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PROBLEMS FOR JUNIORS 

JP.511 Let 𝒏 ∈ ℕ∗. Prove that among the numbers (𝟐𝒏
𝟏
), (𝟐𝒏

𝟐
), … , (𝟐𝒏

𝒏
) exists at 

least a number which is not divisible with 𝟏𝟔𝟎𝟔𝟓. 

Proposed by Mihaly Bencze-Romania 
Solution 1 by proposer 

𝑾𝑳𝑶𝑮, 𝒍𝒆𝒕′𝒔  𝒔𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 (
𝟐𝒏

𝟏
) , (

𝟐𝒏

𝟐
) , … , (

𝟐𝒏

𝒏
)  𝒂𝒓𝒆 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆  

𝒘𝒊𝒕𝒉 𝟏𝟔𝟎𝟔𝟓, 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 (
𝟐𝒏

𝟐𝒏 − 𝟏
) = (

𝟐𝒏

𝟏
) , … , (

𝟐𝒏

𝒏 + 𝟏
) = (

𝟐𝒏

𝒏 − 𝟏
)  𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 

𝑺𝒏 = ∑ (
𝟐𝒏

𝒌
)

𝟐𝒏−𝟏

𝒌=𝟏

= 𝟐𝟐𝒏 − 𝟐 = 𝟒𝒏 − 𝟐 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒘𝒊𝒕𝒉 𝟏𝟔𝟎𝟔𝟓. 

𝑺𝟑𝒌 = 𝟒
𝟑𝒌 − 𝟐 = 𝟔𝟒𝒌 − 𝟐 = (𝟔𝟑 + 𝟏)𝒌 − 𝟐 = 𝒎𝟔𝟑 − 𝟏, 

𝑺𝟑𝒌+𝟏 = 𝟒 ⋅ 𝟔𝟒
𝒌 − 𝟐 = 𝒎𝟔𝟑 + 𝟐, 

𝑺𝟑𝒌+𝟐 = 𝟏𝟔 ⋅ 𝟔𝟒
𝒌 − 𝟐 = 𝒎𝟔𝟑 + 𝟏𝟒, 𝒔𝒐 𝑺𝒏 ≢ 𝟎 (𝒎𝒐𝒅 𝟔𝟑) 

𝑺𝟒𝒌 = 𝟐𝟓𝟎
𝒌 − 𝟐 = (𝟐𝟓𝟓 + 𝟏)𝒌 − 𝟐 = 𝒎𝟐𝟓𝟓 − 𝟏, 

𝑺𝟒𝒌+𝟏 = 𝟒 ⋅ 𝟐𝟓𝟔
𝒌 − 𝟐 = 𝒎𝟐𝟓𝟓 + 𝟐, 

𝑺𝟒𝒌+𝟐 = 𝟏𝟔 ⋅ 𝟐𝟓𝟔
𝒌 − 𝟐 = 𝒎𝟐𝟓𝟓 + 𝟏𝟒, 

𝑺𝟒𝒌+𝟑 = 𝟔𝟒 ⋅ 𝟐𝟓𝟔
𝒌 − 𝟐 = 𝒎𝟐𝟓𝟓 + 𝟔𝟐, 𝒔𝒐 𝑺𝒏 ≢ 𝟎 (𝒎𝒐𝒅 𝟐𝟓𝟓). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑺𝒏 ≢ 𝟎 (𝒎𝒐𝒅 𝟐𝟓𝟓 ⋅ 𝟔𝟑) ⇔ 𝑺𝒏 ≢ 𝟎( 𝒎𝒐𝒅 𝟏𝟔𝟎𝟔𝟓).    

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Lemma: 

Let  𝒚  be a natural number so that  𝒚  is divisible by a Fermat prime  𝟐𝟐
𝒎
+ 𝟏.  Then, for 

every natural numbers 𝒏, one of 

(
𝟐𝒏
𝟏
) , (

𝟐𝒏
𝟐
) , …… , (

𝟐𝒏
𝒏
) 

is not divisible by 𝒚. 
Proof: 

Assume that the lemma is negative. Then  (
𝟐𝒏
𝒌
) ≡ 𝟎 𝒎𝒐𝒅 𝒚, ∀𝒌 = 𝟏, 𝟐, … , 𝒏.  

Consequently, 
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∑ (
𝟐𝒏
𝒌
)

𝟐𝒏−𝟏

𝒌=𝟏

= 𝟐𝟐𝒏 − 𝟐 ≡ 𝟎 (𝒎𝒐𝒅 𝒚) 

It implies that  𝟐𝟐𝒏 − 𝟐 ≡ 𝟎 (𝒎𝒐𝒅  𝟐𝟐
𝒎
+ 𝟏)    ⟹     𝟐𝟐𝒏−𝟏 ≡ 𝟏 (𝒎𝒐𝒅  𝟐𝟐

𝒎
+ 𝟏)……(∗) 

By Fermat Little Theorem, we have  𝟐𝟐
𝟐𝒎

≡ 𝟏 (𝒎𝒐𝒅  𝟐𝟐
𝒎
+ 𝟏)…… (∗∗) 

From (∗)  and  (∗∗)  we obtain 

𝟐𝐠𝐜𝐝(𝟐𝒏−𝟏,   𝟐
𝟐𝒎) ≡ 𝟏 (𝒎𝒐𝒅  𝟐𝟐

𝒎
+ 𝟏)  ⟹   𝟐 ≡ 𝟏 (𝒎𝒐𝒅  𝟐𝟐

𝒎
+ 𝟏), 

which is impossible. Thus, one of 

(
𝟐𝒏
𝟏
) , (

𝟐𝒏
𝟐
) , …… , (

𝟐𝒏
𝒏
) 

should be indivisible by 𝒚. 
Back to the problem: 

Since 𝟏𝟔𝟎𝟔𝟓  is divisible by 𝟏𝟕 = 𝟐𝟐
𝟐
+ 𝟏, so the problem is proved. 

 

JP.512 Solve the following equation: 

𝐥𝐨𝐠𝒂+𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏) = 𝐥𝐨𝐠𝒂((𝒂 + 𝟏)

𝒙 − 𝟐𝒂 − 𝟏) , 𝒂 > 𝟏. 

Proposed by Mihaly Bencze-Romania 
Solution 1 by proposer 

𝑳𝒆𝒕 𝒇(𝒙) = 𝐥𝐨𝐠𝒂+𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏)  𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 

 𝒇−𝟏(𝒙) = 𝐥𝐨𝐠𝒂((𝒂 + 𝟏)
𝒙 − 𝟐𝒂 − 𝟏). 

𝑺𝒐, 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 𝒇(𝒙) = 𝒇−𝟏(𝒙) ⇔ 𝒇(𝒙) = 𝒙. 

𝐥𝐨𝐠𝒂+𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏) = 𝒙 𝒐𝒓 (𝒂 + 𝟏)𝟐 − 𝒂𝒙 = 𝟐𝒂 + 𝟏. 

𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒈(𝒙) = (𝒂 + 𝟏)𝒙 − 𝒂𝒙 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒐𝒓 𝒙 > 𝟎.  

𝑰𝒇 𝒙 ≥ 𝟎, 𝒕𝒉𝒆𝒏 (𝒂 + 𝟏)𝒙 ≤ 𝒂𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂𝒏 𝒄𝒐𝒏𝒕𝒓𝒂𝒅𝒊𝒄𝒕𝒊𝒐𝒏. 

𝑺𝒐, 𝒈 𝒂 𝒊𝒔 𝒊𝒏𝒋𝒆𝒄𝒕𝒊𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒉𝒂𝒔 𝒂𝒏 𝒖𝒏𝒊𝒒𝒖𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏, 𝒙 = 𝟐.  

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝒚 = 𝐥𝐨𝐠𝒂+𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏) = 𝐥𝐨𝐠𝒂((𝒂 + 𝟏)

𝒙 − 𝟐𝒂 − 𝟏),  then 
𝒂𝒙 + 𝟐𝒂 + 𝟏 = (𝒂 + 𝟏)𝒚……(𝟏) 
(𝒂 + 𝟏)𝒙 − 𝟐𝒂 − 𝟏 = 𝒂𝒚……(𝟐) 

By summing up (𝟏) and (𝟐), we obtain 
(𝒂 + 𝟏)𝒙 + 𝒂𝒙 = (𝒂 + 𝟏)𝒚 + 𝒂𝒚………(𝟑) 

We consider the function  𝒇(𝒏) = (𝒂 + 𝟏)𝒏 + 𝒂𝒏  over 𝒏 ∈ ℝ. Then 
𝒇′(𝒏) = (𝒂 + 𝟏)𝒏 𝐥𝐧(𝒂 + 𝟏) + 𝒂𝒏 𝐥𝐧𝒂 > 𝟎, 

consequently  𝒇  is strictly increasing. Therefore, we should have  𝒙 = 𝒚  by (𝟑). 
Setting  𝒙 = 𝒚  to (𝟐),  we get    (𝒂 + 𝟏)𝒙 − 𝒂𝒙 − 𝟐𝒂 − 𝟏 = 𝟎 ………(𝟒) 
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From (𝟒), we know that  𝒙 = 𝟐  satisfies for (𝟒). Besides that, we also have that  (𝒂 +
𝟏)𝒙 > 𝒂𝒙.   Since  𝒂 ∈ ℝ+, we should have  𝒙 > 𝟎.  Consider another function  𝒈(𝒏) =

(𝒂 + 𝟏)𝒏 − 𝒂𝒏 − 𝟐𝒂 − 𝟏  over  𝒏 ∈ ℝ+, so 
𝒈′(𝒏) = (𝒂 + 𝟏)𝒏 𝐥𝐧(𝒂 + 𝟏) − 𝒂𝒏 𝐥𝐧 𝒂 > 𝟎, 

because clearly (𝒂 + 𝟏)𝒏 > 𝒂𝒏 and  𝐥𝐧(𝒂 + 𝟏) > 𝐥𝐧𝒂.  Then, 𝒈  is strictly increasing. It 
implies that  𝒙 = 𝟐  is the only solution satisfying (𝟒) and finally we get  𝒚 = 𝟐  too. 

Thus, the answer is  𝒙 = 𝟐. 

Solution 3 by Marin Chirciu-Romania 

We have 𝐥𝐨𝐠𝒂=𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏) = 𝐥𝐨𝐠𝒂((𝒂 + 𝟏)

𝒙 − 𝟐𝒂 − 𝟏) = 𝒕 ⇔ 

⇔ {
𝐥𝐨𝐠𝒂+𝟏(𝒂

𝒙 + 𝟐𝒂 + 𝟏) = 𝒕

𝐥𝐨𝐠𝒂((𝒂 + 𝟏)
𝒙 − 𝟐𝒂 − 𝟏) = 𝒕

⇔ 

⇔ {
𝒂𝒙 + 𝟐𝒂 + 𝟏 = (𝒂 + 𝟏)𝒕

(𝒂 + 𝟏)𝒙 − 𝟐𝒂 − 𝟏 = 𝒂𝒕
⇔
+
(𝒂 + 𝟏)𝒕 + 𝒂𝒕 = (𝒂 + 𝟏)𝒙 + 𝒂𝒙 

Because the function 𝒙 → 𝒂𝒙, 𝒂 > 𝟏 is strictly increasing it follows that the function  

𝒙 → (𝒂 + 𝟏)𝒙 + 𝒂𝒙 is strictly increasing, so injective. 

From (𝒂 + 𝟏)𝒕 + 𝒂𝒕 = (𝒂 + 𝟏)𝒙 + 𝒂𝒙 ⇒ 𝒕 = 𝒙 

We obtain 𝐥𝐨𝐠𝒂+𝟏(𝒂
𝒙 + 𝟐𝒂 + 𝟏) = 𝒙 ⇔ 𝒂𝒙 + 𝟐𝒂 + 𝟏 = (𝒂 + 𝟏)𝒙, with the unique 

solution 𝒙 = 𝟐, because: 

𝒂𝒙 + 𝟐𝒂 + 𝟏 = (𝒂 + 𝟏)𝒙 ⇔ (
𝒂

𝒂 + 𝟏
)
𝒙

+ (𝟐𝒂 + 𝟏) (
𝟏

𝒂 + 𝟏
)
𝒙

= 𝟏 

The equation has the form 𝒇(𝒙) = 𝟏, with 𝒇 strictly decreasing function, so, injective. 

Because 𝒇(𝟐) = 𝟏, it follows that 𝒙 = 𝟐 is unique solution. 

JP.513 Solve for real numbers: 

{
 

 
𝟐 𝐥𝐨𝐠𝟑(𝟐

𝒙𝟏 + 𝟓) 𝐥𝐨𝐠𝟐(𝟑
𝒙𝟏 − 𝟓) = 𝐥𝐨𝐠𝟑(𝟐

𝒙𝟐 + 𝟓) + 𝐥𝐨𝐠𝟐
𝟐(𝟑𝒙𝟑 − 𝟓)

𝟐 𝐥𝐨𝐠𝟑(𝟐
𝒙𝟐 + 𝟓) 𝐥𝐨𝐠𝟐(𝟑

𝒙𝟐 − 𝟓) = 𝐥𝐨𝐠𝟑(𝟐
𝒙𝟑 + 𝟓) + 𝐥𝐨𝐠𝟐

𝟐(𝟑𝒙𝟒 − 𝟓)
……………………………………………………………………………
𝟐 𝐥𝐨𝐠𝟑(𝟐

𝒙𝒏 + 𝟓) 𝐥𝐨𝐠𝟐(𝟑
𝒙𝒏 − 𝟓) = 𝐥𝐨𝐠𝟑(𝟐

𝒙𝟏 + 𝟓) + 𝐥𝐨𝐠𝟐
𝟐(𝟑𝒙𝟐 − 𝟓)

 

Proposed by Mihaly Bencze-Romania 

Solution by proposer 

𝑩𝒚 𝒂𝒅𝒅𝒊𝒏𝒈 𝒂𝒍𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔,𝒘𝒆 𝒈𝒆𝒕: 
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∑(𝐥𝐨𝐠𝟑(𝟐
𝒙𝒌 + 𝟓) − 𝐥𝐨𝐠𝟐(𝟑

𝒙𝒌 − 𝟓))𝟐
𝒏

𝒌=𝟏

= 𝟎 ⇒ 𝒙𝟏 = 𝒙𝟐 = ⋯ = 𝒙𝒏 = 𝒙, 

𝐥𝐨𝐠𝟑(𝟐
𝒙 + 𝟓) = 𝒍𝒐𝒈𝟐(𝟑

𝒙 − 𝟓)  

𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇:ℝ → [𝐥𝐨𝐠𝟑 𝟓 , +∞), 𝒇(𝒙) = 𝐥𝐨𝐠𝟑(𝟐
𝒙 + 𝟓)  𝒊𝒔 𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒗𝒆 𝒂𝒏𝒅  

𝒇−𝟏(𝒙) = 𝐥𝐨𝐠𝟐(𝟑
𝒙 − 𝟓)  𝒊𝒔 𝒉𝒊𝒔 𝒓𝒆𝒗𝒆𝒓𝒔𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏. 

𝑺𝒐, 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔: 𝒇(𝒙) = 𝒇−𝟏(𝒙) ⇔ 𝒇(𝒙) = 𝒙 ⇔ 

𝐥𝐨𝐠𝟑(𝟐
𝒙 + 𝟓) = 𝒙 ⇔ 𝟑𝒙 − 𝟐𝒙 = 𝟓. 

𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒈(𝒙) = 𝟑𝒙 − 𝟐𝒙 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒐𝒓 𝒙 > 𝟎. 

𝑰𝒇 𝒙 ≤ 𝟎, 𝒕𝒉𝒆𝒏 𝟑𝒙 ≤ 𝟐𝒙 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂𝒏 𝒄𝒐𝒏𝒕𝒓𝒂𝒅𝒊𝒄𝒕𝒊𝒐𝒏. 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆 𝒈 𝒊𝒔 𝒂 𝒊𝒏𝒋𝒆𝒄𝒕𝒊𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒉𝒂𝒔 𝒂𝒏 𝒖𝒏𝒊𝒒𝒖𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  

𝒙 = 𝟐. 𝑺𝒐, 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒊𝒔: 𝒙𝟏 = 𝒙𝟐 = ⋯ = 𝒙𝒏 = 𝟐.   

 

JP.514 On the set 𝑴 = {𝟐𝒏 + 𝟏|𝒏 ∈ ℕ∗} define  

𝒂 ∗ 𝒃 = 𝒂 + (𝒃 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]−𝟏, (∀)𝒂, 𝒃 ∈ 𝑴, 

where [⋅] is the integer part. Prove that (𝑴,∗) is a monoid. 

Proposed by Mihaly Bencze-Romania 
Solution 1 by proposer 

𝟏) (∀)𝒂, 𝒃 ∈ 𝑴 ⇒ 𝒂 ∗ 𝒃 = 𝒂⏟
𝒐𝒅𝒅

+ (𝒃 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]−𝟏⏟          
𝒆𝒗𝒆𝒏

= 𝒐𝒅𝒅 ≥ 𝟑 

⇒ 𝒂 ∗ 𝒃 ∈ 𝑴 𝒊𝒔 𝒔𝒕𝒂𝒃𝒊𝒍𝒆 𝒑𝒂𝒓𝒕. 

𝟐) (∀)𝒂, 𝒃, 𝒄 ∈ 𝑴 ⇒ (𝒂 ∗ 𝒃) ∗ 𝒄 = (𝒂 + (𝒃 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]−𝟏) ∗ 𝒄 = 

= 𝒂 + (𝒃 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]−𝟏 + (𝒄 − 𝟑)𝟐𝒂+(𝒃−𝟑)𝟐
[𝐥𝐨𝐠𝟐 𝒂]−𝟏 = 

= 𝒂 + (𝒃 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]−𝟏 + (𝒄 − 𝟑)𝟐[𝐥𝐨𝐠𝟐 𝒂]+[𝐥𝐨𝐠𝟐 𝒃]−𝟐. 

𝑵𝒐𝒘,𝒘𝒆 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

[𝐥𝐨𝐠𝟐(𝒂 − (𝒃 − 𝟑)𝟐
[𝐥𝐨𝐠𝟐 𝒂]−𝟏) = [𝐥𝐨𝐠𝟐 𝒂] + [𝐥𝐨𝐠𝟐 𝒃] − 𝟏. 

𝑳𝒆𝒕 𝒙 = [𝐥𝐨𝐠𝟐 𝒂] ∈ ℕ
∗𝒂𝒏𝒅 𝒚 = [𝐥𝐨𝐠𝟐 𝒃] ∈ ℕ

∗ . 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆: (𝒙𝒊𝒛𝒊 + 𝒚𝒊𝒕𝒊)
𝟐 − (𝒙𝒊𝒕𝒊 + 𝒚𝒊𝒛𝒊)

𝟐 = (𝒙𝒊
𝟐 − 𝒚𝒊

𝟐)(𝒛𝒊
𝟐 − 𝒕𝒊

𝟐) ≠ 𝟎, 𝒊 = 𝟏, 𝟐, . . , 𝒏 

𝐝𝐞𝐭(𝒙𝟏, 𝒚𝟐, 𝒙𝟐, 𝒚𝟐, … , 𝒙𝒏, 𝒚𝒏) = (𝒙𝟏
𝟐 − 𝒚𝟏

𝟐) 𝐝𝐞𝐭(𝒙𝟐, 𝒚𝟐, … , 𝒙𝒏, 𝒚𝒏)) 
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𝒂𝒏𝒅 𝒕𝒉𝒆𝒏 𝐝𝐞𝐭(𝒙𝟏, 𝒚𝟐, 𝒙𝟐, 𝒚𝟐, … , 𝒙𝒏, 𝒚𝒏) =∏(𝒙𝒊
𝟐 − 𝒚𝒊

𝟐)

𝒏

𝒊=𝟏

≠ 𝟎. 

𝑺𝒐, (𝑮,∗) 𝒊𝒔 𝒕𝒉𝒆 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑,𝒘𝒉𝒆𝒓𝒆(⋅) 𝒊𝒔  𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒎𝒂𝒕𝒓𝒊𝒙. 

𝑻𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝑨(𝒙𝟏, 𝒚𝟐, 𝒙𝟐, 𝒚𝟐, … , 𝒙𝒏, 𝒚𝒏)) = (𝒙𝟏, 𝒚𝟐, 𝒙𝟐, 𝒚𝟐, … , 𝒙𝒏, 𝒚𝒏) 𝒊𝒔 𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒗𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, (𝑮,⋅) ≅ (𝑯,∗).   

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Lemma:  ⌊𝐥𝐨𝐠𝟐(𝒂 ∗ 𝒃)⌋ = ⌊𝐥𝐨𝐠𝟐 𝒂⌋ + ⌊𝐥𝐨𝐠𝟐 𝒃⌋ − 𝟏  for every  𝒂, 𝒃 ∈ 𝑴. 
Proof:  Let  𝒂 = 𝟐𝒙𝟏 + 𝒚𝟏 , 𝒃 = 𝟐

𝒙𝟐 + 𝒚𝟐  with  𝒙𝟏, 𝒙𝟐 ∈ ℤ
+;  𝒚𝒊 ∈ [𝟎, 𝟐

𝒙𝒊 − 𝟏], 𝒊 = 𝟏, 𝟐;  
and  𝒚𝟏, 𝒚𝟐 are odd.  Then 

𝒂 ∗ 𝒃 = 𝟐𝒙𝟏 + 𝒚𝟏 + (𝟐
𝒙𝟐 + 𝒚𝟐 − 𝟑)𝟐

𝒙𝟏−𝟏  …… (𝟏) 
Note that 

𝟐𝒙𝟏 + 𝒚𝟏 + (𝟐
𝒙𝟐 + 𝒚𝟐 − 𝟑)𝟐

𝒙𝟏−𝟏 ≤ 𝟐𝒙𝟏 + 𝟐𝒙𝟏 − 𝟏 + (𝟐𝒙𝟐 + 𝟐𝒙𝟐 − 𝟒)𝟐𝒙𝟏−𝟏

= 𝟐𝒙𝟏+𝒙𝟐 − 𝟏 …… (𝟐) 
and 

𝟐𝒙𝟏 + 𝒚𝟏 + (𝟐
𝒙𝟐 + 𝒚𝟐 − 𝟑)𝟐

𝒙𝟏−𝟏 ≥ 𝟐𝒙𝟏 + 𝟏 + (𝟐𝒙𝟐 − 𝟐)𝟐𝒙𝟏−𝟏 = 𝟐𝒙𝟏+𝒙𝟐−𝟏 + 𝟏 …… (𝟑) 
By (𝟏), (𝟐), (𝟑), we get  ⌊𝐥𝐨𝐠𝟐(𝒂 ∗ 𝒃)⌋ = 𝒙𝟏 + 𝒙𝟐 − 𝟏 = ⌊𝐥𝐨𝐠𝟐 𝒂⌋ + ⌊𝐥𝐨𝐠𝟐 𝒃⌋ − 𝟏,  as 
desired.   □ 
 
After that, we count 

(𝒂 ∗ 𝒃) ∗ 𝒄 = 𝒂 + (𝒃 − 𝟑)𝟐⌊𝐥𝐨𝐠𝟐 𝒂⌋−𝟏 + (𝒄 − 𝟑)𝟐⌊𝐥𝐨𝐠𝟐 𝒂⌋+⌊𝐥𝐨𝐠𝟐 𝒃⌋−𝟐………(𝑺. 𝟏) 

𝒂 ∗ (𝒃 ∗ 𝒄) = 𝒂 + (𝒃 + (𝒄 − 𝟑)𝟐⌊𝐥𝐨𝐠𝟐 𝒃⌋−𝟏 − 𝟑)𝟐⌊𝐥𝐨𝐠𝟐 𝒂⌋−𝟏………(𝑺. 𝟐) 

where  𝒂, 𝒃, 𝒄 ∈ 𝑴 and obtain (𝑺. 𝟏) = (𝑺. 𝟐),  thus  (𝑴, ∗)  is a semigroup. 
Besides that, we can notice that  𝟑  is the neutral element since 

  𝟑 ∗ 𝒂 = 𝒂 ∗ 𝟑 = 𝒂, ∀𝒂 ∈ 𝑴. 
From these facts, we can deduce that  (𝑴, ∗)  is a monoid.   ∎ 

 

JP.515 Solve for real numbers: 

√(
𝟑

𝟓
𝐬𝐢𝐧 𝒙 +

𝟏𝟎𝟏

𝟏𝟓
𝐜𝐨𝐬𝒚) (

𝟓

𝟑
𝐬𝐢𝐧 𝒙 +

𝟏𝟕

𝟑
𝐜𝐨𝐬 𝒚) + 

+√(𝟏𝟓−
𝟓𝟐

𝟏𝟓
𝐬𝐢𝐧 𝒙 −

𝟑𝟖𝟖

𝟏𝟓
𝐜𝐨𝐬 𝒚) (−𝟕 +

𝟔

𝟓
𝐬𝐢𝐧𝒙 +

𝟐𝟎𝟐

𝟏𝟓
𝐜𝐨𝐬𝒚) = 𝟒 

Proposed by Mihaly Bencze-Romania 

 



 
www.ssmrmh.ro 

8 35-RMM WINTER EDITION 2024-SOLUTIONS 

 

Solution by proposer 

𝑳𝒆𝒕 𝒃𝒆 {
𝒂 =

𝟑

𝟓
𝐬𝐢𝐧𝒙 +

𝟏𝟎𝟏

𝟏𝟓
𝐜𝐨𝐬 𝒚

𝒃 =
𝟓

𝟑
𝐬𝐢𝐧 𝒙 +

𝟏𝟕

𝟑
𝐜𝐨𝐬 𝒚

 𝒂𝒏𝒅 {
𝒄 = 𝟏𝟓 −

𝟓𝟐

𝟏𝟓
𝐬𝐢𝐧 𝒙 −

𝟑𝟖𝟖

𝟏𝟓
𝐜𝐨𝐬 𝒚

𝒅 = −𝟕 +
𝟔

𝟓
𝐬𝐢𝐧𝒙 +

𝟐𝟎𝟐

𝟏𝟓
𝐜𝐨𝐬 𝒚

 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔: 

{

𝟑

𝟓
𝐬𝐢𝐧 𝒙 +

𝟏𝟎𝟏

𝟏𝟓
𝐜𝐨𝐬 𝒚 ≥ 𝟎

𝟓

𝟑
𝐬𝐢𝐧 𝒙 +

𝟏𝟕

𝟑
𝐜𝐨𝐬 𝒚 ≥ 𝟎

 𝒂𝒏𝒅 {
𝟏𝟓 −

𝟓𝟐

𝟏𝟓
𝐬𝐢𝐧𝒙 −

𝟑𝟖𝟖

𝟏𝟓
𝐜𝐨𝐬𝒚 ≥ 𝟎

−𝟕 +
𝟔

𝟓
𝐬𝐢𝐧 𝒙 +

𝟐𝟎𝟐

𝟏𝟓
𝐜𝐨𝐬 𝒚 ≥ 𝟎

 

𝒘𝒆 𝒈𝒆𝒕: {
𝒂𝒃 + 𝒄𝒅 = 𝟒

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 = 𝟖
⇒ (𝒂 − 𝒃)𝟐 + (𝒄 − 𝒅)𝟐 = 𝟎 ⇔ 𝒂 = 𝒄 𝒂𝒏𝒅 𝒃 = 𝒅. 

𝐬𝐢𝐧 𝒙 =
𝟏

𝟐
 𝒂𝒏𝒅 𝐜𝐨𝐬 𝒙 =

𝟏

𝟐
⇒ 𝒙 ∈ {(−𝟏)𝒌 ⋅

𝝅
𝟔
+ 𝒌𝝅|𝒌 ∈ ℤ}  𝒂𝒏𝒅 𝒚 ∈ {±

𝝅
𝟑
+ 𝟐𝒌𝝅|𝒌 ∈ ℤ} 

JP.516 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(∑𝒃𝒄

𝒄𝒚𝒄

)

𝟐

+ 𝒏(∑𝒂𝟐

𝒄𝒚𝒄

)

𝟐

≥ (𝒏 + 𝟏)(𝟏𝟖𝑹𝒓)𝟐, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

𝑾𝒆 𝒉𝒂𝒗𝒆: 𝑳𝑯𝑺 = (∑𝒃𝒄)𝟐 + 𝒏(∑𝒂𝟐)𝟐 = (∑𝒃𝒄)𝟐 + (∑𝒂𝟐)𝟐+. .+(∑𝒂𝟐)𝟐 = 

= 𝒙𝟏
𝟐 + 𝒙𝟐

𝟐 +⋯+ 𝒙𝒏
𝟐 + 𝒙𝒏+𝟏

𝟐 ≥
(𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏+𝟏)

𝟐

𝒏 + 𝟏
= 

=
(∑𝒃𝒄 + ∑𝒂𝟐 + ∑𝒂𝟐 +⋯+ ∑𝒂𝟐)𝟐

𝒏 + 𝟏
=
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 + 𝟐𝒏(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓))

𝟐

𝒏 + 𝟏
= 

=
((𝟏 + 𝟐𝒏)𝒔𝟐 + (𝟏 − 𝟐𝒏)(𝒓𝟐 + 𝟒𝑹𝒓))

𝟐

𝒏 + 𝟏
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 ((𝟏 + 𝟐𝒏)(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) + (𝟏 − 𝟐𝒏)(𝒓𝟐 + 𝟒𝑹𝒓))
𝟐

𝒏 + 𝟏
 

=
(𝟒𝒓((𝟔𝒏 + 𝟓)𝑹 − (𝟑𝒏 + 𝟏)𝒓))

𝟐

𝒏 + 𝟏
=
𝟏𝟔𝒓𝟐[(𝟔𝒏+ 𝟓)𝑹 − (𝟑𝒏 + 𝟏)𝒓]𝟐

𝒏 + 𝟏
≥

𝑬𝒖𝒍𝒆𝒓
 

≥
𝟏𝟔𝒓𝟐 [(𝟔𝒏 + 𝟓)𝑹− (𝟑𝒏 + 𝟏)

𝑹
𝟐
]
𝟐

𝒏 + 𝟏
=
𝟒𝒓𝟐[𝟗(𝒏+ 𝟏)𝑹]𝟐

𝒏 + 𝟏
=
𝟒𝒓𝟐 ∙ 𝟖𝟏𝑹𝟐(𝒏 + 𝟏)𝟐

𝒏 + 𝟏
= 
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= 𝟑𝟐𝟒(𝒏 + 𝟏)𝑹𝟐𝒓𝟐 = (𝒏 + 𝟏)(𝟏𝟖𝑹𝒓)𝟐 = 𝑹𝑯𝑺 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍.   

Solution 2 by Tapas Das-India 

In 𝚫𝑨𝑩𝑪 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 + 𝒏(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ (𝒏 + 𝟏)(𝟏𝟖𝑹𝒓)𝟐, 𝒏 ∈ ℕ 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 + 𝒏(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 = 

= (𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐 + 𝒏(𝟐𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)𝟐 

≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 (𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐 + 𝒏(𝟑𝟐𝑹𝒓 − 𝟏𝟎𝒓𝟐 − 𝟐𝒏𝟐 − 𝟖𝑹𝒓)𝟐 

= (𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐) + 𝒏(𝟐𝟒𝑹𝒓 − 𝟏𝟐𝒓𝟐)𝟐 

= (𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐)𝟐 + 𝒏(𝟐𝟒𝑹𝒓 − 𝟖𝒓𝟐 − 𝟒𝒓𝟐)𝟐 

≥
𝑬𝒖𝒍𝒆𝒓

(𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐)𝟐 + 𝒏(𝟐𝟒𝑹𝒓 − 𝟖 ⋅
𝑹

𝟐
𝒓 − 𝟒𝒓𝟐)

𝟐

 

= (𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐)𝟐 + 𝒏(𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐)𝟐 = (𝒏 + 𝟏)(𝟐𝟎𝑹𝒓 + 𝟒𝒓𝟐)𝟐 

≥
𝑬𝒖𝒍𝒆𝒓

(𝒏 + 𝟏) (𝟐𝟎𝑹𝒓 − 𝟒𝒓 ⋅
𝑹

𝟐
)
𝟐

= (𝒏 + 𝟏)(𝟏𝟖𝑹𝒓)𝟐 

JP.517 If 𝒙, 𝒚, 𝒛 ∈ [𝟎; 𝒌]; 𝒌 > 𝟎, then 𝒚(𝒙 − 𝒛) − 𝒛(𝒙 − 𝒌) ≤ 𝒌𝟐 

Proposed by Laura Molea and Gheorghe Molea – Romania  
Solution 1 by proposers 

We construct the cube 𝑨𝑩𝑪𝑫𝑨′𝑩′𝑪′𝑫′ with the side 𝒌 > 𝟎 and rectangular 

parallelepipeds 𝑨𝑩′′𝑪′′𝑫′′𝑴𝑵𝑷𝑸, 𝑷𝑹𝑺𝑻𝑷′𝑹′𝑪′𝑻′. If 𝑨𝑩′′ = 𝒙 ⇒ 𝑩′′𝑩 = 𝒌 − 𝒙, 

𝑨𝑫′′ = 𝒚 ⇒ 𝑫′′𝑫 = 𝒌 − 𝒚, 𝑨′𝑴 = 𝒛 ⇒ 𝑨𝑴 = 𝒌 − 𝒛 

We have 𝑽𝟏 = 𝑽𝑨𝑩′′𝑪′′𝑫′′𝑴𝑵𝑷𝑸 = 𝒙𝒚(𝒌 − 𝒛) 

𝑽𝟐 = 𝑽𝑷𝑹𝑺𝑻𝑷′𝑹′𝑪′𝑻′ = (𝒌 − 𝒙)(𝒌 − 𝒚)𝒛 

𝑽 = 𝑽𝑨𝑩𝑪𝑫𝑨′𝑩′𝑪′𝑫′ = 𝒌
𝟑 

But 𝑽𝟏 + 𝑽𝟐 ≤ 𝑽 ⇒ 𝒙𝒚(𝒌 − 𝒛) + (𝒌 − 𝒙)(𝒌 − 𝒚)𝒛 ≤ 𝒌𝟑 ⇔ 𝒙𝒚𝒌 − 𝒙𝒚𝒛 + 𝒌𝟐𝒛 − 𝒌𝒚𝒛 − 

−𝒌𝒙𝒛 + 𝒙𝒚𝒛 ≤ 𝒌𝟑 ⇔ 𝒙𝒚+ 𝒌𝒛 − 𝒚𝒛 − 𝒙𝒛 ≤ 𝒌𝟐 ⇔ 

⇔ 𝒚(𝒙 − 𝒛) − 𝒛(𝒙 − 𝒌) ≤ 𝒌𝟐, Q.E.D. 

We have equality if: 𝒙 = 𝒚 = 𝒌, 𝒛 = 𝟎 or 𝒙 = 𝒚 = 𝟎, 𝒛 = 𝒌. 
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Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝒙 = 𝒌 𝐬𝐢𝐧𝒂 , 𝒚 = 𝒌 𝐬𝐢𝐧𝒃 , 𝒛 = 𝒌 𝐬𝐢𝐧 𝒄  where  𝒂, 𝒃, 𝒄 ∈ [𝟎,
𝝅

𝟐
].   

Thus, proving the inequality  𝒚(𝒙 − 𝒛) − 𝒛(𝒙 − 𝒌) ≤ 𝒌𝟐  is equivalent to proving 
𝐬𝐢𝐧𝒂 ⋅ 𝐬𝐢𝐧𝒃 + 𝐬𝐢𝐧 𝒄 ⋅ (𝟏 − 𝐬𝐢𝐧 𝒂 − 𝐬𝐢𝐧 𝒃) ≤ 𝟏 

If  𝐬𝐢𝐧 𝒂 + 𝐬𝐢𝐧 𝒃 ≥ 𝟏, then 
𝐬𝐢𝐧𝒂 ⋅ 𝐬𝐢𝐧𝒃 + 𝐬𝐢𝐧 𝒄 ⋅ (𝟏 − 𝐬𝐢𝐧 𝒂 − 𝐬𝐢𝐧 𝒃) ≤ 𝐬𝐢𝐧𝒂 ⋅ 𝐬𝐢𝐧𝒃 ≤ 𝟏. 

(Equality holds iff  𝒂 = 𝒃 =
𝝅

𝟐
, 𝒄 = 𝟎) 

If  𝐬𝐢𝐧 𝒂 + 𝐬𝐢𝐧 𝒃 ≤ 𝟏, then 
  𝐬𝐢𝐧𝒂 ⋅ 𝐬𝐢𝐧 𝒃 + 𝐬𝐢𝐧 𝒄 ⋅ (𝟏 − 𝐬𝐢𝐧𝒂 − 𝐬𝐢𝐧𝒃) ≤ 𝐬𝐢𝐧𝒂 ⋅ 𝐬𝐢𝐧 𝒃 − 𝐬𝐢𝐧𝒂 − 𝐬𝐢𝐧𝒃 + 𝟏 =

= (𝟏 − 𝐬𝐢𝐧𝒂)(𝟏 − 𝐬𝐢𝐧𝒃) ≤ 𝟏. 

 (Equality holds iff  𝒂 = 𝒃 = 𝟎, 𝒄 =
𝝅

𝟐
) 

Solution 3 by Daniel Sitaru-Romania 

𝒇: [𝟎, 𝒌]𝑿[𝟎, 𝒌]𝑿[𝟎, 𝒌] → ℝ, [𝟎, 𝒌] −compact 

𝒇(𝒙, 𝒚, 𝒛) = 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙 + 𝒛𝒌 

𝒇′𝒙 = 𝒚 − 𝒛, 𝒇
′
𝒚 = 𝒙 − 𝒛, 𝒇

′
𝒛 = −𝒚 − 𝒙 + 𝒌 

𝒇′′𝒙𝒙 = 𝟎, 𝒇′′𝒚𝒚 = 𝟎, 𝒇′′𝒛𝒛 = 𝟎 

𝒇(𝟎, 𝟎, 𝟎) = 𝟎, 𝒇(𝒌, 𝟎, 𝟎) = 𝟎 , 𝒇(𝟎, 𝒌, 𝟎) = 𝟎, 𝒇(𝟎, 𝟎, 𝒌) = 𝒌𝟐 

𝒇(𝒌, 𝒌, 𝟎) = 𝒌𝟐, 𝒇(𝟎, 𝒌, 𝒌) = 𝟎, 𝒇(𝒌, 𝟎, 𝒌) = 𝟎, 𝒇(𝒌, 𝒌, 𝒌) = 𝒌𝟐 

𝒎𝒂𝒙𝒇(𝒙, 𝒚, 𝒛) = 𝒎𝒂𝒙(𝟎, 𝒌𝟐) = 𝒌𝟐 

𝒇(𝒙, 𝒚, 𝒛) = 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙 + 𝒛𝒌 ≤ 𝒌𝟐 

JP.518 Let 𝑨𝑩𝑪𝑫 a convex quadrilateral, 𝝀 ∈ ℝ and 𝑴,𝑵 be such that  

𝑨𝑴⃗⃗⃗⃗⃗⃗  ⃗ = 𝝀 ⋅ 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗  = 𝝀 ⋅ 𝑫𝑪⃗⃗⃗⃗⃗⃗ , 𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝟑𝑩𝑪⃗⃗⃗⃗⃗⃗ . Find 𝝀 ∈ ℝ such that 𝑴𝑵⃗⃗⃗⃗⃗⃗  ⃗ = 𝟕𝑩𝑪⃗⃗⃗⃗⃗⃗ . 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝑾𝒆 𝒉𝒂𝒗𝒆:𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ⇒ 𝝀 ⋅ 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀(𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ) 𝒂𝒏𝒅  

(𝟏 − 𝝀)𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝟏 − 𝝀)(𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑫⃗⃗⃗⃗⃗⃗ + 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ), 𝒉𝒆𝒏𝒄𝒆 

𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝝀 + 𝟏 − 𝝀)𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀(𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ) + (𝟏 − 𝝀)(𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑫⃗⃗⃗⃗⃗⃗ + 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ) = 

= 𝝀 ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑨𝑫⃗⃗⃗⃗⃗⃗ + [𝝀𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + (𝟏 − 𝝀)𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗] + [𝝀 ⋅ 𝑪𝑵⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ] 
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𝑳𝒆𝒕 𝑪𝑬 ∥ 𝑨𝑩,𝑪𝑬 = 𝑨𝑩.𝑭𝒓𝒐𝒎 𝟑𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ , 𝒊𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒔: 

𝟐𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ = 𝑬𝑪⃗⃗⃗⃗  ⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ = 𝑬𝑫⃗⃗⃗⃗⃗⃗ , 𝒕𝒉𝒆𝒏 𝑫𝑬 ∥ 𝑩𝑬,𝑫𝑬 = 𝟐𝑩𝑪 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆, 

𝑨𝑩𝑪𝑬 𝒊𝒔 𝒂𝒏 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎, 𝒔𝒐 𝑨𝑬 ∥ 𝑩𝑪, 𝑨𝑬 = 𝑩𝑪. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀 ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑨𝑫⃗⃗⃗⃗⃗⃗ ;𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝟑 − 𝟐𝝀)𝑩𝑪⃗⃗⃗⃗⃗⃗ ⇒ 

𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝟕𝑩𝑪⃗⃗⃗⃗⃗⃗ ⇔ 𝟑 − 𝟐𝝀 = 𝟕 ⇔ 𝝀 = −𝟐.   

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝑶  be the origin point. For all points 𝑿, define  �̅� = 𝑶𝑿⃗⃗⃗⃗⃗⃗  .  From the given conditions, 
now we have the following equations: 

�̅� − �̅� = 𝝀(�̅� − �̅�)    ……… (𝟏) 
�̅� − �̅� = 𝝀(�̅� − �̅�)   ………(𝟐) 
�̅� − �̅� = 𝟑(�̅� − �̅�)    ……… (𝟑) 
�̅� − �̅� = 𝟕(�̅� − �̅�)    ……… (𝟒) 

Subtracting equation (𝟏) from equation (𝟐) gives us 
(�̅� − �̅�) − (�̅� − �̅�) = 𝝀(�̅� − �̅�) − 𝝀(�̅� − �̅�) 

(𝝀 − 𝟏)(�̅� − �̅�) = 𝝀(�̅� − �̅�) − (�̅� − �̅�)    ……… (𝟓) 
Substituting (𝟑) and (𝟒) to (𝟓) yields 

𝟑(𝝀 − 𝟏)(�̅� − �̅�) = (𝝀 − 𝟕)(�̅� − �̅�). 
Since  �̅� ≠ �̅�  then  𝟑(𝝀 − 𝟏) = 𝝀 − 𝟕  and thus  𝝀 = −𝟐  which is the only answer. 
 

JP.519 In 𝚫𝑨𝑩𝑪, 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′ −internal bisectors, 𝑨′′ −symmetric point of 

 𝑨 to 𝑩𝑪, 𝑵 ∈ (𝑨𝑩),𝑴 ∈ (𝑨𝑵) such that 𝑪𝑴⃗⃗ ⃗⃗ ⃗⃗ = 𝒙 ⋅ 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗, 𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝒙 ⋅ 𝑨𝑵⃗⃗⃗⃗⃗⃗ , 𝒙 ∈ ℝ.  

Prove that if 𝑨𝑨′⃗⃗⃗⃗⃗⃗  ⃗ + 𝑩𝑩′⃗⃗ ⃗⃗⃗⃗ ⃗⃗ + 𝑪𝑪′⃗⃗⃗⃗⃗⃗  ⃗ = 𝟎 then 𝑨,𝑴, 𝑨′′ are collinears.  

Proposed by Florică Anastase-Romania 

Solution by proposer 

𝑨𝑨′ − 𝒊𝒏𝒕𝒆𝒓𝒏𝒂𝒍 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 ⇒
𝑨′𝑩

𝑨′𝑪
=
𝑨𝑩

𝑨𝑪
=
𝒄

𝒃
⇒ 𝒃 ⋅ 𝑨′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝒄 ⋅ 𝑨′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⇒ 

𝒃(𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑨𝑩⃗⃗⃗⃗⃗⃗ ) = 𝒄(𝑨′𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗) ⇒ (𝒃 + 𝒄)𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝒃𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒄𝑨𝑪⃗⃗⃗⃗  ⃗  

⇒ 𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ =
𝒃𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒄𝑨𝑪⃗⃗⃗⃗  ⃗

𝒃 + 𝒄
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝑩𝑩′⃗⃗ ⃗⃗ ⃗⃗⃗⃗  =
𝒄𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝒂𝑩𝑨⃗⃗⃗⃗⃗⃗ 

𝒄 + 𝒂
 𝒂𝒏𝒅 𝑪𝑪′⃗⃗⃗⃗ ⃗⃗  ⃗ =

𝒂𝑪𝑨⃗⃗⃗⃗  ⃗ + 𝒃𝑪𝑩⃗⃗⃗⃗⃗⃗ 

𝒃 + 𝒂
. 
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 𝑨𝑨′⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑩𝑩′⃗⃗ ⃗⃗ ⃗⃗⃗⃗  + 𝑪𝑪′⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝟎 ⇔
𝒃𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝒄𝑨𝑪⃗⃗⃗⃗  ⃗

𝒃 + 𝒄
+
𝒄𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝒂𝑩𝑨⃗⃗⃗⃗⃗⃗ 

𝒄 + 𝒂
+
𝒂𝑪𝑨⃗⃗⃗⃗  ⃗ + 𝒃𝑪𝑩⃗⃗⃗⃗⃗⃗ 

𝒃 + 𝒂
= 𝟎 ⇔ 

(
𝒃

𝒃 + 𝒄
−

𝒂

𝒂 + 𝒄
)𝑨𝑩⃗⃗⃗⃗⃗⃗ + (

𝒄

𝒃 + 𝒄
−

𝒃

𝒃 + 𝒂
)𝑨𝑪⃗⃗⃗⃗  ⃗ + (

𝒄

𝒂 + 𝒄
−

𝒃

𝒃 + 𝒂
)𝑪𝑩⃗⃗⃗⃗⃗⃗ = 𝟎 

𝑯𝒐𝒘 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑩𝑪⃗⃗⃗⃗⃗⃗ , 𝑪𝑨⃗⃗⃗⃗  ⃗ 𝒂𝒓𝒆 𝒏𝒐𝒕 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓 ⇒ 

𝒃

𝒃 + 𝒄
−

𝒂

𝒂 + 𝒄
= 𝟎;

𝒄

𝒃 + 𝒄
−

𝒃

𝒃 + 𝒂
= 𝟎;

𝒄

𝒂 + 𝒄
−

𝒃

𝒃 + 𝒂
= 𝟎 

⇒ 𝒂 = 𝒃 = 𝒄 ⇒ 𝚫𝑨𝑩𝑪 − 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

𝑨′′𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝑨, 𝒕𝒉𝒆𝒏 𝑨𝑩𝑨′′𝑪 𝒊𝒔 𝒂𝒏 𝒑𝒂𝒓𝒂𝒍𝒆𝒍𝒍𝒐𝒈𝒓𝒂𝒎,𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 

𝑨𝑨′′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗; (𝟏) 

𝑵𝒐𝒘, 𝒇𝒓𝒐𝒎  𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝒙 ⋅ 𝑨𝑵⃗⃗⃗⃗⃗⃗  , 𝑪𝑴⃗⃗ ⃗⃗ ⃗⃗  = 𝒙 ⋅ 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ ⇒ 𝑪𝑨⃗⃗⃗⃗  ⃗ + 𝑨𝑴⃗⃗⃗⃗⃗⃗  ⃗ = 𝒙(𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑵⃗⃗⃗⃗⃗⃗  ) 

(𝟏 + 𝒙)𝑨𝑴⃗⃗⃗⃗⃗⃗  ⃗ = 𝑨𝑪⃗⃗⃗⃗  ⃗ + 𝒙 ⋅ 𝑨𝑵⃗⃗⃗⃗⃗⃗  = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑨𝑪⃗⃗⃗⃗  ⃗ =
(𝟏)
𝑨𝑨′′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⇒ 𝑨,𝑴, 𝑨′′ − 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓𝒔.   

 

JP.520 Prove, that in any 𝑨𝑩𝑪 triangle, the following inequalities hold: 

𝟑√
𝟐𝒓

𝑹
≤ 𝐬𝐢𝐧 (

�̂�

𝟐
+ �̂�) + 𝐬𝐢𝐧 (

�̂�

𝟐
+ �̂�) + 𝐬𝐢𝐧 (

�̂�

𝟐
+ �̂�) ≤ 𝟑 

Proposed by Radu Diaconu – Romania  
Solution 1 by proposer 

We prove that: 

𝐬𝐢𝐧 (
𝑨

𝟐

̂
+ �̂�) + 𝐬𝐢𝐧(

�̂�

𝟐
+ �̂�) + 𝐬𝐢𝐧 (

�̂�

𝟐
+ �̂�) =∑𝐜𝐨𝐬

�̂� − �̂�

𝟐
𝒄𝒚𝒄

 

𝐬𝐢𝐧 (
�̂�

𝟐
+ �̂�) = 𝐬𝐢𝐧(

𝝅

𝟐
+ �̂� −

�̂� + �̂�

𝟐
) = 𝐬𝐢𝐧 (

𝝅

𝟐
+
�̂� − �̂�

𝟐
) = 𝐜𝐨𝐬

�̂� − �̂�

𝟐
 

𝐬𝐢𝐧 (
�̂�

𝟐
+ �̂�) = 𝐬𝐢𝐧(

𝝅

𝟐
+ �̂� −

�̂� + �̂�

𝟐
) = 𝐬𝐢𝐧(

𝝅

𝟐
+
�̂� − �̂�

𝟐
) = 𝐜𝐨𝐬

�̂� − �̂�

𝟐
 

𝐬𝐢𝐧 (
�̂�

𝟐
+ �̂�) = 𝐬𝐢𝐧 (

𝝅

𝟐
+ �̂� −

�̂� + �̂�

𝟐
) = 𝐬𝐢𝐧(

𝝅

𝟐
+
�̂� − �̂�

𝟐
) = 𝐜𝐨𝐬

�̂� − �̂�

𝟐
 

𝐬𝐢𝐧 (
�̂�

𝟐
+ �̂�) + 𝐬𝐢𝐧(

�̂�

𝟐
+ �̂�) + 𝐬𝐢𝐧(

�̂�

𝟐
+ �̂�) = 𝐜𝐨𝐬

�̂� − �̂�

𝟐
+ 𝐜𝐨𝐬

�̂� − �̂�

𝟐
+ 𝐜𝐨𝐬

�̂� − �̂�

𝟐
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Using the inequality 𝐜𝐨𝐬
�̂�−�̂�

𝟐
≥ √

𝟐𝒓

𝑹
 and the analogs, we obtain: 

𝐜𝐨𝐬
�̂�−�̂�

𝟐
+ 𝐜𝐨𝐬

�̂�−�̂�

𝟐
+ 𝐜𝐨𝐬

�̂�−�̂�

𝟐
≥ 𝟑√

𝟐𝒓

𝑹
       (1) 

∑ 𝐬𝐢𝐧 (
�̂�

𝟐
+ �̂�)𝒄𝒚𝒄 = ∑ 𝐜𝐨𝐬

�̂�−�̂�

𝟐𝒄𝒚𝒄 ≤ 𝟑     (2) 

We have used the relationship: 

∑𝐜𝐨𝐬
�̂� − �̂�

𝟐
𝒄𝒚𝒄

≤ 𝟑 

From (1) and (2), it follows the conclusion of the problem. Equality holds for an equilateral 

triangle. We prove that: 𝐜𝐨𝐬
�̂�−�̂�

𝟐
≥ √

𝟐𝒓

𝑹
. As: 

𝐜𝐨𝐬
�̂� − �̂�

𝟐
= 𝐜𝐨𝐬

�̂�

𝟐
𝐜𝐨𝐬

�̂�

𝟐
+ 𝐬𝐢𝐧

�̂�

𝟐
𝐬𝐢𝐧

�̂�

𝟐
=
𝟐𝒑 − 𝒄

𝒄
√
(𝒑 − 𝒂)(𝒑 − 𝒃)

𝒂𝒃
;
𝟐𝒓

𝑹
=
𝟖 ⋅ 𝑺𝟐

𝒑 ⋅ 𝒂𝒃𝒄
 

Inequality 𝐜𝐨𝐬
�̂�−�̂�

𝟐
≥ √

𝟐𝒓

𝑹
, is equivalent with: 

𝟐𝒑 − 𝒄

𝒄
⋅ √
(𝒑 − 𝒂)(𝒑 − 𝒃)

𝒂𝒃
≥ √

𝟖𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)

𝒑𝒂𝒃𝒄
⇔
𝟐𝒑 − 𝒄

𝒄
≥ √

𝟖(𝒑 − 𝒄)

𝒄
⇔ 

𝟐𝒑 − 𝒄 ≥ √𝟖𝒄(𝒑 − 𝒄) ⇔ (𝟐𝒑 − 𝒄)𝟐 ≥ 𝟖𝒄(𝒑 − 𝒄) ⇔ 𝟒𝒑𝟐 − 𝟏𝟐𝒑𝒄 + 𝟗𝒄𝟐 ≥ 𝟎 ⇔ 

⇔ (𝟐𝒑− 𝟑𝒄)𝟐 ≥ 𝟎, obviously true. 

Solution 2 by Tapas Das-India 
Prove that in any 𝚫𝑨𝑩𝑪 

𝟑√
𝟐𝒓

𝑹
≤ 𝐬𝐢𝐧 (

𝑨

𝟐
+ 𝑩) + 𝐬𝐢𝐧 (

𝑩

𝟐
+ 𝑪) + 𝐬𝐢𝐧 (

𝑪

𝟐
+ 𝑨) ≤ 𝟑 

Let 𝒇(𝒙) = 𝐬𝐢𝐧𝒙 , 𝒙 ∈ (𝟎, 𝝅) 

∴ 𝒇′(𝒙) = 𝐜𝐨𝐬 𝒙 , 𝒇′′(𝒙) = − 𝐬𝐢𝐧𝒙 < 𝟎 

∴ 𝒇 is concave in (𝟎, 𝝅), using Jensen’s we have 

𝒇 (
𝑨

𝟐
+ 𝑩) + 𝒇(

𝑩

𝟐
+ 𝑪) + 𝒇 (

𝑪

𝟐
+ 𝑨) ≤ 𝟑𝒇(

𝑨
𝟐 + 𝑩+

𝑩
𝟐 + 𝑪 +

𝑪
𝟐 + 𝑨

𝟑
) 
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= 𝟑𝒇 (
𝝅

𝟐
) = 𝟑       (∵ 𝑨 + 𝑩 + 𝑪 = 𝝅) 

𝑨

𝟐
+ 𝑩 =

𝑨

𝟐
+
𝑩

𝟐
+
𝑩

𝟐
=
𝑩

𝟐
+
𝑨 + 𝑩

𝟐
=
𝑩

𝟐
+
𝝅− 𝑪

𝟐
=
𝝅

𝟐
+ (

𝑩 − 𝑪

𝟐
) 

∴ 𝐬𝐢𝐧 (
𝑨

𝟐
+ 𝑩) = 𝐬𝐢𝐧 [

𝝅

𝟐
+ (

𝑩 − 𝑪

𝟐
)] = 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
 

Similarly, 𝐬𝐢𝐧 (
𝑩

𝟐
+ 𝑪) = 𝐜𝐨𝐬 (

𝑪−𝑨

𝟐
) 

𝐬𝐢𝐧 (
𝑪

𝟐
+ 𝑨) = 𝐜𝐨𝐬 (

𝑨 − 𝑪

𝟐
) 

Now 𝐜𝐨𝐬
𝑩−𝑪

𝟐
= 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
⋅ 𝐬𝐢𝐧

𝑪

𝟐
 

= √
𝒔(𝒔 − 𝒃)𝒔(𝒔 − 𝒄)

𝒂𝒄 ⋅ 𝒂𝒃
+ √

(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒂𝒄
⋅
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

Using Ravi’s substitutions {

𝒂 = 𝒚 + 𝒛
𝒃 = 𝒛 + 𝒙
𝒄 = 𝒙 + 𝒚

 

and 𝒂 + 𝒃 = 𝒄 = 𝟐(𝒙 + 𝒚 + 𝒛) 

∴ 𝟐𝒔 = 𝟐(𝒙 + 𝒚 + 𝒛) 

∴ 𝒔 = 𝒙 + 𝒚 + 𝒛 

We need to show 𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

Now the inequality equivalent to  

(𝟐𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟖𝒙(𝒚 + 𝒛). True according to AM-GM 

∴ 𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

∴ 𝐬𝐢𝐧 (
𝑨

𝟐
+ 𝑩) + 𝐬𝐢𝐧 (

𝑩

𝟐
+ 𝑪) + 𝐬𝐢𝐧 (

𝑪

𝟐
+ 𝑨) = 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
+ 𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
+ 𝐜𝐨𝐬

𝑨 − 𝑪

𝟐

≥ 𝟑√
𝟐𝒓

𝑹
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JP.521 If 𝒂, 𝒃, 𝒄, 𝒅 > 𝟎, such that (𝒂 + 𝒃 + 𝒄)(𝒃 + 𝒄 + 𝒅) = 𝟏, prove that: 

√(𝒂 + 𝒃)(𝒄 + 𝒅)
𝟑

+ √(𝒃 + 𝒄)(𝒅 + 𝒂)
𝟑

+ √(𝒄 + 𝒅)(𝒂 + 𝒃)
𝟑

+ √(𝒅 + 𝒂)(𝒃 + 𝒄)
𝟑

< 

<
𝟏

𝟑
(
𝒂+ 𝒃

𝒃 + 𝒄
+
𝒃 + 𝒄

𝒄 + 𝒅
+
𝒄 + 𝒅

𝒅 + 𝒂
+
𝒅 + 𝒂

𝒂 + 𝒃
+ 𝟒) 

Proposed by Gheorghe Molea – Romania  

Solution by proposer 

√(𝒂 + 𝒃)(𝒄 + 𝒅)
𝟑

= √
𝒂 + 𝒃

𝒃 + 𝒄
⋅
𝒃 + 𝒄

𝒂 + 𝒃 + 𝒄
⋅
𝒄 + 𝒅

𝒃 + 𝒄 + 𝒅

𝟑

≤ 

≤
𝟏

𝟑
(
𝒂 + 𝒃

𝒃 + 𝒄
+

𝒃 + 𝒄

𝒂 + 𝒃 + 𝒄
+

𝒄 + 𝒅

𝒃 + 𝒄 + 𝒅
) 

√(𝒃 + 𝒄)(𝒅 + 𝒂)
𝟑

= √
𝒃 + 𝒄

𝒄 + 𝒅
⋅
𝒄 + 𝒅

𝒂 + 𝒃 + 𝒄
⋅
𝒅 + 𝒂

𝒃 + 𝒄 + 𝒅

𝟑

≤ 

≤
𝟏

𝟑
(
𝒃 + 𝒄

𝒄 + 𝒅
+

𝒄 + 𝒅

𝒂 + 𝒃 + 𝒄
+

𝒅 + 𝒂

𝒃 + 𝒄 + 𝒅
) 

√(𝒄 + 𝒅)(𝒂 + 𝒃)
𝟑

= √
𝒄 + 𝒅

𝒅 + 𝒂
⋅
𝒅 + 𝒂

𝒂 + 𝒃 + 𝒄
⋅
𝒂 + 𝒃

𝒃 + 𝒄 + 𝒅

𝟑

≤ 

≤
𝟏

𝟑
(
𝒄 + 𝒅

𝒅 + 𝒂
+

𝒅 + 𝒂

𝒂 + 𝒃 + 𝒄
+

𝒂 + 𝒃

𝒃 + 𝒄 + 𝒅
) 

√(𝒅 + 𝒂)(𝒃 + 𝒄)
𝟑

≤ √
𝒅 + 𝒂

𝒂 + 𝒃
⋅
𝒂 + 𝒃

𝒂 + 𝒃 + 𝒄
⋅
𝒃 + 𝒄

𝒃 + 𝒄 + 𝒅

𝟑

≤ 

≤
𝟏

𝟑
(
𝒅 + 𝒂

𝒂 + 𝒃
+

𝒂 + 𝒃

𝒂 + 𝒃 + 𝒄
+

𝒃 + 𝒄

𝒃 + 𝒄 + 𝒅
) 

By adding the 4 inequalities we obtain: 

√(𝒂 + 𝒃)(𝒄 + 𝒅)
𝟑

+ √(𝒃 + 𝒄)(𝒅 + 𝒂)
𝟑

+ √(𝒄 + 𝒅)(𝒂 + 𝒃)
𝟑

+ √(𝒅 + 𝒂)(𝒃 + 𝒄)
𝟑

≤ 

≤
𝟏

𝟑
(
𝒂+𝒃

𝒃+𝒄
+
𝒃+𝒄

𝒄+𝒅
+
𝒄+𝒅

𝒅+𝒂
+
𝒅+𝒂

𝒂+𝒃
+ 𝟒)    (*) 

We will prove than we cannot have equality. 𝑴𝒈 = 𝑴𝒂⇔ the numbers are equal, so: 

𝒂 + 𝒃

𝒃 + 𝒄
=

𝒃 + 𝒄

𝒂 + 𝒃 + 𝒄
=

𝒄 + 𝒅

𝒃 + 𝒄 + 𝒅
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𝒃 + 𝒄

𝒄 + 𝒅
=

𝒄 + 𝒅

𝒂 + 𝒃 + 𝒄
=

𝒅 + 𝒂

𝒃 + 𝒄 + 𝒅
 

𝒄 + 𝒅

𝒅 + 𝒂
=

𝒅 + 𝒂

𝒂 + 𝒃 + 𝒄
=

𝒂 + 𝒃

𝒃 + 𝒄 + 𝒅
 

𝒅 + 𝒂

𝒂 + 𝒃
=

𝒂 + 𝒃

𝒂 + 𝒃 + 𝒄
=

𝒃 + 𝒄

𝒃 + 𝒄 + 𝒅
 

Multiplying member with member the last equalities we obtain: 

𝒂 + 𝒃

𝒃 + 𝒄
⋅
𝒃 + 𝒄

𝒄 + 𝒅
⋅
𝒄 + 𝒅

𝒅 + 𝒂
⋅
𝒅 + 𝒂

𝒂 + 𝒃
= 

=
(𝒃 + 𝒄)(𝒄 + 𝒅)(𝒅 + 𝒂)(𝒂 + 𝒃)

(𝒂 + 𝒃 + 𝒄)𝟒
=
(𝒄 + 𝒅)(𝒅 + 𝒂)(𝒂 + 𝒃)(𝒃 + 𝒄)

(𝒃 + 𝒄 + 𝒅)𝟒
 

⇒ 𝒂+ 𝒃+ 𝒄 = 𝒃 + 𝒄 + 𝒅 ⇒ 𝒂 = 𝒅,  

(𝒂 + 𝒃 + 𝒄)(𝒃 + 𝒄 + 𝒅) = 𝟏 ⇒ 𝒂 + 𝒃 + 𝒄 = 𝒃 + 𝒄 + 𝒅 = 𝟏 

From 
𝒃+𝒄

𝒂+𝒃+𝒄
=

𝒄+𝒅

𝒃+𝒄+𝒅
⇒ 𝒃 = 𝒅 

From 
𝒄+𝒅

𝒂+𝒃+𝒄
=

𝒅+𝒂

𝒃+𝒄+𝒅
⇒ 𝒂 = 𝒄, so 𝒂 = 𝒅 = 𝒃 = 𝒄 

From 
𝒂 + 𝒃 + 𝒄 = 𝟏
𝒃 + 𝒄 + 𝒅 = 𝟏

| ⇒ 𝒂 = 𝒃 = 𝒄 = 𝒅 =
𝟏

𝟑
 

Relationship 
𝒂+𝒃

𝒃+𝒄
=

𝒃+𝒄

𝒂+𝒃+𝒄
 becomes 𝟏 =

𝟐

𝟑
 (F), so we have strictly inequality in (*) 

 
JP.522 In acute triangle ABC the following relationship holds: 

(∑
𝒔𝒊𝒏𝟐𝑨

𝒄𝒐𝒔𝑨
)(∑

𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝟐𝑨
) ≥ 𝟗 + 𝟕(

𝑹 − 𝟐𝒓

𝑹 + 𝒓
) 

Proposed by Alexandru Szoros-Romania 

Solution 1 by proposer 

∑
𝒔𝒊𝒏𝟐𝑨

𝒄𝒐𝒔𝑨
≥
(∑ 𝒔𝒊𝒏𝑨)

𝟐

∑𝒄𝒐𝒔𝑨
=
(
𝒔
𝑹)

𝟐

𝟏 +
𝒓
𝑹

=
𝒔𝟐

𝑹(𝑹 + 𝒓)
≥
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐

𝑹(𝑹 + 𝒓)
  ⇒              

∑
𝒔𝒊𝒏𝟐𝑨

𝒄𝒐𝒔𝑨
≥
𝒓(𝟏𝟔𝑹− 𝟓𝒓)

𝑹(𝑹 + 𝒓)
                (𝟏) 

∑
𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝟐𝑨
=∑(

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
) (
𝟐𝑹

𝒂
)
𝟐

=
𝟐𝑹𝟐

𝒂𝒃𝒄
∑(

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝒂
) = 
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=
𝟐𝑹𝟐

𝟒𝒔𝑹𝒓
(∑

𝒃𝟐 + 𝒄𝟐

𝒂
−∑𝒂) =

𝑹

𝟐𝒔𝒓
(
∑𝒃𝒄(𝒃𝟐 + 𝒄𝟐)

𝒂𝒃𝒄
− 𝟐𝒔) ≥ 

≥
𝑹

𝟐𝒔𝒓
(
𝟐∑𝒃𝟐𝒄𝟐

𝒂𝒃𝒄
− 𝟐𝒔) ≥

𝑹

𝒔𝒓
(∑𝒂− 𝒔) =

𝑹

𝒓
 ⇒∑

𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝟐𝑨
≥
𝑹

𝒓
                                        (𝟐) 

From (1) and (2) we get : 

(∑
𝒔𝒊𝒏𝟐𝑨

𝒄𝒐𝒔𝑨
)(∑

𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝟐𝑨
) ≥

𝟏𝟔𝑹 − 𝟓𝒓

𝑹 + 𝒓
=𝟗 + 𝟕(

𝑹 − 𝟐𝒓

𝑹 + 𝒓
) 

Solution 2 by Marin Chirciu-Romania 

Lemma 1. In 𝚫𝑨𝑩𝑪 holds 

∑
𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝟐 𝑨
=
𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 

∑
𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝟐 𝑨
≥
𝟕𝑹− 𝟔𝒓

𝟒𝒓
 

Solution:  

∑
𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝟐 𝑨
=∑

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
𝒂𝟐

𝟒𝑹𝟐

=
𝟐𝑹𝟐

𝒂𝒃𝒄
∑

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝒂

=
𝟐𝑹𝟐

𝟒𝑹𝒓𝒔
⋅
𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟐𝑹𝒓𝒔
=
𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 

We’ve used above: 

∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝒂
=
𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟐𝑹𝒓𝒔
 

∑
𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝟐 𝑨
=
𝒔𝟐(𝒔𝟐 − 𝟖𝑹𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
=
𝒔𝟐 − 𝟖𝑹𝒓

𝟒𝒓𝟐
−
(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≥
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝒓𝟐
−

(𝟒𝑹 + 𝒓)𝟐

𝟒 ⋅
𝒓(𝟒𝑹+ 𝒓)𝟐

𝑹 + 𝒓

= 

=
𝟖𝑹𝒓 − 𝟕𝒓𝟐

𝟒𝒓𝟐
−
𝑹 + 𝒓

𝟒𝒓
=
𝟖𝑹− 𝟕𝒓

𝟒𝒓
−
𝑹 + 𝒓

𝟒𝒓
=
𝟕𝑹− 𝟔𝒓

𝟒𝒓
 

Equality holds if and only if the triangle is equilateral. 

Lemma 2. In 𝚫𝑨𝑩𝑪 holds 
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∑
𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
=
𝒓(𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝑹[𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐]
 

∑
𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
≥
𝟐𝑹𝟐 +𝑹𝒓 − 𝒓𝟐

𝑹𝒓
 

Solution: 

∑
𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
=∑

𝒂𝟐

𝟒𝑹𝟐

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄

=
𝒂𝒃𝒄

𝟐𝑹
∑

𝒂

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
=
𝟒𝑹𝒓𝒔

𝟐𝑹𝟐
⋅
𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐

𝟐𝒔[𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐]

=
𝒓(𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝑹[𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐]
 

We’ve used above: 

∑
𝒂

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
=
𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐

𝟐𝒔[𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐]
 

∑
𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨

=
𝒓(𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝑹[𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐]
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒓(𝟖𝑹𝟐 + 𝟔𝑹𝒓 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐)

𝑹[𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐)]

=
𝒓(𝟒𝑹𝟐 + 𝟐𝑹𝒓 − 𝟐𝒓𝟐)

𝑹(𝟐𝒓𝟐)
=
𝟐𝑹𝟐 +𝑹𝒓 − 𝒓𝟐

𝑹𝒓
 

Equality holds if and only if the triangle is equilateral. Let’s get back to the main problem 

Using the lemmas above the inequality can be written: 

𝟕𝑹 − 𝟔𝒓

𝟒𝒓
⋅
𝟐𝑹𝟐 +𝑹𝒓 − 𝒓𝟐

𝑹𝒓
≥ 𝟗 + 𝟕 ⋅

𝑹 − 𝟐𝒓

𝑹 + 𝒓
⇔ 

⇔
𝟕𝑹− 𝟔𝒓

𝟒𝒓
⋅
𝟐𝑹𝟐 +𝑹𝒓 − 𝒓𝟐

𝑹𝒓
≥
𝟏𝟔𝑹− 𝟓𝒓

𝑹+ 𝒓
⇔ 

⇔
𝟏𝟒𝑹𝟑 − 𝟓𝑹𝟐𝒓 − 𝟏𝟑𝑹𝒓𝟐 + 𝟔𝒓𝟑

𝟒𝑹𝒓𝟐
≥
𝟏𝟔𝑹− 𝟓𝒓

𝑹+ 𝒓
⇔ 

⇔ 𝟏𝟒𝑹𝟒 + 𝟗𝑹𝟑𝒓 − 𝟖𝟐𝑹𝟐𝒓𝟐 + 𝟏𝟑𝑹𝒓𝟑 + 𝟔𝒓𝟒 ≥ 𝟎 ⇔ 

⇔ (𝑹− 𝟐𝒓)(𝟏𝟒𝑹𝟑 + 𝟑𝟕𝑹𝟐𝒓 − 𝟖𝑹𝒓𝟐 − 𝟑𝒓𝟑) ≥ 𝟎, 

which follows from Euler’s inequality 𝑹 ≥ 𝟐𝒓. 

Equality holds if and only if the triangle is equilateral. 
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JP.523 On the sides 𝑨𝑩 and 𝑨𝑪 of a triangle 𝑨𝑩𝑪, consider the interior points 

𝑬 and 𝑫, respectively, such that (
𝑨𝑬

𝑬𝑩
)
𝟐
+ (

𝑨𝑫𝟐

𝑫𝑪
)
𝟐

= 𝟏. The segments 𝑩𝑫 and 

𝑪𝑬 intersect at point 𝑷. Find the ratio of the areas of quadrilateral 𝑬𝑩𝑪𝑫 and 

triangle 𝑷𝑩𝑪. 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by proposer 

 

Let 
𝑨𝑬

𝑬𝑩
= 𝒎 and 

𝑨𝑫

𝑫𝑪
= 𝒏, then 𝒎𝟐 + 𝒏𝟐 = 𝟏. Using the Menelaus’ theorem in triangle 𝑨𝑪𝑬 

with intersecting line 𝑩𝑷𝑫, we have 
𝑨𝑩

𝑩𝑬
⋅
𝑬𝑷

𝑷𝑪
⋅
𝑪𝑫

𝑫𝑨
= 𝟏. Also, we have 

𝑨𝑩

𝑩𝑬
= 𝒎+ 𝟏,

𝑫𝑪

𝑨𝑫
=

𝟏

𝒏
, 

so, 

(𝒎 + 𝟏) ⋅
𝑬𝑷

𝑷𝑪
⋅
𝟏

𝒏
= 𝟏, namely, 

𝑬𝑷

𝑷𝑪
=

𝒏

𝒎+𝟏
⇔

𝑬𝑪

𝑷𝑪
=
𝒎+𝒏+𝟏

𝒎+𝟏
. 

Again, using the Menelaus’ theorem in triangle 𝑨𝑩𝑫 with intersecting line 𝑪𝑷𝑬, we have  

𝑨𝑪

𝑪𝑫
⋅
𝑫𝑷

𝑷𝑩
⋅
𝑩𝑬

𝑬𝑨
= 𝟏. So, (𝒏 + 𝟏) ⋅

𝑫𝑷

𝑷𝑩
⋅
𝟏

𝒎
= 𝟏 ⇔

𝑫𝑷

𝑷𝑩
=

𝒎

𝒏+𝟏
⇔

𝑩𝑫

𝑷𝑩
=

𝒎+𝒏+𝟏

𝒏+𝟏
. 

We have 
𝑬𝑪

𝑷𝑪
⋅
𝑩𝑫

𝑷𝑩
=

(𝒎+𝒏+𝟏)𝟐

(𝒎+𝟏)(𝒏+𝟏)
=
𝒎𝟐+𝒏𝟐+𝟐𝒎𝒏+𝟐𝒏+𝟐𝒎+𝟏

(𝒎+𝟏)(𝒏+𝟏)
=
𝟏+𝟏+𝟐𝒎𝒏+𝟐𝒎+𝟐𝒏

(𝒎+𝟏)(𝒏+𝟏)
=

𝟐(𝟏+𝒎𝒏+𝒎+𝒏)

(𝒎+𝟏)(𝒏+𝟏)
=

𝟐 

Also, we have (Fig.) 
[𝑷𝑩𝑬]

[𝑷𝑩𝑪]
=
𝑷𝑬

𝑷𝑪
,
[𝑷𝑪𝑫]

[𝑷𝑩𝑪]
=
𝑷𝑫

𝑷𝑩
,
[𝑷𝑫𝑬]

[𝑷𝑩𝑪]
=
𝑷𝑫⋅𝑷𝑬

𝑷𝑩⋅𝑷𝑪
. Now, we have 

[𝑬𝑩𝑪𝑫]

[𝑷𝑩𝑪]
=
[𝑷𝑩𝑪] + [𝑷𝑩𝑬] + [𝑷𝑬𝑫] + [𝑷𝑪𝑫]

[𝑷𝑩𝑪]
= 𝟏 +

[𝑷𝑩𝑬]

[𝑷𝑩𝑪]
+
[𝑷𝑬𝑫]

[𝑷𝑩𝑪]
+
[𝑷𝑪𝑫]

[𝑷𝑩𝑪]
= 

𝟏 +
𝑷𝑬

𝑷𝑪
+
𝑷𝑫 ⋅ 𝑷𝑬

𝑷𝑩 ⋅ 𝑷𝑪
+
𝑷𝑫

𝑷𝑩
=
𝑷𝑩 ⋅ 𝑷𝑪 + 𝑷𝑩 ⋅ 𝑷𝑬 + 𝑷𝑫 ⋅ 𝑷𝑬 + 𝑷𝑪 ⋅ 𝑷𝑫

𝑷𝑩 ⋅ 𝑷𝑪
= 



 
www.ssmrmh.ro 

20 35-RMM WINTER EDITION 2024-SOLUTIONS 

 

=
(𝑷𝑩 + 𝑷𝑫) ⋅ (𝑷𝑪 + 𝑷𝑬)

𝑷𝑩 ⋅ 𝑷𝑪
=
𝑩𝑫 ⋅ 𝑬𝑪

𝑷𝑩 ⋅ 𝑷𝑪
= 𝟐 

So, 

[𝑬𝑩𝑪𝑫]

[𝑷𝑩𝑪]
= 𝟐 

JP.524 Prove that in any 𝚫𝑨𝑩𝑪 the following inequality holds: 

𝐜𝐨𝐭
𝑨
𝟐

𝒉𝒂
+
𝐜𝐨𝐭

𝑩
𝟐

𝒉𝒃
+
𝐜𝐨𝐭

𝑪
𝟐

𝒉𝒄
≥
𝟒𝑹 + 𝒓

𝑭
 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

We have the inequality:  

𝒂(𝒚 + 𝒛) + 𝒃(𝒛 + 𝒙) + 𝒄(𝒙 + 𝒚) ≥ 𝟐√(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛)(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄), ∀𝒙, 𝒚, 𝒛, 𝒂, 𝒃, 𝒄 > 𝟎 

true, because we can assume 𝒙 + 𝒚 + 𝒛 = 𝟏, being homogeneous and then we must show 

that: 

𝟐√(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛)(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄) + 𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 ≤ 𝒂 + 𝒃 + 𝒄,  

which we prove applying twice Cauchy’s inequality: 

𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 + 𝟐√(𝒙𝒚 + 𝒚𝒛 + 𝒚𝒛)(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄) ≤ √𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐√𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 

+√𝟐(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛) ⋅ √𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄) ≤ 

≤ √𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄) ⋅ √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛 + 𝟏)

= 𝒂 + 𝒃 + 𝒄 

We take 𝒂 = 𝐜𝐨𝐭
𝑨

𝟐
, 𝒃 = 𝐜𝐨𝐭

𝑩

𝟐
, 𝒄 = 𝐜𝐨𝐭

𝑪

𝟐
∧ 𝒙 =

𝟏

𝒓𝒂
, 𝒚 =

𝟏

𝒓𝒃
, 𝒛 =

𝟏

𝒓𝒄
⇒ 

∑𝐜𝐨𝐭
𝑨

𝟐
(
𝟏

𝒓𝒃
+

𝒓

𝒓𝒄
) ≥ 𝟐√(∑𝐜𝐨𝐭

𝑨

𝟐
⋅ 𝐜𝐨𝐭

𝑨

𝟐
) ⋅ (∑

𝟏

𝒓𝒃
⋅
𝟏

𝒓𝒄
)    (1) 

But 
𝟏

𝒓𝒃
+

𝟏

𝒓𝒄
=

𝟐

𝒉𝒂
  (2) 

From (1) + (2) ⇒ ∑
𝐜𝐨𝐭

𝑨

𝟐

𝒉𝒂
≥ √(∑𝐜𝐨𝐭

𝑨

𝟐
⋅ 𝐜𝐨𝐭

𝑨

𝟐
) (∑

𝟏

𝒓𝒃𝒓𝒄
)    (3) 

But ∑
𝟏

𝒓𝒃𝒓𝒄
=
𝟒𝑹+𝒓

𝒑𝟐𝒓
∧ ∑ 𝐜𝐨𝐭

𝑨

𝟐
⋅ 𝐜𝐨𝐭

𝑩

𝟐
=
𝟒𝑹+𝒓

𝒓
  (4) 
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From (3) + (4) ⇒ ∑
𝐜𝐨𝐭

𝑨

𝟐

𝒉𝒂
≥ √

(𝟒𝑹+𝒓)𝟐

𝒑𝟐𝒓𝟐
=
𝟒𝑹+𝒓

𝒑𝟐𝒓
=
𝟒𝑹+𝒓

𝑺
 

Solution 2 by Marin Chirciu-Romania 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒉𝒂
≥
𝟒𝑹+ 𝒓

𝑭
 

Lemma. In 𝚫𝑨𝑩𝑪 holds 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒉𝒂
=
𝟒𝑹 + 𝒓

𝑭
. 

Using 𝐜𝐨𝐭
𝑨

𝟐
= √

𝒔(𝒔−𝒂)

(𝒔−𝒃)(𝒔−𝒄)
 and 𝒉𝒂 =

𝟐𝑭

𝒂
 we obtain: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒉𝒂
=∑

√
𝒔(𝒔 − 𝒂)

(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟐𝑭
𝒂

=
𝟏

𝟐𝑭
∑𝒂√

𝒔(𝒔 − 𝒂)

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
𝟏

𝟐𝑭
∑𝒂

𝒔(𝒔 − 𝒂)

√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
𝟏

𝟐𝑭
∑𝒂

𝒔(𝒔 − 𝒂)

𝑭
=

𝒔

𝟐𝑭𝟐
∑𝒂(𝒔 − 𝒂) =

𝒔

𝟐𝑭𝟐
⋅ 𝟐𝒓(𝟒𝑹+ 𝒓) =

𝟒𝑹 + 𝒓

𝑭
 

We’ve used above ∑𝒂(𝒔 − 𝒂) = 𝟐𝒓(𝟒𝑹 + 𝒓) 

Using the lemma we deduce that the relation from enunciation holds, with equality in any 

triangle. 

Extensions by Marin Chirciu-Romania 

Remark: In the same way : In 𝚫𝑨𝑩𝑪: 

𝟑𝒓

𝑭
≤∑

𝐭𝐚𝐧
𝑨
𝟐

𝒉𝒂
≤
𝟐𝑹 − 𝒓

𝑭
 

Marin Chirciu  

Solution: Lemma: In 𝚫𝑨𝑩𝑪: 

∑
𝐭𝐚𝐧

𝑨
𝟐

𝒉𝒂
=
𝟐𝑹 − 𝒓

𝑭
 

Proof. 



 
www.ssmrmh.ro 

22 35-RMM WINTER EDITION 2024-SOLUTIONS 

 

Using 𝐭𝐚𝐧
𝑨

𝟐
= √

(𝒑−𝒃)(𝒑−𝒄)

𝒑(𝒑−𝒂)
 and 𝒉𝒂 =

𝟐𝑭

𝒂
 we obtain: 

∑
𝐭𝐚𝐧

𝑨
𝟐

𝒉𝒂
=∑

√
(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒑(𝒑 − 𝒂)

𝟐𝑭
𝒂

=
𝟏

𝟐𝑭
∑𝒂√

(𝒑 − 𝒃)(𝒑 − 𝒄)

𝒑(𝒑 − 𝒂)
= 

=
𝟏

𝟐𝑭
∑𝒂

(𝒑− 𝒃)(𝒑 − 𝒄)

√𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)
= 

=
𝟏

𝟐𝑭
∑𝒂

(𝒑− 𝒃)(𝒑 − 𝒄)

𝑭
=

𝟏

𝟐𝑭𝟐
∑𝒂(𝒑− 𝒃)(𝒑 − 𝒄) = 

=
𝟏

𝟐𝑭𝟐
⋅ 𝟐𝒑𝒓(𝟐𝑹 − 𝒓) =

𝟐𝑹 − 𝒓

𝑭
 

We used above ∑𝒂(𝒑 − 𝒃)(𝒑 − 𝒄) = 𝟐𝒑𝒓(𝟐𝑹 − 𝒓). 

Using Lemma and Euler’s inequality 𝑹 ≥ 𝟐𝒓 we deduce the conclusion. 

Remark. 

Between the sums ∑
𝐭𝐚𝐧

𝑨

𝟐

𝒉𝒂
 and ∑

𝐜𝐨𝐭
𝑨

𝟐

𝒉𝒂
 the following relationship exists: 

In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒉𝒂
≤ 𝟑∑

𝐭𝐚𝐧
𝑨
𝟐

𝒉𝒂
 

Marin Chirciu  

Solution. 

Using the above Lemmas we have the sums ∑
𝐭𝐚𝐧

𝑨

𝟐

𝒉𝒂
=
𝟐𝑹−𝒓

𝑭
 and ∑

𝐜𝐨𝐭
𝑨

𝟐

𝒉𝒂
=
𝟒𝑹+𝒓

𝑭
. 

Inequality can be written: 
𝟒𝑹+𝒓

𝑭
≤ 𝟑 ⋅

𝟐𝑹−𝒓

𝑭
⇔ 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral. 

Remark: In the same way: In 𝚫𝑨𝑩𝑪: 

𝟑𝒓

𝟐𝑭
≤∑

𝐭𝐚𝐧
𝑨
𝟐

𝒓𝒂
≤
𝟑𝑹

𝟒𝑭
 

 Marin Chirciu 
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Solution: Lemma. In 𝚫𝑨𝑩𝑪: 

∑
𝐭𝐚𝐧

𝑨
𝟐

𝒓𝒂
=
𝟑𝒓

𝟐𝑭
 

Proof. 

Using 𝐭𝐚𝐧
𝑨

𝟐
= √

(𝒑−𝒃)(𝒑−𝒄)

𝒑(𝒑−𝒂)
 and 𝒓𝒂 =

𝑭

𝒑−𝒂
 we obtain: 

∑
𝐭𝐚𝐧

𝑨
𝟐

𝒉𝒂
=∑

√
(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒑(𝒑 − 𝒂)

𝑭
𝒑 − 𝒂

=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)√

(𝒑 − 𝒃)(𝒑 − 𝒄)

𝒑(𝒑 − 𝒂)
= 

=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)

√𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)
=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)

𝑭
 

=
𝟏

𝟐𝑭𝟐
∑(𝒑− 𝒂) (𝒑 − 𝒃)(𝒑 − 𝒄) =

𝟏

𝟐𝑭𝟐
⋅ 𝟑𝒑𝒓𝟐 =

𝟑𝒓

𝟐𝑭
 

We use above (𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄) = 𝒑𝒓𝟐. 

Using Lemma and Euler’s inequality 𝑹 ≥ 𝟐𝒓 we deduce the conclusion. 

Remark : In the same way : In 𝚫𝑨𝑩𝑪: 

𝟗

𝟐𝒑
≤∑

𝐜𝐨𝐭
𝑨
𝟐

𝒓𝒂
≤
𝟏

𝟐𝒑
(
𝟐𝑹

𝒓
− 𝟏)

𝟐

. 

Marin Chirciu  

Solution: Lemma. 

In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒓𝒂
=
𝒑(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
. 

Proof. 

Using 𝐜𝐨𝐭
𝑨

𝟐
= √

𝒑(𝒑−𝒂)

(𝒑−𝒃)(𝒑−𝒄)
 and 𝒓𝒂 =

𝑭

𝒑−𝒂
 we obtain: 
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∑
𝐜𝐨𝐭

𝑨
𝟐

𝒓𝒂
=∑

√
𝒑(𝒑 − 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)

𝑭
𝒑 − 𝒂

=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)√

𝒑(𝒑 − 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)
= 

=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)

𝒑(𝒑 − 𝒂)

√𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)
= 

=
𝟏

𝟐𝑭
∑(𝒑 − 𝒂)

𝒑(𝒑 − 𝒂)

𝑭
=

𝒑

𝟐𝑭𝟐
∑(𝒑− 𝒂)𝟐 = 

=
𝒑

𝟐𝑭𝟐
⋅ (𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) =

𝒑(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
 

We used above ∑(𝒑 − 𝒂)𝟐 = 𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓. 

Using the Lemma we obtain: 

Right hand inequality: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒓𝒂
=
𝒑(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒑(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
= 

=
𝒑(𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐)

𝟐𝑭𝟐
=
𝒑(𝟐𝑹 − 𝒓)𝟐

𝟐𝑭𝟐
=
𝟏

𝟐𝒑
(
𝟐𝑹

𝒓
− 𝟏)

𝟐

. 

Equality holds if and only if the triangle is equilateral. 

Left hand inequality: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒓𝒂
=
𝒑(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
= 

=
𝒑(𝟖𝑹𝒓 − 𝟕𝒓𝟐)

𝟐𝑭𝟐
=
𝒑𝒓(𝟖𝑹 − 𝟕𝒓)

𝟐𝑭𝟐
=
𝟖𝑹 − 𝟕𝒓

𝟐𝑭
≥

𝑬𝒖𝒍𝒆𝒓 𝟗𝒓

𝟐𝒑𝒓
=
𝟗

𝟐𝒑
 

Equality holds if and only if the triangle is equilateral. 

Remark: Between the sums ∑
𝐭𝐚𝐧

𝑨

𝟐

𝒓𝒂
 and ∑

𝐜𝐨𝐭
𝑨

𝟐

𝒓𝒂
 the following relationship exists: 

In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒓𝒂
≥ 𝟑∑

𝐭𝐚𝐧
𝑨
𝟐

𝒓𝒂
 

Marin Chirciu  
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Solution: Using the above Lemmas we have the sums: 

∑
𝐭𝐚𝐧

𝑨

𝟐

𝒓𝒂
=

𝟑𝒓

𝟐𝑭
 and ∑

𝐜𝐨𝐭
𝑨

𝟐

𝒓𝒂
=
𝒑(𝒑𝟐−𝟐𝒓𝟐−𝟖𝑹𝒓)

𝟐𝑭𝟐
 

Inequality can be written: 
𝒑(𝒑𝟐−𝟐𝒓𝟐−𝟖𝑹𝒓)

𝟐𝑭𝟐
≥ 𝟑 ⋅

𝟑𝒓

𝟐𝑭
⇔ 𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓 ≥ 𝟗𝒓𝟐 ⇔ 

⇔ 𝒑𝟐 ≥ 𝟖𝑹𝒓 + 𝟏𝟏𝒓𝟐, which follows from Gerretsen’s inequality: 𝒑𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐. 

It remains to prove that: 

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟖𝑹𝒓 + 𝟏𝟏𝒓𝟐 ⇔ 𝟖𝑹𝒓 ≥ 𝟏𝟔𝒓𝟐⇔ 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Tapas Das-India 

∑
𝐜𝐨𝐭

𝑨
𝟐

𝒉𝒂
=
𝒔

𝒓𝒂
⋅
𝟏

𝒉𝒂
+
𝒔

𝒓𝒃
⋅
𝟏

𝒉𝒃
+
𝒔

𝒓𝒄
⋅
𝟏

𝒉𝒄
 

=
𝒂𝒔

𝒓𝒂
⋅
𝟏

𝟐𝑭
+
𝒃𝒔

𝒓𝒃
⋅
𝟏

𝟐𝑭
+
𝒄𝒔

𝒓𝒄
⋅
𝟏

𝟐𝑭
=
𝒔

𝟐𝑭
[
𝒂

𝒓𝒂
+
𝒃

𝒓𝒃
+
𝒄

𝒓𝒄
] 

=
𝒔

𝟐𝑭𝟐
[𝒂(𝒔 − 𝒂) + 𝒃(𝒔 − 𝒃) + 𝒄(𝒔 − 𝒄)] =

𝒔

𝟐𝑭𝟐
[𝟐𝒔𝟐 − 𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐] 

=
𝒔

𝟐𝑭𝟐
[𝟐𝒔𝟐 − 𝟐𝒔𝟐 + 𝟐𝒓𝟐 + 𝟖𝑹𝒓] =

𝒔

𝟐𝑭𝟐
𝟐𝒓(𝟒𝑹 + 𝒓) =

𝑭

𝑭𝟐
(𝟒𝑹 + 𝒓) =

𝟒𝑹 + 𝒓

𝑭
 

 

JP.525 Prove that in any 𝚫𝑨𝑩𝑪 the following inequality holds: 

𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝒉𝒄
≤
(𝟐𝑹 − 𝒓)𝟐

𝒓
 

where 𝒏𝒂, 𝒏𝒃, 𝒏𝒄 are Nagel’s cevians. 

 Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

𝒏𝒂
𝟐 = 𝒑(𝒑 − 𝒂) +

(𝒃 − 𝒄)𝟐

𝒂
𝒑 ⇒ 

∑
𝒏𝒂
𝟐

𝒉𝒂
=∑

𝒑(𝒑 − 𝒂)

𝒉𝒂
+
(𝒃 − 𝒄)𝟐

𝒂𝒉𝒂
⋅ 𝒑 =∑

𝒑(𝒑 − 𝒂)

𝟐𝑺
𝒂

+
(𝒃 − 𝒄)𝟐

𝟐𝑺
⋅ 𝒑 

=
𝒑

𝟐𝑺
∑(𝒂(𝒑 − 𝒂) + (𝒃 − 𝒄)𝟐) =

𝟏

𝟐𝒓
(∑𝒂(𝒑 − 𝒂) + ∑(𝒃 − 𝒄)𝟐)   (1) 
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∑𝒂(𝒑 − 𝒂) = 𝟐𝒓(𝟒𝑹+ 𝒓)    (2) 

∑(𝒃 − 𝒄)𝟐 = 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒂𝒄) = 𝟐(𝟐𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓− 𝒑𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) =

𝟐(𝒑𝟐 − 𝟏𝟐𝑹𝒓− 𝟑𝒓𝟐)    (3) 

From (1) + (2) + (3) ⇒ ∑
𝒏𝒂
𝟐

𝒉𝒂
=
𝟏

𝒓
(𝟒𝑹𝒓 + 𝒓𝟐 + 𝒑𝟐 − 𝟏𝟐𝑹𝒓 − 𝟑𝒓𝟐) = 

=
𝟏

𝒓
(𝒑𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐) ≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝒓
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐) 

=
𝟏

𝒓
(𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐) =

(𝟐𝑹− 𝒓)𝟐

𝒓
 

Solution 2 and extensions by Marin Chirciu-Romania 

Lemma: In 𝚫𝑨𝑩𝑪: 

𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
=
𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
 

Proof. 

Using 𝒏𝒂
𝟐 = 𝒑(𝒑 − 𝒂) +

𝒑(𝒃−𝒄)𝟐

𝒂
 and 𝒉𝒂 =

𝟐𝒑𝒓

𝒂
 we obtain: 

∑
𝒏𝒂
𝟐

𝒉𝒂
=∑

𝒑(𝒑 − 𝒂) +
𝒑(𝒃 − 𝒄)𝟐

𝒂
𝟐𝒑𝒓
𝒂

=
𝟏

𝟐𝒓
∑[𝒂(𝒑 − 𝒂) + (𝒃 − 𝒄)𝟐] = 

=
𝟐𝒓(𝟒𝑹+ 𝒓) + 𝟐(𝒑𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓)

𝟐𝒓
=
𝟐𝒓(𝟒𝑹+ 𝒓) + 𝟐(𝒑𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓)

𝟐𝒓
= 

=
𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
 

We’ve used above: 
∑𝒂(𝒑 − 𝒂) = 𝟐𝒓(𝟒𝑹+ 𝒓) and ∑(𝒃 − 𝒄)𝟐 = 𝟐(𝒑𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓) 
Let’s get back to the main problem. 
Using the Lemma we obtain: 

𝑳𝑯𝑺 =
𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
=

𝑳𝒆𝒎𝒎𝒂 𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
= 

=
𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐

𝒓
=
(𝟐𝑹 − 𝒓)𝟐

𝒓
= 𝑹𝑯𝑺 

Equality holds if and only if the triangle is equilateral. 
Remark: Let’s find an inequality with opposite sense. 

𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
≥ 𝟗𝒓 

where 𝒏𝒂, 𝒏𝒃, 𝒏𝒄 are Nagel cevians. 
Marin Chirciu  

Solution: Lemma: In 𝚫𝑨𝑩𝑪 
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𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
=
𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
 

Proof. 

Using 𝒏𝒂
𝟐 = 𝒑(𝒑 − 𝒂) +

𝒑(𝒃−𝒄)𝟐

𝒂
 and 𝒉𝒂 =

𝟐𝒑𝒓

𝒂
 we obtain: 

∑
𝒏𝒂
𝟐

𝒉𝒂
=∑

𝒑(𝒑 − 𝒂) +
𝒑(𝒃 − 𝒄)𝟐

𝒂
𝟐𝒑𝒓
𝒂

=
𝟏

𝟐𝒓
∑[𝒂(𝒑 − 𝒂) + (𝒃 − 𝒄)𝟐] = 

=
𝟐𝒓(𝟒𝑹+ 𝒓) + 𝟐(𝒑𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓)

𝟐𝒓
=
𝟐𝒓(𝟒𝑹+ 𝒓) + 𝟐(𝒑𝟐 − 𝟑𝒓𝟐 − 𝟏𝟐𝑹𝒓)

𝟐𝒓
= 

=
𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
 

Let’s get back to the main problem. 
Using the Lemma we obtain: 

𝑳𝑯𝑺 =
𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
=

𝑳𝒆𝒎𝒎𝒂 𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
= 

=
𝟖𝑹𝒓 − 𝟕𝒓𝟐

𝒓
= 𝟖𝑹 − 𝟕𝒓 ≥

𝑬𝒖𝒍𝒆𝒓
𝟗𝒓 = 𝑹𝑯𝑺 

Equality holds if and only if the triangle is equilateral. 
Remark: The double inequality can be written: 
In 𝚫𝑨𝑩𝑪: 

𝟗𝒓 ≤
𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
≤
(𝟐𝑹 − 𝒓)𝟐

𝒓
, 

where 𝒏𝒂, 𝒏𝒃, 𝒏𝒄 are Nagel’s cevians. 
Remark: In the same way: In 𝚫𝑨𝑩𝑪: 

𝟗𝑹

𝟐
≤
𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
≤
𝟗𝑹𝟒

𝟏𝟔𝒓𝟑
 

where 𝒏𝒂, 𝒏𝒃, 𝒏𝒄 are Nagel cevians. 
Marin Chirciu 

Solution: Lemma: In 𝚫𝑨𝑩𝑪: 

𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
=
𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
 

Proof. 

Using 𝒏𝒂
𝟐 = 𝒑(𝒑 − 𝒂) +

𝒑(𝒃−𝒄)𝟐

𝒂
 and 𝒓𝒂 =

𝒑𝒓

𝒑−𝒂
 we obtain: 

∑
𝒏𝒂
𝟐

𝒓𝒂
=∑

𝒑(𝒑 − 𝒂) +
𝒑(𝒃 − 𝒄)𝟐

𝒂
𝒑𝒓
𝒑 − 𝒂

=
𝟏

𝒓
∑[(𝒑 − 𝒂)𝟐 +

𝟏

𝒂
(𝒑 − 𝒂)(𝒃 − 𝒄)𝟐] = 

=
𝟏

𝒓
[∑(𝒑 − 𝒂)𝟐 +∑

𝟏

𝒂
(𝒑 − 𝒂)(𝒃 − 𝒄)𝟐] = 
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=
𝟏

𝒓
[𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓 +

𝒓(𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐 − 𝒑𝟐)

𝑹
] = 

=
𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
 

We’ve used above: 

∑(𝒑 − 𝒂)𝟐 = 𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓 and ∑
𝟏

𝒂
(𝒑 − 𝒂)(𝒃 − 𝒄)𝟐 =

𝒓(𝟖𝑹𝟐−𝟐𝑹𝒓−𝒓𝟐−𝒑𝟐)

𝑹
 

Let’s get back to the main problem. Using the Lemma we obtain: 
Right hand inequality. 

𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
=

𝑳𝒆𝒎𝒎𝒂 𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≤
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
= 

=
𝟒𝑹𝟑 − 𝟓𝑹𝒓𝟐 − 𝟒𝒓𝟑

𝑹𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝟒

𝟏𝟔𝒓𝟑
= 𝑹𝑯𝑺 

We’ve use above 
𝟒𝑹𝟑−𝟓𝑹𝒓𝟐−𝟒𝒓𝟑

𝑹𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝟒

𝟏𝟔𝒓𝟑
⇔ 𝟗𝑹𝟓 − 𝟔𝟒𝑹𝟑𝒓𝟐 + 𝟖𝟎𝑹𝒓𝟒 + 𝟔𝟒𝒓𝟓 ≥ 𝟎 ⇔ 

⇔ (𝑹− 𝟐𝒓)(𝟗𝑹𝟒 + 𝟏𝟖𝑹𝟑𝒓 − 𝟐𝟖𝑹𝟑𝒓 − 𝟐𝟖𝑹𝟐𝒓 − 𝟑𝟐𝒓𝟒) ≥ 𝟎, obviously from Euler’s 
inequality 𝑹 ≥ 𝟐𝒓. 
Equality holds if and only if the triangle is equilateral. 
Left hand inequality. 

𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
=

𝑳𝒆𝒎𝒎𝒂 𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≥
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
=
𝟏𝟔𝑹𝟐 − 𝟐𝟓𝑹𝒓 + 𝟒𝒓𝟐

𝑹
≥

𝑬𝒖𝒍𝒆𝒓 𝟗𝑹

𝟐
 

Equality holds if and only if the triangle is equilateral. 
Remark. 

Between the sums 
𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
 and 

𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
 the following relationship exists: 

In 𝚫𝑨𝑩𝑪: 

𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
≤
𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
 

where 𝒏𝒂, 𝒏𝒃, 𝒏𝒄 are Nagel’s cevians. 
Marin Chirciu 

Solution:  Using the above Lemmas we have the sums: 
𝒏𝒂
𝟐

𝒉𝒂
+
𝒏𝒃
𝟐

𝒉𝒃
+
𝒏𝒄
𝟐

𝒉𝒄
=

𝒑𝟐−𝟐𝒓𝟐−𝟖𝑹𝒓

𝒓
 and 

𝒏𝒂
𝟐

𝒓𝒂
+
𝒏𝒃
𝟐

𝒓𝒃
+
𝒏𝒄
𝟐

𝒓𝒄
=
𝒑𝟐(𝑹−𝒓)−𝒓𝟐(𝟒𝑹+𝒓)

𝑹𝒓
 

Inequality can be written: 
𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓
≤
𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓)

𝑹𝒓
⇔ 

⇔ 𝑹(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) ≤ 𝒑𝟐(𝑹 − 𝒓) − 𝒓𝟐(𝟒𝑹 + 𝒓) ⇔ 
⇔ 𝒓𝒑𝟐 ≤ 𝒓(𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐) ⇔ 𝒑𝟐 ≤ 𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐,  

which follows from Gerretsen’s inequality 𝒑𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 
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It remains to prove: 

𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐 ≤ 𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐 ⇔ 𝟐𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐 ⇔ (𝑹− 𝟐𝒓)(𝟐𝑹+ 𝒓) ≥ 𝟎, 
obviously from Euler’s inequality 𝑹 ≥ 𝟐𝒓. 
Equality holds if and only if the triangle is equilateral. 
 

Solution 3 by Tapas Das-India 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
 

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔 ⋅ 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
⇒ 𝒏𝒂

𝟐 = 𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂 

𝒏𝒂
𝟐

𝒉𝒂
=
𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂

𝒉𝒂
=
𝒔𝟐

𝒉𝒂
− 𝟐𝒓𝒂 

∴ ∑
𝒏𝒂
𝟐

𝒉𝒂
= 𝒔𝟐∑

𝟏

𝒉𝒂
− 𝟐∑𝒓𝒂 =

𝒔𝟐

𝒓
− 𝟐(𝟒𝑹 + 𝒓) 

=
𝒔𝟐 − 𝟖𝑹𝒓 + 𝟐𝒓𝟐

𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐

𝒓
=
(𝟐𝑹 − 𝒓)𝟐

𝒓
 

Equality holds if and only if the triangle is equilateral. 

 

PROBLEMS FOR SENIORS 

SP.511 Let triangle 𝑨𝑩𝑪 with �̂� > 𝟗𝟎° and let internal points 𝑴𝟏, 𝑴𝟐, 𝑴𝟑,𝑴𝟒 

on the side 𝑩𝑪, such that 𝑩𝑴𝟏 = 𝑴𝟏𝑴𝟐 = 𝑴𝟐𝑴𝟑 = 𝑴𝟑𝑴𝟒 = 𝑴𝟒𝑪. Also, 

𝑹𝟏, 𝑹𝟐 denote the circumraius of triangles 𝑨𝑴𝟏𝑴𝟐, 𝑨𝑴𝟑𝑴𝟒, respectively. 

Prove: 

𝑩𝑪 >
𝟐𝟎√𝑹𝟏𝑹𝟐

𝟑(𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪)
 

Proposed by George Apostolopoulos-Greece 
Solution by proposer 

𝑳𝒆𝒕 𝒂 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 𝒃𝒆 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑨𝑩𝑪. 

𝑾𝒆 𝒖𝒔𝒆 𝒕𝒉𝒆 𝑺𝒕𝒆𝒘𝒂𝒓𝒕′𝒔 𝑻𝒉𝒆𝒐𝒓𝒆𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝑩𝑴𝟏 ∙ 𝑨𝑪
𝟐 +𝑴𝟏𝑪 ∙ 𝑨𝑩

𝟐 = 𝑩𝑪 ∙ 𝑨𝑴𝟏
𝟐 + 𝑩𝑴𝟏 ∙ 𝑴𝟏𝑪 ∙ 𝑩𝑪 
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𝑺𝒐,
𝒂

𝟓
∙ 𝒃𝟐 +

𝟒𝒂

𝟓
∙ 𝒄𝟐 = 𝒂 ∙ 𝑨𝑴𝟏

𝟐 +
𝒂

𝟓
∙
𝟒𝒂

𝟓
∙ 𝒂 𝒐𝒓 

𝒃𝟐 + 𝟒𝒄𝟐

𝟓
= 𝑨𝑴𝟏

𝟐 +
𝟒𝒂𝟐

𝟐𝟓
⇔ 

𝑨𝑴𝟏
𝟐 =

𝒃𝟐 + 𝟒𝒄𝟐

𝟓
−
𝟒𝒂𝟐

𝟐𝟓
. 𝑺𝒊𝒏𝒄𝒆 �̂� > 𝟗𝟎°, 𝒔𝒐 𝒂𝟐 > 𝒃𝟐 + 𝒄𝟐. 

𝑵𝒂𝒎𝒆𝒍𝒚,𝑨𝑴𝟏
𝟐 <

𝒃𝟐 + 𝟒𝒄𝟐

𝟓
−
𝟒(𝒃𝟐 + 𝒄𝟐)

𝟐𝟓
=
𝒃𝟐 + 𝟏𝟔𝒄𝟐

𝟐𝟓
 

𝑨𝒍𝒔𝒐,𝑩𝑴𝟐 ∙ 𝑨𝑪
𝟐 +𝑴𝟐𝑪 ∙ 𝑨𝑩

𝟐 = 𝑩𝑪 ∙ 𝑨𝑴𝟐
𝟐 + 𝑩𝑴𝟐 ∙ 𝑴𝟐𝑪 ∙ 𝑩𝑪,𝒏𝒂𝒎𝒆𝒍𝒚, 

𝟐𝒂

𝟓
∙ 𝒃𝟐 +

𝟑𝒂

𝟓
∙ 𝒄𝟐 = 𝒂 ∙ 𝑨𝑴𝟐

𝟐 +
𝟐𝒂

𝟓
∙
𝟑𝒂

𝟓
∙ 𝒂, 𝒔𝒐 𝑨𝑴𝟐

𝟐 <
𝟒𝒃𝟐 + 𝟗𝒄𝟐

𝟐𝟓
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝑨𝑴𝟑
𝟐 <

𝟗𝒃𝟐 + 𝟒𝒄𝟐

𝟐𝟓
, 𝒂𝒏𝒅 𝑨𝑴𝟒

𝟐 <
𝟏𝟔𝒃𝟐 + 𝒄𝟐

𝟐𝟓
. 

𝑺𝒐,𝑨𝑴𝟏
𝟐 + 𝑨𝑴𝟐

𝟐 + 𝑨𝑴𝟑
𝟐 + 𝑨𝑴𝟒

𝟐 <
𝟔𝒃𝟐 + 𝟔𝒄𝟐

𝟓
<
𝟔

𝟓
∙ 𝑩𝑪𝟐 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕:𝑨𝑴𝟏
𝟐 + 𝑨𝑴𝟐

𝟐 + 𝑨𝑴𝟑
𝟐 + 𝑨𝑴𝟒

𝟐 >
(𝑨𝑴𝟏 + 𝑨𝑴𝟐 + 𝑨𝑴𝟑 + 𝑨𝑴𝟒)

𝟐

𝟒
 

𝑺𝒐,
(𝑨𝑴𝟏 + 𝑨𝑴𝟐 + 𝑨𝑴𝟑 + 𝑨𝑴𝟒)

𝟐

𝟒
<
𝟔

𝟓
∙ 𝑩𝑪𝟐 𝒐𝒓  

𝑨𝑴𝟏 + 𝑨𝑴𝟐 + 𝑨𝑴𝟑 + 𝑨𝑴𝟒

< 𝟐√
𝟔

𝟓
∙ 𝑩𝑪; (𝑨𝑴𝟏, 𝑨𝑴𝟐, 𝑨𝑴𝟑, 𝑨𝑴𝟒 𝒂𝒓𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒊𝒏 𝒑𝒂𝒊𝒓𝒔) 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆: 𝑨𝑴𝟏 + 𝑨𝑴𝟐 + 𝑨𝑴𝟑 + 𝑨𝑴𝟒 > 𝟒 ∙ √𝑨𝑴𝟏 ∙ 𝑨𝑴𝟐 ∙ 𝑨𝑴𝟑 ∙ 𝑨𝑴𝟒
𝟒 , 𝒔𝒐 

𝟒 ∙ √𝑨𝑴𝟏 ∙ 𝑨𝑴𝟐 ∙ 𝑨𝑴𝟑 ∙ 𝑨𝑴𝟒
𝟒 < 𝟐√

𝟔

𝟓
∙ 𝑩𝑪 𝒐𝒓  

𝑨𝑴𝟏 ∙ 𝑨𝑴𝟐 ∙ 𝑨𝑴𝟑 ∙ 𝑨𝑴𝟒 <
𝟏

𝟏𝟔
∙
𝟔𝟐

𝟓𝟐
∙ 𝑩𝑪𝟒;   (𝟏) 

𝑰𝒏 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝑨𝑴𝟏𝑴𝟐 𝒂𝒏𝒅 𝑨𝑴𝟑𝑴𝟒, 𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝑨𝑴𝟏 ∙ 𝑨𝑴𝟐 = 𝟐𝑹𝟏𝒉𝒂 𝒂𝒏𝒅 𝑨𝑴𝟑 ∙ 𝑨𝑴𝟒 = 𝟐𝑹𝟐𝒉𝒂, 𝒔𝒐 

𝑨𝑴𝟏 ∙ 𝑨𝑴𝟐 ∙ 𝑨𝑴𝟑 ∙ 𝑨𝑴𝟒 = 𝟒𝑹𝟏𝑹𝟐 ∙ 𝒉𝒂
𝟐 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝒉𝒂 =
𝑩𝑪

𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭𝑪
. 𝑵𝒐𝒘, 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝟏),𝒈𝒊𝒗𝒆𝒔: 

𝟒𝑹𝟏𝑹𝟐 ∙
𝑩𝑪𝟐

(𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪)𝟐
<

𝟗

𝟏𝟎𝟎
𝑩𝑪𝟒 ⇔ 𝑩𝑪𝟐 >

𝟒𝟎𝟎𝑹𝟏𝑹𝟐
𝟗(𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭𝑪)𝟐
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𝑩𝑪 >
𝟐𝟎√𝑹𝟏𝑹𝟐

𝟑(𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪)
   

SP.512 Find all functions 𝒇: ℤ → ℤ such that for all integers 𝒙, 𝒚 the number 

𝒇𝟐(𝒙) + 𝟐𝒙𝒇(𝒚) + 𝒚𝟐 is a perfect square. 

Proposed by Baris Koyuncu-Turkiye 
Solution by proposer 
 
We claim that the answer is any function 𝒇 satisfying |𝒇(𝒙)| = |𝒄𝒙| or 𝒇(𝒙) = 𝒄𝒙, 𝒇(𝒙) =

−𝒄𝒙. Putting 𝒙 = 𝒑 where 𝒑 is an odd prime number, in the original equation we obtain 

that 𝒇𝟐(𝒑) + 𝒚𝟐 is a quadratic residue in 𝒎𝒐𝒅𝒑 for 𝒚 ∈ ℤ. So all the numbers: 

{𝒇𝟐(𝒑) + 𝟎𝟐, 𝒇𝟐(𝒑) + 𝟏𝟐, … , 𝒇𝟐(𝒑) + (
𝒑 − 𝟏

𝟐
)
𝟐

} = {𝟎𝟐, 𝟏𝟐, … , (
𝒑 − 𝟏

𝟐
)
𝟐

} 

in 𝒎𝒐𝒅𝒑. In particular, the sum of elements of these two sets must be congruent so 

(
𝒑 + 𝟏

𝟐
)𝒇𝟐(𝒑) ≡ 𝟎 ⟹ 𝒇(𝒑) ≡ 𝟎(𝒎𝒐𝒅𝒑) 

Now, putting 𝒚 = 𝟏 in the original equation tell us that: 

𝒇𝟐(𝒙) + 𝟐𝒙𝒇(𝒙) + 𝟏 is a perfect square. If |𝒇(𝒙)| > |𝒙𝒇(𝟏)| then: 

(|𝒇(𝒙)| − 𝟏)𝟐 < 𝒇𝟐(𝒙) + 𝟐𝒙𝒇(𝒙) + 𝟏 < (|𝒇(𝒙)| + 𝟏)𝟐  

Hence we need to have: 

𝒇𝟐(𝒙) + 𝟐𝒙𝒇(𝒙) + 𝟏 = (|𝒇(𝒙)|)𝟐⟹ 𝟐𝒙𝒇(𝟏) = −𝟏 −contradiction 

So: |𝒇(𝒙)| ≤ |𝒙𝒇(𝟏)| 

In particular: |𝒇(𝒑)| ≤ |𝒑𝒇(𝟏)| for all odd primes 𝒑. Also we proved that: 

𝒑|𝒇(𝒑). Then: 𝟎 ≤ |
𝒇(𝒑)

𝒑
| ≤ |𝒇(𝟏)|.  

Thus there exists a positive integer 𝒄 such that: 

|𝒇(𝒑)| = 𝒄𝒑 for infinitely many odd primes 𝒑. 

Let 𝒂 be an abitrary integer. Choose a sufficiently large odd prime 𝒒 such that: |𝒇(𝒒)| =

𝒄𝒒. Put 𝒙 = 𝒂, 𝒚 = 𝒒 in the original equation. 

𝒇𝟐(𝒂) ± 𝟐𝒂𝒄𝒒 + 𝒒𝟐 is a perfect square. But: 

(𝒒 ± 𝒂𝒄 − 𝟏)𝟐 < 𝒇𝟐(𝒂) ± 𝟐𝒂𝒄𝒒 + 𝒒𝟐 < (𝒒 ± 𝒂𝒄 + 𝟏)𝟐 
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since 𝒒 is large enough. Then we must have: 

𝒇𝟐(𝒂) ± 𝟐𝒂𝒄𝒒 + 𝒒𝟐 = (𝒒 ± 𝒂𝒄)𝟐 ⟹ 𝒇𝟐(𝒂) = (𝒂𝒄)𝟐 ⟹ |𝒇(𝒂)| = |𝒂𝒄| 

Thus we get 𝒇(𝒙) = 𝒄𝒙 or 𝒇(𝒙) = −𝒄𝒙 for all integers 𝒙. 

SP.513 Given 𝒌 ≥ 𝟒. In any triangle 𝑨𝑩𝑪 prove that: 

𝟑

𝒌
≤∑

𝐬𝐢𝐧𝟐 𝑨

𝟐 𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪
𝒄𝒚𝒄

≤
𝟗𝒌 + 𝟏𝟐

𝟔𝟒
 

Proposed by George Apostolopoulos – Messolonghi – Greece 
Solution 1 by proposer 

We know that 
𝟏

𝒙+𝒚
≤
𝟏

𝟒
(
𝟏

𝒙
+
𝟏

𝒚
) 

Let 𝒂 = 𝑩𝑪,𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the sides of the triangle 𝑨𝑩𝑪. So, 

𝟏

𝒂𝟐 + 𝒃𝟐
≤
𝟏

𝟒
(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) ,

𝟏

𝒃𝟐 + 𝒄𝟐
≤
𝟏

𝟒
(
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) 

and  

𝟏

𝒄𝟐 + 𝒂𝟐
≤
𝟏

𝟒
(
𝟏

𝒄𝟐
+
𝟏

𝒂𝟐
) 

Also, we have 

𝟏

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=

𝟏

(𝒂𝟐 + 𝒃𝟐) + (𝒂𝟐 + 𝒄𝟐)
≤
𝟏

𝟒
(

𝟏

𝒂𝟐 + 𝒃𝟐
+

𝟏

𝒂𝟐 + 𝒄𝟐
) 

namely  

𝟏

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟏

𝟒
(
𝟏

𝟒
(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) +

𝟏

𝟒
(
𝟏

𝒂𝟐
+
𝟏

𝒄𝟐
)) =

𝟏

𝟏𝟔
((
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) +

𝟏

𝒂𝟐
) 

Similarly, 

𝟏

𝒂𝟐 + 𝟐𝒃𝟐 + 𝒄𝟐
≤
𝟏

𝟏𝟔
((
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) +

𝟏

𝒃𝟐
) 

and  

𝟏

𝒂𝟐 + 𝒃𝟐 + 𝟐𝒄𝟐
≤
𝟏

𝟏𝟔
((
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) +

𝟏

𝒄𝟐
) 

Let 𝒓 be the inradius of triangle 𝑨𝑩𝑪 we’ll prove that: 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤

𝟏

𝟒𝒓𝟐
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We have (𝒃 − 𝒄)𝟐 ≥ 𝟎 ⇔ 𝒂𝟐 − (𝒃 − 𝒄)𝟐 ≤ 𝒂𝟐 ⇔ 

𝟏

𝒂𝟐
≤

𝟏

𝒂𝟐 − (𝒃 − 𝒄)𝟐
=

𝟏

(𝒂 + 𝒃 − 𝒄)(𝒂 − 𝒃 + 𝒄)
 

Let 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄 

𝟏

𝒂𝟐
≤

𝟏

𝟐(𝒔 − 𝒄) ⋅ 𝟐(𝒔 − 𝒃)
=

𝟏

𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)
 

Similarly, 

𝟏

𝒃𝟐
≤

𝟏

𝟒(𝒔−𝒄)(𝒔−𝒂)
 , and 

𝟏

𝒄𝟐
≤

𝟏

𝟒(𝒔−𝒂)(𝒔−𝒃)
 

So, 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤
𝟏

𝟒
(

𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
+

𝟏

(𝒔 − 𝒄)(𝒔 − 𝒂)
+

𝟏

(𝒔 − 𝒂)(𝒔 − 𝒃)
) = 

𝟏

𝟒
⋅
𝒔 − 𝒂 + 𝒔 − 𝒃 + 𝒔 − 𝒄

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟏

𝟒
⋅

𝒔

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

We know that 

(𝒓 ⋅ 𝒔)𝟐 = 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)  (Heron). So 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≤
𝟏

𝟒
⋅
𝒔

𝒓𝟐 ⋅ 𝒔
=

𝟏

𝟒𝒓𝟐
 

Now, we have 

𝟏

𝟐𝒂𝟐+𝒃𝟐+𝒄𝟐
≤

𝟏

𝟏𝟔
(
𝟏

𝟒𝒓𝟐
+

𝟏

𝒂𝟐
), and similarly 

𝟏

𝒂𝟐+𝟐𝒃𝟐+𝒄𝟐
≤

𝟏

𝟏𝟔
(
𝟏

𝟒𝒓𝟐
+

𝟏

𝒃𝟐
), and 

𝟏

𝒂𝟐+𝒃𝟐+𝟐𝒄𝟐
≤

𝟏

𝟏𝟔
(
𝟏

𝟒𝒓𝟐
+

𝟏

𝒄𝟐
) 

Namely 
𝒂𝟐

𝟐𝒂𝟐+𝒃𝟐+𝒄𝟐
≤

𝟏

𝟏𝟔
(
𝒂𝟐

𝟒𝒓𝟐
+ 𝟏) ,

𝒃𝟐

𝒂𝟐+𝟐𝒃𝟐+𝒄𝟐
≤

𝟏

𝟏𝟔
(
𝒃𝟐

𝟒𝒓𝟐
+ 𝟏), 

𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝟐𝒄𝟐
≤
𝟏

𝟏𝟔
(
𝒄𝟐

𝟒𝒓𝟐
+ 𝟏) 

Adding up these inequalities, we have 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤
𝟏

𝟏𝟔
(
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝒓𝟐
+ 𝟑) 

We know that 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐 

So 
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∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤
𝟏

𝟏𝟔
(
𝟗𝑹𝟐

𝟒𝒓𝟐
+ 𝟑) 

Now, by the Cauchy-Schwarz inequality, we have 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
=

𝟒𝒔𝟐

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
=

𝒔𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

We know that 𝒔 ≥ 𝟑√𝟑𝒓, namely  

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥
(𝟑√𝟑𝒓)

𝟐

𝟗𝑹𝟐
=
𝟑𝒓𝟐

𝑹𝟐
 

So 

𝟑𝒓𝟐

𝑹𝟐
≤∑

𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤
𝟏

𝟏𝟔
(
𝟗𝑹𝟐

𝟒𝒓𝟐
+ 𝟑) 

Using the law of the sines, we get 

𝟑𝒓𝟐

𝑹𝟐
≤∑

𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪
𝒄𝒚𝒄

≤
𝟗𝑹𝟐

𝟔𝟒𝒓𝟐
+
𝟑

𝟏𝟔
 

From 𝑹 ≥ 𝟐𝒓 (Euler), we have 
𝑹𝟐

𝒓𝟐
≥ 𝟒. If 𝒌 =

𝑹𝟐

𝒓𝟐
, then we have: 

𝟑

𝒌
≤∑

𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪
𝒄𝒚𝒄

≤
𝟗𝒌 + 𝟏𝟐

𝟔𝟒
 

Equality holds if the triangle 𝑨𝑩𝑪 is equilateral. 

Solution 2 and extensions by Marin Chirciu-Romania 

Solution: Lemma: In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪
= 

∑
𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪
=∑

𝒂𝟐

𝟒𝑹𝟐

𝟐 ⋅
𝒂𝟐

𝟒𝑹𝟐
+
𝒃𝟐

𝟒𝑹𝟐
+
𝒄𝟐

𝟒𝑹𝟐

=∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
= 
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=
𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑

𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝟑𝒓𝟐) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑
 

We’ve used above: 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
∑𝒂𝟐(𝟐𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐)(𝟐𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐)

∏(𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
, 

∑𝒂𝟐(𝟐𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐) (𝟐𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐) = 

= 𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑, 

∏(𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = 

= 𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝟑𝒓𝟐) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 

Right hand inequality:  We prove the stronger inequality: 

∑
𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪
≤
𝟑

𝟒
 

𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑

𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝟑𝒓𝟐) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑
≤
𝟑

𝟒
⇔ 

⇔ 𝟑𝒑𝟔 − 𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟐𝟗𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐) ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 ⇔ 

⇔ 𝒑𝟐[𝒑𝟐(𝟑𝒑𝟐 − 𝟑𝟔𝑹𝒓 − 𝟐𝟗𝒓𝟐) + 𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐)] ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑, 

which follows from Gerretsen’s inequality 𝒑𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥
𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓
 

It remains to prove that: 

𝒓(𝟒𝑹 + 𝒓)𝟐

𝑹 + 𝒓
[(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝟑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟑𝟔𝑹𝒓 − 𝟐𝟗𝒓𝟐)

+ 𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐)] ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 ⇔ 

⇔ (𝟏𝟔𝑹− 𝟓𝒓)(𝟏𝟐𝑹− 𝟒𝟒𝒓) + (𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐) ≥ 𝟑(𝑹 + 𝒓)(𝟒𝑹+ 𝒓) ⇔ 

⇔ 𝟐𝟓𝟐𝑹𝟐 − 𝟔𝟐𝟕𝑹𝒓 + 𝟐𝟒𝟔𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟐𝟓𝟐𝑹− 𝟏𝟐𝟑𝒓) ≥ 𝟎, which follows from 

Euler’s inequality 𝑹 ≥ 𝟐𝒓. It follows: 

∑
𝐬𝐢𝐧𝟐 𝑨

𝟐𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪
≤
𝟑

𝟒
≤
𝒌≥𝟒 𝟗𝒌 + 𝟏𝟐

𝟔𝟒
 

Equality holds if and only if the triangle is equilateral 

Remark: 

 In 𝚫𝑨𝑩𝑪 the following relationship holds: 
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∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟑

𝟒
 

Marin Chirciu  

Solution: Lemma: 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
= 

=
𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑

𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝟑𝒓𝟐) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑
 

Proof. 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
∑𝒂𝟐(𝟐𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐)(𝟐𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐)

∏(𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

∑𝒂𝟐(𝟐𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐) (𝟐𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐) = 

= 𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑, 

∏(𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = 

= 𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝒓𝟑) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 

Let’s get back to the main problem. Using the lemma we obtain: 

∑
𝒂𝟐

𝟐𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟑

𝟒
⇔ 

⇔
𝟔𝒑𝟔 − 𝟐𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟓𝒓𝟐) + 𝟐𝒑𝟐𝒓𝟐(𝟏𝟓𝟔𝑹𝟐 + 𝟓𝟔𝑹𝒓 + 𝟓𝒓𝟐) − 𝟔𝒓𝟑(𝟒𝑹 + 𝒓)𝟑

𝟗𝒑𝟔 − 𝒑𝟒(𝟏𝟎𝟖𝑹𝒓 + 𝟐𝟑𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟒𝟒𝟎𝑹𝟐 + 𝟐𝟎𝟎𝑹𝒓 + 𝟐𝟑𝒓𝟐) − 𝟗𝒓𝟑(𝟒𝑹 + 𝒓)𝟑
≤
𝟑

𝟒
⇔ 

⇔ 𝟑𝒑𝟔 − 𝒑𝟒(𝟑𝟔𝑹𝒓 + 𝟐𝟗𝒓𝟐) + 𝒑𝟐𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐) ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 ⇔ 

⇔ 𝒑𝟐[𝒑𝟐(𝟑𝒑𝟐 − 𝟑𝟔𝑹𝒓 − 𝟐𝟗𝒓𝟐) + 𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐)] ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑, 

Which fllows from Gerretsen’s inequality 𝒑𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥
𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓
. 

It remains to prove that: 

𝒓(𝟒𝑹 + 𝒓)𝟐

𝑹 + 𝒓
[(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)(𝟑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟑𝟔𝑹𝒓 − 𝟐𝟗𝒓𝟐)

+ 𝒓𝟐(𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐)] ≥ 𝟑𝒓𝟑(𝟒𝑹 + 𝒓)𝟑 ⇔ 

⇔ (𝟏𝟔𝑹− 𝟓𝒓)(𝟏𝟐𝑹− 𝟒𝟒𝒓) + (𝟕𝟐𝑹𝟐 + 𝟏𝟗𝟐𝑹𝒓 + 𝟐𝟗𝒓𝟐) ≥ 𝟑(𝑹 + 𝒓)(𝟒𝑹+ 𝒓) ⇔ 
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⇔ 𝟐𝟓𝟐𝑹𝟐 − 𝟔𝟐𝟕𝑹𝒓 + 𝟐𝟒𝟔𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟐𝟓𝟐𝑹− 𝟏𝟐𝟑𝒓) ≥ 𝟎, which follows from 

Euler’s inequality 𝑹 ≥ 𝟐𝒓.Equality holds if and only if the triangle is equilateral. 

 

SP.514 Let be 𝑷(𝒙) = 𝒙𝒏 + 𝒂𝟏𝒙
𝒏−𝟏 + 𝒂𝟐𝒙

𝒏−𝟐 +⋯+ 𝒂𝒏−𝟏𝒙 + 𝒂𝒏 with 

 𝒏 ∈ ℕ,𝒏 ≥ 𝟐, 𝒂𝒊 ∈ ℝ, (∀)𝒊 = 𝟏, 𝒏. If the equation 𝑷(𝒙) = 𝟎 has all real roots 

then (∀)𝒌 > 𝐦𝐚𝐱{𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏} + 𝟏, we have 

 (𝒏 − 𝟏) ⋅ 𝑷(𝑲) − 𝑷′(𝑲) + 𝟏 > 𝟎 

Proposed by Gheorghe Molea – Romania  
Solution 1 by proposer 

We denote 𝐦𝐚𝐱{𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏} = 𝒙𝒏 

We have 𝒙𝒏 ≥ 𝒙𝒊, (∀)𝒊 = 𝟏,𝒏 ⇒ 𝟏 + 𝒙𝒏 ≥ 𝟏 + 𝒙𝒊, (∀)𝒊 = 𝟏, 𝒏. Let be 𝑲 > 𝒙𝒏 + 𝟏, we 

have 𝑲 > 𝒙𝒏+𝟏 ≥ 𝒙𝒊 + 𝟏 ⇒ 𝑲 > 𝒙𝒊 + 𝟏 ⇒ 𝑲− 𝒙𝒊 > 𝟏 > 𝟎 ⇒ 𝑲 − 𝒙𝒊 > 𝟎; (∗) 

Also from 𝑲 > 𝒙𝒊 + 𝟏 ⇒
𝟏

𝑲−𝒙𝒊
< 𝟏, (∀)𝒊 = 𝟏, 𝒏; (**) 

From (*) and (**) ⇒ 𝟎 <
𝟏

𝒌−𝒙𝒊
< 𝟏 

As 𝑷(𝑲) = ∏ (𝑲 − 𝒙𝒊)
𝒏
𝒊=𝟏 ; 𝑷(𝑲) > 𝟎 from (*) and 

𝑷′(𝑲)

𝑷(𝑲)
= ∑

𝟏

𝑲−𝒙𝒊

𝒏
𝒊=𝟏  the inequality from 

enunciation becomes: (𝒏 − 𝟏) −
𝑷′(𝑲)

𝑷(𝑲)
+

𝟏

𝑷((𝑲)
> 𝟎, (∀)𝑲 > 𝒙𝒏 + 𝟏 ⇔ 

⇔ (𝒏− 𝟏) −∑
𝟏

𝒌− 𝒙𝒊

𝒏

𝒊=𝟏

+∏
𝟏

𝑲− 𝒙𝒊
> 𝟎 

⇔∑
𝟏

𝑲− 𝒙𝒊

𝒏

𝒊=𝟏

−∏
𝟏

𝑲− 𝒙𝒊

𝒏

𝒊=𝟏

< 𝒏 − 𝟏, (∀)𝟎 <
𝟏

𝒌 − 𝒙𝒊
< 𝟏 (∗∗∗) 

We denote 
𝟏

𝑲−𝒙𝒊
= 𝒂𝒊, (∀)𝒊 = 𝟏,𝒏 ⇒ 𝟎 < 𝒂𝒊 < 𝟏, (∀)𝒊 = 𝟏, 𝒏 and inequality (***) 

becomes: 

∑𝒂𝒊

𝒏

𝒊

−∏𝒂𝒊

𝒏

𝒊=𝟏

< 𝒏− 𝟏 ⇔ 𝟏 −∏𝒂𝒊

𝒏

𝒊=𝟏

<∑(𝟏 − 𝒂𝒊)

𝒏

𝒊=𝟏

  (𝟏) 

which must be proved for any 𝒂𝒊 with 𝟎 < 𝒂𝒊 < 𝟏, (∀)𝒊 = 𝟏,𝒏 with 𝒏 ≥ 𝟐 
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For this we denote 𝟏 − 𝒂𝒊 = 𝒃𝒊, 𝒊 = 𝟏, 𝒏 it is obviously that 𝟎 < 𝒃𝒊 < 𝟏, (∀)𝒊 = 𝟏, 𝒏 with  

𝒏 ≥ 𝟐. 

Inequality (1) becomes: 

𝟏 −∏(𝟏 − 𝒃𝒊)

𝒏

𝒊=𝟏

<∑𝒃𝒊

𝒏

𝒊=𝟏

 

which must be proved for 𝟎 < 𝒃𝒊 < 𝟏; 𝒊 = 𝟏, 𝒏;𝒏 ≥ 𝟐. 

We use mathematical induction: 

For 𝒏 = 𝟐 ⇒ 𝟏 − (𝟏 − 𝒃𝟏)(𝟏 − 𝒃𝟐) < 𝒃𝟏 + 𝒃 ⇔ 𝒃𝟏𝒃𝟐 > 𝟎, obviously.  

We suppose the inequality true for 𝒏 and we will prove that: 

𝟏 −∏(𝟏 − 𝒃𝒊)

𝒏+𝟏

𝒊=𝟏

<∑𝒃𝒊

𝒏+𝟏

𝒊=𝟏

, (∀)𝒃𝒊 ∈ (𝟎; 𝟏) 

Inequality 𝟏 −∏ (𝟏 − 𝒃𝒊)
𝒏
𝒊=𝟏 < ∑ 𝒃𝒊

𝒏
𝒊=𝟏  we multiply with (𝟏 − 𝒃𝒏+𝟏) ⇒ 

⇒ 𝟏 − 𝒃𝒏+𝟏 −∏(𝟏 − 𝒃𝒊)

𝒏

𝒊=𝟏

<∑𝒃𝒊

𝒏

𝒊=𝟏

− 𝒃𝒏+𝟏∑𝒃𝒊

𝒏

𝒊=𝟏

 

⇔ 𝟏−∏(𝟏 − 𝒃𝒊)

𝒏+𝟏

𝒊=𝟏

< ∑𝒃𝒊

𝒏+𝟏

𝒊=𝟏

− 𝒃𝒏+𝟏∑𝒃𝒊 <

𝒏

𝒊=𝟏

∑𝒃𝒊

𝒏+𝟏

𝒊=𝟏

⇒ 𝟏 −∏(𝟏 − 𝒃𝒊)

𝒏+𝟏

𝒊=𝟏

<∑𝒃𝒊

𝒏

𝒊=𝟏

 

With this inequality (***) is proved and also the problem. 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝑷(𝒙) = (𝒙 − 𝒙𝟏)(𝒙 − 𝒙𝟐)… (𝒙 − 𝒙𝒏)  where 𝒙𝒊 ∈ ℝ, ∀𝒊 = 𝟏, 𝟐, … , 𝒏.  Let  𝒂𝒎 = 𝒌 −
𝒙𝒎 − 𝟏  for all 𝒎 = 𝟏, 𝟐,… , 𝒏.  Then 

𝑷(𝒌) =∏(𝒂𝒎 + 𝟏)

𝒏

𝒎=𝟏

 

and 

𝑷′(𝒌) = ∑(∏(𝒂𝒎 + 𝟏)

𝒏

𝒎=𝟏,
𝒎≠𝒊

)

𝒏

𝒊=𝟏

 

Therefore, 
(𝒏 − 𝟏) ⋅ 𝑷(𝒌) − 𝑷′(𝒌) + 𝟏 = 𝒛𝟏 − 𝒛𝟐  ……… (𝟏) 

where 
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𝒛𝟏 =∑(𝒂𝒊 ∏(𝒂𝒎 + 𝟏)

𝒏

𝒎=𝟏,
𝒎≠𝒊

)

𝒏

𝒊=𝟏

 ……… (𝟐) 

and 

𝒛𝟐 = 𝒂𝟏 +∑(𝒂𝒊∏(𝒂𝒎 + 𝟏)

𝒊−𝟏

𝒎=𝟏

)

𝒏

𝒊=𝟐

 ……… (𝟑) 

Since 𝒏 ≥ 𝟐, clearly the following 𝒏  inequalities hold: 

𝒂𝒊 ∏(𝒂𝒎 + 𝟏)

𝒏

𝒎=𝟏,
𝒎≠𝒊

≥ 𝒂𝒊∏(𝒂𝒎 + 𝟏)

𝒊−𝟏

𝒎=𝟏

, 𝒊 = 𝟐, 𝟑, … , 𝒏 

and   𝒂𝟏(𝒂𝟐 + 𝟏)(𝒂𝟑 + 𝟏)… (𝒂𝒏 + 𝟏) > 𝒂𝟏.  Summing up these 𝒏 inequalities yields 
that  𝒛𝟏 > 𝒛𝟐. By (𝟏), we will get  (𝒏 − 𝟏) ⋅ 𝑷(𝒌) − 𝑷′(𝒌) + 𝟏 > 𝟎,  as desired. 

 

SP.515 If 𝒂, 𝒃, 𝒄, 𝒕, 𝒌 > 𝟎 such that (𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄) = 𝟐𝒌 and 𝒌 >
𝒕𝟑

𝟐
, 

prove that: 

𝟏

𝒃(𝒕 + 𝒂)𝟐
+

𝟏

𝒄(𝒕 + 𝒃)𝟐
+

𝟏

𝒂(𝒕 + 𝒄)𝟐
≥
𝟑𝒕√𝟒𝒌𝟐

𝟑

𝒌𝟐
 

Proposed by Gheorghe Molea – Romania  
Solution 1 by proposer 

From (𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄) = 𝟐𝒌 ⇒ 

⇒ (𝒕 + 𝒂)(𝒕 + 𝒃) =
𝟐𝒌

𝒕 + 𝒄
⇒ 𝒕(𝒕 + 𝒂) + (𝒕𝒃 + 𝒂𝒃) =

𝟐𝒌

𝒕 + 𝒄
 

𝑴𝑮 ≤ 𝑴𝑨 ⇒ √(𝒕𝟐 + 𝒂𝒕)(𝒕𝒃 + 𝒂𝒃) ≤
𝒕𝟐 + 𝒂𝒕 + 𝒕𝒃 + 𝒂𝒃

𝟐
=

𝒌

𝒕 + 𝒄
⇒ 

⇒ 𝒕𝒃(𝒕 + 𝒂)𝟐 ≤
𝒌𝟐

(𝒕+𝒄)𝟐
⇒

𝟏

𝒕𝒃(𝒕+𝒂)𝟐
≥
(𝒕+𝒄)𝟐

𝒌𝟐
 and the analogs. 

We obtain: ∑
𝟏

𝒕𝒃(𝒕+𝒂)𝟐
≥

𝟏

𝒌𝟐
⋅ ∑(𝒕 + 𝒄)𝟐   (*) 

𝑴𝑷 ≥ 𝑴𝑮 ⇒ √
(𝒕 + 𝒂)𝟐 + (𝒕 + 𝒃)𝟐 + (𝒕 + 𝒄)𝟐

𝟑
≥ 

≥ √(𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄)
𝟑

= √𝟐𝒌
𝟑

⇒
∑(𝒕 + 𝒂)𝟐

𝟑
≥ √𝟒𝒌𝟐

𝟑
⇒∑(𝒕 + 𝒂)𝟐 ≥ 𝟑√𝟒𝒌𝟐

𝟑
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and inequality (*) becomes: 

∑
𝟏

𝒕𝒃(𝒕 + 𝒂)𝟐
≥
𝟑√𝟒𝒌𝟐
𝟑

𝒌𝟐
⇒

𝟏

𝒃(𝒕 + 𝒂)𝟐
+

𝟏

𝒄(𝒕 + 𝒃)𝟐
+

𝟏

𝒂(𝒕 + 𝒄)𝟐
≥
𝟑𝒕√𝟒𝒌𝟐

𝟑

𝒌𝟐
 

We have equality ⇔ 𝒂 = 𝒃 = 𝒄 = √𝟐𝒌
𝟑

− 𝒕 which is bigger than 𝟎, because 𝒌 >
𝒕𝟑

𝟐
. 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Firstly, we use Holder inequality to get 

𝟐𝒌 = (𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄) ≥ (𝒕 + √𝒂𝒃𝒄
𝟑

)
𝟑
   ⟹     √𝒂𝒃𝒄

𝟑
≤ √𝟐𝒌

𝟑
− 𝒕 

After that, we apply AM-GM inequality to get 

∑
𝟏

𝒃(𝒕 + 𝒂)𝟐
𝒄𝒚𝒄

≥ 𝟑(
𝟏

𝒂𝒃𝒄((𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄))
𝟐
)

𝟏
𝟑

≥
𝟑

√𝟒𝒌𝟐
𝟑

(√𝟐𝒌
𝟑

− 𝒕)
 …… (∗) 

Note that 

𝒕(√𝟐𝒌
𝟑

− 𝒕) ⋅ √𝟏𝟔𝒌𝟒
𝟑

≤ (
𝒕 + √𝟐𝒌

𝟑
− 𝒕

𝟐
)

𝟐

(√𝟏𝟔𝒌𝟒
𝟑

) = 𝒌𝟐 

⟺ 

𝟑

√𝟒𝒌𝟐
𝟑

(√𝟐𝒌
𝟑

− 𝒕)
≥
𝟑𝒕√𝟒𝒌𝟐

𝟑

𝒌𝟐
 …… (∗∗) 

By (∗) and (∗∗), we get the desired inequality: 

𝟏

𝒃(𝒕 + 𝒂)𝟐
+

𝟏

𝒄(𝒕 + 𝒃)𝟐
+

𝟏

𝒂(𝒕 + 𝒄)𝟐
≥
𝟑𝒕√𝟒𝒌𝟐

𝟑

𝒌𝟐
. 

Equality holds if and only if  𝒂 = 𝒃 = 𝒄 = 𝒕 = √
𝒌

𝟒

𝟑
. 

Solution 3 by Tapas Das-India 
 

If 𝒂, 𝒃, 𝒄, 𝒕, 𝒌 > 𝟎 such that  

(𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄) = 𝟐𝒌 and 𝒌 >
𝒕𝟑

𝟐
 

Prove that: 

𝟏

𝒃(𝒕 + 𝒂)𝟐
+

𝟏

𝒄(𝒕 + 𝒃)𝟐
+

𝟏

𝒂(𝒕 + 𝒄)𝟐
≥
𝟑𝒕√𝟒𝒌𝟐

𝟑

𝒌𝟐
 

(𝒕 + 𝒂)(𝒕 + 𝒃)(𝒕 + 𝒄) = 𝟐𝒌 

AM-GM, 𝟐√𝒕𝒂 ⋅ 𝟐√𝒕𝒃 ⋅ 𝟐√𝒕𝒄 ≤ 𝟐𝒌 
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𝟒𝒕√𝒕√𝒂𝒃𝒄 ≤ 𝒌 ⇒ √𝒂𝒃𝒄 ≤
𝒌

𝟒𝒕
𝟑
𝟐

⇒ 𝒂𝒃𝒄 ≤
𝒌𝟐

𝟏𝟔𝒕𝟑
 

∴∑
𝟏

𝒃(𝒕 + 𝒂)𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑 [

𝟏

𝒂𝒃𝒄(𝒕 + 𝒂)𝟐(𝒕 + 𝒃)𝟐(𝒕 + 𝒄)𝟐
]

𝟏
𝟑
≥ 𝟑 [

𝟏𝟔𝒕𝟑

𝒌𝟐 ⋅ 𝟒𝒌𝟐
]

𝟏
𝟑

=
𝟑𝒕

𝒌
√
𝟒

𝒌

𝟑

 

=
𝟑𝒕

𝒌𝟐
√𝟒𝒌𝟐
𝟑

 

SP.516 Let be the acuteangled 𝚫𝑨𝑩𝑪 and the points 𝑩,𝑨𝟏, 𝑨𝟐, … , 𝑨𝒏−𝟏, 𝑪 

collinears in this order. Let 𝑹, 𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏 be the circumradies of 

𝚫𝑨𝑩𝑪, 𝚫𝑨𝑩𝑨𝟏, 𝚫𝑨𝟏𝑨𝑨𝟐, … , 𝑨𝒏−𝟏𝑨𝑪. Prove that: 

𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) ≥
𝑹𝐬𝐢𝐧 �̂�

𝒏⋅𝐬𝐢𝐧
�̂�

𝒏

  and 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) <
𝝅𝑹⋅𝐬𝐢𝐧 �̂�

𝟐�̂�
 

Proposed by Radu Diaconu – Romania 
Solution 1 by proposer 

We apply sine theorem in the triangles 𝑨𝑩𝑨𝟏, 𝑨𝑨𝟏𝑨𝟐, … , 𝑨𝑨𝒏−𝟏𝑪 and we have: 

𝑩𝑨𝟏 = 𝟐𝑹𝟏 𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) , 𝑨𝟏𝑨𝟐 = 𝟐𝑹𝟐 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐̂ ),…𝑨𝒏−𝟏𝑪 = 𝟐𝑹𝒏 𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ ) 

But 𝑩𝑪 = 𝑩𝑨𝟏 + 𝑨𝟏𝑨𝟐 +⋯+𝑨𝒏−𝟏𝑪. It follows that: 

𝑹𝐬𝐢𝐧 �̂� = 𝑹𝟏 𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) + 𝑹𝟐 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐̂ )+⋯+𝑹𝒏 𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ ) 

𝑹 𝐬𝐢𝐧 �̂� ≤ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) (𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐) +⋯𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ )) 

We consider the function 𝒇: (𝟎,𝝅) → ℝ, 𝒇(𝒙) = 𝐬𝐢𝐧 𝒙, which is concave and from Jensen’s 

inequality we have: 

𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐̂ )+⋯+ 𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ ) ≤ 𝒏 ⋅ 𝐬𝐢𝐧
�̂�

𝒏
 

It follows that: 

𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) ≥
𝑹 𝐬𝐢𝐧 �̂�

𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐̂ )+⋯+ 𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ )
≥ 

≥
𝑹 𝐬𝐢𝐧 �̂�

𝒏 ⋅ 𝐬𝐢𝐧
�̂�
𝒏

⇒ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) ≥
𝑹 𝐬𝐢𝐧 �̂�

𝒏 ⋅ 𝐬𝐢𝐧
�̂�
𝒏

 

Then: 
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𝑹𝐬𝐢𝐧 �̂� ≥ 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) (𝐬𝐢𝐧(𝑩𝑨𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝟏𝑨𝑨𝟐̂ )+⋯+ 𝐬𝐢𝐧(𝑨𝒏−𝟏𝑨𝑪̂ ))  (1) 

Applying the inequality: 𝐬𝐢𝐧𝒙 >
𝟐

𝝅
⋅ 𝒙, where 𝒙 ∈ (𝟎,

𝝅

𝟐
), relationship (1) becomes: 

𝑹𝐬𝐢𝐧 �̂� > 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) ⋅
𝟐

𝝅
⋅ �̂� ⇒ 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) <

𝝅𝑹 ⋅ 𝐬𝐢𝐧 �̂�

𝟐�̂�
 

Solution 2 by Tapas Das-India 

 

Let ∠𝑩𝑨𝑨𝟏 = 𝜽𝟏, ∠𝑨𝟏𝑨𝑨𝟐 = 𝜽𝟐, ∠𝑨𝟐𝑨𝑨𝟑 = 𝜽𝟑, … , ∠𝑨𝒏−𝟏𝑨𝑪 = 𝜽𝒏 

∴ 𝜽𝟏 + 𝜽𝟐 + 𝜽𝟑 +⋯+ 𝜽𝒏 = 𝑨 

Since 𝚫𝑨𝑩𝑪 acute triangle so we have 

𝜽𝟏 <
𝝅

𝟐
, 𝜽𝟐 <

𝝅

𝟐
, … , 𝜽𝒏 <

𝝅

𝟐
      (1) 

𝑹 is the circumradius of the 𝚫𝑨𝑩𝑪 

∴
𝑩𝑪

𝐬𝐢𝐧 𝑨
= 𝟐𝑹      ∴ 𝑩𝑪 = 𝟐𝑹𝐬𝐢𝐧𝑨 

𝑹𝟏 = circumradius of 𝚫𝑨𝑩𝑨𝟏 

∴ 𝑹𝟏 =
𝑩𝑨𝟏

𝟐 𝐬𝐢𝐧𝜽𝟏
⇒ 𝑩𝑨𝟏 = 𝟐𝑹𝟏 𝐬𝐢𝐧𝜽𝟏 

Similarly 𝟐𝑹𝟐 𝐬𝐢𝐧 𝜽𝟐 = 𝑨𝟏𝑨𝟐, 𝟐𝑹𝟑 𝐬𝐢𝐧𝜽𝟑 = 𝑨𝟐𝑨𝟑, … , 𝟐𝑹𝒏 𝐬𝐢𝐧𝜽𝒏 = 𝑨𝒏−𝟏𝑪 

Now 𝑩𝑪 = 𝟐𝑹𝐬𝐢𝐧𝑨 

⇒ 𝑩𝑨𝟏 + 𝑨𝟏𝑨𝟐 + 𝑨𝟐𝑨𝟑 +⋯+ 𝑨𝒏−𝟏𝑪 = 𝟐𝑹𝐬𝐢𝐧 𝑨 

⇒ 𝟐𝑹𝟏 𝐬𝐢𝐧𝜽𝟏 + 𝟐𝑹𝟐 𝐬𝐢𝐧 𝜽𝟐 +⋯+ 𝟐𝑹𝒏 𝐬𝐢𝐧 𝜽𝒏 = 𝟐𝑹𝐬𝐢𝐧 𝑨 

⇒ 𝑹𝟏 𝐬𝐢𝐧 𝜽𝟏 + 𝑹𝟐 𝐬𝐢𝐧 𝜽𝟐 +⋯+𝑹𝒏 𝐬𝐢𝐧𝜽𝒏 = 𝑹𝐬𝐢𝐧 𝑨 

⇒ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) (𝐬𝐢𝐧𝜽𝟏 + 𝐬𝐢𝐧 𝜽𝟐 +⋯+ 𝐬𝐢𝐧 𝜽𝒏) ≥ 𝑹𝐬𝐢𝐧𝑨 
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⇒ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) 𝒏 ⋅ 𝐬𝐢𝐧 (
𝜽𝟏 + 𝜽𝟐 +⋯+ 𝜽𝒏

𝒏
) ≥
𝑱𝒆𝒏𝒔𝒆𝒏

𝑹𝐬𝐢𝐧𝑨 

[Note: 𝐬𝐢𝐧𝒙 is concave] 

⇒ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) 𝒏 𝐬𝐢𝐧 (
𝑨

𝒏
) ≥ 𝑹𝐬𝐢𝐧 𝑨 

∴ 𝐦𝐚𝐱(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) ≥
𝑹𝐬𝐢𝐧𝑨

𝒏𝐬𝐢𝐧
𝑨
𝒏

 

Jordan’s inequality 

𝐬𝐢𝐧𝒙

𝒙
>

𝟐

𝝅
 for all 𝒙 ∈ (𝟎,

𝝅

𝟐
)   ⇒ 𝐬𝐢𝐧 𝒙 >

𝟐

𝝅
𝒙 

𝑹 𝐬𝐢𝐧𝑨 = 𝑹𝟏 𝐬𝐢𝐧𝜽𝟏 +𝑹𝟐 𝐬𝐢𝐧𝜽𝟐 +⋯+ 𝑹𝒏 𝐬𝐢𝐧𝜽𝒏 

∴ 𝑹 𝐬𝐢𝐧𝑨 > 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏) (𝐬𝐢𝐧 𝜽𝟏 + 𝐬𝐢𝐧𝜽𝟐 +⋯+ 𝐬𝐢𝐧𝜽𝒏) 

⇒ 𝑹𝐬𝐢𝐧𝑨 >
𝑱𝒐𝒓𝒅𝒂𝒏

𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … ,𝑹𝒏)
𝟐

𝝅
(𝜽𝟏 + 𝜽𝟐 +⋯+ 𝜽𝒏) = 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) ⋅

𝟐

𝝅
⋅ 𝑨 

 (∵ 𝑨 = 𝜽𝟏 + 𝜽𝟐 +⋯+ 𝜽𝒏)  

Or 
𝝅𝑹 𝐬𝐢𝐧𝑨

𝟐𝑨
> 𝐦𝐢𝐧(𝑹𝟏, 𝑹𝟐, … , 𝑹𝒏) 

SP.517 In acute 𝚫𝑨𝑩𝑪,𝑩𝑩′, 𝑪𝑪′ −altitudes, 𝑪′ ∈ (𝑨𝑩),𝑩′ ∈ (𝑨𝑪), 

 {𝑯} = 𝑩𝑩′ ∩ 𝑪𝑪′,𝑬, 𝑭 middle points of [𝑩𝑯], [𝑨𝑪] respectively. Prove that: 

𝟒𝑬𝑭𝟐 ≥ (𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 
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𝑾𝒆 𝒉𝒂𝒗𝒆: 𝑪′𝑭⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑬⃗⃗⃗⃗⃗⃗  ⃗ =
𝟏

𝟐
(𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑪′𝑪⃗⃗ ⃗⃗ ⃗⃗  ) ⋅

𝟏

𝟐
(𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑯⃗⃗⃗⃗ ⃗⃗  ⃗) = 

=
𝟏

𝟒
(𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) =

𝟏

𝟒
(𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝟎 + 𝟎 + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗)

=
𝟏

𝟒
(−𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) = 𝟎,𝒃𝒆𝒄𝒂𝒖𝒔𝒆 

𝚫𝑨𝑪′𝑪~𝚫𝑯𝑪′𝑩 ⇔
𝑩𝑪′

𝑪′𝑪
=
𝑪′𝑯

𝑪′𝑨
⇔ 𝑪′𝑨⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗⃗⃗ ⃗⃗  ⃗. 

𝑯𝒆𝒏𝒄𝒆, 𝑪′𝑭⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑬⃗⃗⃗⃗⃗⃗  ⃗ = 𝟎 ⇔ 𝑪′𝑭 ⊥ 𝑪′𝑬. 𝑺𝒐, 𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝑬𝑭𝟐 = (𝑬𝑪′)𝟐 + (𝑪′𝑭)𝟐 𝒂𝒏𝒅 𝑬𝑭𝟐 = (𝑬𝑩′)𝟐 + (𝑩′𝑭)𝟐 

𝟐𝑬𝑭 = √(𝑬𝑪′)𝟐 + (𝑪′𝑭)𝟐 +√(𝑬𝑩′)𝟐 + (𝑩′𝑭)𝟐 ≥ √(𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝟒𝑬𝑭𝟐 ≥ (𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐   

Solution 2 by Ivan Hadinata-Jember-Indonesia 

It is well-known that if  ∆𝑷𝑸𝑹 is a triangle with ∠𝑷𝑸𝑹 = 𝟗𝟎° and  𝑺  is the midpoint of 
side 𝑷𝑹, then 𝑺  is the center of  (𝑷𝑸𝑹).  Therefore, we have  𝑬𝑪′ + 𝑬𝑩′ = 𝑩𝑬 + 𝑬𝑩′ =

𝑩𝑩′  and   𝑪′𝑭 + 𝑩′𝑭 =
𝑨𝑪

𝟐
+ 𝑩′𝑭 = 𝐦𝐚𝐱{𝑨𝑩′, 𝑩′𝑪}.   

Consequently, by Pythagoras theorem, 
(𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐 = (𝑩𝑩′)𝟐 + (𝐦𝐚𝐱{𝑨𝑩′, 𝑩′𝑪})𝟐

= (𝐦𝐚𝐱{𝑨𝑩,𝑩𝑪})𝟐………(𝟏) 
Let  𝚪  be the nine-point circle of ∆𝑨𝑩𝑪.  Let  𝑿  and  𝒀  be respectively the midpoints 
of  𝑨𝑩  and  𝑩𝑪.  Then  𝑿, 𝒀, 𝑬, 𝑭,𝑩′, 𝑪′ ∈ 𝚪.  Since ∠𝑬𝑩′𝑭 = 𝟗𝟎°, so 𝑬𝑭 is diameter of  𝚪.  
It means that for every point 𝑷𝟏, 𝑷𝟐 ∈ 𝚪, we have  𝑷𝟏𝑷𝟐 ≤ 𝑬𝑭.  Then, 

𝑬𝑭 ≥ 𝐦𝐚𝐱{𝑩′𝑿,𝑩′𝒀} =
𝟏

𝟐
𝐦𝐚𝐱{𝑨𝑩, 𝑩𝑪} ……… (𝟐) 

By (𝟏) and (𝟐), we deduce 
𝟒𝑬𝑭𝟐 ≥ (𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐. 

SP.518 Find: 

𝛀 = 𝐥𝐢𝐦
𝒙→𝟎

(
𝟏

𝒙
⋅ 𝐥𝐢𝐦
𝒏→∞

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝒙

𝟑𝒌

𝒏

𝒌=𝟏

) , 𝒂 ∈ ℝ 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚: 𝐬𝐢𝐧 𝟑𝜶 = 𝟑𝐬𝐢𝐧𝜶 − 𝟒 𝐬𝐢𝐧𝟑 𝜶  𝒇𝒐𝒓 𝜶 = {
𝒙

𝟑
,
𝒙

𝟑𝟐
, … ,

𝒙

𝟑𝒏−𝟏
} ,𝒘𝒆 𝒈𝒆𝒕: 
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{
 
 

 
 𝐬𝐢𝐧𝒙 = 𝟑𝐬𝐢𝐧

𝒙

𝟑
− 𝟒 𝐬𝐢𝐧𝟑

𝒙

𝟑

𝐬𝐢𝐧
𝒙

𝟑
= 𝟑 𝐬𝐢𝐧

𝒙

𝟑𝟐
− 𝟒𝐬𝐢𝐧𝟑

𝒙

𝟑𝟐………………………………

𝐬𝐢𝐧
𝒙

𝟑𝒏−𝟏
= 𝟑𝐬𝐢𝐧

𝒙

𝟑𝒏
− 𝟒𝐬𝐢𝐧𝟑

𝒙

𝟑𝒏

 

𝑩𝒚 𝒎𝒖𝒍𝒕𝒊𝒍𝒚𝒊𝒏𝒈 𝒘𝒊𝒕𝒉 𝟏, 𝟑, 𝟑𝟐, … , 𝟑𝒏−𝟏 𝒂𝒏𝒅 𝒔𝒖𝒎𝒎𝒊𝒏𝒈, 𝒊𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒔: 

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝒙

𝟑𝒌

𝒏

𝒌=𝟏

=
𝟏

𝟒
(𝟑𝒏 𝐬𝐢𝐧

𝒙

𝟑𝒏
− 𝐬𝐢𝐧 𝒙)  𝒂𝒏𝒅 𝒕𝒉𝒆𝒏 

𝐥𝐢𝐦
𝒏→∞

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝒙

𝟑𝒌

𝒏

𝒌=𝟏

=
𝟏

𝟒
(𝒙 − 𝐬𝐢𝐧𝒙) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

𝛀 = 𝐥𝐢𝐦
𝒙→𝟎

(
𝟏

𝒙
⋅ 𝐥𝐢𝐦
𝒏→∞

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝒙

𝟑𝒌

𝒏

𝒌=𝟏

) = 𝐥𝐢𝐦
𝒙→𝟎

𝟏

𝟒𝒙
(𝒙 − 𝐬𝐢𝐧 𝒙) = 𝐥𝐢𝐦

𝒙→𝟎

𝟏

𝟒
(𝟏 −

𝐬𝐢𝐧𝒙

𝒙
) = 𝟎. 

 Solution 2 by Pham Duc Nam-Vietnam 

∗ Denote: 𝑺 = ∑𝟑𝒌−𝟏 𝒔𝒊𝒏𝟑 (
𝒙

𝟑𝒌
)

𝒏

𝒌=𝟏

 

From the trigonometric identity: 𝒔𝒊𝒏(𝟑𝜽) = 𝟑𝒔𝒊𝒏(𝜽) − 𝟒𝒔𝒊𝒏𝟑(𝜽) ⇒ 𝒔𝒊𝒏𝟑(𝜽)

=
𝟏

𝟒
(𝟑𝒔𝒊𝒏(𝜽) − 𝒔𝒊𝒏(𝟑𝜽)) 

Let: 𝜽 =
𝒙

𝟑𝒌
⇒ 𝒔𝒊𝒏𝟑 (

𝒙

𝟑𝒌
) =

𝟏

𝟒
(𝟑𝒔𝒊𝒏 (

𝒙

𝟑𝒌
) − 𝒔𝒊𝒏 (

𝒙

𝟑𝒌−𝟏
)) ⇒ ∑𝟑𝒌−𝟏 𝒔𝒊𝒏𝟑 (

𝒙

𝟑𝒌
)

𝒏

𝒌=𝟏

=
𝟏

𝟒
∑(𝟑𝒌 𝒔𝒊𝒏 (

𝒙

𝟑𝒌
) − 𝟑𝒌−𝟏 𝒔𝒊𝒏 (

𝒙

𝟑𝒌−𝟏
))

𝒏

𝒌=𝟏

 

Then 𝑺 is a sum of a telescoping series, so it is easy to get: 𝑺

=
𝟏

𝟒
(−𝟑𝟏−𝟏 𝒔𝒊𝒏 (

𝒙

𝟑𝟏−𝟏
)+ 𝟑𝒏 𝒔𝒊𝒏 (

𝒙

𝟑𝒏
)) =

𝟏

𝟒
(−𝒔𝒊𝒏(𝒙) + 𝟑𝒏 𝒔𝒊𝒏 (

𝒙

𝟑𝒏
)) 

∗ 𝒍𝒊𝒎
𝒏→∞

∑𝟑𝒌−𝟏 𝒔𝒊𝒏𝟑 (
𝒙

𝟑𝒌
)

𝒏

𝒌=𝟏

= 𝒍𝒊𝒎
𝒏→∞

𝟏

𝟒
(−𝒔𝒊𝒏(𝒙) + 𝟑𝒏 𝒔𝒊𝒏 (

𝒙

𝟑𝒏
)) = −

𝟏

𝟒
𝒔𝒊𝒏(𝒙) +

𝟏

𝟒
𝒍𝒊𝒎
𝒏→∞

𝟑𝒏 𝒔𝒊𝒏 (
𝒙

𝟑𝒏
)

= −
𝟏

𝟒
𝒔𝒊𝒏(𝒙) +

𝟏

𝟒
𝒍𝒊𝒎
𝒏→∞

𝒔𝒊𝒏 (
𝒙
𝟑𝒏
)

𝒙
𝟑𝒏

. 𝒙 = −
𝟏

𝟒
𝒔𝒊𝒏(𝒙) +

𝟏

𝟒
𝒙 

∗ 𝜴 = 𝒍𝒊𝒎
𝒙→𝟎

(
𝟏

𝒙
𝒍𝒊𝒎
𝒏→∞

∑𝟑𝒌−𝟏 𝒔𝒊𝒏𝟑 (
𝒙

𝟑𝒌
)

𝒏

𝒌=𝟏

) = 𝒍𝒊𝒎
𝒙→𝟎

(
𝟏

𝒙
(−
𝟏

𝟒
𝒔𝒊𝒏(𝒙) +

𝟏

𝟒
𝒙)) = 𝟎 
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Solution 3 by Ivan Hadinata-Jember-Indonesia 
 Lemma: 𝐬𝐢𝐧 𝒙 ≤ 𝒙  for every 𝒙 ≥ 𝟎. 

 Proof:  When  𝒙 >
𝝅

𝟐
 , obviously  𝒙 > 𝟏 ≥ 𝐬𝐢𝐧𝒙.  If  𝒙 ∈ [𝟎,

𝝅

𝟐
], consider a unit circle 𝚪 

centered at the origin point 𝑶 in Cartesian coordinate system. Let  𝚪  intersects 𝒙-axis 

and 𝒚-axis at 𝑨 and 𝑩, respectively. Let 𝑪 be a point on the minor arc 𝑨𝑩 of  𝚪  so 

that  ∠𝑨𝑶𝑪 = 𝒙 ∈ [𝟎,
𝝅

𝟐
].  Geometrically, it is easy to see that the area of minor 

sector  𝑨𝑪𝑶 of  𝚪  is greater than or equal to the area of triangle ∆𝑨𝑪𝑶, that 

respectively their areas are  
𝒙

𝟐
  and  

𝐬𝐢𝐧𝒙

𝟐
.  Thus  

𝒙

𝟐
≥
𝐬𝐢𝐧𝒙

𝟐
  and the result follows.  □ 

By lemma, we obtain 

𝟏

𝒙
⋅ 𝐥𝐢𝐦
𝒏→∞

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝒙

𝟑𝒌

𝒏

𝒌=𝟏

 ≤  
𝟏

𝒙
⋅ 𝐥𝐢𝐦
𝒏→∞

𝟑𝒌−𝟏 (
𝒙

𝟑𝒌
)
𝟑

=
𝒙𝟐

𝟐𝟒
 …… (𝟏) 

for every 𝒙 > 𝟎. Observe that if  𝒙 > 𝟎 is approached as near as possible to 𝟎,  LHS of (𝟏) 
is non-negative and RHS of (𝟏) tends to 𝟎. Thus, 

𝟎 = 𝐥𝐢𝐦
𝒙→𝟎+

(
𝟏

𝒙
⋅ 𝐥𝐢𝐦
𝐧→∞

∑𝟑𝒌−𝟏 𝐬𝐢𝐧𝟑
𝐱

𝟑𝐤

𝒏

𝒌=𝟏

) = 𝐥𝐢𝐦
𝐱→𝟎+

(
𝟏

−𝐱
⋅ 𝐥𝐢𝐦
𝐧→∞

∑𝟑𝐤−𝟏 𝐬𝐢𝐧𝟑
−𝐱

𝟑𝐤

𝐧

𝐤=𝟏

)

= 𝐥𝐢𝐦
𝐱→𝟎−

(
𝟏

𝐱
⋅ 𝐥𝐢𝐦
𝐧→∞

∑𝟑𝐤−𝟏 𝐬𝐢𝐧𝟑
𝐱

𝟑𝐤

𝐧

𝐤=𝟏

) …… (𝟐) 

By (𝟐), 

Ω = 𝐥𝐢𝐦
𝐱→𝟎

(
𝟏

𝐱
⋅ 𝐥𝐢𝐦
𝐧→∞

∑𝟑𝐤−𝟏 𝐬𝐢𝐧𝟑
𝐱

𝟑𝐤

𝐧

𝐤=𝟏

) = 𝟎 

SP.519 Let 𝒙𝒊, 𝒊 = 𝟏, 𝟐, … , 𝒏 be positive real numbers such that 

∏𝒙𝒊

𝒏

𝒊=𝟏

= 𝟏 

Prove: 

∑(
𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐𝒏

𝒊=𝟏

⋅ 𝒙𝒊+𝟏 ≥ 𝒏 

where 𝒙𝟏 = 𝒙𝒏+𝟏 

Proposed by George Apostolopoulos – Messolonghi – Greece 
Solution 1 by proposer 

We’ll prove that: 
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(
𝒙𝒊
𝟔+𝟏

𝒙𝒊+𝟏
)
𝟐

≥ 𝒙𝒊
𝟓. We have 

(𝒙𝒊
𝟔 + 𝟏)

𝟐
− 𝒙𝒊

𝟓(𝒙𝒊 + 𝟏)
𝟐 = 𝒙𝒊

𝟕(𝒙𝒊
𝟓 − 𝟏) − (𝒙𝒊

𝟓 − 𝟏) = 

(𝒙𝒊
𝟓 − 𝟏) ⋅ (𝒙𝒊

𝟕 − 𝟏) = (𝒙𝒊 − 𝟏)(𝒙𝒊
𝟒 +⋯+ 𝟏)(𝒙𝒊 − 𝟏)(𝒙𝒊

𝟔 +⋯+ 𝟏) = 

(𝒙𝒊 − 𝟏)
𝟐 ⋅ (𝒙𝒊

𝟒 + 𝒙𝒊
𝟑 + 𝒙𝒊

𝟐 + 𝒙𝒊 + 𝟏)(𝒙𝒊
𝟔 + 𝒙𝒊

𝟓 + 𝒙𝒊
𝟒 + 𝒙𝒊

𝟑 + 𝒙𝒊
𝟐 + 𝒙𝒊 + 𝟏) ≥ 𝟎 

Equality holds when 𝒙𝒊 = 𝟏. So 

(
𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐

≥ 𝒙𝒊
𝟓 ⇔ (

𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐

𝒙𝒊+𝟏 ≥ 𝒙𝒊
𝟓 ⋅ 𝒙𝒊+𝟏 

Namely 

∑(
𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐𝒏

𝒊=𝟏

𝒙𝒊+𝟏 ≥∑𝒙𝒊
𝟓 ⋅ 𝒙𝒊+𝟏

𝒏

𝒊=𝟏

≥
𝑨𝑴−𝑮𝑴

 

𝒏√(𝒙𝟏𝒙𝟐…𝒙𝒏)𝟔
𝒏

= 𝒏 ⋅ 𝟏 = 𝒏 

Equality holds when 𝒙𝒊, 𝒊 = 𝟏, 𝟐,… , 𝒏 equal to 1 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Observe that 

(𝒙𝒊
𝟔 + 𝟏)(𝟏 + 𝟏)𝟓 ≥⏟

𝑯𝒐𝒍𝒅𝒆𝒓

(𝒙𝒊 + 𝟏)
𝟔       ⟹         

𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
≥ (

𝒙𝒊 + 𝟏

𝟐
)
𝟓

……(𝟏) 

Then 

∑(
𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐

𝒙𝒊+𝟏

𝒏

𝒊=𝟏

≥⏟
𝑨𝑴−𝑮𝑴

𝒏(∏(
𝒙𝒊
𝟔 + 𝟏

𝒙𝒊 + 𝟏
)

𝟐𝒏

𝒊=𝟏

⋅∏𝒙𝒊

𝒏

𝒊=𝟏

)

𝟏
𝒏

 ≥⏟
(𝟏)

 𝒏 (∏(
𝒙𝒊 + 𝟏

𝟐
)

𝟏
𝒏

𝒏

𝒊=𝟏

)

𝟏𝟎

 

≥⏟
𝑯𝒐𝒍𝒅𝒆𝒓

𝒏(
(∏ 𝒙𝒊

𝒏
𝒊=𝟏 )

𝟏
𝒏 + 𝟏

𝟐
)

𝟏𝟎

= 𝒏, 

as desired. 
Equality holds when 𝒙𝒊, 𝒊 = 𝟏, 𝟐,… , 𝒏 equal to 1 

Solution 3 and extensions by Marin Chirciu-Romania 
If 𝒙𝒊 > 𝟎, 𝒊 = 𝟏,𝒏, 𝒙𝟏𝒙𝟐…𝒙𝒏 = 𝟏 then: 

(
𝒙𝟏
𝟔 + 𝟏

𝒙𝟏 + 𝟏
)

𝟐

𝒙𝟐 + (
𝒙𝟐
𝟔 + 𝟏

𝒙𝟐 + 𝟏
)

𝟐

𝒙𝟑 +⋯+ (
𝒙𝒏
𝟔 + 𝟏

𝒙𝒏 + 𝟏
)

𝟐

𝒙𝟏 ≥ 𝒏 

Solution: Lemma: If 𝒙 > 𝟎 then: 
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(
𝒙𝟔 + 𝟏

𝒙+ 𝟏
)

𝟐

≥ 𝒙𝟓 

Proof. 

(
𝒙𝟔 + 𝟏

𝒙 + 𝟏
)

𝟐

≥ 𝒙𝟓 ⇔
𝒙𝟏𝟐 + 𝟐𝒙𝟔 + 𝟏

𝒙𝟐 + 𝟐𝒙 + 𝟏
≥ 𝒙𝟓 ⇔ 𝒙𝟏𝟐 + 𝟐𝒙𝟔 + 𝟏 ≥ 

≥ 𝒙𝟕 + 𝟐𝒙𝟔 + 𝒙𝟓 ⇔ 𝒙𝟏𝟐 + 𝟏 ≥ 𝒙𝟕 + 𝒙𝟓 ⇔ (𝒙𝟕 − 𝟏)(𝒙𝟓 − 𝟏) ≥ 𝟎, 

because the factors (𝒙𝟕 − 𝟏) and (𝒙𝟓 − 𝟏) have the same sign. Let’s get back to the main 

problem. Using the Lemma we obtain: 

𝑳𝑯𝑺 = (
𝒙𝟏
𝟔 + 𝟏

𝒙𝟏 + 𝟏
)

𝟐

𝒙𝟐 + (
𝒙𝟐
𝟔 + 𝟏

𝒙𝟐 + 𝟏
)

𝟐

𝒙𝟑 +⋯+ (
𝒙𝒏
𝟔 + 𝟏

𝒙𝒏 + 𝟏
)

𝟐

𝒙𝟏 ≥
𝑳𝒆𝒎𝒎𝒂

 

≥ 𝒙𝟏
𝟓𝒙𝟐 + 𝒙𝟐

𝟓𝒙𝟑 +⋯+ 𝒙𝒏
𝟓𝒙𝟏 ≥

𝑨𝑴−𝑮𝑴
 

≥ 𝒏√𝒙𝟏
𝟓𝒙𝟐 ⋅ 𝒙𝟐

𝟓𝒙𝟑 ⋅ … ⋅ 𝒙𝒏𝟓𝒙𝟏
𝒏

= 𝒏√𝒙𝟏
𝟔 ⋅ 𝒙𝟐

𝟔 ⋅ … ⋅ 𝒙𝒏𝟔
𝒏

= 𝒏√(𝒙𝟏𝒙𝟏…𝒙𝟏)𝟔
𝒏

= 𝒏 

Equality holds if and only if 𝒙𝟏 = 𝒙𝟐 = ⋯ = 𝒙𝒏 = 𝟏. 
Remark: The problem can be developed. 

If 𝒙𝒊 > 𝟎, 𝒊 = 𝟏, 𝒏, 𝒙𝟏𝒙𝟐…𝒙𝒏 = 𝟏 and 𝝀 ∈ ℕ then: 

(
𝒙𝟏
𝝀+𝟏 + 𝟏

𝒙𝟏 + 𝟏
)

𝟐

𝒙𝟐 + (
𝒙𝟐
𝝀 + 𝟏

𝒙𝟐 + 𝟏
)

𝟐

𝒙𝟑 +⋯+ (
𝒙𝒏
𝝀+𝟏 + 𝟏

𝒙𝒏 + 𝟏
)

𝟐

𝒙𝟏 ≥ 𝒏 

Marin Chirciu  
Solution: Lemma: If 𝒙 > 𝟎 and 𝝀 ∈ ℕ then: 

(
𝒙𝝀+𝟏 + 𝟏

𝒙 + 𝟏
)

𝟐

≥ 𝒙𝝀 

Proof. 

(
𝒙𝝀+𝟏 + 𝟏

𝒙 + 𝟏
)

𝟐

≥ 𝒙𝝀 ⇔
𝒙𝟐𝝀+𝟐 + 𝟐𝒙𝝀 + 𝟏

𝒙𝟐 + 𝟐𝒙 + 𝟏
≥ 𝒙𝝀 ⇔ 

⇔ 𝒙𝟐𝝀+𝟐 + 𝟐𝒙𝝀+𝟏 + 𝟏 ≥ 𝒙𝝀+𝟐 + 𝟐𝒙𝝀+𝟏 + 𝒙𝝀 ⇔ 

⇔ 𝒙𝟐𝝀+𝟐 + 𝟏 ≥ 𝒙𝝀+𝟐 + 𝒙𝝀 ⇔ (𝒙𝝀+𝟐 − 𝟏)(𝒙𝝀 − 𝟏) ≥ 𝟎 

because the factors (𝒙𝝀+𝟐 − 𝟏) and (𝒙𝝀 − 𝟏) have the same sign. Let’s get back to the 

main problem. Using the Lemma we obtain: 

𝑳𝑯𝑺 = (
𝒙𝟏
𝝀+𝟏 + 𝟏

𝒙𝟏 + 𝟏
)

𝟐

𝒙𝟐 + (
𝒙𝟐
𝝀+𝟏 + 𝟏

𝒙𝟐 + 𝟏
)

𝟐

𝒙𝟑 +⋯+ (
𝒙𝒏
𝝀+𝟏 + 𝟏

𝒙𝒏 + 𝟏
)

𝟐

𝒙𝟏 ≥
𝑳𝒆𝒎𝒎𝒂

 

≥ 𝒙𝟏
𝝀𝒙𝟐 + 𝒙𝟐

𝝀𝒙𝟑 +⋯+ 𝒙𝒏
𝝀𝒙𝟏 ≥

𝑨𝑴−𝑮𝑴
 𝒏√𝒙𝟏

𝝀𝒙𝟐 ⋅ 𝒙𝟐
𝝀𝒙𝟑 ⋅ … ⋅ 𝒙𝒏𝝀𝒙𝟏

𝒏
= 

= 𝒏√(𝒙𝟏𝒙𝟏…𝒙𝟏)𝝀+𝟏
𝒏

= 𝒏. 
Equality holds if and only if 𝒙𝟏 = 𝒙𝟐 = ⋯𝒙𝒏 = 𝟏 
Note: For 𝝀 = 𝟓 we obtain Problem SP.519 from RMM35 Winter Edition 2024, proposed by 
George Apostolopoulos. 
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SP.520 Prove that in any acute triangle 𝑨𝑩𝑪: 

√𝟐(𝟏𝟑𝒌𝟐 − 𝟑) ≤ √𝝅(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐 𝑩) ≤
√𝟐

𝟐
𝒌 

where 𝒌 ∈ (𝟎,
𝟏

𝟐
]. The product is over all cyclic permutations of (𝑨,𝑩, 𝑪). 

Proposed by George Apostolopoulos – Messolonghi – Greece 
Solution by proposer 

We have 

𝐜𝐨𝐬(𝑨 + 𝑩) ⋅ 𝐜𝐨𝐬(𝑨 − 𝑩) = (𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 − 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩)(𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩 + 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩) = 

= 𝐜𝐨𝐬𝟐 𝑨 𝐜𝐨𝐬𝟐𝑩− 𝐬𝐢𝐧𝟐 𝑨 𝐬𝐢𝐧𝟐𝑩 = 𝐜𝐨𝐬𝟐 𝑨𝐜𝐨𝐬𝟐𝑩 − (𝟏 − 𝐜𝐨𝐬𝟐 𝑨)(𝟏 − 𝐜𝐨𝐬𝟐𝑩) = 

= −𝟏 + 𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 

So 𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 = 𝟏 + 𝐜𝐨𝐬(𝑨 + 𝑩) 𝐜𝐨𝐬(𝑨 − 𝑩) 

We know that 𝐜𝐨𝐬(𝑨 + 𝑩) = −𝐜𝐨𝐬𝑪, and 𝐜𝐨𝐬(𝑨 − 𝑩) ≤ 𝟏 

So 𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 ≤ 𝟏 − 𝐜𝐨𝐬𝑪. Similarly  

𝐜𝐨𝐬𝟐𝑩+ 𝐜𝐨𝐬𝟐 𝑪 ≤ 𝟏 − 𝐜𝐨𝐬 𝑨, and 𝐜𝐨𝐬𝟐 𝑪 + 𝐜𝐨𝐬𝟐 𝑨 ≤ 𝟏 − 𝐜𝐨𝐬𝑩 

Multiplying up these inequalities, we have  

(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩)(𝐜𝐨𝐬𝟐𝑩+ 𝐜𝐨𝐬𝟐 𝑪)(𝐜𝐨𝐬𝟐𝑪 + 𝐜𝐨𝐬𝟐 𝑨)

≤ (𝟏 − 𝐜𝐨𝐬𝑨)(𝟏 − 𝐜𝐨𝐬𝑩)(𝟏 − 𝐜𝐨𝐬𝑪) 

because 𝟏 − 𝐜𝐨𝐬 𝑨 > 𝟎, 𝟏 − 𝐜𝐨𝐬𝑩 > 𝟎, 𝟏 − 𝐜𝐨𝐬𝑪 > 𝟎. It is well known that: 

(𝟏 − 𝐜𝐨𝐬 𝑨)(𝟏 − 𝐜𝐨𝐬𝑩)(𝟏 − 𝐜𝐨𝐬 𝑪) =
𝒓𝟐

𝟐𝑹𝟐
, where 𝒓, 𝑹 are the inradius, circumradius, 

respectively of 𝚫𝑨𝑩𝑪. Namely √∏(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩) ≤
√𝟐

𝟐
⋅
𝒓

𝑹
. Also, we know 𝑹 ≥ 𝟐𝒓 

(Euler) so 
𝒓

𝑹
≤
𝟏

𝟐
. Let 𝒌 =

𝒓

𝑹
≤
𝟏

𝟐
 namely √∏(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩) ≤

√𝟐

𝟐
𝒌, 𝒌 ∈ (𝟎,

𝟏

𝟐
] 

Now, we have 

(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐 𝑩)(𝐜𝐨𝐬𝟐𝑩+ 𝐜𝐨𝐬𝟐 𝑪)(𝐜𝐨𝐬𝟐 𝑪 + 𝐜𝐨𝐬𝟐 𝑨) ≥ 

(𝟐 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩)(𝟐 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪)(𝟐𝐜𝐨𝐬 𝑪𝐜𝐨𝐬 𝑨) = 𝟖(𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬𝑪)𝟐 

We know that 𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪 =
𝒔𝟐−(𝟐𝑹+𝒓)𝟐

𝟒𝑹𝟐
, where 𝒔 denotes the semiperimeter of 

𝚫𝑨𝑩𝑪. So ∏(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩) ≥ 𝟖(
𝒔𝟐−(𝟐𝑹+𝒓)𝟐

𝟒𝑹𝟐
)
𝟐

=
(𝒔𝟐−𝟒𝑹𝟐−𝟒𝑹𝒓−𝒓𝟐)

𝟐

𝟐𝑹𝟒
≥

(𝒔≥𝟑√𝟑𝒓)
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(𝟐𝟕𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐)𝟐

𝟐𝑹𝟒
=
(𝟐𝟔𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓)𝟐

𝟐𝑹𝟒
≥

(𝑹≥𝟐𝒓) (𝟐𝟔𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝑹𝟐)𝟐

𝟐𝑹𝟒
= 

= 𝟐(
𝟏𝟑𝒓𝟐−𝟑𝑹𝟐

𝑹𝟐
)
𝟐

. Namely 

√∏(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩) ≥ √𝟐 ⋅
𝟏𝟑𝒓𝟐 − 𝟑𝑹𝟐

𝑹𝟐
= √𝟐(𝟏𝟑(

𝒓

𝑹
)
𝟐

− 𝟑) 

So  

√𝟐(𝟏𝟑𝒌𝟐 − 𝟑) ≤ √∏(𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩) ≤
√𝟐

𝟐
𝒌, 𝒌 ∈ (𝟎,

𝟏

𝟐
] 

Equality holds if and only if the acute triangle 𝑨𝑩𝑪 is an equilateral. 

SP.521 If 𝑭𝟎 = 𝟎,𝑭𝟏 = 𝟏, 𝑭𝒏+𝟐 = 𝑭𝒏+𝟏 + 𝑭𝒏, ∀𝒏 ∈ ℕ, i.e. {𝑭𝒏}𝒏≥𝟎 is 

Fibonacci’s sequence, and 𝑳𝟎 = 𝟐, 𝑳𝟏 = 𝟏, 𝑳𝒏+𝟐 = 𝑳𝒏+𝟏 + 𝑳𝒏, ∀𝒏 ∈ ℕ, i.e. 

{𝑳𝒏}𝒏≥𝟎 is Lucas’ sequence, then prove that: 

𝑭𝒏𝑳𝒏+𝟐
𝟐

𝑭𝒏+𝟑
+
𝑭𝒏+𝟏𝑳𝒏+𝟑

𝟐

𝑭𝒏 + 𝑭𝒏+𝟐
+ (𝑳𝒏 + 𝑳𝒏+𝟐)

𝟐 − 𝟐√𝟔 ⋅ √𝑳𝒏𝑳𝒏+𝟏 ⋅ 𝑳𝒏+𝟐 ≥ 𝟎, ∀𝒏 ∈ ℕ
∗ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution by proposers  

By an inequality of G. Tsintsifas we have: If 𝒎,𝒑, 𝒒 ∈ ℝ+
∗  and 𝒂, 𝒃, 𝒄 are the side lengths of 

triangle 𝑨𝑩𝑪 with the area 𝑺, then: 

𝒎𝒂𝟐

𝒑+𝒒
+

𝒑𝒃𝟐

𝒒+𝒎
+

𝒒𝒄𝟐

𝒎+𝒑
≥ 𝟐√𝟑𝑺   (1) 

We are taking into account that ∀𝒙, 𝒚, 𝒛 ∈ ℝ+
∗  we have a triangle 𝑨𝑩𝑪 with: 

𝒂 = 𝒙 + 𝒚, 𝒃 = 𝒚 + 𝒛, 𝒄 = 𝒛 + 𝒙, and the semiperimeter 𝒔 =
𝒂+𝒃+𝒄

𝟐
= 𝒙 + 𝒚 + 𝒛, so the 

area is 𝑺 = √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) = √𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

Therefore by (1) it follows that: 

𝒎(𝒙+𝒚)𝟐

𝒑+𝒒
+
𝒑(𝒚+𝒛)𝟐

𝒒+𝒎
+
𝒒(𝒛+𝒙)𝟐

𝒎+𝒑
≥ 𝟐√𝟑 ⋅ √𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛), ∀𝒙, 𝒚, 𝒛 ∈ ℝ+

∗    (2) 

If we take in (2): 𝒙 = 𝑳𝒏, 𝒚 = 𝑳𝒏+𝟏, 𝒛 = 𝑳𝒏+𝟐,𝒎 = 𝑭𝒏, 𝒑 = 𝑭𝒏+𝟏, 𝒒 = 𝑭𝒏+𝟐, 𝒏 ∈ ℕ
∗, then 

we obtain that: 
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𝑭𝒏(𝑳𝒏 + 𝑳𝒏+𝟏)
𝟐

𝑭𝒏+𝟏 + 𝑭𝒏+𝟐
+
𝑭𝒏+𝟏(𝑳𝒏+𝟏 + 𝑳𝒏+𝟐)

𝟐

𝑭𝒏+𝟐 + 𝑭𝒏
+
𝑭𝒏+𝟐(𝑳𝒏+𝟐 + 𝑳𝒏)

𝟐

𝑭𝒏 + 𝑭𝒏+𝟏
≥ 

≥ 𝟐√𝟑 ⋅ √𝑳𝒏𝑳𝒏+𝟏𝑳𝒏+𝟐(𝑳𝒏 + 𝑳𝒏+𝟏 + 𝑳𝒏+𝟐) = 

= 𝟐√𝟑 ⋅ √𝟐𝑳𝒏𝑳𝒏+𝟏𝑳𝒏+𝟐
𝟐 = 𝟐√𝟔 ⋅ √𝑳𝒏𝑳𝒏+𝟏 ⋅ 𝑳𝒏+𝟐 

⇔
𝑭𝒏𝑳𝒏+𝟐

𝟐

𝑭𝒏+𝟑
+
𝑭𝒏+𝟏𝑳𝒏+𝟑

𝟐

𝑭𝒏 + 𝑭𝒏+𝟐
+ (𝑳𝒏 + 𝑳𝒏+𝟐)

𝟐 ≥ 𝟐√𝟔 ⋅ √𝑳𝒏𝑳𝒏+𝟏 ⋅ 𝑳𝒏+𝟐, ∀𝒏 ∈ ℕ
∗ 

 

SP.522 If {𝝋}𝒏≥𝟎 is the sequence of Fermat, i.e. 

𝝋𝒏+𝟐 − 𝟑𝝋𝒏+𝟏 − 𝟐𝝋𝒏 = 𝟎,𝝋𝟎 = 𝟎,𝝋𝟏 = 𝟏, then prove that: 

𝟐(𝝋𝒏
𝟐 −𝝋𝒏+𝟏𝝋𝒏−𝟏) = 𝟐(−𝟐)

𝒏−𝟏 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
 

Solution 1 by Angel Plaza – Spain 

𝟐(𝝋𝒏
𝟐 − 𝝋𝒏+𝟏𝝋𝒏−𝟏) = 𝟐(−𝟐)

𝒏−𝟏 

By solving the recurrence relation defining the sequence of Fermat, it is obtained 

𝝋𝒏 =
𝜶𝒏−𝜷𝒏

𝜶−𝜷
, where 𝜶 =

𝟑+√𝟏𝟕

𝟐
, and 𝜷 =

𝟑−√𝟏𝟕

𝟐
 are the roots of the associated characteristic 

polynomial 𝒙𝟐 − 𝟑𝒙 − 𝟐 = 𝟎. Notice that 𝜶+ 𝜷 = 𝟑,𝜶 − 𝜷 = √𝟏𝟕, and 𝜶 ⋅ 𝜷 = −𝟐. 

After some algebra, the identity follows: 

𝝋𝒏
𝟐 = (

𝝋𝒏 −𝜷𝒏

𝜶 − 𝜷
)
𝟐

=
𝜶𝟐𝒏 + 𝜷𝟐𝒏 − 𝟐(𝜶𝜷)𝒏

𝟏𝟕
=
𝜶𝟐𝒏 + 𝜷𝟐𝒏 + 𝟒(−𝟐)𝒏−𝟏

𝟏𝟕
 

On the other hand, since 𝜶𝟐 = 𝟑𝜶+ 𝟐, and 𝜷𝟐 = 𝟑𝜷 + 𝟐, 𝜶𝟐 +𝜷𝟐 = 𝟏𝟑, and then  

𝝋𝒏+𝟏𝝋𝒏−𝟏 = (
𝜶𝒏+𝟏 − 𝜷𝒏+𝟏

𝜶 + 𝜷
)(
𝜶𝒏−𝟏 − 𝜷𝒏−𝟏

𝜶− 𝜷
) =

𝜶𝟐𝒏 + 𝜷𝟐𝒏 − (𝜶𝜷)𝒏−𝟏(𝜶𝟐 +𝜷𝟐)

𝟏𝟕
 

=
𝜶𝟐𝒏 +𝜷𝟐𝒏 − 𝟏𝟑(−𝟐)𝒏−𝟏

𝟏𝟕
=
𝜶𝟐𝒏 + 𝜷𝟐𝒏 − 𝟏𝟑(−𝟐)𝒏−𝟏

𝟏𝟕
 

Therefore, 𝟐(𝝋𝒏
𝟐 − 𝝋𝒏+𝟏𝝋𝒏−𝟏) = 𝟐(−𝟐)

𝒏−𝟏, and the problem is done. 
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Solution 2 by Ivan Hadinata-Jember-Indonesia 
 (by characteristic equation) 
Rewrite the recurrence relation  𝝋𝒏+𝟐 − 𝟑𝝋𝒏+𝟏 − 𝟐𝝋𝒏 = 𝟎 and its characteristic 

equation  𝒙𝟐 − 𝟑𝒙− 𝟐 = 𝟎  which has the real roots  
𝟑+√𝟏𝟕

𝟐
  and  

𝟑−√𝟏𝟕

𝟐
. Then  𝝋𝒏 =

𝑨(
𝟑+√𝟏𝟕

𝟐
)
𝒏

+ 𝑩(
𝟑−√𝟏𝟕

𝟐
)
𝒏

, ∀𝒏 ∈ ℤ≥𝟎. Since  𝝋𝟎 = 𝟎, 𝝋𝟏 = 𝟏,  we get  𝑨 = √
𝟏

𝟏𝟕
  and  𝑩 =

−√
𝟏

𝟏𝟕
.  Then, for every 𝒏 ∈ ℤ+, 

𝝋𝒏
𝟐 =

𝟏

𝟏𝟕
((
𝟑 + √𝟏𝟕

𝟐
)

𝟐𝒏

+ (
𝟑− √𝟏𝟕

𝟐
)

𝟐𝒏

) +
𝟒

𝟏𝟕
(−𝟐)𝒏−𝟏  ……… (∗) 

and 

𝝋𝒏+𝟏𝝋𝒏−𝟏 =
𝟏

𝟏𝟕
((
𝟑 + √𝟏𝟕

𝟐
)

𝒏+𝟏

+ (
𝟑− √𝟏𝟕

𝟐
)

𝒏+𝟏

)((
𝟑 + √𝟏𝟕

𝟐
)

𝒏−𝟏

+ (
𝟑 − √𝟏𝟕

𝟐
)

𝒏−𝟏

)

=
𝟏

𝟏𝟕
((
𝟑 + √𝟏𝟕

𝟐
)

𝟐𝒏

+ (
𝟑− √𝟏𝟕

𝟐
)

𝟐𝒏

) −
𝟏𝟑

𝟏𝟕
(−𝟐)𝒏−𝟏  ……… (∗∗) 

Subtracting (∗) by (∗∗)  gives us  𝝋𝒏
𝟐 −𝝋𝒏+𝟏𝝋𝒏−𝟏 =

𝟒

𝟏𝟕
(−𝟐)𝒏−𝟏 − (−

𝟏𝟑

𝟏𝟕
(−𝟐)𝒏−𝟏) =

(−𝟐)𝒏−𝟏  or   −𝟐(𝝋𝒏
𝟐 −𝝋𝒏+𝟏𝝋𝒏−𝟏) = (−𝟐)

𝒏  for every  𝒏 ∈ ℤ+. 
 

Solution 3 by Ivan Hadinata-Jember-Indonesia 
 
(by induction) 

Let  𝑷(𝒏)  be the statement that  𝝋𝒏
𝟐 − 𝝋𝒏+𝟏𝝋𝒏−𝟏 = (−𝟐)

𝒏−𝟏. The problem wants us to 
show that 𝑷(𝒏) is true for all 𝒏 ∈ ℤ+.  Obviously 𝑷(𝟏)  is true since  𝝋𝟎 = 𝟎, 𝝋𝟏 = 𝟏,
𝝋𝟐 = 𝟑.  Assume that 𝑷(𝒎)  is true for some 𝒎 ∈ ℤ+.  We have 

(−𝟐)𝒎−𝟏 = 𝝋𝒎
𝟐 − 𝝋𝒎+𝟏𝝋𝒎−𝟏 = 𝝋𝒎

𝟐 − (𝟑𝝋𝒎 + 𝟐𝝋𝒎−𝟏)𝝋𝒎−𝟏 
⟹ 

−𝟐𝝋𝒎
𝟐 + 𝟒𝝋𝒎−𝟏

𝟐 + 𝟔𝝋𝒎𝝋𝒎−𝟏 = (−𝟐)
𝒎  ……… (#) 

Besides that, 

𝝋𝒎+𝟏
𝟐 = (𝟑𝝋𝒎 + 𝟐𝝋𝒎−𝟏)

𝟐 
⟹ 

𝝋𝒎+𝟏
𝟐 − 𝟒𝝋𝒎−𝟏

𝟐 − 𝟑𝝋𝒎(𝟑𝝋𝒎 + 𝟒𝝋𝒎−𝟏) = 𝟎 
⟹ 

𝝋𝒎+𝟏
𝟐 − 𝟒𝝋𝒎−𝟏

𝟐 − 𝟑𝝋𝒎(𝝋𝒎+𝟏 + 𝟐𝝋𝒎−𝟏) = 𝟎 ………(##) 
Summing up (#) and (##) gives us 

(−𝟐)𝒎 = 𝝋𝒎+𝟏
𝟐 −𝝋𝒎(𝟑𝝋𝒎+𝟏 + 𝟐𝝋𝒎) = 𝝋𝒎+𝟏

𝟐 −𝝋𝒎+𝟐𝝋𝒎 
Thus, 𝑷(𝒎+ 𝟏)  is also true.  By induction, 𝑷(𝒏) holds for all 𝒏 ∈ ℤ+, and the result 
follows. 

 



 
www.ssmrmh.ro 

53 35-RMM WINTER EDITION 2024-SOLUTIONS 

 

SP.523 Let be 𝚫𝑨𝑩𝑪,𝑫, 𝑬, 𝑭 the points in which the interior bisectors 

intersect circumcenter. Prove that: 

𝟒

𝟑
𝑹𝟐(𝟒𝑹 + 𝒓)𝟐 ≤ 𝑫𝑬𝟒 + 𝑬𝑭𝟒 + 𝑭𝑫𝟒 ≤ 𝟒𝑹𝟐(𝟒𝑹 + 𝒓)(𝟐𝑹 − 𝒓) 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

 

From sine theorem: 

𝑫𝑬 = 𝟐𝑹𝒔𝒊𝒏 (
𝝅−𝑪

𝟐
) = 𝟐𝑹𝐬𝐢𝐧 (

𝝅

𝟐
−
𝑪

𝟐
) = 𝟐𝑹𝐜𝐨𝐬

𝑪

𝟐
  and the analogs ⇒ 

𝑫𝑬𝟒 + 𝑬𝑭𝟒 + 𝑭𝑫𝟒 = 𝟏𝟔𝑹𝟒∑𝐜𝐨𝐬𝟒
𝑨

𝟐

∑𝐜𝐨𝐬𝟒
𝑨

𝟐
=
(𝟒𝑹+ 𝒓)𝟐 − 𝒑𝟐

𝟖𝑹𝟐

} ⇒ 

𝑫𝑬𝟒 + 𝑬𝑭𝟒 + 𝑭𝑫𝟒 = 𝟐𝑹𝟐[(𝟒𝑹 + 𝒓)𝟐 − 𝒑𝟐]    (1) 

𝒑𝟐 ≥
𝑫𝒐𝒖𝒄𝒆𝒕

 𝟑𝒓(𝟒𝑹 + 𝒓) ⇒ −𝒑𝟐 ≤ −𝟑𝒓(𝟒𝑹 + 𝒓) ⇒ (𝟒𝑹 + 𝒓)𝟐 − 𝒑𝟐 ≤ 

(𝟒𝑹 + 𝒓)𝟐 − 𝟑𝒓(𝟒𝑹 + 𝒓) = (𝟒𝑹 + 𝒓)(𝟒𝑹+ 𝒓 − 𝟑𝒓) = 𝟐(𝟒𝑹+ 𝒓)(𝟐𝑹 − 𝒓)  (2) 

From (1) + (2) ⇒ 𝑫𝑬𝟒 + 𝑬𝑭𝟒 + 𝑭𝑫𝟒 ≤ 𝟒𝑹𝟐(𝟒𝑹 + 𝒓)(𝟐𝑹− 𝒓) 

𝒑𝟐 ≤
𝑫𝒐𝒖𝒄𝒆𝒕 (𝟒𝑹+𝒓)𝟐

𝟑
⇒ −𝒑𝟐 ≥ −

(𝟒𝑹+𝒓)𝟐

𝟑
⇒ (𝟒𝑹+ 𝒓)𝟐 − 𝒑𝟐 ≥

𝟐

𝟑
(𝟒𝑹 + 𝒓)𝟐  (3) 

From (1) + (3) ⇒ 𝑫𝑬𝟒 + 𝑬𝑭𝟒 + 𝑭𝑫𝟒 ≥
𝟒

𝟑
𝑹𝟐(𝟒𝑹 + 𝒓)𝟐 
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Solution 2 by Tapas Das-India 

 

From 𝚫𝑨𝑩𝑫 using sine law 

𝑩𝑫

𝐬𝐢𝐧
𝑨
𝟐

=
𝑪

𝐬𝐢𝐧𝑪
⇒ 𝟐𝑹𝐬𝐢𝐧

𝑨

𝟐
= 𝑩𝑫 

∴ 𝑩𝑫 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

Again, ∠𝑩𝑰𝑫 = ∠𝑰𝑩𝑨 + ∠𝑰𝑨𝑩 = ∠𝑫𝑨𝑪 + ∠𝑰𝑩𝑪 = ∠𝑪𝑩𝑫 + ∠𝑰𝑩𝑪 = ∠𝑰𝑩𝑫 

From 𝚫𝑩𝑰𝑫, 𝑰𝑫 = 𝑩𝑫 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
  (analog) 

Now from 𝚫𝑰𝑬𝑫 we have 

𝑰𝑬 = 𝟐𝑹 𝐬𝐢𝐧
𝑩

𝟐
, 𝑰𝑫 = 𝟐𝑹 𝐬𝐢𝐧

𝑨

𝟐
 

∠𝑬𝑰𝑫 = 𝝅 − (
𝑩

𝟐
+
𝑨

𝟐
) 

= 𝝅− (
𝝅

𝟐
−
𝑪

𝟐
) =

𝝅

𝟐
+
𝑪

𝟐
 

Now from 𝚫𝑰𝑬𝑫 we have 

𝑫𝑬𝟐 = 𝑰𝑬𝟐 + 𝑰𝑫𝟐 − 𝟐𝑰𝑬 ⋅ 𝑰𝑫 ⋅ 𝐜𝐨𝐬 (
𝝅

𝟐
+
𝑪

𝟐
) 

∴ 𝑫𝑬𝟐 = 𝟒𝑹𝟐 𝐬𝐢𝐧𝟐
𝑩

𝟐
+ 𝟒𝑹𝟐 𝐬𝐢𝐧𝟐

𝑨

𝟐
+ 𝟐 ⋅ 𝟐𝑹𝐬𝐢𝐧

𝑩

𝟐
⋅ 𝟐𝑹 𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

= 𝟒𝑹𝟐 (𝐬𝐢𝐧𝟐
𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑨

𝟐
+ 𝟐𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
) 
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= 𝟒𝑹𝟐 [∑𝐬𝐢𝐧𝟐
𝑨

𝟐
+ 𝟐∏𝐬𝐢𝐧

𝑨

𝟐
− 𝐬𝐢𝐧𝟐

𝑪

𝟐
] = 𝟒𝑹𝟐 [(𝟏 −

𝒓

𝟐𝑹
) + 𝟐 ⋅

𝒓

𝟒𝑹
− 𝐬𝐢𝐧𝟐

𝑪

𝟐
] 

= 𝟒𝑹𝟐 (𝟏 − 𝐬𝐢𝐧𝟐
𝑪

𝟐
) = 𝟒𝑹𝟐 𝐜𝐨𝐬𝟐

𝑪

𝟐
 

∴ 𝑫𝑬 = 𝟐𝑹𝐜𝐨𝐬
𝑪

𝟐
  (analog) 

Similarly 𝑫𝑭 = 𝟐𝑹 𝐜𝐨𝐬
𝑩

𝟐
 

𝑬𝑭 = 𝟐𝑹𝐜𝐨𝐬
𝑨

𝟐
 

SP.524 Let be 𝚫𝑨𝑩𝑪 and 𝑨′, 𝑩′, 𝑪′ the tangent points of circumcenter with 

the sides 𝑩𝑪,𝑨𝑪, respectively 𝑨𝑩. Prove that: 

𝟏

𝑨′𝑩′ ⋅ 𝑨′𝑪′
+

𝟏

𝑨′𝑩′ ⋅ 𝑩′𝑪′
+

𝟏

𝑨′𝑪′ ⋅ 𝑩′𝑪′
≤ (

𝟏

𝒓𝒂
𝟐 +

𝟏

𝒓𝒃
𝟐 +

𝟏

𝒓𝒄
𝟐) (

𝑹

𝒓
+ 𝟏) 

Proposed by Marian Ursărescu – Romania  

Solution by proposer 

 

∠𝑪′𝑨′𝑩 =
𝝅

𝟐
−
𝑩

𝟐
∧ ∠𝑩′𝑨′𝑪 =

𝝅

𝟐
−
𝑪

𝟐
⇒ 

∠𝑩′𝑨′𝑪′ =
𝝅

𝟐
−
𝑨

𝟐
⇒ from sine theorem 

⇒ 𝑩′𝑪′ = 𝟐𝒓 𝐬𝐢𝐧 (
𝝅

𝟐
−
𝑨

𝟐
) = 𝟐𝒓 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
  and the analogs ⇒ 

∑
𝟏

𝑨′𝑩′𝑨′𝑪′
=

𝟏

𝟒𝒓𝟐
∑

𝟏

𝐜𝐨𝐬
𝑨

𝟐
⋅𝐜𝐨𝐬

𝑩

𝟐

≤
𝟏

𝟒𝒓𝟐
∑

𝟏

𝐜𝐨𝐬𝟐
𝑨

𝟐

    (1) 

∑
𝟏

𝐜𝐨𝐬𝟐
𝑨

𝟐

= 𝟏 +
(𝟒𝑹+𝒓)𝟐

𝒑𝟐
≤

𝑫𝒐𝒖𝒄𝒆𝒕
 𝟏 +

(𝟒𝑹+𝒓)𝟐

𝟑𝒓(𝟒𝑹+𝒓)
= 𝟏 +

𝟒𝑹+𝒓

𝟑𝒓
=
𝟒(𝑹+𝒓)

𝟑𝒓
    (2) 

From (1) + (2) ⇒ ∑
𝟏

𝑨′𝑩′⋅𝑨′𝑪′
≤

𝟏

𝟑𝒓𝟐
⋅
𝑹+𝒓

𝒓
=

𝟏

𝟑𝒓𝟐
(
𝑹

𝒓
+ 𝟏)    (3) 
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𝟏

𝟑𝒓𝟐
=
𝟏

𝟑
(
𝟏

𝒓𝒂
+

𝟏

𝒓𝒃
+

𝟏

𝒓𝒄
)
𝟐

≤
𝑪𝒂𝒖𝒄𝒉𝒚

𝟏

𝟑
⋅ 𝟑 (

𝟏

𝒓𝒂
𝟐 +

𝟏

𝒓𝒃
𝟐 +

𝟏

𝒓𝒄
𝟐) =

𝟏

𝒓𝒂
𝟐 +

𝟏

𝒓𝒃
𝟐 +

𝟏

𝒓𝒄
𝟐   (4) 

From (3) + (4) ⇒ ∑
𝟏

𝑨′𝑩′⋅𝑨′𝑪′
≤ (

𝟏

𝒓𝒂
𝟐 +

𝟏

𝒓𝒃
𝟐 +

𝟏

𝒓𝒄
𝟐) (

𝑹

𝒓
+ 𝟏) 

SP.525 If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝟑𝟒𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 𝟐𝟕(𝟓 + 𝒂𝒃 + 𝒄)(𝟓 + 𝒃𝒄 + 𝒂)(𝟓 + 𝒄𝒂 + 𝒃) 

Proposed by Andrei Ștefan Mihalcea-Romania 
Solution 1 by proposer 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒄(𝒂 + 𝒃) + 𝒂𝒃 ≤⏞
𝑨𝑴−𝑮𝑴

𝒄(𝒂 + 𝒃) +
(𝒂 + 𝒃)𝟐

𝟒
= 

=
(𝒂 + 𝒃 + 𝟒𝒄)(𝒂 + 𝒃)

𝟒
=
𝟑(𝟏 + 𝒄)(𝒂 + 𝒃)

𝟒
 

𝟒

𝟑
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ (𝟏 + 𝒄)(𝒂 + 𝒃) ≤⏞

𝑮𝑴−𝑸𝑴
𝒄𝟐 + 𝟐𝒄 + 𝟏 + 𝒂𝟐 + 𝟐𝒂𝒃 + 𝒃𝟐

𝟐
 

𝟖

𝟑
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃 + 𝟐𝒄 + 𝟏 = 

= (𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟐𝒂𝒃 + 𝟐𝒄 + 𝟏 

𝟏𝟒

𝟑
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟗 +  𝟐𝒂𝒃 + 𝟐𝒄 + 𝟏 

𝟕

𝟑
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟓 + 𝒂𝒃 + 𝒄 

𝟕(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟑(𝟓 + 𝒂𝒃 + 𝒄) 

𝟑𝟒𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 𝟐𝟕∏(𝟓+ 𝒂𝒃 + 𝒄)

𝒄𝒚𝒄

 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝑿 = 𝟐𝟕(𝟓 + 𝒂𝒃 + 𝒄)(𝟓 + 𝒃𝒄 + 𝒂)(𝟓 + 𝒄𝒂 + 𝒃)  and  𝒀 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂. (The 

problem wants us to show  𝑿 ≥ (𝟕𝒀)𝟑).  It is well-known that  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒀.  
Since  𝒂 + 𝒃 + 𝒄 = 𝟑  then we can write 

𝑿 =
𝟏

𝟐𝟕
∏(𝟓𝒂𝟐 + 𝟓𝒃𝟐 + 𝟓𝒄𝟐 + 𝟏𝟑𝒂𝒃 + 𝟏𝟑𝒃𝒄 + 𝟏𝟑𝒄𝒂 + 𝟑(𝒂𝟐 + 𝟐𝒃𝒄))

𝒄𝒚𝒄

 

≥⏟
𝑯𝒐𝒍𝒅𝒆𝒓 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒂𝒏𝒅 𝒂𝟐+𝒃𝟐+𝒄𝟐≥𝒀
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𝟏

𝟐𝟕

(

 
 
𝟏𝟖𝒀 + 𝟑(∏(𝒂𝟐 + 𝟐𝒃𝒄)

𝒄𝒚𝒄

)

𝟏
𝟑

)

 
 

𝟑

 ……(𝟏) 

Note that 

(∏(𝒂𝟐 + 𝟐𝒃𝒄)

𝒄𝒚𝒄

) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 = 𝜷𝟏 +𝜷𝟐 ≥ 𝟎……(𝟐) 

where 

𝜷𝟏 = 𝒂
𝟑𝒃𝟑 + 𝒃𝟑𝒄𝟑 + 𝒄𝟑𝒂𝟑 + 𝟑𝒂𝟐𝒃𝟐𝒄𝟐 −∑𝒂𝟑𝒃𝟐𝒄

𝒔𝒚𝒎

≥ 𝟎, 

obtained from Schur’s inequality, and 

𝜷𝟐 = 𝟒𝒂𝒃𝒄(𝒂
𝟑 + 𝒃𝟑 + 𝒄𝟑) − 𝟐∑𝒂𝟑𝒃𝟐𝒄

𝒔𝒚𝒎

≥ 𝟎, 

obtained by Muirhead inequality  ∑ 𝒂𝟒𝒃𝒄𝒔𝒚𝒎 ≥ ∑ 𝒂𝟑𝒃𝟐𝒄𝒔𝒚𝒎   because  (𝟒, 𝟏, 𝟏) ≻ (𝟑, 𝟐, 𝟏). 

By (𝟏) and (𝟐), we get   𝑿 ≥
𝟏

𝟐𝟕
(𝟏𝟖𝒀 + 𝟑𝒀)𝟑 = (𝟕𝒀)𝟑,  as we expected.  ∎ 

Solution 3 and extensions by Marin Chirciu-Romania 

Lemma: If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝟕
(𝟓 + 𝒂𝒃 + 𝒄) 

Proof: Homogenizing the inequality we can write: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝟕
(𝟓 ⋅

(𝒂 + 𝒃 + 𝒄)𝟐

𝟗
+ 𝒂𝒃 + 𝒄 ⋅

𝒂 + 𝒃 + 𝒄

𝟑
) ⇔ 

⇔ 𝟐𝟏(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟓𝒂𝟐 + 𝟓𝒃𝟐 + 𝟖𝒄𝟐 + 𝟏𝟗𝒂𝒃 + 𝟏𝟑𝒂𝒄 + 𝟏𝟑𝒃𝒄 ⇔ 
⇔ 𝟓𝒂𝟐 + 𝟓𝒃𝟐 + 𝟖𝒄𝟐 − 𝟐𝒂𝒃 − 𝟖𝒂𝒄 − 𝟖𝒃𝒄 ≥ 𝟎 ⇔ (𝒂 − 𝒃)𝟐 + 𝟒(𝒂 − 𝒄)𝟐 + 𝟒(𝒃 − 𝒄)𝟐 ≥ 𝟎, 
obviously with equality for 𝒂 = 𝒃 = 𝒄 = 𝟏. 
Let’s get back to the main problem. 
Using the Lemma and bypassing to the product in inequality 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝟕
(𝟓 + 𝒂𝒃 + 𝒄) we obtain: 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤
𝑳𝒆𝒎𝒎𝒂

 ∏
𝟑

𝟕
(𝟓 + 𝒂𝒃 + 𝒄) ⇔ 𝟕𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤

𝑳𝒆𝒎𝒎𝒂
 

≤ 𝟑𝟑∏(𝟓+ 𝒂𝒃 + 𝒄) ⇔ 

⇔ 𝟑𝟒𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 𝟐𝟕(𝟓 + 𝒂𝒃 + 𝒄)(𝟓 + 𝒃𝒄 + 𝒂)(𝟓 + 𝒄𝒂 + 𝒃). 
Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. 
Remark: The problem can be developed. 
If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝝀 ≥ 𝟏 then: 

(𝝀 + 𝟐)𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 𝟐𝟕(𝝀 + 𝒂𝒃 + 𝒄)(𝝀 + 𝒃𝒄 + 𝒂)(𝝀 + 𝒄𝒂 + 𝒃) 
Marin Chirciu  

Solution: Lemma: If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝝀 ≥ 𝟏 then: 
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𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝝀 + 𝟐
(𝝀 + 𝒂𝒃 + 𝒄) 

Proof: Homogenizing the inequality we can write: 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝝀 + 𝟐
(𝝀 ⋅

(𝒂 + 𝒃 + 𝒄)𝟐

𝟗
+ 𝒂𝒃 + 𝒄 ⋅

𝒂 + 𝒃 + 𝒄

𝟑
) ⇔ 

⇔ 𝟑(𝝀 + 𝟐)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 
≤ 𝝀𝒂𝟐 + 𝝀𝒃𝟐 + (𝝀 + 𝟑)𝒄𝟐 + (𝟐𝝀 + 𝟗)𝒂𝒃 + (𝟐𝝀 + 𝟑)𝒂𝒄 + (𝟐𝝀 + 𝟑)𝒃𝒄 ⇔ 
⇔ 𝝀𝒂𝟐 + 𝝀𝒃𝟐 + (𝝀 + 𝟑)𝒄𝟐 + (𝟑 − 𝝀)𝒂𝒃 − (𝝀 + 𝟑)𝒂𝒄 − (𝝀 + 𝟑)𝒃𝒄 ≥ 𝟎 ⇔ 

⇔ (𝝀 + 𝟑)𝒄𝟐 − (𝝀 + 𝟑)𝒄(𝒂 + 𝒃) + 𝝀𝒂𝟐 + 𝝀𝒃𝟐 + (𝟑 − 𝝀)𝒂𝒃 ≥ 𝟎 
which follows from the fact that the trinome of 2nd grade in variable 𝒄 has 𝚫 ≤ 𝟎. 

Indeed: 𝚫 = (𝝀 + 𝟑)𝟐(𝒂 + 𝒃)𝟐 − 𝟒(𝝀 + 𝟑)(𝝀𝒂𝟐 + 𝝀𝒃𝟐 + (𝟑 − 𝝀)𝒂𝒃) = 

= (𝝀 + 𝟑)[(𝟑 − 𝟑𝝀)𝒂𝟐 + (𝟑 − 𝟑𝝀)𝒃𝟐 + (𝟔𝝀 − 𝟔)𝒂𝟐𝒃] = 
= 𝟑(𝝀 + 𝟑)(𝟏 − 𝝀)(𝒂 − 𝒃)𝟐 ≤ 𝟎,  for 𝝀 ≥ 𝟏. 

Let’s get back to the main problem.Using the Lemma and bypassing to the product in 

inequality 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
𝟑

𝝀+𝟐
(𝝀 + 𝒂𝒃 + 𝒄) we obtain: 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤
𝑳𝒆𝒎𝒎𝒂

∏
𝟑

𝝀 + 𝟐
(𝝀 + 𝒂𝒃 + 𝒄) ⇔ (𝝀 + 𝟐)𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 

≤
𝑳𝒆𝒎𝒎𝒂

𝟑𝟑∏(𝝀+ 𝒂𝒃 + 𝒄) ⇔ 

⇔ (𝝀 + 𝟐)𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≤ 𝟐𝟕(𝝀 + 𝒂𝒃 + 𝒄)(𝝀 + 𝒃𝒄 + 𝒂)(𝝀 + 𝒄𝒂 + 𝒃) 
Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟏. 
Note. 
For 𝝀 = 𝟓 we obtain Problem SP.525 from RMM35 Winter Edition 2024, proposed by 
Andrei Ștefan Mihalcea. 
 

UNDERGRADUATE PROBLEMS 

UP.511 Prove that: 

∫ 𝒕𝒆𝟐𝒕𝒆−𝒆
−𝟐𝒕

∞

𝟎

𝒅𝒕 = −
𝜸

𝟒
 

where 𝜸 is the Euler-Mascheroni constant. 

Proposed by Said Attaoui-Algerie 
Solution by proposer 
 

∫ 𝒕𝒆𝟐𝒕𝒆−𝒆
−𝟐𝒕

∞

𝟎

𝒅𝒕 =
𝒙=𝒆𝒕

∫
𝐥𝐨𝐠 𝒙

𝒙𝟐
𝒆
−
𝟏

𝒙𝟐
∞

𝟎

𝒅𝒙

𝒙
= ∫

𝟏

𝒙𝟑
𝒆
−
𝟏

𝒙𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙
∞

𝟎

=

𝟏
𝒙
→𝒙
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= ∫
𝟏

𝒙𝟑
𝒆
−
𝟏

𝒙𝟐 𝐥𝐨𝐠 𝒙
∞

𝟎

𝒅𝒙 = ∫ 𝒙𝒆−𝒙
𝟐
𝐥𝐨𝐠 𝒙𝒅𝒙

∞

𝟎

=
𝒙𝟐→𝒙 𝟏

𝟒
∫ 𝒆−𝒙 𝐥𝐨𝐠 𝒙𝒅𝒙
∞

𝟎

= 

=
𝟏

𝟒
𝐥𝐢𝐦
𝒂→𝟎

𝒅

𝒅𝒂
(∫ 𝒙𝒂𝒆−𝒙

∞

𝟎

𝒅𝒙) =
𝟏

𝟒
𝐥𝐢𝐦
𝒂→𝟎

𝒅

𝒅𝒂
(𝚪(𝒂 + 𝟏)) =

𝟏

𝟒
𝐥𝐢𝐦
𝒂→𝟎

(𝚪′(𝒂 + 𝟏)) =
𝟏

𝟒
𝚪′(𝟏) = 

=
𝟏

𝟒
𝝍(𝟏) = −

𝜸

𝟒
 

𝒘𝒉𝒆𝒓𝒆 𝝍(𝒛) 𝒊𝒔 𝒂 𝒇𝒊𝒓𝒔𝒕 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆 𝒐𝒇 𝐥𝐨𝐠(𝜞(𝒛))  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒂𝒔: 

𝝍(𝒛) =
𝒅

𝒅𝒛
(𝐥𝐨𝐠(𝜞(𝒛))) =

𝚪′(𝒛)

𝚪(𝒛)
= −𝜸 +∑(

𝟏

𝒏
−

𝟏

𝒏 − 𝟏 + 𝒛
)

∞

𝒏=𝟏

   

UP.512 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(√(𝟐𝒏 − 𝟏)‼
𝒏

(𝐭𝐚𝐧
𝝅 √(𝒏 + 𝟏)!
𝒏+𝟏

𝟒√𝒏!
𝒏 − 𝟏)) 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by proposers 

𝑾𝒆 𝒉𝒂𝒗𝒆: 𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
= 𝒆; 

𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

√
(𝟐𝒏 − 𝟏)‼

𝒏𝒏

𝒏

=
𝑪−𝑫

𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)‼

(𝒏 + 𝟏)𝒏+𝟏
⋅

𝒏𝒏

(𝟐𝒏 − 𝟏)‼
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

(𝒏 + 𝟏)𝒆𝒏
=
𝟐

𝒆
,𝒘𝒉𝒆𝒓𝒆 𝒆𝒏 = (𝟏 +

𝟏

𝒏
)
𝒏

, (∀)𝒏 ∈ ℕ∗ 

𝑫𝒆𝒏𝒐𝒕𝒆: 𝒖𝒏 =
√(𝒏 + 𝟏)!

𝒏+𝟏

√𝒏!
𝒏 , (∀)𝒏 ≥ 𝟐, 𝐥𝐢𝐦

𝒏→∞
𝒖𝒏 = 𝐥𝐢𝐦

𝒏→∞
(

√(𝒏 + 𝟏)!
𝒏+𝟏

𝒏 + 𝟏
⋅
𝒏

√𝒏!
𝒏 ⋅

𝒏 + 𝟏

𝒏
) = 𝟏 

𝐥𝐢𝐦
𝒏→∞

𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
= 𝟏; 𝐥𝐢𝐦

𝒏→∞
𝒖𝒏
𝒏 = 𝐥𝐢𝐦

𝒏→∞

(𝒏 + 𝟏)!

𝒏!
⋅

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

= 𝒆 

𝑫𝒆𝒏𝒐𝒕𝒆: 𝒕𝒏 =
𝝅

𝟒
𝒖𝒏, 𝒏 ≥ 𝟏,𝒘𝒆 𝒉𝒂𝒗𝒆:  

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(√(𝟐𝒏 − 𝟏)‼
𝒏

(𝐭𝐚𝐧
𝝅 √(𝒏 + 𝟏)!
𝒏+𝟏

𝟒√𝒏!
𝒏 − 𝟏)) = 
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= 𝐥𝐢𝐦
𝒏→∞

√(𝟐𝒏 − 𝟏)‼
𝒏+𝟏

𝒏
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏(𝐭𝐚𝐧 𝒕𝒏 − 𝐭𝐚𝐧
𝝅

𝟒
) = 

=
𝟐

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

𝐬𝐢𝐧 (𝒕𝒏 −
𝝅
𝟒
)

𝐜𝐨𝐬 𝒕𝒏 ⋅ 𝐜𝐨𝐬
𝝅
𝟒

⋅ 𝒏 =
𝟐

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝐬𝐢𝐧 (𝒕𝒏 −

𝝅
𝟒
)

𝒕𝒏 −
𝝅
𝟒

⋅ 𝒏 (𝒕𝒏 −
𝝅

𝟒
)) ⋅

𝟏

𝐜𝐨𝐬𝟐
𝝅
𝟒

= 

=
𝟒

𝒆
⋅ 𝟏 ⋅ 𝐥𝐢𝐦

𝒏→∞
𝒏(𝒕𝒏 −

𝝅

𝟒
) =

𝟒

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏 ⋅
𝝅

𝟒
⋅ (𝒖𝒏 − 𝟏) =

𝟒

𝒆
⋅
𝝅

𝟒
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏(
√(𝒏 + 𝟏)!

𝒏+𝟏

√𝒏!
𝒏 − 𝟏) = 

=
𝝅

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏!
𝒏 ⋅ 𝐥𝐢𝐦

𝒏→∞
( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) =
𝝅

𝒆
⋅ 𝒆 ⋅ 𝐥𝐢𝐦

𝒏→∞
√𝒏!
𝒏 (𝒖𝒏 − 𝟏) = 

= 𝝅 ⋅ 𝐥𝐢𝐦
𝒏→∞

√𝒏!
𝒏

𝒏
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏(𝒖𝒏 − 𝟏) =
𝝅

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝒖𝒏 − 𝟏

𝐥𝐨𝐠 𝒖𝒏
⋅ 𝐥𝐨𝐠 𝒖𝒏

𝒏) =
𝝅

𝒆
⋅ 𝟏 ⋅ 𝐥𝐨𝐠 𝒆 =

𝝅

𝒆
   

Solution 2 by Angel Plaza-Spain 

By Stirling approximation to 𝒏!, √(𝟐𝒏 − 𝟏)‼
𝒏

~
𝟐𝒏

𝒆
 when 𝒏 → ∞, because 

√(𝟐𝒏 − 𝟏)‼
𝒏

~√
(𝟐𝒏)!

(𝟐𝒏)‼

𝒏

~√
(𝟐𝒏)𝟐𝒏𝒆−𝟐𝒏√𝟒𝝅𝒏

𝟐𝒏𝒏𝒏𝒆−𝒏√𝟐𝝅𝒏

𝒏

~
𝟒𝒏𝟐𝒆−𝟐

𝟐𝒏𝒆−𝟏
=
𝟐𝒏

𝒆
. 

𝝅 √(𝒏+ 𝟏)!𝒏+𝟏

√𝒏!
𝒏 ~

𝝅 √(𝒏+𝟏)𝒏+𝟏𝒆−(𝒏+𝟏)√𝟐𝝅(𝒏+ 𝟏)
𝒏+𝟏

√𝒏𝒏𝒆−𝒏√𝟐𝝅𝒏
𝒏

~
𝒏 + 𝟏

𝒏
. 

Since 

𝐥𝐢𝐦
𝒙→𝟎

𝐭𝐚𝐧(
𝝅

𝟒
(𝟏+𝒙))−𝟏

𝒙
= 𝐥𝐢𝐦

𝒙→𝟎

𝝅

𝟒
(𝟏 + 𝐭𝐚𝐧𝟐 (

𝝅

𝟒
(𝟏 + 𝒙)))  (by L’Hopital rule)=

𝝅

𝟐
, 

the proposed limit follows 𝛀 =
𝟐

𝒆
⋅
𝝅

𝟐
=

𝝅

𝒆
. 

Solution 3 by Pham Duc Nam-Vietnam 
∗ As 𝒏 → ∞ we have Stirling's approximation for factorial and double factorial as follow: 

𝒏! ∼ √𝟐𝝅𝒏(
𝒏

𝒆
)
𝒏

⇒ (𝒏 + 𝟏)! ∼ √𝟐𝝅(𝒏 + 𝟏)(
𝒏 + 𝟏

𝒆
)
𝒏+𝟏

⇒ √(𝒏+ 𝟏)!
𝒏+𝟏

∼ (√𝟐𝝅(𝒏+ 𝟏))

𝟏
𝒏+𝟏

(
𝒏 + 𝟏

𝒆
) , √𝒏!

𝒏
∼ (√𝟐𝝅𝒏)

𝟏
𝒏 (
𝒏

𝒆
) 

(𝟐𝒏 − 𝟏)!! ∼ √𝟐(𝟐𝒏− 𝟏)(
𝟐𝒏− 𝟏

𝒆
)

𝟐𝒏−𝟏
𝟐
⇒ √(𝟐𝒏− 𝟏)!!

𝒏
∼ (√𝟐(𝟐𝒏 − 𝟏))

𝟏
𝒏
(
𝟐𝒏 − 𝟏

𝒆
)

𝟐𝒏−𝟏
𝟐𝒏
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∗ 𝜴 = 𝒍𝒊𝒎
𝒏→∞

(√(𝟐𝒏− 𝟏)!!
𝒏

(𝒕𝒂𝒏(
𝝅 √(𝒏+ 𝟏)!
𝒏+𝟏

𝟒√𝒏!
𝒏

) − 𝟏)) 

= 𝒍𝒊𝒎
𝒏→∞

[
 
 
 
 

(√𝟐(𝟐𝒏 − 𝟏))

𝟏
𝒏
(
𝟐𝒏 − 𝟏

𝒆
)

𝟐𝒏−𝟏
𝟐𝒏

(

 
 
𝒕𝒂𝒏

(

 
 𝝅

𝟒
.
(√𝟐𝝅(𝒏 + 𝟏))

𝟏
𝒏+𝟏

(√𝟐𝝅𝒏)
𝟏
𝒏

(
𝒏 + 𝟏

𝒆
) (
𝒆

𝒏
)

)

 
 
− 𝟏

)

 
 

]
 
 
 
 

= 𝒍𝒊𝒎
𝒏→∞

(
𝟐𝒏− 𝟏

𝒆
)

𝟐𝒏−𝟏
𝟐𝒏

(𝒕𝒂𝒏(
𝝅(𝒏 + 𝟏)

𝟒𝒏
)− 𝟏) 

=
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 − 𝟏)
𝟐𝒏−𝟏
𝟐𝒏 (𝒕𝒂𝒏(

𝝅

𝟒
+
𝝅

𝟒𝒏
) − 𝟏) =

𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 − 𝟏)
𝟐𝒏−𝟏
𝟐𝒏 (

𝟏 + 𝒕𝒂𝒏(
𝝅
𝟒𝒏
)

𝟏 − 𝒕𝒂𝒏(
𝝅
𝟒𝒏
)
− 𝟏)

= (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 − 𝟏)
𝟐𝒏−𝟏
𝟐𝒏 (

𝒕𝒂𝒏(
𝝅
𝟒𝒏
)

𝒕𝒂𝒏(
𝝅
𝟒𝒏
)− 𝟏

) 

= (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 − 𝟏)
𝟐𝒏−𝟏
𝟐𝒏 (

𝒕𝒂𝒏(
𝝅
𝟒𝒏
)

𝝅
𝟒𝒏

.
𝝅

𝟒𝒏
.

𝟏

𝒕𝒂𝒏(
𝝅
𝟒𝒏
) − 𝟏

)

= (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(𝟐𝒏 − 𝟏)
𝟐𝒏−𝟏
𝟐𝒏 (

𝝅

𝟒𝒏
.

𝟏

𝒕𝒂𝒏(
𝝅
𝟒𝒏
) − 𝟏

)

= (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(
𝝅

𝟒𝒏
.
(𝟐𝒏 − 𝟏)(𝟐𝒏− 𝟏)−

𝟏
𝟐𝒏

𝒕𝒂𝒏(
𝝅
𝟒𝒏
) − 𝟏

) 

= (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(
𝝅

𝟒𝒏
.
(𝟐𝒏 − 𝟏)

𝒕𝒂𝒏(
𝝅
𝟒𝒏
)− 𝟏

) = (−𝟐)
𝟏

𝒆
𝒍𝒊𝒎
𝒏→∞

(
𝝅

𝟐(𝒕𝒂𝒏(
𝝅
𝟒𝒏
)− 𝟏)

−
𝝅

𝟒𝒏(𝒕𝒂𝒏(
𝝅
𝟒𝒏
) − 𝟏)

)

= (−𝟐)
𝟏

𝒆
(−
𝝅

𝟐
) =

𝝅

𝒆
 

UP.513 Find: 

𝛀 = 𝐥𝐢𝐦
𝒙→∞

((𝒙 + 𝒂) 𝐬𝐢𝐧
𝟏

𝒙 + 𝒂
√𝚪(𝒙 + 𝟐)

𝒙+𝟏
− 𝒙𝐬𝐢𝐧

𝟏

𝒙
√𝚪(𝒙 + 𝟏)
𝒙

) ; 𝒂 > 𝟎 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by proposers 

𝑳𝒆𝒕 𝒇: ℝ+
∗ → ℝ, 𝒇(𝒙) = (𝒙 + 𝒂)(𝚪(𝒙 + 𝟐))

𝟏
𝒙+𝟏 𝐬𝐢𝐧

𝟏

𝒙 + 𝒂
−  𝒙(𝚪(𝒙 + 𝟏))

𝟏
𝒙 𝐬𝐢𝐧

𝟏

𝒙
 

𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒕𝒐 𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) . 𝑰𝒕 𝒊𝒔 𝒘𝒆𝒍𝒍 − 𝒌𝒏𝒐𝒘𝒏 𝒕𝒉𝒂𝒕: 
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𝐥𝐢𝐦
𝒙→∞

𝟏

𝒙
(𝚪(𝒙 + 𝟏))

𝟏
𝒙 =

𝟏

𝒆
 

𝑳𝒆𝒕 𝒈:ℝ+
∗ → ℝ,𝒈(𝒙) =

𝒙 + 𝒂

𝒙
⋅
(𝚪(𝒙 + 𝟐))

𝟏
𝒙+𝟏

(𝚪(𝒙 + 𝟏))
𝟏
𝒙

⋅
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂

𝐬𝐢𝐧
𝟏
𝒙

, 𝒂𝒏𝒅 𝒕𝒉𝒆𝒏 

𝒇(𝒙) = 𝒙(𝚪(𝒙 + 𝟏))
𝟏
𝒙 𝐬𝐢𝐧

𝟏

𝒙
(𝒈(𝒙) − 𝟏) =

𝒈(𝒙) − 𝟏

𝐥𝐨𝐠𝒈(𝒙)
⋅ 𝒙(𝚪(𝒙 + 𝟏))

𝟏
𝒙 𝐬𝐢𝐧

𝟏

𝒙
⋅ 𝐥𝐨𝐠 𝒈(𝒙) = 

=
𝒈(𝒙) − 𝟏

𝐥𝐨𝐠𝒈(𝒙)
⋅ (𝚪(𝒙 + 𝟏))

𝟏
𝒙 𝐬𝐢𝐧

𝟏

𝒙
⋅ 𝐥𝐨𝐠(𝒈(𝒙))

𝒙
;      (𝟏) 

𝐥𝐢𝐦
𝒙→∞

𝒈(𝒙) = 𝐥𝐢𝐦
𝒏→∞

(𝚪(𝒙 + 𝟐))
𝟏
𝒙+𝟏

𝒙 + 𝟏
⋅

𝒙

(𝚪(𝒙 + 𝟏))
𝟏
𝒙

⋅
𝒙 + 𝟏

𝒙
⋅
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂
𝟏

𝒙 + 𝒂

⋅

𝟏
𝒙

𝐬𝐢𝐧
𝟏
𝒙

=
𝟏

𝒆
⋅ 𝒆 ⋅ 𝟏 ⋅ 𝟏 ⋅ 𝟏

= 𝟏 

𝐥𝐢𝐦
𝒙→∞

𝒈(𝒙) − 𝟏

𝐥𝐨𝐠(𝒈(𝒙))
= 𝟏.𝑩𝒚 (𝟏),𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) = 𝟏 ⋅ 𝐥𝐢𝐦
𝒙→∞

((𝚪(𝒙 + 𝟏))
𝟏
𝒙 𝐬𝐢𝐧

𝟏

𝒙
⋅ 𝐥𝐨𝐠(𝒈(𝒙))

𝒙
) = 

= 𝐥𝐢𝐦
𝒙→∞

(
𝚪(𝒙 + 𝟏)

𝟏
𝒙

𝒙
⋅
𝐬𝐢𝐧

𝟏
𝒙

𝟏
𝒙

⋅ 𝐥𝐨𝐠(𝒈(𝒙))
𝒙
) =

𝟏

𝒆
⋅ 𝟏 ⋅ 𝐥𝐨𝐠 (𝐥𝐢𝐦

𝒙→∞
(𝒈(𝒙))

𝒙
) = 

=
𝟏

𝒆
𝐥𝐨𝐠(𝐥𝐢𝐦

𝒙→∞
((
𝒙 + 𝒂

𝒙
)
𝒙

(
𝚪(𝒙 + 𝟐)

𝟏
𝒙+𝟏

𝚪(𝒙 + 𝟏)
𝟏
𝒙

)

𝒙

(
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂

𝐬𝐢𝐧
𝟏
𝒙

)

𝒙

)) = 

=
𝟏

𝒆
𝐥𝐨𝐠(𝒆𝒂 𝐥𝐢𝐦

𝒙→∞
(
𝚪(𝒙 + 𝟐)

𝚪(𝒙 + 𝟏)
⋅

𝟏

𝚪(𝒙 + 𝟐)
𝟏
𝒙+𝟏

) 𝐥𝐢𝐦
𝒙→∞

(
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂

𝐬𝐢𝐧
𝟏
𝒙

)

𝒙

) = 

=
𝟏

𝒆
𝐥𝐨𝐠(𝒆𝒂 𝐥𝐢𝐦

𝒙→∞

𝒙 + 𝟏

𝚪(𝒙 + 𝟐)
𝟏
𝒙+𝟏

⋅ 𝐥𝐢𝐦
𝒙→∞

(𝟏 +
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂 − 𝐬𝐢𝐧

𝟏
𝒙

𝐬𝐢𝐧
𝟏
𝒙

)

𝒙

) = 

=
𝟏

𝒆
𝐥𝐨𝐠(𝒆𝒂 ⋅ 𝒆 ⋅ 𝐥𝐢𝐦

𝒙→∞
(𝟏 +

𝐬𝐢𝐧
𝟏

𝒙 + 𝒂 − 𝐬𝐢𝐧
𝟏
𝒙

𝐬𝐢𝐧
𝟏
𝒙

)

𝒙

) 
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𝑳𝒆𝒕 𝒃𝒆 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒉:ℝ+
∗ → ℝ,  

𝒉(𝒙) = (𝐬𝐢𝐧
𝟏

𝒙 + 𝒂
− 𝐬𝐢𝐧

𝟏

𝒙
) ⋅

𝟏

𝐬𝐢𝐧
𝟏
𝒙

, 𝒂𝒏𝒅 𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒂𝒕: 

𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) =
𝟏

𝒆
⋅ 𝐥𝐨𝐠 (𝒆𝟏+𝒆𝒆

𝐥𝐢𝐦
𝒙→∞

𝒙𝒉(𝒙)
) =

𝟏

𝒆
(𝟏 + 𝒂 + 𝐥𝐢𝐦

𝒙→∞
𝒙𝒉(𝒙)) ;  (𝟐) 

𝐥𝐢𝐦
𝒙→∞

𝒙𝒉(𝒙) = 𝐥𝐢𝐦
𝒙→∞

(𝒙 ⋅
𝐬𝐢𝐧

𝟏
𝒙 + 𝒂 − 𝐬𝐢𝐧

𝟏
𝒙

𝐬𝐢𝐧
𝟏
𝒙

 ) = 𝐥𝐢𝐦
𝒙→∞

𝟏
𝒙

𝐬𝐢𝐧
𝟏
𝒙

⋅ 𝐥𝐢𝐦
𝒙→∞

(𝒙𝟐 (𝐬𝐢𝐧
𝟏

𝒙 + 𝒂
− 𝐬𝐢𝐧

𝟏

𝒙
)) = 

= 𝟏 ⋅ 𝐥𝐢𝐦
𝒙→∞

(𝒙𝟐 ⋅ 𝟐 𝐬𝐢𝐧

𝟏
𝒙 + 𝒂 −

𝟏
𝒙

𝟐
𝐜𝐨𝐬

𝟏
𝒙 + 𝒂 +

𝟏
𝒙

𝟐
)

= 𝐥𝐢𝐦
𝒙→∞

(𝟐𝒙𝟐 𝐬𝐢𝐧
−𝒂

𝟐𝒙(𝒙 + 𝒂)
𝐜𝐨𝐬

𝟐𝒙 + 𝒂

𝟐𝒙(𝒙 + 𝒂)
) = 

= −𝟐 𝐥𝐢𝐦
𝒙→∞

(𝒙𝟐 𝐬𝐢𝐧
𝒂

𝟐𝒙(𝒙 + 𝒂)
) = −𝟐 𝐥𝐢𝐦

𝒙→∞
(𝒙𝟐 ⋅

𝐬𝐢𝐧
𝒂

𝟐𝒙(𝒙 + 𝒂)
𝒂

𝟐𝒙(𝒙 + 𝒂)

⋅
𝒂

𝟐𝒙(𝒙 + 𝒂)
) = 

= −𝟐𝒂 𝐥𝐢𝐦
𝒙→∞

𝒙𝟐

𝟐𝒙(𝒙 + 𝒂)
= −𝟐𝒂 ⋅

𝟏

𝟐
= −𝒂;  (𝟑) 

𝑩𝒚 (𝟐) 𝒂𝒏𝒅 (𝟑),𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒂𝒕: 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) =
𝟏

𝒆
(𝟏 + 𝒂 − 𝒂) =

𝟏

𝒆
 𝒂𝒏𝒅 𝒘𝒆 𝒂𝒓𝒆 𝒅𝒐𝒏𝒆.   

UP.514 If 𝒇: (𝟎,∞) → (𝟎,∞) is a convex function, 𝟎 < 𝒂 ≤ 𝒃 then: 

𝟏

𝟒𝒂
∫ 𝒇(𝒙)
𝟒𝒂

𝟎

𝒅𝒙 −
𝟏

𝟑𝒂 + 𝒃
∫ 𝒇(𝒚)
𝟑𝒂+𝒃

𝟎

𝒅𝒚 ≥
𝟏

𝒂 + 𝟑𝒃
∫ 𝒇(𝒛)
𝒂+𝟑𝒃

𝟎

𝒅𝒛 −
𝟏

𝟒𝒃
∫ 𝒇(𝒕)
𝟒𝒃

𝟎

𝒅𝒕 

Proposed by Daniel Sitaru-Romania 
Solution 1 by proposer 

∫ 𝒇(𝟒𝒂𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟒𝒂𝒙=𝒚

∫ 𝒇(𝒚) ⋅
𝟏

𝟒𝒂
𝒅𝒚

𝟒𝒂

𝟎

=
𝟏

𝟒𝒂
∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙 

∫ 𝒇(𝟒𝒂𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟒𝒂
∫ 𝒇(𝒙)
𝟏

𝟎

𝒅𝒙;  (𝟏) 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔: ∫ 𝒇(𝟒𝒃𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟒𝒃
∫ 𝒇(𝒕)
𝟒𝒃

𝟎

𝒅𝒕;   (𝟐) 
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∫ 𝒇((𝟑𝒂 + 𝒃)𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟑𝒂 + 𝒃
∫ 𝒇(𝒚)
𝟑𝒂+𝒃

𝟎

𝒅𝒚;  (𝟑) 

∫ 𝒇((𝒂 + 𝟑𝒃)𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝒂 + 𝟑𝒃
∫ 𝒇(𝒛)
𝒂+𝟑𝒃

𝟎

𝒅𝒛;   (𝟒) 

𝒇 − 𝒄𝒐𝒏𝒗𝒆𝒙 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏.𝑩𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 

𝟑

𝟒
𝒇(𝟒𝒂𝒙) +

𝟏

𝟒
𝒇(𝟒𝒃𝒙) ≥ ((𝟑𝒂 + 𝒃)𝒙) 

𝟏

𝟒
𝒇(𝟒𝒂𝒙) +

𝟑

𝟒
𝒇(𝟒𝒃𝒙) ≥ 𝒇((𝒂 + 𝟑𝒃)𝒙) 

𝑩𝒚 𝒂𝒅𝒅𝒊𝒏𝒈: 

𝒇(𝟒𝒂𝒙) + 𝒇(𝟒𝒃𝒙) ≥ 𝒇((𝟑𝒂 + 𝒃)𝒙) + 𝒇((𝒂 + 𝟑𝒃)𝒙) 

∫ 𝒇(𝟒𝒂𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒇(𝟒𝒃𝒙)
𝟏

𝟎

𝒅𝒙 ≥ ∫ 𝒇((𝟑𝒂 + 𝒃)𝒙)
𝟏

𝟎

𝒅𝒙 + ∫ 𝒇((𝒂 + 𝟑𝒃)𝒙)
𝟏

𝟎

𝒅𝒙 

𝑩𝒚 (𝟏), (𝟐), (𝟑) 𝒂𝒏𝒅 (𝟒): 

𝟏

𝟒𝒂
∫ 𝒇(𝒙)
𝟒𝒂

𝟎

𝒅𝒙 +
𝟏

𝟒𝒃
∫ 𝒇(𝒕)
𝟒𝒃

𝟎

𝒅𝒕 ≥
𝟏

𝟑𝒂 + 𝒃
∫ 𝒇(𝒚)
𝟑𝒂+𝒃

𝟎

𝒅𝒚 +
𝟏

𝒂 + 𝟑𝒃
∫ 𝒇(𝒛)
𝒂+𝟑𝒃

𝟎

𝒅𝒛 

𝟏

𝟒𝒂
∫ 𝒇(𝒙)
𝟒𝒂

𝟎

𝒅𝒙 −
𝟏

𝟑𝒂 + 𝒃
∫ 𝒇(𝒚)
𝟑𝒂+𝒃

𝟎

𝒅𝒚 ≥
𝟏

𝒂 + 𝟑𝒃
∫ 𝒇(𝒛)
𝒂+𝟑𝒃

𝟎

𝒅𝒛 −
𝟏

𝟒𝒃
∫ 𝒇(𝒕)
𝟒𝒃

𝟎

𝒅𝒕 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃.   

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Lemma:   Function 𝑭(𝒙) ≝
𝟏

𝒙
∫ 𝒇(𝒙)
𝒙

𝟎
𝒅𝒙  is convex over 𝒙 ∈ ℝ+. 

Proof:  Consider the function  𝑭(𝒙) ≝
𝟏

𝒙
∫ 𝒇(𝒕)
𝒙

𝟎
𝒅𝒕, 𝒙 ∈ ℝ+.  We shall prove that 𝑭 is a 

convex function.  By substituting  𝒚 =
𝒕

𝒙
, we get 

𝟏

𝒙
∫𝒇(𝒕) 𝒅𝒕

𝒙

𝟎

= ∫𝒇(𝒙𝒚) 𝒅𝒚

𝟏

𝟎

 

Let  𝒙, 𝒚𝟏, 𝒚𝟐 ∈ ℝ
+ with 𝒙 ∈ (𝟎, 𝟏). Since  𝒇  is convex, then 

𝑭((𝟏 − 𝒙)𝒚𝟏 + 𝒙𝒚𝟐) = ∫𝒇((𝟏 − 𝒙)𝒚𝟏𝒚 + 𝒙𝒚𝟐𝒚) 𝒅𝒚

𝟏

𝟎

 

≤ ∫(𝟏 − 𝒙)𝒇(𝒚𝟏𝒚) 𝒅𝒚

𝟏

𝟎

+∫𝒙𝒇(𝒚𝟐𝒚) 𝒅𝒚

𝟏

𝟎

= (𝟏 − 𝒙)𝑭(𝒚𝟏) + 𝒙𝑭(𝒚𝟐) 
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Consequently,  𝑭  is convex.  □ 
 
Observe that the wanted inequality in the problem is equivalent with 

𝟏

𝟒𝒂
∫ 𝒇(𝒙) 𝒅𝒙

𝟒𝒂

𝟎

+
𝟏

𝟒𝒃
∫ 𝒇(𝒙) 𝒅𝒙

𝟒𝒃

𝟎

≥
𝟏

𝒂 + 𝟑𝒃
∫ 𝒇(𝒙) 𝒅𝒙

𝒂+𝟑𝒃

𝟎

+
𝟏

𝟑𝒂 + 𝒃
∫ 𝒇(𝒙) 𝒅𝒙

𝟑𝒂+𝒃

𝟎

 

or 
𝑭(𝟒𝒂) + 𝑭(𝟒𝒃) ≥ 𝑭(𝒂 + 𝟑𝒃) + 𝑭(𝟑𝒂 + 𝒃). 

Since 𝑭  is convex and  (𝟒𝒃, 𝟒𝒂) ≻ (𝒂 + 𝟑𝒃, 𝟑𝒂 + 𝒃);  by Karamata inequality we obtain 
𝑭(𝟒𝒃) + 𝑭(𝟒𝒂) ≥ 𝑭(𝒂 + 𝟑𝒃) + 𝑭(𝟑𝒂 + 𝒃), 

as desired. 
 

UP.515 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐𝒏
⋅ 𝐥𝐢𝐦
𝒙→
𝝅
𝒏

(∑(
𝒏

𝒌
) 𝐬𝐢𝐧(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

)) 

Proposed by Florică Anastase-Romania 
Solution 1 by proposer 

𝑳𝒆𝒕 𝒃𝒆:

{
 
 

 
 𝑺𝟏 =∑(

𝒏

𝒌
) 𝐜𝐨𝐬(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

𝑺𝟐 =∑(
𝒏

𝒌
) 𝐬𝐢𝐧(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚: ∑(
𝒏

𝒌
) 𝒛𝒌+𝟏

𝒏

𝒌=𝟏

= 𝒛(𝟏 + 𝒛)𝒏 𝒇𝒐𝒓 𝒛 = 𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙 , 𝒘𝒆 𝒈𝒆𝒕: 

𝑺𝟏 + 𝒊𝑺𝟐 = (𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧𝒙)(𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙 + 𝟏)
𝒏;   (𝟏) 

𝑩𝒖𝒕: 𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙 + 𝟏 = 𝟐𝐜𝐨𝐬𝟐
𝒙

𝟐
+ 𝟐𝒊 𝐬𝐢𝐧

𝒙

𝟐
𝐜𝐨𝐬

𝒙

𝟐
= 𝟐𝐜𝐨𝐬

𝒙

𝟐
(𝐜𝐨𝐬

𝒙

𝟐
+ 𝒊 𝐬𝐢𝐧

𝒙

𝟐
), 

 𝒕𝒉𝒆𝒏 (𝟏) 𝒃𝒆𝒄𝒐𝒎𝒆𝒔: 

𝑺𝟏 + 𝒊𝑺𝟐 = 𝟐
𝒏 𝐜𝐨𝐬𝒏

𝒙

𝟐
(𝐜𝐨𝐬

𝒏 + 𝟐

𝟐
𝒙 + 𝒊 𝐬𝐢𝐧

𝒏 + 𝟐

𝟐
𝒙) ;   (𝟐) 

𝑩𝒚 𝒅𝒆𝒗𝒆𝒍𝒐𝒑 𝒂𝒏𝒅 𝒊𝒅𝒆𝒏𝒕𝒊𝒇𝒚𝒊𝒏𝒈 𝒊𝒏 (𝟐), 𝒊𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒔: 

  

{
 
 

 
 𝑺𝟏 =∑(

𝒏

𝒌
) 𝐜𝐨𝐬(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

= 𝟐𝒏 𝐜𝐨𝐬𝒏
𝒙

𝟐
𝐜𝐨𝐬

𝒏 + 𝟐

𝟐
𝒙

𝑺𝟐 =∑(
𝒏

𝒌
) 𝐬𝐢𝐧(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

= 𝟐𝒏 𝐜𝐨𝐬𝒏
𝒙

𝟐
𝐬𝐢𝐧

𝒏 + 𝟐

𝟐
𝒙

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 
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𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐𝒏
⋅ 𝐥𝐢𝐦
𝒙→
𝝅
𝒏

(∑(
𝒏

𝒌
)𝐬𝐢𝐧(𝒌 + 𝟏)𝒙

𝒏

𝒌=𝟎

)) = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝟐𝒏
⋅ 𝐥𝐢𝐦
𝒙→
𝝅
𝒏

(𝟐𝒏 𝐜𝐨𝐬𝒏
𝒙

𝟐
𝐬𝐢𝐧

𝒏 + 𝟐

𝟐
𝒙)) = 

 = 𝐥𝐢𝐦
𝒏→∞

𝐜𝐨𝐬𝒏
𝝅

𝟐𝒏
𝐬𝐢𝐧

𝒏 + 𝟐

𝒏
⋅
𝝅

𝟐
= 𝟏. 

 
Solution 2 by Pham Duc Nam-Vietnam 

∗  Denote: 𝑺 = ∑(
𝒏
𝒌
) 𝒔𝒊𝒏(𝒙(𝒌+ 𝟏))

𝒏

𝒌=𝟎

= ∑(
𝒏
𝒌
) (𝒔𝒊𝒏(𝒌𝒙) 𝒄𝒐𝒔(𝒙) + 𝒄𝒐𝒔(𝒌𝒙) 𝒔𝒊𝒏(𝒙))

𝒏

𝒌=𝟎

 

= 𝒄𝒐𝒔(𝒙)∑(
𝒏
𝒌
)𝒔𝒊𝒏(𝒌𝒙) + 𝒔𝒊𝒏(𝒙)∑(

𝒏
𝒌
)𝒄𝒐𝒔(𝒌𝒙)

𝒏

𝒌=𝟎

𝒏

𝒌=𝟎

= 𝒄𝒐𝒔(𝒙)𝕴∑(
𝒏
𝒌
)𝒆𝒌𝒊𝒙 + 𝒔𝒊𝒏(𝒙)𝕽∑(

𝒏
𝒌
)𝒆𝒌𝒊𝒙

𝒏

𝒌=𝟎

𝒏

𝒌=𝟎

 

= 𝒄𝒐𝒔(𝒙)𝕴(𝟏 + 𝒆𝒊𝒙)
𝒏
+ 𝒔𝒊𝒏(𝒙)𝕽(𝟏 + 𝒆𝒊𝒙)

𝒏
 

∗ (𝟏 + 𝒆𝒊𝒙)
𝒏
= (𝟏 + 𝒄𝒐𝒔(𝒙) + 𝒊 𝒔𝒊𝒏(𝒙))𝒏 = (√𝒔𝒊𝒏𝟐(𝒙) + (𝟏 + 𝒄𝒐𝒔(𝒙))𝟐𝒆

𝒊𝒂𝒓𝒄𝒕𝒂𝒏(
𝒔𝒊𝒏(𝒙)
𝟏+𝒄𝒐𝒔(𝒙)

)
)

𝒏

= (𝟐𝒄𝒐𝒔(
𝒙

𝟐
)𝒆𝒊 𝒂𝒓𝒄𝒕𝒂𝒏(𝒕𝒂𝒏(

𝒙
𝟐
)))

𝒏

 

= 𝟐𝒏 𝒄𝒐𝒔𝒏 (
𝒙

𝟐
)𝒆𝒊𝒏(

𝒙
𝟐
) ⇒ 𝕴(𝟏 + 𝒆𝒊𝒙)

𝒏
= 𝟐𝒏 𝒄𝒐𝒔𝒏 (

𝒙

𝟐
)𝒔𝒊𝒏 (

𝒏𝒙

𝟐
) ,𝕽(𝟏 + 𝒆𝒊𝒙)

𝒏

= 𝟐𝒏 𝒄𝒐𝒔𝒏 (
𝒙

𝟐
)𝒄𝒐𝒔 (

𝒏𝒙

𝟐
) 

⇒ 𝑺 = 𝟐𝒏 𝒄𝒐𝒔𝒏 (
𝒙

𝟐
) (𝒄𝒐𝒔(𝒙) 𝒔𝒊𝒏 (

𝒏𝒙

𝟐
)+ 𝒔𝒊𝒏(𝒙) 𝒄𝒐𝒔 (

𝒏𝒙

𝟐
)) = 𝟐𝒏 𝒄𝒐𝒔𝒏 (

𝒙

𝟐
)𝒔𝒊𝒏 (

𝒏𝒙

𝟐
+ 𝒙) 

∗ 𝒍𝒊𝒎
𝒙→
𝝅
𝒏

(∑(
𝒏
𝒌
) 𝒔𝒊𝒏(𝒙(𝒌+ 𝟏))

𝒏

𝒌=𝟎

) = 𝒍𝒊𝒎
𝒙→
𝝅
𝒏

[𝟐𝒏 𝒄𝒐𝒔𝒏 (
𝒙

𝟐
)𝒔𝒊𝒏 (

𝒏𝒙

𝟐
+ 𝒙)] = 𝟐𝒏 𝒄𝒐𝒔𝒏 (

𝝅

𝟐𝒏
)𝒔𝒊𝒏 (

𝝅

𝟐
+
𝝅

𝒏
)

= 𝟐𝒏 𝒄𝒐𝒔𝒏 (
𝝅

𝟐𝒏
)𝒄𝒐𝒔(

𝝅

𝒏
) 

∗ 𝜴 = 𝒍𝒊𝒎
𝒏→∞

(
𝟏

𝟐𝒏
𝒍𝒊𝒎
𝒙→
𝝅
𝒏

(∑(
𝒏
𝒌
) 𝒔𝒊𝒏(𝒙(𝒌+ 𝟏))

𝒏

𝒌=𝟎

)) = 𝒍𝒊𝒎
𝒏→∞

(
𝟏

𝟐𝒏
. 𝟐𝒏 𝒄𝒐𝒔𝒏 (

𝝅

𝟐𝒏
) 𝒄𝒐𝒔(

𝝅

𝒏
))

= 𝒍𝒊𝒎
𝒏→∞

[𝒄𝒐𝒔𝒏 (
𝝅

𝟐𝒏
)𝒄𝒐𝒔 (

𝝅

𝒏
)] = 𝟏 

UP.516 Prove that: 

∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 = 𝟐∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

 

Deduce the value of the serie: 
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∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

 

Proposed by Said Attaoui – Algeria  
Solution 1 by proposer 

Recall that (
𝟐𝒏
𝒏
) =

(𝟐𝒏)!

𝒏!(𝟐𝒏−𝒏)!
=
(𝟐𝒏)! 

(𝒏!)𝟐
. 

We have 

∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 = ∫
𝟏 − 𝒙 + 𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙

= ∫
𝟏 − 𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 + ∫
𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 

= ∫
𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 +∫
𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 = 𝟐∫
𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 

= 𝟐∫ 𝒙(∑ (𝒙(𝟏 − 𝒙))
𝒏∞

𝒏=𝟎 )
𝟏

𝟎
𝒅𝒙, since 𝒙(𝟏 − 𝒙) < 𝟏 

= 𝟐∑(∫ 𝒙𝒏−𝟏(𝟏 − 𝒙)𝒏𝒅𝒙
𝟏

𝟎

)

∞

𝒏=𝟏

= 𝟐∑𝜷(𝒏, 𝒏 + 𝟏)

∞

𝒏=𝟏

= 𝟐∑
𝚪(𝒏)𝚪(𝒏 + 𝟏)

𝚪(𝟐𝒏 + 𝟏)

∞

𝒏=𝟏

 

= 𝟐∑
(𝒏!)𝟐

𝒏(𝟐𝒏)!

∞
𝒏=𝟏 , since 𝒏𝚪(𝒏) = 𝚪(𝒏 + 𝟏) = 𝒏!, ∀𝒏 

= 𝟐∑
𝟏

𝒏
(𝟐𝒏)!
(𝒏!)𝟐

∞

𝒏=𝟏

= 𝟐∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

 

Now 

∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 = ∫
𝟏

𝒙𝟐 − 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 = ∫
𝟏

(𝒙 −
𝟏
𝟐)

𝟐

+
𝟑
𝟒

𝟏

𝟎

𝒅𝒙 

=
𝟐

√𝟑
∫

𝝏
𝝏𝒙(

𝟐

√𝟑
(𝒙 −

𝟏
𝟐))

(
𝟐

√𝟑
(𝒙 −

𝟏
𝟐))

𝟐

+ 𝟏

𝟏

𝟎

=
𝟐

√𝟑
[𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟐

√𝟑
(𝒙 −

𝟏

𝟐
))]

𝟎

𝟏

 

=
𝟐

√𝟑
[𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

√𝟑
) −𝐚𝐫𝐜𝐭𝐚𝐧 (−

𝟏

√𝟑
)] =

𝟒

√𝟑
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

√𝟑
) =

𝟒

√𝟑

𝝅

𝟔
=
𝟐𝝅

𝟑√𝟑
 

It yields 

∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

=
𝝅

𝟑√𝟑
= ∫

𝒙

(𝟏 − 𝒙(𝟏 − 𝒙))

𝟏

𝟎

𝒅𝒙 
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Solution 2 by Pham Duc Nam-Vietnam 

= ∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))
𝒅𝒙, we have ∀𝒙 ∈ (𝟎,𝟏) ⇒

𝟏

𝟎

𝒙(𝟏 − 𝒙) ∈ (𝟎,𝟏)

⇒ We can use the series expansion of 
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))
 

And:
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))
= ∑(𝒙(𝟏 − 𝒙))

𝒏
= ∑𝒙𝒏(𝟏− 𝒙)𝒏

∞

𝒏=𝟎

∞

𝒏=𝟎

 

⇒ 𝜴 = ∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))
𝒅𝒙

𝟏

𝟎

=∑∫ 𝒙𝒏(𝟏 − 𝒙)𝒏𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

= ∑𝜝(𝒏 + 𝟏,𝒏 + 𝟏)

∞

𝒏=𝟎

, where 𝚩(𝒖,𝒗) is the Beta function and 𝚩(𝒖,𝒗)

= ∫ 𝒙𝒖−𝟏(𝟏 − 𝒙)𝒗−𝟏𝒅𝒙
𝟏

𝟎

, 𝕽(𝒖),𝕽(𝒗) > 𝟎 

= ∑
𝜞𝟐(𝒏 + 𝟏)

𝜞(𝟐𝒏 + 𝟐)

∞

𝒏=𝟎

= ∑
(𝒏!)𝟐

(𝟐𝒏 + 𝟏)!
= ∑

(𝒏!)𝟐

(𝟐𝒏 + 𝟏)(𝟐𝒏)!
=

∞

𝒏=𝟎

∞

𝒏=𝟎

∑
𝟏

(𝟐𝒏+ 𝟏)
(𝟐𝒏)!
𝒏! 𝒏!

=

∞

𝒏=𝟎

∑
𝟏

(𝟐𝒏+ 𝟏)(
𝟐𝒏
𝒏
)

∞

𝒏=𝟎

= ∑
𝟏

(𝟐𝒏 − 𝟏)(
𝟐𝒏− 𝟐
𝒏 − 𝟏

)

∞

𝒏=𝟏

 

∗ Now we have:
𝟏

(𝟐𝒏 − 𝟏)(
𝟐𝒏 − 𝟐
𝒏 − 𝟏

)
=

𝟏

(𝟐𝒏 − 𝟏)
(𝟐𝒏 − 𝟐)!

(𝒏 − 𝟏)! (𝒏 − 𝟏)!

=
𝟏

(𝟐𝒏− 𝟏)

(𝟐𝒏)!
(𝟐𝒏 − 𝟏)𝟐𝒏
(𝒏)!
𝒏 .

(𝒏)!
𝒏

=
𝟐𝒏

(𝟐𝒏− 𝟏)
𝒏𝟐(𝟐𝒏)!

(𝒏)! (𝒏)! (𝟐𝒏 − 𝟏)

=
𝟐

𝒏(𝟐𝒏)!
(𝒏)! (𝒏)!

=
𝟐

𝒏(
𝟐𝒏
𝒏
)

 

⇒ 𝜴 = ∑
𝟏

(𝟐𝒏− 𝟏)(
𝟐𝒏 − 𝟐
𝒏 − 𝟏

)

∞

𝒏=𝟏

= 𝟐∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

(Q.E.D) 
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𝜴 = ∫
𝟏

(𝟏 − 𝒙(𝟏 − 𝒙))
𝒅𝒙 =

𝟏

𝟎

∫
𝟏

𝒙𝟐 − 𝒙+ 𝟏
𝒅𝒙

𝟏

𝟎

=
𝟐𝝅

𝟑√𝟑
(𝒃𝒂𝒔𝒊𝒄 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍), apply the above proof:𝛀 = 𝟐∑

𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

⇔
𝟐𝝅

𝟑√𝟑

= 𝟐∑
𝟏

𝒏 (
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

⇒ ∑
𝟏

𝒏(
𝟐𝒏
𝒏
)

∞

𝒏=𝟏

=
𝝅

𝟑√𝟑
 

UP.517 Prove the equality: 

∫
𝐥𝐧 𝒙

𝒙𝟑 − 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 =
𝟖𝝅𝟐

𝟖𝟏
(𝟓 𝐬𝐢𝐧

𝝅

𝟏𝟖
− √𝟑 𝐜𝐨𝐬

𝝅

𝟏𝟖
) 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote: 

𝑰 = ∫
𝐥𝐧𝒙

𝒙𝟑 − 𝒙√𝒙+ 𝟏

∞

𝟎

𝒅𝒙; 𝑨 = ∫
𝐥𝐧𝒙

𝒙𝟑 − 𝒙√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙;𝑩 = ∫
𝐥𝐧𝒙

𝒙𝟑 − 𝒙√𝒙+ 𝟏

∞

𝟏

𝒅𝒙 

We consider the intergral 𝑨. We make the variable change: 𝒙 = 𝒚
𝟐

𝟑 

We have, successively: 

𝑨 =
𝟒

𝟗
∫
(𝟏 + 𝒚)𝒚−

𝟏
𝟑 𝐥𝐧 𝒚

𝟏 + 𝒚𝟑

𝟏

𝟎

𝒅𝒚 =
𝟒

𝟗
(∫

𝒚−
𝟏
𝟑 𝐥𝐧 𝒚

𝟏 + 𝒚𝟑

𝟏

𝟎

𝒅𝒚 + ∫
𝒚
𝟐
𝟑 𝐥𝐧 𝒚

𝟏 + 𝒚𝟑

𝟏

𝟎

𝒅𝒚) 

𝑨 =
𝟒

𝟗

(

  
 
∫ ∑𝒚𝟔𝒌−

𝟏
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚 𝒅𝒚
𝟏

𝟎

−∫ ∑𝒚𝟔𝒌+
𝟖
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚 𝒅𝒚
𝟏

𝟎

+

+∫ ∑𝒚𝟔𝒌+
𝟐
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚𝒅𝒚
𝟏

𝟎

− ∫ ∑𝒚𝟔𝒌+
𝟏𝟏
𝟑 𝐥𝐧 𝒚𝒅𝒚

∞

𝒌=𝟎

𝟏

𝟎 )

  
 

 

𝑨 =
𝟒

𝟗
∑

(

 
 
∫ 𝒚𝟔𝒌−

𝟏
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚 − ∫ 𝒚𝟔𝒌+
𝟖
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚 +

+∫ 𝒚𝟔𝒌+
𝟐
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚 −∫ 𝒚𝟔𝒌+
𝟏𝟏
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚
)

 
 

∞

𝒌=𝟎

 

We will use the following relationship: 

∫ 𝒙𝒂 𝐥𝐧 𝒙 𝒅𝒙
𝟏

𝟎
= −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ,𝒂 ≥ 𝟎 
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We obtain: 

𝑨 =
𝟒

𝟗
∑[−

𝟏

(𝟔𝒌 +
𝟐
𝟑)

𝟐 +
𝟏

(𝟔𝒌 +
𝟏𝟏
𝟑 )

𝟐 −
𝟏

(𝟔𝒌 +
𝟓
𝟑)

𝟐 +
𝟏

(𝟔𝒌 +
𝟏𝟒
𝟑 )

𝟐
]

∞

𝒌=𝟎

 

𝑨 =
𝟒

𝟗
∑[−

𝟏
𝟑𝟔

(𝒌 +
𝟐
𝟏𝟖)

𝟐 +

𝟏
𝟑𝟔

(𝒌 +
𝟏𝟏
𝟖 )

𝟐 −

𝟏
𝟑𝟔

(𝒌 +
𝟓
𝟏𝟖)

𝟐 +

𝟏
𝟑𝟔

(𝒌 +
𝟏𝟒
𝟏𝟖)

𝟐
]

∞

𝒌=𝟎

 

We now use the following relationship:  𝚿𝟏(𝒙) = ∑
𝟏

(𝒙+𝒏)𝟐
∞
𝒏=𝟎  

where 𝚿𝟏(𝒙) is the trigamma function. We have obtained the value of the integral 𝑨: 

𝑨 =
𝟏

𝟖𝟏
[−𝚿𝟏 (

𝟏

𝟗
) + 𝚿𝟏 (

𝟏𝟏

𝟏𝟖
) −𝚿𝟏 (

𝟓

𝟏𝟖
) + 𝚿𝟏 (

𝟕

𝟗
)] 

We consider the integral 𝑩. We make the variable change: 𝒙 =
𝟏

𝒚
; 𝒚 =

𝟏

𝒙
. 

We obtain:  

𝑩 = −∫
𝒚 𝐥𝐧𝒚

𝒚𝟑 − 𝒚√𝒚 + 𝟏

𝟏

𝟎

𝒅𝒚 

By proceeding similarly to the integral 𝑨, we obtain: 

𝑩 =
𝟏

𝟖𝟏
[𝚿𝟏 (

𝟐

𝟗
) −𝚿𝟏 (

𝟏𝟑

𝟏𝟖
) + 𝚿𝟏 (

𝟕

𝟏𝟖
) −𝚿𝟏 (

𝟖

𝟗
)] 

Result: 𝑰 = 𝑨 + 𝑩 

𝑰 =
𝟏

𝟖𝟏
[
−𝚿𝟏 (

𝟏

𝟗
) +𝚿𝟏 (

𝟏𝟏

𝟏𝟖
) − 𝚿𝟏 (

𝟓

𝟏𝟖
) +𝚿𝟏 (

𝟕

𝟗
) + 𝚿𝟏 (

𝟐

𝟗
) −

−𝚿𝟏 (
𝟏𝟑

𝟏𝟖
) +𝚿𝟏 (

𝟕

𝟏𝟖
) − 𝚿𝟏 (

𝟖

𝟗
)

] 

We use the reflection formula: 

𝚿𝟏(𝒙) +𝚿𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
 

We obtain: 

𝚿𝟏 (
𝟏

𝟗
) +𝚿𝟏 (

𝟖

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝝅
𝟗

; 𝚿𝟏 (
𝟐

𝟗
) + 𝚿𝟏 (

𝟕

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

; 
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𝚿𝟏 (
𝟓

𝟏𝟖
) +𝚿𝟏 (

𝟏𝟑

𝟏𝟖
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟓𝝅
𝟏𝟖

; 𝚿𝟏 (
𝟕

𝟏𝟖
) +𝚿𝟏 (

𝟏𝟏

𝟏𝟖
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟕𝝅
𝟏𝟖

 

Result: 

𝑰 =
𝝅𝟐

𝟖𝟏
(−

𝟏

𝐬𝐢𝐧𝟐
𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝟓𝝅
𝟏𝟖

+
𝟏

𝐬𝐢𝐧𝟐
𝟕𝝅
𝟏𝟖

) 

We have: 

−
𝟏

𝐬𝐢𝐧𝟐
𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

= 𝟒𝐬𝐢𝐧
𝝅

𝟏𝟖
− 𝟒√𝟑𝐜𝐨𝐬

𝝅

𝟏𝟖
 

We will prove this equality. We use the relationship: 𝐬𝐢𝐧 𝟑𝒂 = 𝐬𝐢𝐧𝒂 (𝟏 + 𝟐𝐜𝐨𝐬𝟐𝒂) 

We consider: 

𝑬 =
𝟏

𝐬𝐢𝐧𝟐
𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

=
(𝟏 + 𝟐𝐜𝐨𝐬

𝟐𝝅
𝟗 )

𝟐

𝐬𝐢𝐧𝟐
𝝅
𝟑

−
(𝟏 + 𝟐 𝐜𝐨𝐬

𝟒𝝅
𝟗 )

𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟑

 

𝑬 =
𝟏𝟔

𝟑
(𝟏 + 𝐜𝐨𝐬

𝟐𝝅

𝟗
+ 𝐜𝐨𝐬

𝟒𝝅

𝟗
) (𝐜𝐨𝐬

𝟐𝝅

𝟗
− 𝐜𝐨𝐬

𝟒𝝅

𝟗
) = 

=
𝟏𝟔

𝟑
(𝐜𝐨𝐬

𝟐𝝅

𝟗
+ 𝟐𝐜𝐨𝐬𝟐

𝟐𝝅

𝟗
) ⋅ 𝟐 𝐬𝐢𝐧

𝝅

𝟗
𝐬𝐢𝐧

𝝅

𝟑
 

𝑬 =
𝟏𝟔√𝟑

𝟑
𝐜𝐨𝐬

𝟐𝝅

𝟗
(𝟏 + 𝟐𝐜𝐨𝐬

𝟐𝝅

𝟗
) 𝐬𝐢𝐧

𝝅

𝟗
=
𝟏𝟔√𝟑

𝟑
𝐜𝐨𝐬

𝟐𝝅

𝟗
⋅
𝐬𝐢𝐧

𝝅
𝟑

𝐬𝐢𝐧
𝝅
𝟗

⋅ 𝐬𝐢𝐧
𝝅

𝟗
 

𝑬 = 𝟖𝐜𝐨𝐬
𝟐𝝅

𝟗
. But: 𝐜𝐨𝐬

𝟐𝝅

𝟗
= 𝐜𝐨𝐬

𝟒𝝅

𝟏𝟖
= 𝐜𝐨𝐬

𝟑𝝅+𝝅

𝟏𝟖
= 𝐜𝐨𝐬 (

𝝅

𝟔
+

𝝅

𝟏𝟖
) =

√𝟑

𝟐
𝐜𝐨𝐬

𝝅

𝟏𝟖
−
𝟏

𝟐
𝐬𝐢𝐧

𝝅

𝟏𝟖
 

So: 

𝑬 = −𝟒 𝐬𝐢𝐧
𝝅

𝟏𝟖
+ 𝟒√𝟑𝐜𝐨𝐬

𝝅

𝟏𝟖
 

and the equality is proved. 

The following relationship is proved similarly. 

−
𝟏

𝐬𝐢𝐧𝟐
𝟓𝝅
𝟏𝟖

+
𝟏

𝐬𝐢𝐧𝟐
𝟕𝝅
𝟏𝟖

= 𝟑𝟔𝐬𝐢𝐧
𝝅

𝟏𝟖
− 𝟒√𝟑𝐜𝐨𝐬

𝝅

𝟏𝟖
 

Result:  𝑰 =
𝟖𝝅𝟐

𝟖𝟏
(𝟓𝐬𝐢𝐧

𝝅

𝟏𝟖
− √𝟑𝐜𝐨𝐬

𝝅

𝟏𝟖
) 
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UP.518 Let 𝑭, 𝒇, 𝒈: [𝟎, 𝟏] → ℝ such as 𝒈′(𝒙) > 𝟎 for every 𝒙 ∈ [𝟎, 𝟏] and 

𝑭′(𝒙),
𝒇′(𝒙)

𝒈′(𝒙)
 are Riemann integrable. Find: 

𝐥𝐢𝐦
𝒏→∞

∑(𝑭(
𝒌

𝒏
) − 𝑭 (

𝒌 − 𝟏

𝒏
))

𝒏

𝒌=𝟏

𝒇′ (
𝒌
𝒏
) + 𝒇′ (

𝒌 − 𝟏
𝒏

)

𝒈′ (
𝒌
𝒏
) + 𝒈′ (

𝒌 − 𝟏
𝒏

)
 

Proposed by Cristian Miu – Romania  

Solution by proposer 

From Lagrange theorem we obtain that: 

𝑭(
𝒌

𝒏
) − 𝑭(

𝒌−𝟏

𝒏
) =

𝟏

𝒏
𝑭′(𝒙𝒌𝒏), 𝒙𝒌𝒏 ∈ [

𝒌−𝟏

𝒏
,
𝒌

𝒏
] so 

𝐥𝐢𝐦
𝒏→∞

∑(𝑭(
𝒌

𝒏
) − 𝑭(

𝒌 − 𝟏

𝒏
))

𝒏

𝒌=𝟏

𝒇′ (
𝒌
𝒏) + 𝒇

′ (
𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌
𝒏) + 𝒈

′ (
𝒌 − 𝟏
𝒏 )

= 

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

⋅
𝒇′ (

𝒌
𝒏) + 𝒇

′ (
𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌
𝒏) + 𝒈

′ (
𝒌 − 𝟏
𝒏 )

 

Now let us notice that 

𝐦𝐢𝐧(
𝒇′ (

𝒌
𝒏)

𝒈′ (
𝒌
𝒏)
,
𝒇′ (

𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌 − 𝟏
𝒏 )

) ≤
𝒇′ (

𝒌
𝒏) + 𝒇

′ (
𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌
𝒏) + 𝒈

′ (
𝒌 − 𝟏
𝒏 )

≤ 𝐦𝐚𝐱 (
𝒇′ (

𝒌
𝒏)

𝒈′ (
𝒌
𝒏)
,
𝒇′ (

𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌 − 𝟏
𝒏 )

) 

because  

𝒈′(𝒙) > 𝟎 for every 𝒙 ∈ [𝟎, 𝟏] 

Let us recall Jarnik theorem 

If 𝒉𝟏, 𝒉𝟐: [𝒂, 𝒃] → ℝ are two derivable function and 𝒉𝟐
′ (𝒙) ≠ 𝟎 for every 𝒙 ∈ [𝒂, 𝒃] then 

𝒉𝟏
′ (𝒙)

𝒉𝟐(𝒙)
 has Darboux property. So we can write that 

𝒇′ (
𝒌
𝒏) + 𝒇

′ (
𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌
𝒏) + 𝒈

′ (
𝒌 − 𝟏
𝒏 )

=
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
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𝒚𝒌𝒏 ∈ [
𝒌 − 𝟏

𝒏
,
𝒌

𝒏
] 

Now we need to find 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑𝒇′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

⋅
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
 

where  

𝒙𝒌𝒏 ∈ [
𝒌−𝟏

𝒏
,
𝒌

𝒏
] and 𝒚𝒌𝒏 ∈ [

𝒌−𝟏

𝒏
,
𝒌

𝒏
] 

𝑭′(𝒙) and 
𝒇′(𝒙)

𝒈′(𝒙)
 are Riemann integrable so there exists 

∫ 𝒇′(𝒙)′
𝟏

𝟎

⋅
𝒇′(𝒙)

𝒈′(𝒙)
𝒅𝒙 

Let 𝒕𝒏 =
𝟏

𝒏
∑ 𝑭′(𝒙𝒌𝒏)
𝒏
𝒌=𝟏

𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
 

Then |𝒕𝒏 − ∫ 𝑭′(𝒙)
𝟏

𝟎
⋅
𝒇′(𝒙)

𝒈′(𝒙)
𝒅𝒙| = 

=
|

|

𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

⋅
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
−
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

⋅
𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
+

+
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
− ∫ 𝑭′(𝒙)

𝒇′(𝒙)

𝒈′(𝒙)

𝟏

𝟎

𝒅𝒙
|

|
≤ 

≤ |
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

(
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
−
𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
)| + |

𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
− ∫ 𝑭′(𝒙)

𝟏

𝟎

⋅
𝒇′(𝒙)

𝒈′(𝒙)
| 

But 𝑭′(𝒙) ⋅
𝒇′(𝒙)

𝒈′(𝒙)
 is Riemann integrable so 

𝐥𝐢𝐦
𝒏→∞

|
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
− ∫ 𝑭′(𝒙) 

𝟏

𝟎

𝒇′(𝒙)

𝒈′(𝒙)
| = 𝟎 

Let us prove that 

𝐥𝐢𝐦
𝒏→∞

|
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

(
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
) −

𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
| = 𝟎 

|
𝟏

𝒏
∑𝑭′(𝒙𝒌𝒏)

𝒏

𝒌=𝟏

(
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
) −

𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
| ≤

𝟏

𝒏
∑|𝑭′(𝒙𝒌𝒏)|

𝒏

𝒌=𝟏

⋅ |
𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
−
𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
| ≤ 
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≤
𝑴

𝒏
∑|

𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
−
𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
|

𝒏

𝒌=𝟏

 

because 𝑭′(𝒙) is Riemann integrable so is bounded. Now 

𝟏

𝒏
∑ |

𝒇′(𝒚𝒌𝒏)

𝒈′(𝒚𝒌𝒏)
−
𝒇′(𝒙𝒌𝒏)

𝒈′(𝒙𝒌𝒏)
|

𝒏

𝒌=𝟏

≤
𝟏

𝒏
∑(𝑴𝒌𝒏 −𝒎𝒌𝒏)

𝒏

𝒌=𝟏

 

where 𝑴𝒌𝒏 and 𝒎𝒌𝒏 are upper bound and the lower bound of 
𝒇′(𝒙)

𝒈′(𝒙)
 on [

𝒌−𝟏

𝒏
,
𝒌

𝒏
]. But 

𝒇′(𝒙)

𝒈′(𝒙)
 is 

Riemann integrable so by Darboux theorem 

𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑(𝑴𝒌𝒏 −𝒎𝒌𝒏)

𝒏

𝒌=𝟏

= 𝟎 

In conclusion 

𝐥𝐢𝐦
𝒏→∞

∑(𝑭(
𝒌

𝒏
) ⋅ 𝑭 (

𝒌 − 𝟏

𝒏
))

𝒏

𝒌=𝟏

⋅
𝒇′ (

𝒌
𝒏) + 𝒇

′ (
𝒌 − 𝟏
𝒏 )

𝒈′ (
𝒌
𝒏) + 𝒈

′ (
𝒌 − 𝟏
𝒏 )

= ∫ 𝑭′(𝒙)
𝟏

𝟎

⋅
𝒇′(𝒙)

𝒈′(𝒙)
𝒅𝒙 

 

UP.519 In triangle 𝑨𝑩𝑪𝚫 we note 𝑯 the orthocentre and 𝑶 the circumcenter 

of the triangle. Let 𝑫,𝑬, 𝑭 be the midpoints of [𝑩𝑪], [𝑨𝑪] and [𝑨𝑩] and let 

𝑨𝟏, 𝑩𝟏, 𝑪𝟏 be the points symmetric to 𝑯 with respect to 𝑫,𝑬 and 𝑭, and let 

𝑯𝟏 be the orthocentre of the triangle 𝑨𝟏𝑩𝟏𝑪𝟏. Prove that 𝑯𝑯𝟏 = 𝟐𝟎𝑯. 

 Proposed by Pal Orban – Romania  
Solution 1 by proposer 

Let 𝑶 be the origin of the complex plane and let 𝑨, 𝑩, 𝑪, 𝑯, 𝑨𝟏, 𝑩𝟏, 𝑯𝟏 have the affixes 

𝒂, 𝒃, 𝒄, 𝒉, 𝒂𝟏, 𝒃𝟏 , 𝒄𝟏, 𝒉𝟏 ∈ ℂ. From Sylvester’s theorem: 𝒉 = 𝒂 + 𝒃 + 𝒄, and based on the 

symmetry given 𝒉 + 𝒂𝟏 = 𝒃 + 𝒄 ⇒ 𝒂 + 𝒃 + 𝒄 + 𝒂𝟏 = 𝒃+ 𝒄 ⇒ 𝒂𝟏 = −𝒂, analogously: 

𝒃𝟏 = −𝒃, 𝒄𝟏 = −𝒄. Hence, 𝑨𝟏, 𝑩𝟏 and 𝑪𝟏 lie on the circumcircle of 𝑨𝑩𝑪𝚫 , opposite to 

points 𝑨, 𝑩, 𝑪. We can then apply Sylvester’s theorem again, to get: 𝒉𝟏 = 𝒂𝟏 + 𝒃𝟏 + 𝒄𝟏 =

−(𝒂 + 𝒃 + 𝒄) = −𝒉, implying that 𝑶 is the midpoint of 𝑯𝑯𝟏, hence 𝑯𝑯𝟏 = 𝟐𝟎𝑯. 
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Solution 2 by Ivan Hadinata-Jember-Indonesia 

Since 𝑨𝑯 and 𝑶𝑫 are perpendicular to 𝑩𝑪, so  𝑨𝑯 ∥ 𝑶𝑫.  Let 𝑮 be the centroid of  ∆𝑨𝑩𝑪.  

Then, 
𝑨𝑮

𝑮𝑫
= 𝟐  and  𝑶, 𝑮,𝑯 are collinear on the Euler line. Therefore, ∆𝑨𝑯𝑮 ~ ∆𝑫𝑶𝑮  

and  𝑨𝑯 = 𝟐𝑶𝑫.  Because 𝑫 is the midpoint of 𝑨𝟏𝑯, so there exists a homothety, with 
center 𝑨𝟏 and factor 𝟐, mapping 𝑶𝑫 to 𝑨𝑯. Thus, 𝑨𝟏 is the reflection of 𝑨 with respect 
to 𝑶.  By using similar way, 𝑩𝟏 and  𝑪𝟏  are the reflection of  𝑩  and  𝑪, respectively. 
Therefore, ∆𝑨𝟏𝑩𝟏𝑪𝟏  is the reflection of  ∆𝑨𝑩𝑪  with respect to point 𝑶. Consequently, 𝑯𝟏 
is the reflection of point 𝑯 with respect to point 𝑶 and it implies that  𝑯𝑯𝟏 = 𝟐𝑶𝑯.        ∎ 

 

UP.520 If 𝒂𝒏 > 𝟎;𝒏 ∈ ℕ
∗ is such that 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝒂𝒏

= 𝒂 > 𝟎 

then find: 

𝛀(𝒂) = 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐨𝐠 √𝒂𝒏
𝒏 ) 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania  
Solution 1 by proposers 

𝑯𝒏 − 𝐥𝐨𝐠 √𝒂𝒏
𝒏 = 𝑯𝒏 − 𝐥𝐨𝐠 𝒏 + 𝐥𝐨𝐠𝒏 − 𝐥𝐨𝐠 √𝒂𝒏

𝒏 = 𝜸𝒏 + 𝐥𝐨𝐠
𝒏

√𝒂𝒏
𝒏

 

𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒂𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√
𝒏𝒏

𝒂𝒏

𝒏

=
𝑪𝑨𝑼𝑪𝑯𝒀−𝑫′𝑨𝑳𝑬𝑴𝑩𝑬𝑹𝑻

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒏+𝟏

𝒂𝒏+𝟏
⋅
𝒂𝒏
𝒏𝒏
= 
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= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒏+𝟏

𝒏𝒏+𝟏
⋅
𝒏𝒂𝒏
𝒂𝒏 + 𝟏

= 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝟏

𝒏
)
𝒏+𝟏

⋅ 𝐥𝐢𝐦
𝒏→∞

𝟏
𝒂𝒏+𝟏
𝒏𝒂𝒏

= 𝒆 ⋅
𝟏

𝒂
=
𝒆

𝒂
 

𝛀(𝒂) =  𝐥𝐢𝐦
𝒏→∞

(𝜸𝒏 + 𝐥𝐨𝐠
𝒏

√𝒂𝒏
𝒏

) = 𝜸 + 𝐥𝐨𝐠 (
𝒆

𝒂
) = 𝜸 + 𝟏 − 𝐥𝐨𝐠 𝒂 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

We decompose the expression as follows. 

𝛀(𝒂) = 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐨𝐠 √𝒂𝒏
𝒏 ) = 𝐥𝐢𝐦

𝒏→∞
(𝑯𝒏 − 𝐥𝐨𝐠𝒏) − 𝐥𝐢𝐦

𝒏→∞
𝐥𝐨𝐠

√𝒂𝒏
𝒏

𝒏
 

= 𝜸 − 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠
√𝒂𝒏
𝒏

𝒏
 …… (𝟏) 

Setting  𝒄𝒏 =
𝒂𝒏

𝒏
  for all 𝒏 ∈ ℤ+. We will obtain 

𝐥𝐢𝐦
𝒏→∞

𝒄𝒏+𝟏
𝒄𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝒂𝒏

⋅ (
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏
𝒏𝒂𝒏

⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝒏

𝒏 + 𝟏
)
𝒏+𝟏

=
𝒂

𝒆
. 

By Cauchy Second Limit Theorem, 

𝐥𝐢𝐦
𝒏→∞

√𝒂𝒏
𝒏

𝒏
= 𝐥𝐢𝐦

𝒏→∞
√𝒄𝒏
𝒏 =

𝒂

𝒆
. 

Then, from (𝟏), it deduces 

𝛀(𝒂) = 𝜸 − 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠
√𝒂𝒏
𝒏

𝒏
= 𝜸 − 𝐥𝐨𝐠

𝒂

𝒆
= 𝜸 + 𝟏 − 𝐥𝐨𝐠 𝒂. 

(Note:  𝜸 =Euler-Mascheroni constant,  𝒆 =Euler number.) 
 

UP.521 If 𝒂𝟏 = 𝟏; 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒆
𝑯𝒏 ⋅ 𝐬𝐢𝐧

𝝅

𝒏
; 𝒏 ∈ ℕ∗ then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

√𝒏!
𝒏  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
Solutions 1 by proposers 

𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏 ⋅ 𝐬𝐢𝐧
𝝅

𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏−𝐥𝐧𝒏 ⋅ 𝒆𝐥𝐧 𝒏 ⋅ 𝐬𝐢𝐧
𝝅

𝒏
= 𝒆𝜸 ⋅ 𝐥𝐢𝐦

𝒏→∞

𝐬𝐢𝐧
𝝅
𝒏

𝝅
𝒏

⋅ 𝝅 = 𝝅 ⋅ 𝒆𝜸  

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

√𝒏!
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏
𝒏
⋅
𝒏

√𝒏!
𝒏 = 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏
𝒏
⋅ 𝐥𝐢𝐦
𝒏→∞

√
𝒏𝒏

𝒏!

𝒏

=
𝑪𝑬𝑺𝑨𝑹𝑶−𝑺𝑻𝑶𝑳𝒁
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= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
𝒏 + 𝟏 − 𝒏

⋅ 𝐥𝐢𝐦
𝒏→∞

√
𝒏𝒏

𝒏!

𝒏

=
𝑪𝑨𝑼𝑪𝑯𝒀−𝑫′𝑨𝑳𝑬𝑴𝑩𝑬𝑹𝑻

𝝅 ⋅ 𝒆𝜸 ⋅ 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒏+𝟏

(𝒏 + 𝟏)!
⋅
𝒏!

𝒏𝒏
= 

= 𝝅 ⋅ 𝒆𝜸 ⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝒏 + 𝟏

𝒏
)
𝒏

= 𝝅 ⋅ 𝒆𝜸 ⋅ 𝒆 = 𝝅 ⋅ 𝒆𝜸+𝟏 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let (𝒃𝒏)𝒌=𝟏
∞  be the sequence where 𝒃𝟏 = 𝟏 and 𝒃𝒏 = 𝒆

𝑯𝒏−𝟏 𝐬𝐢𝐧
𝝅

𝒏−𝟏
 for all 𝒏 ≥ 𝟐.  

Then,  𝒂𝒏 = 𝒃𝟏 + 𝒃𝟐 +⋯+ 𝒃𝒏−𝟏 + 𝒃𝒏, ∀𝒏 ≥ 𝟐  and  𝒂𝟏 = 𝒃𝟏. 

Remind that  𝒆 = 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏!
𝒏 ,  so we have 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

√𝒏!
𝒏 = (𝐥𝐢𝐦

𝒏→∞

𝒏

√𝒏!
𝒏 ) (𝐥𝐢𝐦

𝒏→∞

𝒂𝒏
𝒏
) = 𝒆 (𝐥𝐢𝐦

𝒏→∞

𝒂𝒏
𝒏
)  …………(𝟏) 

Observe that 

𝐥𝐢𝐦
𝒏→∞

𝒃𝒏 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏−𝟏 𝐬𝐢𝐧
𝝅

𝒏 − 𝟏
= 𝐥𝐢𝐦

𝒏→∞
𝒆𝑯𝒏 𝐬𝐢𝐧

𝝅

𝒏
= 𝝅(𝐥𝐢𝐦

𝒏→∞
𝒆𝑯𝒏−𝐥𝐨𝐠 𝒏)(𝐥𝐢𝐦

𝒏→∞

𝐬𝐢𝐧
𝝅
𝒏

𝝅
𝒏

) = 𝒆𝜸𝝅. 

By Cauchy first limit theorem, 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒃𝟏 + 𝒃𝟐 +⋯+ 𝒃𝒏
𝒏

= 𝐥𝐢𝐦
𝒏→∞

𝒃𝒏 = 𝒆
𝜸𝝅  …………(𝟐) 

Thus, (𝟏) and (𝟐) give us 

𝛀 = 𝒆𝜸+𝟏𝝅. 

UP.522 Find 𝒙, 𝒚 > 𝟎 such that: 

𝟖𝟏𝒙𝟐 + 𝒚 +
𝟏

𝟐𝒙 + 𝒚
= 𝟏𝟔𝒙 + 𝟏 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

𝟖𝟏𝒙𝟐 − 𝟏𝟔𝒙 − 𝟏 + 𝒚 +
𝟏

𝟐𝒙 + 𝒚
= 𝟎 

𝟖𝟏𝒙𝟐 − 𝟏𝟖𝒙 + 𝟏 + 𝟐𝒙 − 𝟐 + 𝒚 +
𝟏

𝟐𝒙 + 𝒚
= 𝟎 

𝟖𝟏(𝒙𝟐 −
𝟐𝒙

𝟗
+
𝟏

𝟖𝟏
) + 𝟐𝒙 + 𝒚 +

𝟏

𝟐𝒙 + 𝒚
− 𝟐 = 𝟎 

𝟖𝟏(𝒙 −
𝟏

𝟗
)
𝟐

+ (√𝟐𝒙 + 𝒚)
𝟐
+ (

𝟏

√𝟐𝒙 + 𝒚
)

𝟐

− 𝟐 = 𝟎 
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𝟖𝟏(𝒙 −
𝟏

𝟗
)
𝟐

+ (√𝟐𝒙+ 𝒚 −
𝟏

√𝟐𝒙 + 𝒚
)

𝟐

= 𝟎 

{
 
 

 
 𝒙 −

𝟏

𝟗
= 𝟎

√𝟐𝒙 + 𝒚 −
𝟏

√𝟐𝒙 + 𝒚

⇒ 𝒙 =
𝟏

𝟗
 

𝟐𝒙 + 𝒚 − 𝟏 = 𝟎 ⇒
𝟐

𝟗
+ 𝒚 − 𝟏 = 𝟎 ⇒ 𝒚 =

𝟕

𝟗
 

Solution: {
𝒙 =

𝟏

𝟗

𝒚 =
𝟕

𝟗

 

UP.523 If 𝒙, 𝒚, 𝒛 > 𝟎, 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐, then: 

𝟏

√𝒙
+
𝟏

√𝒚
+
𝟏

√𝒛
≥

𝟔

√𝒙𝒚𝒛
 

Proposed by Marin Chirciu – Romania  
Solution 1 by proposer 

The inequality can be equivalently written: 

∑
𝟏

√𝒙
≥

𝟔

√𝒙𝒚𝒛
⇔∑√𝒚𝒛 ≥ 𝟔 

Deconditioning the relationship 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 = 𝟐 by the substitution   

(𝒙, 𝒚, 𝒛) = (
𝒃 + 𝒄

𝒂
,
𝒄 + 𝒂

𝒃
,
𝒂 + 𝒃

𝒄
) 

We obtain: 

∑√𝒚𝒛 ≥ 𝟔 ⇔ ∑√
𝒄+𝒂

𝒃
⋅
𝒂+𝒃

𝒄
≥ 𝟔 ⇔ ∑√

(𝒂+𝒃)(𝒂+𝒄)

𝒃𝒄
≥ 𝟔  

which follows from means inequality: 

∑√
(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒃𝒄
≥
𝑨𝑮𝑴

𝟑√∏
(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒃𝒄

𝟑

= 𝟑√√∏
(𝒂+ 𝒃)(𝒂 + 𝒄)

𝒃𝒄

𝟑

= 
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= 𝟑√√
(𝒂 + 𝒃)𝟐(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐

𝒂𝟐𝒃𝟐𝒄𝟐

𝟑

= 𝟑√
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄

𝟑

≥
𝑪𝒆𝒔𝒂𝒓𝒐

𝟑√𝟖
𝟑

= 𝟔 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 ⇔ 𝒙 = 𝒚 = 𝒛 = 𝟐. 

Solution 2 by Ivan Hadinata-Jember-Indonesia 

Let  𝒂 = √
𝟏

𝒙𝒚
, 𝒃 = √

𝟏

𝒙𝒛
, 𝒄 = √

𝟏

𝒚𝒛
.  Then, 

𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐  ⟺   𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄 = 𝟏 

Therefore, there exists a non-degenerate triangle ∆𝑨𝑩𝑪  in such a way that  𝒂 = 𝐬𝐢𝐧
𝑨

𝟐
,

𝒃 = 𝐬𝐢𝐧
𝑩

𝟐
, 𝒄 = 𝐬𝐢𝐧

𝑪

𝟐
.  Thus, 

∑√𝒙𝒚

𝒄𝒚𝒄

=∑𝐜𝐬𝐜
𝑨

𝟐
𝒄𝒚𝒄

 

Since  𝒚 = 𝐬𝐢𝐧𝒙 , 𝒙 ∈ (𝟎, 𝝅)  is concave;  by Jensen inequality we have 

∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

≤ 𝟑 𝐬𝐢𝐧(
𝟏

𝟑
(
𝑨

𝟐
+
𝑩

𝟐
+
𝑪

𝟐
)) = 𝟑𝐬𝐢𝐧

𝝅

𝟔
=
𝟑

𝟐
 

CS-inequality helps us to get 

𝟗 ≤ (∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

)(∑𝐜𝐬𝐜
𝑨

𝟐
𝒄𝒚𝒄

) ≤
𝟑

𝟐
(∑𝐜𝐬𝐜

𝑨

𝟐
𝒄𝒚𝒄

)    ⟹    𝟔 ≤ ∑𝐜𝐬𝐜
𝑨

𝟐
𝒄𝒚𝒄

=∑√𝒙𝒚

𝒄𝒚𝒄

 

⟹      
𝟏

√𝒙
+
𝟏

√𝒚
+
𝟏

√𝒛
≥

𝟔

√𝒙𝒚𝒛
 

Solution 3 by David Chatarashvili-Georgia 
𝒙, 𝒚, 𝒛 > 𝟎; 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐 

Then: 
𝟏

√𝒙
+

𝟏

√𝒚
+

𝟏

√𝒛
≥

𝟔

√𝒙𝒚𝒛
 

1) 𝒙𝒚𝒛 = 𝒙 + 𝒚 + 𝒛 + 𝟐 ≥ 𝟑√𝒙𝒚𝒛
𝟑 + 𝟐   (Cauchy Inequality) 

√𝒙𝒚𝒛
𝟑 = 𝒕, 𝒕𝟑 = 𝒙𝒚𝒛, 𝒕 > 𝟎 

𝒕𝟑 ≥ 𝟑𝒕 + 𝟐 ⇒ 𝒕𝟑 − 𝟑𝒕 − 𝟐 ≥ 𝟎 ⇒ (𝒕 + 𝟏)𝟐(𝒕 − 𝟐) ≥ 𝟎 ⇒ 

⇒ 𝒕 ≥ 𝟐 ⇒ √𝒙𝒚𝒛
𝟑 ≥ 𝟐 

2) 𝑺 = √𝒚𝒛 + √𝒙𝒛 + √𝒙𝒚 ≥ 𝟑√√𝒙𝟐𝒚𝟐𝒛𝟐
𝟑

= 𝟑√𝒙𝒚𝒛
𝟑 ≥ 𝟔 

√𝒚𝒛 + √𝒙𝒛 + √𝒙𝒚 ≥ 𝟔 
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𝟏

√𝒙
+
𝟏

√𝒚
+
𝟏

√𝒛
≥

𝟔

√𝒙𝒚𝒛
 

UP.524 In 𝚫𝑨𝑩𝑪 holds: 

∑
(𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

(𝒎𝒂 + √𝒎𝒃𝒎𝒄)
𝒏 ≥

𝟏𝟐𝒓

𝑹
(𝟐𝑹 − 𝒓), 𝒏 ∈ ℕ 

Proposed by Marin Chirciu – Romania  
Solution 1 by proposer 

Using the inequality ∑𝒙𝟐 ≥ ∑𝒚𝒛 for (𝒙, 𝒚, 𝒛) = (√𝒎𝒂 , √𝒎𝒃, √𝒎𝒄) we have  

∑𝒎𝒂 ≥∑√𝒎𝒃𝒎𝒄 

With Radon’s inequality we obtain: 

∑
(𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

(𝒎𝒂 + √𝒎𝒃𝒎𝒄)
𝒏 ≥
𝑹𝒂𝒅𝒐𝒏 [∑(𝒎𝒃 +𝒎𝒄)]

𝒏+𝟏

[∑(𝒎𝒂 +√𝒎𝒃𝒎𝒄)]
𝒏 =

(𝟐∑𝒎𝒂)
𝒏+𝟏

(𝟐∑𝒎𝒂)𝒏
= 

= 𝟐∑𝒎𝒂 ≥ 𝟐 ⋅
𝟔𝑹

𝒓
(𝟐𝑹 − 𝒓) =

𝟏𝟐𝒓

𝑹
(𝟐𝑹 − 𝒓) 

Above, we’ve used: 

∑𝒎𝒂 ≥
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

∑
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
=∑

𝒂𝟐

𝟐𝑹
=
𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐𝑹
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≥
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝑹
=
𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐

𝑹
=
𝟔𝒓(𝟐𝑹− 𝒓)

𝑹
=
𝟔𝒓

𝑹
(𝟐𝑹 − 𝒓) 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Tapas Das-India 

∑
(𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

(𝒎𝒂 + √𝒎𝒃𝒎𝒄)
𝒏 

≥
𝑹𝒂𝒅𝒐𝒏 𝟐𝒏+𝟏(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

[𝒎𝒂 +𝒎𝒃 +𝒎𝒄 +√𝒎𝒃𝒎𝒄 + √𝒎𝒄𝒎𝒂 +√𝒎𝒂𝒎𝒃]
𝒏 

≥
𝑨𝑴−𝑮𝑴 𝟐𝒏+𝟏(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

[(𝒎𝒂 +𝒎𝒃 +𝒎𝒄 +
𝒎𝒃 +𝒎𝒄

𝟐 +
𝒎𝒄 +𝒎𝒂

𝟐 +
𝒎𝒂 +𝒎𝒃

𝟐
]
𝒏 
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=
𝟐𝒏+𝟏(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)

𝒏+𝟏

𝟐𝒏(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝒏
= 𝟐(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 

≥
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 𝟐 (
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
+
𝒄𝟐 + 𝒂𝟐

𝟒𝑹
+
𝒂𝟐 + 𝒃𝟐

𝟒𝑹
) =

𝟒

𝟒𝑹
(∑𝒂𝟐) =

𝟏

𝑹
𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) 

≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝟏

𝑹
× 𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟒𝑹𝒓) =

𝟏

𝑹
⋅ 𝟐(𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐) =

𝟏𝟐𝒓

𝑹
(𝟐𝑹 − 𝒓) 

UP.525 In acute 𝚫𝑨𝑩𝑪 holds: 

𝟐𝒔 (𝟐 +
𝟑𝑹

𝒓
−
𝑹𝟐

𝒓𝟐
) ≤∑

𝒃 + 𝒄

𝐜𝐨𝐬 𝑨
≤
𝟒𝒔

𝟑
∑𝐬𝐞𝐜𝑨 

Proposed by Marin Chirciu – Romania  
Solution 1 by proposer 
Lemma. 

In 𝚫𝑨𝑩𝑪: 

∑
𝒃+ 𝒄

𝐜𝐨𝐬 𝑨
=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
 

Proof. 

∑
𝒃+ 𝒄

𝐜𝐨𝐬 𝑨
=
∑(𝒃 + 𝒄) 𝐜𝐨𝐬 𝑩𝐜𝐨𝐬𝑪

∏𝐜𝐨𝐬𝑨
=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐)

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
 

We’ve use above: 

∑(𝒃 + 𝒄) 𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪 =
𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐)

𝟐𝑹𝟐
 

and 

∏𝐜𝐨𝐬𝑨 =
𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
 

∑𝒃𝒄(𝒃 + 𝒄) (𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)(𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐) = 𝟑𝟐𝒔𝟑𝒓𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐) 

Let’s get back to the main problem. Using the Lemma we obtain: 

RHS     ∑
𝒃+𝒄

𝐜𝐨𝐬 𝑨
=

𝟐𝒔(𝒔𝟐+𝒓𝟐−𝟐𝑹𝒓−𝟒𝑹𝟐)

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
≤
(𝟏)

𝟒𝒔

𝟑
∑𝐬𝐞𝐜𝑨 

Where (1) ⇔
𝟐𝒔(𝒔𝟐+𝒓𝟐−𝟐𝑹𝒓−𝟒𝑹𝟐)

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
≤

𝟒𝒔

𝟑
∑𝐬𝐞𝐜𝑨 ⇔ 
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⇔
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
≤
𝟒𝒔

𝟑
⋅
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
⇔ 

⇔ 𝟑(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐) ≤ 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐) ⇔ 

⇔ 𝟑(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐) ≤ 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐) ⇔ 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟔𝑹𝒓 − 𝒓𝟐 

which follows from Gerretsen’s inequality: 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 

It remains to prove that: 

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≤ 𝟒𝑹𝟐 + 𝟔𝑹𝒓 − 𝒓𝟐 ⇔ 𝑹 ≥ 𝟐𝒓    (Euler) 

We’ve used above: 

∑𝐬𝐞𝐜𝑨 =∑
𝟏

𝐜𝐨𝐬𝑨
=
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
 

Equality holds if and only if the triangle is equilateral. 

LHS     ∑
𝒃+𝒄

𝐜𝐨𝐬 𝑨
=

𝟐𝒔(𝒔𝟐+𝒓𝟐−𝟐𝑹𝒓−𝟒𝑹𝟐)

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝑾𝒂𝒍𝒌𝒆𝒓
 

≥
𝟐𝒔(𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓 − 𝟒𝑹𝟐)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − (𝟐𝑹+ 𝒓)𝟐
= 

=
𝟐𝒔(𝟒𝒓𝟐 + 𝟔𝑹𝒓 − 𝟐𝑹𝟐)

𝟐𝒓𝟐
=
𝟐𝒔(𝟐𝒓𝟐 + 𝟑𝑹𝒓 − 𝑹𝟐)

𝒓𝟐
= 𝟐𝒔(𝟐 +

𝟑𝑹

𝒓
−
𝑹𝟐

𝒓𝟐
) 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Tapas Das-India 

∑
𝒃+ 𝒄

𝐜𝐨𝐬 𝑨
=∑

𝟐𝒔 − 𝒂

𝐜𝐨𝐬𝑨
=∑

𝟐𝒔

𝐜𝐨𝐬𝑨
−∑

𝒂

𝐜𝐨𝐬𝑨
 

= 𝟐𝒔
∑𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩

∏𝐜𝐨𝐬𝑨
− 𝟐𝑹∑𝐭𝐚𝐧𝑨 

= 𝟐𝒔 ⋅
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
− 𝟐𝑹 ⋅

𝟐𝒔𝒓

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
= 𝟐𝒔 [

𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
] ≥ 

≥
𝑾𝒂𝒍𝒌𝒆𝒓′𝒔 𝒂𝒏𝒅 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔

 𝟐𝒔 [
(𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝑹𝒓

(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) − (𝟐𝑹+ 𝒓)𝟐
] 

= 𝟐𝒔 [
𝟒𝒓𝟐 + 𝟔𝑹𝒓 − 𝟐𝑹𝟐

𝟐𝒓𝟐
] = 𝟐𝒔 [𝟐 + 𝟑

𝑹

𝒓
−
𝑹𝟐

𝒓𝟐
] 

∴ ∑
𝒃 + 𝒄

𝐜𝐨𝐬 𝑨
≥ 𝟐𝒔 [𝟐 + 𝟑

𝑹

𝒓
−
𝑹𝟐

𝒓𝟐
] 
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Note: Using following identities: 

1) ∑𝐜𝐨𝐬𝑨 ⋅ 𝐜𝐨𝐬𝑩 =
𝒔𝟐+𝒓𝟐−𝟒𝑹𝟐

𝟒𝑹𝟐
 

2) ∏𝐜𝐨𝐬 𝑨 =
𝒔𝟐−(𝟐𝑹+𝒓)𝟐

𝟒𝑹𝟐
 

3) ∑ 𝐭𝐚𝐧𝑨 =
𝟐𝒔𝒓

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
 

4) 𝒂 = 𝟐𝑹𝐬𝐢𝐧 𝑨 , 𝒃 = 𝟐𝑹𝐬𝐢𝐧𝑩 , 𝒄 = 𝟐𝑹𝐬𝐢𝐧 𝑪 

∑
𝒃+ 𝒄

𝐜𝐨𝐬𝑨
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑(𝒃 + 𝒄)) ⋅∑

𝟏

𝐜𝐨𝐬𝑨
 

WLOG: 𝒂 ≥ 𝒃 ≥ 𝒄 ∴ 𝑨 ≥ 𝑩 ≥ 𝑪 

∴ 𝒂 + 𝒃 ≥ 𝒄 + 𝒂 ≥ 𝒃 + 𝒄 

and 𝐜𝐨𝐬𝑨 ≤ 𝐜𝐨𝐬𝑩 ≤ 𝐜𝐨𝐬𝑪 

∴∑
𝒃 + 𝒄

𝐜𝐨𝐬𝑨
≤
𝟏

𝟑
(∑(𝒃 + 𝒄)) ⋅∑

𝟏

𝐜𝐨𝐬𝑨
=
𝟏

𝟑
(𝟐𝒔) ⋅ 𝟐 ⋅∑𝐬𝐞𝐜𝑨 =

𝟒𝒔

𝟑
∑𝐬𝐞𝐜𝑨 

 

 

 

 


