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PROBLEMS FOR JUNIORS

JP.511 Let n € N*. Prove that among the numbers (21"), (Zzn), " (2:) exists at
least a number which is not divisible with 16065.

Proposed by Mihaly Bencze-Romania
Solution 1 by proposer

2n\ /2n 2n
WLOG,let's suppose that the numbers ( )( ) ( ) are divisible

1 2 n
ith 16065, th ( 2n )—(2") (2" )—( 2") d th
wi ,then from on—1)=U1 ) y1) =, _ ) and the sum
2n-1
2n e ,
S, = Z (k>=22n—2=4-n—ZlSdl‘VlSlblerth 16065.
k=1

Sy =43 —-2=64-2=(63+1) -2 =m4 —1,
Ssks1 = 4-64% — 2 =mg; + 2,
Sakiz = 1664 —2 =m¢; + 14,50 S,, £ 0 (mod 63)
Sy =250k -2 =(255+ 1)k -2 =m,s — 1,
Sirs1 = 4 256K — 2 = myes + 2,
Siksz = 16 -256% — 2 = myg + 14,

Siki3 = 64 -256% —2 = myss + 62,50 S, 0 (mod 255).
Therefore,S, = 0 (mod 255 - 63) © S, # 0( mod 16065).

Solution 2 by Ivan Hadinata-Jember-Indonesia

Lemma:
Let y be a natural number so that y is divisible by a Fermat prime 22" 4+ 1. Then, for
every natural numbers n, one of
2n\ (2n 2n
(5 - (5
is not divisible by y.

Proof:
2n

k
Consequently,

Assume that the lemma is negative. Then ( ) =0mody, Vk=1,2,...,n
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2n-1

Z (lel) =22"—2 =0 (mod y)
k=1

Itimplies that 22" — 2 = 0 (mod 22" +1) = 2?1 =1 (mod 22" +1).....(»)

By Fermat Little Theorem, we have 22" =1 (mod 22" 4 1) ...... (%)
From (x) and (xx) we obtain

geed(zn-1, 22) _ 4 (mod 22" +1) = 2 =1 (mod 22" +1),
which is impossible. Thus, one of
2n\ (2n 2n
() (5 - (5
should be indivisible by y.

Back to the problem:
Since 16065 is divisible by 17 = y X 1, so the problem is proved.

JP.512 Solve the following equation:

log,.1(a* +2a+1) =log,((a+1)*—-2a—-1),a> 1.
Proposed by Mihaly Bencze-Romania
Solution 1 by proposer
Let f(x) = log,.1(a* + 2a + 1) bijective function and
f1(x) =log,((a +1)* —2a—1).
So, the equation is equivalent to f(x) = f1(x) © f(x) = x.
log,.1(@a*+2a+1)=xo0r(a+1)>—a* =2a+1.
The function g(x) = (a + 1)* — a* is strictly increasing for x > 0.
If x > 0,then (a + 1)* < a* which is an contradiction.

So,g ais injective function and the equation has an unique solution,x = 2.
Solution 2 by Ivan Hadinata-Jember-Indonesia

Let y = log,,1(a* + 2a+ 1) =log,((a+ 1)* —2a — 1), then
a*+2a+1=(@@a+1) ... (1)
(a+1)*—-2a—-1=a’.... (2)

By summing up (1) and (2), we obtain
(a+1)*+a*=((@a+1)+a...... (3)
We consider the function f(n) = (a+ 1)" + a™ over n € R. Then
ff(m)=(a+1)"In(a+1)+a"Ina > 0,
consequently f is strictly increasing. Therefore, we should have x = y by (3).
Setting x =y to (2), weget (a+1)*—a*—2a—-1=0 ...... 4)
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From (4), we know that x = 2 satisfies for (4). Besides that, we also have that (a +
1)* > a*. Since a € R*, we should have x > 0. Consider another function g(n) =
(a+1)"—a"—2a—1 over n € R, so
gm=>(@a+1)"In(a+1)—a"Ina > 0,
because clearly (a + 1)" > a™ and In(a + 1) > Ina. Then, g is strictly increasing. It
implies that x = 2 is the only solution satisfying (4) and finally we get y = 2 too.
Thus, the answer is x = 2.

Solution 3 by Marin Chirciu-Romania

We havelog,_;(a*+ 2a+1) =log,((a+1)*-2a-1)=to

{ log,.1(@*+2a+1)=t
log,((a+1)*—-2a—-1)=t

{?; _-:: i;‘t;:—(al-l_:lz: S (a+1)+a'=(a+1)*+a*
Because the function x — a*, a > 1 is strictly increasing it follows that the function
x — (a + 1)* + a* is strictly increasing, so injective.
From(a+1i+at=(a+1)*+a*>t=x
We obtain log,.,(a*+2a+ 1) = x © a* + 2a + 1 = (a + 1)*, with the unique

solution x = 2, because:

X

aX+2a+1=(a+1)x@(L)x+(2a+1)(i) =1
a+1 a+1

The equation has the form f(x) = 1, with f strictly decreasing function, so, injective.
Because f(2) = 1, it follows that x = 2 is unique solution.

JP.513 Solve for real numbers:
(21og3(2*1 + 5)log,(3* — 5) = log3(2*2 + 5) + log(3* — 5)
{ 2log;(2*2 + 5) log,(3*2 — 5) = log3(2*2 + 5) + log3(3* — 5)
\2 log;(2* + 5)log,(3* — 5) = log3(2** + 5) + log5(3*2 — 5)
Proposed by Mihaly Bencze-Romania

Solution by proposer

By adding all equations,we get:
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n

Z(log3(2xk +5) —log,(3% —5))2 =02 x; =x, = =X, =X,
k=1

logz(2* +5) = log,(3* - 5)
The function f:R — [log; 5, +»), f(x) = log3(2* + 5) is bijective and
f1(x) =log,(3* — 5) is his reverse function.
So,the equation can be written as: f(x) = f1(x) © f(x) = x ©
log;(2*+5) =x & 3* - 2* =5.
The function g(x) = 3* — 2* is strictly increasing for x > 0.
If x < 0,then 3* < 2* which is an contradiction.
Because g is a injective function, then the equation has an unique solution

x = 2.50,solution of the system is:x; = x, = - = x, = 2.

JP.514 Ontheset M = {2n + 1|n € N*} define
a*b=a+ (b—3)21°822-1 (v)q b e M,
where [-] is the integer part. Prove that (M,*) is a monoid.

Proposed by Mihaly Bencze-Romania
Solution 1 by proposer

(MabeM=axb= a +(b-3)2M8"1 = odd >3

odd even

= ax*b € Mis stabile part.
2) (V)a,b,cEM = (a*b)*c=(a+ (b—3)20082a"1) s ¢ =
= a+ (b—3)2Mr a1 4 (¢ — 3)zertb-azlomt
— a+ (b—3)20og2a-1 (¢ _ 3)2[logz al+[logz b]-2,
Now,we prove that:
[log,(a — (b — 3)20°8241-1) = [log, a] + [log, b] — 1.
Let x = [log, a] € N*and y = [log, b] € N*.
Because: (x;z; + yit;)* — (x;it; + y;z)* = (x? —y?) (22 - t2) #0,i=1,2,..,n

det(xy,y2, X2, Y2, o) X, Yu) = (x% - 3’%) det(xz,y2, ..., X, Yn))
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n
and then det(xqy,y,, X3, Va2, o) X, V) = l_l(xl2 —y2) # 0.
i=1

So,(G,x) is the abelian group,where(-) is product of matrix.
The function f(A(xy,y2,%3, Y2, ., X, ¥2)) = (X1,¥2, X2, Y2, ., Xn, ) is bijective.
Therefore, (G,”) = (H,).
Solution 2 by Ivan Hadinata-Jember-Indonesia

Lemma: [log,(a = b)| = [log, a] + [log, b] — 1 for every a,b € M.
Proof: Let a = 2*1 +y,, b =2%2 +y, with x{,x, € Z*; y; €[0,2% - 1], i =1,2;
and y4,y, are odd. Then
axb=2%+y, + (2% +y,—3)2x"1 (1)

Note that

2% + gy, + (2%2 +y, — 3)2%171 < 2%1 4 2% — 1 4 (2%2 4 2%2 — 4)2%171

=2¥tx2 1 .. (2)
and
2 +y, + (272 +y, —3)2071 > 2% 1 4 (2% — 2)2¥7t = 2xtxeml 4 3)

By (1),(2),(3), we get |log,(a *b)| = x; + x, — 1 = |log, a| + |log, b] — 1, as
desired. O

After that, we count
(axb) *c=a+ (b—3)2lles2al-1 4 (¢ — 3)2llogz al+llogz b]-2 = =~ (5.1)
a*(b*c)=a+(b+ (c—3)2les2bl-1 _3)pllogzal-1 (5.2)
where a, b, c € M and obtain (S.1) = (8.2), thus (M, %) is a semigroup.
Besides that, we can notice that 3 is the neutral element since
3xa=ax*x3 =a, Ya e M.
From these facts, we can deduce that (M, =) is a monoid. m

JP.515 Solve for real numbers:

(3_ +101 )(5 +17 )+
g Sinx +——cosy)|zsinx +—-cosy

, (15 52 388 )( 2 S, 202 )_4
1ssmx 15 Cosy 551nx 15 CoOsy | =

Proposed by Mihaly Bencze-Romania
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Solution by proposer

3 +101 15 52 388
a=—sinx+——cosy c= ——sinx ———cosy
Let be 55 i; and 165 2%)52
b=§sinx+?cosy d= —7+§sinx+Fcosy
From the conditions:
3 +101 -0 15 52 388 >0
5s X 15 cosy > o 1551nx 15 cosy >
5 . +17 -0 7+6_ +202 -0
3smx 3 cosy > 551nx 1s cosy >
we get: {az_l_cll)lzjiif:;=8=>(a—b)2+(c—d)2=0(:)a=candb=d.

1 1 T T
- _ N _1\k . 1% juhel
smx—zandcosx—2:>xe{( 1) 6+k1t|kEZ} andye{i3+2kn|kez}
JP.516 In AABC the following relationship holds:
2 2
zbc +n Zaz > (n+1)(18Rr)2 ,neN
cyc cyc

Proposed by Marin Chirciu-Romania
Solution 1 by proposer

We have: LHS = (3bc)? + n(Fa?)? = Xbc)? + Ta?)?+..+Xa?)? =

(X1 + 2+ + Xpy)?
n+1

=xi+x5+-+x2+xi >

2
_ (Tbc+3Ya? +Ya* + -+ Ya?)? (s2 + 12 + 4Rr + 2n(s* —r? — 4Rr))
B n+1 B n+1

((1 +2n)s% + (1 —2n)(r2 + 4Rr))2 Gerretsen ((1 +2n)(16Rr — 5r2) + (1 — 2n) (12 + 4Rr))2

= >
n+1

n+1 -

(4r((6n +5)R—-(3n+ 1)r))2 1672[(6n + 5)R — (3n + 1)r]? Euler
n+1 - n+1 =
2
1612 [(6n +5R-(3n+1) %] 4r2[9(n+ 1)R]?> 4r%-81R%*(n+ 1)?
n+1 - n+1 - n+1 -
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=324(n+ 1)R*r?> = (n+ 1)(18Rr)? = RHS

Equality holds if and only if triangle is equilateral.
Solution 2 by Tapas Das-India
In AABC
(ab + bc + ca)?> + n(a? + b> + c*) > (n+1)(18Rr)’, n €N
(ab + bc + ca)? + n(a? + b? + ¢?)? =
= (s2 +r? + 4Rr)? + n(2s® — 2r? — 8Rr)?

Gerretsen

> (16Rr — 512 + r* + 4R1)? + n(32Rr — 101%? — 2n? — 8Rr)?
= (20Rr — 41%) + n(24Rr — 121r?%)?
= (20Rr — 41%)? + n(24Rr — 81r% — 4r?)?

Euler z

R
> (20Rr —41r*)% +n (24Rr -8- 5T~ 4r2)

= (20RT — 41%)? + n(20Rr — 41?)?2 = (n + 1) (20RT + 41?%)?
Euler R 2
> (n+1) (20Rr —4r. 5) = (n+1)(18Rr)?
P.517If x,y,z € [0; k]; kK > 0, then y(x — z) — z(x — k) < k?
Proposed by Laura Molea and Gheorghe Molea — Romania
Solution 1 by proposers

We construct the cube ABCDA'B’'C’' D’ with the side k > 0 and rectangular
parallelepipeds AB""C'"'D"MNPQ, PRSTP'R'C'T'.fAB" = x= B"B =k — x,
AD" =y=>D"D=k—-yAM=z=>AM =k —z
We have Vy =V piicipiynpe = xy(k — 2)

Vy =Vegsrprc'r = (k= x)(k—y)z
V=Vugcpapcp =K
ButV, +V,<V=xylk—2z)+(k—x)(k—y)z<k® © xyk — xyz + k?*z — kyz —
—kxz+xyz<k®*oxytkz-yz—xz<k?o
© y(x—z) — z(x — k) < k?, Q.E.D.

We have equalityif: x =y =k,z=0orx =y =0,z = k.
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Solution 2 by Ivan Hadinata-Jember-Indonesia

Let x = ksina, y = ksinb, z = ksinc where a,b,c € [0,%].

Thus, proving the inequality y(x — z) — z(x — k) < k? is equivalent to proving
sina-sinb +sinc- (1 —sina—sinb) <1
If sina+ sinb > 1, then
sina-sinb +sinc- (1 —sina —sinb) <sina-sinb < 1.
(Equality holds iff a = b =7, ¢ = 0)

If sina+ sinb < 1, then
sina-sinb + sinc- (1 —sina —sinb) < sina-sinb —sina—sinb +1 =
=(1-sina)(1—-sinb) < 1.
(Equality holds iff a=b =0, ¢ =)

Solution 3 by Daniel Sitaru-Romania
f:10,k]X[0,k]X[0, k] - R, [0, k] —compact
f(x,y,z) =xy —yz—zx + zk
fx=y-zf,=x—zf,=-y-x+k
=0,y = 0,f";, =0
£(0,0,0) =0, f(k,0,0) =0,f(0,k,0) =0, f(0,0,k) = k*
f(k, k,0) =Kk2, £(0,k,k) =0,f(k,0,k) =0, f(k k k) = k?
maxf(x,y,z) = max(0,k?) = k?
f(x,y,2) = xy — yz — zx + zk < k?
JP.518 Let ABCD a convex quadrilateral, A € R and M, N be such that

AM = 1-AB,DN = A-DC,AD = 3BC. Find 1 € R such that MN = 7BC.

Proposed by Florica Anastase-Romania
Solution 1 by proposer

We have:MN = MB + BC + CN = - MN = A(MB + BC + CN) and
(1—2)MN = (1 — 2)(MA + AD + DN), hence
MN = (A+1—2A)MN = A(MB +BC+CN) + (1 — A)(MA + AD + DN) =

=1-BC+ (1—A)AD + [AMB + (1 — )MA| + [A- CN + (1 — A)DN]|

10 35-RMM WINTER EDITION 2024-SOLUTIONS
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Let CE | AB,CE = AB.From 3BC = AD = AB + BC + CD, it follows:

2BC = AB + CD = EC + CD = ED, then DE | BE,DE = 2BC and hence,
ABCE is an parallelogram, so AE || BC, AE = BC.
Therefore, MN =1-BC+ (1— A)AD; MN = (3 —22)BC =
MN=7BC=3-21=71=-2.

Solution 2 by Ivan Hadinata-Jember-Indonesia

Let O be the origin point. For all points X, define X = 0X. From the given conditions,
now we have the following equations:

M—-A=AB-A4) ...... (1)
N-D=AC-D) ...... (2)
D-A=3(C-B) ...... (3)
N-M=7(C-B) ...... (4)

Subtracting equation (1) from equation (2) gives us
(N-M)—-(D—-A)=A2(C-B)—A(D-A)
A-1)(D-A4A)=AC-B)-(N-M) ...... (5)
Substituting (3) and (4) to (5) yields
3(A-1)(C—-B) = (-7)(C - B).
Since B = C then 3(A—1) = 1— 7 and thus 4 = —2 which is the only answer.

JP.519In AABC,AA’,BB’, CC' —internal bisectors, A’ —symmetric point of
AtoBC,N € (AB), M € (AN) such that CM = x - MN,AB = x - AN, x € R.
Prove thatif A4’ + BB’ + CC’' = 0 then A, M, A" are collinears.

Proposed by Florica Anastase-Romania

Solution by proposer

AB AB ¢ . .

AA' — internal bisector =
b(AA’ + AB) = c(A’A + AC) = (b + ¢)AA’ = bAB + cAC

. bAB + cAC

= AA' =
b+c
o — . c¢BC+aBA —_, aCA+bCB
Similarly, BB = —  and CC' = ———
c+a b+ a
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bAB + cAC ¢BC +aBA aCA + bCB
+ + =0
b+c c+a b+ a

( b __a )45 + (5 b )ac+ (- b JeB =0

b+c a+c b+c b+a a+c b+a -
How AB, BC, CA are not collinear =

b a _o c b _o c b _

b+c a+c 'b+c b+a 'a+c b+a

= a=b =c= AABC — equilateral.

AA'"+BB'+CC' =0«

0

A" symmetric point of A,then ABA"C is an paralellogram,and hence

AA" = AB + AC; (1)

Now, from AB = x - AN,CM = x - MN = CA + AM = x(MA + AN)

(1+x)AM = AC+x-AN = AB + AC = AA" = A, M, A" — collinears.

JP.520 Prove, that in any ABC triangle, the following inequalities hold:

32r<' Zl+§+' §+Z‘+' E+71<3
R < Sin 2 sin 2 sin 2 =

Proposed by Radu Diaconu — Romania
Solution 1 by proposer

We prove that:

2+§ + si §+Z‘ + si Z1+21 —Z B-C
sin 2 Sin 2 sin 2 = COS 2
cyc
A\ . (m . B+®\_ _(m B-T)_  B-C
sSin 2 = Sin 2 2 = Sin 2 2 = COS 2
§+f' _ n+f‘ C+4 _ n+E—A _ C-A
sSin 2 = Sin 2 2 = Sin 2 2 = COS
C,\__ (x . A+B\__(w A-B\_ 4B
Ssin 2 = Sin 2 2 = Sin 2 = COS 2
' 21+§ + si §+E +si E+71 = E_E+ E_Zl+ A-B
sin 2 sin 2 sin 2 = COS 2 COoS 2 COoS 2
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Using the inequality cos— > f and the analogs, we obtain:

B-C c-4 i-B [2r
- - - = 7> okl
cos— + cos 5 + cos — 3 R (1)

. (A =
Yy Sin (E + B) Deye cos?=C <3 (2)

We have used the relationship:

From (1) and (2), it follows the conclusion of the problem. Equality holds for an equilateral

A 2
triangle. We prove that: cos =2 > / Rr. As:

coSs = CcO0S—CO0S— + sin—sin— = — =
ab "R p-abc

A-B A B A B 2p—-c |(p—-a)p->b) 2r  8-5°
2 2 2 2 2  c

Inequality cos— > / is equivalent with:

c ab pabc c c

2p—c'\/(p—a)(p—b)>\/817(17—“)(17—17)(1’—@ 2p—c 8(1)-6)@

2p—c=J8c(p—-c) e 2p—c)?=8c(p—c)© 4p*—12pc+9c* 20 &

& (2p — 3¢)? = 0, obviously true.

Solution 2 by Tapas Das-India
Prove thatin any AABC

2r A B C
3 —Ssm(z+B>+sin(§+C>+sin(§+A)s3

Let f(x) = sinx,x € (0, )
~f'(x) =cosx,f"(x) =—sinx <0

= f'is concave in (0, ), using Jensen’s we have

f(‘;1+3>+f( +C>+f( +A><3f A+B+g;6+g+A
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T
=3f(E)=3 (~A+B+C=m)

woin(g +8) =sin5 + (B Cﬂ
< sSin 2 = sin 2 2 = COos 2

Similarly, sin (g + C) = cos (C;—A)

nz +4) =os(%5)
sin 2 = COos 2

B-C B c . B .
Now cOS— = cOoS— - CcOS— + sin— - Sin—
2 2 2 2 2

3 \/s(s —b)s(s—o¢) N \[(s —a)(s—o0) . (s—a)(s—b)

ac-ab ac ab
a=y+z
Using Ravi’s substitutions {b =z+x
c=x+y

anda+b=c=2(x+y+2)
~25s=2(x+y+2)
LS=x+y+z

B-C 2r
We need to show cos 5 = r3

Now the inequality equivalent to

(2x + y + z)? > 8x(y + z). True according to AM-GM

. B-C_ |or
S COS 2 = R
- si (A+B>+ i (B+C>+ i (C+A)— B-C cost2A
S SIn 2 sin 2 sin 2 = COS 2 COS 2
>3 2r
=> IR

+ cos

A-C
2

14
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JP.5211fa,b,c,d > 0,suchthat (a + b+ ¢c)(b+ c+ d) = 1, prove that:

J@a+b)(c+d)+/(b+c)(d+a)+3/(c+d)(a+b)+3/(d+a)b+c)<

<1(a+b+b+c+c+d+d+a+4>
3\b+c c+d d+a a+b

Proposed by Gheorghe Molea — Romania

Solution by proposer

i/(a +b)(c+d) =

3la+ b b+c c+d <
b+c a+b+c b+c+d™

1/a+b b+c c+d
s—( + + )
3\b+c a+b+c b+c+d

i/(b +c)(d+a) =

3lb+c c+d d+a <
c+d a+b+c b+c+d™

1/b+c c+d d+a
s—( + + )
3\¢c+d a+b+c b+c+d

i/(c +d)(a+b) =

3lc+d d+a a+b <
d+a a+b+c b+c+d ™~

1/c+d d+a a+b
s—( + + )
3\d+a a+b+c b+c+d

d+a a+b b+c <
a+b a+b+c b+c+d—

Jd+a)b+c) < 3\/

1/d+a a+b b+c
s—( + + )
3\a+b a+b+c b+c+d

By adding the 4 inequalities we obtain:

Y@a+b)(c+d)+(b+c)(d+a)+3(c+d)(a+b)+3/(d+a)b+c) <

1/a+b b+c c+d d+a
iRttt ¢
— 3 \b+c c+d d+a T a+b +4 ( )

We will prove than we cannot have equality. M, = M, < the numbers are equal, so:

a+b_ b+c _ c+d
b+c a+b+c b+c+d
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b+c c+d d+a
ctd atb+c b+c+d
c+d d+a a+b
d+ta a+tb+c b+c+d
d+a_ a+b b+c

a+b a+b+c b+c+d
Multiplying member with member the last equalities we obtain:
a+b b+c c+d d+a
btc c+td d+a a+b
b+c)(c+d)(d+a)a+b) (c+d)(d+a)a+b)(b+c)
- (a+b+c)* B (b+c+d)*

>a+b+c=b+c+d=a=d,

(a+b+c)b+c+d)=1>a+b+c=b+c+d=1

b+c _  c+d

= = =
From a+b+c b+c+d b d
c+d d+a
From = >a=csoa=d=b=c
a+b+c b+c+d
a+b+c=1 1
From >a=b=c=d==
b+c+d=1 3
atb _ b+c

Relationship becomes 1 = ;(F), so we have strictly inequality in (*)

b+c  a+b+c

JP.522 In acute triangle ABC the following relationship holds:

in?A A R-2
(ZSln )(Z coS )29+7( +TT)

cosA sin2A R

Proposed by Alexandru Szoros-Romania

Solution 1 by proposer

$\2
Z sin?A JC sind)* (ﬁ) st _ 16Rr — 512
cosA =~ YcosA = 1+%_ R(R+1r)~ R(R+71)

Z sin?A - r(16R — 51)
cosA~ R(R+r)

ZcosA_ b% + c% — a* (2R>2_2RZZ b?% + c% — a* B
sin?A 2bc a) abc ( a )=

(D)
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2R? b? + c? R (Y bc(b? + c?)
= Z - Z al= —2s)=

4sRr a 2sr abc

- R (2 b%c? 5 >R(Z ) R zcosA>R
— JE— — = — = —

— 2sr\ abc 5= ST a-=s r sin?A " r
From (1) and (2) we get :

ZsinZA ZCOSA 16R—5r_9+7R—2r
( cosA)( stA R+r (R+r)

Solution 2 by Marin Chirciu-Romania

Lemma 1. In AABC holds

Z cosA  s*(s>—8Rr) —r*(4R +1)?
sin?A 45272

cosA 7R — 671
z >

sin2A~  4r
Solution:
b% + c* — a?
zcosA_ T_2R22b2+c2—a2
sin2 A a? " abc a
4R2
_ 2R?> s?(s®>—8Rr)—r*(4R+1)* s*(s’ —8Rr) —r?(4R +1)?
" 4Rrs 2Rrs N 45212

We’ve used above:

Z b®> +c? —a® s*(s* — 8Rr) —r?(4R +1)?
a B 2Rrs

Z cosA  s’(s>—8Rr)—1r*(4R+1)> s*—8Rr (4R+1)? Gerretsen
sin24 45212 42 452 =
16Rr — 51% — 2r? — 8Rr (4R +1)?

472 _4_1"(4R+r)2 -
R+7r

_8Rr—7r2 R+r 8R-7r R+r 7R-6r
T 42 4r = 4Ar 4r = 4r

Equality holds if and only if the triangle is equilateral.

Lemma 2. In AABC holds

(2)
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sinA4 _ r(8R? + 6Rr + 1% — 57)
Z cosA  R[s?— (2R +1)?]

Z:sinZA> 2R% + Rr — r?

COSA — Rr
Solution:
a?
Z sin? A 3 iR? _abc a __4Rrs 8R? + 6Rr + 1% — 52
cosA Z.b? +ct—a? 2R L.b?2+c2—a? 2R? 2s[s?—- (2R +1)?]
2bc

_ r(8R? + 6Rr + 1% —5?)
" R[s2-(2R+1)?]

We’ve used above:

Z a _8R?+6Rr +1% —5?
b% +c?—a?  2s[s?— (2R +1)?]

Z sin? A
cos A

B 7(8R? + 6RT + 1% — §?%) Gerretsen 1r(8R? + 6RT + 1* — 4R?> — 4RT — 371?)

>
R[s? — (2R + 1)?] ~  R[4R? + 4Rr + 31r%2 — (4R% + 4Rr + 1?)]

_r(4R? + 2Rr — 21?) 2R* + Rr —1?

B R(212%) B Rr

Equality holds if and only if the triangle is equilateral. Let’s get back to the main problem
Using the lemmas above the inequality can be written:

7R — 6r 2R? + Rr —1r? R - 2r
. =>9+7- &
4r Rr R+r

7R —6r 2R>?+Rr—-r%* 16R-5r
== . >
4r Rr R+r
14R3 — 5R?*r — 13Rr? + 613 - 16R — 51
4Rr? - R+rT
& 14R* +9R3*r — 82R*r2 +13R1r3 +61r* >0 &

=4

& (R—-2r)(14R3 + 37R?*r — 8Rr? — 31r3) > 0,
which follows from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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JP.523 On the sides AB and AC of a triangle ABC, consider the interior points

2

2 2
E and D, respectively, such that (Eg) + (%) = 1. The segments BD and

CE intersect at point P. Find the ratio of the areas of quadrilateral EBCD and
triangle PBC.
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by proposer

Let % = mand % = n, then m? + n? = 1. Using the Menelaus’ theorem in triangle ACE

I . AB EP CD AB pc 1
with intersecting line BPD, we have — - —:— = 1. Also,wehave —=m + 1,— = -,
BE PC DA BE "AD n
SO,
EP 1 EP n EC  m+n+1
(m+1)-—--=1,namely, —=— & — = .
PC n PC  m+1  PC m+1

Again, using the Menelaus’ theorem in triangle ABD with intersecting line CPE, we have

AC DP BE DP 1 DP m BD m+n+1
s =1.50,(n+1) o -=le T =T-o D= :
CD PB EA m PB n+1 PB n+1
EC BD (m+n+1)2 m2+n2+2mn+2n+2m+1 1+14+2mn+2m+2n 2(1+mn+m+n)
We have — - — = = = = =
PC PB (m+1)(n+1) (m+1)(n+1) (m+1)(n+1) (m+1)(n+1)
2

[PBE] PE [PCD] PD [PDE] PD-PE
Also, we have (Fig.) Fc} o’ %PBC} =5’ EPBC} = SBPC" Now, we have

[EBCD] [PBC] + [PBE] + [PED] + [PCD] [PBE] [PED] [PCD]
[PBC] [PBC] =1+ T PBC T PBC T
 PE _PD-PE PD_PB PC+PB -PE+PD PE+PC PD _

T pc T PB-PC T PB " PB - PC
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_ (PB + PD) - (PC + PE) _BD-EC_
B PB - PC " PB-PC

So,
[EBCD]
[PBC]
JP.524 Prove that in any AABC the following inequality holds:
B C
COtE COtE 4R + r

>
h, " h, < h, - F

A
cot 2

Proposed by Marian Ursarescu — Romania
Solution 1 by proposer
We have the inequality:

a(y+2z)+b(z+x)+clx+y)=2/(xy+xz+yz)(ab + ac + bc),Vx,y,z,a,b,c > 0
true, because we can assume x + y + z = 1, being homogeneous and then we must show

that:

2\/(xy+xz+yz)(ab+ac+bc)+ax+by+cz$a+b+c,

which we prove applying twice Cauchy’s inequality:

ax + by + cz + 2./(xy + yz + yz)(ab + ac + bc) <+ a? + b% + c2/x% + y2 + 22 +

+y2(xy + xz + yz) - \/2(ab + ac + bc) <

<\a?+b%+c2+2(ab+ac+hbc) Jx2+y?+2z2+2(xy+xz+yz+1)
=a+b+c

A B c 1 1 1
Wetakea = cot-,b=cot-,c=cot-Ax=—,y=—,2=—>
2 2 2 Tq Tp T

Zcot§<i+i) 22J(Zcot§-cot§)-(2i~ 1) (1)

Tc Tc

1 1 2
BUtE-I_T__h_a (2)

c

A
t_
From (1) + (2) = Zc;:—z > J(Z cotg . cotg) (Zrlr ) (3)
a bTc
But Y — = 2T A Y cotS - ot =
rpre p°r 2 2

4R+r
r

(4)

20 35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A
coty (4R+1)? _ 4R+1 _ 4R+
From (3) + (4) = Z—ha > e

Solution 2 by Marin Chirciu-Romania

A
COtf 4R+ 1
>
h, F
Lemma. In AABC holds
A
COtf B 4R+ r
h, F

Using cot% = ’% and h, = %we obtain:
\[ s(s—a)
cot— Z (s—b)(s—c) Z s(s—a)
T 2F (s—b)(s—c)

1 s(s — a) _
= ZFZ SG-aG-be-0

ZFZ s(s—a) ZZZZa(s—a)— -2r(4R+71) = dR+T

We’ve used above Y a(s —a) = 2r(4R + 1)

Using the lemma we deduce that the relation from enunciation holds, with equality in any

triangle.
Extensions by Marin Chirciu-Romania

Remark: In the same way : In AABC:

Marin Chirciu

Solution: Lemma: In AABC:

tan
any 2R-r
h, F

Proof.

21 35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Usingtan§= /(pgz—(';)c)a nd h, ——weobtam
\ J(p B)p - o)
i iy plp—a) 1y, [e-be-o
ZF

B 2F p(p—a)
a

hq

Z (p—b)(p-o) _
" 2F JVp(p—a)(p-b)(p—0)

b —
Z (p— )(p c) zizza(l"b)(l"c)z
2R —1r
ZFZ F
We used above Y a(p — b)(p — ¢) = 2pr(2R — ).

-2pr(2R—1r) =

Using Lemma and Euler’s inequality R > 2r we deduce the conclusion.

Remark.
A
2 the following relationship exists:
In AABC:
coté tan
2w S
he — h,
Marin Chirciu
Solution.
tan t
Using the above Lemmas we have the sums ), : ZRF r © %.
Inequality can be written: 4RF+r <3 ZRF_ < R = 2r, (Euler).

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC:

A
3r tanz 3R
—< < —
2F T, 4F

Marin Chirciu

22 35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
A
Z tani _ 3_r
T, 2F
Using tan? = /wand r, = L we obtain:
2 p(p-a) p-a
(p—b)(p—o)
tan2 p(p a)
2 Z Z( (p—b)(p—C):
ZF

Solution: Lemma. In AABC:

Proof.

he p(p—-a)

p a

1 (p—b)(p—rc) @ wm—o
=-—)>@-a) (p
ZFZ O he-ar-be-0 ZFZ

1 1 3r
_ _ _ P R SO
= ZFZZ(p a)(p—-b)(p--c) 2F? 3pr oF

We use above (p — a)(p — b)(p — ¢) = pr?.

Using Lemma and Euler’s inequality R > 27 we deduce the conclusion.

Remark : In the same way : In AABC:

Marin Chirciu
Solution: Lemma.

In AABC:

A
Z coty  p(p®—2r?—8Rr)
r, 2F2 '

Proof.

p(p—a)

. A _
Using cot2 = Job oo

F .
and r, = — we obtain:
p—a
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4 j( (II:)( =
coty p p- plp—a)
25l XAy TS

p a

1 3 p(p—a) _
_ZFZ(p a)Jp(p—a)(p—b)(p—C)

=%Z(p_ p(p_ ZFzZQ’ a)* =

p(p? — 2r%2 — 8Rr)
2F?2
We used above Y. (p — a)? = p? — 2r%? — 8Rr.

=—— (p>*—-2r>—-8Rr) =

Using the Lemma we obtain:

Right hand inequality:

A
Z coty _p(p? — 21 — 8Rr) Gerretsen p(4R* + 4Rr + 312 — 212 — 8R) _
re 2F? = 2F2 B

_ p(4R? — 4Rr +17) _PQR- r? 1 (ZR 1)2
B 2F2 2F2  2p '
Equality holds if and only if the triangle is equilateral.

Left hand inequality:

A
Z coty B p(p? — 2r%> — 8Rr) Gerrétsen p(16Rr — 5r% — 2r? — 8Rr) _

r, 2F2 = 2F2
_p(BRr—7r*) pr(8R-7r) 8R-Tr Eu>ler 9 9
B 2F2 B 2F? - 2F T 2pr 2p

Equality holds if and only if the triangle is equilateral.

A
2

the following relationship exists:

In AABC:

cot% t&':‘llll%4
>y
ra ra

Marin Chirciu
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Solution: Using the above Lemmas we have the sums:

(= p(pz -2r? —8Rr)
and Z 2F?

p(p -2r —8Rr)
2F?

A
tan

X

Taq

Inequality can be written: >3- (:) p?—2r>—8Rr > 9’

& p? = 8Rr + 1112, which follows from Gerretsen’s inequality: p?> > 16Rr — 512
It remains to prove that:
16Rr — 51r* > 8Rr + 11r? © 8Rr > 161%* © R > 2r, (Euler).

Equality holds if and only if the triangle is equilateral.

Solution 3 by Tapas Das-India

A
Cotf _ S 1 N S 1 N s 1
ha B T, h Ty hb T h
as 1 bs 1 ¢ 1 c
=— =+ — _+_
re 2F 1, 2F 1, 2F 2Flr, T
_ _ _ — g2 _p2 _ o2
2F2 [a(s—a)+ b(s—b) +c(s—c)] = 2F? [Zs a’ — b* — ¢?]
s F 4R+
— 2 2 2 _ _ _
_W[ZS —25% + 2r% + 8Rr] —WZr(4R+r) —ﬁ(4R+r) =—F

JP.525 Prove that in any AABC the following inequality holds:
2 2
n nZ n 2R —r
Ta 42 b T < ( )
h h, h, r
where n,, ny, n. are Nagel’s cevians.
Proposed by Marian Ursarescu — Romania

Solution 1 by proposer

b — 2
=pp— a)+gp=>

Z Zp(p a) (b—c)2 p(p a) (b—c)z.
2s P

=LY@p-a)+b-0)=_Calp-a)+Ib-0? (1)
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Yal(p—a)=2r(4R+1r) (2)

Y(b—c)*=2(a*+b?+c*—ab—bc—ac)=2(2p*—2r> —8Rr —p* —1* —4Rr) =
2(p* — 12Rr — 3r%) (3)

2
From (1) +(2) + (3) = X7 = %(4Rr +72+p?—12Rr — 3r2) =

Gerretsen 1

1
== (p? —8Rr—2r*) < ;(4122 + 4Rr + 31r* — 8Rr — 2r?%)

1 2R — 1)?
=;(4RZ—4Rr+r2)=¥

Solution 2 and extensions by Marin Chirciu-Romania

Lemma: In AABC:
2

n; n_,z, n_%sz—Zrz—BRr
h, h,  h, r
Proof.
_ 2
Usingn; =p(p — a) + @ and h, = %we obtain:
b — ¢)?
nﬁ_zp(p—a)+—p( a ) _12[( )+ (b— )] =
h, = 2pr =5 lalp—a 0)?] =
a
_2r(4R+1) + 2(p? —3r% — 12Rr) _2r(4R+1) + 2(p? —3r% —12Rr) B
B 2r B 2r B
_ p®>—2r>—8Rr
B r

We'’ve used above:

Ya(p—a)=2r(4R+r)and X (b — ¢)? = 2(p? — 3r%> — 12Rr)

Let’s get back to the main problem.

Using the Lemma we obtain:

LHS — n N ng N 1 Lemma p* — 2% — 8Rr Gerretsen 4R* + 4Rr + 31" — 2r* — 8Rr _
h, h, h, r r

4R?> —4Rr +71*> (2R —1)?

= RHS

r r
Equality holds if and only if the triangle is equilateral.

Remark: Let’s find an inequality with opposite sense.
2 2 2
n, n; n
L+ Ly C>or
ha hb hc
where n,, n,, n. are Nagel cevians.
Marin Chirciu

Solution: Lemma: In AABC
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ng nb n; p®>—2r*—8Rr

h, h, h, r
Proof.
Usingn2 =p(p — a) + p(b 2 and h,, —we obtain:
p(b — o
2 — p\b—¢c)
ni p(p a)+=—7—"— 1 .
=, 27 =Y lap-a) + (b - )] =
a
_2r(4R+1) + 2(p? —3r? — 12Rr) _2r(4R+1) + 2(p? —3r% —12Rr) 3
a 2r a 2r B
_p®>—2r>—8Rr
B r

Let’s get back to the main problem.
Using the Lemma we obtain:

LHS = n; N _2 N n? Lemma p? —2r? — 8Rr cerrgsen 16Rr — 51% — 2r? — 8Rr _

h, h, h, r r
8Rr — 712 Euler
=7=8R—71‘ = 9r =RHS

Equality holds if and only if the triangle is equilateral.
Remark: The double inequality can be written:
In AABC:

2 2 2
nzZ n: n 2R -1
or<-24+- L4 < —)
h, h, h, r
where n,, n;,, n. are Nagel’s cevians.
Remark: In the same way: In AABC:

9R<n§+n,2, n?2 9R*

2 " r, r, r. 16rd
where n,, n,, n,. are Nagel cevians.

Marin Chirciu
Solution: Lemma: In AABC:
n2 N n? N n? p*(R-r)—1*(4R+71)

Ty, T, T, Rr

Proof.

r .
andr, = 2~ we obtain:
p—a

+p( c)?

_m\2
Usingn2 = p(p — a) +u

z ZP(P a)
- %[E(p—a)z £ - ab- o7 =

1 1
- |w-ar+iw-aw-07|=
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r(8R?%* — 2Rr — 1% — p?)
2 =
P’(R—1)—1*(4R + 1)
a Rr

1
== p*—2r> —8Rr +

We’ve used above:

Y(p - a)? =p*—2r* —8Rrand Zi(p —a)(b—-1c¢)? =
Let’s get back to the main problem. Using the Lemma we obtain:
Right hand inequality.

n_‘zl 4 n_lz) 4 n_% Lergma pz (R—1)— r? 4R+ 1) Gerrétsen

r(BR2 —2Rr—r? —pz)
R

Te Tp T¢ Rr -
- (4R* + 4Rr +3r*)(R—71) —1*(4R +71) _
= Rr B
R3 — 5Rr? — 413 Euler 9R* RHS
= < =
Rr - 16r3

3_ 2_a..3 Euler 4
We've use above XK 47" f6R3 © 9R® — 64R3r*> + 80RT* + 641° > 0 &

Rr
< (R —2r)(9R* + 18R3*r — 28R3r — 28R?*r — 321r*) > 0, obviously from Euler’s
inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Left hand inequality.

n_‘zl 4 n_lzJ 4 n_g Lerima pz (R - ‘r) —r2 (4R + r) Gerr;tsen

Te Tp T¢ Rr -
(16Rr —5r2)(R—71) —r*(4R + r) 16R? — 25Rr + 41* Euler 9R
Rr R -2
Equality holds if and only if the triangle is equilateral.

Remark.
n,z, n? . . . .
—2 + — the following relationship exists:

Tc

Between the sums —% ™ + + — and Ba 4
C a

hp
In AABC:
n: n? n; _nj n: n?
h, h, h _ra r, T,
where n,, n;,, n. are Nagel’s cevians.
Marin Chirciu
Solution: Using the above Lemmas we have the sums:
2_2r2_8Rr ng n? n% 2(R-1)-r2(4R+T1
g N PR g Ty 1y 1 P
Inequality can be written:
p? — 2r?> — 8Rr - p’(R—71)—1*(4R + r)
- Rr
© R(p? — Zr —8Rr) <p*(R—-1)—-1*(4R+1) &
© rp? <r(8R? —2Rr —1r?) © p? < 8R? — 2Rr — 17,
which follows from Gerretsen’s inequality p?> < 4R? + 4Rr + 3712.

28 35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
It remains to prove:
4R? + 4Rr + 31r* <8R? —2Rr—1r>2 ©2R* - 3Rr-2r2 o (R-2r)(2R+71) > 0,
obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Solution 3 by Tapas Das-India

s(b—c)? 2 sla? — (b - ¢)?]

n2=s(s—a)+ 2

4s(s—b)(s—c) 4s - sr? 5

2 2
s s2————=>n:=s2-2r,h
a a(s —a) a ara

n2 s?-2r,h, s?
S L L T
h h h,

a a
2 2
RN LI R
2 = — 2 = —2(4R
h. s h. Ta =" (4R + 1)

B s? — 8Rr + 2r? Gerrétsen 4R? — 4Rr + 1? B (2R —1)?
B r - T B r

Equality holds if and only if the triangle is equilateral.

PROBLEMS FOR SENIORS

SP.511 Let triangle ABC with A4 > 90° and let internal points M, M,, M3, M,
on the side BC, suchthat BM; = M{M, = M;M3; = M3;M, = M,C. Also,
R4, R, denote the circumraius of triangles AM{M,, AM3;M,, respectively.

Prove:

20./R{R,

>
3(cotB + cotC)

Proposed by George Apostolopoulos-Greece

BC

Solution by proposer
Leta = BC,b = CA,c = AB be the lengths of the side of triangle ABC.

We use the Stewart's Theorem,we have:

BM,-AC?* + M,C-AB? = BC-AM? + BM, - M,C - BC
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a , 4a |, , a 4a b? + 4c? , 4a?
So,g-b +?-c =a-AM1+§-?-aorT= M1+E(:
, b*+4c* 4a® 5 , .
AM;: = - .Since A > 90° so a* > b~ + c-.
5 25
b? + 4c? 4(b2+c2)_b2+16(:2

2
Namely, AM7 < s 25 25

Also,BM, - AC?> + M,C - AB? = BC - AM3 + BM, - M,C - BC,namely,

5 5 25 5 7 2 25
9b? + 4¢? , 16b%* +c?
T,andAM4<T.

2 2
) , , , 6b +6c2 6
So,AM} + AM3 + AM3 + AM}, < ———— < =*BC

(AMy + AM, + AM5 + AM,)?
4

Similarly, AM3 <

We know that: AM% + AM5 + AM5 + AM3 >

AM, + AM, + AM, + AM,)* 6
So,( 1 2 ) 3 +) <§-BC20r

AM, + AM, + AM; + AM,

6
< Zﬁ -BC; (AM{,AM,,AM3,AM 4 are dif ferent in pairs)

Also,we have: AM{ + AM, + AM; + AM, > 4 - ‘i/AMl AM, - AM3 - AMy, so

6
4-‘{/AM1-AM2-AM3-AM4<2\/;-BCor

1 62
. . . .. 4.
AM, - AM, - AM; - AM, < 16 52 BC*; (1)
Intriangles AM\M, and AM;M,,we have:
AM1 . AMZ = Ztha and AM3 AM4 = Ztha, SO

AM1 AMZ AM3 AM4, = 4R1R2 h‘Zl

BC . . .
Also,we know that: h, = m.Now, inequality (1), gives:
4R.R BC? <2 Bt o BC? > —T00RR,
. =9
172 (cotB + cot €)2 ~ 100 9(cot B + cot C)?
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e 20./R4R,

> 3(cotB + cot ()

SP.512 Find all functions f:7Z — Z such that for all integers x, y the number
f2(x) + 2xf(y) + y? is a perfect square.

Proposed by Baris Koyuncu-Turkiye
Solution by proposer

We claim that the answer is any function f satisfying |f(x)| = |cx| or f(x) = ¢cx, f(x) =
—cx. Putting x = p where p is an odd prime number, in the original equation we obtain

that f2(p) + y? is a quadratic residue in modp for y € Z. So all the numbers:

{fz (D) + 02, f2(p) + 12, ..., f2(p) + (pz;l)z} _ {02’ 12, ..., (112;1)2}

in modp. In particular, the sum of elements of these two sets must be congruent so

1
(B5=) @) = 0 = £(p) = 0(modp)

Now, putting y = 1 in the original equation tell us that:

f2(x) + 2xf(x) + 1is a perfect square. If | f(x)| > |[xf(1)| then:
(If =12 < f2(x) + 2xf(x) + 1 < (If ()| + 1)?

Hence we need to have:
F2(x) +2xf(x) +1 = (|f(x)|)? = 2xf(1) = —1 —contradiction
So: |[f(x)| < Ixf(D)]
In particular: |f(p)| < |pf(1)] for all odd primes p. Also we proved that:
pIf(®). Then: 0 < || < |f(1).

Thus there exists a positive integer c¢ such that:
|f(p)| = cp for infinitely many odd primes p.
Let a be an abitrary integer. Choose a sufficiently large odd prime q such that: |f(q)| =
cq.Put x = a,y = q in the original equation.
f%(a) + 2acq + q? is a perfect square. But:
(g +ac—1)% < f(a) + 2acq + q* < (q + ac + 1)?
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since q is large enough. Then we must have:

f*(a) £ 2acq + q* = (q + ac)* = f*(a) = (ac)* = |f(a)| = |ac|
Thus we get f(x) = cx or f(x) = —cx for all integers x.
SP.513 Given k > 4. In any triangle ABC prove that:

3 sin? A 9k + 12
0 N L N
k 2sin? A + sin? B + sin? C 64

cyc
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by proposer

We know that — < ~ (1 + 1)
x+y 4 \x y

Leta = BC,b = CA, c = AB be the lengths of the sides of the triangle ABC. So,

1 <1(1+1) 1 <1(1+1)
az+b%2 " 4\a?2 b2%2)'b%2+c2~ 4\b%2 2

and

1 <1(1+ 1)
c2+a?2” 4\c? a2

Also, we have
1 _ 1 <1( 1 N 1 )
2a2 + b2+ 2 (a?+b?)+ (a%+c2) ~ 4\a?+b% a2+ c?

namely
1 <11(1+1>+1<1+1)_1<1+1+1)+1
2a2+b%2 +c2 = 4\4\a? b2/ 4\a®? c2/)] 16\\a®z b%2 %) a2
Similarly,
1 <1 (1+1+1)+1
az+2b%2+c¢2~ 16\\a?2 b2 2 b?
and

1 < 1 ( 1 N 1 N 1 ) N 1
a’?+ b%2+2c¢%2~ 16\\a? b% 2] c?
Let r be the inradius of triangle ABC we’ll prove that:

1_|_1_|_1< 1
az b%Z 27 4r2
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Wehave (b—c)? >0 a’?—-(b-c)*<a’* &

1< 1 _ 1
a? a’ —(b-c)? (a+b-c)la—-b+c)
lLet2s=a+b+c

i< 1 _ 1
az~ 2(s—c)-2(s—b) 4(s—b)(s—o0)
Similarly,
7 < omoems ™2 < emes
So,
1 1 1 1 1 1 1
?+ﬁ+c_2SZ<(s—b)(s—c)+(s—c)(s—a)+(s—a)(s—b)):
1 s—a+s—b+s—c 1 s

4 G-a)G-bGs-0 4 G-ai-biE-0
We know that
(r-s)2 =s(s—a)(s—b)(s —c) (Heron). So

1,11 1 s 1
a? b?2 c2 4 r2-s 4r?

Now, we have

1 1/1 1
——— < — (— + —) and similarl
2a?+b%2+c¢2 — 16 \4r2 = a2)’ y

1 1(1+1)and 1 1(1 1)
a?+2b%+c2 — 16 \4r2 ~ b2)’ a?+b2+2¢%2 — 16 \4r2 = (2

Namelya—2< 1 (az +1) L< 1 (i+1),

2a2+b2+c2 = 16 \4r2 " a2+2b%+¢2 — 16 \4r2

c? <1 CZ+1
a?+ b2+ 2c¢2 "~ 16 \4r?

Adding up these inequalities, we have

Z a? <1 a2+b2+c2+3
2a2 + b%2+c2~ 16 4712

cyc

We know that
a? + b? + ¢* < 9R?
So

35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Z a? <1 9R2_|_3
2a? + b%2+c%2~ 16\ 4r?

cyc

Now, by the Cauchy-Schwarz inequality, we have

Z a? - (a+ b + c¢)? 3 452 3 s?
202 + b2 +c2 " 4(a® + b2 +c2) 4(a?+b%+c?) a?+ b?+ c?

cyc

We know that s > 337, namely

2
Z a? - (3v3r)"  3r?
2a2 +b2+c2~ 9R?  R?

cyc

So

3r2<z a? <1 9R2+3
R2 — 2a2 +b%2+c2~ 16\ 4r?

cyc

Using the law of the sines, we get

3r? sin? A 9R? 3
P N )
R? 2sin?2 A +sin?2B +sin?2C ~ 64r%2 16

cyc
R? R?
From R > 21 (Euler), we have =z >4.Ifk = 2 then we have:

3 sin? A 9k + 12
< <
k 2sin% A + sin2 B + sin? C 64

cyc

Equality holds if the triangle ABC is equilateral.
Solution 2 and extensions by Marin Chirciu-Romania

Solution: Lemma: In AABC the following relationship holds:

sinZ A B
2sin2 A + sin2 B +sin2 C
2
a
Z sinZ A _ IRZ _ Z a?
2sin? A + sinZ B + sin2 C 2 a? b? c? 2a? + b? + ¢2

2Rz T 2Rz T aR?
2

P
2a2 + b2 +c2
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3 6p° — 2p*(36Rr + 51%) + 2p*r?(156R?* + 56Rr + 5r%) — 613(4R +1)3
~ 9pb — p*(108Rr + 2372) + p2r2(440R? + 200RT + 2312) — 9r3(4R +1)3

We’ve used above:

Z a? _ Xa*(2b* + ¢ + a*)(2¢® + a* + b?)
2a2+b% +c? [1(2a? + b2 + c2) ’
Z a?(2b* + c® + a*) (2¢? + a* + b*) =
= 6p° — 2p*(36Rr + 51%) + 2p*r?(156R? + 56Rr + 51%) — 613(4R + 1)3,
1_[(2a2 + b% + ¢?) =
= 9p% — p*(108Rr + 23712) + p*r?(440R? + 200RT + 231r%) —9r3(4R + )3
Right hand inequality: We prove the stronger inequality:
sin? A 3
S —
2sin2 A+ sin?B +sin?C ~ 4

6p° — 2p*(36Rr + 51%) + 2p*r?(156R?* + 56Rr + 5r%) — 613(4R +1)3 3
<-S
9p® — p*(108Rr + 2312%) + p?r2(440R? + 200Rr + 231r2) —9r3(4R+1)3 ~ 4

& 3p° — p*(36Rr + 2972) + p*r?(72R?* + 192Rr + 291%?) > 3r3(4R +71)3 &
& p2[p?(3p? — 36Rr — 297%) + r2(72R? + 192Rr + 29r2)] > 3r3(4R +1)3,

r(4R+1)?

which follows from Gerretsen’s inequality p?> > 16Rr — 51% > e

It remains to prove that:

(4R + 1)?
%4-1') [(16Rr — 51r%)(3(16Rr — 51%) — 36RT — 29712)
+12(72R?* + 192Rr + 291%)| > 3r3(4R +1)3 &
< (16R —51r)(12R — 44r) + (72R?> + 192Rr + 291r2) > 3(R+1r)(4R+1) &
& 252R? — 627Rr + 24612 > 0 © (R — 2r)(252R — 1237r) > 0, which follows from

Euler’s inequality R > 2r. It follows:

Z sin? A 3 k24 9k + 12

<—-— < —
2sin? A+ sin? B +sin?C ~ 4 64
Equality holds if and only if the triangle is equilateral

Remark:

In AABC the following relationship holds:
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2

Z a <3
2a2 +b%2+c2 ™ 4

Marin Chirciu

Solution: Lemma:
Y s
2a2 + b% +c2
_ 6p°®—2p*(36Rr + 51r%) + 2p*r?(156R? + 56Rr + 517?) — 61°(4R +1)°
~ 9pb — p*(108Rr + 2372) + p2r2(440R? + 200RT + 2312) — 9r3(4R +1)3

Proof.

Z a? _ Xa*(2b* + 2 + a*)(2¢ + a? + b?)
2a%2 + b2 +¢c2 [1(2a + b2 + c2)
Z a’?(2b? + c? + a?) (2c¢? + a® + b?) =
= 6p° — 2p*(36Rr + 512) + 2p?r?(156R? + 56RT + 51%) — 613(4R + 1)3,
1_[(2a2 + b% +¢?) =
= 9p% — p*(108Rr + 2371%) + p*r?(440R? + 200RT + 21r3) —9r3(4R +1)3

Let’s get back to the main problem. Using the lemma we obtain:

Z a? <3
—e
2a2+b%2+c2” 4

6p° — 2p*(36Rr + 51%) + 2p*r?(156R?* + 56RT + 51%) — 613(4R + 1)3 - 3
-
9p% — p*(108Rr + 2372%) + p?r2(440R% + 200Rr + 231r2) —9r3(4R+1)3 ~ 4

& 3p°® — p*(36Rr + 2912) + p*r?(72R?* + 192Rr +291%?) > 3r3(4R +71)3 &
& p2[p?(3p? — 36Rr — 291%) + r2(72R? + 192Rr + 29r2)] > 3r3(4R +1)3,

r(4R+1)2
R+r

Which fllows from Gerretsen’s inequality p> > 16Rr — 5% >

It remains to prove that:

(4R + 1)?

— 2 _ 2\ _ _ 2
RTT [(16Rr — 57%)(3(16Rr — 51%) — 36RTr — 2971%)

+12(72R? + 192Rr + 291%)| > 3r3(4R +1)3 &
& (16R — 57)(12R — 441) + (72R?* + 192Rr + 29r?) > 3(R+1r) (4R +1) &
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& 252R? — 627Rr + 2461 > 0 & (R — 2r)(252R — 1237r) > 0, which follows from

Euler’s inequality R > 2r.Equality holds if and only if the triangle is equilateral.

SP.514 Letbe P(x) = x™ + a;x" 1 + a,x" 2 + - + a,,_1x + a, with
neN,n>2a; €R, (V)i = 1,n. If the equation P(x) = 0 has all real roots
then (V)k > max{xq, x,, ..., x,} + 1, we have
m-1)-P(K)—P(K)+1>0

Proposed by Gheorghe Molea — Romania

Solution 1 by proposer
We denote max{xy, Xy, ..., X} = X,

Wehavex, > x;,(Vi=1n=>1+x,>1+x; (V)i=1n.letbe K > x, + 1, we
have K > x,,1 = x;+1=2K>x;+1>K—x;>1>0=>K —x; > 0; ()

Also fromK > x; + 1 = ﬁ <1, (V)i =1,n; (**)

From (*) and (**) = 0 < ﬁ <1

P’ K) _ yn

As P(K) = 1(K xl) P(K) > 0 from (*) and —~ P(K) i= 1K

the inequality from

P(K)
P +—P((K) >0 WMK>x,+1&

( 1) "E 1+||1>0
osnh-1) -
n (uk— x; K — x;
i=1
n
Z i
S
K_
~

We denote; a;, (V)i=1n=0<a; <1, (V)i =1,nand inequality (***)

enunciation becomes: (n — 1) —

n
1 1
_HK—x,-<n_1'(v)0<k—xi<1(***)

becomes:

n n n n
Zai—l_[ai<n—1<:>1—1_[ai<2(1—a,-) (1)
i i=1 i=1 i=1

which must be proved for any a; with 0 < @; < 1, (V)i = 1,n withn > 2
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For this we denote 1 — a; = b;,i = 1,n itis obviously that 0 < b; < 1, (V)i = 1, n with

n=2.

Inequality (1) becomes:

n n
1—1_[(1—b,-) <Zb,-
i=1 i=1

which must be provedfor0 < b; < 1;i=1,n,n > 2.

We use mathematical induction:
Forn=2=>1-(1-by)(1—-b;) < by +b & byb, > 0, obviously.

We suppose the inequality true for n and we will prove that:

n+1 n+1
1- 1_[(1 —b) < Z b, (V)b; € (0; 1)
i=1 i=1

Inequality 1 — [[~,(1 — b;) < X1~ b; we multiply with (1 — b,,, ) =

n n n
> 1-bys— | [A=b) <Y bi=byus ) by
i=1 i=1 i=1
n+1 n+1 n n+1 n+1 n
@1_1_[(1_bl)<zbl_bn+lzbl <Zbl:>1—1_[(1—bl) <Zbl
i=1 i=1 i=1 i=1 i=1 i=1
With this inequality (***) is proved and also the problem.

Solution 2 by Ivan Hadinata-Jember-Indonesia

Let P(x) = (x —x;)(x — x3) ...(x — x,) wherex; €ER, Vi=1,2,...,n. Let a,, = k —
Xm—1 forallm =1,2,..,n. Then

P(k) = H(am +1)
m=1

and

n n

PU=>][@n+D
i=1 \ m=1
m=i
Therefore,
n-1)-P(k)—P(k)+1=2y— 25 ......... (1)

where
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n n i
zl=§:ad_0%+1) ......... @)
i=1 m=']',
m#i
and
n ‘i—l
z, =a; + Z (a,- —[(am + 1)) ......... (3)
i=2 m=1
Since n = 2, clearly the following n inequalities hold:
n i-1
ail_[(am+1)2 a,-l_[(am+1), i=23..,n
m=1, m=1

m=i
and a,(a, + 1)(az + 1) ...(a, + 1) > a,. Summing up these n inequalities yields
that z; > z,.By (1), wewillget (n— 1) - P(k) — P'(k) + 1 > 0, as desired.

3
SP.515Ifa,b,c,t,k > O such that (t + a)(t + b)(t + ¢) = 2k and k > t?

prove that:

1 1 1 3tV4k2

>
bt+a)? ct+b? att+ol- K

Proposed by Gheorghe Molea — Romania

Solution 1 by proposer

From (t+ a)(t+ b)(t+c) = 2k >
2k 2k
:>(t+a)(t+b)—t+—cz> t(t+a)+(tb+ab)—t+—c

t?2+at+tb+ ab k
= =
2 t+c

MG < MA = /(2 + at)(th + ab) <

K2 1 (t+c)?
— (t+c)? th(t+a)2 — K2

2+ 0?2 (%)

= th(t+ a)? < and the analogs.

We obtain: th(H 2 k2

(t+a)2+(t+b)2+(t+c)2>
3 >

MPZMG:>\/

> Yar e hEro = Y2k - 2 30 5 Y e a2 > 333
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and inequality (*) becomes:

z 1 . 3V4kz2 1 . 1 s 1 3t3/4k2
=
th(t + a)2 — k? b(t+a)? c(t+b)? a(t+c)?~ k2

3
We have equality © a = b = ¢ = 32k — t which is bigger than 0, because k > t;

Solution 2 by Ivan Hadinata-Jember-Indonesia

Firstly, we use Holder inequality to get

2k = (t+a)(t+b)(t+c)>(t+Vabc) = Vabc<V2k-—t

After that, we apply AM-GM inequality to get
1

1 1 3 3
>3 ) > .
Z b(t + a)? (abc((t +a)(t+ b)(t + c))z) ~ Va2 (Y2k - t) ®)

cyc

Note that
(2R — 1) - 16K < (t”_‘t> (16k) = 2
=
3 3tV4k?

=
Var2(32k —t) k?
By () and (xx), we get the desired inequality:

1 1 1 3t3/4k2

>
bt+a)Z ct+b)? att+tol- k2

3|k
Equality holdsifandonlyif a=b=c =1t = "

Solution 3 by Tapas Das-India

Ifa,b,c t k > 0suchthat

3
(t+a)(t+b)(t+c) =2kandk>%

Prove that:
1 1 1 3t3V4k?
bitta)? ctrb)? atttor- K2
(t+a)(t+b)(t+c) =2k
AM-GM, 2+/ta - 2\/tb - 2+/tc < 2k
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k k?
4t\tVabc < k = Vabc < —; = abc <
3 16¢t3
4t2
1 1
1 AM—GM 1 3 16t3 3 3t3|4
Z— > 3 ]23— A el
b(t + a)? abc(t + a)?(t + b)%(t + ¢)? k% - 4k? k |k
3t
= ﬁ 4-k2

SP.516 Let be the acuteangled AABC and the points B,A4,4,, ..., 4,1, C
collinears in this order. Let R, R, R,, ..., R,, be the circumradies of

AABC,AABA.,AAAA,, ...,A,_1AC. Prove that:

Rsin4 R-sin 4

—and min(Rq, Ry, ..., R,) <

max(Rq,R;, ...,R;) = —
n-sin1—l 2A

Proposed by Radu Diaconu — Romania
Solution 1 by proposer

We apply sine theorem in the triangles ABA;, AAA4,, ..., AA,,_1C and we have:
BA, = 2R, sin(BAA,),A,A, = 2R, sin(4,44,),...A,_,1C = 2R, sin(4,_1AC)
But BC = BA; + A{A; + -+ A,,_1C. It follows that:
RsinA = R, sin(BAA,) + R, sin(4,44;) + - + R, sin(4,_{AC)
Rsin4 < max(R, R, ..., R,) (sin(BA4A4,) + sin(4,44,) + -+ sin(4,_1AC))
We consider the function f: (0,7) — R, f(x) = sin x, which is concave and from Jensen’s

inequality we have:

—~

_ _ _ Aa
sin(BAA4, ) + sin(4,44,) + -+ sin(4,_;AC) <n- sin-

It follows that:

Rk B> Rsin4 >
maxifty, Kz fn) = sin(BAA,) + sin(4,A44,) + - + sin(4,_,AC) ~

RsinA Rsin4
z2—> max(Rl,RZ, ...,Rn) =>—
n-siné n- siné
n n

Then:
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Rsin4 > min(Ry, Ry, ..., R,) (sin(BAA,) + sin(4;44;) + -+ + sin(4,_,AC)) (1)

Applying the inequality: sin x > 12_1 - x, where x € (O, g), relationship (1) becomes:

7R - sin A

- 2 _
RsinA > min(R, R, ...,R,,) = A= min(R{,R,,...,R,) < Y

Solution 2 by Tapas Das-India

Let LBAA]_ = 91, LAlAAZ = 02,LA2AA3 = 03, ...,LAn_lAC = Bn
A 01+02+03++0n=14
Since AABC acute triangle so we have
Y3 Y3 T
0, < 5,92 <3 v, 0, < 2 (1)

R is the circumradius of the AABC

BC
o— =2R - BC=2RsinA
sinA
R; = circumradius of AABA;

B4,
17 2sin6,

Similarly 2R, sin 8, = A{A;,2R3 sin 03 = A,A3, ...,2R,, sin@, = A,,_1C
Now BC = 2Rsin A
= BA; + A1A; + AA3 + -+ A,_1C=2RsinA
= 2R,sin04 + 2R, sin 0, + ---+ 2R, sin0,, = 2Rsin 4

= BA1 = 2R1 Sin01

= R;sinf6; + R,sin0, + -+ R, sinf, = Rsin A4
= max(Rq, R,, ...,R,) (sin@; +sin @, + ---+sinB,) = Rsin A
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6,+0,+:--+60 Jensen
12 ") > RsinA

= max(Rq,R,, ...,R,) n - sin ( -

[Note: sin x is concave]

A
= max(Rq,R;, ..., R,,)) nsin (;) > RsinA

RsinA

~max(Rq,R,,...,R,) = 1
n Slnﬁ
Jordan’s inequality

sinx 2 T . 2
>—forall x € (0,—) =>sinx >-x
x b4 2 b4

RsinA = R;sinf; + R,sinf, + ---+ R, sin0,,
~ RsinA > min(Rq,R,,...,R,) (sin@, + sin B, + --- + sinH,,)

Jordan 2 2
= Rsind > min(Rl,Rz, ,Rn)E(91+92++0n) = min(Rl,Rz,...,Rn)';'A
('.‘ A= 01 + 02 + -+ en)

R sinA
2A

SP.517 In acute AABC,BB’, CC' —altitudes, C' € (AB),B' € (AC),

Or

> min(Rl, Rz, . Rn)

{H} = BB' n CC',E, F middle points of [BH], [AC] respectively. Prove that:
4EF? > (EC' + EB')?> + (C'F + B'F)?

Proposed by Florica Anastase-Romania
Solution 1 by proposer
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1 S T
We have: C'F - CE = 5 (CA+C'C) -5 (CB + CH) =

1—)—) —_— —_— _— 1 —_— —
=4 (CA-CB+CA-CH+CC-CB+CC-CH) = (CA-CB+0+0+CC-CH)

= %(—ﬁ’-ﬁﬂcfcﬁc'_n’) = 0,because
BC' C'H
cCc CA
Hence,ﬁ "CE=0oCF 1 C'E.So,we have:
EF? = (EC')* + (C'F)?> and EF* = (EB')* + (B'F)?

AAC'C~AHC'B &

< CA-C'B=CC-CH.

2EF = \/(EC")?2 + (C'F)? + \/(EB")? + (B'F)? > \/(EC' + EB")? + (C'F + B'F)?
Therefore,4EF* > (EC' + EB')?> + (C'F + B'F)?
Solution 2 by Ivan Hadinata-Jember-Indonesia

It is well-known that if APQR is a triangle with ZPQR = 90° and S is the midpoint of
side PR, then S is the center of (PQR). Therefore, we have EC' + EB’' = BE + EB'’
BB' and C'F+ B'F = '% + B'F = max{AB',B'C}.
Consequently, by Pythagoras theorem,

(EC' + EB")? + (C'F + B'F)?> = (BB')? + (max{AB’, B'C})?

= (max{4B,BC})? ... ... .. (1)

Let T be the nine-point circle of AABC. Let X and Y be respectively the midpoints
of AB and BC. Then X,Y,E,F,B’,C’' €T. Since ZEB'F = 90°, so EF is diameter of T.
It means that for every point P, P, € I', we have PP, < EF. Then,

1
EF > max{B'X,B'Y} = —max{4B,BC} ......... (2

2
By (1) and (2), we deduce
4EF? > (EC' + EB')?> + (C'F + B'F)?.

SP.518 Find:

R | =

n—oo 3k
k=1

=
|
=

n
X
Q=lim< - lim 3k‘1sin3—>,aER

Proposed by Florica Anastase-Romania
Solution 1 by proposer
X X X

Using the identity:sin3a = 3sina — 4 sin® a fora= {g,ﬁ, ...,ﬁ},we get:
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[ sinx = Zisinf—élsin?’f

3 3

X X 3 X

) sm§—351n§—4sm 32
ksm3 351n3——4sm 3—n

By multilying with 1,3,32%,...,3" 1 and summing, it follows:
n

X 1 X
Z 3k-1gjn3 X1 (3" sinﬁ — sin x) and then

k=1
n
1. 3k_1 =3 x ( - )
im sin® — = —(x — sinx
n—oo 3k 4
k=1
Therefore,

-0\ X n-oow x-0 4x X

. 1 . el o3 X o1 . o1 sinx
Q=lim|{~--lim » 3*1sin®_— =llm—(x—smx)=llm—(1— )=0
k=1 3 x>0 4

Solution 2 by Pham Duc Nam-Vietnam

* Denote: S = 23" Lsin® (;k)

From the trlgonometrlc identity: sin(30) = 3 sin(0) — 4 sin(0) = sin(0)
1
=2 (3sin(0) — sin(30))

n

Let0—%:sm3(;k) 1(3sm(;)—sin 3k n :23" 15m

k=1
13" (s¥sin () - 3 sin(5))
k=1

Then S is a sum of a telescoping series, so it is easy to get: S
= % (—31‘1 sin (3:_1) + 3™ sin (3xn)) = 1 ( sin(x) + 3" sin (;;))
n

X 1 X 1 1 X
* 1111_)12 2 3k-1gin3 (ﬁ) = 1111_1)24( sin(x) + 3" sin (3n)) = —Zsm(x) + Zrlml—m3n sin 3

1 1 stn 1 1
=—Zsin(x)+11lli_1)g#.x=—Zsin(x)+zx
31’[
1. < 1/ 1 1
X
T e r k-1 ¢;.,3 (" —1i — ——gqi — =
*ﬂ_iw(}(x'lll_mk_lS sin (3")> gr%(x( 4sm(x)+4x)> 0
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Solution 3 by Ivan Hadinata-Jember-Indonesia

e Lemma:sinx < x foreveryx > 0.
e Proof: When x > g, obviously x > 1 > sinx. If x € [0, E], consider a unit circle T
centered at the origin point O in Cartesian coordinate system. Let I' intersects x-axis
and y-axis at A and B, respectively. Let C be a point on the minor arc AB of T so
that £40C = x € [O, g] Geometrically, it is easy to see that the area of minor

sector ACO of T is greater than or equal to the area of triangle AACO, that
respectively their areas ar

> —— and the result follows. O
2 2 2
By lemma, we obtain
B x 1 x\3 x?Z
—.lim ) 3k 1gjn3 < —. llm3"1( ) =— ... 1
X n—>0<>k_1 3" X n-oo 3k 24 1)

for every x > 0. Observe that if x > 0 is approached as near as possible to 0, LHS of (1)
is non-negative and RHS of (1) tends to 0. Thus,

n n
1 X 1 X
0 = lim (—- lim Y 3% 1sin3 —k) = lim <— lim Y 3¥1sin —)
x-0+\ X noow 3 x—0+

—X n-oo
k=1

31{
k=1
1 . X
— 1 =+ k-1
= xlil(}l— (x I111_)11010 k_13 sin 3“) ...... (2)

By (2),

1 - X
Q=1lim[-":lim 3k151n— =0
x-0 X n-ooo 3

SP.519 Let x;,i =1,2,...,nbe positivke_lreal numbers such that
n
Hxi =1
i=1
Prove:

n
Z(xl+1> Kipr =M

where x; = x,,;1

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by proposer

We'll prove that:
46
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6.\ 2
xi+1
(—‘ ) > x7.We have
xi+1

(xf +1)* = xf o+ D2 = ol (xf —1) — (xf — 1) =
F-1)- (-1 =D+ -+ 1)x D ++1) =
-2 +3+x2+x+ 1)+ +at+ 3 +x2+x,+1) >0

Equality holds when x; = 1. So

2 2
x¢+1 s x¢+1 .
= x; < Xiv1 = X7 Xip1

Xi +1 Xi +1
Namely
- x? +1 2 Z s AM—-GM
1 xi+122xi "Xiyr 2
i=1 V! i=1

ny(x1xy..x,)6=n-1=n

Equality holds when x;,i = 1,2, ...,nequalto 1

Solution 2 by Ivan Hadinata-Jember-Indonesia

Observe that
6 5
x?+1 x;+1
(xf+1)A+DS = (5 +1)° oz () L
Holder Xi
Then
n 2 n 2 n % n 1 10
z (x? + 1) - <1—[ <x§’ + 1> 1—[ ) - (x,- + 1>n
Xiv1 = M ' Xi)] Zzn
~ Xi +1 AM—GM 11 Xi +1 1 1) i1 2
1 10
(T x)n + 1
= n 2 =n,
Homer
as desired.

Equality holds when x;,i = 1,2, ...,nequalto 1

Solution 3 and extensions by Marin Chirciu-Romania
Ifx; > 0,i = 1,n,x,X; ...x,, = 1then:

x6 + 1\ +x§’+12 N +x2+12 -
x1+1 *2 X, +1 *3 x, +1 fi=mn

Solution: Lemma: If x > 0 then:
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x5 +1\°
> x°
x+1

<x6 + 1)2 s x12 1 2x6 +1
= =

Proof.

>xSeoxZ242x0+1>
x+1 x24+2x+1

>x’+2x0+x o +12x"+x5 o (@ -1D(x°-1) >0,
because the factors (x7 — 1) and (x5 — 1) have the same sign. Let’s get back to the main
problem. Using the Lemma we obtain:
x?+12 x§+12 x,61+12 Lemma
LHS = Xy + X3+ -+ X1 =2
x1+1 X, +1 X, +1

5 5 s AM-GM
= X1Xp + X3X3 + -+ XXy =

> nn\[xixz CX3X3 et XDXg = nn\[x? xS x8 =nyY (X1 .. x)8 =1
Equality holds ifand only if x; = x, = --- = x,, = 1.
Remark: The problem can be developed.
Ifx; >0,i =1,1n,X%,..x, = 1and A € N then:
2 2
a1 xh+1 xA g1\
=) x4 x3++|———) x;=n
x1+1 X, +1 X, +1

Marin Chirciu

Solution: Lemma: If x > 0 and A € N then:
21 41\ ;
— =2x
x+1
Proof.

>xt o >xt o
x+1 x2+2x+1

& x4 2 1 > M2 Ml o
ex2412xM2 4+ x o (M2 -1)(x*-1) =0
because the factors (x**2 — 1) and (x* — 1) have the same sign. Let’s get back to the
main problem. Using the Lemma we obtain:

i | ? i+ g xAl+1 2 Lemma
LHS = () mp + (22 g4 () x, 2

2
<x’1+1 +1 x2442 L 2xh 41 ;

x1+1 X, +1 X, +1
AM-GM
>xbxy +xbxg + o+ xkx, 2 n\/x’}xz cxAxg . xhxg =

=nV (X1 X1 .. x) M =n.,
Equality holds ifand only if x; = x, = ---x,, = 1
Note: For A = 5 we obtain Problem SP.519 from RMM35 Winter Edition 2024, proposed by
George Apostolopoulos.
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SP.520 Prove that in any acute triangle ABC:

V2
V2(13k?% — 3) < Jm(cos? A + cos? B) < Tk

where k € (0, %] The product is over all cyclic permutations of (4, B, C).

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by proposer
We have

cos(A+ B)-cos(A—B) = (cosAcosB —sinAsinB)(cosAcosB + sinAsinB) =
= cos? Acos? B — sin? Asin? B = cos? Acos?B — (1 — cos? A)(1 — cos?B) =
=—1+cos?A+ cos’B
So cos?A + cos?B =1 + cos(4 + B) cos(4 — B)
We know that cos(4 + B) = —cosC,andcos(A—B) <1
So cos? A + cos? B <1 — cosC. Similarly
cos?B + cos?C<1—-cosA,and cos’C+ cos?A<1-cosB
Multiplying up these inequalities, we have
(cos? A + cos? B)(cos? B + cos? C)(cos? C + cos? A)
<(1-cosA)(1—-cosB)(1—cosC)
becausel1 —cosA >0, 1 —cosB >0, 1 —cosC > 0.Itis well known that:

2
where 1, R are the inradius, circumradius,

(1—cosA)(1—-cosB)(1—cosC) = erZ’

respectively of AABC. Namely /T[(cos? A + cos2 B) < g . %. Also, we know R > 2r

<-.lLetk = S%namely\/l—[(coszA+ cos?B) Sgk,k € (0 1]

2

N | =

(Euler) so z z
R R

Now, we have
(cos? A + cos? B)(cos? B + cos? C)(cos? C + cos? A) >
(2 cos Acos B)(2 cos B cos C)(2 cos Ccos A) = 8(cos A cos B cos C)?

s2—(2R+1)2 . .
We know that cos A cos B cos € = — —;——, where s denotes the semiperimeter of
2 2\ 2 2 an2 212 (523V3r)
2 2 s“—(2R+1) ) _ (s —4R“—4Rr-r )
AABC.So [[(cos“ A + cos“B) > 8( D = Ty >
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(271% — 4R? — 4Rr — r?)? 3 (261% — 4R? — 4Rr)? (R2>ZT) (261% — 4R? — 2R?)? 3
2R* B 2R* - 2R* B
=2 (lgr;—;?’RZ)Z. Namely

\/H(COSZA +cos2B) >+2- BTR—_BRZ \/f<13 (;)2 — 3>

So

V2(13k%2 -3) < \/n(coszA + cos?B) < gk,k € (0%]
Equality holds if and only if the acute triangle ABC is an equilateral.
SP.521fFy=0,F, =1,F,,, =F,.1 + F,,Vn €N, i.e. {F,},s0is
Fibonacci’s sequence,and L, =2,L, =1,L,,,, =L,,1 + L,,Vn EN,i.e.

{L,,},,>0 is Lucas’ sequence, then prove that:

F Ln+2 Fn+1Ln+3
Fn+3 Fn + Fn+2

+(Ly+Lyi2)?—2V6 - JLyLyiq - Lyys = 0,Y0 € N*

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution by proposers

By an inequality of G. Tsintsifas we have: If m, p,q € R and a, b, c are the side lengths of

triangle ABC with the area S, then:

2 2
ma b
+2
p+q q+m

qc?
to S 2v/3S (1)

We are taking into account that Vx, y,z € R} we have a triangle ABC with:

a+b+c

a=x+yb=y+zc=2z+ x,and the semiperimeter s = =x+y+2zsothe

areaisS = /s(s—a)(s —b)(s —¢) = /xyz(x + y + z)
Therefore by (1) it follows that:

m(x+y)? n p(y+2)? n q(z+x)?

>2V3 - Jxyz(x+y+2),Yx,y,z € R} (2)

Ifwetakein(2):x=L,, y=L,,1,Z=L,,, m=F,p=F,,1,q=F,,,,n €N then

we obtain that:
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Fn(Ln + Ln+1)2 Fn+1(Ln+1 + Ln+2)2 Fn+2(Ln+2 + Ln)z
+ +
Fn+1+Fn+2 Fn+2+Fn Fn+Fn+1

2 2V3 - LnLnpi1lnsz(Ln + Lpya + Laya) =

=23 1/ZLnLn+1L121+Z =2V6 " \LyLpi1 - Lusz

FnL121+2 Fn+1Ln+3

Fn+3 F + Fn+2 * (L + Ln+2) = 2\/_ LnLn+1 ' Ln+2; vn € N*

SP.522 If {¢},,5¢ is the sequence of Fermat, i.e.
Pniz2 —3Pni1— 29, = 0,99 = 0,9, = 1, then prove that:
2((P121 - (pn+1(Pn—1) = 2(_2)n—1

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Angel Plaza — Spain

2(‘P121 - (pn+1(pn—1) = 2(_2)11—1
By solving the recurrence relation defining the sequence of Fermat, it is obtained

a™—p" 3+\/_ 3- \/_

, Where a = are the roots of the associated characteristic

Pn = and 8 =

polynomial x> —3x — 2 = 0. Noticethata + f =3, a — B =+V17,anda - f = —2.
After some algebra, the identity follows:
- ((pn _ Bn>2 B a’" + ﬁZn _ Z(aﬁ)” _ a’" + ﬁZn + 4(_2)11—1
=a—p) = 17 = 17
On the other hand, since a? = 3a + 2, and % = 38 + 2, a* + % = 13, and then

B n+1 ﬁn+1 ﬁn 1 2n + an _ (aﬁ)n—l(a + ﬁZ)
Pn+1Pn-1 = < a+ ﬁ )( o — ﬁ > - 17
aZn + BZn _ 13(_2)11—1 B aZn + an _ 13(_2)n—1
B 17 B 17

Therefore, 2(@2 — @,.1Pn-1) = 2(—2)"1, and the problem is done.
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Solution 2 by Ivan Hadinata-Jember-Indonesia
(by characteristic equation)
Rewrite the recurrence relation ¢,,,>, — 3¢,.1 — 2¢,, = 0 and its characteristic

3+v17 3—V17
5 and 5

equation x? — 3x — 2 = 0 which has the real roots

n n
A (3+;/ﬁ) + B(3_;/ﬁ> ’Vn € ZEO' Since (pO = 0’ (pl = 1’ we get A= \[% and B =

. Then ¢, =

— ’% Then, for everyn € Z™,

2n 2n
ot = %((ﬂ) N <ﬂ> ) N 117(_2)11—1 ......... )

2 2
and
13417\ (3-VIT\"\((3+VIT\" (3-vI7\"
‘Pn+1(pn—1=1_7 <T> +< 2 > < 2 > +< 2 >
1 ((3+vI7\" (3-vI7\™"\ 13,
=ﬁ<<T> +<T> )—ﬁ(—z) 1o (%%)

Subtracting () by (++) gives us @ — @p.1@n_1 = 1 (-2)" 1 — (-5 (-2)"1) =
(=2)""1 or —2(@; — Ppi1Pn-_1) = (=2)" forevery n € Z*.

Solution 3 by Ivan Hadinata-Jember-Indonesia

(by induction)
Let P(n) be the statement that @2 — ¢,.1¢,_1 = (—2)"" 1. The problem wants us to
show that P(n) is true for all n € Z*. Obviously P(1) is true since ¢, =0, ¢; =1,
@, = 3. Assume that P(m) is true for some m € Z*. We have
(=2)"! = @ = Pns1Pm-1= P — 3Pm + 20m-1)Pm-1
=
—20% + 492 1 +6@uPn_q=(—2)™ ... (#)
Besides that,

P21 = BPm +20,_1)*

=
01— 492 1 30,30+ 49, 1) =0
=
P21 —49% 1 =30 (@1 + 20 1) =0 ... (##)

Summing up (#) and (##) gives us

(=2)" = @1 — PmBOmi1 + 20m) = Ghi1 — Prmi2Pm
Thus, P(m + 1) is also true. By induction, P(n) holds for all n € Z*, and the result
follows.
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SP.523 Let be AABC, D, E, F the points in which the interior bisectors

intersect circumcenter. Prove that:

4, 2 4 4 4 2
§R (4R+ 1) < DE*+ EF*+ FD* <4R“(4R+1r)(2R—1)
Proposed by Marian Ursarescu — Romania

Solution 1 by proposer
A

D

From sine theorem:

DE = 2Rsin ("T‘C) — 2R sin (g - g) = 2R cos’; and the analogs =

A
DE* + EF* + FD* = 16R4z COS4E
A (4R+1)2 —p?
Z cost— =
2 8R?2

DE* + EF* + FD* = 2R?[(4R + 1)? — p?] (1)

=

Doucet

p? > 3r4R+1r)=>-p*<-3r(4R+1)> (4R +1)? —p? <
(4R+1)*-3r(4R+1r)=(4R+1)(4R+1—-31r) =2(4R+1)(2R—71) (2)
From (1) + (2) = DE* + EF* + FD* < 4R?(4R+1r)(2R—71)

Doucet 2 2
pt o= Yo 2> B L R+ )2 —p2 2 2R +1)7 (3)

From (1) + (3) = DE* + EF* + FD* > ZR?(4R +1)?

53 35-RMM WINTER EDITION 2024-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Tapas Das-India

From AABD using sine law

BD Cc 2R si A BD
= = —_=
. A sinC SIS
sin 5
2
A
-~ BD = 2R sini

Again, 2BID = £IBA + 2IAB = DAC + 2IBC = £CBD + 2IBC = £IBD
From ABID, ID = BD = 2R sing (analog)

Now from AIED we have

B A
IE = 2R sinE,ID = 2R sinE

Now from AIED we have
m C
DE? = IE? + ID? — 2IE - ID - cos <E+ E)

B A B A C
. DE? = 4R? sin® — + 4R%* sin’>— + 2 - 2R sin— - 2R sin—sin—

2 2 2 2 2
ame sine D sint 1 25im L sin D)
= sin 2 sin 2 SanSanSln2
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A A C r r C
_ 2 E . 27 | | T cain2 | = 2 _ L ain2
= 4R [ sin 2+2 sm2 sin 2] 4R [(1 2R)+2 AR sin >

C C
= 4R2(1— i 2—) = 4R? cos? -
sin 2 cos 2
.~ DE = 2R cosg (analog)
Similarly DF = 2R cos
A
EF = 2R cosE

SP.524 Let be AABC and A’, B', C' the tangent points of circumcenter with

the sides BC, AC, respectively AB. Prove that:

t 1 1 /1.1 1 (R+1)
A'B'-A'C A'B'-B'C AC-BC ™ \ri r2 rZ)\r

Proposed by Marian Ursarescu — Romania

Solution by proposer

2C'A'B i BALB’A’C m ¢
= — — — =
2 2 2 2
/B'A'C' = g — g = from sine theorem

= B'C' = 2rsin (g — g) =2r- cosg and the analogs =

1 1 1 1 1
- ==y - < - NyN_—_
ZAIBIA/C/ 412 cos%‘cosg = 42 Zcoszg (1)
1 (4R+1)2 Doucet (4R+7)2 4R+r  4(R+7)
= < _— = _—
2 coszg 1+ p? - 1+ 3r(4R+r) 1+ 3r 3r (2)
1 1 R+r 1 (R
L L L e
From (1) +(2) = ZA’B’-A’C’ —3r2 r 312 (r + 1) (3)
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2 Cauchy
1 1/1 1 1 1 1 1 1 1 1 1
P [P e Bl < = | = — ==
(F+2+2) =<3 3(2+r%+r3) Ztata @

3r2 3\r, 1rp T r2

1 1 1 1 R

SP.525If a,b,c = 0,a + b + ¢ = 3 then:
343(ab + bc + ca)® <27(5+ab + ¢)(5+ bc + a)(5 + ca + b)

Proposed by Andrei Stefan Mihalcea-Romania
Solution 1 by proposer
AMZ M (a + b)?
ab+ bc+ca=c(a+b)+ab < c(a+b)+T=
B (a+b+4c)(a+ b) B 3(1+c)(a+b)
B 4 B 4

4 MM 2 L 2¢ 41+ a% + 2ab + b?
g(ab+bc+ca)s(1+c)(a+b) < >

8
§(ab+bc+ca)Sa2+b2+c2+2ab+2c+1=

=(a+b+c)>—2(ab+ bc+ca)+2ab+2c+1

14
?(ab+bc+ca)s9+ 2ab+2c+1

7
§(ab+bc+ca)§5+ab+c
7(ab + bc + ca) <3(5+ ab + ¢)

343(ab + be + ca)® < 27 1_[(5 +ab+c)

cyc
Solution 2 by Ivan Hadinata-Jember-Indonesia

Let X=27(5+ab+c)(5+bc+a)(5+ca+b) and Y = ab + bc + ca. (The
problem wants us to show X > (7Y)3). Itis well-known that a? + b% + ¢ > Y.
Since a + b + ¢ = 3 then we can write

1
X = En (5a2 + 5b2 + 5¢2 + 13ab + 13bc + 13ca + 3(a® + 2bc) )
cyc

>

(o}
Holder inequality and a?+b?+c2>Y
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cyc

Note that

l_I(aZ +2bc) |—(ab+bc+ca)®> =B, +B,=0..... (2)
cyc
where
B1=a3b®+ b3c3 + c2a3 + 3a?b*c? — z a3b?c >0,
sym
obtained from Schur’s inequality, and
B, = 4abc(a3 + b3 + ¢3) — 2 z a3b’c >0,
sym
obtained by Muirhead inequality Y;,,, a*bc > ¥,,, a*b*c because (4,1,1) > (3,2,1).
By (1) and (2), we get X > % (18Y + 3Y)3 = (7Y)3, as we expected. m

Solution 3 and extensions by Marin Chirciu-Romania
Lemma:Ifa, b,c = 0,a + b + ¢ = 3 then:

3
ab+bc+cas7(5+ab+c)

Proof: Homogenizing the inequality we can write:

(a+ b+ c)? a+b+c>

< -~ - " .
ab + bc + ca 7(5 9 +ab+c

& 21(ab + bc + ca) < 5a% + 5b% + 8c¢% + 19ab + 13ac + 13bc &
& 5a? +5b%* +8c* —2ab—8ac—8bc >0 < (a—b)? +4(a—c)? +4(b—c)? >0,
obviously with equalityfora=b =c = 1.
Let’s get back to the main problem.
Using the Lemma and bypassing to the product in inequality ab + bc + ca <

%(5 + ab + c) we obtain:

=4

Lemma Lemma

(ab + bc + ca)? 1_[7(5+ab+c)<:>73(ab+bc+ca)3 <

£33n(5+ab+c)<:>

< 343(ab + bc + ca)® <27(5+ab + ¢)(5+ bc + a)(5 + ca + b).
Equality holdsifandonlyifa=b =c = 1.
Remark: The problem can be developed.
Ifa,b,c>0,a+ b+ c=3and A1 > 1 then:
(A+2)3(ab + bc + ca)® <27(A+ab + ¢c)(A+ bc + a)(A+ ca + b)
Marin Chirciu
Solution: Lemma: If a,b,c > 0,a+ b + ¢ = 3 and 4 > 1 then:
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3
< —
ab+bc+ca_}L 2(/1+ab+c)

Proof: Homogenizing the inequality we can write:

bt be+ ca< 3 (a+b+c)2+
avrhera=377 9

< 3(A+2)(ab+ bc+ca) <
< 2a? +2b* + (A +3)c? + (2A+9)ab + (2A+ 3)ac + (2A+ 3)bc &
a2+ 22+ (A +3)c*+ (B3 —-Dab—(A+3)ac— (A +3)bc >0
© A+3)c2—(A+3)c(a+b)+1a%2 + Ab%> + (3 —2Aab =0
which follows from the fact that the trinome of 2" grade in variable c has A < 0.
Indeed: A = (1 + 3)%2(a + b)?> — 4(A + 3)(Aa® + Ab* + (3 — Dab) =
=(A+3)[(3-32)a?+ (3 —-32)b?*+ (64— 6)a’b] =
=3(1+3)(1-2)(a-b)?><0, fora>1.

Let’s get back to the main problem.Using the Lemma and bypassing to the product in

=

a+b+c>
te——r

inequality ab + bc + ca < ﬁ (A + ab + c) we obtain:
Lemma 3
(ab + bc +ca)® < m(l+ab+c)@(A+2)3(ab+bc+ca)3S

Lemma

< 331_[(,1+ab+c)=>

& A+2)3(ab+bc+ca)® <27(A+ab+c)(A+bc+a)(A+ca+ b)
Equality holdsifandonlyifa=b =c = 1.
Note.
For A = 5 we obtain Problem SP.525 from RMM35 Winter Edition 2024, proposed by
Andrei Stefan Mihalcea.

UNDERGRADUATE PROBLEMS

UP.511 Prove that:

[ee)
j te?te—e* dr = — ¥
0 4
where y is the Euler-Mascheroni constant.

Proposed by Said Attaoui-Algerie
Solution by proposer

1
« et (Clogx _1dx 1 _1 x X
_e—2t x=e g - _1 X
f te’te ¢ " dt = f —e x2—=f —e Zlogxdx =
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“1 _1 « 2 x2ox 1 (7
=j Fe x? logxdx=f xe " logxdx = Zf e *logxdx =
0 0 0

1 d @ 1 d 1 1
— 1 - a,—Xx — - — 1 ! — N —_
= Lm(} (jo x% dx) = Lm(} (I‘(a + 1)) = }lm(}(l‘ (a+ 1)) =-T'(1) =

1 14
= Z‘I)(l) =~

where Y(z) is a first derivative of log(I'(z)) function defined as:

__y Z(n n— 1+z)

Y(z) =— (log(F (2))) =

UP.512 Find:

n+1
T Jy(n+1)!
Q=1im|Y2n-1)!{tan 1(1 ) -1
n-o 4n!

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by proposers
n!

n!
We have:lim — =

n-oco N
,/(Zn 1)” n (Zn 1)” c- D (Zn + 1) n"
n—>oo n—>oo (n+ 1)nt1 (Zn 1)”
L 2n+1 h 1 1\" ) N*
nll?om ewereen—( +n> ,(V)n €

n+1 n+1
J(n+1)! Jn+1)! n n+1
Denote: u, = (—) ,(V)n =2, llm u, = lim ( ) . . =1
Vn! n-co n+1 Ml n
u,—1 (n+1)! 1 n+1
n -

lim =1;lim u® = lim

; : =lim ——=
nowlogu, nse T omow ml ")l e ™ (it 1)

T
Denote: t, = Zun,n > 1,we have:

Q = lim ("J(Zn — 1) (tannn— M — 1)) =
n—oo 4_\/?
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i Y (2n -1

T
= lim -limn(tant —tan—)=
n—-oo n n—oo n 4
. T . T
2 sin (tn - z) 2 sin (tn — Z) - 1
=—-lim———~ - -n=—"1lim —-n(tn——) . =
€ n>®cost, cos% € now t, — % 4 cos? %

— - limn
e n—oo e n-ooo e 4 f“l!

4 4 T 4 n "/ (n+1)!
=—-1-limn(tn——) —limn-— (u,—1)=—-—"1i (¥—1>=
4 4' n—-oo
. ("+1\/(n+1)' )—E-e-lim Yn!'(u, —1) =
e noowoh I n—oo e n—oo n

2

= - lim % lim n(u, — 1) = = - 1i (u"_ll n)—”11 I
TR T ala e e noo logu, 08t | =" 0B€ =

Solution 2 by Angel Plaza-Spain

By Stirling approximation to n!, \/(2n — 1)!! ~ Z?n when n — o, because

"2 o n[(2n)! n|(2n)?"e 2"/4mn 4n%e? 2n
T @ T T2mrenznn zne e

Vn! Vn"e "V2mn T on
Since
limM = lim = (1 + tan? (E 1+ x))) (by LHopital rule)= =,
x—0 x x-0 4 4 2
the proposed limit follows Q = 3 g = g

Solution 3 by Pham Duc Nam-Vietnam

* As n — oo we have Stirling's approximation for factorial and double factorial as follow:
n+1

n! ~ \/ﬁz(g)n >m+1D ~2n(n+1) ('%1) =>"Yn+1)!
~ (,/Zn(n + 1))”}r1 (n * 1) 2l ~ (M)n( )

2n-1

2n- D! ~22n-1) (Z"e_ 1) Y LD~ (V2@n-D)

2n—-1
(Zn — 1) 2n
e
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n—oo A

L
= —llm(Zn 1)2121111 (tan (E + E) - ) = —llm(Zn 1)2121n1 (—1 +tan E‘m) - 1)

2n-1 tan (41:1)
= (-2)= llm(zn o (W
2n-1 tan( ) 1
=(-2)- um(Zn 1) 2n ( 41 "4n W)

2n-1( 1 1

= (—=2)=lim(2 2n | ———F——
om0 (G )

ot hm<n (2n - 1)(2n 1) zn>

en-e=|4n’ tan )

= (- 2) lim| = (Zn 1) = (- 2) lim - - il
st 2\l () ()
s
e

_(z) __:

UP.513 Find:

1
Q = lim <(x + a) sin
X—00 X+

1
ax+1w/I‘(x+2 —xsin;f/[‘(x+ 1)>;a >0

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by proposers

Let f:R; > R, f(x) = (x + a)(T(x + Z))ﬁ sinx 1 o x(T(x + 1))% sin%

then we have to calculate lim f(x).It is well — known that:
X— 00
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1 11
lim=(T(x+1))* ==
x—00 X e

1
Let g:R} -> R, g(x) = xra (ree+ 2”? : i i @ and then
(I‘(x + 1))5 sin;
f(x) = x(T(x+ 1)) sin — (g(x) -1) = g( )g(x x(T(x + 1)) sm— log g(x) =
= 'lgo(;)gzx) . (I‘(x + 1))5 sin; . log(g(x))x; (D
1 . 1 1
}CLTOH(’C)=Tlli_)“c}o(r(xx++zi)x+1- x 1.x;lc-1.smyi_|_a. Elzé-e-1-1-1
(rx+ D) x+ta Sy
=1
lim gx) -1 = 1.By (1), we have:

== log(g(x))

lim f(x) = 1-lim <(F(x + 1))% Sin; : log(g(x))x> =

1
F(x+1)x siny 1 .
=}(§g< (x: > T log(g(x) >=;1-log (1im(g®)") =

X

1\*/ . 1 \*

1 x+a\*[T(x+ 2)x+1 sin————
= —log| lim ( ) ( ) = X '*1' a =

€\ x I(x+ 1)x sin

1 X
1 I(x+2 1 sin
=—log| e®lim I‘( 1) — |lim Lla =

e xX— 00 (x + ) r(x n 2)m xX—00 Sinz

1 +1 sin 1 sin 1\
X — =
=—log| e lim ———————lim| 1+ x+a1 X =
€ TCr(x+ 2w 7 sin

1 sin 1 —sin1 ’

= —log e“-e-lim<1+ xta x>
e x—00 1
sin
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Let be the function h: R}, - R,
.1 1 1 .
h(x) = (sm — sin —) .——,and we obtain that:
*+a sinl
X

1 lim xh 1
: — . 1+ep, lim xh(x)) _ = : .
;lcl—glo fx) = - log (e e ) - (1 +a+ lLIg xh(x)), (2)

. 1 .1 1
sin—— — sin= = 1 1
lim xh(x) = lim (x . xta 1 x) = lim —*— - lim <x2 (sin — sin —)) =
x+a

xmee xmee sin xmee sin% xmee x
11 1,1
=1-lim<x2-2sinx+a X cosX T a x>
x—00 2 2
= lim (sz sin 4 cos xta ) =
x—>00 2x(x + a) 2x(x + a)

. a

sing—/———

) ) a ) 2x(x + a) a

[ J— 2 — [ J— 2 . . frd

2 :lcl—glo (x st 2x(x + a)) 2 )lcl_)rg (x _a  2x(x+ a))
2x(x + a)

2

- 2alim—— = 2a.-2=_a; (3
- axl—>rcl>102x(x+a)_ @4 2=%

1 1
By (2) and (3),we obtain that: lim f(x) = - 1+a—-a)= - and we are done.
X—> 00

UP.514 If f: (0, 0) — (0, ) is a convex function, 0 < a < b then:

1 1 a+3b

3a+b

1 (4a 3a+b 1 (4b
Efo J)dx = fo fody = f(Z)dZ‘EfO f()dt

a+3b ),

Proposed by Daniel Sitaru-Romania
Solution 1 by proposer

1 dax=y 4a 1 1 1
| raax ax S | " ro)-gody =40 [ feodx
' 4 dx = L dx; (1
| raaxax=g [ rean @

1 1 4b
Analogous: f f(4bx) dx = Ef f®dt; (2)
0 0
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1 1 3a+b
| f(Gatbx)ax=zg " foray @

1 1 a+3b
fof((a+3b)x)dx=a_|_3bJ0 f(z)dz; (4)

f — convex function. By Jensen's inequality:

%f(4-ax) + %f(4bx) > ((3a+ b)x)

%f(élax) + %f(élbx) > f((a + 3b)x)
By adding:
f(4ax) + f(4bx) > f((3a + b)x) + f((a + 3b)x)
1 1 1 1
f f(4ax) dx + f f(4bx) dx > f f((3a + b)x) dx + J. f((a + 3b)x) dx
0 0 0 0

By (1),(2),(3) and (4):

1 4a 1 4b 1 3a+b 1 a+3b
R — >
3] f@axt g roaz oo [ oay s | @z

1 4a 1 3a+b 1 a+3b 1 4b
S — > —
3] f@ax- g [ oy | @dz- g [ rwar

Equality holds for a = b.

Solution 2 by Ivan Hadinata-Jember-Indonesia

1
Lemma: Function F(x) & ;f:f(x) dx is convex over x € R*.

Proof: Consider the function F(x) & %f:f(t) dt,x € R*. We shall prove that F is a

t
convex function. By substituting y = o we get

x 1
1
[ rwac= [ s ay
0 0

Let x,y,,y2 € R* with x € (0,1). Since f is convex, then
1

F((1 -2y, +xy,) = f f((A = )y1y + xy,y) dy
0

1 1
< f A -x)f(y1y) dy + f xf(y,y) dy = (1 — x)F(y,) + xF(y,)
0 0
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Consequently, F is convex. O

Observe that the wanted inequality in the problem is equivalent with
1 a+3b 3a+b

1
a+3bj f(x)dx+3a+b
0 0

4a 4b
4_1aj f(x) dx+4—1bf f(x)dx = f(x) dx
0 0

or
F(4a) + F(4b) > F(a+ 3b) + F(3a + b).

Since F is convex and (4b,4a) > (a + 3b,3a + b); by Karamata inequality we obtain
F(4b) + F(4a) = F(a+ 3b) + F(3a + b),

as desired.

UP.515 Find:

Q= rlzl—>I?o (% . Jlrl_,n?_f (i (Z) sin(k + 1)x>>

n \k=0

Proposed by Florica Anastase-Romania

|(S1 = Z
Let be:{ 0
-

()
Z (Z) sin(k + 1)x

Solution 1 by proposer

cos(k + 1x

(=}

n

; ; . M k1 _ n — i ci :
Using the identity: K z z(1+z)" forz = cosx + isinx,we get:
k=1

S, +iS, = (cosx +isinx)(cosx+isinx+ 1)"; (1)
But:cosx + isinx + 1 = 2 cos? f + Zl'sinfcosf =2 cosf(cosf + isinf)
' B 2 2 2 2 2 2/
then (1) becomes:

. X n+2 .. n+2
S, +is, =2" cos"E(cos 7 X + isin > x); (2)
By develop and identifying in (2), it follows:

( = n X n+2
_ —_ 2n n’_
451— E (k)cos(k+1)x—2 cos 2cos > X

n
| S, = z (n) sin(k + 1)x = 2" cos"fsinn+2x
P 2"

Therefore,
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. - . 1 X  n+2
Q=1lim|— llm Z sm(k +1x|]=1lim(=—"1lim (2" cos™ —sin x) =
n—oo n-oo \ 21 x_)% 2 2
1

k=0
T  n+2mw

= lim cos™ —sin — =
n-oo 2n n 2

Solution 2 by Pham Duc Nam-Vietnam

* Denote: S = Z (Z) sin(x(k + 1)) = Z (1,:) (sin(kx) cos(x) + cos(kx) sin(x))
k=0 k=0

= cos(x) z": (Z) sin(kx) + sin(x) z": (Z) cos(kx)
k=0 k=0

n

n

=cos(x) 3 z (Z) ek ¢ sin(x) R z (1,:) ekix
k=0 k=0

= cos(x) I(1 + )" + sin(x) R(1 + )"

sin(x)

* (1 + eix)n =1+ cos(x) +isin(x))" = <\/sin2(x) +(1+ cos(x))zeiarCtan(IHOS(x)))
_ (2 cos (;) eiarctan(tan(%)))n

=2"cos™ ()z—c) (@) = 3(1+ )" = 27 cos™ (;) sin (n ) R(1+ )"

x nx
= 2" cos™ (E) cos (7)

=>85= 2: cos™ (g) (cos(x) sin (%) + sin(x) cos (%)) = 2"cos™ (;) sin (? + x)

* fcl—tg (,; (Z) sin(x(k + 1))) = fgg [zn cos™ (g) sin (? + x)] = 2N cos™ (21:1) sin (;T g)
=2"cos™" (%) cos (g)

x ) = 1{% (21 lim <k§(; ( ) sm(x(k + 1)))) rg (2_1n 2" cos™ (%) cos (g))

- i [eos" (1) cos ()] -

UP.516 Prove that:

f (1—x(1—x)) 22

n=1n

Deduce the value of the serie:
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(0e]

Z Zn)

i
n=1 n

Proposed by Said Attaoui — Algeria
Solution 1 by proposer

2n\ _ (@2n)! _ 2n)
Recall that (") =~ = 2,

We have
j p 1 1—-x+4x d
X = X
o (1-x(1-x)) o (1—x(1-x))
1 1_x 1

dx+j ad dx
o (1—x(1-x)) o (1-x(1-x))
1

dx +

_ fl x fl x gy = ZJ‘ X p
o (1—x(1— x)) (1-x(1-x)) *= (1-x(1-x)) *
= Zf x(X2 o(x(1 - x)) ) dx, since x(1 — x) < 1

=2§:<f x"‘l(l—x)"dx>=zzﬁ("'n+1)=ZZ%

n=1

227 4 (2))', sincenI(n) =T(n+ 1) =nl,vn

ZZ (Zn)' Z (1n)

n= 1n |)2 n=1

fl 1 p fl 1 p fl 1 p
X = —ax = —_— s ax
o (1-x(1-x) o X¥*—x+1 0( 1\
X—2

S E o)

j_ [arctan (%) — arctan (— %)] = %arctan (\/1§> \7_2 32\/1%
It yields

1 _ _ X d
n(Z:)_sﬁ_fo 1-xa-0)"

NgE

1l
[N

n
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Solution 2 by Pham Duc Nam-Vietnam

1
= J;) @—Tll—x))dx' wehavevx € (0,1) > x(1—x) € (0,1)

1
= We can use the series expansion of ————
(1 -x(1- x))

1 N n n n
And:m=;(x(1—x)) =Zx (1—x)

n=0
1 1
~o ) asa®
=1Zi:‘)j: x"(1— x)"dx

= z B(n + 1,n + 1), where B(u, v) is the Beta function and B(u, v)

n=0

1
_ f X 1(1 — x)" dx, R(w), R(®) > 0
0

P+ )
B i r2n+2)
o @2 GO 1 '~ 1
= nz;) 2n+1)! P 2n+1)(2n)! ; (2n + 1)% nz::.) 2n+1) (211:)
RN 1
Sen-n (32
Now we have: 1 = 1 = 1
* o N (2n—2) 2n-2) (2n)!
2n 1)(11—1) Cn-Do " Hrm-1 2n—1)2n
e e RO
= n
~ 2n 22
B 2(2n)! " n(2n)!  _ (2n
@n =D o @D i n(3)
=~ 1 = 1
=0 = — =2 —(QED)
Sen-n (32 ;n (*™)
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1 1
'Q:,L—(l—x(l x))dx=f —xz—x+1dx

2m 2m

=——(basic integral), apply the above proof: Q = 2 & ——
3 \/—( gral), apply p Z 1n( ) 33
n

UP.517 Prove the equality:

*° Inx 8m?
jo x3—x\/§+1dx 81 (551n1—8—\/—cosﬁ)

Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:

; f°° Inx dxe A j‘l Inx ixB f°° Inx p
= ———dx;A = ————dx;B = — dx
0o X3—xVvx+1 0 X3 —xv/x+1 1 23 —xJ/x+1

2
We consider the intergral A. We make the variable change: x = y3

We have, successively:

1 1 2
:_f1(1+y)y'§lny _4( ('y3ny N lyﬁlnyd
9), 7 1+33 P Tol), 143 VT 143V

/f Zy6k3lnydy f2y6k+3lnydy+\
|
\ f2y6k+3lnydy f2y6k+3lnydy/

/f y® 3lnydy fy6k+3lnydy+\
92
k fy6"+3lnydy fy 3lnydy)

We will use the following relationship:

1, _ 1
fo x*Ilnxdx = - wherea € R,a >0
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We obtain:
4 gi ! 1 1 2+ 1 2
=] (6k+3) (6k+11) (6k+§) (6k +3)
+o| 3% 36 3 36
A=5z_ 22 11,2 5\2 1472
G (k) (k+3D) () (k+]p)

[

We now use the following relationship: ¥;(x) = Z;":Om

where W, (x) is the trigamma function. We have obtained the value of the integral A:

A= gl () Gg) - 55) )

We consider the integral B. We make the variable change: x = i y = )—16
We obtain:
1
In
B = f yiny
y:i—yfy+ 1

By proceeding similarly to the integral A, we obtain:

51" (5) - (5) + v 35) - )

Result: I = A+ B

_a[nle) () - w ) e () wm G)-

81 w(13)+tp(7) lp(s)
1\18 1\18 1\9

We use the reflection formula:

2
Y (x)+¥P(1—-x) = sin?(mx)
We obtain:

2 2

wi(5) + ()= e (5) + i (5) =
1lg 1\a) = " - *il\g 1la) = )
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2

lP(S)+‘P (13) 2 lp(7)+lp (11) T
1\18 1\18 in2 . ,5m’ "1\18 1\18 71T

277"
sin® 7o sin 18
Result:
/- m? 1 N 1 1 N 1

T81\ gin2T 22T 237 n2 /e

g sin*g sin 18 sin 18
We have:
1 1
— + o = 4sm 4\/_cos—8

13
in2 .
sin 220
9 sin?7-

We will prove this equality. We use the relationship: sin 3a = sina (1 + 2 cos 2a)

We consider:
21 A
1 1 1+2cos— 1+2cos—4
ST (REE N CRETS )
sin? g sinZ 55 sin? = sin? 5=
16 4in
E=— <1+cos—+cos—>(cos——cos—)=
3 9
16( 21'l'+2 , 2T 2 si T T
=3 cos ) cos ) sm951n3
. T
_16V3 211'<1+2 211') . m_16vV3 2m sing g
=3 cos9 cos9 sm9— 3 cos9 sinE sm9
9
E = 8cosz—". But: cosz—" = cos4—" = cosﬂz cos (E+ ") ﬁcos———sm—
9 9 18 18 6 18
So:

(4
E = —4s1nﬁ+4\/_cosﬁ

and the equality is proved.
The following relationship is proved similarly.

1 1 _ =36 43
- - 5 + 27T i sin E —4v3 cos E
18 18

Result: I = (5 sm—— V3 cos —)
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UP.518 Let F, f,g:[0,1] —» Rsuchas g'(x) > 0 forevery x € [0,1] and

')
g'(x)

F'(x), are Riemann integrable. Find:

3 (1) (5)

n

Proposed by Cristian Miu — Romania

Solution by proposer

From Lagrange theorem we obtain that:

P(5) = F(51) = 1F Go), 2im € [551,] s0

(e G ()
i (- ()

13 £+ )

=lim— > F'( n)-
e e (e (5

o 0 =8 e = 8 e

because

~
~—~
&
~—
=
—~
&
I=‘I
[uy
~—~—

IS

Q
/-\
SI&
—

Q
—

&
3‘

g'(x) > 0 forevery x € [0,1]
Let us recall Jarnik theorem

If hq, h,: [a, b] - R are two derivable function and h’,(x) # 0 for every x € [a, b] then

21?; has Darboux property. So we can write that
2(X

F@+r ) row
g () +g (5 90w
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1 ' n n
EZF'(""") <f Yk )> f' (Xen)

k=1
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k—1k
n 'H]

Ykn €

Now we need to find

f, (ykn)
9’ YVin)

1 n
lim— > f' ()
k=1
where
xkne[ ]andykne[k ! k]

F'(x) and f

e

— 1 f Yin)
I-ettn_ 1F( kn)g(y )

Then |tn - f1 F'(x) - f,(x) dx| =

lz F,(xkn) f (ykn) ZF’( kn) f (xkn)

,( kn) n I( kn) <
e [ o g

(xkn)

But F'(x) - f,i ; is Riemann integrable so

o P ) [ P
kan) s fo @ 255l =

Let us prove that

S o Qi) F )|
am EZ F ) <g’(ykn)> g ()|

lim

' f(xkn) 1 ' .fl(x)
ZF( ) —fomx) e

9 Vi) 9 x|~ W) 9 Fen)

nle,( kn)l ‘f (ykn) f(xkn) <

73|
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M| f D) f k)
S_

9V 9 )

because F’(x) is Riemann integrable so is bounded. Now

1 Z ‘f’ O f Qi)
ni|g' Qi) 9" i)

n
1
<= (M, -
_nZ( kn mkn)
k=1

where My,, and my,, are upper bound and the lower bound of % on [kn;l ﬂ But

f'&
PIC
Riemann integrable so by Darboux theorem
n
1
lim — (Mkn - mkn) =0
n-oon

k=1

In conclusion

" (kY L o (k= ,
w5 (r(4) £ (552)) L@ G - o £

IO IR

UP.519 In triangle ABC, we note H the orthocentre and O the circumcenter
of the triangle. Let D, E, F be the midpoints of [BC],[AC] and [AB] and let
A4, B4, C1 be the points symmetric to H with respect to D, E and F, and let
H, be the orthocentre of the triangle A{B,C. Prove that HH; = 20H.

Proposed by Pal Orban — Romania
Solution 1 by proposer

Let O be the origin of the complex plane and let 4, B, C, H, A, B4, H{ have the affixes
a,b,c,h,aq,bq,cq, hy € C. From Sylvester’s theorem: h = a + b + ¢, and based on the
symmetrygivenh+a; =b+c=>a+b+c+a; =b+ c=> a; = —a, analogously:

b; = —b,cy; = —c. Hence, A4, B; and C lie on the circumcircle of ABC,, opposite to
points A4, B, C. We can then apply Sylvester’s theorem again, toget: hy = a; + b; + ¢; =
—(a + b + ¢) = —h, implying that O is the midpoint of HH, hence HH; = 20H.
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Solution 2 by Ivan Hadinata-Jember-Indonesia

Since AH and OD are perpendicularto BC,so AH || OD. Let G be the centroid of AABC.
Then, 2—; = 2 and O, G, H are collinear on the Euler line. Therefore, AAHG ~ ADOG

and AH = 20D. Because D is the midpoint of A; H, so there exists a homothety, with
center A, and factor 2, mapping OD to AH. Thus, A, is the reflection of A with respect

to 0. By using similar way, B; and C; are the reflection of B and C, respectively.
Therefore, AA;B1C; is the reflection of AABC with respect to point 0. Consequently, H,
is the reflection of point H with respect to point O and it implies that HH; = 20H. [

A
,ﬁ
(l /_c B‘
(.
Fx | £
A | 0
/
/___ . = -
B D\ 2 &
h!'
UP.520 If a,, > 0; n € N™ is such that
a
lim ntl _ a>0
n-o na,

then find:
Q(a) = 1111_)11010(Hn —log/a,)

Proposed by D.M. Bdtinetu — Giurgiu, Daniel Sitaru — Romania
Solution 1 by proposers

n

H,—log%/a, =H, —logn+logn—1log%/a, =y, +log

) n . n|n" cavcuy-p'atemperr . (n+ 1" a,
llmn—=llm — = =lim —— — =
n->o N/q, noe Ay n-oo Ani1 n
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3 (n+ 1" na, — lim (1 1\"*1 . 1 1 e
e pntl .an+1_nl—>r{>10( * ) e i1 C g a
na,
. n e
Q(a) = lim <yn + log—> =y +log (—) =y+1—-loga
n—oo n[ an a
Solution 2 by Ivan Hadinata-Jember-Indonesia
We decompose the expression as follows.
- “a) = i im log L9
Q(a) = 1111_1)?0(Hn —log"/a,) = lim (H,, — logn) — lim log -
. n\/ an
=y — limlog— ...... (1)
a n—-o n
Setting c,, = :" for all n € Z*. We will obtain
lim 22 = Jim 2. (—) = lim =2 . lim (—) =—,
n-ow C, n-co na, \n+1 n-co NA, n-co\n+1 e
By Cauchy Second Limit Theorem,
Ya
lim Y— = lim "/c, =
n-o N n—-oo e

Then, from (1), it deduces
n a
Q(a) =y —limlog~—=y—log—=y+1—loga.
n-—oo n e

(Note: y =Euler-Mascheroni constant, e =Euler number.)

up.521ifa, = 1;a,., = a, + efin. sin%; n € N* then find:
an

Q = lim
n—oo W

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
Solutions 1 by proposers

14
lim(a,,.,; — a,) = lim et . sin— =
n—-oo n—oo n

sinn
- n
= lim efln"Inn . elnn . gipn— — e7 . lim m=m-e¥
n—-oo n n—oo E
n

nl n-co N n-oowo n'

. a, .. a, mn . a, .. nn" cgsaro-sToLz
Q = lim = lim —- = lim — - lim =
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a,.1 —Q, . "N" cAUCHY-D' ALEMBERT (n+ 1)1 nl
=lim—— - lim |— = m-e¥ - lim———— - — =
nson+1—n nowo [n! noo (n+1)! nn

Com+1\" i
=mw-e¥-lim(——| =m-e¥-e=m-eY
n—-oo n

Solution 2 by Ivan Hadinata-Jember-Indonesia

Let (b,) 5 be the sequence where b; = 1 and b,, = efl»-1 sinﬁfor alln > 2.
Then, a, = b; + b, + - + b, {+b,Yn=>2 and a; = b;.

Remind that e = lim ;= -, so we have

n—oo \/_

~ i 2 Y im &) = e (1im 2

1111_1)2 \/_. (111152 W) (1lll_)r£1° n) =e (1111_{2 n) I )

Observe that
sinn
- n
lim b,, = lim ef»-1sin = limefnsin—=mn (lim e”n""g”) lim nn =e'm.
n—oo n—-oo n— n—oo n n—oo n—oo o
n

By Cauchy first limit theorem,

a b, +b,+--+b

lim —2 = lim — 2 “=limb,=e"m ........(2)
n-ee N n—-oo n n—oo
Thus, (1) and (2) give us
Q=e'*lnm.
UP.522 Find x, y > 0 such that:
2 1
81x“+y+ =16x+1
2x+y

Proposed by Daniel Sitaru — Romania

Solution by proposer

81x% —16x — 1 =
x x +y+2x+y

81x?—18x+1+2x—2+y+ =
2x+y

-2=0

2x 1
81(x -—+ >+2x+y+

9 81 2x+y

=0

81 (x__) + (JTFY) +<m>2—z
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1 2
81( ——) (,/z Fy-— > =0
* * J2x+y
(L
4 x———O 1
$x=§
| /2x +y
v m
2 1=0=2 1=0oy=_"
x+y—-1= =»§+y— = :»y—§

x =
Solution:

UP.523Ifx,y,z> 0,xyz=x+y + z + 2, then:
1 1 1 6
—+—=+—==2

Vx  \Jy vz [xyz

Proposed by Marin Chirciu — Romania

[-NIEN IEN- o

<
I

Solution 1 by proposer

The inequality can be equivalently written:
1
\/_

Deconditioning the relationship xyz = x + y + z = 2 by the substitution

yZ =6

( )_<b+c c+a a+b)
x;y;z - a ) b ) c

c+a a+b (a+b)(a+c)
2,/}7226(:)2 ’TTZ6<=>Z ’T26

which follows from means inequality:

(a+b)(a+c) aem _3 (a+ b)(a+c) 3 (a+ b)(a+c)
Z\/ bc = 3\/1_[ bc =3 \/H bc -

We obtain:
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=6

a?b?c? abc

_3 j(a + b)2(b + ¢)?(c + a)? _ 33\[((14_ b)(b+c)(c+ a) CesZaro 38

Equality holdsifandonlyifa=b=co x=y=z = 2.

Solution 2 by Ivan Hadinata-Jember-Indonesia

Let a=\[z, b=\/z, c=\/z. Then,
xy xz yz

xyz=x+y+z+2 © a*+b*+c*+2abc=1
Therefore, there exists a non-degenerate triangle AABC in such a way that a = sing,

. B . C
b = sin—, ¢ = sin-. Thus,
2 2

TR

cyc cyc

Since y =sinx, x € (0,m) is concave; by Jensen inequality we have
Z . A<3 . 1(A+B+C) —3si 3

sz_ sin AVEE R sm6—2

cyc

CS-inequality helps us to get

05| sing || Dy <3| Lesez) = 6<Yesez=30
J— f— —_ —_ f—r _=
= s1n2 tL‘SC2 =5 CS!'.Z2 = CSC2 Xy

cyc cyc cyc cyc cyc
6
= —t-=+—=2
Vx Jy Vz  [xyz

Solution 3 by David Chatarashvili-Georgia
x,y,z>0,xyz=x+y+z+2

1 1 1 6
:—+—+—>—

1)xyz=x+y+2z+22>3%xyz+ 2 (CauchyInequality)

Sxyz =t,t3 =xyz,t >0
t3>3t+2=>3-3t-2>20=>(t+1)%*(t-2)=>0>

>t>2>3xyz>2

2)S = Jyz++xz+ [xy > 33fw/xzyzz2 =33xyz>6
Jyz++xz+ [xy=6
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1 1 1 - 6

UP.524 In AABC holds:

my, + m, )1 12r
(m, 2 > (2R—-1r),neN

(mg + ,/mbmc)n ~ R

Proposed by Marin Chirciu — Romania

Solution 1 by proposer
Using the inequality Y x> > Y yz for (x,y,z) = (,/ma,,/m ,,/mc) we have
Z m, = Z Jmym,

With Radon’s inequality we obtain:

Z (my + m)™!  Radon [L(my, +m)I™  (2F¥m )"
(

> = =
mg + mbmc)n [Z(ma +4/ mbmc)]n 2Xmy)"
6R 12
- ZZma >2 2 (2R-1) =L (2R -7)
r R
Above, we’ve used:

Tereshin b% + ¢2 a? 2(52 —r2 — 4Rr) Gerretsen
PRI =) 3R~ =

- 4R 2R
16Rr — 51> — 1> —4Rr 12Rr—-6r*> 6r(2R—1r) 61
> = = =—@R-71)
R R R R

Equality holds if and only if the triangle is equilateral.

Solution 2 by Tapas Das-India

Z (m, + m)"*!
n
(ma + ./ mbmc)
Raion 2"+1(ma +my, + mc)"“

[m, + my, + m, + Jmym, + /mom, + \/mamb]n

AM-GM 2" (m, + my + m)"*!

n
[(ma+mb+mc+mb-zl_mc+mc-lz_m“+m“;mb]
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~ 2" (m, + my + m)"*?!
2"(m, + my, + m )"

Tereshin ) b*+c* c*+a* a*®+b? 4 2 1 2(s?2 — 12 — 4R
> =7 ) -
= aR T ar ‘'t ar 4R (Z a?) g2 T ")

=2(m, +my, + m,)

Gerretsen's 1

1 12r
> 7 X 2(16Rr — 51> — 4Rr) = R’ 2(12Rr — 612) = T(ZR -7)

UP.525 In acute AABC holds:

3R R? b+c 4s
2s 2+———2 Sz < — secA
r r cos A 3

Proposed by Marin Chirciu — Romania

Solution 1 by proposer

Lemma.
In AABC:
Zb+c_23(sz+r2—2Rr—4R2)
cos A s2— (2R +1)?
Proof.

Zb +c¢_Y(b+c)cosBcosC 25(s? + %> — 2Rr — 4R?)
cosA [TcosA B s2— (2R +1)?

We’ve use above:

s(s? +1r* — 2Rr — 4R?)
2R?

Z(b +c)cosBcosC =

and

1—[ A_sz—(2R+r)2
cosA = iR?

Z bc(b + c) (a®? + b? — c®)(a? + ¢ — b?) = 3253r%(s? + r* — 2Rr — 4R?)
Let’s get back to the main problem. Using the Lemma we obtain:

b+c _ 2s(s*+r2-2Rr-4R%) (V) 45

RHS Z cosA s2—(2R+1)2 - ?

YsecA

Zs(s2 +r2 —2Rr—4R2)

Where (1) & @R

4s
< ?Z secA ©
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25(s? +r%2 — 2Rr — 4R?) - 4s s +1r? —4R?
—_— c}
s2 — (2R +1)? — 3 s2—(2R+1)?

& 3(s?+12—2Rr—4R*>) < 2(s*+1r*—-4R?» &

& 3(s2+ 12 —2Rr — 4R?*) < 2(s? + 1> — 4R?) © s* < 4R? + 6Rr — 12
which follows from Gerretsen’s inequality: s> < 4R? + 4Rr + 3r2.
It remains to prove that:

4R? + 4Rr + 3r> <4R?> + 6Rr — > © R > 2r (Euler)

Z 1 Z 1 s?2 + 1% — 4R?
secA = =
cosA s2— (2R+71)?

Equality holds if and only if the triangle is equilateral.

We’ve used above:

b+c _ 2s(s’+r?-2Rr—4R?) Wa;ker
cosd s?—(2R+1)? Gerretsen

25(2R%? + 8Rr + 312 + r* — 2Rr — 4R?) 3
4R? 4+ 4Rr + 3r%2 — (2R + 1)? B

2s(41%* + 6Rr — 2R?) 2s(2r%* + 3Rr — R?) 5 <2 3R R2>
= = = S

LHS )

212 r?
Equality holds if and only if the triangle is equilateral.

Solution 2 by Tapas Das-India

Z b+c _ 2s—a _ 2s a
cosA cosA ZL.cosA cos A
_ YcosAcosB ZRZt 2
=S [Icos A an
_, s2 + 1% — 4R? R 2sr _, s2 + 12— 4R%? — 2Rr
- es s2 — (2R +1)? s2— (2R +1)?2 S s2 — (2R +1)?
Walker's and Gerretsen's 2 (ZRZ + 8Rr + 31"2) + 12— 4R? — 2Rr
>
= S|I” (4R? + 4Rr + 31%) — (2R + 1)?
4r% + 6Rr — 2R? R R?
=4S =25|124+3———
2r2 r r?

b+c R R?
E >2s|2+3———
cos A r r?
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Note: Using following identities:
s®+r2-4R?
1) Y. cosA-cosB = —a

s2—(2R+1)?

2)[IcosA = e

2sr

3)ZtanA =m

4)a = 2RsinA,b = 2RsinB,c = 2RsinC

b + ¢ Chebyshev 1 1
< _ .
ZcosA - 3(2(b+c)) ZCOSA

WLOG:a=>b=>c~A=B=>C

~a+b>c+a>=b+c

and cosA < cosB < cosC

ozb+c<1(z(b+ ))Z 1 _1(2)22 A_4SZ 2
“ZLicosA ™ 3 ¢ cosd 3% secd =3 sec
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