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PROBLEMS FOR JUNIORS

JP.496 In AABC the following relationship holds:

rl+r) r)+ 71! ri+ry; 95 )
> =t = s+ -—5°=6s
( a+rb) (rb+rc) (rc+ra) 16

2(4R +1)% =

Proposed by Alex Szoros-Romania
Solution 1 by proposer

Using:(x+y)" =x"+y" + Txy(x + y)(x? + xy + y*)?, V)x,y > 0
we deduce that:
(x+y) —x" -y’
7xy

=@+ )% +xy+yH% )

3
How x* + xy + y* > Z(x + )% (Vx,y > 0; (2)

From (1) and (2) we get:
(x+y) —x" -y’

7xy _R(x+y)5
x+y)" —x"—y” 63 , 63 x7 +y7
>_ —_
a1y S1e T Y 2t e

24 2. 31 x7 +y’
Y 216XVt (x+y)5

2) ZZRZ’W Z( s 3

cyc cyc

x"+y"  x+y\
On the other hand for all x,y > 0 holds: = < )

2 2
7+y7>(x+y)2>4xy xy
(x+y)° 64 16

7
(J;c:;l)s 162 = Z Z(H )s—szy €

cyc

From (3) and (4), it follows

Zx >—Z Z(x+y)5_22xy

cyc cyc
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Z 2>31 +12x7+}’7>z Mxy >0 (5)
Py X Py T £ = Xy, X, H
3227 T2 x + )5 y Y
cyc cyc cyc cyc
Forx=r,y=rpz=r, from (5) we get:
31 1 rl+r)
> — 6
Zr“ 232 T 3 L ) Zrarb (6)
cyc cyc cyc

How in any AABC: Z r.rp = s% and

cyc
2

Zr?, = Zra —ZZrarb = (4R +1)* — 25%;(6)
cyc cyc cyc
31s? 1 ri+7r)

32 z Crat)

(4R + 1)% — 252 > 2

=S

95 1 r+r
AR+1)22—s?4+- )y —2 P _>3¢2
AR+T) =S+ 3 2 ot s = 28

cyc

95 r? +r]
2(4R +1)% > — 2+Z“—”26 2
( ) 16S (ro+1p)° s
cyc

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

rl+7r) )+ 1] rl+71] +95
(ra + rb)s (rb + rc) (rc + ra)s 16

- 1z(r at1p)3(ri+1E) 95 2
~ 32 (ra+rb)5 16° ~

2

1
=16 Zru —ZZrarb +—s

cyc cyc
DOUCET 95
=1¢ (AR +1)* —25%) + S —(3s%—2s%) +-—s% = 652
(( + 1) s)+16s > 16(5 s)+16s s
r7 7 7 7 7 7
atT r,+r +r, 95
2(4R+r)2—22r +2s2 > by b ¢ 4 teste
(1" + rb)s (rb + rc)s (1' + ra)s

cyc

rl+r] 31
2,,2__a7b )\ 250
Z(r”r” (ra+rb)5) 65

cyc
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rl +r] 31
2 2 2__"a'’b )\ _ >~ >0
(ra + 1y (Ta n Tb)5> 16 Yoy =

cyc cyc
Denoter, = x,r, =y, r. =2

216(x2+y2)(x+y)5 16(x7 +y7) — 31xy(x+3')5

£ 16(x + y)° 0=
Ii(x,y)
;I( Iz(x y) =
, _16(x2 +y?)(x + y)5 16(x7 +y7) — 31xy(x + y)°
(x,y) = 16(x + y)>

ILi(x,y) =16(x* + y)(x + y)®> —16(x” + y7) — 31xy(x + y)°
I(x,y) = 16(x + y)* > 0

Ii(x,y) = 7xy(x — y)*(x + y)(7x* —4xy + y*) 2 0
Equality holds fora = b = c.

Solution 3 by Soumava Chakraborty-Kolkata-India

r] +r ry +r] r/ +r]
(ra + rb)s (rb + rc)s (rc + ra)s
(x+y) —7xy (x5 +y° + 3xy(x® +y3) + 5x%y?(x + y))
- Z (x +y)s
(X=TrL,y=n,Z=T1,) = Z:(x+y)2

cyc

7xy
C

—ZZx +22xy Z((x+ o (x* + 2x3y + 2xy3 + 3x%y? +y4)>
cyc cyc
=22ra+22rarb

cyc cyc

7x
- z <—y . ((x4 + 4x3y + 4xy3 + 6x%y? + y*) + (x* + y‘*)))
cyc

cyc

2(x+y)*

7 7 4 4
= 2(4R +1r)? — 4s% + 2s? — Z(—z( T (x+y) ) —);}Eix+—;)};)
cyc
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Repeated Chebyshev 7(x +v)*
< 2(4R +1)? — 252 ——Zrarb z< (x+y) rr)

16(x +y)*
cyc
7s%2  7s? r’ +r/ ry +r r/ +r] 95
=2(4R+1)%? —2s% - - >_—2 b b ¢ ¢ a4 g2
( ) 2 16 (rp+r1r)° (p+r)® (re+ry)5 16
56s2 7s% 95s? 32s?
_ 2 _ 92 _ _ 2 92
=2(4R+r1)* —2s 16 16+ 16 2(4R+ 1) — 25“ + 16
7 41 7 L 7 7 L 7
+r I, +r r/ +r 95
“[2(4R +1)% > bs b — ——+—s?
( + rb) (rb + rc) (rc + ra) 16
r] 41y ry +r] r/+r] 95,

Again, —Ss

4 +
(p+1,)° (p+r)° (re+r1,)* 16
Chebyshev 1 Z (rg + I'CZ)(I'E + l‘cs) 95 2
> = —S
(rp +1)° 16

Repeated Chebyshev 1 Z (rb + rz)(rb + rc) §2 chc 95

1 26 +—
(Tp + 1) 6% = 16 T16°
(4R +71)% - Zs + 95s2 Trucht 3s? — 2s? + 95s?
B 16 - 16
r] + 1 ry +r/ r/ +r] 95
o b5+ b — —— +—s% > 6s?
(ra + rb) (rb + rc) (rc + ra) 16

~ combining, in any A ABC,
r] + 1y ry + 17 r/ +r] 95
2(4R+71)? > + —— +—s > 652,

R S G T LM e

equalities iff A ABC is equilateral (QED)

= 6S

JP.A497 If a, b, c > 0, then:

3 b3
a—+—+c—2 (\/7a3 + b3+ Y7b3 + 3 +7¢3 +a3)

bZ

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

Lemma.If a,b > 0, then:

7a 3
 +17b>12-3/7a3 + b3

b2
Proof of lemma. Using AM-GM inequality, we have:

7a 3 3 3

7a° + b 3/7a3 + b3
?+17b—T+8b+8b23\/T8b8b2123\/7a3+b3
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‘”” —8boa=b.

Equality holds for

Now, using Lemma and summing, we get:

Z<7—+17b> 212 V7a3 1 b o

cyc cyc

7a3
Zr+17) az 1222/7a3 T3 (1)

cyc cyc cyc

Now, using Radon’s inequality, we have:

sz = égz Z“‘ 2

cyc

From (1) and (2), it follows:

24a3 ) 7a3 6))
> ) —+17 ) a > 1223\/7a3 + b3

b2 b?
cyc cyc cyc cyc
Hence,
24a
> 122 V7a3 + b3
cyc cyc
ad 1y,
Zﬁ ZEZ V7a3 + b3
cyc cyc
a® b3

3
ﬁ+c_2+22 > (3\/7a3+b3+J7b3+c3+J7c3+a3)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality,we have :

1 7a3 b\ 1 7a® b
Ei/7a3+b3—Jbb< 2+ ><—(b+b+<i+—>>.

8b? 8 3

1, 7a> 17b
Then : > —7a3 + b3 < 24b? + —— (and analogs)

a3 17
Thus, Z\/7a3+b3 <24 b2 a (1)

cyc cyc cyc
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By Radon's inequality,we have :

(a+b+c)d
sz (b+c+a)? Za @
cyc cyc
From (1) and (2),we have :
(7 a3 3 <« ;
ZZ 7a°>+b _24Zb2 2 b2 sz, as desired.
cyc cyc cyc cyc

Equality holds iff a=b = c.

JP.498 If a, b, c > 0 then:

(a+1)(b+1) 3+ ab
a+b+2 2 a+b

cyc cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
First we prove that:

cbevL2y o
MDe2aa+1D)b+1)(a+b)=(@a+b)(a+b+2)+2ab(a+ b+ 2)
(2ab+2a+2b+2)(a+b)=(a+b)(a+b+2)+2ab(a+b+2)

(a+b)2ab+2a+2b+2—-—a—b—-2)=>2ab(a+b+2)

(a+b)(2ab+a+ b) = 2ab(a+ b + 2)
2a’b + a® + ab + 2ab? + ab + b* > 2a’b + 2ab® + 4ab
a’*+b?>*-2ab>0< (a—b)? >0
By (1):

(a+1)(b+1)
a+b+2 _2 a+b

cyc cyc

Equality holds fora = b = c.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

8 34-RMM AUTUMN EDITION 2024-SOLUTIONS
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(a+1)(b+1) ab (ab+a+b+1)(a+b)—ab(a+b+2)

a+b+2 a+b (a+b+2)(a+b)

2
a’?+b*+a+bh CES@"'(‘I‘H’) 1

“(@a+b+2)(a+hb) - (@atb+2)a+h) 2

. (a+1)(b+1)>1 ab

Th -
en a+b+2 _2+a+b

(and analogs)

Therefore,

(a+1)(b+1) 3 Z
a+b+2 2
cyc cyc

Equality holds iff a=b = c.
JP.499 Find A > 0 so that the double inequality

2>(a+b+c)3—a3—b3—c3
- Ala+ b+ c)

holds in any triangle ABC.

> 2Rr

Proposed by Alex Szoros-Romania
Solution 1 by proposer

We assume the problem is solved. If AABC is equilateral, we have that:
a=b=c=1landR = 2r.
The relationship in the statement becomes:

RZ > 270 -3 RZ o R2> 812 1= 24
_ = — =2 A=
-3 T T2

For A = 24 we will show that:
RZ > (a+b+c)¥—-a®>-b3-¢3

> 2R
- 24(a+ b+ c) = anr

Using the identity:
(a+b+c)d=a®+b3+c®+3(@+b)(b+c)(c+a)
we get:

2 o (a+b)(b+c)(c+a)
o 16s

> 2Rr; (1)
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But,abc+ (a+ b)(b+c)(c+a)=(a+ b+ c)(ab + bc + ca)

(a+b)(b+c)(c+a)=2s(s* +1%+2Rr)

Hence, (1) becomes:

, _ S?+1*+2Rr
R° > 3 > 2Rr &
8R? — 2Rr —r* > 14Rr — 1%; (2)

From Gerretsen’s inequality: 4R? + 4Rr + 31% > s> > 16Rr — 51%, we get:
8R% — 2Rr — 1% > 4R? + 4Rt + 3r% > s? > 16Rr — 51> > 14Rr — r? true.
So, (2) is true. In conclusion A = 24.

Solution 2 by Tapas Das-India
For an equilateral triangle ABC:a = b = c = %and R = 2r.

So, the given inequality is true in equilateral triangle.

3 3 3_ .3
2>(a+b+c) —a’*—-b’—c

> 2R
- Ala+b+c) = 4nr

WeputR=2r,a=b=c=%andweget:

27a3 — 3a’ 24a3

—— =4 = =41r* = 8a® = 4r’1 >
A-3a r A-3a r @ r
20> 2 2s5\* 8 s> 8 27r?
= =p(3) =5 p=5 Tz =r=2

So, it is suffices to prove for A = 24. We have:

(@a+b+c)P—-a®>-b>-c> 8s®—-2(s*-3r’s—6Rrs) s*+r’>+2Rr

24(a+ b+ ) N 24 -2s 8

We need to show:

s2 +1r2+2Rr

>2Rro s’ +r2—14Rr>0 &

16Rr — 51> + 1> — 14Rr > 0 © 2Rr — 41> > 0 © R > 2r (Euler); (1)
Again,

(@a+b+c)P—a*-b’>—c> s>+r?+2Rr
24(a+ b+ c) B 8

We need to show:

10 34-RMM AUTUMN EDITION 2024-SOLUTIONS
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s2+1%+2Rr
8
2R> -3Rr-2r’>0< (R-2r)(2R+1r) > 0(2)
From (1) and (2) is true for A = 24.

JP.5001Ifa,b,c > 0,abc = 1 then:

<R’ s*?+r*+2Rr<8R*’e

a2+1+b2+1+c2+1>3
a+1 b+1 c+1 7~

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

Lemma:
If x > 0 then:
ul +1 Vx; 1
x+1_ 8 1)
Proof. Let be f: (0,©) - R; f(x) = m—m—log\/_ then
) = x2—x\' (11 )'_x2+2x+1 1
FO=\zry) ~\gl8%) =—Gipr " 2"
_(x-1D(2x2+5x+1)
B 2x(x + 1)2
fX)=0=2x=1fx)=f(1)=0
x> x
— -1 >0; (Vv
:x+1 x+1 0gVx 2 0;(V)x > 0
Back to the problem:
Let be x = a; x = b; x = c in (1). By adding:
Za+1 Z—+log\/_+log\/_+log\/_<:>
cyc cyc
a? a+1-—a 1
> — -
Za+1—z a+1 Za+1+l°gﬁ®
cyc cyc CyC cyc

a?+1
>
a+1

cyc

11 34-RMM AUTUMN EDITION 2024-SOLUTIONS
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Equality holds fora = b = c = 1.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We h _a2+1_(a+1)2+(a—1)2>a+1( p logs)
ehave : —— = 2@t 1) > —— (and analogs

Then a2+1+b2+1+c2+1>a+b+c+3
en: 1 b+l c+1° 2
By AM — GM inequality,we have :

a+b+0233\/ab = 3.

Therefore,

a’?+1 b*+1 c¢*+1 3+3
+ + > =
a+1 b+1 c+1 2

Equality holds iffa=b =c = 1.

Solution 3 by Marin Chirciu-Romania
Using Holder’s inequality:
a’+1 a+1
=
at+1 2
Equality holds for a = 1.

e @-1>%=0

a? +1_ya+1 Ya+3am-6m3abc+3 3+ #
LHS = > = > = = 3 = RHS.
a+1> 2 2 2 2
cyc cyc

Equality holds fora = b = c = 1.

Solution 4 by Anas Chaabi-Morocco

a’+1 b*+1 c*+1 (a+1)2-2a (b+1%? -2b (c+1)*-
+ + >3

a+1 b+1 c+1 a+1 b+1 c+1

2a N 2b N 2c

a+1 b+1 c+1

®a+1+b+1+c+1—( )23(:)

( 2a 2b

c
+ + )S a+ b + cwhich is true because:
a+1 b+1 c+1

12 | 34-RMM AUTUMN EDITION 2024-SOLUTIONS
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2a 2b 2c
< < =
a+1+b+1+c+1_\/ﬁ+\/3+\/2_«/a+b+

a+b+c a+b+c
V3<——V3=a+b+c

“Vatbtc - J3Uabe

Solution 5 by Nguyen Thai An-Vietnam

a +1 a+1
We have: >
a+1 2

So,we have:

& (a—1)? > 0true.

a’?+1 b*+1 c2+1 a+b+c+3

>
a+1+b+1+c+1_ 2
a+b+C+3 3+3
ByAM —GM:a+b+c>3Vabc=3 > 3 z——=

Th a2+1+b2+1+c2+1>3
erefore’a+1 b+1 c¢+1

Equality holds fora=b =c = 1.

Solution 6 by Ivan Hadinata-Jember-Indonesia
X
abc>0abc—1$3xy,z>0a—; b =

za +1_Za +a—a+1_z Z —1_
a+1 a+1 L a+1

cyc cyc cyc cyc

2_ 1 X2 + 72
4 Z +x Liz(z+x)
cyc cyc Z cyc yc

(x + 2)? xX+z AM,ZGM 1 X
2z(z + x) 2z 2 z 2 z
cyc

cyc cyc cyc
AM-GM

=§}E S 3%abc=3

cyc

Equality holds fora=b =c = 1.

JP.501Ifa,b,c > 0, then:
a10 b10 c
+ + > —
(b+c)’Ra+b+c¢)® (c+a)s(a+2b+c)> (a+b)(a+b+2c)> 8
Proposed by D.M. Batinetu-Giurgiu-Romania
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Solution 1 by proposer
a10 10 aZ)S

a
Czyc(b+c)5(za+b+c)5 zzyc(s—a)5(s+a)5 =;(s2 —a?)5

5 5
a’? \° Radon 1 a? 1 a?
Dlema) = w1\ 2v—a) =m|\2legzat)-3)

cyc cyc cyc

5

5
1 s2 Bergstrom 1 5 9
KL z:sz—az_3 = ﬁ(s 'Z(Sz—az)_s) -

5
1 9s? 1 9s?
=— ~3) >— ~3] =
34\3s2 — (a% + b2 + c%) 34 352 — (a+b+c)?

3

1 27s? 35_1<27 3)5_ 35 3
~ 34\9g2 — g2 T 34\9-1 ©34.85 g5

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

10 15

D Grora -, T >
(b+¢)5(2a+b +c)’ (ab + ca)>(2a+ b + ¢)*
cyc cyc

Hoéder (chc a)l _

(Beye(ab + ca))’ (Zeyea+ b +¢))’ (Tepe 1)

15 10
3(Zcyca) 3(Zeyca) 3 .
= Cycs £ > cye 5 =315~ g5’ as desired.
(2- 3 chc bc) (4‘ chc a) 215, ((chc a) )

Equality holds iff a=b = c.

Solution 3 by Marin Chirciu-Romania

al? 3

Ifab,c>0,th z >
fab.c ML b+roS2athb+c)s 8
cyc

Proposed by D.M. Batinetu-Giurgiu-Romania
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Solution.
Using Holder's inequality,we get:
al®

a2 Holder
LHS = Z b+ 052atbtod Z ((b TOQRatbe c)) =

5

1 az cBs 1 3 5 3 "
=Y > . (Z
=34 Z(b+c)(2a+b+c) = 34 (8) _85’W ere
cyc
a? cgs (Za)z Za +2Y be (;)3
(b+c)2a+b+c) - Yb+c)(2a+tb+c) 2Yal+6Ybc 8
cyc

Ya?+2Y bc
() & = —@2 2>Zbc=>2(b—c)2>0
2.0 +6%bc cyc cyc cyc

Equality holds fora=>b = c.
Remark.The problem can be developed.
a’n 3
(2a+ b+ o)™

,where

If a,b,c > 0andn € N, then Z(b o
cyc
Proposed by Marin Chirciu-Romania
Solution.
a? 3

Forn=0weget3 =3 and forn=1,we get: Z(b+c)(2a+b+0) 8

Forn > 2,we use Holdsr's mequallty
2n
a

az " Holder
LHS = E = E =
(b+c)"(2a+ b+ )" (b+c)2a+b+c)
cyc

n

a? cBs (3\" 1 3 RHS. wh
> -] - > — =
Z 3n1 Z(b+c)(2a+b+c) = (8) 3n-1=gn S, where
a? cBs T a)? Ya?+2Y bc (;)3
(b+c)(2a+b+c) ~ Y (b+c)(2a+b+c) 22a2+62bc

1) & ZZZa 2++2622blfc 8" Z a* 2 Z be = Z(b —0*20
cyc cyc cyc

Equality holds fora=b = c.
Note: For n = 5 we obtain the Proposed Problem JP.501 from
RMM — 34 — Autumn 2024 proposed by D. M. Batinetu — Giurgiu.

,where

Solution 4 by Soumava Chakraborty-Kolkata-India

Via repeated use of Chebyshev's inequality, (b + ¢)° < 24(b® + c®)
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and 2a+b+c)>=(a+a+b+c)® £44(a5+a5+b5+c5)
~(b+¢)*2a+b+c)® <2%4% (b%+c5)(a® + a® + b5 + c)
= (b +¢)° (Za + b+ ¢)® < 212(b® + c%)(2a® + b® + ¢®) and analogs

a1 p10 10
h (b +¢)5Qa+ b+ c)5 (c+a)5(a+2b+ c)5 (a+b)5(a+ b +2c)°
al? ? 3
- 212 (b5 + ¢5)(2a’ + bS +c5)
2 3 5 5
= ,V = b ,C =
z(y+z)(2x+y+z) (x a®y ¢ Z)

x2 Bergstrom (chc x)z
Now, Z =
y+z)(2x+y+2z) Yeye(2xy +y2 +yz + 2xz + yz + 22)
cyc
chc x? + 2 chc Xy ?
4Zx +BZ > 3Zx +9Zx
2 chc x*+6 chc xy 8 i Y
cyc cyc cyc cyc

o sz 2 ny — true = () is true

cyc cyc
10 b 10

a c10 3

>
b+O52atbtcpd (cta)iat2btop  (@atb)(atb+ 205~ 8
Vab,c>0"=" iffa=b = c(QED)

Solution 5 by Ivan Hadinata-Jember-Indonesia
2 BERGSTROM

a iy
= >
22a+3b+3c ZZa2+3ab+3ac -

cyc cyc

- (a+b+c)? (a+ b+ c)? 3
~2(a+b+c)?>+2(ab+ bc+ca)

2(a+b+c)2+%(a+b+c)2 8

>
§ 5 5~ b =
(b+c) (2a+b+c) 3zcyc (b+c)(a+2+2)

5

z 4q? 1 ( 4a )
—32 b %] 32 2a+ 3b + 3¢

cyc b+c+a+7+7) cyc

10

10

10 10

—i. 10,

S 2 410 Z _ — Z—
— 32 3(2a+ 3b+ 3c¢) 32 310 2a+ 3b + 3¢

cyc cyc
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10
o3 0. L3 3 40 1 _3_3
— 32 310 810 32 810 215 85

Equality holds iff a=b = c.
JP.502Ifm,n=>0m+n=4andx,y,z > 0thenin AABC holds:

x-am N y - b" N z-c" S gm-1, p2-n
y+2)hg  (z+x)hy  (x+y)ht

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by proposer

x-a™ x-amm 1 z:x-a4

G+oht L y+2@a h)" @F)"liy+z
cyc cyc cyc

1 x2q* Bergstrom 1 < xaz)z
= > . =
(2F)n Z xy + xz - 2"F* Y (xy + xz)

cyc

1 xa®+yb® +zc? OPP‘—’;heim 1 16(xy+yz+zx)F?

~2nFn 2(xy+yz+zx) . 2"Fr 2(xy+yz+zx)
— 23—11 . FZ—‘n — 23—4—+m . FZ—‘n — Zm—l . FZ—n

JP.503 In acute AABC the following relationship holds:

za+b B >a+b+c
ab €= R

cyc

Proposed by Marian Ursarescu-Romania

Z(1+1)h >a+b+c_ 1)
a b/ ¢~ R ’

cyc

Solution 1 by proposer

Using Pham Huu Duc'’s inequality:

x(a+b) +y(b+c)+z(c+a) =2/(xy+yz+ zx)(ab + bc + ca);
(M)x,y,2z,a,b,c >0

Z<1+1)h >2 |(h,h +hh+hh)<1+1+1)- 2
a b)) ¢~ a™b b™c ¢ \ab bc cal’
cyc
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2s°r gL, t. 1_.1. 3)
R ™%ab "bc ca” 2Rr

From (2) and (3) it follows that:

z(1+1>h>2 s2 25 _atb+c
a b RZE_ R R

cyc

h,hy + hyh, + h h, =

Solution 2 by Marin Chirciu-Romania

_2F
Using h, = —,we get:
LHS = b+c b+c 2F b+ .2 _a+b+c
Z ha 3 Z( ) = 2RF Z “=
cyc cyc cyc cyc

= RHS

Solution 3 by Tapas Das-India

Za+b h _za+b 2F Z( _ 2F zz _
ab < c _abc a=

cyc cyc cyc cyc
__2F 9.2 _2F 4 _2s a+b+c
“abc T arF ™ TRT R
JP.504 In AABC the following relationship holds:
A B C 3+m

<
TL'A+BC+12+1TB-I-CA+12+11'C+AB+12_ 32

Proposed by Radu Diaconu-Romania
Solution 1 by proposer

We have:

A A A 1)
= = <
ZnB+CA+12 Z(A+B+C)A+BC+12 A+B)A+C)+4+8 =
cyc cyc cyc

<y A 21 ﬂ( 1 +l>_
1JA+B@A+0+8 4L4\Ja+B@a+co 2/

cyc

Z (3)1 1( A N A >+1r_
16 A+ B A+C 2_16 2\A+B A+C 32
cyc

cyc cyc
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_ 13 = 3+x
“16z2t321 32
1o @+B)A+C0)+4>24/(A+B)(A+C) &
(\/(A+B)(A+C))2—4\/(A+B)(A+C)+420<:>

(Va+B@+o —2)2 >0

Equality holds for (A + B)(A+ C) = 4.
2)e <—(—+—) h _—\/(A+B)(A+C) dy=2
.

< ,where x and y

Equality holds for (4 + B)(A + C) = 4.

A A 1/ A A
3) =<5 (s )
A+B A+C-2\A+B A+C

Equality holds for A _ 4 oa=B.
A+B  A+C

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

A B A B A -
mA+BC+12 (A+B+CA+BC+12 [(A+B)(A+C)+4]+8~
HM;AMA 1 1 AM;GM A A
< —( +—) < +—<

4\(A+B)(A+C)+4 8 4.2./J4(A+B)(A+C) 32

“M;M11(A+A>+A_1<A+A+A)(d logs)
= 162\A+B A+¢/ 32 32\ A+B 4A+cC and anatogs
Therefore,

= Ll e ) - Yl a ) -
mA+BC+12~ £L.32\A+B A+C ~ Lu32\A+B B+A B
cyc cyc cyc

L iy =3t asdesired
= 32 = 32 , as dadesiread.
cyc

19
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JP.505 Forn € N*, x € (O,g) prove that:

)S(n+1)z

i 4k + (k — 1)2 sin? 2x
] (k—1)%+ 4k csc?2x

Proposed by Florica Anastase, Flavius Pacionea-Romania
Solution by proposers

k+ (k—1)?-sin?xcos?x k+ (k—1)?-sin? x cos? x

(k—1)2 + k(tanx + cotx)? Y k(tanx + cotx)? — 2k -
k+ (k—1)?-sin? x cos? x
BT k(tan2 x + cot? x) -
1+ (k—1)cos®?x + (k—1)sin? x + (k — 1)? sin? x cos? x
- kZ + kcot?x + ktan?x + 1 -
1+ (k—1)cos’x 1+ (k—1)sin’x
- k+tan®x  k+cot’x
- k + (k—1)2-sinZ xcos?x = 1+(k—-1)cos?x 1+ (k—1)sin’x
kz_;((k—l)2+k(tanx+cotx)2>=j;( k+tan’x  k+cot’x )S

1w /1+ (m—1)cos?x 1+ (n—1)sin®x\
SE;< ) @

n+tanZx n + cot? x

S /1+(m—1)cos’x 1+ (n—1)sin%x
Let:Sn=z +
n + tan? x n+ cot?x

k=1

We use the mathematical inductionforn e NNn>1

1 1 1 1 - )
n=1:51=1+tan2x+1+cot2x= 1 + 1 = Ssin x+cos“x=1
cos?x sinfx
1 1 1+sin’x 1+ cos?x
nzZ:Sz:1+tan2x+1+cot2x+2+cot2x+2+tan2x=

1+sin?x 1+ cos?x . 5
=8+ ——+ >— =1+sin“x + cos”x = 2
1+sin“x 1+ cos“x

sin? x cos2 x

Let be S,, = n,Vn € N* and then we prove that §,,,; = n + 1.
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n+1

1+(n—1)cos’x 1+ (n—1)sin*x
Sn+1=Z + =

] n + tan? x n + cot? x
1+ ncos?x N 1+ nsin®x +1+nsin2x+1+ncoszx
= :n - =
" "n+1+tan?x n+1+cotZx 1+nsin’2x 1+ncos?x
sin? x cos? x

=n+sin’x+cos’x=n+1; (2)

From (1) and (2), we get:

i(k+(k—1)2-sin2xcoszx><n+1

o] (k—1)2 + k(tan x + cot x)? 2
Zn: 4k + (k — 1)? - sin? 2x cmiDo
] (k—1)%2 + k(tanx + cotx)? /) ~ n

= (4k + (k — 1)? sin? 2x ,
Z <(k —1)2 + 4k csc? 2x sm+1)
JP.506 Fora,b,c > 0,a+ b+ c =1andk € N prove:
a N b . c - (27)"+1
(a% + abc)k*1 (b2 + abc)k*1 * (¢2 + abc)k*1 — \ 4

Proposed by Florica Anastase, Andreea Lixandru-Romania
Solution 1 by proposers

a b c
+ + =
(a% + abc)*+1 * (b2 + abc)k+1 * (¢% + abc)kt?
_ 1 1 N 1 1 N 1 1 Ragon
~ak (a+bco)1 " bk (b +ca)ktl ¢k (c+ab)ktl T
k+1

>(a+bc+b+ca+c+ab) =< 1 n 1 n 1 )+.(1)
- (a+ b+ c)k a+bc b+ca c+ab ’

Now, froma+ b+ c=1,wehave:l —a=b+c>01—b=c+a>0,
1-c=a+b>0
1 1 1 1 1 1
+ + = + +
a+bc b+ca c+ab 1—-(b+c)+bc 1—(c+a)+ca 1—(a+b)+ab
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1 1 1 2

“A-hd-9o U-od-o -od-b d-ad-nd-go @

AM-GM
1-a)+1-b+(1-¢) = 3/0-a)1-b(1-0) &

2=3-(a+b+0)=23/1-a)1-b(1-0) &
2
“A-oa-na-o- a1
From (2) and (3), we get:
1 1 1 2 27
+ + = =—;
a+bc b+ca c+ab (1-a)(1-b)(1-c) 4
From (1) and (4), we get:

8>27(1-a)(1-b)(1-c¢) 3)

4)

k+1

a N b N c - (27)
(a% + abo)k+1 * (b? + abc)**! * (c? + abc)kt1 — \ 4

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality,we have :

Z a 1 32(k+1)

- = > =
2 k+1 z k k+1 — k k+1
cyc (a® + abc) cyc a*(a + be) (chc a) (chc(a + bC))

32(k+1) 32(k+1) 32(k+1) 27 k+1
P (—) , as desired.

e+l

= =
11+ 3,0 bc)k+1 (2 ca)z 141 4
(1 1 yT) ( 3)

1
Equality holds iffa=b =c = 7

Solution 3 by Ivan Hadinata-Jember-Indonesia

a 1 1
; (a? + abc)k+1 Z ak(a + bo)k+t1 Z ak(1—b—c+ bo)k+1

cyc cyc

AM-GM

1 1 -
= = >
z ak(1 — b)k+1(1 — ¢)k+1 Z ak(a + o) 1(a + b)k+1  —

cyc cyc

3 1 AM-GM
>3 S
(abC)k(a + b)2k+2 (b _|_ C)2k+2(c + a)2k+2
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3 3 33k+3 o7\ k+1
> = = = —
= a+b+ck 2a+2b+2c2k+2 l.22k+2 22k+2 <4_>
(=) (FF—) wzmem

1
Equality holds iffa=b =c = 7

JP.507 Let ABCD be a cyclic quadrilateral with circumradius R
and area F. Prove:

A
Ysec’s _ 16R*

="
ZseC‘zé F

where the sums are taken over all angles of the quadrilateral.

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

We apply the Law of cosines in the triangle ABD and BDC to obtain:
BD? = a? + d? — 2ad - cos A = b?> + ¢?> — 2bc - cos C
So,because the quadrilateral is cyclic,we have cos C = —cos 4, so,
2(ad + bc) cos A = a* — b? — ¢? — d?, which means that
a? — b? — % + d?
2(ad + bc)

1 1 1 1
We have: F =EadsinA+EbcsinC =EadsinA+EbcsinA =
—1(d+b)'A ind = 2F
=3 a c)sinA, so, sin = d+be

CosA =
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. ,A 1+cosA |
Taking into account that cos”“ — = — it follows that
1+az—bz—cz+d2
cos2A — 2(ad + bc) _ (a+d)?—(b—c)?
2 2 B 2(ad + bc)
_(a+d-b+c)a+d+b—-c)
B 2(ad + bc) B
(s—b)(s—0) at+b+c+d . .
= ,Where s = ————— denotes the semiperimeter of ABCD.
ad + bc 2
. . A A sinA
Also,we have:sin A = 2 sin—=co0s —, 50, sin — = —— ,namely
2 2 2 2
cos
2
2F
iz o sin*4 (@ +50) _ F*
2 4coszﬂ 4. (s—b)(s—c) s—b(s—c)(ad+ bc)
2 ad + bc

It is well — known that F = \/(s —a)(s—b)(s—c)(s—d).So,
A (s—a)(s—d)

sin? — = ,we obtain the relations
2 ad + bc
:A_G-a)s-d) o
tan 2" GobhG-0 ,and similarly,we have
B —b)(s— Cc — —-b D — —-b
tan2Z — s-b)s-a) , (s—c)(s—b) dtan? (s—c)(s—b)

2" G-0G-d ™2 - ™ 2 GoaG-d

. 2 A
Now,we have tanZé _s-a)ls—-d) sm27 _(s—a)(s—4d)

2 " G-b(-0 ‘:’coszg‘ -b)(s—0)

. 2 A A
sm27+cos27: (s—a)(s—d)+(s—b)(s—c)_<”xy<x2+y2>

cosz'% (s—=b)(s—c) ’ 4

— _ 2 _ N2
1 _<S—“><s—d>+<s—b><s—c><(s ats_d  (5-bis—o

cosz‘% (s=b)(s—o¢) - (s=b)(s—o)
_(b+o)?+(d+a)?
"6 -DG-o @ W

Now,we'll prove that:

A
Lemma: In any triangle ABC the inequality b + ¢ < 4R cosi holds:

. . . . B+C B-C
Proof.We easily deduce that b + ¢ = 2R(sin B + sin C) = 4R sin > cos >

A
< 4Rsin -1=4RcosE
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Solution 2 by Soumava Chakraborty-Kolkata-India

Via Ptolemy’s theorem, pq = ac + bd and via Ptolemy’s second theorem,

p ad+bc (ac+ bd)(ad + bc) (ac+ bd)(ab + cd)
- = Lp= andq: -
q ab+cd ab + cd ad + bc
d+q—a\(a+q—d
Now t 2A_(m—a)(m—d)( _a+d+q>_ 2 2
oW T T T m(m— q - 2 _<a+d+q><a+d—q
2 2
(ac + bd)(ab + cd) ad((b + ¢)? — (a — d)?)
_?—(a-d)?view” gdtbe _ —@-d* ad T be
C(at+d?-q* gz (actbd)(@btcd)  ad((a+d)’— (b—0)?
ad + bc ad + bc
_4(s—d)(s—a). 2A(i)(s—d)(s—a)

T45-0G-b) M2 T G-bG-9

<b+p—a><a+p—b

Acain. t 2B_(n—a)(n—b)( _a—l—b—i—p)_ 2 2
gain, tan-> = n(n —p) B 2 _(a+b+p><a+b—p
2 2
(ac + bd)(ad + bc) ab((c +d)? — (a—b)?)
_PP-@-bPview  ghred @D _ ab +cd
~(a+b)2Z—pz (a+b)? — (ac+bd)(ad + bc)  ab((a +b)2 — (c —d)?)
ab + cd ab + cd
_4(s—b)(s—a) tanZE@ (s—a)(s—b)
T 4(s—-d)(s—c¢) 2 (s—o)(s—d)
We have Z sec? A_ sec? A + sec? B + sec? ¢ + sec? —
’ 2 2 2 2 2
cyc
—<1+t ZA>+(1+t ZB)+ 24 ZB(--A+C—B+D—1I
= an” > an’ =) +csc’ S fesct o (oo =g+ =2

via (i),(if) (s—d)(s—a) (s—a)(s—b) (s—b)(s—o¢)
= (” (s—b)(s—c)>+<1+ (s—c)(s—d)>+<1+(s—d)(s—a)
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s—os—d)\ [ zé_ 1
+<1+(s—a)(s—b)> < csc 2 —1+tan2%etc>

28’ —s(b+c+d+a)+bctad 2s®—s(c+d+a+b)+cd+ab

G-b)s—0 " G-OG-d
2s? —s(d+a+b+c)+ad+bc 2s’—s(a+b+c+d)+ab+cd 5
G-dG-a + G-a)G—b) - (2)

_(ab+cd)((s—a)(s—b) + (s —c)(s — d))
B (s—a)(s—b)(s—c)(s—d)
(ad+bo)((s—d)(s—a)+ (s—b)(s—0)) (ab + cd)? + (ad + bc)?
(s—a)(s—b)(s—c)(s—d) - (s—a)(s—b)(s—c)(s—d)
s Z soc? A (ab + cd)? + (ad + bc)?
2 (s—a)(s—b)(s—c)(s—d)

Al Z , Avia(2) (s—b)(s—c)
so, ) cos® 2  2s2—s(b+c+d+a)+bc+ad

cyc
(s—o)(s—d) N (s—d)(s—a)
s2—s(c+d+a+b)+cd+ab 2s2—s(d+a+b+c)+ad+bc
N (s—a)(s—b)
2s2—s(a+b+c+d)+ab+cd
(s—b)(s—c)+(s—d)(s—a) (s—c)(s—d)+(s—a)(s—Db)
ad + bc ab + cd

2s? —s(b+c+d+a)+bc+ad 2s?—s(c+d+a+b)+cd+ab

ad + bc ab + cd

2 A

A (=) YeycS€C 5 16R*

> ) cos?S =2 avia (), (0, S —Z < =
cyc chc sec™2 2
(ab + cd)? + (ad + bc)? 16R*

Z(S —a)(s—b)(s—c)(s— d) (s—a)(s—b)(s—c)(s—d)

& (ab + cd)? + (ad + bc)? (< 32R*

Now, via sine law and " circumradius of A ABD and A BCD is R,
~ a = 2Rsinf,b = 2Rsing, ¢ = 2Rsiny,d = 2Rsina

- ab + cd = 4R?(sinBsind + sinysina)

= 2R?%(cos(B — 8) — cos(B + &) + cos(y — a) — cos(y + a))

= 2R?%(cos(B — 8) — cos(D) + cos(y — «) — cos(m — D))

(@)
= 2R?*(cos(B — 8) + cos(y —a)) < 2R*(1+ 1) = ab + cd < 4R?

and, ad + bc = 4R?(sinBsina + sin8siny)
= 2R?(cos(a — B) — cos(a + B) + cos(y — 8) — cos(y + 8))
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= 2R?%(cos(a — B) — cos(m — A) + cos(y — 8) — cos(m — C))

= 2R?%(cos(a — B) + cosA + cos(y — 8) + cos(m — A))
(@m)
= 2R?%(cos(a — B) + cos(y —8)) <2R*(1+ 1) = ad + bc < 4R?

~ (@), (28) = (ab + cd)? + (ad + bc)? < 16R* + 16R* = 32R* = (¢) is true
A
. chc SeCZ 2 16R4
) AT F
2

in any cyclic quadrilateral ABCD (QED)

chc sec

JP.508 Let ABCD be a cyclic quadrilateral with circumradius R and
area F. Prove that:

8R?
cscA+cscB +cscC+cscD < T

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer
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We apply the Law of cosines in the triangle ABD and BDC to obtain:
BD? = a? + d? — 2ad - cos A = b?> + ¢?> — 2bc - cos C
So,because the quadrilateral is cyclic,we have cos C = —cos A, so,
2(ad + bc) cos A = a? — b? — ¢ — d?,which means that

a? — b? — ¢% + d?

A=
cos 2(ad + bc)
1 . 1 1 . 1
We have: F = EadsmA +EbcsmC = EadsmA +EbcsmA =
—1(d+b)'A inAd = 2F
=3 a c)sinA, so, sin = 2d+be
L ,A 1+4+cosA .
Taking into account that cos i — it follows that
1+az—bz—c2+d2
cos2 A _ 2(ad+bc) _ (a+d)>—(b-c)?
2 2 ~ 2(ad + bo)
_(a+d—b+c)(a+d+b—c)_
B 2(ad + bc) -
(s—b)(s—c) a+b+c+d . .
= ,Where s = ———— denotes the semiperimeter of ABCD.
ad + bc 2 1 1
So.si ,A_ (s-d)(s—a) (s—d)(s—a)sind _ 2siny cos5 (s —d)(s—a)
oSy = 2F = 2F = 2F
sin 4
. A
1= 2 il exy <
cos >
siny (s—a+s—d)? (b+c)?
So,—=2 < = ; ()
A 4F 4F
cos >

Now,we'll prove that: In any triangle ABC the inequality
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A
b+c<4R cosiholds.

We can easily deduce:
. . . B+C B—-C
b+ c =2R(sinB + sin C) = 4R sin 2 cos > <

yi4
< 4Rsin

1=4R 4
1 =4Rcos—
2

A
So,b+c<4R cosE.Applying the last inequality to triangles ABC,BCD,CDA

and DAB,we obtain the following inequalities:

B C D A
a+bS4RcosE,b+cS4RcosE,c+dS4Rcosf,d+aS4RcosE

_ sing 16R? coszg 4R? sinzg A C m

S, (%) gives 1 < AF = F (2 + = 5=73
cos

1 4R? 1 4R? 1 2R?

< = <
2F sinA F

) namely

nAcos? 25in A cos
SIDZCOSZ SIHZCOSZ

1 2R? 1 2R? 1 2R?

< < <
Similarly, 5 F smC F G DS TF

sz L. a<E
sinAd — or esed = F

cyc cyc

Equality holds if and only if the quadrilateral ABCD is square.

Solution 2 by Soumava Chakraborty-Kolkata-India
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Via Ptolemy's theorem, pq = ac + bd and via Ptolemy’s second theorem,

p ad+bc j(ac + bd)(ad + bc) \j(ac + bd)(ab + cd)
p= and q = -

= ap= 1
q ab+cd P @

cscA + cscB + cscC+ cscD = cscA + cscB + csc(m— A) + csc(m — B)

1 1 sine law 1 1
=2 =" 4R(=+=
(sin A + sin B) ( + )

q ab + cd ad + bc

qa P
via(1) 4R [ |(ac + bd)(ad + bc) (ac+ bd)(ab + cd)
= — +
Pq ab + cd ad + bc
_ 4R (ac+ bd)(ad + bc + ab + cd) Ptolemy and Brahma;ilpta + Parameshwara 4R(a + ¢)(b + d)
P4, /(ac + bd)(ad + bc)(ab + cd) 4FR

8R?2 )
<5 © (a+c)(b+d) < 8R?
Now, via sine law and " circumradius of A ABD and A BCD is R, . a = 2Rsin,
b = 2Rsing, ¢ = 2Rsiny,d = 2Rsina
~ (a+ c)(b+d) = 4R?*(sinf + siny)(sind + sina)
= 4R?(sinBsind + sinysina + sinasinP + sinysing)
= ZRZ(cos(B —8)—cos(B+8) + cos(y —a) —cos(y + a) + cos(ax — B)

— cos(a + B) + cos(y — 8) — cos(y + 8))

= ZRZ(cos(B —8) — cos(D) + cos(y — a) — cos(B) + cos(a — ) — cos(m— A)
+ cos(y — 8) — cos(m — C))

= ZRZ(cos(B —8) — cos(D) + cos(y — a) — cos(m — D) + cos(ax — B) + cosA
+ cos(y — 8) + cos(mt— A))
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= 2R?%(cos(B — 8) + cos(y — a) + cos(a — B) + cos(y — 8))

<2R*(1+1+1+1)=8R?= (x)istrue
8R?
~cSCA+cscB+cscC+cscD < T in any cyclic quadrilateral ABCD (QED)

JP.509 Let ABC be a triangle with inradius 7 and circumradius R. Prove that:
3

<1+ tA>(1+ tB>(1+ tc)>(1+\/§ Zr)
co > co > co 5) 2 R
Proposed by George Apostolopoulos-Greece

Solution 1 by proposer

Use Huygens inequality:
3

(1+ tA>(1+ tB)<1+ tC>> 1+3 tA tB tC =
cot> cot> cotz) = cotz cot- coty | =

3 2}
> (1++3) 2(1+\/§~F> ,because

tA tB tC_ tA+ tB+ tC>3 t(A—i—B+C>
cot- cot- cot- = coto + cot— + cot = 3 co

=3v3 and

2r
V3 >+/3- R true fromR > 2r (Euler).

Equality holds if and only if the triangle ABC is equilateral.

Solution 2 by Marin Chirciu-Romania

Using Huygen's inequality: 1+ x)(1+y)(1+2z) > (1 + 31/xyz)3; Mx,y,z =0,

we get:

3
A\ Huygens 5 A 3[s 3
LHS=1_[(1+cot—> = 1+ Hcot— = 1+\/: =
2 2 r
cyc

cyc
2r 3
> (1+‘/§'F) = RHS,

where (1) & <1 + 3\/§>3 > (1 +\/§%)

which it is obtained from s > 3\/3r (Mitrinovic) and R > 2r (Euler).

3 3

S 2r
o2>3(3)
r R
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Equality holds if and only if triangle is equilateral.

Solution 3 by Tapas Das-India

A S 2 2 1 1
cot—=—,2ra=4R+r,Zrarb=S.| |Ta:5 T,Z—=—
2 1,

cyc cyc cyc cyc

A
[ [(+eorz)=] [(2 —)—1+Z—+Z

2 TaTh rarbrc
cyc cyc cyc

Mitrinovic
s3 2s 4R+ 71 Euler
_1+SZ +SZ ——1+—+ =
TYqalrp 2y r Tr

cyc

3\/—

2r
22+2 —— 4.7=10+6\/§;(1)

3 3
Now,(1+\/§-%r) s(1+\/§-g> =(1+\/§)3=10+6\/§;(2)

From (1) and (2), it follows:
3

H(1+cotg)2<1+\/§-%)

cyc

JP.510 In AABC the following relationship holds:

9\/Ergz /ré+r§£(4R+r)

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

S i jsz(r3+rg): jlegs jmmz(g;g:

cyc cyc cyc

r
= (4R +71) |6 (R_-I—r) ,where we used

Gerretsen r(4R + 1‘)2
2 2 2 2
ra=AR+71)°—125 < 4R+ 1) —2———mFF =
> ri= (4R +7) (4R+7)2 2T
cyc

— (4R +1)? (1 - Rz—:r) — (4R + 1)? (ﬁ—:)
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Z /r2+rbAGMz ’(r +rb)2 Z(r +rb)—\/_z

cyc cyc cyc
—\/_(4R+r) \/_ 9r = 9\/2r
Equality holds if and only if triangle is equilateral.
Solution 2 by Tapas Das-India

S a3 S Jarr, = I Jrarsz VY b2

cyc cyc cyc cyc

1 1 1 1
> 3v2%/h hyh, > 3v/23/2773; (r—+—+— = —)
a

r, r. T

2
CBS
z /r,zl+r,2J < |6 Zrﬁ = |6 Era —ZZrarb =
cyc

cyc cyc

= 6[(4R + 1)2 — 25?]
We need to prove:

J6[(AR +1)2—2s2] < (4R +T1) |6 (ﬁ ; :) PN
[4R+1)?> —25*](R+1)<(4R+T1)*(R—-1) &
[(4R +71)> —2(16Rr — 51>)](R+1r) < (4R+1)*(R—-1) ©
6R1r? — 1213 > 0 © R > 2r (Euler).

PROBLEMS FOR SENIORS

SP.496 If f: R — R derivable, f(0) = 0, f'(0) = 1, then find:

ﬂ=rlli_)rg<llm (f(x)+f() f(§)+---+f($)>—logn>

Proposed by Marin Chirciu-Romania
Solution by proposer

Using E—%M = f'(0),we get:
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0)

(141 G) 1)1 () - Zkggg §

=ilf’(0)=(1+1+1+ +1> 1_1+1+1+ +1
k 2 3 2 3

Therefore,

= lim (l‘m (f(x) +£(5 )+f(g) + +f(%)> - logn> _

1 1 1
= lim (1 +-+z+- + —— logn) C=05772 ..
n—co 2 3

SP.497 Let D ABC be a triangle with circumradius R. Let r,, ), r. be the
exradii. Prove that:
ri . ry . re >81\/§
sin(24) sin(2B) sin(2C) ~ 8

Proposed by George Apostolopoulos-Greece
Solution 1 by proposer

It is well known that:

— arsindcos B eosE v — arsin® cosE cos A and
g = Sll’l2 COos 2 COSZ,Tb = sin 2 COS2 COS2 an

B
= 4R sin - > cos 2 cos ,then using CBS:

rh rg ri

>
sin(24) + sin(2B) + sin(2C) —

(r2+ri+ rc)

> — ; (*)
sin(24) + sin(2B) + sin(20)
We'll prove that:
27
r:+ri4r? ZTRZ
A B C
We have: 12 + 17 + 12 = 16R? Z sin? > cos? > cos? 5=

cyc

34 34-RMM AUTUMN EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
= 2R? Z(l —cosA)(1+ cosB)(1+cosC) =

cyc

=2R?*( 3 +ZcosA — Z cosAcosB —3cosAcosBcosC
CyC CyC
We know that:
R+1r

cosA + cosB + cosC =

s2 + 1% —4R?
ZcosAcosB =

4R?
cyc
s? — (2R +1)?
cosAcosBcosC = ARZ
So-r2+r2+r2=2R2<3+R+r—sz+r2_4R2—3-sz_(2R+r)2>=
et b e R 4R? 4R?

= (4R +1)? — 25>
Using Gerretsen’s inequality, we get:
r:+7ri+ 1% > 8R* - 512

27R?

R
But R > 2r(Euler) & r < -, namely 17 + ri+1r2> .

Now, we’ll prove that:
sin(24) + sin(2B) + sin(2C) < sin A + sin B + sin C. We have:
sin(2A4) + sin(2B) = 2sin(4 + B) cos(A— B) < 2sin(A+ B) = 2sinC
Similarly,
sin(2B) + sin(2C) < 2sin A and sin(2C) + sin(24) < 2sinB
So, 2(sin(2A4) + sin(2B) + sin(2C)) < 2(sinA + sinB + sinC) &
sin(24) + sin(2B) + sin(2C) < sinA4 + sin B + sinC
Also, we know that: sinA + sinB + sin(C < szﬁ

The inequality (*), gives:

27R?\ 27R?\
g T re 4 >\ 4 = 81\/§R4
sin(24) * sin(2B) sin(2C) ~ sinA+sinB +sinC~ 3y3 8
2

Equality holds if and only if triangle is equilateral.
Solution 2 by Marin Chirciu-Romania
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ri - R*(4R + 1)*
sin 24 — 18sr

Lemma: In acute AABC holds: Z
cyc
Holder XEry)*  (@R+1r)* R*(4R+1)* (1> 81\/_

Proof.LHS = Zsm 24 T 9Ysin24 2r  18sr ~ 8
cyc 9 R2

= RHS

R%(4R +1)* . 813

4 4> 2
B 2 g R* © 4(4R + r)* = 729V3R?sr

where (1) &

(Mitrinovic)

3V3R
2

which follows froms <

Remains to prove: 4(4R + r)* > 729V3R? - re

8(4R + 1)* > 6561R3*r  8(256R* + 256R3r + 96R*r? + 16R1r3 + r*) > 6561R?*r
S
2048R* + 2048R3r + 768R*r> + 128Rr® + 8r* > 6561R* r &
(R — 2r)(2048R3 — 417R*r — 66Rr?* — 413) > 0 which is true from R
> 2r (Euler).
Equality holds if and only if triangle is equilateral. Remark. The problem
can be developed:

If n € N,in acute AABC holds:

T . o r? 2(4R+r>"2 ERZ
sin2A sin2B sin2C 3

2
Proposed by Marin Chirciu — Romania

Solution.
Forn = 0,n = 1the problemitis solved using Bergstrom's inequality.
Forn > 2,itis use Holder's inequality.
" - R*(4R + )"
sin24 — 3"2.2sr

Lemma:If n € N, in acute AABC holds: z

cyc

" Holder ro" 4R+1)" R?*(4R+1)"
Proof.LHS = Z — > _(Z “_) _( ) (_ " _
sin 24 3n-2Ysin24 3n-2 . 2sT  3n2. 2sr
cyc RZ
R2(4R +1)"% (4R +71)° (1) R%(4R + 1) 2 V3 = <4R + r>" 2 93 R
2 -3n2 sr~ 2.3n2 -\ 3 2

4R + 1r)? 3V3R
1e % > 9v3 which follows from s <

(Mitrinovic)

R
‘7 < 2(4R +1)? > 81RrT

3
Remains to prove: (4R +1r)? > 93 -
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32RV2 — 65Rr + 21> > 0 © (R — 2r)(32R — r) = O which is true from R
> 2r(Euler).
Equality holds if and only if triangle is equilateral.

SP.498 Let A, B € M3(R) such that AB = BA. Prove that
det(A% + B?) = 0ifand only if det(4 + B) = 2(det A + det B) and
det(A — B) = 2(detA — det B).

Proposed by Florentin Visescu-Romania

Solution by proposer
det(4? + B?) = det(4% — (iB)?) = det[(A — iB)(A + iB)] =
= det(A — iB) - det(4A + iB) = det(4 — iB) - det(4 + €B) =
= det(A + iB) - det(A + iB) = det(A + iB) - det(4 + 1B) = |det(4A + iB)|> = 0
det(A—iB) =0
It is known that (V)A4,B € M3(C) and (V)x € C:

det(A+ B) + det(A— B) —2det4
det(4 + xB) = x3 det(B) + ( ) ( ) x?

2
N det(A+ B) —det(A— B) — 2detB
2
Then
det(A—iB) =0 &
det(A + B) + det(A — B) — 2 detA

x + detA

—idet(B) — >
det(A+ B) —det(A— B) — 2detB .
+ > i+detdA=0
det(A+ B) —det(A— B) — 2detB
det(A+ B) + det(A— B) — 2detA
detA — =0

det(A+ B) — det(A4— B) = 4detB

{det(A + B) + det(A — B) = 4detA
det(A + B) = 2(detA + detB)
{det(A — B) = 2(detA — detB)

SP.499 Let A, B € M3(R) such that AB = BA. Prove that:
det(4% + AB + B?) = O ifand only if det(4 + B) = det A + det B and
det(4 — B) = 3(detA — detB).
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Proposed by Florentin Visescu-Romania
Solution by proposer

1 1 3
det(A%? + AB + B?) = det (AZ +2A4- EB + ZBZ + ZBZ) =

2 , 2 , .
- e+ 8] (2F0) | e+ ) (412505
= det (A + ! +2i\/§B> -det (A + ! _ziﬁB> = det(4 — eB) - det(4 + €B) =

= det(4 — €B) - det(4 — €B) = det(4A — €B) - det(4 + €B) = |det(4A — €B)|? = 0
det(A—eB) =0
It is known that (V)A4,B € M3(C) and (V)x € C:

det(A + B) + det(A — B) — 2detA
x

det(4 + xB) = x3 det(B) +

2
det(A+ B) —det(A— B) — 2detB
+ > x+ detAd
Then,det(A —eB) =0 &
det(A+ B) + det(A— B) —2det4
—det(B) + ( ) 2( ) g
det(A+ B) —det(A— B) — 2detB
- > e+detA=0
det(A+ B) + det(A—B) —2detA det(A+ B)—det(A—B)—2detB
J—detB— 2 + 2 +detdA=0
k V3det(4A + B) + det(A — B) — 2 detA N V3det(A+ B) — det(A— B) —2detB _ 0
2 4 2 4 B

{—2 det(A—B) —6detB+ 6detA=0
2det(A+B)—2detA—2detB =0

{ det(A + B) = detA + detB
det(A — B) = 3detA —3detB

SP.500 Find:

N

0 J 3cosx —4sinx d
= X
o 12sin2x +7cos?x +4cosx+3sinx+9

Proposed by Daniel Sitaru-Romania
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Solution 1 by proposer

12sin2x + 7cos?x +4cosx + 3sinx+9 =
= 24sinxcosx + 7 cos? x + 4 cos x + 3 sinx + 9(sin? x + cos? x) =
= 24sinxcosx + 16 cos? x + 9sin’x + 4cosx + 3sinx =
=3sinx(3sinx+4cosx)+4cosx(3sinx+4cosx)+3sinx+4cos =
= (3sinx+4cosx)(3sinx+4cosx+1)

Denote: y = 3sinx + 4cosx = dy = (3 cosx — 4sinx)dx

|fx=0=>y=4andifx=§=>y=3

9—]3 dt —jg(l 1)dt—l 3 —log4 — (log4 — log5) = 1 (15)
T ltern T ), e/ T OB T8 08% — 1085/ = 19816

Solution 2 by Pham Duc Nam-Vietnam

x12sin2x+ 7 cos*x+4cosx+3sinx+9

=4cosx+3sinx+ (16 —9) cos’x + 24sinxcosx +9
=4cosx+3sinx+ 16 cos?x +9(1 — cos? x) + 24 sinx cos x
=4cosx+3sinx+ (4cosx)? + (3sinx)? + 2(3sinx)(4cos x)

=4cosx+3sinx+ (4cosx + 3sinx)?

T

2 3cosx—4sinx
:>f - 5 - dx
0o 12sin2x+ 7cos“x+4cosx+3sinx+9

_fz d(4cosx + 3sinx)
B o 4cosx+3sinx+ (4cosx + 3sinx)?

T

z 3 4 15

. = logZ— log§= logE

4cosx+ 3sinx
cosx+3sinx+1

= log |4

Solution 3 by Marin Chirciu-Romania

Lett = 3sinx + 4 cosx and with
12sin2x + 7cos?x +4cosx + 3sinx+9
= (3sinx+4cosx)?+ (3sinx+4cosx) =t>+t

we get:
w
ji 3cosx — 4sinx p J3 dt
X = =
o 12sin2x+ 7 cos?x+ 4 cosx+ 3sinx+9 L 2t
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3

—f3(1 1 )dt (logt — log(t + 1)) = log ——| =
=), G/ TN T 08 += %8, T
15

= logZ— logg = logﬁ

Solution 4 by Kartick Chandra Betal-India

T

J’z 3cosx —4sinx d
x
o 12sin2x+ 7cos?x +4cosx +3sinx+9

T

J’f 3cosx —4sinx d
= x
o (4cosx)?2+2-4cosx-3sinx+ (3sinx)? + (4cosx + 3sinx)

2 d(3sinx + 4 cosx)
o (3sinx+4cosx)(3sinx+4cosx + 1)

- f: z(zd-lz- 1) - [log (z -|Z- I)E = log (% ' Z) = log (i%)

SP.501If M € Int(AABC) suchthat x = MA,y = MB,z = MC, then:

X y z V3
+ + >
h,hp/yz hyhNzx h,h,/xy F

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by proposers

Z Z Zabx
h hbﬁ ah, bhb\/_z ar

cyc

abx Carliz 1 w/
— 2 bZ CZ > — .4 F =
=" “ | —" a > v3
4F e /y "~ 4F

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality,we have :
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ad + Y + z > 3 ith: h,hyh 2F?

> , wWith: =—

hohy/yz  hyhNzx  hehgfxy ~ 3[(h hyh,)? a™bTc TR
Therefore,

x s y .\ P . 33 R.R Euler&lgtrinovic 33 2r.2s sr;Fﬁ
hohy/[yz hyhNzx  hohgfxy  — |4F* - 4F4.3V3 F

Equality holds iff M is the center of the equilateral AABC.

SP.502 If x,y,z > 0, then:
9
x2+1DR2y*+1)(22%2+1) = 5 (xy + yz + zx)

Proposed by D.M. Batinetu-Giurgiu, Claudia Nanuti-Romania

Solution 1 by proposers
3
W +1)@?*+1) > Z((u +v)?2+1); Mu,v>0; (1)
4 + 4 +v)+4>3W +v*) + 6uv+3
v —4quv+1+u + v+ 2uv >0
Qur—-12+wu—-v)?2=>0

Equality holds for 2Zuv =landu=veou=v =

ol

W+1DW?+1) > (t+w)(WMt,w > 0; (2)
tw+tet+wr+r1>tP+w2i2tweo t*w? - 2tw+1>0
(tw — 1)% > 0. Equality holds for tw = 1.

1 3 )
W+ 1D@*+DW?+1) > Z((u +v)2+1DW2+1) >
3 2
ZZ((u+v)+w) s (Mu,v,w > 0; (3)
In (3) we take: u = V2x;v = V2y; w = V2z then:

x>+ 1)2y* +1)(222+1) = %(\/E(x +y+ z))2 - ;(x +y+2)>2>

9
Zi(xy+yz+zx)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

(222 +1)(29* +1) = | (222 + %) + ;] [( +2y2)+ 2]

£ (x +y)?

1 /1 3"~ 3 3 1
_ 2, 2\ (2 2 2 2,22 2 AT Y) 22 2, =
<2x +2)(2+2y)+x Ty ity 2 (x+y)*+ + 2((x+y) +2).

2 4
Therefore,
(2x?+1)(2y* +1)(222 +1) > = ((x +y)2 + ) (1+22%) >

CBS 4 3 9
> E(x+y+z)2 2;3(xy+yz+zx) :E(xy+yz+zx).

1
Equality holds iff x=y =2z = >
Solution 3 by Ivan Hadinata-Jember-Indonesia

Lemma 1: If x,y,z > 0 then:

2
<Z x) >3 Z xy (1)
cyc cyc

Proof:

zAM GM

(}) Y e TS e Ty =5 Yy

cyc cyc cyc cyc cyc cyc

Lemma 2: If x,y > 0 then:
x*+1)R2y*+1)=22(x+y)?* (2)
Proof:

AM-GM
x2+1D)2y*+1) = 4x?y?* + 1+ 2(x2 +y?) >

> 2\/4x2y2 -1+ 2(x? + y*) = 2(x + y)?

Lemma 3: If x,y,z > 0 then:
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2x2+1)(2y*+1) > Z(Z(x +9)%+1) (3)

Proof:
AM—GM

42x2+1)(2y2 +1) = 16x%y2 + 1+ 6(x2 + y2) + 2(x2 + y?) +3 3
>2J16x%2y2-1+6(x*+y*)+2-2xy+3=6(x+y)*+3
Back to the problem:

3) ¢))
2x2+1)(2y*+ 1222 +1) 3 7 @@+ y)?+ D22 +1) S

1
>—(x+y+2)> (E)E(xy+yz+zx)

Equality holdsforx =y =z = %
SP.503 Solve for real positive numbers:

e-(x*+(1+logx)?)¢=1

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer
Let be f: (0,) - R, f(x) = x* + (1 + log x)?, then:
f'(x) =x*logx+x-x*1+2(1+1logx) ; =

2 2
=xx(1+logx)+;(1+logx)=(1+logx)(xx+;)
sgn(f'(x)) = sgn(1 + log x)

1
ff(x)=0=1+logx=0=logx=—-1=>x=——
) e
_ 1 1\e log (1 L |
mpr@=r ()= + (Lers(Q) =e
1 1
:f(x)Ze_E:x"+(1+logx)22e‘5:>(xx+(1+logx)2)‘32;
se-(x*+(1+logx)?)°>1
1
=

Equality holds for x =
Solution 2 by Pham Duc Nam-Vietnam

e(x*+ (1 + log x)?)¢ = 1(*)
* Equation holds: x > 0
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1 el1
*() @ (@ + (A +logn?)* =—ox"+(1+logx)* = \/;

Let: f(x) = x*+ (1 + log x)* = f(x) = x*(logx + 1) + ;(logx +1)
_ (logx+1)(x**1 +2)

X
, 1
:»f(x)=0=>logx+1=0=>x=z-'- (x**1 +2 > 0vx > 0)
Table
X 0 1 oo
e
(%) - 0 +

f() \ f/

1 1
= f(x) is strictly decreasing in (O, Z) ,and strictly increasing in <E' °°>

_ e|1 1 1y e 1\ 1 1
and: f(x) = ;,Elxo—;:f(z)— E:f(z)lsmlmmum:f(x)— E@x—;

1
= Equation has root is: x = -

SP.5041f x,y,z > 0,- + % +> =3, then:

4
4Zx2+922(5x+ )
x+1

cyc cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

4 1
42x2+922(5x+ )@4Zx2+1223+52x+42—=)
x+1 x+1

cyc cyc cyc cyc cyc
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Y43z +4Z +Z

cyc cyc cyc

EOREARERE

cyc cyc cyc cyc cyc

We will prove that if x > 0, then:
+1 5 1 1 -0
———x——=- S

R b Sl

4(x3(x+1)—-x+x+1D)-Gx+1DE*+x) >0

4x* —x3—6x>*—x+4>20 (x—1)*(Ax*+7x+4) =0
Equality holdsforx =y =z = 1.

Solution 2 by Soumava Chakraborty-Kolkata-India

1 Bergstrom ©)
3 = Z > = z x>3
chc

cyc yc
N Z(s +—)_sz +4Z 2 SZ +ZZ
ow X X 1 X \/_
cyc cyc cyc cyc cyc
1 1 1_
CBS x
< 5) x+2V3. Zx y—z 52x+2\/_\/_ 52x+6<42x +9
cyc cyc cyc cyc cyc

@4Zx +3 - 52x>0

cyc cyc (%)

4 ?
Again, LHS of (xx) 2§ Zx +3—52x20

cyc cyc

? ?
o422 —15t+9 > 0 t=Zx o (4(t—3) +9)(t—3) > 0 - true

cyc

via (*) 4
-.-t:Zx > 3> (xx)istrue -'-4Zx2+9 ZZ(SJH‘m) Vxyz>0

cyc cyc cyc

1 1 1
hthat:—+—-+—-=3/"=" iffx=y =z =1 (QED
suc a Ty Tz iffx=y=1z (QED)

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1
By AM — GM inequality,we have : x* + x* + po >3x and x + po > 2.
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1 1 3 3
Then: 4x? 22(3x——>=5x+(x+—>——25x+2—— (and analogs)
x x/ x x

3
Thus, 4Zx2+922(5x+2—;>+9225x+6(1)

cyc cyc cyc

4 1
By AM — HM inequality,we have : 1 < po + 1 (and analogs)

4 1
Then : Z—S (—+1>=3+3=6(2)
x+1 X
cyc cyc
From (1) and (2),we have :
4
Z x*+9> Z (5x + —) as desired.
x+1
cyc cyc

Equality holds iff x=y=z=1.

SP.505If x,y,z > 0,— + iy+iz = 3, then:

Vx \Jy Vz
x*\Vx + y:[y + 22z = x* + y? + 22

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

x2ﬁ+y2ﬁ+zzﬁ2x2+y2+zz<=>2x2\/§+322x2+3(:)

cyc cyc

szx/i+z\/—1}22(xz+1)@z<x2ﬁ+\/—1}—x2—1)20(:)

cyc cyc cyc cyc

Z<x3+1_x2_1>>0
v >

cyc

We will prove that:
x+1

Vx
BH1>Vx(x*+1D)exb -2 —x+1200x5x-1)-(x-1)=>0

—x*2—-1>20;(V)x>0

(x—D*(x*+x3+x2+x+1)>0

Equality holds forx =y =z =1.
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG,we assume that: x>y >z then:

1 1 1
x%\x = y? y>22\/_and—<— —.
Jy V2

By Chebyshev's inequality,we have :

1 1 1
x2+y% + 22 = xt\x.—=+y [y —=+ 2%\ z.—
FH TG

1 1 1 1
<-(x*Vx+y* [y + 2%z (—+—+—>
FWHE ) (L
= x2Vx + y2 [y + 2%Vz.
Equality holds iff x=y=z=1.
Solution 3 by Marin Chirciu-Romania

With the substitution (Vx,/y,Vz) = (a, b, c), then problem can be write:
Ifa,b,c > 0,thena® + b% + ¢® > a* + b* + c*

1 1 1 31
Use AM — GM inequality,we have:3 =—+—-+—-—>3 |—=>abc>1
a b c abc
Chebyshev 1 AM GM abc 1
Y= Yaa "I T ) (Yt U v Yo
cyc cyc cyc cyc cyc cyc

Equality holds fora=b=c=1eox=y=z=1.
Remark. The problem can be developed.

1 1
If x,y,Zz>0,—+—=+-—==3andn € N, then:

\/_ Jy Vz
x"x + y"[y + 2z > x" + y" + 2"
Proposed by Marin Chirciu — Romania
Solution.

For n = 0,inequality can be write:/x + \/; ++/z > 3,which as follows from

Z\/_ Z\/_ >0andfromzv_

cyc
Let ben > 1. Wlth the substitution (Vx, \/_ Vz)
= (a,b,c),the problem can be written as:
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1 1 1
Ifa,b,c > O'E+_+E = 3,then a?™*1 + p?"*1 4 ¢2n+1 > g2 4 p2n 4 20

b
. . . 1 1 1 3
With AM — GM inequality,we have:3 = —+ —+ — = abc>1
a b c abc
Chebyshev 1 AM M
Z a2n+l — Z a-a?"
cyc cyc
> \/_ Z 2n abi>1
cyc cyc

Equality holds fora=b=c=1eox=y=z=1.
Note: For n = 2 we onbtain the Proposed Problem SP.505 from RMM — 34
Autumn Edition, proposed by Daniel Sitaru — Romania.

SP.506 Determine the sequence (a,,),,>1, @, € R" such that:
n-—1 n-—1 n—1 n n-—1 n
( 0 >( 1 >a1+( 1 )'(2)“2+"'+(n—1)'(n)“"
2n
= [(n)—l]an;(v)nz 1

Proposed by Marian Ursarescu-Romania
Solution by proposer

0y (1 2
Forn=1=>(0)-(1)a1=<(1>—1>a1=>a1=a1
1\ /2 1\ (2 4
Forn=2:><0)-(1)a1+<1>-(2>a2=<(2)—1>a2:>2a1+a2=5a2
a
2
-1

4a, = 2a, = a, =

a
Forn=3>a3; = 3

Using mathematical induction after n € N,n > 1, we prove that:
aq N
a, = 0 (V)neN
P(1):ay =a;;(V)n=>1

Suppose that P(1), P(2), ..., P(n) are true and we will to prove:
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a
Pn+1):a,q = !

n+1

Using the hypothesis of the induction, replacing n with n

+ 1 and using the identity:

I MW (G

GG =i<z< )RHENITHEG
XRIEE (R

SP.507 In acute AABC the following relationship holds:

Za+b a+b+c

.=
ab ¢ R
cyc

Proposed by Marian Ursarescu-Romania

z(l_l_l) >a+b+c_ 1)
a p)c= R '’

cyc

Solution 1 by proposer

Using Pham Huu Duc'’s inequality:

x(a+b)+y(b+c)+z(c+a) =2/(xy+yz+ zx)(ab + bc + ca);
(V)x,y,2z,a,b,c >0

2(i+ll))r >2\/(r ry+rpre T ra)(lb blc+i>. (2)

cyc

1 1 1 1
T rp +TpTre +T.rq = s* and _b+E a_2Rr 3)

From (2) and (3) it follows that:

Z<1+1) S 5 sZ_Zs_a+b+c
a b)) =“/R2"R” " R

cyc

Solution 2 by Marin Chirciu-Romania
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F
Usingr, = ———,we get:
gdTa s—a g

b+c b+c F F a(b+c)(s—b)(s—c)
LHS = Z bc .s—a_abccc (s—a)(s—b)(s—c)

cyc cyc

F  4Rrs? sEulerZS a+b+c

- . e S Y S
4RF 12s r - R R S,where

Z a(b+c)(s—b)(s —c) = 4Rrs?

cyc
Equality holds if and only if triangle is equilateral.
Solution 3 by Soumava Chakraborty-Kolkata-India

Za+b _Za(b+c) rs TS Za(s+s—a)
ab ©7 abc ‘'s—a 4Rrs’ s—a

cyc cyc cyc

1 — 1 2
=ﬁ<s_zas_s;rs+za> :ﬁ<—38+:752(s—b)(s—c)+zs>

cyc cyc cyc

(4R+r 1)_sEulerZS a+b+c
“4R\ r r ~ R R
a+b a+b+c
. in any A ABC, Te = R "="iff A ABC is equilateral (QED)

cyc

Solution 4 by Tapas Das-India

a+b 1 1 1 AM—-GM O 2, /11,
D ar o= 2t p)rem Qg = ) S

cyc cyc cyc cyc
ha5>rbrC4Fz S 4F Z 1 _aF a+b+c_4F a+b+c a+b+c
- ab abc 4RF R

cyc cyc

SP.508 Let A4, ... A, a convex polygon, n € N,n > 3. Prove that:

k
z”: AP 41 -2+ n* e
ar+1) = 2kt P

i=1

Proposed by Radu Diaconu-Romania
Solution by proposer
Lemma: If p € N, then:
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AP 4+1 A+1

>
AP +1 2

Proof. We have:

AP+1+1>A+1
AP +1 — 2
APl AP —(4-1)>02APA-1)-(A-1) >0
A-1DAP-1)>20=2(A-1)2%AP 1 +AP2+...444+1)20
Equality holds for 4 = 1.

© 24P 1 2>A4P 1 4 AP 1 A+ 1 &

Using lemma and Holder’s inequality, we get:

n

M) =S e =) -

=

(n 2)m + nJk
nkl ZA zz 2k i1 PKEN

For k = 1, inequality is obviously true from lemma, and for k = 0 we obtain equality n =

n.

Equality holds if and only of k = 0.
SP.509 Let ABC be an acute triangle. Prove that:

(9v3 cot® A + 2)(9V3 cot® B + 2)(9V3 cot® € + 2) > 125

Proposed by George Apostolopoulos-Greece

Solution 1 by proposer
We know that: cot AcotB + cot B cotC + cotCcotA = 1.
Setting: x = \/§cotA,y =+V3cotB,z = V3 cot C,we have xy+yz+zx=3.
Using the Holder's inequality,we have:
(9x3 + 6)(9y3 + 6)(92% + 6) =
=43 +4x3+4+x3+1+1) 43 +4+4y3 +1y3 +1)(4+423 + 423 +1+ 1+ 23) >
> (4xy +4zx+4yz+x+y+2z)>3=12+x+y+2)3>
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3
> (12 + \/B(xy+yz+zx)) =153

50,3(3x3+2)-3(3y3+2)-3(8323+2)>153
Namely,
(9v3 cot® 4 + 2)(9V3 cot® B + 2)(9V3 cot® € + 2) > 125
Equality holds if and only if AABC is equilateral.
Solution 2 by Tapas Das-India

1_[(9\/§cot3A+2) = 81_[<()\/§c+tu+1> =

cyc cyc

93 243 729 -3/3
=8 [1 + T(Z cot3 A) + T(Z cot3 A cot? B> + THCO@A

cyc cyc cyc

_ g 1+9\/§ 253 L3 Z 1 +2187\/§ s* | 4w
B 2 T?l 4 g T':;’T'Is) 8 (rarbrc)3 B

cyc cyc

93 s3 243 3 l

1+ .3 §6  ———
2
2 TarpTe 4 raryr?

9v3 353+243 356 +2187\/§ 2
2 s2r 4 st 8 sér3|
93 2s 243 3s? 2187V3 s3
_.__l_ . _l_ [ 2
2 r 4 12 8 r3

21873
-27-3\/§l=

> 8

=8[1+

=8[1+

9v3 243 2
28[1+T-3-3\/§+T-3(3\/§) +

81-3 243 2187
=8 1+T+T'3'9'3+T'3'3'27]2571887>125

Solution 3 by Soumava Chakraborty-Kolkata-India

(9V3 cot® A + 2)(9V3 cot® B + 2)(9V3 cot® C + 2) > 125
()
& In 1_[(9\/§ cot>’A+2) > In125 & Z In(9vV3 cot® A + 2) > 3In5

cyc cyc

Let f(x) = In(9V3cot®x +2)Vx € (O, g)
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cotx.cosec? x
A (x) = — (729 cot® x. (1 + cot? x) — 108V3(1 + cot? x)

(9vV3 cot3 x + 2)
— 1458 cot® x — 108V3 cot? x)

27 cot x.cosec? x
= (27m3 —27m° — 4V/3(1 + 2m2)) (m = cotx)

- 2
(9V3 cot3 x + 2)
_ 27 cotx. cosec? x

= 2
(9vV3 cot3 x + 2)
(++) 27 cot x . cosec? x

:fll(x) — .
(9v3 cot3 x + 2)

(27m5 —27m3 + 4V3(1 + 2m2))

(4v3 + m?(27m? + 8V3 — 27m))

A-G 3
Now,27m3 + 8V3 = 27m3 + 4V3 + 43 > 3\/27m3.4\/§.4\/§
? ? ?
=18Y6m>27m < 2.6 >3 8.6 >27 > true = 27m3 +8V3 —27m > 0
via (xx) T
= f"(x) > 0= f(x) = In(9V3 cot® x + 2) is convex on (O, —)

2
Jensen T 9\/§
= Z n(9v3cot?’A+2) > 3in (9\/§c0t3 3+ 2) = 3In <— + 2) = 3In5
cyc

3v3

= (%) is true - in acute A ABC, (9v3 cot® A + 2)(9V3 cot® B + 2)(9V3 cot® C + 2)
> 125, =" iff A ABC is equilateral (QED)

Solution 4 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since ABC is an acute triangle,then we have : cotA,cotB,cotC > 0.

By Holder's inequality,we have :

93 ., 93 3 1\/9%3 3 93 . 1\/3 93 . 9V3
(Tcot A+Tcot A+E+E)<TCOt B+E+TCOt B+E><E+Tc°t C+Tcot c
+1>>(gcotAcotB+gcotAcotC+gcothotC+1) =
2/ \2 2 2 2
9 113 /9 1,3
= [E (cotAcotB + cotB cotC + cotC cotA) +E] = (E'l +E) = 125.

Therefore,
(9vV3 cot® 4 + 2)(9V3 cot® B + 2)(9V3 cot® € + 2) > 125.

Equality holds if f AABC is equilateral.
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SP.510 Let ABC be an arbitrary triangle having the sides a, b, c. Denote by

m,, s, the lengths of the median and the symmedian corresponding to the

side a, and the analogs. Let w Brocard’s angle and M be the set

M = {ﬂ,ﬂ,&}. Prove that:
Sa Sp Sc
2R 1 2R
—maxM > — > = min M
r sin“ w r

Proposed by Vasile Jiglau-Romania
Solution 1 by proposer
m, b*+c?

Since: E = >be and analogs,

the inequality from enuciacion is equivalent to:

b ac c'a c

R 1 R a bb bc a
—maxM' > — >— = —min M ,whereM’={ }
r sinw 1

a) Suppose thet the sides of the triangle verify:c > b = a; (1). We have:
c a a b
—+—>—+— bc® +a’b = a’*c+ch?* &
a ¢c b a

(bc — a*)(c — b) > 0,and in a similar way:

c a b c ; 2.c
—+ —>—+ —.We conclude that,under hypothesis (1), maxM = — + —.
a ¢c ¢ b c 4
R.a c 1 R abcs 1 \V2.a?b?
We have t that:—(—+—=) = With— = ek '
e have to prove that: (c + a) “sinew TN T AR 'sine 2F

thus inequality becomes equivalent to:

abcs a? + c? - a’b? + b*c? + c*a?
4F? ac 4F2
b(a+ b+ c)(a? + c?) = 2(a?b? + b%*c? + c?a?) &
(b—a)(a+c—b)[c(c—a)+ a(c—b)]+ al(c—b)[b(b—-a) +c(c—a)] =0,

which is true from (1)

=4

1 Rma b
b) As above,# > —(— + —> =
sin‘w 1r\b a

f(a,b,c) = 2(a’?b? + b*c* + c*a?) — c(a+ b + ¢)(a? + b?) > 0; (2)

54 34-RMM AUTUMN EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
1 R/c b
and sin? w = 7(3+?> <
g(a,b,c) = 4(a’b? + b*c* + c*a?) — (a+ b + o)[a(b? + c?) + c(a® + b?)] = 0; (3)

We prove that:
f(a,b,c)+ g(a,b,c) >0 s
4(a?b? + b%*c* + c?a?) — (a+ b + o)[a(b? + ¢*) + c(a? + b*)]| = 0
Since in any triangle holds:
8(a?b? + b*>c* + c*a®?) > (a+b+c)(a+ b)(b+c)(c+ a)
it is enough to prove:
(a+b)(b+c)(c+ a)=2[a(b? + c?) + c(a? + b?)] &
(c—a)(b—a)(a+ c) = 0whichis true from (1).
It results that at least one of f(a,b,c) and g(a, b, c) is positive, therefore
at least one of the inequalities (2) and (3) holds,and from here

it results the conclusion.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let my = maxM and m, = minM.

m, b?+c?

Weh 1 — d l
e have s 2be (and analogs)
b?% + c? s
Then: mq > 2be >m, or 2bcmy = b* + ¢* = 2bcm, (and analogs)
And since : 1 a?b?+b’c*+c?a® 1 Z 2(b2 + ¢2), then
nd since : — 5= 152 =822, c?), then:
cyc
1 ) 1 1 )
mz a“.2bcm, > Sin o = mza .2bcm,.
cyc cyc

2

8R
And since : z a’bc = abc(a+ b + ¢) = 4RF.2s = ,then:

cyc
2R 1 2R

—maxM = — 3 > —minM, as desired.
r sin‘ w r
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UNDERGRADUATE PROBLEMS

UP.496 Prove that:

j jl log(1 + x?) log(l + )’) xdy = @ (r — 21log(2))

xyZ

Proposed by Said Attaoui — Oran — Algeria
Solution 1 by proposer

We have
Tog(1 + x%) log(1 + 11og(1 + x2 log(1 +
jf og( x)og( y)dd ‘(J og(xx)dx> og( y)dy>
0

xy2

B llog(1 + x?) log(1 + y?)
_200 x dx)( y? dy)

{by replacing y by y?}
Now, applying the geometric series —log(1 —t) =Y, — to have

fllog(l;xz) fl(z( X )dx
&) (- 10 ) - Z(_l)n L

By the property .07 (— 1)"5 = —(1 227P){(p),p > 1
Similarly

11og(1 + V2 11/ 2n
j og( _ ) dx=j — Z(—l)"_ly— dy
0 y 0o Y \&H n

had (_1)n—1 1 o ~ s (_1)11—1
=; n (Jo Y 2dy>— n(2n 1)

y2

LN DT N 1)"1 YR I lou(2
= Z(Zn—l) L@n-1) n 2 1@
n=1 n=1
4 log(2)
Thereby
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og(1 + x?) og(1 + y?) {(2) m
() ) 2
Finally

llog(1 + x*) log(1
ff 08( +x)30g( +y)d dy—@(n 21log(2))

xyZ

Proof of
o (D1 _=m
Yn=1 2n-1) 4

We have
)n 1 1

Z(Zn 1) Z( 1)n IL 2n de_J Z( 1)n 1 Z(n l)dx

1
1
2\n — — —
f Z( x$)dx = f T x > dx = arctan(1) =
Solution 2 by Vlncent Nguyen -USA

(0]

J jllog(1+x2)log(1+)’)d dy fj_ (—1)n+1 ZnZ(_ )m+1—dxdy

xyz 0 Xy2n=1

_ ;(—1)“1[ de( 1)m+10f::y2
-5 cam ]

de(— )m+1f—dy_
1w (_1)n+1. °° (—1)m+1

(_1)m+1 o (_1)m+1
~2 n? L, mZm—1) =212 2( L, 2m—1 m )

2n1

= %((2) -2(2arctanl — log2) = %((2)(n —2log2)

UP.497 Prove that:

F(x):fxx—zl

1Li2( 1) 108(1"‘?) 2 (1)

== ——+ 2arctan|{—
2 X X

—+

1
log (1 + F) dx

Deduce

“x—-1 1
L " log (1 +ﬁ) dx
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Proposed by Said Attaoui — Oran — Algeria
Solution 1 by proposer

X

1
. . a (1. 1 _ log( +x—2)
It is easy to verify that Py (E Li, (— x_Z)) =

Then, we have by integrating by parts
x—1 1 1 1 1 1
J p log(l+;)dx=f;log(1+?>dx—jﬁlog(1+ﬁ)dx
2
—1L' 1 1l 1 1 1[ 753 d
-zt (~) - |-zlos(1+ )+ [ 3 T 4
1+F
—1L'( 1)+11 (1+1)+zj L
272 \T2) T 08 x2 2A+)

1/ 1\ 1 1 1 1
:EL12<—;>+;lOg(1+?)+2 Fdx—Zfl_l_dex

1 . 1 1 1
=5Ll2(—ﬁ)+;log(1+x )——+2arctan< )

So, we deduce that

f°°x -1 1 1
log <1 + )dx = F() — F(1) = —=Li,(—1) —log(2) + 2 — 2 arctan(1)
1 X 2

{(2)
—T+2 ———log(Z)
Since
T e ED @)
arctan(1) = e Li,(—1) = 2, —— =

By the property:
N n 1 1-p
D D=~ -2 ), p > 1
n=1

Solution 2 by Vincent Nguyen-USA
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F(x)=fx log(1+ )dx—
:jllog(1+1)dx fllog(1+1>dx I, -1,

1 x3 1 (—log(1—u) 1 1 1
11 = J-;log(l—u)-?du=szdu=ile(u)=ELl2(—F)+C

IPB log(1+lz) 1
Iz—j—log( ) —x—zj

x x2(x2+1) dx

log 1+ log (1+12) 2
f x=—++;—2arctanx+€=

1

T log(1+ﬁ) 2 1

:_—+——2(——arctanx)+C=——+——2¢11”Ctlm—+c
X 2 X X X

1
1 1 109(1+p) 2 1
F(x)=—Li2(——)— ——=—+ ——2arctan— | =
2 X X X

x
1
1. /1 109(1+p) 2 1
= (——)+———+2arctan—+C
x x x
R

x—1 1 o orx-1 1
J " log(1+ﬁ)dx=llm ) log(l+;>dx=

R—- o0

R

1
(1. 1 log (1 + ﬁ) 2 1
= lim | = Li, (— —) - -+ R 2arctan§ =

1 .3 n m?
= —<E(—n(2)+logz—2+5)> = 2—logZ—E+ﬁ
UP.498 Prove that:
Ll (1+2x—x)(A -2y +y?)
f j;) JxZy? — 2yx? — 2xy? + 4xy

9
dxdy = 24(2)

Proposed by Said Attaoui-Oran-Algerie
Solution 1 by proposer
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Remark that: x2y? — 2yx? — 2xy? + 4xy = (4 — 2x — 2y + xy)xy =

= (2 —x)(2 — y)xy, we have:
Ll (14 2x—x2)(1 -2y +y?) trl(1+x(2-x))(1-y)?
dxdy =
ff g ff V2 -x)(2-y)xy

iy jljl (1+2x—x2)(1-2y+y?)
et:] =
0 x2y? — 2yx2 — 2xy? + 4xy

dxdy

0 x2y? — 2yx2 — 2xy? + 4xy

dxdy

So, by replacing x by (1 — x) and y by (1 — y), we obtain:
1 1(1+x(2—x))(1—y)Z (2-x%
= d =
=), f J<2—x)(z—y>xy j J J(l x2)<1 Z ey

-

:U Vi-x? x2+ 1-x) dxlU T xz—m>dxl:

U dx+ \/l—xzdxl U f:\/1——x2dxl =

V1 — x2

=<0 vli_xzdx> —<f0 J1——x2dx>2=
 (isin ) - (S[x/T= R 4+ sintx]) -

2 g2 g2 18 w?

=(sin‘1x)2—(%sin‘1x) =7 16" 1c —=—(()

Solution 2 by Vincent Nguyen-USA

_Jljl (1+2x—x3)(1 -2y +y?)
0 x2y? — 2yx? — 2xy? + 4xy

dxdy =

_j (-1 -DO-1?
2 Jx@2-x)-y2-y)
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b b dxdy _ 2(b — a)?
LL 1+xy (1+a)(1+b)

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer
1 _ x+y _ X N y B
1+xy (x+y)A+xy) (@+y)A+xy) E+y)A+xy)
_ 1 N 1 B
(1+¥) (1+xy) (1+§) 1+ xy)

1 1 CBS
= + <

(“ ' (@2) (12 + () (124 (ﬁ)z) (e ()

1 1

<1-1+\/¥.\/x_y>2+<1-1+\/§-\/x_y)2=

_ 1 1
S A+y2 T arar

b b dxdy b b q b b q
Sf f —dxdy+f f ———dxdy =
LLny a Ja M+y)? a Ja (1+2)?

szd *_dy 2(b )( 1 14
= X = —-—a)\—————— a.=
a (1+ y)? 1+b

A

Q
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1+a-1-b  2(b-a)?
(1+a)(1+b) (A+a)(1+Db)

Equality holds for a = b.

=-2(b—a)-

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x,y > 0. We have :

1 1 1 (1 + x)? (1+y)2—(1+xy)[(1+x)2+(y+1)]
1+xy_((1+x)2 (1+y)2) (1 +xy)(1 + x)2(1 + y)2 -
y?+2xy -2y —xy* -1 xy(x—y)*+ (xy—1)? <0
A+x)A+021+y)?2 A+xp)A+x0)2A+y)2 "

Th : 1 < 1 1 \v4 0
Tl DE yrDE oYY

Therefore,
b

b b b (b
L L fii};lsfa _L <(1 .|_1x)2+(1 _|_1y)z>dxdy=2(b—a) [_%ﬂ]az

1\ 2(b-a)}
)_ 1+ a)(1+b)

1
_z(b_a)<1+a_1+b

Equality holds iff a = b.

Solution 3 by Tapas Das-India

1 1 1
L ' F :
emma: For all x,y > 0 holds: a—s + {2 = 1+ xy
1 1 xy(? +y?) —x’y* —2xy +1
P .We have: - = -
roof.We have A+ T aty? T+xy (1+2)2(1 +y)2(1 + xy)

_xy(x—y)% + (xy —1)? 0o 1 N 1 - 0andh
T A+ 02ZA+ YA +ay) - A+ A+y)?E 1+axy-  onafence
1 1

> .
(1+x)2+(1+y)Z - 1+xy’(v)x'y> 0

N . j j dxdy beb dxdy +beb dxdy
ow,we ge 1+xy~ ), J, @A+x2% ), J, A+y)?2

TR P S P

1+a 1+b 1+a)(1+b)
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UP.500 Let 0 < a < b and f:[a, b] — R. If f —differentiable on [a, b] and
f(a) = f(b), then (3) ¢4,c, € (a,b) such thataf(c;) + bf(cy) = 0.

Proposed by Marian Ursarescu-Romania
Solution by proposer

2ab ]

We apply Lagrange’s Theorem on the interval [a, parra b

f(a55) @
2ab
a+tb ¢

2ab
@) € (a,aL = f'(c1), then

h th
_I_b)suc that

F (22 - f(a) a(b - a)

s 2ab _ —a
a(b— a) _f(cl):}'f<a+b>_f(a)_ a+b
a+b

flen; (D)

2ab
b]-

We apply Lagrange’s Theorem on the interval [a e

f® -1 (757)
b— 2ab

2ab\  b(b a‘)Hb

a _

)~ (o) = fle: @

a+b
From (1) and (2): f(b) — f(a) = o (af'(C1) + bf’(cz))

b—a
b—a, , , ,
a+b(f (C1)+bf (CZ)) =0$af (C1)+bf (CZ) =0

2ab
@)z € ( = f'(c,), then

,b) such that
a+b

UP.501 Determine all functions f: R — (0, ) such that

f)-fBx)-f(9x) - f(27x) = 3%, (V) x ER

Proposed by Marian Ursarescu-Romania
Solution by proposer

logs f(x) + logs f(3x) + logs f(9x) + logs f(27x) = logz 3*
Let: g(x) = log; f(x),then: g(x) + g(3x) + g(9x) + g(27x) = x
x—-3x: g(3x)+g(9x) + g(27x) + g(81x) = 3x
g81lx) —gx)=2x=

63 34-RMM AUTUMN EDITION 2024-SOLUTIONS



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

gx)—g (%) = %x

2
9(51) - 9 (g2) =gz

2
9 (31:—1) -9 (%) ~ g1’

By adding:
x 2 1 1
14— -
g(x) - (81") 81" ( ter T 81"‘1)
1
. X 2 81"_1
i‘l“( (x) = 9(81n)> lim a1 * 1
81
() = g(0) = = x — = = but g(0) = 0,h
gx)—g —81x@—40x,ug = 0,hence
81
X X
glx) = —:>1083f(x)——=>f(x)—34°

40
UP.502 Let A4, ... A,, a convex polygon, n = 3,n € N. Prove that:

-1 a a .. a -1 b b .. b

a -1 a .. a b -1 b .. b

a a -1 - al-|b b -1 - b —
a a a - -1 b b b - =2

=Rp+D*" (n-1)2p-1][(n-2)r+1]" [(n-1)(n-2)mr —1].
wherea=a; +a,++a,=2p,(n—1)2p—-1>0,b = A; + A, + --- + A,, and the
order of the determinants is n.

Proposed by Radu Diaconu-Romania

Solution by proposer

-1 a a ... a -1 b b .. b

a -1 a .. a b -1 b .. b
Let us denote:d; =|a a -1 - a|andd,=|b b -1 - b

a a a E— b b b - =2
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1 1 1 1
Li+(2,03,1y) a -1 a .. a
= [(m-1a-1]-|la a -1 a|=
a a a -1
11 1 1 1
0 —-1—a 0 0
=[(n—-1a-1]-|0 0 —1-a 0 =
0 0 —1—-a
—1—a 0 0 0
0 —1—-a 0 0
=[(n-1Da-1)]- 0 0 —1—a 0 =
0 0 0  —1—a
=[n-1Da-1](-1-a)"1=(-D"11+ )" [(n—-1)a - 1]
Therefore,
-1 a a .. a.
a -1 a .. a
di=|la a -1 - a|l=CED"A+@)" @-Da-11)
a a a ——
In a similar way,we get:
-1 b b . b
b -1 b .. b
d,=(b b -1 - b|=CFD"1A+b)"(n-1Db-1]; (2)
b b b - =2
By multipliyng (1) and (2), it follows:
-1 a a .. a -1 b b b
a -1 a .. a b -1 b .. b
a a -1 - ajl-Ib b -1 b | =
a a a -~ -1 b b b - =2

=Rp+ D" (n-1)2p-1][(n-2)m+1]*[(n-1)(n-2)r —1].

UP.503 Let f:[n — 1,n] — [n,n + 1] continuous function such that

J-n (1+ xf'(x))dx < nf(n) — (n— 1)f(n — 1), then prove:
n—-1

f” dx - 2 -
— < —'n
n1f(x) T n+1
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Proposed by Florica Anastase-Romania
Solution by proposer

n

We have: f 1+xf/(X))dx<nf(n)—(n—-1)f(n-1) &
n-1

nfn)—-(mn—-1)f(n—-1) — fnle’(x) dx>1

n

But:j xf'(x)dx 18P xf(x)l?,_l—f f(x)dx
n-1 n-1

| | xf (0 dx = nf() ~ (= Dftn—1) - I e dx

n
n

[ reax=nfm - m-vrm-n- |  f)dr>1
n-1 n-1

We have:
fx)—n)(f(x) —n—1) .
5 <0,(VMxe[n—-1,n,neN o
f2(x)—nf(x) — f(x) —nf(x) +n®>+n nn+1)
) <0efx)—2n+1) + o <0&
n(n+1)<(2 ) f) e 1 _2n+41 1 ) o
fx) — n Jx f(x) " nn+1) n(n+1)fx
no1 dx < 2n+1 (" d 1 n p
Lqm x_n(n+1) n—-1 x_n(n+1)fn_1f(x) xS
no1 2n+1
L_lf(x)dxsn(n+1)'(n_(n_l))_n(n+1)@
"1d<2n+1 1 "1d<z
L_lﬁ x‘n(n+1)_n(n+1)‘:’f,,_1f(x) *Snr1

UP.504 Leta,b,c,d > 1 and f:[a, b] - [c, d]continuous function for which

2 b
(2)4 € (a, b) such that af f(x)dx + bf f(x)dx = a + c,then prove:
a i

b

X p <(1+1) b? —a%?-2
— x_ — — .
a F(X) a c 2
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Proposed by Florica Anastase-Romania
Solution by proposer
Let F:[a,b] - R, F(t) = f:f(x) dx.

Because f —continuous function, the function F is derivable and

F'(t) = f(t),(V)t € [a, b]. We have:
b b b b
f xf(x)dx "2 xF(x)|b — f F(x)dx = b f f(x)dx — f F(x)dx
Using M.V.T. (3)A € (a, b), such that:

b
jF(x)dx=(b—a)F(/1)
b b
jxf(x)dx=bj f(x)dx—(b—a)F(A) =

A b 1 a .
=b(Lf(x)dx"'Lf(x)dx>—(b—a)Jaf(x)dx=afaf(x)dx+bLf(x)dx

So, we have:

y) b b
aj f(x)dx+bj f(x)dx =J xf(x)dx=a+c; (1)
a A a
On the other hand, we have:

(c— f(x)(ax — xf(x)) acx — cxf(x) — axf(x) + xf%(x) -

0

<0,(Y)x € [a,b] &

fx) ) <
acx acx
m—(cx+ax)+xf(x)S0=>f(—xS(a+c)x_xf(x)=)
x _atc 1 x 11 1
o= " ae P = fm = (a ) e @ =
b X 1 1 b 1 b @
jamde(E+E>Lxdx—Efo(x)dx@
b 1 1\ b%2—a? 1 1
amdxs(a-l-E). 2 _<E+z>(:)
b X - 1 1\ b%2—-—aq?%2-2
amdx—<5+2)'#
UP.505 Find:
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_ 1 1
Q= lim ([Zx](Zx)[zx] ~ [xlat — |x + ED

where [a] is the greatest integer less than a.

Proposed by Cristian Miu-Romania
Solution by proposer

Q = lim <[2x] (Zx)ﬁ - [x]x% - [x + %D =

= )1(1_)12 ([Zx] <(2x)ﬁ — 1) — [x] (x[Tl] - 1))

1
because [x] + [x + E] = [2x],it is easy to prove that.
1
Now,we prove that: lim([x] <x[x] —log x) = 0.
X—>00

1
For x > 1,using Lagrange's theorem for f(x) = logx on lx, x[x]l

1

logxlxl 1 1
T = —,where 1 < ¢, < xl*]
c

-1

we can write

1
[x] <xm — 1)

log x

So, =c, © [x] <x[x] - 1> —logx =(c,—1)logx

1

Let us write F(x) = [x] <x[x] - 1) —logx.We obtain:
(c, —1)logx = F(x).

1 1
But0<c,-1<xtl-1o0< (cx—l)logxs<x[x]—1>logx

1
xlx1 —1 log?x

OSF(x)S(x%—l)logx(:)OSF(x)< [x] ©

~ logx ' [x]
1

xlxl—1 log?x «x
1y [x]

log xlxI [x]

0<F(x)<
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xlxl —1 1 x—1
= 1, because lim x*] = 1 and lim =1
X—00 x~1logx

X
=0andlim—=1
X—00 X X—00 [x]

1
. [xFT—1 log?tx «x
So,we obtain: lim . — | = 0, that means:

log x[x x

X—00 1

1
lim F(x) = 0, so, lim[2x] <(2x)m — 1) —log2x=0
X—00 X—00

Now,we obtain the result:

chl_)rg ([Zx] ((Zx)ﬁ — 1) — [x] <x[_’1f] — 1>> =log2

Therefore,

1 1 1
Q = lim <[2x](2x)[2x] — [x]oclx] — [x + ED = log 2.
X— 00

UP.506 Let R and 7 be the circumradius and inradius, respectively, of triangle

ABC. Let D, E and F be chosen on sides BC,CA and AB so that AD, BE, and

CF bisect the angle of ABC.
prove that:(25) + (£2)" 4 (2£)" 4 2 < 3 (R,

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by proposer

Leta =BC,b = CA,c = AB be the side lengths of AABC.

bc
and AF = ——.
a+b

By the Law of cosines in AAEF:
EF? = AE* + AF?> — 2AE - AF - cos A =

bc
We know that AE =
a+c
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2 2

bc bc bc bc \ b*+c* —a?
:(a+c> +(a+b) _2(a+c).<a+b). 2bc -
b?c? b?c? bc[2bc + (b — ¢)? — a?]
“@ro? @+b?  (atbh@to
1 1 \? bc(b — c)? a’bc
= b*c? (a+c_a+b> _(a+(b)(a-)|-c)+(a+b)(a+c) -
b%c?(b — ¢)? bc(b — ¢)? a’bc
“@tb@+o? @tbiato (@arb@+o
B a’bc bc(b — ¢)?[(a+ b)(a + ¢) — bc]
(a+b)(a+c) (a+ b)?(a + c)? -

- a’bc(b + ¢) Cesaro a’bc(b+c) a? (b N C)
“(a+b)(b+c)c+a) ~ 8abc 8\a a
Then EF? < i (b + C) and analogs.Therefore EF? < 1 (b + c)
“8\a a gs: fore, BC?2~8\a a
2

H (EF)4 < 1 (b N c> d ]
ence, Bc) Sea\ata and analogs.
2 p2 2

a b R a
It is well — known that -+ — < —(Bandila). So, — — 2.
b a r r2

ﬁ + ? <
b2 2 R? 2 a® R?
Similarly,c—2 +=<—=

p2 = 72 —Zand?+c—zsﬁ—2.

Now,we have:

o) (G b o o 2

1 a2+b2 N b2+c2 N c2+a2 +2bc+2ca+2ab -
T 64\\b2 @2 ¢z b2 a?  ¢? a? b2 -

C2
a’ b? b% 2 ¢z a*\ b*+c:2 c2+a? a?+b?
re) e e \e& )" T 7 =
a2+b2 + b2+CZ + C2+a2 < 1 R 2+ R 2+ R 2 =
b2 ' a? cz b2 a2 c2))~32\\r2 r2 B

3 R* 3 _3(R>2 3
32 r2 16 8\2r
Therefore,

16
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(EF)4 4 (FD)4 4 (DE)4 4 3 < 3 (R)
BC CA AB 16 — 8 \2r

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2

Leta = BC,b = CA,c = AB be the side lengths of AABC.We know that :

bc bc
AE = and AF = ——.By the Law of cosines in AAEF :
a+c a+b

2

5 5 5 bc \? bc bc bc \ b?+c? —a?
EF< = AE“ + AF —Z.AE.AF.cosAz( ) +( ) —2( )( )
a+c a+b a+c/\a+b 2bc

b3 b%c? be[(b — ¢)? + 2bc — a?]
S W@+ @+b?  (a+bia+to

_ 2 2( 1 1 )2 bc(b — c)? a’bc 3
—ve a+c a+b _(a+b)(a+c) (a+b)(a+c)

B a’bc b%c?(b — c¢)? bc(b—c)?
“(a+b)a+c)  (a+b?Z(a+c)? (a+b)(a+c)

a’bc abc(a+ b + ¢)(b — c)? - a’bc AM_GM - a2pc avbc

“la+b)(at+tc)  (@a+bi(a+o? ~(a+b)a+to = 2vab.2Vac 4

EF)4 - bc AMéGM b? + c?

T : [— I - -
hen (BC ST16a2 - 3242

(EF)4 N (FD)4 N (DE)4 N 3 - b? + ¢2 Z (a b)
BC CA AB 16 — 32a? 16 32

cyc cyc

(And analogs)

2 Bandlla

1 R\2 3 [R)? , , . }
< EZCJ’C (;) =35 (5) .Equality holds if f AABC is equilateral.

Solution 3 by Soumava Chakraborty-Kolkata-India
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Angle — bisector th =>AF bﬁAF+BF b+a BF(i) ca
—_ _— - = =
ngle isector theorem BF & BF p P
AE AE+CE c+a (i) ab
= = CE

C
and also, angle — bisector theorem = —=—-—=
8 CE a CE a ct+a

via (),(i)  @?b? 4ca ca 2ca s(s—b) c2a?
+ .s(s—b)—2. : : +
(c+a)? (c+a) a+bc+a ca (a+b)?
N 4ab ( )2 ab 2ab s(s—c¢) P
(a+b)2 ¢ ‘c+a’'a+b’ ab
—; a’b? N cZa? N 4ca ( 1 1 )
= =
(c+a)? (a+b)2 c+a

+4ab ( )( 1 1 )
a+b'Ss ¢ a+b c+a

1 1 b(s—c) c(s—b)\ a’b*®+c?)
a+b_c+a>< - >_ 4abc

< +
4ca 4ab
4 4sa
(a+b)%(c+ a)?

+4sa(
a+b ct+a

(c+a—a—-b)(b(s—c)(2s—b) —c(s —b)(2s — ¢))
FEZ b3+¢3
<
b a? — 8abc
" ala isl())zzc?- D7 (b(ZsZ —bs — 2¢s + bc) — ¢(2s* — ¢s — 2bs + bc))

_b3+c3 2s(b—c¢) (2 Z(b ) + be(b ) (b )b + ))
" 8abc a(a+b)2(c+a)?’ S ¢ ¢ ©=s ¢ ¢

b3 +¢3 2s(b — ¢)? 5

~ 8abc a(a+b)2(c+ a)? (ZS +be—s(2s - a))

_b¥+c 2s(b-c)?(bc+ as) - b3 + ¢3 s FE* - (b3 + ¢3)?

~ 8abc a(a+b)2(c+a)2 ~ 8abc a* ~ 64a’b?c?

=

and analogs
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2
N Z FE4 < chc a6 + chc a3b3 _ (chc a3) - chc a3b3 ; 3(R2 - 21.2)

at — 32a2b?2c2 32a2b?c? - 32r2
cyc

3

& 4s%(s? — 6Rr — 3r?)?% — Z ab | + 3abc n(b +¢) < 48R2%s2(R? — 2r?)
cyc cyc
& 4s?(s? — 6Rr — 3r?)? — (s? + 4Rr + r?)3 + 24Rrs?(s? + 2Rr + r?)
?
< 48R?%s?(R? — 2r?)
< 3s5% — (36Rr + 27r?)s* — (48R* — 240R?*r? — 144Rr3 — 33r*)s?
?
-r3(4R +1)3 <0
Gerretsen ®

Now,LHSof (+) <  (12R? — 24Rr — 18r?)s*
—(48R* — 240R?*r? — 144Rr3 — 33rY)s? —r3(4R +r)3

Gerretsen

<  (12R? — 24Rr)s* — 18r%(16Rr — 5r?)s?
?
—(48R* — 240R?*r? — 144Rr3 — 33rH)s? —r3(4R+r)3 <0

?
& (12R?% — 24Rr)s* — (48R* — 240R?*r? + 144Rr3 — 123r*)s? —r3(4R +r)3 <0
(+%)

Gerretsen

Again,LHS of (+x) < (12R? — 24Rr)(4R? + 4Rr + 3r?)s?
?
—(48R* — 240R?r? + 144Rr3 — 123r*)s? —r3(4R+1)3 <0
?

& (48R3 — 180R?*r + 216Rr? — 123r3)s? + r2(4R +r)3 5 0
(%)
48R3 — 180R?*r + 216Rr? — 123r3 > 0 and then,
LHS of (x+*) > r2(4R + )3 > 0 = (x*«) is true (strict inequality)
[Case 2]48R? — 180R?r + 216Rr? — 123r® < 0 and then, LHS of (+**)

Gerretsen

= - (—(48R3 — 180R’r + 216Rr? — 123r3)) s2+r2(4R+1r)? >
?
- (—(48R3 — 180R?r + 216Rr?* — 123r3)) (4R? + 4Rr + 3r2) + r2(4R +1)3 = 0

? R
o 192t5 — 528t* + 3523 — 120t%2 + 168t — 368 > 0 (t = ;)

? Euler
o (t—2)(120t* + 72(t—2)t3 + 64t2 + 8t +184) >0 > true vt > 2
= (**x) is true .. combining cases 1,2, (xxx) = (*x) = (x) is true for all triangles

() () 2,

BC CA AB/ = 32r2 ’
(EF)4+(FD)4+(DE)4+ 3 <3(R)2 "1 iff A ABC i ilateral (QED)
BC CA aB) "168l\2r) 0 T ! is equilateral (Q
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UP.507 Prove that:

trt log x 1 3
jj(xz—1)(1+x2y)2dxdy:EG+§((2)

where G = z 2n+ 1)2 design the Catalan’s constant and
1 :
{(k) = z X is zeta function.

1
Find the value of the series: Q = Z m
n=

Proposed by Said Attaoui-Oran-Algerie
Solution 1 by proposer

1 1
R — _dy=———"——.
emark thatf(1+x2y)2 dy 2(1 1 22y) So,

1

jo (1+x2y)2dy_ _x2(1+x2)+ﬁ_ 1+ x2

1 log x 1 log x not.
dxdy = — dx = —
fo fo @ DA+ P E T Ao oar o J

By decomposition into simple elements,we can write:

1 _ax+b N c N d

(1-22)(1+2x2) 1+2x%2 1 1+x

1=b+c+d | b
|

0O=a—-c+d

1 i
—_=c=d 1
2~ ¢ l

1 B 1 1
1-x2)(1+x2) 2(1+x2) +4(1—x) +4(1 + x)

1 (! logx 1 (logx 1 (llogx
Hence,]=—f dx+ZJ dx+—f dx

.Then,

ON|H|
=

.So,
d

4

c

-l

J1=—-G ]2=_{(2) ]Sz_%{(z)
s (_1)nx2n+1

Proof of J,.Integrating by parts,we get since: arctan x = 1

n=0

74 34-RMM AUTUMN EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

 [arct log x]! j‘larctanxd B j‘l v (—1)"a2n dy =
]l—arcanfogxo ; p X = A , n+1 X =
= n=

— _ -v* f dx | = — " 1 x2n+1| | =
02n+1 2n+1 2n+1 0
n=
oo 1 n
z (- ) _ ¢
i (2n +1)?
n

x
Proof of J,.Using the expansion series of log(1 —x) = — Z ;,we get:

n=1

e (55
= _Z%<J;x”‘1dx> = _Z%: -{(2)

n=1 n=1

Proof of J3.Dirtectly we have:

1 1 1 (llogx Ixlogx = xox?
‘5“2*512—5[0 1_xdx—2f0—1_xzd" =

log x 1 logx
=—2] dx+2j sdx =

llogx llogx llogx
:_zf dx+f dx—i—f dx=—J3+];
o 1+x o 1—x o 1+x

1 1
Thus,]3; = E]z = _E((z)'

[ee)

Finally,—] = ~G +> (2)—ff log x dxd
ally =] =26+g¢@) = | | @-Da+ 2y PV

Now, the double integrals can be expressed by applying the geometric series

e

=
logx 1 logx

j J (xZ—1)(1+x2y)2d"d’"_f0 i

= —z j 4n logxdx> = Z <J te~(n+1t dt) = Z 2
n=0< 0 2 \Jo (4n +1)

n=0
B " °°a bt g _I‘(a+1) "
By the fact that 0te t—W,a>0, > 0.

x| < 1,as:
X

1
We deduce so: Zm 2G+ ((2)
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Solution 2 by Pham Duc Nam-Vietnam

*flfl log) . . _ log(x) f
@-Da+xy? T -1 CEra
1 log(x) 4 ld(1+x y)
s Z-1) x( 1+ xzy)2>
1 log(x) 1 1 2 1 log(x) 1 1\ ('logx)
(xz—l)d (_x_2'1+x2y0> o (2% — 1)d ( F'1+x2)_ 0(x4—1)dx
log(x) 1
ey f 109 (g ~ 7 7) &

1 g 1

=_|- x**log(x)dx — ) (—1)k x”‘log(x)dx)

(2l !
- o DK\ 1 1T 1 1. 11 =1
(Z(2k+1)2 0(2k+1)2>_56+ik;(2k+1)2_EGJ’E(ZE_ Z ﬁ)

k=1 j=1
111 101 ) SATEE P I
=56+35 Py ——G+ <(()——(( ))—EG+§(()
k=1 j=1
1log(x) 1
e Zf x*log(x)dx = Z(4k+1)2—!)=>LHS—EG+ (2

Solution 3 by Vincent Nguyen-USA
11 1 1
Q_ff logx dd_flogxf 1 dvdsx =
TG na a2 T ) 1) G+ azy2 T
00 0 0

1 1
! 1 1 l 1 !
=f 2 ——)dxz—f il dxz—fﬂdxz
0

xt -1

ZJ te—(4n+1)tdt=
0

B 1 (_1)n+1 B
Z Lgidn +1) = Z Qe+ 12 (Z n+1Z L (Zn+ 1)2> =
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1
= 2(51 +53)

5122(211+1)2=%<Z(2n-1|-1)2+2(2n11)2>:
(Z (2n + 1)2 Z (— 2n+1)2> (Z (2n +1)2 Z (2n+1)2>

= E_Z m' 52=6
1 . _ 1
Let be f(z) = a1y with a second order pole z = >
i 1 __r (ncot(nz)) T d ( 4 1)2 mcot(mz)|
Cn+12  —=\@z+D?) " zlr_n%dz 2732) Tez+ 0| T
—~ =1
ncot(mz) [nz csc?(mz)] n?
=~ lim [—] Toe L
“ldz o 4
2
G - 1 n* 3 n® 5
152 %" 26 3@
1/3
= 61+8,) =5 (38@) +6) =5 + 23
UP.508 Find:

Q = lim 243" (J_ "/ e3 )
n—->0oo
Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
Solution 1 by proposers

Q=limel+;+;+ + (\/_ \/_)z

n—oo

1

1
_hme1+++ + —logn elogn . (/ / )

n—-oo

= et - lim n(V7 - Ve) (Va2 + Vme + Ve?) =
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=ey-}lgrg10n-%-<':/§—1)(’ﬁ+%+'@)=

-1
=e? - lim Ve -

lim llm(\/_+\/_+\/_)

n

ﬁ

= e’ Jim Ve LL%# tog () (1+1+1) -
1og (3)

=e’-1-log (z) -3 =3e’log (%)
Solution 2 by Toubal Fethi-AIgeria

Q= ,lll_,l?oe (\/_ \/_) — llm e(H logn)+logn(\/_ \/_)
= o7 lmn(V* - Yes) —eym(W W1_1>=
n n

= e¥(log(m?) — log(e?)) = 3e” log (g)

Solution 3 by Adrian Popa-Romania

9_1111_{?061++++(\/— \/—)—e"llmn(\/_ \/_)

. (V-1 Vel-1 _(m®)* — (e3)*
= e¥lim 1 - = e’ lim———~ 7 —

n—-oo 1 x—0 X

n n
[(®)* — 1] - [(e®)* - 1]

= e’ lim < = log(m3) — log(e3) =

x-0

3
= e’ log (g) = 3e¥(logm — 1)

UP.509 Find:
2
Q = lim (e3fn+1 — e3Hn)(V/mr — 1)
n—oo
Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

3
Q = lim (&3 — &3 (Y — 1)° = lim <e3""+n+1 — e3"n) (Vm-1)" =
n—oo n—oo

1 2
- 3 eﬁlogn -1 1 2
= lim e3fn (en+1 — 1) _— (— log 1l'> =
n—-oco 1 n

Hlogn
3
entl —1 3 1
= lim e3Hn—3logn . g3logn . . -—-log?’m =
n-0 3 n+1 n? g
n+1
111 3 1
= lim &3(1+z+3+-logn) 3 2 log?m =
n-oo n+1 n?
n
= e - lim —— - log?m = €% - 3 - log? m = 3¢ log?m
n-on+1

Solution 2 by Vincent Nguyen-USA

1
Q = lim (e3#n+1 — 3Hn) (Y — 1)2 = lim (eB(H"+n+1) — e3H"> (Vm - 1)2 =
n—->oo

n—-oo

3 n 2 . 3 n 2
= lim e3fn (en+1 - 1) (Vm —1)" = lim e3Hn—3lognelogn (en+1 — 1) (Vm—-1)" =

n—-oo n-—-oo
3 logn 2
= €37 lim n3 (en+1 — 1) (e n — 1) =
n—>oo
3 l :
ogm
= e3ylimn3<(1+—)—1><<1+ g )—1) =
n—co n+1 n
3 logm 2 3n
— 37 i 3 — p3Y 215 — 3y 2
e 1lll_)n.}on <n+1)( ~ ) e’Ylog nrlll_)n;(n_l_l) 3e’’log“m
UP.510 Find:
n4-
Q=i z 1 1
= 11m '
noo | £y n?+ k| logn

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by proposers

n4 n n
a=tm( ) m| > %2k )
~ e 4m? + k logn lim Lk Lk logn

n—oo —
nt n?
= lim Z 1_ log(n*) — Z 1 log(n?) |+ log(n*) —log(n?) |- ! =
n—oo k k logn
k=1 k=1
n Tl
= lim z 1 log(n*) | — lim Z —log(n?)
n-o log & k n- oologn —

log(n*) —1 2
+ lim ) Og(n)=0—0+2=2.
n—-o logn

Solution 2 by Arnab Debnath-India

n4 4'+1‘l Tl
Q=i z 1 1 Z Zl
= lim = - - =
logn n—> P - k| logn
) _

n—oo nz+k
— lim PYpnt+n2+1)—yYpm®+1
s logn
4 2 _ 1 _ 2 1
i log(n* +n* + 1) TS log(n“+ 1) +—2(n2 D
- n-—oo logn B
log(n* +n? + 1) log(n? +1)
=li - lim——==
n-c logn noo  logn
8n?+2 . 2n?
=4-2=2

= lim — lim
nbo2n?2+1 n-owon?+1
Solution 3 by Khaled Abd Imouti-Damascus-Syria

H—1+1+1+ +1 1
2 3 =logn

11.4
1 n* + n?
=3 | 4 2y —1 ) =] =1 241
Lk og(n® + n*) — log(n*) 0g< > og(n” +1)
- nt : ) 2n
1 1 og(n“+1 3
Q= lim Z . =imM=limn+1=2
n—-oo n?+k| logn nox logn now 1
k=1 n
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Solution 4 by Hikmat Mammadov-Azerbaijan

n4 e}
PN )
n? + nZ+k k+n*+nz)
k=1 k=1
Y s ) T 2 )
-7 m+1 m+i+nz+nt) V™ m+1 m+1+n2
m=0 m=0

1
ll"(z)=logz—E
= ¥Y(n* + n? +1) Y(n%+1) >
n*

Q=i z 1 1
e n2+k| logn

i 1 1 *+n? +1 1 _ >
~nbmlogn\ 8 n2+1 2(n4+n2+1) 2(n2+1)

Solution 5 by Le Thu-Vietnam

By Euler — Maclaurin formula,one has

nt

1 n 1 _ 9 nt
Zn2+k~f1 n2+xdx_1°g(n +x)|1 B
=
= 2logn +log(1 + n?) —log(1 + n?) = 2logn

Hence,

Zlogn

Q = lim
n-o logn

Solution 6 by Samir Zaakouni -Morocco

4
1
= lim Z = lim Zf n® k=1 gy |
noo | o n?+k logn n—o logn
1 2n4 lxnz_xn+n 1
jx" Zx" = lim f dx |- =
0 o lgn n-ow \ Jo 1-—x logn
I [ ey [ ) L
T anel Y fo 1—x 7Y fo 1-x logn

L . 1 2
_nl_g};( n4+n2 nz) '—logn—n_)oo logn _n_mlogn
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H,s,,2~log(n? + n*) —log(n*) = 4logn
H,:~log(n*) = 2logn

1
Hn4+n2 . @"'4 and an . logn~
".4
Q=1 Z 1 1 =2
= noo k_1n2+k logn
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