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PROBLEMS FOR JUNIORS

JP.a66If a, b, c,d € R are such that (a? + b?)(c? + d?) = 25 then:
3bd + 4ad + 4bc < 3ac + 25

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Letbe Q@ = (a + ib)(c + id) (3 + 4i).
Q| = /(a% + b?)(c? + d?)(32 + 42) = V25 -25 = 25
Q= (ac — bd + i(bc + ad))(3 + 4i) =
= 3(ac — bd) — 4(bc + ad) + i(4(ac — bd) + 3(bc + ad))
|[Re(Q)| = |3(ac — bd) — 4(bc + ad)| = |3ac — 3bd — 4bc — 4ad|

Hence:
|Re(Q)| < |Q]
|3ac — 3bd — 4bc — 4ad| < 25
3ac — 3bd — 4bc — 4ad > —25
3ac + 25 > 3bd + 4ad + 4bc
Solution 2 by Mohamed Amine Ben Ajiba-Morocco

The inequality in the statement can be written as follows :

3bd + 4ad + 4bc — 3ca < 5/ (a? + b2)(c? + d?)
If 3bd + 4ad + 4bc — 3ca < 0 then the inequality is true.
Assume now that 3bd + 4ad + 4bc — 3ca > 0. The inequality is equivalent to
(3bd + 4ad + 4bc — 3ca)? < 25(a? + b?)(c? + d?)
© 16b%*d? + 9a*d? + 9b*c? + 16c*a? — 24abd? — 24b*cd + 24a*cd + 24abc? — 14abcd > 0
& a?(9d? + 24cd + 16¢?) — 2ab(12d? + 7cd — 12¢?) + b?(16d? — 24cd + 9¢?) = 0
& a?(3d + 4¢)? — 2ab(3d + 4c)(4d — 3¢) + b?(4d — 3¢)? = 0

& [a(3d + 4c) — b(4d — 3¢)]?> = 0 which is true.
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Therefore, 3bd + 4ad + 4bc < 3ca + 25.

Solution 3 by Henry Ricardo-New York-USA

CBS
3bd + 4ad + 4bc — 3ac = 3(bd — ac) + 4(ad + bc) <

S\/BZ+4-2-\/(bd—ac)2+(ad+bc)2 =

= 5Vb2d? + a®c? + a?d? + b*c? = 5-\/a? + b? -\/c? + d? = 25
JP.467 If x,y > 0 then in AABC the following relationship holds:

xa™ + yb" xb™ + yc" xc" + ya"
xa™ ! + yb" xb™" ' + yc" xc" 1 + yb"

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
xa™ + yb" xa + yb
> =
xa* 1 +yb" 1~ x+y

(x + y)(xa™ + yb™) > (xa + yb)(xa™ ! + yb" 1) &
x*a™ + xyb™ + xya™ + y?*b" > x*a™ + y*b" + xyab™ ! + xya™ b
at+b*>a"b+ab* o a*(a-b)-b"(a-b)>0c
(a—b)(@a*1-p+1) >0
(a—b)?*(@a™? + a™2%b + -+ b™ %) > 0 which is true.
Similarly,

xb™ + yc" xb + yc xc" + ya™ xc+ya
— =52 and =1 =
xb™ 1 + yc x+y xc» 1 + yb" x+y

By adding, it follows that

xa™ + yb" N xb™ + yc" 4 xc" + ya" S at b+
=>a c
xa® 1 +ybn1 ° xb"1+ycn-1  xcn1 + ypn-1

Solution 2 by Mohamed Amine Ben Ajiba- Morocco

xa™ + yb" - Xa+ yb
. > n n
We have a1+ vpil = & (xa" +yb")(x +y)

> (xa™ !+ yb" 1) (xa + yb)
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& xy(a™ + b") = xy(a™ b + ab™ ') & xy(a—b)(@a* 1 -b""1) >0

Which is true because a — b and a® ! — b"" ! have the same sign.

Th h ~ xa"+yb" >xa+yb (and logs)
enwe have : _— 7 T and analogs

Summing up this inequality with similar ones we get :

xa™ + yb" xb™ + yc" xc" + ya™ xa+yb xb+yc xc+ya
1 -1 -1 -1 -1 72 + +
xa™ 1 + yb" xb™1 + ycn xc" 1 + yan x+y x+y x+y
=a+b+c.

Equality holds if f AABC is equilateral.

JP.468 Solve for real numbers:
x12 - 15x3+14=0

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

x12-15x3+14=0
x12 - 2x%+2x° —4x® +4x6 —8x3 - 7x3+14 =0
03 -2)+2x°(x3-2)-7x3-2)=0
x3-2)x°+2x6+4x3-7)=0
}-2=02x3=2=x,=32,x,3€C
x°+2x6+4x3-7=0
X0 —x0+3x6—-3x3+7x3-7=0
X3 -1D+3x3x32-1D+7x3-1)=0
xB-1D°+3x3+7)=0
B-1=0=>x3=1=2x,=1x54€C
x+3x3+7=0
Denotex> =y=>y>+3y+7=0A=9-28<0=>y,,€C
X78.,12 €C

So, the real solutions are S = {3/2;1}.
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Solution 2 by Hikmat Mammadov-Azerbaijan

Letk=x®=>k*- 15k +14=0
k*-k—-14k+14=0 k(k®*-1)-14k-1) =0
k(k—1)(k*+k+1)—14(k—1)=0
(k—1D)(K3+Kk*+k+1)=0
k=1ork3+k*+k—-14=0
(k—2)(k*+3k+7)=0s (k—1)(k—2)(k’+3k+7)=0

-3+V9-4-7
> }nR:ke{l,Z}:xe{l;W}.

k € {1,2,

Solution 3 by Florentin Visescu-Romania
x12-15x3+14=0
X=t=>t*—15t+14=0
t"r—t—14t+14=05t(t>-1)-14(t—1)=0
tt-D*+t+1)—14(t—1)=0
-1 +t?+t—-14)=0
t=1>x;=1lort3+t?+t-14=0¢
t3—-8+t?—4+t-2=0 (t-2)t*+3t+7)=0
t=2=>x=32
Solution 4 by Fayssal Abdelli-Algerie
y=x3=>y*-15y+14 =0
yt—y+14-14y =0 y(y*-1)-14(y—-1) =0
-DO’+y*+y-14)=0
y=1lory}+y*+y—-14=0, y=1>x=1
Y4y +y—14=(y-2)p*+3y+7N=0=>y=2=x=132
X €E {1;%}
Solution 5 by Muhammad Afzal-Pakistan
y=x3=>y*-15y+14=0
yt—y+14-14y=0y(y*-1)-14(y-1)=0
6 | 32-RMM SPRING EDITION 2024-SOLUTIONS
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-1 +y*+y—14)=0, y=1ory’ +y>+y—14=0

y=1=>x=1
Y34y +y—14=(y-2)y*+3y+7)=0=>y=2=>x=132
x € {1;V2}
Solution 6 by Carlos Paiva-Brazil
x12 —15x% + 14 = 0,let y = x3, then:
y*—15y+14=0o (y* -3y +2)p*+3y+7) =0
y1=1;y, = 2, hence x € {1; i/i}
Solution 7 by Qudrat Muhammadi-Afghanistan
2215234+ 14 =02 (x—-1DEP-2)(xX2+x+ 1D +3x3+7)=0
x—1=0=>x,=1 x3-2=0>x,=132
(x%? + x + 1) = 0; (x® + 3x® + 7) = 0 there is no real solution hence x € {1;3/2}
Solution 8 by Fayssal Abdelli-Algerie
lety=x3=>y*—15y+14=0
y*—16-15y+30=0 (y* —29)—15(y—2) =0
O -25)(*+2%)—-15(y-2)=0
(y—2)3*+2y*+4y—-7)=0
y=2=2x=32ory*+2y2+4y-7=0¢c
y—-1O?+3y+7)=0>y=1>x=1
y3 + 3y + 7 = 0 there is no real solution.
Solution 9 by Angel Plaza-Spain
The only real solution to the proposed equationare x = 1,and x = V2.
By doing x3 = y, the equation becomes y* — 15y + 14 = 0, with y = 1 as aroot.
Sincey*—15y+14=(y-1)3+y*+y-14) =y -1y —-2)»*+3y + 7).

2 2
Sincey? +3y+7 = (y + %) — % +7= (y + %) + % > 0, the equation does not have

any more real roots.
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Solution 10 by Henry Ricardo-New York-USA

Let X = x3, our equation becomes
—15X+14=X-2)X—-1)(X2+3X+7) =0,
sothat X =2, X =1and X = (-3 + 19i)/2 are the solutions.
This translates to x = /2 and x = 1 as the only real solutions to the original equation.

JP.469 Let z4,2,,25 € C*,A(z1), B(z,), C(z3) different in pairs such that

|z4] = |z2] = |2z3] = 1. If

z\/KZZl — Zy _ZS)(ZZZ —Z1 —Z3)| =9 = AB = BC = CA.

cyc

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

S 1@z 72~ 20—~ ) = 9 =

cyc

23 [l 252) 252 =0 3= 3

cyc cyc

But,/m,;m, <—— :»ZJ p S My +my +mg; (2)

cyc

ma+mb

m, +m, +m, ST;(B)
From (2) and (3) we get

N gy = 23 (1)

cyc
From (1) and (4) we have equality if and only if AABC is equilateral.

Solution 2 by Ruxandra Daniela Tonila-Romania

z\/|(221 —2z,—23)(22y — 2, — 23)| =

cyc

= Z\/l(f}zl - (Zl + V4) + Z3))(3Z2 - (Zl + V4) + Z3))| =

cyc
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=3Z\/|Z1—ZG|'|ZZ—ZG|=32VAG'B -

cyc cyc
2 AGM 1
=33 ) MMy <2) my < 6 |3} mh=
cyc cyc cyc
1 Leibniz
—6- EZ(z:ﬂ+2c2—aZ)=3- Zaz < 3.-3RZ=9R=09.
cyc cyc

Equality holds fora = b = c.
JP.470 Let z4,2,, Z3 € C, A(z41), B(z3), C(z3) different in pairs such that
|z{| = |z5| = |z3] = 1.Prove that:

1 3
;(K% —2y)|zy — 23| + (21 — 23) |21 — 2,|)? (|21 — 25| + |25 — 23| + |25 — 24])?

< AB = BC = CA.

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

|zy — 25| + 1|2z, — 23| + |23 — 2| =AB+BC+CA=a+b+c

2, : :
2= _ _ _ 2
cyc (|(z1 — 22)124 — 23] + (21 — 23) |21 — 2,|) (24 = z;] + 12, — 23] + |23 — 24 )

a+b+c v at+b+tc

1 1
Z ;=3 z 5
cyc <|(21 —Zy)|zq — z3| + (21 — 23) |z, — Zz||> <(b + )z, — bz, — Czs)

=3

1 1
5 _
(b+C+a)Zl—azl—bZZ—CZ3 aZ1+bZ2+CZ3
cyc cyc |\Z1 —

a+b+c 1 a+b+c

Z$= 3;(1)

cyc

LA
war”~ Ty 2R - 3@

cyc cyc
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From (1) and (2) AABC is equilateral.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
|z,| = |z,| =|z3] =1 - AABC € C(O,R=1)
Leta=BC = |z, —z3|, b=CA=|z3 — 24|, c=AB = |z, — z,|. We have :

1 1
s, -3 3
) |(zy — z3)b + (z4 — z3)c|? |(a+ b +c)zy — (azy + bz, + cz3)|?
cyc cyc

1
5 (25 oy - S21t bt ez
., A
_121_121_125“17
C(28)2Lulzg —z/2 (25)2LuAI?2 (2s)? r?
cyc cyc cyc
1 1(1 r\e 1 4(1 1)R;1 3 _ pus
" (25)2 12 2R/ = (2s)? R? 4) — (297 )
Equality holds if f AABC is equilateral.
Therefore,
1 3

|(Z1 —z3)|zy — z3| + (21 — z3) |2z, — Zz|| 2 (21 = z;] + |2z — 23] + |23 — ,])*
< AB = BC = CA.
JP.471In AABC,AA4, BB4, CC internal bisectors and 4,, B,, C, contact

cyc

points with circumcircle of triangle ABC. Prove that:
AlAZ . Bzcz + BlBZ 'Azcz + C1C2 . AZBZ > Rs

Proposed by Marian Ursarescu-Romania

Solution by proposer
p(Ay) = AA; - A1A; = BA, - A4C

From bisector theorem we have

BA, = ca, = . 2
17a+c¢ Y " b+¢’
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2bc A-(g)
b+ CCOSZ'

From (1),(2) and (3) it follows

AA{ =wa =

a?
A4, = ’ (4)

2(b+ ¢) cos%

From Law of sines we have

B2, — 2R = B,C, = 2R 4. 5
sin (B25) = B>C; = 2R cos 35 (5)
Sin 2 )

From (4) and (5) we get

a’R
AAZ 'Bzcz =b_-|-c
a®> Bergstrom  (q+b+c)?2 R(a+b+c)
ZAIAZ'BZCZ:RZb+c = R.Z(a+b+c)= 2 =Rs

cyc cyc

JP.4721f x,y,z > 0 then:

. 1 1y . 1 1y, . 1 1 \
(3x —F+F>(3y —F+ﬁ)<32 —;+;)2(xy+yz+zx)

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

1

1
Denote:a =-,b =~-,c = -, then
y z

R | =

a®-a*+3-a*-2=a°@-1)-(@-1D=(@®-1)(a°-1) =
=(a-1?*@+a+1D)(a*+a*+a*+a+1)=>0

a®—a*+3-a*-2>02at-a*+3>a3+2

1 1 3 1
[or= 0 )= [ oe0)- [ oot -

cyc cyc cyc
1 1
8 5 3 —
> | [(@ - +3) 2 | @ 2 =
cyc cyc

1 3 Holder 1 3
=—a3b3031_[(a +1+1) = —m55@@1-1+b-1-1+¢-1-1)°=
cyc
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3
_(a+b+c>3_ (1+1+1) — (xy + vz + 22)°
~\ abc S\ Ty Ty Ty YET AR
Equality holds forx =y =z = 1.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0 we will have:
1 1 1 1
3x3——2+—2 2x3+1=)x3——2+—321
x%  x x% x
B-x+1>2xox—x-x3*-1)=>0
PP -D-FP-1D20e @ -1D(Hx*-1)=0

x—1D2(x2+x+ 1D +x34+x24+x+1)>0

Therefore,
33—l+l > |2x3+1) > (xy + yz + zx)3
xx2x5_ X > (xy+yz+zx
cyc cyc

Equality holds forx =y =z = 1.

Solution 3 by Tapas Das-India

1 1 1 Holder
(B+1+23)303+y3+1)3(1+23+2%)3 >

Holder 1 1 1
> (3 y3-13+@-y3-23)3+(x3-1-23)3=xy+yz+zx

2x3+1D)2y3+1)223 +1) = (xy + yz + zx)3
1 1 1 1
3x3—P+F—(2x3+1)= <x3+ﬁ>—<ﬁ+ 1)2

x -1

1 1
— 3 — 3 —
B

@ -1D(E5-1) 3 -D[(3 - 1) (% +1) — 2% + x7]

x> x>
_@-DE-DEP+ D) -x2x-1]
= = =
x—1D?(x+x+ D+ 23 +x2+x+1)
= - >0

1 1
:>3x3—ﬁ+522x3+1
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Similarly,

3y3 1+1>23+1 d3z3 1+1>23+1
y y2 5= y ands3z= =5 T 5=4Z

Therefore,
s 1,1 3 3
1_[<3x —?+E> > H(Zx +1) > (xy + yz + zx)
cyc cyc

Equality holds forx =y =z = 1.

Solution 4 by Hikmat Mammadov-Azerbaijan

Let (x,y,2) - (li i) We need to prove that:

X

3 x+y+2z\3
[+ 2)= (25 [[e-rsa)z aoyrn?
x xyz
cyc cyc

x® 3 18 4a6M sfx‘“’ 18 3
5 — 5 5 — 5 —
x8 —x +3—<5€+§>—x +? > 8 ?—x +?—§(x +4)_

3 x5+2 L 10]_3 55x15+10 _3(5 3+10)_ 5,0
373)73|%5\7y3 "3) 58" T3)°"

We need t prove that:

xB3+2)3+2)(22+2)>(x+y+2)3
WLOG: (12 —1)(z23-1)>0=>y323 +1 > y3 + 23
We have:
(xB3+2)3+2) (22 +2)=>(x3+2)(222+1+203+23)+3) >
>3 +2)BOP+23)+3]=3x*+1+1DA+y>+23) >
>A+1+D)EE+1+1D)A+y3+23) > (x+y+2)3

JP.4731f a;, > 0,k = 1,5 then prove that exists i, j € 1,5 such that:

a.—a.
0<-—L " <+v2-1
1+aia]'

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

T
a; > 0= (3)b; € (O’E); a;=tanb;,i=1,5

(0.2)=(05)u[x 2_”)U in 3_”)U 3 z)
) 2 - ) 8 8; 8 8 ) 8 8 ) 2
4-intervals, 5 points hence exists an interval which contains two values
s
bubjib;j= b =>0<b—b <3

T
tan 0 < tan(b; — b]-) < tan§

tan b; — tan b;

<vV2-1

1+ aia]'

Solution 2 by Mohamed Amine Ben Ajiba- Morocco

T
Let a, = tan(b,),where b, € (O'E)'k =1,5.

[
Dividing the interval (0, E) into 4 disjoint subintervals as
m mm m3n] 3T T
: 01_ ) _J_ ) _)— )(_1_ -
(8](84](48 82)

By Pigeonhole Principle, there must be at least two of b that

are in the same interval,say bj = b;.

T
Thenwe have: 0<b;j—b; < 3

j
1+aa;j 1+ tan(b]-) tan(b;)

a—a; _ tan(b]-) —tan(b)

Since : tan(bj — b))

a; — a; T
Th t:0<—— " <tan—=+2-1.
enwe ge *Tiaq > an8 V2
, . . T = a; —a;
Hence,there existsi,j € 1,5 suchthat: 0 <—<+v2-1.
1+a,a]

Solution 3 by Hikmat Mammadov-Azerbaijan

a, =tanf;,Bx € [Og]
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x — tan x bijection, [O;g] - [0, )

tan B, — tan g;
a. =
' 1+ tanpf,tanp;

0 < tan(g; ~ f) < VZ -1

o ’ kn_(k+1)1t
o3-U[5:"5)

3i,j such that B; = B; & tan(B; — B;) =0 € [0;V2 — 1)

a; — = tan(By — B;) © 3(i;j)such that:

Suppose that V(i;j) € [1; 5];ﬁ]- # B; = 3(i;j); Ik € [0; g] such that

kn_(k+ 1
bk e [?T)

0= |Bj - B4l Sgando = tanlﬁ,- — B;| < tan (g)

T Zsinz(g) _ 1—cos(%)
tal’lg B sin(Z-g) B sin(%)

=2 — 1 = 3(i; j) such that:

tan f; — tan f3; a; — a;
S ﬁl ﬁ] — 4 ] S\/E—l
1+tang;tanB; 1+ aq;

Therefore,
0<—2L<vV2-1
1+ a,-aj

JP.4741f 0 < b < a then:

m+\/a2+(“2ﬂ)zsza+(ﬁ—1)(m+““’)

2

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

We will prove that if a > x then:
vaz+x2<a+(V2-1)x (1)
a? +x% < a? +2ax(VZ - 1) + (VZ - 1)"*?

x? < 2ax(V2 — 1) + 2x% — 2V2x? + x?
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2ax(vV2 — 1) = 2x%(1 - V2) © a > x true!

Forx =+vab = a >+Vab < a > b. Replace in (1):
Vvaz+ab<a+ (V2-1)Vab; (2)

+b +b .
For x =aT: a 2“7(:) a > b. Replace in (1):

2
\/a2+(%b> Sa+(\/§—1)-a+b; (3)

2

By adding (2) and (3):

\/a2+ab+ja2+(%b)232a+(\/§—1)(\/cﬁ+a;b)

Solution 2 by Mohamed Amine Ben Ajiba- Morocco

By CBS inequality we have :

a+ b\’ a+ b\’ 3a+b
2 2 < 2 2 =
a+ab+\/a +< > > _J(1+1) (a +ab)+(a +( 2 )) N
So it suffices to prove that :
3a+b a+b
< - V -
N _2a+(\/§ 1)( ab + > >or
3-2V2
> (a—b)+(V2—-1)(Vab—-b) =0
Which is true because b < a. Equality holds iff a = b.
Solution 3 by Hikmat Mammadov-Azerbaijan
ab ab
We have:y a2 +ab—a = < = (V2 — 1)Vab; (1)
va’+ab+a +2ab++ab ( )
) (a + b)z (a + b)?
a 2 —a= =

_4< az+(a;b)2+a>
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(a + b)? a+b
< - (V2- ;
<4(ﬁ'a;b+a;b) (V2 1)( 2 )(2)

+ by\? +b
Hence, a2+ab+\[a2+(aT) SZa+(\/_—1)(\/ab+a2 )

From (1) and (2), it follows that:

\/m+\/a2+(%b)zs2a+(\/i—1)(m+a+b)

2

JP.4751f x,y,Z > Osuchthat x + y+ z = 3 and 4 > 0 then:

: 1 L 1 . 3
(1) G+ D2 G+ M2 @+ A2 AT 1)
(it x y z 3

G+ T e+ 2 TG T AT 12

Proposed by Marin Chirciu-Romania
Solution 1 by proposer
Lemma. If x > 0 then

1 >)L+3—2x
x+A)2~ (A+1)?

Proof. Using Tangent Line Method for the function f: (0,») - R, f(x) = inx, =1,

_1
(x+2)2

(x;j)s;f'(l) = (};i)z. Equation of the tangent in point x, = 1is

we have: f'(x) =

1 -2 —2x A+ 3
Y Gr 0 Grr VeV Tt
We show that:
1 A+3—2x
f(x)=(x+/1)22 G113 ©2x3—(A+3)x2-6Ax+2212+31+1>0¢<
(x —1)?(2x + 31+ 1) > 0. Equality holds for x = 1.
Now, we have:
. 1 Lemma A+3-2x 3(41+3)—-2Xx 3(A+3)—2-3 3
(l);(x+l)2 = LG+ T G+D? | GrDF Grp
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Equality holds forx =y =z = 1.

.. X  Lemma A+3-2y (A+3)Yx—YXxy®
(II)ZW = Z : >

1+1)3 (1+1)3 =
cyc cyc
>(/1+3)-3—3_ 3
= A+1D3  (A+1)2

(1DeYx=3andYxy<3 o 3Yx < (Tx)>2
Equality holds forx =y =z = 1.
Solution 2 by Tapas Das-India

1 1 1 13 13 13 Radon
= >
G G2 TG D Gr AR T A T @ra? C

1+1+1)3 27 3
“(x+y+z+310)%2 (3+31)2 (A+1)2

3 3 3

X y VA X y VA Radon

= >
(x+ 2)2 + (y+ 1)? + (z+ 1?2 (xy+ Ax)? + (yz + Ay)? + (zx + A2)2 —
3 3
- (x+y+2) - (x+y+2) _

= 2 = 2

27 3
T (3431)%2 (A+1)2

Solution 3 by Nikos Ntorvas-Greece

We need to show that:

3+A—2t<
1+2)3 ~ (t+21?%

(D=>2t3+t62(31—3)—6At+1+31=>0
3(t—1)?2(A+1) = Otrueforallt >0,A>0

vt > 0,1 0; (D)

(i) For x,y,z > 0, from (I) we have that:

Z 1 - 3+/1—2x_9+3/1—2(x+y+z)_3(1+,1)_ 3
(x+ A2~ (1+21)3 (1+2)3 T (A4+A3 (1422
cyc

cyc
Equality holdsiff x =y =z = 1.

(ii) For x,y,z > 0, from (I) we have that
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y  —EERP+@+3)ED
Z >
(x+4)?2 "~ A+1)3

cyc

18

Z(x+l)22 A+13 ;(x+/1)22(/1+1)3
3

cyc

y
;(x+l)2 Z A+ 12

Equality holdsiff x =y =2z = 1.
JP.476 In AABC the following relationship holds:

n

) ,A>0,neN

a b c 3 1
>
b+ 20" st | (c+ Aa)™ st | (@ + Ab)"ist = (A + DrHl (s

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Using Radon’s inequality and Nesbitt’s inequality, we get:

n+1

a a n+1 a n+1
a N Oror _N (prae) et (Spige)  wespin
Z (b + Ac)ntisn ars® Z (as )" = S as,)" =
cyc cyc cyc
3 n+1

n

e N

(3Rs)" ~ (A+ D1 {sR
wyas, < Yam, < 3Rs
Equality holds if and only if triangle is equilateral.

Solution 2 by Mohamed Amine Ben Ajiba- Morocco

a b c
We have (b + 20" 1s," | (c+ A@)™ s | (a+ Ab)* s "
a n+1 b n+1 c n+1
_ (b + Ac) (c + Aa) (a + lb) >
(asa)n (bsb)n (CSC)"
+1
Rad a b € \"" cBs&sg<mg
a;on (b+/1c+c+/1a+a+/1b) 2

(as, + bsp + cs )™
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( (a+b+c) )
a(b + Ac) + b(c + Aa) + c(a + Ab)
(am, + bmy, + cm )"

n+1

Panaltopol ( (a +b+ C)Z )n+1 3 n+l
(A+1)(ab + bc + ca) (/H-—l)
- Rh th Rh\" — (SR+ sR + sR)"
( Zra +b. te " 2r )
3 1\" . ] ) . .
=G (s_R> , as desired. Equality holds if f AABC is equilateral.

Solution 3 by Soumava Chakraborty-Kolkata-India

b C
1{n = h LHS =
[Case 1]n = 0 and then LHS = =0 + =0 + oy
a? b2 c?  Bergstrom (a+b+c)?
= >
ba + Aca cb+lab+ac+)tbc - ab + bc + ca + A(ab + bc + ca)
3(ab + bc + ca) 3
(ab+bc+ca)(l+ 1) A+1
a b c 3 1\"

> EANE
= (b + Ac)"+1sf * (c + Aa)"+1s] * (a+2ab)"+1s? = (A + 1)n+1 (SR) is true for n

= 0; equality iff A ABC is equilateral

[Case 2]n > 0 and n € N and then,

a c
® + 20" s8 ' (c+ A@)™1s) | (a+ Ab)"ish

a \n+1 a \t1
z ar+1 z (b T AC) Ragon (chc m)
= n
(b + Ac)"*1, (atsy) (asy)" (chc asa)
az n+1
_ (Z"Y“ ba + lca)
(chc asa)n
( (a+ b+ c)? )n+1 ( 3(ab + bc + ca) )n+1
Berg;t“’m ab +bc + ca + A(ab + bc + ca) S (ab+bc+ca)(A+1)
B (chc asa)n B (chc asa)n
3n+1 1
T (A4 D)ntte (Zeye asa)n
3n+1 1 A;G 3n+1 1
A+ DT 2bc T A+ D) n
O (g a2 ) OO (Fcam,)
a b c (%) 3n+1 1

. > :
(b+ 20" 1sy | (c+ @)™ sy ' (a+ Ab)isE = A+ DL (3 am )"
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CBS 3 3
Now,Zama < 3. Za2m§=§.\/2a2(2b2+2c2—a2)=§.\/4Zazbz—2a4

cyc cyc cyc cyc cyc

3 3
= g (22a2b2 —Za“) + ZZaZb2 = \/2—_.\/16r2s2 + ZZazbZ

cyc cyc cyc cyc

Euler

3 V3 V3
5 V16r2s? + 8R?s2 < —-.J4R?s? + 8R?s? = —-./12R?s? = 3Rs

Q)
2 Z am, < 3Rs

cyc

Goldstone

a b c 3n+i 1

- Vi ° > .
via (), (), G20 st T e+ 2 st T (@ + Ab)"IsE = A+ D (3Rs)"

3 1\"
=————|—] ;equality iff A ABC is equilateral
(A + 1)1 \sR
b C

~ combining cases 1 and 2,In any A ABC, (b + Ac)"+isn + (c+ A@)™ s + (@ + Ab)"*is?

>3 ( 1 )n VA>0and
SG+prer) T AT AER
€ N, with equality iff A ABC is equilateral (QED)

JP.477 Let a > 1, b > 1 fixed. Solve for real numbers:

log2b<x+1;—2> (a+2b)x — b? — x?
a =
X

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

From conditions of existence x € (0, ). For x > 0 we have:

b? aGm b?
x+7 > 2b = logy, x+? > log,,(2b) = 1

bZ
log2b<x+7

> > a; (1)
From (1), the given equation becomes as:
(a + 2b)x — b? — x?
x
x24+b*-2bx<0= (x—b)?2<0<x=h.

a

>asax+2bx—b: —-x2>ax e
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Solution 2 by Florentin Visescu-Romania

2
Letx+b7=t=»a'°g2bt=a+2b—t(:>

a'°82vt + t = a+ 2b

{2b>1

0> 1 = f(t) = a'°82vt —jncreasing function and g(t) = tincreasing function.

So, the function h(t) = a'°82vt + t is strictly increasing, therefore the equation
h(t) = a + 2b has maximum two solutions.

t=2b
bZ
x+7=2b@x2—2bx+b2=0=>(x—b)2=0<:>x=b.

Solution 3 by Khaled Abd Imouti-Damascus-Syria

10g2b<x+¥> (a+ 2b)x — b? — x* log2b<x+¥> (a+2b)x b2+ x2
a = a j— _

)

x N X X

b2 2,2 2,2
aloga(x+x> =a+2b—b +x, Letb +x =t=>alog2bt=a+2b_t
X X

logt
alog(b) = a 4+ 2b — t; (*)

Ift =2b= (*)istrue,but2b—t < 0= a+2b —t < a,so (*)isimpossible.

log(t)

2080 9 -, giog@ < g, but 2b—t > 0 =

Ift <2b = log(t) <log(2b) = ="~ 2)

a+ 2b—t > a'°6@Y = () impossible. Therefore, t = 2b = S = {b}.
JP.478 Let m,n = 0 and ABC, A B,C triangles with areas F, F respectively,

then

m+2 , on+1 m+2 , pn+1 m+2 n+1
a ay b b c ]

I A S S > gmentt . (43) 7 (JF)
a b c

Proposed by D.M. Batinetu-Giurgiu, Constantin Cocea-Romania
Solution 1 by proposers
2)m+1 n+1

cyc cyc cyc

m+2 n
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1 1 m+1
> zm.Fm-ssjﬂmnmﬂ-arl = g3 (Vaibe)" (Yarhie)™”

by
n+1
g (Vawa)"™ (faiiet) © -
n+1
= o (3Yapr )" (33/a§b§c§>T .g-m-1.3"5 L
n+1 1

> (V3) 7T (B (4BF) T e =
_ gm+n+3 (%)n+1—2m—2n F- (E)n+1 _ gmin+l, (%)I—Zm—n F- (E)n+1

Solution 2 by Tapas Das-India

am+2 . a111+1 am+2 . a111+1 a2m+2 . a111+1
hy (g)"‘ - @pm
a

Similarly, we get:

m+2 , pn+1 2m+2 | pn+1 m+2 , ~n+1 2m+2 | n+1
b bi™" b b} c ci c i

= d =
h? ehm e ZF)m
Z am+2 . a111+1 B Z a2m+2 . a111+1 AgM 33 1_[‘12m+2 . a111+1 -
hm B (2F)m = )™ =
cyc cyc cyc

>
2m . Fm (\/g)m+1 (\/g)nT-l-l (%)2m+n+3
> (%)1—2m—n . 2m+n+1 F. (\/F—l)n+1

3 ' 22m+2 | pm+1 . 2n+1(\/F—1)n+1 ~ (%)4 — F(\/F—l)n-ﬂ 92>

JP.4791fa,b,c,d > 0;ab =cd;a< b,c <d;x,z € [a,b]and y,t € [c,d],
then:
1 1 1 1
ab(x+y+z—|—t)(——I——+—+—)S(a+b+c+d)2
x y z t

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

€Ela,b]> (x—a)(x—b)<0=>x*—-(a+b)x+ab<0
x2+abs(a+b)x=»x+a7bSa+b;(1)
Analogous,
z+a7bSa+b;(2)
yeElcdl=(—-c)y-d)<0=>y?>—(c+d)y+cd<0
y2+cds(c+d)y:>y+%Sc+d;(3)
Analogous,

cd
t+TSc+d;(4)

1 1 1 1\46m 1 1
x+y+z+t+ab(;+;+;+ ) > 2\/(x+y+z+t)ab( +y+ + ) (5)

By adding (1),(2),(3) and (4), it follows that
1 1 1 1
x+y+z+t+ab(;+;>+cd(;+?) <2(a+b+c+d);(6)

By (5) and (6):

1 1 1 1
2\/(x+y+z+t)ab(—+—+—+—)SZ(a+b+c+d)
x y z t

11 1 1
ab(x+y+z+t)(—+—+—+—)§(a+b+c+d)2
x vy z t

Equality holds forx =t = z = t;ab = 2(a + b).

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1 1 ab cd
We have : (x+y+z+t)( +y+_+?>

(x y z )(\/_\/_ Vab \/_)
Vab \/_\/_\/_ y z t
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X y z t (\/ab ved +ab \/cd>r
( =t ) + +—t—+ =
vab +VJed ab cd x y z t

AM-GM
-~ 1

< —
4

1

4

(D) () (5 D) )
vab x Ved Y Vab  z Ved t )|

Since x € [a, b] then we have :

X +\/ab<a+b
Vab X  “ab

x—a)(x—b)<0 © x> +ab<x(a+b) ©

Similarly we have :

y +\/a<c+d z +\/ab<a+b t +\/c_d<c d
Ved Y " Ved Vab z T ab' Ved t T Ved

Then :

(xty 4 +t)<1+1+1+1><1(2a+b+2c+d)2 ab=cd (q + b + ¢ + d)?
x z —F+—F+—+—) <2 .
y x y z t 4 Jab Jed ab
1 1 1 1
Therefore, ab(x+y+z+t)(;+;+;+;)S(a+b+c+d)2.

JP.480 In AABC the following relationship holds:

E t2 A + cot? b +3>9
cot®—+ cot~ — =
2 2
cyc
Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Using the well-known identity:

Z tA—l_[ tA_5 indletcot = a: cotB = b cot S = t
cots = cot— =~ and letcot> = a; cot = b; cot= = c, we get:

cyc cyc

Ifa,b,c > 0,a+ b + c = abc, then

Ja? + b2 +3+b*+c2+3+/c2+at+3=9

b+c c+a

Proof. Letus denote: x = —;y = —=;z = %b, then Vb2 +c2 +3 = Jx(y+2) + 1

25 | 32-RMM SPRING EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

AGM D
Jx(y+2z)+1 = \[x-21/yz+1=\[2\/§-,/xyz+1 > /4\/§x+1,where

(1) © xyz > 8, which follows from:

b+c c+a a+b cCesaro
xXyz = e > 8.Therefore,\/x(y +2z) +1> [4V2x+ 1

c

AGM 3
Z\/b2+c2+322 4/2x+1 > 3 1_[ /4\/§x+1=

cyc cyc cyc

= 36\[1_[(4\/% +1) Y 3y769 = 9

cyc

xyz=8
n(éhfix +1) =128,/2xyz + 322,/yz+ 42 V2x+1 >
cyc cyc cyc
> 128V2 -8 + 322,/yz+42V2x+ 1=
cyc cyc

xyz=8

=512+96-f/xyz+4-33/,/8xyz+1 >
3
>512+96-Y8+4-3- /\/8-8+1=729

Equality holdsforx =y =z=2 o a=b = c =/3.
Solution 2 by Alex Szoros-Romania

A B c
Let us denote: cotE =X, cot; =y, cot; = z, where x,y,z > 0. Thus,

B C (s—a)(s—c) (s—a)(s—>b) s—a
Ztanitanizz\/ s(s—b) ' s(s—o) :Z s =1

cyc cyc cyc
A 1 Ztangtan%
cyc cyc tan 2 tan 2 tan 7 tan 2
1 tA tB tC
= =cotscotcot; =xyz
A B c 2 2 2
tanftanftani
Hence,
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x+y+z=xyzn§t'/1
X+y+z A
+_3xyz=>§2§/i:»,13227,1:»/12227=>/123\/§; (*)

On the other hand,

2
x2+y2+(V3) _x+y++3 1
j y3( ) > y3 :»\/x2+y2+323(x+y+\/§)

1 _2(x+y+2)+3V3_ 21+3V3
Z x2+y2+32§Z(x+y+\/§)— 73 =T

cyc cyc

Z cot2é+cot25+3(;)M—
2 2 - N

cyc

Solution 3 by Tapas Das-India

2
,A ,B cot%+cotg
tZ— t2—>| —=_— <

co 2+co 5 2 7z

cyc

2
A cot + cot
Z c0t22+cot2 +3> +3>
cyc

<\/_2cot— +(3\/—) cot— +27 =

cyc cyc

J (3V3)* +27=V81=9

B C
A 1 > tan 7 tan 2 1 S Mitrinovic 3\/§T
';IZE: cot— = :E: 1 = C_:: rd = — > ::Eivﬁi
7 s

cyc 2 cyc tan 2 tan % tan g tans r r

Solution 4 by Sanong Huayrerai- Thailand

2
A B A
Z cot25+cot25+32 3 zcoti +3-(1+1+1)3>9

cyc cyc
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2 2 2
A A A
3 (Z cot5> +3-32>81, 8(2 cot5> >54 <z cotE> >27

cyc cyc cyc

A
A Xy
Z cotE > 33 © 3 cot <T2> > 3+/3,because

cyc

1

sinZ x’

A
S ot > 3cot| 22
COZ_ Cco 3

cyc

f(x) =cotx> f'(x) =—

" __ 2cosx _ . [ E]
f"(x) = —— = f —convex function on |0,

PROBLEMS FOR SENIORS

SP.466 Let A, B € M4(R). If AB + BA = 0, then det(4* + A> + B?) > 0

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

det [(AZ +i(A+B))(A*—i(a+ B))] > 0; (1)

det|(A2 +i(A+B))(A*—i(A+B))|=
= det(A* — iA® — iA?B + iA3 + iBA? + (A + B)?) =

= det(4* — iA%B + iBA% + (A + B)?); (2)

(A+B)*=(A+B)(A+B) =A*>+ AB + BA + B> = A? + B%;(3)
AB = -BA= A’B = —ABA =
—i(A2B — BA?) = —i(ABA — BA?) = i(AB + BA)A = 0,; (4)
From (2),(3) and (4) we get

det(A* + A% + B?) = det[(A> + i(A + B)) (A2 - i(A+ B) ) ; (5)

From (1) and (5) it follows: det(4* + A% + B%) > 0.
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Solution 2 by Ravi Prakash- India

We first show that, if C,D € M,(R) and CD = DC, then: det(C? + D?) >0
We have:
(C+iD)(C—-iD) = C? —iCD +iDC+ D? = C*> + D?> —i(CD — DC) = C? + D?
det(C? + D?) = det(C + iD) (C — iD) = det(C + iD) - det(C — iD) =
= det(C + iD) - det(C + 1D) = | det(C + iD) |?
Now,
A* + A2 +B* =A*+ A+ B>+ AB+BA = A*+ (A+ B)?> = C* + D*?
whereC=A4?andD =A+B
Note that:
CD =A*(A+B) =A%+ A(AB) = A3 — (AB)A = A3—BAA =
=A%3+ BA? =(4+ B)A* =DC
Thus, by what we have proved above, we get: det(4* + 4% + B?) = det(C?> + D?) > 0

SP. 467 Let z4, z,,z3 € C*,A(z4), B(z,), C(z3) different in pairs such that

|z1]| = |z3| = |z3] If
Z1 + 2,12 12y + 22|% |22 + 24|?
1z 273 371 _ 15 AB =BC = CA.
Z1 — 7 Zy; — 73 Z3 — 77
Az,)
S

B(Zz\—/C(ZS)

29 32-RMM SPRING EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

21+ 23" |zy+2z;+2z3-23° lzy—2zc|* HC HC
zy— 7, |zy — 2,2 |zy —2z,/> AB ¢
Similarly,
z, + 25> HA zZ3+2z,|> HB
Z,—2z;1  a’ Zzs—2z,0 b
2~ Z3 3~ Z1

HA? HB? HC?
a? + b? + c?

HA? = 4R? — a?; (2)

=1;(1)

From (1) and (2) we get

4R? — a? , O 1 1 1
D S1SAR) So3=1e) =0

cyc cyc cyc

But 1>1>1(St")-(4)
u a2 = oRr = RZ eining),;
cyc

From (3) and (4) AABC is equilateral.
Solution 2 by Geanina Tudose-Romania

!

If M, N, P — be midpoints of AB, BC, CA, then:
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|24 + z,] |Zz+23| |Z1+23|
=——ON=——0P=——_—-—
2 2 2

The equality can be written:

PM

40M? Z 2(R? + R?) — AD?
— @ —

= =1
AB? AB?
cyc cyc
4R? 31 Z 1 1 Z 1 1 z 1 4
_— = f—1 —_— = —_— = — —_— =
AB? AB%? R? 4R?sin?2A R? sinZ A
cyc cyc cyc cyc
1 ' _ 2¢co8X ¢y _ . sin? x+3 cos? x
Letbe f: (0,m) - R, f(x) = sinzx,f (x)=-— s ' (x) =2 . 0=

f —convex function and from Jensen’s inequality:

f+ f(B)+f(O - (A+B+C)
3 =f 3

D i
sin2 A

cyc

Equality holdsfor A = B = C = g & AB = BC = CA.

Solution 3 by Ravi Prakash- India

B(ZE\/C(ZS)

ﬁ - =
Z3 _ @ezm _ p2iA |1 * Zz| _ 1+ cos(2A4) + isin(24)
z; |z, |1 _ §_3| 1 — cos(24) — isin(24)
2

|z, + 231> (1 —cos(24))? +sin®(24) 1 — cos(24)

= = = cot? A
1z, — 7312 (1 — cos(24))% + sin2(24) 1-— cos(24) °
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The given equation becomes: cot? 4 + cot? B + cot’C = 1

Let f(x) = cot®?x,x € (O,g),f’(x) = —2 cotxcsc?x,

f"(x) = 2 csc* x + 4 csc? x cot? x > 0. By Jensen’s inequality, we have:

£ + 1B + () 2 37 (2 15)

cot? A + cot? B + cot? C > 3cot2§ =1
Equality holds when A = B = C © AB = BC = CA.
Solution 4 by Ruxandra Daniela Tonila-Romania

Zy +2z3|%2  |z3+2z.?

Zy; — 13

VAl +ZZZ

Z1— 17 Z3 — 74
VA +ZI+ZZ_ZZ z

Z3 — 174

Zz+23+zl—212
Z; — 173

Zl+ZZ +23—232
Z1— 23
— lzy — 231> | |z — 211 | |z — 2,1° _ (CH)Z (AH)Z +(BH)2 —

Czy =212 lzp - z30?  |zz— 242 AB BC AC

_Z(ZRCOSA>2_Z cosZA_I_1 3_2 1 3Ragon
B 2RsinAd/) sin2 A ~ Lusin? A =

cyc cyc cyc
7
>=-—-3; (1
~ (¥ sinA)? (1)
1 a S Mitrinovic 3\/_
> £
sinfA Z.2R R
cyc cyc
From (1) and (2), it follows: chc =2 A 2 % — 3 = 1. Equality holds fora = b = c.

SP.468 In AABC the following relationship holds:

3\/— sinZ A V6 (4 1
2 zsm3+smc 12(k+1)'1 k, ke(o’i]

cyc

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution by proposer

Let AB = ¢, BC = a,AB = c be the lengths of the sides of AABC and let R, r be the

circumradius, inradius respectively of AABC. We have:

1 <1(1+1) a? <1 a2+a2
J— J— — : — J— — —
b+c  4\b b+c  4\b c
Similarly we have:
b? <1 b2+b2 d c? <1 cz_l_(:2
c+ta 4\c a an a+b 4\a b
Adding up these inequalities, we get:

a? b? c? 1/b>+c* c*+a?> a?+b?
+ + <=
b+c c+a a+b 4 a b c

Now, using the Cauchy-Schwarz inequality, we have:

1 1 1
((b* + c®)? + (c® + a®)* + (a® + b*)?) (—2 +o5+ —)
a?  b% 2

>

b2+c2_|_c2+a2 a? + b*\°
a b c

b2 +c* c*+a?> a?*+b?
+ +
a b c

1 1 1
< ?+ﬁ+c—2-\/2(a4 + b* + ¢*) + 2(a?b? + b%c? + c%a?)

b2+c* c*+a?> a?*+b?
+ +
a b c

1 1 1
< ?+ﬁ+c_2"/2(a4+b4+C4)+2(a4+b4+c4)

b2+cz+cz+a2+a2+b2< 1+1+1 Y e
< | 5+=+=:2Va c
a b c a2 b%? c?

Now, we we’ll prove that:

1_|_1_|_1< 1
az b%Z 27 4r2
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1

Wehave:(b—c)z20=)a2—(b—c)2Sa2=>al2Smor
11
a? " (a—-b+c)a+b—c)
Let 2s = a + b + cis the perimeter of AABC, then
1 1
@ =22-b)2G-0
Similarly, we have:
i< 1 and i< !
b2 " 4(s—c)(s—a) c2 " 4(s—a)(s—b)
So, we get:
1 1 1 1 1 1 1
?+P+C_ZSZ<(s—b)(s—c)+(s—c)(s—a)+(s—a)(s—b)):
1 s—a+s—-b+s—c 1 (3s —2s)s 1 s? 1

"2 GG—a)—-bs—¢ 4 sG—a)s—b)(s—c) 4 (rs)? 4ar?
Because [ABC] =rs = \/s(s —a)(s—b)(s —c) (Heron). So,

1_|_1_|_1< 1
a? b%Z 27 4r2

Also, we’ll prove that:

8
a* +b* +c* < §R(R —1)(4R + 1)?
We know that

a* + b* + ¢* = 2(s* — 2s>(4Rr + 3r%) + r*(4R +1)?)

We must to prove
4
s* —2s2(4Rr + 3r>) +r?(4R+1r)? < §R(R -1r@4R+1)* &

2
@(mm — ) — 372)

s?(s* —8Rr — 61%) <
3s2(s? — 8Rr — 61%) < (4R + 1)?(4R? — 4Rr — 31?%); (1)
But 3s? < (4R + r)?; (2)(Doucet). From (1) and (2) we must to prove that
s2 —8Rr — 61> < 4R? — 4Rr — 3r? © s* < 4R? + 4Rr + 3r*(Gerretsen)

So,a*+ b*+c* < gR(R —1)(4R + 1)2.
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Namely,

az bZ CZ 1 1 1 W
—2+ﬁ+c—2'2 at+ b*+ ¢t <

1
+ + <—
b+c c+a a+b 4 |a

< 1ji JgR(R—r)(4R+r)Z = %-%(mw)W:

=2 [4rz
V6 4R +7r
=—- R(R-1)
6
Also, we have:

a? N b? N c? >(a+b+c)2_a+b+c_ > 3V3
b+c c+a a+b~ 2(a+b+c) 2 5= r
Hence,

a? b? c? V6 4R+
3/3r < <— R(R-71)

_b+c+c+a+a+b_ 6
Using the Law of sins in AABC, we get:
sin? A V6 4R +7r
SﬁrSZ—<?- >R VR(R—71)

sinB +sinC —
cyc

sinZ A V6 / R T
3v3 SZfS—‘(‘l— 1) /1——
Var sinB +sinC — 12 r + R

cyc

Putting% = k < 2, we have:

sinZ A 6 /4
Z—<£(—+ 1) 1-k

3v3
—k< <
sinB+sinC — 12 \k

> <

cyc

Equality holds for k = %and the AABC is an equilateral triangle.

SP.469 In AABC the following relationship holds:

y+z z+x x+Yy 32

+ > , xX,y,Z>0
x-ws y-wp z-wi 27R* y

Proposed by Marin Chirciu-Romania

35 32-RMM SPRING EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by proposer

y+z 32
Usingm, = w, we get: chc chcxm“ = Sopt
y+z 32
Remains to prove that: chc i 2 27

Lemma. For x,y,z > 0 and f: D — R positive function, holds:

Y f@ 22 JFBI©

cyc cyc

Proof. We have:

ST i@ =y (P 1-1)f@= Y T2 f@ - Y fl) T

cyc cyc cyc cyc

2
> vy ETD D@ =D V@] - f@ =

xX+y+z

cyc cyc cyc

=Y f@+2) JFOF© - ) f@=2) JfBF©

cyc cyc cyc cyc

Equality holds if and only if triangle is equilateral.Using Lemma for f(a) =

y+z Lemma Z Z ( )
xX-mg m; m4 mbmc 27R4

cyc cyc

16
1) e ZZ > (:)Z
1) m2 27R4 mim? = 27R

cyc cyc

Which follows from:

1 1 , 1 3¢,
= I Sl v v i) S
2.2 22112292
mm m;ym,m mym,m
pec afftpitc cyc altpiitc cye

cyc

1 3 3(s2 —1r%2 —4Rr)
=——— 7 2(s*—1r*—4Rr) = 37
mZmim? 4 2m;mymg

. Rs?
Usingm,mym_ < - rwe get:

o we get:

Z 1 3(s*-r?- 4Rr) 3(s? —1? —4Rr) 6(s* — 1’ —4Rr)

mim2  2mZmim?2 = (
cyc 2 2

Rsz>2 = R2s*
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Remains to prove that:

6(s> —r?> — 4Rr) - 16
R2s% — 27R%
which follows from 16 Rr — 512 < s> < 4R62 + 4Rr + 3r?(Gerretsen)

& s?(81R? — 8s?) > 81R*r(4R + 1)

Remains to prove:
(16Rr — 51%)[81R? — 8(4R? + 4Rr + 31r?)] > 81R*r(4R+ 1) &
230R3 — 419R?*r — 112Rr* + 6013 > 0 © (R — 2r)(230R? + 41Rr — 301%) > 0
which is true from R > 2r(Euler). Equality holds if and only if triangle is equilateral.
Solution 2 by Myagmarsuren Yadamsuren- Mongolia

Z<y+z+1> Zl_zx+y+z Z
awt - wh wi awi wh ~

cyc cyc cyc

—(xty+2)- ( ) Zchs(x+y+Z) x(+y-22 W4

cyc

1 w2<s(s—a)
w2 w4 w2 Zwe
Ccy

cyc cyc

- 2 s? 2
= ;sz(s—a)(s—b)_s_z.s(s—a)(s—b)(s—c)_ﬁ_

2 2 32 1
_s2r2 27 RZ ™ 27 R*

~7 p2
T R 7

SP.470 In AABC, 0, —circumcevian, holds:

6r r, 1y 2R
—<—+— + L<—-1
R o0, o0, o, r
Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma. In AABC the following relationship holds:
hq

0, =——— <

cos(B — C)
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Proof.

Let D € (BC),{D} = AO n BC.We have: AD = o,.Let OFE 1 AC,E —middle point of [AC].
In AAOE, u(E) = 7, we have pu(40E) = B and u(0AE) = 7 — B = p(DAC) = 7 - B.

The angle ADB is exterior to AADC, so
u(4DB) = u(DAC) + u(ACD) =5 - (B — ©)

Applying Law of sines in AABD:
AB AD c o, csinB
- = — = — = — =3 0, =———<
sin(DAB) sinB sin(B—C) sinB cos(B - C)
h,
cos(B—C)

h, = csinB = o, =

Using Lemma, we get:

Zoa ZZ cos(B—C)=ZZ—Zcos(B—C)=%ZS‘_1

cyc cyc cyc cyc

Z Z 1 2(2R r) 2R
o, 2

cos(B - 0C)
a

cos(B C)<— Z _
2 s—a r r

cyc cyc cyc

Equality holds if and only if triangle is equilateral.

AGM 1 a
—_ > —- 3 —_ =
an 3 E cos(B c) > > 3\/ s—a| |cos(B 0
cyc

cyc cyc cyc

3‘\/4Rrs s2(s2 + 2r2 — 8Rr — 6R2) + 8R* + 24R3r + 22R%r%2 + 8Rr3 + r* B

2 rls 8R4

-3

N =

3‘\/52 (s2+ 212 — 8Rr — 6R2) + 8R* + 24R3r + 22R?r% + 8Rr3 + r* B
2R3r B

1 33\/52 (s 4+ 2r2 — 8Rr — 6R?) + 8R* + 24R3r + 22R?r?% + 8Rr3 +r* Gerr;esen
2R 2r =
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3 3\/(16Rr —57r2)(16Rr — 512 + 2r2 — 8Rr — 6R?%) + 8R* + 24R3r + 22R?r?2 + 8Rr3 + r*
R 2r

>

N

| w

3\/(16Rr —51%)(8Rr — 312 — 6R?) + 8R* + 24R3r + 22R*r* + 8Rr3 + r*
2r B

33 8R* — 72R37r + 180R%1r%2 — 80R™T3 + 167* B
" 2R 2r -

3 3’\/4-R4 — 36R3r + 90R?r? — 40RT3 + 814 Etier

3 64-T4 m _ 6r
— 2RV

s2(s?> + 2r?> — 8Rr — 6R?) + 8R* + 24R3*r + 22R?*r?> + 8Rr3 + r*
ncos(B C) = BRA

_ZR

cyc
Equality holds if and only if triangle is equilateral.

SP.471 In AABC the following relationship holds:

3 64T5<Z B C<4-R+T
5 M, €0S - €0S > < 7R

Proposed by Marin Chirciu-Romania

cyc

Solution 1 by proposer

B C AGM 647>
Z m, €os - oS > 3° l_lcos2 nma_ / 271’3_2 o

cyc cyc cyc

Equality holds if and only if triangle is equilateral.
2

> B s Cﬁsz B os <> 22 4R+ 1) =
maCOSZCOSZ = COSZCOSZ m, = Ccos 2 r)=

cyc cyc cyc cyc
4R+ 1 (4R + 1)?
=—n (4R+71) = T

Equality holds if and only if triangle is equilateral.
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Solution 2 by Myagmarsuren Yadamsuren- Mongolia

(%) E <4-R+r§ —cos—<2+-—
*).
m, ) ) Cos5cos >

cyc cyc

C cBS B
Z m, - cos cos— < m, - 2cos—cosi<
cyc

cyc cyc

T 4R +r b+ c A
(4R + 1) (2 +ﬁ) 2R (xx):m, > cos

2

B C AGMm A (+%)
Z m, - cosEcos— > 3 nma HCOSE =

cyc cyc cyc

3
SITI(b + ©) nco A\ 46m o 3)3
8

3|4s%r 3 3|4s*r Mitrinovic 3 © (3\/5)41-5 .4 9 6|45
43R?> 2 .| R? 2 R2 2 R2

Solution 3 by Tapas Das-India

B C 6 ,A
Z ma-cosicosEZS- nma-l_[cos 52

cyc cyc cyc

>361_[h s2 3 6273452 >3 6 (415
= “ 16R? 2 T RZ =2 | R?

v mgmpm, > hohyh, > 2773

cs2>27r*andm, + my, + m, <4R +7r

C CBS B
Z m, cos—cos—< Zm Zcos COSES

cyc cyc cyc

+r 4R+ 1r
chcm Zcos2 \/2+— Zma_\/ (4R+71) = 2R

cyc cyc
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SP.4721fx,y,z> 0,x +y + z = 1 then:

6+

+( +1)5>100.000
z x/ 81

Proposed by Daniel Sitaru-Romania

5 5

(x+3)

Solution 1 by proposer

1 \3

~ 3103 || 22 ) =3-10%. 1 ||
9 9 5
9_§

cycglo y_O 1 cycxlo
1 1 1 1
. 5.__. — 5. . — 2. 4., _
=>3-10 5 i_ =3-10 39 z =310 35
92 (x+y+2) 103 ()
3

5
= % M Equality holdsforx =y =z =
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Forx,y,z > 0 and x + y + z = 1 we will obtain that

1\°% 1\° 1\°
(1) (r+ 1) 4 (4 2) -
y z X
Z5

:(x+1+§+§)5+(y+1+g+§)5+(z+1+§+;) >
+Z+2)

+Y,.r,.z
xTzty _

(x+y+z+1+1+1+7+

> y

- 3-33
_(1+3+6)> 105 100.000
B 34 -3t 81

Equality holds for: x =y =z = 3
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Solution 3 by Tapas Das-India

1 xX+y+z X z
X+—=x+——=x+—-+—-+1
y y y vy

Similarly,

5 5

= <> (o3) erdeiey)

5

Z( ) Z )5 et (Zx +%2x + %Zx + %Zx) _

- 1+1+1)*

cyc cyc

(1+Z ) _ (1+9)5 _ 100.000 .1
=% T g = 4 - Equalityholdsfor:x =y =2z ="
Solution 4 by Nikos Ntorvas-Greece

Let be the function f(t) = t5,t € (0, 1), f —convex function,

f"(x) =20t > 0,vt € (0,1). From Jensen’s inequality:

Yol =B o Bl o)

cyc cyc
1 5
Zf(x+1>>3_(1+25) A§M3_105 _ 100.000
2 35 -7 35 81

cyc

Equality holdsfor: x =y =z = %
Solution 5 by Vivek Kumar-india

Letx+1=a,y+1=b,z+§=c:>

1 ¢BS
a+b+c-Zx+z —1+Z— > 1+—:>a+b+c>10

We have to prove:

Za52%, Za52a2(2a3)2:>z (ZZ )’ (1) a
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Z a3z az (Z az)2 > (% (z a)2>2 ;(2)

From (1), (2):

1 2
sCa®®) 1 5 1 5 _100.000
=00 A (S - T (D) =
Za— Sa 81( a) = “—81( a) 2 81
Equalityholdsfor:x=y=z=§.

Solution 6 by Henry Ricardo-New York-USA

The power means inequality yields:

1
5
1 1\° 1 1 1 Xy +yz+ zx
() ) 25 ee3) =50
3 y 3 y 3 xXyz
cyc cyc

5
. 1_|_xy+yz+zx

1
See) zal
y 3

cyc

With Maclaurin’s inequality and AM-GM inequality:

’x + yz + zx
%2 3xyz = xy + yz + zx > 33/ (xyz)?

xy+yz+zx>33 (xyz)? 3 3 _g
xyz = xyz  ifxyz Xty+tz -
3
5
Xy +yz+zx
Z( +1>5>3 =z >3(1+9)5_100.000
rTy) = 3 =°\"3 ) T &

Equality holds for: x =y =z = %

SP.473If x,y,z > 0,AABC and A, € (BC),B; € (CA),C4 € (AB) such that
A{B = xA,C,B; C = yB,A, C1A = zCB, then holds:
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xyz+1 -
x+1D)y+1Dz+1)

aa1+bb1+CC124\/§'\/

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania
Solution 1 by proposers
We prove that:

_ xyz+1 P
C(x+ D+ D(Ez+1)

[A1B1C4]

From Tsintsifas’ theorem we have:

aaq + bb1 +ccq = 4‘\/:; : \/F Y, [AlBlcl]; (1)

a
AlB=xAlc$a=BC=AlB+A1C=xA1C+A1C=>A1C=x+1
AB = B,C = -

e I R
Analogous,

B;,C = _by CA—C C,B = cz
Ty sz Ty Tz 1Y T 241
[ABC]  BC-CA x+1 y+1 ab (x+1(y+1)

y
CAB,| = -F
[CA41B,] x+1D(y+1)
Similarly, we have:
z X
[ABlC'l] - F and [BClAl] =

" +Dz+1) ZrDa+D §

X VA
(z+1)(x+1)'F+(y+1)y(z+1)'F+(y+1)(z+1)'F:
:(x+1)(y+1)(z+ 1)—x(y+1)—y(z+1)—z(x+1)_F:

x+1D)y+1D(z+1)
_ xyz+1 F
x+Dy+1D(z+1)

Therefore, (1) becomes:

[A1B,C,] = [ABC] —
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aa1+bb1+C(:1 24’\/5\/?\[

xyz+1

x+ D+ 1)(z+1)'\/F=

_ . xyz+1 .
=43 \[(x+1)(y+ D(z+1) F

Solution 2 by Adrian Popa-Romania

Using Routh’s theorem, we have:

[A1B1Cq] Xyz
[ABC] (x+1D(y+1(z+1)

® F
a,a+bib+cic > 4V3- 71-1?:4\/?7-,/1?11:

a2+b2+c2>4\/§Fanda§+b2+c§24\/§-F1
(a® + b? + ¢?)(a? + b? +c§) (aa1 + bb, + ccy)?

(aa, + bby + cc;)? < 4V3F - 4V3F, = (4\/5) FF,
Therefore,
aaq + bb, + cc, S4\/§-\/F_F1
SP.4741f m > 0 and x,y,z > 0 then in AABC holds:

xm+1 . aZm ym+1 . me Zm+1 . CZm

+ + >
(y + Z)m+1 . h¢21 (Z + x)m+1 . hlz; (x + y)m+1 hz

>2m-1.(v3) "

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania

Solution 1 by proposers

m+1 m+1 a2m+2 1 xaz m+1 Radon
>
Z (y+ z)'"+1 h2 Z (y + z)m*1 . (ah,)? ~4F? Z y+z -

cyc
m+1
1 1 x Tsintsifas m+1
> . 2 > 2 F
= 4F? 3m<zy+z“> = 4.3m. FZ(\/_ )

cyc

2m+1 3 m+1 ~
— 4(\/3_13 . Fm—l — zm—l(\/§)1 m. Fm—l
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Solution 2 by Tapas Das-India

m+1 m+1 aZm . aZ
Z (y+ z)m+1 h2 Z (y+ z)m+1 4F?z

m+1

1 xMmt1g2(m+1) Ragon 1 1 z x ) .

Tart L (y+zmt = 4p2 3m\ Ly+z @ =
cyc

cyc

Tsintsifas

1
bl T | mi1 2mHL. (y3)" L pmet

- .. — om-1, I-m  m-1
= 4_F2 3m (2\/§F) (\/§)2m 2 (\/?:) F
SP.475 In AABC the following relationship holds:
m2-a3> mi-b® m?-c3

> 83 - F?

Jmpym, /mem, Jm,m,

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania
Solution 1 by proposers

Because m, > ha, we have:

Zh “mg -

cyc cyc

-a*; (1)

So,

e

ma
: a’? > 2F-3°
cyc cyc mb cyc

Carliz
—2F-33a?b2c2 > 2F-4V3-F = 8V3 - F?

Solution 2 by proposers

m, Tsintsifas
> 2F Z ZZZF-ZZ—-aZ >
m, + m,

cyc cyc cyc

> 4F-2V/3-F = 8/3 - F?
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Solution 3 by Tapas Das-India

m2m?m?(abc)3
Z \/ amm; (abe) = 33/m,mym (abc)3 >

moym,m,

cyc

> 33/(h hyh,)(abc)? = 33/8F3(abc)? >

3 4F\3
>3 |8F3 (—) = 8V/3F?
V3

Solution 4 by Myagmarsuren Yadamasuren- Mongolia

mg2./s(s—a)
Z > 3abc - 3/m,mym, >

cyc

> 3abc - g\/s\/s(s —a)(s=b)(s —c) = 3abc - YsF =

abc Euler
=12 ﬁ RV = 12F - SFR3 > 12F'3F2'2R2=

—12F-3F2.2 -R-R>12F - |F%-sr- = 8V3F?
3\/_

SP.476If x,y,z>0and 0 < A < %then:

3
Z JVAy3 +xyz+)Lz3 §/21+ 1

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Using Radon’s inequality, we have:

2 D N
3 3~ 3 1 22 3~
YAy? + xyz + 123 & Ay® +xyz + Az T Axy’ + x*yz + Axz

cyc

4 4
x3 Radon (X x)3 1) 3
= >
1 = 1=73
cyc (Axy3 + xzyz + )lxz3)§ [Z()[xy3 + nyZ + sz3)]§ V24 + 1

47 | 32-RMM SPRING EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
(3 x)3 N

1) e >3 S
>(Axy3 + x2yz + Axz3)]3 24 +1

1
i/T—l—l(Zx)% >3 [Z (Axy3 + x?yz + /1xz3)]§ =3
22+ 1D)Cx)* =270 (Axy? + x*yz + Axz3) ©
22+ D[Xx* + 63y%2% + 4Yx?Yyz + 8xyzYx] = 27Y.(Axy3 + x%yz + Axz3)
22+ D[Xx* + 63y%2% + 4Yx*Yyz + 8xyzYx] >
> 270 yz(y?* + z%) + 27xyzyx ©
QA+ 1DYx* + 621+ 1)Yy?2? + 424+ 1)3x*Yyz + 8(2A + Dxyz)x >
> 270 yz(y?* + z%) + 27xyzyx ©
A+ DYx* + 622+ 1)Yy?z% + 422+ 1)Yx%Yyz + (164 — 19)xyzYx >
> 2723 yz(y* + z?), which follows from Schur’s inequality:
x"(x—y)(x—2z)=>0,Vx,y,z=>0andr > 0.
For r = 2 we have:
xt+yt+zt txyz(x +y + 2) = xy(x? + y?) + yz(y? + 2%) + zx(2% + x?)
Yxt + xyzyx = Yyz(y? + z2) =
2723 x* + 27AxyzYx = 2723 yz(y?* + z%)
It is enough to prove:
A+ DYx* + 622+ 1)Yy?z% + 422+ 1)Yx*Yyz + (164 — 19)xyzYx >
> 270y yz(y* + z%)
(1-25)3x* + 6(2A+ 1)Yy?z? + 4(2A + 1)Yx*Yyz > (19 + 11)xyz3x
which follows from 0 < 4 < % and the inequalities:
Yxt > Yy2z%;, Yy?z? > xyzY¥xand Yx2Yyz > (Yyz)? = 3xyzYx
We get:
(1-25)3x* + 6(22 + 1)Yy?z? + 4(2A + 1)Yx*Yyz >
> (1-25D)xyz¥x + 622+ VxyzY¥x + 421+ 1)3xyzdx =
= (19 + 112)xyzYx. Equality holds forx =y = z.
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

3
letp=x+y+z,q=xy+yz+zx,r=xyz q=< % 3,r£(§) =1

HOLDER

3
x(Ay3 +xyz+123) S (x+y+2)*=81
<Z VAy3 +xyz+Az3> Z 4 ’ (xty+2

cyc cyc

Zx(y3+z3) = p?q — 2q* — pr = 9q — 2q* - 3r

cyc

to prove

3
81 - 3 3\
Z 3 3 2);(9 —2q%*—-3r)+3r = (3\/ ) =
\/Ay +xyz+ Az q q 22+1

cyc

©3021+1)>21099q—-2¢*-3r)+3re

©31-r)+A(-9q+2¢*+3r+6)=0 (1)

X
(A) —9q+2q2+3r+620=>z >0
YAy3 + xyz + 223

cyc

(B) —9q+2¢*+3r+6=>0=

>3(1 )+1(9 +2¢*>+3r+6)=
E —1)+52(-9g +2¢% +3r+6) =
J2Ay3 +xyz+)»z3 25

cyc

_ —9q +2q? —72r+81> —9q+2q°-249+81 _ (3-q)(27 - 2q) -0
B 25 - 25 B 25 -
Equality holds for x =y = z.
SP.477 If a,b,c,d > 1 then:

Vva—-14+Vvb—-14+Vc—14+vVd—-1<.2(ab+ cd)

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

CBS
Vva—1+Vvb—1+Vec—-1+Vd-1 <

\/((«ﬁ)z + 12) ((vmf + 12) + J((VC —1)° + 12) ((\/m)2 + 12) =

=Jl@a-1+Db-1+1D+/(c-1+Dd-1+1) =
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=Vab+Ved € |((Vab)’ + (Ved)') (12 + 12) = |2(ab + )

Equality holdsfora=b =c=d = 2.
Solution 2 by Ravi Prakash- India
Leta = sec’a,b = sec? B,c = sec’y,d = tan 4.
Asa,b,c,d>1=>a,pB,y,6 € (0;;—’)

The inequality becomes:

tana + tan B + tany + tan § < \/2(sec? asec? B + sec? y sec? 8) =

sin(a + B) sin(y + 6)
= < secasecf + secysecd
cosacosf cosycosd

It is sufficient to show that:

secasecf + secysecd < /2(sec2 asec? B + sec?2ysec? §) &
(secasecf + secysecd)? < 2(sec? asec? B + sec’ysec?d) &
2secasecfBsecysecd < sec’ asec?f + sec’ysec?é
(secasecf —secy secd)? > 0 true!

Solution 3 by Tapas Das-India

We will prove that

Vex—1+.y—1< /xy,vx,y >0
UsingCBSfora; =Vx—1,a, =1,b; =1,b, = Jy—1=

[(x—D+1[1+ @ -D]>(Va—1+y—1)

xyZ(\/x—1+\/y—1)2

Now,

ab + cd
Va—-1+vb—-1+Ve—1+Vd—1<Vab++Ved <2 > =./2(ab + cd)

Solution 4 by Sanong Huayrerai- Thailand

Va-1+Vvb-1+Vc—1+Vd-1<./2(ab + cd)

letx?=a-1,y =b—-1,22=c-1,t*=d-1>
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Xx+y+z+t<2[(x2+1D)H2+1) + (22 + D2 + 1)]

x+y+z+t<J2+DO2+D+/(Z+ D2 +1)

Because:

x+y<J@2+1D02+ D) et +y +2xy<x?+y* +x%yi+1e
2xy < x%’y?+ 1and 2zt < z?t* + 1

SP.478 Let a, b, c —be the sides lengths of AABC, I —incenter, G —centroid. If

IG 1L BC and b # c then:
b N c +ab+bc+ca<13
c+a a+b a?+b?%+c? 6

Proposed by Florica Anastase-Romania

Solution 1 by proposer

Let M € (BC), M —middle point of BC = AM = (4B + AC); (1)

A6 a6 = 2an 8746 = L (aB + 20)
= = = — e = —
GM 3 3

N

bAB+cAC
a+b+c '(2)

I —incenter, then Al =

Al +16=A6>16=A6—Al=-(AB+AC) —————
3 a+b+c

I1G = 3b)AB + (a + b + ¢ — 3¢)AC]

§Zaf;7;quj[(d'¥l)+'C'—
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. 1 ((a+c_2b)ﬁ+(a+b—2c)14_f);(3)

16=m
We have:
ﬁ-ﬁ=|ﬁ|-|ﬁ|-cosA=bc-cosA=
.b2+c2—a2=b2+c2—a2_(4)
2bc 2 '

Hence,

= bc

IG-BC=1G- (BA+AC) =1G- (AC—AB) = IG-AC— IG- 4B =

1 . o
= S@ibio (@ +c—2bAB-AC+ (a+b - 20)AC C) -
! (( +c—2b)AB -AB + (a+ b — 2¢)AC ﬁ) @)
3(a+b+0c) arc a c =
1 b% + ¢ — a?
= L b — - _ 2|
_3(a+b+c)<(a+c 2b) > +(a+b 2c)c>
1 b% + ¢* — a®
R S B 5 N A
3(a+b+c)<(a+c 2b)c® + (a+b - 2¢) 5 )

:6(—a+b+c)(a+b+c)(c‘—b)(b+c—3a)=%(c—b)(b+c—3a);(5)

IGLBC=IG-BC=0o (c—b)(b+c—3a)=0,(~b%c)=>b+c=3a;(6)
Now, we have:

b N c +ab+bc+ca<13

c+a a+b a?+ b2+ c? 6

b N c +ab+bc+ca<5 1
c+a a+b a2+b2+c: 2 3
a+ b N c +ab+bc+ca<5
3a c+a a+b at+b%2+cz "2

So, we have to prove that:

a N b N c +ab+bc+ca<5 Z(l a )>1+ab+bc+ca
- — —t &
b+c c+a a+b a2+bZ+c%: 2 b+c 2 a2+ b? + ¢

cyc

b+c—a> (a+ b+ c)?
b+c 2(a? + b? + c?)

cyc
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By CBS inequality, we have:

b+c—a b+c—a
2 — _ - - -
2 Za btc Z(b+c)(b+c a) btc

cyc cyc cyc cyc

2

> Z(b+c—a) =(a+b+c)?

cyc
Equality holds if and only if a = b = c but (b # ¢) or a = b, ¢ = 0 (impossible!)

Solution 2 by Mohamed Amine Ben Ajiba- Morocco

For any point M we have : (a+ b + ¢)MI = aMA + bMB + cMC.

For M =Gweget: (a+b+c)GI =aGA+ bGB + cGC

Since : GA=—§(AB+AC), GB=—§(BC+BA) and GC=—§(CA+CB)

— 1 e — — —
Thenwe get: (a+ b+ c)GI = —5((a —b)AB+ (b—¢)BC + (c — a)CA).

Now we have: IGABC < GI.BC=0
o ((a—b)ﬁ+(b—c)ﬁ+(c—a)ﬁ).§6=0

¢z + a* — b?

@(a—b)(— >

>+(b—c)a2+(c—a)<——a2+b2_cz>=0

2
e (a=-b)b-c)b+c)+3b—-c)a’*—(c—a)(b—c)(b+¢c)=0
o (b-0o)[3a*+2ab+c)—(b+c)*]=0

o (b—c)a+b+c)Ba—b—c)=0 then: [3a=b+c]|

Nowletp = (b+c)? s:=bc and t = g

Since a,b,c are the sides lengths of AABC then we have :

at+b>cand c+a>b

1 b
< 4b+c>3cand4c+b>3b © 2b>cand2c>b > E<E<2 =
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AM-GM

4 2 t= +c+2<9
"¢ b 2
We h ' b 4 c +ab+bc+ca
eravenow: T aTa+b @+ b2+ 2
3b 3c

B N N 9a(b + c¢) + 9bc B
" 3c+3a 3a+3b (Ba)?2+9(b%+c2)

3b 3c 3p +9s 4p — 65 p+3s
=4c+b+4b+c+p+9(p—2s)=3(4p+9s 10p—18$)
3(44p? — 111ps + 135s52) 13
- 2(20p? + 9ps — 81s2) <?

& —34p? + 279ps — 56752 > 0 & —34t%2 + 279t — 567 > 0
9
o 2(5-t) 17 -0 +5>0

9
Which is true because 4 <t< 2 and the proof is completed.
SP.479 In AABC the following relationship holds:

R® s/a b\/b cy/a ¢ 8r?
L DD D=
r 16\w, w,/\w, wp/ \w, w, R

Proposed by Alex Szoros-Romania
Solution 1 by proposer

ab ab _ ab 4R

b
wy wy h, h, 2F 2F F ¢
4R a b
—>—+—;(1)
c " w, w,
Using Padoa’s inequality, we have:
abc > 8(s—a)(s—b)(s—c); (2)

GM

c=(—-a)+(s—»b) AZ 2\/(s—a)(s—b);(3)
From (2) and (3), it follows:
abc? >16(s —a)(s —b)(s —¢)\/(s —a)(s — b)

FZ
abc? > 16?3\/(5 —a)(s— b) = 16r*w,w,
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ab
WaWp

a b AGm ab
—+— "3 2 ; (5)
Wy W, wW,Wy

From (4) and (5), we get:

a b 8r
—+—>—;(6)
w, W, C

8r
>—;(4)
c

From (1) and (6), we get:
4R a b 8r
—=>—+—2=—;(7)
c w, w, ¢
From (7), it follows that:
64R3 a b 51273
[[(E+)= 22 @
abc W, W, abc

cyc

But abc = 4Rrs, then (8) becomes:

16R? a b 128r?
ST
rs wp, w, Rs

cyc

ol |G a2 T
> —
r 16 wy wa R

cyc

Solution 2 by Tapas Das-India

*Wq < \/Tpre = WWpW, S T, 1T,

3
X1 pTe < 3 —abcV3 = w,ww, < 3 —abcV3 because
F3 F3s
Tqg=—— a(and analogs) = r,rpr, = GG -DbG-0 =z = Fs =
abc abc 33 3v3abc
=——s<—- <
4R 4R 2 8
Sl_[( N >AGMS abc >s b 8 _
16l 1\w, "w,) = 16 wy, 2 wowyw, = 2% 3abcv3

cyc
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g 4 >3\/§r-4 A
= . = = 4r
3V3 3V3

x §2 > 27r? (Mitrinovic)

We need to prove

8r?
4r > R < R > 2r (Euler)

Hence,

ol 162 T
16 wp, w, R

cyc

W16 ) =2el 1620
16 w, w,/ 16 h, h,

cyc cyc

xh, <wg hy <wp,h, <w,

n(ab ab) s (abc)z_ s (4RF)2_ s 16R2_R2
~ 16 2F '2F) 16 F3 16 F¥ 16 F r

cyc

Solution 3 by Ertan Yildirim-Izmir-Turkiye

*h, <w, <.s(s—a)
a+b<a+b_a-2R+b 2R_ZR _4R d ]
w, w, h, h, ac  bc ¢ T ¢ (and analogs)
P—S (a b><s 4R _ 64R3 s R2
- 16 w, w,)~ 16 a 4rs'R 16 r
cyc cyc
a b AGcm ab
—t— = 2
Wp Wq WaWp
S ab s 8abc s 4sr R Zs rR
o g2 - z
1 wowp 16 wwywe 2 [s(s—a)s—b)(s—c) ST
cyc
? 812
=2R2T, 2R%? > 81 © R? > 41? & R > 2r (Euler).
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SP.480 In AABC, F —area and the points M € (BC),N € (CA),P € (AB),

then:
(a®> +b-BM)(b* +c-CP)(c? +a- AM) = 36V3 - F3
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers
Because AM > h,, BN > h;,, CP > h_c, then:

l_I(a2 +b-BN) > ﬂ(az +b-hy) = 1_[(a2 +2F); (1)

cyc cyc cyc

9
l_[(x2 +t?) > Z-t4(xy+yz+ zx);Vtxy,z>0; (2)
cyc

So,in(2) wetake: x = a,y = b,z = c,t = V2F, we get:

Gordon

l_[(a +2F)>— 4F%(ab + bc + ca) = 9F*(ab + bc + ca) >

cyc
> F2 . 4+/3F = 36\3F3

Let’s prove inequality (2). We have:
3
@): (2 +tH)(y* +t?) = th((x +y)?2+t?) e
4x%y% + 4t%(x* + y?) + 4t* > 3t*(x% + y?) + 6t%xy + 3t ©

4x’y? —4t?xy + t* + ?(x? + y? —2xy) 20 &

(2xy — t?)? + t*(x — y)? > 0 which is clearly true. Equality holds for 2xy — t? and x =
y.
(i):(P* +t2) (22 + t2) 2 t2(y + 2)? © y?*z%2 + t2(y? + z%) + t* > t2 (&% + y?) + 2t
& y2z2 - 2t%2yz + t* > 0 © (yz — t?)% > 0 which is clearly true. Equality holds
for t> = yz. Therefore,

l_[(x2 + t?) g %tz((x + )2 +t2) (2% +t?) > Et2 ((x+y) + z)2 =

cyc

3 9
=Zt4(x+y+z)2 21t4(xy+yz+zx)
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

BN > hy,CP > h,AM > h,

n(a2+b-BN) zn(az +b - hy) =1_[(a2+217) =

cyc cyc cyc

_ 2 2 2 Holder
=(@a*+F+F)(b*+F+F)(c“+F+F) >

> (VazF2 + Yb2F2 + i/cZFZ)3 = F2 (Va2 + b2 + Yc2) S
> F2 (33 a2b262)3 = 27F2 . a2b2c? = 27F?3/16R2F? >

2 108F3
> 27F2. 3\[16-m-s-2ﬁ2 = 7 = 36V3F3

Solution 3 by Tapas Das-India
BN > hy,CP > h,AM > h,

l_[(az +b-BN) > n(az +b-hy) = 1_[(a2 +2F) =

cyc cyc cyc

Holder
=(@*+F+F)(b?*+F+F)(c*+F+F) >

AGM

> (VazFz + Yb2F2 + i/cZFZ)3 =P (Va2 + b2 +Yc2) 2

3 AF AF
> F2 (33 a2b2c2) > 27(ﬁ> \F2 =27 -\/—§F2 — 36V3F3

UNDERGRADUATE PROBLEMS

UP.466 Find:
T xcosx \2
0= [(Z5XY 4y
o \1+sinx

Proposed by Florica Anastase-Romania
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Solution 1 by Benjamin Bamidele-Nigeria

T xcosx \? T x?cos?x T 2 cos? x (=547
ac [((EEEY g [ Fos o
o \1+sinx o (1+sinx) o (2 <in? (x+n))
2 4
1 = 2 1 3m )
4 T T n .
— _ 2 _ - 4 — _n . 4 _
_ij (Zt 2) cos (Zt Z)CSC tdt ij (Zt 2) sin“(2t) csc* tdt
4 2
3n 3n 3n

- szT(Zt—g)Z cot?tdt ' Z = —2(2t——) (t+cott)

4 )
+ L (16t — 4m)(t + cott) dt =
1

, 3m

= 2m? —3i+j4t(16t—4n) + (16t — 4m) cot tdt =
2
4

313 BP
= 2m? —T+—+f (16t—41t)cottdt =

3 3n 3n

14
=2m? — 3 + (16t — 4m) log(sin t)I,T - 16f log(sint) dt =

4

3 3m

1[4 1
=2m? — — + 8mlog ( ) 16f log(sint) dt
3 V2 ™

3n 3n 3n
Let: ® = 16f log(sint) dt = —16 long dt — 162 f cos(2kt) dt =
% 2
o (.. (3km . (km o
sin (—) sin (—) (—1)k (=1)k1
2 2
:_8”'°g2_82< K1 ):_8n10g2_BZ<(2k—1)2_(2k—1)2):
k=1 k=1

(—1)*
= —8mlog2 — 162 2k = 1)2 —8mlog2 + 16G

XCOosXx

2 3
Therefore 0 = [)'(£22)" dx = 272 — =+ 4mlog 2 — 166

1+sinx

Solution 2 by Rana Ranino-Setif-Algerie

T
T, xcosx \2 Z cosx 2 ” cosx 2
0= [((Z05 N = [T (25 ) ey [T (12255 ) e
o \1+sinx 0 1+sinx g 1+ sinx

X x
2

x—ootx
2
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T T 2

=jj(g—x) tanz(;)dx+f:(g+x) tanz(;)dx=

T T
2 X =2 1
—j tan? dx+2[ x2 tan? (—)dxx=x1tzj tanzxdx+16f x? tan? x dx
0 2 0 0
A B

Lk

z T
A=[tanx—x]§=1—z

w s

% % z
B = [x*tanx — x3]; ZJ xtanxdx+2j x*dx =
0 0

2 : m 3
=15~ 193 + 2[xlog(cos x)] L log(cosx)dx,B = 16 192 4

log2 G

2% log 2

Q_f"(xcosx)zd = 272 m’ +4mlog2 — 166
~ ), Utsing T T3 TATI0B

Solution 3 by Togrul Ehnmedov-Azerbaijan

T T T 01
x%cos?x x%(1 — sin?x) x2(1 — sinx) nd X
———dx = | ————~dx = —dXZ—?+2 -
0

(1 (1 + sinx)? (1 + sinx)? 1 + sinx 1 + sinx
f f ST S _?(Zx_g)zd
s 1t sinx ! (sin (%) + cos (%))2 T2 sine (% + %) X_ s swx

RG]

3n

3n
4
4 m
ctgx]_ + 41 (Zx - E) ctgx dx
4

L]

3n
4
ctgxdx =n? + 8 j xctgx dx
T
1

Ay

4

=mn? + 8f xctgx dx — 27
i
1

3n

=n’+8 [xlog(sinx)

-u=|=|,,;|=|

4
f log(sinx) dx
T

|

4 4
|
=n?+8 ——log(Z j g(sinx) dx| = 72 — 2mlog(2) — 8f log(sinx) dx
s J L
)

-

3n

w

T

4
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3n
4 o)

1
f log(sinx) dx = ——log(Z Z Ef cos(2kx) dx
s k=1
1 " 1
) 1 1 3m
—_ o _ = 4
=-3 log(2) > z 12 [sm(ka)]z
k=1

| p—

Sln
= —310g(®) - zz =

k=1

(—1)k+1 1 had (- 1)k+1 (—1)k+1

- __log(z) +3 24, (k- 12 Ek_ -1z~ zlos@+ z 2k — 1)2

= ——log(Z) + G
T
f dx = n? — 2mlog(2) — 8 (—Elog(Z) + G) =n? + 2nlog(2) — 8G
J 1+ sinx 2

T
x%cos?x e
= — = —— 2 _
I J 1+ sinx)? dx 3 + 2(1t + 2mlog(2) 8G)
UP.467 Find:
T x%cosdx
O =

o (1 + sin? x)?

Proposed by Florica Anastase-Romania
Solution 1 by proposer

x%sinx

Let: f(x) = € [0, ], then:

1+ sinZ x’
(x? sinx)'(1 + sin? x) — x? sin x (1 + sin? x)’
(1 + sin2 x)2 B

f(x) =

(2xsinx + x? cos x)(1 + sin? x) — x? sin x - 2 sin x cos x
B (1 + sin2 x)2

2xsinx + 2x sin® x + x% cos x + x% sin? x cos x — 2x2 sin? x cos x
(1 + sin2 x)2 B

2xsinx + 2x sin® x + x%2 cos x — x% sin® x cos x
(1 + sin2 x)2 B

2xsinx + 2x sin® x + x% cos x (1 — sin? x)
(1 + sin2 x)2 B
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_ 2xsinx + 2x sin3 x + x% cos3 x _ 2xsinx(1+ sin? x) N x% cos3 x 3
- (1 + sin2 x)?2 (1 +sin?x)? (1 +sin2x)2
2xsinx x%cos3x

= ; + ;
1+sin2x (1 + sin2x)?

So, we have:
2x sinx N x?cos3 x 3 x2sinx \'
1+sin2x (1+sin2x)2 \1+sin2x
f” 2x sin x N T x%cosdx x2 sinx
————dx A =
o 1+sinZx o (1+ sinZx)? 1+ sin? x|
f” 2x sinx N T x%cos3x 0
T dx ————dx =
o 1+sin?x o (1+sin?x)?
™ xZcos3x ZJ‘” xsinx dx: (1)
— — _dx = ——dx;
o (14 sin?x)?2 o 1+sin?x

I_j‘” xsinx _J‘”(n—x)sin(n'—x)
~Jo 1+sin2x 7 )y 1+ sin?2(mw — x)

j‘” sin x d J‘” xsinx d I o—1
=| —————dx—| —————dx=ml, —
o 1+ sin?x o 1+sin%x !

I

w (™ sinx (™ d(cosx) T
f —dez—f > = log
o 2—cos?x 2), cos2x—2 4.2

cosx — V2
cosx + V2

1

0
(4
= mlog(\/z + 1) ; (2)

From (1) and (2) it follows that:

™ xZcos3x j‘" xsinx
0

T
o (1+sin?x)? r=- 1+sin2xdx:_z\/§log(\/§+1):
= —mv2log(1 + v2)
Solution 2 by Rana Ranino-Setif-Algerie

cos3 x t=sinx 1 —t? 1+ t%2—2¢%

Arsinza2 ™ = Javeor™= | areoe

- [a(e) =13
N 1+¢2) 1+¢2
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cos3 x sin x

—— x - ——-
(1 + sin? x)? 1+ sin? x

mp xZsinx |* T xsinx XoT—x T sinx
—Zf ——dx = —211"[ ——dx—Q
0 0

1+sin2x0 1+ sin? x 1+ sin? x
T . T L g
sin x z sinx =
Q=Tl’f —_dx=—21tj —dxtgsx—ZRJ
o 1+sinx 0o 2—cos?x 0 2 —t2
1
T V2 +t
Q=—-——lo = —mv2log(1 ++2
NG g(\/—_t> 0 g( )
Solution 3 by Ankush Kumar Parcha-India
I - ™ xcos3x xom-x J"—(n—x) cos3 x
17 ), (1+sin?x)2 * o (1+sin?x)?
=1 ™ cos3x f cos3 x 0: (1)
= — => — .
1 1 n (1 + sin? x)2 (1 + sinZ x)2 x)2 ’
™ x?cosdx Xo—% ™  cosdx
0= ——— ~_dx"Em? | ——— _dx—
o A+sinzxz* " Jo @rsinzaz
™ x%*cos3«x dx 42 ™ xcosdx dx ( by using (1))
o (1+sin?x)? xTam o (1+ sin?x)? xbyusing
0 Q42 ™ xcos3x d Q T  xcos3x dx; (2)
= — —_—mm :> = _— .
T o (1+ sin?x)?2 o T o (1+ sin?x)?2 ok
cos3 x sinx=y [ 1—1y? y=tanz (1 —tanz
€ (1 + sin2 x)2 . (1+ y?%)? y f sectz oo¢ 24z
= f(coszz — sin? z)dz
I=sinzcosz=1= cos” x dx = stn x + C(by using (2))
B ) (1 +sin2x)277 1 +sin?x y g
Q- xsinx |* f" sin x d| = f” sin x 4
“T1tsinzxl,  J, 1sin2x [T "), 1+sinzx ™
by using Weierstrass substitution:
2 2 (1 +t?)? d
«© 2 t < t(1+t t 2_
Q:_”f 1-I_tz ' 2dt=—41rf 2 2’ zzt:k
0 14 4t 1+t o tt+14+6t2 (1+1t2)
(1 +t2)2
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dk dk

= an —=—21Tf =
o k*+6k+1 0 (k+3)2—(2\/f)2

[ee]

s <k+3—2\/2>

2
=—log|——— = —mv2log(1+ V2
2vZ S\k+3+2v2 > 5 )

T (\/2—1
= log
o 2V2 T\V2+1

(m

UP468letme Nand 0 <x<m.lfi= [ i)x], prove that

X

2 (T) > x™~%, where [x] is integer part of x and (n:) is a binomial

coefficient.

Proposed by Ovidiu Pop-Romania

Solution by proposer
Let L,, be the Bleimann-Butzer-Hahn operator, defined by

L)) = @+ iy () 2 (

m € N.

k
m—k+1

), forany f € Cg([0,)),x € [0,0) and

If x € [0, ), we consider the functions ¢,: [0,00) — [0,00), @, = [t — x|, t € [0,00)
and
€p,€1:[0,0) - R, ey (x) =1,e;(x) = x,x € [0,0). It is well known that

(1) (Lineo)(x) =1,

2) (Lnen) () =x—x ()"

1+x

and

B)o<ic it <3 < <21
m m—1 m—2 2

m
L
where x € [0,©), m € N.
Because the operators (L,,),>1 are linear and positive, we have
(4) (Lin@x)(x) 2 0
forany any x € [0,),m € N.

(m

Lemma.letm e N ={1,2,..}and0 < x <m.Ifi = [ 111)’[], then

X

5) (Ln@)(®) = @+ 07 {2 ()t = a1}
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:_ [(m+1)x] < (m+1)x

t - x+1

Proof. Because 0 < x < m, it result that <m,soi<m.

(m+1)x

Relation i = [ (m+1)x
x+1

] is equivalentto i < —— < i + 1, equivalent to

— <x < — and taking (3) into account, we have

0<1< <...< < <i+1< m—1 m
m m-1 " m—i+1_x m-—i 2 1’
2

1 . . . . . .
If > — taking that the function ﬁ is increasing on [0, o), it result that —1

(m+1)x

where >1,s0i = 1. We have that

m

(Lu)() = @™ Y (F)ak [ | =

k=0
i m
— -m m k( _ k ) -m Z m k k _ )_
=(1+x) Z(k)x X k1 +(1+x) . (i)x m—kt1 %)=
k=0 k=i+1
i m

2040y ()3 (3= )+ a0y (D (%) -

k=0 k=0
i i

=21+x)™ {x
k=0 k=0

+(1+x)” mz p— k+1—x(1+x)‘"‘z ?)x"z

=0

i i

=2(1+x)™ {x + Z (1:) k1 — Z (kT 1) x"} + (Limeq) (x) — x(Lime) (%)

k=1 k=1
and taking (1) and (2) into account, we have

i

(a0 =200 407 e 3 () () ) )

k=1

2o (1)t (5 (3= ()t (Bt = (7))

— ™1+ x)™

from where, relation (5) follows.
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1 . . . . . . 1
If < —, taking that the function ~Zis increasing on [0, ), it result that ~ <
m x+1 x+1

— 7 from

where % < 1,s0i = 0.We have that:

(Lpp,)x) =1+x)™ Ix + i (7:) xk (m+m - x)}

k=0

=1+x)™ in + i (1;:) xk (m+m - x)} =
=0

= 2x(1+x)™ + (Lye)(x) — x(Lyep)(x) = (1+ x)"™(2x — x™tD),

From the cases above, results that the relation (5) is true.

From (4) and (5), the inequality from hypothesis follows.

UP.469 Prove that:

i: 1 <n2e
Y@nHz 6

n=1

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

o o o 1 2_1_(2+1)2 _1_(n+1)"
y ot _z'jl.i R ol ol i vl e
L[z L (12 22 2T L 2+ @+D"
n=1 (n!) n=1 n=1 1+1) A+1)Z ™ i
- 1 n1 1 2412 1 (n+1D)"am-em
:Z— —2 (1+1)2—2—2—2 n >
1n+1 1 22 (1+1) n n
n=
- 1 2, 1 (2+1)>2 1 (n+1)"
< 1 .12 (1+1) +22 (1+1)2+ +n2 nn -
- n+1 n -
n=1
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0

Sz 1 1 (k+1)"< i(k+1)k.2 1

nnt ) LK kT S L0 ke n(n+1)
n=1 k=1 k=1 n=k
o1 (k+ 1Dk i(1 1 )_
L k?2 kR n n+1)
k=1 n=k
(k+1DF 1 1 1 1,k 1 nwlee
S LS < S
K1 k2 k k2 k K2~ 6
k=1 =1 k=1

Solution 2 by Henry Ricardo-New York-USA

We use Carleman’s inequality for a sequence of positive real numbers a4, a,, as, ..

[oe)

(o]
1
Z(alaz @y < ez a,
n=1

n=1

. 1
Letting a; = 2 we have:
oo

- 1 1 1 1 m2e
Z(alaz"'a")"zz =) r—=<e) =g
n=

Ha12-2-0n-nn EV@ED?E H

where we use the well-known value of Riemann’s zeta function.

UP.470 If (a,) 51,9 > 0,a,.1 = 2n + 1)a,, Vn € N* then find:

Q = lim("Ya,1 — Ya,)

n—oo

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by proposer

a; =1-aya, =3-1-ay and from mathematical induction, we obtain:

a, = (2n — 1)!,vn € N*. So, it follows that:

0 = lim ("}, - Ya,) = lim ("*i/(Zn F Dllay — 3/@2n— D1 ao) =
= lim ("\/@n+ DI - Y/@n— DY) = lim Y@n - DI (u, - 1) =

u, — 1 Y2n-D! u, -1
=lim"w/(2n—1)!!-l:gu ( ) Un
n—-oo

loguy, = 1111_)n010 n logu,

“logu; ,Vn > 2
n

y V2n-1! y n(2n— 1! c-p'a . 2n+ 1) n" B
ne n gt nn e (n+ 1" 2n-1I
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S 2n+1 , n \* 2 m/@2n+ D
= lim ( ) =, u, = ,vn > 2
nbon+1 \n+1 e (2n- 1D
Hence,
. u,—1
limu, = 1= lim =
n—oo n—oo logun
i n i (2n+1)” 1 i 2n+1 n+1 ) e
m u, = 11m im . =2-—=¢e
n-0o oo (Zn— DI "oy o n+1 “Yon L 2
Therefore,
n+1 2 2
_Tllng( VA1 — Jan):;-l-loge:Z

Solution 2 by Marian Ursdrescu-Romania
a, = 1- Qy,

a2=3'1'a0

a,=2n-1)!,vneN*
So, it follows that:

= lim (""\/an1 — Ya,) = lim ("+{/(2n +Dlay — Y (2n—1! ao) =

,/(2n—1)!!_ " (@2n + D! .
"\ an-D1 HD)

w/(Zn 1)" n (Zn 1)” c-D’ Ay (2n+ 1! n"
n—>°° n—»oo (n+ 1)n+1 (Zn 1)”

2n+1 n _2
n—»oon+1 (n+1) __'()
n+m_ )
i ("*i/ 2n+ 1 1) im "[(2n — D! n-log <"+i/(2n n 1)!!) _
"[2n— DI noo (MmN "[2n— DI
log( +1 >
"[2n— DI

— lim ("+\/(2n+1)”—\/(2n D!l = lim

n- n—-oo

n—-oo
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l,,g<"“7d<2n+l>”> N N
B et SO BtV (CTEE VITA N <"+1/(2n+1)u> _
_n%olo ("*,1/(2n+1)!!> Tan-Di ) e S\ Yan-Di )
S\ zn-Du
~ _(VEnrDn\" ( @n+ 1! 1 )
_10g<1lll_)fofg< m = log ,lll_,oo (2n — 1)|| n+m

2n+1 n+1 e
= log = log(Z -E) =loge =1;(3)

lim .
noo n+ 1 ™1/ (20 4 1)

From (1), (2) and (3): Q = lim("“,/an+1 -%/a,) =%-1-loge ==

,n € N*. Find:

UP.471Lletm >0and H, = Y}._ 1

0 = tim ((“Vor+ D)™ - (VD)™)o

Proposed by D.M. Bdtinetu-Giurgiu-Romania

Solution 1 by proposer

B, = (("V@+ D) - (¥m)"™"): et =

m+1
n 1 nn!
= (¥n)"" Gy — 1) - e7mn = (Jﬁ> (U — D™ eTmHn =
m+1 m+1
"/n! u, — 1 n,n! u, — 1
= i . -1 n, pmlogn-mH, _ _ . _n 1 n.,—myn
< nn) logu, 08Un "€ ( n") logu, 08Un "¢

where y,, — v, ¥ —Euler-Mascheroni constant.

+1 +1
o Ve DN ("Ver D! n n+1) s o
n “n! \ n+1 Y on T

Hence, we have:

llmﬂ llmnn'CDAll —(n+1)' n_n_ im(—n ) —1
B nn n—»oo(n+ D nl wme\n+1/ e

n-oo N n—-oo
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1 m+1 U — 1
limun=(—-e-1) =1, lim — =
n—-oo e n—oo l()g un
i i (@t D! 1 ml i n+1 \"
im u;; = lim . = lim | —— —e
now " moe\ o nl " ()] noe \ " (n + 1)!
Iim e_mYn = e_my — i
n-oo emny

1 1
Q = lim (("J’«l/(n + 1)!) — (¥ )m”) emHn — 1. 1og em*1 . m+
n—oo

emy ~ emy+m+1

Solution 2 by Asmat Qatea-Afghanistan

Yl

n 1 " n+ 1)!
i V1, "

T T
n+ 1\"  p m+t —m
=l — (= y+inn
a=tm () - @™
m+1
: 1 m+1 m+1) ,—ymp,—m —-ym-m-1 y; (1+%) -1
Q=1111mem+1((n+1) —nmtl)ermpm, Q=e7 1111_)11010 1
n
1\ 1
o MED(45) ((3p)  m+a
Q= e ™0 lim 1 = omy+m+1
n—oo (__) emny
n2
UP.472 Find:
s

3
Q=Lex-sinx(x+xcotx+1)dx
6

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase-Romania
Solution 1 by proposers

Let f: Eg] - R, f(x) =x-e*-sinx, then f'(x) =e*-sinx(x + xcotx + 1)

W]

Y3

3 n
Q=Le’“sinx(x+xcotx+1)dx= i f'()dx = f(x)|3 =

6 6

[

ee (z\/§-e§—1)

:es-E-T—eg-%% (2\/_83—66)
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Solution 2 by Tapas Das-India
e*-sinx (x + xcotx+ 1) = e*(xsinx + x cos x + sin x)

Let f(x) = x - sinx, then f'(x) = sinx + xcos x

Q=L§ex-sinx(x+xcotx+ 1)dx=Jjex(f(x)+f’(x))dx=
6 6
=[exf(x)]§== eg-g-g—e%-% % (2\/_e3—e6) g(2\/_ e3—1)

Solution 3 by Ankush Kumar Parcha-india
3

Q=Lex-sinx(x+xcotx+1)dx=
6

s

3
xexsinxdx+f xexcosxdx+-];rexsinxdx

Wiy
Wiy

S|

B -I;_T
6
e

f e sin(bx) dx = 212 [asin(bx) — bcos(bx)] + C

eax
f e cos(bx) dx = 212 [acos(bx) + bsin(bx)] + C

xe*(sinx — cos x)

n b4
3 j‘? e*(sin x — cos x)
T

dx +
2 L 2
g 6
s b4
xe*(cos x + sinx)|3 3 e*(cos x + sin x) 3
- dx+ | e*sinxdx =
2 11 3 2 T
6 6
 F n
.13 3 s 3 U L
=xe"smx|,,—j;re"smxdx+Lex31nxdx=E(2\/§e3—e6)=
6 % z
T e6
(2\/_ e3 — 1)

Solution 4 by Yen Tung Chung- Taiwan

T
3
sz e’ -sinx(x+xcotx+1)dx =
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T T T

3 3 3
x(e*sinx + e* cos x)dx + L e*sinxdx = J;t xd(e*sinx) + L e*sinxdx =

W]

g

T T
n 3 3 (4 n n
=xexsinx|%—Lexsinxdx+Jne"sinxdx=ﬁ(2\/§e3—e6)=
6 7% 6
T
_m: e6
(2\/_ e3—1)

Solution 5 by Hikmat Mammadov-Azerbauan

Wiy

)
ﬂz.l;te -sinx(x+xcotx+1)dx =

6

d . .
a(xex sinx) = e*sinx(x + xcotx + 1)

17.'
Tl'

~

*

e* smx(x+xcotx+1)dx—f d(e*xsinx) = e*xsinx|3 =
&

n
)f§
6

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposer

_ i+l ((n+ 1)!)2 n (n!)2 o (n!)? ~
fn = \/ @n+DI  J@n-Di~ [@n-Du V=

(W) n__ w1
\n ) Yazn-1Dn logu,
(W) n__ w1
“\n ) Yan-Di logu

‘n-logu, =

‘logun,n > 2,
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We have:

. Yn! . nn'cpAl (n+1)! n"_l_ (n )”_1
oo n nos nt | meem+ D nl noe\n+1/) e
_ n e
llm— —
noo M f(2p — 1)1 2

w1+ D)’ nl@n-1n

2n+ 1! (n!)?
_ "+,1/(n+1)' 2 n+1 V@n-1DU n n > 2
BUETE! (r) "aniDl  m n+l "7

_ 1\ L e 2 u, -1
llmun=(—> et = —- 1=1= lim =1
n-co e 2 e n-w logu,

= i, (2n + 1)" (n!)? ((n+1D)° B

 (m+1D?2 "Y@n+DI < n+1 )2 Cn-1D! n+1
= lim . 7 = lim | — .
n-co 2N+ 1 (n+m) n—oo \/m

mD?2  2n+1

21
= 2. —_ =
e 5’2 e
Therefore,

lim B, =~ 51 loge = —
nﬂ‘o"_ez %8¢ = 2e

Solution 2 by Hikmat Mammadov-Azerbaijan
(n+1))°* ((n+ 1)) 21 ((n+ 1))’
2n+1)! @2n+1)2n-1)-..-3-1 (2n+2)!
(mh)?  2"(m)?
2n-1! (2n)!

and

1 1
V2mrmmMme Melzm+1 < m! < V2mmm™e Melzm

3 3 3 3 3 _1
@m)2(n + 12(n + 13D e 30 eimi3 < ((n+1)1) @2m2(n + D2(n +1)30De 30D edwrD

1 1 1 1
50— —59-2(n+1) —2(n+1) p2(n+1) o 24(n+1) « —
(2m) 22 2(n+ 1) 2272t (n 4 1) =t esntDe 24(n+1) < Zn+2) <
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1 1 1 1
< (2m)72272(n + 1) 222+ (n 4 1) 2+ D) e2(n+1) 7730425

3
3 1 n+1 1
V22— m+D) (n + 1)n+Ze—(n+1)elzn+13 24(n+1) < 2 ((n + 1))
(2n + 2)!

1 1
< \2mr2-m+D (n + 1)"2e~+Ded(n+1) 24n+25

3
1 1 +2 1 1 1 n+1 2n+1 1!
22(n+1) 11l'n+1 (n + 1)2+1e—1e(12n+13 24(n+1)) n+l < ((n + ) )
(2n + 2)!

1,1 n+2 ( 1 1 ) 1
< 22(n+1) n—n+1(n+ 1)_n+1e‘1e 4(n+1) 24n+25) n+1

1 1 1+n 1 1 1 n[2n(n!)3 1 1 n+l 3 131
—Zﬂ_1nﬁnTe‘1e(ﬁ_—24n+1)’H < — ’ (2( ))' < _zﬁ‘lnznTe-le(lznu‘m)'z
n):

1,1 na2 ( 1 1 ) 1
Q < lim [ 22®+D) “ga+i(n + 1)n+ie le\12n+13 24(n+1)/ nt1
n—-o0o
1 1 n+1 1 1 1 1 n+2 n+1
_2m2-gnn n e-lelm zmv)n | = > lim ((n + 1)n+1 — nT)
e n—-oo
Similarly,
1 n+2 nt1
Q>—Ilim ((n+ Dl —n'n )
2e n>o
Thus,
1 n+2 nt1
Q :Er]li_[}o]o<(n+1)n+1 —nn )
1 1+x 1 1
- — _p—xlogx _ _ 2—€
(x) xe x(1 xlogx+0(x )),6>0
1 log(n+ 1) 1 log(n) 1
@ _ﬁrlﬂg (n + 1)<1_ n+1 +0(n2‘f>>_n<1_ n +0<n2‘f) B

1 1
= %Tlll_r)l(}O <1 +log(n) —log(n+ 1)+ 0 (nl‘f)> =

_11_ 1-1 (n+1>+0<1> 1
= 2enow 6\ nl-€¢/)  2e
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UP.474. Let (a,) 1, (Bp)ns1, @y, by, € RL = (0, 00) such that lim % = a,
n—->0oo ‘An
bn+1
1111_)1?01),7_ b,a, b € R. Find:
— rlll_)n;(rwll ] — /bn)

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers

Bn = n+\1/ bn+1 - W W <n \/'—n+1 > = 7{/b_n(un - 1) =

b, u,—1
= . ‘logu; ,vn > 1,
n logu,

I = 1i - i
1#2;11 bn nLa>bn"/an n n-oo N 1Jew
An+1 n" . Ani1 n n+l ab
—b-lim—2 . — —p-] —) ==
noe (1 + 1)1 q, o - a, (n + 1) e
lim Vbn _ lim "|Pn c-pa lim LT S = lim buir_ N a"( n )n _
n>o M " oo n" - noo (n+ 1)n*1 b n—»oob "la, m ‘n+1 B
., al ab
e e e?
i i "VYbnyi m n+1_ ab € _ 4
noe = A T 1 "p, n e ab =
. Uy — 1
lim =
n-o logu,
llmu"—llmb"+1 ! = lim by mt1 =a—b-i-1=e
n-oo n-o b, "1 b1 n-on- b, "+1/bn+1 e ab
Therefore,
n+1 n a’b
= lim (""\/bys1 — by )— '2-loge =—

n—->oo
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Solution 2 by Adrian Popa-Romania
<m > _

= lim ("*\/byy1 — Vby,) = llm\/_ o

n—-oo
n+i/'b—1 4

n+1
Y n+1 ) \/
lim%/b = lim%/b, ‘logu,, =
n—oo ( / n n—oo l n+1 /bn+1_ n

n-oco M noo (n+ 1) b, noop g n o \n+1
al ab
e e e
and
. b,.1 n\/ a, n\/ b, n|Qy C-D'A
lim = : =b-lim——=b>b"1 =
n-oon bn n—oo bn"/an n n-co N nooo\ NN
a n" a n \"*1  ab
=b-lim —"L . =p lim () =—
noo (n+ 1)1 a, noon-a, \n+1 e

Now, we have:

n+1 n+1 2
b b n n+1 ab e
lim — 21 — ntl, : 121

oo fp T nt1 "/b, T e ab
n+1/bn+1_1

- <n+1/bn+1> lim bn+1 1 — lim bn+1 ) n+1 _ a_b e_ )
n—coo 7\'/b_n b,
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Therefore,

ab

Q= ,I,i_,To(n+‘1/b"+1 “b,)=—-2-loge = =z

UP.475 Let (a,,),>1 be sequence of real numbers such that a; = 1 and
(n+1)%(ay,, — a,) — (a1 + n+ 1) = 0. Find:

Q =lim {/1+a,

n—oo

Proposed by Florica Anastase-Romania
Solution 1 by proposer

We have:
m+12*(ap1 —ay) — (@1 +n+1)=0
(n+1)%(ap — @) —ap g —(M+1)=0
[(m+1)?%—-1la,,y — (n+1)2%a,=n+1
n? +2n)a,,;, — (n+1)?%a,=n+1)
nn+2)a,., —n+1?%a,=n+1

n+2 n+1 1
—a — a, = —
n+1 "1 n " n

Summing after k € 1, n in relation:

k+2 k+1 1
K1 T T T
n+1 1 1 1
n+1'a"+1 2a, = H,,where H, —1+2+3+ +—
Hence,
n+1 n ]
A, 1 = e (H,+2)>a, —n+1(Hn_1+2):>rllLr£10an:+w
a
1]n lim An=1%2 | c_g
Q=lim7%y1+a, —llm(1+an)n—llm (1+a,)%| =enw ntl =" g0 =

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letn € N,,;. Wehave: (n+1)%*(a,;1—a,) — (@pyq +n+1)=0
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) n+2 n+1 1
snn+2)a,;—n+1) an=n+1=>n+1.an+1—T.an=;,Vn21(1)
-1 -1
< (k+2 k+1 <1 n+1
Then: Z(k—_l_l.ak+1—T.ak>= E@ n .an—2a1=Hn_1
k=1 k=1

n
Hence, a, = ] (H,_1+2), vn>1 and lima, =+ (2)
n—>oo

n+1m+1 1
c-p'a 1+ay,., & 1+ ——(—.a, +—
2=1lim%Y1+a, = Iim ——*1 = lim n+2( n n n)=
n—oo n—oo 1+an n-o0 1+an

1 2
= lim (1 + + ) 2 1. Therefore, 2 =1.
n—oo nn+2) n+2)1+a,) f

Solution 3 by Hikmat Mammadov-Azerbaijan

B (n+1)?2 N n+1
R N ¢
Let: b a"b 155 nn+1) N 1 n+1b N 1
: = —, = = = = [E—
etn =M T am+2) " nn+1) n+2 " nn+2)
n+1 1
bn+1 _ m b +n(n+2)
n J+1 o, j+1°™ n Jt+1
J=1j+2 J=1j 4+ 2 J=1j 42
1
b, n(n+2) b,
Let.cn—ﬁzcnﬂ—cn+ﬁ:>cn—m,c1—b1—1
J=1j + 2 J=1j+ 2 J=1j+2
n—-1 1 1
1—[1'+1 2 b, nn+2) nn+2) 1
—— =, = = - = = —
L 1j+2 n+1 2 n Jt1 2 2n
j=1 n+1 j=1j 12 n+2
1

Ch+1 = Cy +

1_ +1(1+ )_ +1<1+ 1 N 1)
oan 1T\ Tho1) T2\ T 1 T2/

1 1 1 1
Cn+1:C1+EHn:1+EHn; Hn:z]_. :>Cn:1+EHn_1
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A (1 1y )
" n+1 2
v1
H, ;< f ;dv =log(n) = H,, <1 + log(n)
1

Bernoulli 1 2+1+log(n—1)n-w
1<YY1+4a, < 1+;an=1+bnS1+ n+g1 oo

Therefore, Q = 1.

UP.476 If (a,) 51, @, € R. = (0,0),n € N* and lim —%L = g > 0. Find:
n—oo Ay’ \/;

Q(a) = lim ("*/a,,; - "/ay,)

n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

=l = = (1) = Y = -

"V_u"_ll _ YO ML v s 2
= Vn logu, 08Un =T log u, 08 Un, Vit =

n
. n\/ a, . n an c-D'A Ani1 n" . Ani1 vn n "1
lim —— = lim = lim————=""—=lim - —(—) =
now M n-wo \ o+ 1D a, now\g,-Ynl n \n+1

a_. Yn a_ nntcpaa . (n+1)! n"
=—lim— =—1lim —lim —————7 =
en-o n en>w |nt en>w(n+ 1)1 nl

n
=§m(ﬁ) -2

+1
"*a, a,;,;, n n+1 a e
llmun—llm——l 1w =——'1=1
n—oo n—oo / n n-o N+ /an n e a
u,—1
now logu,
n+1 n
. n . An+1 . Qg 1
limuy = lim | ———| = lim T =
n—oo n—-o /a’n n—-oo an an+1
Apiq Vn! n+1 Yn! n e’ 1
= =a- lim a-—-;-lze

n—»ooa -l "+1/ i1 n—oco "1 an+1 n n+1 a
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Therefore,

a
= 1111_)1130("+}/an+1 Ya,)=—-1-loge = =

Solution 2 by Adrian Popa-Romania

n+1 a
h 1111—>To(n+\/1 Ani1 — \/a_n) = llm an( = 1)

Ve,
n+1/an+1 _
n n
R T \/'a “ Ani1 _
e Er) og (=) -

noo (n+ 1)1 a, now

a Vn! a ninl c-paa (n+1) n*
= —lim — = —lim =" —lim ————-
en>o N en>w |nt en—>oo(n+1)"+ n!
al_ ( n )" a
=—lim(——~) =—
en-o\n+1 e?
1 1
. Ve . Vg m o n+1l a e
lim ——— = lim BT =——1=1
n-oo /an n-o N+ /an n e a

log<n+1 (an+1>
e -1

n n n n+1
. 4/Qn n[An C-D'A Ani1 n . Ani1 n n
lim = lim / = lim-———=-—=1lim —( ) =
n-o N n-o \\ NN

n an
lim
n—oo n+1 a
10g< \n/ n+1>
\/ an
n
. n _ 1: n+\1/ An+1 T An+1 1
limu; =lim|———| =lim .
n-oo n—-oo n/an
- Ani1 nV n+1 Vn!
= lim

n
=a-lim

nowq - \n! "+1/ .1 n—oo +1 an+1 n n+1

=1

n—oo n+1
an Ani1
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Therefore,

a a
Q =lim("an1 —Va,) = -z 1-loge = 3

n—oo

UP.477 If f is nonnegative function on [0,1] and f'(x) = 1 then:

X X n-1
an(t)dtzxn—3<f f(t)dt> ;meN,n > 2
0 0

Proposed by Florica Anastase-Romania

Solution by proposer
Chebyshev

x x x n-3 x
j (0 de = f 30 POd > a3 ( j [0 dt) - j O dt; (1)
0 0 0 0

x x 2 x
ff3(t)dt—<f f(t)dt) 2f2(0)f f(t) dt; (2)
0 0 0

When x = 1 we get
Let F:[0,1] — R be the function define by:

X X 2
F(x) = f f3(t)dt—< f f(t)dt) and g:[0,1] » R
0 0

9@ =r@-2[ foa
0

g @) =2f)(f'(x)-1) =0
Hence, g —increases and it follows that g(x) > g(0) = f2(0).

F'(x) =2 f2(0)f(x) IF(x) —fz(O)f f(t)dtl >0
0
Therefore, the function h(x) = F(x) — f2(0) f:f(t)dt is increases, so we get:

F(x) - £2(0) f F(Hdt = F©0) = 0
0

From (1) and (2), it follows that:

foxf"(t) dt > x"3 (foxf(t) dt>n_3 . (foxf(t) dt)2
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x x n—-1
j i) dt = x"3 (f (@ dt> ;mMEN,n>2
0 0

UP.478 If f is nonnegative function on [0,1] and f'(x) > 1 then:

x x n-1 x n-2
f ) det > x"3 ((f f(@ dt) + £2(0) (f Ji(3) dt) );n ENNn>2
0 0 0

Proposed by Florica Anastase-Romania
Solution by proposer

Chebyshev Chebyshev

jxfn(t)dt=fxfn—3(t)- Pod >  x fo"‘3(t)dt- fo3(t)dt >
0 0 0 0

Chebyshev

x n-3 x
> 3 (f f(t)dt) f A dt; (1)
0 0

x x 2 x
ff3(t)dt—<f f(t)dt) 2f2(0)f f(t) dt; (2)
0 0 0

Let F:[0,1] — R be the function define by:
x x 2
F(x) = f 3 dt — <f f dt) and g:[0,1] > R
0 0

9@ =@ -2 foa
0

g @) =2f)(f'(x)-1) =0
Hence, g —increases and it follows that g(x) > g(0) = f2(0).

F'(x) = fA(0)f(x) & lF(x) —fZ(O)f f(t)dtl >0
0
Therefore, the function h(x) = F(x) — f2(0) f:f(t)dt is increases, so we get:
FGO— 120 [ f0dt = F©) =0
0

From (1) and (2), it follows that:

X X n-3 X
f ) dt > x3 (f JiQ3) dt> f 2 dt >
0 0 0
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x n-3 x 2 x
> x"3 d . d 2(0 dt | =
> x (fof(t) t) ((fof(t) t) +f<>f0f<t> t)
x n-1 x n-2
= x"3 < f f(t)dt) + f%(0) < J f(t)dt)
0 0

UP.479 Let m,, m;, m_ be the lengths of the medians of a triangle ABC with
circumradius R and inradius r. Let 1, rj, T be the exradii of the triangle.

Prove that:

* m: mi: m? O9R*-sgrt
+—S<—

RR™r, r, 1. 8 13

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

Leta = BC,b = CA, c = AB be the lengths of the sides of AABC. We have:
(b+c—a)b+c+a)=((b+c)*>—-a*=4m% (2s=a+b+c)

2 4m4
b+c—-a<—2o (b+c—am?<—2=2
Similarly,

4m; 4m?
c+a—-bm? < and (a+b—-c)m?2 < —=
Also, we know that:
rs 2rs 2rs

Yq =

obt+c—a=—-
a

s—a:b+c—a
Similarly,

2rs 2rs
c+tra—b=—anda+b—c=

ry

.So,

rC

3rs , _4mi mi mg
m; < = <—

T, 2s r, TS

Similarly,

2 4 2 4
m m m m

r, ~— rs? r, ~ rs?
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By adding up these three inequalities, we have:
mg  mp  me

<— (mf + m} +m?)
Ty Tp T, TS

It is well-known that:

9
mi +mj; + m} =1—6(a4+b4+c4).50,
mg  my  me

< a* + b* + ¢*
re T, T. 16rs? ( )

Now, we we’ll prove that: a* + b* + ¢* < 54R3(R— 1)
It is well-known that: a* + b* + ¢* < 2(a?b? + b?%c? + c?*a?) — 16F?2, where F denotes

the area of AABC. We have:

at+b*+c*t =2 ((ab + bc + ca)? — 2abc(a+ b + c)) — 16F?
Also, we have: ab + bc + ca = s% + 1% + 4Rr, so that, with a short calculation,
a* + b* + ¢* = 2(s* — 2r(4R + 31)s? + r2(4R + r)?) and the inequality to be proved
becomes: s* — 2r(4R + 3r)s? + r>(4R +1r)? —27R*(R—1) < 0.
The left hand sides is a quadratic in s? which written as (s? — a)(s? — B) with
a =1r(4R + 3r) — V& and B = r(4R + 3r) + /5, where the number & being
8r3(2R+1) +27R63 (R—1)
We are reduced to proving that @ < s < . Now, we’ll use Gerretsen’s inequality. The
inequality a < s? follows from 16Rr — 5% < s? (Gerretsen) since
a < 3r% + 4Rr < 16Rr — 51r% < s?. As for the inequality s? < 8, using Gerretsen’s
second inequality s2 < 4R? + 4Rr + 312, we see that it is sufficient to prove 4R? < /6

or

2R Euler
8r* + 16m3R — 27rR3 + 11R* > 0. But setting x = — 2 1, thisrewrites as

22x* —27x3 +4x+1 = 0, thatis (x — 1) (11x3 + (x—1)(11x% + 6x + 1)) > 0.

So, the later inequality holds and we are done. So,

m; mp m;

9
< 52R3(R -
Ty, T} + r. 16r32( ( r))
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We know that s > 337, so

2 2 2
m m m
_a _b+_c<

9
< (54R*R-1))= = R*R—-7) =
Tq Tp T 16(3\/§r)2r( ) 8r?

9 R*—R3r 9R*-8rt

<
8 r3 -8 1r

Now, for the left inequality, we have:

2 2 2 2
m m m m,+m, +m
aI bI c>( a b c)_

; (%)
r, rp r. ro+r,+r,

, a?+b?+c?
Now we’ll prove that m, + my, + m, > R

We have: AM - MM = BM - MC or A
a a
m, - MM1 = E . E
Also, we have:

MM, =AM, — AM < 2R —m,

N

So,m,(2R —m,) > aT mg

2
m}+%
m, = IR

and similarly

2 b2 2

> mb+T >
my, > and m,
2R

2R
Namely,
2 2 2
a“+b*+c
m2 + mi + m? + %
m,+m,+m; =

2R N
_%(u2+b2+cz)+%(a2+b2+c2)_a2+b2+c2
= R =

2R
2 2 2
So,m, + m, + m, = %. Also we know that a? + b? + ¢ > 3612. Now, (*) gives:

. 2 (36r2>2 36%r*
m m m 2 r
_a+_b+_cZ 4122R 2 4RR:7ZE
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Therefore,
r* m: mi; m? O9R*-8rt
T2 <L
R r, 1, 1. 8 13

Equality holds if and only if triangle ABC is equilateral.
Solution 2 by Marin Chirciu-Romania
Lemma. In AABC the following relationship holds:

m? m,2,+m§ s? — 4r* — 7Rr

Ty Tp T, r
Proof. We have:

2
a

Yy
Ty F

s —4r%2 — 7Rr

1 1
= FZ(S —a)m} = —S-s(s2 —41r* —7Rr) =

T T
a
Z(s —a)m? = s(s* —4r* — 7Rr)
m2 9 R*
For LHS: — <=
r, 16 r3
m} s> —4r?—7Rr Gerretsen 4R? + 4Rr + 31> — 41> —7Rr _
ry r = r B
4R?> -3Rr—-r*(1) 9 R*
T 16 13
4R? — 3Rr — r? 9 R*
1) e . <1 7° 9R* — 64R*r?> + 48R3 + 161* > 0 &

(R — 2r)(9R3 + 18R?*r — 28Rr? — 813) > 0, which is true from R > 2r (Euler).
Equality holds for AABC equilateral.

For RHS Zmﬁ =72 r
or : e

Z m2 s> —4r?>—7Rr Gerretsen 16Rr — 51> — 4r? — 7Rr _
T, r r
_9Rr-9r? or (i) 72ﬂ
r - "R3
o
(2) ©9r> 7ZF & R3® > 8r%® © R > 2r (Euler).
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Equality holds for AABC equilateral.

UP.480 If (a,,),;>1, (b,,),>1 are sequence of real numbers with

a, # a,.1,b, #byyq n=>1,lima, =a €R, limb,, =b €eR,

n—-oo n—»>oo

lim (n(an+1 — an)) =c € R, lim (n(bn+1 — bn)) =d € Rand
n—oo n—oo

f,g: R = R are differentiable functions with continuous derivative on R,

then find intermsof a, b, c, d:

@ = lim (n(f (@119 (bps1) — (@) g (by)))

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by proposers

Applying Lagrange’s theorem for function f on each interval [a,, a, 1] yields that there
exists x,, between a,, and a,,,; such that:

f(an+1) - f(an) = (an+1 - an)f’(xn): vne N’ (1)

Since x,, is betweena, and a,,.{,Vn € N*and lima,, = lima = a, we have that
n n n+1 n n+1
n—-oo

n—oo

limx, = a.

n—>oo

By (1) we have: n(f(an.1) — f(a,)) = n(ay,1 — ap)f' (x,), Vn € N*, so we deduce that
lim (n(f (@) = f(an)) = ¢ limf'(x,) = of (limx, ) = cf (a); (2)
Analogously, we deduce that:

lim (n(g(ens1) — 9(xn))) = - g'(B); (3)

Also we have:

1(f(@ns1)g(Bri1) — f(an)g(bn)) = n(f(ans1) — f(an))(g(bni1) — g(bn))

Hence taking limit with n — oo and taking account by (2),(3) we obtain:

1im (n(f (1) (bus) — F(@)g (b)) = ¢ f'(@) - g(b) +d - f(a) - g'(h)
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