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PROBLEMS FOR JUNIORS 

JP.481 For 𝒙, 𝒚, 𝒛 ∈ (𝟎, 𝟏), 𝒙 + 𝒚 + 𝒛 = 𝟏 prove that: 

∑
𝒚+ 𝒛

𝒙 + 𝒛
∙
𝒙 + 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
𝒄𝒚𝒄

≥ 𝟑 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

∑
𝒚+ 𝒛

𝒙 + 𝒛
∙
𝒙 + 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
𝒄𝒚𝒄

=∑
𝒙+ 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝒛
∙

𝒙 + 𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
𝒄𝒚𝒄

= 

=∑
𝒙− 𝒙𝒚 + 𝟐𝒚 − 𝟐𝒙𝒚

𝒙 + 𝒛
∙

𝒙 + 𝒚

𝒙 − 𝒙𝒛 + 𝟐𝒛 − 𝟐𝒙𝒛
𝒄𝒚𝒄

= 

=∑
𝒙(𝟏 − 𝒚) + 𝟐𝒚(𝟏 − 𝒙)

𝒙 + 𝒛
∙

𝒙 + 𝒚

𝒙(𝟏 − 𝒛) + 𝟐𝒛(𝟏 − 𝒙)
𝒄𝒚𝒄

= 

=∑
𝒙(𝒛 + 𝒙) + 𝟐𝒚(𝒚 + 𝒛)

(𝒚 + 𝒛)(𝒛 + 𝒙)
∙

(𝒚 + 𝒛)(𝒙 + 𝒚)

𝒙(𝒙 + 𝒚) + 𝟐𝒛(𝒚 + 𝒛)
𝒄𝒚𝒄

= 

=∑

𝒙
𝒚 + 𝒛

+ 𝟐
𝒚

𝒛 + 𝒙
𝒙

𝒚 + 𝒛 + 𝟐
𝒛

𝒙 + 𝒚𝒄𝒚𝒄

=∑
𝒂 + 𝟐𝒃

𝒂 + 𝟐𝒄
𝒄𝒚𝒄

 

𝐰𝐡𝐞𝐫𝐞, 𝒂 =
𝒙

𝒚 + 𝒛
; 𝒃 =

𝒚

𝒛 + 𝒙
; 𝒄 =

𝒛

𝒙 + 𝒚
, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞: 

𝒂 + 𝟐𝒃

𝒂 + 𝟐𝒄
+
𝒃 + 𝟐𝒄

𝒃 + 𝟐𝒂
+
𝒄 + 𝟐𝒂

𝒄 + 𝟐𝒃
= 

=
(𝒂 + 𝟐𝒃)𝟐

(𝒂 + 𝟐𝒄)(𝒂 + 𝟐𝒃)
+

(𝒃 + 𝟐𝒄)𝟐

(𝒃 + 𝟐𝒂)(𝒃 + 𝟐𝒄)
+

(𝒄 + 𝟐𝒂)𝟐

(𝒄 + 𝟐𝒃)(𝒄 + 𝟐𝒂)
≥
𝑪𝑩𝑺

 

≥
𝑪𝑩𝑺 (𝒂 + 𝟐𝒃 + 𝒃 + 𝟐𝒄 + 𝒄 + 𝟐𝒂)𝟐

(𝒂 + 𝟐𝒃)(𝒂 + 𝟐𝒄) + (𝒃 + 𝟐𝒄)(𝒃 + 𝟐𝒂) + (𝒄 + 𝟐𝒂)(𝒄 + 𝟐𝒃)
= 

=
𝟗(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟖𝒂𝒃 + 𝟖𝒃𝒄 + 𝟖𝒄𝒂
 

𝐖𝐞 𝐡𝐚𝐯𝐞: 
𝟗(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟖𝒂𝒃 + 𝟖𝒃𝒄 + 𝟖𝒄𝒂
≥ 𝟑 ⇔ 
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𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃 + 𝟐𝒃𝒄 + 𝟐𝒄𝒂) ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟖𝒂𝒃 + 𝟖𝒃𝒄 + 𝟖𝒄𝒂 ⇔ 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ⇔ (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 ≥ 𝟎 𝐭𝐫𝐮𝐞 (∀)𝒂, 𝒃, 𝒄 > 0 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝒙 + 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
=
𝒙(𝟏 − 𝒚) + 𝟐𝒚(𝟏− 𝒙)

𝒙(𝟏 − 𝒛) + 𝟐𝒛(𝟏 − 𝒙)
=
𝒙(𝒛 + 𝒙) + 𝟐𝒚(𝒚+ 𝒛)

𝒙(𝒙 + 𝒚) + 𝟐𝒛(𝒚+ 𝒛)
, 

𝑻𝒉𝒆𝒏 ∶   
𝒙 + 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
=
𝒙 + 𝒛

𝒙 + 𝒚
.

𝒙
𝒚 + 𝒛 + 𝟐.

𝒚
𝒛 + 𝒙

𝒙
𝒚 + 𝒛

+ 𝟐.
𝒛

𝒙 + 𝒚

 

𝑳𝒆𝒕 𝒂 ≔
𝒙

𝒚 + 𝒛
,   𝒃 ≔

𝒚

𝒛 + 𝒙
,   𝒄 ≔

𝒛

𝒙 + 𝒚
.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒙+ 𝒚

𝒙 + 𝒛
.
𝒙 + 𝟐𝒚 − 𝟑𝒙𝒚

𝒙 + 𝟐𝒛 − 𝟑𝒙𝒛
𝒄𝒚𝒄

=∑
𝒂+ 𝟐𝒃

𝒂 + 𝟐𝒄
𝒄𝒚𝒄

=∑
𝒂

𝒂 + 𝟐𝒄
𝒄𝒚𝒄

+ 𝟐∑
𝒃

𝒂+ 𝟐𝒄
𝒄𝒚𝒄

≥ 

≥⏞
𝑪𝑩𝑺

 
(𝒂 + 𝒃 + 𝒄)𝟐

∑ 𝒂(𝒂 + 𝟐𝒄)𝒄𝒚𝒄
+
𝟐(𝒂 + 𝒃 + 𝒄)𝟐

∑ 𝒃(𝒂 + 𝟐𝒄)𝒄𝒚𝒄
≥
(𝒂 + 𝒃 + 𝒄)𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
+
𝟐. 𝟑(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)

𝟑(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)
= 𝟑. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 ⇔ 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

JP.482 If 𝒙, 𝒚, 𝒛 ∈ [𝟎,
𝝅

𝟐
] then: 

(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐 𝒙 ∙ (𝐜𝐨𝐬 𝒙)𝐬𝐢𝐧

𝟐 𝒙 + (𝐬𝐢𝐧𝒚)𝐜𝐨𝐬
𝟐 𝒚 ∙ (𝐜𝐨𝐬 𝒚)𝐬𝐢𝐧

𝟐 𝒚 + (𝐬𝐢𝐧 𝒛)𝐜𝐨𝐬
𝟐 𝒛 ∙ (𝐜𝐨𝐬 𝒛)𝐬𝐢𝐧

𝟐 𝒛 ≤
𝟑√𝟐

𝟐
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

(𝐬𝐢𝐧𝟐 𝒙)𝐜𝐨𝐬
𝟐 𝒙 ∙ (𝐜𝐨𝐬𝟐 𝒙)𝐬𝐢𝐧

𝟐𝒙 ≤
𝑨𝑴−𝑮𝑴

(
𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒙

𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙
)

𝐬𝐢𝐧𝟐 𝒙+𝐜𝐨𝐬𝟐 𝒙

= 

= 𝟐𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒙 =
𝟏

𝟐
𝐬𝐢𝐧𝟐(𝟐𝒙) ≤

𝟏

𝟐
 

Hence, 

((𝐬𝐢𝐧 𝒙)𝐜𝐨𝐬
𝟐 𝒙 ∙ (𝐜𝐨𝐬 𝒙)𝐬𝐢𝐧

𝟐𝒙)
𝟐
≤
𝟏

𝟐
, (𝐬𝐢𝐧 𝒙)𝐜𝐨𝐬

𝟐 𝒙 ∙ (𝐜𝐨𝐬 𝒙)𝐬𝐢𝐧
𝟐 𝒙 ≤

𝟏

√𝟐
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∑(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐 𝒙 ∙ (𝐜𝐨𝐬 𝒙)𝐬𝐢𝐧

𝟐𝒙

𝒄𝒚𝒄

≤∑
𝟏

√𝟐
𝒄𝒚𝒄

, ∑(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐 𝒙 ∙ (𝐜𝐨𝐬 𝒙)𝐬𝐢𝐧

𝟐𝒙

𝒄𝒚𝒄

≤
𝟑√𝟐

𝟐
 

Equality holds for 𝒙 = 𝒚 = 𝒛 =
𝝅

𝟒
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐅𝐨𝐫 𝒙 = 𝟎 𝐨𝐫 𝒙 =
𝛑

𝟐
, (𝐬𝐢𝐧𝒙)𝐜𝐨𝐬

𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧
𝟐𝒙 = 𝟎 <

√𝟐

𝟐
 

𝒂𝐧𝐝 𝐰𝐞 𝐧𝐨𝐰 𝐬𝐡𝐢𝐟𝐭 𝐨𝐮𝐫 𝒂𝐭𝐭𝐞𝐧𝐭𝐢𝐨𝐧 𝐭𝐨 𝒙 ∈ (𝟎,
𝛑

𝟐
)𝐰𝐡𝐞𝐧 𝐬𝐢𝐧𝒙, 𝐜𝐨𝐬𝒙 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧

𝟐𝒙 =
∵ 𝐜𝐨𝐬𝟐𝒙 + 𝐬𝐢𝐧𝟐𝒙 = 𝟏

√(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧

𝟐𝒙
𝐜𝐨𝐬𝟐𝒙 + 𝐬𝐢𝐧𝟐𝒙

 

≤
𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐆𝐌 ≤ 𝐰𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐀𝐌 (𝐬𝐢𝐧𝒙)𝐜𝐨𝐬𝟐𝒙 + (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧𝟐𝒙

𝐜𝐨𝐬𝟐𝒙 + 𝐬𝐢𝐧𝟐𝒙
= (𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙)(𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬𝒙) 

= (
𝟏

𝟐
𝐬𝐢𝐧(𝟐𝒙))(√𝟐(

𝟏

√𝟐
𝐬𝐢𝐧𝒙 +

𝟏

√𝟐
𝐜𝐨𝐬𝒙)) = (

𝟏

𝟐
𝐬𝐢𝐧(𝟐𝒙))√𝟐𝐬𝐢𝐧 (𝒙 +

𝛑

𝟒
) 

≤
𝟏

𝟐
. √𝟐 (∵ 𝐬𝐢𝐧(𝟐𝒙), 𝐬𝐢𝐧 (𝒙 +

𝛑

𝟒
) ≤ 𝟏) ⇒ (𝐬𝐢𝐧𝒙)𝐜𝐨𝐬

𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧
𝟐𝒙 ≤

√𝟐

𝟐
 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠, ∀ 𝒙 ∈ [𝟎,
𝛑

𝟐
] , (𝐬𝐢𝐧𝒙)𝐜𝐨𝐬

𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧
𝟐𝒙 ≤

√𝟐

𝟐
 

𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐨𝐮𝐬𝐥𝐲, ∀ 𝐲 ∈ [𝟎,
𝛑

𝟐
] , (𝐬𝐢𝐧𝐲)𝐜𝐨𝐬

𝟐𝐲. (𝐜𝐨𝐬𝐲)𝐬𝐢𝐧
𝟐𝐲 ≤

√𝟐

𝟐
 𝒂𝐧𝐝  

∀ 𝐳 ∈ [𝟎,
𝛑

𝟐
] , (𝐬𝐢𝐧𝐳)𝐜𝐨𝐬

𝟐𝐳. (𝐜𝐨𝐬𝐳)𝐬𝐢𝐧
𝟐𝐳 ≤

√𝟐

𝟐
 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩, 

(𝐬𝐢𝐧𝒙)𝐜𝐨𝐬
𝟐𝒙. (𝐜𝐨𝐬𝒙)𝐬𝐢𝐧

𝟐𝒙 + (𝐬𝐢𝐧𝐲)𝐜𝐨𝐬
𝟐𝐲. (𝐜𝐨𝐬𝐲)𝐬𝐢𝐧

𝟐𝐲 + (𝐬𝐢𝐧𝐳)𝐜𝐨𝐬
𝟐𝐳. (𝐜𝐨𝐬𝐳)𝐬𝐢𝐧

𝟐𝐳 

≤
𝟑√𝟐

𝟐
 ∀ 𝒙, 𝐲, 𝐳 ∈ [𝟎,

𝛑

𝟐
] , 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =

𝛑

𝟒
 (𝐐𝐄𝐃) 

JP.483 If 𝟎 < 𝑎, 𝑏, 𝑐 ≤ 1 then: 

(𝒂 + 𝒃 − 𝒂𝒃) ∙ 𝒂𝒃 + (𝒃 + 𝒄 − 𝒃𝒄) ∙ 𝒃𝒄 + (𝒄 + 𝒂 − 𝒄𝒂) ∙ 𝒄𝒂 ≥ 𝒂 + 𝒃 + 𝒄 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝒂𝟏−𝒃 = (𝟏 + 𝒂 − 𝟏)𝟏−𝒃 ≤
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + (𝒂 − 𝟏)(𝟏 − 𝒃) = 
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= 𝟏 + 𝒂 − 𝟏𝒃 − 𝟏 + 𝒃 = 𝒂 + 𝒃 − 𝒂𝒃 

𝒂𝟏−𝒃 ≤ 𝒂 + 𝒃 − 𝒂𝒃 ⇒
𝒂

𝒂𝒃
≤ 𝒂 + 𝒃 − 𝒂𝒃 

⇒ 𝒂 ≤ 𝒂𝒃(𝒂 + 𝒃 − 𝒂𝒃) ⇒ (𝒂 + 𝒃 − 𝒂𝒃) ∙ 𝒂𝒃 ≥ 𝒂 

Hence, we have: 

∑(𝒂+ 𝒃 − 𝒂𝒃) ∙ 𝒂𝒃

𝒄𝒚𝒄

≥ 𝒂 + 𝒃 + 𝒄 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏

𝒂𝒃
= [𝟏 + (

𝟏

𝒂
− 𝟏)]

𝒃

≤ 𝟏 + 𝒃. (
𝟏

𝒂
− 𝟏) =

𝒂 + 𝒃 − 𝒂𝒃

𝒂
. 

𝑻𝒉𝒆𝒏 ∶  (𝒂 + 𝒃 − 𝒂𝒃). 𝒂𝒃 ≥ 𝒂. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚  𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒃 + 𝒄 − 𝒃𝒄). 𝒃𝒄 ≥ 𝒃  𝒂𝒏𝒅  (𝒄 + 𝒂 − 𝒄𝒂). 𝒄𝒂 ≥ 𝒄. 

𝑨𝒅𝒅𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝒂 + 𝒃 − 𝒂𝒃).𝒂𝒃 + (𝒃 + 𝒄 − 𝒃𝒄). 𝒃𝒄 + (𝒄 + 𝒂 − 𝒄𝒂). 𝒄𝒂 ≥ 𝒂+ 𝒃 + 𝒄. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝐛 > 0 ⇒ 1 − 𝐛 < 1 𝒂𝐧𝐝 ∵ 𝒂 > 0 ⇒ 𝑎 − 1 > −1 
 

∴ 𝒂𝟏−𝐛 = (𝟏 + (𝒂 − 𝟏))
𝟏−𝐛

≤
𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢

𝟏 + (𝒂 − 𝟏)(𝟏 − 𝐛) 

 

= 𝟏 + 𝒂 − 𝒂𝐛 − 𝟏 + 𝐛 = 𝒂 + 𝐛 − 𝒂𝐛 ⇒
𝒂

𝒂𝐛
≤ 𝒂 + 𝐛 − 𝒂𝐛  

⇒ (𝒂 + 𝐛 − 𝒂𝐛). 𝒂𝐛 ≥
(∗)

𝒂 (∵ 𝒂 + 𝐛 − 𝒂𝐛 = 𝒂 + 𝐛(𝟏 − 𝒂) ≥
𝟏 ≥ 𝒂

𝒂 > 0)  

 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝐥𝐲, (𝐛 + 𝐜 − 𝐛𝐜). 𝐛𝐜 ≥
(∗∗)

𝐛 
 

𝒂𝐧𝐝 (𝐜 + 𝒂 − 𝐜𝒂). 𝐜𝒂 ≥
(∗∗∗)

𝐜 ∴ (∗) + (∗∗) + (∗∗∗) 
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⇒ (𝒂 + 𝐛 − 𝒂𝐛). 𝒂𝐛 + (𝐛 + 𝐜 − 𝐛𝐜). 𝐛𝐜 + (𝐜 + 𝒂 − 𝐜𝒂). 𝐜𝒂 ≥ 𝒂 + 𝐛 + 𝐜  

 
∀ 𝒂, 𝐛, 𝐜 ∈ (𝟎, 𝟏], 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

JP.484 If 𝒂, 𝒃, 𝒄 > 0, then: 

(𝟒𝒂𝟐 + 𝟑)(𝟒𝒃𝟐 + 𝟑)

(𝒂 + 𝒃 + 𝟏)𝟐
+
(𝟒𝒃𝟐 + 𝟑)(𝟒𝒄𝟐 + 𝟑)

(𝒃 + 𝒄 + 𝟏)𝟐
+
(𝟒𝒄𝟐 + 𝟑)(𝟒𝒂𝟐 + 𝟑)

(𝒄 + 𝒂 + 𝟏)𝟐
≥ 𝟏𝟐 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

(𝒂𝟐 + (
𝟏

𝟐
)
𝟐

+ (
𝟏

√𝟐
)
𝟐

)((
𝟏

𝟐
)
𝟐

+ 𝒃𝟐 + (
𝟏

√𝟐
)
𝟐

) ≥
𝑪𝑩𝑺

(𝒂 ∙
𝟏

𝟐
+
𝟏

𝟐
∙ 𝒃 +

𝟏

√𝟐
∙
𝟏

√𝟐
)
𝟐

 

(𝒂𝟐 +
𝟏

𝟒
+
𝟏

𝟐
) (
𝟏

𝟒
+ 𝒃𝟐 +

𝟏

𝟐
) ≥ (

𝒂 + 𝒃 + 𝟏

𝟐
)
𝟐

 

𝟒𝒂𝟐 + 𝟑

𝟒
∙
𝟒𝒃𝟐 + 𝟑

𝟒
≥
(𝒂 + 𝒃 + 𝟏)𝟐

𝟒
 

(𝟒𝒂𝟐 + 𝟑)(𝟒𝒃𝟐 + 𝟑)

(𝒂 + 𝒃 + 𝟏)𝟐
≥ 𝟒 

∑
(𝟒𝒂𝟐 + 𝟑)(𝟒𝒃𝟐 + 𝟑)

(𝒂 + 𝒃 + 𝟏)𝟐
𝒄𝒚𝒄

≥ 𝟒 + 𝟒 + 𝟒 = 𝟏𝟐 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐟𝐨𝐫 
𝒂

𝟏
𝟐

=

𝟏
𝟐
𝒃
=

𝟏

√𝟐
𝟏

√𝟐

⇔ 𝒂 = 𝒃 =
𝟏

𝟐
.    

Solution 2 by Marin Chirciu-Romania 

Lemma . 
If , 0a b  then 

  
 

2 2

2

4 3 4 3
4

1

a b

a b

 


 
. 

Proof: 

Denote 
1 1

,
2 2

a x b y    ,   2 24 3 4 1a x x    ,  2 24 3 4 1b y y    . 
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  
 

2 2

2

4 3 4 3
4

1

a b

a b

 


 
 

   
 

2 2

2

4 1 4 1
4

x x y y

x y

    



  

     
22 24 1 1x x y y x y      

     2 2 2 23 4 4 2 4 4 0x y x y xy x y xy x y         . 

Denote ,x y S xy P   : 

2 23 4 4 4 4 4 0S P SP S P            
2 2 22 2 4 0S S P S P      , 

which results by  
2

2 0S   ,  
2

2 0S P  2 4S P   
2

0x y  , with equality for

1x y  , 

Hence
  

 

2 2

2

4 3 4 3
4

1

a b

a b

 


 
, With equality for:

1

2
a b  . 

By lemma: 

  
 

2 2

2

4 3 4 3
4 12

1

Lemaa b
Ms Md

a b

 
   

 
  . 

Equality holds for:
1

2
a b c   . 

Solution 3 by Soumava Chakraborty-Kolkata-India 
(𝟒𝒂𝟐 + 𝟑)(𝟒𝐛𝟐 + 𝟑) − 𝟒(𝒂 + 𝐛 + 𝟏)𝟐 

= 𝟏𝟔𝒂𝟐𝐛𝟐 + 𝟖𝒂𝟐 − 𝟖𝒂𝐛+ 𝟖𝐛𝟐 − 𝟖𝒂− 𝟖𝐛 + 𝟓 

= (𝟏𝟔𝒂𝟐𝐛𝟐 − 𝟖𝒂𝐛+ 𝟏) + 𝟖𝒂𝟐 + 𝟖𝐛𝟐 − 𝟖𝒂− 𝟖𝐛+ 𝟒 

= (𝟒𝒂𝐛− 𝟏)𝟐 + 𝟐(𝟒𝒂𝟐 − 𝟒𝒂+ 𝟏) + 𝟐(𝟒𝐛𝟐 − 𝟒𝐛+ 𝟏) 

= (𝟒𝒂𝐛− 𝟏)𝟐 + 𝟐(𝟐𝒂 − 𝟏)𝟐 + 𝟐(𝟐𝐛− 𝟏)𝟐 ≥ 𝟎, 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 =
𝟏

𝟐
∴ (𝟒𝒂𝟐 + 𝟑)(𝟒𝐛𝟐 + 𝟑) ≥ 𝟒(𝒂 + 𝐛 + 𝟏)𝟐 

⇒
(𝟒𝒂𝟐 + 𝟑)(𝟒𝐛𝟐 + 𝟑)

(𝒂 + 𝐛 + 𝟏)𝟐
≥ 𝟒 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩

 

(𝟒𝒂𝟐 + 𝟑)(𝟒𝐛𝟐 + 𝟑)

(𝒂 + 𝐛 + 𝟏)𝟐
+
(𝟒𝐛𝟐 + 𝟑)(𝟒𝐜𝟐 + 𝟑)

(𝐛 + 𝐜 + 𝟏)𝟐
+
(𝟒𝐜𝟐 + 𝟑)(𝟒𝒂𝟐 + 𝟑)

(𝐜 + 𝒂 + 𝟏)𝟐
≥ 𝟏𝟐, 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

𝟐
 (𝐐𝐄𝐃) 
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JP.485 If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 3 then: 

𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐

√𝒙𝒚
+
𝒚𝟐 + 𝟔𝒚𝒛 + 𝒛𝟐

√𝒚𝒛
+
𝒛𝟐 + 𝟔𝒛𝒙 + 𝒙𝟐

√𝒙𝒛
≥ 𝟐𝟒 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

We will prove that: 

𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐

√𝒙𝒚
≥ 𝟒(𝒙 + 𝒚); (𝟏) 

(𝟏) ⇔ 𝒙𝟐 + 𝟔𝒙𝒚+ 𝒚𝟐 ≥ 𝟒√𝒙𝒚(𝒙 + 𝒚) ⇔ (𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐)𝟐 ≥ 𝟏𝟔𝒙𝒚(𝒙 + 𝒚)𝟐 ⇔ 

(𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐)𝟐 ≥ 𝟏𝟔𝒙𝒚(𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐) 

Denote: 𝜶 = 𝒙𝟐 + 𝒚𝟐; 𝜷 = 𝒙𝒚, then: 

(𝜶 + 𝟔𝜷)𝟐 ≥ 𝟏𝟔𝜷(𝜶 + 𝟐𝜷) ⇔ 

𝜶𝟐 + 𝟑𝟔𝜷𝟐 + 𝟏𝟐𝜶𝜷 ≥ 𝟏𝟔𝜶𝜷+ 𝟑𝟐𝜷𝟐 ⇔ 𝜶𝟐 − 𝟒𝜶𝜷+ 𝟒𝜷𝟐 ≥ 𝟎 ⇔ (𝜶 − 𝟐𝜷)𝟐 ≥ 𝟎 (𝐭𝐫𝐮𝐞) 

By (1), we get: 

∑
𝒙𝟐 + 𝟔𝒙𝒚 + 𝒚𝟐

√𝒙𝒚
𝒄𝒚𝒄

≥∑𝟒(𝒙 + 𝒚)

𝒄𝒚𝒄

= 𝟖∑𝒙

𝒄𝒚𝒄

= 𝟐𝟒 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 2 by Marin Chirciu-Romania 

Lemma . 
 

If , 0x y  then 

 
2 26

4
x xy y

x y
xy

 
  . 

Proof: 

 
2 26

4
x xy y

x y
xy

 
    2 26 4x xy y xy x y      

   
2 22 26 16x xy y xy x y    4 3 2 2 3 44 6 4 0x x y x y xy y       

4
0x y  , 
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 equality for x y . 

By Lemma and 3x y z   : 

 
2 26

4 8 8 3 24
Lemax xy y

Ms x y x Md
xy

 
          . 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

JP.486 If 𝒂, 𝒃, 𝒄 > 0 with 
𝟏

𝒂𝟑
+

𝟏

𝒃𝟑
+

𝟏

𝒄𝟑
=
𝟔𝟒

𝟗
, the prove that: 

𝒂𝟒 + 𝒃𝟑

𝒂𝟑 + 𝒃𝟑
+
𝒃𝟒 + 𝒄𝟑

𝒃𝟑 + 𝒄𝟑
+
𝒄𝟒 + 𝒂𝟑

𝒄𝟑 + 𝒂𝟑
≥
𝟐𝟏

𝟖
 

Proposed by Titu Zvonaru-Romania 
Solution 1 by proposer 

We note that for 𝒂 = 𝒃 = 𝒄 =
𝟑

𝟒
 we have equality. First by AM-GM inequality and then by 

HM-AM, we obtain: 

∑
𝒂𝟒 + 𝒃𝟒

𝒂𝟑 + 𝒃𝟑
𝒄𝒚𝒄

=∑

𝒂𝟒

𝟑 +
𝒂𝟒

𝟑 +
𝒂𝟒

𝟑 +
𝟐𝟕
𝟐𝟓𝟔 + 𝒃

𝟑 −
𝟐𝟕
𝟐𝟓𝟔

𝒂𝟑 + 𝒃𝟑
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

 

≥∑
𝟒√
𝒂𝟒

𝟑 ∙
𝒂𝟒

𝟑 ∙
𝒂𝟒

𝟑 ∙
𝟐𝟕
𝟐𝟓𝟔

𝟒

+ 𝒃𝟑 −
𝟐𝟕
𝟐𝟓𝟔

𝒂𝟑 + 𝒃𝟑
𝒄𝒚𝒄

= 

=∑
𝒂𝟑 + 𝒃𝟑 −

𝟐𝟕
𝟐𝟓𝟔

𝒂𝟑 + 𝒃𝟑
𝒄𝒚𝒄

= 𝟑 −
𝟐𝟕

𝟐𝟓𝟔
∑

𝟏

𝒂𝟑 + 𝒃𝟑
𝒄𝒚𝒄

≥
𝑯𝑴−𝑨𝑴

𝟑 −
𝟐𝟕

𝟐𝟓𝟔
∙
𝟏

𝟒
∑(

𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
)

𝒄𝒚𝒄

= 

= 𝟑 −
𝟐𝟕

𝟐𝟓𝟔
∙
𝟏

𝟒
∙ 𝟐∑

𝟏

𝒂𝟑
𝒄𝒚𝒄

= 𝟑 −
𝟐𝟕

𝟐𝟓𝟔
∙
𝟏

𝟐
∙
𝟔𝟒

𝟗
= 𝟑 −

𝟑

𝟖
=
𝟐𝟏

𝟖
  

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴−𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂𝟒 +
𝟐𝟕

𝟐𝟓𝟔
= 𝟑.

𝒂𝟒

𝟑
+
𝟐𝟕

𝟐𝟓𝟔
≥ 𝟒√(

𝒂𝟒

𝟑
)

𝟑

.
𝟐𝟕

𝟐𝟓𝟔

𝟒

= 𝒂𝟑. 

𝑻𝒉𝒆𝒏 ∶   
𝒂𝟒 + 𝒃𝟑

𝒂𝟑 + 𝒃𝟑
≥
(𝒂𝟑 −

𝟐𝟕
𝟐𝟓𝟔

) + 𝒃𝟑

𝒂𝟑 + 𝒃𝟑
= 𝟏−

𝟐𝟕

𝟐𝟓𝟔(𝒂𝟑 + 𝒃𝟑)
 ≥⏞
𝑪𝑩𝑺

 𝟏 −
𝟐𝟕

𝟐𝟓𝟔.𝟒
(
𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
). 

𝑻𝒉𝒖𝒔,   
𝒂𝟒 + 𝒃𝟑

𝒂𝟑 + 𝒃𝟑
≥ 𝟏−

𝟐𝟕

𝟏𝟎𝟐𝟒
(
𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂𝟒 + 𝒃𝟑

𝒂𝟑 + 𝒃𝟑
+
𝒃𝟒 + 𝒄𝟑

𝒃𝟑 + 𝒄𝟑
+
𝒄𝟒 + 𝒂𝟑

𝒄𝟑 + 𝒂𝟑
≥ 𝟑 −

𝟐𝟕

𝟏𝟎𝟐𝟒
. 𝟐 (

𝟏

𝒂𝟑
+
𝟏

𝒃𝟑
+
𝟏

𝒄𝟑
) =

𝟐𝟏

𝟖
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟑

𝟒
. 

JP.487 In acute 𝚫𝑨𝑩𝑪, 𝑨′, 𝑩′, 𝑪′ are the contact points by the altitudes with 

the circle circumscribed of the triangle 𝑨𝑩𝑪. Prove that: 

√(𝑩𝑨′ + 𝑨′𝑪)(𝑪𝑩′ +𝑩′𝑨)(𝑨𝑪′ + 𝑪′𝑩)
𝟑

≥ 𝟒𝒓 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

From Law of sines, we have: 

𝑩𝑨′

𝐬𝐢𝐧 (
𝝅
𝟐 − 𝑩)

= 𝟐𝑹 ⇒ 𝑩𝑨′ = 𝟐𝑹𝐜𝐨𝐬𝑩 , 𝑨′𝑪 = 𝟐𝑹𝐜𝐨𝐬𝑪 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

(𝑩𝑨′ + 𝑨′𝑪)(𝑪𝑩′ + 𝑩′𝑨)(𝑨𝑪′ + 𝑪′𝑩) = 

= 𝟖𝑹𝟑(𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪)(𝐜𝐨𝐬𝑪 + 𝐜𝐨𝐬𝑨)(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩); (𝟏) 

𝐁𝐮𝐭: (𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪)(𝐜𝐨𝐬𝑪 + 𝐜𝐨𝐬𝑨)(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩) =
𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

𝟒𝑹𝟑
; (𝟐) 

From (1) and (2), we get: 

(𝑩𝑨′ + 𝑨′𝑪)(𝑪𝑩′ +𝑩′𝑨)(𝑨𝑪′ + 𝑪′𝑩) = 𝟐𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≥ 𝟐𝒓(𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐) = 𝟒𝒓𝟐(𝟗𝑹 − 𝟐𝒓) ≥
𝑬𝒖𝒍𝒆𝒓

𝟒𝒓𝟐 ∙ 𝟏𝟔𝒓 = 𝟔𝟒𝒓𝟑 

Therefore: √(𝑩𝑨′ + 𝑨′𝑪)(𝑪𝑩′ +𝑩′𝑨)(𝑨𝑪′ + 𝑪′𝑩)
𝟑

≥ 𝟒𝒓 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑩𝑨′ = 𝟐𝑹∆𝑨′𝑩𝑪. 𝐬𝐢𝐧𝑩𝑪𝑨
′ = 𝟐𝑹. 𝐬𝐢𝐧 (

𝝅

𝟐
− 𝑩) = 𝟐𝑹𝐜𝐨𝐬𝑩. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝑨′𝑪 = 𝟐𝑹𝐜𝐨𝐬𝑪. 

𝑻𝒉𝒆𝒏 ∶  𝑩𝑨′ + 𝑨′𝑪 = 𝟐𝑹(𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪) = 𝟐𝑹. 𝟐 𝐬𝐢𝐧
𝑨

𝟐
. 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
= 

=⏞
𝑴𝒐𝒍𝒍𝒘𝒆𝒊𝒅𝒆

𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
.
𝒃 + 𝒄

𝒂
𝐬𝐢𝐧

𝑨

𝟐
= 𝟒𝑹.

𝒃 + 𝒄

𝒂
. 𝐬𝐢𝐧𝟐

𝑨

𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √(𝑩𝑨′ + 𝑨′𝑪)(𝑪𝑩′ + 𝑩′𝑨)(𝑨𝑪′ + 𝑪′𝑩)
𝟑

= √∏(𝟒𝑹.
𝒃 + 𝒄

𝒂
. 𝐬𝐢𝐧𝟐

𝑨

𝟐
)

𝒄𝒚𝒄

𝟑
= 

= √(𝟒𝑹)𝟑.
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
. (
𝒓

𝟒𝑹
)
𝟐𝟑

 ≥⏞
𝑪𝒆𝒔𝒂𝒓𝒐 & 𝐸𝑢𝑙𝑒𝑟

 √𝟒𝑹𝒓𝟐. 𝟖.
𝟐𝒓

𝑹

𝟑

= 𝟒𝒓. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

JP.488 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒂+ 𝒃

𝒂𝒃
∙ 𝒉𝒄

𝒄𝒚𝒄

≥
𝒂 + 𝒃 + 𝒄

𝑹
 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

∑(
𝟏

𝒂
+
𝟏

𝒃
)𝒉𝒄

𝒄𝒚𝒄

≥
𝒂 + 𝒃 + 𝒄

𝑹
; (𝟏) 

Using Pham Huu Duc’s inequality: 

𝒙(𝒂 + 𝒃) + 𝒚(𝒃 + 𝒄) + 𝒛(𝒄 + 𝒂) ≥ 𝟐√(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂), ∀𝒂, 𝒃, 𝒄, 𝒙, 𝒚, 𝒛 > 0 

We get: 

∑𝒉𝒄 (
𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

≥ 𝟐√(∑𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

)(∑
𝟏

𝒂𝒃
𝒄𝒚𝒄

) ; (𝟐) 
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∑𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

=
𝟐𝒔𝟐𝒓

𝑹
 𝐚𝐧𝐝 ∑

𝟏

𝒂𝒃
𝒄𝒚𝒄

=
𝟏

𝟐𝑹𝒓
; (𝟑) 

From (2) and (3), it follows: 

∑𝒉𝒄 (
𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

≥ 𝟐√
𝒔𝟐

𝑹𝟐
=
𝟐𝒔

𝑹
=
𝒂 + 𝒃 + 𝒄

𝑹
 

Solution 2 by Marin Chirciu-Romania 

 
2 2 2

2
4

c

a b a b F F F a b c
h a b a

ab ab c abc RF R

   
           . 

 

JP.489 If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 3 then: 

(𝟓𝒂 + 𝒃)(𝟓𝒂 + 𝟒𝒃)

𝟖𝒂 + 𝒃
+
(𝟓𝒃 + 𝒄)(𝟓𝒃 + 𝟒𝒄)

𝟖𝒃 + 𝒄
+
(𝟓𝒄 + 𝒂)(𝟓𝒄 + 𝟒𝒂)

𝟖𝒄 + 𝒂
≥ 𝟏𝟖 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

(𝒂 − 𝒃)𝟐 ≥ 𝟎 ⇔ 𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐 ≥ 𝟎 ⇔ 

𝟐𝟓𝒂𝟐 − 𝟐𝟒𝒂𝟐 + 𝟐𝟓𝒂𝒃 − 𝟐𝟕𝒂𝒃 + 𝟒𝒃𝟐 − 𝟑𝒃𝟐 ≥ 𝟎 

𝟐𝟓𝒂𝟐 + 𝟐𝟓𝒂𝒃 + 𝟒𝒃𝟐 ≥ 𝟐𝟒𝒂𝟐 + 𝟐𝟕𝒂𝒃 + 𝟑𝒃𝟑 

𝟐𝟓𝒂𝟐 + 𝟐𝟓𝒂𝒃 + 𝟐𝟎𝒂𝒃 + 𝟒𝒃𝟐 ≥ 𝟐𝟒𝒂𝟐 + 𝟑𝒂𝒃 + 𝟐𝟒𝒂𝒃 + 𝟑𝒃𝟐 

𝟓𝒂(𝟓𝒂 + 𝒃) + 𝟒𝒃(𝟓𝒂 + 𝒃) ≥ 𝟑𝒂(𝟖𝒂 + 𝒃) + 𝟑𝒃(𝟖𝒂 + 𝒃) 

(𝟓𝒂 + 𝒃)(𝟓𝒂 + 𝟒𝒃) ≥ (𝟖𝒂 + 𝒃)(𝟑𝒂 + 𝟑𝒃) 

𝟑(𝒂 + 𝒃)(𝟖𝒂 + 𝒃) ≤ (𝟓𝒂 + 𝒃)(𝟓𝒂 + 𝟒𝒃) 

(𝟓𝒂 + 𝒃)(𝟓𝒂 + 𝟒𝒃)

𝟖𝒂 + 𝒃
≥ 𝟑(𝒂 + 𝒃) 

∑
(𝟓𝒂+ 𝒃)(𝟓𝒂 + 𝟒𝒃)

𝟖𝒂 + 𝒃
𝒄𝒚𝒄

≥∑𝟑(𝒂 + 𝒃)

𝒄𝒚𝒄

= 𝟔(𝒂+ 𝒃 + 𝒄) = 𝟏𝟖 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏.  

Solution 2 by Marin Chirciu-Romania 

Lema . 
If , , 0a b c  then 
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  
 

5 5 4
3

8

a b a b
a b

a b

 
 


. 

Proof: 

  
 

5 5 4
3

8

a b a b
a b

a b

 
 


      5 5 4 3 8a b a b a b a b      

 2 22 0a ab b     
2

0a b  , equality for a b . 

By Lemma and 3a b c   : 

  
 

5 5 4
3 6 6 3 18

8

Lemaa b a b
Ms a b a Md

a b

 
       


   . 

Equality holds for 1a b c   . 

 

JP.490 If 𝟎 < 𝑥, 𝑦, 𝑧 ≤
𝝅

𝟐
 then: 

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)𝟐(𝟏 + 𝐬𝐢𝐧𝟐 𝒚)𝟐(𝟏 + 𝐬𝐢𝐧𝟐 𝒛)𝟐

(𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚)(𝐬𝐢𝐧𝟐 𝒚 + 𝐬𝐢𝐧𝟐 𝒛)(𝐬𝐢𝐧𝟐 𝒛 + 𝐬𝐢𝐧𝟐 𝒙)
≥ 𝟖 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝟎 < 𝑥, 𝑦, 𝑧 ≤
𝝅

𝟐
⇒ 𝐬𝐢𝐧𝟐 𝒙 , 𝐬𝐢𝐧𝟐 𝒚 , 𝐬𝐢𝐧𝟐 𝒛 ∈ (𝟎, 𝟏] 

𝐬𝐢𝐧𝟐 𝒙 ≤ 𝟏, 𝐬𝐢𝐧𝟐 𝒚 ≤ 𝟏, 𝐬𝐢𝐧𝟐 𝒛 ≤ 𝟏 ⇒ (𝐬𝐢𝐧𝟐 𝒙 − 𝟏)(𝐬𝐢𝐧𝟐 𝒚 − 𝟏) ≥ 𝟎 

𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 − 𝐬𝐢𝐧𝟐 𝒙 − 𝐬𝐢𝐧𝟐 𝒚 + 𝟏 ≥ 𝟎 

𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 + 𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚 + 𝟏 ≥ 𝟐(𝒔𝒊𝒏𝟔𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚) 

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒚) ≥ 𝟐(𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚) 

(𝟏 + 𝐬𝐢𝐧𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒚)

𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚
≥ 𝟐 

Therefore, 

∏
(𝟏+ 𝐬𝐢𝐧𝟐 𝒙)(𝟏 + 𝐬𝐢𝐧𝟐 𝒚)

𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒚
𝒄𝒚𝒄

≥ 𝟖 

Equality holds for 𝐬𝐢𝐧 𝒙 = 𝐬𝐢𝐧𝒚 = 𝐬𝐢𝐧 𝒛 = 𝟏 

𝒙 = 𝒚 = 𝒛 =
𝝅

𝟐
  

Solution 2 by Marin Chirciu-Romania 
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Lemma . 

If 0 ,
2

x y


  then 

  
 

2 2

2 2

1 sin 1 sin
2

sin sin

x y

x y

 



. 

Proof. 

  
 

2 2

2 2

1 sin 1 sin
2

sin sin

x y

x y

 



     2 2 2 21 sin 1 sin 2 sin sinx y x y      

 2 2 2 21 sin sin sin sinx y x y      2 21 sin 1 sin 0x y    2 2cos cos 0x y  , 

equality for 
2

x y


  . 

By Lemma:  

     
   

  
 

2 2 2
2 2 2 2 2

2 2 2 2 2 2 2 2

1 sin 1 sin 1 sin 1 sin 1 sin
2

sin sin sin sin sin sin sin sin

Lemax y z x y
LHS

x y y z z x x y

    
   

   
   

8 RHS  . 

Equality holds for
2

x y z


   . 

JP.491 If 𝑨,𝑩, 𝑪 are the angles of a triangle, solve in real numbers 𝒙, 𝒚, 𝒛 the 

system: 

{
 

 (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
𝐜𝐨𝐭

𝑪

𝟐
𝒙𝒚𝒛

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)
= 𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐

 

Proposed by Cristian Miu-Romania 
Solution 1 by proposer 

Let us first prove the following statement: 

If 𝑨𝑩𝑪 and 𝑼𝑽𝑾 are two triangles and  

{
 
 

 
 ∏𝐜𝐨𝐬𝑨 =∏𝐜𝐨𝐬𝑼

𝒄𝒚𝒄𝒄𝒚𝒄

∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

=∏𝐬𝐢𝐧𝑼

𝒄𝒚𝒄

 𝐭𝐡𝐞𝐧 𝚫𝑨𝑩𝑪 𝐚𝐧𝐝 𝚫𝑼𝑽𝑾 𝐚𝐫𝐞 𝐬𝐢𝐦𝐢𝐥𝐚𝐫. 

Proof. From ∏𝐜𝐨𝐬 𝑨 = ∏𝐜𝐨𝐬𝑼 and ∏𝐬𝐢𝐧 𝑨 = ∏𝐬𝐢𝐧𝑼, we obtain that 
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∏𝐜𝐨𝐭𝑨 =∏𝐜𝐨𝐭𝑼 

𝟏 +∏𝐜𝐨𝐬𝑨 = 𝟏 +∏𝐜𝐨𝐬𝑼 

So, we obtain: 

𝟏 +∏𝐜𝐨𝐬 𝑨

∏𝐬𝐢𝐧𝑨
=
𝟏 +∏𝐜𝐨𝐬𝑼

∏𝐬𝐢𝐧𝑼
⇔∑𝐜𝐨𝐭 𝑨 =∑𝐜𝐨𝐭𝑼 

Because in any triangle 𝑿𝒀𝒁,∑ 𝐜𝐨𝐭𝑿 =
𝟏+∏ 𝐜𝐨𝐬𝑿

∏𝐬𝐢𝐧𝑿
.  

It is easy to prove this statement. 

∑𝐜𝐨𝐭𝑨 𝐜𝐨𝐭𝑩 =∑𝐜𝐨𝐭𝑼 𝐜𝐨𝐭𝑽 = 𝟏 

So, the numbers 𝐜𝐨𝐭𝑨 , 𝐜𝐨𝐭 𝑩 , 𝐜𝐨𝐭 𝑪 , 𝐜𝐨𝐭 𝑼 , 𝐜𝐨𝐭 𝑽 , 𝐜𝐨𝐭𝑾 are the roots of the same 

equation of third degree. This fact is possible is and only if  

{𝐜𝐨𝐭 𝑨 , 𝐜𝐨𝐭 𝑩 , 𝐜𝐨𝐭 𝑪} = {𝐜𝐨𝐭𝑼 , 𝐜𝐨𝐭𝑽 , 𝐜𝐨𝐭𝑾} 

So, 𝚫𝑨𝑩𝑪 and 𝚫𝑼𝑽𝑾 are similar. 

Now, let’s solve the problem. 

∑𝒙𝒚 > 0 so from (∑
𝟏

𝒙
)√∑𝒙𝒚 = ∏𝐜𝐨𝐭

𝑨

𝟐
, we obtain 𝒙𝒚𝒛 > 0 

∑𝒙𝒚 > 0 ⇒ 𝒙𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 > 0 ⇔ 

𝒙(𝒙 + 𝒚) + 𝒛(𝒙 + 𝒚) > 0 ⇔ (𝒙 + 𝒚)(𝒙 + 𝒛) > 0 and in the same way (𝒙 + 𝒛)(𝒚 + 𝒛) > 0 

and (𝒚 + 𝒛)(𝒛 + 𝒙) > 0. That means the numbers 𝒙 + 𝒚, 𝒚 + 𝒛, 𝒛 + 𝒙 are all positive or 

they are all negative. But from the second equation: 

∏𝒙

∏(𝒙+𝒚)
= ∏𝐬𝐢𝐧

𝑨

𝟐
 we obtain: ∏(𝒙 + 𝒚) > 0 so, 𝒙 + 𝒚 > 0, 𝑦 + 𝑧 > 0, 𝑧 + 𝑥 > 0. 

We obtain that {

∑𝒙 > 0
∑𝒙𝒚 > 0
∏𝒙 > 0

⇒ 𝒙, 𝒚, 𝒛 > 0. 

Let us consider now 𝑴𝑵𝑷 the triangle with sides √𝒙 + 𝒚,√𝒚 + 𝒛,√𝒛 + 𝒙 and 𝑿𝒀𝒁 the 

triangle with sides 𝐜𝐨𝐬
𝑨

𝟐
, 𝐜𝐨𝐬

𝑩

𝟐
, 𝐜𝐨𝐬

𝑪

𝟐
. The system can be written as: 

{
𝐜𝐨𝐬𝑴𝐜𝐨𝐬𝑵𝐜𝐨𝐬 𝑷 = 𝐜𝐨𝐬 𝑿𝐜𝐨𝐬 𝒀 𝐜𝐨𝐬𝒁
𝐬𝐢𝐧𝑴𝐬𝐢𝐧𝑵𝐬𝐢𝐧 𝑷 = 𝐬𝐢𝐧𝑿𝐬𝐢𝐧 𝒀 𝐬𝐢𝐧𝒁

, because 𝑿 =
𝝅−𝑨

𝟐
, 𝒀 =

𝝅−𝑩

𝟐
, 𝒁 =

𝝅

𝑪

𝟐
. 

It is easy to prove this statement, because  
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𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
− 𝟐𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
𝐜𝐨𝐬 (

𝝅 − 𝑨

𝟐
) 

We obtain that 𝑴𝑵𝑷 and 𝑿𝒀𝒁 are similar, so 

√𝒙 + 𝒚

𝐜𝐨𝐬
𝑨
𝟐

=
√𝒚 + 𝒛

𝐜𝐨𝐬
𝑩
𝟐

=
√𝒛 + 𝒙

𝐜𝐨𝐬
𝑪
𝟐

= 𝒌 

{
 
 

 
 𝒙 + 𝒚 = 𝒌𝟐 𝐜𝐨𝐬𝟐

𝑨

𝟐

𝒚 + 𝒛 = 𝒌𝟐 𝐜𝐨𝐬𝟐
𝑩

𝟐

𝒛 + 𝒙 = 𝒌𝟐 𝐜𝐨𝐬𝟐
𝑪

𝟐

⇔

{
  
 

  
 𝒙 =

𝒌𝟐

𝟐
(𝐜𝐨𝐬𝟐

𝑨

𝟐
− 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
)

𝒚 =
𝒌𝟐

𝟐
(𝐜𝐨𝐬𝟐

𝑩

𝟐
− 𝐜𝐨𝐬𝟐

𝑪

𝟐
+ 𝐜𝐨𝐬𝟐

𝑨

𝟐
)

𝒛 =
𝒌𝟐

𝟐
(− 𝐜𝐨𝐬𝟐

𝑨

𝟐
+ 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
)

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 (𝒙, 𝒚, 𝒛) 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎.  𝑾𝒆 𝒎𝒖𝒔𝒕 𝒉𝒂𝒗𝒆 ∶ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≥ 𝟎, 

𝒕𝒉𝒆𝒏 𝒙𝒚𝒛 > 0 𝑎𝑛𝑑 (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) > 0. 

𝑰𝒇 𝒘𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒙 > 0 𝑎𝑛𝑑 𝑦, 𝑧 < 0,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶  (𝒙 + 𝒚)(𝒛 + 𝒙) = 𝒙𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 > 0, 

𝒕𝒉𝒆𝒏 ∶ (𝒙 + 𝒚)(𝒛 + 𝒙)(𝒚 + 𝒛) < 0 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛.  𝐻𝑒𝑛𝑐𝑒,   𝑥, 𝑦, 𝑧 > 0. 

𝑵𝒐𝒘 𝒊𝒇 (𝒙, 𝒚, 𝒛) 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒂𝒏𝒅 𝒌 > 0 𝑡ℎ𝑒𝑛 (𝒌𝒙,𝒌𝒚, 𝒌𝒛) 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

𝑺𝒐 𝒊𝒇 (𝒙, 𝒚, 𝒛) 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙 = 𝒒, 

𝒕𝒉𝒆𝒏 (𝒙′, 𝒚′, 𝒛′) = (
𝒙

√𝒒
,
𝒚

√𝒒
,
𝒛

√𝒒
)  𝒊𝒔 𝒂𝒍𝒔𝒐 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒙′𝒚′ + 𝒚′𝒛′ + 𝒛′𝒙′ = 𝟏. 

𝑺𝒐 𝒘𝒆 𝒄𝒂𝒏 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶   𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒙𝒚𝒛 =
√(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑

𝐜𝐨𝐭
𝑨
𝟐 𝐜𝐨𝐭

𝑩
𝟐 𝐜𝐨𝐭

𝑪
𝟐

= 𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
𝐭𝐚𝐧

𝑪

𝟐
 𝒂𝒏𝒅 

𝒙 + 𝒚 + 𝒛 = (𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) + 𝒙𝒚𝒛 = 

= (
𝟏

𝐬𝐢𝐧
𝑨
𝟐 𝐬𝐢𝐧

𝑩
𝟐 𝐬𝐢𝐧

𝑪
𝟐

+ 𝟏)𝒙𝒚𝒛 = (
𝟒𝑹

𝒓
+ 𝟏) .

𝒓

𝒔
=
𝟒𝑹+ 𝒓

𝒔
= 𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
. 

𝑯𝒆𝒏𝒄𝒆,   𝒙, 𝒚, 𝒛 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 ∶ 
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𝒕𝟑 − (𝐭𝐚𝐧
𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 𝒕𝟐 + 𝒕 − 𝐭𝐚𝐧

𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
𝐭𝐚𝐧

𝑪

𝟐
= 𝟎 

⇔ (𝒕 − 𝐭𝐚𝐧
𝑨

𝟐
) (𝒕 − 𝐭𝐚𝐧

𝑩

𝟐
) (𝒕 − 𝐭𝐚𝐧

𝑪

𝟐
) = 𝟎 ⇔ 𝒕 = 𝐭𝐚𝐧

𝑨

𝟐
 𝒐𝒓 𝒕 = 𝐭𝐚𝐧

𝑩

𝟐
 𝒐𝒓 𝒕 = 𝐭𝐚𝐧

𝑪

𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒂𝒓𝒆 ∶ 

(𝒌 𝐭𝐚𝐧
𝑨

𝟐
, 𝒌 𝐭𝐚𝐧

𝑩

𝟐
, 𝒌 𝐭𝐚𝐧

𝑪

𝟐
) = 

= (
𝒌′ (− 𝐜𝐨𝐬𝟐

𝑨

𝟐
+ 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
) , 𝒌′ (𝐜𝐨𝐬𝟐

𝑨

𝟐
− 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
) ,

𝒌′ (𝐜𝐨𝐬𝟐
𝑨

𝟐
+ 𝐜𝐨𝐬𝟐

𝑩

𝟐
− 𝐜𝐨𝐬𝟐

𝑪

𝟐
)

) ,

𝒌′ = 𝒌.
𝟐𝑹

𝒔
> 0,   𝑎𝑛𝑑 𝑡ℎ𝑒𝑖𝑟 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 

JP.492 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝑭 ≤ 𝟐𝑹𝒓 + (𝟑√𝟑 − 𝟒)𝒓𝟐 +
(𝟒𝑹 + 𝒓)(𝟐𝑹 + (𝟑√𝟑 − 𝟒)𝒓)

𝟗
 

Proposed by Tran Quoc Anh-Vietnam 
Solution 1 by proposer 

We use Blundon’s inequality: 

𝒔 ≤ 𝟐𝑹 + (𝟑√𝟑 − 𝟒)𝒓 ⇒ 𝑭 = 𝒔𝒓 ≤ 𝟐𝑹𝒓 + (𝟑√𝟑 − 𝟒)𝒓𝟐;   (𝟏) 

But 𝑭 = √𝒓𝒂(𝒔 − 𝒂)𝒓𝒃(𝒔 − 𝒃)𝒓𝒄(𝒔 − 𝒄)
𝟑

= √𝒓𝒂𝒓𝒃𝒓𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

;   (𝟐) 

We use Cauchy’s inequality and Blundon’s inequaltity: 

√𝒓𝒂𝒓𝒃𝒓𝒄
𝟑 ≤

𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝟑

=
𝟒𝑹 + 𝒓

𝟑
;  (𝟑) 

√(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

≤
(𝒔 − 𝒂) + (𝒔 − 𝒃) + (𝒔 − 𝒄)

𝟑
=
𝒔

𝟑
≤
𝟐𝑹 + (𝟑√𝟑 − 𝟒)𝒓

𝟑
;  (𝟒) 

From (2), (3) and (4) we have: 

𝑭 ≤ (
(𝟒𝑹+ 𝒓)(𝟐𝑹 + (𝟑√𝟑− 𝟒)𝒓)

𝟗
;  (𝟓) 

From (1) and (5), we have: 

𝟐𝑭 ≤ 𝟐𝑹𝒓 + (𝟑√𝟑− 𝟒)𝒓𝟐 +
(𝟒𝑹 + 𝒓)(𝟐𝑹 + (𝟑√𝟑 − 𝟒)𝒓)

𝟗
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Equality holds if and only if triangle 𝑨𝑩𝑪 is equilateral. 

Solution 2 by Marin Chirciu-Romania 

By Blundon’s inequality  2 3 3 4p R r   : 

    
    (1)

2
4 2 3 3 4

2 2 2 2 3 3 4 2 3 3 4
9

Blundon R r R r
F rp r R r Rr r

  
        , 

 (1)      
    

2
4 2 3 3 4

2 2 3 3 4 2 3 3 4
9

R r R r
r R r Rr r

  
        

  
    

2
4 2 3 3 4

2 3 3 4
9

R r R r
Rr r

  
     

        9 2 3 3 4 4 2 3 3 4r R r R r R r       9 4r R r   2r R ,(Euler). 

Equality holds if and only if triangle 𝑨𝑩𝑪 is equilateral. 

JP.493 Find 𝒙, 𝒚, 𝒛 > 0 such that 𝒙 + 𝒚 + 𝒛 = 𝟗 and  

𝒙𝟑 + 𝒚𝟑

(𝒙 + 𝒚)𝟑
+
𝒚𝟑 + 𝒛𝟑

(𝒚 + 𝒛)𝟑
+
𝒛𝟑 + 𝒙𝟑

(𝒛 + 𝒙)𝟑
=
𝟒

𝟑
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

We will prove that for 𝒙, 𝒚 > 0 we have: 

𝒙𝟑 + 𝒚𝟑

(𝒙 + 𝒚)𝟑
≥
𝟏

𝟒
;  (𝟏) 

⇔ 𝟒(𝒙𝟑 + 𝒚𝟑) ≥ (𝒙 + 𝒚)𝟑 ⇔ 𝟒𝒙𝟑 + 𝟒𝒚𝟑 ≥ 𝒙𝟑 + 𝒚𝟑 + 𝟑𝒙𝟐𝒚 + 𝟑𝒙𝒚𝟐 

⇔ 𝟑𝒙𝟑 + 𝟑𝒚𝟑 − 𝟑𝒙𝟑𝒚 − 𝟑𝒙𝒚𝟐 ≥ 𝟎 ⇔ 𝒙𝟑 + 𝒚𝟑 − 𝒙𝟐𝒚 − 𝒙𝒚𝟐 ≥ 𝟎 

⇔ 𝒙𝟐(𝒙 − 𝒚) − 𝒚𝟐(𝒙 − 𝒚) ≥ 𝟎 ⇔ (𝒙 − 𝒚)(𝒙𝟐 − 𝒚𝟐) ≥ 𝟎 

⇔ (𝒙 − 𝒚)𝟐(𝒙 + 𝒚) ≥ 𝟎 (𝒕𝒓𝒖𝒆!) 

𝐁𝐲 (𝟏): ∑
𝒙𝟑 + 𝒚𝟑

(𝒙 + 𝒚)𝟑
𝒄𝒚𝒄

≥
𝟑

𝟒
 

Equality holds for 𝒙 = 𝒚 = 𝒛. By 𝒙 + 𝒚 + 𝒛 = 𝟗 ⇒ 𝒙 = 𝒚 = 𝒛 = 𝟑. 

Solution 2 by Marin Chirciu-Romania 

Lemma . 
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If , 0x y  then 

 

3 3

3

1

4

x y

x y





. 

Proof: 

 

3 3

3

1

4

x y

x y







 

2 2

2

1

4

x xy y

x y

 



    

22 24 x xy y x y      
2

3 0x y  , 

equality for x y  

By Lemma: 
 

3 3

3

1 3

4 4

x y

x y


 


  , equality for x y z  . 

By 9x y z   and x y z  results 3x y z   . 

Solution:    , , 3,3,3x y z  . 

JP.494 If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝟑

𝟖
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

We start with: 

𝒃(𝒂 − 𝒄)𝟐 + 𝒄(𝒂 − 𝒃)𝟐 + 𝒂(𝒃 − 𝒄)𝟐 ≥ 𝟎 ⇔ 

𝒃(𝒂𝟐 − 𝟐𝒂𝒄 + 𝒄𝟐) + 𝒄(𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐) + 𝒂(𝒃𝟐 − 𝟐𝒃𝒄 + 𝒄𝟐) ≥ 𝟎 

𝒂𝟐𝒃 + 𝒂𝒃𝟐 − 𝟔𝒂𝒃𝒄 + 𝒂𝟐𝒄 + 𝒂𝒄𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 ≥ 𝟎 

𝟗𝒂𝟐𝒃 − 𝟖𝒂𝟐𝒃 + 𝟗𝒂𝒃𝟐 − 𝟖𝒂𝒃𝟐 + 𝟗𝒃𝟐𝒄 − 𝟖𝒃𝟐𝒄 + 𝟗𝒄𝟐𝒃 − 𝟖𝒄𝟐𝒃 + 

+𝟗𝒂𝟐𝒄 − 𝟖𝒂𝟐𝒄 + 𝟗𝒂𝒃𝒄 + 𝟗𝒂𝒃𝒄 − 𝟖𝒂𝒃𝒄 − 𝟖𝒂𝒃𝒄 − 𝟖𝒂𝒃𝒄 ≥ 𝟎 

𝟗(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒃𝟐)(𝒄 + 𝒂) ≥ 𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄) 

𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄) 

𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ∙ 𝟑 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝟑

𝟖
 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏.   

Solution 2 by Marin Chirciu-Romania 

Lemma. 
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 If 𝒂, 𝒃, 𝒄 > 0 then 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖

𝟗
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

Proof. 

𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⇔ 

⇔ 𝟗(∑𝒃𝒄(𝒃 + 𝒄) + 𝟐𝒂𝒃𝒄) ≥ (∑𝒃𝒄(𝒃 + 𝒄) + 𝟑𝒂𝒃𝒄) ⇔∑𝒃𝒄 (𝒃 + 𝒄) ≥ 𝟔𝒂𝒃𝒄 ⇔ 

⇔ ∑𝒂(𝒃 − 𝒄)𝟐 ≥ 𝟎, equality for 𝒂 = 𝒃 = 𝒄. 

By Lemma and 𝒂 + 𝒃 + 𝒄 = 𝟑: 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖

𝟗
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⇔

𝒂+𝒃+𝒄=𝟑
 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖

𝟗
⋅ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⇔ 

⇔ (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖

𝟑
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⇔ 

⇔
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝟑

𝟖
 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Tran Quoc Thinh-Vietnam 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖

𝟗
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)    (*) 

(*) ⇔ 𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)   (1) 

Using AM-GM, we have: 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟐√𝒂𝒃 ⋅ 𝟐√𝒃𝒄 ⋅ 𝟐√𝒄𝒂 = 𝟖𝒂𝒃𝒄 

⇒ 𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝟖𝒂𝒃𝒄 

⇒ 𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖[(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝒂𝒃𝒄]    (2) 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝒂𝒃𝒄 = 𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝒂𝒃𝒄 

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝒂𝒃𝒄 

⇒ (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝒂𝒃𝒄 = (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)   (3) 

(2),(3) ⇒ (1) true ⇒ (*) true 

When 𝒂 + 𝒃 + 𝒄 = 𝟑 ⇒
𝒂𝒃+𝒃𝒄+𝒄𝒂

(𝒂+𝒃)(𝒃+𝒄)(𝒄+𝒂)
≤

𝟑

𝟖
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Solution 4 by Angel Plaza-Spain 

𝑺𝒊𝒏𝒄𝒆 𝒂 + 𝒃 + 𝒄 = 𝟑, 𝒕𝒉𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒎𝒂𝒚 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔: 

𝟗(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) − 𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟎 

𝑨𝒇𝒕𝒆𝒓 𝒔𝒐𝒎𝒆 𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒊𝒐𝒏,𝒘𝒆 𝒈𝒆𝒕: 

𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 ≥ 𝟔𝒂𝒃𝒄,𝒘𝒉𝒊𝒄𝒉 𝒇𝒐𝒍𝒍𝒐𝒘𝒔  

𝒇𝒓𝒐𝒎 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚.  

JP.495 If 𝒕 > 0 then in any 𝑨𝑩𝑪 triangle with the area 𝑭 the following 

inequality holds: 

(𝒓𝒂
𝟐 + 𝒕)(𝒓𝒃

𝟐 + 𝒕)(𝒓𝒄
𝟐 + 𝒕) ≥

𝟐𝟕√𝟑

𝟒
𝒕𝟐𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by proposer 

We have 

(𝒖𝟐 + 𝟏)(𝒗𝟐 + 𝟏) ≥
𝟑

𝟒
((𝒖 + 𝒗)𝟐 + 𝟏), ∀𝒖, 𝒗 > 0 with equality ⇔ 𝟐𝒖𝒗 = 𝟏 and 𝒖 = 𝒗  (1) 

and 

(𝒗𝟐 + 𝟏)(𝒘𝟐 + 𝟏) ≥ (𝒗 +𝒘)𝟐, ∀𝒗,𝒘 > 0 with equality ⇔ 𝒗𝒘 = 𝟏     (2) 

Indeed, we have: 

(𝒖𝟐 + 𝟏)(𝒗𝟐 + 𝟏) ≥
𝟑

𝟒
((𝒖 + 𝒗)𝟐 + 𝟏) ⇔ 

⇔ 𝟒𝒖𝟐𝒗𝟐 + 𝟒(𝒖𝟐 + 𝒗𝟐) + 𝟒 ≥ 𝟑(𝒖𝟐 + 𝒗𝟐) + 𝟔𝒖𝒗 + 𝟑 ⇔ 

⇔ 𝟒𝒖𝟐𝒗𝟐 − 𝟒𝒖𝒗 + 𝟏 + 𝒖𝟐 + 𝒗𝟐 − 𝟐𝒖𝒗 ≥ 𝟎 ⇔ 

⇔ (𝟐𝒖𝒗 − 𝟏)𝟐 + (𝒖 − 𝒗)𝟐 ≥ 𝟎 with equality ⇔ 𝟐𝒖𝒗 = 𝟏 and 𝒖 = 𝒗 

Also we have: 

(𝒗𝟐 + 𝟏)(𝒘𝟐 + 𝟏) ≥ (𝒗 +𝒘)𝟐 ⇔ 𝒗𝟐𝒘𝟐 + 𝒗𝟐 + 𝒘𝟐 + 𝟏 ≥ 𝒗𝟐 + 𝒘𝟐 + 𝟐𝒖𝒗 ⇔ 

⇔ (𝒖𝒗 − 𝟏)𝟐 ≥ 𝟎 with equality ⇔ 𝒗𝒘 = 𝟏 

Hence 

∏ (𝒖𝟐 + 𝟏)𝒄𝒚𝒄 ≥
(𝟏)

𝟑

𝟒
((𝒖 + 𝒗)𝟐 + 𝟏)(𝒘𝟐 + 𝟏) ≥

(𝟐)
𝟑

𝟒
(𝒖 + 𝒗 +𝒘)𝟐    (3) 

Hence 
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∏(𝒓𝒂
𝟐 + 𝒕)

𝒄𝒚𝒄

= 𝒕𝟑  ∏((
𝒓𝒂

√𝒕
)
𝟐

+ 𝟏)

𝒄𝒚𝒄

≥
(𝟑)

𝒕𝟑 ⋅
𝟑

𝟒
⋅∑(

𝒓𝒂

√𝒕
)
𝟐

𝒄𝒚𝒄

= 

=
𝟑

𝟒
⋅ 𝒕𝟐 ⋅ (𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐 =
𝟑

𝟒
⋅ 𝒕𝟐 ⋅ (𝟒𝑹 + 𝒓)𝟐 ≥

𝑫𝒐𝒖𝒄𝒆𝒕
 

≥
𝟑

𝟒
⋅ 𝒕𝟐 ⋅ (𝒔√𝟑)

𝟐
=
𝟗

𝟒
⋅ 𝒕𝟐 ⋅ 𝒔𝟐 ≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟗

𝟒
⋅ 𝒕𝟐 ⋅ 𝒔 ⋅ 𝟑√𝟑𝒓 = 

=
𝟐𝟕⋅√𝟑

𝟒
⋅ 𝒕𝟐 ⋅ 𝒔 ⋅ 𝒓 =

𝟐𝟕√𝟑

𝟒
⋅ 𝒕𝟐 ⋅ 𝑭 where 𝒔 is the semiperimeter of 𝑨𝑩𝑪 triangle 

Solution 2 by Marin Chirciu-Romania 

By Hőlder: 

       
3

3 (1)2
32 2 2 2 2 2 3 2 23 3

27 3

4

Holder

a b c a b cMs r t r t r t r r r t rp t t F Md
 

          
 

, 

(1)   
3

2
2 23

27 3

4
rp t t rp

 
   

 
  

3
2 23

27 3

4
p r p t t rp     

  
3

2 23
27 3

4
p r p t t rp   , which results by Mitrinovic 3 3p r . 

Remains to prove: 

 
3

2 23 27 3
3 3

4
p r r t t rp      

3
3

23
27 3

3
4

p r t t rp
 

   
 

  

  
3

227 3
3

4
p r t t rp      

3
227 3

3
4

F t t F  . 

 

PROBLEMS FOR SENIORS 

SP.481 If 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝒙𝟐

𝒓𝒂
+
𝒚𝒃𝟐

𝒓𝒃
+
𝒄𝒛𝟐

𝒓𝒄
≥
𝟐√𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟐𝑹 − 𝒓
 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by proposer 

We have: 
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∑
𝒂𝒙𝟐

𝒓𝒂
𝒄𝒚𝒄

=∑
(𝒂𝒙)𝟐

𝒂𝒓𝒂
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛)𝟐

𝒂𝒓𝒂 + 𝒃𝒓𝒃 + 𝒄𝒓𝒄
=
(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛)𝟐

𝟐𝒔(𝟐𝑹 − 𝒓)
= 

=
(𝒙𝒂𝟏

𝟐 + 𝒚𝒃𝟏
𝟐 + 𝒛𝒄𝟏

𝟐)
𝟐

𝟐𝒔(𝟐𝑹 − 𝒓)
≥

𝑲𝒍𝒂𝒎𝒌𝒊𝒏 
𝒊𝒏 𝚫𝑨𝟏𝑩𝟏𝑪𝟏 𝟏𝟔(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝑭𝟏

𝟐

𝟐𝒔(𝟐𝑹 − 𝒓)
;   (𝟏) 

To the triangle 𝑨𝑩𝑪 we associated the triangle 𝑨𝟏𝑩𝟏𝑪𝟏 with the sides: 

𝒂𝟏 = √𝒂,𝒃𝟏 = √𝒃, 𝒄𝟏 = √𝒄,𝑭𝟏 =
𝟏

𝟐
√𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 

So, we obtain: 

𝑭𝟏 =
𝟏

𝟐
√𝒓(𝟒𝑹+ 𝒓) ≥

𝑫𝒐𝒖𝒄𝒆𝒕 𝟏

𝟐
√𝒓 ⋅ 𝒔√𝟑 =

√𝟑
𝟒

𝟐
⋅ √𝒔𝒓 =

√𝟑
𝟒

𝟐
⋅ √𝑭;  (𝟐) 

From (1) and (2) we deduce that: 

∑
𝒂𝒙𝟐

𝒓𝒂
𝒄𝒚𝒄

≥
𝟏𝟔(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√𝟑𝑭

𝟒 ⋅ 𝟐𝒔(𝟐𝑹− 𝒓)
=
𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)√𝟑 ⋅ 𝒔𝒓

𝒔(𝟐𝑹 − 𝒓)
= 

=
𝟐√𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝒓

𝟐𝑹 − 𝒓
 

Equality holds for 𝒂 = 𝒃 = 𝒄, 𝒙 = 𝒚 = 𝒛. 

Solution 2 by Marin Chirciu-Romania 

By Bergstrőm: 

 
   

2
2 2 (1)

2 22 2

3 4 3 2 3

24 4

4

CS SOS

a aa

x xy Rp xy r xyax x
Ms

r rr R rp R r p R r
a a Rp

 
     

   

   
 


, 

(1) 
 

22

4 3 2 3

24

Rp xy r xy

R rp R r

 


 

 


 
22

6 3

24

Rp r

R rp R r


 
, 

Which results by Mitrinovic 3 3p r . 

Remains to prove: 

 
22

6 3 3 3

24

R r r

R rp R r




 


 
22

18 1

24

R

R rp R r


 
    

2218 2 4R R r p R r      

 2 2 2 236 18 16 8R Rr p R Rr r      2 2 220 26p R Rr r   , 

Which results by Gerretsen’s 2 2 24 4 3p R Rr r   . 

Remains to prove : 
2 2 2 24 4 3 20 26R Rr r R Rr r      2 28 15 2 0R Rr r      2 8 0R r R r   , 
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true by Euler 2R r . 
Equality holds for 𝒂 = 𝒃 = 𝒄, 𝒙 = 𝒚 = 𝒛. 

SP.482 In 𝚫𝑨𝑩𝑪,𝑫,𝑬 ∈ (𝑩𝑪) such that [𝑩𝑫] ≡ [𝑬𝑪]. Prove that: 

𝑨𝑫𝟐 + 𝑫𝑬𝟐 + 𝑬𝑨𝟐 + 𝟏. 𝟓(𝑩𝑪𝟐 − 𝑫𝑬𝟐) ≥ 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟓𝑹𝒓) 

Proposed by Gheorghe Molea-Romania 
Solution 1 by proposer 

We can have the order 𝑩−𝑫 − 𝑬 − 𝑪 or 𝑩 − 𝑬 −𝑫 − 𝑪, the problem has different proof 

but same result. Let be the order: 𝑩 −𝑫 − 𝑬 − 𝑪 and 𝑴−middle point of 𝑩𝑪, then 

𝑴−midlle point of 𝑫𝑬. Using theorem of medians in 𝚫𝑨𝑩𝑪 and 𝚫𝑨𝑫𝑬: 

{
 

 𝑨𝑴𝟐 =
𝟐(𝑨𝑩𝟐 + 𝑨𝑪𝟐) − 𝑩𝑪𝟐

𝟒

𝑨𝑴𝟐 =
𝟐(𝑨𝑫𝟐 + 𝑨𝑬𝟐) − 𝑫𝑬𝟐

𝟒

⇒ 

𝟐(𝑨𝑩𝟐 + 𝑨𝑪𝟐) − 𝑩𝑪𝟐 = 𝟐(𝑨𝑫𝟐 + 𝑨𝑬𝟐) − 𝑫𝑬𝟐│+ (𝟑𝑩𝑪𝟐 + 𝟑𝑫𝑬𝟐) 

𝟐(𝑨𝑩𝟐 + 𝑨𝑪𝟐 + 𝑩𝑪𝟐) + 𝟑𝑫𝑬𝟐 = 𝟐(𝑨𝑫𝟐 + 𝑨𝑬𝟐 +𝑫𝑬𝟐) + 𝟑𝑩𝑪𝟐 

𝑨𝑫𝟐 + 𝑨𝑬𝟐 + 𝑫𝑬𝟐 + 𝟏. 𝟓𝑩𝑪𝟐 = 𝑨𝑩𝟐 + 𝑨𝑪𝟐 + 𝑩𝑪𝟐 + 𝟏. 𝟓𝑫𝑬𝟐 

By Schur’s inequality: 

𝑨𝑩𝟐 + 𝑨𝑪𝟐 + 𝑩𝑪𝟐 +
𝟗𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝑩𝑪

𝑨𝑩 + 𝑩𝑪 + 𝑨𝑪
≥ 𝟏. 𝟓𝑫𝑬𝟐 + 𝟐(𝑨𝑩 ⋅ 𝑩𝑪 + 𝑨𝑩 ⋅ 𝑨𝑪 + 𝑩𝑪 ⋅ 𝑨𝑪); (∗) 

But 𝑨𝑩 +𝑩𝑪 + 𝑪𝑨 = 𝒔; 𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝑩𝑪 = 𝟒𝑹𝑭;
𝑭

𝒔
= 𝒓 and  

𝑨𝑩 ⋅ 𝑩𝑪 + 𝑨𝑩 ⋅ 𝑨𝑪 + 𝑩𝑪 ⋅ 𝑨𝑪 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 

Inequality (*) becomes: 

𝑨𝑫𝟐 + 𝑫𝑬𝟐 + 𝑬𝑨𝟐 + 𝟏.𝟓(𝑩𝑪𝟐 −𝑫𝑬𝟐) ≥ 𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟏𝟖𝑹𝒓 

𝑨𝑫𝟐 +𝑫𝑬𝟐 + 𝑬𝑨𝟐 + 𝟏. 𝟓(𝑩𝑪𝟐 − 𝑫𝑬𝟐) ≥ 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟓𝑹𝒓) 

Equality holds if and only if triangle is equilateral. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
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𝐋𝐞𝐭 𝐦(𝐁𝐃̅̅ ̅̅ ) = 𝐦(𝐂𝐄̅̅̅̅ ) = 𝒙 

𝐕𝐢𝒂 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐨𝐧 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐀𝐃 𝒂𝐬 𝐜𝐞𝐯𝐢𝒂𝐧, 
𝐀𝐁𝟐. 𝐃𝐂 + 𝐀𝐂𝟐. 𝐁𝐃 = 𝐁𝐂. (𝐀𝐃𝟐 + 𝐁𝐃.𝐂𝐃) 

⇒ 𝐜𝟐(𝒂 − 𝒙) + 𝐛𝟐𝒙 =
(𝐢)
𝒂(𝐀𝐃𝟐 + 𝒙(𝒂 − 𝒙))  𝒂𝐧𝐝, 

𝐯𝐢𝒂 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 𝐨𝐧 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐀𝐄 𝒂𝐬 𝐜𝐞𝐯𝐢𝒂𝐧, 

𝐀𝐁𝟐. 𝐄𝐂 + 𝐀𝐂𝟐. 𝐁𝐄 = 𝐁𝐂. (𝐀𝐄𝟐 + 𝐁𝐄. 𝐂𝐄) ⇒ 𝐜𝟐𝒙 + 𝐛𝟐(𝒂 − 𝒙) =
(𝐢𝐢)
𝒂 (𝐀𝐄𝟐 + 𝒙(𝒂 − 𝒙)) 

𝐍𝐨𝐰, (𝐢) + (𝐢𝐢) ⇒ 𝐜𝟐(𝒂 − 𝒙 + 𝒙) + 𝐛𝟐(𝒂 − 𝒙 + 𝒙) = 𝒂(𝐀𝐃𝟐 + 𝐄𝐀𝟐 + 𝟐𝒙(𝒂− 𝒙)) 

⇒ 𝐀𝐃𝟐 + 𝐄𝐀𝟐 = 𝐛𝟐 + 𝐜𝟐 − 𝟐𝒙(𝒂 − 𝒙) 
⇒ 𝐀𝐃𝟐 +𝐃𝐄𝟐 + 𝐄𝐀𝟐 + 𝟏. 𝟓(𝐁𝐂𝟐 −𝐃𝐄𝟐) 

= 𝐛𝟐 + 𝐜𝟐 − 𝟐𝒙(𝒂 − 𝒙) + (𝒂 − 𝟐𝒙)𝟐 +
𝟑

𝟐
(𝒂𝟐 − (𝒂 − 𝟐𝒙)𝟐) 

= 𝐛𝟐 + 𝐜𝟐 − 𝟐𝒙(𝒂− 𝒙) + 𝒂𝟐 + 𝟒𝒙𝟐 − 𝟒𝒂𝒙 +
𝟑

𝟐
(𝟐𝒂 − 𝟐𝒙). 𝟐𝒙 

= 𝐛𝟐 + 𝐜𝟐 − 𝟐𝒂𝒙+ 𝟐𝒙𝟐 + 𝒂𝟐 + 𝟒𝒙𝟐 − 𝟒𝒂𝒙 + 𝟔𝒂𝒙 − 𝟔𝒙𝟐 =∑𝒂𝟐

𝐜𝐲𝐜

 

= 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) = 𝟐𝐬𝟐 − 𝟏𝟎𝐑𝐫 + 𝟐𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐬𝟐 − 𝟏𝟎𝐑𝐫 + 𝟐𝐫𝟐 

= 𝟐(𝐬𝟐 + 𝐫𝟐 − 𝟓𝐑𝐫) (𝐐𝐄𝐃) 

 

SP.483 If 𝒙, 𝒚, 𝒛 > 0, 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = √𝟑, then: 

√𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒 + √𝒚𝟒 + 𝒚𝟐𝒛𝟐 + 𝒛𝟒 + √𝒛𝟒 + 𝒛𝟐𝒙𝟐 + 𝒙𝟒 ≥ 𝟑 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

(𝒙𝟐 − 𝒚𝟐)𝟐 ≥ 𝟎 ⇒ 𝒙𝟒 + 𝒚𝟒 ≥ 𝟐𝒙𝟐𝒚𝟐 

𝟒𝒙𝟒 + 𝟒𝒚𝟒 − 𝟑𝒙𝟒 − 𝟑𝒚𝟒 ≥ 𝟔𝒙𝟐𝒚𝟐 − 𝟒𝒙𝟐𝒚𝟐 

𝟒𝒙𝟒 + 𝟒𝒚𝟒 + 𝟒𝒙𝟐𝒚𝟐 ≥ 𝟑𝒙𝟒 + 𝟑𝒚𝟒 + 𝟔𝒙𝟐𝒚𝟐 

𝟒(𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒) ≥ 𝟑(𝒙𝟒 + 𝒚𝟒 + 𝒙𝟐𝒚𝟐) 

𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒

𝒙𝟒 + 𝟐𝒙𝟐𝒚𝟐 + 𝒚𝟒
≥
𝟑

𝟒
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√
𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒

(𝒙𝟐 + 𝒚𝟐)𝟐
≥
√𝟑

𝟐
 

√𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒 ≥
√𝟑

𝟐
(𝒙𝟐 + 𝒚𝟐); (𝟏) 

Analogous, 

√𝒚𝟒 + 𝒚𝟐𝒛𝟐 + 𝒛𝟒 ≥
√𝟑

𝟐
(𝒚𝟐 + 𝒛𝟐); (𝟐) 

√𝒛𝟒 + 𝒛𝟐𝒙𝟐 + 𝒙𝟒 ≥
√𝟑

𝟐
(𝒛𝟐 + 𝒙𝟐); (𝟑) 

By adding (1), a(2) and (3): 

∑√𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒

𝒄𝒚𝒄

≥
√𝟑

𝟐
∙ 𝟐∑𝒙𝟐

𝒄𝒚𝒄

= √𝟑 ∙ √𝟑 = 𝟑 

Equality holds for 𝒙 = 𝒚 = 𝒛 =
𝟏

√𝟑
𝟒 . 

Solution 2 by Marin Chirciu-Romania 

Lemma: 
If , 0a b  then: 

 2 2 3

2
a ab b a b    . 

Proof: 

 2 2 3

2
a ab b a b        

22 24 3a ab b a b      
2

0a b  , 

equality for a b . By Lemma for    2 2, ,a b x y  and analogs: 

 4 2 2 4 2 2 2 23 3
2 3 3 3

2 2

Lema

Ms x x y y x y x x Md              . 

Equality holds for:
4

1

3
x y z   . 

SP.484 If 𝒂, 𝒃, 𝒄 > 0 and 𝒂𝒙 + 𝟐𝒃𝒙 + 𝟑𝒄𝒙 ≤ 𝒂 + 𝟐𝒃 + 𝟑𝒄, (∀)𝒙 ∈ ℝ, then: 

𝒂𝒂 ∙ 𝒃𝟐𝒃 ∙ 𝒄𝟑𝒄 = 𝟏 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Let be 𝒇: ℝ → ℝ, 𝒇(𝒙) = 𝒂𝒙 + 𝟐𝒃𝒙 + 𝟑𝒄𝒙, then  
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𝒇′(𝒙) = 𝒂𝒙 𝐥𝐨𝐠 𝒂 + 𝟐𝒃𝒙 𝐥𝐨𝐠𝒃 + 𝟑𝒄𝒙 𝐥𝐨𝐠 𝒄 , 𝒇(𝟏) = 𝒂 + 𝟐𝒃 + 𝟑𝒄 

𝒇(𝒙) ≥ 𝒇(𝟏) ⇒ 𝒙 = 𝟏 minimum point. By Fermat’s theorem: 

𝒇′(𝟏) = 𝟎 ⇒ 𝒂 𝐥𝐨𝐠 𝒂 + 𝟐𝒃 𝐥𝐨𝐠 𝒃 + 𝟑𝒄 𝐥𝐨𝐠 𝒄 = 𝟎 ⇔ 

𝐥𝐨𝐠(𝒂𝒂) + 𝐥𝐨𝐠(𝒃𝟐𝒃) + 𝐥𝐨𝐠(𝒄𝟑𝒄) = 𝟎 ⇔ 𝐥𝐨𝐠(𝒂𝒂 ∙ 𝒃𝟐𝒃 ∙ 𝒄𝟑𝒄) = 𝐥𝐨𝐠 𝟏 ⇔ 

𝒂𝒂 ∙ 𝒃𝟐𝒃 ∙ 𝒄𝟑𝒄 = 𝟏 

Solution 2 by Marin Chirciu-Romania 

Let be :f R R ,   2 3x x xf x a b c   . 

2 3 2 3x x xa b c a b c     , x R  can be written    1f x f , x R , 
0 1x  is minimum 

point of function f derivable. By Fermat’s theorem:  1 0f   . 

  ln 2 ln 3 lnx x xf x a a b b c c    ,

   2 3 2 31 ln 2 ln 3 ln ln ln ln lna b c a b cf a a b b c c a b c a b c        . 

By  1 0f     2 3ln 0a b ca b c  results 2 3 1a b ca b c  . 

SP.485 If 𝒂, 𝒃, 𝒄, 𝒅 > 0 and 𝒂𝐥𝐨𝐠𝒙 + 𝒃𝐥𝐨𝐠𝒙 + 𝒄𝐥𝐨𝐠𝒙 + 𝒅𝐥𝐨𝐠𝒙 ≥ 𝟒; (∀)𝒙 ∈ (𝟎,∞), 

then: 𝒂𝒃𝒄𝒅 = 𝟏 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

 Let be 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) = 𝒂𝐥𝐨𝐠 𝒙 + 𝒃𝐥𝐨𝐠 𝒙 + 𝒄𝐥𝐨𝐠 𝒙 + 𝒅𝐥𝐨𝐠 𝒙 

𝒇(𝟏) = 𝒂𝐥𝐨𝐠 𝟏 + 𝒃𝐥𝐨𝐠 𝟏 + 𝒄𝐥𝐨𝐠 𝟏 + 𝒅𝐥𝐨𝐠 𝟏 = 𝟒 

𝒇(𝒙) ≥ 𝒇(𝟏); (∀)𝒙 ∈ (𝟎,∞) ⇒ 𝒙 = 𝟏 minimum point.  

By Fermat’s theorem 𝒇′(𝟏) = 𝟎 

𝒇′(𝒙) =
𝟏

𝒙
𝒂𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠 𝒂 +

𝟏

𝒙
𝒃𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠𝒃 +

𝟏

𝒙
𝒄𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠 𝒄 +

𝟏

𝒙
𝒅𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠𝒅 

𝒇′(𝟏) = 𝐥𝐨𝐠 𝒂 + 𝐥𝐨𝐠 𝒃 + 𝐥𝐨𝐠 𝒄 + 𝐥𝐨𝐠 𝒅 = 𝐥𝐨𝐠(𝒂𝒃𝒄𝒅) 

𝒇′(𝟏) = 𝐥𝐨𝐠(𝒂𝒃𝒄𝒅) but 𝒇′(𝟏) = 𝟎 ⇒ 𝐥𝐨𝐠(𝒂𝒃𝒄𝒅) = 𝐥𝐨𝐠𝟏 

𝒂𝒃𝒄𝒅 = 𝟏 

Solution 2 by Marin Chirciu-Romania 

Let be  : 0,f  R ,   log log log logx x x xf x a b c d    . 
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Inequality log log log log 4x x x xa b c d    , x R can be written    1f x f , x R , 
0 1x 

is a minimum point of function f -derivable. By Fermat’s theorem  1 0f   . 

  log log log log1 1 1 1
ln ln ln lnx x x xf x a a b b c c d d

x x x x
     ,

   1 ln ln ln ln lnf a b c d abcd      . 

By  1 0f     ln 0abcd  result 1abcd  . 

SP.486 If 𝑨, 𝑩 ∈ 𝑴𝟑(ℝ) are such that: 

 𝑨𝑩 = 𝑩𝑨 = 𝑩𝑪 = 𝑪𝑩 = 𝑪𝑨 = 𝑨𝑪 = 𝑶𝟑, then: 

 𝐝𝐞𝐭(𝑰𝟑 + 𝟑𝑨 + 𝟒𝑩 + 𝟓𝑪 + 𝟗𝑨
𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐) ≥ 𝟎 

Proposed by Daniel Sitaru-Romania 
 

Solution 1 by proposer 

Lemma 1. If 𝑿 ∈ 𝑴𝟑(ℝ) then: 

𝑰𝟑 + 𝑿+ 𝑿
𝟐 = (𝑿 − 𝝎𝑰𝟑)(𝑿 −𝝎

𝟐𝑰𝟑), where 𝝎 = −
𝟏

𝟐
+ 𝒊

√𝟑

𝟐
 

Proof. Its obvious that: 𝝎𝟑 = 𝟏;𝝎𝟐 + 𝝎+ 𝟏 = 𝟎;𝝎𝟐 = 𝝎̅ 

(𝑿 −𝝎𝑰𝟑)(𝑿 − 𝝎
𝟐𝑰𝟑) = 𝑿

𝟐 −𝝎𝟐𝑿− 𝝎𝑿 +𝝎𝟑𝑰𝟑 = 

= 𝑿𝟐 − (𝝎𝟐 + 𝝎) + 𝑰𝟑 = 𝑿
𝟐 + 𝑿 + 𝑰𝟑 

Lemma 2. If 𝑿 ∈ 𝑴𝟑(ℂ);𝑿 = (𝒂𝒊𝒋)𝟏≤𝒊,𝒋≤𝟑; 𝑿̅
(𝒂̅𝒊𝒋)𝟏≤𝒊,𝒋≤𝟑, then: 

𝐝𝐞𝐭(𝑿 ∙ 𝑿̅) ≥ 𝟎 

Proof. 𝐝𝐞𝐭(𝑿 ∙ 𝑿̅) = 𝐝𝐞𝐭𝑿 ∙ 𝐝𝐞𝐭 𝑿̅ = 𝐝𝐞𝐭𝑿 ∙ 𝐝𝐞𝐭 𝑿̅̅ ̅̅ ̅̅ ̅ = (𝐝𝐞𝐭𝑿)𝟐 ≥ 𝟎 

Denote: 𝑫 = 𝟑𝑨 + 𝟒𝑩 + 𝟓𝑪, then: 

𝑫𝟐 = (𝟑𝑨 + 𝟒𝑩 + 𝟓𝑪)𝟐 = 𝟗𝑨𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐 because: 

𝑨𝑩 = 𝑩𝑨 = 𝑩𝑪 = 𝑪𝑩 = 𝑪𝑨 = 𝑨𝑪 = 𝑶𝟑 

𝐝𝐞𝐭(𝑰𝟑 + 𝟑𝑨 + 𝟒𝑩 + 𝟓𝑪 + 𝟗𝑨
𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐) = 

= 𝐝𝐞𝐭(𝑰𝟑 +𝑫 +𝑫
𝟐) =

𝑳𝒆𝒎𝒎𝒂 𝟏.
𝐝𝐞𝐭 ((𝑫 − 𝝎𝑰𝟑)(𝑫 −𝝎

𝟐𝑰𝟑)) = 

= 𝐝𝐞𝐭(𝑫 −𝝎𝑰𝟑) ∙ 𝐝𝐞𝐭(𝑫 −𝝎
𝟐𝑰𝟑) = 𝐝𝐞𝐭(𝑫 −𝝎𝑰𝟑) ∙ 𝐝𝐞𝐭(𝑫 −𝝎𝑰𝟑)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 

= 𝐝𝐞𝐭(𝑫 −𝝎𝑰𝟑) ∙ 𝐝𝐞𝐭(𝑫 −𝝎𝑰𝟑)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ≥
𝑳𝒆𝒎𝒎𝒂 𝟐.

𝟎 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑭𝒊𝒓𝒔𝒕𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪)𝟐 = 

= 𝟗𝑨𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐 + 𝟏𝟐(𝑨𝑩+ 𝑩𝑨) + 𝟐𝟎(𝑩𝑪+ 𝑪𝑩) + 𝟏𝟓(𝑪𝑨 + 𝑨𝑪)

= 𝟗𝑨𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐. 

𝑻𝒉𝒆𝒏 ∶  𝑰𝟑 + 𝟑𝑨+ 𝟒𝑩+ 𝟓𝑪 + 𝟗𝑨
𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐 = 𝑰𝟑 + 𝟑𝑨+ 𝟒𝑩+ 𝟓𝑪+ (𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪)

𝟐 = 

= (𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪−𝝎𝑰𝟑)(𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪 −𝝎𝑰𝟑),   𝒘𝒉𝒆𝒓𝒆 𝝎 = 𝒆
𝟐𝒊𝝅
𝟑 ,  

𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 𝑨, 𝑩, 𝑪 ∈ 𝑴𝟑(𝑹) 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒅𝒆𝒕(𝑰𝟑 + 𝟑𝑨+ 𝟒𝑩+ 𝟓𝑪+ 𝟗𝑨
𝟐 + 𝟏𝟔𝑩𝟐 + 𝟐𝟓𝑪𝟐)

= 𝒅𝒆𝒕(𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪−𝝎𝑰𝟑). 𝒅𝒆𝒕(𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪 −𝝎𝑰𝟑) = 

= 𝒅𝒆𝒕(𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪 −𝝎𝑰𝟑).𝒅𝒆𝒕(𝟑𝑨 + 𝟒𝑩+ 𝟓𝑪− 𝝎𝑰𝟑) = |𝒅𝒆𝒕(𝟑𝑨+ 𝟒𝑩+ 𝟓𝑪− 𝝎𝑰𝟑)|
𝟐 ≥ 𝟎. 

SP.487 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏𝟐𝒂 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

, 𝒂 ∈ ℝ, 𝒂 > 0 

Proposed by Florică Anastase, Ionuț Bină-Romania 
Solution 1 by proposers 
 

𝒌𝟑 < (𝒌 + 𝟏)(𝒌𝟐 + 𝟏) < (𝒌 + 𝟏)𝟑, (∀)𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

𝒌𝟐 < √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

< (𝒌 + 𝟏)𝟐, (∀)𝒌 = 𝟏,𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

𝟏

(𝒌 + 𝟏)𝟐 + 𝒏𝟐
<

𝟏

𝒏𝟐 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

<
𝟏

𝒌𝟐 + 𝒏𝟐
, (∀)𝒌 = 𝟏,𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

∑
𝟏

(𝒌 + 𝟏)𝟐 + 𝒏𝟐

𝒏

𝒌=𝟏

≤∑
𝟏

𝒏𝟐 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

<∑
𝟏

𝒌𝟐 + 𝒏𝟐

𝒏

𝒌=𝟏

; (𝟏) 

𝒏𝟐𝒂 + 𝒌𝟐 ≥ 𝟐𝒌𝒏𝒂, (∀)𝒌 = 𝟏,𝒏̅̅ ̅̅ ̅, 𝒏 ∈ ℕ∗ 

𝟎 < ∑
𝟏

𝒌𝟐 + 𝒏𝟐𝒂

𝒏

𝒌=𝟏

< ∑
𝟏

𝟐𝒌𝒏𝒂

𝒏

𝒌=𝟏

=
𝟏 +

𝟏
𝟐 +

𝟏
𝟑 +⋯+

𝟏
𝒏

𝟐𝒏𝒂
 

𝐥𝐢𝐦
𝒏→∞

𝟏 +
𝟏
𝟐 +

𝟏
𝟑 +⋯+

𝟏
𝒏

𝟐𝒏𝒂
=
𝑳𝑪𝑺 𝟏

𝟐
∙ 𝐥𝐢𝐦
𝒏→∞

𝟏
𝒏 + 𝟏

(𝒏 + 𝟏)𝒂 − 𝒏𝒂
= 
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=
𝟏

𝟐
𝐥𝐢𝐦
𝒏→∞

𝟏

(𝒏 + 𝟏)[(𝒂
𝟏
)𝒏𝒂−𝟏 + (𝒂

𝟐
)𝒏𝒂−𝟐 +⋯+ (𝒂

𝒂
)]
= 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏𝟐𝒂 + √(𝒌 + 𝟏)𝟐 (𝒌𝟐+ 𝟏)
𝟐𝟑

𝒏

𝒌=𝟏

= 𝟎,𝒂 ∈ ℝ,𝒂 > 0 

Solution 2 by Hikmat Mammadov-Azerbaijan 

𝑵𝒐𝒕𝒆:  𝒏𝟐𝒏 → 𝒂𝟐𝒏 𝒐𝒓 𝒏𝟐𝒂 = 𝚿(𝒏, 𝒂) 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑𝑰{
𝟏 𝒊𝒇 𝒌 ≤ 𝒏
𝟎 𝒊𝒇 𝒌 > 𝑛
𝒌 ≤ 𝒏 ≤ 𝟏

}
𝟏

𝚿(𝒏, 𝒂) + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

∞

𝒌=𝟏

≤ 

≤
𝟏

√(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

≤
𝟏

√𝒌𝟐𝒌𝟒
𝟑 =

𝟏

𝒌𝟐
 

𝑻𝒉𝒆 𝒎𝒂𝒈𝒏𝒊𝒕𝒂𝒅𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒖𝒎𝒎𝒂𝒏𝒅 𝒊𝒔 𝒖𝒑𝒑𝒆𝒓𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚
𝟏

𝒌𝟐
 𝒂𝒏𝒅 ∑

𝟏

𝒌𝟐

∞

𝒌=𝟏

< ∞ 

𝑻𝒉𝒆𝒏, 𝒃𝒚 𝒕𝒉𝒆 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒆𝒅 𝒄𝒐𝒏𝒗𝒆𝒓𝒈𝒆𝒏𝒄𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 

𝛀 =∑ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝚿(𝒏, 𝒂) + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

⋅ 𝐥𝐢𝐦
𝒏→∞

𝑰{𝒌 ≤ 𝒏 = 𝟏}

∞

𝒌=𝟏

 

𝑰𝒇 𝐥𝐢𝐦
𝒏→∞

𝚿(𝒏, 𝒂) = ∞, (∀)𝒂 > 0, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡 𝑖𝑠 0. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏𝟐𝒂 + √(𝒌 + 𝟏)𝟐 (𝒌𝟐+ 𝟏)
𝟐𝟑

𝒏

𝒌=𝟏

= 𝟎,𝒂 ∈ ℝ,𝒂 > 0 

SP.488 Let 𝑨 ∈ 𝑴𝟐(ℝ) invertible such that 𝐝𝐞𝐭(𝑨𝟐 − 𝟐𝑨 + 𝟐𝑰𝟐) = 𝟎. 

Find 𝑻𝒓(𝑨𝟏). 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

𝐝𝐞𝐭(𝑨𝟐 − 𝟐𝑨 + 𝟐𝑰𝟐) = 𝐝𝐞𝐭(𝑨
𝟐 − 𝟐𝑨 + 𝑰𝟐 + 𝑰𝟐) = 

= 𝐝𝐞𝐭((𝑨 − 𝑰𝟐)
𝟐 + 𝑰𝟐) = 𝐝𝐞𝐭((𝑨 − 𝑰𝟐)

𝟐 − 𝒊𝟐𝑰𝟐
𝟐) = 

= 𝐝𝐞𝐭((𝑨 − 𝑰𝟐 + 𝒊𝑰𝟐)(𝑨 − 𝑰𝟐 − 𝒊𝑰𝟐)) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐 + 𝒊𝑰𝟐) ∙ 𝐝𝐞𝐭(𝑨 − 𝑰𝟐 − 𝒊𝑰𝟐) = 𝟎; (𝟏) 

Let 𝒇: ℝ → ℝ, 𝒇(𝒙) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐 + 𝒙𝑰𝟐) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐) + 𝒂𝟏𝒙 + 𝒙
𝟐, 𝒂𝟏 ∈ ℝ 

𝒇(𝒊) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐 + 𝒊𝑰𝟐) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐) − 𝟏 + 𝒂𝟏; (𝟐) 
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𝒇(−𝒊) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐 − 𝒊𝑰𝟐) = 𝐝𝐞𝐭(𝑨 − 𝑰𝟐) − 𝟏 − 𝒂𝟏; (𝟑) 

(𝟏) + (𝟐) + (𝟑) ⇒ 𝒂𝟏 = 𝟎 𝐚𝐧𝐝 𝐝𝐞𝐭(𝑨 − 𝑰𝟐) = 𝟏 

𝐝𝐞𝐭(𝑨 − 𝑰𝟐) = |
𝒂 − 𝟏

𝒄
   

𝒃

𝒅 − 𝟏
| = (𝒂 − 𝟏)(𝒅 − 𝟏) − 𝒃𝒄 = 𝒂𝒅 − 𝒃𝒄 − 𝒂 − 𝒅 + 𝟏 = 𝟏 ⇒ 

𝒂𝒅 − 𝒃𝒄 − 𝒂 − 𝒅 = 𝟎 ⇒ 𝒂𝒅 − 𝒃𝒄 = 𝒂 + 𝒅 ⇒ 𝒕𝒓(𝑨) = 𝐝𝐞𝐭(𝑨) = 𝟏 

𝒑𝑨(𝒙) = 𝒙
𝟐 − 𝒕𝒓(𝑨)𝒙 + 𝒕𝒓(𝑨) ⇒ 𝑨𝟐 − 𝒕𝒓(𝑨) ∙ 𝑨 + 𝒕𝒓(𝑨) ∙ 𝑰𝟐 = 𝑶𝟐│ ∙ 𝑨

−𝟏 ⇒ 

𝑨 − 𝒕𝒓(𝑨) ∙ 𝑰𝟐 + 𝒕𝒓(𝑨) ∙ 𝑨
−𝟏 = 𝑶𝟐 ⇒ 𝒕𝒓(𝑨) ∙ 𝑨−𝟏 = −𝑨 + 𝒕𝒓(𝑨) ∙ 𝑰𝟐 ⇒ 

𝒕𝒓(𝒕𝒓(𝑨) ∙ 𝑨−𝟏) = 𝒕𝒓(−𝒕𝒓(𝑨) ∙ 𝑰𝟐) ⇒ 

𝒕𝒓(𝑨) ∙ 𝒕𝒓(𝑨−𝟏) = −𝒕𝒓(𝑨) + 𝟐𝒕𝒓(𝑨) ⇒ 𝒕𝒓(𝑨) ∙ 𝒕𝒓(𝑨−𝟏) = 𝒕𝒓(𝑨) 

𝒕𝒓(𝑨) = 𝐝𝐞𝐭(𝑨) ≠ 𝟎 ⇒ 𝒕𝒓(𝑨−𝟏) = 𝟏.  

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝑨𝟐 − 𝟐𝑨+ 𝟐𝑰𝟐 = (𝑨 − (𝟏 + 𝒊)𝑰𝟐)(𝑨 − (𝟏 − 𝒊)𝑰𝟐) = (𝑨 − (𝟏 + 𝒊)𝑰𝟐) (𝑨 − (𝟏 + 𝒊)𝑰𝟐). 

⇒  𝟎 = 𝒅𝒆𝒕(𝑨𝟐 − 𝟐𝑨+ 𝟐𝑰𝟐) = 𝒅𝒆𝒕(𝑨 − (𝟏 + 𝒊)𝑰𝟐). 𝒅𝒆𝒕 (𝑨 − (𝟏 + 𝒊)𝑰𝟐) = 

= 𝒅𝒆𝒕(𝑨 − (𝟏 + 𝒊)𝑰𝟐). 𝒅𝒆𝒕(𝑨 − (𝟏 + 𝒊)𝑰𝟐) = |𝒅𝒆𝒕(𝑨 − (𝟏 + 𝒊)𝑰𝟐)|
𝟐. 

𝑻𝒉𝒆𝒏 ∶  𝒅𝒆𝒕(𝑨 − (𝟏 + 𝒊)𝑰𝟐) = 𝟎.  𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒅𝒆𝒕(𝑨 − (𝟏 − 𝒊)𝑰𝟐) = 𝟎. 

⇒ 𝟏 + 𝒊 𝒂𝒏𝒅 𝟏− 𝒊 𝒂𝒓𝒆 𝒆𝒊𝒈𝒆𝒏𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝑨. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑻𝒓(𝑨−𝟏) =
𝟏

𝟏 + 𝒊
+

𝟏

𝟏 − 𝒊
= 𝟏. 

SP.489 Let 𝒑, 𝒒 ∈ ℕ∗ −odd numbers with 𝒑 ≠ 𝒒. Find all functions 𝒇:ℝ → ℝ 

continuous such that 𝒇(√𝒑𝒙 + 𝒒𝒚
𝒑

) = 𝒇(√𝒒𝒙 + 𝒑𝒚
𝒒

), ∀𝒙, 𝒚 ∈ ℝ. 

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer 

If 𝒙 = 𝒚 ⇒ 𝒇(√(𝒑 + 𝒒
𝒑

𝒙) = 𝒇(√(𝒒 + 𝒑)𝒙
𝒒

). Let (𝒑 + 𝒒)𝒙 = 𝒕, then: 

𝒇(√𝒕
𝒑
) = 𝒇(√𝒕

𝒒
); ∀𝒕 ∈ ℝ 

Suppose that 𝒑 < 𝑞 (similarly for 𝒑 > 𝑞), we have: 
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𝒇 (𝒕
𝟏
𝒑) = 𝒇(𝒕

𝟏
𝒒) 

𝒕 → 𝒕𝒑: 𝒇(𝒕) = 𝒇(𝒕
𝒑
𝒒) ;

𝒑

𝒒
< 1,

𝒑

𝒒
= 𝜶 ∈ (𝟎, 𝟏) 

𝒇(𝒕) = 𝒇(𝒕𝜶) 

𝒇(𝒕𝜶) = 𝒇(𝒕𝜶
𝟐
) 

⋮ 

𝒇(𝒕𝜶
𝒏−𝟏
) = 𝒇(𝒕𝜶

𝒏
) 

Hence, 

𝒇(𝒕) = 𝒇(𝒕𝜶
𝒏
) ⇒ 𝐥𝐢𝐦

𝒏→∞
𝒇(𝒕) = 𝐥𝐢𝐦

𝒏→∞
𝒇(𝒕𝜶

𝒏
) ⇒ 

𝒇(𝒕) = 𝒇(𝐥𝐢𝐦
𝒏→∞

𝒕𝜶
𝒏
) ⇒ 𝒇(𝒕) = 𝒇(𝟏) ⇒ 𝒇(𝒕) = 𝒄, 𝒄 ∈ ℝ 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑹𝒆𝒑𝒍𝒂𝒄𝒊𝒏𝒈 𝒚 𝒃𝒚−
𝒒𝒙

𝒑
 𝒘𝒆 𝒈𝒆𝒕 ∶  𝒇(√

(𝒑𝟐 − 𝒒𝟐)𝒙

𝒑

𝒑

) = 𝒇(𝟎),   ∀𝒙 ∈ 𝑹. 

𝑹𝒆𝒑𝒍𝒂𝒄𝒊𝒏𝒈 𝒙 𝒃𝒚 
𝒑

𝒑𝟐 − 𝒒𝟐
. 𝒙𝒑 (∴ 𝒑 𝒊𝒔 𝒐𝒅𝒅), 𝒊𝒏 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒇(𝒙) = 𝒇(𝟎),   ∀𝒙 ∈ 𝑹. 

𝑯𝒆𝒏𝒄𝒆,   𝒂𝒍𝒍 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒐𝒖𝒓 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒎𝒆𝒏𝒕𝒔. 

SP.490 If 𝒙, 𝒚, 𝒛, 𝒕 > 𝟎, 𝒙 + 𝒚 + 𝒛 + 𝒕 = 𝟒 then: 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙 ≤ 𝟒 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Let be 𝒇: ℝ → ℝ, 𝒇(𝒑) = (𝒑 − 𝒙 − 𝒛)(𝒑 − 𝒚 − 𝒕) 

𝒇(𝒑) = 𝒑𝟐 − (𝒙 + 𝒚 + 𝒛 + 𝒕)𝒑 + 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙 

The equation 𝒇(𝒑) = 𝟎 has two real roots: 𝒑𝟏 = 𝒙 + 𝒛, 𝒑𝟐 = 𝒚 + 𝒕 ⇒ 𝚫 ≥ 𝟎 

𝚫 = (𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 − 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙) ≥ 𝟎 ⇔ 

(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 ≥ 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙) ⇔ 
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𝟏𝟔 ≥ 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙) ⇔ 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒕 + 𝒕𝒙 ≤ 𝟒 

Equality holds for 𝒙 + 𝒛 = 𝒚 + 𝒕 = 𝟐 

Solution 2 by Marin Chirciu-Romania 

Denote ,x z a y t b    .By 4x y z t         4x z y t    can be written 4a b 

, and 4xy yz zt tx          4y x z t x z      

    4x z y t   can be written 4ab . 

Lemma  
 

If , 0a b  , 4a b  then 

4ab . 
Proof 

4ab 
 

2

4

a b
ab


   

2
0a b  , equality for a b . 

By Lemma for    , ,a b x z y t   follows 4xy yz zt tx    , equality for 2x z y t    . 

 

SP.491 If 𝒙 ≥ 𝟎 then: 

(𝒙 + 𝟏)𝒙+𝟏 ∙ (𝒙𝟐 + 𝟏)𝒙
𝟐+𝟏 ≤ 𝒆𝒙

𝟐+𝒙 ∙ √𝒆𝒙
𝟒+𝒙𝟐 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Let be 𝒇: [𝟎,∞) → ℝ, 𝒇(𝒙) = (𝒙 + 𝟏) 𝐥𝐨𝐠(𝒙 + 𝟏) − 𝒙 −
𝒙𝟐

𝟐
, then: 

𝒇′(𝒙) = 𝐥𝐨𝐠(𝒙 + 𝟏) + 𝟏 − 𝟏 − 𝒙 

𝒇′′(𝒙) =
𝟏

𝒙 + 𝟏
− 𝟏 =

−𝒙

𝒙 + 𝟏
< 0 

⇒ 𝒇′ −decreasing⇒ 𝒇′(𝒙) ≤ 𝒇′(𝟎) = 𝟎 ⇒ 𝒇 −decreasing⇒ 𝒇(𝒙) ≤ 𝒇(𝟎) = 𝟎 

(𝒙 + 𝟏) 𝐥𝐨𝐠(𝒙 + 𝟏) − 𝒙 −
𝒙𝟐

𝟐
≤ 𝟎 

𝐥𝐨𝐠(𝒙 + 𝟏)𝒙+𝟏 ≤ 𝒙+
𝒙𝟐

𝟐
⇔ (𝒙 + 𝟏)𝒙+𝟏 ≤ 𝒆𝒙+

𝒙𝟐

𝟐 ;   (𝟏) 

Replace in (1), 𝒙 → 𝒙𝟐: (𝒙𝟐 + 𝟏)𝒙
𝟐+𝟏 ≤ 𝒆𝒙

𝟐+
𝒙𝟒

𝟐 ;   (𝟐) 



 
www.ssmrmh.ro 

35 33-RMM SUMMER EDITION 2024-SOLUTIONS 

 

Multiplying (1), (2), we get: 

(𝒙 + 𝟏)𝒙+𝟏 ∙ (𝒙𝟐 + 𝟏)𝒙
𝟐+𝟏 ≤ 𝒆𝒙+𝒙

𝟐
∙ 𝒆
𝒙𝟐

𝟐
+
𝒙𝟒

𝟐 = 𝒆𝒙+𝒙
𝟐√𝒆𝒙

𝟒+𝒙𝟐  

Equality holds for 𝒙 = 𝟎. 

Solution 2 by Marin Chirciu-Romania 

Lemma . 

If 0x  then 

 
21

1
x x xx e
   . 

Proof. 

 
21

1
x x xx e
     

21
ln 1 ln

x x xx e
        21 ln 1x x x x    . 

Let be  : 0,f  R ,       21 ln 1f x x x x x     . 

       
1

ln 1 1 2 1 ln 1 2
1

f x x x x x x
x

         


. 

 
1 2 1

2 0
1 1

x
f x

x x

 
    

 
 f  decreasing on  0, . 

 0 0f   and f  decreasing on  0,    0f x  , 0x  . 

 0 0f  și   0f x  , 0x     0f x  , 0x         21 ln 1 0f x x x x x       

     21 ln 1x x x x    , equality for 0x  . 

By Lema 2x x  implies  
2

4 21
2 1

x
x xx e


  . 

By multiplying  
21

1
x x xx e
   and  

2
4 21

2 1
x

x xx e


  results conclusion. 

Equality holds for 0x  . 
 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝐓𝒂𝐤𝐢𝐧𝐠 𝐥𝐨𝐠 𝐨𝐧 𝐛𝐨𝐭𝐡 𝐬𝐢𝐝𝐞𝐬, 

(𝒙 + 𝟏)𝒙+𝟏. (𝒙𝟐 + 𝟏)
𝒙𝟐+𝟏

≤ 𝐞𝒙
𝟐+𝒙 . √𝐞𝒙

𝟒+𝒙𝟐 

⇔ (𝒙 + 𝟏)𝐥𝐧(𝒙 + 𝟏) + (𝒙𝟐 + 𝟏)𝐥𝐧(𝒙𝟐 + 𝟏) ≤
(∗)

𝒙𝟐 + 𝒙+
𝒙𝟒 + 𝒙𝟐

𝟐
 

𝐋𝐞𝐭 𝐟(𝒙) = 𝒙𝟐 + 𝒙+
𝒙𝟒 + 𝒙𝟐

𝟐
− (𝒙 + 𝟏)𝐥𝐧(𝒙 + 𝟏) − (𝒙𝟐 + 𝟏)𝐥𝐧(𝒙𝟐 + 𝟏)  

∀ 𝒙 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′(𝒙) = 𝟐𝒙𝟑 + 𝒙− 𝟐𝒙. 𝐥𝐧(𝒙𝟐 + 𝟏) − 𝐥𝐧(𝒙 + 𝟏) 

∴ 𝐟 ′(𝒙) =
(⦁)
𝟐𝒙 (𝒙𝟐 − 𝐥𝐧(𝒙𝟐 + 𝟏))+ (𝒙 − 𝐥𝐧(𝒙 + 𝟏)) 

𝐍𝐨𝐰, ∀ 𝐦 ≥ 𝟎,𝐞𝐦 ≥ 𝟏 +𝐦 ⇒ 𝐥𝐧(𝐦 + 𝟏) ≤ 𝐦  
𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐦 ≡ 𝒙 𝒂𝐧𝐝 𝐦 ≡ 𝒙𝟐 𝐬𝐞𝐩𝒂𝐫𝒂𝐭𝐞𝐥𝐲,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶  

𝐥𝐧(𝒙 + 𝟏) ≤ 𝒙 𝒂𝐧𝐝 𝐥𝐧(𝒙𝟐 + 𝟏) ≤ 𝒙𝟐 

⇒ 𝒙𝟐 − 𝐥𝐧(𝒙𝟐 + 𝟏),𝒙 − 𝐥𝐧(𝒙 + 𝟏) ≥ 𝟎 
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⇒ 𝟐𝒙(𝒙𝟐 − 𝐥𝐧(𝒙𝟐 + 𝟏))+ (𝒙 − 𝐥𝐧(𝒙 + 𝟏)) ≥ 𝟎 (∵ 𝒙 ≥ 𝟎) 

⇒
𝐯𝐢𝒂 (⦁)

𝐟 ′(𝒙) ≥ 𝟎 ⇒ 𝐟(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,∞) 
⇒ ∀ 𝒙 ≥ 𝟎, 𝐟(𝒙) ≥ 𝐟(𝟎) = 𝟎 

∴ 𝒙𝟐 + 𝒙+
𝒙𝟒 + 𝒙𝟐

𝟐
− (𝒙 + 𝟏)𝐥𝐧(𝒙 + 𝟏) − (𝒙𝟐 + 𝟏)𝐥𝐧(𝒙𝟐 + 𝟏) ≥ 𝟎  

∀ 𝒙 ≥ 𝟎 

⇒ 𝒙𝟐 + 𝒙 +
𝒙𝟒 + 𝒙𝟐

𝟐
≥ (𝒙 + 𝟏)𝐥𝐧(𝒙 + 𝟏) + (𝒙𝟐 + 𝟏)𝐥𝐧(𝒙𝟐 + 𝟏) ∀ 𝒙 ≥ 𝟎 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒙 + 𝟏)𝒙+𝟏. (𝒙𝟐 + 𝟏)
𝒙𝟐+𝟏

≤ 𝐞𝒙
𝟐+𝒙. √𝐞𝒙

𝟒+𝒙𝟐  ∀ 𝒙 ≥ 𝟎, 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒙 = 𝟎 (𝐐𝐄𝐃) 
 

 

 

SP.492 If 𝑨𝑩𝑪, is a triangle, 𝝎−Brocard’s point and 𝒙 = 𝐬𝐢𝐧 𝟐𝑨 + 𝐬𝐢𝐧 𝟐𝑩, 

 𝒚 = 𝐬𝐢𝐧 𝟐𝑩 + 𝐬𝐢𝐧 𝟐𝑪 , 𝒛 = 𝐬𝐢𝐧 𝟐𝑪 + 𝐬𝐢𝐧 𝟐𝑨, then prove that: 

𝟏

𝟑
𝐦𝐢𝐧{𝒙, 𝒚, 𝒛} ≤ 𝐭𝐚𝐧𝝎 ≤

𝟏

𝟑
𝐦𝐚𝐱{𝒙, 𝒚, 𝒛} 

Proposed by Cristian Miu-Romania 
Solution 1 by proposer 

Let us first prove that in any triangle 𝑨𝑩𝑪: 

∑𝒂𝟑 𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

= 𝟑𝒂𝒃𝒄 

We have: 

∑𝒂𝟑 𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

= 𝟑𝒂𝒃𝒄 ⇔∑𝐬𝐢𝐧𝟑 𝑨𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

= 𝟑∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

∑𝐬𝐢𝐧𝟐 𝑨(𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪)

𝒄𝒚𝒄

= 𝟔∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

∑(𝟏− 𝐜𝐨𝐬𝟐𝑨)(𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪)

𝒄𝒚𝒄

= 𝟏𝟐∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

𝟐∑𝐬𝐢𝐧𝟐𝑨

𝒄𝒚𝒄

−∑𝐜𝐨𝐬 𝟐𝑨 (𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪)

𝒄𝒚𝒄

= 𝟏𝟐∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

𝟐∑𝐬𝐢𝐧𝟐𝑨

𝒄𝒚𝒄

−∑𝐬𝐢𝐧 𝟐(𝑩 + 𝑪)

𝒄𝒚𝒄

= 𝟏𝟐∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄
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𝟑∑𝐬𝐢𝐧𝟐𝑨

𝒄𝒚𝒄

= 𝟏𝟐∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞  

∑𝐬𝐢𝐧𝟐𝑨

𝒄𝒚𝒄

= 𝟒∏𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

𝐍𝐨𝐰,𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐 − 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨 , 𝐬𝐨 ∑𝒂𝟐

𝒄𝒚𝒄

=∑(𝒃𝟐 + 𝒄𝟐 − 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨)

𝒄𝒚𝒄

⇔ 

∑𝒂𝟐

𝒄𝒚𝒄

= 𝟒𝑭𝐜𝐨𝐭𝝎  𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝑭 =
𝟏

𝟐
𝒃𝒄 𝐬𝐢𝐧 𝑨 =

𝒂𝒃

𝟐
𝐬𝐢𝐧𝑪 =

𝒂𝒄

𝟐
𝐬𝐢𝐧𝑩 

 𝐚𝐧𝐝 ∑𝐜𝐨𝐭 𝑨

𝒄𝒚𝒄

= 𝐜𝐨𝐭𝝎 ,𝑭 − 𝐚𝐫𝐞𝐚 𝐨𝐟 𝑨𝑩𝑪. 

⇒∑𝒂𝟑 𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

= 𝟑𝒂𝒃𝒄 = 𝟒𝒔 𝐜𝐨𝐭𝝎 . 𝐇𝐞𝐧𝐜𝐞, 

𝐦𝐢𝐧{𝒂 𝒄𝒐𝒔(𝑩 − 𝑪) , 𝒃 𝒄𝒐𝒔(𝑪 − 𝑨) , 𝒄 𝒄𝒐𝒔(𝑨 − 𝑩)} ≤ 𝟑𝑹 𝐭𝐚𝐧𝝎 ≤ 

≤ 𝐦𝐚𝐱{𝒂 𝒄𝒐𝒔(𝑩 − 𝑪) , 𝒃 𝒄𝒐𝒔(𝑪 − 𝑨) , 𝒄 𝒄𝒐𝒔(𝑨 − 𝑩)} 

𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐢𝐟 𝒕𝟏, 𝒕𝟐, 𝒕𝟑 𝐚𝐫𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐚𝐧𝐝 𝒖𝟏, 𝒖𝟐, 𝒖𝟑 𝐚𝐫𝐞 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬. 

𝐦𝐢𝐧 {
𝒕𝟏
𝒖𝟏
,
𝒕𝟐
𝒖𝟐
,
𝒕𝟑
𝒖𝟑
} ≤

𝒕𝟏 + 𝒕𝟐 + 𝒕𝟑
𝒖𝟏 + 𝒖𝟐 + 𝒖𝟑

≤ 𝐦𝐚𝐱 {
𝒕𝟏
𝒖𝟏
,
𝒕𝟐
𝒖𝟐
,
𝒕𝟑
𝒖𝟑
} 

Therefore, 

𝟏

𝟑
𝐦𝐢𝐧{𝒙, 𝒚, 𝒛} ≤ 𝐭𝐚𝐧𝝎 ≤

𝟏

𝟑
𝐦𝐚𝐱{𝒙, 𝒚, 𝒛} 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  

𝐬𝐢𝐧𝟐𝑨 = 𝟐𝐬𝐢𝐧𝑨 𝐜𝐨𝐬𝑨 = 𝟐.
𝟐𝑭

𝒃𝒄
.
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
=
𝟐𝑭(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

(𝒃𝒄)𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶  𝒂𝟐𝒚 + 𝒃𝟐𝒛 + 𝒄𝟐𝒙 =∑𝒂𝟐𝒚

𝒄𝒚𝒄

= 𝟐𝑭∑𝒂𝟐 (
𝒄𝟐 + 𝒂𝟐 − 𝒃𝟐

𝒄𝟐𝒂𝟐
+
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝒂𝟐𝒃𝟐
)

𝒄𝒚𝒄

= 

= 𝟐𝑭∑(𝟏 +
𝒂𝟐

𝒄𝟐
−
𝒃𝟐

𝒄𝟐
+
𝒂𝟐

𝒃𝟐
+ 𝟏 −

𝒄𝟐

𝒃𝟐
)

𝒄𝒚𝒄

= 𝟐𝑭. 𝟔 = 𝟏𝟐𝑭. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒊𝒔 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶  
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  𝐭𝐚𝐧𝝎 =
𝟒𝑭

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
𝒂𝟐𝒚 + 𝒃𝟐𝒛 + 𝒄𝟐𝒙

𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
. 

𝑻𝒉𝒆𝒏 ∶  𝐭𝐚𝐧𝝎 ≥
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐).𝒎𝒊𝒏{𝒙,𝒚, 𝒛}

𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
=
𝟏

𝟑
𝒎𝒊𝒏{𝒙,𝒚, 𝒛}. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶ 𝐭𝐚𝐧𝝎 ≤
𝟏

𝟑
𝒎𝒂𝒙{𝒙,𝒚, 𝒛}. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟏

𝟑
𝒎𝒊𝒏{𝒙,𝒚, 𝒛} ≤ 𝐭𝐚𝐧𝝎 ≤

𝟏

𝟑
𝒎𝒂𝒙{𝒙,𝒚, 𝒛}. 

 

 

SP.493 If 𝒂𝒏 = 𝟏 +
𝟏

√𝟐
+

𝟏

√𝟑
+⋯+

𝟏

√𝒏
; 𝒏 ≥ 𝟏 and 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

√𝒏 + 𝟏
⋅ 𝒆𝟐√𝒏 = 𝒙 > 0 

then find: 

𝛀(𝒙) = 𝐥𝐢𝐦
𝒏→∞

(𝒆𝒂𝒏+𝟏 − 𝒆𝒂𝒏) ⋅ 𝒙𝒏 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
Solutions by proposers 
Denote: 

𝒔𝒏 = −𝟐√𝒏 + ∑
𝟏

√𝒌

𝒏
𝒌=𝟏    - Ioachimescu’s sequence 

It is known that 𝐥𝐢𝐦
𝒏→∞

𝒔𝒏 = 𝒔 – Ioachimescu’s constant 

𝛀(𝒙) = 𝐥𝐢𝐦
𝒏→∞

(𝒆𝒂𝒏+𝟏 − 𝒆𝒂𝒏) ⋅
𝒙𝒏

√𝒏 + 𝟏
⋅ 𝒆𝟐√𝒏 ⋅ 𝒆−𝟐√𝒏 ⋅ √𝒏 + 𝟏 = 

= 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏

√𝒏 + 𝟏
⋅ 𝒆𝟐√𝒏 ⋅ 𝐥𝐢𝐦

𝒏→∞
√𝒏 + 𝟏 ⋅ 𝒆−𝟐√𝒏 ⋅ (𝒆𝒂𝒏+𝟏 − 𝒆𝒂𝒏) = 

= 𝒙 𝐥𝐢𝐦
𝒏→∞

√𝒏 + 𝟏 ⋅ 𝒆𝒂𝒏−𝟐√𝒏 ⋅ (𝒆𝒂𝒏+𝟏−𝒂𝒏 − 𝟏) = 

= 𝒙 𝐥𝐢𝐦
𝒏→∞

𝒆𝒔𝒏 ⋅ 𝐥𝐢𝐦
𝒏→∞

√𝒏 + 𝟏(𝒆
𝟏

√𝒏+𝟏 − 𝟏) = 𝒙 ⋅ 𝒆𝒔 ⋅ 𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏

√𝒏+𝟏 − 𝟏

𝟏

√𝒏 + 𝟏

= 𝒙 ⋅ 𝒆𝒔 ⋅ 𝟏 = 𝒙 ⋅ 𝒆𝒔 
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SP.494 Let 𝑨𝑩𝑪 be a triangle with inradius 𝑹 and circumradius 𝑹. Prove that: 

𝟑(
𝑹

𝟐𝒓
)
−𝟏

≤∑
(𝒙 + 𝒚) 𝐬𝐢𝐧 𝑨

𝒙 𝐬𝐢𝐧 𝑩 + 𝒚𝐬𝐢𝐧 𝑪
𝒄𝒚𝒄

≤ 𝟑(
𝑹

𝟐𝒓
) , 𝒙, 𝒚 > 0 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by proposer 

Let 𝒂 = 𝑩𝑪,𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the side of triangle 𝑨𝑩𝑪. We’ll prove that 

𝟏

𝒙𝒃 + 𝒚𝒄
≤

𝟏

(𝒙 + 𝒚)𝟐
(
𝒙

𝒃
+
𝒚

𝒄
) ; (∗) 

We have: 

𝟏

𝒙𝒃 + 𝒚𝒄
−

𝟏

(𝒙 + 𝒚)𝟐
(
𝒙

𝒃
+
𝒚

𝒄
) =

𝟏

𝒙𝒃 + 𝒚𝒄
−

𝒙𝒄 + 𝒚𝒃

𝒃𝒄(𝒙 + 𝒚)𝟐
= 

=
𝒃𝒄(𝒙 + 𝒚)𝟐 − (𝒙𝒃 + 𝒚𝒄)(𝒙𝒄 + 𝒚𝒃)

𝒃𝒄(𝒙 + 𝒚)𝟐(𝒙𝒃 + 𝒚𝒄)
= −

𝒙𝒚(𝒃 − 𝒄)𝟐

𝒃𝒄(𝒙 + 𝒚)𝟐(𝒙𝒃 + 𝒚𝒄)
≤ 𝟎 

Equality holds for 𝒃 = 𝒄. So, from (*) 

𝒂

𝒙𝒃 + 𝒚𝒄
≤

𝟏

(𝒙 + 𝒚)𝟐
(𝒙
𝒂

𝒃
+ 𝒚

𝒂

𝒄
) 

Similarly, 

𝒃

𝒙𝒄 + 𝒚𝒂
≤

𝟏

(𝒙 + 𝒚)𝟐
(𝒙
𝒃

𝒄
+ 𝒚

𝒃

𝒂
)  𝐚𝐧𝐝 

𝒄

𝒙𝒂 + 𝒚𝒃
≤

𝟏

(𝒙 + 𝒚)𝟐
(𝒙
𝒄

𝒂
+ 𝒚

𝒄

𝒃
) 

𝒂

𝒙𝒃 + 𝒚𝒄
+

𝒃

𝒙𝒄 + 𝒚𝒂
+

𝒄

𝒙𝒂 + 𝒚𝒃
≤

𝟏

(𝒙 + 𝒚)𝟐
(𝒙 (

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
) + 𝒚(

𝒂

𝒄
+
𝒃

𝒂
+
𝒄

𝒃
)) 

Now, we have: 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
+
𝟏

𝒂𝟐
) ≥ (

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
)
𝟐

 𝐨𝐫 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≤ √𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ∙ √

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
 

It is well-known that:  

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐 𝐚𝐧𝐝
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤

𝟏

𝟒𝒓𝟐
. 𝐒𝐨, 
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𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≤ 𝟑𝑹 ∙

𝟏

𝟐𝒓
⇒
𝒂

𝒄
+
𝒃

𝒂
+
𝒄

𝒃
≤ 𝟑𝑹 ∙

𝟏

𝟐𝒓
.𝐍𝐚𝐦𝐞𝐥𝐲, 

𝒂

𝒙𝒃 + 𝒚𝒄
+

𝒃

𝒙𝒄 + 𝒚𝒂
+

𝒄

𝒙𝒂 + 𝒚𝒃
≤

𝟏

(𝒙 + 𝒚)𝟐
(𝒙
𝟑𝑹

𝟐𝒓
+ 𝒚

𝟑𝑹

𝟐𝒓
) =

𝟏

𝒙 + 𝒚
∙
𝟑𝑹

𝟐𝒓
 

Using the law of the sines in 𝚫𝑨𝑩𝑪, we get: 

∑
𝐬𝐢𝐧𝑨

𝒙 𝐬𝐢𝐧𝑩 + 𝒚 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤
𝟏

𝒙 + 𝒚
∙
𝟑𝑹

𝟐𝒓
⇔∑

(𝒙+ 𝒚) 𝐬𝐢𝐧𝑨

𝒙 𝐬𝐢𝐧𝑩 + 𝒚𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤ 𝟑(
𝑹

𝟐𝒓
) 

Also, we have: 

𝒂

𝒙𝒃 + 𝒚𝒄
+

𝒃

𝒙𝒄 + 𝒚𝒂
+

𝒄

𝒙𝒂 + 𝒚𝒃
≥
𝑨𝑮𝑴

𝟑√
𝒂𝒃𝒄

(𝒙𝒂 + 𝒚𝒃)(𝒙𝒃 + 𝒚𝒄)(𝒙𝒄 + 𝒚𝒂)

𝟑

≥ 

≥
𝟑√𝒂𝒃𝒄
𝟑

𝒙𝒂 + 𝒚𝒃 + 𝒙𝒃 + 𝒚𝒄 + 𝒙𝒄 + 𝒚𝒂
𝟑

=
𝟗√𝒂𝒃𝒄
𝟑

(𝒙 + 𝒚)(𝒂 + 𝒃 + 𝒄)
 

We know that: 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓), 𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔,𝐰𝐡𝐞𝐫𝐞 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄 𝐚𝐧𝐝 

𝟑√𝟑

𝟐
𝑹 ≥ 𝒔 ≥ 𝟑√𝟑𝒓 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

𝒂

𝒙𝒃 + 𝒚𝒄
+

𝒃

𝒙𝒄 + 𝒚𝒂
+

𝒄

𝒙𝒂 + 𝒚𝒃
≥ 𝟗√

𝟒𝑹𝒓(𝟑√𝟑𝒓)

(𝒙 + 𝒚) ∙ 𝟐𝒔

𝟑

≥ 

≥
𝟗√𝟒 ∙ 𝟐𝒓 ∙ 𝒓 ∙ 𝟑√𝟑𝒓
𝟑

(𝒙 + 𝒚)𝟑√𝟑𝑹
=

𝟔𝒓

(𝒙 + 𝒚)𝑹
 

∑
𝒂

𝒙𝒃 + 𝒚𝒄
𝒄𝒚𝒄

≥
𝟑

𝒙 + 𝒚
(
𝑹

𝟐𝒓
)
−𝟏

 

∑
(𝒙 + 𝒚) 𝐬𝐢𝐧 𝑨

𝒙 𝐬𝐢𝐧𝑩 + 𝒚𝐬𝐢𝐧 𝑪
𝒄𝒚𝒄

≥ 𝟑(
𝑹

𝟐𝒓
)
−𝟏

 

Therefore, 

𝟑(
𝑹

𝟐𝒓
)
−𝟏

≤∑
(𝒙 + 𝒚) 𝐬𝐢𝐧 𝑨

𝒙 𝐬𝐢𝐧𝑩 + 𝒚 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

≤ 𝟑 (
𝑹

𝟐𝒓
) , 𝒙, 𝒚 > 0 

Equality holds for 𝚫𝑨𝑩𝑪 equilateral. 
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Solution 2 by Marin Chirciu-Romania 

First inequality: 

By Bergstrőm: 

   
 

  
 

2
2 sinsin sin

sin sin sin sin sin sin sin sin

CS x y Ax y A x y A

x B y C A x B y C A x B y C

 
  

  


 


 

  
 

 

2

2 2
12 (1)

2 2 2 2

2

sin sin 4
3

4sin sin sin sin 4 2

4

p
x y A A p RR

p r Rrx y B C B C p r Rr r

R


 
          
     

 
 

, 

(1)
12

2 2

4
3

4 2

p R

p r Rr r



 
  

   
 

2

2 2

4 6

4

p r

p r Rr R


 
    2 22 3 3 4p R r r R r   , 

(By Gerretsen)
 

2

2 2 4
16 5

r R r
p Rr r

R r


  


. 

Reamains to prove: 

 
   

2

24
2 3 3 4

r R r
R r r R r

R r


   


     4 2 3 3R r R r r R r      

 2 28 13 6 0R Rr r      2 8 3 0R r R r   , (By Euler 2R r .) 

Equality holds for an equilateral triangle. 
 

Second inequality: 

     
 

sin 1 1 12

sin sin 4

2 2

CBS

a
x yx y A x y aR x y a
b cx B y C xb yc xb yc

x y
R R

   
       

   
     

   
2 21 1 1 1

4 4 4

Bandilaa a a a x y b c
x y x y

xb yc x y b c xy c b

       
                

      
    

2 2 2 2 1
3 3

4 4 2 2

Bandila x y R x y R R x y

xy r xy r r y x

    
       

   
 . 

Equality holds for an equilateral triangle. 
 

SP.495 If 𝟎 ≤ 𝒂 ≤ 𝒃 <
𝝅

𝟐
 then: 

∫
𝟏+ 𝐭𝐚𝐧𝟑 𝒙

√𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙
𝒅𝒙

𝒃

𝒂

≥ 𝐭𝐚𝐧𝒃 − 𝐭𝐚𝐧𝒂 

Proposed by Daniel Sitaru-Romania 
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Solution 1 by proposer 

We will prove that if 𝒑 ≥ 𝟎 then: 

𝟏 + 𝒑𝟑

√𝟏 − 𝒑 + 𝒑𝟐
≥ 𝟏 + 𝒑𝟐;   (𝟏) 

(𝟏 + 𝒑𝟑)𝟐 ≥ (𝟏 + 𝒑𝟐)𝟐(𝟏 − 𝒑 + 𝒑𝟐) 

𝟏 + 𝟐𝒑𝟑 + 𝒑𝟔 ≥ 𝟏 − 𝒑 + 𝒑𝟐 + 𝟐𝒑𝟐 − 𝟐𝒑𝟑 + 𝟐𝒑𝟒 + 𝒑𝟒 − 𝒑𝟓 + 𝒑𝟔 

𝒑𝟓 + 𝟒𝒑𝟑 − 𝟑𝒑𝟐 + 𝒑 − 𝟑𝒑𝟒 ≥ 𝟎 

𝒑(𝒑𝟒 − 𝟑𝒑𝟑 + 𝟒𝒑𝟐 − 𝟑𝒑 + 𝟏) ≥ 𝟎 

𝒑(𝒑 − 𝟏)(𝒑𝟑 − 𝟐𝒑𝟐 + 𝟐𝒑 − 𝟏) ≥ 𝟎 

𝒑(𝒑 − 𝟏) ((𝒑 − 𝟏)(𝒑𝟐 + 𝒑 + 𝟏) − 𝟐𝒑(𝒑 − 𝟏)) ≥ 𝟎 

𝒑(𝒑 − 𝟏)𝟐 ((𝒑 −
𝟏

𝟐
)
𝟐

+
𝟑

𝟒
) ≥ 𝟎 (𝒕𝒓𝒖𝒆!)  

For 𝒑 = 𝐭𝐚𝐧 𝒙 in (1) 

𝟏 + 𝐭𝐚𝐧𝟑 𝒙

√𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙
≥ 𝟏 + 𝐭𝐚𝐧𝟐 𝒙 = 𝟏 +

𝐬𝐢𝐧𝟐 𝒙

𝐜𝐨𝐬𝟐 𝒙
=

𝟏

𝐜𝐨𝐬𝟐 𝒙
 

Therefore, 

∫
𝟏 + 𝐭𝐚𝐧𝟑 𝒙

√𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙
𝒅𝒙

𝒃

𝒂

≥ ∫
𝟏

𝐜𝐨𝐬𝟐 𝒙
𝒅𝒙

𝒃

𝒂

= 𝐭𝐚𝐧𝒃 − 𝐭𝐚𝐧 𝒂 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Marin Chirciu-Romania 

∫
𝟏 + 𝐭𝐚𝐧𝟑 𝒙

√𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙
𝒅𝒙

𝒃

𝒂

=
𝐭𝐚𝐧 𝒙=𝒕

∫
𝟏 + 𝒕𝟑

√𝟏 − 𝒕 + 𝒕𝟐
⋅

𝟏

𝟏 + 𝒕𝟐
𝒅𝒕

𝐭𝐚𝐧 𝒃

𝐭𝐚𝐧 𝒂

 

Lemma:  

If 𝒕 ≥ 𝟎 then: 

𝟏 + 𝒕𝟑

√𝟏 − 𝒕 + 𝒕𝟐
⋅

𝟏

𝟏 + 𝒕𝟐
≥ 𝟏 

Proof of lemma. 

𝟏 + 𝒕𝟑

√𝟏 − 𝒕 + 𝒕𝟐
⋅

𝟏

𝟏 + 𝒕𝟐
=
(𝟏 + 𝒕)(𝟏 − 𝒕 + 𝒕𝟐)

√𝟏 − 𝒕 + 𝒕𝟐
⋅

𝟏

𝟏 + 𝒕𝟐
=
(𝟏 + 𝒕)√𝟏 − 𝒕 + 𝒕𝟐

𝟏 + 𝒕𝟐
≥
(𝟏)

𝟏, 
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(𝟏) ⇔
(𝟏 + 𝒕)√𝟏 − 𝒕 + 𝒕𝟐

𝟏 + 𝒕𝟐
≥ 𝟏 ⇔ (𝟏 + 𝒕)√𝟏 − 𝒕 + 𝒕𝟐 ≥ 𝟏 + 𝒕𝟐 ⇔ 

(𝟏 + 𝒕)𝟐(𝟏 − 𝒕 + 𝒕𝟐) ≥ (𝟏 + 𝒕𝟐)𝟐 ⇔ (𝟏+ 𝟐𝒕 + 𝒕𝟐)(𝟏 − 𝒕 + 𝒕𝟐) ≥ 𝟏 + 𝟐𝒕𝟐 + 𝒕𝟒 ⇔ 

𝒕𝟑 + 𝒕 ≥ 𝟎 ⇔ 𝒕(𝒕𝟐 + 𝒕) ≥ 𝟎; (∀)𝒕 ≥ 𝟎 

By Lemma: 

∫
𝟏 + 𝒕𝟑

√𝟏 − 𝒕 + 𝒕𝟐
⋅

𝟏

𝟏 + 𝒕𝟐
𝒅𝒕

𝐭𝐚𝐧 𝒃

𝐭𝐚𝐧 𝒂

≥ ∫ 𝟏
𝐭𝐚𝐧 𝒃

𝐭𝐚𝐧 𝒂

𝒅𝒙 = 𝐭𝐚𝐧 𝒃 − 𝐭𝐚𝐧𝒂 

Equality holds for 𝒂 = 𝒃. 

 

Solution 3 by Angel Plaza-Spain 

Since the subintegral function is positive and (𝐭𝐚𝐧𝒙)′ = 𝟏 + 𝐭𝐚𝐧𝟐 𝒙, it is enough to prove 

that for 𝒙 ≥ 𝟎, holds: 

𝟏 + 𝐭𝐚𝐧𝟑 𝒙

√𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙
≥ 𝟏 + 𝐭𝐚𝐧𝟐 𝒙 ⇔ 

(𝟏 + 𝐭𝐚𝐧𝟑 𝒙)𝟐 − (𝟏 − 𝐭𝐚𝐧𝒙 + 𝐭𝐚𝐧𝟐 𝒙)(𝟏 + 𝐭𝐚𝐧𝟐 𝒙)𝟐 ≥ 𝟎 ⇔ 

(𝟏 − 𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧𝟐 𝒙)(𝐭𝐚𝐧𝒙 − 𝟏)𝟐 𝐭𝐚𝐧 𝒙 ≥ 𝟎, which is true. 

Equality holds for 𝒂 = 𝒃. 

 

UNDERGRADUATE PROBLEMS  

UP.481 Let 𝒕 ≥ 𝟎 and (𝒂𝒏)𝒏≥𝟏 sequence of real numbers strictly positive such 

that  

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏 ⋅ 𝒏

𝒕+𝟏 = 𝒂 > 0. 𝐅𝐢𝐧𝐝: 

𝛀(𝒂, 𝒕) = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏

(√(𝟐𝒏 − 𝟏)‼
𝒏

)
𝒕  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
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Solution 1 by proposers 

𝑩𝒏 =
√𝒂𝒏+𝟏

𝒏+𝟏 − √𝒂𝒏
𝒏

(√(𝟐𝒏 − 𝟏)‼
𝒏

)
𝒕 =

√𝒂𝒏
𝒏

𝒏𝒕+𝟏
(

𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏+𝟏

)

𝒕

⋅ 𝒏(𝒖𝒏 − 𝟏) = 

=
√𝒂𝒏
𝒏

𝒏𝒕+𝟏
(

𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏+𝟏

)

𝒕

⋅
𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
⋅ 𝐥𝐨𝐠 𝒖𝒏

𝒏 ; ∀𝒏 ≥ 𝟐 

𝒖𝒏 =
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

=
√𝒂𝒏+𝟏

𝒏+𝟏

(𝒏 + 𝟏)𝒕+𝟏
⋅
𝒏𝒕+𝟏

√𝒂𝒏
𝒏

(
𝒏 + 𝟏

𝒏
)
𝒕+𝟏

; ∀𝒏 ≥ 𝟏 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕+𝟏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏

𝒏𝒏(𝒕+𝟏)
𝒏

=
𝑪−𝒅′𝑨

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)(𝒏+𝟏)(𝒕+𝟏)

⋅
𝒏𝒏(𝒕+𝟏)

𝒂𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏 ⋅ 𝒏𝒕+𝟏

(
𝒏

𝒏 + 𝟏
)
(𝒏+𝟏)(𝒕+𝟏)

=
𝒂

𝒆𝒕+𝟏
 

Similarly, 

𝐥𝐢𝐦
𝒏→∞

𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

=
𝒆

𝟐
, 𝐥𝐢𝐦

𝒏→∞
𝒖𝒏 = 𝟏, 𝐥𝐢𝐦

𝒏→∞

(𝒖𝒏 − 𝟏)

𝐥𝐨𝐠 𝒖𝒏
= 𝟏  

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏

⋅
𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏 ⋅ 𝒏𝒕+𝟏

(
𝒏

𝒏 + 𝟏
)
𝒕+𝟏

= 𝒂 ⋅
𝒆𝒕+𝟏

𝒂
⋅ 𝟏 = 𝒆𝒕+𝟏 

Therefore, 

𝐥𝐢𝐦
𝒏→∞

𝑩𝒏 =
𝒂

𝒆𝒕+𝟏
⋅ (
𝟐

𝒆
)
𝒕

⋅ 𝟏 ⋅ 𝐥𝐨𝐠 𝒆𝒕+𝟏 =
𝟐𝒕 ⋅ 𝒂

𝒆
(𝒕 + 𝟏) =

𝟐𝒕 ⋅ 𝒂(𝒕 + 𝟏)

𝒆
 

Solution 2 by Angel Plaza-Spain 

We will use the following result has been applied in [1] Proposition 2:  

If (𝒂𝒏)𝒏≥𝟏 is a sequence of real numbers strictly positive such that 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒕⋅𝒂𝒏
= 𝒂, 𝒕 >

0 then: 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕
=
𝒂

𝒆𝒕
 

Note that for 𝒃𝒏+𝟏 = (𝟐𝒏 + 𝟏)‼, then 
𝒃𝒏+𝟏

𝒃𝒏
=
(𝟐𝒏+𝟏)‼

(𝟐𝒏−𝟏)‼
= 𝟐𝒏 + 𝟏, so since  

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏+𝟏
𝒏 ⋅ 𝒃𝒏

= 𝟐 ⇒ 
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𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
=
𝟐

𝒆
 𝐚𝐧𝐝 (√(𝟐𝒏 − 𝟏)‼

𝒏
)
𝒕

~(
𝟐𝒏

𝒆
)
𝒕

 𝐟𝐨𝐫 𝒏 → ∞ 

𝛀(𝒂, 𝒕) = (
𝒆

𝟐
)
𝒕

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏

𝒏𝒕
= 

= (
𝒆

𝟐
)
𝒕

𝐥𝐢𝐦
𝒏→∞

(𝒕 + 𝟏)( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 )

(𝒏 + 𝟏)𝒕+𝟏 − 𝒏𝒕+𝟏
=

𝑳𝑪−𝑺
(
𝒆

𝟐
)
𝒕

𝐥𝐢𝐦
𝒏→∞

(𝒕 + 𝟏) √𝒂𝒏+𝟏
𝒏+𝟏

𝒏𝒕+𝟏
= 

= (𝒕 + 𝟏) (
𝒆

𝟐
)
𝒕

⋅
𝒂

𝒆𝒕+𝟏
=
(𝒕 + 𝟏)𝒂

𝟐𝒕𝒆
 

REFERENCES: 

 [1] D.M. Batineţu-Giurgiu, Angel Plaza, Daniel Sitaru, Florică Anastase, “New solutions for 

a few R.M.M. problems, available at: 

 https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/. 

UP.482 Let 𝒇:ℝ+
∗ → ℝ+

∗  an continuous function such that 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙+𝟏)

𝒙⋅𝒇(𝒙)
= 𝒂 > 0 

and exist 𝐥𝐢𝐦
𝒙→∞

(𝒇(𝒙))
𝟏
𝒙

𝒙
. 𝐅𝐢𝐧𝐝: 

𝛀(𝒂) = 𝐥𝐢𝐦
𝒙→∞

((𝒙 + 𝟏)𝟐 ⋅ (𝒇(𝒙 + 𝟏))
−
𝟏
𝒙+𝟏 − 𝒙𝟐 ⋅ (𝒇(𝒙))

−
𝟏
𝒙) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

We have: 

𝐥𝐢𝐦
𝒙→∞

(𝒇(𝒙))
𝟏
𝒙

𝒙
= 𝐥𝐢𝐦
𝒏→∞

(𝒇(𝒏))
𝟏
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒇(𝒏)

𝒏𝒏

𝒏

=
𝑪−𝒅′𝑨

𝐥𝐢𝐦
𝒏→∞

𝒇(𝒏 + 𝟏)

(𝒏 + 𝟏)𝒏+𝟏
⋅
𝒏𝒏

𝒇(𝒏)
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒇(𝒏 + 𝟏)

𝒏 ⋅ 𝒇(𝒏)
(
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

=
𝒂

𝒆
 

𝐋𝐞𝐭 𝐛𝐞 𝑩: ℝ+
∗ → ℝ+

∗ , 𝑩(𝒙) = (𝒙 + 𝟏)𝟐 ⋅ (𝒇(𝒙 + 𝟏))
−
𝟏
𝒙+𝟏 − 𝒙𝟐 ⋅ (𝒇(𝒙))

−
𝟏
𝒙 = 

=
𝒙𝟐

(𝒇(𝒙))
𝟏
𝒙

(𝒖(𝒙) − 𝟏) =
𝒙𝟐

(𝒇(𝒙))
𝟏
𝒙

⋅
𝒖(𝒙) − 𝟏

𝐥𝐨𝐠 𝒖(𝒙)
𝐥𝐨𝐠 𝒖(𝒙) = 
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=
𝒙

(𝒇(𝒙))
𝟏
𝒙

⋅
𝒖(𝒙) − 𝟏

𝐥𝐨𝐠𝒖(𝒙)
𝐥𝐨𝐠(𝒖(𝒙))

𝒙
 

𝐋𝐞𝐭 𝐛𝐞 𝒖: ℝ+
∗ → ℝ+

∗ , 𝒖(𝒙) = (
𝒙 + 𝟏

𝒙
)
𝟐

⋅
(𝒇(𝒙))

𝟏
𝒙

(𝒇(𝒙 + 𝟏))
𝟏
𝒙+𝟏

= 

= (
𝒙 + 𝟏

𝒙
)
𝟑

⋅
(𝒇(𝒙))

𝟏
𝒙

𝒙
⋅

𝒙 + 𝟏

(𝒇(𝒙 + 𝟏))
𝟏
𝒙+𝟏

⋅
𝒙

𝒙 + 𝟏
 

So, 

𝐥𝐢𝐦
𝒙→∞

𝒖(𝒙) = 𝟏 ⋅
𝒂

𝒆
⋅
𝒆

𝒂
⋅ 𝟏 = 𝟏 ⇒ 𝐥𝐢𝐦

𝒙→∞

𝒖(𝒙) − 𝟏

𝐥𝐨𝐠𝒖(𝒙)
= 𝟏 

𝐥𝐢𝐦
𝒙→∞

(𝒖(𝒙))
𝒙
= 𝐥𝐢𝐦
𝒙→∞

(
𝒙 + 𝟏

𝒙
)
𝟐𝒙

⋅
𝒇(𝒙)

𝒇(𝒙 + 𝟏)
⋅ (𝒇(𝒙 + 𝟏))

𝟏
𝒙+𝟏 = 

= 𝐥𝐢𝐦
𝒙→∞

(
𝒙 + 𝟏

𝒙
)
𝟐𝒙+𝟏

⋅
𝒙𝒇(𝒙)

𝒇(𝒙 + 𝟏)
⋅
(𝒇(𝒙 + 𝟏))

𝟏
𝒙+𝟏

𝒙 + 𝟏
= 𝒆𝟐 ⋅

𝟏

𝒂
⋅
𝒂

𝒆
= 𝒆 

Therefore, 

𝐥𝐢𝐦
𝒙→∞

𝑩(𝒙) =
𝒆

𝒂
⋅ 𝟏 ⋅ 𝐥𝐨𝐠 𝒆 =

𝒆

𝒂
 

Solution 2 by Angel Plaza-Spain 

We will use the following result [1, Proposition 2]: 

If (𝒂𝒏)𝒏≥𝟏 is a sequence of real numbers strictly positive such that 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒕⋅𝒂𝒏
= 𝒂, 𝒕 ≥ 𝟎, 

then: 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕
=

𝒂

𝒆𝒕
. 

Note in the conditions of the problem continuous variable 𝒙, may be changed by integer 𝒏, 

and according to the previous result, also 

𝐥𝐢𝐦
𝒙→∞

(𝒇(𝒙))
𝟏
𝒙

𝒙
= 𝐥𝐢𝐦
𝒏→∞

(𝒇(𝒏))
𝟏
𝒏

𝒏
=
𝒂

𝒆
 

Now, 

𝛀(𝒂) = 𝐥𝐢𝐦
𝒏→∞

((𝒏 + 𝟏)𝟐 ⋅ (𝒇(𝒏 + 𝟏))
−
𝟏
𝒏+𝟏 − 𝒏𝟐 ⋅ (𝒇(𝒏))

−
𝟏
𝒏) = 
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= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝟐 ⋅ (𝒇(𝒏 + 𝟏))
−
𝟏
𝒏+𝟏

𝒏 + 𝟏
=
𝑳𝑪𝑺

𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏) ⋅ (𝒇(𝒏 + 𝟏))
−
𝟏
𝒏+𝟏 = 

= 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟏

(𝒇(𝒏 + 𝟏))
𝟏
𝒏+𝟏

=
𝒆

𝒂
  

REFERENCES  

[1] D.M. Bătineţu-Giurgiu, Angel Plaza, Daniel Sitaru, Florică Anastase, “New solutions for 
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UP.483 Prove that: 

∑
(−𝟏)𝒌

𝟖𝒌𝟐 + 𝟒𝒌 + 𝟏

∞

𝒌=𝟎

=
𝟏

𝟐
𝕴(𝝍(

𝟏 + 𝒊

𝟖
) − 𝝍(

𝟏 + 𝒊

𝟒
)) 

Proposed by Fao Ler-Iraq 
Solution 1 by proposer 

∑
(−𝟏)𝒌

𝟖𝒌𝟐 + 𝟒𝒌 + 𝟏

∞

𝒌=𝟎

= 𝟐∑
(−𝟏)𝒌

(𝟒𝒌 + 𝟏)𝟐 + 𝟏

∞

𝒌=𝟎

= −𝟐∑(−𝟏)𝒌𝕴(
𝟏

𝟒𝒌 + 𝟏 + 𝒊
)

∞

𝒌=𝟎

= 

= −𝟐𝕴(∑
(−𝟏)𝒌

𝟒𝒌 + 𝟏 + 𝒊

∞

𝒌=𝟎

) = −𝟐𝕴(∑(−𝟏)𝒌∫ 𝒙𝟒𝒌+𝒊
𝟏

𝟎

𝒅𝒙

∞

𝒌=𝟎

) = 

= −𝟐𝕴(∫ 𝒙𝒊∑(−𝒙𝟒)𝒌
∞

𝒌=𝟎

𝒅𝒙
𝟏

𝟎

) = −𝟐𝕴(∫
𝒙𝒊

𝒙𝟒 + 𝟏

𝟏

𝟎

𝒅𝒙) = 

= −𝟐𝕴(∫
𝒙
𝒊
𝟒

𝒙 + 𝟏
𝒅 (𝒙

𝟏
𝟒)

𝟏

𝟎

) = −
𝟏

𝟐
𝕴(∫

𝒙
𝒊+𝟏
𝟒
−𝟏

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙) = 

= −
𝟏

𝟒
𝕴(𝝍(

𝒊 + 𝟏

𝟖
+
𝟏

𝟐
) −𝝍 (

𝒊 + 𝟏

𝟖
)) = −

𝟏

𝟒
𝕴(𝝍(

𝟓 + 𝒊

𝟖
) − 𝝍 (

𝟏 + 𝒊

𝟖
)) = 

−
𝟏

𝟒
𝕴(𝟐𝝍(

𝒊 + 𝟏

𝟒
) − 𝟐 𝐥𝐨𝐠 𝟐 −𝝍 (

𝒊 + 𝟏

𝟖
) − 𝝍(

𝟏 + 𝒊

𝟖
)) = 
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=
𝟏

𝟐
𝕴(𝝍(

𝟏 + 𝒊

𝟖
) − 𝝍 (

𝟏 + 𝒊

𝟒
))    

Solution 2 by Le Thu-Vietnam 

𝑩𝒚 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏, 𝒐𝒏𝒆 𝒉𝒂𝒔 

∑
(−𝟏)𝒌

𝟖𝒌𝟐 + 𝟒𝒌+ 𝟏

∞

𝒌=𝟎

=
𝒊

𝟒
∑

(−𝟏)𝒌

𝒌 + 𝒛

∞

𝒌=𝟎

−
𝒊

𝟒
∑

(−𝟏)𝒌

𝒌 + 𝒛̅

∞

𝒌=𝟎

, 𝒘𝒉𝒆𝒓𝒆 𝒛 =
𝟏 + 𝒊

𝟒
 

=
𝒊

𝟒
𝚽(−𝟏, 𝟏, 𝒛) −

𝒊

𝟒
𝚽(−𝟏, 𝟏, 𝒛̅) =

𝒊

𝟒
[𝚽(−𝟏, 𝟏, 𝒛) − 𝚽(−𝟏, 𝟏, 𝒛̅)] = 

=
𝒊

𝟖
[𝝍𝟎 (

𝒛

𝟐
+
𝟏

𝟐
) −𝝍𝟎 (

𝒛

𝟐
) + 𝝍𝟎 (

𝒛̅

𝟐
) − 𝝍𝟎 (

𝒛̅

𝟐
+
𝟏

𝟐
)] = 

=
𝒊

𝟖
[𝟐𝝍𝟎(𝒛) − 𝝍𝟎 (

𝒛

𝟐
) − 𝐥𝐨𝐠(𝟒) − 𝝍𝟎 (

𝒛

𝟐
) + 𝝍𝟎 (

𝒛̅

𝟐
) − 𝟐𝝍𝟎(𝒛̅) + 𝝍𝟎 (

𝒛̅

𝟐
) + 𝐥𝐨𝐠(𝟒)] = 

=
𝒊

𝟒
[𝝍𝟎(𝒛) − 𝝍𝟎(𝒛̅) + 𝝍𝟎 (

𝒛̅

𝟐
) − 𝝍𝟎 (

𝒛

𝟐
)] 

𝑺𝒊𝒏𝒄𝒆 𝕴[𝒇(𝒛)] =
𝒇(𝒛) − 𝒇(𝒛)̅̅ ̅̅ ̅̅

𝟐
=
𝒇(𝒛) − 𝒇(𝒛̅)

𝟐
  𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒇(𝒛) ∈ ℝ, (∀)𝒛 ∈ 𝔻 ∩ ℝ 

 
𝟏

𝟐
𝕴(𝝍(

𝟏 + 𝒊

𝟖
) − 𝝍(

𝟏 + 𝒊

𝟒
)) =

𝟏

𝟐
𝕴 [𝝍𝟎 (

𝒛

𝟐
)] −

𝟏

𝟐
𝕴[𝝍𝟎(𝒛)] = 

=
𝒊

𝟒
[𝝍𝟎 (

𝒛̅

𝟐
) − 𝝍𝟎 (

𝒛

𝟐
)] −

𝒊

𝟒
[𝝍𝟎(𝒛̅) − 𝝍𝟎(𝒛)] = 

=
𝒊

𝟒
[𝝍𝟎(𝒛) − 𝝍𝟎(𝒛̅) + 𝝍𝟎 (

𝒛̅

𝟐
) − 𝝍𝟎 (

𝒛

𝟐
)] = ∑

(−𝟏)𝒌

𝟖𝒌𝟐 + 𝟒𝒌 + 𝟏

∞

𝒌=𝟎

, 𝒘𝒉𝒆𝒓𝒆 𝒛 =
𝟏 + 𝒊

𝟐
   

UP.484 Find: 

𝛀 = ∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭 𝐮𝐬:𝛀 = ∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

; 𝑨 = ∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

; 𝑩 = ∫
𝒙√𝒙 𝐥𝐨𝐠𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟏

 

𝐖𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝑨.𝐖𝐞 𝐦𝐚𝐤𝐞 𝐭𝐡𝐞 𝐯𝐚𝐫𝐢𝐚𝐛𝐥𝐞 𝐜𝐡𝐚𝐧𝐠𝐞: 𝒙𝟐 = 𝒚; 𝒙 = √𝒚 
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𝐖𝐞 𝐡𝐚𝐯𝐞, 𝐬𝐮𝐜𝐜𝐞𝐬𝐢𝐯𝐞𝐥𝐲: 𝑨 =
𝟏

𝟒
∫
(𝟏 − 𝒚)𝒚

𝟏
𝟒 𝐥𝐨𝐠 𝒚

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

= 

=
𝟏

𝟒
(∫

𝒚
𝟏
𝟒 𝐥𝐨𝐠𝒚

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

−∫
𝒚
𝟓
𝟒 𝐥𝐨𝐠𝒚

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

) = 

=
𝟏

𝟒
(∫ ∑𝒚𝟑𝒏+

𝟏
𝟒 𝐥𝐨𝐠𝒚 𝒅𝒚

∞

𝒏=𝟎

𝟏

𝟎

−∫ ∑𝒚𝟑𝒏+
𝟓
𝟒 𝐥𝐨𝐠𝒚

∞

𝒏=𝟎

𝒅𝒚
𝟏

𝟎

) = 

=
𝟏

𝟒
∑(∫ 𝒚𝟑𝒏+

𝟏
𝟒 𝐥𝐨𝐠𝒚

𝟏

𝟎

𝒅𝒚 −∫ 𝒚𝟑𝒏+
𝟓
𝟒 𝐥𝐨𝐠 𝒚

𝟏

𝟎

𝒅𝒚)

∞

𝒏=𝟎

 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐮𝐬𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩: ∫ 𝒙𝒂 𝐥𝐨𝐠 𝒙
𝟏

𝟎

𝒅𝒙 = −
𝟏

(𝒂 + 𝟏)𝟐
, 

 𝐰𝐡𝐞𝐫𝐞 𝒂 ∈ ℝ, 𝒂 ≥ 𝟎. 

𝐖𝐞 𝐨𝐛𝐭𝐚𝐢𝐧:𝑨 =
𝟏

𝟒
∑[

𝟏

(𝟑𝒏 +
𝟗
𝟒)

𝟐 −
𝟏

(𝟑𝒏 +
𝟓
𝟒)

𝟐
]

∞

𝒏=𝟎

=
𝟏

𝟒
∑[

𝟏
𝟗

(𝒏 +
𝟗
𝟏𝟐)

𝟐 −

𝟏
𝟗

(𝒏 +
𝟓
𝟏𝟐)

𝟐
]

∞

𝒏=𝟎

 

𝐖𝐞 𝐧𝐨𝐰 𝐮𝐬 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩: 

𝝍𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

, 𝐰𝐡𝐞𝐫𝐞 𝝍𝟏(𝒙) − 𝐢𝐬 𝐭𝐡𝐞 𝐭𝐫𝐢𝐠𝐚𝐦𝐦𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧. 

𝐖𝐞 𝐨𝐛𝐭𝐚𝐢𝐧𝐞𝐝 𝐭𝐡𝐞 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝑨 =
𝟏

𝟑𝟔
[𝝍𝟏 (

𝟗

𝟏𝟐
) − 𝝍𝟏 (

𝟓

𝟏𝟐
)] 

𝐖𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝑩.𝐖𝐞 𝐦𝐚𝐤𝐞 𝐭𝐡𝐞 𝐯𝐚𝐫𝐢𝐚𝐛𝐥𝐞 𝐜𝐡𝐚𝐧𝐠𝐞: 𝒙 =
𝟏

𝒚
; 𝒚 =

𝟏

𝒙
. 

𝐖𝐞 𝐨𝐛𝐭𝐚𝐢𝐧:𝑩 = −∫
√𝒚 𝐥𝐨𝐠 𝒚

𝒚𝟒 + 𝒚𝟐 + 𝟏
𝒅𝒚

𝟏

𝟎

. 𝐁𝐲 𝐩𝐫𝐨𝐜𝐞𝐞𝐝𝐢𝐧𝐠 𝐭𝐨 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝑨,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧: 

𝑩 =
𝟏

𝟑𝟔
[𝝍𝟏 (

𝟑

𝟏𝟐
) −𝝍𝟏 (

𝟕

𝟏𝟐
)] . 𝐑𝐞𝐬𝐮𝐥𝐭: 

𝛀 = 𝑨 +𝑩 =
𝟏

𝟑𝟔
[𝝍𝟏 (

𝟑

𝟒
) + 𝝍𝟏 (

𝟏

𝟒
) − 𝝍𝟏 (

𝟓

𝟏𝟐
) − 𝝍𝟏 (

𝟕

𝟏𝟐
)] 

𝐖𝐞 𝐮𝐬𝐞 𝐭𝐡𝐞 𝐫𝐞𝐟𝐥𝐞𝐜𝐭𝐢𝐨𝐧 𝐟𝐨𝐫𝐦𝐮𝐥𝐚:𝝍𝟏(𝒙) + 𝝍𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧: 
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𝝍𝟏 (
𝟓

𝟏𝟐
) +𝝍𝟏 (

𝟕

𝟏𝟐
) = 𝟒𝝅𝟐(𝟐 − √𝟑) 

𝐓𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐬𝐩𝐞𝐜𝐢𝐚𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐢𝐬 𝐤𝐧𝐨𝐰𝐧: 𝛙𝟏 (
𝟏

𝟒
) = 𝝅𝟐 + 𝟖𝑮;𝝍𝟏 (

𝟑

𝟒
)

= 𝝅𝟐 − 𝟖𝑮,𝐰𝐡𝐞𝐫𝐞 𝑮 𝐢𝐬  

𝐂𝐚𝐭𝐚𝐥𝐚𝐧′𝐬 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭. 𝐑𝐞𝐬𝐮𝐥𝐭:𝛀 =
𝟏

𝟏𝟖
𝝅𝟐(𝟐√𝟑 − 𝟑). 𝐓𝐡𝐮𝐬, 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦 𝐢𝐬 𝐬𝐨𝐥𝐯𝐞𝐝.  

Solution 2 by Probal Chakraborty-Kolkata-India 

𝛀 = ∫
𝒙√𝒙 𝐥𝐨𝐠𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
(𝒙𝟐 − 𝟏)𝒙√𝒙 𝐥𝐨𝐠𝒙

(𝒙𝟐 − 𝟏)(𝒙𝟒 + 𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

= 

= ∫
(𝒙

𝟕
𝟐 − 𝒙

𝟑
𝟐) 𝐥𝐨𝐠 𝒙

𝒙𝟔 − 𝟏
𝒅𝒙

∞

𝟎

=
𝒙𝟔=𝒕 𝟏

𝟑𝟔
∫

𝒕−
𝟓
𝟔𝒕

𝟕
𝟏𝟐 − 𝒕

𝟑
𝟏𝟐
−
𝟓
𝟔

𝒕 − 𝟏
𝐥𝐨𝐠 𝒕𝒅𝒕

∞

𝟎

= 

=
𝟏

𝟑𝟔
∫

𝒕−
𝟏
𝟒 − 𝒕−

𝟕
𝟏𝟐

𝒕 − 𝟏
𝐥𝐨𝐠 𝒕 𝒅𝒕

∞

𝟎

=
𝟏

𝟑𝟔
∫

𝒕−
𝟕
𝟏𝟐 − 𝒕−

𝟏
𝟒

𝟏 − 𝒕
𝐥𝐨𝐠 𝒕 𝒅𝒕

∞

𝟎

= 

=
𝟏

𝟑𝟔
∫
𝒕−

𝟕
𝟏𝟐 − 𝒕−

𝟏
𝟒

𝟏 − 𝒕
𝐥𝐨𝐠 𝒕𝒅𝒕

𝟏

𝟎

+
𝟏

𝟑𝟔
∫

𝒕−
𝟕
𝟏𝟐 − 𝒕−

𝟏
𝟒

𝟏 − 𝒕
𝐥𝐨𝐠 𝒕 𝒅𝒕

∞

𝟏

=
𝒕=
𝟏
𝒛
 

=
𝟏

𝟑𝟔
[𝝍′ (

𝟑

𝟒
) − 𝝍′ (

𝟓

𝟏𝟐
)] −

𝟏

𝟑𝟔
∫
−𝒛

𝟕
𝟏𝟐
−𝟏 + 𝒛

𝟏
𝟒
−𝟏

𝟏 − 𝒛
𝐥𝐨𝐠 𝒛𝒅𝒛

𝟏

𝟎

= 

=
𝟏

𝟑𝟔
[𝝍′ (

𝟑

𝟒
) − 𝝍′ (

𝟓

𝟏𝟐
) − 𝝍′ (

𝟕

𝟏𝟐
) +𝝍′ (

𝟏

𝟒
)] =

𝝅𝟐

𝟑𝟔
[𝐜𝐬𝐜𝟐 (

𝝅

𝟒
) − 𝐜𝐬𝐜𝟐 (

𝝅

𝟏𝟐
)] 

∵ −∫
𝒕𝒛−𝟏

𝟏 − 𝒕
𝐥𝐨𝐠 𝒕𝒅𝒕

𝟏

𝟎

= 𝝍′(𝒛) 

∵ −𝝍′(𝟏 − 𝒛) − 𝝍′(𝒛) = 𝝅
𝒅

𝒅𝒛
[𝐜𝐨𝐭(𝝅𝒛)] = −𝝅𝟐 𝐜𝐬𝐜𝟐(𝝅𝒛)   

Solution 3 by Le Thu-Vietnam  

𝑩𝒚 𝒕𝒉𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒎𝒑𝒓𝒐𝒑𝒆𝒓 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍, 𝒐𝒏𝒆 𝒉𝒂𝒔 

𝛀 = −∫
√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
√𝒙(𝒙𝟐 − 𝟏) 𝐥𝐨𝐠𝒙

𝟏 − 𝒙𝟔
𝒅𝒙

∞

𝟎

=
𝒖=𝒙𝟔

 

=
𝟏

𝟑𝟔
∫

(𝒖−
𝟓
𝟏𝟐 − 𝒖−

𝟑
𝟒) 𝐥𝐨𝐠 𝒖

𝟏 − 𝒖
𝒅𝒖

∞

𝟎

=
𝟏

𝟑𝟔
∫

𝒖
𝟕
𝟏𝟐
−𝟏

𝟏 − 𝒖
𝒅𝒖

∞

𝟎

−
𝟏

𝟑𝟔
∫

𝒖
𝟏
𝟒
−𝟏

𝟏 − 𝒖
𝒅𝒖

∞

𝟎

= 
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=
𝟏

𝟑𝟔
[𝝍′ (

𝟑

𝟒
) − 𝝍′ (

𝟕

𝟏𝟐
)] +

𝟏

𝟑𝟔
[𝝍′ (

𝟏

𝟒
) − 𝝍′ (

𝟓

𝟏𝟐
)] = 

=
𝟏

𝟑𝟔
[𝝍′ (

𝟑

𝟒
) + 𝝍′ (

𝟏

𝟒
)] −

𝟏

𝟑𝟔
[𝝍′ (

𝟕

𝟏𝟐
) +𝝍′ (

𝟓

𝟏𝟐
)] = 

=
𝟏

𝟑𝟔
∙

𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝝅
𝟒)
−
𝟏

𝟑𝟔
∙

𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝝅
𝟏𝟐)

 

𝒘𝒉𝒆𝒓𝒆 𝝍′(𝒛) = ∫
𝒕𝒛−𝟏 𝐥𝐨𝐠 𝒕

𝟏 − 𝒕
𝒅𝒕

𝟏

𝟎

 

𝑹𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂: 𝝍′(𝟏 − 𝒛) + 𝝍′(𝒛) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒛)
   

Solution 4 by Ankush Kumar Parcha-India 

𝛀 = ∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝒙√𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

∞

𝟏

= 

= ∫
𝒙√𝒙 𝐥𝐨𝐠𝒙

𝒙𝟒 + 𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

−∫

𝟏

𝒚√𝒚
𝐥𝐨𝐠 𝒚

𝒚𝟒 + 𝒚𝟐 + 𝟏
𝒚𝟒

𝒅𝒚

𝒚𝟐

𝟏

𝟎

= 

= ∫
𝒙√𝒙(𝟏 − 𝒙𝟐) 𝐥𝐨𝐠 𝒙

𝟏 − 𝒙𝟔
𝒅𝒙

𝟏

𝟎

−∫
√𝒙(𝟏 − 𝒙𝟐) 𝐥𝐨𝐠𝒙

𝟏 − 𝒙𝟔
𝒅𝒙

𝟏

𝟎

= 

= ∫
𝒙√𝒙

𝟏 − 𝒙𝟔
𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

−∫
𝒙𝟑√𝒙

𝟏 − 𝒙𝟔
𝐥𝐨𝐠 𝒙 𝒅𝒙

𝟏

𝟎

−∫
√𝒙

𝟏 − 𝒙𝟔
𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

+∫
𝒙𝟐√𝒙

𝟏 − 𝒙𝟔
𝐥𝐨𝐠 𝒙

𝟏

𝟎

𝒅𝒙 = 

= ∑∫ 𝒙𝟔𝒏+
𝟑
𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

−∑∫ 𝒙𝟔𝒏+
𝟕
𝟐 𝐥𝐨𝐠 𝒙 𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

−∑∫ 𝒙𝟔𝒏+
𝟏
𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

+∑∫ 𝒙𝟔𝒏+
𝟓
𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

= 

= ∑
𝟏

(𝟔𝒏 +
𝟑
𝟐)

𝟐

∞

𝒏=𝟎

−∑
𝟏

(𝟔𝒏 +
𝟓
𝟐)

𝟐

∞

𝒏=𝟎

−∑
𝟏

(𝟔𝒏 +
𝟕
𝟐)

𝟐

∞

𝒏=𝟎

+∑
𝟏

(𝟔𝒏 +
𝟗
𝟐)

𝟐

∞

𝒏=𝟎

 

∵ ∫ 𝒙𝒎 𝐥𝐨𝐠𝒏 𝒙
𝟏

𝟎

𝒅𝒙 =
(−𝟏)𝒏𝒏!

(𝒎+ 𝟏)𝒏+𝟏
;𝒎 ≠ 𝟏,𝒏 > −1 
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𝟑𝟔𝛀 = 𝜻(𝟐,
𝟏

𝟒
) − 𝜻 (𝟐,

𝟕

𝟏𝟐
) − 𝜻 (𝟐,

𝟓

𝟏𝟐
) + 𝜻 (𝟐,

𝟑

𝟒
)

= 𝝍′ (
𝟏

𝟒
) − 𝝍′ (

𝟓

𝟏𝟐
) − 𝝍′ (

𝟕

𝟏𝟐
) +𝝍′ (

𝟑

𝟒
) 

𝝍(𝒎)(𝒛) = (−𝟏)𝒎+𝟏𝒎!𝜻(𝟏 +𝒎, 𝒛) 

𝝍(𝒏)(𝟏 − 𝒛) = (−𝟏)𝒏𝝍(𝒏)(𝒛) + (−𝟏)𝒏𝝅
𝒅𝒏

𝒅𝒙𝒏
𝐜𝐨𝐭(𝝅𝒛)   

𝟑𝟔𝛀 = −𝝅
−𝝅

𝐬𝐢𝐧𝟐 (
𝝅
𝟒)
− [−𝝅

−𝝅

𝐬𝐢𝐧𝟐 (
𝟓𝝅
𝟏𝟐)

] = 𝟐𝝅𝟐 − 𝟐𝝅𝟐(√𝟑 − 𝟏)
𝟐

 

𝛀 =
𝝅𝟐

𝟏𝟖
(𝟐√𝟑 − 𝟑)   

Solution 5 by Pham Duc Nam-Vietnam 

𝑳𝒆𝒕 𝑰(𝒂) = ∫
𝒙𝒂

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

, 𝒘𝒉𝒆𝒓𝒆 𝟎 < 𝑎 < 1 

𝑰(𝒂) = ∫
𝒙𝒂(𝒙 − 𝟏)

𝒙𝟑 − 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝒙𝒂+𝟏 − 𝒙𝒂

𝒙𝟑 − 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝒙𝒂+𝟏 − 𝒙𝒂

𝒙𝟑 − 𝟏
𝒅𝒙

𝟏

𝟎

 

𝑳𝒆𝒕 𝒕 =
𝟏

𝒙
 𝒇𝒐𝒓 𝒍𝒂𝒕𝒕𝒆𝒓 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 ⇒ 𝑰(𝒂) = ∫

𝒙𝒂 + 𝒙−𝒂

𝟏 − 𝒙𝟑
(𝟏 − 𝒙)𝒅𝒙

𝟏

𝟎

 

𝑵𝒐𝒘, 𝒖𝒔𝒊𝒏𝒈: ∑𝒙𝒌
∞

𝒌=𝟎

=
𝟏

𝟏 − 𝒙
 𝒂𝒏𝒅 𝒄𝒉𝒂𝒏𝒈𝒆 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝒔𝒖𝒎𝒎𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏: 

𝑰(𝒂) = ∑∫ (𝒙𝒂 + 𝒙−𝒂)(𝟏 − 𝒙)𝒙𝟑𝒌𝒅𝒙
𝟏

𝟎

∞

𝒌=𝟎

= 

= ∑(
𝟏

𝟑𝒌 + 𝒂 + 𝟏
+

𝟏

𝟑𝒌 − 𝒂 + 𝟏
−

𝟏

𝟑𝒌 + 𝒂 + 𝟐
−

𝟏

𝟑𝒌 − 𝒂 + 𝟐
)

∞

𝒌=𝟎

= 

=
𝒅

𝒅𝒂
𝐥𝐨𝐠 (∏

(𝟑𝒌 + 𝒂 + 𝟏)(𝟑𝒌 − 𝒂 + 𝟐)

(𝟑𝒌 − 𝒂 + 𝟏)(𝟑𝒌 + 𝒂 + 𝟐)

∞

𝒌=𝟎

) = 

=
𝒅

𝒅𝒂
𝐥𝐨𝐠

(

 
 𝐬𝐢𝐧

𝝅(𝒂 + 𝟏)
𝟑

𝐜𝐨𝐬
𝝅(𝒂 +

𝟏
𝟐)

𝟑 )

 
 
=
𝟐𝝅

√𝟑
∙

𝟏

𝟐 𝐜𝐨𝐬
𝟐𝝅𝒂
𝟑 + 𝟏
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𝟐.𝑩𝒂𝒄𝒌 𝒕𝒐 𝛀, 𝒍𝒆𝒕 𝒕 = 𝒙𝟐, 𝒘𝒆 𝒈𝒆𝒕: 

𝛀 =
𝟏

𝟒
∫

𝒕
𝟏
𝟒 𝐥𝐨𝐠 𝒕

𝒕𝟐 + 𝒕 + 𝟏
𝒅𝒕

∞

𝟎

=
𝟏

𝟒
∙
𝒅

𝒅𝒂
𝑰(𝒂)|

𝒂=
𝟏
𝟒

=
𝝅

𝟐√𝟑
∙
𝒅

𝒅𝒂
(

𝟏

𝟐𝐜𝐨𝐬
𝟐𝝅𝒂
𝟑 + 𝟏

)

𝒂=
𝟏
𝟒

=
𝝅𝟐

𝟏𝟖
(𝟐√𝟑 − 𝟑)   

UP.485 Find: 

𝛀 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭 𝑨 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙, 𝐚𝐧𝐝 𝑩 = ∫
𝐬𝐢𝐧−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙.𝐖𝐞 𝐡𝐚𝐯𝐞: 

𝑨 + 𝑩 = ∫
𝐜𝐨𝐬−𝟏 𝒙 + 𝐬𝐢𝐧−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 =
𝝅

𝟐
∫

𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 

𝐁𝐮𝐭 𝐰𝐞 𝐡𝐚𝐯𝐞: ∫
𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙

= 𝟐∫
𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧  

𝐮𝐧𝐝𝐞𝐫 𝐭𝐡𝐞 𝐢𝐧𝐭𝐠𝐫𝐚𝐥 𝐬𝐢𝐠𝐧 𝐢𝐬 𝐞𝐯𝐞𝐧.𝐖𝐞 𝐚𝐫𝐞 𝐠𝐨𝐢𝐧𝐠 𝐭𝐨 𝐜𝐚𝐥𝐜𝐮𝐥𝐚𝐭𝐞 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥: 

𝑪 = ∫
𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝑪 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝐜𝐚𝐧 𝐛𝐞 𝐞𝐱𝐩𝐫𝐞𝐬𝐞𝐝 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐞𝐥𝐥𝐢𝐩𝐭𝐢𝐜 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 

𝐨𝐟 𝐭𝐡𝐞 𝐟𝐢𝐫𝐬𝐭 𝐤𝐢𝐧𝐝.𝐓𝐡𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐞𝐥𝐥𝐢𝐩𝐭𝐢𝐜 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝐨𝐟 𝐭𝐡𝐞 𝐟𝐢𝐫𝐬𝐭 𝐤𝐢𝐧𝐝 𝐢𝐬 𝐝𝐞𝐟𝐢𝐧𝐞𝐝 𝐛𝐲  

𝑲(𝒌) = ∫
𝟏

√𝟏− 𝒌𝟐 𝐬𝐢𝐧𝟐 𝜽
𝒅𝜽

𝝅
𝟐

𝟎

, 𝐰𝐢𝐭𝐡 − 𝟏 < 𝑘 < 1 

𝐒𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐞 𝒕 = 𝐬𝐢𝐧𝜽 , 𝐬𝐨 𝒅𝒕 = 𝐜𝐨𝐬 𝜽𝒅𝜽.𝐖𝐞 𝐡𝐚𝐯𝐞: 
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𝑲(𝒌) = ∫
𝟏

√𝟏− 𝒌𝟐𝒕𝟐

𝟏

√𝟏 − 𝒕𝟐

𝟏

𝟎

𝐝𝐭 = ∫
𝟏

√𝒌𝟐𝒕𝟒 − (𝟏 + 𝒌𝟐)𝒕𝟐 + 𝟏
𝒅𝒕

𝟏

𝟎

 

𝐒𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐞 𝒕 = 𝟐𝒙, 𝒅𝒕 = 𝟐𝒅𝒙,𝐰𝐞 𝐡𝐚𝐯𝐞: 

𝑲(𝒌) = 𝟐∫
𝟏

√𝟏𝟔𝒌𝟐𝒙𝟒 − 𝟒(𝟏 + 𝒌𝟐)𝒙𝟐 + 𝟏
𝒅𝒕

𝟏
𝟐

𝟎

. 𝐒𝐨,𝑲 (
𝟏

√𝟐
) = 𝟐∫

𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏
𝒅𝒙

𝟏
𝟐

𝟎

 

𝐖𝐞 𝐡𝐚𝐯𝐞: 𝑪 =
𝟏

𝟐
𝑲(

𝟏

√𝟐
) 

𝐓𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝑩 𝐢𝐬 𝐞𝐪𝐮𝐚𝐥 𝐭𝐨 𝐳𝐞𝐫𝐨, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐮𝐧𝐝𝐞𝐫 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝐬𝐢𝐠𝐧 𝐢𝐬 𝐨𝐝𝐝. 

𝐒𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞:𝑨 =
𝝅

𝟐
∙ 𝟐𝑪 =

𝝅

𝟐
𝑲(

𝟏

√𝟐
) . 𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

  𝛀 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 =
𝝅

𝟐
𝑲(

𝟏

√𝟐
) 

Solution 2 by Bui Hong Suc-Vietnam  

  𝛀 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟎

−
𝟏
𝟐

𝒅𝒙 + ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙

= 𝑰𝟏 + 𝑰𝟐 

𝑰𝟏 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟎

−
𝟏
𝟐

𝒅𝒙 =
𝒙→−𝒙

∫ −
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏
𝒅𝒙

𝟎

𝟏
𝟐

= ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 = 

= ∫
𝝅 − 𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 = ∫
𝝅

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 −∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 = 

= ∫
𝝅

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 − 𝑰𝟐 

𝛀 = 𝑰𝟏 + 𝑰𝟐 = ∫
𝝅

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 − 𝑰𝟐 + 𝑰𝟐 = ∫
𝝅

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 = 

= 𝝅∫
𝟏

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 =
𝒖=𝟐𝒙 𝝅

𝟐
∫

𝟏

√(𝟏 − 𝒖𝟐) (𝟏 −
𝟏
𝟐𝒖

𝟐)

𝒅𝒖
𝟏

𝟎

=
𝝅

𝟐
𝑲(

𝟏

√𝟐
) 

𝛀 =
𝝅

𝟐
𝑲(

𝟏

√𝟐
) ,𝒘𝒉𝒆𝒓𝒆 𝑲(𝒌) −  𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒆𝒍𝒊𝒑𝒕𝒊𝒄 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒌𝒊𝒏𝒅.    

 

Solution 3 by Ankush Kumar Parcha-India 
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  𝛀 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

−
𝟏
𝟐

𝒅𝒙 = ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟎

−
𝟏
𝟐

𝒅𝒙 + ∫
𝐜𝐨𝐬−𝟏 𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

𝒅𝒙 

𝟐𝛀 = 𝟐𝝅∫
𝒅𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

⇒ 𝛀 = 𝝅∫
𝒅𝒙

√𝟖𝒙𝟒 − 𝟔𝒙𝟐 + 𝟏

𝟏
𝟐

𝟎

= 

=
𝟐𝒙=𝒚 𝝅

𝟐
∫

√𝟐

√𝒚𝟒 − 𝟑𝒚𝟐 + 𝟐
𝒅𝒚

𝟏

𝟎

=
𝝅√𝟐

𝟐
∫

𝒅𝒚

√(𝟏 − 𝒚𝟐)(𝟏 + (𝟏 − 𝒚𝟐))

𝟏

𝟎

=
𝟏−𝒚𝟐=𝒌

 

=
𝝅√𝟐

𝟒
∫

𝒅𝒌

√(𝟏 − 𝒌)𝒌(𝟏 + 𝒌)

𝟏

𝟎

=
𝝅√𝟐

𝟒
∫

𝒅𝒌

√𝒌(𝟏 − 𝒌𝟐)

𝟏

𝟎

=
𝒌=𝐬𝐢𝐧 𝒚

 

=
𝝅√𝟐

𝟒
∫

𝐜𝐨𝐬𝒚

√𝐬𝐢𝐧𝒚 ⋅ √𝟏 − 𝐬𝐢𝐧𝟐 𝒚
𝒅𝒚

𝝅
𝟐

𝟎

=
𝝅√𝟐

𝟒
 ∫

𝟏

√𝐬𝐢𝐧 𝒚
𝒅𝒚

𝝅
𝟐

𝟎

   

𝜷(𝒎,𝒏) =
𝚪(𝒎)𝚪(𝒏)

𝚪(𝒎+ 𝒏)
= 𝟐∫ 𝐬𝐢𝐧𝟐𝒎−𝟏 𝒙 𝐜𝐨𝐬𝟐𝒏−𝟏 𝒙𝒅𝒙

𝝅
𝟐

𝟎

; 𝕽(𝒎) > 0,𝕽(𝒏) > 0 

𝝅

𝐬𝐢𝐧(𝒏𝝅)
= 𝚪(𝒏)𝚪(𝟏 − 𝒏), 𝒏 ∈ (𝟎, 𝟏) 

𝛀 =
𝝅√𝟐𝝅

𝚪 (
𝟑
𝟒)

=
√𝝅

𝟖
𝚪𝟐 (

𝟏

𝟒
)   

UP.486 If 𝟎 < 𝑎 ≤ 𝑏 ≤ 1 ≤ 𝑐 ≤ 𝑑 ≤ 2 then: 

𝐭𝐚𝐧−𝟏 𝒂 + 𝐭𝐚𝐧−𝟏 𝒃 + 𝐭𝐚𝐧−𝟏 𝒄 + 𝐭𝐚𝐧−𝟏 𝒅 ≤ 𝟑 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃 + 𝟏

𝟑
) + 𝐭𝐚𝐧−𝟏(𝒄 + 𝒅 − 𝟏) 

Proposed by Daniel Sitaru-Romania 
Solution by proposer 

Let be 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) = 𝐭𝐚𝐧−𝟏 𝒙, then 𝒇′(𝒙) =
𝟏

𝟏+𝒙𝟐
; 𝒇′′(𝒙) =

−𝟐𝒙

𝟏+𝒙𝟐
 

⇒ 𝒇−concave function. By Jensen’s inequality and 𝒂 ≤ 𝒃 ≤ 𝟏, we have: 

𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝟏) ≤ 𝟑𝒇(
𝒂 + 𝒃 + 𝟏

𝟑
) ; (𝟏) 

𝟏 ≤ 𝒄 ≤ 𝒅; 𝒄 + 𝒅 = 𝟏 + (𝒄 + 𝒅) − 𝟏, by Karamata’s inequality: 

𝒇(𝒄) + 𝒇(𝒅) ≤ 𝒇(𝟏) + 𝒇(𝒄 + 𝒅 − 𝟏); (𝟐) 

By adding (1) and (2): 
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𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝟏) + 𝒇(𝒄) + 𝒇(𝒅) ≤ 𝒇(𝟏) + 𝟑𝒇 (
𝒂 + 𝒃 + 𝟏

𝟑
) + 𝒇(𝒄 + 𝒅 − 𝟏) 

𝐭𝐚𝐧−𝟏 𝒂 + 𝐭𝐚𝐧−𝟏 𝒃 + 𝐭𝐚𝐧−𝟏 𝒄 + 𝐭𝐚𝐧−𝟏 𝒅 ≤ 𝟑 𝐭𝐚𝐧−𝟏 (
𝒂 + 𝒃 + 𝟏

𝟑
) + 𝐭𝐚𝐧−𝟏(𝒄 + 𝒅 − 𝟏) 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏. 

UP.487 Prove that: 

𝛀 = −∫
𝒕 𝐥𝐨𝐠𝟑 𝒕

(𝟏 + 𝒕)𝟐
𝒅𝒕

𝟏

𝟎

=
𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑) 

Proposed by Said Attaoui-Algerie 
 

Solution 1 by proposer 

We have by making the change of the variable 𝒕 = 𝒆−𝒙, 𝒅𝒕 = −𝒆−𝒙𝒅𝒙: 

𝛀 = ∫
𝒙𝟑𝒆−𝟐𝒙

(𝟏 + 𝒆−𝒙)𝟐
𝒅𝒙

∞

𝟎

 

Since 𝒆−𝒙 < 1, we can use the geometric series: 

∑𝒏𝒙𝒏
∞

𝒏=𝟎

=
𝒙

(𝟏 − 𝒙)𝟐
 

We get: 

𝛀 = ∫ 𝒙𝟑𝒆−𝒙 (−∑𝒏(−𝟏)𝒏𝒆−𝒏𝒙
∞

𝒏=𝟎

)𝒅𝒙
∞

𝟎

= −∑𝒏(−𝟏)𝒏 (∫ 𝒙𝟑𝒆−𝒏(𝒏+𝟏)𝒙
∞

𝟎

𝒅𝒙)

∞

𝒏=𝟎

= 

= −∑𝒏(−𝟏)𝒏 (
𝚪(𝟒)

(𝒏 + 𝟏)𝟒
)

∞

𝒏=𝟎

= 

(𝐛𝐲 𝐭𝐡𝐞 𝐟𝐚𝐜𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂 > 0, 𝑏 > 0: ∫ 𝒕𝒂𝒆−𝒃𝒙𝒅𝒙
∞

𝟎

= 𝚪(𝒂 + 𝟏). 𝒃𝒂+𝟏) 

= −𝟔∑𝒏(−𝟏)𝒏 (
𝟏

(𝒏 + 𝟏)𝟒
)

∞

𝒏=𝟎

= 

= −𝟔∑(𝒏− 𝟏)(−𝟏)𝒏 (
𝟏

𝒏𝟒
)

∞

𝒏=𝟏

= −𝟔(−∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

+∑
(−𝟏)𝒏

𝒏𝟒

∞

𝒏=𝟏

) 
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𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐲: ∑(−𝟏)𝒏
𝟏

𝒏𝒑

∞

𝒏=𝟏

= −(𝟏 − 𝟐𝟏−𝒑)𝜻(𝒑), 𝒑 > 1,𝐰𝐞 𝐜𝐚𝐧 𝐝𝐞𝐝𝐮𝐜𝐞: 

𝛀 = −𝟔(
𝟑

𝟒
𝜻(𝟑) −

𝟕

𝟖
𝜻(𝟒)) = −

𝟗

𝟐
𝜻(𝟑) +

𝟐𝟏

𝟒
𝜻(𝟒) = −

𝟗

𝟐
𝜻(𝟑) +

𝟕𝝅𝟒

𝟏𝟐𝟎
 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,𝛀 = −∫
𝒕 𝐥𝐨𝐠𝟑 𝒕

(𝟏 + 𝒕)𝟐
𝒅𝒕

𝟏

𝟎

=
𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑) 

Solution 2 by Le Thu-Vietnam 

𝛀 =
𝒙 𝐥𝐨𝐠𝟑 𝒙

𝟏 + 𝒙
|
𝟎

𝟏

− 𝟑∫
𝐥𝐨𝐠𝟐 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐨𝐠𝟑 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= 

= 𝟐∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

= 𝟐𝜼(𝟑) = 𝟐(𝟏 − 𝟐𝟏−𝟑)𝜻(𝟑) =
𝟑

𝟐
𝜻(𝟑) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒚: ∫
𝐥𝐨𝐠𝟑 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= −𝟔∑
(−𝟏)𝒏

(𝒎 + 𝟏)𝟒

∞

𝒏=𝟎

= −𝟔𝜼(𝟒) = 

= −𝟔(𝟏 − 𝟐𝟏−𝟒)𝜻(𝟒) = −𝟔 ∙
𝟕

𝟖
∙
𝝅𝟒

𝟗𝟎
=
−𝝅𝟒

𝟏𝟐𝟎
 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒂𝒍𝒍 𝒐𝒇 𝒕𝒉𝒆𝒎,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏:  𝛀 =
𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑)   

Solution 3 by Pham Duc Nam-Vietnam 

𝑾𝒆 𝒌𝒏𝒐𝒘𝒏: 
𝟏

𝟏 + 𝒙
=∑(−𝟏)𝒌𝒙𝒌

∞

𝒌=𝟎

⇒ −
𝟏

(𝟏 + 𝒙)𝟐
= ∑(−𝟏)𝒌𝒌𝒙𝒌−𝟏

∞

𝒌=𝟎

 

𝛀 = −∫
𝒙 𝐥𝐨𝐠𝟑 𝒙

(𝒙 + 𝟏)𝟐

𝟏

𝟎

𝒅𝒙 = ∫ 𝒙 𝐥𝐨𝐠𝟑 𝒙∑(−𝟏)𝒌𝒌𝒙𝒌−𝟏
∞

𝒌=𝟎

𝒅𝒙
𝟏

𝟎

= 

=∑(−𝟏)𝒌𝒌∫ 𝒙𝒌 𝐥𝐨𝐠𝟑 𝒙
𝟏

𝟎

𝒅𝒙

∞

𝒌=𝟎

= ∑(−𝟏)𝒌𝒌 ∙
−𝟔

(𝒌 + 𝟏)𝟒

∞

𝒌=𝟎

= 

= −𝟔∑(−𝟏)𝒌 (
𝟏

(𝒌 + 𝟏)𝟑
−

𝟏

(𝒌 + 𝟏)𝟒
)

∞

𝒌=𝟎

= 

= −𝟔 ((𝟏 − 𝟐𝟏−𝟑)𝜻(𝟑) − (𝟏 − 𝟐𝟏−𝟒)𝜻(𝟒)) = 
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= −𝟔(
𝟑

𝟒
𝜻(𝟑) −

𝟕

𝟖
𝜻(𝟒)) =

𝟐𝟏

𝟒
𝜻(𝟒) −

𝟗

𝟐
𝜻(𝟑) =

𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑)   

Solution 4 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫ ∫ 𝑳𝒊𝟐(𝒙 − 𝒚)
𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

=
𝒙−𝒚=𝒛

∫ ∫ 𝑳𝒊𝟐(𝒛)
𝒙

𝒙−𝟏

𝒅𝒛
𝟏

𝟎

 

{
𝒖 = ∫ 𝑳𝒊𝟐(𝒛)

𝒙

𝒙−𝟏

𝒅𝒛

𝒅𝒗 = 𝒅𝒙

; {𝒅𝒖 =
[𝑳𝒊𝟐(𝒙) − 𝑳𝒊𝟐(𝒙 − 𝟏)]𝒅𝒙

𝒗 = 𝒙
 

𝛀 = 𝒙∫ 𝑳𝒊𝟐(𝒛)
𝒙

𝒙−𝟏

𝒅𝒛|
𝟎

𝟏

− ∫ 𝒙𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒙𝑳𝒊𝟐(𝒙 − 𝟏)
𝟏

𝟎

𝒅𝒙 = 

= ∫ 𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 −∫ 𝒙𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒙𝑳𝒊𝟐(𝒙 − 𝟏)
𝟏

𝟎

𝒅𝒙 = 

= ∫ (𝟏 − 𝒙)𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒙𝑳𝒊𝟐(𝒙 − 𝟏)
𝟏

𝟎

𝒅𝒙 = 

= ∫ (𝟏 − 𝒙)𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 +∫ (𝟏 − 𝒙)𝑳𝒊𝟐(−𝒙)
𝟏

𝟎

𝒅𝒙 = 

= ∫ (𝟏 − 𝒙)[𝑳𝒊𝟐(𝒙) + 𝑳𝒊𝟐(−𝒙)]
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
∫ (𝟏 − 𝒙)𝑳𝒊𝟐(𝒙

𝟐)
𝟏

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
∫ 𝑳𝒊𝟐(𝒙

𝟐)
𝟏

𝟎

𝒅𝒙 −
𝟏

𝟐
∫ 𝒙𝑳𝒊𝟐(𝒙

𝟐)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
∫ 𝑳𝒊𝟐(𝒙

𝟐)
𝟏

𝟎

𝒅𝒙 −
𝟏

𝟒
∫ 𝑳𝒊𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
[𝜻(𝟐) + 𝟒 𝐥𝐨𝐠𝟐 − 𝟒] −

𝟏

𝟒
[𝜻(𝟐) − 𝟏] =

𝟏

𝟒
𝜻(𝟐) + 𝟐 𝐥𝐨𝐠 𝟐 −

𝟕

𝟒
   

Solution 5 by Amin Hajiyev-Azerbaijan 

𝟏

𝟏 + 𝒕
= ∑(−𝟏)𝒏𝒙𝒏

𝒅

𝒅𝒕
(
𝟏

𝟏 + 𝒕
)

∞

𝒏=𝟎

= ∑
𝒏(−𝟏)𝒏𝒙𝒏

𝒙

∞

𝒏=𝟎

 

−
𝒙

(𝟏 + 𝒙)𝟐
= ∑(−𝟏)𝒏𝒙𝒏

∞

𝒏=𝟎

 

𝛀 = −∫
𝒕 𝐥𝐨𝐠𝟑 𝒕

(𝟏 + 𝒕)𝟐

𝟏

𝟎

𝒅𝒕 = ∑(−𝟏)𝒏𝒏∫ 𝒕𝒏 𝐥𝐨𝐠𝟑 𝒕
𝟏

𝟎

𝒅𝒕

∞

𝒏=𝟎

=
𝑰𝑩𝑷
− 𝟑∑

𝒏(−𝟏)𝒏

𝒏 + 𝟏
∫ 𝒕𝒏 𝐥𝐨𝐠𝟐 𝒕 𝒅𝒕
𝟏

𝟎

∞

𝒏=𝟎

=
𝑰𝑩𝑷
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= 𝟔∑
𝒏(−𝟏)𝒏

(𝒏 + 𝟏)𝟐
∫ 𝒕𝒏 𝐥𝐨𝐠 𝒕
𝟏

𝟎

𝒅𝒕

∞

𝒏=𝟎

=
𝑰𝑩𝑷
− 𝟔∑

𝒏(−𝟏)𝒏

(𝒏 + 𝟏)𝟑
∫ 𝒕𝒏
𝟏

𝟎

𝒅𝒕

∞

𝒏=𝟎

= −𝟔∑
𝒏(−𝟏)𝒏

(𝒏 + 𝟏)𝟒

∞

𝒏=𝟎

= 

= 𝟔∑
(𝒏 − 𝟏)(−𝟏)𝒏

𝒏𝟒

∞

𝒏=𝟎

= 𝟔∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟎

−∑
(−𝟏)𝒏

𝒏𝟒

∞

𝒏=𝟎

= 

= 𝟔(𝜼(𝟒) − 𝜼(𝟑)) = 𝟔((𝟏− 𝟐𝟏−𝟒)𝜻(𝟒) − (𝟏 − 𝟏𝟏−𝟑)𝜻(𝟑) = 

=
𝟐𝟏

𝟒
𝜻(𝟒) −

𝟗

𝟐
𝜻(𝟑) =

𝟐𝟏

𝟒
∙
𝝅𝟒

𝟗𝟎
−
𝟗

𝟐
𝜻(𝟑) =

𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑) 

−∫
𝒕 𝐥𝐨𝐠𝟑 𝒕

(𝟏 + 𝒕)𝟐
𝒅𝒕

𝟏

𝟎

=
𝟕𝝅𝟒

𝟏𝟐𝟎
−
𝟗

𝟐
𝜻(𝟑)   

 

 

UP.488 If 𝟎 < 𝑎 ≤ 𝑏 then: 

(∫
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙) (∫
√𝒙

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙) ≤ 𝟐(√𝒃 − √𝒂)(𝐭𝐚𝐧−𝟏 𝒃 − 𝐭𝐚𝐧−𝟏 𝒂) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

We will prove that for 𝒙 ≥ 𝟎: 

√𝒙

𝒙𝟑 + 𝟏
≤

𝟏

𝒙𝟐 + 𝟏
; (𝟏) 

(𝟏) ⇔ 𝒙(𝒙𝟐 + 𝟏)𝟐 ≤ (𝒙𝟑 + 𝟏)𝟐 ⇔ 𝒙(𝒙𝟒 + 𝟐𝒙𝟐 + 𝟏) ≤ 𝒙𝟔 + 𝟐𝒙𝟑 + 𝟏 ⇔ 

𝒙𝟔 − 𝒙𝟓 + 𝟏 − 𝒙 ≥ 𝟎 ⇔ 𝒙𝟓(𝒙 − 𝟏) − (𝒙 − 𝟏) ≥ 𝟎 ⇔ 

(𝒙 − 𝟏)𝟐(𝒙𝟒 + 𝒙𝟑 + 𝒙𝟐 + 𝒙 + 𝟏) ≥ 𝟎 wich is clearly true. 

By (1), it follows: 

∫
√𝒙

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙 ≤ ∫
𝟏

𝒙𝟐 + 𝟏

𝒃

𝒂

𝒅𝒙 = 𝐭𝐚𝐧−𝟏 𝒃 − 𝐭𝐚𝐧−𝟏 𝒂 ; (𝟐) 

By (1), we have: 

𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
≤
𝟏

√𝒙
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∫
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
𝒅𝒙

𝒃

𝒂

≤ ∫
𝟏

√𝒙

𝒃

𝒂

𝒅𝒙 = 𝟐(√𝒃 − √𝒂); (𝟑) 

By multiplying (2), (3): 

(∫
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙)(∫
√𝒙

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙) ≤ 𝟐(√𝒃 − √𝒂)(𝐭𝐚𝐧−𝟏 𝒃 − 𝐭𝐚𝐧−𝟏 𝒂) 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒙𝟑 + 𝟏 = 𝒙𝟑 + 𝟏𝟑 ≥
𝟏

𝟐
(𝒙𝟐 + 𝟏𝟐)(𝒙 + 𝟏). 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑨𝑴 −𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒙 + 𝟏 ≥ 𝟐√𝒙. 

𝑻𝒉𝒆𝒏 ∶   𝒙𝟑 + 𝟏 ≥ (𝒙𝟐 + 𝟏)√𝒙,   ∀𝒙 > 0. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (∫
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
𝒅𝒙

𝒃

𝒂

)(∫
√𝒙

𝒙𝟑 + 𝟏
𝒅𝒙

𝒃

𝒂

) ≤ (∫
𝟏

√𝒙
𝒅𝒙

𝒃

𝒂

)(∫
𝟏

𝒙𝟐 + 𝟏
𝒅𝒙

𝒃

𝒂

) = 

= [𝟐√𝒙]
𝒂

𝒃
. [𝐭𝐚𝐧−𝟏 𝒙]

𝒂

𝒃
= 𝟐(√𝒃− √𝒂)(𝐭𝐚𝐧−𝟏 𝒃 − 𝐭𝐚𝐧−𝟏 𝒂). 

UP.489 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

[∑ √𝟐𝒌 + 𝟏
𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏
𝒌=𝟏 ] + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐

𝟑

𝒏

𝒊=𝟏

, 𝒂 ∈ ℝ, 𝒂 > 0, [∗] − 𝐆𝐈𝐅 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝑺𝒏 =∑ √
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏

𝒌=𝟏

, 𝒏 ∈ ℕ∗ 

√
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

= √𝟏 +
𝟐

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

> 1,∀𝑘 = 𝟏,𝒏̅̅ ̅̅ ̅ ⇒ 𝑺𝒏 =∑ √
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏

𝒌=𝟏

> 𝑛; (𝟏) 

√
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

= √𝟏 +
𝟐

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

= √𝟏 ∙ 𝟏 ∙ … ∙ 𝟏⏟      
𝟐𝒌−𝒕𝒆𝒓𝒎𝒔

(𝟏 +
𝟐

𝟐𝒌 − 𝟏
)

𝟐𝒌+𝟏

<
𝑨𝑮𝑴
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<
𝟐𝒌 ∙ 𝟏 + 𝟏 +

𝟐
𝟐𝒌 − 𝟏

𝟐𝒌 + 𝟏
= 𝟏 +

𝟐

(𝟐𝒌 − 𝟏)(𝟐𝒌 + 𝟏)
= 𝟏 +

𝟏

𝟐𝒌 − 𝟏
−

𝟏

𝟐𝒌 + 𝟏
 

⇒ 𝑺𝒏 =∑ √
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏

𝒌=𝟏

< 𝑛 + 1 −
𝟏

𝟐𝒏 + 𝟏
< 𝑛 + 1;  (𝟐) 

From (1) and (2), we obtain that: 𝒏 < 𝑺𝒏 < 𝑛 + 1 ⇒ [𝑺𝒏] = 𝒏 

Therefore, 

𝒊𝟑 < (𝒊 + 𝟏)(𝒊𝟐 + 𝟏) < (𝒊 + 𝟏)𝟑, (∀)𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

𝒊𝟐 < √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

< (𝒊 + 𝟏)𝟐, (∀)𝒊 = 𝟏,𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

𝟏

(𝒊 + 𝟏)𝟐 + 𝒏
<

𝟏

𝒏 + √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

<
𝟏

𝒊𝟐 + 𝒏
, (∀)𝒊 = 𝟏,𝒏̅̅ ̅̅ ̅, 𝒏 ≥ 𝟏 

∑
𝟏

(𝒊 + 𝟏)𝟐 + 𝒏

𝒏

𝒊=𝟏

≤∑
𝟏

𝒏+ √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒊=𝟏

<∑
𝟏

𝒊𝟐 + 𝒏

𝒏

𝒌=𝟏

; (𝟏) 

𝒏 + 𝒊𝟐 ≥ 𝟐𝒊√𝒏, (∀)𝒊 = 𝟏, 𝒏̅̅ ̅̅ ̅, 𝒏 ∈ ℕ∗ 

𝟎 <∑
𝟏

𝒊𝟐 + 𝒏

𝒏

𝒊=𝟏

<∑
𝟏

𝟐𝒊√𝒏

𝒏

𝒊=𝟏

=
𝟏 +

𝟏
𝟐
+
𝟏
𝟑
+ ⋯+

𝟏
𝒏

𝟐√𝒏
 

𝐥𝐢𝐦
𝒏→∞

𝟏 +
𝟏
𝟐 +

𝟏
𝟑 +⋯+

𝟏
𝒏

𝟐√𝒏
=
𝑳𝑪𝑺 𝟏

𝟐
∙ 𝐥𝐢𝐦
𝒏→∞

𝟏
𝒏 + 𝟏

√𝒏 + 𝟏 − √𝒏
= 𝟎 

So, we obtain that: 

𝐋 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

[∑ √𝟐𝒌 + 𝟏
𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏
𝒌=𝟏 ] + √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐

𝟑

𝒏

𝒊=𝟏

= 𝟎 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝒌 ∈ 𝑵.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝟏 ≤ √
𝟐𝒌 + 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

= √𝟏. 𝟏…𝟏⏟    
𝟐𝒌 𝒕𝒊𝒎𝒆𝒔

.
𝟐𝒌 + 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏

 ≤⏞
𝑨𝑴−𝑮𝑴

 

𝟏 + ⋯+ 𝟏⏟      
𝟐𝒌 𝒕𝒊𝒎𝒆𝒔

+
𝟐𝒌 + 𝟏
𝟐𝒌 − 𝟏

𝟐𝒌 + 𝟏
= 
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=
𝟐𝒌 + 𝟏 +

𝟐
𝟐𝒌 − 𝟏

𝟐𝒌 + 𝟏
= 𝟏 +

𝟐

(𝟐𝒌 + 𝟏)(𝟐𝒌 − 𝟏)
= 𝟏 +

𝟏

𝟐𝒌 − 𝟏
−

𝟏

𝟐𝒌 + 𝟏
. 

⇒   𝒏 ≤ ∑ √
𝟐𝒌+ 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏

𝒌=𝟏

≤∑(𝟏 +
𝟏

𝟐𝒌 − 𝟏
−

𝟏

𝟐𝒌 + 𝟏
)

𝒏

𝒌=𝟏

= 𝒏+ 𝟏 −
𝟏

𝟐𝒏 + 𝟏
< 𝑛 + 1. 

𝑻𝒉𝒆𝒏 ∶   [∑ √
𝟐𝒌 + 𝟏

𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏

𝒌=𝟏

] = 𝒏. 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

> √𝒊𝟐. (𝒊𝟐)𝟐
𝟑

= 𝒊𝟐,   ∀𝒊 ∈ 𝑵, 

⇒  𝟎 <
𝟏

𝒏 + √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

<
𝟏

𝒏 + 𝒊𝟐
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟏

𝟐𝒊√𝒏
,   ∀𝒊 = 𝟏,𝒏. 

𝑻𝒉𝒆𝒏 ∶   𝟎 <∑
𝟏

𝒏+ √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒊=𝟏

<
𝟏

𝟐√𝒏
∑

𝟏

𝒊

𝒏

𝒊=𝟏

≤
𝟏

𝟐√𝒏
(𝟏 +∑∫

𝟏

𝒕
𝒅𝒕

𝒊

𝒊−𝟏

𝒏

𝒊=𝟐

) = 

=
𝟏

𝟐√𝒏
(𝟏 +∫

𝟏

𝒕
𝒅𝒕

𝒏

𝟏

) =
𝟏 + 𝒍𝒏(𝒏)

𝟐√𝒏
 →⏟
𝒏→∞

 𝟎. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝜴 = 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

[∑ √𝟐𝒌 + 𝟏
𝟐𝒌 − 𝟏

𝟐𝒌+𝟏
𝒏
𝒌=𝟏 ] + √(𝒊 + 𝟏)𝟐(𝒊𝟐 + 𝟏)𝟐

𝟑

𝒏

𝒊=𝟏

= 𝟎. 

UP.490 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∏𝒆(−𝟏)
𝒌𝒌!(𝟐𝒏−𝒌)!

𝟐𝒏

𝒊=𝟏

)

𝟏
(𝟐𝒏)!

 

Proposed by Florică Anastase, Ionuț Bină-Romania 
Solution 1 by proposer 

𝐋𝐞𝐭: 𝑺𝒏 =∑(−𝟏)𝒌𝒌! (𝟐𝒏 − 𝒌)!

𝟐𝒏

𝒌=𝟎

, 𝐭𝐡𝐞𝐧: 

𝑺𝒏
(𝟐𝒏)!

= ∑
(−𝟏)𝒌𝒌! (𝟐𝒏 − 𝒌)!

(𝟐𝒏)!

𝟐𝒏

𝒌=𝟎

=∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝟐𝒏

𝒌=𝟎
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𝐔𝐬𝐢𝐧𝐠: 
𝟏

(𝟐𝒏
𝒌
)
=
𝟐𝒏 + 𝟏

𝟐(𝒏 + 𝟏)
(

𝟏

(𝟐𝒏+𝟏
𝒌
)
+

𝟏

(𝟐𝒏+𝟏
𝒌+𝟏

)
) ,𝐰𝐞 𝐠𝐞𝐭: 

𝑺𝒏
(𝟐𝒏)!

= ∑
𝟐𝒏 + 𝟏

𝟐(𝒏 + 𝟏)
∙ (−𝟏)𝒌 (

𝟏

(𝟐𝒏+𝟏
𝒌
)
+

𝟏

(𝟐𝒏+𝟏
𝒌+𝟏

)
)

𝟐𝒏

𝒌=𝟎

= 

=
𝟐𝒏 + 𝟏

𝟐(𝒏 + 𝟏)
∑(−𝟏)𝒌 (

𝟏

(𝟐𝒏+𝟏
𝒌
)
+

𝟏

(𝟐𝒏+𝟏
𝒌+𝟏

)
)

𝟐𝒏

𝒌=𝟎

= 

=
𝟐𝒏 + 𝟏

𝟐(𝒏 + 𝟏)
(

𝟏

(𝟐𝒏+𝟏
𝟎
)
+

𝟏

(𝟐𝒏+𝟏
𝟐𝒏+𝟏

)
) =

𝟐𝒏 + 𝟏

𝒏 + 𝟏
 

Hence, 

∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝟐𝒏

𝒌=𝟏

= ∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝟐𝒏

𝒌=𝟎

− 𝟏 =
𝟐𝒏 + 𝟏

𝒏 + 𝟏
− 𝟏 =

𝒏

𝒏 + 𝟏
 

Therefore, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∏𝒆(−𝟏)
𝒌𝒌!(𝟐𝒏−𝒌)!

𝟐𝒏

𝒊=𝟏

)

𝟏
(𝟐𝒏)!

= 𝒆
𝐥𝐢𝐦
𝒏→∞

𝒏
𝒏+𝟏 = 𝒆 

Solution 2 by Angel Plaza-Spain 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∏𝒆(−𝟏)
𝒌𝒌!(𝟐𝒏−𝒌)!

𝟐𝒏

𝒊=𝟏

)

𝟏
(𝟐𝒏)!

= 𝐥𝐢𝐦
𝒏→∞

𝒆
∑

(−𝟏)𝒌

(𝟐𝒏𝒌 )

𝟐𝒏
𝒊=𝟏

,∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝒏

𝒊=𝟎

=
(𝒏 + 𝟏)(𝟏 + (−𝟏)𝒏)

𝒏 + 𝟐
 

From where, changing 𝒏 by 𝟐𝒏, 

∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝟐𝒏

𝒊=𝟎

=
(𝟐𝒏 + 𝟏)(𝟏 + (−𝟏)𝟐𝒏)

𝟐𝒏 + 𝟐
=
𝟐𝒏 + 𝟏

𝒏 + 𝟏
 

∑
(−𝟏)𝒌

(𝟐𝒏
𝒌
)

𝟐𝒏

𝒊=𝟏

=
𝟐𝒏 + 𝟏

𝒏 + 𝟏
− 𝟏 =

𝒏

𝒏 + 𝟏
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𝛀 = 𝐥𝐢𝐦
𝒏→∞

(∏𝒆(−𝟏)
𝒌𝒌!(𝟐𝒏−𝒌)!

𝟐𝒏

𝒊=𝟏

)

𝟏
(𝟐𝒏)!

= 𝒆
𝐥𝐢𝐦
𝒏→∞

𝒏
𝒏+𝟏 = 𝒆 

UP.491 In 𝚫𝑨𝑩𝑪,𝒂, 𝒃, 𝒄 − sides and 𝒉𝒂, 𝒉𝒃, 𝒉𝒄 − altitudes. 

𝐈𝐟 𝛀(𝒙, 𝜶) = ∫
𝐜𝐨𝐬𝜶𝒅𝒙

𝐬𝐢𝐧 𝒙 − 𝐬𝐢𝐧 𝜶
+ ∫

𝐬𝐢𝐧𝜶𝒅𝒙

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬 𝜶
 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞: 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) + 𝒆𝛀(𝒉𝒃

𝟐,𝒃) + 𝒆𝛀(𝒉𝒄
𝟐,𝒄) ≥ 𝒔 (

𝑭

𝑹
+ 𝟏) 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝐃𝐞𝐧𝐨𝐭𝐞: 𝒎 =
𝒙 − 𝜶

𝟐
, 𝒏 =

𝒙 + 𝜶

𝟐
 

Let 𝐭𝐚𝐧
𝒙

𝟐
= 𝒕 and 𝐭𝐚𝐧

𝜶

𝟐
= 𝜷 ⇒ 𝐬𝐢𝐧𝜶 =

𝟐𝜷

𝟏+𝜷𝟐
, then:  

𝑰(𝒙, 𝜶) = ∫
𝒅𝒙

𝐬𝐢𝐧 𝒙 − 𝐬𝐢𝐧𝜶
= ∫

𝟏

𝟐𝒕
𝟏 + 𝒕𝟐

−
𝟐𝜷

𝟏 + 𝜷𝟐

𝟐𝒅𝒕

𝟏 + 𝒕𝟐

= (𝟏 + 𝜷𝟐)∫
𝒅𝒕

(𝟏 + 𝜷𝟐)𝒕 − (𝟏 + 𝒕𝟐)𝜷
= 

= (𝟏 + 𝜷𝟐) ∫
𝒅𝒕

𝜷𝒕𝟐 − (𝟏 + 𝜷𝟐)𝒕 + 𝜷
= −(𝟏 + 𝜷𝟐)∫

𝒅𝒕

(𝜷𝒕 − 𝟏)(𝒕 − 𝜷)
= 

=
𝟏 + 𝜷𝟐

𝜷𝟐 − 𝟏
∫
𝜷(𝒕 − 𝜷) − (𝜷𝒕 − 𝟏)

(𝜷𝒕 − 𝟏)(𝒕 − 𝜷)
𝒅𝒕 =

𝜷𝟐 + 𝟏

𝜷𝟐 − 𝟏
(∫

𝜷

𝜷𝒕 − 𝟏
𝒅𝒕 −∫

𝒅𝒕

𝒕 − 𝜷
) = 

=
𝜷𝟐 + 𝟏

𝜷𝟐 − 𝟏
𝐥𝐨𝐠 |

𝜷𝒕 − 𝟏

𝒕 − 𝜷
| + 𝑪 

But 𝜷 = 𝐭𝐚𝐧
𝜶

𝟐
 and 

𝜷𝟐+𝟏

𝜷𝟐−𝟏
= −

𝟏

𝐜𝐨𝐬 𝜶
, hence: 

𝑰(𝒙, 𝜶) = ∫
𝒅𝒙

𝐬𝐢𝐧 𝒙 − 𝐬𝐢𝐧𝜶
=

𝟏

𝐜𝐨𝐬𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧
𝒙 − 𝜶
𝟐

𝐜𝐨𝐬
𝒙 + 𝜶
𝟐

| + 𝑪 =
𝟏

𝐜𝐨𝐬 𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧𝒎

𝐜𝐨𝐬𝒏
| ; (𝟏) 

Now, for 
𝝅

𝟐
− 𝒙 = 𝒕 and 

𝝅

𝟐
− 𝜶 = 𝜸, we have: 
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𝑱(𝒙, 𝜶) = ∫
𝒅𝒙

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬𝜶
= ∫

𝒅𝒙

𝐬𝐢𝐧 (
𝝅
𝟐 − 𝒙) − 𝐬𝐢𝐧 (

𝝅
𝟐 − 𝜶)

= −∫
𝒅𝒕

𝐬𝐢𝐧 𝒕 − 𝐬𝐢𝐧 𝜶
= 

= 𝑰(𝒕, 𝜸) = −
𝟏

𝐜𝐨𝐬 𝜸
𝐥𝐨𝐠 |

𝐬𝐢𝐧
𝒕 − 𝜷
𝟐

𝐜𝐨𝐬
𝒕 + 𝜷
𝟐

| =
𝟏

𝐬𝐢𝐧𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧
𝒙 + 𝜶
𝟐

𝐬𝐢𝐧
𝒙 − 𝜶
𝟐

| =
𝟏

𝐬𝐢𝐧 𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧 𝒏

𝐬𝐢𝐧𝒎
| ; (𝟐) 

From (1) and (2) we have: 

𝛀(𝒙,𝜶) = 𝐜𝐨𝐬𝜶 ⋅ 𝑰(𝒙, 𝜶) + 𝐬𝐢𝐧𝜶 ⋅ 𝑱(𝒙, 𝜶) = 

= 𝐜𝐨𝐬𝜶 ⋅
𝟏

𝐜𝐨𝐬𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧𝒎

𝐜𝐨𝐬𝒏
| + 𝐬𝐢𝐧 𝜶 ⋅

𝟏

𝐬𝐢𝐧𝜶
𝐥𝐨𝐠 |

𝐬𝐢𝐧𝒏

𝐬𝐢𝐧𝒎
| = 𝐥𝐨𝐠|𝐭𝐚𝐧 𝒏| = 𝐥𝐨𝐠 |𝐭𝐚𝐧

𝒙 + 𝜶

𝟐
| 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) = 𝐭𝐚𝐧

𝒉𝒂
𝟐 + 𝒂

𝟐
≥
𝒉𝒂
𝟐 + 𝒂

𝟐
 

Analogous, 

𝒆𝛀(𝒉𝒃
𝟐,𝒃) ≥

𝒉𝒃
𝟐 + 𝒃

𝟐
 𝐚𝐧𝐝 𝒆𝛀(𝒉𝒄

𝟐,𝒄) ≥
𝒉𝒄
𝟐 + 𝒄

𝟐
 

By adding, it follows: 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) + 𝒆𝛀(𝒉𝒃

𝟐,𝒃) + 𝒆𝛀(𝒉𝒄
𝟐,𝒄) ≥

(𝒉𝒂
𝟐 + 𝒉𝒃

𝟐 + 𝒉𝒄
𝟐) + (𝒂 + 𝒃 + 𝒄)

𝟐
; (𝟑) 

Now, WLOG, we can assume that 𝒂 ≥ 𝒃 ≥ 𝒄. On account of rearrangement inequality: 

𝟏

𝒂
≤
𝟏

𝒃
≤
𝟏

𝒄
⇒
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≥
𝟏

𝒂
⋅
𝟏

𝒃
+
𝟏

𝒃
⋅
𝟏

𝒄
+
𝟏

𝒄
⋅
𝟏

𝒂
=
𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
 

𝒉𝒂 =
𝟐𝑭

𝒂
=
𝟐𝒓𝒔

𝒂
⇒
𝟏

𝒂𝟐
=

𝒉𝒂
𝟐

𝟒𝒓𝟐𝒔𝟐
 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
=
𝒉𝒂
𝟐 + 𝒉𝒃

𝟐 + 𝒉𝒄
𝟐

𝟒𝒓𝟐𝒔𝟐
 

𝐁𝐮𝐭 [𝑨𝑩𝑪] =
𝒂𝒃𝒄

𝟒𝑹
=
(𝒂 + 𝒃 + 𝒄)𝒓

𝟐
⇒ 𝒂 + 𝒃 + 𝒄 =

𝟐𝑭

𝒓
 𝐚𝐧𝐝  𝒂𝒃𝒄 = 𝟒𝑹𝑭 

⇒
𝒂+ 𝒃 + 𝒄

𝒂𝒃𝒄
=

𝟏

𝟐𝑹𝒓
⇒ 𝒉𝒂

𝟐 + 𝒉𝒃
𝟐 + 𝒉𝒄

𝟐 ≥
𝒓

𝟐𝑹
(𝒂 + 𝒃 + 𝒄)𝟐; (𝟒) 

From (3) and (4) it follows that: 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) + 𝒆𝛀(𝒉𝒃

𝟐,𝒃) + 𝒆𝛀(𝒉𝒄
𝟐,𝒄) ≥

𝒓(𝒂 + 𝒃 + 𝒄)𝟐

𝟒𝑹
+ 𝒔 = 𝒔(

𝑭

𝑹
+ 𝟏) 

Solution 2 by Tapas Das-India 
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∫
𝐜𝐨𝐬𝜶

𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧𝜶
𝒅𝒙 +∫

𝐬𝐢𝐧𝜶

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬𝜶
𝒅𝒙 = ∫ [

𝐜𝐨𝐬𝜶

𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧𝜶
+

𝐬𝐢𝐧 𝜶

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬𝜶
]𝒅𝒙 = 

= ∫
(𝐜𝐨𝐬𝜶 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧𝒙) − (𝐜𝐨𝐬𝟐 𝜶 + 𝐬𝐢𝐧𝟐 𝜶)

(𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧 𝜶)(𝐜𝐨𝐬𝒙 − 𝐜𝐨𝐬𝜶)
𝒅𝒙 = 

= ∫
𝐜𝐨𝐬(𝒙 − 𝜶) − 𝟏

𝟐 𝐬𝐢𝐧
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 − 𝜶
𝟐 (−𝟐𝐬𝐢𝐧

𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 − 𝜶
𝟐 )

𝒅𝒙 = 

= ∫
−𝟐𝐬𝐢𝐧𝟐

𝒙 − 𝜶
𝟐

−𝟐 𝐜𝐨𝐬
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧𝟐

𝒙 − 𝜶
𝟐 ∙ 𝟐 𝐬𝐢𝐧

𝒙 + 𝜶
𝟐

𝒅𝒙 = ∫
𝒅𝒙

𝟐𝐜𝐨𝐬
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 + 𝜶
𝟐

= ∫
𝒅𝒙

𝐬𝐢𝐧(𝒙 + 𝜶)
 

𝛀(𝒙,𝜶) = 𝐥𝐨𝐠 |𝐭𝐚𝐧
𝒙 + 𝜶

𝟐
| 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) + 𝒆𝛀(𝒉𝒃

𝟐,𝒃) + 𝒆𝛀(𝒉𝒄
𝟐,𝒄) = 𝐭𝐚𝐧

𝒉𝒂
𝟐 + 𝒂

𝟐
+ 𝐭𝐚𝐧

𝒉𝒃
𝟐 + 𝒃

𝟐
+ 𝐭𝐚𝐧

𝒉𝒄
𝟐 + 𝒄

𝟐
≥ 

≥
𝒉𝒂
𝟐 + 𝒂

𝟐
+
𝒉𝒃
𝟐 + 𝒃

𝟐
+
𝒉𝒄
𝟐 + 𝒄

𝟐
=
𝟏

𝟐
(𝒉𝒂

𝟐 + 𝒉𝒃
𝟐 + 𝒉𝒄

𝟐) +
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄) ≥ 

≥
𝟏

𝟐
(𝒉𝒂𝒉𝒃 + 𝒉𝒃𝒉𝒄 + 𝒉𝒄𝒉𝒂) +

𝟏

𝟐
∙ 𝟐𝒔 =

𝟏

𝟐
(
𝟒𝑭𝟐

𝒂𝒃
+
𝟒𝑭𝟐

𝒃𝒄
+
𝟒𝑭𝟐

𝒄𝒂
) + 𝒔 = 

= 𝟐𝑭𝟐 (
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
) + 𝒔 = 𝟐𝑭𝟐 ∙

𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
+ 𝒔 = 

= 𝟐𝑭 ∙ 𝑭 ∙
𝟐𝒔

𝟒𝑹𝑭
+ 𝒔 =

𝑭𝒔

𝑹
+ 𝒔 = 𝒔(

𝑭

𝑹
+ 𝟏) 

𝑳𝒆𝒕 𝒇(𝒙) = 𝐭𝐚𝐧 𝒙 − 𝒙 𝒕𝒉𝒆𝒏 𝒇′(𝒙) = 𝐬𝐞𝐜𝟐 𝒙 − 𝟏 > 0 

𝒇 − 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒕𝒉𝒆𝒏 𝒇(𝒙) > 𝑓(𝟎) = 𝟎 

𝐭𝐚𝐧𝒙 > 𝑥 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠, 𝐭𝐚𝐧
𝒉𝒂
𝟐 + 𝒂

𝟐
≥
𝒉𝒂
𝟐 + 𝒂

𝟐
   

Solution 3 by Adrian Popa-Romania 

∫
𝐜𝐨𝐬𝜶

𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧𝜶
𝒅𝒙 +∫

𝐬𝐢𝐧𝜶

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬𝜶
𝒅𝒙 = ∫ [

𝐜𝐨𝐬𝜶

𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧𝜶
+

𝐬𝐢𝐧 𝜶

𝐜𝐨𝐬 𝒙 − 𝐜𝐨𝐬𝜶
]𝒅𝒙 = 

= ∫
(𝐜𝐨𝐬𝜶 𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧𝒙) − (𝐜𝐨𝐬𝟐 𝜶 + 𝐬𝐢𝐧𝟐 𝜶)

(𝐬𝐢𝐧𝒙 − 𝐬𝐢𝐧 𝜶)(𝐜𝐨𝐬𝒙 − 𝐜𝐨𝐬𝜶)
𝒅𝒙 = 

= ∫
𝐜𝐨𝐬(𝒙 − 𝜶) − 𝟏

𝟐 𝐬𝐢𝐧
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 − 𝜶
𝟐 (−𝟐𝐬𝐢𝐧

𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 − 𝜶
𝟐 )

𝒅𝒙 = 
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= ∫
−𝟐 𝐬𝐢𝐧𝟐

𝒙 − 𝜶
𝟐

−𝟐 𝐜𝐨𝐬
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧𝟐

𝒙 − 𝜶
𝟐 ∙ 𝟐 𝐬𝐢𝐧

𝒙 + 𝜶
𝟐

𝒅𝒙 = 

= ∫
𝒅𝒙

𝟐 𝐜𝐨𝐬
𝒙 + 𝜶
𝟐 𝐬𝐢𝐧

𝒙 + 𝜶
𝟐

= ∫
𝒅𝒙

𝐬𝐢𝐧(𝒙 + 𝜶)
= ∫

𝐬𝐢𝐧(𝒙 + 𝜶)

𝐬𝐢𝐧𝟐(𝒙 + 𝜶)
𝒅𝒙 = 

= ∫
𝐬𝐢𝐧(𝒙 + 𝜶)

𝟏 − 𝐜𝐨𝐬𝟐(𝒙 + 𝜶)
𝒅𝒙 =

𝐜𝐨𝐬(𝒙+𝜶)=𝒕
∫

𝒅𝒕

𝒕𝟐 − 𝟏
=
𝟏

𝟐
𝐥𝐨𝐠 |

𝟏 − 𝒕

𝟏 + 𝒕
| =

𝟏

𝟐
𝐥𝐨𝐠 |

𝟏 − 𝐜𝐨𝐬(𝒙 + 𝜶)

𝟏 + 𝐜𝐨𝐬(𝒙 + 𝜶)
|   

⇒ 𝛀(𝒙,𝜶) = 𝐥𝐨𝐠 |𝐭𝐚𝐧
𝒙 + 𝜶

𝟐
| 

𝒆𝛀(𝒙,𝜶) = 𝒆𝐥𝐨𝐠|𝐭𝐚𝐧
𝒙+𝜶
𝟐
| ≥

𝒙 + 𝜶

𝟐
 

𝒆𝛀(𝒉𝒂
𝟐 ,𝒂) + 𝒆𝛀(𝒉𝒃

𝟐,𝒃) + 𝒆𝛀(𝒉𝒄
𝟐,𝒄) = 𝐭𝐚𝐧

𝒉𝒂
𝟐 + 𝒂

𝟐
+ 𝐭𝐚𝐧

𝒉𝒃
𝟐 + 𝒃

𝟐
+ 𝐭𝐚𝐧

𝒉𝒄
𝟐 + 𝒄

𝟐
≥ 

≥
𝒉𝒂
𝟐 + 𝒂

𝟐
+
𝒉𝒃
𝟐 + 𝒃

𝟐
+
𝒉𝒄
𝟐 + 𝒄

𝟐
=
𝟏

𝟐
(𝒉𝒂

𝟐 + 𝒉𝒃
𝟐 + 𝒉𝒄

𝟐) +
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄) ≥

? 𝑭𝒔

𝑹
+ 𝒔 ⇔ 

𝟏

𝟐
(𝒉𝒂

𝟐 + 𝒉𝒃
𝟐 + 𝒉𝒄

𝟐) ≥
𝑭𝒔

𝑹
 

𝒂𝒉𝒂
𝟐
= 𝑭 ⇒ 𝒉𝒂 =

𝟐𝑭

𝒂
⇒ 𝟐𝑭𝟐 (

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≥

𝑭𝒔

𝑹
 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≥
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
=
𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
=

𝟏

𝟐𝑹𝒓
(𝒕𝒓𝒖𝒆).   

  UP.492 Let (𝒂𝒏)𝒏≥𝟏 be sequence of real numbers strictly positive such that 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝟐𝒂𝒏
= 𝒂 > 0. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √
𝒂𝒏+𝟏

(𝒏 + 𝟏)!

𝒏+𝟏

− √
𝒂𝒏
𝒏!

𝒏
) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

𝑩𝒏 = √
𝒂𝒏+𝟏

(𝒏 + 𝟏)!

𝒏+𝟏

− √
𝒂𝒏
𝒏!

𝒏
= √

𝒂𝒏
𝒏!

𝒏
(𝒖𝒏 − 𝟏) = √

𝒂𝒏
𝒏!

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏 = 
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=
𝟏

𝒏
√
𝒂𝒏
𝒏!

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 = √
𝒂𝒏

𝒏𝒏 ∙ 𝒏!

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 , 𝒏 ≥ 𝟐 

𝒖𝒏 = √
𝒂𝒏+𝟏

(𝒏 + 𝟏)!

𝒏+𝟏

∙ √
𝒏!

𝒂𝒏

𝒏

=
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

∙
√𝒏!
𝒏

√(𝒏 + 𝟏)!
𝒏+𝟏

= 

=
√𝒂𝒏+𝟏

𝒏+𝟏

(𝒏 + 𝟏)𝟐
∙
𝒏𝟐

√𝒂𝒏
𝒏

∙
√𝒏!
𝒏

𝒏
∙
(𝒏 + 𝟏)

√(𝒏 + 𝟏)!
𝒏+𝟏

∙
𝒏

𝒏 + 𝟏
,∀𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏
𝒏𝟐𝒏

𝒏
=
𝑪−𝑫

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝟐(𝒏+𝟏)

∙
𝒏𝟐𝒏

𝒂𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝟐 ∙ 𝒂𝒏

(
𝒏

𝒏 + 𝟏
)
𝟐𝒏+𝟐

=
𝒂

𝒆𝟐
 

𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
=
𝟏

𝒆
 ,   𝐥𝐢𝐦

𝒏→∞
𝒖𝒏 =

𝒂

𝒆𝟐
∙
𝒆𝟐

𝒆
∙
𝟏

𝒆
∙ 𝒆 ∙ 𝟏 ⇒ 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)!

∙
𝒏!

𝒂𝒏
∙ √

(𝒏 + 𝟏)!

𝒂𝒏+𝟏

𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝟐 ∙ 𝒂𝒏

∙
𝒏𝟐

𝒏 + 𝟏
∙
√(𝒏 + 𝟏)!

𝒏+𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝟐 ∙ 𝒂𝒏

∙
√(𝒏 + 𝟏)!

𝒏+𝟏

𝒏 + 𝟏
∙
(𝒏 + 𝟏)𝟐

√𝒂𝒏+𝟏
𝒏+𝟏

(
𝒏

𝒏 + 𝟏
)
𝟐

= 𝒂 ∙
𝟏

𝒆
∙
𝒆𝟐

𝒂
∙ 𝟏 = 𝒆 

𝐥𝐢𝐦
𝒏→∞

𝑩𝒏 = 𝟏 ∙ 𝐥𝐨𝐠 𝒆 ∙ 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏

𝒏! ∙ 𝒏𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝟐
∙ 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏!
𝒏 =

𝒂

𝒆𝟐
∙ 𝒆 =

𝒂

𝒆
  

 Solution 2 by Angel Plaza-Spain 

By the Stolz-Cesaro Lemma, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 + 𝟏
√

𝒂𝒏+𝟏
(𝒏 + 𝟏)!

𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒆 ⋅ √𝒂𝒏+𝟏
𝒏+𝟏

(𝒏 + 𝟏)𝟐
=

𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒂

𝒆
, 

where, in the last step, the following result has been applied in [1] Proposition 2:  

If (𝒂𝒏)𝒏≥𝟏 is a sequence of real numbers strictly positive such that 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒕⋅𝒂𝒏
= 𝒂, 𝒕 >

0 then: 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕
=
𝒂

𝒆𝒕
 

REFERENCES: 
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 [1] D.M. Batineţu-Giurgiu, Angel Plaza, Daniel Sitaru, Florică Anastase, “New solutions for 

a few R.M.M. problems, available at 

 https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/. 

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
√
𝒂𝒏
𝒏!

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
𝒂𝒏
𝒏𝒏𝒏!

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)𝒏+𝟏(𝒏 + 𝟏)!

∙
𝒏!𝒏𝒏

𝒂𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟏

(𝒏 + 𝟏)𝟐
∙

𝟏

(𝟏 +
𝟏
𝒏)

𝒏 ∙
𝒂𝒏+𝟏
𝒂𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∙
𝒂𝒏+𝟏
𝒂𝒏

∙
𝒏𝟐

(𝒏 + 𝟏)𝟐
∙

𝟏

(𝟏 +
𝟏
𝒏)

𝒏 =
𝒂

𝒆
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √
𝒂𝒏+𝟏

(𝒏 + 𝟏)!

𝒏+𝟏

− √
𝒂𝒏
𝒏!

𝒏
) = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏
√
𝒂𝒏
𝒏!

𝒏
∙ 𝒏 ∙

√
𝒂𝒏+𝟏

(𝒏 + 𝟏)!
𝒏+𝟏

√
𝒂𝒏
𝒏!

𝒏

= 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

𝒏

(

  
 
𝒆

𝐥𝐨𝐠

(

 
√
𝒂𝒏+𝟏
(𝒏+𝟏)!

𝒏+𝟏

√
𝒂𝒏
𝒏!

𝒏

)

 

− 𝟏

)

  
 
=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

𝒏 𝐥𝐨𝐠

(

 
√

𝒂𝒏+𝟏
(𝒏 + 𝟏)!

𝒏+𝟏

√
𝒂𝒏
𝒏!

𝒏

)

 = 

=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠

(

 
 (

𝒂𝒏+𝟏
(𝒏 + 𝟏)!

)

𝒏+𝟏
𝒏+𝟏

−
𝟏
𝒏+𝟏

𝒂𝒏
𝒏!

)

 
 
=
𝒂

𝒆
𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠

(

 
𝒂𝒏+𝟏
𝒏𝟐𝒂𝒏

∙
𝒏𝟐

(𝒏 + 𝟏)𝟐
∙

𝟏

𝟏
𝒏 + 𝟏 √

𝒂𝒏+𝟏
(𝒏 + 𝟏)!

𝒏+𝟏

)

 

=
𝒂

𝒆
𝐥𝐨𝐠 (𝒂 ∙ 𝟏 ∙

𝒆

𝒂
) =

𝒂

𝒆
𝐥𝐨𝐠 𝒆 =

𝒂

𝒆
.   

 

UP.493 Let 𝒕 ≥ 𝟎 and (𝒂𝒏)𝒏≥𝟏, (𝒃𝒏)𝒏≥𝟏 sequences of real numbers strictly 

positive such that 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒂𝒏∙𝒏
𝒕+𝟏
= 𝒂 > 0, 𝐥𝐢𝐦

𝒏→∞

𝒃𝒏+𝟏

𝒃𝒏∙𝒏
𝒕
= 𝒃 > 0. Find: 

𝛀(𝒂, 𝒃, 𝒕) = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏

√𝒃𝒏
𝒏

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru-Romania 
Solution 1 by proposers 

https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/
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We have: 

𝑩𝒏 =
√𝒂𝒏+𝟏

𝒏+𝟏 − √𝒂𝒏
𝒏

√𝒃𝒏
𝒏

=
√𝒂𝒏
𝒏

√𝒃𝒏
𝒏

(𝒖𝒏 − 𝟏) =
√𝒂𝒏
𝒏

√𝒃𝒏
𝒏

∙
𝟏

𝒏
∙ 𝒏 ∙

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏 = 

=
√𝒂𝒏
𝒏

√𝒃𝒏
𝒏

∙
𝟏

𝒏
∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 =
√𝒂𝒏
𝒏

𝒏𝒕𝒏
∙
𝒏𝒕

√𝒃𝒏
𝒏

∙
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
∙ 𝐥𝐨𝐠 𝒖𝒏

𝒏 , 𝒏 ≥ 𝟐,𝐰𝐡𝐞𝐫𝐞 

𝒖𝒏 =
√𝒂𝒏+𝟏

𝒏+𝟏

√𝒂𝒏
𝒏

=
√𝒂𝒏+𝟏

𝒏+𝟏

(𝒏 + 𝟏)𝒕+𝟏
∙
𝒏𝒕+𝟏

√𝒂𝒏
𝒏

(
𝒏 + 𝟏

𝒏
)
𝒕+𝟏

, 𝒏 ≥ 𝟐 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕+𝟏
= 𝐥𝐢𝐦

𝒏→∞
√

𝒂𝒏

𝒏𝒏(𝒕+𝟏)
𝒏

=
𝑪−𝑫

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
(𝒏 + 𝟏)(𝒏+𝟏)(𝒕+𝟏)

∙
𝒏𝒏𝒕

𝒂𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏 ∙ 𝒏𝒕+𝟏

(
𝒏

𝒏 + 𝟏
)
(𝒕+𝟏)𝒏

=
𝒂

𝒆𝒕+𝟏
 

𝐥𝐢𝐦
𝒏→∞

√𝒃𝒏
𝒏

𝒏𝒕
=
𝒂

𝒆𝒕
 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 =
𝒂

𝒆𝒕+𝟏
∙
𝒆𝒕+𝟏

𝒂
∙ 𝟏 = 𝟏 ⇒ 𝐥𝐢𝐦

𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠𝒖𝒏
= 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏

∙
𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒂𝒏 ∙ 𝒏𝒕+𝟏

∙
(𝒏 + 𝟏)𝒕+𝟏

√𝒂𝒏+𝟏
𝒏+𝟏

(
𝒏

𝒏 + 𝟏
)
𝒕+𝟏

= 

= 𝒂 ∙
𝒆𝒕+𝟏

𝒂
∙ 𝟏 = 𝒆𝒕+𝟏 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝑩𝒏 =
𝒂

𝒆𝒕+𝟏
∙
𝒆𝒕

𝒃
∙ 𝟏 ∙ 𝐥𝐨𝐠 𝒆𝒕+𝟏 =

𝒂(𝒕 + 𝟏)

𝒃𝒆
   

Solution 2 by Angel Plaza-Spain 

We will use the following result has been applied in [1] Proposition 2:  

If (𝒂𝒏)𝒏≥𝟏 is a sequence of real numbers strictly positive such that 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏𝒕⋅𝒂𝒏
= 𝒂, 𝒕 >

0 then: 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏𝒕
=
𝒂

𝒆𝒕
 

𝛀(𝒂, 𝒃, 𝒕) = 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏

√𝒃𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏

𝒏𝒕
⋅
𝒏𝒕

√𝒃𝒏
𝒏

= 

= 𝐥𝐢𝐦
𝒏→∞

(𝒕 + 𝟏)( √𝒂𝒏+𝟏
𝒏+𝟏 − √𝒂𝒏

𝒏 )

(𝒏 + 𝟏)𝒕+𝟏 − 𝒏𝒕+𝟏
⋅
𝒏𝒕

√𝒃𝒏
𝒏

=
𝑳𝑪−𝑺

𝐥𝐢𝐦
𝒏→∞

(𝒕 + 𝟏) √𝒂𝒏+𝟏
𝒏+𝟏

𝒏𝒕+𝟏
⋅
𝒏𝒕

√𝒃𝒏
𝒏

= 
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=
(𝒕 + 𝟏)𝒂

𝒆𝒕+𝟏
⋅
𝒆𝒕

𝒃
=
(𝒕 + 𝟏)𝒂

𝒆𝒃
 

REFERENCES: 

 [1] D.M. Batineţu-Giurgiu, Angel Plaza, Daniel Sitaru, Florică Anastase, “New solutions for 

a few R.M.M. problems, available at: 

 https://www.ssmrmh.ro/2022/04/02/new-solutions-for-a-few-rmm-problems/. 

 UP.494 If 𝒇,𝒈:ℝ → (𝟎,∞), 𝒇, 𝒈 −derivable, 𝒇′, 𝒈′ −continuous, 𝟎 < 𝑎 ≤ 𝑏 

then: 

𝟏𝟔∫ (𝒇′(𝒙) + 𝒈′(𝒙)) (𝒇𝟑(𝒙) + 𝒈𝟑(𝒙))
𝒃

𝒂

𝒅𝒙 ≥ (𝒇(𝒃) + 𝒈(𝒃))
𝟒
− (𝒇(𝒂) + 𝒈(𝒂))

𝟒
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

Lemma. If 𝒑, 𝒒 > 0 then 𝟒(𝒑𝟑 + 𝒒𝟑) ≥ (𝒑 + 𝒒)𝟑 

Proof. 𝟒(𝒑𝟑 + 𝒒𝟑) ≥ 𝒑𝟑 + 𝟑𝒑𝟐𝒒 + 𝟑𝒑𝒒𝟐 + 𝒒𝟑 ⇔ 

𝟒𝒑𝟑 + 𝟒𝒒𝟑 ≥ 𝒑𝟑 + 𝟑𝒑𝟐𝒒 + 𝟑𝒑𝒒𝟐 + 𝒒𝟑 ⇔ 𝟑𝒑𝟑 + 𝟑𝒒𝟑 − 𝟑𝒑𝟐𝒒 − 𝟑𝒑𝒒𝟐 ≥ 𝟎 ⇔ 

𝒑𝟑 − 𝒑𝟐𝒒 + 𝒒𝟑 − 𝟑𝒑𝒒𝟐 ≥ 𝟎 ⇔ 𝒑𝟐(𝒑 − 𝒒) − 𝒒𝟐(𝒑 − 𝒒) ≥ 𝟎 ⇔ 

(𝒑 − 𝒒)(𝒑𝟐 − 𝒒𝟐) ≥ 𝟎 ⇔ (𝒑 − 𝒒)(𝒑 − 𝒒)(𝒑 + 𝒒) ≥ 𝟎 ⇔ 

(𝒑 − 𝒒)𝟐(𝒑 + 𝒒) ≥ 𝟎 (𝒕𝒓𝒖𝒆!) 

Let be 𝒑 = 𝒇(𝒙), 𝒒 = 𝒈(𝒙) ⇒ 𝟒(𝒇𝟑(𝒙) + 𝒈𝟑(𝒙)) ≥ (𝒇(𝒙) + 𝒈(𝒙))
𝟑

 

𝟒(𝒇′(𝒙) + 𝒈′(𝒙)) (𝒇𝟑(𝒙) + 𝒈𝟑(𝒙)) ≥ (𝒇(𝒙) + 𝒈(𝒙))
′
(𝒇(𝒙) + 𝒈(𝒙))

𝟑
 

𝟒∫ (𝒇′(𝒙) + 𝒈′(𝒙)) (𝒇𝟑(𝒙) + 𝒈𝟑(𝒙))
𝒃

𝒂

𝒅𝒙 ≥ ∫ (𝒇(𝒙) + 𝒈(𝒙))
′
(𝒇(𝒙) + 𝒈(𝒙))

𝟑
𝒅𝒙

𝒃

𝒂

 

𝟒∫ (𝒇′(𝒙) + 𝒈′(𝒙)) (𝒇𝟑(𝒙) + 𝒈𝟑(𝒙))
𝒃

𝒂

𝒅𝒙 ≥
(𝒇(𝒃) + 𝒈(𝒃))

𝟒

𝟒
−
(𝒇(𝒂) + 𝒈(𝒂))

𝟒

𝟒
 

𝟏𝟔∫ (𝒇′(𝒙) + 𝒈′(𝒙)) (𝒇𝟑(𝒙) + 𝒈𝟑(𝒙))
𝒃

𝒂

𝒅𝒙 ≥ (𝒇(𝒃) + 𝒈(𝒃))
𝟒
− (𝒇(𝒂) + 𝒈(𝒂))

𝟒
 

Equality holds for 𝒂 = 𝒃 or 𝒇 ≡ 𝒈. 

  Solution 2 by Marin Chirciu-Romania 
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Using 
 

3

3 3

4

x y
x y


      

33 34 x y x y      
2

0x y x y   , 

We get    
    

3

3 3

4

f x g x
f x g x


  . 

              
    

3

3 316 16
4

b b

a a

f x g x
f x g x f x g x f x g x dx


          

                    
33 316 4

b b

a a

f x g x f x g x f x g x f x g x dx         . 

                   
3 4 4

4

b

a

f x g x f x g x dx f b g b f a g a       . 

Denote      f x g x h x  : 

       3 4 44

b

a

h x h x dx h b h a   : 

   
     4 4 4

3

4 4 4

b

a

bh x h b h a
h x h x dx

a
    . 

UP.495 Find a closed form: 

𝛀 = ∑
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ∙ 𝟕𝒏 + 𝟏𝟕𝟓

∞

𝒏=𝟏

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ∙ 𝟕𝒏 + 𝟏𝟕𝟓
=
𝟏

𝟔
∙

𝟔 ∙ 𝟕𝒏

𝟕𝟐𝒏 + 𝟑𝟓 ∙ 𝟕𝒏 + 𝟓 ∙ 𝟕𝒏 + 𝟏𝟕𝟓
= 

=
𝟏

𝟔
∙

𝟕𝒏(𝟕 − 𝟏)

𝟏
𝟕
(𝟕𝟐𝒏−𝟏 + 𝟓 ∙ 𝟕𝒏 + 𝟓 ∙ 𝟕𝒏−𝟏 + 𝟐𝟓)

=
𝟏

𝟔
∙

𝟕𝒏 (
𝟕 − 𝟏
𝟕 )

𝟕𝒏(𝟕𝒏−𝟏 + 𝟓) + 𝟓(𝟕𝒏−𝟏 + 𝟓)
= 

=
𝟏

𝟔
∙

𝟕𝒏 (𝟏 −
𝟏
𝟕)

(𝟕𝒏−𝟏 + 𝟓)(𝟕𝒏 + 𝟓)
=
𝟏

𝟔
∙

𝟕𝒏 − 𝟕𝒏−𝟏

(𝟕𝒏−𝟏 + 𝟓)(𝟕𝒏 + 𝟓)
= 

=
𝟏

𝟔
∙
𝟕𝒏 + 𝟓 − (𝟕𝒏−𝟏 + 𝟓)

(𝟕𝒏 + 𝟓)(𝟕𝒏−𝟏 + 𝟓)
=
𝟏

𝟔
(

𝟏

𝟕𝒏−𝟏 + 𝟓
−

𝟏

𝟕𝒏 + 𝟓
) 

Therefore, 
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𝛀 = ∑
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ∙ 𝟕𝒏 + 𝟏𝟕𝟓

∞

𝒏=𝟏

= ∑
𝟏

𝟔
(

𝟏

𝟕𝒏−𝟏 + 𝟓
−

𝟏

𝟕𝒏 + 𝟓
)

∞

𝒏=𝟏

= 

=
𝟏

𝟔
∙ 𝐥𝐢𝐦
𝒏→∞

∑(
𝟏

𝟕𝒌−𝟏 + 𝟓
−

𝟏

𝟕𝒌 + 𝟓
)

𝒏

𝒌=𝟏

=
𝟏

𝟔
∙ 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟔
−

𝟏

𝟕𝒏 + 𝟓
) =

𝟏

𝟑𝟔
  

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  

 
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎.𝟕𝒏 + 𝟏𝟕𝟓
=

𝟕𝒏

(𝟕𝒏 + 𝟓)(𝟕𝒏 + 𝟑𝟓)
=

𝟕𝒏−𝟏

(𝟕𝒏 + 𝟓)(𝟕𝒏−𝟏 + 𝟓)
= 

(𝟕𝒏 + 𝟓) − (𝟕𝒏−𝟏 + 𝟓)

𝟔(𝟕𝒏 + 𝟓)(𝟕𝒏−𝟏 + 𝟓)
=

𝟏

𝟔(𝟕𝒏−𝟏 + 𝟓)
−

𝟏

𝟔(𝟕𝒏 + 𝟓)
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝜴 = ∑(
𝟏

𝟔(𝟕𝒏−𝟏 + 𝟓)
−

𝟏

𝟔(𝟕𝒏 + 𝟓)
)

∞

𝒏=𝟏

=
𝟏

𝟔(𝟕𝟏−𝟏 + 𝟓)
=
𝟏

𝟑𝟔
. 

Solution 3 by Angel Plaza-Spain 

𝑺𝒊𝒏𝒄𝒆: 
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ⋅ 𝟕𝒏 + 𝟏𝟕𝟓
=

𝟏

𝟔(𝟕𝒏−𝟏 + 𝟓)
−

𝟏

𝟔(𝟕𝒏 + 𝟓)
, 𝒕𝒉𝒆 𝒑𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒔𝒆𝒓𝒊𝒆𝒔 

𝒕𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒆𝒔: ∑
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ⋅ 𝟕𝒏 + 𝟏𝟕𝟓

𝒌

𝒏=𝟏

=
𝟏

𝟑𝟔
−

𝟏

𝟔(𝟕𝒌 + 𝟓)
 𝒂𝒏𝒅 𝒕𝒉𝒆𝒏 

𝛀 = ∑
𝟕𝒏

𝟕𝟐𝒏 + 𝟒𝟎 ∙ 𝟕𝒏 + 𝟏𝟕𝟓

∞

𝒏=𝟏

= 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟑𝟔
−

𝟏

𝟔(𝟕𝒌 + 𝟓)
) =

𝟏

𝟑𝟔
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