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PROBLEMS FOR JUNIORS 

JP.466 If 𝒂, 𝒃, 𝒄, 𝒅 ∈ ℝ are such that (𝒂𝟐 + 𝒃𝟐)(𝒄𝟐 + 𝒅𝟐) = 𝟐𝟓 then: 

𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 ≤ 𝟑𝒂𝒄 + 𝟐𝟓 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Let be 𝛀 = (𝒂 + 𝒊𝒃)(𝒄 + 𝒊𝒅)(𝟑 + 𝟒𝒊). 

|𝛀| = √(𝒂𝟐 + 𝒃𝟐)(𝒄𝟐 + 𝒅𝟐)(𝟑𝟐 + 𝟒𝟐) = √𝟐𝟓 ⋅ 𝟐𝟓 = 𝟐𝟓 

𝛀 = (𝒂𝒄 − 𝒃𝒅 + 𝒊(𝒃𝒄 + 𝒂𝒅))(𝟑 + 𝟒𝒊) = 

= 𝟑(𝒂𝒄 − 𝒃𝒅) − 𝟒(𝒃𝒄 + 𝒂𝒅) + 𝒊(𝟒(𝒂𝒄 − 𝒃𝒅) + 𝟑(𝒃𝒄 + 𝒂𝒅)) 

|𝑹𝒆(𝛀)| = |𝟑(𝒂𝒄 − 𝒃𝒅) − 𝟒(𝒃𝒄 + 𝒂𝒅)| = |𝟑𝒂𝒄 − 𝟑𝒃𝒅 − 𝟒𝒃𝒄 − 𝟒𝒂𝒅| 

Hence: 

|𝑹𝒆(𝛀)| ≤ |𝛀| 

|𝟑𝒂𝒄 − 𝟑𝒃𝒅 − 𝟒𝒃𝒄 − 𝟒𝒂𝒅| ≤ 𝟐𝟓 

𝟑𝒂𝒄 − 𝟑𝒃𝒅 − 𝟒𝒃𝒄 − 𝟒𝒂𝒅 ≥ −𝟐𝟓 

𝟑𝒂𝒄 + 𝟐𝟓 ≥ 𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 

Solution 2 by Mohamed Amine Ben Ajiba-Morocco 

𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 ∶ 

𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 − 𝟑𝒄𝒂 ≤ 𝟓√(𝒂𝟐 + 𝒃𝟐)(𝒄𝟐 + 𝒅𝟐) 

𝑰𝒇 𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 − 𝟑𝒄𝒂 ≤ 𝟎 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 − 𝟑𝒄𝒂 ≥ 𝟎.  𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 

(𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 − 𝟑𝒄𝒂)𝟐 ≤ 𝟐𝟓(𝒂𝟐 + 𝒃𝟐)(𝒄𝟐 + 𝒅𝟐) 

⇔ 𝟏𝟔𝒃𝟐𝒅𝟐 + 𝟗𝒂𝟐𝒅𝟐 + 𝟗𝒃𝟐𝒄𝟐 + 𝟏𝟔𝒄𝟐𝒂𝟐 − 𝟐𝟒𝒂𝒃𝒅𝟐 − 𝟐𝟒𝒃𝟐𝒄𝒅 + 𝟐𝟒𝒂𝟐𝒄𝒅 + 𝟐𝟒𝒂𝒃𝒄𝟐 − 𝟏𝟒𝒂𝒃𝒄𝒅 ≥ 𝟎 

⇔ 𝒂𝟐(𝟗𝒅𝟐 + 𝟐𝟒𝒄𝒅 + 𝟏𝟔𝒄𝟐) − 𝟐𝒂𝒃(𝟏𝟐𝒅𝟐 + 𝟕𝒄𝒅 − 𝟏𝟐𝒄𝟐) + 𝒃𝟐(𝟏𝟔𝒅𝟐 − 𝟐𝟒𝒄𝒅 + 𝟗𝒄𝟐) ≥ 𝟎 

⇔ 𝒂𝟐(𝟑𝒅 + 𝟒𝒄)𝟐 − 𝟐𝒂𝒃(𝟑𝒅 + 𝟒𝒄)(𝟒𝒅 − 𝟑𝒄) + 𝒃𝟐(𝟒𝒅 − 𝟑𝒄)𝟐 ≥ 𝟎 

⇔ [𝒂(𝟑𝒅+ 𝟒𝒄) − 𝒃(𝟒𝒅− 𝟑𝒄)]𝟐 ≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 ≤ 𝟑𝒄𝒂 + 𝟐𝟓. 

Solution 3 by Henry Ricardo-New York-USA 

𝟑𝒃𝒅 + 𝟒𝒂𝒅 + 𝟒𝒃𝒄 − 𝟑𝒂𝒄 = 𝟑(𝒃𝒅 − 𝒂𝒄) + 𝟒(𝒂𝒅 + 𝒃𝒄) ≤⏞
𝑪𝑩𝑺

 

≤ √𝟑𝟐 + 𝟒𝟐 ∙ √(𝒃𝒅 − 𝒂𝒄)𝟐 + (𝒂𝒅 + 𝒃𝒄)𝟐 = 

= 𝟓√𝒃𝟐𝒅𝟐 + 𝒂𝟐𝒄𝟐 + 𝒂𝟐𝒅𝟐 + 𝒃𝟐𝒄𝟐 = 𝟓 ∙ √𝒂𝟐 + 𝒃𝟐 ∙ √𝒄𝟐 + 𝒅𝟐 = 𝟐𝟓 

JP.467 If 𝒙, 𝒚 > 𝟎 then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
+

𝒙𝒃𝒏 + 𝒚𝒄𝒏

𝒙𝒃𝒏−𝟏 + 𝒚𝒄𝒏−𝟏
+

𝒙𝒄𝒏 + 𝒚𝒂𝒏

𝒙𝒄𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
≥ 𝒂 + 𝒃 + 𝒄 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
≥
𝒙𝒂 + 𝒚𝒃

𝒙 + 𝒚
⇔ 

(𝒙 + 𝒚)(𝒙𝒂𝒏 + 𝒚𝒃𝒏) ≥ (𝒙𝒂 + 𝒚𝒃)(𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏) ⇔ 

𝒙𝟐𝒂𝒏 + 𝒙𝒚𝒃𝒏 + 𝒙𝒚𝒂𝒏 + 𝒚𝟐𝒃𝒏 ≥ 𝒙𝟐𝒂𝒏 + 𝒚𝟐𝒃𝒏 + 𝒙𝒚𝒂𝒃𝒏−𝟏 + 𝒙𝒚𝒂𝒏−𝟏𝒃 ⇔ 

𝒂𝒏 + 𝒃𝒏 ≥ 𝒂𝒏−𝟏𝒃 + 𝒂𝒃𝒏−𝟏 ⇔ 𝒂𝒏−𝟏(𝒂 − 𝒃) − 𝒃𝒏−𝟏(𝒂 − 𝒃) ≥ 𝟎 ⇔ 

(𝒂 − 𝒃)(𝒂𝒏−𝟏 − 𝒃𝒏−𝟏) ≥ 𝟎 

(𝒂 − 𝒃)𝟐(𝒂𝒏−𝟐 + 𝒂𝒏−𝟐𝒃 +⋯+ 𝒃𝒏−𝟐) ≥ 𝟎 which is true. 

Similarly, 

𝒙𝒃𝒏 + 𝒚𝒄𝒏

𝒙𝒃𝒏−𝟏 + 𝒚𝒄𝒏−𝟏
≥
𝒙𝒃 + 𝒚𝒄

𝒙 + 𝒚
  𝐚𝐧𝐝  

𝒙𝒄𝒏 + 𝒚𝒂𝒏

𝒙𝒄𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
≥
𝒙𝒄 + 𝒚𝒂

𝒙 + 𝒚
 

By adding, it follows that 

𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
+

𝒙𝒃𝒏 + 𝒚𝒄𝒏

𝒙𝒃𝒏−𝟏 + 𝒚𝒄𝒏−𝟏
+

𝒙𝒄𝒏 + 𝒚𝒂𝒏

𝒙𝒄𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
≥ 𝒂 + 𝒃 + 𝒄 

Solution 2 by Mohamed Amine Ben Ajiba- Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
 ≥⏞
?

 
𝒙𝒂 + 𝒚𝒃

𝒙 + 𝒚
 ⇔  (𝒙𝒂𝒏 + 𝒚𝒃𝒏)(𝒙 + 𝒚)

≥ (𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏)(𝒙𝒂 + 𝒚𝒃) 
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⇔ 𝒙𝒚(𝒂𝒏 + 𝒃𝒏) ≥ 𝒙𝒚(𝒂𝒏−𝟏𝒃 + 𝒂𝒃𝒏−𝟏)  ⇔  𝒙𝒚(𝒂 − 𝒃)(𝒂𝒏−𝟏 − 𝒃𝒏−𝟏) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  𝒂 − 𝒃 𝒂𝒏𝒅 𝒂𝒏−𝟏 − 𝒃𝒏−𝟏 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏. 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
≥
𝒙𝒂 + 𝒚𝒃

𝒙 + 𝒚
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒙𝒂𝒏 + 𝒚𝒃𝒏

𝒙𝒂𝒏−𝟏 + 𝒚𝒃𝒏−𝟏
+

𝒙𝒃𝒏 + 𝒚𝒄𝒏

𝒙𝒃𝒏−𝟏 + 𝒚𝒄𝒏−𝟏
+

𝒙𝒄𝒏 + 𝒚𝒂𝒏

𝒙𝒄𝒏−𝟏 + 𝒚𝒂𝒏−𝟏
≥
𝒙𝒂 + 𝒚𝒃

𝒙 + 𝒚
+
𝒙𝒃 + 𝒚𝒄

𝒙 + 𝒚
+
𝒙𝒄 + 𝒚𝒂

𝒙 + 𝒚
= 𝒂 + 𝒃 + 𝒄. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

JP.468 Solve for real numbers: 

𝒙𝟏𝟐 − 𝟏𝟓𝒙𝟑 + 𝟏𝟒 = 𝟎 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝒙𝟏𝟐 − 𝟏𝟓𝒙𝟑 + 𝟏𝟒 = 𝟎 

𝒙𝟏𝟐 − 𝟐𝒙𝟗 + 𝟐𝒙𝟗 − 𝟒𝒙𝟔 + 𝟒𝒙𝟔 − 𝟖𝒙𝟑 − 𝟕𝒙𝟑 + 𝟏𝟒 = 𝟎 

𝒙𝟗(𝒙𝟑 − 𝟐) + 𝟐𝒙𝟔(𝒙𝟑 − 𝟐) − 𝟕(𝒙𝟑 − 𝟐) = 𝟎 

(𝒙𝟑 − 𝟐)(𝒙𝟗 + 𝟐𝒙𝟔 + 𝟒𝒙𝟑 − 𝟕) = 𝟎 

𝒙𝟑 − 𝟐 = 𝟎 ⇒ 𝒙𝟑 = 𝟐 ⇒ 𝒙𝟏 = √𝟐
𝟑
, 𝒙𝟐,𝟑 ∈ ℂ 

𝒙𝟗 + 𝟐𝒙𝟔 + 𝟒𝒙𝟑 − 𝟕 = 𝟎 

𝒙𝟗 − 𝒙𝟔 + 𝟑𝒙𝟔 − 𝟑𝒙𝟑 + 𝟕𝒙𝟑 − 𝟕 = 𝟎 

𝒙𝟔(𝒙𝟑 − 𝟏) + 𝟑𝒙𝟑(𝒙𝟑 − 𝟏) + 𝟕(𝒙𝟑 − 𝟏) = 𝟎 

(𝒙𝟑 − 𝟏)(𝒙𝟔 + 𝟑𝒙𝟑 + 𝟕) = 𝟎 

𝒙𝟑 − 𝟏 = 𝟎 ⇒ 𝒙𝟑 = 𝟏 ⇒ 𝒙𝟒 = 𝟏, 𝒙𝟓,𝟔 ∈ ℂ 

𝒙𝟔 + 𝟑𝒙𝟑 + 𝟕 = 𝟎 

Denote 𝒙𝟑 = 𝒚 ⇒ 𝒚𝟐 + 𝟑𝒚 + 𝟕 = 𝟎;𝚫 = 𝟗 − 𝟐𝟖 < 0 ⇒ 𝒚𝟏,𝟐 ∈ ℂ 

𝒙𝟕,𝟖,…,𝟏𝟐 ∈ ℂ 

So, the real solutions are 𝑺 = {√𝟐
𝟑
; 𝟏}. 
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Solution 2 by Hikmat Mammadov-Azerbaijan 

Let 𝒌 = 𝒙𝟑 ⇒ 𝒌𝟒 − 𝟏𝟓𝒌 + 𝟏𝟒 = 𝟎 

𝒌𝟒 − 𝒌 − 𝟏𝟒𝒌 + 𝟏𝟒 = 𝟎 ⇔ 𝒌(𝒌𝟑 − 𝟏) − 𝟏𝟒(𝒌 − 𝟏) = 𝟎 

𝒌(𝒌 − 𝟏)(𝒌𝟐 + 𝒌 + 𝟏) − 𝟏𝟒(𝒌 − 𝟏) = 𝟎 

(𝒌 − 𝟏)(𝒌𝟑 + 𝒌𝟐 + 𝒌 + 𝟏) = 𝟎 

𝒌 = 𝟏 or 𝒌𝟑 + 𝒌𝟐 + 𝒌− 𝟏𝟒 = 𝟎 

(𝒌 − 𝟐)(𝒌𝟐 + 𝟑𝒌 + 𝟕) = 𝟎 ⇔ (𝒌 − 𝟏)(𝒌 − 𝟐)(𝒌𝟐 + 𝟑𝒌+ 𝟕) = 𝟎 

𝒌 ∈ {𝟏, 𝟐,
−𝟑 + √𝟗 − 𝟒 ⋅ 𝟕

𝟐
} ∩ ℝ ⇒ 𝒌 ∈ {𝟏, 𝟐} ⇒ 𝒙 ∈ {𝟏; √𝟐

𝟑
}. 

Solution 3 by Florentin Vișescu-Romania 

𝒙𝟏𝟐 − 𝟏𝟓𝒙𝟑 + 𝟏𝟒 = 𝟎 

𝒙𝟑 = 𝒕 ⇒ 𝒕𝟒 − 𝟏𝟓𝒕 + 𝟏𝟒 = 𝟎 

𝒕𝟒 − 𝒕 − 𝟏𝟒𝒕 + 𝟏𝟒 = 𝟎 ⇔ 𝒕(𝒕𝟑 − 𝟏) − 𝟏𝟒(𝒕 − 𝟏) = 𝟎 

𝒕(𝒕 − 𝟏)(𝒕𝟐 + 𝒕 + 𝟏) − 𝟏𝟒(𝒕 − 𝟏) = 𝟎 

(𝒕 − 𝟏)(𝒕𝟑 + 𝒕𝟐 + 𝒕 − 𝟏𝟒) = 𝟎 

𝒕 = 𝟏 ⇒ 𝒙𝟏 = 𝟏 or 𝒕𝟑 + 𝒕𝟐 + 𝒕 − 𝟏𝟒 = 𝟎 ⇔ 

𝒕𝟑 − 𝟖 + 𝒕𝟐 − 𝟒 + 𝒕 − 𝟐 = 𝟎 ⇔ (𝒕 − 𝟐)(𝒕𝟐 + 𝟑𝒕 + 𝟕) = 𝟎 

𝒕 = 𝟐 ⇒ 𝒙 = √𝟐
𝟑

 

Solution 4 by Fayssal Abdelli-Algerie 

𝒚 = 𝒙𝟑 ⇒ 𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = 𝟎 

𝒚𝟒 − 𝒚 + 𝟏𝟒 − 𝟏𝟒𝒚 = 𝟎 ⇔ 𝒚(𝒚𝟑 − 𝟏) − 𝟏𝟒(𝒚 − 𝟏) = 𝟎 

(𝒚 − 𝟏)(𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒) = 𝟎 

𝒚 = 𝟏 or 𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒 = 𝟎,   𝒚 = 𝟏 ⇒ 𝒙 = 𝟏 

𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒 = (𝒚 − 𝟐)(𝒚𝟐 + 𝟑𝒚+ 𝟕) = 𝟎 ⇒ 𝒚 = 𝟐 ⇒ 𝒙 = √𝟐
𝟑

 

𝒙 ∈ {𝟏; √𝟐
𝟑
} 

Solution 5 by Muhammad Afzal-Pakistan 

𝒚 = 𝒙𝟑 ⇒ 𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = 𝟎 

𝒚𝟒 − 𝒚 + 𝟏𝟒 − 𝟏𝟒𝒚 = 𝟎 ⇔ 𝒚(𝒚𝟑 − 𝟏) − 𝟏𝟒(𝒚 − 𝟏) = 𝟎 
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(𝒚 − 𝟏)(𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒) = 𝟎,   𝒚 = 𝟏 or 𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒 = 𝟎 

𝒚 = 𝟏 ⇒ 𝒙 = 𝟏 

𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒 = (𝒚 − 𝟐)(𝒚𝟐 + 𝟑𝒚+ 𝟕) = 𝟎 ⇒ 𝒚 = 𝟐 ⇒ 𝒙 = √𝟐
𝟑

 

𝒙 ∈ {𝟏; √𝟐
𝟑
} 

Solution 6 by Carlos Paiva-Brazil 

𝒙𝟏𝟐 − 𝟏𝟓𝒙𝟑 + 𝟏𝟒 = 𝟎, 𝐥𝐞𝐭 𝒚 = 𝒙𝟑, 𝐭𝐡𝐞𝐧: 

𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = 𝟎 ⇔ (𝒚𝟐 − 𝟑𝒚 + 𝟐)(𝒚𝟐 + 𝟑𝒚 + 𝟕) = 𝟎 ⇔ 

𝒚𝟏 = 𝟏;𝒚𝟐 = 𝟐,𝐡𝐞𝐧𝐜𝐞 𝒙 ∈ {𝟏; √𝟐
𝟑
} 

Solution 7 by Qudrat Muhammadi-Afghanistan 

𝒙𝟏𝟐 − 𝟏𝟓𝒙𝟑 + 𝟏𝟒 = 𝟎 ⇔ (𝒙 − 𝟏)(𝒙𝟑 − 𝟐)(𝒙𝟐 + 𝒙 + 𝟏)(𝒙𝟔 + 𝟑𝒙𝟑 + 𝟕) = 𝟎 

𝒙 − 𝟏 = 𝟎 ⇒ 𝒙𝟏 = 𝟏, 𝒙𝟑 − 𝟐 = 𝟎 ⇒ 𝒙𝟐 = √𝟐
𝟑

 

(𝒙𝟐 + 𝒙 + 𝟏) = 𝟎; (𝒙𝟔 + 𝟑𝒙𝟑 + 𝟕) = 𝟎 there is no real solution hence 𝒙 ∈ {𝟏; √𝟐
𝟑
} 

Solution 8 by Fayssal Abdelli-Algerie 

Let 𝒚 = 𝒙𝟑 ⇒ 𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = 𝟎 

𝒚𝟒 − 𝟏𝟔 − 𝟏𝟓𝒚 + 𝟑𝟎 = 𝟎 ⇔ (𝒚𝟒 − 𝟐𝟒) − 𝟏𝟓(𝒚 − 𝟐) = 𝟎 

(𝒚𝟐 − 𝟐𝟐)(𝒚𝟐 + 𝟐𝟐) − 𝟏𝟓(𝒚 − 𝟐) = 𝟎 

(𝒚 − 𝟐)(𝒚𝟑 + 𝟐𝒚𝟐 + 𝟒𝒚 − 𝟕) = 𝟎 

𝒚 = 𝟐 ⇒ 𝒙 = √𝟐
𝟑

 or 𝒚𝟑 + 𝟐𝒚𝟐 + 𝟒𝒚 − 𝟕 = 𝟎 ⇔ 

(𝒚 − 𝟏)(𝒚𝟐 + 𝟑𝒚+ 𝟕) = 𝟎 ⇒ 𝒚 = 𝟏 ⇒ 𝒙 = 𝟏 

𝒚𝟑 + 𝟑𝒚 + 𝟕 = 𝟎 there is no real solution. 

Solution 9 by Angel Plaza-Spain 

The only real solution to the proposed equation are 𝒙 = 𝟏, and 𝒙 = √𝟐
𝟑

. 

By doing 𝒙𝟑 = 𝒚, the equation becomes 𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = 𝟎, with 𝒚 = 𝟏 as a root. 

Since 𝒚𝟒 − 𝟏𝟓𝒚 + 𝟏𝟒 = (𝒚 − 𝟏)(𝒚𝟑 + 𝒚𝟐 + 𝒚 − 𝟏𝟒) = (𝒚 − 𝟏)(𝒚 − 𝟐)(𝒚𝟐 + 𝟑𝒚+ 𝟕). 

Since 𝒚𝟐 + 𝟑𝒚 + 𝟕 = (𝒚 +
𝟑

𝟐
)
𝟐

−
𝟗

𝟒
+ 𝟕 = (𝒚 +

𝟑

𝟐
)
𝟐

+
𝟏𝟗

𝟒
> 0, the equation  does not have 

any more real roots. 
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Solution 10 by Henry Ricardo-New York-USA 

Let 𝑿 = 𝒙𝟑, our equation becomes 

𝑿𝟒 − 𝟏𝟓𝑿 + 𝟏𝟒 = (𝑿 − 𝟐)(𝑿 − 𝟏)(𝑿𝟐 + 𝟑𝑿+ 𝟕) = 𝟎,  

so that 𝑿 = 𝟐, 𝑿 = 𝟏 and 𝑿 = (−𝟑 ± 𝟏𝟗𝒊)/𝟐 are the solutions. 

This translates to 𝒙 = √𝟐
𝟑

 and 𝒙 = 𝟏 as the only real solutions to the original equation. 

JP.469 Let 𝒛𝟏, 𝒛𝟐, 𝒛𝟑 ∈ ℂ
∗, 𝑨(𝒛𝟏), 𝑩(𝒛𝟐), 𝑪(𝒛𝟑) different in pairs such that 

 |𝒛𝟏| = |𝒛𝟐| = |𝒛𝟑| = 𝟏. If 

∑√|(𝟐𝒛𝟏 − 𝒛𝟐 − 𝒛𝟑)(𝟐𝒛𝟐 − 𝒛𝟏 − 𝒛𝟑)|

𝒄𝒚𝒄

= 𝟗 ⇒ 𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

∑√|(𝟐𝒛𝟏 − 𝒛𝟐 − 𝒛𝟑)(𝟐𝒛𝟐 − 𝒛𝟏 − 𝒛𝟑)|

𝒄𝒚𝒄

= 𝟗 ⇔ 

𝟐∑√|(𝒛𝟏 −
𝒛𝟐 + 𝒛𝟑
𝟐

) (𝒛𝟐 −
𝒛𝟏 + 𝒛𝟑
𝟐

)|

𝒄𝒚𝒄

= 𝟗 ⇔∑√𝒎𝒂𝒎𝒃

𝒄𝒚𝒄

=
𝟗

𝟐
; (𝟏) 

𝐁𝐮𝐭 √𝒎𝒂𝒎𝒃 ≤
𝒎𝒂 +𝒎𝒃

𝟐
⇒∑√𝒎𝒂𝒎𝒃

𝒄𝒚𝒄

≤ 𝒎𝒂 +𝒎𝒃 +𝒎𝒄; (𝟐) 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≤
𝟗𝑹

𝟐
; (𝟑) 

From (2) and (3) we get 

∑√𝒎𝒂𝒎𝒃

𝒄𝒚𝒄

=
𝟗

𝟐
; (𝟏) 

From (1) and (4) we have equality if and only if 𝚫𝑨𝑩𝑪 is equilateral.  

Solution 2 by Ruxandra Daniela Tonilă-Romania 

∑√|(𝟐𝒛𝟏 − 𝒛𝟐 − 𝒛𝟑)(𝟐𝒛𝟐 − 𝒛𝟏 − 𝒛𝟑)|

𝒄𝒚𝒄

= 

=∑√|(𝟑𝒛𝟏 − (𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑))(𝟑𝒛𝟐 − (𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑))|

𝒄𝒚𝒄

= 
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= 𝟑∑√|𝒛𝟏 − 𝒛𝑮| ⋅ |𝒛𝟐 − 𝒛𝑮|

𝒄𝒚𝒄

= 𝟑∑√𝑨𝑮 ⋅ 𝑩𝑮

𝒄𝒚𝒄

= 

= 𝟑 ⋅
𝟐

𝟑
∑√𝒎𝒂 ⋅ 𝒎𝒃

𝒄𝒚𝒄

≤ 𝟐∑𝒎𝒂

𝒄𝒚𝒄

≤
𝑨𝑮𝑴

𝟔 ⋅ √
𝟏

𝟑
∑𝒎𝒂

𝟐

𝒄𝒚𝒄

= 

= 𝟔 ⋅ √
𝟏

𝟏𝟐
∑(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

= 𝟑 ⋅ √∑𝒂𝟐

𝒄𝒚𝒄

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

𝟑 ⋅ √𝟑𝑹𝟐 = 𝟗𝑹 = 𝟗. 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

JP.470 Let 𝒛𝟏, 𝒛𝟐, 𝒛𝟑 ∈ ℂ, 𝑨(𝒛𝟏), 𝑩(𝒛𝟐), 𝑪(𝒛𝟑) different in pairs such that 

|𝒛𝟏| = |𝒛𝟐| = |𝒛𝟑| = 𝟏.Prove that: 

∑
𝟏

(|(𝒛𝟏 − 𝒛𝟐)|𝒛𝟏 − 𝒛𝟑| + (𝒛𝟏 − 𝒛𝟑)|𝒛𝟏 − 𝒛𝟐||)𝟐
𝒄𝒚𝒄

=
𝟑

(|𝒛𝟏 − 𝒛𝟐| + |𝒛𝟐 − 𝒛𝟑| + |𝒛𝟑 − 𝒛𝟏|)𝟐
 

⇔ 𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

|𝒛𝟏 − 𝒛𝟐| + |𝒛𝟐 − 𝒛𝟑| + |𝒛𝟑 − 𝒛𝟏| = 𝑨𝑩 + 𝑩𝑪 + 𝑪𝑨 = 𝒂 + 𝒃 + 𝒄 

∑
𝟏

(|(𝒛𝟏 − 𝒛𝟐)|𝒛𝟏 − 𝒛𝟑| + (𝒛𝟏 − 𝒛𝟑)|𝒛𝟏 − 𝒛𝟐||)
𝟐

𝒄𝒚𝒄

=
𝟑

(|𝒛𝟏 − 𝒛𝟐| + |𝒛𝟐 − 𝒛𝟑| + |𝒛𝟑 − 𝒛𝟏|)𝟐
 

∑
𝟏

(
|(𝒛𝟏 − 𝒛𝟐)|𝒛𝟏 − 𝒛𝟑| + (𝒛𝟏 − 𝒛𝟑)|𝒛𝟏 − 𝒛𝟐||

𝒂 + 𝒃 + 𝒄 )

𝟐

𝒄𝒚𝒄

= 𝟑 ⇔∑
𝟏

(
(𝒃 + 𝒄)𝒛𝟏 − 𝒃𝒛𝟐 − 𝒄𝒛𝟑

𝒂 + 𝒃 + 𝒄 )
𝟐

𝒄𝒚𝒄

= 𝟑 ⇔ 

∑
𝟏

(
(𝒃 + 𝒄 + 𝒂)𝒛𝟏 − 𝒂𝒛𝟏 − 𝒃𝒛𝟐 − 𝒄𝒛𝟑

𝒂 + 𝒃 + 𝒄 )
𝟐

𝒄𝒚𝒄

= 𝟑 ⇔∑
𝟏

|𝒛𝟏 −
𝒂𝒛𝟏 + 𝒃𝒛𝟐 + 𝒄𝒛𝟑
𝒂 + 𝒃 + 𝒄 |

𝟐

𝒄𝒚𝒄

= 𝟑 ⇔ 

∑
𝟏

𝑨𝑰𝟐
𝒄𝒚𝒄

= 𝟑; (𝟏) 

𝐁𝐮𝐭: ∑
𝟏

𝑨𝑰𝟐
𝒄𝒚𝒄

=∑
𝐬𝐢𝐧𝟐

𝑨
𝟐

𝒓
𝒄𝒚𝒄

=
𝟏

𝒓𝟐
⋅
𝟐𝑹 − 𝒓

𝟐𝑹
≥
𝟑

𝑹𝟐
= 𝟑; (𝟐) 
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From (1) and (2) 𝚫𝑨𝑩𝑪 is equilateral. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

|𝒛𝟏| = |𝒛𝟐| = |𝒛𝟑| = 𝟏 →  𝜟𝑨𝑩𝑪 ∈ 𝑪(𝑶,𝑹 = 𝟏) 

𝑳𝒆𝒕 𝒂 = 𝑩𝑪 = |𝒛𝟐 − 𝒛𝟑|,   𝒃 = 𝑪𝑨 = |𝒛𝟑 − 𝒛𝟏|,   𝒄 = 𝑨𝑩 = |𝒛𝟐 − 𝒛𝟏|.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑳𝑯𝑺(∗) =∑
𝟏

|(𝒛𝟏 − 𝒛𝟐)𝒃 + (𝒛𝟏 − 𝒛𝟑)𝒄| 𝟐
𝒄𝒚𝒄

=∑
𝟏

|(𝒂 + 𝒃 + 𝒄)𝒛𝟏 − (𝒂𝒛𝟏 + 𝒃𝒛𝟐 + 𝒄𝒛𝟑)| 𝟐
𝒄𝒚𝒄

=∑
𝟏

(𝟐𝒔. |𝒛𝟏 −
𝒂𝒛𝟏 + 𝒃𝒛𝟐 + 𝒄𝒛𝟑
𝒂 + 𝒃 + 𝒄 |)

𝟐

𝒄𝒚𝒄

= 

=
𝟏

(𝟐𝒔)𝟐
∑

𝟏

|𝒛𝟏 − 𝒛𝑰|𝟐
𝒄𝒚𝒄

=
𝟏

(𝟐𝒔)𝟐
∑

𝟏

𝑨𝑰 𝟐
𝒄𝒚𝒄

=
𝟏

(𝟐𝒔)𝟐
∑
𝐬𝐢𝐧𝟐

𝑨
𝟐

𝒓𝟐
𝒄𝒚𝒄

=
𝟏

(𝟐𝒔)𝟐
.
𝟏

𝒓𝟐
(𝟏 −

𝒓

𝟐𝑹
) ≥⏞
𝑬𝒖𝒍𝒆𝒓 𝟏

(𝟐𝒔)𝟐
.
𝟒

𝑹𝟐
(𝟏 −

𝟏

𝟒
) =⏞
𝑹 = 𝟏

 
𝟑

(𝟐𝒔)𝟐
= 𝑹𝑯𝑺(∗) 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,    

∑
𝟏

|(𝒛𝟏 − 𝒛𝟐)|𝒛𝟏 − 𝒛𝟑| + (𝒛𝟏 − 𝒛𝟑)|𝒛𝟏 − 𝒛𝟐||
 𝟐

𝒄𝒚𝒄

=
𝟑

(|𝒛𝟏 − 𝒛𝟐| + |𝒛𝟐 − 𝒛𝟑| + |𝒛𝟑 − 𝒛𝟏|)𝟐
  

⇔   𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 

JP.471 In 𝚫𝑨𝑩𝑪, 𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 internal bisectors and 𝑨𝟐, 𝑩𝟐, 𝑪𝟐  contact 

points with circumcircle of triangle 𝑨𝑩𝑪. Prove that: 

𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 + 𝑩𝟏𝑩𝟐 ⋅ 𝑨𝟐𝑪𝟐 + 𝑪𝟏𝑪𝟐 ⋅ 𝑨𝟐𝑩𝟐 ≥ 𝑹𝒔 

Proposed by Marian Ursărescu-Romania 
Solution by proposer 

𝝆(𝑨𝟏) = 𝑨𝑨𝟏 ⋅ 𝑨𝟏𝑨𝟐 = 𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪 

𝑨𝟏𝑨𝟐 =
𝑩𝑨𝟏 ⋅ 𝑨𝟏𝑪

𝑨𝟏𝑨𝟐
; (𝟏) 

From bisector theorem we have 

𝑩𝑨𝟏 =
𝒂𝒄

𝒂 + 𝒄
, 𝑪𝑨𝟏 =

𝒂𝒃

𝒃 + 𝒄
; (𝟐) 
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𝑨𝑨𝟏 = 𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
; (𝟑) 

From (1),(2) and (3) it follows 

𝑨𝟏𝑨𝟐 =
𝒂𝟐

𝟐(𝒃 + 𝒄) 𝐜𝐨𝐬
𝑨
𝟐

; (𝟒) 

From Law of sines we have 

𝑩𝟐𝑪𝟐

𝐬𝐢𝐧 (
𝑩+ 𝑪
𝟐 )

= 𝟐𝑹 ⇒ 𝑩𝟐𝑪𝟐 = 𝟐𝑹𝐜𝐨𝐬
𝑨

𝟐
; (𝟓) 

From (4) and (5) we get 

𝑨𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 =
𝒂𝟐𝑹

𝒃 + 𝒄
 

∑𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐
𝒄𝒚𝒄

= 𝑹∑
𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

𝑹 ⋅
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝑹(𝒂 + 𝒃 + 𝒄)

𝟐
= 𝑹𝒔 

JP.472 If 𝒙, 𝒚, 𝒛 > 𝟎 then: 

(𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
) (𝟑𝒚𝟑 −

𝟏

𝒚𝟐
+
𝟏

𝒚𝟓
) (𝟑𝒛𝟑 −

𝟏

𝒛𝟐
+
𝟏

𝒛𝟓
) ≥ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Denote: 𝒂 =
𝟏

𝒙
, 𝒃 =

𝟏

𝒚
, 𝒄 =

𝟏

𝒛
, then 

𝒂𝟖 − 𝒂𝟓 + 𝟑 − 𝒂𝟑 − 𝟐 = 𝒂𝟓(𝒂𝟑 − 𝟏) − (𝒂𝟑 − 𝟏) = (𝒂𝟑 − 𝟏)(𝒂𝟓 − 𝟏) = 

= (𝒂 − 𝟏)𝟐(𝒂𝟐 + 𝒂 + 𝟏)(𝒂𝟒 + 𝒂𝟑 + 𝒂𝟐 + 𝒂 + 𝟏) ≥ 𝟎 

𝒂𝟖 − 𝒂𝟓 + 𝟑 − 𝒂𝟑 − 𝟐 ≥ 𝟎 ⇔ 𝒂𝟖 − 𝒂𝟓 + 𝟑 ≥ 𝒂𝟑 + 𝟐 

∏(𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
)

𝒄𝒚𝒄

=∏(
𝟑

𝒂𝟑
− 𝒂𝟐 + 𝒂𝟓)

𝒄𝒚𝒄

=∏
𝟏

𝒂𝟑
(𝒂𝟖 − 𝒂𝟓 + 𝟑)

𝒄𝒚𝒄

≥ 

≥
𝟏

𝒂𝟑𝒃𝟑𝒄𝟑
∏(𝒂𝟖 − 𝒂𝟓 + 𝟑)

𝒄𝒚𝒄

≥
𝟏

𝒂𝟑𝒃𝟑𝒄𝟑
∏(𝒂𝟑 + 𝟐)

𝒄𝒚𝒄

= 

=
𝟏

𝒂𝟑𝒃𝟑𝒄𝟑
∏(𝒂𝟑 + 𝟏 + 𝟏)

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓 𝟏

𝒂𝟑𝒃𝟑𝒄𝟑
(𝒂 ⋅ 𝟏 ⋅ 𝟏 + 𝒃 ⋅ 𝟏 ⋅ 𝟏 + 𝒄 ⋅ 𝟏 ⋅ 𝟏)𝟑 = 
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= (
𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
)
𝟑

= (𝒙𝒚𝒛 (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
))

𝟑

= (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒙, 𝒚, 𝒛 > 𝟎 we will have: 

𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙
≥ 𝟐𝒙𝟑 + 𝟏 ⇔ 𝒙𝟑 −

𝟏

𝒙𝟐
+
𝟏

𝒙𝟑
≥ 𝟏 

𝒙𝟖 − 𝒙𝟑 + 𝟏 ≥ 𝒙𝟓 ⇔ 𝒙𝟖 − 𝒙𝟓 − (𝒙𝟑 − 𝟏) ≥ 𝟎 

𝒙𝟓(𝒙𝟑 − 𝟏) − (𝒙𝟑 − 𝟏) ≥ 𝟎 ⇔ (𝒙𝟑 − 𝟏)(𝒙𝟓 − 𝟏) ≥ 𝟎 

(𝒙 − 𝟏)𝟐(𝒙𝟐 + 𝒙 + 𝟏)(𝒙𝟒 + 𝒙𝟑 + 𝒙𝟐𝟐 + 𝒙 + 𝟏) ≥ 𝟎 

Therefore, 

∏(𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
)

𝒄𝒚𝒄

≥∏(𝟐𝒙𝟑 + 𝟏)

𝒄𝒚𝒄

≥ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 3 by Tapas Das-India 

(𝒙𝟑 + 𝟏 + 𝒙𝟑)
𝟏
𝟑(𝒚𝟑 + 𝒚𝟑 + 𝟏)

𝟏
𝟑(𝟏 + 𝒛𝟑 + 𝒛𝟑)

𝟏
𝟑 ≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥
𝑯𝒐𝒍𝒅𝒆𝒓

(𝒙𝟑 ⋅ 𝒚𝟑 ⋅ 𝟏)
𝟏
𝟑 + (𝟏 ⋅ 𝒚𝟑 ⋅ 𝒛𝟑)

𝟏
𝟑 + (𝒙𝟑 ⋅ 𝟏 ⋅ 𝒛𝟑)

𝟏
𝟑 = 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 

(𝟐𝒙𝟑 + 𝟏)(𝟐𝒚𝟑 + 𝟏)(𝟐𝒛𝟑 + 𝟏) ≥ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
− (𝟐𝒙𝟑 + 𝟏) = (𝒙𝟑 +

𝟏

𝒙𝟓
) − (

𝟏

𝒙𝟐
+ 𝟏) = 

= (𝒙𝟑 − 𝟏) +
𝟏

𝒙𝟓
−
𝟏

𝒙𝟐
= (𝒙𝟑 − 𝟏) −

𝒙𝟑 − 𝟏

𝒙𝟓
= 

=
(𝒙𝟑 − 𝟏)(𝒙𝟓 − 𝟏)

𝒙𝟓
=
(𝒙𝟑 − 𝟏)[(𝒙𝟑 − 𝟏)(𝒙𝟐 + 𝟏) − 𝒙𝟑 + 𝒙𝟐]

𝒙𝟓
= 

=
(𝒙𝟑 − 𝟏)[(𝒙𝟑 − 𝟏)(𝒙𝟐 + 𝟏) − 𝒙𝟐(𝒙 − 𝟏)]

𝒙𝟓
= 

=
(𝒙 − 𝟏)𝟐(𝒙𝟐 + 𝒙 + 𝟏)(𝒙𝟒 + 𝒙𝟑 + 𝒙𝟐 + 𝒙 + 𝟏)

𝒙𝟓
> 𝟎 

⇒ 𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
≥ 𝟐𝒙𝟑 + 𝟏 
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Similarly, 

𝟑𝒚𝟑 −
𝟏

𝒚𝟐
+
𝟏

𝒚𝟓
≥ 𝟐𝒚𝟑 + 𝟏 𝐚𝐧𝐝 𝟑𝒛𝟑 −

𝟏

𝒛𝟐
+
𝟏

𝒛𝟓
≥ 𝟐𝒛𝟑 + 𝟏 

Therefore, 

∏(𝟑𝒙𝟑 −
𝟏

𝒙𝟐
+
𝟏

𝒙𝟓
)

𝒄𝒚𝒄

≥∏(𝟐𝒙𝟑 + 𝟏)

𝒄𝒚𝒄

≥ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 4 by Hikmat Mammadov-Azerbaijan 

Let (𝒙, 𝒚, 𝒛) → (
𝟏

𝒙
,
𝟏

𝒚
,
𝟏

𝒛
). We need to prove that: 

∏(𝒙𝟓 − 𝒙𝟐 +
𝟑

𝒙𝟑
)

𝒄𝒚𝒄

≥ (
𝒙 + 𝒚 + 𝒛

𝒙𝒚𝒛
)
𝟑

, ∏(𝒙𝟖 − 𝒙𝟓 + 𝟑)

𝒄𝒚𝒄

≥ (𝒙 + 𝒚 + 𝒛)𝟑 

𝒙𝟖 − 𝒙𝟓 + 𝟑 = (𝟓
𝒙𝟖

𝟓
+
𝟑

𝟓
) − 𝒙𝟓 +

𝟏𝟖

𝟓
≥
𝑨𝑮𝑴

𝟖√
𝒙𝟒𝟎

𝟓𝟖

𝟖

− 𝒙𝟓 +
𝟏𝟖

𝟓
=
𝟑

𝟓
(𝒙𝟓 + 𝟒) = 

=
𝟑

𝟓
[(𝟑 ∙

𝒙𝟓

𝟑
+
𝟐

𝟑
) +

𝟏𝟎

𝟑
] ≥

𝟑

𝟓
(𝟓√

𝒙𝟏𝟓

𝟑𝟓

𝟓

+
𝟏𝟎

𝟑
) =

𝟑

𝟓
(
𝟓

𝟑
𝒙𝟑 +

𝟏𝟎

𝟑
) = 𝒙𝟑 + 𝟐 

We need t prove that: 

(𝒙𝟑 + 𝟐)(𝒚𝟑 + 𝟐)(𝒛𝟑 + 𝟐) ≥ (𝒙 + 𝒚 + 𝒛)𝟑 

WLOG: (𝒚𝟑 − 𝟏)(𝒛𝟑 − 𝟏) ≥ 𝟎 ⇒ 𝒚𝟑𝒛𝟑 + 𝟏 ≥ 𝒚𝟑 + 𝒛𝟑 

We have: 

(𝒙𝟑 + 𝟐)(𝒚𝟑 + 𝟐)(𝒛𝟑 + 𝟐) ≥ (𝒙𝟑 + 𝟐)(𝒚𝟑𝒛𝟑 + 𝟏 + 𝟐(𝒚𝟑 + 𝒛𝟑) + 𝟑) ≥ 

≥ (𝒙𝟑 + 𝟐)[𝟑(𝒚𝟑 + 𝒛𝟑) + 𝟑] = 𝟑(𝒙𝟑 + 𝟏 + 𝟏)(𝟏 + 𝒚𝟑 + 𝒛𝟑) ≥ 

≥ (𝟏 + 𝟏 + 𝟏)(𝒙𝟑 + 𝟏 + 𝟏)(𝟏 + 𝒚𝟑 + 𝒛𝟑) ≥ (𝒙 + 𝒚 + 𝒛)𝟑 

 

JP.473 If 𝒂𝒌 > 𝟎, 𝒌 = 𝟏, 𝟓̅̅ ̅̅ ̅ then prove that exists 𝒊, 𝒋 ∈ 𝟏, 𝟓̅̅ ̅̅ ̅ such that: 

𝟎 ≤
𝒂𝒋 − 𝒂𝒊

𝟏 + 𝒂𝒊𝒂𝒋
≤ √𝟐 − 𝟏 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by proposer 

𝒂𝒊 > 𝟎 ⇒ (∃)𝒃𝒊 ∈ (𝟎,
𝝅

𝟐
) ;  𝒂𝒊 = 𝐭𝐚𝐧 𝒃𝒊 , 𝒊 = 𝟏, 𝟓̅̅ ̅̅ ̅ 

(𝟎,
𝝅

𝟐
) = (𝟎,

𝝅

𝟖
) ∪ [

𝝅

𝟖
,
𝟐𝝅

𝟖
) ∪ [

𝟐𝝅

𝟖
,
𝟑𝝅

𝟖
) ∪ [

𝟑𝝅

𝟖
,
𝝅

𝟐
) 

4-intervals, 5 points hence exists an interval which contains two values 

𝒃𝒊, 𝒃𝒋; 𝒃𝒋 ≥ 𝒃𝒊 ⇒ 𝟎 ≤ 𝒃𝒋 − 𝒃𝒊 ≤
𝝅

𝟖
 

𝐭𝐚𝐧 𝟎 ≤ 𝐭𝐚𝐧(𝒃𝒊 − 𝒃𝒋) ≤ 𝐭𝐚𝐧
𝝅

𝟖
 

𝟎 ≤
𝐭𝐚𝐧 𝒃𝒋 − 𝐭𝐚𝐧 𝒃𝒊

𝟏 + 𝒂𝒊𝒂𝒋
≤ √𝟐 − 𝟏 

Solution 2 by Mohamed Amine Ben Ajiba- Morocco 

𝑳𝒆𝒕 𝒂𝒌 = 𝐭𝐚𝐧(𝒃𝒌) ,𝒘𝒉𝒆𝒓𝒆 𝒃𝒌 ∈ (𝟎,
𝝅

𝟐
) , 𝒌 = 𝟏, 𝟓. 

𝑫𝒊𝒗𝒊𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 (𝟎,
𝝅

𝟐
)  𝒊𝒏𝒕𝒐 𝟒 𝒅𝒊𝒔𝒋𝒐𝒊𝒏𝒕 𝒔𝒖𝒃𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍𝒔 𝒂𝒔

∶ (𝟎,
𝝅

𝟖
] , (
𝝅

𝟖
,
𝝅

𝟒
] , (
𝝅

𝟒
,
𝟑𝝅

𝟖
] , (
𝟑𝝅

𝟖
,
𝝅

𝟐
). 

𝑩𝒚 𝑷𝒊𝒈𝒆𝒐𝒏𝒉𝒐𝒍𝒆 𝑷𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆, 𝒕𝒉𝒆𝒓𝒆 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒕𝒘𝒐 𝒐𝒇 𝒃𝒌 𝒕𝒉𝒂𝒕  

𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍, 𝒔𝒂𝒚 𝒃𝒋 ≥ 𝒃𝒊. 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝟎 ≤ 𝒃𝒋 − 𝒃𝒊 ≤
𝝅

𝟖
. 

𝑺𝒊𝒏𝒄𝒆 ∶  
𝒂𝒋 − 𝒂𝒊

𝟏 + 𝒂𝒊𝒂𝒋
=
𝐭𝐚𝐧(𝒃𝒋) − 𝐭𝐚𝐧(𝒃𝒊)

𝟏 + 𝐭𝐚𝐧(𝒃𝒋) 𝐭𝐚𝐧(𝒃𝒊)
= 𝐭𝐚𝐧(𝒃𝒋 − 𝒃𝒊) 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶  𝟎 ≤
𝒂𝒋 − 𝒂𝒊

𝟏 + 𝒂𝒊𝒂𝒋
≤ 𝐭𝐚𝐧

𝝅

𝟖
= √𝟐 − 𝟏. 

𝑯𝒆𝒏𝒄𝒆, 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕𝒔 𝒊, 𝒋 ∈ 𝟏, 𝟓 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶   𝟎 ≤
𝒂𝒋 − 𝒂𝒊

𝟏 + 𝒂𝒊𝒂𝒋
≤ √𝟐 − 𝟏.   

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝒂𝒌 = 𝐭𝐚𝐧𝜷𝒌 , 𝜷𝒌 ∈ [𝟎,
𝝅

𝟐
] 



 
www.ssmrmh.ro 

15 32-RMM SPRING EDITION 2024-SOLUTIONS 

 

𝒙 → 𝐭𝐚𝐧𝒙 bijection, [𝟎;
𝝅

𝟐
] → [𝟎,∞) 

𝒂𝒌 − 𝒂𝒊 =
𝐭𝐚𝐧𝜷𝒌 − 𝐭𝐚𝐧𝜷𝒊
𝟏 + 𝐭𝐚𝐧𝜷𝒌 𝐭𝐚𝐧𝜷𝒊

= 𝐭𝐚𝐧(𝜷𝒌 −𝜷𝒊) ⇔ ∃(𝒊; 𝒋)𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭: 

𝟎 ≤ 𝐭𝐚𝐧(𝜷𝒋 −𝜷𝒊) ≤ √𝟐 − 𝟏 

[𝟎;
𝝅

𝟐
] =⋃[

𝒌𝝅

𝟖
;
(𝒌 + 𝟏)𝝅

𝟖
)

𝟑

𝒌=𝟎

 

∃𝒊, 𝒋 such that 𝜷𝒊 = 𝜷𝒋 ⇔ 𝐭𝐚𝐧(𝜷𝒊 − 𝜷𝒋) = 𝟎 ∈ [𝟎; √𝟐 − 𝟏) 

Suppose that ∀(𝒊; 𝒋) ∈ [𝟏; 𝟓]; 𝜷𝒋 ≠ 𝜷𝒊 ⇒ ∃(𝒊; 𝒋); ∃𝒌 ∈ [𝟎;
𝝅

𝟐
] such that 

𝜷𝒊, 𝜷𝒋 ∈ [
𝒌𝝅

𝟖
;
(𝒌 + 𝟏)𝝅

𝟖
) 

𝟎 ≤ |𝜷𝒋 −𝜷𝒊| ≤
𝝅

𝟖
 and 𝟎 ≤ 𝐭𝐚𝐧|𝜷𝒋 −𝜷𝒊| ≤ 𝐭𝐚𝐧 (

𝝅

𝟖
) 

𝐭𝐚𝐧
𝝅

𝟖
=
𝟐 𝐬𝐢𝐧𝟐(

𝝅

𝟖
)

𝐬𝐢𝐧(𝟐∙
𝝅

𝟖
)
=
𝟏−𝐜𝐨𝐬(

𝝅

𝟒
)

𝐬𝐢𝐧(
𝝅

𝟒
)
= √𝟐 − 𝟏 ⇒ ∃(𝒊; 𝒋) such that: 

𝟎 ≤
𝐭𝐚𝐧𝜷𝒊 − 𝐭𝐚𝐧𝜷𝒋

𝟏 + 𝐭𝐚𝐧𝜷𝒊 𝐭𝐚𝐧𝜷𝒋
=
𝒂𝒊 − 𝒂𝒋

𝟏 + 𝒂𝒊𝒂𝒋
≤ √𝟐 − 𝟏 

Therefore, 

𝟎 ≤
𝒂𝒊 − 𝒂𝒋

𝟏 + 𝒂𝒊𝒂𝒋
≤ √𝟐 − 𝟏 

JP.474 If 𝟎 < 𝒃 ≤ 𝒂 then: 

√𝒂𝟐 + 𝒂𝒃 + √𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)

𝟐

≤ 𝟐𝒂 + (√𝟐 − 𝟏) (√𝒂𝒃 +
𝒂 + 𝒃

𝟐
) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

We will prove that if 𝒂 ≥ 𝒙 then: 

√𝒂𝟐 + 𝒙𝟐 ≤ 𝒂 + (√𝟐 − 𝟏)𝒙;  (𝟏) 

𝒂𝟐 + 𝒙𝟐 ≤ 𝒂𝟐 + 𝟐𝒂𝒙(√𝟐 − 𝟏) + (√𝟐 − 𝟏)
𝟐
𝒙𝟐 

𝒙𝟐 ≤ 𝟐𝒂𝒙(√𝟐 − 𝟏) + 𝟐𝒙𝟐 − 𝟐√𝟐𝒙𝟐 + 𝒙𝟐 
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𝟐𝒂𝒙(√𝟐 − 𝟏) ≥ 𝟐𝒙𝟐(𝟏 − √𝟐) ⇔ 𝒂 ≥ 𝒙 true! 

For 𝒙 = √𝒂𝒃 ⇒ 𝒂 ≥ √𝒂𝒃 ⇔ 𝒂 ≥ 𝒃. Replace in (1): 

√𝒂𝟐 + 𝒂𝒃 ≤ 𝒂 + (√𝟐 − 𝟏)√𝒂𝒃;   (𝟐) 

For 𝒙 =
𝒂+𝒃

𝟐
⇒ 𝒂 ≥

𝒂+𝒃

𝟐
⇔ 𝒂 ≥ 𝒃. Replace in (1): 

√𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)
𝟐

≤ 𝒂 + (√𝟐 − 𝟏) ⋅
𝒂 + 𝒃

𝟐
;  (𝟑) 

By adding (2) and (3): 

√𝒂𝟐 + 𝒂𝒃 + √𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)
𝟐

≤ 𝟐𝒂 + (√𝟐 − 𝟏) (√𝒂𝒃 +
𝒂 + 𝒃

𝟐
) 

Solution 2 by Mohamed Amine Ben Ajiba- Morocco 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

√𝒂𝟐 +𝒂𝒃 +√𝒂𝟐 + (
𝒂+ 𝒃

𝟐
)

𝟐

≤ √(𝟏 + 𝟏) [(𝒂𝟐 +𝒂𝒃)+ (𝒂𝟐 + (
𝒂+𝒃

𝟐
)

𝟐

)] =
𝟑𝒂+ 𝒃

√𝟐
. 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

𝟑𝒂+ 𝒃

√𝟐
≤ 𝟐𝒂+ (√𝟐− 𝟏) (√𝒂𝒃 +

𝒂+ 𝒃

𝟐
)   𝒐𝒓 

  
𝟑 − 𝟐√𝟐

𝟐
(𝒂 − 𝒃) + (√𝟐 − 𝟏)(√𝒂𝒃 − 𝒃) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒃 ≤ 𝒂. 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃. 

Solution 3 by Hikmat Mammadov-Azerbaijan  

𝐖𝐞 𝐡𝐚𝐯𝐞: √𝒂𝟐 + 𝒂𝒃 − 𝒂 =
𝒂𝒃

√𝒂𝟐 + 𝒂𝒃 + 𝒂
≤

𝒂𝒃

√𝟐𝒂𝒃 + √𝒂𝒃
= (√𝟐 − 𝟏)√𝒂𝒃; (𝟏) 

√𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)
𝟐

− 𝒂 =
(𝒂 + 𝒃)𝟐

𝟒(√𝒂𝟐 + (
𝒂 + 𝒃
𝟐
)
𝟐

+ 𝒂)

≤ 
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≤
(𝒂 + 𝒃)𝟐

𝟒(√𝟐 ∙
𝒂 + 𝒃
𝟐

+
𝒂+ 𝒃
𝟐
)
= (√𝟐 − 𝟏)(

𝒂 + 𝒃

𝟐
) ; (𝟐) 

𝐇𝐞𝐧𝐜𝐞,√𝒂𝟐 + 𝒂𝒃 +√𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)
𝟐

≤ 𝟐𝒂 + (√𝟐 − 𝟏)(√𝒂𝒃 +
𝒂 + 𝒃

𝟐
) 

𝐅𝐫𝐨𝐦 (𝟏) 𝐚𝐧𝐝 (𝟐), 𝐢𝐭 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 𝐭𝐡𝐚𝐭: 

√𝒂𝟐 + 𝒂𝒃 + √𝒂𝟐 + (
𝒂 + 𝒃

𝟐
)
𝟐

≤ 𝟐𝒂 + (√𝟐 − 𝟏) (√𝒂𝒃 +
𝒂 + 𝒃

𝟐
) 

JP.475 If 𝒙, 𝒚, 𝒛 > 𝟎 such that 𝒙 + 𝒚 + 𝒛 = 𝟑 and 𝝀 ≥ 𝟎 then: 

(𝐢) 
𝟏

(𝒙 + 𝝀)𝟐
+

𝟏

(𝒚 + 𝝀)𝟐
+

𝟏

(𝒛 + 𝝀)𝟐
≥

𝟑

(𝝀 + 𝟏)𝟐
 

(𝐢𝐢)  
𝒙

(𝒚 + 𝝀)𝟐
+

𝒚

(𝒛 + 𝝀)𝟐
+

𝒛

(𝒙 + 𝝀)𝟐
≥

𝟑

(𝝀 + 𝟏)𝟐
 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer  

Lemma. If 𝒙 ≥ 𝟎 then 

𝟏

(𝒙 + 𝝀)𝟐
≥
𝝀 + 𝟑 − 𝟐𝒙

(𝝀 + 𝟏)𝟐
 

Proof. Using Tangent Line Method for the function 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) =
𝟏

(𝒙+𝝀)𝟐
 in 𝒙𝟎 = 𝟏, 

we have: 𝒇′(𝒙) =
−𝟐

(𝒙+𝝀)𝟑
, 𝒇′(𝟏) =

−𝟐

(𝝀+𝟏)𝟐
. Equation of the tangent in point 𝒙𝟎 = 𝟏 is 

𝒚 −
𝟏

(𝝀 + 𝟏)𝟐
=

−𝟐

(𝝀 + 𝟏)𝟐
(𝒙 − 𝟏) ⇔ 𝒚 =

−𝟐𝒙

(𝒙 + 𝝀)𝟑
+
𝝀 + 𝟑

(𝒙 + 𝝀)𝟑
 

We show that: 

𝒇(𝒙) =
𝟏

(𝒙 + 𝝀)𝟐
≥
𝝀 + 𝟑 − 𝟐𝒙

(𝝀 + 𝟏)𝟑
⇔ 𝟐𝒙𝟑 − (𝝀 + 𝟑)𝒙𝟐 − 𝟔𝝀𝒙 + 𝟐𝝀𝟐 + 𝟑𝝀 + 𝟏 ≥ 𝟎 ⇔ 

(𝒙 − 𝟏)𝟐(𝟐𝒙 + 𝟑𝝀 + 𝟏) ≥ 𝟎. Equality holds for 𝒙 = 𝟏. 

Now, we have: 

(𝐢) ∑
𝟏

(𝒙 + 𝝀)𝟐
𝒄𝒚𝒄

≥
𝑳𝒆𝒎𝒎𝒂

∑
𝝀+𝟑 − 𝟐𝒙

(𝝀 + 𝟏)𝟑
𝒄𝒚𝒄

=
𝟑(𝝀 + 𝟑) − 𝟐∑𝒙

(𝝀 + 𝟏)𝟑
=
𝟑(𝝀 + 𝟑) − 𝟐 ∙ 𝟑

(𝝀 + 𝟏)𝟑
=

𝟑

(𝝀 + 𝟏)𝟐
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Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

(𝐢𝐢)  ∑
𝒙

(𝒚 + 𝝀)𝟐
𝒄𝒚𝒄

≥
𝑳𝒆𝒎𝒎𝒂

∑𝒙 ∙
𝝀 + 𝟑 − 𝟐𝒚

(𝝀 + 𝟏)𝟑
𝒄𝒚𝒄

=
(𝝀 + 𝟑)∑𝒙 − ∑𝒙𝒚

(𝝀 + 𝟏)𝟑
≥
(𝟏)

 

≥
(𝝀 + 𝟑) ∙ 𝟑 − 𝟑

(𝝀 + 𝟏)𝟑
=

𝟑

(𝝀 + 𝟏)𝟐
 

(𝟏) ⇔ ∑𝒙 = 𝟑 and ∑𝒙𝒚 ≤ 𝟑 ⇔ 𝟑∑𝒙 ≤ (∑𝒙)𝟐. 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 2 by Tapas Das-India 

𝟏

(𝒙 + 𝝀)𝟐
+

𝟏

(𝒚 + 𝝀)𝟐
+

𝟏

(𝒛 + 𝝀)𝟐
=

𝟏𝟑

(𝒙 + 𝝀)𝟐
+

𝟏𝟑

(𝒚 + 𝝀)𝟐
+

𝟏𝟑

(𝒛 + 𝝀)𝟐
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
(𝟏 + 𝟏 + 𝟏)𝟑

(𝒙 + 𝒚 + 𝒛 + 𝟑𝝀)𝟐
=

𝟐𝟕

(𝟑 + 𝟑𝝀)𝟐
=

𝟑

(𝝀 + 𝟏)𝟐
 

𝒙

(𝒙 + 𝝀)𝟐
+

𝒚

(𝒚 + 𝝀)𝟐
+

𝒛

(𝒛 + 𝝀)𝟐
=

𝒙𝟑

(𝒙𝒚 + 𝝀𝒙)𝟐
+

𝒚𝟑

(𝒚𝒛 + 𝝀𝒚)𝟐
+

𝒛𝟑

(𝒛𝒙 + 𝝀𝒛)𝟐
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
(𝒙 + 𝒚 + 𝒛)𝟑

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 + 𝝀(𝒙 + 𝒚 + 𝒛))
𝟐 ≥

(𝒙 + 𝒚 + 𝒛)𝟑

[
(𝒙 + 𝒚 + 𝒛)𝟐

𝟑 + 𝝀(𝒙 + 𝒚 + 𝒛)]
𝟐 = 

=
𝟐𝟕

(𝟑 + 𝟑𝝀)𝟐
=

𝟑

(𝝀 + 𝟏)𝟐
 

Solution 3 by Nikos Ntorvas-Greece 

We need to show that: 

𝟑 + 𝝀 − 𝟐𝒕

(𝟏 + 𝝀)𝟑
≤

𝟏

(𝒕 + 𝝀)𝟐
, ∀𝒕 > 𝟎, 𝝀 ≥ 𝟎; (𝑰) 

(𝑰) ⇒ 𝟐𝒕𝟑 + 𝒕𝟔𝟐 (𝟑𝝀 − 𝟑) − 𝟔𝝀𝒕 + 𝟏 + 𝟑𝝀 ≥ 𝟎 

𝟑(𝒕 − 𝟏)𝟐(𝝀 + 𝟏) ≥ 𝟎 true for all 𝒕 > 𝟎, 𝝀 ≥ 𝟎 

(i) For 𝒙, 𝒚, 𝒛 > 𝟎, from (I) we have that: 

∑
𝟏

(𝒙+ 𝝀)𝟐
𝒄𝒚𝒄

≥∑
𝟑+ 𝝀 − 𝟐𝒙

(𝟏 + 𝝀)𝟑
𝒄𝒚𝒄

=
𝟗 + 𝟑𝝀 − 𝟐(𝒙 + 𝒚 + 𝒛)

(𝟏 + 𝝀)𝟑
=
𝟑(𝟏 + 𝝀)

(𝟏 + 𝝀)𝟑
=

𝟑

(𝟏 + 𝝀)𝟐
 

Equality holds iff 𝒙 = 𝒚 = 𝒛 = 𝟏. 

(ii) For 𝒙, 𝒚, 𝒛 > 𝟎, from (I) we have that 
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∑
𝒚

(𝒙 + 𝝀)𝟐
𝒄𝒚𝒄

≥
−
𝟐
𝟑
(∑𝒙)𝟐 + (𝝀 + 𝟑)(∑𝒙)

(𝝀 + 𝟏)𝟑
 

∑
𝒚

(𝒙 + 𝝀)𝟐
𝒄𝒚𝒄

≥
−
𝟏𝟖
𝟑 + 𝟑

(𝝀 + 𝟑)

(𝝀 + 𝟏)𝟑
, ∑

𝒚

(𝒙 + 𝝀)𝟐
𝒄𝒚𝒄

≥
𝟑(𝝀 + 𝟏)

(𝝀 + 𝟏)𝟑
 

∑
𝒚

(𝒙+ 𝝀)𝟐
𝒄𝒚𝒄

≥
𝟑

(𝝀 + 𝟏)𝟐
 

Equality holds iff 𝒙 = 𝒚 = 𝒛 = 𝟏. 

JP.476 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒔𝒂𝒏
+

𝒃

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒔𝒃
𝒏 +

𝒄

(𝒂 + 𝝀𝒃)𝒏+𝟏𝒔𝒄𝒏
≥

𝟑

(𝝀 + 𝟏)𝒏+𝟏
(
𝟏

𝒔𝑹
)
𝒏

, 𝝀 ≥ 𝟎, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Using Radon’s inequality and Nesbitt’s inequality, we get: 

∑
𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒔𝒂𝒏
𝒄𝒚𝒄

=∑

𝒂𝒏+𝟏

(𝒃 + 𝒄)𝝀𝒏+𝟏

𝒂𝒏𝒔𝒂𝒏
𝒄𝒚𝒄

=∑
(

𝒂
𝒃 + 𝝀𝒄)

𝒏+𝟏

(𝒂𝒔𝒂)𝒏
𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏 (∑

𝒂
𝒃 + 𝝀𝒄)

𝒏+𝟏

(∑𝒂𝒔𝒂)𝒏
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕
 

≥
(
𝟑

𝝀 + 𝟏)
𝒏+𝟏

(𝟑𝑹𝒔)𝒏
=

𝟑

(𝝀 + 𝟏)𝒏+𝟏
(
𝟏

𝒔𝑹
)
𝒏

 

∵ ∑𝒂𝒔𝒂 ≤ ∑𝒂𝒎𝒂 ≤ 𝟑𝑹𝒔 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Mohamed Amine Ben Ajiba- Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒔𝒂𝒏
+

𝒃

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒔𝒂𝒏
+

𝒄

(𝒂 + 𝝀𝒃)𝒏+𝟏𝒔𝒄𝒏

=
(

𝒂
𝒃+ 𝝀𝒄)

𝒏+𝟏

(𝒂𝒔𝒂)𝒏
+
(

𝒃
𝒄 + 𝝀𝒂)

𝒏+𝟏

(𝒃𝒔𝒃)𝒏
+
(

𝒄
𝒂 + 𝝀𝒃)

𝒏+𝟏

(𝒄𝒔𝒄)𝒏
≥ 

≥⏞
𝑹𝒂𝒅𝒐𝒏

 
(

𝒂
𝒃 + 𝝀𝒄 +

𝒃
𝒄 + 𝝀𝒂 +

𝒄
𝒂 + 𝝀𝒃)

𝒏+𝟏

(𝒂𝒔𝒂 + 𝒃𝒔𝒃 + 𝒄𝒔𝒄)𝒏
 ≥⏞
𝑪𝑩𝑺 & 𝒔𝒂 ≤ 𝒎𝒂
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≥  
(

(𝒂 + 𝒃 + 𝒄)𝟐

𝒂(𝒃 + 𝝀𝒄) + 𝒃(𝒄 + 𝝀𝒂) + 𝒄(𝒂 + 𝝀𝒃)
)
𝒏+𝟏

(𝒂𝒎𝒂 + 𝒃𝒎𝒃 + 𝒄𝒎𝒄)𝒏
≥ 

≥⏞
𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍

 
(

(𝒂 + 𝒃 + 𝒄)𝟐

(𝝀 + 𝟏)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
)
𝒏+𝟏

(𝒂.
𝑹𝒉𝒂
𝟐𝒓 + 𝒃.

𝑹𝒉𝒃
𝟐𝒓 + 𝒄.

𝑹𝒉𝒄
𝟐𝒓 )

𝒏 ≥
(
𝟑

𝝀 + 𝟏)
𝒏+𝟏

(𝒔𝑹 + 𝒔𝑹 + 𝒔𝑹)𝒏

=
𝟑

(𝝀 + 𝟏)𝒏+𝟏
(
𝟏

𝒔𝑹
)
𝒏

,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 =
𝒂

𝐛 + 𝛌𝐜
+

𝐛

𝐜 + 𝛌𝒂
+

𝐜

𝒂 + 𝛌𝐛

=
𝒂𝟐

𝐛𝒂 + 𝛌𝐜𝒂
+

𝐛𝟐

𝐜𝐛 + 𝛌𝒂𝐛
+

𝐜𝟐

𝒂𝐜 + 𝛌𝐛𝐜
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (𝒂 + 𝐛 + 𝐜)𝟐

𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝛌(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

≥
𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)(𝛌 + 𝟏)
=

𝟑

𝛌 + 𝟏
 

⇒
𝒂

(𝐛 + 𝛌𝐜)𝐧+𝟏𝐬𝒂
𝐧 +

𝐛

(𝐜 + 𝛌𝒂)𝐧+𝟏𝐬𝐛
𝐧 +

𝐜

(𝒂 + 𝛌𝐛)𝐧+𝟏𝐬𝐜
𝐧 ≥

𝟑

(𝛌 + 𝟏)𝐧+𝟏
(
𝟏

𝐬𝐑
)
𝐧

 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐧

= 𝟎; 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 

𝐂𝒂𝐬𝐞 𝟐  𝐧 > 0 𝒂𝐧𝐝 𝐧 ∈ ℕ 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝒂

(𝐛 + 𝛌𝐜)𝐧+𝟏𝐬𝒂
𝐧 +

𝐛

(𝐜 + 𝛌𝒂)𝐧+𝟏𝐬𝐛
𝐧 +

𝐜

(𝒂 + 𝛌𝐛)𝐧+𝟏𝐬𝐜
𝐧

=∑
𝒂𝐧+𝟏

(𝐛 + 𝛌𝐜)𝐧+𝟏. (𝒂𝐧𝐬𝒂
𝐧)

𝐜𝐲𝐜

=∑
(
𝒂

𝐛 + 𝛌𝐜
)
𝐧+𝟏

(𝒂𝐬𝒂)𝐧
𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑

𝒂
𝐛 + 𝛌𝐜𝐜𝐲𝐜 )

𝐧+𝟏

(∑ 𝒂𝐬𝒂𝐜𝐲𝐜 )
𝐧

=
(∑

𝒂𝟐

𝐛𝒂 + 𝛌𝐜𝒂𝐜𝐲𝐜 )
𝐧+𝟏

(∑ 𝒂𝐬𝒂𝐜𝐲𝐜 )
𝐧  

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (

(𝒂 + 𝐛 + 𝐜)𝟐

𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝛌(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)
)
𝐧+𝟏

(∑ 𝒂𝐬𝒂𝐜𝐲𝐜 )
𝐧 ≥

(
𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)(𝛌 + 𝟏)
)
𝐧+𝟏

(∑ 𝒂𝐬𝒂𝐜𝐲𝐜 )
𝐧

=
𝟑𝐧+𝟏

(𝛌 + 𝟏)𝐧+𝟏
.

𝟏

(∑ 𝒂𝐬𝒂𝐜𝐲𝐜 )
𝐧

=
𝟑𝐧+𝟏

(𝛌 + 𝟏)𝐧+𝟏
.

𝟏

(∑ 𝒂.
𝟐𝐛𝐜
𝐛𝟐 + 𝐜𝟐

.𝐦𝒂𝐜𝐲𝐜 )
𝐧 ≥
𝐀−𝐆 𝟑𝐧+𝟏

(𝛌 + 𝟏)𝐧+𝟏
.

𝟏

(∑ 𝒂𝐦𝒂𝐜𝐲𝐜 )
𝐧 

∴
𝒂

(𝐛 + 𝛌𝐜)𝐧+𝟏𝐬𝒂
𝐧 +

𝐛

(𝐜 + 𝛌𝒂)𝐧+𝟏𝐬𝐛
𝐧 +

𝐜

(𝒂 + 𝛌𝐛)𝐧+𝟏𝐬𝐜
𝐧 ≥
(∗) 𝟑𝐧+𝟏

(𝛌 + 𝟏)𝐧+𝟏
.

𝟏

(∑ 𝒂𝐦𝒂𝐜𝐲𝐜 )
𝐧  
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𝐍𝐨𝐰,∑𝒂𝐦𝒂
𝐜𝐲𝐜

≤
𝐂𝐁𝐒
√𝟑.√∑𝒂𝟐𝐦𝒂

𝟐

𝐜𝐲𝐜

=
√𝟑

𝟐
.√∑𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

𝐜𝐲𝐜

=
√𝟑

𝟐
.√𝟒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

=
√𝟑

𝟐
.√(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

)+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=
√𝟑

𝟐
.√𝟏𝟔𝐫

𝟐𝐬𝟐 + 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

≤
𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 √𝟑

𝟐
.√𝟏𝟔𝐫𝟐𝐬𝟐 + 𝟖𝐑𝟐𝐬𝟐 ≤

𝐄𝐮𝐥𝐞𝐫 √𝟑

𝟐
.√𝟒𝐑𝟐𝐬𝟐 + 𝟖𝐑𝟐𝐬𝟐 =

√𝟑

𝟐
.√𝟏𝟐𝐑𝟐𝐬𝟐 = 𝟑𝐑𝐬

∴ ∑𝒂𝐦𝒂
𝐜𝐲𝐜

≤
(⦁)

𝟑𝐑𝐬  

∴ 𝐯𝐢𝒂 (∗), (⦁),
𝒂

(𝐛 + 𝛌𝐜)𝐧+𝟏𝐬𝒂
𝐧 +

𝐛

(𝐜 + 𝛌𝒂)𝐧+𝟏𝐬𝐛
𝐧 +

𝐜

(𝒂 + 𝛌𝐛)𝐧+𝟏𝐬𝐜
𝐧 ≥

𝟑𝐧+𝟏

(𝛌 + 𝟏)𝐧+𝟏
.
𝟏

(𝟑𝐑𝐬)𝐧

=
𝟑

(𝛌 + 𝟏)𝐧+𝟏
(
𝟏

𝐬𝐑
)
𝐧

; 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝒂

(𝐛 + 𝛌𝐜)𝐧+𝟏𝐬𝒂
𝐧 +

𝐛

(𝐜 + 𝛌𝒂)𝐧+𝟏𝐬𝐛
𝐧 +

𝐜

(𝒂 + 𝛌𝐛)𝐧+𝟏𝐬𝐜
𝐧

≥
𝟑

(𝛌 + 𝟏)𝐧+𝟏
(
𝟏

𝐬𝐑
)
𝐧

∀ 𝛌 ≥ 𝟎 𝒂𝐧𝐝 𝐧

∈ ℕ,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

JP.477 Let 𝒂 > 1, 𝑏 > 1 fixed. Solve for real numbers: 

𝒂
𝐥𝐨𝐠𝟐𝒃(𝒙+

𝒃𝟐

𝒙
)
=
(𝒂 + 𝟐𝒃)𝒙 − 𝒃𝟐 − 𝒙𝟐

𝒙
 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

From conditions of existence 𝒙 ∈ (𝟎,∞). For 𝒙 > 0 we have: 

𝒙 +
𝒃𝟐

𝒙
≥
𝑨𝑮𝑴

𝟐𝒃 ⇒ 𝐥𝐨𝐠𝟐𝒃 (𝒙 +
𝒃𝟐

𝒙
) ≥ 𝐥𝐨𝐠𝟐𝒃(𝟐𝒃) = 𝟏 

𝒂
𝐥𝐨𝐠𝟐𝒃(𝒙+

𝒃𝟐

𝒙
)
≥ 𝒂; (𝟏) 

From (1), the given equation becomes as: 

(𝒂 + 𝟐𝒃)𝒙 − 𝒃𝟐 − 𝒙𝟐

𝒙
≥ 𝒂 ⇔ 𝒂𝒙 + 𝟐𝒃𝒙 − 𝒃𝟐 − 𝒙𝟐 ≥ 𝒂𝒙 ⇔ 

𝒙𝟐 + 𝒃𝟐 − 𝟐𝒃𝒙 ≤ 𝟎 ⇔ (𝒙 − 𝒃)𝟐 ≤ 𝟎 ⇔ 𝒙 = 𝒃. 
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Solution 2 by Florentin Vișescu-Romania 

Let 𝒙 +
𝒃𝟐

𝒙
= 𝒕 ⇒ 𝒂𝐥𝐨𝐠𝟐𝒃 𝒕 = 𝒂 + 𝟐𝒃 − 𝒕 ⇔ 

𝒂𝐥𝐨𝐠𝟐𝒃 𝒕 + 𝒕 = 𝒂 + 𝟐𝒃 

{
𝟐𝒃 > 1
𝒂 > 1

⇒ 𝒇(𝒕) = 𝒂𝐥𝐨𝐠𝟐𝒃 𝒕 −increasing function and 𝒈(𝒕) = 𝒕 increasing function. 

So, the function 𝒉(𝒕) = 𝒂𝐥𝐨𝐠𝟐𝒃 𝒕 + 𝒕 is strictly increasing, therefore the equation 

𝒉(𝒕) = 𝒂 + 𝟐𝒃 has maximum two solutions. 

𝒕 = 𝟐𝒃 

𝒙 +
𝒃𝟐

𝒙
= 𝟐𝒃 ⇔ 𝒙𝟐 − 𝟐𝒃𝒙 + 𝒃𝟐 = 𝟎 ⇔ (𝒙 − 𝒃)𝟐 = 𝟎 ⇔ 𝒙 = 𝒃. 

Solution 3 by Khaled Abd Imouti-Damascus-Syria 

𝒂
𝐥𝐨𝐠𝟐𝒃(𝒙+

𝒃𝟐

𝒙
)
=
(𝒂 + 𝟐𝒃)𝒙 − 𝒃𝟐 − 𝒙𝟐

𝒙
, 𝒂

𝐥𝐨𝐠𝟐𝒃(𝒙+
𝒃𝟐

𝒙
)
=
(𝒂 + 𝟐𝒃)𝒙

𝒙
−
𝒃𝟐 + 𝒙𝟐

𝒙
 

𝒂
𝐥𝐨𝐠𝟐𝒃(𝒙+

𝒃𝟐

𝒙
)
= 𝒂 + 𝟐𝒃 −

𝒃𝟐+𝒙𝟐

𝒙
,  Let 

𝒃𝟐+𝒙𝟐

𝒙
= 𝒕 ⇒ 𝒂𝐥𝐨𝐠𝟐𝒃 𝒕 = 𝒂 + 𝟐𝒃 − 𝒕 

𝒂
𝐥𝐨𝐠 𝒕
𝐥𝐨𝐠(𝟐𝒃) = 𝒂 + 𝟐𝒃 − 𝒕; (∗) 

If 𝒕 = 𝟐𝒃 ⇒ (∗) is true, but 𝟐𝒃 − 𝒕 < 0 ⇒ 𝑎 + 2𝒃 − 𝒕 < 𝑎, so (*) is impossible. 

If 𝒕 < 2𝒃 ⇒ 𝐥𝐨𝐠(𝒕) < 𝐥𝐨𝐠(𝟐𝒃) ⇒
𝐥𝐨𝐠(𝒕)

𝐥𝐨𝐠(𝟐𝒃)
< 1 ⇒ 𝒂

𝐥𝐨𝐠(𝒕)

𝐥𝐨𝐠(𝟐𝒃) < 𝑎, but 𝟐𝒃 − 𝒕 > 0 ⇒ 

𝒂 + 𝟐𝒃 − 𝒕 > 𝒂𝐥𝐨𝐠(𝟐𝒃) ⇒ (∗) impossible. Therefore, 𝒕 = 𝟐𝒃 ⇒ 𝑺 = {𝒃}.  

JP.478 Let 𝒎,𝒏 ≥ 𝟎 and 𝑨𝑩𝑪, 𝑨𝟏𝑩𝟏𝑪𝟏 triangles with areas 𝑭, 𝑭𝟏 respectively, 

then 

𝒂𝒎+𝟐 ∙ 𝒂𝟏
𝒏+𝟏

𝒉𝒂𝒎
+
𝒃𝒎+𝟐 ∙ 𝒃𝟏

𝒏+𝟏

𝒉𝒃
𝒏 +

𝒄𝒎+𝟐 ∙ 𝒄𝟏
𝒏+𝟏

𝒉𝒄𝒎
≥ 𝟐𝒎+𝒏+𝟏 ∙ (√𝟑

𝟒
)
𝟏−𝟐𝒎−𝒏

∙ 𝑭 ∙ (√𝑭𝟏)
𝒏+𝟏

 

Proposed by D.M. Bătinețu-Giurgiu, Constantin Cocea-Romania 
Solution 1 by proposers 

∑
𝒂𝒎+𝟐 ∙ 𝒂𝟏

𝒏+𝟏

𝒉𝒂𝒎
𝒄𝒚𝒄

=∑
(𝒂𝟐)𝒎+𝟏 ∙ 𝒂𝟏

𝒏+𝟏

(𝒂𝒉𝒂)𝒎
𝒄𝒚𝒄

=
𝟏

𝟐𝒎𝑭𝒎
∙∑(𝒂𝟐)𝒎+𝟏 ∙ 𝒂𝟏

𝒏+𝟏

𝒄𝒚𝒄

≥ 
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≥
𝟏

𝟐𝒎 ∙ 𝑭𝒎
∙ 𝟑√∏(𝒂𝟐)𝒎+𝟏 ∙ 𝒂𝟏

𝒏+𝟏

𝒄𝒚𝒄

𝟑 =
𝟏

𝟐𝒎 ∙ 𝑭𝒎
∙ 𝟑 (√𝒂𝟐𝒃𝟐𝒄𝟐

𝟑
)
𝒎+𝟏

(√𝒂𝟏𝒃𝟏𝒄𝟏
𝟑 )

𝒏+𝟏
= 

=
𝟏

𝟐𝒎 ∙ 𝑭𝒎
(√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

)
𝒎+𝟏

(√𝒂𝟏
𝟐𝒃𝟏
𝟐𝒄𝟏
𝟐𝟑
)

𝒏+𝟏
𝟐

= 

=
𝟑

𝟐𝒎 ∙ 𝑭𝒎
∙ (𝟑√𝒂𝟐𝒃𝟐𝒄𝟐

𝟑
)
𝒎+𝟏

(𝟑√𝒂𝟏
𝟐𝒃𝟏
𝟐𝒄𝟏
𝟐𝟑
)

𝒏+𝟏
𝟐

∙ 𝟑−𝒎−𝟏 ∙ 𝟑−
𝒏+𝟏
𝟐 ≥

𝑪𝒂𝒓𝒍𝒊𝒛
 

≥ (√𝟑)
𝟐−𝟐𝒎−𝟐−𝒏−𝟏

∙ (𝟒√𝟑𝑭)
𝒎+𝟏

∙ (𝟒√𝟑𝑭𝟏)
𝒏+𝟏
𝟐 ∙

𝟏

𝟐𝒎 ∙ 𝑭𝒎
= 

= 𝟐𝒎+𝒏+𝟑 ∙ (√𝟑
𝟒
)
𝒏+𝟏−𝟐𝒎−𝟐𝒏

∙ 𝑭 ∙ (√𝑭𝟏)
𝒏+𝟏

= 𝟐𝒎+𝒏+𝟏 ∙ (√𝟑
𝟒
)
𝟏−𝟐𝒎−𝒏

∙ 𝑭 ∙ (√𝑭𝟏)
𝒏+𝟏

 

Solution 2 by Tapas Das-India 

𝒂𝒎+𝟐 ∙ 𝒂𝟏
𝒏+𝟏

𝒉𝒂𝒎
=
𝒂𝒎+𝟐 ⋅ 𝒂𝟏

𝒏+𝟏

(
𝟐𝑭
𝒂 )

𝒎 =
𝒂𝟐𝒎+𝟐 ⋅ 𝒂𝟏

𝒏+𝟏

(𝟐𝑭)𝒎
 

Similarly, we get: 

𝒃𝒎+𝟐 ∙ 𝒃𝟏
𝒏+𝟏

𝒉𝒃
𝒏 =

𝒃𝟐𝒎+𝟐 ⋅ 𝒃𝟏
𝒏+𝟏

(𝟐𝑭)𝒎
 𝐚𝐧𝐝 

𝒄𝒎+𝟐 ∙ 𝒄𝟏
𝒏+𝟏

𝒉𝒄𝒎
=
𝒄𝟐𝒎+𝟐 ⋅ 𝒄𝟏

𝒏+𝟏

(𝟐𝑭)𝒎
 

∑
𝒂𝒎+𝟐 ∙ 𝒂𝟏

𝒏+𝟏

𝒉𝒂𝒎
𝒄𝒚𝒄

=∑
𝒂𝟐𝒎+𝟐 ⋅ 𝒂𝟏

𝒏+𝟏

(𝟐𝑭)𝒎
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏
𝒂𝟐𝒎+𝟐 ⋅ 𝒂𝟏

𝒏+𝟏

(𝟐𝑭)𝒎
𝒄𝒚𝒄

𝟑
≥ 

≥
𝟑

𝟐𝒎 ⋅ 𝑭𝒎
⋅
𝟐𝟐𝒎+𝟐 ⋅ 𝑭𝒎+𝟏

(√𝟑)
𝒎+𝟏 ⋅

𝟐𝒏+𝟏(√𝑭𝟏)
𝒏+𝟏

(√𝟑)
𝒏+𝟏
𝟐

=
(√𝟑
𝟒
)
𝟒

(√𝟑
𝟒
)
𝟐𝒎+𝒏+𝟑 ⋅ 𝟐

𝒎+𝒏+𝟏 ⋅ 𝑭(√𝑭𝟏)
𝒏+𝟏

⋅ 𝟐𝟐 ≥ 

≥ (√𝟑
𝟒
)
𝟏−𝟐𝒎−𝒏

⋅ 𝟐𝒎+𝒏+𝟏 ⋅ 𝑭 ⋅ (√𝑭𝟏)
𝒏+𝟏

 

 

JP.479 If 𝒂, 𝒃, 𝒄, 𝒅 > 𝟎; 𝒂𝒃 = 𝒄𝒅; 𝒂 < 𝒃, 𝒄 < 𝒅; 𝒙, 𝒛 ∈ [𝒂, 𝒃] and 𝒚, 𝒕 ∈ [𝒄, 𝒅], 

then: 

𝒂𝒃(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by proposer 

𝒙 ∈ [𝒂, 𝒃] ⇒ (𝒙 − 𝒂)(𝒙 − 𝒃) ≤ 𝟎 ⇒ 𝒙𝟐 − (𝒂 + 𝒃)𝒙 + 𝒂𝒃 ≤ 𝟎 

𝒙𝟐 + 𝒂𝒃 ≤ (𝒂 + 𝒃)𝒙 ⇒ 𝒙 +
𝒂𝒃

𝒙
≤ 𝒂 + 𝒃; (𝟏) 

Analogous, 

𝒛 +
𝒂𝒃

𝒛
≤ 𝒂 + 𝒃; (𝟐) 

𝒚 ∈ [𝒄, 𝒅] ⇒ (𝒚 − 𝒄)(𝒚 − 𝒅) ≤ 𝟎 ⇒ 𝒚𝟐 − (𝒄 + 𝒅)𝒚 + 𝒄𝒅 ≤ 𝟎 

𝒚𝟐 + 𝒄𝒅 ≤ (𝒄 + 𝒅)𝒚 ⇒ 𝒚 +
𝒄𝒅

𝒚
≤ 𝒄 + 𝒅; (𝟑) 

Analogous, 

𝒕 +
𝒄𝒅

𝒕
≤ 𝒄 + 𝒅; (𝟒) 

𝒙 + 𝒚 + 𝒛 + 𝒕 + 𝒂𝒃(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≥
𝑨𝑮𝑴

𝟐√(𝒙 + 𝒚 + 𝒛 + 𝒕)𝒂𝒃(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ; (𝟓) 

By adding (1),(2),(3) and (4), it follows that 

𝒙 + 𝒚 + 𝒛 + 𝒕 + 𝒂𝒃 (
𝟏

𝒙
+
𝟏

𝒛
) + 𝒄𝒅(

𝟏

𝒚
+
𝟏

𝒕
) ≤ 𝟐(𝒂 + 𝒃 + 𝒄 + 𝒅); (𝟔) 

By (5) and (6): 

𝟐√(𝒙 + 𝒚 + 𝒛 + 𝒕)𝒂𝒃(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ 𝟐(𝒂 + 𝒃 + 𝒄 + 𝒅) 

𝒂𝒃(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐 

Equality holds for 𝒙 = 𝒕 = 𝒛 = 𝒕; 𝒂𝒃 = 𝟐(𝒂 + 𝒃). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) =⏞
𝒂𝒃 = 𝒄𝒅

  

= (
𝒙

√𝒂𝒃
+
𝒚

√𝒄𝒅
+

𝒛

√𝒂𝒃
+

𝒕

√𝒄𝒅
) (
√𝒂𝒃

𝒙
+
√𝒄𝒅

𝒚
+
√𝒂𝒃

𝒛
+
√𝒄𝒅

𝒕
) ≤ 
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≤⏞
𝑨𝑴−𝑮𝑴

 
𝟏

𝟒
[(
𝒙

√𝒂𝒃
+
𝒚

√𝒄𝒅
+

𝒛

√𝒂𝒃
+

𝒕

√𝒄𝒅
) + (

√𝒂𝒃

𝒙
+
√𝒄𝒅

𝒚
+
√𝒂𝒃

𝒛
+
√𝒄𝒅

𝒕
)]

𝟐

= 

=
𝟏

𝟒
[(
𝒙

√𝒂𝒃
+
√𝒂𝒃

𝒙
) + (

𝒚

√𝒄𝒅
+
√𝒄𝒅

𝒚
) + (

𝒛

√𝒂𝒃
+
√𝒂𝒃

𝒛
) + (

𝒕

√𝒄𝒅
+
√𝒄𝒅

𝒕
)]

𝟐

. 

𝑺𝒊𝒏𝒄𝒆  𝒙 ∈ [𝒂, 𝒃] 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

(𝒙 − 𝒂)(𝒙 − 𝒃) ≤ 𝟎 ⇔  𝒙𝟐 + 𝒂𝒃 ≤ 𝒙(𝒂 + 𝒃)  ⇔  
𝒙

√𝒂𝒃
+
√𝒂𝒃

𝒙
≤
𝒂 + 𝒃

√𝒂𝒃
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝒚

√𝒄𝒅
+
√𝒄𝒅

𝒚
≤
𝒄 + 𝒅

√𝒄𝒅
,   

𝒛

√𝒂𝒃
+
√𝒂𝒃

𝒛
≤
𝒂 + 𝒃

√𝒂𝒃
,   

𝒕

√𝒄𝒅
+
√𝒄𝒅

𝒕
≤
𝒄 + 𝒅

√𝒄𝒅
. 

𝑻𝒉𝒆𝒏 ∶ 

 (𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤

𝟏

𝟒
(𝟐.
𝒂 + 𝒃

√𝒂𝒃
+ 𝟐.

𝒄 + 𝒅

√𝒄𝒅
)
𝟐

 =⏞
𝒂𝒃 = 𝒄𝒅

 
(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐

𝒂𝒃
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒂𝒃(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ (𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐. 

JP.480 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑√𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
+ 𝟑

𝒄𝒚𝒄

≥ 𝟗 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Using the well-known identity: 

∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∏𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=
𝒔

𝒓
 𝐚𝐧𝐝 𝐥𝐞𝐭 𝐜𝐨𝐭

𝑨

𝟐
= 𝒂; 𝐜𝐨𝐭

𝑩

𝟐
= 𝒃; 𝐜𝐨𝐭

𝑪

𝟐
= 𝒄,𝐰𝐞 𝐠𝐞𝐭: 

If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 𝑎𝑏𝑐, then  

√𝒂𝟐 + 𝒃𝟐 + 𝟑 +√𝒃𝟐 + 𝒄𝟐 + 𝟑 +√𝒄𝟐 + 𝒂𝟐 + 𝟑 ≥ 𝟗 

Proof. Let us denote: 𝒙 =
𝒃+𝒄

𝒂
; 𝒚 =

𝒄+𝒂

𝒃
; 𝒛 =

𝒂+𝒃

𝒄
, then √𝒃𝟐 + 𝒄𝟐 + 𝟑 = √𝒙(𝒚 + 𝒛) + 𝟏 
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√𝒙(𝒚 + 𝒛) + 𝟏 ≥
𝑨𝑮𝑴

√𝒙 ∙ 𝟐√𝒚𝒛 + 𝟏 = √𝟐√𝒙 ∙ √𝒙𝒚𝒛 + 𝟏 ≥
(𝟏)
√𝟒√𝟐𝒙 + 𝟏,𝐰𝐡𝐞𝐫𝐞 

(𝟏) ⇔ 𝒙𝒚𝒛 ≥ 𝟖,𝐰𝐡𝐢𝐜𝐡 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 𝐟𝐫𝐨𝐦: 

𝒙𝒚𝒛 =
𝒃 + 𝒄

𝒂
∙
𝒄 + 𝒂

𝒃
∙
𝒂 + 𝒃

𝒄
≥

𝑪𝒆𝒔𝒂𝒓𝒐
𝟖. 𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,√𝒙(𝒚 + 𝒛) + 𝟏 ≥ √𝟒√𝟐𝒙 + 𝟏 

∑√𝒃𝟐 + 𝒄𝟐 + 𝟑

𝒄𝒚𝒄

≥∑√𝟒√𝟐𝒙 + 𝟏

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏√𝟒√𝟐𝒙+ 𝟏

𝒄𝒚𝒄

𝟑

= 

= 𝟑√∏(𝟒√𝟐𝒙 + 𝟏)

𝒄𝒚𝒄

𝟔 ≥
(𝟐)

𝟑√𝟕𝟔𝟗
𝟔

= 𝟗 

∏(𝟒√𝟐𝒙 + 𝟏)

𝒄𝒚𝒄

= 𝟏𝟐𝟖√𝟐𝒙𝒚𝒛 + 𝟑𝟐∑√𝒚𝒛

𝒄𝒚𝒄

+ 𝟒∑√𝟐𝒙

𝒄𝒚𝒄

+ 𝟏 ≥
𝒙𝒚𝒛≥𝟖

 

≥ 𝟏𝟐𝟖√𝟐 ∙ 𝟖 + 𝟑𝟐∑√𝒚𝒛

𝒄𝒚𝒄

+ 𝟒∑√𝟐𝒙

𝒄𝒚𝒄

+ 𝟏 = 

= 𝟓𝟏𝟐 + 𝟗𝟔 ∙ √𝒙𝒚𝒛
𝟑 + 𝟒 ∙ 𝟑√√𝟖𝒙𝒚𝒛

𝟑
+ 𝟏 ≥

𝒙𝒚𝒛≥𝟖

 

≥ 𝟓𝟏𝟐 + 𝟗𝟔 ∙ √𝟖
𝟑
+ 𝟒 ∙ 𝟑 ∙ √√𝟖 ∙ 𝟖

𝟑

+ 𝟏 = 𝟕𝟐𝟗 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟐 ⇔ 𝒂 = 𝒃 = 𝒄 = √𝟑. 

Solution 2 by Alex Szoros-Romania 

Let us denote: 𝐜𝐨𝐭
𝑨

𝟐
= 𝒙, 𝐜𝐨𝐭

𝑩

𝟐
= 𝒚, 𝐜𝐨𝐭

𝑪

𝟐
= 𝒛, where 𝒙, 𝒚, 𝒛 > 0. Thus, 

∑𝐭𝐚𝐧
𝑩

𝟐
𝐭𝐚𝐧

𝑪

𝟐
𝒄𝒚𝒄

=∑√
(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒔(𝒔 − 𝒃)
⋅
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

=∑
𝒔− 𝒂

𝒔
𝒄𝒚𝒄

= 𝟏 

𝒙 + 𝒚 + 𝒛 =∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐𝒄𝒚𝒄

=
∑𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧
𝑨
𝟐 𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

= 

=
𝟏

𝐭𝐚𝐧
𝑨
𝟐 𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

= 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
𝐜𝐨𝐭
𝑪

𝟐
= 𝒙𝒚𝒛 

Hence, 
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𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛 =
𝒏𝒐𝒕.
𝝀 

𝒙 + 𝒚 + 𝒛

𝟑
≥ √𝒙𝒚𝒛

𝟑 ⇒
𝝀

𝟑
≥ √𝝀

𝟑
⇒ 𝝀𝟑 ≥ 𝟐𝟕𝝀 ⇒ 𝝀𝟐 ≥ 𝟐𝟕 ⇒ 𝝀 ≥ 𝟑√𝟑; (∗) 

On the other hand, 

√𝒙
𝟐 + 𝒚𝟐 + (√𝟑)

𝟐

𝟑
≥
𝒙 + 𝒚 + √𝟑

𝟑
⇒ √𝒙𝟐 + 𝒚𝟐 + 𝟑 ≥

𝟏

√𝟑
(𝒙 + 𝒚 + √𝟑) 

∑√𝒙𝟐 + 𝒚𝟐 + 𝟑

𝒄𝒚𝒄

≥
𝟏

𝟑
∑(𝒙 + 𝒚 + √𝟑)

𝒄𝒚𝒄

=
𝟐(𝒙 + 𝒚 + 𝒛) + 𝟑√𝟑

√𝟑
=
𝟐𝝀 + 𝟑√𝟑

√𝟑
 

∑√𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
+ 𝟑

𝒄𝒚𝒄

≥
(∗) 𝟔√𝟑 + 𝟑√𝟑

√𝟑
= 𝟗 

Solution 3 by Tapas Das-India 

𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
≥ (

𝐜𝐨𝐭
𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐

√𝟐
)

𝟐

 

∑√𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
+ 𝟑

𝒄𝒚𝒄

≥∑√(
𝐜𝐨𝐭

𝑨
𝟐 + 𝐜𝐨𝐭

𝑩
𝟐

√𝟐
)

𝟐

+ 𝟑

𝒄𝒚𝒄

≥ 

≥ √(
𝟐

√𝟐
∑𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

+ (𝟑√𝟑)
𝟐
= √𝟐(∑𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

+ 𝟐𝟕 ≥ 

≥ √𝟐 ⋅ (𝟑√𝟑)
𝟐
+ 𝟐𝟕 = √𝟖𝟏 = 𝟗 

∵∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐𝒄𝒚𝒄

=
∑ 𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧
𝑨
𝟐 𝐭𝐚𝐧

𝑩
𝟐 𝐭𝐚𝐧

𝑪
𝟐

=
𝟏
𝒓
𝒔

=
𝒔

𝒓
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝒓

𝒓
= 𝟑√𝟑 

Solution 4 by Sanong Huayrerai- Thailand 

∑√𝐜𝐨𝐭𝟐
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐

𝑩

𝟐
+ 𝟑

𝒄𝒚𝒄

≥ √𝟑(∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

+ 𝟑 ⋅ (𝟏 + 𝟏 + 𝟏)𝟑 ≥ 𝟗 
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𝟑(∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

+ 𝟑 ⋅ 𝟑𝟐 ≥ 𝟖𝟏, 𝟖(∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

≥ 𝟓𝟒 ⇔ (∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐

≥ 𝟐𝟕 ⇔ 

∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟑√𝟑 ⇔ 𝟑𝐜𝐨𝐭 (
∑
𝑨
𝟐
𝟑
) ≥ 𝟑√𝟑, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

𝒇(𝒙) = 𝐜𝐨𝐭 𝒙 ⇒ 𝒇′(𝒙) = −
𝟏

𝐬𝐢𝐧𝟐 𝒙
, 𝒇′′(𝒙) =

𝟐 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧 𝒙
⇒ 𝒇−convex function on [𝟎,

𝝅

𝟐
] 

∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟑𝐜𝐨𝐭 (
∑
𝑨
𝟐
𝟑
) 

 

 

PROBLEMS FOR SENIORS 

SP.466 Let 𝑨, 𝑩 ∈ 𝑴𝟒(ℝ). If 𝑨𝑩 + 𝑩𝑨 = 𝑶𝟒 then 𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐) ≥ 𝟎 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨+ 𝑩))] ≥ 𝟎; (𝟏) 

𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨+ 𝑩))] = 

= 𝐝𝐞𝐭(𝑨𝟒 − 𝒊𝑨𝟑 − 𝒊𝑨𝟐𝑩 + 𝒊𝑨𝟑 + 𝒊𝑩𝑨𝟐 + (𝑨 + 𝑩)𝟐) = 

= 𝐝𝐞𝐭(𝑨𝟒 − 𝒊𝑨𝟐𝑩+ 𝒊𝑩𝑨𝟐 + (𝑨 + 𝑩)𝟐) ; (𝟐) 

(𝑨 + 𝑩)𝟐 = (𝑨 + 𝑩)(𝑨 + 𝑩) = 𝑨𝟐 + 𝑨𝑩 +𝑩𝑨 +𝑩𝟐 = 𝑨𝟐 +𝑩𝟐; (𝟑) 

𝑨𝑩 = −𝑩𝑨 ⇒ 𝑨𝟐𝑩 = −𝑨𝑩𝑨 ⇒ 

−𝒊(𝑨𝟐𝑩− 𝑩𝑨𝟐) = −𝒊(𝑨𝑩𝑨 −𝑩𝑨𝟐) = 𝒊(𝑨𝑩+ 𝑩𝑨)𝑨 = 𝑶𝟒; (𝟒) 

From (2),(3) and (4) we get 

𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 +𝑩𝟐) = 𝐝𝐞𝐭 [(𝑨𝟐 + 𝒊(𝑨 + 𝑩)) (𝑨𝟐 − 𝒊(𝑨 + 𝑩))] ; (𝟓) 

From (1) and (5) it follows: 𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐) ≥ 𝟎. 
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Solution 2 by Ravi Prakash- India 

We first show that, if 𝑪,𝑫 ∈ 𝑴𝟒(ℝ) and 𝑪𝑫 = 𝑫𝑪, then: 𝐝𝐞𝐭(𝑪𝟐 +𝑫𝟐) ≥ 𝟎 

We have: 

(𝑪 + 𝒊𝑫)(𝑪 − 𝒊𝑫) = 𝑪𝟐 − 𝒊𝑪𝑫+ 𝒊𝑫𝑪+ 𝑫𝟐 = 𝑪𝟐 + 𝑫𝟐 − 𝒊(𝑪𝑫− 𝑫𝑪) = 𝑪𝟐 + 𝑫𝟐 

𝐝𝐞𝐭(𝑪𝟐 +𝑫𝟐) = 𝐝𝐞𝐭(𝑪 + 𝒊𝑫) (𝑪 − 𝒊𝑫) = 𝐝𝐞𝐭(𝑪 + 𝒊𝑫) ⋅ 𝐝𝐞𝐭(𝑪 − 𝒊𝑫) = 

= 𝐝𝐞𝐭(𝑪 + 𝒊𝑫) ⋅ 𝐝𝐞𝐭(𝑪 + 𝒊𝑫)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = | 𝐝𝐞𝐭(𝑪 + 𝒊𝑫) |𝟐 

Now, 

𝑨𝟒 + 𝑨𝟐 +𝑩𝟐 = 𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐 + 𝑨𝑩+𝑩𝑨 = 𝑨𝟒 + (𝑨 + 𝑩)𝟐 = 𝑪𝟐 + 𝑫𝟐 

where 𝑪 = 𝑨𝟐 and 𝑫 = 𝑨 + 𝑩 

Note that: 

𝑪𝑫 = 𝑨𝟐(𝑨 + 𝑩) = 𝑨𝟑 + 𝑨(𝑨𝑩) = 𝑨𝟑 − (𝑨𝑩)𝑨 = 𝑨𝟑—𝑩𝑨𝑨 = 

= 𝑨𝟑 + 𝑩𝑨𝟐 = (𝑨 + 𝑩)𝑨𝟐 = 𝑫𝑪 

Thus, by what we have proved above, we get: 𝐝𝐞𝐭(𝑨𝟒 + 𝑨𝟐 + 𝑩𝟐) = 𝐝𝐞𝐭(𝑪𝟐 + 𝑫𝟐) ≥ 𝟎 

 

SP. 467 Let 𝒛𝟏, 𝒛𝟐, 𝒛𝟑 ∈ ℂ
∗, 𝑨(𝒛𝟏), 𝑩(𝒛𝟐), 𝑪(𝒛𝟑) different in pairs such that 

|𝒛𝟏| = |𝒛𝟐| = |𝒛𝟑| If  

|
𝒛𝟏 + 𝒛𝟐
𝒛𝟏 − 𝒛𝟐

|
𝟐

+ |
𝒛𝟐 + 𝒛𝟑
𝒛𝟐 − 𝒛𝟑

|
𝟐

+ |
𝒛𝟑 + 𝒛𝟏
𝒛𝟑 − 𝒛𝟏

|
𝟐

= 𝟏 ⇒ 𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 
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Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

|
𝒛𝟏 + 𝒛𝟐
𝒛𝟏 − 𝒛𝟐

|
𝟐

=
|𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 − 𝒛𝟑|

𝟐

|𝒛𝟏 − 𝒛𝟐|𝟐
=
|𝒛𝑯 − 𝒛𝑪|

𝟐

|𝒛𝟏 − 𝒛𝟐|𝟐
=
𝑯𝑪

𝑨𝑩
=
𝑯𝑪

𝒄
 

Similarly, 

|
𝒛𝟐 + 𝒛𝟑
𝒛𝟐 − 𝒛𝟑

|
𝟐

=
𝑯𝑨

𝒂
, |

𝒛𝟑 + 𝒛𝟏
𝒛𝟑 − 𝒛𝟏

|
𝟐

=
𝑯𝑩

𝒃
 

𝑯𝑨𝟐

𝒂𝟐
+
𝑯𝑩𝟐

𝒃𝟐
+
𝑯𝑪𝟐

𝒄𝟐
= 𝟏; (𝟏) 

𝑯𝑨𝟐 = 𝟒𝑹𝟐 − 𝒂𝟐; (𝟐) 

From (1) and (2) we get 

∑
𝟒𝑹𝟐 − 𝒂𝟐

𝒂𝟐
𝒄𝒚𝒄

= 𝟏 ⇔ 𝟒𝑹𝟐∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

− 𝟑 = 𝟏 ⇔∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

=
𝟏

𝑹𝟐
; (𝟑) 

𝐁𝐮𝐭 ∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

≥
𝟏

𝟐𝑹𝒓
≥
𝟏

𝑹𝟐
(𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈); (𝟒) 

From (3) and (4) 𝚫𝑨𝑩𝑪 is equilateral. 

Solution 2 by Geanina Tudose-Romania 

 

If 𝑴,𝑵,𝑷 − be midpoints of 𝑨𝑩,𝑩𝑪, 𝑪𝑨, then: 



 
www.ssmrmh.ro 

31 32-RMM SPRING EDITION 2024-SOLUTIONS 

 

𝑷𝑴 =
|𝒛𝟏 + 𝒛𝟐|

𝟐
;𝑶𝑵 =

|𝒛𝟐 + 𝒛𝟑|

𝟐
;𝑶𝑷 =

|𝒛𝟏 + 𝒛𝟑|

𝟐
 

The equality can be written: 

∑
𝟒𝑶𝑴𝟐

𝑨𝑩𝟐
𝒄𝒚𝒄

= 𝟏 ⇔∑
𝟐(𝑹𝟐 + 𝑹𝟐) − 𝑨𝑫𝟐

𝑨𝑩𝟐
𝒄𝒚𝒄

= 𝟏 ⇔ 

∑
𝟒𝑹𝟐

𝑨𝑩𝟐
𝒄𝒚𝒄

− 𝟑 = 𝟏 ⇔∑
𝟏

𝑨𝑩𝟐
𝒄𝒚𝒄

=
𝟏

𝑹𝟐
⇔∑

𝟏

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

=
𝟏

𝑹𝟐
⇔∑

𝟏

𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

= 𝟒 

Let be 𝒇: (𝟎, 𝝅) → ℝ, 𝒇(𝒙) =
𝟏

𝐬𝐢𝐧𝟐 𝒙
; 𝒇′(𝒙) = −

𝟐 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝟑 𝒙
; 𝒇′′(𝒙) = 𝟐 ⋅

𝐬𝐢𝐧𝟐 𝒙+𝟑 𝐜𝐨𝐬𝟐 𝒙

𝐬𝐢𝐧𝟒𝒙
> 0 ⇒

𝑓 −convex function and from Jensen’s inequality: 

𝒇(𝑨) + 𝒇(𝑩) + 𝒇(𝑪)

𝟑
≥ 𝒇(

𝑨 + 𝑩 + 𝑪

𝟑
) 

∑
𝟏

𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

= 𝟒 

Equality holds for 𝑨 = 𝑩 = 𝑪 =
𝝅

𝟑
⇔ 𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 

Solution 3 by Ravi Prakash- India 

 

𝒛𝟑
𝒛𝟐
=
|𝒛𝟑|

|𝒛𝟐|
𝒆𝟐𝒊𝑨 = 𝒆𝟐𝒊𝑨 ⇒

|𝟏 +
𝒛𝟑
𝒛𝟐
|

|𝟏 −
𝒛𝟑
𝒛𝟐
|
= |
𝟏 + 𝐜𝐨𝐬(𝟐𝑨) + 𝒊 𝐬𝐢𝐧(𝟐𝑨)

𝟏 − 𝐜𝐨𝐬(𝟐𝑨) − 𝒊 𝐬𝐢𝐧(𝟐𝑨)
| ⇒ 

|𝒛𝟐 + 𝒛𝟑|
𝟐

|𝒛𝟐 − 𝒛𝟑|𝟐
=
(𝟏 − 𝐜𝐨𝐬(𝟐𝑨))𝟐 + 𝐬𝐢𝐧𝟐(𝟐𝑨)

(𝟏 − 𝐜𝐨𝐬(𝟐𝑨))𝟐 + 𝐬𝐢𝐧𝟐(𝟐𝑨)
=
𝟏 − 𝐜𝐨𝐬 (𝟐𝑨)

𝟏 − 𝐜𝐨𝐬 (𝟐𝑨)
= 𝐜𝐨𝐭𝟐 𝑨 
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The given equation becomes: 𝐜𝐨𝐭𝟐 𝑨 + 𝐜𝐨𝐭𝟐 𝑩 + 𝐜𝐨𝐭𝟐 𝑪 = 𝟏 

Let 𝒇(𝒙) = 𝐜𝐨𝐭𝟐 𝒙 , 𝒙 ∈ (𝟎,
𝝅

𝟐
) , 𝒇′(𝒙) = −𝟐 𝐜𝐨𝐭 𝒙 𝐜𝐬𝐜𝟐 𝒙,  

𝒇′′(𝒙) = 𝟐𝐜𝐬𝐜𝟒 𝒙 + 𝟒𝐜𝐬𝐜𝟐 𝒙 𝐜𝐨𝐭𝟐 𝒙 > 0. By Jensen’s inequality, we have: 

𝒇(𝑨) + 𝒇(𝑩) + 𝒇(𝑪) ≥ 𝟑𝒇(
𝑨 + 𝑩 + 𝑪

𝟑
) 

𝐜𝐨𝐭𝟐 𝑨 + 𝐜𝐨𝐭𝟐 𝑩+ 𝐜𝐨𝐭𝟐 𝑪 ≥ 𝟑𝐜𝐨𝐭𝟐
𝝅

𝟑
= 𝟏 

Equality holds when 𝑨 = 𝑩 = 𝑪 ⇔ 𝑨𝑩 = 𝑩𝑪 = 𝑪𝑨. 

Solution 4 by Ruxandra Daniela Tonilă-Romania 

|
𝒛𝟏 + 𝒛𝟐
𝒛𝟏 − 𝒛𝟐

|
𝟐

+ |
𝒛𝟐 + 𝒛𝟑
𝒛𝟐 − 𝒛𝟑

|
𝟐

+ |
𝒛𝟑 + 𝒛𝟏
𝒛𝟑 − 𝒛𝟏

|
𝟐

= 

= |
𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 − 𝒛𝟑

𝒛𝟏 − 𝒛𝟐
|
𝟐

+ |
𝒛𝟐 + 𝒛𝟑 + 𝒛𝟏 − 𝒛𝟏

𝒛𝟐 − 𝒛𝟑
|
𝟐

+ |
𝒛𝟑 + 𝒛𝟏 + 𝒛𝟐 − 𝒛𝟐

𝒛𝟑 − 𝒛𝟏
|
𝟐

= 

=
|𝒛𝑯 − 𝒛𝟑|

𝟐

|𝒛𝟏 − 𝒛𝟐|𝟐
+
|𝒛𝑯 − 𝒛𝟏|

𝟐

|𝒛𝟐 − 𝒛𝟑|𝟐
+
|𝒛𝑯 − 𝒛𝟐|

𝟐

|𝒛𝟑 − 𝒛𝟏|𝟐
= (
𝑪𝑯

𝑨𝑩
)
𝟐

+ (
𝑨𝑯

𝑩𝑪
)
𝟐

+ (
𝑩𝑯

𝑨𝑪
)
𝟐

= 

=∑(
𝟐𝑹𝐜𝐨𝐬 𝑨

𝟐𝑹𝐬𝐢𝐧 𝑨
)
𝟐

𝒄𝒚𝒄

=∑(
𝐜𝐨𝐬𝟐 𝑨

𝐬𝐢𝐧𝟐 𝑨
+ 𝟏)

𝒄𝒚𝒄

− 𝟑 =∑
𝟏

𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

− 𝟑 ≥
𝑹𝒂𝒅𝒐𝒏

 

≥
𝟐𝟕

(∑ 𝐬𝐢𝐧𝑨)𝟐
− 𝟑;  (𝟏) 

∑
𝟏

𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

=∑
𝒂

𝟐𝑹
𝒄𝒚𝒄

=
𝒔

𝑹
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑

𝟐
; (𝟐) 

From (1) and (2), it follows: ∑
𝐜𝐨𝐬𝟐 𝑨

𝐬𝐢𝐧𝟐 𝑨𝒄𝒚𝒄 ≥
𝟐𝟕⋅𝟒

𝟐𝟕
− 𝟑 = 𝟏.  Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

SP.468 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑√𝟑

𝟐
𝒌 ≤∑

𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪
𝒄𝒚𝒄

≤
√𝟔

𝟏𝟐
(
𝟒

𝒌
+ 𝟏)√𝟏 − 𝒌, 𝒌 ∈ (𝟎,

𝟏

𝟐
] 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by proposer 

Let 𝑨𝑩 = 𝒄,𝑩𝑪 = 𝒂,𝑨𝑩 = 𝒄 be the lengths of the sides of 𝚫𝑨𝑩𝑪 and let 𝑹, 𝒓 be the 

circumradius, inradius respectively of 𝚫𝑨𝑩𝑪. We have: 

𝟏

𝒃 + 𝒄
≤
𝟏

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
) ⇒

𝒂𝟐

𝒃 + 𝒄
≤
𝟏

𝟒
(
𝒂𝟐

𝒃
+
𝒂𝟐

𝒄
) 

Similarly we have: 

𝒃𝟐

𝒄 + 𝒂
≤
𝟏

𝟒
(
𝒃𝟐

𝒄
+
𝒃𝟐

𝒂
)  𝐚𝐧𝐝

𝒄𝟐

𝒂 + 𝒃
≤
𝟏

𝟒
(
𝒄𝟐

𝒂
+
𝒄𝟐

𝒃
) 

Adding up these inequalities, we get: 

𝒂𝟐

𝒃 + 𝒄
+
𝒃𝟐

𝒄 + 𝒂
+

𝒄𝟐

𝒂 + 𝒃
≤
𝟏

𝟒
(
𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒃
+
𝒂𝟐 + 𝒃𝟐

𝒄
) 

Now, using the Cauchy-Schwarz inequality, we have: 

((𝒃𝟐 + 𝒄𝟐)𝟐 + (𝒄𝟐 + 𝒂𝟐)𝟐 + (𝒂𝟐 + 𝒃𝟐)𝟐) (
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
)

≥ (
𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒃
+
𝒂𝟐 + 𝒃𝟐

𝒄
)

𝟐

 

𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒃
+
𝒂𝟐 + 𝒃𝟐

𝒄
≤ 

≤ √
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
⋅ √𝟐(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒃
+
𝒂𝟐 + 𝒃𝟐

𝒄
≤ 

≤ √
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
⋅ √𝟐(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) 

𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒃
+
𝒂𝟐 + 𝒃𝟐

𝒄
≤ √

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
⋅ 𝟐√𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 

Now, we we’ll prove that: 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤
𝟏

𝟒𝒓𝟐
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We have: (𝒃 − 𝒄)𝟐 ≥ 𝟎 ⇔ 𝒂𝟐 − (𝒃 − 𝒄)𝟐 ≤ 𝒂𝟐 ⇔
𝟏

𝒂𝟐
≤

𝟏

𝒂𝟐−(𝒃−𝒄)𝟐
 or  

𝟏

𝒂𝟐
≤

𝟏

(𝒂 − 𝒃 + 𝒄)(𝒂 + 𝒃 − 𝒄)
 

Let 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄 is the perimeter of 𝚫𝑨𝑩𝑪, then 

𝟏

𝒂𝟐
≤

𝟏

𝟐(𝟐 − 𝒃)𝟐(𝒔 − 𝒄)
 

Similarly, we have: 

𝟏

𝒃𝟐
≤

𝟏

𝟒(𝒔 − 𝒄)(𝒔 − 𝒂)
 𝐚𝐧𝐝 

𝟏

𝒄𝟐
≤

𝟏

𝟒(𝒔 − 𝒂)(𝒔 − 𝒃)
 

So, we get: 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤
𝟏

𝟒
(

𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
+

𝟏

(𝒔 − 𝒄)(𝒔 − 𝒂)
+

𝟏

(𝒔 − 𝒂)(𝒔 − 𝒃)
) = 

=
𝟏

𝟒
⋅
𝒔 − 𝒂 + 𝒔 − 𝒃 + 𝒔 − 𝒄

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟏

𝟒
⋅

(𝟑𝒔 − 𝟐𝒔)𝒔

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟏

𝟒
⋅
𝒔𝟐

(𝒓𝒔)𝟐
=
𝟏

𝟒𝒓𝟐
 

Because [𝑨𝑩𝑪] = 𝒓𝒔 = √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) (𝑯𝒆𝒓𝒐𝒏). So, 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤
𝟏

𝟒𝒓𝟐
 

Also, we’ll prove that: 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤
𝟖

𝟑
𝑹(𝑹 − 𝒓)(𝟒𝑹+ 𝒓)𝟐 

We know that  

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 = 𝟐(𝒔𝟒 − 𝟐𝒔𝟐(𝟒𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐) 

We must to prove  

𝒔𝟒 − 𝟐𝒔𝟐(𝟒𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 ≤
𝟒

𝟑
𝑹(𝑹− 𝒓)(𝟒𝑹+ 𝒓)𝟐 ⇔ 

𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓 − 𝟔𝒓𝟐) ≤
(𝟒𝑹 + 𝒓)𝟐

𝟑
(𝟒𝑹(𝑹 − 𝒓) − 𝟑𝒓𝟐) 

𝟑𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓 − 𝟔𝒓𝟐) ≤ (𝟒𝑹+ 𝒓)𝟐(𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐); (𝟏) 

But 𝟑𝒔𝟐 ≤ (𝟒𝑹 + 𝒓)𝟐; (𝟐)(𝑫𝒐𝒖𝒄𝒆𝒕). From (1) and (2) we must to prove that 

𝒔𝟐 − 𝟖𝑹𝒓 − 𝟔𝒓𝟐 ≤ 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐 ⇔ 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 

So, 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤
𝟖

𝟑
𝑹(𝑹 − 𝒓)(𝟒𝑹+ 𝒓)𝟐.  
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Namely, 

𝒂𝟐

𝒃 + 𝒄
+
𝒃𝟐

𝒄 + 𝒂
+

𝒄𝟐

𝒂 + 𝒃
≤
𝟏

𝟒
√
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
⋅ 𝟐√𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ 

≤
𝟏

𝟐
√
𝟏

𝟒𝒓𝟐
⋅ √
𝟖

𝟑
𝑹(𝑹 − 𝒓)(𝟒𝑹 + 𝒓)𝟐 =

𝟏

𝟒𝒓
⋅
𝟐√𝟐

√𝟑
(𝟒𝑹+ 𝒓)√𝑹(𝑹− 𝒓) = 

=
√𝟔

𝟔
⋅
𝟒𝑹 + 𝒓

𝒓
√𝑹(𝑹 − 𝒓) 

Also, we have: 

𝒂𝟐

𝒃 + 𝒄
+
𝒃𝟐

𝒄 + 𝒂
+

𝒄𝟐

𝒂 + 𝒃
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝒂 + 𝒃 + 𝒄

𝟐
= 𝒔 ≥ 𝟑√𝟑𝒓 

Hence, 

𝟑√𝟑𝒓 ≤
𝒂𝟐

𝒃 + 𝒄
+
𝒃𝟐

𝒄 + 𝒂
+

𝒄𝟐

𝒂 + 𝒃
≤
√𝟔

𝟔
⋅
𝟒𝑹 + 𝒓

𝒓
√𝑹(𝑹 − 𝒓) 

Using the Law of sins in 𝚫𝑨𝑩𝑪, we get: 

𝟑√𝟑𝒓 ≤∑
𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤
√𝟔

𝟔
⋅
𝟒𝑹 + 𝒓

𝟐𝑹𝒓
√𝑹(𝑹− 𝒓) 

𝟑√𝟑𝒓 ≤∑
𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤
√𝟔

𝟏𝟐
⋅ (𝟒

𝑹

𝒓
+ 𝟏)√𝟏 −

𝒓

𝑹
 

Putting 
𝒓

𝑹
= 𝒌 ≤ 𝟐, we have: 

𝟑√𝟑

𝟐
𝒌 ≤∑

𝐬𝐢𝐧𝟐 𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤
√𝟔

𝟏𝟐
(
𝟒

𝒌
+ 𝟏)√𝟏− 𝒌 

Equality holds for 𝒌 =
𝟏

𝟐
 and the 𝚫𝑨𝑩𝑪 is an equilateral triangle. 

 

SP.469 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒚 + 𝒛

𝒙 ∙ 𝒘𝒂
𝟒 +

𝒛 + 𝒙

𝒚 ∙ 𝒘𝒃
𝟒 +

𝒙 + 𝒚

𝒛 ∙ 𝒘𝒄
𝟒 ≥

𝟑𝟐

𝟐𝟕𝑹𝟒
, 𝒙, 𝒚, 𝒛 > 0 

Proposed by Marin Chirciu-Romania 
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Solution 1 by proposer 

Using 𝒎𝒂 ≥ 𝒘𝒂 we get: ∑
𝒚+𝒛

𝒙∙𝒘𝒂
𝟒𝒄𝒚𝒄 ≥ ∑

𝒚+𝒛

𝒙∙𝒎𝒂
𝟒𝒄𝒚𝒄 ≥

𝟑𝟐

𝟐𝟕𝑹𝟒
 

Remains to prove that: ∑
𝒚+𝒛

𝒙∙𝒎𝒂
𝟒𝒄𝒚𝒄 ≥

𝟑𝟐

𝟐𝟕𝑹𝟒
 

Lemma. For 𝒙, 𝒚, 𝒛 > 0 and 𝒇:𝑫 → ℝ positive function, holds: 

∑
𝒚+ 𝒛

𝒙
𝒇(𝒂)

𝒄𝒚𝒄

≥ 𝟐∑√𝒇(𝒃)𝒇(𝒄)

𝒄𝒚𝒄

 

Proof. We have: 

∑
𝒚+ 𝒛

𝒙
𝒇(𝒂)

𝒄𝒚𝒄

=∑(
𝒚+ 𝒛

𝒙
+ 𝟏 − 𝟏)𝒇(𝒂)

𝒄𝒚𝒄

=∑
𝒙+ 𝒚 + 𝒛

𝒙
𝒇(𝒂)

𝒄𝒚𝒄

−∑𝒇(𝒂)

𝒄𝒚𝒄

≥
𝑪𝑩𝑺

 

≥ (𝒙 + 𝒚 + 𝒛)
(∑√𝒇(𝒂))

𝟐

𝒙 + 𝒚 + 𝒛
−∑𝒇(𝒂)

𝒄𝒚𝒄

= (∑√𝒇(𝒂)

𝒄𝒚𝒄

)

𝟐

−∑𝒇(𝒂)

𝒄𝒚𝒄

= 

=∑𝒇(𝒂)

𝒄𝒚𝒄

+ 𝟐∑√𝒇(𝒃)𝒇(𝒄)

𝒄𝒚𝒄

−∑𝒇(𝒂)

𝒄𝒚𝒄

= 𝟐∑√𝒇(𝒃)𝒇(𝒄)

𝒄𝒚𝒄

 

Equality holds if and only if triangle is equilateral.Using Lemma for 𝒇(𝒂) =
𝟏

𝒎𝒂
𝟒, we get: 

∑
𝒚+ 𝒛

𝒙 ∙ 𝒎𝒂
𝟒

𝒄𝒚𝒄

≥
𝑳𝒆𝒎𝒎𝒂

𝟐∑√
𝟏

𝒎𝒃
𝟒 ∙
𝟏

𝒎𝒄
𝟒

𝒄𝒚𝒄

= 𝟐∑
𝟏

𝒎𝒃
𝟐𝒎𝒄

𝟐
𝒄𝒚𝒄

≥
(𝟏) 𝟑𝟐

𝟐𝟕𝑹𝟒
 

(𝟏) ⇔ 𝟐∑
𝟏

𝒎𝒃
𝟐𝒎𝒄

𝟐
𝒄𝒚𝒄

≥
𝟑𝟐

𝟐𝟕𝑹𝟒
⇔∑

𝟏

𝒎𝒃
𝟐𝒎𝒄

𝟐
𝒄𝒚𝒄

≥
𝟏𝟔

𝟐𝟕𝑹𝟒
 

Which follows from: 

∑
𝟏

𝒎𝒃
𝟐𝒎𝒄

𝟐
𝒄𝒚𝒄

=
𝟏

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐
∙∑𝒎𝒂

𝟐

𝒄𝒚𝒄

=
𝟏

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐
∙
𝟑

𝟒
∑𝒂𝟐

𝒄𝒚𝒄

= 

=
𝟏

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐
∙
𝟑

𝟒
∙ 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) =

𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

 

Using 𝒎𝒂𝒎𝒃𝒎𝒄 ≤
𝑹𝒔𝟐

𝟐
, we get: 

∑
𝟏

𝒎𝒃
𝟐𝒎𝒄

𝟐
𝒄𝒚𝒄

=
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

≥
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐 (
𝑹𝒔𝟐

𝟐 )
𝟐 =

𝟔(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝑹𝟐𝒔𝟒
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Remains to prove that: 

𝟔(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝑹𝟐𝒔𝟒
≥
𝟏𝟔

𝟐𝟕𝑹𝟒
⇔ 𝒔𝟐(𝟖𝟏𝑹𝟐 − 𝟖𝒔𝟐) ≥ 𝟖𝟏𝑹𝟐𝒓(𝟒𝑹 + 𝒓) 

which follows from 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤ 𝒔𝟐 ≤ 𝟒𝑹𝟔𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 

Remains to prove: 

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)[𝟖𝟏𝑹𝟐 − 𝟖(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)] ≥ 𝟖𝟏𝑹𝟐𝒓(𝟒𝑹+ 𝒓) ⇔ 

𝟐𝟑𝟎𝑹𝟑 − 𝟒𝟏𝟗𝑹𝟐𝒓 − 𝟏𝟏𝟐𝑹𝒓𝟐 + 𝟔𝟎𝒓𝟑 ≥ 𝟎 ⇔ (𝑹− 𝟐𝒓)(𝟐𝟑𝟎𝑹𝟐 + 𝟒𝟏𝑹𝒓 − 𝟑𝟎𝒓𝟐) ≥ 𝟎 

which is true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓). Equality holds if and only if triangle is equilateral. 

Solution 2 by Myagmarsuren Yadamsuren- Mongolia 

∑(
𝒚+ 𝒛

𝒙𝒘𝒂𝟒
+
𝟏

𝒘𝒂𝟒
)

𝒄𝒚𝒄

−∑
𝟏

𝒘𝒂𝟒
𝒄𝒚𝒄

=∑
𝒙+ 𝒚 + 𝒛

𝒙𝒘𝒂𝟒
𝒄𝒚𝒄

−∑
𝟏

𝒘𝒂𝟒
𝒄𝒚𝒄

= 

= (𝒙 + 𝒚 + 𝒛) ⋅
(∑

𝟏
𝒘𝒂𝟐
)
𝟐

𝒙
−∑

𝟏

𝒘𝒂𝟒
𝒄𝒚𝒄

≥
𝑪𝑩𝑺

(𝒙 + 𝒚 + 𝒛) ⋅
(∑

𝟏
𝒘𝒂𝟐
)
𝟐

𝒙 + 𝒚 + 𝒛
−∑

𝟏

𝒘𝒂𝟒
𝒄𝒚𝒄

= 

= (∑
𝟏

𝒘𝒂𝟐
𝒄𝒚𝒄

)

𝟐

−∑
𝟏

𝒘𝒂𝟒
𝒄𝒚𝒄

= 𝟐∑
𝟏

𝒘𝒂𝟐𝒘𝒃
𝟐

𝒄𝒚𝒄

≥
𝒘𝒂
𝟐≤𝒔(𝒔−𝒂)

 

≥ 𝟐∑
𝟏

𝒔𝟐(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

=
𝟐

𝒔𝟐
⋅

𝒔𝟐

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟐

𝑭𝟐
= 

=
𝟐

𝒔𝟐𝒓𝟐
≥

𝟐

𝟐𝟕
𝟒 𝑹

𝟐 ⋅
𝑹𝟐

𝟒

=
𝟑𝟐

𝟐𝟕
⋅
𝟏

𝑹𝟒
 

SP.470 In 𝚫𝑨𝑩𝑪, 𝒐𝒂 −circumcevian, holds: 

𝟔𝒓

𝑹
≤
𝒓𝒂
𝒐𝒂
+
𝒓𝒃
𝒐𝒃
+
𝒓𝒄
𝒐𝒄
≤
𝟐𝑹

𝒓
− 𝟏 

Proposed by Marin Chirciu-Romania 

Solution by proposer 

Lemma. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒐𝒂 =
𝒉𝒂

𝐜𝐨𝐬(𝑩 − 𝑪)
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Proof. 

Let 𝑫 ∈ (𝑩𝑪), {𝑫} = 𝑨𝑶 ∩ 𝑩𝑪. We have: 𝑨𝑫 = 𝒐𝒂. Let 𝑶𝑬 ⊥ 𝑨𝑪,𝑬 −middle point of [𝑨𝑪]. 

In 𝚫𝑨𝑶𝑬, 𝝁(𝑬) =
𝝅

𝟐
, we have 𝝁(𝑨𝑶�̂�) = 𝑩 and 𝝁(𝑶𝑨�̂�) =

𝝅

𝟐
− 𝑩 ⇒ 𝝁(𝑫𝑨�̂�) =

𝝅

𝟐
−𝑩. 

The angle 𝑨𝑫𝑩 is exterior to 𝚫𝑨𝑫𝑪, so 

𝝁(𝑨𝑫�̂�) = 𝝁(𝑫𝑨�̂�) + 𝝁(𝑨𝑪�̂�) =
𝝅

𝟐
− (𝑩 − 𝑪) 

Applying Law of sines in 𝚫𝑨𝑩𝑫:  

𝑨𝑩

𝐬𝐢𝐧(𝑫𝑨𝑩)
=
𝑨𝑫

𝐬𝐢𝐧𝑩
⇔

𝒄

𝐬𝐢𝐧(𝑩 − 𝑪)
=

𝒐𝒂
𝐬𝐢𝐧𝑩

⇔ 𝒐𝒂 =
𝒄 𝐬𝐢𝐧𝑩

𝐜𝐨𝐬(𝑩 − 𝑪)
 

𝒉𝒂 = 𝒄𝐬𝐢𝐧𝑩 ⇒ 𝒐𝒂 =
𝒉𝒂

𝐜𝐨𝐬(𝑩 − 𝑪)
 

Using Lemma, we get: 

∑
𝒓𝒂
𝒐𝒂

𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒂

𝒔 − 𝒂
𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

=∑
𝒓𝒂
𝒉𝒂
𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒂

𝒔 − 𝒂
𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

 

∑
𝒓𝒂
𝒐𝒂

𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒂

𝒔 − 𝒂
𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

≤
𝟏

𝟐
∑

𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟏

𝟐
∙
𝟐(𝟐𝑹− 𝒓)

𝒓
=
𝟐𝑹

𝒓
− 𝟏 

Equality holds if and only if triangle is equilateral. 

∑
𝒓𝒂
𝒐𝒂

𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒂

𝒔 − 𝒂
𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

≥
𝑨𝑮𝑴 𝟏

𝟐
∙ 𝟑√∏

𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

∏𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

𝟑 = 

=
𝟏

𝟐
∙ 𝟑√

𝟒𝑹𝒓𝒔

𝒓𝟐𝒔
∙
𝒔𝟐(𝒔𝟐 + 𝟐𝒓𝟐 − 𝟖𝑹𝒓 − 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓 + 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟖𝑹𝟒

𝟑

= 

=
𝟏

𝟐
∙ 𝟑√

𝒔𝟐(𝒔𝟐 + 𝟐𝒓𝟐 − 𝟖𝑹𝒓 − 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓 + 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟐𝑹𝟑𝒓

𝟑

= 

=
𝟏

𝟐𝑹
∙ 𝟑√

𝒔𝟐(𝒔𝟐 + 𝟐𝒓𝟐 − 𝟖𝑹𝒓 − 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓 + 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟐𝒓

𝟑

≥
𝑮𝒆𝒓𝒓𝒕𝒆𝒔𝒆𝒏
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≥
𝟑

𝟐𝑹
√
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝟏𝟔𝑹𝒓− 𝟓𝒓𝟐 + 𝟐𝒓𝟐 − 𝟖𝑹𝒓− 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓+ 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟐𝒓

𝟑

=
𝟑

𝟐𝑹
√
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝟖𝑹𝒓− 𝟑𝒓𝟐 − 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓+ 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟐𝒓

𝟑

= 

=
𝟑

𝟐𝑹
√
𝟖𝑹𝟒 − 𝟕𝟐𝑹𝟑𝒓 + 𝟏𝟖𝟎𝑹𝟐𝒓𝟐 − 𝟖𝟎𝑹𝒓𝟑 + 𝟏𝟔𝒓𝟒

𝟐𝒓

𝟑

= 

=
𝟑

𝟐𝑹
√
𝟒𝑹𝟒 − 𝟑𝟔𝑹𝟑𝒓 + 𝟗𝟎𝑹𝟐𝒓𝟐 − 𝟒𝟎𝑹𝒓𝟑 + 𝟖𝒓𝟒

𝒓

𝟑

≥
𝑬𝒖𝒍𝒆𝒓

 

≥
𝟑

𝟐𝑹
√
𝟔𝟒𝒓𝟒

𝒓

𝟑

=
𝟑

𝟐𝑹
√𝟔𝟒𝒓𝟑
𝟑

=
𝟔𝒓

𝑹
 

∵∏𝐜𝐨𝐬 (𝑩 − 𝑪)

𝒄𝒚𝒄

=
𝒔𝟐(𝒔𝟐 + 𝟐𝒓𝟐 − 𝟖𝑹𝒓 − 𝟔𝑹𝟐) + 𝟖𝑹𝟒 + 𝟐𝟒𝑹𝟑𝒓 + 𝟐𝟐𝑹𝟐𝒓𝟐 + 𝟖𝑹𝒓𝟑 + 𝒓𝟒

𝟖𝑹𝟒
 

Equality holds if and only if triangle is equilateral. 

SP.471 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑

𝟐
⋅ √
𝟒𝒓𝟓

𝑹𝟐

𝟔

≤∑√𝒎𝒂 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≤
𝟒𝑹 + 𝒓

√𝟐𝑹
 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

∑√𝒎𝒂 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

∏𝒎𝒂

𝒄𝒚𝒄

𝟔
≥ 𝟑√(

𝒔

𝟒𝑹
) ∙ 𝟐𝟕𝒓𝟑

𝟔
≥
𝟗

𝟐
√
𝟒𝒓𝟓

𝑹𝟐

𝟔

 

Equality holds if and only if triangle is equilateral. 

(∑√𝒎𝒂 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

)

𝟐

≤
𝑪𝑩𝑺

∑𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

∑𝒎𝒂

𝒄𝒚𝒄

≤∑𝐜𝐨𝐬𝟐
𝑨

𝟐
(𝟒𝑹 + 𝒓)

𝒄𝒚𝒄

= 

=
𝟒𝑹 + 𝒓

𝟐𝑹
(𝟒𝑹+ 𝒓) =

(𝟒𝑹+ 𝒓)𝟐

𝟐𝑹
 

Equality holds if and only if triangle is equilateral. 
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Solution 2 by Myagmarsuren Yadamsuren- Mongolia 

(∗): ∑𝒎𝒂

𝒄𝒚𝒄

≤ 𝟒𝑹+ 𝒓,∑𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝒄𝒚𝒄

≤ 𝟐 +
𝒓

𝟐𝑹
 

∑√𝒎𝒂 ⋅ 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≤
𝑪𝑩𝑺

√∑𝒎𝒂

𝒄𝒚𝒄

⋅∑𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝒄𝒚𝒄

≤
(∗)

 

≤ √(𝟒𝑹+ 𝒓) (𝟐 +
𝒓

𝟐𝑹
) =

𝟒𝑹 + 𝒓

√𝟐𝑹
,    (∗∗):𝒎𝒂 ≥

𝒃+ 𝒄

𝒂
𝐜𝐨𝐬

𝑨

𝟐
 

∑√𝒎𝒂 ⋅ 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏𝒎𝒂

𝒄𝒚𝒄

⋅ (∏𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

)

𝟐
𝟑

≥
(∗∗)

 

≥ 𝟑√
∏(𝒃 + 𝒄)

𝟖
(∏𝐜𝐨𝐬

𝑨

𝟐
𝒄𝒚𝒄

)

𝟑
𝟔

≥
𝑨𝑮𝑴

𝟑√𝒂𝒃𝒄 (
𝒔

𝟒𝑹
)
𝟑𝟔

= 

= 𝟑√
𝟒𝒔𝟒𝒓

𝟒𝟑𝑹𝟐

𝟑

=
𝟑

𝟐
√
𝟒𝒔𝟒𝒓

𝑹𝟐

𝟑

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑

𝟐
√(𝟑√𝟑)

𝟒
𝒓𝟓 ⋅ 𝟒

𝑹𝟐

𝟔

=
𝟗

𝟐
⋅ √
𝟒𝒓𝟓

𝑹𝟐

𝟔

 

Solution 3 by Tapas Das-India 

∑√𝒎𝒂 ⋅ 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≥ 𝟑 ⋅ √∏𝒎𝒂

𝒄𝒚𝒄

⋅∏𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

𝟔
≥ 

≥ 𝟑 ⋅ √∏𝒉𝒂
𝒄𝒚𝒄

⋅
𝒔𝟐

𝟏𝟔𝑹𝟐
𝟔

=
𝟑

𝟐
⋅ √𝟐𝟕𝒓𝟑 ⋅

𝟒𝒔𝟐

𝑹𝟐

𝟔

=
𝟗

𝟐
⋅ √
𝟒𝒓𝟓

𝑹𝟐

𝟔

≥
𝟑

𝟐
⋅ √
𝟒𝒓𝟓

𝑹𝟐

𝟔

 

∵ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓
𝟑 

∵ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐 𝐚𝐧𝐝 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≤ 𝟒𝑹 + 𝒓 

∑√𝒎𝒂 ⋅ 𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝒄𝒚𝒄

≤
𝑪𝑩𝑺

√∑𝒎𝒂

𝒄𝒚𝒄

⋅∑𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝒄𝒚𝒄

≤ 

≤ √∑𝒎𝒂

𝒄𝒚𝒄

⋅∑𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

≤ √(𝟐 +
𝒓

𝟐𝑹
)∑𝒎𝒂

𝒄𝒚𝒄

≤ √
𝟒𝑹 + 𝒓

𝟐𝑹
(𝟒𝑹+ 𝒓) =

𝟒𝑹 + 𝒓

√𝟐𝑹
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SP.472 If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙 + 𝒚 + 𝒛 = 𝟏 then: 

(𝒙 +
𝟏

𝒚
)
𝟓

+ (𝒚 +
𝟏

𝒛
)
𝟓

+ (𝒛 +
𝟏

𝒙
)
𝟓

≥
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

∑(𝒙+
𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑 ∙ √∏(𝒙 +
𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

𝟑

= 𝟑(∏(𝒙+
𝟏

𝒚
)

𝒄𝒚𝒄

)

𝟓
𝟑

= 

= 𝟑(∏(𝒙 + 𝟗 ∙
𝟏

𝟗𝒚
)

𝒄𝒚𝒄

)

𝟓
𝟑

≥
𝑨𝑮𝑴

𝟑(𝟏𝟎∏ √𝒙 ∙ (
𝟏

𝟗𝒚
)
𝟗𝟏𝟎

𝒄𝒚𝒄

)

𝟓
𝟑

= 

= 𝟑 ∙ 𝟏𝟎
𝟓
𝟑
∙𝟑 (∏

𝒙
𝟏
𝟏𝟎

𝟗
𝟗
𝟏𝟎 ∙ 𝒚

𝟗
𝟏𝟎𝒄𝒚𝒄

)

𝟓
𝟑

= 𝟑 ∙ 𝟏𝟎𝟓 ∙
𝟏

𝟗
𝟗
𝟏𝟎
∙𝟑∙
𝟓
𝟑

(∏
𝟏

𝒙
𝟖
𝟏𝟎𝒄𝒚𝒄

)

𝟓
𝟑

≥
𝑨𝑮𝑴

 

≥ 𝟑 ∙ 𝟏𝟎𝟓 ∙
𝟏

𝟗
𝟗
𝟐

∙
𝟏

(
𝒙 + 𝒚 + 𝒛

𝟑 )
𝟑∙
𝟖
𝟏𝟎
∙
𝟓
𝟑

= 𝟑 ∙ 𝟏𝟎𝟓 ∙
𝟏

𝟑𝟗
∙
𝟏

(
𝟏
𝟑)
𝟒 = 𝟑 ∙ 𝟏𝟎

𝟒 ∙
𝟏

𝟑𝟓
= 

=
𝟏𝟎𝟓

𝟖𝟏
=
𝟏𝟎𝟎.𝟎𝟎𝟎

𝟖𝟏
.  Equality holds for 𝒙 = 𝒚 = 𝒛 =

𝟏

𝟑
. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒙, 𝒚, 𝒛 > 0 and 𝒙 + 𝒚 + 𝒛 = 𝟏 we will obtain that: 

(𝒙 +
𝟏

𝒚
)
𝟓

+ (𝒚 +
𝟏

𝒛
)
𝟓

+ (𝒛 +
𝟏

𝒙
)
𝟓

= 

= (𝒙 + 𝟏 +
𝒙

𝒚
+
𝒛

𝒚
)
𝟓

+ (𝒚 + 𝟏 +
𝒙

𝒛
+
𝒚

𝒛
)
𝟓

+ (𝒛 + 𝟏 +
𝒚

𝒙
+
𝒛

𝒙
)
𝟓

≥ 

≥
(𝒙 + 𝒚 + 𝒛 + 𝟏 + 𝟏 + 𝟏 +

𝒙
𝒚 +

𝒚
𝒙 +

𝒚
𝒛 +

𝒛
𝒚 +

𝒛
𝒙 +

𝒙
𝒛)
𝟓

𝟑 ⋅ 𝟑𝟑
= 

=
(𝟏 + 𝟑 + 𝟔)𝟓

𝟑𝟒
=
𝟏𝟎𝟓

𝟑𝟒
=
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
 

Equality holds for: 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 
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Solution 3 by Tapas Das-India 

𝒙 +
𝟏

𝒚
= 𝒙 +

𝒙 + 𝒚 + 𝒛

𝒚
= 𝒙 +

𝒙

𝒚
+
𝒛

𝒚
+ 𝟏 

(𝒙 +
𝟏

𝒚
)
𝟓

= (𝒙 +
𝒙

𝒚
+
𝒛

𝒚
+ 𝟏)

𝟓

 

Similarly, 

(𝒚 +
𝟏

𝒛
)
𝟓

= (𝒚 +
𝒚

𝒛
+
𝒙

𝒛
+ 𝟏)

𝟓

, (𝒛 +
𝟏

𝒙
)
𝟓

= (𝒛 +
𝒚

𝒙
+
𝒛

𝒙
+ 𝟏)

𝟓

 

∑(𝒙+
𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

=∑
(𝒙+

𝒙
𝒚 +

𝒛
𝒚 + 𝟏)

𝟓

𝟏𝟒
𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏 (∑𝒙 +

𝟏
𝒚∑𝒙 +

𝟏
𝒛 ∑𝒙 +

𝟏
𝒙∑𝒙)

𝟓

(𝟏 + 𝟏 + 𝟏)𝟒
= 

=
(𝟏+∑

𝟏

𝒙
)
𝟓

𝟑𝟒
=
(𝟏+𝟗)𝟓

𝟑𝟒
=
𝟏𝟎𝟎.𝟎𝟎𝟎

𝟖𝟏
.  Equality holds for: 𝒙 = 𝒚 = 𝒛 =

𝟏

𝟑
. 

Solution 4 by Nikos Ntorvas-Greece 

Let be the function 𝒇(𝒕) = 𝒕𝟓, 𝒕 ∈ (𝟎, 𝟏), 𝒇 −convex function, 

𝒇′′(𝒙) = 𝟐𝟎𝒕𝟑 > 0, ∀𝑡 ∈ (0,1). From Jensen’s inequality: 

∑𝒇(𝒙 +
𝟏

𝒚
)

𝒄𝒚𝒄

≥ 𝟑𝒇(
∑𝒙 + ∑

𝟏
𝒙

𝟑
) ⇔∑𝒇(𝒙+

𝟏

𝒚
)

𝒄𝒚𝒄

≥ 𝟑𝒇(
𝟏 + ∑

𝟏
𝒙

𝟑
) ⇔ 

∑𝒇(𝒙 +
𝟏

𝒚
)

𝒄𝒚𝒄

≥ 𝟑 ∙
(𝟏 + ∑

𝟏
𝒙)
𝟓

𝟑𝟓
≥
𝑨𝑮𝑴

𝟑 ∙
𝟏𝟎𝟓

𝟑𝟓
=
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
 

Equality holds for: 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 5 by Vivek Kumar-India 

Let 𝒙 +
𝟏

𝒚
= 𝒂,𝒚 +

𝟏

𝒛
= 𝒃, 𝒛 +

𝟏

𝒙
= 𝒄 ⇒ 

𝒂 + 𝒃 + 𝒄 =∑𝒙+∑
𝟏

𝒙
= 𝟏 +∑

𝟏

𝒙
≥
𝑪𝑩𝑺

𝟏 +
𝟗

∑𝒙
⇒ 𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟎 

We have to prove: 

∑𝒂𝟓 ≥
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
, ∑𝒂𝟓∑𝒂 ≥ (∑𝒂𝟑)

𝟐

⇒∑𝒂𝟓 ≥
(∑𝒂𝟑)𝟐

∑𝒂
; (𝟏) 𝒂𝒏𝒅 
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∑𝒂𝟑∑𝒂 ≥ (∑𝒂𝟐)
𝟐

≥ (
𝟏

𝟑
(∑𝒂)

𝟐

)

𝟐

; (𝟐) 

From (1), (2): 

∑𝒂𝟓 ≥
(
𝟏
𝟗
(∑𝒂)𝟑)

𝟐

∑𝒂
=
𝟏

𝟖𝟏
(∑𝒂)

𝟓

⇒∑𝒂𝟓 ≥
𝟏

𝟖𝟏
(∑𝒂)

𝟓

≥
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
 

Equality holds for: 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 6 by Henry Ricardo-New York-USA 

The power means inequality yields: 

(
𝟏

𝟑
∑(𝒙+

𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

)

𝟏
𝟓

≥
𝟏

𝟑
∑(𝒙 +

𝟏

𝒚
)

𝒄𝒚𝒄

=
𝟏

𝟑
(𝟏 +

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒙𝒚𝒛
) 

∑(𝒙+
𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

≥ 𝟑(
𝟏+

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
𝒙𝒚𝒛

𝟑
)

𝟓

 

With MacLaurin’s inequality and AM-GM inequality: 

√
𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙

𝟑
≥ √𝒙𝒚𝒛

𝟑 ⟺ 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙 ≥ 𝟑√(𝒙𝒚𝒛)𝟐
𝟑

 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒙𝒚𝒛
≥
𝟑√(𝒙𝒚𝒛)𝟐
𝟑

𝒙𝒚𝒛
=

𝟑

√𝒙𝒚𝒛
𝟑

≥
𝟑

𝒙 + 𝒚 + 𝒛
𝟑

= 𝟗 

∑(𝒙+
𝟏

𝒚
)
𝟓

𝒄𝒚𝒄

≥ 𝟑(
𝟏 +

𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙
𝒙𝒚𝒛

𝟑
)

𝟓

≥ 𝟑(
𝟏 + 𝟗

𝟑
)
𝟓

=
𝟏𝟎𝟎. 𝟎𝟎𝟎

𝟖𝟏
 

Equality holds for: 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

SP.473 If 𝒙, 𝒚, 𝒛 > 𝟎, 𝚫𝑨𝑩𝑪 and 𝑨𝟏 ∈ (𝑩𝑪),𝑩𝟏 ∈ (𝑪𝑨), 𝑪𝟏 ∈ (𝑨𝑩) such that 

𝑨𝟏𝑩 = 𝒙𝑨𝟏𝑪, 𝑩𝟏 𝑪 = 𝒚𝑩𝟏𝑨, 𝑪𝟏𝑨 = 𝒛𝑪𝟏𝑩, then holds: 
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𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏 ≥ 𝟒√𝟑 ∙ √
𝒙𝒚𝒛 + 𝟏

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 

Proposed by D.M. Bătinețu-Giurgiu, Mihaly Bencze-Romania 
Solution 1 by proposers 

We prove that: 

[𝑨𝟏𝑩𝟏𝑪𝟏] =
𝒙𝒚𝒛 + 𝟏

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 

From Tsintsifas’ theorem we have: 

𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏 ≥ 𝟒√𝟑 ∙ √𝑭 ∙ √[𝑨𝟏𝑩𝟏𝑪𝟏]; (𝟏) 

𝑨𝟏𝑩 = 𝒙𝑨𝟏𝑪 ⇒ 𝒂 = 𝑩𝑪 = 𝑨𝟏𝑩 + 𝑨𝟏𝑪 = 𝒙𝑨𝟏𝑪 + 𝑨𝟏𝑪 ⇒ 𝑨𝟏𝑪 =
𝒂

𝒙 + 𝟏
 

𝑨𝟏𝑩 = 𝒂 −𝑩𝟏𝑪 = 𝒂 −
𝒂

𝒙 + 𝟏
=
𝒂𝒙

𝒙 + 𝟏
 

Analogous, 

𝑩𝟏𝑪 =
𝒃

𝒚 + 𝒛
,𝑩𝟏𝑨 =

𝒃𝒚

𝒚 + 𝟏
,𝑪𝟏𝑨 =

𝒄

𝒛 + 𝟏
,𝑪𝟏𝑩 =

𝒄𝒛

𝒛 + 𝟏
 

[𝑪𝑨𝟏𝑩𝟏]

[𝑨𝑩𝑪]
=
𝑨𝟏𝑪 ∙ 𝑩𝟏𝑪

𝑩𝑪 ∙ 𝑪𝑨
=

𝒂

𝒙 + 𝟏
∙
𝒃𝒚

𝒚 + 𝟏
∙
𝟏

𝒂𝒃
=

𝒚

(𝒙 + 𝟏)(𝒚 + 𝟏)
 

[𝑪𝑨𝟏𝑩𝟏] =
𝒚

(𝒙 + 𝟏)(𝒚 + 𝟏)
∙ 𝑭  

Similarly, we have: 

[𝑨𝑩𝟏𝑪𝟏] =
𝒛

(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 𝐚𝐧𝐝 [𝑩𝑪𝟏𝑨𝟏] =

𝒙

(𝒛 + 𝟏)(𝒙 + 𝟏)
∙ 𝑭 

[𝑨𝟏𝑩𝟏𝑪𝟏] = [𝑨𝑩𝑪] −
𝒙

(𝒛 + 𝟏)(𝒙 + 𝟏)
∙ 𝑭 +

𝒚

(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 +

𝒛

(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 = 

=
(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏) − 𝒙(𝒚 + 𝟏) − 𝒚(𝒛 + 𝟏) − 𝒛(𝒙 + 𝟏)

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 = 

=
𝒙𝒚𝒛 + 𝟏

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 

Therefore, (1) becomes: 
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𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏 ≥ 𝟒√𝟑 ∙ √𝑭 ∙ √
𝒙𝒚𝒛 + 𝟏

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ √𝑭 =

= 𝟒√𝟑 ∙ √
𝒙𝒚𝒛 + 𝟏

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
∙ 𝑭 

Solution 2 by Adrian Popa-Romania 

Using Routh’s theorem, we have: 

[𝑨𝟏𝑩𝟏𝑪𝟏]

[𝑨𝑩𝑪]
=

𝒙𝒚𝒛

(𝒙 + 𝟏)(𝒚 + 𝟏)(𝒛 + 𝟏)
 

𝒂𝟏𝒂 + 𝒃𝟏𝒃 + 𝒄𝟏𝒄 ≥
(?)

𝟒√𝟑 ∙ √
𝑭𝟏
𝑭
∙ 𝑭 = 𝟒√𝟑 ∙ √𝑭𝟏𝑭 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 > 𝟒√𝟑𝑭 and 𝒂𝟏
𝟐 + 𝒃𝟏

𝟐 + 𝒄𝟏
𝟐 ≥ 𝟒√𝟑 ∙ 𝑭𝟏 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝟏
𝟐 + 𝒃𝟏

𝟐 + 𝒄𝟏
𝟐) ≥

𝑪𝑩𝑺
(𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏)

𝟐 

(𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏)
𝟐 ≤ 𝟒√𝟑𝑭 ∙ 𝟒√𝟑𝑭𝟏 = (𝟒√𝟑)

𝟐
𝑭𝑭𝟏 

Therefore, 

𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏 ≤ 𝟒√𝟑 ∙ √𝑭𝑭𝟏 

SP.474 If 𝒎 ≥ 𝟎 and 𝒙, 𝒚, 𝒛 > 𝟎 then in 𝚫𝑨𝑩𝑪 holds: 

𝒙𝒎+𝟏 ∙ 𝒂𝟐𝒎

(𝒚 + 𝒛)𝒎+𝟏 ∙ 𝒉𝒂
𝟐
+

𝒚𝒎+𝟏 ∙ 𝒃𝟐𝒎

(𝒛 + 𝒙)𝒎+𝟏 ∙ 𝒉𝒃
𝟐 +

𝒛𝒎+𝟏 ∙ 𝒄𝟐𝒎

(𝒙 + 𝒚)𝒎+𝟏 ∙ 𝒉𝒄
𝟐
≥ 𝟐𝒎−𝟏 ∙ (√𝟑)

𝟏−𝒎
∙ 𝑭𝒎−𝟏 

Proposed by D.M. Bătinețu-Giurgiu, Mihaly Bencze-Romania 

Solution 1 by proposers 

∑
𝒙𝒎+𝟏 ∙ 𝒂𝟐𝒎

(𝒚 + 𝒛)𝒎+𝟏 ∙ 𝒉𝒂𝟐
𝒄𝒚𝒄

=∑
𝒙𝒎+𝟏 ∙ 𝒂𝟐𝒎+𝟐

(𝒚 + 𝒛)𝒎+𝟏 ∙ (𝒂𝒉𝒂)𝟐
𝒄𝒚𝒄

=
𝟏

𝟒𝑭𝟐
 ∑(

𝒙𝒂𝟐

𝒚 + 𝒛
)

𝒎+𝟏

𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏

 

≥
𝟏

𝟒𝑭𝟐
∙
𝟏

𝟑𝒎
(∑

𝒙

𝒚 + 𝒛
𝒂𝟐

𝒄𝒚𝒄

)

𝒎+𝟏

≥
𝑻𝒔𝒊𝒏𝒕𝒔𝒊𝒇𝒂𝒔 𝟏

𝟒 ∙ 𝟑𝒎 ∙ 𝑭𝟐 
(𝟐√𝟑 ∙ 𝑭)

𝒎+𝟏
= 

=
𝟐𝒎+𝟏(√𝟑)

𝒎+𝟏

𝟒 ∙ 𝟑𝒎
∙ 𝑭𝒎−𝟏 = 𝟐𝒎−𝟏(√𝟑)

𝟏−𝒎
∙ 𝑭𝒎−𝟏 
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Solution 2 by Tapas Das-India 

∑
𝒙𝒎+𝟏

(𝒚 + 𝒛)𝒎+𝟏
∙
𝒂𝟐𝒎

𝒉𝒂𝟐
𝒄𝒚𝒄

=∑
𝒙𝒎+𝟏

(𝒚 + 𝒛)𝒎+𝟏
∙
𝒂𝟐𝒎 ∙ 𝒂𝟐

𝟒𝑭𝟐
𝒄𝒚𝒄

= 

=
𝟏

𝟒𝑭𝟐
∑
𝒙𝒎+𝟏𝒂𝟐(𝒎+𝟏)

(𝒚 + 𝒛)𝒎+𝟏
𝒄𝒚𝒄

≥⏞
𝑹𝒂𝒅𝒐𝒏 𝟏

𝟒𝑭𝟐
∙
𝟏

𝟑𝒎
(∑

𝒙

𝒚 + 𝒛
∙ 𝒂𝟐

𝒄𝒚𝒄

)

𝒎+𝟏

≥ 

≥⏞
𝑻𝒔𝒊𝒏𝒕𝒔𝒊𝒇𝒂𝒔

𝟏

𝟒𝑭𝟐
∙
𝟏

𝟑𝒎
∙ (𝟐√𝟑𝑭)

𝒎+𝟏
=
𝟐𝒎+𝟏 ∙ (√𝟑)

𝒎+𝟏
∙ 𝑭𝒎+𝟏

(√𝟑)
𝟐𝒎 = 𝟐𝒎−𝟏 ∙ (√𝟑)

𝟏−𝒎
∙ 𝑭𝒎−𝟏 

SP.475 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄

+
𝒎𝒃
𝟐 ∙ 𝒃𝟑

√𝒎𝒄𝒎𝒂
+
𝒎𝒄
𝟐 ∙ 𝒄𝟑

√𝒎𝒂𝒎𝒃
≥ 𝟖√𝟑 ∙ 𝑭𝟐 

Proposed by D.M. Bătinețu-Giurgiu, Mihaly Bencze-Romania 
Solution 1 by proposers 

Because 𝒎𝒂 ≥ 𝒉𝒂, we have: 

∑
𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≥∑
𝒉𝒂 ∙ 𝒎𝒂 ∙ 𝒂

𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

= 𝟐𝑭 ∙∑
𝒎𝒂

√𝒎𝒃𝒎𝒄

∙ 𝒂𝟐

𝒄𝒚𝒄

; (𝟏) 

So, 

∑
𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≥ 𝟐𝑭 ∙∑
𝒎𝒂

√𝒎𝒃𝒎𝒄

∙ 𝒂𝟐

𝒄𝒚𝒄

≥ 𝟐𝑭 ∙ 𝟑√∏
𝒎𝒂

√𝒎𝒃𝒎𝒄

∙ 𝒂𝟑

𝒄𝒚𝒄

𝟑 = 

= 𝟐𝑭 ∙ 𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

≥
𝑪𝒂𝒓𝒍𝒊𝒛

𝟐𝑭 ∙ 𝟒√𝟑 ∙ 𝑭 = 𝟖√𝟑 ∙ 𝑭𝟐 

 

Solution 2 by proposers 

∑
𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≥ 𝟐𝑭 ∙∑
𝒎𝒂

√𝒎𝒃𝒎𝒄

∙ 𝒂𝟐

𝒄𝒚𝒄

≥ 𝟐𝑭 ∙ 𝟐∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
∙ 𝒂𝟐

𝒄𝒚𝒄

≥
𝑻𝒔𝒊𝒏𝒕𝒔𝒊𝒇𝒂𝒔

 

≥ 𝟒𝑭 ∙ 𝟐√𝟑 ∙ 𝑭 = 𝟖√𝟑 ∙ 𝑭𝟐 
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Solution 3 by Tapas Das-India 

∑
𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≥ 𝟑√
𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐(𝒂𝒃𝒄)𝟑

𝒎𝒂𝒎𝒃𝒎𝒄

𝟑

= 𝟑√𝒎𝒂𝒎𝒃𝒎𝒄(𝒂𝒃𝒄)𝟑
𝟑

≥ 

≥ 𝟑√(𝒉𝒂𝒉𝒃𝒉𝒄)(𝒂𝒃𝒄)𝟑
𝟑

= 𝟑√𝟖𝑭𝟑(𝒂𝒃𝒄)𝟐
𝟑

≥ 

≥ 𝟑√𝟖𝑭𝟑 (
𝟒𝑭

√𝟑
)
𝟑𝟑

= 𝟖√𝟑𝑭𝟐 

Solution 4 by Myagmarsuren Yadamasuren- Mongolia 

∑
𝒎𝒂
𝟐 ∙ 𝒂𝟑

√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≥ 𝟑𝒂𝒃𝒄 ⋅ √𝒎𝒂𝒎𝒃𝒎𝒄
𝟑 ≥

𝒎𝒂≥√𝒔(𝒔−𝒂)

 

≥ 𝟑𝒂𝒃𝒄 ⋅ √𝒔√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

= 𝟑𝒂𝒃𝒄 ⋅ √𝒔𝑭
𝟑

= 

= 𝟏𝟐 ⋅
𝒂𝒃𝒄

𝟒𝑹
⋅ 𝑹√𝒔𝑭

𝟑
= 𝟏𝟐𝑭 ⋅ √𝒔𝑭𝑹𝟑

𝟑
≥

𝑬𝒖𝒍𝒆𝒓
𝟏𝟐𝑭 ⋅ √𝑭𝟐 ⋅ 𝟐𝑹𝟐

𝟑
= 

= 𝟏𝟐𝑭 ⋅ √𝑭𝟐 ⋅ 𝟐 ⋅ 𝑹 ⋅ 𝑹
𝟑

≥ 𝟏𝟐𝑭 ⋅ √𝑭𝟐 ⋅ 𝒔𝒓 ⋅
𝟖

𝟑√𝟑

𝟑

= 𝟖√𝟑𝑭𝟐 

SP.476 If 𝒙, 𝒚, 𝒛 > 𝟎 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟐𝟓
 then: 

∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

≥
𝟑

√𝟐𝝀 + 𝟏
𝟑  

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

Using Radon’s inequality, we have: 

∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

=∑√
𝒙𝟑

𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

=∑√
𝒙𝟒

𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑
𝟑

𝒄𝒚𝒄

= 

=∑
𝒙
𝟒
𝟑

(𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑)
𝟏
𝟑𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏 (∑𝒙)

𝟒
𝟑

[∑(𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑)]
𝟏
𝟑

≥
(𝟏) 𝟑

√𝟐𝝀 + 𝟏
𝟑  
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(𝟏) ⇔
(∑𝒙)

𝟒
𝟑

[∑(𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑)]
𝟏
𝟑

≥
𝟑

√𝟐𝝀 + 𝟏
𝟑 ⇔ 

√𝟐𝝀 + 𝟏
𝟑

(∑𝒙)
𝟒
𝟑 ≥ 𝟑 [∑(𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑)]

𝟏
𝟑
⇔ 

(𝟐𝝀 + 𝟏)(∑𝒙)𝟒 ≥ 𝟐𝟕∑( 𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑) ⇔ 

(𝟐𝝀 + 𝟏)[∑𝒙𝟒 + 𝟔∑𝒚𝟐𝒛𝟐 + 𝟒∑𝒙𝟐∑𝒚𝒛 + 𝟖𝒙𝒚𝒛∑𝒙] ≥ 𝟐𝟕∑(𝝀𝒙𝒚𝟑 + 𝒙𝟐𝒚𝒛 + 𝝀𝒙𝒛𝟑) 

(𝟐𝝀 + 𝟏)[∑𝒙𝟒 + 𝟔∑𝒚𝟐𝒛𝟐 + 𝟒∑𝒙𝟐∑𝒚𝒛 + 𝟖𝒙𝒚𝒛∑𝒙] ≥ 

≥ 𝟐𝟕𝝀∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐) + 𝟐𝟕𝒙𝒚𝒛∑𝒙 ⇔ 

(𝟐𝝀 + 𝟏)∑𝒙𝟒 + 𝟔(𝟐𝝀 + 𝟏)∑𝒚𝟐𝒛𝟐 + 𝟒(𝟐𝝀 + 𝟏)∑𝒙𝟐∑𝒚𝒛 + 𝟖(𝟐𝝀 + 𝟏)𝒙𝒚𝒛∑𝒙 ≥ 

≥ 𝟐𝟕𝝀∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐) + 𝟐𝟕𝒙𝒚𝒛∑𝒙 ⇔ 

(𝟐𝝀 + 𝟏)∑𝒙𝟒 + 𝟔(𝟐𝝀 + 𝟏)∑𝒚𝟐𝒛𝟐 + 𝟒(𝟐𝝀 + 𝟏)∑𝒙𝟐∑𝒚𝒛 + (𝟏𝟔𝝀 − 𝟏𝟗)𝒙𝒚𝒛∑𝒙 ≥ 

≥ 𝟐𝟕𝝀∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐), which follows from Schur’s inequality: 

𝒙𝒓(𝒙 − 𝒚)(𝒙 − 𝒛) ≥ 𝟎,∀𝒙, 𝒚, 𝒛 ≥ 𝟎 and 𝒓 > 𝟎. 

For 𝒓 = 𝟐 we have: 

𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) ≥ 𝒙𝒚(𝒙𝟐 + 𝒚𝟐) + 𝒚𝒛(𝒚𝟐 + 𝒛𝟐) + 𝒛𝒙(𝒛𝟐 + 𝒙𝟐) 

∑𝒙𝟒 + 𝒙𝒚𝒛∑𝒙 ≥ ∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐) ⇒ 

𝟐𝟕𝝀∑𝒙𝟒 + 𝟐𝟕𝝀𝒙𝒚𝒛∑𝒙 ≥ 𝟐𝟕𝝀∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐) 

It is enough to prove: 

(𝟐𝝀 + 𝟏)∑𝒙𝟒 + 𝟔(𝟐𝝀 + 𝟏)∑𝒚𝟐𝒛𝟐 + 𝟒(𝟐𝝀 + 𝟏)∑𝒙𝟐∑𝒚𝒛 + (𝟏𝟔𝝀 − 𝟏𝟗)𝒙𝒚𝒛∑𝒙 ≥ 

≥ 𝟐𝟕𝝀∑𝒚𝒛(𝒚𝟐 + 𝒛𝟐) ⇔ 

(𝟏 − 𝟐𝟓𝝀)∑𝒙𝟒 + 𝟔(𝟐𝝀 + 𝟏)∑𝒚𝟐𝒛𝟐 + 𝟒(𝟐𝝀 + 𝟏)∑𝒙𝟐∑𝒚𝒛 ≥ (𝟏𝟗 + 𝟏𝟏𝝀)𝒙𝒚𝒛∑𝒙 

which follows from 𝟎 ≤ 𝝀 ≤
𝟏

𝟐𝟓
 and the inequalities: 

∑𝒙𝟒 ≥ ∑𝒚𝟐𝒛𝟐;    ∑𝒚𝟐𝒛𝟐 ≥ 𝒙𝒚𝒛∑𝒙 and   ∑𝒙𝟐∑𝒚𝒛 ≥ (∑𝒚𝒛)𝟐 ≥ 𝟑𝒙𝒚𝒛∑𝒙 

We get: 

(𝟏 − 𝟐𝟓𝝀)∑𝒙𝟒 + 𝟔(𝟐𝝀 + 𝟏)∑𝒚𝟐𝒛𝟐 + 𝟒(𝟐𝝀 + 𝟏)∑𝒙𝟐∑𝒚𝒛 ≥ 

≥ (𝟏 − 𝟐𝟓𝝀)𝒙𝒚𝒛∑𝒙 + 𝟔(𝟐𝝀 + 𝟏)𝒙𝒚𝒛∑𝒙 + 𝟒(𝟐𝝀 + 𝟏)𝟑𝒙𝒚𝒛∑𝒙 = 

= (𝟏𝟗 + 𝟏𝟏𝝀)𝒙𝒚𝒛∑𝒙.   Equality holds for 𝒙 = 𝒚 = 𝒛.  
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let 𝒑 = 𝒙 + 𝒚 + 𝒛, 𝒒 = 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙, 𝒓 = 𝒙𝒚𝒛, 𝒒 ≤
𝒑𝟐

𝟑
= 𝟑, 𝒓 ≤ (

𝒑

𝟑
)
𝟑

= 𝟏 

(∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

)

𝟑

∑𝒙(𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑)

𝒄𝒚𝒄

≥⏞
𝑯𝑶𝑳𝑫𝑬𝑹

(𝒙 + 𝒚 + 𝒛)𝟒 = 𝟖𝟏 

∑𝒙(𝒚𝟑 + 𝒛𝟑)

𝒄𝒚𝒄

= 𝒑𝟐𝒒 − 𝟐𝒒𝟐 − 𝒑𝒓 = 𝟗𝒒 − 𝟐𝒒𝟐 − 𝟑𝒓 

(∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

)

𝟑

≥
𝟖𝟏

𝝀(𝟗𝒒 − 𝟐𝒒𝟐 − 𝟑𝒓) + 𝟑𝒓
≥⏞

𝒕𝒐 𝒑𝒓𝒐𝒗𝒆

(
𝟑

√𝟐𝝀 + 𝟏
𝟑 )

𝟑

⟺ 

⟺ 𝟑(𝟐𝝀 + 𝟏) ≥ 𝝀(𝟗𝒒 − 𝟐𝒒𝟐 − 𝟑𝒓) + 𝟑𝒓 ⇔ 

⟺𝟑(𝟏 − 𝒓) + 𝝀(−𝟗𝒒 + 𝟐𝒒𝟐 + 𝟑𝒓 + 𝟔) ≥ 𝟎       (𝟏) 

(𝑨)        − 𝟗𝒒 + 𝟐𝒒𝟐 + 𝟑𝒓 + 𝟔 ≥ 𝟎⟹∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

≥ 𝟎 

(𝑩)   − 𝟗𝒒 + 𝟐𝒒𝟐 + 𝟑𝒓 + 𝟔 ≥ 𝟎 ⟹ 

∑
𝒙

√𝝀𝒚𝟑 + 𝒙𝒚𝒛 + 𝝀𝒛𝟑
𝟑

𝒄𝒚𝒄

≥ 𝟑(𝟏 − 𝒓) +
𝟏

𝟐𝟓
(−𝟗𝒒 + 𝟐𝒒𝟐 + 𝟑𝒓 + 𝟔) = 

=
−𝟗𝒒 + 𝟐𝒒𝟐 − 𝟕𝟐𝒓 + 𝟖𝟏

𝟐𝟓
≥
−𝟗𝒒 + 𝟐𝒒𝟐 − 𝟐𝟒𝒒 + 𝟖𝟏

𝟐𝟓
=
(𝟑 − 𝒒)(𝟐𝟕 − 𝟐𝒒)

𝟐𝟓
≥ 𝟎 

Equality holds for 𝒙 = 𝒚 = 𝒛. 

SP.477 If 𝒂, 𝒃, 𝒄, 𝒅 ≥ 𝟏 then: 

√𝒂 − 𝟏 + √𝒃 − 𝟏 + √𝒄 − 𝟏 + √𝒅 − 𝟏 ≤ √𝟐(𝒂𝒃 + 𝒄𝒅) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

√𝒂 − 𝟏 + √𝒃 − 𝟏 + √𝒄 − 𝟏 + √𝒅 − 𝟏 ≤
𝑪𝑩𝑺

 

√((√𝒂 − 𝟏)
𝟐
+ 𝟏𝟐) ((√𝒃 − 𝟏)

𝟐
+ 𝟏𝟐) + √((√𝒄 − 𝟏)

𝟐
+ 𝟏𝟐) ((√𝒅 − 𝟏)

𝟐
+ 𝟏𝟐) = 

= √(𝒂 − 𝟏 + 𝟏)(𝒃 − 𝟏 + 𝟏) + √(𝒄 − 𝟏 + 𝟏)(𝒅 − 𝟏 + 𝟏) = 
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= √𝒂𝒃 + √𝒄𝒅 ≤
𝑪𝑩𝑺

√((√𝒂𝒃)
𝟐
+ (√𝒄𝒅)

𝟐
) (𝟏𝟐 + 𝟏𝟐) = √𝟐(𝒂𝒃 + 𝒄𝒅) 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟐. 

Solution 2 by Ravi Prakash- India 

Let 𝒂 = 𝐬𝐞𝐜𝟐 𝜶 ,𝒃 = 𝐬𝐞𝐜𝟐𝜷 , 𝒄 = 𝐬𝐞𝐜𝟐 𝜸 ,𝒅 = 𝐭𝐚𝐧𝜹.  

As 𝒂, 𝒃, 𝒄, 𝒅 ≥ 𝟏 ⇒ 𝜶,𝜷, 𝜸, 𝜹 ∈ (𝟎;
𝝅

𝟐
) 

The inequality becomes: 

𝐭𝐚𝐧 𝜶 + 𝐭𝐚𝐧𝜷 + 𝐭𝐚𝐧 𝜸 + 𝐭𝐚𝐧 𝜹 ≤ √𝟐(𝐬𝐞𝐜𝟐 𝜶𝐬𝐞𝐜𝟐𝜷 + 𝐬𝐞𝐜𝟐 𝜸𝐬𝐞𝐜𝟐 𝜹) = 

=
𝐬𝐢𝐧(𝜶 + 𝜷)

𝐜𝐨𝐬𝜶 𝐜𝐨𝐬 𝜷
+
𝐬𝐢𝐧(𝜸 + 𝜹)

𝐜𝐨𝐬𝜸 𝐜𝐨𝐬 𝜹
≤ 𝐬𝐞𝐜 𝜶 𝐬𝐞𝐜𝜷 + 𝐬𝐞𝐜𝜸 𝐬𝐞𝐜𝜹 

It is sufficient to show that: 

𝐬𝐞𝐜𝜶 𝐬𝐞𝐜𝜷 + 𝐬𝐞𝐜𝜸 𝐬𝐞𝐜𝜹 ≤ √𝟐(𝐬𝐞𝐜𝟐 𝜶𝐬𝐞𝐜𝟐 𝜷+ 𝐬𝐞𝐜𝟐 𝜸𝐬𝐞𝐜𝟐 𝜹) ⇔ 

(𝐬𝐞𝐜𝜶 𝐬𝐞𝐜𝜷 + 𝐬𝐞𝐜𝜸 𝐬𝐞𝐜𝜹)𝟐 ≤ 𝟐(𝐬𝐞𝐜𝟐 𝜶𝐬𝐞𝐜𝟐𝜷 + 𝐬𝐞𝐜𝟐 𝜸 𝐬𝐞𝐜𝟐 𝜹) ⇔ 

𝟐 𝐬𝐞𝐜 𝜶 𝐬𝐞𝐜𝜷 𝐬𝐞𝐜 𝜸 𝐬𝐞𝐜 𝜹 ≤ 𝐬𝐞𝐜𝟐 𝜶𝐬𝐞𝐜𝟐𝜷 + 𝐬𝐞𝐜𝟐 𝜸 𝐬𝐞𝐜𝟐 𝜹 

(𝐬𝐞𝐜𝜶 𝐬𝐞𝐜𝜷 − 𝐬𝐞𝐜𝜸 𝐬𝐞𝐜𝜹)𝟐 ≥ 𝟎 𝒕𝒓𝒖𝒆! 

Solution 3 by Tapas Das-India 

We will prove that 

√𝒙 − 𝟏 + √𝒚 − 𝟏 ≤ √𝒙𝒚,∀𝒙, 𝒚 > 0 

Using CBS for 𝒂𝟏 = √𝒙 − 𝟏,𝒂𝟐 = 𝟏,𝒃𝟏 = 𝟏,𝒃𝟐 = √𝒚 − 𝟏 ⇒ 

[(𝒙 − 𝟏) + 𝟏][𝟏 + (𝒚 − 𝟏)] ≥ (√𝒙 − 𝟏 +√𝒚 − 𝟏)
𝟐

 

𝒙𝒚 ≥ (√𝒙 − 𝟏 + √𝒚 − 𝟏)
𝟐

 

Now, 

√𝒂 − 𝟏 + √𝒃 − 𝟏 + √𝒄 − 𝟏 + √𝒅 − 𝟏 ≤ √𝒂𝒃 + √𝒄𝒅 ≤ 𝟐√
𝒂𝒃 + 𝒄𝒅

𝟐
= √𝟐(𝒂𝒃 + 𝒄𝒅) 

Solution 4 by Sanong Huayrerai- Thailand 

√𝒂 − 𝟏 + √𝒃 − 𝟏 + √𝒄 − 𝟏 + √𝒅 − 𝟏 ≤ √𝟐(𝒂𝒃 + 𝒄𝒅) 

Let 𝒙𝟐 = 𝒂 − 𝟏, 𝒚𝟐 = 𝒃− 𝟏, 𝒛𝟐 = 𝒄 − 𝟏, 𝒕𝟐 = 𝒅− 𝟏 ⇒ 
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𝒙 + 𝒚 + 𝒛 + 𝒕 ≤ √𝟐[(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏) + (𝒛𝟐 + 𝟏)(𝒕𝟐 + 𝟏)] 

𝒙 + 𝒚 + 𝒛 + 𝒕 ≤ √(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏) + √(𝒛𝟐 + 𝟏)(𝒕𝟐 + 𝟏) 

Because:  

𝒙 + 𝒚 ≤ √(𝒙𝟐 + 𝟏)(𝒚𝟐 + 𝟏) ⇔ 𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙𝒚 ≤ 𝒙𝟐 + 𝒚𝟐 + 𝒙𝟐𝒚𝟐 + 𝟏 ⇔ 

𝟐𝒙𝒚 ≤ 𝒙𝟐𝒚𝟐 + 𝟏 and  𝟐𝒛𝒕 ≤ 𝒛𝟐𝒕𝟐 + 𝟏 

 

SP.478 Let 𝒂, 𝒃, 𝒄 −be the sides lengths of 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑮 −centroid. If 

𝑰𝑮 ⊥  𝑩𝑪 and 𝒃 ≠ 𝒄 then: 

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
<
𝟏𝟑

𝟔
 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

 

Let 𝑴 ∈ (𝑩𝑪),𝑴 −middle point of 𝑩𝑪 ⇒ 𝑨𝑴⃗⃗⃗⃗⃗⃗  ⃗ =
𝟏

𝟐
(𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗); (𝟏) 

𝑨𝑮

𝑮𝑴
= 𝟐 ⇒ 𝑨𝑮⃗⃗ ⃗⃗  ⃗ =

𝟐

𝟑
𝑨𝑴⃗⃗⃗⃗⃗⃗  ⃗  

(𝟏)
⇒ 𝑨𝑮⃗⃗ ⃗⃗  ⃗ =

𝟏

𝟑
(𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗) 

𝑰 −incenter, then 𝑨𝑰⃗⃗⃗⃗ =
𝒃𝑨𝑩⃗⃗⃗⃗⃗⃗ +𝒄𝑨𝑪⃗⃗ ⃗⃗  ⃗

𝒂+𝒃+𝒄
; (𝟐) 

𝑨𝑰⃗⃗⃗⃗ + 𝑰𝑮⃗⃗⃗⃗ = 𝑨𝑮⃗⃗ ⃗⃗  ⃗ ⇒ 𝑰𝑮⃗⃗⃗⃗ = 𝑨𝑮⃗⃗ ⃗⃗  ⃗ − 𝑨𝑰⃗⃗⃗⃗ =
𝟏

𝟑
(𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗) −

𝒃𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒄𝑨𝑪⃗⃗⃗⃗  ⃗

𝒂 + 𝒃 + 𝒄
 

𝑰𝑮⃗⃗⃗⃗ =
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
[(𝒂 + 𝒃 + 𝒄 − 𝟑𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ + (𝒂 + 𝒃 + 𝒄 − 𝟑𝒄)𝑨𝑪⃗⃗⃗⃗  ⃗] 



 
www.ssmrmh.ro 

52 32-RMM SPRING EDITION 2024-SOLUTIONS 

 

𝑰𝑮⃗⃗⃗⃗ =
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
((𝒂 + 𝒄 − 𝟐𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ + (𝒂 + 𝒃 − 𝟐𝒄)𝑨𝑪⃗⃗⃗⃗  ⃗) ; (𝟑) 

We have: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ ∙ 𝑨𝑪⃗⃗⃗⃗  ⃗ = |𝑨𝑩⃗⃗⃗⃗⃗⃗ | ∙ |𝑨𝑪⃗⃗⃗⃗  ⃗| ∙ 𝐜𝐨𝐬 𝑨 = 𝒃𝒄 ∙ 𝐜𝐨𝐬 𝑨 = 

= 𝒃𝒄 ∙
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
=
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐
; (𝟒) 

Hence, 

𝑰𝑮⃗⃗⃗⃗ ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑰𝑮⃗⃗⃗⃗ ∙ (𝑩𝑨⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗) = 𝑰𝑮⃗⃗⃗⃗ ∙ (𝑨𝑪⃗⃗⃗⃗  ⃗ − 𝑨𝑩⃗⃗⃗⃗⃗⃗ ) = 𝑰𝑮⃗⃗⃗⃗ ∙ 𝑨𝑪⃗⃗⃗⃗  ⃗ − 𝑰𝑮⃗⃗⃗⃗ ∙ 𝑨𝑩⃗⃗⃗⃗⃗⃗ =
(𝟑)

 

=
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
((𝒂 + 𝒄 − 𝟐𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ ∙ 𝑨𝑪⃗⃗⃗⃗  ⃗ + (𝒂 + 𝒃 − 𝟐𝒄)𝑨𝑪⃗⃗⃗⃗  ⃗ ∙ 𝑨𝑪⃗⃗⃗⃗  ⃗) − 

−
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
((𝒂 + 𝒄 − 𝟐𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ ∙ 𝑨𝑩⃗⃗⃗⃗⃗⃗ + (𝒂 + 𝒃 − 𝟐𝒄)𝑨𝑪⃗⃗⃗⃗  ⃗ ∙ 𝑨𝑩⃗⃗⃗⃗⃗⃗ ) =

(𝟒)
 

=
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
((𝒂 + 𝒄 − 𝟐𝒃)

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐
+ (𝒂 + 𝒃 − 𝟐𝒄)𝒄𝟐) − 

−
𝟏

𝟑(𝒂 + 𝒃 + 𝒄)
((𝒂 + 𝒄 − 𝟐𝒃)𝒄𝟐 + (𝒂 + 𝒃 − 𝟐𝒄)

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐
) = 

=
𝟏

𝟔(𝒂 + 𝒃 + 𝒄)
(𝒂 + 𝒃 + 𝒄)(𝒄 − 𝒃)(𝒃 + 𝒄 − 𝟑𝒂) =

𝟏

𝟔
(𝒄 − 𝒃)(𝒃 + 𝒄 − 𝟑𝒂); (𝟓) 

𝑰𝑮 ⊥ 𝑩𝑪 ⇔ 𝑰𝑮⃗⃗⃗⃗ ∙ 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟎 ⇔ (𝒄 − 𝒃)(𝒃 + 𝒄 − 𝟑𝒂) = 𝟎, (∵ 𝒃 ≠ 𝒄) ⇒ 𝒃 + 𝒄 = 𝟑𝒂; (𝟔) 

Now, we have: 

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
<
𝟏𝟑

𝟔
 

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
<
𝟓

𝟐
−
𝟏

𝟑
 

𝒂

𝟑𝒂
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
<
𝟓

𝟐
 

So, we have to prove that: 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
<
𝟓

𝟐
⇔∑(𝟏 −

𝒂

𝒃 + 𝒄
)

𝒄𝒚𝒄

>
𝟏

𝟐
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
⇔ 

∑
𝒃+ 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

>
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
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By CBS inequality, we have: 

𝟐(∑𝒂𝟐

𝒄𝒚𝒄

)(∑
𝒃 + 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

) = [∑(𝒃 + 𝒄)(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

] (∑
𝒃+ 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

) ≥ 

≥ (∑(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

)

𝟐

= (𝒂 + 𝒃 + 𝒄)𝟐 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 but (𝒃 ≠ 𝒄) or 𝒂 = 𝒃, 𝒄 = 𝟎 (impossible!) 

Solution 2 by Mohamed Amine Ben Ajiba- Morocco 

𝑭𝒐𝒓 𝒂𝒏𝒚 𝒑𝒐𝒊𝒏𝒕 𝑴 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒂 + 𝒃 + 𝒄)𝑴𝑰⃗⃗⃗⃗⃗⃗ = 𝒂𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝒃𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝒄𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  . 

𝑭𝒐𝒓 𝑴 ≡ 𝑮 𝒘𝒆 𝒈𝒆𝒕 ∶  (𝒂 + 𝒃 + 𝒄)𝑮𝑰⃗⃗⃗⃗ = 𝒂𝑮𝑨⃗⃗ ⃗⃗  ⃗ + 𝒃𝑮𝑩⃗⃗⃗⃗⃗⃗ + 𝒄𝑮𝑪⃗⃗⃗⃗  ⃗ 

𝑺𝒊𝒏𝒄𝒆 ∶  𝑮𝑨⃗⃗ ⃗⃗  ⃗ = −
𝟏

𝟑
(𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗),   𝑮𝑩⃗⃗⃗⃗⃗⃗ = −

𝟏

𝟑
(𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑩𝑨⃗⃗⃗⃗⃗⃗ )   𝒂𝒏𝒅   𝑮𝑪⃗⃗⃗⃗  ⃗ = −

𝟏

𝟑
(𝑪𝑨⃗⃗⃗⃗  ⃗ + 𝑪𝑩⃗⃗⃗⃗⃗⃗ ) 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶  (𝒂 + 𝒃 + 𝒄)𝑮𝑰⃗⃗⃗⃗ = −
𝟏

𝟑
((𝒂 − 𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ + (𝒃 − 𝒄)𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝒄 − 𝒂)𝑪𝑨⃗⃗⃗⃗  ⃗). 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑰𝑮 ⟂ 𝑩𝑪 ⇔  𝑮𝑰⃗⃗⃗⃗ . 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟎 

⇔  ((𝒂 − 𝒃)𝑨𝑩⃗⃗⃗⃗⃗⃗ + (𝒃 − 𝒄)𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝒄 − 𝒂)𝑪𝑨⃗⃗⃗⃗  ⃗) . 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟎 

⇔ (𝒂 − 𝒃) (−
𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐

𝟐
) + (𝒃 − 𝒄)𝒂𝟐 + (𝒄 − 𝒂) (−

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐
) = 𝟎 

⇔ (𝒂 − 𝒃)(𝒃 − 𝒄)(𝒃 + 𝒄) + 𝟑(𝒃 − 𝒄)𝒂𝟐 − (𝒄 − 𝒂)(𝒃 − 𝒄)(𝒃 + 𝒄) = 𝟎 

⇔ (𝒃 − 𝒄)[𝟑𝒂𝟐 + 𝟐𝒂(𝒃 + 𝒄) − (𝒃 + 𝒄)𝟐] = 𝟎 

⇔ (𝒃 − 𝒄)(𝒂 + 𝒃 + 𝒄)(𝟑𝒂 − 𝒃 − 𝒄) = 𝟎  𝒕𝒉𝒆𝒏 ∶   𝟑𝒂 = 𝒃 + 𝒄 . 

𝑵𝒐𝒘 𝒍𝒆𝒕 𝒑 ≔ (𝒃 + 𝒄)𝟐,   𝒔 ≔ 𝒃𝒄  𝒂𝒏𝒅  𝒕 ≔
𝒑

𝒔
. 

 𝑺𝒊𝒏𝒄𝒆 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 ∆𝑨𝑩𝑪 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂 + 𝒃 > 𝒄 𝒂𝒏𝒅  𝒄 + 𝒂 > 𝒃 

⇔  𝟒𝒃 + 𝒄 > 𝟑𝒄 𝒂𝒏𝒅 𝟒𝒄 + 𝒃 > 𝟑𝒃 ⇔  𝟐𝒃 > 𝒄 𝒂𝒏𝒅 𝟐𝒄 > 𝒃 ⇒  
𝟏

𝟐
<
𝒃

𝒄
< 𝟐 ⇒ 



 
www.ssmrmh.ro 

54 32-RMM SPRING EDITION 2024-SOLUTIONS 

 

 𝟒 <⏞
𝑨𝑴−𝑮𝑴

𝒕 =
𝒃

𝒄
+
𝒄

𝒃
+ 𝟐 <

𝟗

𝟐
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 𝒏𝒐𝒘 ∶  
𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

=
𝟑𝒃

𝟑𝒄 + 𝟑𝒂
+

𝟑𝒄

𝟑𝒂 + 𝟑𝒃
+
𝟗𝒂(𝒃 + 𝒄) + 𝟗𝒃𝒄

(𝟑𝒂)𝟐 + 𝟗(𝒃𝟐 + 𝒄𝟐)
= 

=
𝟑𝒃

𝟒𝒄 + 𝒃
+

𝟑𝒄

𝟒𝒃 + 𝒄
+

𝟑𝒑 + 𝟗𝒔

𝒑 + 𝟗(𝒑 − 𝟐𝒔)
= 𝟑(

𝟒𝒑 − 𝟔𝒔

𝟒𝒑 + 𝟗𝒔
+

𝒑 + 𝟑𝒔

𝟏𝟎𝒑 − 𝟏𝟖𝒔
)

=
𝟑(𝟒𝟒𝒑𝟐 − 𝟏𝟏𝟏𝒑𝒔 + 𝟏𝟑𝟓𝒔𝟐)

𝟐(𝟐𝟎𝒑𝟐 + 𝟗𝒑𝒔 − 𝟖𝟏𝒔𝟐)
 <⏞
?

 
𝟏𝟑

𝟔
 

⇔ −𝟑𝟒𝒑𝟐 + 𝟐𝟕𝟗𝒑𝒔 − 𝟓𝟔𝟕𝒔𝟐 > 𝟎 ⇔  −𝟑𝟒𝒕𝟐 + 𝟐𝟕𝟗𝒕 − 𝟓𝟔𝟕 > 𝟎

⇔  𝟐 (
𝟗

𝟐
− 𝒕) [𝟏𝟕(𝒕 − 𝟒) + 𝟓] > 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆   𝟒 < 𝒕 <
𝟗

𝟐
 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

SP.479 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑹𝟐

𝒓
≥
𝒔

𝟏𝟔
(
𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
) (
𝒃

𝒘𝒄
++

𝒄

𝒘𝒃
) (
𝒂

𝒘𝒂
+
𝒄

𝒘𝒄
) ≥

𝟖𝒓𝟐

𝑹
 

Proposed by Alex Szoros-Romania 
Solution 1 by proposer 

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≤
𝒂

𝒉𝒃
+
𝒃

𝒉𝒂
=
𝒂𝒃

𝟐𝑭
+
𝒂𝒃

𝟐𝑭
=
𝒂𝒃

𝑭
=
𝟒𝑹

𝒄
 

𝟒𝑹

𝒄
≥
𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
; (𝟏) 

Using Padoa’s inequality, we have: 

𝒂𝒃𝒄 ≥ 𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄); (𝟐) 

𝒄 = (𝒔 − 𝒂) + (𝒔 − 𝒃) ≥
𝑨𝑮𝑴

𝟐√(𝒔 − 𝒂)(𝒔 − 𝒃); (𝟑) 

From (2) and (3), it follows: 

𝒂𝒃𝒄𝟐 ≥ 𝟏𝟔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)√(𝒔 − 𝒂)(𝒔 − 𝒃) 

𝒂𝒃𝒄𝟐 ≥ 𝟏𝟔
𝑭𝟐

𝒔𝟐
𝒔√(𝒔 − 𝒂)(𝒔 − 𝒃) ≥ 𝟏𝟔𝒓𝟐𝒘𝒂𝒘𝒃 
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𝟐 ∙ √
𝒂𝒃

𝒘𝒂𝒘𝒃
≥
𝟖𝒓

𝒄
; (𝟒) 

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≥
𝑨𝑮𝑴

𝟐√
𝒂𝒃

𝒘𝒂𝒘𝒃
; (𝟓) 

From (4) and (5), we get: 

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≥
𝟖𝒓

𝒄
; (𝟔) 

From (1) and (6), we get: 

𝟒𝑹

𝒄
≥
𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≥
𝟖𝒓

𝒄
; (𝟕) 

From (7), it follows that: 

𝟔𝟒𝑹𝟑

𝒂𝒃𝒄
≥∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≥
𝟓𝟏𝟐𝒓𝟑

𝒂𝒃𝒄
;  (𝟖) 

But 𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔, then (8) becomes: 

𝟏𝟔𝑹𝟐

𝒓𝒔
≥∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≥
𝟏𝟐𝟖𝒓𝟐

𝑹𝒔
 

𝑹𝟐

𝒓
≥
𝒔

𝟏𝟔
∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≥
𝟖𝒓𝟐

𝑹
 

Solution 2 by Tapas Das-India 

∗ 𝒘𝒂  ≤ √𝒓𝒃𝒓𝒄 ⇒ 𝒘𝒂𝒘𝒃𝒘𝒄 ≤ 𝒓𝒂𝒓𝒃𝒓𝒄 

∗ 𝒓𝒂𝒓𝒃𝒓𝒄 ≤
𝟑

𝟖
𝒂𝒃𝒄√𝟑 ⇒ 𝒘𝒂𝒘𝒃𝒘𝒄 ≤

𝟑

𝟖
𝒂𝒃𝒄√𝟑  𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

𝒓𝒂 =
𝑭

𝒔 − 𝒂
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) ⇒ 𝒓𝒂𝒓𝒃𝒓𝒄 =

𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝑭𝟑𝒔

𝑭𝟐
= 𝑭𝒔 = 

=
𝒂𝒃𝒄

𝟒𝑹
∙ 𝒔 ≤

𝒂𝒃𝒄

𝟒𝑹
∙
𝟑√𝟑

𝟐
𝑹 ≤

𝟑√𝟑𝒂𝒃𝒄

𝟖
 

𝒔

𝟏𝟔
∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≥
𝑨𝑮𝑴 𝒔

𝟏𝟔
∙∏𝟐√

𝒂𝒃

𝒘𝒂𝒘𝒃
𝒄𝒚𝒄

=
𝒔

𝟐
∙
𝒂𝒃𝒄

𝒘𝒂𝒘𝒃𝒘𝒄
≥
𝒔

𝟐
𝒂𝒃𝒄 ∙

𝟖

𝟑𝒂𝒃𝒄√𝟑
= 
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= 𝟖 ∙
𝟒

𝟑√𝟑
≥
𝟑√𝟑𝒓 ∙ 𝟒

𝟑√𝟑
= 𝟒𝒓 

∗ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

We need to prove  

𝟒𝒓 ≥
𝟖𝒓𝟐

𝑹
⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

Hence, 

𝒔

𝟏𝟔
∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≥
𝟖𝒓𝟐

𝑹
 

𝒔

𝟏𝟔
∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≤
𝒔

𝟏𝟔
∏(

𝒂

𝒉𝒃
+
𝒃

𝒉𝒂
)

𝒄𝒚𝒄

= 

∗ 𝒉𝒂 ≤ 𝒘𝒂 , 𝒉𝒃 ≤ 𝒘𝒃, 𝒉𝒄 ≤ 𝒘𝒄 

=
𝒔

𝟏𝟔
∏(

𝒂𝒃

𝟐𝑭
+
𝒂𝒃

𝟐𝑭
)

𝒄𝒚𝒄

=
𝒔

𝟏𝟔
∙
(𝒂𝒃𝒄)𝟐

𝑭𝟑
=
𝒔

𝟏𝟔
∙
(𝟒𝑹𝑭)𝟐

𝑭𝟑
=
𝒔

𝟏𝟔
∙
𝟏𝟔𝑹𝟐

𝑭
=
𝑹𝟐

𝒓
 

Solution 3 by Ertan Yildirim-Izmir-Turkiye 

∗ 𝒉𝒂 ≤ 𝒘𝒂 ≤ √𝒔(𝒔 − 𝒂) 

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≤
𝒂

𝒉𝒃
+
𝒃

𝒉𝒂
=
𝒂 ∙ 𝟐𝑹

𝒂𝒄
+
𝒃

𝒃𝒄
∙ 𝟐𝑹 =

𝟐𝑹

𝒄
∙ 𝟐 =

𝟒𝑹

𝒄
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑷 =
𝒔

𝟏𝟔
∏(

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
)

𝒄𝒚𝒄

≤
𝒔

𝟏𝟔
∙∏

𝟒𝑹

𝒂
𝒄𝒚𝒄

=
𝟔𝟒𝑹𝟑

𝟒𝒓𝒔 ∙ 𝑹
∙
𝒔

𝟏𝟔
=
𝑹𝟐

𝒓
 

𝒂

𝒘𝒃
+
𝒃

𝒘𝒂
≥
𝑨𝑮𝑴

𝟐√
𝒂𝒃

𝒘𝒂𝒘𝒃
 

𝑷 ≥
𝒔

𝟏𝟔
∏𝟐√

𝒂𝒃

𝒘𝒂𝒘𝒃
𝒄𝒚𝒄

=
𝒔

𝟏𝟔
∙
𝟖𝒂𝒃𝒄

𝒘𝒂𝒘𝒃𝒘𝒄
≥
𝒔

𝟐
∙

𝟒𝒔𝒓 ∙ 𝑹

√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟐𝒔𝟐𝒓𝑹

𝒔𝟐𝒓

= 𝟐𝑹 ≥
? 𝟖𝒓𝟐

𝑹
, 𝟐𝑹𝟐 ≥ 𝟖𝒓𝟐⇔ 𝑹𝟐 ≥ 𝟒𝒓𝟐 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 
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SP.480 In 𝚫𝑨𝑩𝑪, 𝑭 −area and the points 𝑴 ∈ (𝑩𝑪), 𝑵 ∈ (𝑪𝑨), 𝑷 ∈ (𝑨𝑩), 

then: 

(𝒂𝟐 + 𝒃 ⋅ 𝑩𝑴)(𝒃𝟐 + 𝒄 ⋅ 𝑪𝑷)(𝒄𝟐 + 𝒂 ⋅ 𝑨𝑴) ≥ 𝟑𝟔√𝟑 ⋅ 𝑭𝟑 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

Because 𝑨𝑴 ≥ 𝒉𝒂, 𝑩𝑵 ≥ 𝒉𝒃, 𝑪𝑷 ≥ 𝒉_𝒄, then: 

∏(𝒂𝟐 + 𝒃 ⋅ 𝑩𝑵)

𝒄𝒚𝒄

≥∏(𝒂𝟐 + 𝒃 ⋅ 𝒉𝒂)

𝒄𝒚𝒄

=∏(𝒂𝟐 + 𝟐𝑭)

𝒄𝒚𝒄

; (𝟏) 

∏(𝒙𝟐 + 𝒕𝟐)

𝒄𝒚𝒄

≥
𝟗

𝟒
⋅ 𝒕𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙);∀ 𝒕, 𝒙, 𝒚, 𝒛 > 0;  (𝟐) 

So, in (2) we take: 𝒙 = 𝒂, 𝒚 = 𝒃, 𝒛 = 𝒄, 𝒕 = √𝟐𝑭, we get: 

∏(𝒂𝟐 + 𝟐𝑭)

𝒄𝒚𝒄

≥
𝟗

𝟒
⋅ 𝟒𝑭𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟗𝑭𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝑮𝒐𝒓𝒅𝒐𝒏
 

≥ 𝑭𝟐 ⋅ 𝟒√𝟑𝑭 = 𝟑𝟔√𝟑𝑭𝟑 

Let’s prove inequality (2). We have: 

(𝒊): (𝒙𝟐 + 𝒕𝟐)(𝒚𝟐 + 𝒕𝟐) ≥
𝟑

𝟒
𝒕𝟐((𝒙 + 𝒚)𝟐 + 𝒕𝟐) ⇔ 

𝟒𝒙𝟐𝒚𝟐 + 𝟒𝒕𝟐(𝒙𝟐 + 𝒚𝟐) + 𝟒𝒕𝟒 ≥ 𝟑𝒕𝟐(𝒙𝟐 + 𝒚𝟐) + 𝟔𝒕𝟐𝒙𝒚 + 𝟑𝒕𝟒 ⇔ 

𝟒𝒙𝟐𝒚𝟐 − 𝟒𝒕𝟐𝒙𝒚 + 𝒕𝟒 + 𝒕𝟐(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚) ≥ 𝟎 ⇔ 

(𝟐𝒙𝒚 − 𝒕𝟐)𝟐 + 𝒕𝟐(𝒙 − 𝒚)𝟐 ≥ 𝟎 which is clearly true. Equality holds for 𝟐𝒙𝒚 − 𝒕𝟐 and 𝒙 =

𝒚. 

(𝒊𝒊): (𝒚𝟐 + 𝒕𝟐)(𝒛𝟐 + 𝒕𝟐) ≥ 𝒕𝟐(𝒚 + 𝒛)𝟐⇔ 𝒚𝟐𝒛𝟐 + 𝒕𝟐(𝒚𝟐 + 𝒛𝟐) + 𝒕𝟒 ≥ 𝒕𝟐(𝒙𝟐 + 𝒚𝟐) + 𝟐𝒕𝟐 

⇔ 𝒚𝟐𝒛𝟐 − 𝟐𝒕𝟐𝒚𝒛 + 𝒕𝟒 ≥ 𝟎 ⇔ (𝒚𝒛 − 𝒕𝟐)𝟐 ≥ 𝟎 which is clearly true. Equality holds 

for 𝒕𝟐 = 𝒚𝒛. Therefore, 

∏(𝒙𝟐 + 𝒕𝟐)

𝒄𝒚𝒄

≥
(𝒊) 𝟑

𝟒
𝒕𝟐((𝒙 + 𝒚)𝟐 + 𝒕𝟐)(𝒛𝟐 + 𝒕𝟐) ≥

𝟑

𝟒
𝒕𝟐 ⋅ 𝒕𝟐((𝒙 + 𝒚) + 𝒛)

𝟐
= 

=
𝟑

𝟒
𝒕𝟒(𝒙 + 𝒚 + 𝒛)𝟐 ≥

𝟗

𝟒
𝒕𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝑩𝑵 ≥ 𝒉𝒃, 𝑪𝑷 ≥ 𝒉𝒄, 𝑨𝑴 ≥ 𝒉𝒂 

∏(𝒂𝟐 + 𝒃 ⋅ 𝑩𝑵)

𝒄𝒚𝒄

≥∏(𝒂𝟐 + 𝒃 ⋅ 𝒉𝒃)

𝒄𝒚𝒄

=∏(𝒂𝟐 + 𝟐𝑭)

𝒄𝒚𝒄

= 

= (𝒂𝟐 + 𝑭 + 𝑭)(𝒃𝟐 + 𝑭 + 𝑭)(𝒄𝟐 + 𝑭 + 𝑭) ≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (√𝒂𝟐𝑭𝟐
𝟑

+ √𝒃𝟐𝑭𝟐
𝟑

+ √𝒄𝟐𝑭𝟐
𝟑

)
𝟑

= 𝑭𝟐 (√𝒂𝟐
𝟑

+ √𝒃𝟐
𝟑

+ √𝒄𝟐
𝟑

) ≥
𝑨𝑮𝑴

 

≥ 𝑭𝟐 (𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

)
𝟑

= 𝟐𝟕𝑭𝟐 ⋅ √𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

= 𝟐𝟕𝑭𝟐√𝟏𝟔𝑹𝟐𝑭𝟐
𝟑

≥ 

≥ 𝟐𝟕𝑭𝟐 ⋅ √𝟏𝟔 ⋅
𝟐

𝟑√𝟑
⋅ 𝒔 ⋅ 𝟐𝒓𝑭𝟐

𝟑

=
𝟏𝟎𝟖𝑭𝟑

√𝟑
= 𝟑𝟔√𝟑𝑭𝟑 

Solution 3 by Tapas Das-India 

𝑩𝑵 ≥ 𝒉𝒃, 𝑪𝑷 ≥ 𝒉𝒄, 𝑨𝑴 ≥ 𝒉𝒂 

∏(𝒂𝟐 + 𝒃 ⋅ 𝑩𝑵)

𝒄𝒚𝒄

≥∏(𝒂𝟐 + 𝒃 ⋅ 𝒉𝒃)

𝒄𝒚𝒄

=∏(𝒂𝟐 + 𝟐𝑭)

𝒄𝒚𝒄

= 

= (𝒂𝟐 + 𝑭 + 𝑭)(𝒃𝟐 + 𝑭 + 𝑭)(𝒄𝟐 + 𝑭 + 𝑭) ≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (√𝒂𝟐𝑭𝟐
𝟑

+ √𝒃𝟐𝑭𝟐
𝟑

+ √𝒄𝟐𝑭𝟐
𝟑

)
𝟑

= 𝑭𝟐 (√𝒂𝟐
𝟑

+ √𝒃𝟐
𝟑

+ √𝒄𝟐
𝟑

) ≥
𝑨𝑮𝑴

 

≥ 𝑭𝟐 (𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

)
𝟑

≥ 𝟐𝟕(
𝟒𝑭

√𝟑
) ⋅ 𝑭𝟐 = 𝟐𝟕 ⋅

𝟒𝑭

√𝟑
𝑭𝟐 = 𝟑𝟔√𝟑𝑭𝟑 

 

UNDERGRADUATE PROBLEMS  

UP.466 Find: 

𝛀 = ∫ (
𝒙 𝐜𝐨𝐬 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
)
𝟐𝝅

𝟎

𝒅𝒙 

Proposed by Florică Anastase-Romania 
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Solution 1 by Benjamin Bamidele-Nigeria 

𝛀 = ∫ (
𝒙𝐜𝐨𝐬 𝒙

𝟏 + 𝐬𝐢𝐧𝒙
)
𝟐𝝅

𝟎

𝒅𝒙 = ∫
𝒙𝟐 𝐜𝐨𝐬𝟐 𝒙

(𝟏 + 𝐬𝐢𝐧 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

= ∫
𝒙𝟐 𝐜𝐨𝐬𝟐 𝒙

(𝟐 𝐬𝐢𝐧𝟐 (
𝒙
𝟐 +

𝝅
𝟒))

𝟐𝒅𝒙
𝝅

𝟎

=
𝒕=
𝒙
𝟐
+
𝝅
𝟒

 

=
𝟏

𝟐
∫ (𝟐𝒕 −

𝝅

𝟐
)
𝟐

𝐜𝐨𝐬𝟐 (𝟐𝒕 −
𝝅

𝟐
)𝐜𝐬𝐜𝟒 𝒕 𝒅𝒕

𝟑𝝅
𝟒

𝝅
𝟒

=
𝟏

𝟐
∫ (𝟐𝒕 −

𝝅

𝟐
)
𝟐

𝐬𝐢𝐧𝟐(𝟐𝒕) 𝐜𝐬𝐜𝟒 𝒕

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = 

= 𝟐∫ (𝟐𝒕 −
𝝅

𝟐
)
𝟐

𝐜𝐨𝐭𝟐 𝒕

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 =
𝑰𝑩𝑷
= −𝟐(𝟐𝒕 −

𝝅

𝟐
)
𝟐

(𝒕 + 𝐜𝐨𝐭 𝒕)|
𝝅
𝟒

𝟑𝝅
𝟒

+∫ (𝟏𝟔𝒕 − 𝟒𝝅)(𝒕 + 𝐜𝐨𝐭 𝒕)

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = 

= 𝟐𝝅𝟐 −
𝟑𝝅𝟑

𝟐
+∫ 𝒕(𝟏𝟔𝒕 − 𝟒𝝅) + (𝟏𝟔𝒕 − 𝟒𝝅) 𝐜𝐨𝐭 𝒕

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = 

= 𝟐𝝅𝟐 −
𝟑𝝅𝟑

𝟐
+
𝟕𝝅𝟑

𝟔
+∫ (𝟏𝟔𝒕 − 𝟒𝝅) 𝐜𝐨𝐭 𝒕

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 =
𝑰𝑩𝑷

 

= 𝟐𝝅𝟐 −
𝝅𝟑

𝟑
+ (𝟏𝟔𝒕 − 𝟒𝝅) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒕)|𝝅

𝟒

𝟑𝝅
𝟒 − 𝟏𝟔∫ 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒕)

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = 

= 𝟐𝝅𝟐 −
𝝅𝟑

𝟑
+ 𝟖𝝅 𝐥𝐨𝐠 (

𝟏

√𝟐
) − 𝟏𝟔∫ 𝐥𝐨𝐠 (𝐬𝐢𝐧 𝒕)

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 

𝐋𝐞𝐭:𝚽 = 𝟏𝟔∫ 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒕)

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = −𝟏𝟔 𝐥𝐨𝐠 𝟐∫ 𝒅𝒕

𝟑𝝅
𝟒

𝝅
𝟒

− 𝟏𝟔∑
𝟏

𝒌

∞

𝒌=𝟏

∫ 𝐜𝐨𝐬(𝟐𝒌𝒕)

𝟑𝝅
𝟒

𝝅
𝟒

𝒅𝒕 = 

= −𝟖𝝅 𝐥𝐨𝐠𝟐 − 𝟖∑(
𝐬𝐢𝐧 (

𝟑𝒌𝝅
𝟐
)

𝒌𝟐
−
𝐬𝐢𝐧(

𝒌𝝅
𝟐
)

𝒌𝟐
)

∞

𝒌=𝟏

= −𝟖𝝅𝐥𝐨𝐠𝟐 − 𝟖∑(
(−𝟏)𝒌

(𝟐𝒌 − 𝟏)𝟐
−
(−𝟏)𝒌−𝟏

(𝟐𝒌 − 𝟏)𝟐
)

∞

𝒌=𝟏

= 

= −𝟖𝝅 𝐥𝐨𝐠𝟐 − 𝟏𝟔∑
(−𝟏)𝒌

(𝟐𝒌 − 𝟏)𝟐

∞

𝒌=𝟏

= −𝟖𝝅 𝐥𝐨𝐠𝟐 + 𝟏𝟔𝑮 

Therefore  𝛀 = ∫ (
𝒙 𝐜𝐨𝐬 𝒙

𝟏+𝐬𝐢𝐧 𝒙
)
𝟐𝝅

𝟎
𝒅𝒙 = 𝟐𝝅𝟐 −

𝝅𝟑

𝟑
+ 𝟒𝝅 𝐥𝐨𝐠 𝟐 − 𝟏𝟔𝑮 

Solution 2 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ (
𝒙𝐜𝐨𝐬 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
)
𝟐𝝅

𝟎

𝒅𝒙 = ∫ 𝒙𝟐 (
𝐜𝐨𝐬 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
)
𝟐

𝝅
𝟐

𝟎

𝒅𝒙
⏟              

𝒙→
𝝅
𝟐
−𝒙 

+∫ 𝒙𝟐 (
𝐜𝐨𝐬𝒙

𝟏 + 𝐬𝐢𝐧𝒙
)
𝟐𝝅

𝝅
𝟐

𝒅𝒙
⏟              

𝒙→
𝝅
𝟐
+𝒙

= 
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= ∫ (
𝝅

𝟐
− 𝒙)

𝟐

𝐭𝐚𝐧𝟐 (
𝒙

𝟐
)𝒅𝒙

𝝅
𝟐

𝟎

+∫ (
𝝅

𝟐
+ 𝒙)

𝟐

𝐭𝐚𝐧𝟐 (
𝒙

𝟐
)𝒅𝒙

𝝅
𝟐

𝟎

= 

=
𝝅𝟐

𝟐
∫ 𝐭𝐚𝐧𝟐 (

𝒙

𝟐
)𝒅𝒙

𝝅
𝟐

𝟎

+ 𝟐∫ 𝒙𝟐 𝐭𝐚𝐧𝟐 (
𝒙

𝟐
)𝒅𝒙

𝝅
𝟐

𝟎

=
𝒙=𝟐𝒙

𝝅𝟐∫ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙

𝝅
𝟒

𝟎⏟        
𝑨

+ 𝟏𝟔∫ 𝒙𝟐 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙

𝝅
𝟒

𝟎⏟          
𝑩

 

𝑨 = [𝐭𝐚𝐧𝒙 − 𝒙]
𝟎

𝝅
𝟒 = 𝟏 −

𝝅

𝟒
 

𝑩 = [𝒙𝟐 𝐭𝐚𝐧 𝒙 − 𝒙𝟑]
𝟎

𝝅
𝟒 − 𝟐∫ 𝒙 𝐭𝐚𝐧 𝒙

𝝅
𝟒

𝟎

𝒅𝒙 + 𝟐∫ 𝒙𝟐
𝝅
𝟒

𝟎

𝒅𝒙 = 

=
𝝅𝟐

𝟏𝟔
−
𝝅𝟑

𝟏𝟗𝟐
+ 𝟐[𝒙 𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)]

𝟎

𝝅
𝟒 − 𝟐∫ 𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)

𝝅
𝟒

𝟎

𝒅𝒙
⏟          

𝑮
𝟐
−
𝝅
𝟒
𝐥𝐨𝐠 𝟐

, 𝑩 =
𝝅𝟐

𝟏𝟔
−
𝝅𝟑

𝟏𝟗𝟐
+
𝝅

𝟒
𝐥𝐨𝐠 𝟐 − 𝑮 

𝛀 = ∫ (
𝒙𝐜𝐨𝐬 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
)
𝟐𝝅

𝟎

𝒅𝒙 = 𝟐𝝅𝟐 −
𝝅𝟑

𝟑
+ 𝟒𝝅 𝐥𝐨𝐠𝟐 − 𝟏𝟔𝑮 

Solution 3 by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫
𝐱𝟐𝐜𝐨𝐬𝟐𝐱

(𝟏 + 𝐬𝐢𝐧𝐱)𝟐

𝛑

𝟎

𝐝𝐱 = ∫
𝐱𝟐(𝟏 − 𝐬𝐢𝐧𝟐𝐱)

(𝟏 + 𝐬𝐢𝐧𝐱)𝟐

𝛑

𝟎

𝐝𝐱 = ∫
𝐱𝟐(𝟏 − 𝐬𝐢𝐧𝐱)

𝟏 + 𝐬𝐢𝐧𝐱

𝛑

𝟎

𝐝𝐱 = −
𝛑𝟑

𝟑
+ 𝟐∫

𝐱𝟐

𝟏 + 𝐬𝐢𝐧𝐱

𝛑

𝟎

𝐝𝐱 

𝐌 = ∫
𝐱𝟐

𝟏 + 𝐬𝐢𝐧𝐱

𝛑

𝟎

𝐝𝐱 = ∫
𝐱𝟐

(𝐬𝐢𝐧(
𝐱
𝟐
) + 𝐜𝐨𝐬 (

𝐱
𝟐
))
𝟐

𝛑

𝟎

𝐝𝐱 =
𝟏

𝟐
∫

𝐱𝟐

𝐬𝐢𝐧𝟐 (
𝛑
𝟒 +

𝐱
𝟐
)

𝛑

𝟎

𝐝𝐱 = ∫
(𝟐𝐱 −

𝛑
𝟐
)
𝟐

𝐬𝐢𝐧𝟐𝐱

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

= [−(𝟐𝐱 −
𝛑

𝟐
)
𝟐

𝐜𝐭𝐠𝐱]
𝛑
𝟒

𝟑𝛑
𝟒

+ 𝟒∫ (𝟐𝐱−
𝛑

𝟐
) 𝐜𝐭𝐠𝐱

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

= 𝛑𝟐 + 𝟖∫ 𝐱𝐜𝐭𝐠𝐱

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱 − 𝟐𝛑∫ 𝐜𝐭𝐠𝐱

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱 = 𝛑𝟐 + 𝟖∫ 𝐱𝐜𝐭𝐠𝐱

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

= 𝛑𝟐 + 𝟖

[
 
 
 
 

[𝐱𝐥𝐨𝐠(𝐬𝐢𝐧𝐱)]𝛑
𝟒

𝟑𝛑
𝟒 − ∫ 𝐥𝐨𝐠(𝐬𝐢𝐧𝐱)

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

]
 
 
 
 

= 𝛑𝟐 + 𝟖

[
 
 
 
 

−
𝛑

𝟒
𝐥𝐨𝐠(𝟐) − ∫ 𝐥𝐨𝐠(𝐬𝐢𝐧𝐱)

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

]
 
 
 
 

= 𝛑𝟐 − 𝟐𝛑 𝐥𝐨𝐠(𝟐) − 𝟖∫ 𝐥𝐨𝐠(𝐬𝐢𝐧𝐱)

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱 
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𝐍 = ∫ 𝐥𝐨𝐠(𝐬𝐢𝐧𝐱)

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱 = −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) −∑

𝟏

𝐤

∞

𝐤=𝟏

∫ 𝐜𝐨𝐬(𝟐𝐤𝐱)

𝟑𝛑
𝟒

𝛑
𝟒

𝐝𝐱

= −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
∑

𝟏

𝐤𝟐

∞

𝐤=𝟏

[𝐬𝐢𝐧(𝟐𝐤𝐱)]𝛑
𝟒

𝟑𝛑
𝟒

= −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
∑
𝐬𝐢𝐧 (

𝟑𝛑𝐤
𝟐
)

𝐤𝟐

∞

𝐤=𝟏

+
𝟏

𝟐
∑
𝐬𝐢𝐧(

𝛑𝐤
𝟐
)

𝐤𝟐

∞

𝐤=𝟏

= −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟐
∑

(−𝟏)𝐤+𝟏

(𝟐𝐤 − 𝟏)𝟐

∞

𝐤=𝟏

+
𝟏

𝟐
∑

(−𝟏)𝐤+𝟏

(𝟐𝐤− 𝟏)𝟐

∞

𝐤=𝟏

= −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) +∑

(−𝟏)𝐤+𝟏

(𝟐𝐤− 𝟏)𝟐

∞

𝐤=𝟏

= −
𝛑

𝟐
𝐥𝐨𝐠(𝟐) + 𝐆 

𝐌 = ∫
𝐱𝟐

𝟏 + 𝐬𝐢𝐧𝐱

𝛑

𝟎

𝐝𝐱 = 𝛑𝟐 − 𝟐𝛑 𝐥𝐨𝐠(𝟐) − 𝟖(−
𝛑

𝟐
𝐥𝐨𝐠(𝟐) + 𝐆) = 𝛑𝟐 + 𝟐𝛑 𝐥𝐨𝐠(𝟐) − 𝟖𝐆 

𝐈 = ∫
𝐱𝟐𝐜𝐨𝐬𝟐𝐱

(𝟏 + 𝐬𝐢𝐧𝐱)𝟐

𝛑

𝟎

𝐝𝐱 = −
𝛑𝟑

𝟑
+ 𝟐(𝛑𝟐 + 𝟐𝛑 𝐥𝐨𝐠(𝟐) − 𝟖𝐆) 

 

UP.467 Find: 

𝛀 = ∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭: 𝒇(𝒙) =
𝒙𝟐 𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
; 𝒙 ∈ [𝟎,𝝅], 𝐭𝐡𝐞𝐧: 

𝒇′(𝒙) =
(𝒙𝟐 𝐬𝐢𝐧𝒙)′(𝟏 + 𝐬𝐢𝐧𝟐 𝒙) − 𝒙𝟐 𝐬𝐢𝐧𝒙 (𝟏 + 𝐬𝐢𝐧𝟐 𝒙)′

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 

=
(𝟐𝒙 𝐬𝐢𝐧𝒙 + 𝒙𝟐 𝐜𝐨𝐬 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒙) − 𝒙𝟐 𝐬𝐢𝐧 𝒙 ⋅ 𝟐 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 

=
𝟐𝒙𝐬𝐢𝐧𝒙 + 𝟐𝒙 𝐬𝐢𝐧𝟑 𝒙 + 𝒙𝟐 𝐜𝐨𝐬 𝒙 + 𝒙𝟐 𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬 𝒙 − 𝟐𝒙𝟐 𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 

=
𝟐𝒙𝐬𝐢𝐧𝒙 + 𝟐𝒙 𝐬𝐢𝐧𝟑 𝒙 + 𝒙𝟐 𝐜𝐨𝐬 𝒙 − 𝒙𝟐 𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 

=
𝟐𝒙𝐬𝐢𝐧 𝒙 + 𝟐𝒙 𝐬𝐢𝐧𝟑 𝒙 + 𝒙𝟐 𝐜𝐨𝐬 𝒙 (𝟏 − 𝐬𝐢𝐧𝟐 𝒙)

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 
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=
𝟐𝒙𝐬𝐢𝐧𝒙 + 𝟐𝒙 𝐬𝐢𝐧𝟑 𝒙 + 𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
=
𝟐𝒙 𝐬𝐢𝐧𝒙 (𝟏 + 𝐬𝐢𝐧𝟐 𝒙)

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
+

𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= 

=
𝟐𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
+

𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
 

So, we have: 

𝟐𝒙 𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
+

𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
= (

𝒙𝟐 𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
)

′

 

∫
𝟐𝒙𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 +∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

=
𝒙𝟐 𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
|
𝟎

𝝅

 

∫
𝟐𝒙𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 +∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

= 𝟎 

∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

= −𝟐∫
𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙; (𝟏) 

𝑰 = ∫
𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = ∫
(𝝅 − 𝒙) 𝐬𝐢𝐧(𝝅 − 𝒙)

𝟏 + 𝐬𝐢𝐧𝟐(𝝅 − 𝒙)

𝝅

𝟎

𝒅𝒙 = 

= 𝝅∫
𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙
⏟          

𝑰𝟏

−∫
𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = 𝝅𝑰𝟏 − 𝑰 

𝑰 =
𝝅

𝟐
𝑰𝟏 =

𝝅

𝟐
∫

𝐬𝐢𝐧 𝒙

𝟐 − 𝐜𝐨𝐬𝟐 𝒙
𝒅𝒙

𝝅

𝟎

=
𝝅

𝟐
∫

𝒅(𝐜𝐨𝐬 𝒙)

𝐜𝐨𝐬𝟐 𝒙 − 𝟐

𝝅

𝟎

=
𝝅

𝟒√𝟐
𝐥𝐨𝐠 |

𝐜𝐨𝐬 𝒙 − √𝟐

𝐜𝐨𝐬 𝒙 + √𝟐
||
𝟎

𝝅

= 

=
𝝅

𝟒√𝟐
𝐥𝐨𝐠(√𝟐 + 𝟏) ; (𝟐) 

From (1) and (2) it follows that: 

∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

= −𝟐∫
𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = −
𝝅

𝟐√𝟐
𝐥𝐨𝐠(√𝟐 + 𝟏) = 

= −𝝅√𝟐 𝐥𝐨𝐠(𝟏 + √𝟐) 

Solution 2 by Rana Ranino-Setif-Algerie 

∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙 =

𝒕=𝐬𝐢𝐧𝒙
∫

𝟏 − 𝒕𝟐

(𝟏 + 𝒕𝟐)𝟐
𝒅𝒕 = ∫

𝟏 + 𝒕𝟐 − 𝟐𝒕𝟐

(𝟏 + 𝒕𝟐)𝟐
𝒅𝒕 = 

= ∫𝒅(
𝒕

𝟏 + 𝒕𝟐
) =

𝒕

𝟏 + 𝒕𝟐
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∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙 =

𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
+ 𝑪 

𝛀 =
𝑰𝑩𝑷 𝒙𝟐 𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
|
𝟎

𝝅

− 𝟐∫
𝒙𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 =
𝒙→𝝅−𝒙

− 𝟐𝝅∫
𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
𝒅𝒙

𝝅

𝟎

−𝛀 

𝛀 = 𝝅∫
𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
𝒅𝒙

𝝅

𝟎

= −𝟐𝝅∫
𝐬𝐢𝐧 𝒙

𝟐 − 𝐜𝐨𝐬𝟐 𝒙
𝒅𝒙

𝝅
𝟐

𝟎

=
𝒕=𝐜𝐨𝐬 𝒙

− 𝟐𝝅∫
𝒅𝒕

𝟐 − 𝒕𝟐

𝟏

𝟎

 

𝛀 = −
𝝅

√𝟐
𝐥𝐨𝐠(

√𝟐 + 𝒕

√𝟐 − 𝒕
)|
𝟎

𝟏

= −𝝅√𝟐 𝐥𝐨𝐠(𝟏 + √𝟐)   

Solution 3 by Ankush Kumar Parcha-India 

𝑰𝟏 = ∫
𝒙𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

=
𝒙→𝝅−𝒙

∫
−(𝝅 − 𝒙) 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

 

𝑰𝟏 = 𝑰𝟏 − 𝝅∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

⇒ ∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

= 𝟎;  (𝟏) 

𝛀 = ∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

=
𝒙→𝝅−𝒙

− 𝝅𝟐∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

− 

−∫
𝒙𝟐 𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

+ 𝟐𝝅∫
𝒙𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

( 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 (𝟏)) 

𝛀 = −𝛀 + 𝟐𝝅∫
𝒙𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

⇒ 𝛀 = 𝝅∫
𝒙𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙

𝝅

𝟎

;   (𝟐) 

𝐋𝐞𝐭 𝑰 = ∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙 =

𝐬𝐢𝐧𝒙=𝒚
∫

𝟏 − 𝒚𝟐

(𝟏 + 𝒚𝟐)𝟐
𝒅𝒚 =

𝒚=𝐭𝐚𝐧 𝒛
∫
𝟏 − 𝐭𝐚𝐧 𝒛

𝐬𝐞𝐜𝟒 𝒛
⋅ 𝐬𝐞𝐜𝟐 𝒛𝒅𝒛 = 

= ∫(𝐜𝐨𝐬𝟐 𝒛 − 𝐬𝐢𝐧𝟐 𝒛)𝒅𝒛 

𝑰 = 𝐬𝐢𝐧 𝒛 𝐜𝐨𝐬 𝒛 ⇒ 𝑰 = ∫
𝐜𝐨𝐬𝟑 𝒙

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐
𝒅𝒙 =

𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
+ 𝑪(𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 (𝟐))  

𝛀 = 𝝅[
𝒙 𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
|
𝟎

𝝅

−∫
𝐬𝐢𝐧𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
𝒅𝒙

𝝅

𝟎

] = −𝝅∫
𝐬𝐢𝐧 𝒙

𝟏 + 𝐬𝐢𝐧𝟐 𝒙
𝒅𝒙

𝝅

𝟎

 

𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐖𝐞𝐢𝐞𝐫𝐬𝐭𝐫𝐚𝐬𝐬 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧: 

𝛀 = −𝝅∫

𝟐𝒕
𝟏 + 𝒕𝟐

𝟏 +
𝟒𝒕𝟐

(𝟏 + 𝒕𝟐)𝟐

⋅
𝟐𝒕

𝟏 + 𝒕𝟐
𝒅𝒕

∞

𝟎

= −𝟒𝝅∫
𝒕(𝟏 + 𝒕𝟐)𝟐

𝒕𝟒 + 𝟏 + 𝟔𝒕𝟐
⋅

𝒅𝒕

(𝟏 + 𝒕𝟐)𝟐

∞

𝟎

=
𝒕𝟐=𝒌
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= −𝟐𝝅∫
𝒅𝒌

𝒌𝟐 + 𝟔𝒌 + 𝟏

∞

𝟎

= −𝟐𝝅∫
𝒅𝒌

(𝒌 + 𝟑)𝟐 − (𝟐√𝟐)
𝟐

∞

𝟎

= 

=
𝝅

𝟐√𝟐
𝐥𝐨𝐠 (

𝒌 + 𝟑 − 𝟐√𝟐

𝒌 + 𝟑 + 𝟐√𝟐
)|
𝟎

∞

=
𝝅

𝟐√𝟐
𝐥𝐨𝐠 (

√𝟐− 𝟏

√𝟐+ 𝟏
)

𝟐

= −𝝅√𝟐 𝐥𝐨𝐠(𝟏 + √𝟐)   

UP.468 Let 𝒎 ∈ ℕ and 𝟎 < 𝒙 < 𝒎. If 𝒊 =  [
(𝒎+𝟏)𝒙

𝒙+𝟏
], prove that 

 𝟐 (
𝒎
𝒊
)  ≥  𝒙𝒎−𝒊, where [𝒙] is integer part of 𝒙 and (

𝒎
𝒊
) is a binomial 

coefficient. 

Proposed by Ovidiu Pop-Romania 
Solution by proposer  

Let 𝑳𝒎 be the Bleimann-Butzer-Hahn operator, defined by 

(𝑳𝒎𝒇)(𝒙)  =  (𝟏 + 𝒙)
−𝒎  ∑ (

𝒎
𝒌
)𝒎

𝒌=𝟎 𝒙𝒌𝒇(
𝒌

𝒎−𝒌+𝟏
), for any 𝒇 ∈ 𝑪𝑩([𝟎,∞)), 𝒙 ∈ [𝟎,∞) and 

𝒎 ∈ ℕ. 

If 𝒙 ∈ [𝟎,∞), we consider the functions 𝝋𝒙: [𝟎,∞) →  [𝟎,∞),𝝋𝒙(𝒕) = |𝒕 − 𝒙|, 𝒕 ∈ [𝟎,∞) 

and 

 𝒆𝟎, 𝒆𝟏: [𝟎,∞) → 𝑹, 𝒆𝟎(𝒙) = 𝟏, 𝒆𝟏(𝒙) = 𝒙, 𝒙 ∈ [𝟎,∞). It is well known that 

(1) ( 𝑳𝒎𝒆𝟎)(𝒙) = 𝟏, 

(2) ( 𝑳𝒎𝒆𝟏)(𝒙) = 𝒙 − 𝒙(
𝒙

𝟏+𝒙
)
𝒎

 

and 

(3) 𝟎 <
𝟏

𝒎
<

𝟐

𝒎−𝟏
<

𝟑

𝒎−𝟐
<. . . <

𝒎−𝟏

𝟐
<
𝒎

𝟏
, 

where 𝒙 ∈ [𝟎,∞),𝒎 ∈ ℕ. 

Because the operators (𝑳𝒎)𝒎≥𝟏 are linear and positive, we have 

(4) ( 𝑳𝒎𝝋𝒙)(𝒙) ≥ 𝟎 

for any any 𝒙 ∈ [𝟎,∞),𝒎 ∈ ℕ. 

Lemma. Let 𝒎 ∈ 𝑵 = {𝟏, 𝟐, … } and 𝟎 ≤ 𝒙 < 𝒎. If 𝒊 =  [
(𝒎+𝟏)𝒙

𝒙+𝟏
], then 

(5) ( 𝑳𝒎𝝋𝒙)(𝒙) =  (𝟏 + 𝒙)
−𝒎 {𝟐 (

𝒎
𝒊
) 𝒙𝒊+𝟏 − 𝒙𝒎+𝟏}. 
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Proof. Because 𝟎 ≤ 𝒙 < 𝒎, it result that 𝒊 =  [
(𝒎+𝟏)𝒙

𝒙+𝟏
] ≤

(𝒎+𝟏)𝒙

𝒙+𝟏
< 𝒎, so 𝒊 < 𝒎. 

 Relation 𝒊 =  [
(𝒎+𝟏)𝒙

𝒙+𝟏
] is equivalent to 𝒊 ≤

(𝒎+𝟏)𝒙

𝒙+𝟏
< 𝒊 + 𝟏, equivalent to 

 
𝒊

𝒎−𝒊+𝟏
≤ 𝒙 <

𝒊+𝟏

𝒎−𝒊
, and taking (3) into account, we have  

𝟎 <
𝟏

𝒎
<

𝟐

𝒎− 𝟏
<. . . <

𝒊

𝒎− 𝒊 + 𝟏
≤ 𝒙 <

𝒊 + 𝟏

𝒎 − 𝒊
<. . . <

𝒎 − 𝟏

𝟐
<
𝒎

𝟏
. 

If ≥
𝟏

𝒎
 , taking that the function 

𝒙

𝒙+𝟏
 is increasing on [𝟎,∞), it result that 

𝒙

𝒙+𝟏
≥

𝟏

𝒎+𝟏
, from 

where 
(𝒎+𝟏)𝒙

𝒙+𝟏
≥1, so 𝒊 ≥ 𝟏. We have that 

( 𝑳𝒎𝝋𝒙)(𝒙)  =  (𝟏 + 𝒙)
−𝒎  ∑ (

𝒎
𝒌
)

𝒎

𝒌=𝟎

𝒙𝒌  |
𝒌

𝒎− 𝒌 + 𝟏
− 𝒙| = 

= (𝟏 + 𝒙)−𝒎∑(
𝒎

𝒌
)𝒙𝒌 (𝒙 −

𝒌

𝒎 − 𝒌 + 𝟏
)

𝒊

𝒌=𝟎

+ (𝟏 + 𝒙)−𝒎 ∑ (
𝒎

𝒊
)𝒙𝒌 (

𝒌

𝒎− 𝒌+ 𝟏
− 𝒙)

𝒎

𝒌=𝒊+𝟏

= 

= 𝟐(𝟏 + 𝒙)−𝒎∑(
𝒎

𝒌
)𝒙𝒌 (𝒙 −

𝒌

𝒎− 𝒌+ 𝟏
)

𝒊

𝒌=𝟎

+ (𝟏 + 𝒙)−𝒎∑(
𝒎

𝒊
)𝒙𝒌 (

𝒌

𝒎− 𝒌 + 𝟏
− 𝒙)

𝒎

𝒌=𝟎

= 

= 𝟐(𝟏 + 𝒙)−𝒎 {𝒙∑(
𝒎

𝒌
)𝒙𝒌

𝒊

𝒌=𝟎

−∑(
𝒎

𝒌
)𝒙𝒌

𝒌

𝒎− 𝒌 + 𝟏

𝒊

𝒌=𝟎

} + 

+(𝟏 + 𝒙)−𝒎∑(
𝒎

𝒌
)𝒙𝒌

𝒌

𝒎 − 𝒌 + 𝟏

𝒎

𝒌=𝟎

− 𝒙(𝟏 + 𝒙)−𝒎∑(
𝒎

𝒌
)𝒙𝒌

𝒎

𝒌=𝟎

= 

= 𝟐(𝟏 + 𝒙)−𝒎 {𝒙 +∑(
𝒎

𝒌
)𝒙𝒌+𝟏

𝒊

𝒌=𝟏

−∑(
𝒎

𝒌− 𝟏
)𝒙𝒌

𝒊

𝒌=𝟏

} + (𝑳𝒎𝒆𝟏)(𝒙) − 𝒙(𝑳𝒎𝒆𝟎)(𝒙) 

and taking (1) and (2) into account, we have 

( 𝑳𝒎𝝋𝒙)(𝒙) = 𝟐(𝟏 + 𝒙)
−𝒎  {𝒙 +∑((

𝒎
𝒌
)𝒙𝒌+𝟏 − (

𝒎
𝒌 − 𝟏

)𝒙𝒌)

𝒊

𝒌=𝟏

 } 𝒙 (
𝒙

𝟏 + 𝒙
)
𝒎

 

=  𝟐(𝟏 + 𝒙)−𝒎 {𝒙 + (
𝒎
𝟏
)𝒙𝟐 − (

𝒎
𝟎
)𝒙𝟏 + (

𝒎
𝟐
)𝒙𝟑 − (

𝒎
𝟏
)𝒙𝟐 +⋯+ (

𝒎
𝒊
) 𝒙𝒊+𝟏 − (

𝒎
𝒊 − 𝟏

)𝒙𝒊}

− 𝒙𝒎+𝟏(𝟏 + 𝒙)−𝒎 

from where, relation (5) follows. 
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If <
𝟏

𝒎
 , taking that the function 

𝒙

𝒙+𝟏
 is increasing on [𝟎,∞), it result that 

𝒙

𝒙+𝟏
<

𝟏

𝒎+𝟏
, from 

where 
(𝒎+𝟏)𝒙

𝒙+𝟏
< 𝟏, so 𝒊 = 𝟎. We have that: 

( 𝑳𝒎𝝋𝒙)(𝐱) = (𝟏 + 𝒙)
−𝒎 {𝒙 +∑(

𝒎
𝒌
)

𝒎

𝒌=𝟎

𝒙𝒌 (
𝒌

𝒎 − 𝒌 + 𝟏
− 𝒙)} 

= (𝟏 + 𝒙)−𝒎 {𝟐𝒙 +∑(
𝒎
𝒌
)

𝒎

𝒌=𝟎

𝒙𝒌 (
𝒌

𝒎− 𝒌 + 𝟏
− 𝒙)} = 

=  𝟐𝒙(𝟏 + 𝒙)−𝒎 + ( 𝑳𝒎𝒆𝟏)(𝒙) − 𝒙( 𝑳𝒎𝒆𝟎)(𝒙) =  (𝟏 + 𝒙)
−𝒎(𝟐𝒙 − 𝒙𝒎+𝟏). 

From the cases above, results that the relation (5) is true. 

From (4) and (5), the inequality from hypothesis follows. 

UP.469 Prove that: 

∑
𝟏

√(𝒏!)𝟐
𝒏

∞

𝒏=𝟏

<
𝝅𝟐𝒆

𝟔
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

∑
𝟏

√(𝒏!)𝟐
𝒏

∞

𝒏=𝟏

= ∑ √
𝟏

𝟏𝟐
∙
𝟏

𝟐𝟐
∙ … ∙

𝟏

𝒏𝟐

𝒏
∞

𝒏=𝟏

= ∑ √

𝟏
𝟏𝟐
∙ (𝟏 + 𝟏)𝟐 ∙

𝟏
𝟐𝟐
∙
(𝟐 + 𝟏)𝟐

(𝟏 + 𝟏)𝟐
… ∙

𝟏
𝒏𝟐
∙
(𝒏 + 𝟏)𝒏

𝒏𝒏

(𝟏 + 𝟏) ∙
(𝟐 + 𝟏)𝟐

(𝟏 + 𝟏)𝟐
∙ … ∙

(𝒏 + 𝟏)𝒏

𝒏𝒏

𝒏
∞

𝒏=𝟏

= 

= ∑
𝟏

𝒏 + 𝟏
∙ √
𝟏

𝟏𝟐
∙ (𝟏 + 𝟏)𝟐 ∙

𝟏

𝟐𝟐
∙
(𝟐 + 𝟏)𝟐

(𝟏 + 𝟏)𝟐
… ∙

𝟏

𝒏𝟐
∙
(𝒏 + 𝟏)𝒏

𝒏𝒏

𝒏
∞

𝒏=𝟏

≤
𝑨𝑴−𝑮𝑴

 

≤ ∑
𝟏

𝒏+ 𝟏
∙

𝟏
𝟏𝟐
∙ (𝟏 + 𝟏)𝟐 +

𝟏
𝟐𝟐
∙
(𝟐 + 𝟏)𝟐

(𝟏 + 𝟏)𝟐
+⋯+

𝟏
𝒏𝟐
∙
(𝒏 + 𝟏)𝒏

𝒏𝒏

𝒏

∞

𝒏=𝟏

≤ 
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≤∑
𝟏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

∙ ∑
𝟏

𝒌𝟐
∙
(𝒌 + 𝟏)𝒌

𝒌𝒌−𝟏

𝒏

𝒌=𝟏

≤∑
𝟏

𝒌𝟐
∙
(𝒌 + 𝟏)𝒌

𝒌𝒌−𝟏

∞

𝒌=𝟏

∙ ∑
𝟏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝒌

= 

=∑
𝟏

𝒌𝟐
∙
(𝒌 + 𝟏)𝒌

𝒌𝒌−𝟏

∞

𝒌=𝟏

∙ ∑ (
𝟏

𝒏
−

𝟏

𝒏 + 𝟏
)

∞

𝒏=𝒌

= 

=∑
(𝒌+ 𝟏)𝒌

𝒌𝒌−𝟏
∙
𝟏

𝒌𝟐
∙
𝟏

𝒌

∞

𝒌=𝟏

=∑
𝟏

𝒌𝟐
(𝟏 +

𝟏

𝒌
)
𝒌∞

𝒌=𝟏

< 𝒆 ∙∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

=
𝝅𝟐 ∙ 𝒆

𝟔
 

Solution 2 by Henry Ricardo-New York-USA 

We use Carleman’s inequality for a sequence of positive real numbers 𝒂𝟏, 𝒂𝟐, 𝒂𝟑, .. 

∑(𝒂𝟏𝒂𝟐…𝒂𝒏)
𝟏
𝒏

∞

𝒏=𝟏

< 𝒆∑𝒂𝒏

∞

𝒏=𝟏

 

Letting 𝒂𝒌 =
𝟏

𝒌𝟐
 we have: 

∑(𝒂𝟏𝒂𝟐…𝒂𝒏)
𝟏
𝒏

∞

𝒏=𝟏

= ∑
𝟏

(𝟏 ∙ 𝟏 ∙ 𝟐 ∙ 𝟐 ∙ … ∙ 𝒏 ∙ 𝒏)
𝟏
𝒏

∞

𝒏=𝟏

= ∑
𝟏

√(𝒏!)𝟐
𝒏

∞

𝒏=𝟏

< 𝒆∑
𝟏

𝒏𝟐

∞

𝒏=𝟏

=
𝝅𝟐𝒆

𝟔
 

where we use the well-known value of Riemann’s zeta function. 

UP.470 If (𝒂𝒏)𝒏≥𝟏, 𝒂𝟎 > 𝟎,𝒂𝒏+𝟏 = (𝟐𝒏 + 𝟏)𝒂𝒏, ∀𝒏 ∈ ℕ
∗ then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by proposer 

𝒂𝟏 = 𝟏 ∙ 𝒂𝟎, 𝒂𝟐 = 𝟑 ∙ 𝟏 ∙ 𝒂𝟎 and from mathematical induction, we obtain: 

𝒂𝒏 = (𝟐𝒏 − 𝟏)‼, ∀𝒏 ∈ ℕ
∗. So, it follows that: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) = 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝒂𝟎
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝒂𝟎
𝒏

) = 

= 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼
𝒏

) = 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

(𝒖𝒏 − 𝟏) = 

= 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠𝒖𝒏 = 𝐥𝐢𝐦

𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
(𝟐𝒏 − 𝟏)‼

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)‼

(𝒏 + 𝟏)𝒏+𝟏
∙

𝒏𝒏

(𝟐𝒏 − 𝟏)‼
= 
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= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
∙ (

𝒏

𝒏 + 𝟏
)
𝒏

=
𝟐

𝒆
, 𝒖𝒏 =

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

, ∀𝒏 ≥ 𝟐 

Hence, 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝟏 ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

(𝟐𝒏 + 𝟏)‼

(𝟐𝒏 − 𝟏)‼
∙

𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
∙

𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

= 𝟐 ∙
𝒆

𝟐
= 𝒆 

Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) =
𝟐

𝒆
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆 =

𝟐

𝒆
 

Solution 2 by Marian Ursărescu-Romania 

𝒂𝟏 = 𝟏 ∙ 𝒂𝟎, 

 𝒂𝟐 = 𝟑 ∙ 𝟏 ∙ 𝒂𝟎  

⋮ 

𝒂𝒏 = (𝟐𝒏 − 𝟏)‼, ∀𝒏 ∈ ℕ
∗ 

So, it follows that: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) = 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼𝒂𝟎
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼𝒂𝟎
𝒏

) = 

= 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼
𝒏

) = 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
∙ 𝒏 (

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

− 𝟏) ; (𝟏) 

𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
(𝟐𝒏 − 𝟏)‼

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)‼

(𝒏 + 𝟏)𝒏+𝟏
∙

𝒏𝒏

(𝟐𝒏 − 𝟏)‼
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
∙ (

𝒏

𝒏 + 𝟏
)
𝒏

=
𝟐

𝒆
; (𝟐) 

𝐥𝐢𝐦
𝒏→∞

𝒏(
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

− 𝟏) = 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

− 𝟏

𝐥𝐨𝐠 (
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

)

∙ 𝒏 ∙ 𝐥𝐨𝐠 (
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

) = 
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= 𝐥𝐢𝐦
𝒏→∞

𝒆
𝐥𝐨𝐠(

√(𝟐𝒏+𝟏)‼
𝒏+𝟏

√(𝟐𝒏−𝟏)‼
𝒏 )

− 𝟏

𝐥𝐨𝐠 (
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

)

∙ 𝐥𝐨𝐠(
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠(
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

)

𝒏

= 

= 𝐥𝐨𝐠(𝒍𝒊𝒎
𝒏→∞

(
√(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

)

𝒏

) = 𝐥𝐨𝐠 (𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 + 𝟏)‼

(𝟐𝒏 − 𝟏)‼
∙

𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

) = 

= 𝐥𝐨𝐠 (𝒍𝒊𝒎
𝒏→∞

𝟐𝒏 + 𝟏

𝒏 + 𝟏
∙

𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

) = 𝐥𝐨𝐠 (𝟐 ∙
𝒆

𝟐
) = 𝐥𝐨𝐠 𝒆 = 𝟏; (𝟑) 

From (1), (2) and (3):  𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) =
𝟐

𝒆
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆 =

𝟐

𝒆
 

UP.471 Let 𝒎 ≥ 𝟎 and 𝑯𝒏 = ∑
𝟏

𝒏

𝒏
𝒌=𝟏 , 𝒏 ∈ ℕ∗. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(( √(𝒏 + 𝟏)!
𝒏+𝟏

)
𝒎+𝟏

− (√𝒏!
𝒏

)
𝒎+𝟏

) ∙ 𝒆−𝒎𝑯𝒏 

Proposed by D.M. Bătinețu-Giurgiu-Romania 

Solution 1 by proposer 

𝑩𝒏 = (( √(𝒏 + 𝟏)!
𝒏+𝟏

)
𝒎+𝟏

− (√𝒏!
𝒏

)
𝒎+𝟏

) ∙ 𝒆−𝒎𝑯𝒏 = 

= (√𝒏!
𝒏

)
𝒎+𝟏

(𝒖𝒏 − 𝟏) ∙ 𝒆
−𝒎𝑯𝒏 = (√

𝒏!

𝒏𝒏

𝒏

)

𝒎+𝟏

∙ (𝒖𝒏 − 𝟏)𝒏
𝒎+𝟏 ∙ 𝒆−𝒎𝑯𝒏 = 

= (√
𝒏!

𝒏𝒏

𝒏

)

𝒎+𝟏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 ∙ 𝒆𝒎 𝐥𝐨𝐠 𝒏−𝒎𝑯𝒏 = (√
𝒏!

𝒏𝒏

𝒏

)

𝒎+𝟏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 ∙ 𝒆−𝒎𝜸𝒏 

where 𝜸𝒏 → 𝜸, 𝜸 −Euler-Mascheroni constant.  

𝒖𝒏 = (
√(𝒏 + 𝟏)!

𝒏+𝟏

√𝒏!
𝒏

)

𝒎+𝟏

= (
√(𝒏 + 𝟏)!

𝒏+𝟏

𝒏 + 𝟏
∙
𝒏

√𝒏!
𝒏 ∙

𝒏 + 𝟏

𝒏
)

𝒎+𝟏

, ∀𝒏 ≥ 𝟐 

Hence, we have: 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒏!

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)!

(𝒏 + 𝟏)𝒏+𝟏
∙
𝒏𝒏

𝒏!
= 𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝟏

𝒆
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𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = (
𝟏

𝒆
∙ 𝒆 ∙ 𝟏)

𝒎+𝟏

= 𝟏, 𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
(
(𝒏 + 𝟏)!

𝒏!
∙

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

)

𝒎+𝟏

= 𝐥𝐢𝐦
𝒏→∞

(
𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

)

𝒎+𝟏

= 𝒆𝒎+𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒆−𝒎𝜸𝒏 = 𝒆−𝒎𝜸 =
𝟏

𝒆𝒎𝜸
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(( √(𝒏 + 𝟏)!
𝒏+𝟏

)
𝒎+𝟏

− (√𝒏!
𝒏

)
𝒎+𝟏

) ∙ 𝒆−𝒎𝑯𝒏 = 𝟏 ∙ 𝐥𝐨𝐠 𝒆𝒎+𝟏 ∙
𝟏

𝒆𝒎𝜸
=
𝒎+ 𝟏

𝒆𝒎𝜸+𝒎+𝟏
 

Solution 2 by Asmat Qatea-Afghanistan 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝟏

𝒆
, 𝐥𝐢𝐦
𝒏→∞

√(𝒏 + 𝟏)!
𝒏+𝟏

𝒏 + 𝟏
=
𝟏

𝒆
, 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝒍𝒏(𝒏)) = 𝜸 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

((
𝒏 + 𝟏

𝒆
)
𝒎+𝟏

− (
𝒏

𝒆
)
𝒎+𝟏

) (𝒆𝜸+𝒍𝒏𝒏)
−𝒎

 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒆𝒎+𝟏
((𝒏 + 𝟏)𝒎+𝟏 − 𝒏𝒎+𝟏)𝒆−𝜸𝒎𝒏−𝒎 , 𝛀 = 𝒆−𝜸𝒎−𝒎−𝟏 𝐥𝐢𝐦

𝒏→∞

(𝟏 +
𝟏
𝒏)

𝒎+𝟏

− 𝟏

𝟏
𝒏

 

𝛀 = 𝒆−𝜸𝒎−𝒎−𝟏 𝐥𝐢𝐦
𝒏→∞

(𝒎 + 𝟏) (𝟏 +
𝟏
𝒏)

𝒎

(−
𝟏
𝒏𝟐
)

(−
𝟏
𝒏𝟐
)

=
𝒎 + 𝟏

𝒆𝒎𝜸+𝒎+𝟏
 

UP.472 Find: 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙 𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 

Proposed by D.M. Bătinețu-Giurgiu, Florică Anastase-Romania 
Solution 1 by proposers 

Let 𝒇: [
𝝅

𝟑
,
𝝅

𝟔
] → ℝ, 𝒇(𝒙) = 𝒙 ∙ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙, then 𝒇′(𝒙) = 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙 𝐜𝐨𝐭 𝒙 + 𝟏) 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = ∫ 𝒇′(𝒙)𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= 𝒇(𝒙)|𝝅
𝟔

𝝅
𝟑 = 

= 𝒆
𝝅
𝟑 ∙
𝝅

𝟑
∙
√𝟑

𝟐
− 𝒆

𝝅
𝟔 ∙
𝝅

𝟔
∙
𝟏

𝟐
=
𝝅

𝟏𝟐
(𝟐√𝟑𝒆

𝝅
𝟑 − 𝒆

𝝅
𝟔) =

𝝅 ∙ 𝒆
𝝅
𝟔

𝟏𝟐
(𝟐√𝟑 ∙ 𝒆

𝝅
𝟑 − 𝟏) 
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Solution 2 by Tapas Das-India 

𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏) = 𝒆𝒙(𝒙 𝐬𝐢𝐧𝒙 + 𝒙 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝒙) 

Let 𝒇(𝒙) = 𝒙 ∙ 𝐬𝐢𝐧 𝒙, then 𝒇′(𝒙) = 𝐬𝐢𝐧 𝒙 + 𝒙𝐜𝐨𝐬 𝒙 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙 𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = ∫ 𝒆𝒙(𝒇(𝒙) + 𝒇′(𝒙))𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= 

= [𝒆𝒙𝒇(𝒙)]𝝅
𝟔

𝝅
𝟑 == 𝒆

𝝅
𝟑 ∙
𝝅

𝟑
∙
√𝟑

𝟐
− 𝒆

𝝅
𝟔 ∙
𝝅

𝟔
∙
𝟏

𝟐
=
𝝅

𝟏𝟐
(𝟐√𝟑𝒆

𝝅
𝟑 − 𝒆

𝝅
𝟔) =

𝝅 ∙ 𝒆
𝝅
𝟔

𝟏𝟐
(𝟐√𝟑 ∙ 𝒆

𝝅
𝟑 − 𝟏) 

Solution 3 by Ankush Kumar Parcha-India 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = 

= ∫ 𝒙𝒆𝒙 𝐬𝐢𝐧𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+ ∫ 𝒙𝒆𝒙 𝐜𝐨𝐬 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧𝒙

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 

∵ ∫𝒆𝒂𝒙 𝐬𝐢𝐧(𝒃𝒙)𝒅𝒙 =
𝒆𝒂𝒙

𝒂𝟐 + 𝒃𝟐
[𝒂 𝐬𝐢𝐧(𝒃𝒙) − 𝒃𝐜𝐨𝐬(𝒃𝒙)] + 𝑪 

∵ ∫𝒆𝒂𝒙 𝐜𝐨𝐬(𝒃𝒙)𝒅𝒙 =
𝒆𝒂𝒙

𝒂𝟐 + 𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙) + 𝒃 𝐬𝐢𝐧(𝒃𝒙)] + 𝑪 

𝛀 =
𝒙𝒆𝒙(𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)

𝟐
|
𝝅
𝟔

𝝅
𝟑

−∫
𝒆𝒙(𝐬𝐢𝐧 𝒙 − 𝐜𝐨𝐬 𝒙)

𝟐
𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+ 

+
𝒙𝒆𝒙(𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙)

𝟐
|
𝝅
𝟔

𝝅
𝟑

−∫
𝒆𝒙(𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝒙)

𝟐
𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= 

= 𝒙𝒆𝒙 𝐬𝐢𝐧𝒙|𝝅
𝟔

𝝅
𝟑 −∫ 𝒆𝒙 𝐬𝐢𝐧 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

=
𝝅

𝟏𝟐
(𝟐√𝟑𝒆

𝝅
𝟑 − 𝒆

𝝅
𝟔) = 

=
𝝅 ∙ 𝒆

𝝅
𝟔

𝟏𝟐
(𝟐√𝟑 ∙ 𝒆

𝝅
𝟑 − 𝟏) 

Solution 4 by Yen Tung Chung- Taiwan 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 = 
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= ∫ 𝒙(𝒆𝒙 𝐬𝐢𝐧 𝒙 + 𝒆𝒙 𝐜𝐨𝐬 𝒙)𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= ∫ 𝒙𝒅(𝒆𝒙 𝐬𝐢𝐧𝒙)

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= 

= 𝒙𝒆𝒙 𝐬𝐢𝐧𝒙|𝝅
𝟔

𝝅
𝟑 −∫ 𝒆𝒙 𝐬𝐢𝐧 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

+∫ 𝒆𝒙 𝐬𝐢𝐧 𝒙𝒅𝒙

𝝅
𝟑

𝝅
𝟔

=
𝝅

𝟏𝟐
(𝟐√𝟑𝒆

𝝅
𝟑 − 𝒆

𝝅
𝟔) = 

=
𝝅 ∙ 𝒆

𝝅
𝟔

𝟏𝟐
(𝟐√𝟑 ∙ 𝒆

𝝅
𝟑 − 𝟏) 

Solution 5 by Hikmat Mammadov-Azerbaijan 

𝛀 = ∫ 𝒆𝒙 ∙ 𝐬𝐢𝐧 𝒙 (𝒙 + 𝒙 𝐜𝐨𝐭 𝒙 + 𝟏)

𝝅
𝟑

𝝅
𝟔

𝒅𝒙 =
(∗)

 

𝒅

𝒅𝒙
(𝒙𝒆𝒙 𝐬𝐢𝐧 𝒙) = 𝒆𝒙 𝐬𝐢𝐧𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏) 

=
(∗)
∫ 𝒆𝒙 𝐬𝐢𝐧𝒙 (𝒙 + 𝒙𝐜𝐨𝐭 𝒙 + 𝟏)𝒅𝒙

𝝅
𝟑

𝝅
𝟔

= ∫ 𝒅(𝒆𝒙𝒙 𝐬𝐢𝐧 𝒙)

𝝅
𝟑

𝝅
𝟔

= 𝒆𝒙𝒙 𝐬𝐢𝐧𝒙|𝝅
𝟔

𝝅
𝟑 = 

= 𝒆
𝝅
𝟑 ∙
𝝅

𝟑
∙
√𝟑

𝟐
− 𝒆

𝝅
𝟔 ∙
𝝅

𝟔
∙
𝟏

𝟐
=
𝝅

𝟏𝟐
(𝟐√𝟑𝒆

𝝅
𝟑 − 𝒆

𝝅
𝟔) =

𝝅 ∙ 𝒆
𝝅
𝟔

𝟏𝟐
(𝟐√𝟑 ∙ 𝒆

𝝅
𝟑 − 𝟏) 

UP.473 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √(
(𝒏 + 𝟏)!)

𝟐

(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

− √
(𝒏!)𝟐

(𝟐𝒏 − 𝟏)‼

𝒏

) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposer 

𝑩𝒏 = √
((𝒏 + 𝟏)!)

𝟐

(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

− √
(𝒏!)𝟐

(𝟐𝒏 − 𝟏)‼

𝒏

= √
(𝒏!)𝟐

(𝟐𝒏 − 𝟏)‼

𝒏

(𝒖𝒏 − 𝟏) = 

= (
√𝒏!
𝒏

𝒏
)

𝟐

∙
𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝒏 ∙ 𝐥𝐨𝐠𝒖𝒏 = 

= (
√𝒏!
𝒏

𝒏
)

𝟐

∙
𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏𝒏
∙ 𝐥𝐨𝐠𝒖𝒏

𝒏 , 𝒏 ≥ 𝟐, 



 
www.ssmrmh.ro 

73 32-RMM SPRING EDITION 2024-SOLUTIONS 

 

We have: 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒏!

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)!

(𝒏 + 𝟏)𝒏+𝟏
∙
𝒏𝒏

𝒏!
= 𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝟏

𝒆
 

𝐥𝐢𝐦
𝒏→∞

𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

=
𝒆

𝟐
 

𝒖𝒏 = √
((𝒏 + 𝟏)!)

𝟐

(𝟐𝒏 + 𝟏)‼

𝒏+𝟏

∙ √
(𝟐𝒏 − 𝟏)‼

(𝒏!)𝟐
𝒏

= 

= (
√(𝒏 + 𝟏)!

𝒏+𝟏

𝒏 + 𝟏
)

𝟐

(
𝒏

√𝒏!
𝒏 )

𝟐

∙
𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

∙
√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
∙
𝒏

𝒏 + 𝟏
;∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = (
𝟏

𝒆
)
𝟐

∙ 𝒆𝟐 ∙
𝒆

𝟐
∙
𝟐

𝒆
∙ 𝟏 = 𝟏 ⇒ 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

((𝒏 + 𝟏)!)
𝟐

(𝟐𝒏 + 𝟏)‼
∙
(𝟐𝒏 − 𝟏)‼

(𝒏!)𝟐
∙ √

(𝟐𝒏 + 𝟏)‼

((𝒏 + 𝟏)!)
𝟐

𝒏+𝟏
= 

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝟐

𝟐𝒏 + 𝟏
∙

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

( √(𝒏 + 𝟏)!
𝒏+𝟏

)
𝟐 = 𝐥𝐢𝐦𝒏→∞

(
𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

)

𝟐

∙
(𝟐𝒏 − 𝟏)‼

(𝒏!)𝟐
∙
𝒏 + 𝟏

𝟐𝒏 + 𝟏
= 

= 𝒆𝟐 ∙
𝟐

𝒆
∙
𝟏

𝟐
= 𝒆 

Therefore, 

𝐥𝐢𝐦
𝒏→∞

𝑩𝒏 =
𝟏

𝒆𝟐
∙
𝒆

𝟐
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆 =

𝟏

𝟐𝒆
 

Solution 2 by Hikmat Mammadov-Azerbaijan 

((𝒏 + 𝟏)!)
𝟐

(𝟐𝒏 + 𝟏)‼
=

((𝒏 + 𝟏)!)
𝟐

(𝟐𝒏 + 𝟏)(𝟐𝒏 − 𝟏) ⋅ … ⋅ 𝟑 ⋅ 𝟏
=
𝟐𝒏+𝟏((𝒏 + 𝟏)!)

𝟑

(𝟐𝒏 + 𝟐)!
 𝐚𝐧𝐝  

(𝒏!)𝟐

(𝟐𝒏 − 𝟏)‼
=
𝟐𝒏(𝒏!)𝟑

(𝟐𝒏)!
 

√𝟐𝝅𝒎𝒎𝒎𝒆−𝒎𝒆
𝟏

𝟏𝟐𝒎+𝟏 < 𝒎! < √𝟐𝝅𝒎𝒎𝒎𝒆−𝒎𝒆
𝟏
𝟏𝟐𝒎 

(𝟐𝝅)
𝟑
𝟐(𝒏 + 𝟏)

𝟑
𝟐(𝒏 + 𝟏)𝟑(𝒏+𝟏)𝒆−𝟑(𝒏+𝟏)𝒆

𝟑
𝟏𝟐𝒏+𝟑 < ((𝒏 + 𝟏)!)

𝟑
(𝟐𝝅)

𝟑
𝟐(𝒏 + 𝟏)

𝟑
𝟐(𝒏 + 𝟏)𝟑(𝒏+𝟏)𝒆−𝟑(𝒏+𝟏)𝒆

𝟏
𝟒(𝒏+𝟏) 

(𝟐𝝅)−
𝟏
𝟐𝟐−

𝟏
𝟐(𝒏 + 𝟏)−

𝟏
𝟐𝟐−𝟐(𝒏+𝟏)(𝒏 + 𝟏)−𝟐(𝒏+𝟏)𝒆𝟐(𝒏+𝟏)𝒆

−
𝟏

𝟐𝟒(𝒏+𝟏) <
𝟏

(𝟐𝒏 + 𝟐)!
< 
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< (𝟐𝝅)−
𝟏
𝟐𝟐−

𝟏
𝟐(𝒏 + 𝟏)−

𝟏
𝟐𝟐−𝟐(𝒏+𝟏)(𝒏 + 𝟏)−𝟐(𝒏+𝟏)𝒆𝟐(𝒏+𝟏)𝒆−

𝟏
𝟐𝟑𝒏+𝟐𝟓 

√𝟐𝝅𝟐−(𝒏+𝟏)(𝒏 + 𝟏)𝒏+𝟐𝒆−(𝒏+𝟏)𝒆
𝟑

𝟏𝟐𝒏+𝟏𝟑
−

𝟏
𝟐𝟒(𝒏+𝟏) <

𝟐𝒏+𝟏((𝒏 + 𝟏)!)
𝟑

(𝟐𝒏 + 𝟐)!
< 

< √𝟐𝝅𝟐−(𝒏+𝟏)(𝒏 + 𝟏)𝒏+𝟐𝒆−(𝒏+𝟏)𝒆
𝟏

𝟒(𝒏+𝟏)
−

𝟏
𝟐𝟒𝒏+𝟐𝟓 

𝟐
𝟏

𝟐(𝒏+𝟏)
−𝟏
𝝅

𝟏
𝒏+𝟏(𝒏 + 𝟏)

𝒏+𝟐
𝒏+𝟏𝒆−𝟏𝒆

(
𝟏

𝟏𝟐𝒏+𝟏𝟑
−

𝟏
𝟐𝟒(𝒏+𝟏)

)⋅
𝟏
𝒏+𝟏 < √𝟐

𝒏+𝟏((𝒏 + 𝟏)!)
𝟑

(𝟐𝒏 + 𝟐)!

𝒏+𝟏

< 

< 𝟐
𝟏

𝟐(𝒏+𝟏)
−𝟏
𝝅

𝟏
𝒏+𝟏(𝒏 + 𝟏)

𝒏+𝟐
𝒏+𝟏𝒆−𝟏𝒆

(
𝟏

𝟒(𝒏+𝟏)
−

𝟏
𝟐𝟒𝒏+𝟐𝟓

)⋅
𝟏
𝒏+𝟏 

−𝟐
𝟏
𝟐𝒏
−𝟏𝝅

𝟏
𝒏𝒏

𝟏+𝒏
𝒏 𝒆−𝟏𝒆(

𝟏
𝟒𝒏
−

𝟏
𝟐𝟒𝒏+𝟏

)⋅
𝟏
𝒏 < −√

𝟐𝒏(𝒏!)𝟑

(𝟐𝒏)!

𝒏

< −𝟐
𝟏
𝟐𝒏
−𝟏𝝅

𝟏
𝒏𝒏

𝒏+𝟏
𝒏 𝒆−𝟏𝒆(

𝟑
𝟏𝟐𝒏+𝟏

−
𝟏
𝟐𝟒𝒏

)⋅
𝟏
𝒏 

𝛀 ≤ 𝐥𝐢𝐦
𝒏→∞

(𝟐
𝟏

𝟐(𝒏+𝟏)
−𝟏
𝝅

𝟏
𝒏+𝟏(𝒏 + 𝟏)

𝒏+𝟐
𝒏+𝟏𝒆−𝟏𝒆

(
𝟏

𝟏𝟐𝒏+𝟏𝟑
−

𝟏
𝟐𝟒(𝒏+𝟏)

)⋅
𝟏
𝒏+𝟏

− 𝟐
𝟏
𝟐𝒏𝟐−𝟏𝝅

𝟏
𝒏𝒏

𝒏+𝟏
𝒏 𝒆−𝟏𝒆(

𝟏
𝟒𝒏
−

𝟏
𝟐𝟒𝒏+𝟏

)⋅
𝟏
𝒏) =

𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏)
𝒏+𝟐
𝒏+𝟏 − 𝒏

𝒏+𝟏
𝒏 ) 

Similarly, 

𝛀 ≥
𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏)
𝒏+𝟐
𝒏+𝟏 − 𝒏

𝒏+𝟏
𝒏 ) 

Thus, 

𝛀 =
𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏)
𝒏+𝟐
𝒏+𝟏 − 𝒏

𝒏+𝟏
𝒏 ) 

(
𝟏

𝒙
)
𝟏+𝒙

=
𝟏

𝒙
𝒆−𝒙 𝐥𝐨𝐠 𝒙 =

𝟏

𝒙
(𝟏 − 𝒙 𝐥𝐨𝐠 𝒙 + 𝑶(𝒙𝟐−𝝐)) , 𝝐 > 𝟎 

𝛀 =
𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

[(𝒏 + 𝟏)(𝟏 −
𝐥𝐨𝐠(𝒏 + 𝟏)

𝒏 + 𝟏
+𝑶(

𝟏

𝒏𝟐−𝝐
)) − 𝒏(𝟏 −

𝐥𝐨𝐠(𝒏)

𝒏
+ 𝑶(

𝟏

𝒏𝟐−𝝐
))] = 

=
𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

(𝟏 + 𝐥𝐨𝐠(𝒏) − 𝐥𝐨𝐠(𝒏 + 𝟏) + 𝑶(
𝟏

𝒏𝟏−𝝐
)) = 

=
𝟏

𝟐𝒆
𝐥𝐢𝐦
𝒏→∞

(𝟏 − 𝐥𝐨𝐠 (
𝒏 + 𝟏

𝒏
) + 𝑶(

𝟏

𝒏𝟏−𝝐
)) =

𝟏

𝟐𝒆
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UP.474. Let (𝒂𝒏)𝒏≥𝟏, (𝒃𝒏)𝒏≥𝟏, 𝒂𝒏, 𝒃𝒏 ∈ ℝ+
∗ = (𝟎,∞) such that 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏

𝒏∙𝒂𝒏
= 𝒂, 

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏 √𝒂𝒏
𝒏 = 𝒃, 𝒂, 𝒃 ∈ ℝ. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒃𝒏+𝟏
𝒏+𝟏

− √𝒃𝒏
𝒏 ) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

𝑩𝒏 = √𝒃𝒏+𝟏
𝒏+𝟏 − √𝒃𝒏

𝒏 = √𝒃𝒏
𝒏 (

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏) = √𝒃𝒏
𝒏 (𝒖𝒏 − 𝟏) = 

= √𝒃𝒏
𝒏 ∙

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏 =

√𝒃𝒏
𝒏

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟏, 

𝒖𝒏 =
√𝒃𝒏+𝟏

𝒏+𝟏

√𝒃𝒏
𝒏

, ∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒏 ∙ 𝒃𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏√𝒂𝒏
𝒏

∙
√𝒂𝒏
𝒏

𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞

√𝒃𝒏
𝒏

𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞
√
𝒂𝒏
𝒏𝒏

𝒏
=

𝑪−𝑫′𝑨
 

= 𝒃 ∙ 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒂𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏
𝒏 ∙ 𝒂𝒏

(
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

=
𝒂𝒃

𝒆
 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒃𝒏
𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒃𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏√𝒂𝒏
𝒏

∙
√𝒂𝒏
𝒏

𝒏
(
𝒏

𝒏 + 𝟏
)
𝒏

= 

= 𝒃 ∙
𝒂

𝒆
∙
𝟏

𝒆
=
𝒂𝒃

𝒆𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏+𝟏
𝒏+𝟏

𝒏 + 𝟏
∙
𝒏

√𝒃𝒏
𝒏

∙
𝒏 + 𝟏

𝒏
=
𝒂𝒃

𝒆𝟐
∙
𝒆𝟐

𝒂𝒃
∙ 𝟏 = 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒃𝒏+𝟏
𝒃𝒏

∙
𝟏

√𝒃𝒏+𝟏
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒏 ∙ 𝒃𝒏

∙
𝒏 + 𝟏

√𝒃𝒏+𝟏
𝒏+𝟏

=
𝒂𝒃

𝒆
∙
𝒆𝟐

𝒂𝒃
∙ 𝟏 = 𝒆 

Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒃𝒏+𝟏
𝒏+𝟏 − √𝒃𝒏

𝒏 ) =
𝒂𝒃

𝒆𝟐
∙ 𝟐 ∙ 𝐥𝐨𝐠 𝒆 =

𝒂𝒃

𝒆𝟐
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Solution 2 by Adrian Popa-Romania 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒃𝒏+𝟏
𝒏+𝟏 − √𝒃𝒏

𝒏 ) = 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 (

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏) = 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 (

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏) = 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏 ∙

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏

𝐥𝐨𝐠
√𝒃𝒏+𝟏

𝒏+𝟏

√𝒃𝒏
𝒏

∙ 𝐥𝐨𝐠𝒖𝒏 = 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏

𝒏
∙

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠 (

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

)

𝒏

, ∀𝒏 ≥ 𝟏 

Hence, 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒃𝒏
𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒃𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏√𝒂𝒏
𝒏

∙
√𝒂𝒏
𝒏

𝒏
(
𝒏

𝒏 + 𝟏
)
𝒏

= 

= 𝒃 ∙
𝒂

𝒆
∙
𝟏

𝒆
=
𝒂𝒃

𝒆𝟐
 

and  

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒏 ∙ 𝒃𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏√𝒂𝒏
𝒏

∙
√𝒂𝒏
𝒏

𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞

√𝒃𝒏
𝒏

𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞
√
𝒂𝒏
𝒏𝒏

𝒏
=

𝑪−𝑫′𝑨
 

= 𝒃 ∙ 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒂𝒏
= 𝒃 ∙ 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏
𝒏 ∙ 𝒂𝒏

(
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

=
𝒂𝒃

𝒆
 

Now, we have: 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏+𝟏
𝒏+𝟏

𝒏 + 𝟏
∙
𝒏

√𝒃𝒏
𝒏

∙
𝒏 + 𝟏

𝒏
=
𝒂𝒃

𝒆𝟐
∙
𝒆𝟐

𝒂𝒃
∙ 𝟏 = 𝟏 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏+𝟏
𝒏+𝟏

√𝒃𝒏
𝒏

− 𝟏

𝐥𝐨𝐠
√𝒃𝒏+𝟏

𝒏+𝟏

√𝒃𝒏
𝒏

= 𝟏 

𝐥𝐢𝐦
𝒏→∞

(
√𝒃𝒏+𝟏

𝒏+𝟏

√𝒃𝒏
𝒏

)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒃𝒏

∙
𝟏

√𝒃𝒏+𝟏
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒏 ∙ 𝒃𝒏

∙
𝒏 + 𝟏

√𝒃𝒏+𝟏
𝒏+𝟏

=
𝒂𝒃

𝒆
∙
𝒆𝟐

𝒂𝒃
∙ 𝟏 = 𝒆 
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Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒃𝒏+𝟏
𝒏+𝟏 − √𝒃𝒏

𝒏 ) =
𝒂𝒃

𝒆𝟐
∙ 𝟐 ∙ 𝐥𝐨𝐠 𝒆 =

𝒂𝒃

𝒆𝟐
 

UP.475 Let (𝒂𝒏)𝒏≥𝟏 be sequence of real numbers such that 𝒂𝟏 = 𝟏 and  

(𝒏 + 𝟏)𝟐(𝒂𝒏+𝟏 − 𝒂𝒏) − (𝒂𝒏+𝟏 + 𝒏 + 𝟏) = 𝟎. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝟏+ 𝒂𝒏
𝒏  

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

We have: 

(𝒏 + 𝟏)𝟐(𝒂𝒏+𝟏 − 𝒂𝒏) − (𝒂𝒏+𝟏 + 𝒏 + 𝟏) = 𝟎 

(𝒏 + 𝟏)𝟐(𝒂𝒏+𝟏 − 𝒂𝒏) − 𝒂𝒏+𝟏 − (𝒏 + 𝟏) = 𝟎 

[(𝒏 + 𝟏)𝟐 − 𝟏]𝒂𝒏+𝟏 − (𝒏 + 𝟏)
𝟐𝒂𝒏 = 𝒏 + 𝟏 

(𝒏𝟐 + 𝟐𝒏)𝒂𝒏+𝟏 − (𝒏 + 𝟏)
𝟐𝒂𝒏 = (𝒏 + 𝟏) 

𝒏(𝒏 + 𝟐)𝒂𝒏+𝟏 − (𝒏 + 𝟏)
𝟐𝒂𝒏 = 𝒏 + 𝟏 

𝒏 + 𝟐

𝒏 + 𝟏
∙ 𝒂𝒏+𝟏 −

𝒏+ 𝟏

𝒏
∙ 𝒂𝒏 =

𝟏

𝒏
 

Summing after 𝒌 ∈ 𝟏,𝒏̅̅ ̅̅ ̅ in relation: 

𝒌 + 𝟐

𝒌 + 𝟏
∙ 𝒂𝒌+𝟏 −

𝒌 + 𝟏

𝒌
∙ 𝒂𝒌 =

𝟏

𝒌
⇒ 

𝒏 + 𝟏

𝒏 + 𝟏
∙ 𝒂𝒏+𝟏 − 𝟐𝒂𝟏 = 𝑯𝒏 , 𝐰𝐡𝐞𝐫𝐞  𝑯𝒏 = 𝟏 +

𝟏

𝟐
+
𝟏

𝟑
+ ⋯+

𝟏

𝒏
 

Hence, 

𝒂𝒏+𝟏 =
𝒏+ 𝟏

𝒏 + 𝟐
∙ (𝑯𝒏 + 𝟐) ⇒ 𝒂𝒏 =

𝒏

𝒏 + 𝟏
(𝑯𝒏−𝟏 + 𝟐) ⇒ 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = +∞  

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝟏 + 𝒂𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
(𝟏 + 𝒂𝒏)

𝟏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
[(𝟏 + 𝒂𝒏)

𝟏
𝒂𝒏]

𝒂𝒏
𝒏

= 𝒆
𝐥𝐢𝐦
𝒏→∞

𝑯𝒏−𝟏+𝟐
𝒏+𝟏 =

𝑳.𝑪−𝑺
𝒆𝟎 = 𝟏 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒏 ∈ 𝑵≥𝟏.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒏 + 𝟏)
𝟐(𝒂𝒏+𝟏 − 𝒂𝒏) − (𝒂𝒏+𝟏 + 𝒏 + 𝟏) = 𝟎 
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⇔ 𝒏(𝒏 + 𝟐)𝒂𝒏+𝟏 − (𝒏 + 𝟏)
𝟐𝒂𝒏 = 𝒏+ 𝟏 ⇔ 

𝒏 + 𝟐

𝒏 + 𝟏
. 𝒂𝒏+𝟏 −

𝒏 + 𝟏

𝒏
. 𝒂𝒏 =

𝟏

𝒏
,∀𝒏 ≥ 𝟏  (𝟏) 

𝑻𝒉𝒆𝒏 ∶   ∑(
𝒌 + 𝟐

𝒌 + 𝟏
. 𝒂𝒌+𝟏 −

𝒌 + 𝟏

𝒌
.𝒂𝒌)

𝒏−𝟏

𝒌=𝟏

= ∑
𝟏

𝒌

𝒏−𝟏

𝒌=𝟏

 ⇔ 
𝒏 + 𝟏

𝒏
. 𝒂𝒏 − 𝟐𝒂𝟏 = 𝑯𝒏−𝟏 

𝑯𝒆𝒏𝒄𝒆,   𝒂𝒏 =
𝒏

𝒏 + 𝟏
(𝑯𝒏−𝟏 + 𝟐),   ∀𝒏 ≥ 𝟏  𝒂𝒏𝒅  𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = +∞  (𝟐) 

  𝜴 = 𝐥𝐢𝐦
𝒏→∞

√𝟏 + 𝒂𝒏
𝒏  =⏞

𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

𝟏 + 𝒂𝒏+𝟏
𝟏 + 𝒂𝒏

 =⏞
(𝟏)

𝐥𝐢𝐦
𝒏→∞

𝟏 +
𝒏 + 𝟏
𝒏 + 𝟐(

𝒏 + 𝟏
𝒏 . 𝒂𝒏 +

𝟏
𝒏)

𝟏 + 𝒂𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒏(𝒏 + 𝟐)
+

𝟏

(𝒏 + 𝟐)(𝟏 + 𝒂𝒏)
) =⏞
(𝟐)

 𝟏.   𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝜴 = 𝟏. 

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝒂𝒏+𝟏 =
(𝒏 + 𝟏)𝟐

(𝒏 + 𝟏)𝟐 − 𝟏
𝒂𝒏 +

𝒏 + 𝟏

(𝒏 + 𝟏)𝟐 − 𝟏
 

𝐋𝐞𝐭: 𝒃𝒏 =
𝒂𝒏
𝒏
, 𝒃𝟏 = 𝟏 ⇒ 𝒃𝒏+𝟏 =

𝒏(𝒏 + 𝟏)

𝒏(𝒏 + 𝟐)
𝒃𝒏 +

𝟏

𝒏(𝒏 + 𝟏)
=
𝒏 + 𝟏

𝒏 + 𝟐
𝒃𝒏 +

𝟏

𝒏(𝒏 + 𝟐)
 

𝒃𝒏+𝟏

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

=

𝒏 + 𝟏
𝒏 + 𝟐

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

𝒃𝒏 +

𝟏
𝒏(𝒏 + 𝟐)

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

 

𝐋𝐞𝐭: 𝒄𝒏 =
𝒃𝒏

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

⇒ 𝒄𝒏+𝟏 = 𝒄𝒏 +

𝟏
𝒏(𝒏 + 𝟐)

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

⇒ 𝒄𝒏 =
𝒃𝒏

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏−𝟏
𝒋=𝟏

, 𝒄𝟏 = 𝒃𝟏 = 𝟏 

∏
𝒋+𝟏

𝒋 + 𝟐

𝒏−𝟏

𝒋=𝟏

=
𝟐

𝒏 + 𝟏
⇒ 𝒄𝒏 =

𝒃𝒏
𝟐

𝒏 + 𝟏

⇒

𝟏
𝒏(𝒏 + 𝟐)

∏
𝒋 + 𝟏
𝒋 + 𝟐

𝒏
𝒋=𝟏

=

𝟏
𝒏(𝒏 + 𝟐)

𝟐
𝒏 + 𝟐

=
𝟏

𝟐𝒏
 

𝒄𝒏+𝟏 = 𝒄𝒏 +
𝟏

𝟐𝒏
= 𝒄𝒏−𝟏 +

𝟏

𝟐
(
𝟏

𝒏
+

𝟏

𝒏 − 𝟏
) = 𝒄𝒏−𝟐 +

𝟏

𝟐
(
𝟏

𝒏
+

𝟏

𝒏 − 𝟏
+

𝟏

𝒏 − 𝟐
)… 

𝒄𝒏+𝟏 = 𝒄𝟏 +
𝟏

𝟐
𝑯𝒏 = 𝟏 +

𝟏

𝟐
𝑯𝒏; (𝑯𝒏 =∑

𝟏

𝒋

𝒏

𝒋=𝟏

) ⇒ 𝒄𝒏 = 𝟏 +
𝟏

𝟐
𝑯𝒏−𝟏 
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𝒃𝒏 =
𝟐

𝒏 + 𝟏
(𝟏 +

𝟏

𝟐
𝑯𝒏) 

𝑯𝒏−𝟏 ≤ ∫
𝟏

𝒗
𝒅𝒗

𝒗

𝟏

= 𝐥𝐨𝐠(𝒏) ⇒ 𝑯𝒏 ≤ 𝟏 + 𝐥𝐨𝐠(𝒏) 

𝟏 ≤ √𝟏 + 𝒂𝒏
𝒏 ≤

𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊
𝟏 +

𝟏

𝒏
𝒂𝒏 = 𝟏 + 𝒃𝒏 ≤ 𝟏 +

𝟐 + 𝟏 + 𝐥𝐨𝐠(𝒏 − 𝟏)

𝒏 + 𝟏

𝒏→∞
→   ∞ 

Therefore, 𝛀 = 𝟏. 

UP.476 If (𝒂𝒏)𝒏≥𝟏, 𝒂𝒏 ∈ ℝ+
∗ = (𝟎,∞), 𝒏 ∈ ℕ∗ and 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏∙ √𝒏!
𝒏 = 𝒂 > 0. Find: 

𝛀(𝐚) = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

𝑩𝒏 = √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 = √𝒂𝒏
𝒏 (

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏

− 𝟏) = √𝒂𝒏
𝒏 ∙ (𝒖𝒏 − 𝟏) = 

= √𝒂𝒏
𝒏 ∙

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠𝒖𝒏 =

√𝒂𝒏
𝒏

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 , ∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏
𝒏𝒏

𝒏
=

𝑪−𝑫′𝑨
𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒂𝒏
= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏+𝟏

𝒂𝒏 ∙ √𝒏!
𝒏 ∙

√𝒏
𝒏

𝒏
∙ (

𝒏

𝒏 + 𝟏
)
𝒏+𝟏

) = 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

√
𝒏!

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨 𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)!

(𝒏 + 𝟏)𝒏+𝟏
∙
𝒏𝒏

𝒏!
= 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝒂

𝒆𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏

𝒏 + 𝟏
∙
𝒏

√𝒂𝒏
𝒏

∙
𝒏 + 𝟏

𝒏
=
𝒂

𝒆𝟐
∙
𝒆𝟐

𝒂
∙ 𝟏 = 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
(
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏

∙
𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏 ∙ √𝒏!
𝒏 ∙

√𝒏!
𝒏

√𝒂𝒏+𝟏
𝒏+𝟏

= 𝒂 ∙ 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

∙
√𝒏!
𝒏

𝒏
∙
𝒏

𝒏 + 𝟏
= 𝒂 ∙

𝒆𝟐

𝒂
∙
𝟏

𝒆
∙ 𝟏 = 𝒆 
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Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) =
𝒂

𝒆𝟐
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆 =

𝒂

𝒆𝟐
 

Solution 2 by Adrian Popa-Romania 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏 (

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏

− 𝟏) = 

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏 ∙

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏

− 𝟏

𝐥𝐨𝐠 (
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

∙ 𝐥𝐨𝐠 (
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

) = 

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
∙
𝒆
𝐥𝐨𝐠(

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏 )

− 𝟏

𝐥𝐨𝐠 (
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

∙ 𝐥𝐨𝐠 (
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

𝒏

, ∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏
𝒏𝒏

𝒏
=

𝑪−𝑫′𝑨
𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏

∙
𝒏𝒏

𝒂𝒏
= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏+𝟏

𝒂𝒏 ∙ √𝒏!
𝒏 ∙

√𝒏
𝒏

𝒏
∙ (

𝒏

𝒏 + 𝟏
)
𝒏+𝟏

) = 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

√
𝒏!

𝒏𝒏

𝒏

=
𝑪−𝑫′𝑨 𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)!

(𝒏 + 𝟏)𝒏+𝟏
∙
𝒏𝒏

𝒏!
= 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏

=
𝒂

𝒆𝟐
 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏

𝒏 + 𝟏
∙
𝒏

√𝒂𝒏
𝒏

∙
𝒏 + 𝟏

𝒏
=
𝒂

𝒆𝟐
∙
𝒆𝟐

𝒂
∙ 𝟏 = 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒆
𝐥𝐨𝐠(

√𝒂𝒏+𝟏
𝒏+𝟏

√𝒂𝒏
𝒏 )

− 𝟏

𝐥𝐨𝐠(
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞
(
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

)

𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏

∙
𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏 ∙ √𝒏!
𝒏 ∙

√𝒏!
𝒏

√𝒂𝒏+𝟏
𝒏+𝟏

= 𝒂 ∙ 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

∙
√𝒏!
𝒏

𝒏
∙
𝒏

𝒏 + 𝟏
= 
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= 𝒂 ∙
𝒆𝟐

𝒂
∙
𝟏

𝒆
∙ 𝟏 = 𝒆 

Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 ) =
𝒂

𝒆𝟐
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆 =

𝒂

𝒆𝟐
 

UP.477 If 𝒇 is nonnegative function on [𝟎, 𝟏] and 𝒇′(𝒙) ≥ 𝟏 then: 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟏

; 𝒏 ∈ ℕ, 𝒏 ≥ 𝟐 

Proposed by Florică Anastase-Romania 
Solution by proposer 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 = ∫ 𝒇𝒏−𝟑(𝒕) ⋅ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟑

⋅ ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕; (𝟏) 

∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 − (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐

≥ 𝒇𝟐(𝟎)∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕; (𝟐) 

When 𝒙 = 𝟏 we get 

Let 𝑭: [𝟎, 𝟏] → ℝ be the function define by: 

𝑭(𝒙) = ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 − (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐

 𝐚𝐧𝐝 𝒈: [𝟎, 𝟏] → ℝ 

𝒈(𝒙) = 𝒇𝟐(𝒙) − 𝟐∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕 

𝒈′(𝒙) = 𝟐𝒇(𝒙)(𝒇′(𝒙) − 𝟏) ≥ 𝟎 

Hence, 𝒈 −increases and it follows that 𝒈(𝒙) ≥ 𝒈(𝟎) = 𝒇𝟐(𝟎). 

𝑭′(𝒙) ≥ 𝒇𝟐(𝟎)𝒇(𝒙) ⇔ [𝑭(𝒙) − 𝒇𝟐(𝟎)∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎

]

′

≥ 𝟎 

Therefore, the function 𝒉(𝒙) = 𝑭(𝒙) − 𝒇𝟐(𝟎) ∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎
 is increases, so we get: 

𝑭(𝒙) − 𝒇𝟐(𝟎)∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎

≥ 𝑭(𝟎) = 𝟎 

From (1) and (2), it follows that: 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟑

⋅ (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐
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∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟏

; 𝒏 ∈ ℕ, 𝒏 ≥ 𝟐 

UP.478 If 𝒇 is nonnegative function on [𝟎, 𝟏] and 𝒇′(𝒙) ≥ 𝟏 then: 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 𝒙𝒏−𝟑((∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟏

+ 𝒇𝟐(𝟎) (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟐

) ;𝒏 ∈ ℕ, 𝒏 ≥ 𝟐 

Proposed by Florică Anastase-Romania 
Solution by proposer 

 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 = ∫ 𝒇𝒏−𝟑(𝒕) ⋅ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝒙∫ 𝒇𝒏−𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 ⋅ ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

… 

≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟑

⋅ ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕; (𝟏) 

∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 − (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐

≥ 𝒇𝟐(𝟎)∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕; (𝟐) 

Let 𝑭: [𝟎, 𝟏] → ℝ be the function define by: 

𝑭(𝒙) = ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 − (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐

 𝐚𝐧𝐝 𝒈: [𝟎, 𝟏] → ℝ 

𝒈(𝒙) = 𝒇𝟐(𝒙) − 𝟐∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕 

𝒈′(𝒙) = 𝟐𝒇(𝒙)(𝒇′(𝒙) − 𝟏) ≥ 𝟎 

Hence, 𝒈 −increases and it follows that 𝒈(𝒙) ≥ 𝒈(𝟎) = 𝒇𝟐(𝟎). 

𝑭′(𝒙) ≥ 𝒇𝟐(𝟎)𝒇(𝒙) ⇔ [𝑭(𝒙) − 𝒇𝟐(𝟎)∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎

]

′

≥ 𝟎 

Therefore, the function 𝒉(𝒙) = 𝑭(𝒙) − 𝒇𝟐(𝟎) ∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎
 is increases, so we get: 

𝑭(𝒙) − 𝒇𝟐(𝟎)∫ 𝒇(𝒕)𝒅𝒕
𝒙

𝟎

≥ 𝑭(𝟎) = 𝟎 

From (1) and (2), it follows that: 

∫ 𝒇𝒏(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟑

⋅ ∫ 𝒇𝟑(𝒕)
𝒙

𝟎

𝒅𝒕 ≥ 
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≥ 𝒙𝒏−𝟑 (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟑

⋅ ((∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝟐

+ 𝒇𝟐(𝟎)∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕) = 

= 𝒙𝒏−𝟑 ((∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟏

+ 𝒇𝟐(𝟎) (∫ 𝒇(𝒕)
𝒙

𝟎

𝒅𝒕)

𝒏−𝟐

) 

UP.479 Let 𝒎𝒂, 𝒎𝒃, 𝒎𝒄 be the lengths of the medians of a triangle 𝑨𝑩𝑪 with 

circumradius 𝑹 and inradius 𝒓. Let 𝒓𝒂, 𝒓𝒃, 𝒓𝒄 be the exradii of the triangle.  

Prove that: 

𝟕𝟐
𝒓𝟒

𝑹𝟑
≤
𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤
𝟗

𝟖

𝑹𝟒 − 𝟖𝒓𝟒

𝒓𝟑
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by proposer 

Let 𝒂 = 𝑩𝑪,𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the sides of 𝚫𝑨𝑩𝑪. We have: 

(𝒃 + 𝒄 − 𝒂)(𝒃 + 𝒄 + 𝒂) = (𝒃 + 𝒄)𝟐 − 𝒂𝟐 = 𝟒𝒎𝒂
𝟐; (𝟐𝒔 = 𝒂 + 𝒃 + 𝒄) 

𝒃 + 𝒄 − 𝒂 ≤
𝟒𝒎𝒂

𝟐

𝟐𝒔
⇔ (𝒃 + 𝒄 − 𝒂)𝒎𝒂

𝟐 ≤
𝟒𝒎𝒂

𝟒

𝟐𝒔
 

Similarly, 

(𝒄 + 𝒂 − 𝒃)𝒎𝒃
𝟐 ≤

𝟒𝒎𝒃
𝟒

𝟐𝒔
 𝐚𝐧𝐝 (𝒂 + 𝒃 − 𝒄)𝒎𝒄

𝟐 ≤
𝟒𝒎𝒄

𝟒

𝟐𝒔
 

Also, we know that: 

𝒓𝒂 =
𝒓𝒔

𝒔 − 𝒂
=

𝟐𝒓𝒔

𝒃 + 𝒄 − 𝒂
⇔ 𝒃 + 𝒄 − 𝒂 =

𝟐𝒓𝒔

𝒓𝒂
 

Similarly, 

𝒄 + 𝒂 − 𝒃 =
𝟐𝒓𝒔

𝒓𝒃
 𝐚𝐧𝐝 𝒂 + 𝒃 − 𝒄 =

𝟐𝒓𝒔

𝒓𝒄
. 𝐒𝐨,  

𝟑𝒓𝒔

𝒓𝒂
𝒎𝒂
𝟐 ≤

𝟒𝒎𝒂
𝟐

𝟐𝒔
⇔
𝒎𝒂
𝟐

𝒓𝒂
≤
𝒎𝒂
𝟒

𝒓𝒔𝟐
 

Similarly, 

𝒎𝒃
𝟐

𝒓𝒃
≤
𝒎𝒃
𝟒

𝒓𝒔𝟐
 𝐚𝐧𝐝 

𝒎𝒄
𝟐

𝒓𝒄
≤
𝒎𝒄
𝟒

𝒓𝒔𝟐
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By adding up these three inequalities, we have: 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤
𝟏

𝒓𝒔𝟐
(𝒎𝒂

𝟒 +𝒎𝒃
𝟒 +𝒎𝒄

𝟒) 

It is well-known that: 

𝒎𝒂
𝟒 +𝒎𝒃

𝟒 +𝒎𝒄
𝟒 =

𝟗

𝟏𝟔
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒). 𝐒𝐨, 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤

𝟗

𝟏𝟔𝒓𝒔𝟐
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) 

Now, we we’ll prove that: 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ 𝟓𝟒𝑹𝟑(𝑹 − 𝒓) 

It is well-known that: 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟏𝟔𝑭𝟐, where 𝑭 denotes 

the area of 𝚫𝑨𝑩𝑪. We have: 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 = 𝟐 ((𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)) − 𝟏𝟔𝑭𝟐 

Also, we have: 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓, so that, with a short calculation, 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 = 𝟐(𝒔𝟒 − 𝟐𝒓(𝟒𝑹 + 𝟑𝒓)𝒔𝟐 + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐) and the inequality to be proved 

becomes: 𝒔𝟒 − 𝟐𝒓(𝟒𝑹+ 𝟑𝒓)𝒔𝟐 + 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 − 𝟐𝟕𝑹𝟑(𝑹 − 𝒓) ≤ 𝟎. 

The left hand sides is a quadratic in 𝒔𝟐 which written as (𝒔𝟐 − 𝜶)(𝒔𝟐 −𝜷) with  

𝜶 = 𝒓(𝟒𝑹+ 𝟑𝒓) − √𝜹 and 𝜷 = 𝒓(𝟒𝑹 + 𝟑𝒓) + √𝜹, where the number 𝜹 being  

𝟖𝒓𝟑(𝟐𝑹 + 𝒓) + 𝟐𝟕𝑹𝟔𝟑 (𝑹 − 𝒓) 

We are reduced to proving that 𝜶 ≤ 𝒔𝟐 ≤ 𝜷. Now, we’ll use Gerretsen’s inequality. The 

inequality 𝜶 ≤ 𝒔𝟐 follows from 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤ 𝒔𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) since  

𝜶 ≤ 𝟑𝒓𝟐 + 𝟒𝑹𝒓 ≤ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤ 𝒔𝟐. As for the inequality 𝒔𝟐 ≤ 𝜷, using Gerretsen’s 

second inequality 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐, we see that it is sufficient to prove 𝟒𝑹𝟐 ≤ √𝜹 

or  

𝟖𝒓𝟒 + 𝟏𝟔𝒓𝟑𝑹− 𝟐𝟕𝒓𝑹𝟑 + 𝟏𝟏𝑹𝟒 ≥ 𝟎. But setting 𝒙 =
𝟐𝑹

𝒓
≥

𝑬𝒖𝒍𝒆𝒓
𝟏, this rewrites as 

𝟐𝟐𝒙𝟒 − 𝟐𝟕𝒙𝟑 + 𝟒𝒙 + 𝟏 ≥ 𝟎, that is (𝒙 − 𝟏) (𝟏𝟏𝒙𝟑 + (𝒙 − 𝟏)(𝟏𝟏𝒙𝟐 + 𝟔𝒙 + 𝟏)) ≥ 𝟎. 

So, the later inequality holds and we are done. So, 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤

𝟗

𝟏𝟔𝒓𝒔𝟐
(𝟓𝟐𝑹𝟑(𝑹 − 𝒓)) 
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We know that 𝒔 ≥ 𝟑√𝟑𝒓, so  

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤

𝟗

𝟏𝟔(𝟑√𝟑𝒓)
𝟐
𝒓
(𝟓𝟒𝑹𝟑(𝑹 − 𝒓)) =

𝟗

𝟖𝒓𝟑
𝑹𝟑(𝑹 − 𝒓) = 

=
𝟗

𝟖
⋅
𝑹𝟒 − 𝑹𝟑𝒓

𝒓𝟑
≤
𝟗

𝟖

𝑹𝟒 − 𝟖𝒓𝟒

𝒓𝟑
 

Now, for the left inequality, we have: 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≥
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)

𝟐

𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
; (∗) 

Now we’ll prove that 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥
𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟐𝑹
. 

We have: 𝑨𝑴 ⋅ 𝑴𝑴𝟏 = 𝑩𝑴 ⋅𝑴𝑪 or 

𝒎𝒂 ⋅ 𝑴𝑴𝟏 =
𝒂

𝟐
⋅
𝒂

𝟐
 

Also, we have: 

𝑴𝑴𝟏 = 𝑨𝑴𝟏 − 𝑨𝑴 ≤ 𝟐𝑹 −𝒎𝒂 

So, 𝒎𝒂(𝟐𝑹 −𝒎𝒂) ≥
𝒂𝟐

𝟒
 

𝒎𝒂 ≥
𝒎𝒂
𝟐+
𝒂𝟐

𝟒

𝟐𝑹
 and similarly 

𝒎𝒃 ≥
𝒎𝒃
𝟐+
𝒃𝟐

𝟒

𝟐𝑹
 and 𝒎𝒄 ≥

𝒎𝒄
𝟐+
𝒄𝟐

𝟒

𝟐𝑹
 

Namely, 

 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥
𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐 +

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒
𝟐𝑹

= 

=

𝟑
𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) +

𝟏
𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐𝑹
=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐𝑹
 

So, 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥
𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟐𝑹
. Also we know that 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟑𝟔𝒓𝟐. Now, (∗) gives: 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≥
(
𝟑𝟔𝒓𝟐

𝟐𝑹 )
𝟐

𝟒𝑹 + 𝒓
≥

𝟑𝟔𝟐𝒓𝟒

𝟒𝑹𝟐

𝟒𝑹 +
𝑹
𝟐

= 𝟕𝟐
𝒓𝟒

𝑹𝟑
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Therefore, 

𝟕𝟐
𝒓𝟒

𝑹𝟑
≤
𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
≤
𝟗

𝟖

𝑹𝟒 − 𝟖𝒓𝟒

𝒓𝟑
 

Equality holds if and only if triangle 𝑨𝑩𝑪 is equilateral. 

Solution 2 by Marin Chirciu-Romania 

Lemma. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝟐

𝒓𝒂
+
𝒎𝒃
𝟐

𝒓𝒃
+
𝒎𝒄
𝟐

𝒓𝒄
=
𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
 

Proof. We have: 

∑
𝒎𝒂
𝟐

𝒓𝒂
=∑

𝒎𝒂
𝟐

𝑭
𝒔 − 𝒂

=
𝟏

𝑭
∑(𝒔 − 𝒂)𝒎𝒂

𝟐 =
𝟏

𝒓𝒔
∙ 𝒔(𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓) =

𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
 

∵∑(𝒔 − 𝒂)𝒎𝒂
𝟐 = 𝒔(𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓) 

𝐅𝐨𝐫 𝐋𝐇𝐒:  ∑
𝒎𝒂
𝟐

𝒓𝒂
≤
𝟗

𝟏𝟔
∙
𝑹𝟒

𝒓𝟑
 

∑
𝒎𝒂
𝟐

𝒓𝒂
=
𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
= 

=
𝟒𝑹𝟐 − 𝟑𝑹𝒓 − 𝒓𝟐

𝒓
≤
(𝟏)

 
𝟗

𝟏𝟔
∙
𝑹𝟒

𝒓𝟑
 

(𝟏) ⇔
𝟒𝑹𝟐 − 𝟑𝑹𝒓 − 𝒓𝟐

𝒓
≤  
𝟗

𝟏𝟔
∙
𝑹𝟒

𝒓𝟑
⇔ 𝟗𝑹𝟒 − 𝟔𝟒𝑹𝟐𝒓𝟐 + 𝟒𝟖𝑹𝒓𝟑 + 𝟏𝟔𝒓𝟒 ≥ 𝟎 ⇔ 

(𝑹 − 𝟐𝒓)(𝟗𝑹𝟑 + 𝟏𝟖𝑹𝟐𝒓 − 𝟐𝟖𝑹𝒓𝟐 − 𝟖𝒓𝟑) ≥ 𝟎, which is true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

Equality holds for 𝚫𝑨𝑩𝑪 equilateral. 

𝐅𝐨𝐫 𝐑𝐇𝐒:  ∑
𝒎𝒂
𝟐

𝒓𝒂
≥ 𝟕𝟐

𝒓𝟒

𝑹𝟑
 

∑
𝒎𝒂
𝟐

𝒓𝒂
=
𝒔𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟒𝒓𝟐 − 𝟕𝑹𝒓

𝒓
= 

=
𝟗𝑹𝒓 − 𝟗𝒓𝟐

𝒓
= 𝟗𝒓 ≥

(𝟐)

𝟕𝟐
𝒓𝟒

𝑹𝟑
 

(𝟐) ⇔ 𝟗𝒓 ≥ 𝟕𝟐
𝒓𝟒

𝑹𝟑
⇔ 𝑹𝟑 ≥ 𝟖𝒓𝟑 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 
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Equality holds for 𝚫𝑨𝑩𝑪 equilateral. 

UP.480 If (𝒂𝒏)𝒏≥𝟏, (𝒃𝒏)𝒏≥𝟏 are sequence of real numbers with 

 𝒂𝒏 ≠ 𝒂𝒏+𝟏, 𝒃𝒏 ≠ 𝒃𝒏+𝟏 ,𝒏 ≥ 𝟏 ,𝐥𝐢𝐦
𝒏→∞

𝒂𝒏 = 𝒂 ∈ ℝ,  𝐥𝐢𝐦
𝒏→∞

𝒃𝒏 = 𝒃 ∈ ℝ,  

𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒂𝒏+𝟏 − 𝒂𝒏)) = 𝒄 ∈ ℝ, 𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒃𝒏+𝟏 − 𝒃𝒏)) = 𝒅 ∈ ℝ and  

𝒇, 𝒈:ℝ → ℝ are differentiable functions with continuous derivative on ℝ, 

then find in terms of 𝒂, 𝒃, 𝒄, 𝒅: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒇(𝒂𝒏+𝟏)𝒈(𝒃𝒏+𝟏) − 𝒇(𝒂𝒏)𝒈(𝒃𝒏))) 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by proposers 

Applying Lagrange’s theorem for function 𝒇 on each interval [𝒂𝒏, 𝒂𝒏+𝟏] yields that there 

exists 𝒙𝒏 between 𝒂𝒏 and 𝒂𝒏+𝟏 such that: 

𝒇(𝒂𝒏+𝟏) − 𝒇(𝒂𝒏) = (𝒂𝒏+𝟏 − 𝒂𝒏)𝒇
′(𝒙𝒏),∀𝒏 ∈ ℕ

∗;    (𝟏) 

Since 𝒙𝒏 is between 𝒂𝒏 and 𝒂𝒏+𝟏, ∀𝒏 ∈ ℕ
∗ and 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏 = 𝐥𝐢𝐦

𝒏→∞
𝒂𝒏+𝟏 = 𝒂, we have that 

𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 = 𝒂. 

By (1) we have: 𝒏(𝒇(𝒂𝒏+𝟏) − 𝒇(𝒂𝒏)) = 𝒏(𝒂𝒏+𝟏 − 𝒂𝒏)𝒇
′(𝒙𝒏), ∀𝒏 ∈ ℕ

∗, so we deduce that 

𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒇(𝒂𝒏+𝟏) − 𝒇(𝒂𝒏)) = 𝒄 ⋅ 𝐥𝐢𝐦
𝒏→∞

𝒇′(𝒙𝒏) = 𝒄𝒇
′ (𝐥𝐢𝐦
𝒏→∞

𝒙𝒏) = 𝒄𝒇
′(𝒂);  (𝟐) 

Analogously, we deduce that: 

𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒈(𝒙𝒏+𝟏) − 𝒈(𝒙𝒏))) = 𝒅 ⋅ 𝒈
′(𝒃);   (𝟑) 

Also we have: 

𝒏(𝒇(𝒂𝒏+𝟏)𝒈(𝒃𝒏+𝟏) − 𝒇(𝒂𝒏)𝒈(𝒃𝒏)) = 𝒏((𝒇(𝒂𝒏+𝟏) − 𝒇(𝒂𝒏))(𝒈(𝒃𝒏+𝟏) − 𝒈(𝒃𝒏)) 

Hence taking limit with 𝒏 → ∞ and taking account by (2),(3) we obtain: 

𝐥𝐢𝐦
𝒏→∞

(𝒏(𝒇(𝒂𝒏+𝟏)𝒈(𝒃𝒏+𝟏) − 𝒇(𝒂𝒏)𝒈(𝒃𝒏)) = 𝒄 ⋅ 𝒇
′(𝒂) ⋅ 𝒈(𝒃) + 𝒅 ⋅ 𝒇(𝒂) ⋅ 𝒈′(𝒃) 

 
 


