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PROBLEMS FOR JUNIORS

JP.481Forx,y,z€ (0,1),x + y + z = 1 prove that:
y+z x+2y—3xy>

xX+z x+2z—3xz
cyc

Proposed by Florica Anastase-Romania
Solution 1 by proposer

Zy+z x+2y—3xy x+2y—3xy x+y _
x+z x+2z—-3xz xX+z x+2z—3xz
cyc cyc
_Zx—xy+2y—2xy x+y _
B x+z X—Xxz+2z—2xz
cyc
_Zx(l—y)+2y(1—x) x+y B
B x+z x(1-2)+2z(1-x)

cyc

_zx(z+x)+2y(y+z)_ y+z2)x+y)
B (y+2)(z+x) x(x+y)+2z(y+2z)

X y
t2 a+2b

_Zy+z z+x_z
a X 12 2 Lia+2c

cycy+z x+y oy

X y
where, a= b = iC =
y+z zZ+x x+y
a+2b+b+2c+c+2a_
a+2c b+2a c+2b
B (a + 2b)? N (b + 2¢)? N (c + 2a)? cBs
" (a+2c)a+2b) (b+2a)(b+2c) (c+2b)(c+2a) ~
cBs (a+2b+b+2c+c+2a)?
~ (a+2b)(a+2c)+ (b+2c)(b+2a)+ (c+2a)(c+2b)
B 9(a+b + c)?
" a?+b% +c? +8ab + 8bc+ 8ca
9(a+ b + ¢)?
>3
a? + b% + c¢% + 8ab + 8bc + 8ca

,then we have:

We have:
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3(a? + b? + c? + 2ab + 2bc + 2ca) > a®? + b%? + ¢* + 8ab + 8bc + 8ca &

a’?+b*>+c*=>ab+bc+cas (a—b)2+(b-c)?+(c—a)?>0true (V)a,b,c>0
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

x+2y—3xy x(1-y)+2y(1—-x) x(z+x)+2y(y+2z)
x+2z-3xz x(1—-2)+2z1-x) x(x+y) +2z(y+2z)

X 2 y
x+2y—3xy x+z y+z+ "Z+x
Then : = S Z
x+2z—-3xz x+Yy +2
y+z ‘x+y
X y z
Leta := , b= , €= . We have :
y+z zZ+x xX+y
zx+y X+2y—3xy a+2b_z a +ZZ b -
x+z x+2z—-3xz a+2c a+2c a+2c
cyc cyc cyc cyc

cgs (a+b+c)? 2(a+b+c)?> (a+b+c)? 2.3(ab+bc+ca)
~ Yeecala+2c)  Yeyebla+2c)  (a+b+c)? 3(ab+ be+ca) -

So the proof is complete. Equality holdsiffa=b=c ©x=y=z=

3
IP.4821f x,y,7 € 0,7 then:
3vV2

(sinx)€°s”* - (cos x)S"** + (siny)<°s*Y - (cos y)Si"*¥ + (sin z)¢*s’ % - (cos z)5i"* % < -

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

2x

.2 2 2 .2 sinZ x+cos
- 2 5 ~sin2y AM-GM (sin” x cos”x + cos” x sin” x
(sin® x)s"* . (cos? x)S'""* < — 5

sin? x + cos? x

1 1
= 2sin® xcos?x = Esin2 2x) < 0

Hence,

5 (2 _
((sinx)®*s** - (cos x)***)" < (sin x)¢°5** - (cos x)5"* ¥ <

il

E'
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. 1
Z(sin x)°°sz" - (cos x)s“‘zx < Zﬁ’ Z(sm ch)“’S *. (cos x)s“‘ r<

cyc cyc cyc

3\/_

Equality holdsforx =y =z = %.

Solution 2 by Soumava Chakraborty-Kolkata-India
V2

01 .
Forx=0o0rx = 7 (sinx)°°52x. (cosx)s“‘zx =0< 53

T
and we now shift our attention to x € (O, E) when sinx, cosx > 0 and then :

. ; — 2 in2
(Sin.}\’,')coszx. (Cosx)sinzx + cosZx +=SIn2x_ 1 cos“x +sin“x (Sin.X')coszx. (cosx)sinzx

< ;
cos?x + sinZx

= (% sin(2x)) (\/E (% sinx + %cosx)) = <% sin(Zx)> V2sin (x + E)

1 | 2 2 V2
- - . - . cos“x sin“x

< > V2 ( sin(2x), sin (x + 4) < 1) = (sinx) .(cosx) < >
V2

T .
~ combining,V x € [0, E] , (sinx)<es’x, (cosx)sin™s < >

= (sinx. cosx)(sinx + cosx)

1| 2 .2 2
and analogously,Vy € [0, E] , (siny)®°s"Y, (cosy)s'™™Y < > and

T . V2
Vze [0, E] , (sinz)°°szz. (cosz)s"lzz < > and summing up,

(sinx)°5**, (cosx)Si"** + (siny)°s"Y. (cosy)s™™Y + (sinz)*s’z. (cosz)sin’?

3v2 LI L L
< 5 VXxyzE€E O,E],wnh equalityiff x =y=z = 1 (QED)

JP.4831If 0 < a,b,c < 1 then:
(a+b—ab)-a’ + (b+c—bc) b+ (c+a—ca) c*>a+b+c
Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

Bernoulli

al " =(1+a-1D'"" < 1+(a—-11A-b)=
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=14+a—-1b—-1+b=a+b—ab

a
al‘bSa+b—ab:E§a+b—ab

>a<aP(a+b—-ab)=(a+b—ab) -a’>a

Hence, we have:

Z(a+b—ab)-ab2a+b+c

cyc
Equality holds fora = b = c = 1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Bernoulli's inequality we have :
b

1 1 1 a+b—ab
R P | Y P LR L)
a a a a

Then: (a+ b —ab).a® > a.
Similarly we have: (b+c— bc).b*>b and (c+a—ca).c* >c.
Adding these inequalities we get :
(a+b—-ab).a’+(b+c—bc).b*+(c+a—ca).c*>a+b+c.
Equality holds iffa=b =c = 1.
Solution 3 by Soumava Chakraborty-Kolkata-India
b>0=>1-b<land~va>0>a-1>-1

1—bp Bernoulli

cat™®=(1+(a-1) < 1+(a—-1D(A-b)
a
:1+a—ab—1+b:a+b—ab:>$£a+b—ab
©) 12
:>(a+b—ab).ab2a(‘-‘a+b—ab=a+b(1—a) Zaa>0)

(%)
and analogously, (b + c—bc).b® > b

*okok)

and (c+ a—ca).c® = ¢ (%) 4+ (6x) 4+ (xxx)
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=>(@a+b—-—ab).a®+(b+c—bc).b*+(c+a—ca).c*>a+b+c
vV a,b,c€ (0,1],equalityiffa =b = c =1 (QED)
JP.484 If a,b,c > 0, then:

(4a® + 3)(4b*> +3) (4b?% +3)(4c* + 3)
(a+ b+ 1) (b + ¢ + 1)?

(4¢* + 3)(4a®* + 3) - 12
(c+a+ 1)z -

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

(s @+ () () E (e dor
a — —— — — = a-_ — — B —
2/ 2 2 V2 22" "2 2
(2+1+1>(1+b2+1)>(a+b+1)2
@ 7372)\a 2) = 2
4a’ + 3 4b2+3>(a+b+1)2
4 4 - 4
(4a? + 3)(4b* + 3)
(a+ b+ 1)2 -
(4az+3)(4b2+3)>4+4+4_12
(a+ b+ 1)2 - N
cyc
1 1
. a 73 2 .1
Equalltyholdsfori—z I@a—b—z
2 V2
Solution 2 by Marin Chirciu-Romania
Lemma.
Ifa,b > 0then
4a% +3)(4b*+3
(a+b+1)

Proof:
1 1 2 2 2 2
Denote a+—=Xx,b+=-=Yy, 4a +3:4(x —x+1),4b +3—_4(y —y+1).

33-RMM SUMMER EDITION 2024-SOLUTIONS
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(4a2 +3)(4b2 +3)
(a+b+1)2
(x —x+1) (y y+1)
(x+y)
<:>4(x —x+1)(y —y+1)_(x+y)2<:>
3(x2+y2)+4x2y2—4xy(x+y)+2xy—4(x+y)+420.

>4

Denotex+y=S,xy=P:
357 +4P?—4SP-4S-4P+4>0 < (S-2)" +(S—2P) +(S*-4P)>0,
which results by (S—2)°>0,(S-2P)" >0 $?>4P < (x—y)’ >0, with equality for

X:y:l’
(4a2+3)(4b2+3) 1
ence >4, With equality for:a=b==.
H 5 >4, With lity f b
(a+b+1) 2
By lemma:
(4a +3)(4b2+3) Lema
Ms = 4=12=Md.
> Z (a+b+1) z

Equality holds forra=b=c = %
Solution 3 by Soumava Chakraborty-Kolkata-India
(4a%? +3)(4b%2 +3) —4(a+b + 1)?
= 16a’b? + 8a* — 8ab + 8b* —8a —8b + 5
= (16a®b* — 8ab + 1) + 8a* + 8b* —8a — 8b + 4
= (4ab—1)? + 2(4a®> —4a+1) + 2(4b* — 4b + 1)
= (4ab—1)?+22a—-1)? +2(2b—-1)%2 > 0,

1
with equality iffa =b = > - (4a% +3)(4b%2 +3) > 4(a+b+1)?

(4a% + 3)(4b? + 3)
(a+b+1)2

summing up
=

= 4 and analogs

(4a%*+3)(4b%2+3) (4b%2+3)(4c*+3) (4c?+3)(4a*+3)
(a+b+1)2 (b+c+1)2 (c+a+1)2

=12,

1
with equality iffa=b =c = 2 (QED)
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JP4851fx,y,z> 0,x +y + z = 3 then:

x2+6xy+y?* y>+6yz+z> z%+ 6zx+x*
+ + >
Jxy Jyz Vxz

Proposed by Daniel Sitaru-Romania

24

Solution 1 by proposer

We will prove that:
x? + 6xy + y?
VXY

Do x’+6xy+y?>=>4/xy(x+y) © (x? +6xy+7y?)?>16xy(x +y)*

>4(x+y); 1)

(x% + 6xy + y?)? > 16xy(x? + 2xy + y?)
Denote: @ = x% + y%; B = xy, then:
(a+6B)?>16B(a+2B) =
a’+36B% +12af > 16af + 32p% © a’> —4af + 4% > 0 © (a — 28)% > 0 (true)

By (1), we get:
x* +6xy+
Z y Y’ Z4(x+y)—82x—24
cyc cyc cyc

Equality holds forx =y =z = 1.

Solution 2 by Marin Chirciu-Romania

Lemma.
If X,y > 0then
2 2
w > 4(X + y) .
Jo
Proof:

2 2
X+6%24(x+ y) < X +6xy+ y > 4xy (x+y) &
Xy

(x2+6xy+y2)2 >16xy(x+y)" X' —4xCy+6x2y? —4xy* +y* >0 & (x—y)' >0,

9 | 33-RMM SUMMER EDITION 2024-SOLUTIONS
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equality for x=y.
By Lemmaand x+y+z=3:

X +6xy + Le
Ms=Y" \/l V0S4 (x+y) =83 x=8-3=24 = Md..
Equality holds forx =y =z = 1.

.. 1 1 1 64
JP.486 If a, b, c > 0 with = + ] + 5= 5 the prove that:

a4+b3+b4+c3+c4+a3>21
als+b3 b3+c¢3 c3+a3 8

Proposed by Titu Zvonaru-Romania
Solution 1 by proposer

We note thatfora=b =c = %we have equality. First by AM-GM inequality and then by

HM AM, we obtain:
4

27 27
Z a* + b* Z T+ + 256 + b* — 35 am—am
>
a3 + b3 a3+b3
cyc cyc
tla* a* at* 27 3 27
>Z4\/?'T'T'256+b 256 _
- a3 + b3
cyc
27
B a3+ b3 256Z.a3+b3 ~ 256 4 a3 b3
cyc cyc cyc
_ 27 1 1 27 1 64 3 21

2) —=3—0—--—=3-——="
256 4 a3 256 2 9 8 8

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

gy 27 gt 27 e a4327 ,
256 3 ' 256

256
27
3 3 CBS
Then : a’+ b (a 256)+b 1o % 1- = (i"'i)
+ b3~ a3 + b3 256(a® + b3) — 256.4\a® b3/

a* + b3 27 /1 1
Thus, P >1- M(? + ﬁ) (and analogs)

10 33-RMM SUMMER EDITION 2024-SOLUTIONS
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a“+b3_|_b4+c3_}_c“+a3>3 27 2(1_|_1_|_1>_21
ad+b3 b3+c3 cB+ad 1024°“\a3 b3 3/ 8

Therefore,

3
Equality holds iffa=b =c = 1

JP.487 In acute AABC,A’, B, C' are the contact points by the altitudes with

the circle circumscribed of the triangle ABC. Prove that:

V(BA' + A'C)(CB’' + B'A)(AC' + C'B) = 4r

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

From Law of sines, we have:

BA'

——7—~=2R=BA'=2RcosB,A'C =2Rcos( (and analogs)
sin (7 - B)

(BA'+A'C)(CB' + B'A)(AC' + C'B) =
= 8R3(cos B + cos C)(cos C + cos A)(cos A + cos B); (1)

r(s®? + 1%+ 2Rr) _

But: (cos B + cos C)(cos C + cosA)(cosA + cosB) = TE ;(2)

From (1) and (2), we get:

Gerretsen

(BA'+ A'C)(CB' + B'A)(AC’' + C'B) = 2r(s® +r*+ 2Rr) =

uler

E
> 2r(18Rr — 41r?) = 4r*(9R - 2r) > 4r?-16r = 6413

Therefore: i/(BA’ + A'C)(CB’ + B'A)(AC' + C'B) = 4r
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A

N

AI

11 33-RMM SUMMER EDITION 2024-SOLUTIONS
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We have :

w
BA' = 2R, pc.sin BCA' = 2R.sin (E —B) = 2RcosB.

Similarly we have : A'C = 2R cos C.

A B—-C
Then: BA'+ A'C = 2R(cosB + cosC) = 2R.2 sini.cos 7=
Mollweide Ab+c A b+c A
Z  4Rsin—. sin— = 4R. .sin? —.
2 a 2 a 2

b+c A
Therefore, i/(BA’ +A'C)(CB' + B'A)(AC' + C'B) = 3\[1_[ (4R. " .sin? E) =

cyc

3 (@+b)(b+c)(c+a) ,r\2 oS Fuer 2r
= 3 —_— > 2 _—=
j (4R)3. - . ( 4R) 2 4Rr2.8. 7 = 4ar.

Equality holds if f AABC is equilateral.

JP.488 In AABC the following relationship holds:

Za+b n >a+b+c
ab €= R

cyc

Proposed by Marian Ursarescu-Romania

Z(l"‘l)h >a+b+c_(1)
a b) ¢~ R ’

cyc

Solution 1 by proposer

Using Pham Huu Duc’s inequality:

x(a+b)+yb+c)+z(c+a)= 2\/(xy +yz + zx)(ab + bc + ca),Va,b,c,x,y,z > 0
We get:

Soied)zz (Lo (Ya) o

cyc cyc cyc

12 33-RMM SUMMER EDITION 2024-SOLUTIONS
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bk _Zszr d 1 1 .(3)
Z alty = —p— 4N Zab_ZRr'

cyc cyc

From (2) and (3), it follows:

Zh (1+1>>2 sZ_Zs_a+b+c
‘\a b/~"|R2 R R

cyc

Solution 2 by Marin Chirciu-Romania

aLb.hC: aLb.EZE (a+b):£-22 _a+b+c.
ab ab ¢ abc R

JP.4891fa,b,c > 0,a+ b + c = 3 then:

(5a+ b)(5a+4b) Bb+c)(5b+4c) (5¢+ a)(5¢c+ 4a)
+ > 18
8a+b 8b +c 8c+a

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

(a—b)?2>0=a*—-2ab+b*>0¢c
25a* — 24a* + 25ab — 27ab + 4b*> — 3b*> > 0
25a? + 25ab + 4b* > 24a? + 27ab + 3b3
25a? + 25ab + 20ab + 4b* > 24a? + 3ab + 24ab + 3b?
5a(5a + b) + 4b(5a + b) > 3a(8a + b) + 3b(8a + b)
(5a + b)(5a + 4b) = (8a + b)(3a + 3b)
3(a+ b)(8a+ b) < (5a+ b)(5a+ 4b)
(5a + b)(5a + 4b)

>
8a+b =3(a+b)
(5a+ b)(5a + 4b)
> = =
e _ZS(a+b) 6(a+b+c)=18
cyc cyc

Equality holds fora = b = c = 1.
Solution 2 by Marin Chirciu-Romania

Lema.
Ifa,b,c > 0then

13 33-RMM SUMMER EDITION 2024-SOLUTIONS
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(5a+b)(5a+4b)
8a+b

>3(a+bh).
Proof:
(5a+b)(5a+4b)
8a+b
< a’-2ab+b*>0 < (a—b)2 >0, equality for a=b.

>3(a+b) < (5a+b)(5a+4b)>3(a+b)(8a+b)

By Lemmaand a+b+c=3:

MS:Z(5a+zifE+4b 2'S 3(a+b)=63a=6-3-18=Md.

Equality holds for a=b=c=1.

JPA0IfO0 < x,y,z < gthen:

(1 + sin? x)?(1 + sin? y)?(1 + sin? z)?
(sin? x + sin? y)(sin? y + sin? z)(sin? z + sin? x)

> 8

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

14
0<x,y,z< 52 sin? x,sin? y,sin?z € (0,1]

sin?x <1,sin?y <1,sin?z <1 = (sin?x — 1)(sin?y—-1) >0
sin? xsin? y —sin?x —sin?y +1>0
sin? x sin? y + sin? x + sin? y + 1 > 2(sin62 x + sin? y)
(1 + sin? x)(1 + sin? y) > 2(sin? x + sin? y)

(1 + sin? x)(1 + sin y)
sin? x + sin? y

Therefore,

(1 + sin? x)(1 + sin y)
sin? x + sin? y

cyc
Equality holds for sinx = siny =sinz =1
T

x:y:Z:E

Solution 2 by Marin Chirciu-Romania

14 33-RMM SUMMER EDITION 2024-SOLUTIONS
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Lemma.

If0< x,ysgthen

(1+sin?x)(1+sin’ y) s

(sin2 X +sin? y)
Proof.
(1+sin?x)(1+sin’ y)
(sin2 X +sin? y)

>2 & (1+sin2 x)(1+sin2 y) > 2(sin2 X +sin? y) =
& 1+sin”xsin y >sin® x+sin” y < (1-sin® x)(1-sin” y) > 0 < cos’ xcos’ y >0,

equality for x=y = g .

By Lemma:
1+sin?x) (1+sin?y) (1+sin? z)’ 1+sin? x)(1+sin? y) Lema
o s Loty Lo sf (s
(S|n2x+sm2y)(sm2y+smzz)(smzz+sm2x) (sm2x+sm2 y)
=8=RHS.
Equality holds forx=y =z = g
JP.491If A, B, C are the angles of a triangle, solve in real numbers x, y, z the
system:
((1+1+1) + + tA tB tC
—+—+—-)x Z + zx = cot—cot—cot—
{ i) NER 2 “Ot2 %%
Xyz A B _C
= sin—sin —sin—
\ Gy +2z+0 2 S 751y

Proposed by Cristian Miu-Romania

Solution 1 by proposer
Let us first prove the following statement:

If ABC and UVW are two triangles and

Jfl_[cosA = l_lcosU

cye e then AABC and AUVW are similar.
I nsinA = nSinU
k cyc cyc

Proof. From [[ cos A = [[ cos U and [| sin A = [] sin U, we obtain that

15 | 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

ncotA=1_[cotU
1+1_[cosA=1+1_[cosU

So, we obtain:

1+]_[cosA_1+l_[cosU=)z tA—Z U
[Isind [[sinU cota= o

1+[]cos X

Because in any triangle XYZ, ). cotX = s "

It is easy to prove this statement.

Z cotAcotB = ZcotUcotV =1

So, the numbers cot 4, cot B,cot C,cotU,cotV,cot W are the roots of the same
equation of third degree. This fact is possible is and only if
{cotA,cotB,cotC} = {cotU,cotV,cotW}

So, AABC and AUVW are similar.

Now, let’s solve the problem.
Y':xy > 0 so from (Z i) vYxy =11 cotg, we obtain xyz > 0
Yxy>0=>x2+xy+yz+zx >0
x(x+y)+zlx+y) >0 (x+y)(x+2z) >0andinthesameway (x + z)(y+2z) >0
and (y + z)(z + x) > 0. That means the numbers x + y,y + z,z + x are all positive or

they are all negative. But from the second equation:

Hg:y) = Hsingweobtain: [Ix+y) >0s0,x+y>0,y+2z>0,2z+x>0.

x>0

We obtain that {>xy > 0= x,y,z > 0.
[[x>0

Let us consider now MNP the triangle with sides \/x +y, \/y + 2,z + x and XYZ the
triangle with sides cos g, cos g, cos g The system can be written as:

m—A m—B
, because X = T’Y =—,7Z=

{cos McosNcosP =cosXcosYcosZ
2

sinMsinNsinP =sinXsinYsinZ

It is easy to prove this statement, because

SRR
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2A_ ZB+ 2C 9 B C (n—A)
cos® - = cos® 5 + cos® 5 €0S - €0S - oS |—
We obtain that MNP and XY Z are similar, so
\/x+y_\/y+z_\/z+x_k
A~ B — CcC
cosz cos3  CoSy
2
( 224 =k_( 24_ 2B 25)
x+y = k" cos > X > cos > cos 2-|-COS >
B k2 B C A
<y+z=k2cosZE@< yz?(coszf—coszi+coszi)
C k2 A B C
z+x = k?cos?— =_(_ 28 2= 2_)
L 2 [z =~ cos 2+cos 2+cos 5

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let (x,y,z) a solution of the system. We must have : xy + yz+ zx > 0,
thenxyz>0and (x+y)(y+2z)(z+x) > 0.
If we assume thatx > 0and y,z < O,we have: (x +y)(z+x)=x*+xy+yz+2zx >0,
then: (x+ y)(z+ x)(y + z) < 0 contradiction. Hence, x,y,z > 0.
Now if (x,y,z) a solution of the system and k > 0 then (kx, ky, kz) is also a solution.
Soif (x,y,z) a solution of the system such that xy + yz + zx = q,

Foat 0 — ili . . . 1oyt [ I odl
then (x',y',z') = is also a solutionwithx'y' +y'z' + z'x' = 1.

Ja'Va'Va

Sowe can assume that: xy+yz+zx = 1.

Jxy +yz + zx)3 A B C
We have : xyz = = tan—tan —tan—- and
A B _ .C 2 2 2
COti coti coti

x+y+z=x+y+2)(xy+yz+zx)=(x+y)(y+2)(z+x) + xyz =

_ 1 1 _ (4R 1 r 4R+r A B
== A B, £+ xyz—(7+ ).;— S —tanE+tanE+tanE.
sin3 sin sin;

Hence, x,y,z are the solutions of the equation :
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t3 (t A+t B+t C)t2+t t At Bt C—o
anz anz anz anz anZ anZ—

(t t A)(t t B)(t t C)—O t=t 4 t=t 5 t=t ¢
S —an2 —an2 —anz— @—anzor—anzor—anz.

Therefore,the solutions of the system are :

(kt A ktanZ Kkt C)—
anz, anz, anz =

A B C A B C
’4 (— cos? > + cos? 5 + cos? E) k' (cos2 >~ cos? > + cos? E) ,
A B C
, 24 22 2l
k (cos > + cos > cos 2)

R
k' = k'T > 0, and their permutation.

JP.492 In AABC the following relationship holds:

(4R +1)(2R + (3V3 — 4)r)
9

Proposed by Tran Quoc Anh-Vietnam

2F < 2Rr + (3V3 - 4)r? +

Solution 1 by proposer
We use Blundon’s inequality:

s<2R+(3V3—-4)r=>F=sr <2Rr+ (3V3-4)r% (1)

But F = {/r,(s —a)r,(s — b)r (s —¢) = {r,rpr.(s —a)(s —b)(s — ¢); (2)
We use Cauchy’s inequality and Blundon’s inequaltity:
rotrp+r. 4R+1

3rarpr, < 3 =—3— &

3 (s—a)+(s—b)+(s—c)_s 2R+(3\/§—4)r'
Js—a)(s—b)(s—c) < 3 =3< 3 ;
From (2), (3) and (4) we have:
- ((4R +7)(2R ;r (3v3-4)r) ®)
From (1) and (5), we have:
(4R+7)(2R+ (3V3 —4)r)
9

(4)

F

2F < 2Rr + (3V3—4)r* +
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Equality holds if and only if triangle ABC is equilateral.

Solution 2 by Marin Chirciu-Romania

By Blundon’s inequality p <2R+ (3\/§—4) r:

(4R+r)(2R+(343-4)r)

oF = 2rpB'”2d°n2r(2R+(3\/' a)r )<)2Rr+(3J§—4)r2+ : ,
(1) = 2r(2R+(3J§—4)r)ser +(3J§—4)r2+(4R+r)(2R;(3\/§_4)r) o
(4R+1)(2R+(33-4)r)

& 2Rr +(33-4)r’ < 5
& 9r(2R+(3/3-4)r) <(4R+r)(2R+(3V3-4)r) & 9r <4R+1 < 2r <R, (Euler).
Equality holds if and only if triangle ABC is equilateral.
JP.493 Find x,y,Z > Osuchthatx + y+ 2z =9 and
B+yd y3+z23 2B+ 4
(x+y)3 +(y+z)3+(z+x)3 ~3
Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

We will prove that for x,y > 0 we have:
3 3
—(); _:_;,)3 2%; (1)
©4(x3+y3) > (x+y) o 4x3 +4y3 > 23 + 93 + 3x%y + 3xy?
©3x3+3y3-3x3y-3xy? 20 x3+y3 —x?y—xy? >0
ex*x-y) -y x-y=20s(x-yE*-y) =0
e (x—y)*(x+y) =0 (true!)
X3 +y?
By (1): ;(xﬂ')"‘
Equality holdsforx =y =z.Byx+y+z=9=>x=y =2z =3.
Solution 2 by Marin Chirciu-Romania

Lemma.

19 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Ifx,y >0then
3 3
X +y32£
(x+y) 4
Proof:
X¥+yt 1 x-xy+y* 1 ) 2 2 2
22— —————2>— S 4 X=xy+y )= (x+ < 3(x-y) =0,
equality forx =y
3 3
By Lemma: Z(); :;)3 > Z% =%, equality forx=y=1z.

Byx+y+z=9andx=y=zresults x=y=z=3.
Solution: (X,Y,z)=(3,33).
JP.49%94 Ifa,b,c > 0,a+ b+ c = 3 then:
ab + bc + ca <§
(a+b)(b+c)(c+a) ™ 8

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer
We start with:
b(a-—c)?+cla-b)?+alb-c)?*=>0s
b(a? — 2ac + ¢?) + c(a® — 2ab + b?) + a(b? — 2bc +c*) >0
a’b + ab? — 6abc + a’c + ac® + b’c + bc* = 0

9a’b — 8a%b + 9ab? — 8ab? + 9b%*c — 8b*c + 9¢?b — 8¢%b +
+9a?c — 8a%c + 9abc + 9abc — 8abc — 8abc — 8abc > 0
9(ab + bc + ca + b*)(c+ a) = 8(ab + bc + ca)(a+ b + ¢)

9(a+ b)(b+c)(c+a)=>8(ab+ bc+ca)(a+ b+ c)

9(a+ b)(b+c)(c+a) =8(ab+ bc+ ca) -3

ab + bc + ca <3
(a+b)(b+c)(c+a) 8

Equality holds fora = b = c = 1.

Solution 2 by Marin Chirciu-Romania

Lemma.
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Ifa,b,c > 0then

(a+b)(b+c)(c+a) Zg(a+b+c)(ab+bc+ca)

Proof.

9(a+b)(b+c)(c+a)=8(a+b+c)(ab+ bc+ ca)
o 9(Zbc(b +c)+ Zabc) > (Zbc(b+c) + 3abc) @Zbc(b+ c) = 6abc &
o Ya(b—c)?>0,equalityfora=»b = c.

By Lemmaanda+ b+ c = 3:

8 b+c=
(a+b)(b+c)(c+a) =5 (a+b+c)ab+be +ca) A

(a+b)(b+c)(c+a)22-3(ab+bc+ca)(:>

o (a+b)(b+c)(c+a) Zg(ab+bc+ca) =

- ab + bc + ca <
(a+b)(b+c)(c+a) ™

Equality holdsfora=b =c = 1.

3
8

Solution 3 by Tran Quoc Thinh-Vietnam
(a+b)(b+c)(c+a)=> g(a + b+ c)(ab+ bc + ca) (*)

(*Yo9(a+b)(b+c)(c+a)=8(a+b+c)(ab+ bc+ ca) (1)
Using AM-GM, we have:

(a+ b)(b + ¢)(c+ a) = 2Vab - 2\bc - 2+/ca = 8abc
=>9(a+b)(b+c)(ct+a)=8(a+ b)(b+c)(c+a)+ 8abc
=>9(@a+b)(b+c)(c+a)=8[(a+ b)(b+c)(c+a)+abc] (2)
(a+ b)(b + c)(c + a) + abc = a?b + ab? + b*c + bc? + c*a + ca? + abc
(a+ b+ c)(ab + bc + ca) = a’b + ab? + b?>c + bc? + c*a + ca? + abc
=>(@a+b)(b+c)(c+a)+abc=(a+b+c)(ab+ bc+ca) (3)

(2),(3) = (1) true = (*) true

ab+bc+ca

Whena +b+c=3= """

IA

3
8
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Solution 4 by Angel Plaza-Spain

Since a + b + ¢ = 3,then inequality may be written as:
9(a+b)(b+c)(c+a)—8(a+b+c)(ab+ bc+ca) =0
After some calculation,we get:
a’b + ab? + b?>c + bc? + c¢*a + ca? > 6abc,which follows
from AM — GM inequality.
JP.495 If £ > 0 then in any ABC triangle with the area F the following

inequality holds:

T2+o)(ri+t)r2+0) = ?tzbw
Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by proposer
We have
@W+1D@w*+1) > %((u +v)?2 4+ 1), Vu, v > 0 with equality © 2uv = 1landu = v (1)
and
@ +1DW?+1) > @w+w?Vvo,w>0withequality @ vw=1 (2)
Indeed, we have:
W+1D)@*+1) > %((u+ v)2+1) e
sS4 +4w?+v)+4>23W+v)+6uv+3 &
S 4 —quv+1+ U+ v - 2uv >0
& 2uv —1)? + (u—v)? > 0 with equality ©® 2uv = landu = v
Also we have:
@+1Wr+D)>w+wilervw+vi+wr+1>2vP+w? +2uwr o
& (uv — 1)? > 0 with equality @ vw =1

Hence

W, @ ,
[Teyc(u® +1) = ;((u+ 2+1D)W2+1) > Sutv+ w)? (3)

Hence
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aZ 3)
[Toteo-e T]() 1) 2e-3 50 -

Doucet

3 3
=—-t2-(r,,t+rb+rc)2=Z-t2-(4R+r)2 >

4
3 Mitrinovic 9
2 (S‘/_) s = —t2-5-3V3r=
"1 4
= 27;5 t?-s-r= —27‘{ -t - F where s is the semiperimeter of ABC triangle

Solution 2 by Marin Chirciu-Romania

By Hdélder:
(1) ()" (2 ) (o o] S0 -,
(1)<:>( ) 27;/§t2-rp<:>(p3r2p+t)3227;/§ p <
3 2743

( pirip +t) 2 t?-rp , which results by Mitrinovic p > 3./3r .

Remains to prove:

(p3r2-3\/§r+t)3 21 rp<:>( (r\/_) +tJ 27\/_
o] 2B i 2

PROBLEMS FOR SENIORS

SP.481 If x,y,z > 0 then in AABC the following relationship holds:

ax? N yb? N cz* - 2V3(xy + yz + zx)
T, Tp . 2R—r1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by proposer

We have:

23 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Z ax? <O (ax)? Berg;""m (ax + by +cz)? (ax+by+cz)?
Ty ar, -~ arg+bry+cr, 2s2R-71)
cyc cyc
Klamkin
(xal + be + ZCZ) mAA;Blcl 16(xy +yz+ ZX)FZ (1)
2s(2R—-1) - 2s(2R—1) ’

To the triangle ABC we associated the triangle A; B;C; with the sides:

1
aq =\/E,b1 = \/E,Cl = \/E,Fl =E\/T(Ta+rb+rc)

So, we obtain:

,/r(4R+r) Dogcetl r-s 3—£ Vsr = E-\/1?; (2)

From (1) and (2) we deduce that:

Z ax? - 16(xy + yz + zx)V3F _ 2(xy +yz+ zx)V3-sr _
r, = 4-2sQ2R-1r) s(2R—1) B

cyc

_ 2V3(xy +yz + zx)r
B 2R—r
Equality holdsfora=b=c,x =y = z.

Solution 2 by Marin Chirciu-Romania

By Bergstrém:

R P ) WL O WA C D Y.

Ms = Z—: > > = > ,
f Zra p2+(4R+r) p+(4R+r) 2R—-r

a a 4Rp
4Rp-3ny222\/§r-ny<:> 6Rp > J3r ’
p*+(4R+r) 2R-r p*+(4R+r)" 2R-r

Which results by Mitrinovic p > 3\/§r .
Remains to prove:

6R-3Var , Var 18R > b L 18R(2R-1)2 PP+ (4R 4T o
p2+(4R+r) 2R r p2+(4R+r) 2R—r
&> 36R*—18Rr > p® +16R* +8Rr +r’> < p* <20R*—-26Rr —r?,
Which results by Gerretsen’s p® <4R” +4Rr +3r”.

Remains to prove :
4R®+4Rr +3r? < 20R* —26Rr —r’ < 8R*—15Rr —2r’ 20 <> (R-2r)(8R+r) >0,

(1) <
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true by EulerR > 2r.
Equality holdsfora=b=c,x =y = z.

SP.482 In AABC,D,E € (BC) such that [BD] = [EC]. Prove that:
AD? + DE? + EA? + 1.5(BC? — DE?) > 2(s*> + r> — 5Rr)

Proposed by Gheorghe Molea-Romania
Solution 1 by proposer

We can havetheorder B— D — E — Cor B — E — D — C, the problem has different proof
but same result. Let be the order: B — D — E — C and M —middle point of BC, then
M —midlle point of DE. Using theorem of medians in AABC and AADE:
2(AB? + AC?) — B(C?
(AMZ = ( )

4 b g™
Am — 2(AD? + AE?) — DE?
\ N 4

2(AB% + AC?) — BC? = 2(AD? + AE?*) — DE? | + (3BC? + 3DE?)
2(AB% + AC? + BC?) + 3DE? = 2(AD? + AE? + DE?) + 3B(*?
AD? + AE? + DE? + 1.5BC? = AB% + AC? + BC? + 1.5DE?

By Schur’s inequality:
9A4AB - AC - BC

AB? + AC? + BC? > 1.5DE? + 2(AB - BC + AB - AC + BC - AC);
tAC Bt BT BCcrACc +2( + + ); ()

ButAB + BC+ CA =s5;AB-AC-BC = 4RF;§=rand

AB-BC+ AB-AC + BC-AC = s* + 1> + 4Rr
Inequality (*) becomes:
AD? + DE? + EA? + 1.5(BC?* — DE?) > 2(s?> + r* + 4Rr) — 18Rr
AD? + DE? + EA? + 1.5(BC? — DE?) > 2(s?> + r* — 5Rr)
Equality holds if and only if triangle is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India
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4

B D E ©
Letm(BD) = m(CE) = x
Via Stewart’s theorem on A ABC with AD as cevian,
AB2.DC + AC%.BD = BC.(AD? + BD.CD)
(0]
= c?(a—x) + b%x L a (AD2 +x(a — x)) and,
via Stewart'’s theorem on A ABC with AE as cevian,
(i)
AB2.EC + AC2.BE = BC.(AE? + BE.CE) = c’x +b%(a—x) = a (AE2 +x(a— x))
Now, (i) + (i) = c2(a—x+x)+b%(a—x+x) = a(AD2 + EA? 4+ 2x(a — x))
= AD? + EA?2 =b? + ¢? — 2x(a —x)
= AD? + DE? + EA? + 1.5(BC? — DE?)
3
=b% +c% - 2x(a—x) + (a — 2x)? +E(a2 — (a—2x)?)
3
=b? + c?2 - 2x(a—x) + a® + 4x? —4ax+z(2a— 2x).2x

=b2+c2—2ax+2x2+a2+4x2—4ax+6ax—6x2=Za2

cyc
ule

Euler
=2(s*> —4Rr —r?) =252 — 10Rr + 2r? + 2r(R—2r) > 2s%?— 10Rr + 2r?
= 2(s? + r? — 5Rr) (QED)

SP.483 If x,y,z > 0,x% + y* + z? = /3, then:

Vxt + x2y2 + y* + [yt + y22% + 2% + 24 + 2222 + x* > 3

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

(x?2—y2)2 > 0= x* + y* > 2x%y?
4x* + 4y* — 3x* — 3y* > 6x2y% — 4x%y?
4x* + 4y* + 4x?y? > 3x* + 3y* + 6x2y?

4(x* + x%y% + y*) = 3(x* + y* + x2y?)
x*+x%y2+yt 3
> _
xt+2x2y2 +y*t T 4

26 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

\/x“ + x2y% + y* - V3

G2 +y?? - 2

V3
Vxt 4+ a2y +yt > 7(x2 +¥%); (1)

Analogous,

V3
VYt yRat + 2t 2 (' + 27 (2)

V3
Vzt + 2202 + xt > 7(22 +x2);(3)

By adding (1), a(2) and (3):

V3
Z\/x4+x2y2+y427-22x2=x/§-\/§=3

cyc cyc

Equality holdsforx =y =z = %

Solution 2 by Marin Chirciu-Romania

Lemma:
Ifa,b > O0then:
Ja?+ab+b? 2§(a+b).
Proof:

Ja’+ab+b’ 2§(a+b) = 4(a2+ab+b2)23(a+b)2 < (a-b)’ >0,

equality fora=b. By Lemma for(a,b) = (Xz, y2) and analogs:
Ms = |x*+x°y* +y* Lezmazg(xz + yz)zg-ZZX2 =3 x*=3-/3=Md .

Equality holds for: x=y =2z = %
SP.484If a,b,c > 0 and a* + 2b* + 3c* < a + 2b + 3¢, (V)x € R, then:
aa_be_CSCzl

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Letbe f:R - R, f(x) = a* + 2b* + 3¢*, then
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f'(x) = a*loga+ 2b*loghb + 3c*logc,f(1) =a+ 2b + 3c

f(x) = f(1) = x = 1 minimum point. By Fermat’s theorem:
ff(1)=0=aloga+2blogh+3clogc =0
log(a®) + log(b??) +log(c**) = 0 & log(a®- b** - ¢3) =log1 &
a’- h2b . ¢3¢ = 1
Solution 2 by Marin Chirciu-Romania
Letbe f :R >R, f(x)=a"+2b"+3c".
a*+2b*+3c* <a+2b+3c,VxeR canbe written f (x) < f (1), ¥xeR, X, =1is minimum
point of function f derivable. By Fermat’s theorem: f '(1) =0.
f'(x)=a"Ina+2b*Inb+3c*Inc,
f’'(1)=alna+2blnb+3cinc=Ina®+Inb® +Inc* = In(aabecsc).

By f'(1)=0< In (aabecs") =0 results a*h*c* =1.
SP.485If a, b, c,d > 0 and a'°8* + p'°8* + clo8* 4 glog* > 4. (v)x € (0, ),
then: abcd = 1

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Let be f: (0,00) - R, f(x) = a'°8* + plos* 4 clogx 4 glogx
f(1) = alogl 4 plog1 4 clog1 4 glog1 — 4
f(x) = f(1); (W)x € (0,0) = x = 1 minimum point.
By Fermat’s theorem f'(1) = 0
f(x) = 1a'°g" loga + lb"’g" logb + lc‘°g" logc + ld"’gx logd
x x x x

f'(1) =loga+loghb +logc+logd = log(abcd)

f'(1) =log(abcd) but f'(1) = 0 = log(abcd) = log1

abcd =1
Solution 2 by Marin Chirciu-Romania

Letbe f :(0,00) >R, f(X)=a"" +b" +c"** +d",
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Inequality 8™ +b"* +¢*9* +d"** >4, vx e Rcan be written f(x)> f(1),vxeR, x,=1

is a minimum point of function f -derivable. By Fermat’s theorem f'(1)=0.
f'(x) =1a'°gX Ina+1b'ng Inb+1c'ng Inc+£d'ng Ind,
X X X X
f'(1)=Ina+Inb+Inc+Ind =In(abcd).

By f'(1)=0 < In(abcd ) =Oresult abcd =1.
SP.486 If A, B € M3(R) are such that:

AB = BA = BC = CB = CA = AC = 03, then:
det(I3 + 34+ 4B + 5C + 94% + 16B% + 25C%) > 0

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

Lemma 1. If X € M3(R) then:

|G

I3+ X+ X% =(X—-wl;))(X — w?I;),where w = —= + i

N N|=

Proof. Its obvious that: w?® = 1;w?> + w+1=0; w?> = @
X — wl3)(X — w?I3) = X? — w*X — wX + 03l =
=X’ —(0*+w)+I;=X*+X+1;

Lemma 2. If X € M3(C); X = (aij)lsijSB;X(aij)lsijsy then:

det(X-X)>0
Proof. det(X - X) = detX - detX = det X - det X = (detX)? >0
Denote: D = 34 + 4B + 5C, then:
D? = (3A+ 4B + 5C)* = 94% + 16B? + 25(C? because:
AB =BA=BC=CB =CA=AC=0;
det(I; + 3A + 4B + 5C + 94% + 16B? + 25(C?) =

Lemma 1.

= det(I3 + D + D?) “"E* " det ((D - wl3)(D - w?1;)) =

= det(D — wl3) - det(D — w?I3) = det(D — wl3) - det(D — wl3) =

Lemma 2.

= det(D — wl;) ‘det(D—wl3;) = 0
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Firstly we have: (3A+ 4B+ 5C)% =

=942 + 16B% + 25C? + 12(AB + BA) + 20(BC + CB) + 15(CA + AC)
= 942 + 16B?% + 25C2.

Then: I3 +3A+4B +5C +94% + 16B?> + 25C>* =13+ 3A+ 4B+ 5C+ (3A+ 4B + 5C)* =

2im

=(3A+4B +5C— wl;)(34+ 4B + 5C — wl3), wherew =€ 3,
and since A, B, C € M;(R) then we have :

det(I3 +3A+ 4B + 5C + 94% + 16B? + 25(?)
= det(3A+ 4B + 5C — wl3).det(3A+ 4B + 5C — wl3) =

=det(3A+ 4B + 5C — wl3).det(3A+ 4B + 5C — wl3) = |det(3A+ 4B + 5C — wl3)|*> > 0.

SP.487 Find:

1
Q= lim ,aeER a>0

oo Lt p2a 4 3/ (k + 1)2(k2 + 1)2

Proposed by Florica Anastase, lonut Bina-Romania
Solution 1 by proposers

KB<k+DEK?*+1) < (k+1)3WMk=1,n,n>

—

k2 < (k+1)2k?2+1)2 < (k+1)2Mk=Tnn=>1
1 < 1 < 1
(k+1D2+n? "p2 4 3(k+ D22+ 1)z k*+n?’

Mk=1,nn=>1

n

n
1 1
» F s
Z k+1)2+n2 Lin? + 3 (k+ 1D2(Kk? + 1)? k=1k2+n2

n?? + k? > 2kn%, (W)k =1,n,n € N*

- 1+1+;+ +1
0<Z Z = "n
k2+ 2a 2kn? 2n
1 1 1 1
]im1+2+3+ +nLcsl n+i _
n—oo 2n® 2 noo(n+1)2—na
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1
=—=lim =0
2noo (n+ D[(Hne1 + (Hne2 + -+ (9)]
C 1
Therefore, Q= Tllim == 0,aeRa>0
—00 3
Slp2a 4 J(k +1)2 (K* +1)
Solution 2 by Hikmat Mammadov-Azerbaijan
Note: n*"™ - a?" or n** = ¥(n,a)
© (1lifk<n 1
Q=1lim ) IN0ifk>n 3 <
el (< n< 1) POua) + 3 (k+ 1)2(K2 + 1)2
1 1 1

< 3 <3 ==
\/(k+ 1)2(k2 +1)2  VEk2k* k
1
The magnitade of the summand is upperbounded byﬁ and Z — < ©

Then, by the dominated convergence theorem,

o)

Z = limI{k <n=1}
£ noeh Y(n,a) + Y (k+ 1)2(k? + 1)2 oo

Ifylll_glo Y(n,a) = o, (V)a > 0,then the limit is 0.

n

1
Therefore, Q =lim =0,aeRa>0

—00 2
= P i/(k + 12 (K* +1)

SP.488 Let A € M, (R) invertible such that det(4% — 24 + 2I,) = 0.
Find Tr(A%).

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

det(A2 — 24 + 2I,) = det(4? =24+ I, + I,) =
= det((4— I,)? + I,) = det((A — 1,)? — i%I3) =
=det((A—I, +il,)(A— I — il,)) = det(A — I, + il,) - det(A — I, — il,) = 0; (1)
Let f:R > R, f(x) = det(A — I, + xI,) = det(4 — I,) + a;x + x%,a; €R
f()=det(A—1I,+il,) =det(A—1I,) — 1+ ay;(2)
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M+@2)+B)=>a;=0and det(4—-1,) =1

|a—1

detA-1,) = =(a-1)d—-1)—bc=ad—bc—a—-d+1=1>

”I
d-—1
ad—bc—a—-d=0=>ad—-bc=a+d=tr(A) =det(4) =1
pa) =22 —tr(A)x+tr(A) > A2 —tr(A)-A+tr(A) -1, =0,| -4 1>
A—tr(A)-I,+tr(A)-A1=0,=>tr(A)- A '=-A4+tr(4)- 1, >
tr(tr(A)- A Y =tr(-tr(A) - 1,) =
tr(A) - tr(A™) = —tr(A) + 2tr(4) = tr(4) - tr(4™Y) = tr(4)
tr(A) =detld) #0=>tr(4™1) = 1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
A2 -24+20 = (A- A+ DL)A- (1-DI) = A-A+DI) (A- A+ D).

= 0 = det(A? — 24+ 2I,) = det(A— (1 + DI,).det (A- (1 + DI,) =

=det(A— (1 +I).det(A— (1 +DI,) = |det(A— (1 + DI,)|?.
Then: det(A— (1+i)l,) = 0. Similarly we have : det(A — (1 —i)lI,) = 0.
=>1+4+iand1—iareeigenvalues of A.

1 1 1
Therefore, Tr(4A™1) = 1+ + 1= 1.

SP.489 Let p, q € N* —odd numbers with p # q. Find all functions f: R - R

continuous such that f(%/px + qy) = f({/qx + py),vx,y € R.

Proposed by Marian Ursarescu-Romania
Solution 1 by proposer

ifx=y=f(&/(p+qx) = f(3/(q + p)x).Let (p + @)x = t, then:
F(Ve) = f(Ve);ve e R

Suppose that p < g (similarly for p > g), we have:
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R

P_.P

t-tP:f(t) =f(t%>;—< 1,—=a€(0,1)
q q

F(O) = &%)
F&) = £(t*)

Fe7) = £(e")

Hence,
f©) = f(t") = lim £() = lim f(e=") =
f@® = £ (lim t") 5 f() = f(1) = f(©) = c,c €R

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x r|(p% —q?)x
Replacingyby—q? we get : f( ’¥>=f(0), Vx € R.

Replacing x by

P I_’ e .xP (~. pisodd),in the last equation we get :

f(x) =f(0), Vvx €eR.

Hence, all constant functions satisfy our requirements.

SP.4901If x,y,z,t > 0,x +y+z+t = 4 then:
xy+yz+zt+tx < 4

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

letbe ffR->R f(p)=@p-x-2)p-y-10)
fP=p>*—(x+y+z+tp+xy+yz+zt+itx
The equation f(p) = 0 hastworealroots: p; =x+z,p, =y+t=A=>0
A=(x+y+z+t) —-4a(xy+yz+zt+tx) >0&
(x+y+z+t)?2>4(xy+yz+zt+tx) &
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16 > 4(xy+yz+ zt + tx) &

xy+yz+zt+itx <4
Equality holdsforx + z=y +t =2
Solution 2 by Marin Chirciu-Romania
Denotex+z=a,y+t=h.By X+y+z+t=4 < (X+2)+(y+t)=4can be written a+b=4

yandxy+yz+zt+tx<4 < y(x+2)+t(x+2)<4 <

& (x+2)(y+t)<4can be written ab<4.
Lemma

Ifa,b>0,a+b=4then

ab<4.
Proof

2
ab<4 & abS@ & (a—b)2 >0, equality for a=Db.

By Lemma for(a,b) = (x+2,y+t)follows Xy +yz+zt+tx<4, equality for x+z=y+t=2.

SP.491 If x > 0 then:

(x + 1)x+1 . (xz + 1)x2+1 < ex2+x .+ exta?

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

Letbe f:[0,0) > R, f(x) = (x+ 1) log(x+1) —x — % then:

ff(x)=logx+1)+1—-1—x
1 —-X
! (x):x+1_1:x+1<0

= f' —decreasing= f'(x) < f'(0) = 0 = f —decreasing= f(x) < f(0) =0

2
x
(x+ 1)log(x+1)—x—?SO

x? x?
log(x + 1)**' < x + - e (x+ D" <e™z; (1

4
2 xt
Replacein (1), x - x%: (x% + 1)¥*1 < e* *7; (2)
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Multiplying (1), (2), we get:

2 .4

(X + D¥L- (a2 + D < x40 0777 = exta ertd
Equality holds for x = 0.
Solution 2 by Marin Chirciu-Romania

Lemma .
If x>0then

(x +1)X+1 Kx

(x+1)" <e" & In(x+1)" <ne’™ & (x+1)In(x+1) <x* +x.
Let be f :[0,0) >R, f (X ) (x+1)In(x+1)-x*—x.

f'(x)=|n(x+1)+(x+1)——2x 1=In(x+1)—2x.
f"(x)= X11—2= _iill<0 = f’ decreasing on [0,).

f'(0)=0and f’decreasingon [0,00) = f'(x)<0,Vx>0.
f(0)=0si f'(x)<0,vx20= f(x)<0,vx=0= f(x)=(x+1)In(x+1)—x*-x<0
< (x+1)In(x+1) < x*+x, equality forx=0.

X241 4,2
By Lema x — x° implies (X2 +1) <e™.

X241 4,2
By multiplying (x +1)X+1 <e“™*and (X2 +1) <e* ™ results conclusion.

Equality holds for x=0.

Solution 3 by Soumava Chakraborty-Kolkata-India

Taking log on both sides,
(x + 1)* (22 + l)x2+1 < eX'tx \fextta?
Q) xt + x?
o x+DIn(x+ 1D+ (x2+1)In(x2+1) < x> +x+ 5
x* + x?

Letf(x) = x4+ x +

— (x+ DIn(x + 1) — (x? + 1)In(x? + 1)
Vx>0andthen: f'(x) =2x% +x— 2x.In(x? + 1) — In(x + 1)
()
f'(x) = 2x (xz —In(x? + 1)) + (x—In(x + 1))
Now,vm=>0,e">1+m=In(m+1)<m
and choosing m = x and m = x? separately, we arrive at :
In(x + 1) < x and In(x? + 1) < x?
>x2-In(x*+1),x—In(x+1) >0
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= 2x (x2 —In(x? + 1)) +(x—In(x+1))=0(x=0)

via (»)
> f'(x)>0>f(x)is Ton|[0,)
>VvVx=>0f(x)>f0)=0

x* + x?
S x4 x4+ 7~ (x+DIn(x+1) — (x*+ 1)In(x*+1) > 0
Vx=0
x* + x?
=>x?+x+ >(@x+Dnx+1D+(x?+1)In(x?+1)vx=>0

2
= (x)is true - (x + 1)**1, (xz + 1)x * < e’ tx JJexttal y x > 0,
with equality iff x = 0 (QED)

SP.492 If ABC, is a triangle, w —Brocard’s point and x = sin 24 + sin 2B,

y =sin2B + sin2C,z = sin 2C + sin 24, then prove that:

1 1
§min{x, y,z} <tanw < §max{x, y, z}

Proposed by Cristian Miu-Romania
Solution 1 by proposer

Let us first prove that in any triangle ABC:

Z a3 cos(B — C) = 3abc

cyc

We have:
Z a® cos(B — C) = 3abc Z sin3Acos(B—-C) =3 l_[ sin A
cyc cyc cyc
Z sin? A (sin2B + sin2C) = 6 1_[ sin A
cyc cyc

Z(l — cos2A)(sin2B + sin2C) = 12 nsinA

cyc cyc
2 Z sin 24 — Z cos 2A (sin2B + sin2C) = 12 HsinA
cyc cyc cyc
ZZ sin 24 — ZsinZ(B +C) =12 nsinA
cyc cyc cyc

36 | 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3 Z sin24 =12 1_[ sin A which is true, because

cyc cyc

ZsinZA = 4-1_[sinA

cyc cyc

Now,a? = b? + ¢ — 2bccos A, so Z a’ = Z:(b2 + c¢%2 —2bccosA) &

cyc cyc

) 1 . ab ac .
Za = 4F cot w because F =EbcsmA = TSmC = 7smB

cyc

and Z cotA = cotw,F — area of ABC.

cyc
= Z a3 cos(B — C) = 3abc = 4s cot w . Hence,
cyc
min{a cos(B—C),bcos(C—A),ccos(A—B)} <3Rtanw <
< max{a cos(B—C),bcos(C—A),ccos(A—B)}
because if t4, t,, t; are real numbers and u,, u,, u; are positive real numbers.

L (ty ty t3 ty +t, +t3 ty t; t3
mmy—,—,— <—<maX{ }

) ) — — _’_’_
U, U uj Uuq +u2 +u3 u; u; uj

Therefore,

1 1
Emm{x, y,z} <tanw < §max{x, y, z}

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

) ) 2F b%>+c?2—a? 2F(b?+c? - a?)
sin24 = 2sinAcosA = Z'E' 2be = o2

(and analogs)

5 5 5 5 ,(c?+a*—b* a*+b*-c?
Then:ay+bz+cx=2ay=2FZa 22 + 2ZbZ =

cyc cyc

2 2

a’? b? a c
ZZFZ 1+§_?+ﬁ+1_ﬁ :2F6:12F

cyc

Using this identity we get :
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4F _a’y+b*z+cx
a?+b%2+c2  3(a?+b%+c?)’

tanw =

(a* +b* + c*).min{x,y,z} 1 ‘ )
3@ T brtcd) 3y

Then: tanw >
1
Similarly we get : tan w < Emax{x, y,z}.

1
Therefore, §min{x, y,z}<tanw < Emax{x, y,z}.

SP493Ifan—1+—+ +-+—=;n>1and

V2 \/_ x/_’
an
lim ——-e?" = x>0
n-o\n 4+ 1
then find:

Q(x) = rlli_)l‘g)(ean+1 — ean)  Xp

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solutions by proposers
Denote:

= -2Vn+ YL 1\/_ - loachimescu’s sequence

It is known that lim s,, = s —loachimescu’s constant

n—->oo

X
Q(x) = lim (ean+1 —_ ean) . ﬁ . ez\/H . e—Z\/i . \/n + 1 —
n—-o0o n

xn
= lim —=— - e2V" . limVn + 1 - e 2V . (en+1 — gn) =
n—o\m + 1 n-o

=xlimVn +1-e®™2Vn. (etn+1-an _ 1) =

n—-oo

1
=xlimesn-lim\/n+1<e\/n+ —1>—x es - lim

n—->oo n—-oo
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SP.494 Let ABC be a triangle with inradius R and circumradius R. Prove that:

3(R>_1<z (x+y)sinA <3(R) S0
2r) ~ZixsinB+ysinC > \2r)"Y

cyc

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

Leta = BC,b = CA, c = AB be the lengths of the side of triangle ABC. We'll prove that

1 1 X y
xb +yc ™ (x+y)2( )()

We have:

1 1 (x y)_ 1 xc+yb
xb+yc (x+y)2\b ¢/ xb+yc bc(x+y)?

_ bc(x + )% — (xb + yc)(xc + yb) B xy(b — c)?
B bc(x + y)2(xb + yc) " be(x+y)2(xb +yc) ~

Equality holds for b = c. So, from (*)

a < 1 (a+ a)
xb+yc™ (x+y)? V¢

Similarly,

b 1 (b+ b) nd c < 1 (c+ c)
xc+ya~ (x+y)2 Y xa+yb~ (x+1y)? *a" Vb

a N b N c 1 (a+b+C)+ <a+b+c>
xb+yc xc+ya xa+yb~ (x+y)2 ¢t T\ cTaTh

Now, we have:

1 b
(a2+b2+cz)(ﬁ+c—2+—> > <E+—+£) or

a b C \/ﬁ 1 1 1
—+—+-—-<.+a*+b*+c*- ;-Fﬁ'i‘c—z

a

(=
(o}

It is well-known that:

a? +b2+c2<9R2andl+1 1 1 So,
b2 2—42
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a.b +—<3R 1 + -+ ¢ < 3R N 1
—_— —_— —_— [ye— : —_— —_— J— —_—
b ¢ - 2r b~ amety,

a N b N c < 1 ( 3R N 3R) 1 3R
xb+yc xc+ya xa+yb~ (x+y)? “r "V 2r x4y 2r
Using the law of the sines in AABC, we get:

sin 4 1 3R (x+y)sinA R
Z - — < — & : — <3 (—)
xsinB+ysinC x+y 2r xsinB + ysinC 2r
cyc cyc

Also, we have:

a b c AGM 3 abc
+ + > 3

>
xb+yc xc+ya xa+yb (xa + yb)(xb + yc)(xc + ya) —

- 3Vabc B 9Vabc
“xa+yb+xb+yc+xct+ya (x+y)a+b+c)
3

We know that:
R > 2r (Euler),abc = 4Rrs,where2s = a + b + c and

3v3
TR > s > 3v/3r (Mitrinovic)

a b c 3|4Rr(3V3r)
+ + >9 >
xb+yc xc+ya xa+yb (x+y)-2s

9V4-2r-r-3v3r _ 6r
(x+y)3v3R  (x+y)R

Yy ey
xb+yc  x+y\2r

cyc

Z (x+y)sinA >3<R>
xsinB +ysinC "~ \2r

cyc

-1

Therefore,

3(R>_1< (x+y)sinA <3( ) -0
2r xsinB +ysinC~  \2r X0y

cyc

Equality holds for AABC equilateral.
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Solution 2 by Marin Chirciu-Romania

First inequality:
By Bergstrém:

¥ (x+y)sin A _y (x+y)sin®A o (x+y)(ZsinA)2

xsinB+ysinC sin A(xsinB+ysinC) ~ > sin A(xsinB+ysinC) -

(x+y)(XsinA) _ (XsinA) _ (FU ___ 4 @3(Ej1,

:(x+y)ZsinBsinC >sinBsinC  p?+r’+4Rr  p?+r’+4Rr | 2r
4R?
4p? RY™ 4p? 6r
(1)@#23(—j &2 > o p*(2R-3r)=3r2(4R+1),
p°+r°+4Rr 2r p+r°+4Rr R

r(4R+r)2

(By Gerretsen) p® >16Rr —5r* >
R+r

Reamains to prove:
r(4R+r)2
R+r

< 8R?*—13Rr—6r’>0 < (R—2r)(8R+3r)>0, (By EulerR > 2r.)

Equality holds for an equilateral triangle.

-(2R-3r)23r?(4R+r) < (4R+r)(2R-3r)>3r(R+r) <

Second inequality:

a
(x+y)sinA 3 (X+y)ﬁ B (X+y)aCBS 1 i i B
szinB+ysinC_ZXb+yC_Z Xb + yc <(x+y)2a xb+yc =
2R " 2R
— l i i — l 1 1 a a X +y Bandlla
_(x+Y)4Z(Xb+ycj (x+y)4(x+yj2(b Cj Iy Z( j

Ban<diIaX2+y ZE—X2+y2'3E_3(E)'1 5_}_!
Sy “roaxy or 2r)2ly x)

Equality holds for an equilateral triangle.

SP.A95If0<a<b< gthen:

1+ tan’x
dx > tanb — tana
V1 —tanx + tan? x

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

We will prove that if p > 0 then:
1+p3
(1+p5)? =21 +p»)*A-p+p?)
1+2p +p®=>1-p+p?+2p2—2p3+2p*+p*—p° +p°

>1+p% (1)

p°+4p® -3p*+p-3p*=>0
p(p*-3p*+4p*>-3p+1) =20
pip—-1D(@P*-2p*+2p-1)20
pp—1) (- DP*+p+1)-2p(p-1)) 20
1\> 3
p(p—1)2<(p—§> +Z>20(true!)
Forp = tanxin (1)
1+ tan3 x sinx 1

>1+tan?x =1+ = >
V1 —tanx + tan? x cos?x cosZx

Therefore,

b 1+ tan3 x b
dx >
« V1 —tanx + tan? x a

dx =tanb —tana

cos? x
Equality holds for a = b.

Solution 2 by Marin Chirciu-Romania

j‘b 1+tan®x gy = tanb 1 4¢3 1 it
e« V1—tanx + tan2 x tna V1—t+ 12 1+t
Lemma:
If t > 0 then:
1+¢ 1 1
Vi—t+@ 1+8°
Proof of lemma.
1+ 1 :(1+t)(1—t+t2)' 1 :(1+t)m<;>1
Vi—t+e2 1+1t2 Vi—t+¢t2 1+¢? 1+t? -
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1+6V1—t+t?
(1)«:»( )1+t2 >1e(1+V1-t+221+% &

1+0)*’A-t+t)>A+t2) o @Q+2t+t)A—-t+t>) >21+2t2 + t*t &

t+t>00tt>+t) >0, (V)t>0
By Lemma:

tanb 1+t3 1
wna VI—t+t2 1+

Equality holds for a = b.

tan b
dtZJ 1dx =tanb —tana
tana

Solution 3 by Angel Plaza-Spain

Since the subintegral function is positive and (tan x)’ = 1 + tan? x, it is enough to prove
that for x = 0, holds:

1+ tan3x
V1 —tanx + tan? x

(1+tan3x)? — (1 —tanx + tan’?x)(1 + tan’x)? > 0

>1+tan’x &

(1 — tan x + tan? x) (tanx — 1)% tan x > 0, which is true.

Equality holds for a = b.

UNDERGRADUATE PROBLEMS

UP.481 Let t > 0 and (a,,),,>1 sequence of real numbers strictly positive such

that
) Ant1 )
lim "—+t+1 = a > 0.Find:
n-oood, N
n+1 n
] Vane1 — Va
Q(a,t) = lim nr -

e (’1/(2n - 1)!!)t

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

5 ="+,1/an+1—’§/a_n=’i/a_n< n >t'n(u C1)=

_ Van n ‘ u, -1 1 " vn > 2
_nt+1 n+1((2n—_ 1)” logun ogu,;,vn =

"+,1/an+1 n+‘1/ Api1 nttl (n + 1)t+1 v > 1
u, = = : yvn
n nlan (n+ 1)t+1 n,an n
nn(t+1)

lim n“ In _ lim" P - d'a lim Ont1 =
nooo Nttl  poo\ntt+t) T a5 (n+ 1)(n+1)(t+1) a, =

n—-oo an . nt+1 n _I_ 1 et+1
Similarly,
li n e li 1 i (un - 1) 1
im———=_, imu, =1, im— =
et f@n-Di 2w " ne logu,
a 1 a n i1 ett1
111i_>l?ou2 - 1111_52 ZH B - Tlll—glo a -n;;:“ (n + 1) - a 1=e™
n Ani1 n
Therefore,
a 2\ 2t.a 2t a(t+1)
. — t+1 _ —
1111_)1?08,1—@-(;> -1-loge'*t = - t+1)=———

Solution 2 by Angel Plaza-Spain

We will use the following result has been applied in [1] Proposition 2:

If (a,),>1 is a sequence of real numbers strictly positive such that lim at"—;l =a,t>

n—-oo N°-An

0 then:

1!ll—l>£lo nt E
Note that for b,,.; = (2n + 1)!!, then % = E;Z:;:: = 2n+ 1, so since

n

b
lim —1 —2 5
o n - b,
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1111_)1?0 "—V(Znn—l)” — % and ("‘/(Zn - 1)!!)t ~ (Z?n)t forn - «
Q(a,t) = (2) llm Y an+1 \/a =

=(E)t1i (t+1)( ,/an+1 \/a_n) LC-S (E)tli (t+1) 1/an+1=
n-oo 2/ n-o

2 (n + 1)t+1 _ nt+1

ex! a (t+1a
=(t+1)(§) "ettl T gtg

REFERENCES:
[1] D.M. Batinetu-Giurgiu, Angel Plaza, Daniel Sitaru, Florica Anastase, “New solutions for
a few R.M.M. problems, available at:

https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/.

UP.482 Let f: R} — R} an continuous function such that lim ’;(x—al))
xX—00 X*

=a>0

and exist lim ——— (r& )) .Find:

X—00
1

1
&(a) = lim <(x + 1% (flx+ 1)) 1 —x%. (f(x))‘z>

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

We have:

1
U(D (P _ "ﬂﬂcgl fm+1) nn
x—»oo n_I)g n o nl—)oo nn - n—oo (n + 1)n+1 f(n)

. f(n+1) n+l
— n+ (nzl) _a

e

n-e 1 - f(n)

Letbe B: R, — Ro, B(x) = (x+ 12 - (f(x + 1)) T — 22 (f()) * =

2 2 _
_ X () — 1) = X 1.u(x) 1

(F0)* (F)*

45 | 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
x u(x) x
log(u(x))
1]
(f( ) ogu(x)

Letbe u: R} - R}, u(x) =

1
(x + 1,2 . (f(x))E B
— =
(fx + )=+

1
o (x+1 3 (f0))* x+1 x
_< X ) x 1 x+1

(f(x + 1))x+1

So,

. a e u(x) — 1
limu(x)=1-—-—- 1=1>=lim——
x>0 e a x>0 logu(x)

llm(u(x)) = lim ( (G + 1))% -

X—00

x+ 1)2" . f(x)
X f(x+1)

1
. x+1 2x+1 xf(x) (f(x+ 1))x+1 ) 1 a
=11m< ) . . =e“-——=e
x—00 \ X f(x+1) x+1 a e
Therefore,

e
limB(x) =—-1-loge =—
xX—co a

Solution 2 by Angel Plaza-Spain
We will use the following result [1, Proposition 2]:

If (a,),>1 is a sequence of real numbers strictly positive such that lim a:‘“ =a,t=>0,

n-oo N°-An
n(—
then: lim —.
n—-oo e

Note in the conditions of the problem continuous variable x, may be changed by integer n,

and according to the previous result, also

1
(f( )il p @) _a
x—>oo n—oo n e
Now,
1

- )
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1
2 n+
- lim (n+1) 1(lf£711+ 1)) "1 1cs | im (n+ 1) (fn+ 1) ¥T _
_ llm n+1 _ f
(f(n + 1))n+1
REFERENCES

[1] D.M. Batinetu-Giurgiu, Angel Plaza, Daniel Sitaru, Florica Anastase, “New solutions for

a few R.M.M. problems”, available at
https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/

UP.483 Prove that:

> s 33 ()

+4k+1
Proposed by Fao Ler-Iraq

Solution 1 by proposer

(—1)* o (—1)k c (1

Zsk2+4k+1 4 (4k+1)2+1:_2;(_1)k"(4k+1+i):
S N (1)k = N +i —
:_2"<k WTESEY ) (kZ( Dkf " dx>_

xi
dx) =

1 = 1
— —23( ) x‘Z(—x‘*)"d )=—Zd<f T

([ )3 [ Fie)-
(v D)0 () i) 5

T2 8 12
1 (o (1 1o i+1 140y
37 ”’( 4 >_ 8 _’/’( 8 >_‘/’< 8 ) -
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=330 (%) ()

Solution 2 by Le Thu-Vietnam

By partial fraction one has

(—1)k S (—1D* i (1)K 1+
,where z =

8k2 +4k+1 _k k+z 4Lik+z

®(-1,1,2) ——q>(—1 1,7) = [¢(—1 1,2) — ®(-1,1,2)] =

=§[¢O(E+E>—¢o(§)+‘/’0() 'p"(z ;)]

= %[21[;0 () — Py (g) —log(4) — ¢, (;) + Py ( ) 2y (2) + Yy ( ) + log(4)]

"P|“‘ OMS

= %[‘Po(z) —Po(2) + Py (E) — Py (E)]
[@-f@ _f@-f@
2 2
73(0(5) -9 () =330 ()] 33100001 -

i

= 2[00 ()~ o (5)] - 0@ ~ o) =

Since J3[f(2)] = ifandonlyif f(z) eR, (V)zeDNR

=£[¢0(z)—¢0(2)+¢0(> w" ] 28k2(+411):+1w’wrez:1+i

UP.484 Find:

“ xvxlogx
o X*+x-+1

Proposed by Vasile Mircea Popa-Romania
Solution 1 by proposer

Letus: Q = f

xVxlogx _fl xVxlogx _f“’ xVxlogx
o a1 0T L

4 —dx;B=| —(————dx
0o X*+x2+1 xt+x2+1

We consider the integral A. We make the variable change: x* = y; x = \/;
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1
111 -y)ytlo

We have, succesively: A = —f ( )y 3 gyd
4 ), 1-y

1 5
1{ 1yzlo lyilo
_ fy gyd_jy g8y,
0

T4 1-y3 1-y3

1 N 3 +1 BN 3 +E
=2 f Zy " 410gydy—f Zy" ilogydy | =
0 n=0 0 n=0
1w 1
=—Z< j Y™ ilogydy f y3”+4logydy>
4 0 0
n=0

1
1
We will use the following relationship: -[0 x*logxdx = — (a+1D?

wherea € R, a > 0.

o)

We obtain: 4 = Z 2 42 I

n=0 3n+ ) (3n

O =

n+1—52)

We now us the following relationship:

1 . . .
P(x) = Z) Grn? where P, (x) — is the trigamma function.
n=

. . 1 9 5
We obtained the value of the integral A = 36 [1/)1 (E) -1 (—2)]

1 1
We consider the integral B. We make the variable change: x = ; ;Y = =
We obtain: B = f \/;l 08y dy .By proceeding to the integral 4, we obtain:

VirvZiil y2 11 y.byp g g ) :

sl () ) e

Q=A+B =3—16[¢1 (Z) ¥ G) e (%) “”12%)]

= — n - .
We use the reflection formula: Y, (x) + P, (1 —x) = sinZ(ix) ,we obtain
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5

7
— — )= 2(2 _ 4/
¥i(5z) + 91 () = 472 3)
. . . 1 3
The following special values is known: {; (Z) =n? + 8G; P, (Z)
= n? — 8G,where G is
1 :
Catalan’s constant. Result: Q = 1—8112 (2v3 — 3). Thus, the problem is solved.

Solution 2 by Probal Chakraborty-Kolkata-India

ﬂ=f°° xvVxlogx . *® (x2 - 1)xVxlogx _
o Xt+x2+1 o (X2-—1D(x*+x2+1)
oo(X%—X%) logx . 1 t 2t172 _ t% %
=f0 61 dx = Rjo Po— logtdt =
1 7 7 1
1 (“td—t 12 1 (®t12—t%
=£ . Tlogtdt—% ﬁlogtdtz
7 1 7 1 1
1 (lt1z-t2 1 (t12—t4 t=2
Zg . Tlogtdt+36 ﬁlogtdt =

7 1

el () ()], s s
56y () () )+ ()] - Selow - ()

1tZ 1
—j; 1_tlogtdt=1/) (2)

d
=P'(1-2)-Y'(2) = L [cot(mz)] = —m? csc?(mz)
Solution 3 by Le Thu-Vietnam

By the property of the improper integral,one has

f Vxlogx ® Jx(x? —1)logxd u=x8
P Ly 0 1— x® B

7 1
~ 1 (u 12 —u 4>]ogud ~ 1 oouﬁ—ld 1 oouz—ld B
~ 36, 1-u ““36), 1-u™"36), 1w
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-2l (- Gl (- ()
b O Ol () ()

1 1 ?
36 sin2 ( ) 36 sin2 (—)
Ttz 1logt
where Y'(z) =J —gdt
o 1-t
2
Reflection formula: Y'(1 —z) + ¢'(z) = sin?(mz)

Solution 4 by Ankush Kumar Parcha-India

“ xvxlogx 1 xVxlogx “ xvxlogx
0o X*+x+1 0x+x+1 1 xF+xs+1

_fl X xlogx f y\/_ o8y dy _

_0x4+x2+1 4+y2+1y
Lxvx(1—x?)logx \/E(l—xz) log x
=f 3 dx — g dx =

3 2

1 xx 1 3. x 1 /x 142 /x
—fol_x(slogxdx—j;1_x6logxdx—_];1_x6logxdx+f01_x6logxdx—

= Z f x°"*2 log x dx — Z f x*"*Zlogx dx — Z f x*™*2log x dx
n=0"0 n=0"0 n=0"0
+ Z f x*™*2logxdx =
—i Jo

T e T

n=0 6n+ +2) (6 + 0 2)
--flml rde= O a1
. Ox og x x—(m+1)n+1,m n
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son=c(22)c(em)<(23) a2
() v () v (@)

P™(z) = (—1)™'m!{(1 +m,z)

n

Y1 - 2) = (~D)"P® (2) + (—1)"1td—cot(n'z)

- -7 2
360 =~ —— — |~ —— | = 2% — 2n%(V3 - 1)
4 12
Q= —(2\/_ 3)
Solution 5 by Pham Duc Nam-Vietnam
©o xa
LetI(a)=f ————dx,where0<a<1
0o X*+x+1
a(x _ 1) lxa+1 — x“ lxa+1 — x“
I(a)=f B—dx—f 3—dx+f 3—dx
1 Txt+x
Lett = p for latter integral = I(a) = f 1 (1 x)dx
o 1-—

and change order of summation and integration:

1
Now, using: Z xk = N

I(a) = f(x +x79(1 - x)x3kdx =
k 0

- 1 1 1
kZO(Bk+a+1 3k — a+1 3k+a+2 3k — a+2>

d <°° Bk +a+ 1)(3k—a+2)>
log =

"~ da 1@k-a+DBk+a+2)
/ . n(a+1)\
dl sin ———= 21 1
:—og _— = —
da n(a+%) \/§ Zcoszgﬂ+1
COS ——3—"=
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2.Back to Q,let t = x*,we get:

W d 1
a% 2\/§ da 2c0523£+1

I(a)

1
lj‘” ttlogt 1 d
Q=—| ———dt=——
4), 2+t+1 4 da

1
a=z

n.Z
= 1_8(2\/5 - 3)

UP.485 Find:

2 cos 1x
Q =f dx
_%\/Bx4 —6x2+1

Proposed by Vasile Mircea Popa-Romania
Solution 1 by proposer

1 1
2 cos 1x 2 sin"1x
LetA = f dx,and B = f dx.We have:
_%\/Bx“ —6x2+1 _%\/Bx‘* —6x2+1
1 1
A+ B j‘i cos‘1x+sin‘1xd n'fi 1 4
= X = — X
= V8xt —6x2+1 2 _%\/Bx‘* —6x2+1
2 1
2
But we have: dx
_%\/Sx“ —6x2+1

dx because the function

1
2
=2
0o V8x* —6x2 +1

under the intgral sign is even. We are going to calculate the integral:

1

2 1
sz dx
0o V8x* —6x2 +1

We will show that the C integral can be expresed using the complete elliptic integral

of the first kind. The complete elliptic integral of the first kind is defined by

T

2 1

K(k)=f do,with—-1<k<1
o V1 —Kk?sin20

Substitute t = sin 0, so dt = cos 86 d0. We have:
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K(k) —j ! dt = 1 ! dt
o V1—Kk2t2V1 - ¢2 o VK2t — (1+ k2)t2 +1

Substitute t = 2x,dt = 2dx, we have:

2 1
K(k) = 2 dt SOK(

dx
0 J16k2x* —4(1 + k2)x% + 1

1
N J V8x* — 6x2 +1

1 1
We have:C ==K (—)
2 \\V2

The integral B is equal to zero, because the function under the integral sign is odd.

So.we h -A—nZC—nK(l)Th f
o,we have:4 = 2 =3K(7) erefore,

1
0 j‘i cos 1x d nK(l)
= x:- —_—
_%\/8x4—6x2+1 2 \\/2

Solution 2 by Bui Hong Suc-Vietnam

1 1
2 cos 1x 0 cos lx 2 cos lx
=f dx = f dx + dx
_%\/Bx“ —6x2+1 _%\/8x4 —6x2+1 0o V8x* —6x2+1
= 11 + 12
0 cos 1x os lx
I1 = f f = dx =
_%\/Bx‘* 6x2% + 1 \/8x4 6x% + 1 0 V8x* —6x2+1
1 1 1
2 mw—cos 1lx 2 T 2 cos 1x
= dx = dx — dx =
0 V8x* —6x2 +1 0 V8x* —6x2 +1 0 V8x* —6x2 +1
1

x—lz

_f n d
0o V8x* —6x2+1

2 T 2 T
Q=1I,+1 =f dx—1,+1 =f dx =
LT Vext—6x2 + 1 2r02 VBx* —6x2 + 1
1

u2x7T

:nj;z\/8x4—6x2+1 fJ(1— 2)11__ )du:gK<\/i§)

T 1
Q= 3 K (ﬁ> ,where K(k) — complete eliptic integral of the first kind.

Solution 3 by Ankush Kumar Parcha-India

54 | 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1

1
2 cos lx 0 cos lx 2 cos 1x
Q= dx = dx +
_%\/8x4—6x2+1 _%\/Bx“—

dx
6x2 +1 0o V8x* —6x2+1
1
2 dx 3 dx
20 =21 =>Q0=1r =
\/8x4—6x2+1 0o V8x*—6x2 +1
2x=y nf J dy 1-y’=k
0 V¥t -3y + © a-y(a+a-y)

Tl'\/—f dk Tl.'\/_J k= smy
JA -kl +k) ,/k(1 k?)

_n\/_f cosy n\/_j
4 0\/Siny-\/1—sin2y Jsiny
T

B(im,n) = % =2 fz sin’™ 1 xcos?™ 1xdx;R(m) > 0,R(n) >0
0

——=T(MIr(1—-n),ne (0,1
sin(nm)

:n\/ﬁ:\/_ﬁrz(l>
3 8 \4
r(3)

UP486If0 <a<bhb<1<c<d<2then:

-1 -1 -1 -1 q(atb+1 -1
tan""a+tan " b+tan" c+tan""d < 3tan (T)+tan (c+d-1)

Proposed by Daniel Sitaru-Romania
Solution by proposer

Let be f: (0,0) - R, f(x) = tan™ ! x, then f'(x) = oz ,f”(x)

1+x2
= f —concave function. By Jensen’s inequality and a < b < 1, we have:

b
fl@)+ f) + F0 < 37 () )

1<c<d;c+d=1+ (c+d)—1,byKaramata’s inequality:
fO+fd)=<f)+flc+d-1);(2)
By adding (1) and (2):
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b
f(@) + f(b) + F(1) + f(c) + f(d) < f(1) + 3f ($) +flc+d—1)

-1 -1 -1 -1 i(atb+1 -1
tan""a+tan""b+tan " c+tan " d < 3tan (T)+tan (c+d-1)

Equality holdsfora=b=c=d = 1.
UP.487 Prove that:

fl tlog3t g — 7t ;
o A+072 120 2(( )

Proposed by Said Attaoui-Algerie

Solution 1 by proposer

We have by making the change of the variable t = e™*,dt = —e *dx:
©o x3e—2x

=) Grem®

Since e ™ < 1, we can use the geometric series:

o)

Z T (A-x? x)2

We get:

Q= f x3e x| — Z n(-1)"e™ |dx = — Z n(-1)" (f x3e nm+Dx dx> =
0 —~ — 0
Ir'4
Z e (4)
m+1)*
(by the factforalla > 0,b > 0: f t’e P*dx =T(a + 1). b““)
0

- _6;"(_1)" (@ : 57) =
= —6i(n —1)(-1)" (%) _ ( z (" i (—nl4)">
n=1 ~

n=1
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C 1
Using the property: Z(—l)"ﬁ =—(1-21"7P){(p),p > 1,we can deduce:
n=1

3 7 9 21 9 7t
9=—6<Z((3)—§((4)>=—E((3)+T((4)=—55(3)4'?0
Therefore  — 1tlog3'td_71t4 9 3
erefore. 0 =- | 1?4 =120 25®

Solution 2 by Le Thu-Vietnam

_xlog®x !

T o1+4x

Tlog? x Tlog3 x
—BJ 8 dx—j 8 dx =
0 0

0 1+x 1+x

' (-D" -
- 2; o = 21(3) = 201 2173)4(3) = 53(3)

llog® x S (=)
dx = — =
1+x 4 (m+1)*
n=

Similary: f —6n(4) =
0

7 n*t —mt
— _6(1— 214 - 6 —
6(1 - 279¢(4) 6 8 90 120
] ) 7nt 9
Summing all of them,we obtain: Q = 170" E((S)

Solution 3 by Pham Duc Nam-Vietnam

1 = 1 =
. ZE _1\kok — _ ZE _ 1k Ak—1
We known: 1+ x k_o( 1)kx* = a1 27 k_o( 1)*kx

L xlog3x

1 0
Q=- . mdx = L .X'lOgska_O(—l)kkxk_l dx =

[ee] 1 (o]
—6
_ _1\k k1no3 _ —_1k[ . -
_Z( 1) kfox log® xdx Z( 1)*k kT 1)

- _6;(_1)k ((k +11)3 Tk +11)4> -

=—6((1-213¢(3) - (1 -219¢@) =
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4

_ 6 <Z((3) - g((4)> W i@ = - 2e®)

Solution 4 by Togrul Ehnmedov-Azerbaijan

1 .1 xey=z (1 (%
= f f Li,(x —y)dxdy = J J Li,(z)dz
0 Jo 0 Jx-1

{u _ f C Li()dz. (du = [L1y(0) — Lip (e — D
x—1 ’

V=X
dv = dx

1 1

1
—J xLi,(x) dx+J xLi,(x —1)dx =
0 0

X
Q= xf Li,(z)dz
x—1 0
1

1 1
= f Li,(x)dx — f xLi,(x) dx + J xLi,(x —1)dx =
0 0 0
1 1
= f (1—x)Liy,(x)dx + f xLi(x —1)dx =
0 0
1 1
- f (1 — x)Li, (x) dx + f (1 — %) Liy(—x) dx =
0 0
1 1 1
- f (1 = 0)[Liy(x) + Liy(—x)] dx = ~ f (1 — %)Ly () dx =
0 2 0

11 11 11 11
=—f Liz(xz)dx——f xLiz(xz)dxz—f Liz(xz)dx——f Li,(x)dx =
2Jo 2 Jo 2o 4 Jo

1 1 1 7
=E[((2)+4log2 — 4] —1[{(2)— 1] =Z{(2)+210g2 ~2

Solution 5 by Amin Hajiyev-Azerbaijan

[ee)

P 2 ) =

n=0 n=0

X
—m=;(—1> x

thgt — n j n 3 Iep zn(_ )nf n 2 liP
(1+t)2dt Z( 1) t"log®tdt = -3 T Otlo tdt

58 | 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

WWW. ssmrmh ro

oo nEDr 18P n(-1" (1 n(-1)"
_6n=0—(n+1)zf0t logtdt "2 6Z(n+1)3f £ dt = 62( e

Cn-DEDT oDt o (-Dn
=6 T T8l T Tl T
n=0 n=0 n=0

=6(n@)-n3)=6((1-2"*)¢(4) - (1-113)IB) =
21 9 21 wt 7t
=T((4)—E((3)—T'%—E((3) m—ff(@

1Ttlog3t _ 7m*
s A+02 T 120 2

UP.488If 0 < a < b then:

b .2 b
<fa ;:idx)(fa %dx)SZ(\/B—\/E)(tan_lb—tan_la)

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

We will prove that for x > 0:
b 1
Vx < ; (1)
x+1" x2+1
MDMexx2+1)2<(x3+1)2ox(x*+2x2+1)<x*+2x3+1

X —xS+1—-x>0ex5x-1D-x-1)=>0e
(x — 1)%?(x* + x3 + x% + x + 1) > 0 wich is clearly true.

By (1), it follows:

b b
X 1

f 3\/_ dx Sf > dx =tan"'b—tan"'a;(2)

X’ t+1 o X°+1

By (1), we have:
x2+1 1
S R
x3+17 x
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< - = _ .
L P 1dx f dx = 2(vVb — Va); (3)

By multiplying (2), (3):

vx dx) < 2(vb—+a)(tan"'b — tan~! a)

1d f” x
1)\, ¥ +1

Equality holds for a = b.

be +
(L x3 +
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1
By Chebyshev's inequality we have : x3+1=x3+13 > 2 (x2 +12)(x + 1).

Also by AM — GM inequality we have : x + 1 > 2+/x.

Then: x3+1>=(x*+1)Vx, Vx> 0.

Th fbx2+1d fb x <fb1d fb L ax)=
erefore, ¥ x ¥ x| < T x e x| =

= [Zﬁ]z. [tan—1 x]z =2(Vb—+a)(tan"' b —tan"1 a).

UP.489 Find:

Q = lim ,a € R, a>0,[+x] —GIF
Tl—)OO 2k+1
lzn + ;gllz + il i/(k + 1)2(k2 + 1)2

Proposed by Florica Anastase-Romania

Solution 1 by proposer

> 2kt 2k+ 1
Z ,n € N*
k=1

2k+1 |2k + 1 2k+1 = 241 2k + 1
> 1vk=Tn=8,=) [5Z—=>n)
k:
2k+1 |2k + 1 2k+1 2k+1 1 (1 2 ) AGM
/ + <
- 2k terms 2k—1

ﬁ
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2
2k-1+1+ -1 2 1 1

< 2k + 1 1+(2k 12k +1) 1+2k—1_2k+1

= 241 20 + 1 1
= =Z < 1; (2
T4 2k—1 nri "t @

<n+1-
From (1) and (2), we obtainthat: n < S, <n+ 1= [S,|=n

Therefore,

B<(i+DE+1D<(i+1)3M™Mi=1,nn

p—l

p—l

2<yU+D2@2+1)2<(i+1%MWMi=1nn
1 1

. < <z WMi=Lnn=1
(+1)2+n p43(i+1)2@+1)2 +n

n n n
YR TS YRR U
2 3/, - 2 )
L 1) +n n+ \/(l+1)2(12+1)2 L +n
n+i% > 2ivn, (V)i= n € N*
=1 1 1+; ?1,+---+%
0<¥ Ly
it +n izlzz\/ﬁ 2Vn
1 1 1 1
im e tzt3t el n+1 _o
n-o 2\/_ 2 nowL\/n \/_
So, we obtain that:
n
1
L = lim =0

+ @+ 1232 + 1)2

noo 4 21 2k + 1
[Z 2k —1

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letk € N. We have :

2k +1
14+-+1+57—=
2k+1 2k + 1 2k41 2k + 1 MM ok times 2k—1
1< = 1.1..1. < =
a 2k—-1 2k times 2k—1 B 2k+1
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2k+1+ 2 2 1 1
2k—=1_ 4, -1+ — .
2k +1 Rk+1)R2k—-1) 2k—1 2k+1

<En 2k+12k+1<§ (1+ 1 1 ) +1 LIPS
= —_ = —_ .
ns 2k—1- 2k—1 2k+1) " n+1 "

= 2041 20 + 1
2k — 1
k=1

Now,we have : i/(i +1)%2(i2+1)% > i/iz. (i2)2 = i%, ViEN,

Then :

=Nn.

1 1 AM_GM 4

= 0<

-
=

< . < —,
n+{+1)2(@2+1)2 nt i 2ivn

n

Then : O<Zn+\/(l+i)2(l2+1)2 2\/_2 <1+Zf —dt)

_i "1 1+ In(n) R
-5t ] T) = Tom 2

n—-co

1
Therefore, 2 = lim =0.

n=0 L 2k+1 ’Zk +1 - .
i=1 [Z;(l:l ml + i/(l + 1)2(l2 + 1)2

1

2n (2n)!
Q= lim (l | e(—l)kk!(Zn—k)!>
n—-oo

i=1

UP.490 Find:

Proposed by Florica Anastase, lonut Bina-Romania

Solution 1 by proposer
2n

Let: S, = Z(—l)"k! (2n — k)!, then:

~ i (D 2n—K)! < (—DF
2n)! 4 (2n)! ~ ("

62 33-RMM SUMMER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 2n+1< 1 1

= + ,we get:
(2’;1) 2(11 + 1) (an+1) (2}:1:11 >

Using:

Se N 2n+1 1
am L m'( ((2n+1) (2n+1>

k+1

2n+1 1
Z(n +1) Z( ¥ ((2n+1) (2n+1 >

k+1

2n+1< 1 1 >_2n+1

T2+ D\ T @) T

Hence,

SCDF_STEDE L 2m4l  m
o ) _k=0 @) T T n+1 T n+1

Therefore,
1
2n (2n)! n
Q = lim (1_[ e(‘l)k"’(zn"‘)’) = enomntl = e
n—-o0o
i=1

Solution 2 by Angel Plaza-Spain

1

2n W 2n (= 1) k _1\n
Q = lim (l_[ e(—1)"k!(2n—k)!> = lim ezl_1 63) ( 1) (n + DA+ (DY

n-oo n-oo g (Zn n+2
i=0 k

i=1

From where, changing n by 2n,

S (-DF  @r+ DA+ (D™ 2n+1

L (2;) B 2n+2 T n+1
2n
(-DF 2n+1
L (2’:‘) T n+1 0 n+1
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1

2n Zn)! o
Q = lim <1_[ e(-l)"k!(Z"—k)!) — enBntl = ¢

n—oo
i=1

UP.491 In AABC,a, b, c — sides and h,, h;, h, — altitudes.

cosadx +f sinadx

If Q(x, ) = f

then prove:

sinx —sina COSX —COS X

A1) 4 Q0ED) 4 QA0ES) 2 (2 41)

Proposed by Florica Anastase-Romania
Solution 1 by proposer

Denote: m — *— % Xt a
enote:m =——,n=—
lettan> = tand tan- = § = sina = 2‘82, then:
2 2 1+p
I( )_.l' dx _j' 1 2dt
L= | Sinx—sina 2t 2B 1+¢2
1+t2 1+ p?
dt
= 1+ 2 j. =
WP | G pne-a+ o

dt dt
:(””z)fﬁﬂ—(uﬁz)tw:_(”Bz)f(ﬁt—l)(t—ﬁ):

_1+B (BB - (Bt-1) _BZ+1U B dt_f ‘“):

t = -
p?—-1 Bt-1(E—-p) p?z—-1\) pt—-1 t—p
B +1 |Bt—1
= 1 C
g1 8lc-pl”
—tanZand £l _ 1 .
But = tan and 1=  cosd hence:
. X—a
I )_j‘ dx _ 1 1 Sin—; +C= 1 1 |sinm 1
L@ = | Sinx—sina _ cosa 05 cosx-lz_a ~cosa OB cosn'()

T T
Now,for;—x = tand;—azy,we have:
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dx dx dt
Jx @) = cosx—cosa sin(E—x) _ sin(E— a) ~ " )sint-sina
2 2
. t—p . Xt a
It y) 1 1 SIn—5 1 I SIn— 1 sinn 2)
=Ity) =— og “sina 28| x—al T |
cosy cos t -; B sina sin=— sin a sinm
From (1) and (2) we have:
Q(x,a) =cosa-I(x,a) +sina - J(x,a) =
1 sinm . 1 sinn xX+a
=cosa - log +sina - ——log |— = log|tann| = log |tan |
cosa cosn sin a sinm
2 2
eﬂ(haﬂ) — tan ha +a > ha +a
2 2
Analogous,
2 2
e®(hib) > hy +b and e®(hé€) > he tc

By adding, it follows:

(h%2+h%+h%)+ (a+b+c)
> ;(3)

Now, WLOG, we can assume that a > b > c. On account of rearrangement inequality:

e(hia) 4 o@(hpb) 4 o(hZc) >

1<1<1 1+1 1>1 1+1 1+11 a+b+c
a b~ ¢ b? cz_ab b c c a abc
2F 2rs 1  h?
=0 — = —
¢ a a a? 4ris?
111 s
bz ¢ 41252
abc (a+b+o)r 2F
But [ABC] = = =>a+ b+ c=— and abc = 4RF
4R 2 r
:>a+b+c— 1 =>h2+hi+h?>—(a+b+c)% 4
abc _ 2Rr @ C_ZRa €)% ()

From (3) and (4) it follows that:

e(hha) 4 o@(hpb) 4 o@(hEc) >

r(a+ b+ c)? F
—+s=s<R

=+1)

Solution 2 by Tapas Das-India
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cosa ___sina cosa sina
——dx + dx =
sinx — sina cosx — cosa cosa sinx — sma COSX —Cos
(cos a cos x + sin a sin x) — (cos? a + sin? a)

. . X =
(sinx — sina)(cos x — cos )

_f cos(x—a)—1
- . Xta . x—«a . Xta . x—«a
2 sin > sin > (—Zsm > sin )

dx =

2
j —2sin?2 X5 dx dox
= — dx=J :J -
—2cos Xt Esinz X - L. o 5in X1 2 2cos Xt gin Xt @ sin(x + a)
2 2 2 2
Xta
Q(x,a) = log |tan |
2 2 2
e“("g'“)+eﬂ("§"’)+e“(h3'6)=tanha+a+ anhb+b+tanhc;c
h:+a hi+b hi+c 1
>~ —+ ”2 +—5— =5 +hi+hE) +5(a+b+e) 2

- +—+
ab bc ca

2
—2F2<1+1+1>+ = 2F? a+b+c+ =
b bc 5= abc 5=

1 1 1/4F* 4F? A4F?
Zi(hahb-l'hbhc-l'hcha)-l'i'zsz +s=

C2F P 5=ty (F+1)
= arF TR TST R
Let f(x) =tanx — x then f'(x) =sec’x—1>0
f — isincreasing function,then f(x) > f(0) =0

h+a hi+a
tan x > x and thus, tan 2 > 2

Solution 3 by Adrian Popa-Romania

f cosa dx + f sina f [ cosa sina ]
- -__ax
sinx —sina COS X — COSC{ sinx — sma COSXx —cosa

f (cos a cos x + sin a sin x) — (cos? a + sin? a)

dx =
(sinx — sina)(cos x — cos ) x
B cos(x—a) —1 B
_fz . X+a x—a(_z . X+ a . x—a)dx_
sin=——sin=—; sin=——sin=—;
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—2 sin
= 2 dx =
_2 X+a . 2x—oc_2 .. Xta
cos——sin 2 sin—,

3 j dx 3 J dx 3 J sin(x + a) B
- Zcosx-lz-aSinx-lz-a_ sin(x+a) J sin?(x + a) x=
sin(x + a) cos(x+a)=t dt 1 1—-cos(x+ a)

= 5 dx = ——— =;log |—| = —log
1—cos?(x+ a) t2—-1 2 1+¢ 2 1+ cos(x + a)

X+ a
tan |

= Q(x, a) = log

x+a X+«
eﬂ(x‘a) log|tan >

h% +a h%+b h%? +c
+ tan + tan

e(hia) 4 e®(hj,b) + e®(héc) = tan 2 2 =

>h2+a+h2+b+h2+c
= 2 2 2

Fs
(h2+h2+h2)+ (a+b+c)>F+s=>

Fs
E(h§+h,2,+h§)2?

h, L (1,1 1) F
1 1 1 1 1 a+b+c 1
2t e ab T be TecaT  abe :2Rr(true)'

UP.492 Let (a,,),>1 be sequence of real numbers strictly positive such that

lim 2 = q > 0. Find:

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

_n#l LS | n|Qy _"%n 1_ _
Bu = n+1)! vn! \J y = 1) = n! logu loguy =
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1.[a, u,—1 A a, u,—1
—_"n, logu® = . -logup,n>2
n\n! logu, n"-n! logu,
+1| Apyq n|n! _ n+1,/(ln+1 W _
n+1)! |a, la, "(n+1)!
an+1 Yni (n+1) n

(n+1)2 \/_n n "+m n+1

. \On . af[@y c-D a,.1 n2”
lim 5 = lim —- = lim =
n-o N n-o \| NN n-oo (n + 1)2(n+1) a,

1 an+1 ( n )2n+2 a

T aoen?- a, \n+1  e?
VA 7T a e’ 1 Cou,—1
lim—=—-, limuy,=—-——-e-1> lim =1
n-co M e n-ow e‘ e e n-o logu,

Ay, n! o wm+1)! | a,; n? "Ym+1)!
limuy; = llm—| . —=lim— . T =
n-o oo (n+1)! a, An+1 noont-a, nt1 vV An+1

(i1 _n+\/1 (n+1)!_(n+1)2( n )Z—a-l-i-l—e
e a

= lim

o n? - a, n+1 "a,., \n+1
. . n \/ a a
lim B, =1-loge: lim = lim 2 llmn =—e=—
n-o nboo \Nn!-n" n-oo n n-oo Ynl e e

Solution 2 by Angel Plaza-Spain

By the Stolz-Cesaro Lemma,

1 s
n+l| Apyq e: "*,/anﬂ Stirling a

Q=1i =lim——— =
nl—r>?on+1 (n+1)! nth (n+1)2 e

)

where, in the last step, the following result has been applied in [1] Proposition 2:

If (a,),>1 is a sequence of real numbers strictly positive such that lim n:‘:'ll =a,t>
n—-oo n
0 then:
y Van a
nl_l)?o nt et
REFERENCES:
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[1] D.M. Batinetu-Giurgiu, Angel Plaza, Daniel Sitaru, Florica Anastase, “New solutions for

a few R.M.M. problems, available at

https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/.

Solution 3 by Hikmat Mammadov-Azerbaijan

li 1. a, li n| Ay li Ani1 n!'n"
mm- [— = I11m —=11m . —
nmon\Nnl  now \jn“n! noo(n+ 1)"1(n+1)! a,

= lim 1 . 1 . an+1 — im i . an+1 . nz . 1 — E
n-o (M + 1)2 (1 4 1)" a, noon: a, m+1)? (1 + 1)" e
n n
n+1 an+1
. nt1| Qpiq [y . 1a.a, (n+1)!
Q = lim - [Z|=lim=-[Z*n-——0= =
n—oco (n+1)! n! n-om \ N! nla,
n'

n+1/| Ay,
/ lo / \J (n'::—ll)!\ \ n+1 a,i1
gl — ——
N U R A N / (n+1)!\
=—limn| e - -1 |==-limnlogi —— | =
e n-o \ / e n—»>x \ nﬁ /
!
n+l 1
/( a1 >n+1 n+ \
—glimlo | (n+1)! |—Elimlo Any1 n? .
_en—>oo g a_1|l _en—>oo g\nzan (n+1)2 1 a4 an+1/
n: / n+1 (n+1)!

(o 12 e =2

UP.493 Let t > 0 and (a,,),;>1, (b)) n>1 Sequences of real numbers strictly

il _ 05 0 lim 2L = b > 0. Find:

an.nt+1 n—oo n.nt
n+1 n
V an \/ an

Q(a,b,t) = lim 1
n/bn

n—oo

positive such that lim

n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Solution 1 by proposers
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We have:

YVa, 1 u,—1

g — V1= an _Yan 1 0
" "/b, /b, \/b_nn logu,
u,—1

1 n= - . -1 " n=>2wh
oguy = & % log 1L, ogun,n > 2,where

1/ an+1 +1\/ Api1 nttl (n + 1)t+1 n>2
a, CE G “a,\ n T

vV a, . n a, c-D . a,.1 n™
1 lim = lim — =
n-oo Ntt n—oo nn(t+1) n-oo (n + 1)(n+1)(t+1) a,

(un_ 1) -

i 2t ( n )(”1)": a
nooa, nttl\n+1

Vb, a
lim =—
] a el u, —1
limu, =——-——-1=1= lim =1
n—-oo e a n-o logu,

a 1 a n+ 11, (1
lim uﬁ = lim n+1 = lim n+1 ( ) ( )
n+1

t+1
e -1 = et+1

=a-
a(t+1)

a
a e
:]imBn:_.i.l.logeHl: -

Solution 2 by Angel Plaza-Spain

We will use the following result has been applied in [1] Proposition 2:

If (a,),>1 is a sequence of real numbers strictly positive such that lim /—— .

n—-oo nt ‘Apn

=a,t>

0 then:

n

va, a
lim —=—
n-ow N e

n+1 n t
1/ 1/ a —ya n
Q(a b t) — lim n+1l — . n+1 n

n—oo \/b—n n—oo nt 1i/b—n =
(t+ D"V an1 — Van) ' n’ ic-s lim (t+ 1" ap, nt

= lim . =
n—co ( + 1)t+1 — nttl :/b—n n-oo nt+1 vb—n
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3 (t+1a et_ (t+1a
~ ett1 p  eb

REFERENCES:
[1] D.M. Batinetu-Giurgiu, Angel Plaza, Daniel Sitaru, Florica Anastase, “New solutions for
a few R.M.M. problems, available at:

https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/.
UP.4941If f,g:R — (0,), f, g —derivable, f', g’ —continuous, 0 < a < b

then:

16 f (P + @) (£ +g3@) dx = (Fb) + g(b))" — (f(@) + g(@))’
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Lemma. If p,q > 0then 4(p® + q°) > (p + q)3
Proof. 4(p3 + q3) = p® + 3p*q + 3pqg* + ¢* &
4p3 + 4q3 > p3 +3p%q +3pq* + q¢® © 3p3 +3¢® - 3p?*q—-3pg* =0
P’-pq+q-3p4° 20 p*p-q) - ¢*p-@ 20
P-P*-q)20@-p-Pp+ 20
- @)@+ q =0 (true!)
letbep = f(x),q = g(0) = 4 (1) + ) = (F(X) + g))’

4(F@+g@) (P +8@W) 2 (F@+9@) (F) + @)’

b b
4f (F@+9 @) (A +g3x)dx > f (F0) + 9) (f@) + g(x)) dx

F®) +9b)" (f@)+g@)"
4

b
4f (f’(x) + g’(x)) <f3(x) + g3(x)) dx > h

b
16 [ (1) +g'0) (£ +g°®) dx 2 (FB) + gB)* - (F(@ + (@)

Equality holds fora = bor f = g.

Solution 2 by Marin Chirciu-Romania
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(x+ y)3
4

Using x°+y° > < 4 +y°) 2 (x+ y) < (x+y)(x-y)’ 20,

We get f3(x)+g3(x)2(f(x)+g(x))3 .

4

16T(f'<x>+g'<x>)<f 09+ (0 28] ) L o

a

<:>16_|' X)+9'(x))(F°(x)+9°(x))=

4§<f'<x>+g'<x>>< o= (1 (0)+9(0)) (1 (2)+ 9(a)'.
Denote f(x)+ () h(x):

b

4[h* (x)n'(x)dx =h (b)-h (a):

a

e (ot () =)

4

D ey T
—~
>
~
+
«
—~~
>
~—
~—
o
>

3

UP.495 Find a closed form:

711
o=
72n +40-7" + 175
n=1
Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

7n 1 67" B
72n 4 40-7" +175 6 72"+ 35-7"4+5-77 4+ 175

7(7 — 1) _ 1_ (555

7(7211 145.7n 4 5.70-1 4 25) 6 7°(7"1+5)+5(7"1+5)

QN =

1
:1. 7"(1—7) :1. 7n _ gn-1 _
6 (714+5)(7"+5) 6 (71+5)(7"+5)
1 7"+5—-(7"1+05) 1( 1 1 )
~6 (7"+5)(7"1+5) 6\7mli5 7nt5

Therefore,
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oo

1 1
Z 2"+40 7"+175 (7"1+5 7n+5)

15:( 1)11_(1 1)_1
"6 nw L \7FT 45 7545) T 6 ww\6 7m+5/) 36

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

7n 7n 7n—1
72n 1 40.7" + 175 (7" +5)(7" +35) (7" +5)(7"1+5)

(7" +5)—(7""'+5) 1 1
6(7"+5)(7"1+5) 6(7"1+5) 6(7"+5)

Th 0= z 1 1 _ 1
erefore, (6(7" 115 67"+ 5)) 6(71-115) 36
Solution 3 by Angel Plaza-Spain

7" 1

Since: the proposed series
7% 1 407"+ 175 6(7"'+5) 6(7"+5)’ prop

7" 1 1
tel : = — ————andth
SRS L7407 175 " 36 6(7F+5)
n=

Q- Z 7n I ( 1 1 ) 1
T L7440 7"+ 175 T e \36 6(7k+5)) 36
n=
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