐧, (𝟏 +
𝐜

𝐛
) (𝟏 +

𝟖𝟏

𝐜
) = 𝟏 +

𝟖𝟏

𝐜
+
𝐜

𝐛
+
𝟖𝟏

𝐛
≥
𝐀−𝐆

𝟏 +
𝟖𝟏

𝐛
+ 𝟐.√

𝟖𝟏

𝐜
.
𝐜

𝐛
= 𝟏 +

𝟖𝟏

𝐛
+
𝟏𝟖

√𝐛

= (𝟏 +
𝟗

√𝐛
)
𝟐

⇒ √(𝟏 +
𝐜

𝐛
) (𝟏 +

𝟖𝟏

𝐜
) ≥
(𝐢𝐢)

𝟏 +
𝟗

√𝐛
 

∴ (𝐢). (𝐢𝐢) ⇒ √(𝟏 + 𝒂)(𝟏 +
𝐛

𝒂
) (𝟏 +

𝐜

𝐛
) (𝟏 +

𝟖𝟏

𝐜
) ≥ (𝟏 + √𝐛) (𝟏 +

𝟗

√𝐛
)

= 𝟏𝟎 + √𝐛 +
𝟗

√𝐛
≥
𝐀−𝐆

𝟏𝟎 + 𝟐.√√𝐛.
𝟗

√𝐛
= 𝟏𝟔 

⇒ (𝟏 + 𝒂)(𝟏 +
𝐛

𝒂
)(𝟏 +

𝐜

𝐛
) (𝟏 +

𝟖𝟏

𝐜
) ≥ 𝟐𝟓𝟔 ∀ 𝒂,𝐛, 𝐜

> 𝟎, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 (
𝐛

𝒂
= 𝒂 𝒂𝐧𝐝 

𝟖𝟏

𝐜
=
𝐜

𝐛
 𝒂𝐧𝐝 √𝐛 =

𝟗

√𝐛
)

⇒ 𝐢𝐟𝐟 (𝐛 = 𝟗, 𝐜 = 𝟐𝟕,𝒂 = 𝟑) (𝐐𝐄𝐃) 

Solution 4 by Tapas Das-India 

√(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
) (𝟏 +

𝟖𝟏

𝒄
)

𝟒

≥ √𝟏 ∙ 𝟏 ∙ 𝟏 ∙ 𝟏
𝟒

+ √𝒂 ∙
𝒃

𝒂
∙
𝒄

𝒃
∙
𝟖𝟏

𝒄

𝟒

= 

= 𝟏 + √𝟖𝟏
𝟒

= 𝟒 

Hence,  

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
) (𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟒𝟒 

(𝟏 + 𝒂) (𝟏 +
𝒃

𝒂
) (𝟏 +

𝒄

𝒃
)(𝟏 +

𝟖𝟏

𝒄
) ≥ 𝟐𝟓𝟔 

Equality occurs when:  𝒂 =
𝒂

𝒃
=

𝒄

𝒃
=

𝟖𝟏

𝒄
= 𝒌 

𝒂 = 𝒌,𝒃 = 𝒂𝒌 = 𝒌𝟐, 𝒄 = 𝒃𝒌 = 𝒌𝟑, 𝟖𝟏 = 𝒄𝒌 = 𝒌𝟒 ⇒ 𝒌 = 𝟑 

𝒂 = 𝟑, 𝒃 = 𝟗, 𝒄 = 𝟐𝟕 

SP.453 Let 𝜺𝒊, 𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅ be roots of equation 𝒛𝒏+𝟏 = 𝟏, 𝜺𝒊 ≠ 𝟏,∀𝒊 = 𝟏,𝒏̅̅ ̅̅ ̅ 

Solve for natural numbers: 

𝒏𝟐 +∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

+
𝟑

𝟐
= 𝟎,𝒏 ∈ ℕ∗ 

Proposed by Florică Anastase-Romania 
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Solution 1 by proposer 

𝑺𝒏 = ∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= ∑
𝟑(𝜺𝒌 − 𝟏) + 𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= −𝟑𝒏 +∑
𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

 

Let be 𝜺𝒌 = 𝐜𝐨𝐬
𝟐𝒌𝝅

𝒏+𝟏
+ 𝒊 𝐬𝐢𝐧

𝟐𝒌𝝅

𝒏+𝟏
, 𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅, then 

𝑺𝒏 = −𝟑𝒏 +∑
𝟏

𝟏 − 𝐜𝐨𝐬
𝟐𝒌𝝅
𝒏 + 𝟏 − 𝒊 𝐬𝐢𝐧

𝟐𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

= 

= −𝟑𝒏 +∑
𝟏

𝟐𝐬𝐢𝐧𝟐
𝒌𝝅
𝒏 + 𝟏 − 𝟐𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏𝐜𝐨𝐬

𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

= 

= −𝟑𝒏 +∑
𝟏

−𝟐𝒊𝐬𝐢𝐧 (𝐜𝐨𝐬
𝒌𝝅
𝒏 + 𝟏 + 𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏)

𝒏

𝒌=𝟏

= −𝟑𝒏 +∑
𝒊(𝐜𝐨𝐬

𝒌𝝅
𝒏 + 𝟏 − 𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏)

𝟐 𝐬𝐢𝐧
𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

= 

= −𝟑𝒏 +
𝒏

𝟐
+
𝒊

𝟐
∑𝐜𝐨𝐭

𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= −
𝟓

𝟐
𝒏 +

𝟏

𝟐
𝒊∑𝐜𝐨𝐭

𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= −
𝟓𝒏

𝟐
 

𝐁𝐞𝐜𝐚𝐮𝐬𝐞 ∑𝐜𝐨𝐭
𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= 𝟎;∀𝒏 ∈ ℕ. 

So, we have: 

𝒏𝟐 +∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

+
𝟑

𝟐
= 𝟎 ⇔ 𝒏𝟐 −

𝟓

𝟐
𝒏 +

𝟑

𝟐
= 𝟎 ⇔ 𝟐𝒏𝟐 − 𝟓𝒏 + 𝟑 = 𝟎 

⇔ (𝟐𝒏 − 𝟑)(𝒏 − 𝟏) = 𝟎 ⇔ 𝒏 = 𝟏. 

Solution 2 by Adrian Popa-Romania 

𝜺𝒊 −roots of the equation 𝒛𝒏+𝟏 = 𝟏 

𝒛𝒏+𝟏 − 𝟏 = 𝟎 ⇒ (𝒛 − 𝟏)(𝒛𝒏 + 𝒛𝒏−𝟏 +⋯+ 𝒛 + 𝟏) = 𝟎 

𝒛 ≠ 𝟎 ⇒ 𝒛𝒏 + 𝒛𝒏−𝟏 +⋯+ 𝒛 + 𝟏 = 𝟎 

Let 𝒇(𝒛) = 𝒛𝒏 + 𝒛𝒏−𝟏 +⋯+ 𝒛 + 𝟏 = (𝒛 − 𝜺𝟏)(𝒛 − 𝜺𝟐) ⋅ … ⋅ (𝒛 − 𝜺𝒏) 

𝒇′(𝒛)

𝒇(𝒛)
=

𝟏

𝒛 − 𝜺𝟏
+

𝟏

𝒛 − 𝜺𝟐
+⋯+

𝟏

𝒛 − 𝜺𝒏
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𝒇(𝟏) = 𝒏 + 𝟏 

𝒇′(𝒛) = 𝒏𝒛𝒏−𝟏 + (𝒏 − 𝟏)𝒛𝒏−𝟐 +⋯+ 𝟐𝒛 + 𝟏 

𝒇′(𝟏) = 𝒏 + (𝒏 − 𝟏) + ⋯+ 𝟐 + 𝟏 =
𝒏(𝒏 + 𝟏)

𝟐
 

So, 

𝒇′(𝟏)

𝒇(𝟏)
=
𝒏

𝟐
 

Hence 

𝑺𝒏 =∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

=∑
𝟑(𝜺𝒌 − 𝟏) + 𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= −𝟑𝒏 +∑
𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= −
𝟓

𝟐
𝒏 

Therefore, 

𝒏𝟐 +∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

+
𝟑

𝟐
= 𝟎 ⇔ 𝒏𝟐 −

𝟓

𝟐
𝒏 +

𝟑

𝟐
= 𝟎 ⇔ 𝟐𝒏𝟐 − 𝟓𝒏 + 𝟑 = 𝟎 

⇔ (𝟐𝒏 − 𝟑)(𝒏 − 𝟏) = 𝟎 ⇔ 𝒏 = 𝟏. 

Solution 3 by Ravi Prakash-New Delhi-India 

𝜺𝒊 −roots of the equation 𝒛𝒏+𝟏 = 𝟏 

𝒛𝒏+𝟏 − 𝟏 = (𝒛 − 𝜺𝟏)(𝒛 − 𝜺𝟐) ⋅ … ⋅ (𝒛 − 𝜺𝒏) = 𝟏 + 𝒛 + 𝒛
𝟐 +⋯+ 𝒛𝒏 

𝐥𝐨𝐠(𝒛 − 𝜺𝟏) + 𝐥𝐨𝐠(𝒛 − 𝜺𝟐) + ⋯+ 𝐥𝐨𝐠(𝒛 − 𝜺𝒏) = 𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛
𝟐 +⋯+ 𝒛𝒏) 

Differentiating w.r.t 𝒛, we get: 

𝟏

𝒛 − 𝜺𝟏
+

𝟏

𝒛 − 𝜺𝟐
+⋯+

𝟏

𝒛 − 𝜺𝒏
=
𝟏 + 𝟐𝒛 +⋯+ 𝒏𝒛𝒏−𝟏

𝟏 + 𝒛 +⋯+ 𝒛𝒏
 

Putting 𝒛 = 𝟏, we have: 

𝟏

𝟏 − 𝜺𝟏
+

𝟏

𝟏 − 𝜺𝟐
+⋯+

𝟏

𝟏 − 𝜺𝒏
=
𝒏

𝟐
⇒∑

𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

=
𝒏

𝟐
 

∑(−𝟑 +
𝟏

𝟏 − 𝜺𝒌
)

𝒏

𝒌=𝟏

= −𝟑𝒏 +
𝒏

𝟐
 

∑(
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌
)

𝒏

𝒌=𝟏

= −
𝟓

𝟐
𝒏 

Therefore, 
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𝒏𝟐 +∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

+
𝟑

𝟐
= 𝟎 ⇔ 𝒏𝟐 −

𝟓

𝟐
𝒏 +

𝟑

𝟐
= 𝟎 ⇔ 𝟐𝒏𝟐 − 𝟓𝒏 + 𝟑 = 𝟎 

⇔ (𝟐𝒏 − 𝟑)(𝒏 − 𝟏) = 𝟎 ⇔ 𝒏 = 𝟏. 

SP.454 Let (𝒛𝒌)𝒌=𝟏,𝒏−𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅ be roots of the unity by order 𝒏, 𝒛𝒌 ≠ 𝟏,  

∀𝒌 = 𝟏, 𝒏 − 𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟑.Find: 

𝛀 = ∑
𝒛𝒍𝒛𝒌

(𝟏 − 𝒛𝒍)(𝟏 − 𝒛𝒌)𝒍=𝟏−𝒏−𝟐
𝒌=𝟐,𝒏−𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅,𝒍<𝒌

+
𝒏− 𝟐

𝟑
⋅∑

𝒛𝒌
𝟏 − 𝒛𝒌

𝒏−𝟏

𝒌=𝟏

 

Proposed by Florică Anastase-Romania 
Solution by proposer 
 

𝐋𝐞𝐭 𝒖𝒑 =
𝒛𝒑

𝟏 − 𝒛𝒑
⇒ 𝒛𝒑 =

𝒖𝒑

𝟏 − 𝒖𝒑
, 𝒑 = 𝟏, 𝒏 − 𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

𝒖𝒌 −are roots of the equation (𝒖 + 𝟏)𝒏 − 𝒖𝒏 = 𝟎 ⇔ 

(
𝒏

𝟏
)𝒖𝒏−𝟏 + (

𝒏

𝟐
)𝒖𝒏−𝟐 +⋯+ 𝟏 = 𝟎 

∑
𝒛𝒌

𝟏 − 𝒛𝒌

𝒏−𝟏

𝒌=𝟏

= ∑𝒖𝒌

𝒏−𝟏

𝒌=𝟏

= −
(𝒏
𝟐
)

(𝒏
𝟏
)
= −

(𝒏
𝟐
)

𝒏
 

𝐍𝐨𝐰, 𝐥𝐞𝐭 𝒖𝒑 =
𝒛𝒑

𝟏 − 𝒛𝒑
⇒ 𝒛𝒑 =

𝒖𝒑

𝟏 − 𝒖𝒑
, 𝒑 = 𝟏, 𝒏 − 𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

𝒖𝒌 −are roots of the equation (𝒖 + 𝟏)𝒏 − 𝒖𝒏 = 𝟎 ⇔ 

(
𝒏

𝟏
)𝒖𝒏−𝟏 + (

𝒏

𝟐
)𝒖𝒏−𝟐 +⋯+ 𝟏 = 𝟎 

∑
𝒛𝒍𝒛𝒌

(𝟏 − 𝒛𝒍)(𝟏 − 𝒛𝒌)
𝒍=𝟏−𝒏−𝟐

𝒌=𝟐,𝒏−𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅,𝒍<𝒌

= ∑ 𝒖𝒍𝒖𝒌
𝒍=𝟏−𝒏−𝟐

𝒌=𝟐,𝒏−𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅,𝒍<𝒌

=
(𝒏
𝟑
)

(𝒏
𝟏
)
=
(𝒏 − 𝟏)(𝒏− 𝟐)

𝟔
 

Therefore, 

𝛀 = ∑
𝒛𝒍𝒛𝒌

(𝟏 − 𝒛𝒍)(𝟏 − 𝒛𝒌)
𝒍=𝟏−𝒏−𝟐

𝒌=𝟐,𝒏−𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅,𝒍<𝒌

+
𝒏 − 𝟐

𝟑
⋅∑

𝒛𝒌
𝟏 − 𝒛𝒌

𝒏−𝟏

𝒌=𝟏

= 𝟎 
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SP.455 Let (𝜺𝒊)𝒊=𝟏,𝒏̅̅̅̅̅ − be roots of unity by order 𝒏,𝒏 −even number. Solve 

for natural numbers: 

∑ (𝜺𝒊 − 𝜺𝒋)
𝒏

𝟏≤𝒊<𝑗≤𝑛

= 𝟑𝒏 − 𝟐,𝒏 ∈ ℕ∗ 

Proposed by Florică Anastase, Alexandru Păun -Romania 
Solution by proposers 
 

If 𝜺𝟎 = 𝟏, then 𝜺𝒌 = 𝜺
𝒌−𝟏; ∀𝒌 = 𝟐, 𝟐𝒎̅̅ ̅̅ ̅̅ ̅̅ , where 𝒏 = 𝟐𝒎. Hence, 

𝑺 = ∑ (𝜺𝒊 − 𝜺𝒋)
𝟐𝒎

𝟏≤𝒊<𝑗≤𝑛

= 

= (𝟐𝒎− 𝟏)(𝟏 − 𝜺)𝟐𝒎 + (𝟐𝒎− 𝟐)(𝟏 − 𝜺𝟐)𝟐𝒎 +⋯+ (𝟏 − 𝜺𝟐𝒎−𝟏)𝟐𝒎 

But (𝟏 − 𝜺𝒌)
𝟐𝒎
= (𝜺𝟐𝒎 − 𝜺𝒌)

𝟐𝒎
= [𝜺𝒌(𝜺𝟐𝒎−𝒌 − 𝟏)]

𝟐𝒎
= (𝟏 − 𝜺𝟐𝒎−𝒌)

𝟐𝒎
 

Hence, 

𝑺 = 𝒎[𝟒𝒎− 𝟐 − (
𝟐𝒎

𝟏
) (𝜺 + 𝜺𝟐 +⋯+ 𝜺𝟐𝒎−𝟏) +⋯+ (

𝟐𝒎

𝟐𝒎− 𝟏
)(𝜺 + 𝜺𝟐 +⋯+ 𝜺𝟐𝒎−𝟏)]

= 

= 𝒎[𝟒𝒎 − (𝟏 − (
𝟐𝒎

𝟏
) + (

𝟐𝒎

𝟐
) − (

𝟐𝒎

𝟑
) +⋯− (

𝟐𝒎

𝟐𝒎− 𝟏
) + (

𝟐𝒎

𝟐𝒎
))] = 𝟒𝒎𝟐 = 𝒏𝟐 

Therefore, 

∑ (𝜺𝒊 − 𝜺𝒋)
𝒏

𝟏≤𝒊<𝑗≤𝑛

= 𝟑𝒏 − 𝟐, 𝒏 ∈ ℕ∗ ⇔ 𝒏𝟐 = 𝟑𝒏 − 𝟐 ⇔ 𝒏 ∈ {𝟏, 𝟐} 

But 𝒏 −is even, so 𝒏 = 𝟐. 

 

SP.456 Let 𝜺𝒊, 𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅ be roots of the equation 𝒛𝒏+𝟏 = 𝟏, 𝜺𝒊 ≠ 𝟏,∀𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅.  

Solve for complex numbers: 

𝒛𝟐𝒏 +
𝟒

𝟓𝒏
∑

𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

⋅ 𝒛𝒏 + 𝟒𝒊(𝒛𝒏 − 𝟏) = 𝟎 

Proposed by Florică Anastase, Raluca Maria Caraion-Romania 
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Solution 1 by proposer 

𝑺𝒏 = ∑
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= ∑
𝟑(𝜺𝒌 − 𝟏) + 𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

= −𝟑𝒏 +∑
𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

 

Let be 𝜺𝒌 = 𝐜𝐨𝐬
𝟐𝒌𝝅

𝒏+𝟏
+ 𝒊 𝐬𝐢𝐧

𝟐𝒌𝝅

𝒏+𝟏
, 𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅, then 

𝑺𝒏 = −𝟑𝒏 +∑
𝟏

𝟏 − 𝐜𝐨𝐬
𝟐𝒌𝝅
𝒏 + 𝟏 − 𝒊 𝐬𝐢𝐧

𝟐𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

= 

= −𝟑𝒏 +∑
𝟏

𝟐𝐬𝐢𝐧𝟐
𝒌𝝅
𝒏 + 𝟏 − 𝟐𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏𝐜𝐨𝐬

𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

= 

= −𝟑𝒏 +∑
𝟏

−𝟐𝒊𝐬𝐢𝐧 (𝐜𝐨𝐬
𝒌𝝅
𝒏 + 𝟏 + 𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏)

𝒏

𝒌=𝟏

= −𝟑𝒏 +∑
𝒊(𝐜𝐨𝐬

𝒌𝝅
𝒏 + 𝟏 − 𝒊 𝐬𝐢𝐧

𝒌𝝅
𝒏 + 𝟏)

𝟐 𝐬𝐢𝐧
𝒌𝝅
𝒏 + 𝟏

𝒏

𝒌=𝟏

 

= −𝟑𝒏 +
𝒏

𝟐
+
𝒊

𝟐
∑𝐜𝐨𝐭

𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= −
𝟓

𝟐
𝒏 +

𝟏

𝟐
𝒊∑𝐜𝐨𝐭

𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= −
𝟓𝒏

𝟐
 

𝐁𝐞𝐜𝐚𝐮𝐬𝐞 ∑𝐜𝐨𝐭
𝒌𝝅

𝒏 + 𝟏

𝒏

𝒌=𝟏

= 𝟎;∀𝒏 ∈ ℕ. 

It follows that: 

𝒛𝟐𝒏 − 𝟐𝒛𝒏 = 𝟒𝒊(𝟏 − 𝒛𝒏) 

Let 𝒕 = 𝒛𝒏 ⇒ 𝒕𝟐 − 𝟐𝒕(𝟏 − 𝟐𝒊) − 𝟒𝒊 = 𝟎, then 

𝒕𝟏 = 𝟏 − (𝟐 + √𝟑)𝒊 and  𝒕𝟐 = 𝟏 − (𝟐 − √𝟑)𝒊. Thus, 

𝒛𝟏
𝒏 = 𝟏 − (𝟐 + √𝟑)𝒊 and 𝒛𝟐

𝒏 = 𝟏 − (𝟐 − √𝟑)𝒊 

Because: {
𝟐 + √𝟑 = 𝐭𝐚𝐧

𝟓𝝅

𝟏𝟐

𝟐 − √𝟑 = 𝐭𝐚𝐧
𝝅

𝟏𝟐

⇒ {
𝒛𝟏
𝒏 = 𝒓𝟏 (𝐜𝐨𝐬

𝟏𝟗𝝅

𝟏𝟐
+ 𝒊𝐬𝐢𝐧

𝟏𝟗𝝅

𝟏𝟐
)

𝒛𝟐
𝒏 = 𝒓𝟐 (𝐜𝐨𝐬

𝟏𝟏𝝅

𝟏𝟐
+ 𝒊𝐬𝐢𝐧

𝟏𝟏𝝅

𝟏𝟐
)

. 

{
  
 

  
 
𝒛𝒌𝟏 = √𝒓𝟏

𝒏 (𝐜𝐨𝐬

𝟏𝟗𝝅
𝟏𝟐 + 𝟐𝒌𝝅

𝒏
+ 𝒊 𝐬𝐢𝐧

𝟏𝟗𝝅
𝟏𝟐 + 𝟐𝒌𝝅

𝒏
)

𝒛𝒌𝟐 = √𝒓𝟐
𝒏 (𝐜𝐨𝐬

𝟏𝟏𝝅
𝟏𝟐 + 𝟐𝒌𝝅

𝒏
+ 𝒊 𝐬𝐢𝐧

𝟏𝟏𝝅
𝟏𝟐 + 𝟐𝒌𝝅

𝒏
)

;𝒌 = 𝟎, 𝒏 − 𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅̅  
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𝒓𝟏,𝟐 = 𝟐√𝟐 ∓ √𝟑 

Solution 2 by Ravi Prakash-New Delhi-India 

𝜺𝒊 −roots of the equation 𝒛𝒏+𝟏 = 𝟏 

𝒛𝒏+𝟏 − 𝟏 = (𝒛 − 𝜺𝟏)(𝒛 − 𝜺𝟐) ⋅ … ⋅ (𝒛 − 𝜺𝒏) = 𝟏 + 𝒛 + 𝒛
𝟐 +⋯+ 𝒛𝒏 

𝐥𝐨𝐠(𝒛 − 𝜺𝟏) + 𝐥𝐨𝐠(𝒛 − 𝜺𝟐) + ⋯+ 𝐥𝐨𝐠(𝒛 − 𝜺𝒏) = 𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛
𝟐 +⋯+ 𝒛𝒏) 

Differentiating w.r.t 𝒛, we get: 

𝟏

𝒛 − 𝜺𝟏
+

𝟏

𝒛 − 𝜺𝟐
+⋯+

𝟏

𝒛 − 𝜺𝒏
=
𝟏 + 𝟐𝒛 +⋯+ 𝒏𝒛𝒏−𝟏

𝟏 + 𝒛 +⋯+ 𝒛𝒏
 

Putting 𝒛 = 𝟏, we have: 

𝟏

𝟏 − 𝜺𝟏
+

𝟏

𝟏 − 𝜺𝟐
+⋯+

𝟏

𝟏 − 𝜺𝒏
=
𝒏

𝟐
⇒∑

𝟏

𝟏 − 𝜺𝒌

𝒏

𝒌=𝟏

=
𝒏

𝟐
 

∑(−𝟑 +
𝟏

𝟏 − 𝜺𝒌
)

𝒏

𝒌=𝟏

= −𝟑𝒏 +
𝒏

𝟐
 

∑(
𝟑𝜺𝒌 − 𝟐

𝟏 − 𝜺𝒌
)

𝒏

𝒌=𝟏

= −
𝟓

𝟐
𝒏 

The equation becomes  

𝒛𝟐𝒏 +
𝟒

𝟓𝒏
(−
𝟓

𝟐
𝒏) 𝒛𝒏 + 𝟒𝒊(𝒛𝒏 − 𝟏) = 𝟎 

𝒛𝟐𝒏 − 𝟐(𝟏 − 𝟐𝒊)𝒛𝒏 − 𝟒𝒊 = 𝟎 

Put 𝒛𝒏 = 𝒕, then: 

𝒕𝟐 − 𝟐(𝟏 − 𝟐𝒊)𝒕 − 𝟒𝒊 = 𝟎 

𝒕 =
𝟏

𝟐
[𝟐(𝟏 − 𝟐𝒊) ± 𝟐√(𝟏 − 𝟐𝒊)𝟐 + 𝟒𝒊] = 𝟏 − 𝟐𝒊 ± √𝟑𝒊 

𝐋𝐞𝐭 𝒕 = 𝟏 − (𝟐 − √𝟑)𝒊 ⇒ 𝒛𝒏 = 𝟏 − 𝐭𝐚𝐧 (
𝝅

𝟏𝟐
) 𝒊 =

𝟏

𝐜𝐨𝐬 (
𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (
𝝅

𝟏𝟐
)− 𝒊 𝐬𝐢𝐧 (

𝝅

𝟏𝟐
)] 

𝒛𝒏 =
𝟏

𝐜𝐨𝐬 (
𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (
𝟏𝟏𝝅

𝟏𝟐
) + 𝒊 𝐬𝐢𝐧 (

𝟏𝟏𝝅

𝟏𝟐
)] = 
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=
𝟏

𝐜𝐨𝐬 (
𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (𝟐𝒌𝝅 +
𝟏𝟏𝝅

𝟏𝟐
) + 𝒊 𝐬𝐢𝐧 (𝟐𝒌𝝅 +

𝟏𝟏𝝅

𝟏𝟐
)] ;   𝒌 ∈ ℤ 

By the DeMoivre’s theorem, the roots are: 

𝒛𝒌 =
𝟏

√𝐜𝐨𝐬 (
𝝅
𝟏𝟐)

𝒏

[𝐜𝐨𝐬 (
𝟐𝒌𝝅

𝒏
+
𝟏𝟏𝝅

𝟏𝟐𝒏
) + 𝒊 𝐬𝐢𝐧 (

𝟐𝒌𝝅

𝒏
+
𝟏𝟏𝝅

𝟏𝟐𝒏
)] ; 𝒌 = 𝟎, (𝒏 − 𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

𝒛𝒌 =
𝟏

√𝐜𝐨𝐬 (
𝝅
𝟏𝟐)

𝒏

𝒆(𝟐𝒌+
𝟏𝟏
𝟏𝟐
)
𝝅𝒊
𝒏
 ; 𝒌 = 𝟎, (𝒏 − 𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

𝐋𝐞𝐭 𝒕 = 𝟏 − (𝟐 + √𝟑)𝒊 ⇒ 𝒛𝒏 = 𝟏 − 𝐭𝐚𝐧 (
𝟓𝝅

𝟏𝟐
) 𝒊 =

𝟏

𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (
𝟓𝝅

𝟏𝟐
) − 𝒊 𝐬𝐢𝐧 (

𝟓𝝅

𝟏𝟐
)] 

𝒛𝒏 =
𝟏

𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (𝟐𝝅 −
𝟓𝝅

𝟏𝟐
) + 𝒊 𝐬𝐢𝐧 (𝟐𝝅 −

𝟓𝝅

𝟏𝟐
)] = 

=
𝟏

𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (
𝟏𝟗𝝅

𝟏𝟐
) + 𝒊 𝐬𝐢𝐧 (

𝟏𝟗𝝅

𝟏𝟐
)] = 

=
𝟏

𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

[𝐜𝐨𝐬 (𝟐𝒌𝝅+
𝟏𝟗𝝅

𝟏𝟐
) + 𝒊 𝐬𝐢𝐧 (𝟐𝒌𝝅 +

𝟏𝟗𝝅

𝟏𝟐
)] ;   𝒌 ∈ ℤ 

By the DeMoivre’s theorem, the roots are: 

𝒛𝒌 =
𝟏

√𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

𝒏

[𝐜𝐨𝐬 (
𝟐𝒌𝝅

𝒏
+
𝟏𝟗𝝅

𝟏𝟐𝒏
) + 𝒊 𝐬𝐢𝐧 (

𝟐𝒌𝝅

𝒏
+
𝟏𝟗𝝅

𝟏𝟐𝒏
)] ; 𝒌 = 𝟎, (𝒏 − 𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

𝒛𝒌 =
𝟏

√𝐜𝐨𝐬 (
𝟓𝝅
𝟏𝟐)

𝒏

𝒆(𝟐𝒌+
𝟏𝟗
𝟏𝟐
)
𝝅𝒊
𝒏
 ; 𝒌 = 𝟎, (𝒏 − 𝟏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

SP.457 If 𝒂, 𝒃, 𝒄, 𝒌 > 0 such that √𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 = 𝒌, then: 

𝟐𝟕∏(𝒂 + 𝒃)

𝒄𝒚𝒄

+ 𝟔𝒌(∑𝒂

𝒄𝒚𝒄

)

𝟐

≥ 𝟏𝟒𝒌𝟑 

Proposed by Gheorghe Molea-Romania 
 



 
www.ssmrmh.ro 

38 31-RMM WINTER EDITION 2023-SOLUTIONS 

 

Solution 1 by proposer 

𝐋𝐞𝐭 𝑷 =∏(𝒂 + 𝒃)

𝒄𝒚𝒄

⇒ 𝑷𝟐 =∏(𝒂 + 𝒃)𝟐

𝒄𝒚𝒄

 

(𝒂 + 𝒃)(𝒃 + 𝒄) = 𝒃𝟐 + 𝒂𝒄 + 𝒃(𝒂 + 𝒄) ≥ 𝒃𝟐 + 𝒂𝒄 + 𝟐√𝒂𝒄 =

= (𝒃 + √𝒂𝒄)
𝟐
; (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

⇒ 𝑷𝟐 ≥∏(𝒃 + √𝒂𝒄)
𝟐

𝒄𝒚𝒄

⇒ 𝑷 ≥∏(𝒃 + √𝒂𝒄)

𝒄𝒚𝒄

 

From Schur’s inequality, we have: 
(𝒅 + 𝒆 + 𝒇)𝟑 + 𝟗𝒅𝒆𝒇 ≥ 𝟒(𝒅 + 𝒆 + 𝒇)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒈) 

Let 𝒅 = 𝒂 + √𝒃𝒄, 𝒆 = 𝒃 + √𝒂𝒄, 𝒇 = 𝒄 + √𝒂𝒃, then: 

𝟗𝑷 ≥ 𝟒(∑𝒂

𝒄𝒚𝒄

+∑√𝒂𝒃

𝒄𝒚𝒄

)(∑𝒂𝒃

𝒄𝒚𝒄

+ 𝒂∑√𝒂𝒃

𝒄𝒚𝒄

+ 𝒃∑√𝒂𝒃

𝒄𝒚𝒄

+ 𝒄∑√𝒂𝒃

𝒄𝒚𝒄

) − 

−(∑𝒂

𝒄𝒚𝒄

+∑√𝒂𝒃

𝒄𝒚𝒄

)

𝟑

 

𝟗𝑷 ≥ 𝟒(∑𝒂

𝒄𝒚𝒄

+ 𝒌)(∑𝒂𝒃

𝒄𝒚𝒄

+ 𝒌∑𝒂

𝒄𝒚𝒄

) − (∑𝒂

𝒄𝒚𝒄

+ 𝒌)

𝟑

 

𝟗𝑷 ≥ (∑𝒂

𝒄𝒚𝒄

+ 𝒌)[𝟒∑𝒂𝒃

𝒄𝒚𝒄

+ 𝟒𝒌∑𝒂

𝒄𝒚𝒄

− (∑𝒂

𝒄𝒚𝒄

)

𝟐

− 𝒌𝟐 − 𝟐𝒌∑𝒂

𝒄𝒚𝒄

] 

𝟗𝑷 ≥ (∑𝒂

𝒄𝒚𝒄

+ 𝒌)[𝟐𝒌∑𝒂

𝒄𝒚𝒄

+ 𝟒∑𝒂𝒃

𝒄𝒚𝒄

−(∑𝒂

𝒄𝒚𝒄

)

𝟐

− 𝒌𝟐] 

𝐁𝐮𝐭 ∑𝒂

𝒄𝒚𝒄

≥∑√𝒂𝒃

𝒄𝒚𝒄

⇒∑𝒂

𝒄𝒚𝒄

≥ 𝒌 𝐚𝐧𝐝 ∑𝒂𝒃

𝒄𝒚𝒄

≥
𝟏

𝟑
(∑√𝒂𝒃

𝒄𝒚𝒄

)

𝟐

=
𝒌𝟐

𝟑
 

∑𝒂𝒃

𝒄𝒚𝒄

≥
𝒌𝟐

𝟑
 

We have: 

𝟗𝑷 ≥ (𝒌 + 𝒌) [𝟐𝒌 ⋅ 𝒌 + 𝟒 ⋅
𝒌𝟐

𝟑
− (∑𝒂

𝒄𝒚𝒄

)

𝟐

− 𝒌𝟐] 
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𝟗𝑷 ≥ 𝟐𝒌 [
𝟕𝒌𝟐

𝟑
− (∑𝒂

𝒄𝒚𝒄

)

𝟐

] ⇔ 𝟐𝟕𝑷 + 𝟔𝒌(∑𝒂

𝒄𝒚𝒄

)

𝟐

≥ 𝟏𝟒𝒌𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
𝒌

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂 + 𝒃 + 𝒄 ≥⏞
𝑨𝑴−𝑮𝑴

√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 = 𝒌   

  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥⏞
𝑪𝑩𝑺 (√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)

𝟐

𝟑
=
𝒌𝟐

𝟑
 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑪𝒆𝒔𝒂𝒓𝒐 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∏(𝒂 + 𝒃)

𝒄𝒚𝒄

≥ 𝟖𝒂𝒃𝒄 

𝑻𝒉𝒆𝒏 ∶  𝟗∏(𝒂 + 𝒃)

𝒄𝒚𝒄

≥ 𝟖∏(𝒂 + 𝒃)

𝒄𝒚𝒄

+ 𝟖𝒂𝒃𝒄 = 𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 

≥ 𝟖.𝒌.
𝒌𝟐

𝟑
=
𝟖𝒌𝟑

𝟑
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟐𝟕∏(𝒂 + 𝒃)

𝒄𝒚𝒄

+ 𝟔𝒌(∑ 𝒂
𝒄𝒚𝒄

)

𝟐

≥ 𝟑.
𝟖𝒌𝟑

𝟑
+ 𝟔𝒌. 𝒌𝟐 = 𝟏𝟒𝒌𝟑. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝒌

𝟑
. 

 

SP.458 Let 𝚫𝑨𝟏𝑩𝟏𝑪𝟏, 𝚫𝑨𝟐𝑩𝟐𝑪𝟐 be triangles with sides 𝒂𝟏, 𝒃𝟏, 𝒄𝟏, circumradii 

𝑹𝟏, respectively 𝒂𝟐, 𝒃𝟐, 𝒄𝟐, 𝑹𝟐. Prove that: 

(
𝟏

𝒂𝟏
𝟑 +

𝟏

𝒃𝟏
𝟑 +

𝟏

𝒄𝟏
𝟑)(

𝟏

𝒂𝟐
𝟓
+
𝟏

𝒃𝟐
𝟓
+
𝟏

𝒄𝟐
𝟓
) ≥

𝟏

𝟗𝑹𝟏
𝟑𝑹𝟐

𝟓
 

Proposed by D.M.Bătineţu-Giurgiu,  Daniel Sitaru-Romania 
Solution 1 by proposers 

(
𝟏

𝒂𝟏
𝟑 +

𝟏

𝒃𝟏
𝟑 +

𝟏

𝒄𝟏
𝟑)(

𝟏

𝒂𝟐
𝟓
+
𝟏

𝒃𝟐
𝟓
+
𝟏

𝒄𝟐
𝟓
) = 
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=

(

 
(
𝟏
𝒂𝟏
)
𝟑

𝟏𝟐
+
(
𝟏
𝒃𝟏
)
𝟑

𝟏𝟐
+
(
𝟏
𝒄𝟏
)
𝟑

𝟏𝟐

)

 

(

 
(
𝟏
𝒂𝟐
)
𝟓

𝟏𝟒
+
(
𝟏
𝒃𝟐
)
𝟓

𝟏𝟒
+
(
𝟏
𝒄𝟐
)
𝟓

𝟏𝟒

)

 ≥
𝑹𝒂𝒅𝒐𝒏

  

≥
(
𝟏
𝒂𝟏
+
𝟏
𝒃𝟏
+
𝟏
𝒄𝟏
)
𝟑

(𝟏 + 𝟏 + 𝟏)𝟐
+
(
𝟏
𝒂𝟐
+
𝟏
𝒃𝟐
+
𝟏
𝒄𝟐
)
𝟓

(𝟏 + 𝟏 + 𝟏)𝟒
≥

𝑰𝒐𝒏𝒆𝒔𝒄𝒖−𝑻𝒊𝒖
 

≥

(
√𝟑
𝑹𝟏
)

𝟑

𝟑𝟐
⋅

(
√𝟑
𝑹𝟐
)

𝟓

𝟑𝟒
=
𝟏

𝟑𝟔
(√𝟑)

𝟖
⋅
𝟏

𝑹𝟏
𝟑𝑹𝟐

𝟓
=

𝟏

𝟗𝑹𝟏
𝟑𝑹𝟐

𝟓
 

Equality holds for 𝒂𝟏 = 𝒃𝟏 = 𝒄𝟏; 𝒂𝟐 = 𝒃𝟐 = 𝒄𝟐. 

Solution 2 by Adrian Popa-Romania 

𝟏𝟒

𝒂𝟏
𝟑 +

𝟏𝟒

𝒃𝟏
𝟑 +

𝟏𝟒

𝒄𝟏
𝟑 ≥
𝑹𝒂𝒅𝒐𝒏 (𝟏 + 𝟏 + 𝟏)𝟒

(𝒂𝟏 + 𝒃𝟏 + 𝒄𝟏)𝟑
=

𝟑𝟒

𝟐𝟑𝒔𝟏
𝟑 ≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑𝟒

𝟐𝟑 ∙
𝟑𝟑 ∙ 𝟑√𝟑𝑹𝟏

𝟑

𝟐𝟑

=
𝟏

√𝟑𝑹𝟏
𝟑
; (𝟏) 

𝟏𝟔

𝒂𝟏
𝟓
+
𝟏𝟔

𝒃𝟏
𝟓
+
𝟏𝟔

𝒄𝟏
𝟓

≥
𝑹𝒂𝒅𝒐𝒏 (𝟏 + 𝟏 + 𝟏)𝟔

(𝒂𝟏 + 𝒃𝟏 + 𝒄𝟏)𝟓
=

𝟑𝟔

𝟐𝟓𝒔𝟐
𝟓

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑𝟔

𝟐𝟓 ∙
𝟑𝟓 ∙ 𝟑𝟐√𝟑𝑹𝟐

𝟓

𝟐𝟑

=
𝟏

√𝟑𝑹𝟐
𝟑
; (𝟐) 

By multiplying (1) and (2), we get: 

(
𝟏

𝒂𝟏
𝟑 +

𝟏

𝒃𝟏
𝟑 +

𝟏

𝒄𝟏
𝟑)(

𝟏

𝒂𝟐
𝟓
+
𝟏

𝒃𝟐
𝟓
+
𝟏

𝒄𝟐
𝟓
) ≥

𝟏

𝟗𝑹𝟏
𝟑𝑹𝟐

𝟓
 

SP.459 If 𝒙, 𝒚 ∈ ℝ+ and 𝒙 + 𝒚 = 𝟒 then in 𝚫𝑨𝑩𝑪 holds: 

𝒂𝟒 + 𝒃𝟒

𝒄𝒚
𝒘𝒄
𝒙 +

𝒃𝟒 + 𝒄𝟒

𝒂𝒚
𝒘𝒂
𝒙 +

𝒄𝟒 + 𝒂𝟒

𝒃𝒚
𝒘𝒃
𝒙 ≥ 𝟑 ⋅ 𝟐𝒙+𝟏𝑭𝒙 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by proposers 

Because 𝒘𝒂 ≥ 𝒉𝒂 and analogous, then we get: 

∑
𝒂𝟒 + 𝒃𝟒

𝒄𝒚
𝒘𝒄
𝒙

𝒄𝒚𝒄

≥∑
𝒂𝟒 + 𝒃𝟒

𝒄𝒚
𝒉𝒄
𝒙

𝒄𝒚𝒄

=∑
𝒂𝟒 + 𝒃𝟒

𝒄𝒙+𝒚
(𝒄𝒉𝒄)

𝒙

𝒄𝒚𝒄

= 

= 𝟐𝒙 ⋅ 𝑭𝒙∑
𝒂𝟒 + 𝒃𝟒

𝒄𝟒
𝒄𝒚𝒄

= 𝟐𝒙 ⋅ 𝑭𝒙∑(
𝒂𝟒 + 𝒃𝟒

𝒄𝟒
+ 𝟏)

𝒄𝒚𝒄

− 𝟑 ⋅ 𝟐𝒙𝑭𝒙 = 
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= 𝟐𝒙𝑭𝒙(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)∑
𝟏

𝒄𝟒
𝒄𝒚𝒄

− 𝟑 ⋅ 𝟐𝒙𝑭𝒙 ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥ 𝟐𝒙𝑭𝒙(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) ⋅
(𝟏 + 𝟏 + 𝟏)𝟐

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒
− 𝟑 ⋅ 𝟐𝒙𝑭𝒙 = 

= 𝟗 ⋅ 𝟐𝒙 ⋅ 𝑭𝒙 − 𝟑 ⋅ 𝟐𝒙 ⋅ 𝑭𝒙 = 𝟔 ⋅ 𝟐𝒙𝑭𝒙 = 𝟑 ⋅ 𝟐𝒙+𝟏 ⋅ 𝑭𝒙 

Solution 2 by Tapas Das-India 

∑
𝒂𝟒 + 𝒃𝟒

𝒄𝒚
𝒘𝒄
𝒙

𝒄𝒚𝒄

≥∑
𝟐𝒂𝟐𝒃𝟐

𝒄𝒚
𝒘𝒄
𝒙

𝒄𝒚𝒄

≥ 𝟑√∏
𝟐𝒂𝟐𝒃𝟐

𝒄𝒚
𝒘𝒄𝒙

𝒄𝒚𝒄

𝟑
= 

= 𝟑√𝟐𝟑 ∙
(𝒂𝒃𝒄)𝟒

(𝒂𝒃𝒄)𝒚
(𝒘𝒂𝒘𝒃𝒘𝒄)𝒙

𝟑

= 𝟔(𝒂𝒃𝒄)
𝟒−𝒚
𝟑 ∙ (𝒘𝒂𝒘𝒃𝒘𝒄)

𝒙
𝟑 ≥ 𝟔(𝒂𝒃𝒄)

𝟒−𝒚
𝟑 ∙ (𝒉𝒂𝒉𝒃𝒉𝒄)

𝒙
𝟑 

= 𝟔(𝒂𝒃𝒄)
𝒙
𝟑 ∙ (

𝟐𝑭

𝒂
∙
𝟐𝑭

𝒃
∙
𝟐𝑭

𝒄
)

𝒙
𝟑
= 𝟔(𝒂𝒃𝒄)

𝒙
𝟑 ∙ (

𝟖𝑭𝟑

𝒂𝒃𝒄
)

𝒙
𝟑

= 𝟔 ∙ 𝟐𝒙 ∙ 𝑭𝒙 

SP.460 In 𝚫𝑨𝑩𝑪,𝑴 ∈ (𝑩𝑪), 𝑵 ∈ (𝑪𝑨), 𝑷 ∈ (𝑨𝑩) such that 

 
𝑴𝑩

𝑴𝑪
=
𝑵𝑪

𝑵𝑨
=
𝑷𝑨

𝑷𝑩
= 𝒙 > 0.Prove that: 

(𝑴𝑵𝟒 +𝑵𝑷𝟒 + 𝑷𝑴𝟒)(𝒙 + 𝟏)𝟒 ≥ 𝟏𝟔(𝒙𝟐 − 𝒙 + 𝟏)𝟐𝑭𝟐 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

𝒂 = 𝑩𝑴+𝑴𝑪 = 𝒙𝑴𝑪+𝑴𝑪 = (𝒙 + 𝟏)𝑴𝑪 

𝑴𝑪 =
𝒂

𝒙 + 𝟏
;  𝑴𝑩 = 𝒂 −𝑴𝑪 = 𝒂 −

𝒂

𝒙 + 𝟏
=

𝒂𝒙

𝒙 + 𝟏
 

Analogous, 

𝑵𝑪 =
𝒃𝒙

𝒙 + 𝟏
;𝑷𝑨 =

𝒄𝒙

𝒙 + 𝟏
;𝑵𝑨 =

𝒃

𝒙 + 𝟏
;𝑷𝑩 =

𝒄

𝒙 + 𝟏
 

[𝑪𝑴𝑵] =
𝟏

𝟐
𝑴𝑪 ⋅ 𝑵𝑪 ⋅ 𝐬𝐢𝐧𝑪 =

𝟏

𝟐
⋅
𝒂

𝒙 + 𝟏
⋅
𝒃𝒙

𝒙 + 𝟏
⋅ 𝐬𝐢𝐧 𝑪 = 

=
𝒙

(𝒙 + 𝟏)𝟐
⋅
𝒂𝒃 ⋅ 𝐬𝐢𝐧𝑪

𝟐
=

𝒙

(𝒙 + 𝟏)𝟐
⋅ 𝑭 

Analogous,  
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[𝑨𝑵𝑷] = [𝑩𝑴𝑷] =
𝒙

(𝒙 + 𝟏)𝟐
⋅ 𝑭 

[𝑴𝑵𝑷] = 𝑭 −
𝟑𝒙

(𝒙 + 𝟏)𝟐
⋅ 𝑭 =

𝒙𝟐 − 𝒙 + 𝟏

(𝒙 + 𝟏)𝟐
⋅ 𝑭 

By Goldner’s inequality in 𝚫𝑴𝑵𝑷: 

𝑴𝑵𝟒 +𝑵𝑷𝟒 + 𝑷𝑴𝟒 ≥ 𝟏𝟔([𝑴𝑵𝑷])𝟐 =
𝟏𝟔(𝒙𝟐 − 𝒙 + 𝟏)𝟐

(𝒙 + 𝟏)𝟒
⋅ 𝑭𝟐 

Therefore, 

(𝑴𝑵𝟒 +𝑵𝑷𝟒 + 𝑷𝑴𝟒)(𝒙 + 𝟏)𝟒 ≥ 𝟏𝟔(𝒙𝟐 − 𝒙 + 𝟏)𝟐𝑭𝟐 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑭′ 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑴𝑵𝑷. 

𝑩𝒚 𝑹𝒐𝒖𝒕𝒉′𝒔 𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑭′ =
𝒙𝟑 + 𝟏

(𝒙 + 𝟏)𝟑
. 𝑭 =

𝒙𝟐 − 𝒙 + 𝟏

(𝒙 + 𝟏)𝟐
. 𝑭. 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  (𝑴𝑵𝟐 − 𝑵𝑷𝟐)𝟐 + (𝑵𝑷𝟐 − 𝑷𝑴𝟐)𝟐 + (𝑷𝑴𝟐 −𝑴𝑵𝟐)𝟐 ≥ 𝟎  

𝒘𝒆 𝒈𝒆𝒕 ∶  𝑴𝑵𝟒 + 𝑵𝑷𝟒 +𝑷𝑴𝟒 ≥ 

≥ 𝟐(𝑴𝑵𝟐. 𝑵𝑷𝟐 +𝑵𝑷𝟐. 𝑷𝑴𝟐 +𝑷𝑴𝟐. 𝑴𝑵𝟐) − (𝑴𝑵𝟒 +𝑵𝑷𝟒 + 𝑷𝑴𝟒) = 𝟏𝟔𝑭′ 𝟐 

𝑻𝒉𝒆𝒏 ∶  𝑴𝑵𝟒 + 𝑵𝑷𝟒 + 𝑷𝑴𝟒 ≥
𝟏𝟔(𝒙𝟐 − 𝒙 + 𝟏)𝟐

(𝒙 + 𝟏)𝟒
. 𝑭𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (𝑴𝑵𝟒 + 𝑵𝑷𝟒 +𝑷𝑴𝟒)(𝒙 + 𝟏)𝟒 ≥ 𝟏𝟔(𝒙𝟐 − 𝒙+ 𝟏)𝟐𝑭𝟐. 

SP.461 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂𝒘𝒂 − 𝒓
𝟐

𝒉𝒂𝒉𝒃 + 𝒓
𝟐
+
𝒎𝒃𝒘𝒄 − 𝒓

𝟐

𝒉𝒃𝒉𝒄 + 𝒓
𝟐
+
𝒎𝒄𝒘𝒂 − 𝒓

𝟐

𝒉𝒄𝒉𝒂 + 𝒓
𝟐
≥
𝟏𝟐

𝟓
 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

∑
𝒎𝒂𝒘𝒂 − 𝒓

𝟐

𝒉𝒂𝒉𝒃 + 𝒓𝟐
𝒄𝒚𝒄

≥∑
𝒉𝒂𝒉𝒃 − 𝒓

𝟐

𝒉𝒂𝒉𝒃 + 𝒓𝟐
𝒄𝒚𝒄

=∑
𝒂𝒃(𝒉𝒂𝒉𝒃 − 𝒓

𝟐)

𝒂𝒃(𝒉𝒂𝒉𝒃 + 𝒓𝟐)
𝒄𝒚𝒄

= 
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= −𝟑 +∑(𝟏+
𝒂𝒉𝒂 ⋅ 𝒃𝒉𝒃 − 𝒓

𝟐𝒂𝒃

𝒂𝒉𝒂 ⋅ 𝒃𝒉𝒃 + 𝒓𝟐𝒂𝒃
)

𝒄𝒚𝒄

= −𝟑 +∑
𝟐𝒂𝒉𝒂 ⋅ 𝒃𝒉𝒃

𝒂𝒉𝒂 ⋅ 𝒃𝒉𝒃 + 𝒓𝟐𝒂𝒃
𝒄𝒚𝒄

= 

= −𝟑 + 𝟖𝑭𝟐∑
𝟏

𝟒𝑭𝟐 + 𝒓𝟐𝒂𝒃
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝟖𝑭𝟐 ⋅
𝟗

𝟏𝟐𝑭𝟐 + 𝒓𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
− 𝟑 ≥ 

≥
𝟕𝟐𝑭𝟐

𝟏𝟐𝑭𝟐 + 𝒓𝟐 ⋅
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑

− 𝟑 =
𝟕𝟐𝑭𝟐

𝟏𝟐𝑭𝟐 + 𝒓𝟐 ⋅
𝟒𝒔𝟐

𝟑

− 𝟑 = 

=
𝟐𝟏𝟔𝑭𝟐

𝟑𝟔𝑭𝟐 + 𝟒𝑭𝟐
− 𝟑 =

𝟐𝟏𝟔

𝟒𝟎
− 𝟑 =

𝟏𝟐

𝟓
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆  𝒎𝒂 ≥ 𝒉𝒂 𝒂𝒏𝒅 𝒘𝒃 ≥ 𝒉𝒃  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒎𝒂𝒘𝒃 ≥ 𝒉𝒂𝒉𝒃  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶ 

 
𝒎𝒂𝒘𝒃 − 𝒓

𝟐

𝒉𝒂𝒉𝒃 + 𝒓
𝟐
+
𝒎𝒃𝒘𝒄 − 𝒓

𝟐

𝒉𝒃𝒉𝒄 + 𝒓
𝟐
+
𝒎𝒄𝒘𝒂 − 𝒓

𝟐

𝒉𝒄𝒉𝒂 + 𝒓
𝟐
≥
𝒉𝒂𝒉𝒃 − 𝒓

𝟐

𝒉𝒂𝒉𝒃 + 𝒓
𝟐
+
𝒉𝒃𝒉𝒄 − 𝒓

𝟐

𝒉𝒃𝒉𝒄 + 𝒓
𝟐
+
𝒉𝒄𝒉𝒂 − 𝒓

𝟐

𝒉𝒄𝒉𝒂 + 𝒓
𝟐
= 

=
(𝟐𝒔𝒓)𝟐 − 𝒂𝒃. 𝒓𝟐

(𝟐𝒔𝒓)𝟐 + 𝒂𝒃. 𝒓𝟐
+
(𝟐𝒔𝒓)𝟐 − 𝒃𝒄. 𝒓𝟐

(𝟐𝒔𝒓)𝟐 + 𝒃𝒄. 𝒓𝟐
+
(𝟐𝒔𝒓)𝟐 − 𝒄𝒂. 𝒓𝟐

(𝟐𝒔𝒓)𝟐 + 𝒄𝒂. 𝒓𝟐

=
𝟒𝒔𝟐 − 𝒂𝒃

𝟒𝒔𝟐 + 𝒂𝒃
+
𝟒𝒔𝟐 − 𝒃𝒄

𝟒𝒔𝟐 + 𝒃𝒄
+
𝟒𝒔𝟐 − 𝒄𝒂

𝟒𝒔𝟐 + 𝒄𝒂
= 

= (
𝟖𝒔𝟐

𝟒𝒔𝟐 + 𝒂𝒃
− 𝟏) + (

𝟖𝒔𝟐

𝟒𝒔𝟐 + 𝒃𝒄
− 𝟏) + (

𝟖𝒔𝟐

𝟒𝒔𝟐 + 𝒄𝒂
− 𝟏)

= 𝟖𝒔𝟐 (
𝟏

𝟒𝒔𝟐 + 𝒂𝒃
+

𝟏

𝟒𝒔𝟐 + 𝒃𝒄
+

𝟏

𝟒𝒔𝟐 + 𝒄𝒂
) − 𝟑 ≥ 

≥⏞
𝑪𝑩𝑺

 
𝟖𝒔𝟐. 𝟗

𝟑. 𝟒𝒔𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
− 𝟑 ≥

𝟕𝟐𝒔𝟐

𝟏𝟐𝒔𝟐 +
𝟏
𝟑
(𝒂 + 𝒃 + 𝒄)𝟐

− 𝟑 = 

=
𝟑. 𝟕𝟐𝒔𝟐

𝟑. 𝟏𝟐𝒔𝟐 + 𝟒𝒔𝟐
− 𝟑 =

𝟐𝟕

𝟓
− 𝟑 =

𝟏𝟐

𝟓
. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒎𝒂𝒘𝒃 − 𝒓

𝟐

𝒉𝒂𝒉𝒃 + 𝒓𝟐
+
𝒎𝒃𝒘𝒄 − 𝒓

𝟐

𝒉𝒃𝒉𝒄 + 𝒓𝟐
+
𝒎𝒄𝒘𝒂 − 𝒓

𝟐

𝒉𝒄𝒉𝒂 + 𝒓𝟐
≥
𝟏𝟐

𝟓
. 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

SP.462 Let 𝑨𝑩𝑪 be an triangle, 𝑫 be a point on side 𝑩𝑪 and 𝑴 be the 

symmetrical of 𝑨 with respect to 𝑫. If  
𝑩𝑴𝟐

𝑨𝑩
+
𝑪𝑴𝟐

𝑨𝑪
= 𝑨𝑩 + 𝑨𝑪, then prove 

that 𝑨𝑫 is the bisector of the angle �̂�, or is the height from the vertex 𝑨. 

Proposed by Neculai Stanciu-Romania 
Solution 1 by proposer 

We denote 𝒂 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩, 

𝒑 = 𝑩𝑴, 𝒒 = 𝑪𝑴 and 
𝑩𝑫

𝑫𝑪
= 𝒙. 

We have: 𝑩𝑫 =
𝒂𝒙

𝒙+𝟏
 and 𝑫𝑪 =

𝒂

𝒙+𝟏
. 

By Stewart’s theorem, we obtain that: 

𝑨𝑩𝟐 ⋅ 𝑫𝑪 − 𝑨𝑫𝟐 ⋅ 𝑩𝑪 + 𝑨𝑪𝟐 ⋅ 𝑩𝑫 =

𝑩𝑫 ⋅ 𝑫𝑪 ⋅ 𝑩𝑪.  

So, 

𝑨𝑫𝟐 =
𝒃𝟐𝒙 + 𝒄𝟐

𝒙 + 𝟏
−

𝒂𝟐𝒙

(𝒙 + 𝟏)𝟐
 

Since 𝑩𝑫 is median in 𝚫𝑨𝑩𝑴 and 𝑪𝑫 is median in 𝚫𝑨𝑪𝑴, we have: 

𝑩𝑫𝟐 =
𝑨𝑩𝟐 +𝑩𝑴𝟐

𝟐
−
𝑨𝑴𝟐

𝟒
⇔ 

𝒂𝟐𝒙𝟐

(𝒙 + 𝟏)𝟐
=
𝒑𝟐 + 𝒄𝟐

𝟐
−
𝒃𝟐𝒙 + 𝒄𝟐

𝒙 + 𝟏
+

𝒂𝟐𝒙

(𝒙 + 𝟏)𝟐
; (𝟏) 

Similarly, we obtain: 

𝒂𝟐

(𝒙 + 𝟏)𝟐
=
𝒒𝟐 + 𝒃𝟐

𝟐
−
𝒃𝟐𝒙 + 𝒄𝟐

𝒙 + 𝟏
+

𝒂𝟐𝒙

(𝒙 + 𝟏)𝟐
; (𝟐) 

By adding (𝟏) × 𝒃 with (𝟐) × 𝒄, taking account that the relation from hypothesis 

 (which is equivalent with 𝒑𝟐𝒃 + 𝒒𝟐𝒄 = 𝒃𝒄(𝒃 + 𝒄)), we deduce that: 

𝒂𝟐𝒃𝒙𝟐 + 𝒂𝟐𝒄 = 𝒃𝒄(𝒃 + 𝒄)(𝒙 + 𝟏)𝟐 − (𝒙 + 𝟏)(𝒃𝟑𝒙 + 𝒃𝒄𝟐 + 𝒃𝟐𝒄𝒙 + 𝒄𝟑) + 𝒂𝟐𝒙(𝒃 + 𝒄) ⇔ 
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𝒃𝒙𝟐(𝒂𝟐 − 𝒄(𝒃 + 𝒄) + 𝒃𝟐 + 𝒃𝒄) − 𝒙 (𝟐𝒃𝒄(𝒃 + 𝒄) − 𝒃𝒄𝟐 − 𝒄𝟑 − 𝒃𝟑 − 𝒃𝟐𝒄 + 𝒂𝟐(𝒃 + 𝒄)) + 

+𝒂𝟐𝒄 − 𝒃𝒄(𝒃 + 𝒄) + 𝒃𝒄𝟐 + 𝒄𝟑 = 𝟎 

𝒃𝒙𝟐(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐) − 𝒙(𝒃 + 𝒄)(𝟐𝒃𝒄 − 𝒃𝟐 − 𝒄𝟐 + 𝒂𝟐) + 𝒄(𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐) = 𝟎 

But last quadratic equation has solution 𝒙𝟏 =
𝒄

𝒃
, 𝒙𝟐 =

𝒂𝟐−𝒃𝟐+𝒄𝟐

𝒂𝟐+𝒃𝟐−𝒄𝟐
.  

In the case 𝒙𝟏 =
𝒄

𝒃
, with the converse bisector’s theorem 𝑨𝑫 in the bisector from 𝑨. 

By the cosine law 𝒙𝟐 =
𝒄 𝐜𝐨𝐬 𝑩

𝒃 𝐜𝐨𝐬 𝑪
, so in this case 𝑨𝑫 is the height from 𝑨. 

Solution 2 by Aggeliki Papaspyropoulou-Greece 

 

Suppose  that 𝑨𝑫 is not height 𝒉𝒂 of the triangle 

𝑨𝑩𝑪. Then we haveȘ 

𝑨𝑩 = 𝒄,𝑨𝑪 = 𝒃, 𝑩𝑪 = 𝒂. 

Using Stewart’s theorem for 𝚫𝑨𝑩𝑪, we get: 

𝒃𝟐 ⋅ 𝑩𝑫 + 𝒄𝟐 ⋅ 𝑫𝑪 = 

= 𝑨𝑫𝟐 ⋅ 𝒂 + 𝒂 ⋅ 𝑩𝑫 ⋅ 𝑫𝑪 

𝒃𝟐 ⋅ 𝑩𝑫

𝒂
+
𝒄𝟐 ⋅ 𝑫𝑪

𝒂
= 𝑨𝑫𝟐 + 𝑩𝑫 ⋅ 𝑫𝑪; (𝟏) 

Using Stewart’s theorem for 𝚫𝑴𝑩𝑪: 
𝑴𝑩𝟐 ⋅ 𝑫𝑪 +𝑴𝑪𝟐 ⋅ 𝑩𝑫 = 𝑴𝑫𝟐 ⋅ 𝒂 + 𝑩𝑫 ⋅ 𝑫𝑪 ⋅ 𝒂 

𝑴𝑩𝟐 ⋅ 𝑫𝑪

𝒂
+
𝑴𝑪𝟐 ⋅ 𝑩𝑫

𝒂
= 𝑴𝑫𝟐 +𝑩𝑫 ⋅ 𝑫𝑪 = 𝑨𝑫𝟐 + 𝑩𝑫 ⋅ 𝑫𝑪; (𝟐) 

(𝟏) + (𝟐) ⇒
𝑴𝑩𝟐 ⋅ 𝑫𝑪

𝒂
+
𝑴𝑪𝟐 ⋅ 𝑩𝑫

𝒂
=
𝒃𝟐 ⋅ 𝑩𝑫

𝒂
+
𝒄𝟐 ⋅ 𝑫𝑪

𝒂
 

𝑴𝑩𝟐 ⋅ 𝑫𝑪 +𝑴𝑪𝟐 ⋅ 𝑩𝑫 = 𝒃𝟐 ⋅ 𝑩𝑫 + 𝒄𝟐 ⋅ 𝑫𝑪 
(𝑴𝑩𝟐 − 𝒄𝟐)𝑫𝑪 = (𝒃𝟐 −𝑴𝑪𝟐)𝑩𝑫 

Since in this case 𝒃 ≠ 𝑴𝑪, (𝑴𝑩 ≠ 𝒄), we have: 
𝑫𝑪

𝑫𝑩
=
𝒃𝟐 −𝑴𝑪𝟐

𝑴𝑩𝟐 − 𝒄𝟐
; (𝟑) 

We’ll prove that 𝑨𝑫 is the bisector of angle �̂�, to prove it is enough to show that: 
𝑫𝑪

𝑩𝑫
=
𝑨𝑪

𝑨𝑩
=
𝒃

𝒄
; (𝟒)(𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 𝒕𝒉𝒆𝒐𝒓𝒆𝒎) 

By (3) and (4) we have to show: 
𝒃𝟐 −𝑴𝑪𝟐

𝑴𝑩𝟐 − 𝒄𝟐
=
𝒃

𝒄
⇔ 𝒄𝒃𝟐 − 𝒄 ⋅ 𝑴𝑪𝟐 = 𝒃 ⋅ 𝑴𝑩𝟐 − 𝒃𝒄𝟐 ⇔ 
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𝒃𝒄𝟐 + 𝒄𝒃𝟐 = 𝒃 ⋅ 𝑴𝑩𝟐 + 𝒄 ⋅ 𝑴𝑪𝟐 ⇔
𝒃𝒄𝟐

𝒃𝒄
+
𝒄𝒃𝟐

𝒃𝒄
=
𝑴𝑩𝟐

𝒄
+
𝑴𝑪𝟐

𝒃
⇔ 

𝒄 + 𝒃 =
𝑴𝑩𝟐

𝒄
+
𝑴𝑪𝟐

𝒃
 

Case II) Suppose 𝑴𝑩 = 𝒄, then in 𝚫𝑨𝑴𝑩,𝑴𝑩 and 𝑩𝑫 are medians according to 𝑨𝑴 
𝑨𝑫 ⊥ 𝑩𝑫,𝑨𝑫 −height of 𝚫𝑨𝑩𝑪 from the vertex 𝑨 and in 𝚫𝑴𝑪𝑨 we have 𝑴𝑪 = 𝒃. 

𝑨𝑫 −height⇔
𝑴𝑩𝟐

𝒄
+
𝑴𝑪𝟐

𝒃
=
𝒄𝟐

𝒄
+
𝒃𝟐

𝒃
= 𝒄 + 𝒃. 

SP.463 If 𝑲 −Lemoine’s point in 𝚫𝑨𝑩𝑪, then: 

∑
𝒂𝑲𝑨 + 𝒃𝑲𝑩 − 𝒄𝑲𝑪

𝟐𝒂𝑲𝑨 + 𝒄𝑲𝑪
𝒄𝒚𝒄

≥ 𝟏 

Proposed by Daniel Sitaru-Romania 
Solution by proposer 
By Murray-Klamkin’s principle in 𝚫𝑨𝑩𝑪,𝒂𝑲𝑨, 𝒃𝑲𝑩, 𝒄𝑲𝑪 can be sides in a triangle, hence 

𝒂𝑲𝑨 + 𝒃𝑲𝑩 − 𝒄𝑲𝑪 > 𝟎 and permutations. 

∑
𝒂𝑲𝑨 + 𝒃𝑲𝑩 − 𝒄𝑲𝑪

𝟐𝒂𝑲𝑨 + 𝒄𝑲𝑪
𝒄𝒚𝒄

=∑
(𝒂𝑲𝑨 + 𝒃𝑲𝑩 − 𝒄𝑲𝑪)𝟐

(𝟐𝒂𝑲𝑨 + 𝒄𝑲𝑪)(𝒂𝑲𝑨 + 𝒃𝑲𝑩 − 𝒄𝑲𝑪)
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
(∑𝒂𝑲𝑨)𝟐

(∑𝒂𝑲𝑨)𝟐
= 𝟏 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

SP.464 In 𝚫𝑨𝑩𝑪, 𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 internal bisector, 𝑨𝟐, 𝑩𝟐, 𝑪𝟐 contact point 

with circumcircle of triangle 𝑨𝑩𝑪. Prove that: 

𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 + 𝑩𝟏𝑩𝟐 ⋅ 𝑨𝟐𝑪𝟐 + 𝑪𝟏𝑪𝟐 ⋅ 𝑨𝟐𝑩𝟐 ≥ 𝑹𝒔 

 

Proposed by Marian Ursărescu-Romania 
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Solution 1 by proposer 

𝝆(𝑨𝟏) = 𝑨𝑨𝟏 ⋅ 𝑨𝟏𝑨𝟐 = 𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪 ⇔ 𝑨𝟏𝑨𝟐 =
𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪

𝑨𝟏𝑨𝟐
; (𝟏) 

From bisector theorem, we have: 

𝑩𝑨𝟏 =
𝒂𝒄

𝒃 + 𝒄
, 𝑪𝑨𝟏 =

𝒂𝒃

𝒃 + 𝒄
; (𝟐) 

𝑨𝑨𝟏 = 𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
; (𝟑) 

From (1),(2) and (3) we get 

𝑨𝟏𝑨𝟐 =
𝒂𝟐

𝟐(𝒃 + 𝒄) 𝐜𝐨𝐬
𝑨
𝟐

; (𝟒) 

From Law of Sines:  

𝑩𝟐𝑪𝟐

𝐬𝐢𝐧
𝑩 + 𝑪
𝟐

= 𝟐𝑹 ⇒ 𝑩𝟐𝑪𝟐 = 𝟐𝑹𝐜𝐨𝐬
𝑨

𝟐
; (𝟓) 

From (4) and (5) we have: 

𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 =
𝑹𝒂𝟐

𝒃 + 𝒄
 

Therefore, 

∑𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐
𝒄𝒚𝒄

= 𝑹∑
𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥
𝑹(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝑹(𝒂+ 𝒃 + 𝒄)

𝟐
= 𝑹𝒔 

Solution 2 by Geanina Tudose-Romania 
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We have: 

𝑩𝑨𝟏
𝑨𝟏𝑪

=
𝒄

𝒃
⇒
𝑩𝑨𝟏
𝑩𝑪

=
𝒄

𝒃 + 𝒄
⇒ 𝑩𝑨𝟏 =

𝒂𝒄

𝒃 + 𝒄
 

𝐈𝐧 𝚫𝑩𝑨𝟏𝑨𝟐 :   
𝑨𝟏𝑨𝟐
𝐬𝐢𝐧 𝒙

=
𝑩𝑨𝟏
𝐬𝐢𝐧 𝑪

⇒ 𝑨𝟏𝑨𝟐 =
𝑩𝑨𝟏 ∙ 𝐬𝐢𝐧 𝒙

𝐬𝐢𝐧𝑪
=

𝒂𝒄
𝒃 + 𝒄 𝐬𝐢𝐧𝒙

𝒄
∙ 𝟐𝑹  

𝑨𝟏𝑨𝟐 =
𝟐𝑹𝒂 ∙ 𝐬𝐢𝐧 𝒙

𝒃 + 𝒄
 

𝐈𝐧 𝚫𝑨𝟐𝑩𝟐𝑪: 
𝑩𝟐𝑪𝟐

𝐬𝐢𝐧(𝒙 + 𝒚)
= 𝟐𝑹 ⇒ 𝑩𝟐𝑪𝟐 = 𝟐𝑹𝐬𝐢𝐧(𝒙 + 𝒚) 

Hence, 

𝑨𝟏𝑨𝟐 ∙ 𝑩𝟐𝑪𝟐 =
𝟒𝑹𝟐𝒂 ∙ 𝐬𝐢𝐧

𝑨
𝟐 ∙ 𝐬𝐢𝐧

𝑩 + 𝑪
𝒄

𝟐𝑹(𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪)
=
𝒂𝑹 ∙ 𝟐 𝐬𝐢𝐧

𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪
=

𝒂𝑹 ∙ 𝐬𝐢𝐧 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪
 

∑𝑨𝟏𝑨𝟐 ∙ 𝑩𝟐𝑪𝟐
𝒄𝒚𝒄

=∑
𝟐𝑹𝟐 𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≥
𝑪𝑩𝑺

𝟐𝑹𝟐 ∙
(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪)𝟐

𝟐(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪)
= 

= 𝑹𝟐(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪) = 𝑹 ∙
𝒂 + 𝒃 + 𝒄

𝟐
= 𝑹𝒔 

SP.465 If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 3√𝟑 then: 

𝒙𝟑𝒚

(𝒙𝟐 + 𝟏)𝟐
+

𝒚𝟑𝒛

(𝒚𝟐 + 𝟏)𝟐
+

𝒛𝟑𝒙

(𝒛𝟐 + 𝟏)𝟐
≤
𝟐𝟕

𝟏𝟔
 

Proposed by Daniel Sitaru-Romania 
Solution by proposer 

Let be 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) =
𝒙𝟑

(𝒙𝟐+𝟏)
𝟐, then  

𝒇′(𝒙) =
𝒙𝟐(𝟑 − 𝒙𝟐)

(𝒙𝟐 + 𝟏)𝟒
 

𝒇′(𝒙) = 𝟎 ⇔ 𝒙 = √𝟑 

𝒇(𝒙) ≤ 𝒇(√𝟑) =
𝟑√𝟑

𝟏𝟔
, ∀𝒙 > 0 

𝒙𝟑

(𝒙𝟐 + 𝟏)𝟐
≤
𝟑√𝟑

𝟏𝟔
⇒

𝒙𝟑𝒚

(𝒙𝟐 + 𝟏)𝟐
≤
𝟑√𝟑

𝟏𝟔
𝒚 

Therefore, 
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∑
𝒙𝟑𝒚

(𝒙𝟐 + 𝟏)𝟐
𝒄𝒚𝒄

≤
𝟑√𝟑

𝟏𝟔
(𝒙 + 𝒚 + 𝒛) =

𝟑√𝟑

𝟏𝟔
⋅ 𝟑√𝟑 =

𝟐𝟕

𝟏𝟔
 

Equality holds for 𝒙 = 𝒚 = 𝒛 = √𝟑. 

 

UNDERGRADUATE PROBLEMS 

UP.451 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√∑(−𝟏)𝒌 ⋅
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

𝒏

 

Proposed by Ruxandra Daniela Tonilă-Romania 
Solution 1 by proposer 

∑(−𝟏)𝒌 ⋅
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

= (𝟒𝒏 + 𝟏)∑(−𝟏)𝒌 ⋅
𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
⋅ (
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

= 

= (𝟒𝒏 + 𝟏)∑(−𝟏)𝒏 (
𝟐𝒏

𝒌
) ⋅ ∫ (𝒙𝟐)𝟐𝒏−𝒌

𝟏

𝟎

𝟐𝒏

𝒌=𝟎

𝒅𝒙 = 

= (𝟒𝒏 + 𝟏)∫ (∑(−𝟏)𝒌 (
𝟐𝒏

𝒌
) (𝒙𝟐)𝟐𝒏−𝒌

𝟐𝒏

𝒌=𝟎

)𝒅𝒙
𝟏

𝟎

= (𝟒𝒏 + 𝟏)∫ (𝒙𝟐 − 𝟏)𝟐𝒏
𝟏

𝟎

𝒅𝒙;   (𝟏) 

𝐋𝐞𝐭 𝑰𝒏 = ∫ (𝒙𝟐 − 𝟏)𝒏𝒅𝒙
𝟏

𝟎

, 𝒏 ∈ ℕ∗ .𝐖𝐞 𝐡𝐚𝐯𝐞: 

𝑰𝒏 = 𝒙(𝒙
𝟐 − 𝟏)|

𝟎

𝟏
−∫ 𝒙[(𝒙𝟐 − 𝟏)𝒏]′

𝟏

𝟎

𝒅𝒙 = −𝟐𝒏∫ 𝒙𝟐(𝒙𝟐 − 𝟏)
𝟏

𝟎

𝒅𝒙 = 

= −𝟐𝒏∫ (𝒙𝟐 − 𝟏 + 𝟏)(𝒙𝟐 − 𝟏)𝒏−𝟏
𝟏

𝟎

𝒅𝒙 = −𝟐𝒏(𝑰𝒏 + 𝑰𝒏−𝟏) 

𝑰𝒏 = −
𝟐𝒏

𝟐𝒏 + 𝟏
⋅ 𝑰𝒏−𝟏 ⇒ 𝑰𝒏 = (∏

−𝟐𝒌

𝟐𝒌 + 𝟏

𝒏

𝒌=𝟐

) 𝑰𝟏 
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𝑰𝒏 =
(−𝟏)𝒏−𝟏 ⋅ 𝟐𝒏−𝟏 ⋅ 𝒏!

(𝟐𝒏 + 𝟏)‼
⋅ 𝟑𝑰𝟏 

𝑰𝟏 = ∫ (𝒙𝟐 − 𝟏)𝒅𝒙
𝟏

𝟎

= −
𝟐

𝟑
 

Hence, 

𝑰𝒏 =
(−𝟏)𝒏 ⋅ 𝟐𝒏 ⋅ 𝒏!

(𝟐𝒏 + 𝟏)‼
 

Therefore, 

𝑰𝟐𝒏 =
(−𝟏)𝟐𝒏 ⋅ 𝟐𝟐𝒏 ⋅ (𝟐𝒏)!

(𝟒𝒏 + 𝟏)‼
=
𝟐𝟐𝒏 ⋅ (𝟐𝒏)!

(𝟒𝒏 + 𝟏)‼
;   (𝟐) 

From (1) and (2) it follows that: 

∑(−𝟏)𝒌 ⋅
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

=
(𝟒𝒏 + 𝟏) ⋅ 𝟐𝟐𝒏 ⋅ (𝟐𝒏)!

(𝟒𝒏 + 𝟏)‼
=
𝟐𝟐𝒏 ⋅ (𝟐𝒏)!

(𝟒𝒏 − 𝟏)‼
 

So, we get 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√∑(−𝟏)𝒌 ⋅
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

𝒏

=
𝑪−𝑫

𝐥𝐢𝐦
𝒏→∞

𝟐𝟐𝒏+𝟐

𝟐𝟐𝒏
⋅
(𝟐𝒏 + 𝟐)!

(𝟐𝒏)!
⋅
(𝟒𝒏 − 𝟏)‼

(𝟒𝒏 + 𝟑)‼
= 

= 𝟒 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)(𝟐𝒏 + 𝟐)

(𝟒𝒏 + 𝟏)(𝟒𝒏 + 𝟑)
= 𝟏 

Solution 2 by Ravi Prakash-New Delhi-India 

𝑰𝒏 =∑(−𝟏)𝒌 (
𝟐𝒏

𝒌
) ∙

𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏

𝟐𝒏

𝒌=𝟎

= ∑(−𝟏)𝒌 (
𝟐𝒏

𝒌
)∫ (𝒙𝟐)(𝟐𝒏−𝒌)𝒅𝒙

𝟏

𝟎

𝟐𝒏

𝒌=𝟎

= 

= ∫ ∑(−𝟏)𝒌 (
𝟐𝒏

𝒌
) (𝒙𝟐)𝟐𝒏−𝒌

𝟐𝒏

𝒌=𝟎

𝒅𝒙
𝟏

𝟎

= ∫ (𝟏 − 𝒙𝟐)𝟐𝒏𝒅𝒙
𝟏

𝟎

=
𝒙=𝐬𝐢𝐧𝜽

 

= ∫ 𝐜𝐨𝐬𝟒𝒏+𝟏 𝜽

𝝅
𝟐

𝟎

𝒅𝜽 =
𝟒𝒏

𝟒𝒏 + 𝟏
∙
𝟒𝒏 − 𝟐

𝟒𝒏 − 𝟏
∙ … ∙

𝟐

𝟑
 

(𝟒𝒏 + 𝟏)𝑰𝒏 =
𝟒𝒏

𝟒𝒏 − 𝟏
∙
𝟒𝒏 − 𝟐

𝟒𝒏 − 𝟑
∙ … ∙

𝟐

𝟏
 

𝐥𝐢𝐦
𝒏→∞

√(𝟒𝒏 + 𝟏)𝑰𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝟒𝒏 + 𝟑)𝑰𝒏+𝟏
(𝟒𝒏 + 𝟏)𝑰𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝟒𝒏 + 𝟒

𝟒𝒏 + 𝟑
∙
𝟒𝒏 + 𝟐

𝟒𝒏 + 𝟏
= 
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= 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝟒𝒏 + 𝟑
)(𝟏 +

𝟏

𝟒𝒏 + 𝟏
) = 𝟏 

Solution 3 by Hikmat Mammadov-Azerbaijan 

∑(−𝟏)𝒌 ∙
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟏

=∑(−𝟏)𝒌
𝟒𝒏 + 𝟏

𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

= 

= (𝟒𝒏 + 𝟏)∑∫ (−𝒙𝟐)𝒌 (
𝟐𝒏

𝒌
)𝒅𝒙

𝟏

𝟎

𝟐𝒏

𝒌=𝟎

= (𝟒𝒏 + 𝟏)∫ (−𝒙𝟐)𝒌 (
𝟐𝒏

𝒌
)

𝟏

𝟎

𝒅𝒙 = 

= (𝟒𝒏 + 𝟏)∫ (𝟏 − 𝒙𝟐)𝟐𝒏𝒅𝒙
𝟏

𝟎

= (𝟒𝒏 + 𝟏)∫ (𝟏 − 𝒕)𝟐𝒏 ∙ 𝒕−
𝟏
𝟐
𝒅𝒕

𝟐

𝟏

𝟎

= 

= (𝟐𝒏 +
𝟏

𝟐
)𝜷(𝟐𝒏 + 𝟏,

𝟏

𝟐
) =

𝚪(𝟐𝒏 + 𝟏)𝚪 (
𝟏
𝟐)

𝚪(𝟐𝒏 + 𝟏 +
𝟏
𝟐)

=
𝚪(𝟐𝒏 + 𝟏)𝚪 (

𝟏
𝟐)

𝚪(𝟐𝒏 +
𝟏
𝟐)

 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√∑(−𝟏)𝒌 ⋅
𝟒𝒏 + 𝟏

𝟒𝒏 − 𝟐𝒌 + 𝟏
(
𝟐𝒏

𝒌
)

𝟐𝒏

𝒌=𝟎

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(
𝚪(𝟐𝒏 + 𝟏)𝚪 (

𝟏
𝟐)

𝚪(𝟐𝒏 +
𝟏
𝟐)

)

𝟏
𝒏

 

∵ 𝚪(𝟐𝒏 +
𝟏

𝟐
)~√𝟐𝝅(𝟐𝒏)𝟐𝒏𝒆−𝟐𝒏 

𝚪(𝟐𝒏 + 𝟏)~√𝟐𝝅(𝟐𝒏 + 𝟏)𝟐𝒏+
𝟏
𝟐𝒆−𝟐𝒏 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝝅
𝟏
𝟐𝒏 (

𝟐𝒏 + 𝟏

𝟐𝒏
)
𝟐

(𝟐𝒏 + 𝟏)
𝟏
𝟐𝒏 = 𝐥𝐢𝐦

𝒏→∞
𝒆
𝐥𝐨𝐠(𝟏+𝟐𝒏)

𝟐𝒏 = 𝟏 

UP.452 If 𝟎 < 𝑎 ≤ 𝑏 then: 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤
𝟑𝟕

𝟕𝟐
(𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
) 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤
𝟑𝟕

𝟕𝟐
(𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
) ⇔ 

𝟕𝟐∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤ 𝟑𝟕(𝒃 − 𝒂) 𝐥𝐨𝐠 (
𝒃

𝒂
) ⇔ 
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𝟏𝟒𝟒∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤ 𝟕𝟒(𝒃 − 𝒂)(𝐥𝐨𝐠 𝒃 − 𝐥𝐨𝐠 𝒂) ⇔ 

𝟏𝟒𝟒∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤ 𝟐𝟓∫ ∫
𝟏

𝒚
𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

+ 𝟒𝟗∫ ∫
𝟏

𝒙
𝒅𝒙𝒅𝒚

𝒃

𝒂

⇔
𝒃

𝒂

 

∫ ∫
𝟏𝟒𝟒

𝒙 + 𝒚
𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

≤ ∫ ∫
𝟐𝟓

𝒚

𝒃

𝒂

𝒅𝒙𝒅𝒚
𝒃

𝒂

+∫ ∫
𝟒𝟗

𝒙
𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

⇔ 

𝟏𝟒𝟒

𝒙 + 𝒚
≤
𝟐𝟓

𝒚
+
𝟒𝟗

𝒙
⇔ 𝟏𝟒𝟒𝒙𝒚 ≤ 𝟐𝟓𝒙(𝒙 + 𝒚) + 𝟒𝟗𝒚(𝒙 + 𝒚) ⇔ 

𝟐𝟓𝒙𝟐 + 𝟐𝟓𝒙𝒚 + 𝟒𝟗𝒙𝒚 + 𝟒𝟗𝒚𝟐 − 𝟏𝟒𝟒𝒙𝒚 ≥ 𝟎 ⇔ 

𝟐𝟓𝒙𝟐 − 𝟕𝟎𝒙𝒚 + 𝟒𝟗𝒚𝟐 ≥ 𝟎 ⇔ (𝟓𝒙 − 𝟕𝒚)𝟐 ≥ 𝟎 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Ruxandra Daniela Tonilă-Romania 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

=
𝟏

𝟐
∫ ∫

𝟐𝒅𝒙𝒅𝒚

𝟏
𝒙 +

𝟏
𝒚

𝒃

𝒂

𝒃

𝒂

≤
𝑨𝑯−𝑨𝑴 𝟏

𝟐
∫ ∫

𝟏
𝒙 +

𝟏
𝒚

𝟐
𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

= 

=
𝟏

𝟒
∫ ∫ (

𝟏

𝒙
+
𝟏

𝒚
)𝒅𝒙𝒅𝒚

𝒃

𝒂

𝒃

𝒂

=
𝟏

𝟒
∫ (𝐥𝐨𝐠𝒙 +

𝒙

𝒚
)|
𝒂

𝒃

𝒅𝒚
𝒃

𝒂

= 

=
𝟏

𝟒
∫ (𝐥𝐨𝐠 (

𝒃

𝒂
) +

𝒃 − 𝒂

𝟒
)𝒅𝒚

𝒃

𝒂

=
𝟏

𝟒
(𝐥𝐨𝐠 (

𝒃

𝒂
)𝒚|

𝒂

𝒃

+ (𝒃 − 𝒂) 𝐥𝐨𝐠 𝒚|𝒂
𝒃 = 

=
𝟏

𝟒
(𝐥𝐨𝐠 (

𝒃

𝒂
) (𝒃 − 𝒂) + (𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
)) =

𝟏

𝟐
(𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
) 

Therefore, 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙 + 𝒚

𝒃

𝒂

𝒃

𝒂

≤
𝟏

𝟐
(𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
) ≤

𝟑𝟕

𝟕𝟐
(𝒃 − 𝒂) 𝐥𝐨𝐠 (

𝒃

𝒂
) 

Equality holds for 𝒂 = 𝒃. 

UP.453 If 𝒎 > 𝟎 then find: 

𝛀(𝒎) = 𝐥𝐢𝐦
𝒙→∞

((𝚪(𝒙 + 𝟐))
𝒎+𝟏
𝒙+𝟏 − (𝚪(𝒙 + 𝟏))

𝒎+𝟏
𝒙 )𝐬𝐢𝐧𝒎 (

𝝅

𝒙
) 

Proposed by D.M. Bătineţu-Giurgiu, Daniel Sitaru-Romania 
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Solution 1 by proposers 

𝐥𝐢𝐦
𝒙→∞

(𝚪(𝒙 + 𝟏))
𝟏
𝒙

𝒙
= 𝐥𝐢𝐦
𝒏→∞

√𝚪(𝒏 + 𝟏)
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒏!

𝒏𝒏

𝒏

=
𝑪𝑫𝑨

 

= 𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝟏

𝒆
 

𝐋𝐞𝐭 𝐛𝐞 𝒖(𝒙) = (
(𝚪(𝒙 + 𝟐))

𝟏
𝒙+𝟏

(𝚪(𝒙 + 𝟏))
𝟏
𝒙

)

𝒎+𝟏

= (
(𝚪(𝒙 + 𝟐))

𝟏
𝒙

𝒙 + 𝟏
⋅

𝒙

(𝚪(𝒙 + 𝟏))
𝟏
𝒙

⋅
𝒙 + 𝟏

𝒙
)

𝒎+𝟏

 

𝐥𝐢𝐦
𝒙→∞

𝒖(𝒙) = (
𝟏

𝒆
⋅ 𝒆 ⋅ 𝟏)

𝒎+𝟏

= 𝟏 

𝐥𝐢𝐦
𝒙→∞

𝒖(𝒙) − 𝟏

𝐥𝐨𝐠𝒙
= 𝟏 

𝐥𝐢𝐦
𝒙→∞

(𝒖(𝒙))
𝒙
= 𝐥𝐢𝐦

𝒙→∞
(
𝚪(𝒙 + 𝟐)

𝚪(𝒙 + 𝟏)
⋅

𝟏

(𝚪(𝒙 + 𝟐))
𝟏
𝒙+𝟏

)

𝒎+𝟏

= 𝐥𝐢𝐦
𝒙→∞

(
𝒙 + 𝟏

(𝚪(𝒙 + 𝟏))
𝟏
𝒙+𝟏

)

𝒎+𝟏

= 𝒆𝒎+𝟏 

𝐥𝐢𝐦
𝒙→∞

(
𝐬𝐢𝐧

𝝅
𝒙

𝝅
𝒙

)

𝒎

= 𝟏𝒎 = 𝟏 

𝛀(𝒎) = 𝐥𝐢𝐦
𝒙→∞

(𝚪(𝒙 + 𝟏))
𝒎+𝟏
𝒙 (𝒖(𝒙) − 𝟏) 𝐬𝐢𝐧𝒎 (

𝝅

𝒙
) = 

= 𝐥𝐢𝐦
𝒙→∞

(
𝚪(𝒙 + 𝟏)

𝒙
)

𝒎+𝟏

𝒙𝒎+𝟏 𝐥𝐨𝐠𝒖(𝒙) ⋅
𝒖(𝒙) − 𝟏

𝐥𝐨𝐠𝒖(𝒙)
⋅ 𝐬𝐢𝐧𝒎 (

𝝅

𝒙
) = 

= (
𝟏

𝒆
)
𝒎+𝟏

⋅ 𝐥𝐢𝐦
𝒙→∞

𝒖(𝒙) − 𝟏

𝐥𝐨𝐠 𝒖(𝒙)
⋅ 𝐥𝐨𝐠(𝒖(𝒙))

𝒙
⋅
𝐬𝐢𝐧𝒎 (

𝝅
𝒙)

𝝅
𝒙

⋅ 𝝅𝒎 = 

= (
𝟏

𝒆
)
𝒎+𝟏

⋅ 𝟏 ⋅ 𝐥𝐨𝐠 𝒆𝒎+𝟏 ⋅ 𝟏 ⋅ 𝝅𝒎 = (
𝟏

𝒆
)
𝒎+𝟏

⋅ (𝒎 + 𝟏) ⋅ 𝝅𝒎 = 

=
(𝒎+ 𝟏)𝝅𝒎

𝒆𝒎+𝟏
 

Solution 2 by Angel Plaza-Gran Canaria-Spain 

∵ 𝚪(𝒙) = √𝟐𝝅𝒆−𝒙𝒙𝒙−
𝟏
𝟐 (𝟏 + 𝑶(

𝟏

𝒙
)) 
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𝛀(𝒎) = 𝐥𝐢𝐦
𝒙→∞

((𝚪(𝒙 + 𝟐))
𝒎+𝟏
𝒙+𝟏 − (𝚪(𝒙 + 𝟏))

𝒎+𝟏
𝒙 ) 𝐬𝐢𝐧𝒎 (

𝝅

𝒙
) = 

= 𝐥𝐢𝐦
𝒙→∞

(

 
 
(𝟐𝝅)

𝒎+𝟏
𝟐(𝒙+𝟏)𝒆−

(𝒎+𝟏)
(𝒙+𝟐)
𝒙+! (𝒙 + 𝟐)

(𝒎+𝟏)(
𝒙+
𝟑
𝟐

𝒙+𝟏
)

− (𝟐𝝅)
𝒎+𝟏
𝟐𝒙 𝒆−

(𝒎+𝟏)
(𝒙+𝟏)
𝒙 (𝒙 + 𝟏)

(𝒎+𝟏)(
𝒙+
𝟏
𝟐

𝒙+𝟏
)

)

 
 
(
𝝅

𝒙
)
𝒎

 

= 𝒆−(𝒎+𝟏) 𝐥𝐢𝐦
𝒙→∞

((𝒙 + 𝟐)𝒎+𝟏 − (𝒙 + 𝟏)𝒎+𝟏) (
𝝅

𝒙
)
𝒎

= 

= 𝒆−(𝒎+𝟏)𝝅𝒎 𝐥𝐢𝐦
𝒙→∞

𝒙((
𝒙 + 𝟐

𝒙
)
𝒎+𝟏

− (
𝒙 + 𝟏

𝒙
)
𝒎+𝟏

) = 

= 𝒆−(𝒎+𝟏)𝝅𝒎 𝐥𝐢𝐦
𝒙→∞

𝒙((𝟏 +
𝟐

𝒙
)
𝒎+𝟏

− (𝟏 +
𝟏

𝒙
)
𝒎+𝟏

) = 

 

= 𝒆−(𝒎+𝟏)𝝅𝒎 𝐥𝐢𝐦
𝒙→∞

(𝟏 +
𝟐(𝒎+ 𝟏)

𝒙
− (𝟏 +

𝒎+ 𝟏

𝒙
)) = 

= (𝒎+ 𝟏)𝒆−(𝒎+𝟏)𝝅𝒎 =
𝒎+ 𝟏

𝒆𝒎+𝟏
𝝅𝒎 

UP.454 Let 𝑨,𝑩 ∈ 𝑴𝟒(ℝ) such that 𝑨𝑩 + 𝑩𝑨 = 𝑶𝟒, then prove: 

𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 +𝑩𝟐) ≥ 𝟎 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨+ 𝑩))] ≥ 𝟎; (𝟏) 

𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨+ 𝑩))] = 

= 𝐝𝐞𝐭(𝑨𝟒 − 𝒊𝑨𝟑 − 𝒊𝑨𝟐𝑩+ 𝒊𝑨𝟑 + 𝒊𝑩𝑨𝟐 + (𝑨𝑩)𝟐) ; (𝟐) 

(𝑨 + 𝑩)𝟐 = (𝑨 + 𝑩)(𝑨 + 𝑩) = 𝑨𝟐 + 𝑨𝑩 +𝑩𝑨 +𝑩𝟐 = 𝑨𝟐 +𝑩𝟐; (𝟑) 

𝑨 ⋅ │𝑨𝑩 = −𝑩𝑨 ⇒ 𝑨𝟐𝑩 = −𝑨𝑩𝑨 ⇒ −𝒊(𝑨𝟐𝑩− 𝑩𝑨𝟐) = −𝒊(−𝑨𝑩𝑨 − 𝑩𝑨𝟐) = 
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= 𝒊(𝑨𝑩 +𝑩𝑨) ⋅ 𝑨 = 𝑶𝟒; (𝟒) 

From (2),(3) and (4) we get: 

𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨+ 𝑩))] = 𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐) ; (𝟓) 

From (1) and (5) it follows that 

𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 +𝑩𝟐) ≥ 𝟎 

Solution 2 by Florentin Vișescu-Romania 

(𝑨 + 𝑩)𝟐 = 𝑨𝟐 + 𝑨𝑩+ 𝑩𝑨 +𝑩𝟐 = 𝑨𝟐 + 𝒃𝟐 

𝑨𝟒 + 𝑨𝟐 +𝑩𝟐 = 𝑨𝟒 + (𝑨 + 𝑩)𝟐 

(𝑨𝟐 − 𝒊(𝑨 + 𝑩)) (𝑨𝟐 + 𝒊(𝑨 + 𝑩)) = 𝑨𝟒 + 𝒊𝑨𝟐(𝑨 + 𝑩) − 𝒊(𝑨 + 𝑩)𝑨𝟐 + (𝑨 + 𝑩)𝟐 = 

= 𝑨𝟒 + 𝒊𝑨𝟑 + 𝒊𝑨𝟐𝑩− 𝒊𝑨𝟑 − 𝒊𝑩𝑨𝟐 + (𝑨 + 𝑩)𝟐 = 

= 𝑨𝟒 + 𝒊(𝑨𝟐𝑩−𝑩𝑨𝟐) + (𝑨 + 𝑩)𝟐 = 𝑨𝟒 + 𝒊(𝑨(−𝑩𝑨) − 𝑩𝑨𝟐) + (𝑨 + 𝑩)𝟐 = 

= 𝑨𝟒 + 𝒊(−𝑨𝑩𝑨 −𝑩𝑨𝟐) + (𝑨 + 𝑩)𝟐 = 𝑨𝟒 + 𝒊(𝑩𝑨𝟐 −𝑩𝑨𝟐) + (𝑨 + 𝑩)𝟐 = 𝑨𝟒 + (𝑨 + 𝑩)𝟐 

Hence, we get: 

𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐) = 𝐝𝐞𝐭(𝑨𝟒 + (𝑨 + 𝑩)𝟐) = 

= 𝐝𝐞𝐭 (𝑨𝟐 − 𝒊(𝑨 + 𝑩)) (𝑨𝟐 + 𝒊(𝑨+ 𝑩)) = 

= 𝐝𝐞𝐭(𝑨𝟐 + 𝒊(𝑨+ 𝑩))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∙ 𝐝𝐞𝐭 (𝑨𝟐 + 𝒊(𝑨 + 𝑩)) = 

= |𝐝𝐞𝐭 (𝑨𝟐 + 𝒊(𝑨+ 𝑩))|
𝟐

≥ 𝟎 

Solution 3 by Ravi Prakash-New Delhi-India 

We first show that 𝑨𝟐𝑩 = 𝑩𝑨𝟐. We have: 

𝑨𝟐𝑩 = 𝑨(𝑨𝑩) = 𝑨(−𝑩𝑨) = −(𝑨𝑩)𝑨 = −(−𝑩𝑨)𝑨 = 𝑩𝑨𝟐 

Also, we have: 

𝑨𝟐 + 𝑩𝟐 = 𝑨𝟐 +𝑩𝟐 + 𝑨𝑩 +𝑩𝑨 = 𝑨(𝑨 + 𝑩) + 𝑩(𝑨 + 𝑩) = (𝑨 + 𝑩)𝟐 

Next, note that 

𝑨𝟐(𝑨 + 𝑩) = 𝑨𝟑 + 𝑨𝟐𝑩 = 𝑨𝟑 + 𝑩𝑨𝟐 = (𝑨 + 𝑩)𝑨𝟐 

Let 𝑿 = 𝑨𝟐, 𝒀 = 𝑨 + 𝑩 then 𝑿𝒀 = 𝒀𝑿. 

We have: 
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𝐝𝐞𝐭(𝑿𝟐 + 𝒀𝟐) = 𝐝𝐞𝐭((𝑿 + 𝒊𝒀)(𝑿 − 𝒊𝒀)) = 𝐝𝐞𝐭(𝑿 + 𝒊𝒀)𝐝𝐞𝐭(𝑿 − 𝒊𝒀) = 

= 𝐝𝐞𝐭(𝑿 + 𝒊𝒀)𝐝𝐞𝐭(𝑿 + 𝒊𝒀)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = | 𝐝𝐞𝐭(𝑿 + 𝒊𝒀) |𝟐 

UP.455 Let 𝝎 be a root of the equation 𝒙𝟒 + (𝒙 − 𝟏)𝟒 + 𝟏 = 𝟎. 

Find: 𝛀 = 𝝎𝟑𝟎𝟎 +𝝎𝟑𝟎𝟑. 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝒙𝟒 + (𝒙 − 𝟏)𝟒 + 𝟏 = 𝒙𝟒 + 𝒙𝟒 − 𝟒𝒙𝟑 + 𝟔𝒙𝟐 − 𝟒𝒙 + 𝟏 + 𝟏 = 

= 𝟐𝒙𝟒 − 𝟒𝒙𝟑 + 𝟔𝒙𝟐 − 𝟒𝒙 + 𝟐 = 𝟐(𝒙𝟒 − 𝟐𝒙𝟑 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟏) = 

= 𝟐(𝒙𝟒 − 𝟐𝒙𝟑 + 𝒙𝟐 + 𝟐𝒙𝟐 − 𝟐𝒙 + 𝟏) = 𝟐(𝒙𝟐 − 𝒙 + 𝟏)𝟐 

𝟐(𝒙𝟐 − 𝒙 + 𝟏)𝟐 = 𝟎 ⇔ 𝒙𝟐 − 𝒙 + 𝟏 = 𝟎 

⇒ 𝝎𝟐 − 𝝎+ 𝟏 = 𝟎 ⇒ (𝝎 + 𝟏)(𝝎𝟐 − 𝝎+ 𝟏) = 𝟎 

𝝎𝟑 + 𝟏 = 𝟎 ⇒ 𝝎𝟑 = −𝟏 

𝛀 = 𝝎𝟑𝟎𝟎 + 𝝎𝟑𝟎𝟑 = (𝝎𝟑)𝟏𝟎𝟎 + (𝝎𝟑)𝟏𝟎𝟏 = (−𝟏)𝟏𝟎𝟎 + (−𝟏)𝟏𝟎𝟏 = 𝟏 − 𝟏 = 𝟎. 

Solution 2 by Ashwni Kumar-India 

𝒙𝟒 + (𝒙 − 𝟏)𝟒 + 𝟏 = 𝟎 ⇔ 𝒙𝟒 + (𝒙𝟐 − 𝟐𝒙 + 𝟏)𝟐 + 𝟏 = 𝟎 

𝒙𝟒 − 𝟐𝒙𝟑 + 𝟑𝒙𝟐 − 𝟐𝒙 + 𝟏 = 𝟎 

(𝒙𝟒 − 𝒙𝟑 + 𝒙𝟐) − (𝒙𝟑 − 𝒙𝟐 + 𝒙) + (𝒙𝟐 − 𝒙 + 𝟏) = 𝟎 

𝒙𝟐(𝒙𝟐 − 𝒙 + 𝟏) − 𝒙(𝒙𝟐 − 𝒙 + 𝟏) + (𝒙𝟐 − 𝒙 + 𝟏) = 𝟎 

(𝒙𝟐 − 𝒙 + 𝟏)𝟐 = 𝟎 ⇔ 𝒙𝟐 − 𝒙 + 𝟏 = 𝟎 

𝒙𝟏,𝟐 = 𝒙𝟑,𝟒 =
𝟏

𝟐
±
√𝟑

𝟐
𝒊 

Let 𝝎 =
𝟏

𝟐
+
√𝟑

𝟐
𝒊 then 𝝎𝟑 + 𝟏 = 𝟎 ⇒ 𝝎𝟑 = −𝟏 

𝛀 = 𝝎𝟑𝟎𝟎 + 𝝎𝟑𝟎𝟑 = (𝝎𝟑)𝟏𝟎𝟎 + (𝝎𝟑)𝟏𝟎𝟏 = (−𝟏)𝟏𝟎𝟎 + (−𝟏)𝟏𝟎𝟏 = 𝟏 − 𝟏 = 𝟎. 

Solution 3 by Angel Plaza-Gran Canaria-Spain 

Since 𝒙𝟒 + (𝒙 − 𝟏)𝟒 + 𝟏 = 𝟐(𝒙𝟐 − 𝒙 + 𝟏)𝟐, the roots of the given equation are  

𝝎𝟏 =
𝟏

𝟐
+
√𝟑

𝟐
𝒊 = 𝒆

𝝅
𝟑
𝒊 𝐚𝐧𝐝 𝝎𝟐 =

𝟏

𝟐
−
√𝟑

𝟐
𝒊 = 𝒆

−𝝅
𝟑
𝒊 

Both hold that 𝝎𝒌
𝟑𝟎𝟎 = 𝟏 and 𝝎𝒌

𝟑𝟎𝟑 = −𝟏, for 𝒌 = 𝟏, 𝟐. So, 
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𝛀 = 𝝎𝟑𝟎𝟎 +𝝎𝟑𝟎𝟑 = 𝟎. 

UP.456 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) 𝐬𝐢𝐧 𝑨 + (𝒎𝒄
𝟐 +𝒎𝒂

𝟐) 𝐬𝐢𝐧 𝑩 + (𝒎𝒂
𝟐 +𝒎𝒃

𝟐) 𝐬𝐢𝐧 𝑪 ≥ 𝟓𝟒√𝟑 ⋅
𝒓𝟑

𝑹
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by proposer 

Let 𝒂 = 𝑩𝑪,𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the sides of 𝚫𝑨𝑩𝑪 and 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄 is 

the semiperimeter. We have: 

𝒎𝒂
𝟐 =

𝟐(𝒃𝟐 + 𝒄𝟐) − 𝒂𝟐

𝟒
≥
(𝒃 + 𝒄)𝟐 − 𝒂𝟐

𝟒
=
(𝒃 + 𝒄 + 𝒂)(𝒃 + 𝒄 − 𝒂)

𝟒
=
𝟐𝒔(𝟐𝒔 − 𝟐𝒂)

𝟒
 

𝒔(𝒔 − 𝒂) =
𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭

𝒔 − 𝒃
⋅
𝑭

𝒔 − 𝒄
= 𝒓𝒃𝒓𝒄 

We have: 

𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐 ≤

𝟏

𝒓𝒃𝒓𝒄
+

𝟏

𝒓𝒄𝒓𝒂
=
𝟏

𝒓𝒄
(
𝟏

𝒓𝒂
+
𝟏

𝒓𝒃
) =

𝟏

𝒓𝒄
(
𝒔 − 𝒂

𝑭
+
𝒔 − 𝒃

𝑭
) = 

=
𝟏

𝒓𝒄
⋅
𝟐𝒔 − 𝒂 − 𝒃

𝑭
=

𝒄

𝒓𝒄𝑭
 

𝐒𝐨,
𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐 ≤

𝒄

𝒓𝒄𝑭
. 𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞: 

(𝒎𝒂
𝟐 +𝒎𝒃

𝟐)(
𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐) ≥ 𝟒 ⇔ 𝒎𝒂

𝟐 +𝒎𝒃
𝟐 ≥

𝟒

𝟏
𝒎𝒂
𝟐 +

𝟏
𝒎𝒃
𝟐

 

So, 𝒄(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) ≥ 𝟒𝒓𝒄𝑭. Similarly, we have: 𝒂(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) ≥ 𝟒𝒓𝒂𝑭 and 

 𝒃(𝒎𝒄
𝟐 +𝒎𝒂

𝟐) ≥ 𝟒𝒓𝒃𝑭. 

By adding these inequalities, we have: 

𝒂(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) + 𝒃(𝒎𝒄
𝟐 +𝒎𝒂

𝟐) + 𝒄(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) ≥ 𝟒𝑭(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 

We know that 𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄 = 𝟒𝑹 + 𝒓, 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) and 𝑭 = 𝒓𝒔, 𝒔 ≥

𝟑√𝟑𝑹(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄). 

So, using the Law of sines, we get: 
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(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) 𝐬𝐢𝐧𝑨 + (𝒎𝒄
𝟐 +𝒎𝒂

𝟐) 𝐬𝐢𝐧𝑩 + (𝒎𝒂
𝟐 +𝒎𝒃

𝟐) 𝐬𝐢𝐧𝑪 ≥
𝟒𝒓𝒔(𝟒𝑹+ 𝒓)

𝟐𝑹
≥ 

≥
𝟒𝒓(𝟑√𝟑𝒓)(𝟒 ⋅ 𝟐𝒓 + 𝒓)

𝟐𝑹
= 𝟓𝟒√𝟑 ⋅

𝒓𝟑

𝑹
 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Marian Ursărescu-Romania 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 ≥ 𝟐𝒎𝒃𝒎𝒄 

We must show: 

∑𝒎𝒃𝒎𝒄 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

≥ 𝟐𝟕√𝟑
𝒓𝟑

𝑹
; (𝟏) 

∑𝒎𝒃𝒎𝒄 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

≥ 𝟑√(𝒎𝒂𝒎𝒃𝒎𝒄)
𝟐 ∙ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪

𝟑
; (𝟐) 

From (1) and (2) we must show: 

√(𝒎𝒂𝒎𝒃𝒎𝒄)𝟐 ∙ 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
𝟑

≥ 𝟗√𝟑
𝒓𝟑

𝑹
; (𝟑) 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝒔𝑭 = 𝒔
𝟐𝒓; (𝟒) 

𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪 =
𝒔𝒓

𝟐𝑹𝟐
; (𝟓) 

From (3), (4) and (5) we must show: 

𝒔𝟒𝒓𝟐 ∙
𝒔𝒓

𝟐𝑹𝟐
≥ 𝟗𝟑 ∙ 𝟑√𝟑 ∙

𝒓𝟗

𝑹𝟑
⇔ 𝑹𝒔𝟓 ≥ 𝟐 ∙ 𝟑𝟕√𝟑 ∙ 𝒓𝟔 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). We must show: 

𝒔𝟓 ≥ 𝟑𝟕√𝟑𝒓𝟓; (𝟔) 

But 𝒔 ≥ 𝟑√𝟑𝒓(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) ⇒ 𝒔𝟓 ≥ (𝟑√𝟑)
𝟓
𝒓𝟓 = 𝟑𝟕√𝟑𝒓𝟓 ⇒ (𝟔) its true. 

Solution 3 by Tapas Das-India 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 =
𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐 + 𝟐𝒂𝟐 + 𝟐𝒃𝟐 − 𝒄𝟐) =

𝟏

𝟒
(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) 𝐬𝐢𝐧𝑨 =
𝟏

𝟒
(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂

𝟐𝑹
=
𝒂

𝟖𝑹
(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

(𝒎𝒄
𝟐 +𝒎𝒂

𝟐) 𝐬𝐢𝐧𝑩 =
𝒄

𝟖𝑹
(𝟒𝒃𝟐 + 𝒂𝟐 + 𝒄𝟐) 
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(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) 𝐬𝐢𝐧𝑪 =
𝒄

𝟖𝑹
(𝟒𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐) 

∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

=
𝟏

𝟖𝑹
∑(𝟒𝒂𝟑 + 𝒂𝒄𝟐 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

≥ 

≥
𝟏

𝟖𝑹
∙ (𝟑√𝟒𝒂𝟑 ∙ 𝟒𝒃𝟑 ∙ 𝟒𝒄𝟑

𝟑
+ 𝟔√𝒂𝟔𝒃𝟔𝒄𝟔

𝟔
) =

𝟏

𝟖𝑹
(𝟏𝟐𝒂𝒃𝒄 + 𝟔𝒂𝒃𝒄) =

𝟗

𝟒𝑹
𝒂𝒃𝒄 = 

=
𝟗

𝟒𝑹
∙ 𝟒𝑹𝑭 ≥ 𝟓𝟒√𝟑

𝒓𝟑

𝑹
 

Solution 4 by Ertan Yildirim-Izmir-Turkiye 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂); (𝟏) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭; (𝟐) 

∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) 𝐬𝐢𝐧 𝑨

𝒄𝒚𝒄

≥∑[𝒔(𝒔 − 𝒃) + 𝒔(𝒔 − 𝒄)] 𝐬𝐢𝐧 𝑨

𝒄𝒚𝒄

= 

=∑𝒔(𝟐𝒔 − 𝒃 − 𝒄) ∙
𝒂

𝟐𝑹
𝒄𝒚𝒄

=∑𝒔𝒂 ∙
𝒂

𝟐𝑹
𝒄𝒚𝒄

=
𝒔

𝟐𝑹
∑𝒂𝟐

𝒄𝒚𝒄

 

𝒔

𝟐𝑹
∑𝒂𝟐

𝒄𝒚𝒄

≥
𝒔

𝟐𝑹
∙ 𝟒√𝟑𝑭 =

𝒔

𝟐𝑹
∙ 𝟒√𝟑 ∙ 𝒔𝒓 =

𝒓

𝑹
𝟐√𝟑𝒔𝟐 

𝒓

𝑹
𝟐√𝟑 ∙ 𝒔𝟐 ≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟐√𝟑𝒓

𝑹
(𝟑√𝟑𝒓)

𝟐
= 𝟓𝟒√𝟑

𝒓𝟑

𝑹
 

UP.457 If 𝒂, 𝒃, 𝒄, 𝒅 > 0 such that 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟏 and 𝝀 ≥ 𝟎 then: 

𝒂√𝒃𝟐 + 𝝀 + 𝒃√𝒄𝟐 + 𝝀 + 𝒄√𝒅𝟐 + 𝝀 + 𝒅√𝒂𝟐 + 𝝀 ≥ √𝟏 + 𝟒𝝀 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

𝒂√𝒃𝟐 + 𝝀 + 𝒃√𝒄𝟐 + 𝝀 + 𝒄√𝒅𝟐 + 𝝀 + 𝒅√𝒂𝟐 + 𝝀 = 

=∑𝒂√𝒃𝟐 + 𝝀

𝒄𝒚𝒄

=∑𝒂|𝒃 + √𝝀𝒊|

𝒄𝒚𝒄

=∑|𝒂𝒃 + 𝒂√𝝀𝒊|

𝒄𝒚𝒄

≥ 

≥ |𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒅 + (𝒂+ 𝒃 + 𝒄 + 𝒅)√𝝀𝒊| = 

= √(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂)𝟐 + 𝝀(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 ≥
(𝟏)

 

≥ √(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂)𝟐 + 𝟒𝝀(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂) = √𝟏 + 𝟒𝝀 
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(𝟏) ⇔ (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 ≥ 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂) ⇔ (𝒂− 𝒃 + 𝒄 − 𝒅)𝟐 ≥ 𝟎 

Equality holds for 𝒂 + 𝒄 = 𝒃 + 𝒅, 𝒂 = 𝒃 = 𝒄 = 𝒅 =
𝟏

𝟐
. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂√𝒃𝟐 + 𝝀 + 𝒃√𝒄𝟐 + 𝝀 + 𝒄√𝒅𝟐 + 𝝀 + 𝒅√𝒂𝟐 + 𝝀 = 

= √(𝒂𝒃)𝟐 + 𝝀𝒂𝟐 +√(𝒃𝒄)𝟐 + 𝝀𝒃𝟐 + √(𝒄𝒂)𝟐 + 𝝀𝒄𝟐 + √(𝒅𝒂)𝟐 + 𝝀𝒅𝟐 ≥ √𝟏 + 𝟒𝝀 

√(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂)𝟐 + (√𝝀(𝒂 + 𝒃 + 𝒄 + 𝒅))
𝟐

≥ √𝟏 + 𝟒𝝀 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂)𝟐 + (√𝝀(𝒂 + 𝒃 + 𝒄 + 𝒅))
𝟐

= 𝟏 + 𝟒𝝀 true, because  

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟏 and  

(√𝝀(𝒂 + 𝒃 + 𝒄 + 𝒅))
𝟐

= 𝝀(𝒂 + 𝒃 + 𝒄 = 𝒅)𝟐 ≥ 𝟒𝝀(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝐝 + 𝐝𝒂)𝟐 =∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟐(𝒂𝐛.𝐛𝐜 + 𝒂𝐛. 𝐜𝐝 + 𝒂𝐛.𝐝𝒂 + 𝐛𝐜. 𝐜𝐝 + 𝐛𝐜. 𝐝𝒂 + 𝐜𝐝. 𝐝𝒂)

=∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝒂𝐛𝐜𝐝+ 𝟐((𝒂𝐛𝟐𝐜 + 𝐜𝐝𝟐𝒂) + (𝒂𝟐𝐛𝐝+ 𝐛𝐜𝟐𝐝)) 

⇒ (𝒂𝐛 + 𝐛𝐜 + 𝐜𝐝 + 𝐝𝒂)𝟐 =
(∗)
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝒂𝐛𝐜𝐝+ 𝟐𝒂𝐜(𝐛𝟐 + 𝐝𝟐) + 𝟐𝐛𝐝(𝒂𝟐 + 𝐜𝟐) 

𝐕𝐢𝒂 𝐂𝐁𝐒, (𝐛𝟐 + (√𝛌)
𝟐
)(𝐜𝟐 + (√𝛌)

𝟐
)

≥ (𝐛𝐜 + √𝛌. √𝛌)
𝟐

⇒⏞
∵ 𝐛𝟐+𝛌,𝐜𝟐+𝛌,𝐛𝐜+𝛌 > 0 𝒂𝐬 𝛌 ≥ 𝟎 𝒂𝐧𝐝 𝐛,𝐜 > 0 

√𝐛𝟐 + 𝛌.√𝐜𝟐 + 𝛌

≥ 𝐛𝐜 + 𝛌 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → (𝟏) 

𝐀𝒍𝐬𝐨, (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

⇔∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟐𝒂𝐜+ 𝟐𝐛𝐝 ≥ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

⇔ (𝒂𝟐 + 𝐜𝟐 + 𝟐𝒂𝐜) + (𝐛𝟐 + 𝐝𝟐 + 𝟐𝐛𝐝) ≥ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

⇔ (𝒂 + 𝐜)𝟐 + (𝐛 + 𝐝)𝟐

≥ 𝟐(𝒂𝐛+ 𝐛𝐜 + 𝐜𝐝 + 𝐝𝒂) 

⇔ (𝒂 + 𝐜)𝟐 + (𝐛 + 𝐝)𝟐 ≥ 𝟐(𝒂 + 𝐜)(𝐛 + 𝐝) → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐀 − 𝐆 ⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

=
𝒂𝐛+𝐛𝐜+𝐜𝐝+𝐝𝒂 = 𝟏

𝟒 ⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
(∗∗)

𝟒 
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𝐍𝐨𝐰,(𝒂√𝐛𝟐 + 𝛌 + 𝐛√𝐜𝟐 + 𝛌 + 𝐜√𝐝𝟐 + 𝛌 + 𝐝√𝒂𝟐 + 𝛌)
𝟐

= 𝒂𝟐(𝐛𝟐 + 𝛌) + 𝐛𝟐(𝐜𝟐 + 𝛌) + 𝐜𝟐(𝐝𝟐 + 𝛌) + 𝐝𝟐(𝒂𝟐 + 𝛌) + 𝟐𝒂𝐛.√𝐛𝟐 + 𝛌.√𝐜𝟐 + 𝛌

+ 𝟐𝒂𝐜.√𝐛𝟐 + 𝛌.√𝐝𝟐 + 𝛌 

+𝟐𝒂𝐝.√𝐛𝟐 + 𝛌.√𝒂𝟐 + 𝛌 + 𝟐𝐛𝐜.√𝐜𝟐 + 𝛌.√𝐝𝟐 + 𝛌 + 𝟐𝐛𝐝.√𝐜𝟐 + 𝛌.√𝒂𝟐 + 𝛌

+ 𝟐𝐜𝐝.√𝐝𝟐 + 𝛌.√𝒂𝟐 + 𝛌 ≥
𝐯𝐢𝒂 (𝟏)

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝛌∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐𝒂𝐛(𝐛𝐜 + 𝛌)

+ 𝟐𝒂𝐜(𝐛𝐝+ 𝛌) + 𝟐𝒂𝐝(𝒂𝐛 + 𝛌) 
+𝟐𝐛𝐜(𝐜𝐝 + 𝛌) + 𝟐𝐛𝐝(𝒂𝐜 + 𝛌) + 𝟐𝐜𝐝(𝒂𝐝+ 𝛌)

= (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟒𝒂𝐛𝐜𝐝 + 𝟐𝒂𝐜(𝐛𝟐 + 𝐝𝟐) + 𝟐𝐛𝐝(𝒂𝟐 + 𝐜𝟐))

+ (𝛌∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐𝛌∑𝒂𝐛

𝐬𝐲𝐦

) =
𝐯𝐢𝒂 (∗)

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝐝 + 𝐝𝒂)𝟐 + 𝛌(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

=
𝒂𝐛+𝐛𝐜+𝐜𝐝+𝐝𝒂 = 𝟏

𝟏 + 𝛌(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
𝐯𝐢𝒂 (∗∗) 𝒂𝐧𝐝 ∵𝛌 ≥ 𝟎

𝟏 + 𝟒𝛌

⇒ 𝒂√𝐛𝟐 + 𝛌 + 𝐛√𝐜𝟐 + 𝛌 + 𝐜√𝐝𝟐 + 𝛌 + 𝐝√𝒂𝟐 + 𝛌 ≥ √𝟏 + 𝟒𝛌 ∀ 𝒂,𝐛, 𝐜, 𝐝

> 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝐝 + 𝐝𝒂 = 𝟏 𝒂𝐧𝐝 𝛌 ≥ 𝟎 (𝐐𝐄𝐃) 

Solution 4 by Daoudi Abdessattar-Tunisia 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = (𝒂 + 𝒄)(𝒃 + 𝒅) = 𝟏 

∑√(𝒂𝒃)𝟐 + 𝒂𝟐𝝀

𝒄𝒚𝒄

≥
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊

√(𝒂 + 𝒄)𝟐(𝒃 + 𝒅)𝟐 + (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 ≥
𝑨𝑮𝑴

 

≥ √𝟏 + 𝟒(𝒂 + 𝒄)(𝒃 + 𝒅)𝝀 = √𝟏 + 𝟒𝝀 

Solution 5 by Tapas Das-India 

∑√𝒂𝒊
𝟐 + 𝒃𝒊

𝟐

𝒏

𝒊=𝟏

≥ √(∑𝒂𝒊

𝒏

𝒊=𝟏

)

𝟐

+ (∑𝒃𝒊

𝒏

𝒊=𝟏

)

𝟐

; ∀𝒂𝒊, 𝒃𝒊 > 0, 𝑖 ∈ 𝟏, 𝒏̅̅ ̅̅ ̅; (𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊) 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟏 ⇒ (𝒂 + 𝒄)(𝒃 + 𝒅) = 𝟏 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = (𝒂 + 𝒄)(𝒃 + 𝒅) = 𝟏 

∑√(𝒂𝒃)𝟐 + 𝒂𝟐𝝀

𝒄𝒚𝒄

≥
𝑴𝒊𝒏𝒌𝒐𝒘𝒌𝒊

√(𝒂 + 𝒄)𝟐(𝒃 + 𝒅)𝟐 + (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 ≥
𝑨𝑮𝑴

 

≥ √𝟏 + 𝟒(𝒂 + 𝒄)(𝒃 + 𝒅)𝝀 = √𝟏 + 𝟒𝝀 
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UP.458 Find: 

𝛀 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭 𝑨 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)
𝒅𝒙

𝟏

𝟎

 𝐚𝐧𝐝 𝑩 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟏

 

We have, successively: 

𝑨 = ∫
(𝟏 − 𝒙)𝒙 𝐥𝐨𝐠 𝒙

𝟏 − 𝒙𝟒
𝒅𝒙

𝟏

𝟎

= ∫
𝒙 𝐥𝐨𝐠 𝒙

𝟏 − 𝒙𝟒
𝒅𝒙

𝟏

𝟎

−∫
𝒙𝟐 𝐥𝐨𝐠𝒙

𝟏 − 𝒙𝟒
𝒅𝒙

𝟏

𝟎

= 

= ∫ ∑𝒙𝟒𝒏+𝟏 𝐥𝐨𝐠 𝒙

∞

𝒏=𝟎

𝒅𝒙
𝟏

𝟎

−∫ ∑𝒙𝟒𝒏+𝟐 𝐥𝐨𝐠 𝒙

∞

𝒏=𝟎

𝒅𝒙
𝟏

𝟎

= 

= ∑(∫ 𝒙𝟒𝒏+𝟏 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

−∫ 𝒙𝟒𝒏+𝟏 𝐥𝐨𝐠 𝒙
𝟏

𝟎

𝒅𝒙)

∞

𝒏=𝟎

 

We will to use the following relationship: 

∫ 𝒙𝒂 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

= −
𝟏

(𝒂 + 𝟏)𝟐
, 𝐰𝐡𝐞𝐫𝐞 𝒂 ∈ ℝ, 𝒂 ≥ 𝟎 

𝑨 = ∑[
𝟏

(𝟒𝒏 + 𝟑)𝟐
−

𝟏

(𝟒𝒏 + 𝟐)𝟐
]

∞

𝒏=𝟎

= ∑[

𝟏
𝟏𝟔

(𝒏 +
𝟑
𝟒)

𝟐 −

𝟏
𝟏𝟔

(𝒏 +
𝟐
𝟒)

𝟐
]

∞

𝒏=𝟎

 

We use the following relationship: 

𝝍𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

, 𝐰𝐡𝐞𝐫𝐞 𝝍𝟏(𝒙) − 𝐢𝐬 𝐭𝐫𝐢𝐠𝐚𝐦𝐦𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧. 

We obtained the value of 𝑨: 

𝑨 =
𝟏

𝟏𝟔
[𝝍𝟏 (

𝟑

𝟒
) − 𝝍𝟏 (

𝟏

𝟐
)] 

In the integral 𝑩 we make the variable change: 𝒙 =
𝟏

𝒚
. We obtain: 

𝑩 = −∫
𝐥𝐨𝐠 𝒚

(𝒚 + 𝟏)(𝒚𝟐 + 𝟏)
𝒅𝒚

𝟏

𝟎
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By proceeding similarly to the integral 𝑨, we obtain: 

𝑩 =
𝟏

𝟏𝟔
[𝝍𝟏 (

𝟏

𝟒
) − 𝝍𝟏 (

𝟏

𝟐
)] 

Result: 

𝛀 = 𝑨 + 𝑩 =
𝟏

𝟏𝟔
[𝝍𝟏 (

𝟏

𝟒
) + 𝝍𝟏 (

𝟑

𝟒
) − 𝟐𝝍𝟏 (

𝟏

𝟐
)] 

We use the reflection formula: 

𝝍𝟏(𝒙) + 𝝍𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
 

We obtain:  𝝍𝟏 (
𝟏

𝟒
) + 𝝍𝟏 (

𝟑

𝟒
) = 𝟐𝝅𝟐 

The following special value is known:  𝝍𝟏 (
𝟏

𝟐
) =

𝝅𝟐

𝟐
⇒ 𝝍𝟏 (

𝟏

𝟐
) =

𝝅𝟐

𝟐
 

Solution 2 by Rana Ranino-Setif-Algerie 

𝛀 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

= ∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

+∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟏

⏞              

𝒙→
𝟏
𝒙

= 

= ∫
(𝒙 − 𝟏) 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

= ∫ (
𝒙

𝟏 + 𝒙𝟐
−

𝟏

𝟏 + 𝒙
) 𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

=
𝑰𝑩𝑷

 

= [(
𝟏

𝟐
𝐥𝐨𝐠(𝟏 + 𝒙𝟐) − 𝐥𝐨𝐠(𝟏 + 𝒙)) 𝐥𝐨𝐠 𝒙]

𝟎

𝟏

+∫
𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

−
𝟏

𝟐
∫
𝐥𝐨𝐠(𝟏 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎

⏞            
𝒙𝟐→𝒙

= 

=
𝟑

𝟒
∫
𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟑

𝟒
𝑳𝒊𝟐(−𝟏) =

𝝅𝟐

𝟏𝟔
 

Therefore, 

𝛀 = ∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

=
𝝅𝟐

𝟏𝟔
 

Solution 3 by Ankush Kumar Parcha-India 

𝛀 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

= ∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

+∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟏

⏞              

𝒙→
𝟏
𝒙

= 
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= ∫
(𝒙 − 𝟏) 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

= ∫ (
𝒙

𝟏 + 𝒙𝟐
−

𝟏

𝟏 + 𝒙
) 𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

= 

= ∫
𝒙 𝐥𝐨𝐠 𝒙

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐨𝐠𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

=
𝒙𝟐=𝒚

∫
𝐥𝐨𝐠(√𝒚)

𝟏 + (√𝒚)
𝟐

𝒅𝒚

𝟐

𝟏

𝟎

−∫
𝐥𝐨𝐠𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= 

=
𝟏

𝟒
∫

𝐥𝐨𝐠 𝒚

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

−∫
𝐥𝐨𝐠𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟑

𝟒
∫

𝐥𝐨𝐠 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟑

𝟒
∫ 𝐥𝐨𝐠 𝒙∑(−𝒙)𝒏

∞

𝒏=𝟎

𝟏

𝟎

= 

= −
𝟑

𝟒
∑(−𝟏)𝒏∫ 𝒙𝒏 𝐥𝐨𝐠𝒙𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

= −
𝟑

𝟒
∑

(−𝟏)𝒏(−𝟏)(𝟎!)

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

 

∵ ∫ 𝒙𝒎 𝐥𝐨𝐠𝒏 𝒙
𝟏

𝟎

𝒅𝒙 =
(−𝟏)𝒏𝒏!

(𝒎+ 𝟏)𝒏+𝟏
, 𝒎 ≠ −𝟏,𝒏 > −𝟏 

𝛀 =
𝟑

𝟒
∑

(−𝟏)𝒏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝟑

𝟒
𝜼(𝟐) =

𝟑

𝟒
(𝟏 − 𝟏𝟏−𝟐)𝜻(𝟐) 

∵ 𝜼(𝟐) = (𝟏 − 𝟐𝟏−𝒔)𝜻(𝒔) 

𝛀 = ∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

=
𝝅𝟐

𝟏𝟔
 

Solution 4 by Fao Ler-Iraq 

𝛀 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

= ∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

+∫
𝒙 𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟏

⏞              

𝒙→
𝟏
𝒙

= 

= ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

+∫

𝟏
𝒙 𝐥𝐨𝐠 (

𝟏
𝒙)

(
𝟏
𝒙 + 𝟏) (

𝟏
𝒙𝟐
+ 𝟏)

𝒅 (
𝟏

𝒙
)

𝟏

𝟎

= 

= ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

= ∫
(𝒙 − 𝟏) 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

= 

= 𝕴((𝟏 + 𝒊)∫
𝐥𝐨𝐠𝒙

(𝒙 + 𝟏)(𝒙 + 𝒊)
𝒅𝒙

𝟏

𝟎

) = 

= 𝕴(
𝟏 + 𝒊

𝟏 − 𝒊
∫ 𝐥𝐨𝐠 𝒙 (

𝟏

𝒙 + 𝒊
−

𝟏

𝒙 + 𝒊
)𝒅𝒙

𝟏

𝟎

) = 
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= 𝕴(𝒊 (𝑳𝒊𝟐 (−
𝟏

𝒊
) − 𝑳𝒊𝟐(−𝟏))) = 𝕴(𝒊𝑳𝒊𝟐(𝒊) +

𝝅𝟐

𝟏𝟐
𝒊) = 

= 𝕽(𝑳𝒊𝟐(𝒊)) +
𝝅𝟐

𝟏𝟐
= −

𝝅𝟐

𝟒𝟖
+
𝝅𝟐

𝟏𝟐
=
𝝅𝟐

𝟏𝟔
 

Solution 5 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

= ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

+ ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟏

= 𝑰𝟏 + 𝑰𝟐 

𝑰𝟏 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

𝟏

𝟎

=
𝝅𝟐

𝟑𝟐
−
𝟏

𝟐
𝑮 

𝑰𝟐 = ∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟏

=
𝒙=
𝟏
𝒚 𝟏

𝟐
∫
𝒚 𝐥𝐨𝐠 𝒚

𝒚𝟐 + 𝟏
𝒅𝒚

𝟏

𝟎⏟        
𝑰𝟐𝒂

−
𝟏

𝟐
∫

𝐥𝐨𝐠 𝒚

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎⏟        
𝑰𝟐𝒃

−
𝟏

𝟐
∫

𝐥𝐨𝐠𝒚

𝒚𝟐 + 𝟏
𝒅𝒚

𝟏

𝟎⏟        
𝑰𝟐𝒄

 

𝑰𝟐𝒂 = ∫
𝒚 𝐥𝐨𝐠𝒚

𝒚𝟐 + 𝟏
𝒅𝒚

𝟏

𝟎

= −
𝝅𝟐

𝟒𝟖
 

𝑰𝟐𝒃 = ∫
𝐥𝐨𝐠 𝒚

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= −
𝝅𝟐

𝟏𝟐
 

𝑰𝟐𝒄 = ∫
𝐥𝐨𝐠𝒚

𝒚𝟐 + 𝟏
𝒅𝒚

𝟏

𝟎

= −𝑮 

𝑰𝟐 =
𝟏

𝟐
(𝑰𝟐𝒂 − 𝑰𝟐𝒃 − 𝑰𝟐𝒄) =

𝝅𝟐

𝟑𝟐
+
𝟏

𝟐
𝑮 ⇒ 𝛀 = 𝑰𝟏 + 𝑰𝟐 =

𝝅𝟐

𝟏𝟔
 

UP.459 Calculate the integral: 

𝛀 = ∫
𝐥𝐨𝐠(𝒙 + 𝟏)

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭: 𝑰(𝒂) = ∫
𝐥𝐨𝐠(𝟏 + 𝒂𝒙)

𝒙𝟑 + 𝟏

∞

𝟎

𝒅𝒙, 𝒂 ∈ (𝟎, 𝟏) 

We have, by derivation under integral sign: 
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𝑰′(𝒂) = ∫
𝒙

(𝒙𝟑 + 𝟏)(𝟏 + 𝒂𝒙)
𝒅𝒙

∞

𝟎

 

We have: 

𝒙

(𝒙 + 𝟏)(𝒙𝟐 − 𝒙+ 𝟏)(𝟏 + 𝒂𝒙)
=

𝑨

𝒙 + 𝟏
+

𝑩

𝟏 + 𝒂𝒙
+

𝑪𝒙 + 𝑫

𝒙𝟐 − 𝒙 + 𝟏
 

We calculate the coefficients and we obtain: 

𝑨 =
𝟏

𝟑(𝒂 − 𝟏)
; 𝑩 = −

𝒂𝟐

𝒂𝟑 − 𝟏
;𝑪 =

𝟏 − 𝒂

𝟑(𝒂𝟐 + 𝒂 + 𝟏)
; 𝑫 =

𝟏 + 𝟐𝒂

𝟑(𝒂𝟐 + 𝒂 + 𝟏)
 

We have: 

∫
𝑨

𝒙 + 𝟏
𝒅𝒙 = 𝑨 𝐥𝐨𝐠(𝒙 + 𝟏) + 𝑲,  

where 𝑲 is a arbitrary constant of integration. 

∫
𝑩

𝟏 + 𝒂𝒙
𝒅𝒙 =

𝑩

𝒂
𝐥𝐨𝐠(𝟏 + 𝒂𝒙) + 𝑲 

∫
𝑪𝒙 + 𝑫

𝒙𝟐 − 𝒙 + 𝟏
𝒅𝒙 =

𝑪

𝟐
𝐥𝐨𝐠(𝒙𝟐 − 𝒙 + 𝟏) +

𝟐𝑫 + 𝑪

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒙 − 𝟏

√𝟑
) + 𝑲 

Let us denote: 

𝑷(𝒙) = ∫
𝒙

(𝟏 + 𝒙)(𝟏 + 𝒂𝒙)(𝒙𝟐 − 𝒙 + 𝟏)
𝒅𝒙 = 

= ∫
𝑨

𝒙 + 𝟏
𝒅𝒙 +∫

𝑩

𝟏 + 𝒂𝒙
𝒅𝒙 +∫

𝑪𝒙 +𝑫

𝒙𝟐 − 𝒙 + 𝟏
𝒅𝒙 

We have: 

∫
𝒙

(𝒙𝟑 + 𝟏)(𝟏 + 𝒂𝒙)
𝒅𝒙

∞

𝟎

= 𝐥𝐢𝐦
𝒙→∞

𝑷(𝒙) − 𝑷(𝟎) 

We can write: 

𝑷(𝒙) = 𝑸(𝒙) + 𝑹(𝒙), where 𝑸(𝒙) =
𝟐𝑫+𝑪

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒙−𝟏

√𝟑
) and  

𝑹(𝒙) = 𝑨 𝐥𝐨𝐠(𝒙 + 𝟏) +
𝑩

𝒂
𝐥𝐨𝐠(𝟏 + 𝒂𝒙) +

𝑪

𝟐
𝐥𝐨𝐠(𝒙𝟐 − 𝒙 + 𝟏) 

Let us denote: 

𝚫𝟏 = 𝐥𝐢𝐦
𝒙→∞

𝑸(𝒙) − 𝑸(𝟎) 

We have: 
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𝐥𝐢𝐦
𝒙→∞

𝑸(𝒙) =
𝟐𝑫+ 𝑪

√𝟑
⋅
𝝅

𝟐
;𝑸(𝟎) = −

𝟐𝑫 + 𝑪

√𝟑
⋅
𝝅

𝟔
 

So,  

𝚫𝟏 =
𝟐𝑫 + 𝑪

√𝟑
⋅
𝝅

𝟐
+
𝟐𝑫+ 𝑪

√𝟑
⋅
𝝅

𝟔
; 𝚫𝟏 =

𝟐𝑫 + 𝑪

√𝟑
⋅
𝟐𝝅

𝟑
 

But we have: 𝟐𝑫+ 𝑪 =
𝒂+𝟏

𝒂𝟐+𝒂+𝟏
. Result: 

𝚫𝟐 = 𝐥𝐢𝐦
𝒙→∞

𝑹(𝒙) − 𝑹(𝟎) 

We have: 

𝑹(𝒙) = 𝑨 𝐥𝐨𝐠(𝒙 + 𝟏) +
𝑩

𝒂
𝐥𝐨𝐠(𝟏 + 𝒂𝒙) +

𝑪

𝟐
𝐥𝐨𝐠(𝒙𝟐 − 𝒙 + 𝟏) 

So, 𝑹(𝟎) = 𝟎. We can write 𝑹(𝒙) in the following equivalent form: 

𝑹(𝒙) = 𝑨 𝐥𝐨𝐠
𝒙 + 𝟏

𝒙
+
𝑩

𝒂
𝐥𝐨𝐠

𝟏 + 𝒂𝒙

𝒂𝒙
+
𝑪

𝟐
𝐥𝐨𝐠

𝒙𝟐 − 𝒙 + 𝟏

𝒙𝟐
+ (𝑨 +

𝑩

𝒂
+ 𝑪) 𝐥𝐨𝐠𝒙 +

𝑩

𝒂
𝐥𝐨𝐠 𝒂 

But: 𝑨 +
𝑩

𝒂
+ 𝑪 = 𝟎. Result: 𝚫𝟐 = −

𝒂 𝐥𝐨𝐠 𝒂

𝒂𝟑−𝟏
. 

We have: 

∫
𝒙

(𝒙𝟑 + 𝟏)(𝟏 + 𝒂𝒙)
𝒅𝒙

∞

𝟎

= 𝚫𝟏 + 𝚫𝟐 =
𝟐𝝅√𝟑

𝟗
⋅

𝒂 + 𝟏

𝒂𝟐 + 𝒂 + 𝟏
−
𝒂 𝐥𝐨𝐠𝒂

𝒂𝟑 − 𝟏
 

We have: 

𝛀 = 𝐥𝐢𝐦
𝒂→𝟏
𝒂<𝟏

𝐈(𝒂) = ∫ 𝑰′(𝒂)𝒅𝒂
𝟏

𝟎

, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐥𝐢𝐦
𝒂→𝟎
𝒂>𝟎

𝑰(𝒂) = 𝟎 

𝛀 =
𝟐𝝅√𝟑

𝟗
∫

𝒂 + 𝟏

𝒂𝟐 + 𝒂 + 𝟏
𝒅𝒂

𝟏

𝟎

− ∫
𝒂 𝐥𝐨𝐠 𝒂

𝒂𝟑 − 𝟏
𝒅𝒂

𝟏

𝟎

; (𝟏) 

The first integral in the above relation are integral of rational function and are calculated 

easily. She has the following values: 

𝑰𝟏 = ∫
𝒂 + 𝟏

𝒂𝟐 + 𝒂 + 𝟏
𝒅𝒂

𝟏

𝟎

=
𝟏

𝟐
𝐥𝐨𝐠 𝟑 +

𝟏

𝟏𝟖
𝝅√𝟑; (𝟐) 

We calculate the second integral: 

𝑰𝟐 = ∫
𝒂 𝐥𝐨𝐠 𝒂

𝒂𝟑 − 𝟏
𝒅𝒂

𝟏

𝟎

 

For this, we consider the function: 
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𝒇(𝒙) =
𝒙

𝒙𝟑 − 𝟏
 

We develop the function in power series. We have for 𝒙 ∈ (𝟎, 𝟏): 

𝒇(𝒙) = 𝒙 − 𝒙𝟒 − 𝒙𝟕 − 𝒙𝟏𝟎 − 𝒙𝟏𝟑 − 𝒙𝟏𝟔 − 𝒙𝟏𝟗 −⋯ 

𝑰𝟐 = ∫ 𝒇(𝒙) 𝐥𝐨𝐠𝒙𝒅𝒙
𝟏

𝟎

=
𝟏

𝟒
+
𝟏

𝟐𝟓
+
𝟏

𝟔𝟒
+

𝟏

𝟏𝟐𝟏
+

𝟏

𝟏𝟗𝟔
+

𝟏

𝟐𝟖𝟗
+

𝟏

𝟒𝟎𝟎
+ ⋯ 

=
𝟏

𝟐𝟐
+
𝟏

𝟓𝟐
+
𝟏

𝟖𝟐
+

𝟏

𝟏𝟏𝟐
+

𝟏

𝟏𝟕𝟐
+

𝟏

𝟐𝟎𝟐
+⋯ 

Now, we will use the trigamma function, which is defined by the relationship: 

𝝍𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

We obtain: 

𝑰𝟐 =
𝟏

𝟗
𝝍𝟏 (

𝟐

𝟑
) 

But, we have the equality: 

𝝍𝟏 (
𝟏

𝟑
) + 𝝍𝟏 (

𝟐

𝟑
) =

𝟒𝝅𝟐

𝟑
 (𝒕𝒉𝒆 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂) 

So, we have: 

𝑰𝟐 =
𝟒

𝟐𝟕
𝝅𝟐 −

𝟏

𝟗
𝝍 (
𝟏

𝟑
) ; (𝟑) 

Replacing the relationships (2),(3) in the relation (1), we have: 

𝛀 =
𝟏

𝟗
[−𝝅𝟐 +𝝅√𝟑 𝐥𝐨𝐠 𝟑 + 𝝍𝟏 (

𝟏

𝟑
)] 

Solution 2 by Togrul Ehmedov-Azerbaijan 

Let us denote: 

𝑰 = ∫
𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙𝟑 + 𝟏

∞

𝟎

𝒅𝒙 

We have: 

𝑰 = ∫
𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙𝟑 + 𝟏

∞

𝟎

𝒅𝒙 = ∫ ∫
𝒙

(𝒙𝟑 + 𝟏)(𝟏 + 𝒙𝒚)
𝒅𝒚𝒅𝒙

𝟏

𝟎

∞

𝟎

= 
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= ∫ ∫
𝒙

(𝒙𝟑 + 𝟏)(𝟏 + 𝒙𝒚)
𝒅𝒙𝒅𝒚

∞

𝟎

𝟏

𝟎

= ∫
𝒚 𝐥𝐨𝐠𝒚

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

−
𝟐𝝅

𝟑√𝟑
∫
𝒚𝟐 − 𝟏

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

= 

= 𝑰𝟏 −
𝟐𝝅

𝟑√𝟑
𝑰𝟐 

We calculate 𝑰𝟏: 

𝑰𝟏 = ∫
𝒚 𝐥𝐨𝐠 𝒚

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

= 

=
𝟏

𝟑
[∫

𝒚 𝐥𝐨𝐠 𝒚

𝒚𝟐 + 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

+∫
𝐥𝐨𝐠 𝒚

𝟏 − 𝒚
𝒅𝒚

𝟏

𝟎

−∫
𝐥𝐨𝐠 𝒚

𝒚𝟐 + 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

] =
𝟏

𝟑
(𝑰𝟏𝒂 + 𝑰𝟏𝒃 − 𝑰𝟏𝒄) 

𝑰𝟏𝒂 = ∫
𝒚 𝐥𝐨𝐠 𝒚

𝒚𝟐 + 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

= −
𝟏

𝟗
{
𝟕𝝅𝟐

𝟔
− 𝝋′ (

𝟏

𝟑
)} 

𝑰𝟏𝒃 = ∫
𝐥𝐨𝐠 𝒚

𝟏 − 𝒚
𝒅𝒚

𝟏

𝟎

= −
𝝅𝟐

𝟔
 

𝑰𝟏𝒄 = ∫
𝐥𝐨𝐠𝒚

𝒚𝟐 + 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

=
𝟐

𝟗
{
𝟐𝝅𝟐

𝟑
− 𝝋′ (

𝟏

𝟑
)} 

𝑰𝟏 =
𝟏

𝟑
(𝑰𝟏𝒂 + 𝑰𝟏𝒃 − 𝑰𝟏𝒄) =

𝟏

𝟑
[−
𝟒𝝅𝟐

𝟗
+
𝟏

𝟑
𝝋′ (

𝟏

𝟑
)] 

We calculate 𝑰𝟐: 

𝑰𝟐 = ∫
𝒚𝟐 − 𝟏

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

= −
𝐥𝐨𝐠 𝟑

𝟐
−

𝝅

𝟔√𝟑
 

We obtain: 

𝑰 = 𝑰𝟏 −
𝟐𝝅

𝟑√𝟑
𝑰𝟐 =

𝟏

𝟗
{𝝋′ (

𝟏

𝟑
) + 𝝅√𝟑 𝐥𝐨𝐠𝟑 − 𝝅𝟐} 

Solution 3 by Daniel Immarube-Nigeria 

𝛀 = ∫
𝐥𝐨𝐠(𝟏 + 𝒙)

𝒙𝟑 + 𝟏

∞

𝟎

𝒅𝒙 

We consider for 𝟎 < 𝒂 < 𝟏: 

𝛀(𝐚) = ∫
𝐥𝐨𝐠(𝒂 + 𝒙)

𝒙𝟑 + 𝟏

∞

𝟎

𝒅𝒙 ⇒
𝒅𝛀

𝒅𝒂
= ∫

𝟏

(𝒂 + 𝒙)(𝒙𝟑 + 𝟏)
𝒅𝒙

∞

𝟎

 

We have: 
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𝟏

(𝒂 + 𝒙)(𝒙𝟑 + 𝟏)
= 

= −
𝟏

𝒂𝟑 − 𝟏
∙
𝟏

𝒂 + 𝒙
+

𝟏

𝒂𝟑 − 𝟏
∙
𝒙𝟐

𝒙𝟑 + 𝟏
−

𝒂

𝒂𝟑 − 𝟏
∙

𝒙

𝒙𝟑 + 𝟏
+

𝒂𝟐

𝒂𝟑 − 𝟏
∙

𝟏

𝒙𝟑 + 𝟏
 

𝒅𝛀

𝒅𝒂
= −

𝟏

𝒂𝟑 − 𝟏
∫ (

𝟏

𝒂 + 𝒙
−

𝒙𝟐

𝒙𝟑 + 𝟏
)𝒅𝒙

∞

𝟎

−
𝒂

𝒂𝟑 − 𝟏
∫

𝒙

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

+
𝒂𝟐

𝒂𝟑 − 𝟏
∫

𝟏

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

 

We obtain: 

𝒅𝛀

𝒅𝒂
= −

𝟏

𝒂𝟑 − 𝟏
(− 𝐥𝐨𝐠𝒂) −

𝒂

𝒂𝟑 − 𝟏
∙
𝟐𝝅

𝟑√𝟑
+

𝒂𝟐

𝒂𝟑 − 𝟏
∙
𝟐𝝅

𝟑√𝟑
 

𝒅𝛀

𝒅𝒂
= −

𝐥𝐨𝐠𝒂

𝟏 − 𝒂𝟑
+
𝟐𝝅

𝟑√𝟑
∙
𝒂 − 𝒂𝟐

𝟏 − 𝒂𝟑
 

𝛀(𝟏) − 𝛀(𝟎+) = −∫
𝐥𝐨𝐠𝒂

𝟏 − 𝒂𝟑
𝒅𝒂

𝟏

𝟎

+
𝟐𝝅

𝟑√𝟑
∫
𝒂 − 𝒂𝟐

𝟏 − 𝒂𝟑
𝒅𝒂

𝟏

𝟎

 

Therefore, 

𝛀(𝟏) − 𝛀(𝟎+) = −(−
𝟏

𝟗
𝝍𝟏 (

𝟏

𝟑
)) +

𝟐𝝅

𝟑√𝟑
∙
𝟏

𝟏𝟖
(−𝝅√𝟑 + 𝟗 𝐥𝐨𝐠𝟑) 

𝛀(𝟏) − 𝛀(𝟎+) =
𝟏

𝟗
𝝍𝟏 (

𝟏

𝟑
) −

𝝅𝟐

𝟐𝟕
+
𝝅 𝐥𝐨𝐠 𝟑

𝟑√𝟑
 

But, we have: 

𝛀(𝟎+) = −
𝟐𝝅𝟐

𝟐𝟕
 

𝛀(𝟏) =
𝟏

𝟗
𝝍𝟏 (

𝟏

𝟑
) −

𝝅𝟐

𝟗
+
𝝅 𝐥𝐨𝐠 𝟑

𝟑√𝟑
 

So, it follows that:  𝛀 = 𝛀(𝟏) =
𝟏

𝟗
[−𝝅𝟐 +𝝅√𝟑 𝐥𝐨𝐠𝟑 + 𝝍𝟏 (

𝟏

𝟑
)] 

 

UP.460 In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑶−circumcenter, the following relationship 

holds: 

∑(𝐜𝐨𝐬 𝑰𝑶�̂� − 𝐬𝐢𝐧
𝑨

𝟐
)
𝟐

𝒄𝒚𝒄

≥
𝟑𝒓𝟐

𝑹𝟐
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Proposed by Daniel Sitaru-Romania 
Solution by proposer 

𝐜𝐨𝐬 𝑰𝑶�̂� =
𝑨𝑰𝟐 + 𝑶𝑨𝟐 −𝑶𝑰𝟐

𝟐𝑨𝑰 ⋅ 𝑶𝑨
=

𝒓𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

+ 𝑹𝟐 −𝑹𝟐 + 𝟐𝑹𝒓

𝟐𝑹 ⋅
𝒓

𝐬𝐢𝐧
𝑨
𝟐

= 

=

𝒓

𝐬𝐢𝐧𝟐
𝑨
𝟐

+ 𝟐𝑹

𝟐𝑹

𝐬𝐢𝐧
𝑨
𝟐

=
𝒓

𝟐𝑹𝐬𝐢𝐧
𝑨
𝟐

+ 𝐬𝐢𝐧
𝑨

𝟐
 

𝐜𝐨𝐬 𝑰𝑶�̂� − 𝐬𝐢𝐧
𝑨

𝟐
=

𝒓

𝟐𝑹𝐬𝐢𝐧
𝑨
𝟐

 

∑(𝐜𝐨𝐬 𝑰𝑶�̂� − 𝐬𝐢𝐧
𝑨

𝟐
)
𝟐

𝒄𝒚𝒄

=
𝒓𝟐

𝟒𝑹𝟐
∑

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

=
𝒓𝟐

𝟒𝑹𝟐
⋅
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
= 

=
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓 + 𝒓𝟐

𝟒𝑹𝟐
=
𝟖𝑹𝒓 − 𝟒𝒓𝟐

𝟒𝑹𝟐
≥

𝑬𝒖𝒍𝒆𝒓
 

≥
𝟖 ⋅ 𝟐𝒓 ⋅ 𝒓 − 𝟒𝒓𝟐

𝟒𝑹𝟐
=
𝟏𝟐𝒓𝟐

𝟒𝑹𝟐
=
𝟑𝒓𝟐

𝑹𝟐
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

UP.461 Find: 

𝛀𝒏 = ∑
𝟏

𝒏
(∑

𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

)

∞

𝒏=𝟏

 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!
=
𝒌𝟑 + 𝟐𝒌𝟐 − 𝒌𝟐 − 𝟐𝒌 − 𝒌 − 𝟐

(𝒌 + 𝟐)!
=
(𝒌𝟐 − 𝒌− 𝟏)(𝒌 + 𝟐)

(𝒌 + 𝟐)!
=
𝒌𝟐 − 𝒌− 𝟏

(𝒌 + 𝟏)!
 

∑
𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

=∑
𝒌𝟐 − 𝒌 − 𝟏

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

=∑
(𝒌𝟐 − 𝟏) − 𝒌

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= 
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= ∑(
𝒌− 𝟏

𝒌!
−

𝒌

(𝒌 + 𝟏)!
)

𝒏

𝒌=𝟏

= −
𝒏

𝒏 + 𝟏
 

Hence, 

𝛀𝒏 = ∑
𝟏

𝒏
(∑

𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

)

∞

𝒏=𝟏

= −∑
𝟏

𝒏
⋅

𝒏

(𝒏 + 𝟏)!

∞

𝒏=𝟏

= 

= 𝟐 − (𝟏 +∑
𝟏

(𝒏 + 𝟏)!

∞

𝒏=𝟎

) = 𝟐 − 𝒆 

Solution 2 by Adrian Popa-Romania 

∑
𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

= ∑
(𝒌𝟐 − 𝒌− 𝟏)(𝒌 + 𝟐)

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

=∑
𝒌𝟐 − 𝒌− 𝟏

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= 

=∑
𝒌(𝒌 + 𝟏) − 𝟐(𝒌 + 𝟏) + 𝟏

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= ∑(
𝟏

(𝒌 − 𝟏)!
−
𝟐

𝒌!
+

𝟏

(𝒌 + 𝟏)!
)

𝒏

𝒌=𝟏

= 

=
𝟏

(𝒏 + 𝟏)!
−
𝟐

𝒏!
+
𝟏

𝒏!
=

𝟏

(𝒏 + 𝟏)!
−
𝟏

𝒏!
= −

𝒏

(𝒏 + 𝟏)!
 

Hence, 

𝛀𝒏 = ∑
𝟏

𝒏
(∑

𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

)

∞

𝒏=𝟏

= −∑
𝟏

𝒏
⋅

𝒏

(𝒏 + 𝟏)!

∞

𝒏=𝟏

= 

= 𝟐 − (𝟏 +∑
𝟏

(𝒏 + 𝟏)!

∞

𝒏=𝟎

) = 𝟐 − 𝒆 

Solution 3 by Precious Itsuokor-Nigeria 

∑
𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

= ∑
(𝒌𝟐 − 𝒌− 𝟏)(𝒌 + 𝟐)

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

=∑
𝒌𝟐 − 𝒌− 𝟏

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= 

=∑
𝒌(𝒌 + 𝟏) − 𝟐(𝒌 + 𝟏) + 𝟏

(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= ∑(
𝟏

(𝒌 − 𝟏)!
−
𝟐

𝒌!
+

𝟏

(𝒌 + 𝟏)!
)

𝒏

𝒌=𝟏

= 

=
𝟏

(𝒏 + 𝟏)!
−
𝟐

𝒏!
+
𝟏

𝒏!
=

𝟏

(𝒏 + 𝟏)!
−
𝟏

𝒏!
= −

𝒏

(𝒏 + 𝟏)!
 

Hence, 
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𝛀𝒏 = ∑
𝟏

𝒏
(∑

𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

)

∞

𝒏=𝟏

= −∑
𝟏

𝒏
⋅

𝒏

(𝒏 + 𝟏)!

∞

𝒏=𝟏

= 

= 𝟐 − (𝟏 +∑
𝟏

(𝒏 + 𝟏)!

∞

𝒏=𝟎

) = 𝟐 − 𝒆 

Solution 4 by Angel Plaza-Gran Canaria-Spain 

By induction, it may be proved that: 

∑
𝒌𝟑 + 𝒌𝟐 − 𝟑𝒌 − 𝟐

(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

= −
𝒏

(𝒏 + 𝟏)!
 

𝛀 = ∑
𝟏

𝒏
(−

𝒏

(𝒏 + 𝟏)!
)

∞

𝒏=𝟏

= −∑
𝟏

(𝒏 + 𝟏)!

∞

𝒏=𝟏

= 𝟐 − 𝒆. 

UP.462 Prove that: 

∏(𝟏+ (∑
𝟐𝒌

𝒌𝟒 + (𝟐𝒑 − 𝟏)𝒌𝟐 + 𝒑𝟐

𝒏

𝒌=𝟏

)

𝟐

)

𝒏

𝒑=𝟏

< 𝟒 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝒌𝟒 + (𝟐𝒑 − 𝟏)𝒌𝟐 + 𝒑𝟐 = (𝒌𝟐 + 𝒑)𝟐 − 𝒌𝟐 = (𝒌𝟐 + 𝒑 + 𝒌)(𝒌𝟐 + 𝒑 − 𝒌) = 

= (𝒌𝟐 − 𝒌 + 𝒑)((𝒌 + 𝟏)𝟐 − (𝒌 + 𝟏) + 𝒑) 

∑
𝟐𝒌

𝒌𝟒 + (𝟐𝒑 − 𝟏)𝒌𝟐 + 𝒑𝟐

𝒏

𝒌=𝟏

= ∑
𝟐𝒌

(𝒌𝟐 − 𝒌 + 𝒑)(𝒌𝟐 + 𝒌 + 𝒑)

𝒏

𝒌=𝟏

= 

=∑
(𝒌𝟐 + 𝒌 + 𝒑) − (𝒌𝟐 − 𝒌+ 𝒑)

(𝒌𝟐 − 𝒌+ 𝒑)(𝒌𝟐 + 𝒌 + 𝒑)

𝒏

𝒌=𝟏

= ∑(
𝟏

𝒌𝟐 − 𝒌 + 𝒑
−

𝟏

𝒌𝟐 + 𝒌 + 𝒑
)

𝒏

𝒌=𝟏

= 

=∑(
𝟏

𝒌𝟐 − 𝒌 + 𝒑
−

𝟏

(𝒌 + 𝟏)𝟐 + (𝒌 + 𝟏) + 𝒑
)

𝒏

𝒌=𝟏

=
𝟏

𝒑
−

𝟏

𝒏𝟐 + 𝒏 + 𝒑
<
𝟏

𝒑
 

Hence, 

∏(𝟏+ (∑
𝟐𝒌

𝒌𝟒 + (𝟐𝒑 − 𝟏)𝒌𝟐 + 𝒑𝟐

𝒏

𝒌=𝟏

)

𝟐

)

𝒏

𝒑=𝟏

<∏(𝟏 +
𝟏

𝒑𝟐
)

𝒏

𝒑=𝟏

= 
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= (𝟏 +
𝟏

𝟏𝟐
)∏(𝟏 +

𝟏

𝒑𝟐
)

𝒏

𝒑=𝟐

< 𝟐∏(𝟏 −
𝟏

𝒑𝟐 − 𝟏
)

𝒏

𝒑=𝟐

= 𝟐∏
𝒑𝟐

𝒑𝟐 − 𝟏

𝒏

𝒑=𝟐

= 

= 𝟐∏
𝒑

𝒑− 𝟏

𝒏

𝒑=𝟐

⋅∏
𝒑

𝒑 + 𝟏

𝒏

𝒑=𝟐

= 𝟐𝒏 ⋅
𝟐

𝒏 + 𝟏
= 𝟒 ⋅ (𝟏 −

𝟏

𝒏 + 𝟏
) < 𝟒 

Solution 2 by Adrian Popa-Romania 

∑
𝟐𝒌

𝒌𝟒 + (𝟐𝒑 − 𝟏)𝒌𝟐 + 𝒑𝟐

𝒏

𝒌=𝟏

= ∑
𝟐𝒌

(𝒌𝟐 − 𝒌 + 𝒑)(𝒌𝟐 + 𝒌 + 𝒑)

𝒏

𝒌=𝟏

= 

=∑
(𝒌𝟐 + 𝒌 + 𝒑) − (𝒌𝟐 − 𝒌+ 𝒑)

(𝒌𝟐 − 𝒌+ 𝒑)(𝒌𝟐 + 𝒌 + 𝒑)

𝒏

𝒌=𝟏

= ∑(
𝟏

𝒌𝟐 − 𝒌 + 𝒑
−

𝟏

𝒌𝟐 + 𝒌 + 𝒑
)

𝒏

𝒌=𝟏

= 

=∑(
𝟏

𝒌𝟐 − 𝒌+ 𝒑
−

𝟏

(𝒌 + 𝟏)𝟐 + (𝒌 + 𝟏) + 𝒑
)

𝒏

𝒌=𝟏

=
𝟏

𝒑
−

𝟏

𝒏𝟐 + 𝒏+ 𝒑
 

Hence, 

∏(𝟏+ (∑
𝟐𝒌

𝒌𝟒 + (𝟐𝒑− 𝟏)𝒌𝟐 + 𝒑𝟐

𝒏

𝒌=𝟏

)

𝟐

)

𝒏

𝒑=𝟏

<∏(𝟏 +
𝟏

𝒑𝟐
)

𝒏

𝒑=𝟏

<
𝐬𝐢𝐧𝐡𝝅

𝝅
= 𝟑, 𝟔𝟕 < 𝟒 

∵ 𝐬𝐢𝐧𝐡 𝒙 = 𝒙∏(𝟏−
𝒙𝟐

(𝒏𝝅)𝟐
)

∞

𝒏=𝟏

⇒∏(𝟏+
𝟏

𝒏𝟐
)

∞

𝒏=𝟏

=
𝐬𝐢𝐧𝐡𝝅

𝝅
 

UP.463 Let 𝝀 ≥
𝟕

𝟒
. Solve for real numbers: 

{
  
 

  
 

𝒙

√𝒙𝟐 − 𝝀𝒙 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒚)

𝒚

√𝒚𝟐 − 𝝀𝒚 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒛)

𝒛

√𝒛𝟐 − 𝝀𝒛 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒙)

 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Let be the function 𝒇: (−∞,𝟐𝝀) → ℝ, 𝒇(𝒙) =
𝒙

√𝒙𝟐−𝝀𝒙+𝝀𝟐
, then  
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𝒇′(𝒙) =
𝟐𝝀𝟐 − 𝝀𝒙

𝟐(𝒙𝟐 − 𝝀𝒙 + 𝝀𝟐)
𝟑
𝟐

; 𝒙 ∈ (−∞,𝟐𝝀) 

Because 𝒇′(𝒙) > 0; ∀𝑥 ∈ (−∞,𝟐𝝀), hence 𝒇 −stictly increasing on (−∞,𝟐𝝀). 

For 𝝀 ≥
𝟕

𝟒
 we have: 𝝀𝟐 − 𝝀 > 1 ⇒ 𝑔(𝒙) = 𝐥𝐨𝐠𝝀𝟐−𝝀 𝒙 is increasing. 

We distinguish the following cases: 

Case I) If 𝒙 < 𝜆, 𝑓 ↗, we have: 𝒇(𝒙) < 𝑓(𝝀) ⇒
𝒙

√𝒙𝟐−𝝀𝒙+𝝀𝟐
< 1 ⇒ 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒚) < 1 ⇒ 

𝒚 > 𝜆 and 𝒇 ↗, then 𝒇(𝒚) > 𝑓(𝝀) ⇒
𝒚

√𝒚𝟐−𝝀𝒚+𝝀𝟐
> 1 ⇒ 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒛) > 1 ⇒ 

𝒛 < 𝜆 and 𝒇 ↗, then 𝒇(𝒛) < 𝑓(𝝀) ⇒
𝒛

√𝒛𝟐−𝝀𝒛+𝝀𝟐
< 1 ⇒ 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒙) < 1 

⇒ 𝒙 > 𝜆 impossible because 𝒙 < 𝜆. 
Case II) If 𝒙 > 𝜆, similarly we get 𝒙 < 𝜆. So, 𝒙 = 𝝀 and hence 

𝒙 = 𝒚 = 𝒛 = 𝝀. Finally, we have (𝒙, 𝒚, 𝒛) = (𝝀, 𝝀, 𝝀). 
Note: For 𝝀 = 𝟐 we obtain the Proposed problem by George Florin Şerban and Neculai 
Stanciu form R.M.M. no 7/2021 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝛌𝟐 − 𝛌 > 1 ⇔ 𝛌𝟐 − 𝛌 − 𝟏 > 0 ⇔ 𝜆 >
𝟏 +√𝟏𝟐 − 𝟒. 𝟏(−𝟏)

𝟐
⇔ 𝛌 >

𝟏 + √𝟓

𝟐
→ 𝐭𝐫𝐮𝐞 ∵ 𝛌 ≥

𝟕

𝟒

>
𝟏 + √𝟓

𝟐
∴ 𝛌𝟐 − 𝛌 > 1 ⇒ 𝑙𝑛(𝛌𝟐 − 𝛌) >

(∗)

𝟎 

𝐀𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒙 > 𝛌 , 𝛌(𝒙 − 𝛌) > 0 ⇒ 𝒙𝛌 − 𝛌𝟐 > 0 ⇒ 𝒙𝟐 − 𝒙𝟐 + 𝒙𝛌 − 𝛌𝟐 > 0 ⇒ 𝒙𝟐 > 𝒙𝟐 − 𝒙𝛌 + 𝛌𝟐

⇒ 𝒙 > √𝒙𝟐 − 𝒙𝛌+ 𝛌𝟐  (∵ 𝒙 > 𝛌 ≥
𝟕

𝟒
> 0 ⇒ |𝒙| = 𝒙) ⇒

𝒙

√𝒙𝟐 − 𝒙𝛌+ 𝛌𝟐
> 1  

⇒
𝐯𝐢𝒂 (𝐢)

𝐥𝐨𝐠𝛌𝟐−𝛌(𝛌
𝟐 − 𝐲) > 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝐲)

𝐥𝐧(𝛌𝟐 − 𝛌)
> 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝐲) − 𝐥𝐧(𝛌𝟐 − 𝛌)

𝐥𝐧(𝛌𝟐 − 𝛌)

> 0 ⇒
𝐯𝐢𝒂 (∗)

𝐥𝐧(𝛌𝟐 − 𝐲) − 𝐥𝐧(𝛌𝟐 − 𝛌) > 0 ⇒ 𝐥𝐧(𝛌𝟐 − 𝐲) > 𝐥𝐧(𝛌𝟐 − 𝛌) ⇒ 𝛌𝟐 − 𝐲

> 𝛌𝟐 − 𝛌 ⇒ 𝐲 < 𝜆  

⇒ 𝐲 < 0 < 𝛌 𝐨𝐫 𝟎 < 𝑦 < 𝛌 𝒂𝐧𝐝 𝐢𝐟 𝐲 < 0,
𝐲

√𝐲𝟐 − 𝐲𝛌+ 𝛌𝟐
< 0 < 1 𝑎𝐧𝐝 𝐢𝐟 𝟎 < 𝑦 < 𝛌, 𝛌(𝐲 − 𝛌) < 𝟎

⇒ 𝐲𝛌 − 𝛌𝟐 < 𝟎 ⇒ 𝐲𝟐 − 𝐲𝟐 + 𝐲𝛌 − 𝛌𝟐 < 𝟎 ⇒ 𝐲𝟐 < 𝐲𝟐 − 𝐲𝛌+ 𝛌𝟐 

⇒ 𝐲 < √𝐲𝟐 − 𝐲𝛌 + 𝛌𝟐 (∵ 𝐲 > 𝟎 ⇒ |𝐲| = 𝐲) ⇒
𝐲

√𝐲𝟐 − 𝐲𝛌 + 𝛌𝟐
< 1 𝑎𝐧𝐝 ∴ 𝐲 < 𝜆 ⇒

𝐲

√𝐲𝟐 − 𝐲𝛌 + 𝛌𝟐

< 1 ⇒
𝐯𝐢𝒂 (𝐢𝐢)

𝐥𝐨𝐠𝛌𝟐−𝛌(𝛌
𝟐 − 𝐳) < 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝐳)

𝐥𝐧(𝛌𝟐 − 𝛌)
< 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝐳) − 𝐥𝐧(𝛌𝟐 − 𝛌)

𝐥𝐧(𝛌𝟐 − 𝛌)

< 0 
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⇒
𝐯𝐢𝒂 (∗)

𝐥𝐧(𝛌𝟐 − 𝐳) − 𝐥𝐧(𝛌𝟐 − 𝛌) < 0 ⇒ 𝐥𝐧(𝛌𝟐 − 𝐳) < 𝐥𝐧(𝛌𝟐 − 𝛌) ⇒ 𝛌𝟐 − 𝐳 < 𝛌𝟐 − 𝛌 ⇒ 𝐳 > 𝛌

⇒ 𝛌(𝐳 − 𝛌) > 0 ⇒ 𝐳𝛌 − 𝛌𝟐 > 0 ⇒ 𝐳𝟐 − 𝐳𝟐 + 𝐳𝛌 − 𝛌𝟐 > 0 ⇒ 𝐳𝟐 > 𝐳𝟐 − 𝐳𝛌 + 𝛌𝟐  

⇒ 𝐳 > √𝐳𝟐 − 𝐳𝛌+ 𝛌𝟐  (∵ 𝐳 > 𝛌 ≥
𝟕

𝟒
> 0 ⇒ |𝐳| = 𝐳) ⇒

𝐳

√𝐳𝟐 − 𝐳𝛌+ 𝛌𝟐

> 1 ⇒
𝐯𝐢𝒂 (𝐢𝐢)

𝐥𝐨𝐠𝛌𝟐−𝛌(𝛌
𝟐 − 𝒙) > 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝒙)

𝐥𝐧(𝛌𝟐 − 𝛌)
> 1 ⇒

𝐥𝐧(𝛌𝟐 − 𝒙) − 𝐥𝐧(𝛌𝟐 − 𝛌)

𝐥𝐧(𝛌𝟐 − 𝛌)

> 0 

⇒
𝐯𝐢𝒂 (∗)

𝐥𝐧(𝛌𝟐 − 𝒙) − 𝐥𝐧(𝛌𝟐 − 𝛌) > 0 ⇒ 𝐥𝐧(𝛌𝟐 − 𝒙) > 𝐥𝐧(𝛌𝟐 − 𝛌) ⇒ 𝛌𝟐 − 𝒙 > 𝛌𝟐 −

𝛌 ⇒ 𝒙 < 𝝀  𝐛𝐮𝐭 𝒙 > 𝛌 𝐛𝐲 𝒂𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 𝒂𝐧𝐝 ∴ 𝐰𝐞 𝐟𝒂𝐜𝐞 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ∴ 𝒙 ≯ 𝛌    

𝒂𝐧𝐝 𝐩𝐫𝐨𝐜𝐞𝐞𝐝𝐢𝐧𝐠 𝐢𝐧 𝒂 𝐬𝐢𝐦𝐢𝐥𝒂𝐫 𝐟𝒂𝐬𝐡𝐢𝐨𝐧, 𝐢𝐟 𝐰𝐞 𝒂𝐬𝐬𝐮𝐦𝐞 𝒙 < 𝜆,𝐰𝐞 𝐰𝐨𝐮𝐥𝐝 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 𝒙 > 𝛌

∴ 𝐰𝐞 𝐟𝒂𝐜𝐞 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ⇒ 𝒙 ≮ 𝛌 ∴ 𝒙 ≯ 𝛌 𝒂𝐧𝐝 𝒙 ≮ 𝛌

⇒ 𝒙 = 𝛌  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝐥𝐲, 

𝐢𝐟 𝐰𝐞 𝒂𝐬𝐬𝐮𝐦𝐞 𝐲 > 𝜆,𝑤𝑒 𝑤𝑜𝑢𝑙𝑑 𝑎𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 𝐲 < 𝛌 ⇒ 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 𝒂𝐧𝐝 𝐢𝐟 𝐰𝐞 𝒂𝐬𝐬𝐮𝐦𝐞 𝐲

< 𝜆,𝐰𝐞 𝐰𝐨𝐮𝐥𝐝 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 𝐲 > 𝛌 ⇒ 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ⇒ 𝐲 ≯ 𝛌 𝒂𝐧𝐝 𝐲 ≮ 𝛌

⇒ 𝐲 = 𝛌  𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 𝐢𝐟 𝐰𝐞  

𝒂𝐬𝐬𝐮𝐦𝐞 𝐳 > 𝜆,𝑤𝑒 𝑤𝑜𝑢𝑙𝑑 𝑎𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 𝐳 < 𝛌 ⇒ 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 𝒂𝐧𝐝 𝐢𝐟 𝐰𝐞 𝒂𝐬𝐬𝐮𝐦𝐞 𝐳

< 𝜆,𝐰𝐞 𝐰𝐨𝐮𝐥𝐝 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 𝐳 > 𝛌 ⇒ 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ⇒ 𝐳 ≯ 𝛌 𝒂𝐧𝐝 𝐳 ≮ 𝛌

⇒ 𝐳 = 𝛌 ∴ 𝒙 = 𝐲 = 𝐳 = 𝛌 (𝒂𝒏𝒔) 

Solution 3 by Michael Sterghiou-Greece 

{
  
 

  
 

𝒙

√𝒙𝟐 − 𝝀𝒙 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒚) ; (𝟏)

𝒚

√𝒚𝟐 − 𝝀𝒚 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒛) ; (𝟐)

𝒛

√𝒛𝟐 − 𝝀𝒛 + 𝝀𝟐
= 𝐥𝐨𝐠𝝀𝟐−𝝀(𝝀

𝟐 − 𝒙) ; (𝟑)

 

First, 𝝀𝟐 − 𝝀 > 1 and 𝒙, 𝒚, 𝒛 < 𝝀𝟐. We can easily show that 

𝒕

√𝒕𝟐 − 𝝀𝒕 + 𝝀𝟐
≥ 𝟏 ⇔ 𝒕 ≥ 𝝀 𝐚𝐧𝐝 

𝒕

√𝒕𝟐 − 𝝀𝒕 + 𝝀𝟐
≤ 𝟏 ⇔ 𝒕 ≤ 𝝀;∀𝒕 ∈ ℝ 

Let 𝒙 ≥ 𝝀 ⇒ 𝑳𝑯𝑺(𝟏) ≥ 𝟏 ⇒ 𝝀𝟐 − 𝒚 ≥ 𝝀𝟐 − 𝝀 ⇒ 𝒚 ≤ 𝝀 

𝑳𝑯𝑺(𝟐) ≤ 𝟏 ⇒ 𝝀𝟐 − 𝒛 ≤ 𝝀𝟐 − 𝝀 ⇒ 𝒛 ≥ 𝝀 ⇒ 𝑳𝑯𝑺(𝟑) ≥ 𝟏 
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𝝀𝟐 − 𝒙 ≥ 𝝀𝟐 − 𝝀 ⇒ 𝒙 ≤ 𝝀(𝒄𝒐𝒏𝒕𝒓𝒂𝒅𝒊𝒄𝒕𝒊𝒐𝒏) 

In the same manner we get also a contradiction if we assume 𝒙 ≤ 𝝀. Hence, 𝒙 = 𝝀. 

But then 𝑳𝑯𝑺(𝟏) = 𝟏 ⇒ 𝝀𝟐 − 𝒚 = 𝝀𝟐 − 𝝀 ⇒ 𝒚 = 𝝀 and then 𝒛 = 𝝀. 

This is only solution of the system: (𝒙, 𝒚, 𝒛) = (𝝀, 𝝀, 𝝀). 

 

UP.464 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)
+

𝒃𝟑

(𝟓𝒃 + 𝟕𝒄)(𝟕𝒄 + 𝟓𝒃)
+

𝒄𝟑

(𝟓𝒄 + 𝟕𝒂)(𝟕𝒄 + 𝟓𝒂)
≥
√𝟑𝒓

𝟐𝟒
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

If 𝒙, 𝒚 > 𝟎 then (𝒙 − 𝒚)𝟐(𝟐𝒙 + 𝒚) ≥ 𝟎 ⇔ 

(𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐)(𝟐𝒙 + 𝒚) ≥ 𝟎 ⇔ 

𝟐𝒙𝟑 + 𝒙𝟐𝒚 − 𝟒𝒙𝟐𝒚 − 𝟐𝒙𝒚𝟐 + 𝟐𝒙𝒚𝟐 + 𝒚𝟑 ≥ 𝟎 ⇔ 

𝟐𝒙𝟑 − 𝟑𝒙𝟐𝒚 + 𝒚𝟑 ≥ 𝟎 ⇔ 𝟐𝒙𝟑 ≥ 𝟑𝒙𝟐𝒚 − 𝒚𝟑 

𝟒𝒙𝟑 ≥ 𝟐𝒙𝟑 − 𝒙𝟐𝒚 + 𝟒𝒙𝟐𝒚 − 𝟐𝒙𝒚𝟐 + 𝟐𝒙𝒚𝟐 − 𝒚𝟑 ⇔ 

𝟒𝒙𝟑 ≥ (𝟐𝒙 − 𝒚)(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) ⇔ 𝟒𝒙𝟑 ≥ (𝟐𝒙 − 𝒚)(𝒙 + 𝒚)𝟐 

𝟒𝒙𝟑

(𝒙 + 𝒚)𝟐
≥ 𝟐𝒙 − 𝒚; (𝟏) 

If 𝒙, 𝒚 > 𝟎 then (𝒙 − 𝒚)𝟐 ≥ 𝟎 ⇔ 𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐 ≥ 𝟎 ⇔ 

𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚 ≥ 𝟎 ⇔ 𝟑𝟔𝒙𝟐 + 𝟑𝟔𝒚𝟐 − 𝟐𝒙𝒚 ≥ 𝟑𝟓𝒙𝟐 + 𝟑𝟓𝒚𝟐⇔ 

𝟑𝟔𝒙𝟐 + 𝟑𝟔𝒚𝟐 + (𝟕𝟐 − 𝟕𝟒)𝒙𝒚 ≥ 𝟑𝟓𝒙𝟐 + 𝟑𝟓𝒚𝟐 ⇔ 

𝟑𝟓𝒙𝟐 + 𝟑𝟓𝒚𝟐 + 𝟕𝟒𝒙𝒚 ≤ 𝟑𝟔𝒙𝟐 + 𝟑𝟔𝒚𝟐 + 𝟕𝟐𝒙𝒚 ⇔ 

𝟑𝟓𝒙𝟐 + 𝟑𝟓𝒚𝟐 + 𝟐𝟓𝒙𝒚 + 𝟒𝟗𝒙𝒚 ≤ 𝟑𝟔(𝒙 + 𝒚)𝟐 ⇔ 

(𝟓𝒙 + 𝟕𝒚)(𝟓𝒚 + 𝟕𝒙) ≤ 𝟑𝟔(𝒙 + 𝒚)𝟐⇔
𝟏

(𝟓𝒙 + 𝟕𝒚)(𝟕𝒙 + 𝟓𝒚)
≥

𝟏

𝟑𝟔(𝒙 + 𝒚)𝟐
 

𝒙𝟑

(𝟓𝒙 + 𝟕𝒚)(𝟕𝒙 + 𝟓𝒚)
≥

𝒙𝟑

𝟑𝟔(𝒙 + 𝒚)𝟐
; (𝟐) 

From (1) and (2) and 𝒂, 𝒃, 𝒄 − sides of 𝚫𝑨𝑩𝑪, it follows that: 
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∑
𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟓𝒃 + 𝟕𝒂)
𝒄𝒚𝒄

≥∑
𝒂𝟑

𝟑𝟔(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

=
𝟏

𝟏𝟒𝟒
∑

𝟒𝒂𝟑

(𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

≥
(𝟏)

 

≥
𝟏

𝟏𝟒𝟒
∑(𝟐𝒂 − 𝒃)

𝒄𝒚𝒄

=
𝟏

𝟏𝟒𝟒
(𝟐∑𝒂

𝒄𝒚𝒄

−∑𝒃

𝒄𝒚𝒄

) =
𝒂 + 𝒃 + 𝒄

𝟏𝟒𝟒
= 

=
𝟐𝒔

𝟏𝟒𝟒
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟐 ⋅ 𝟑√𝟑𝒓

𝟏𝟒𝟒
=
√𝟑𝒓

𝟐𝟒
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Avishek Mitra-West Bengal-India 

√(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)(𝟓𝒃 + 𝟕𝒄)(𝟕𝒄 + 𝟓𝒄)(𝟓𝒄 + 𝟕𝒂)(𝟕𝒄 + 𝟓𝒂)
𝟔

≤
𝑨𝑮𝑴

 

≤
𝟐𝟒(𝒂 + 𝒃 + 𝒄)

𝟔
= 𝟒 ⋅ 𝟐𝒔 = 𝟖𝒔 

∑
𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
(𝒂𝒃𝒄)𝟑

∏(𝟓𝒂+ 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)

𝟑

≥ 

≥
𝟑𝒂𝒃𝒄

(𝟖𝒔)𝟐
=
𝟏𝟐𝑹𝒓𝒔

𝟔𝟒𝒔𝟐
=
𝟑𝑹𝒓

𝟏𝟔𝒔
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
𝟑 ⋅

𝟐𝒔

𝟑√𝟑
𝒓

𝟏𝟔𝒔
=

𝒓

𝟖√𝟑
=
√𝟑𝒓

𝟐𝟒
 

Solution 3 by Tapas Das-India 

𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)
≥

𝒂𝟑

(
𝟓𝒂 + 𝟕𝒃 + 𝟕𝒂 + 𝟓𝒃

𝟐 )
𝟐 =

𝒂𝟑

(𝟏𝟐𝒂 + 𝟏𝟐𝒃)𝟐
 

Similarly, 

𝒃𝟑

(𝟓𝒃 + 𝟕𝒄)(𝟕𝒃 + 𝟓𝒄)
≥

𝟒𝒃𝟑

(𝟏𝟐𝒃 + 𝟏𝟐𝒄)𝟐
 𝐚𝐧𝐝

𝒄𝟑

(𝟓𝒄 + 𝟕𝒂)(𝟕𝒄 + 𝟓𝒂)
≥

𝟒𝒄𝟑

(𝟏𝟐𝒄 + 𝟏𝟐𝒂)𝟐
 

∑
𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)
𝒄𝒚𝒄

≥ 𝟒∑
𝒂𝟑

(𝟏𝟐𝒂 + 𝟏𝟐𝒃)𝟐
𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏

 

≥ 𝟒 ⋅
(𝒂 + 𝒃 + 𝒄)𝟑

(𝟐𝟒(𝒂 + 𝒃 + 𝒄))
𝟐 =

𝟒 ⋅ 𝟐𝒔

𝟐𝟒𝟐
≥
𝟖 ⋅ 𝟑√𝟑𝒓

𝟐𝟒𝟐
=
√𝟑𝒓

𝟐𝟒
 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝑭 = 𝒔𝒓 ⇒ 𝒔𝒓 = √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) 
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𝒔𝟐𝒓𝟐 = 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) 

𝒙 = 𝒃 + 𝒄 − 𝒂, 𝒚 = 𝒂 + 𝒄 − 𝒃, 𝒛 = 𝒂 + 𝒃 − 𝒄 

𝟒(𝒙 + 𝒚 + 𝒛)𝒓 = 𝒙𝒚𝒛 ≤
(𝒙 + 𝒚 + 𝒛)𝟑

𝟐𝟕
 

𝟒 ⋅ 𝟐𝟕𝒓𝟐 ≤ (𝒙 + 𝒚 + 𝒛)𝟐 

𝟐 ⋅ 𝟑√𝟑𝒓 ≤ 𝒙 + 𝒚 + 𝒛 

𝟑√𝟑𝒓 ≤ (
𝒙 + 𝒚 + 𝒛

𝟐
) =

𝟏

𝟐
(
𝒙 + 𝒚

𝟐
+
𝒚 + 𝒛

𝟐
+
𝒛 + 𝒙

𝟐
) = 𝒔 

Hence, 

∑
𝒂𝟑

(𝟓𝒂 + 𝟕𝒃)(𝟕𝒂 + 𝟓𝒃)
𝒄𝒚𝒄

≥
√𝟑𝒓

𝟐𝟒
 

𝟏𝟐 ⋅ 𝟐𝟕∑
𝒂𝟒

(𝟏𝟐𝒂 + 𝟏𝟐𝒂 + 𝟏𝟐𝒃)𝟑
𝒄𝒚𝒄

≥
√𝟑𝒓

𝟐𝟒
 

𝟏𝟐 ⋅ 𝟐𝟕

𝟑𝟔𝟑
⋅
(𝒂 + 𝒃 + 𝒄)𝟒

(𝒂 + 𝒃 + 𝒄)𝟑
≥
√𝟑𝒓

𝟐𝟒
 

𝒂 + 𝒃 + 𝒄

𝟒 ⋅ 𝟑𝟔
≥
√𝟑𝒓

𝟐𝟒
⇔ 𝒔 ≥ 𝟑√𝟑𝒓(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

 

UP.465 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝟒(𝑹 + 𝒓 − 𝒅)𝟑[𝟒(𝑹 − 𝒓 + 𝒅)𝟑 + 𝑹𝟑] ≤ 𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 ≤ 

≤ 𝟐𝟒(𝑹 + 𝒓 + 𝒅)𝟑[𝟒(𝑹 − 𝒓 − 𝒅)𝟑 + 𝑹𝟑] 

where we denote by 𝒅 = √𝑹𝟐 − 𝟐𝑹𝒓 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 
Solution by proposers 
 

We use the fundamental inequality or Blundon’s inequality. 

For any triangle 𝑨𝑩𝑪 the inequality 𝒔𝟏 ≤ 𝒔 ≤ 𝒔𝟐 hold where 𝒔𝟏, 𝒔𝟐 represent the 

semiperimeter of two isosceles triangles 𝑨𝟏𝑩𝟏𝑪𝟏 and 𝑨𝟐𝑩𝟐𝑪𝟐 which have the same 

circumradius 𝑹 and inradius 𝒓 as the triangle 𝑨𝑩𝑪 with sides 



 
www.ssmrmh.ro 

80 31-RMM WINTER EDITION 2023-SOLUTIONS 

 

𝒂𝟏 = 𝟐√(𝑹 + 𝒓 − 𝒅)(𝑹 − 𝒓 + 𝒅); 𝒃𝟏 = 𝒄𝟏 = √𝟐𝑹(𝑹+ 𝒓 − 𝒅) 

𝒂𝟐 = 𝟐√(𝑹 + 𝒓 + 𝒅)(𝑹 − 𝒓 − 𝒅); 𝒃𝟐 = 𝒄𝟐 = 𝟐√𝟐𝑹(𝑹 + 𝒓 + 𝒅), where 𝒅 = √𝑹𝟐 − 𝟐𝑹𝒓 

From the identity ∑𝒙𝟑 = 𝟑𝒙𝒚𝒛 + ∑𝒙 (∑𝒙𝟐 −∑𝒚𝒛) if we replacing 

 𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐, 𝒛 = 𝒄𝟐, then we obtain ∑𝒂𝟔 = 𝟑𝒂𝟐𝒃𝟐𝒄𝟐 +∑𝒂𝟐 (∑𝒂𝟒 −∑𝒃𝟐𝒄𝟐). 

Consider the functions 𝒇, 𝒈, 𝒉, 𝑭: [𝒔𝟏; 𝒔𝟐] → ℝ, 𝒇(𝒔) = 𝟑𝒂𝟐𝒃𝟐𝒄𝟐 = 𝟑(𝟒𝑹𝒓𝒔)𝟐, 

𝒈(𝒔) = 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓), 

𝒉(𝒔) = ∑𝒂𝟒

𝒄𝒚𝒄

−∑(𝒃𝒄)𝟐

𝒄𝒚𝒄

= (∑𝒂

𝒄𝒚𝒄

)

𝟒

− 𝟒∑𝒂𝒃

𝒄𝒚𝒄

(∑𝒂

𝒄𝒚𝒄

)

𝟐

+ 𝟔𝒂𝒃𝒄∑𝒂

𝒄𝒚𝒄

+ (∑𝒂𝒃

𝒄𝒚𝒄

)

𝟐

= 

= 𝒔𝟒 − 𝟐𝒓(𝟒𝑹 + 𝟕𝒓)𝒔𝟐 + (𝟒𝑹 + 𝒓)𝟐𝒓𝟐,  with 𝒉′(𝒔) = 𝟒𝒔(𝒔𝟐 − 𝟒𝑹𝒓 − 𝟕𝒓𝟐) 

𝑭(𝒔) = 𝒇(𝒔) + 𝒈(𝒔)𝒉(𝒔). 

Since 𝒔𝟐 ≥ 𝒔𝟏
𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟒𝑹𝒓 + 𝟕𝒓𝟐 it result that 𝒉 is increasing on [𝒔𝟏, 𝒔𝟐]. 

Also 𝒇 and 𝒈 are increasing on [𝒔𝟏, 𝒔𝟐]. Hence, 𝑭 is increasing on [𝒔𝟏, 𝒔𝟐], then 

𝑭(𝒔𝟏) ≤ 𝑭(𝒔) ≤ 𝑭(𝒔𝟐) or 𝒂𝟏
𝟔 + 𝒃𝟏

𝟔 + 𝒄𝟏
𝟔 ≤ 𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 ≤ 𝒂𝟐

𝟔 + 𝒃𝟐
𝟔 + 𝒄𝟐

𝟔; (𝟏) 

If we replacing the values of 𝒂𝟏, 𝒃𝟏, 𝒄𝟏, 𝒂𝟐, 𝒃𝟐, 𝒄𝟐 from the lemma in (1), the we obtain the 

desired inequality and we are done. 

 

 

 

 
 
 


