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JP.061. Let a, b, ¢ be positive real numbers such thata + b + ¢ = 3.
Prove that

1 8
+ >
ad+b3+c3 ab+ bc+ca

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b,c nimeros R* de tal manera que a + b + ¢ = 3. Probar que

1 8
a3+b3+c3  ab+bc+ca

> 3. Realizamos los siguientes cambios de variables

x=a3+b3+c3>0,y=ab+bc+ca>0.Ladesigualdad propuesta es equivalente

14 S > 3. Aplicando la desigualdad de Cacuchy

X

(1+1+1+1+1+1+1+1+1)( +y+y+y+y+y+y+y+y)>92=81
— — — — — — — — — X = =
x y y y Ty Ty Ty Ty Ty yry+ryryry+rywxywy

Es suficiente probar
x+8y<27oa®+b3+c2+8ab+bc+ca)<(a+b+c) e

< 8(ab + bec + ca) < 3(a+ b)(b+ c)(c+ a). Lo cual es cierto ya que

8
3(a+b)(b+c)(c+a)23-§(a+b+c)(ab+bc+ca)=8(ab+bc+ca)

1 8 81 1 8
Porlotanto - =+-2> >3 5—— >
x y x+8y a’+b’+c ab+bc+ca

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam

We have: (a + b)(b + ¢)(c + a) > g (a+b+c)(ab+ bc+ ca)

= ab+ bc+ca < g(a +b)(b + ¢)(c + a). Hence

1 8 1 64 . G+®r 81
Za3+Zab_Za3+3(a+b)(b+c)(c+a)_Za3+3]_[(a+b)_(a+b+c)3 B

Solution 3 by Boris Colakovic-Belgrade-Serbia

1 + 8 >3- (a®+b3+c3) e
ad+b3+c¢c3 ab+bc+ca”
8(a3+b3+c3)

1+ > 3(a3 + b3+ c3) Q)

ab+bc+ca
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1 3
ab+bc+ca ~ (a+b+c)?

= % From (1) =

8
:>1+§(a3+b3+c3)23(a3+b3+c3)(:)

©3+8@+b3+c3)>29@+h2+cd)oeoat+b3+c3<3 (2

AM-GM
a+b+c > 33\/abc:>ach1

s g . g AM=GM . 5. .3, 3 B+bi+c3
ad+b>+c3 = 33y(abc)® >3abc<a’+ b3+ ¢ > abc< s =1= (2

Equality holdsfora=b =c=1
Solution 4 by Truong Nguyen-Phan Rang-Vietnam
9
(a+ b+ c)(ab+ bc+ ca) < §(a+ b)(b+ c)(c+a)

salb-c)?+b(c—a)’>+cla—b)?=>0

1 8 _ 1 24

0 a3+b3+c3  ab+bctca  ad+b3+c3 * (a+b+c)(ab+bc+ca)
N 1 82 N (1+8)? _
“ad+b3+cd 3(a+b)b+c)(c+a) at+b3+c2+3(a+b)(b+c)(c+a)
92 92
=3

:(a+b+c)3:§

JP.062. Prove thatif: a,b,c,d € [1, ) then:
3a+3b+2c+d<6+ab(1+c+cd)
Proposed by Daniel Sitaru-Romania

Solution by proposer

We prove by induction by n that x4, x;, ..., x, € [1,0); n € N* implies:

Xy +xy++x, <n—1+x.x,..x,. Checking:
n=1, X1 <1-1+x;©x1<1xq
n=2;, x;+x,<1+x:x; < (x; —1)(x; — 1) > 0whichit’s true.
P(k):xqy + x5+ +x, < k—1+x1x, ... x}. Suppose that it’s true.
P(k+1):x; +x, + -+ X + X1 < k+x1X5 ... + X3 X4 1. TO proved.

Xp+Xp+ Xt X Sk 1+ XX 0 X+ Xy
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Remainstoprovethat: k — 1 + x;x5 ... X + X1 < K+ X1X5 ... X3 Xp41
0 <x1x2 ... Xp(Xpp1 — 1) — (g4 — 1)
(x1x2 . 2 — 1) (X1 —1) 20
P(k) » P(k+1)
Forx; =a;x;, =b;x3=c;x4 =d
a+b<1+ab
a+b+c<2+abc
a+b+c+d<3+abcd

By adding: 3a+3b+2c+d <6+ ab(1+c+cd)

JP.063. Let x, y, z be non-negative real numbers satisfying

Vx +3[y +3/z = 3. Find the minimum possible value of

Yx+2y+5z+3y+2z+5x+3/z+2x+5y.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo x, y, z nimeros reales no negativos de tal manera que Vx + }/y + z =3

Hallar el minimovalor E = {/x + 2y + 5z + {/y + 2z + 5x + }/z + 2x + 5y

Comox,y,z = 0. Aplicando la desigualdad de Holder

3 3
/ 3 3 3
3\/(x+y+y+z+z+z+z+z)(1+1+1+1+1+1+1+1)(1+1+1+1+1+1+1+1)> (Vx+2\/J’+5VZ)
4

64 -

3 3 3
4

Analogamente para los siguientes términos se cumplira

3 3 3
4
3 3 3

Sumando (A) + (B) + (C)

:;3:6

8(3\/§+3\/§+3\/E)
4 4

E=3/x+2y+5z+/y+2z+5x+3/z+2x+5y>
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La igualdad se alcanzacuandox =y=z=1

(LQQD)
Solution 2 by Nguyen Thanh Nho-Tra Vinh-Vietnam

Leta=§/§,b=i/§,c=§/§¢a+b+c=3

P =3 a3 +2b3 +5¢3 + /b3 + 2¢3 + 5a3 + /3 + 2a3 + 5b3

min(P) =?

1
(a3+2b3+5c3)3 > a+2b+5c¢
1+2+5 — 1+42+5

(Radon)

> Ya¥+2b3 +5¢3 > 1 (a+2b+5¢c) (1)

simillary Yb3 + 2¢3 + 503 > 1 (b + 2c + 5a) (2)

Ve¥+2a® +50% > (c+2a+5b) (3)
D)+2)+B)=>P=>2(a+b+c)=6

>min(P)=6ca=b=c=1ox=y=z=1

JP.064. Let a, b, ¢ be non-negative real numbers. Prove that

Va+b++Vb+c++c+a
V2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Vi+a3+Y1+p3+Y1+c3 >

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c numeros reales no negativos. Probar que

va+b++Vb+c++c+a
V2
Comoa, b,c = 0. Aplicando la desigualdad de MA > MG y Holder

Va? +1+3V1+b3 > Zﬁ\/(agﬂ)(l;bg)(l“) = 26\/(‘”2”)3 = ZV%”’ (A)

Vi+ad3+Y1+b3+3Y1+c3 >

Analogamente para los siguientes términos se cumplira

§/b3+1+§/1+c322£ ° (B),
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Ved+1+Y1+ 3>Z“C+“

©

Sumando (A) + (B) + (C)

2Va+b+2Vb+c+2Jc+a
3

Vva+b++Vb+c++c+a

3

21+a3+21+b3+2Y1+3>

sVi+ad+Y1+b3+Y1+c3 2

Solution 2 by Sanong Hauerai-Nakonpathom-Thailand

Ja+a3)+ Y@ +b3)+YA+c3) =1+ a3)%+ (1+ b3)%+ (1+ c3)%

=1+ a3)% +(1+ b3)% +(1+ c3)% =1+ a3)2)% +((1+ b3)2)% +((1+ c3)2)%
1 1

2(«1+fyﬁ«1+m)12+ («1+&Pﬁ«1+&ﬁﬁf

O =
O =

+ oot ((@+ DA + a2))2)

O\ =

)
= (@ + a2 + b7)232)
)

1
=(@+a)a+ b)) +-+ (A + A +ad)

2 6 2 6
= <E 1+a®)(1+ b3)> + e <E 1+c?)a+ a3)>

(a+b)%+(b+ c)%+(c+ a)

1
> ! . Because (; 1+a%)(1+ 173))6 >
26

1
2

1
2 (a+b)
1

26
1

- 1
If (2(1 +a3)(1+ b3))6 >(a+b)zIf 20 +a®)(1 + b3) > (a + b)3
If2+ a3+ b3+ a3b® > 3a’b + 3b%*a
If (1 +a?+ a3b3) + ¢ + b3 + a®b3 > 3(a’b + b?a). Is to be true

Solution 3 by Sladjan Stankovik-Macedonia

. 3 1 3[/1+a3 a+b
a,b,c > 0.Provethat: ¥, V1 +a3 > % YeyeVa+b oY . /T 2 Yeye /T

31+a3 a+1 a+b+c+3
LHS = z z = >.3(a+b+c >z

cyc cyc cyc



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1+ad a+1
=

3
. 2 ) o3a-12% (@+1)>0

p+3=>2/3pe (\/E—ﬁ)z > 0; 3(x2+ y? +22) > (x + y + z)? where:
_ fwrs, _ [ore.  _ [cra
x= |5 y= 2= |5

JP.065. Let ABC be an equilateral triangle inscribed in the circle (0) whose radius R. Prove
that for an arbitrary point P lies on (0),

PA3 + PB3 + PC?
62 < 23 <3%216

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Ravi Prakash-New Delhi-India
Let's take circle to be x2 + y2 = R? (1)
If A(R cos 6, R sin ) and B(R cos ¢, R sin ¢), are two points on (1), then
AB? = R?(cos 0 — cos ¢p)?> + R?(sin 8 — sin ¢)?
= R?*[cos? 0 + cos? ¢ — 2 cos O cos ¢ + sin? O + sin? ¢ — 2 sin O sin ¢]

=)

= R?*[2 — 2 cos(8 — ¢)] = 4R? sin? (?) = AB = 2R |sin(

Let’s take 4 ABC with vertices as A(R,0), B (—g,‘/z—gR) .C (—g, —?R)

In view of the symmetry we take point P as (Rcos 0 ,Rsin@)where0 <0 <m
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8(-5. 7 ")

P(Rcos 0, Rsin6)

A(R,0)

Now, PA = 2R |sin2| [For4,¢ =0]

0
= 2RsinE [-0< ¢ <m]

sin 2

[ForB,¢ = Z?”]

= 2#fsin(; - 3)
= sin 2 3

similarly, PC = 2R [sin (2 +Z)| = 2Rsin (2 +7)

E(0) = 6V3 cos (g) + 8sin? (g)

0<0<21‘l’
-~ 3

2
For?”<9<n

sin > sin > sin 373 sin | >
+3si (n’+0> . ( +30)
sin 373 sin (7 >

E(0) =2
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=2 [3 sin (g) + 3(2) cos (g) sin (g) + 2 sin (32—0)]

—2'<30+12'<0—18'<0 8'30

= 4 SIn 2 ) sin 2) = sin 2) sin 2

Not that E(@) is continuous at @ = Z?" and henceon [0, ir]
Using 4 sin® A = 3 sin 4 — sin(34), we get

Foro<e <>

3_(0 _(30+3_<n0 ( 30+
sin 2) sin 2) sin | 3 2) sin| @ 2)

+3 si <n+0) . ( 30)
sm3 > sin (7 >

ifo<e<™

= 6sin (2) + 25in (%) cos (2)] - 25im (29)

0 0 0 0
— . )+ e . )+ 3
6 sin (2) 63 cos (2) 6 sin (2) 8sin (2)

E(0) =2

33 si <e)+12 i Z<B) (0)-0<9<2”
sin 2 Sin 2 COS 2 , 3

9 (0 12 (0 (0 LI
COS 2) Sln )COS 2) 3 T

E'(6) =

(

J 6 sin [sm 0— —]
llZcos (g) <\/7§—sm0> <\/7—+ sm0> Z?n' <f<m

Note that E'(6) = 0 for . Also, at 2 E'(8) = 0. Now, E(0) = 8 [2 sin3 (g)] = 6v3

E(3) =8[sin? (§) +sin® () +sin? (3)] = 8(5+ 5+ 1) = 10

E(%”)_s[%+0+—]—6\/‘ Also, E(r) = 10. As 10 < 6v/3,

min E(8) = 104100 > v/72 = 6v2 and max E(8) = 63 = 3(2v3) = 3(2*- 32)i

1

— 3(144)3 < 3 (%)Z
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JP.066. Prove that in any triangle

m? R s 3

>n-—+3-2n) - —— n<—
hbhc Tr ( ) 31‘\/§ 2

Proposed by Marin Chirciu — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

2
a

Probar en un triangulo ABC Y —% > n - §+ (3—-2n) - —— donden <

m
hbhc - 3\/51"

N w

Tener en cuenta lo siguiente
28 R
abc =4RS,a+ b +c = 2527@(a+b+c)abc=852-;

Ahora bien

R 2s _ r(3V3R-2s) .
— >
_r_3\/§r_ 3V3r > 0 < Lo cual es cierto ya que enun

AABC - 3v3R > 2s.Comon < ;

—>n-§+(3—2n)- 2 —n-(ﬂ— ZS)+ 35 <§(5— ZS)+L—3R

3V3r r 3V3r 3vV3r — 2\r 3V3r N 2r
. . 4m2 3R
Es suficiente probar ), ahah, > 2r
(2b?% + 2¢? — a?)bc . (2¢? + 2a? — b?)ca . (2a? + 2b% — c?)ab - 3R
1652 1652 1652 - 2r

3R
= Zbcz:(bZ +c%?) —abc(a+b +c)>16S5%- oy = 3abc(a+ b + ¢)
Aplicando MA > MG
Zbcz:(bZ +c2)—abc(a+b+c) > 42 b%c? —abc(a+ b+ c) >

> 4abc(a+ b+ c) —abc(a+ b +c) =3abc(a+ b +c)

JP.067. Prove that in any triangle

s2+1r¢  k[2r 1
n- + ?214114'1,1122,’(61\,,’(22.

Rr

Proposed by Marin Chirciu — Romania

Solution by Kevin Soto Palacios Peru — Huarmey — Peru
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2 2
Probar en un triangulo ABC: n - =&

+':/%214n+1,n2§,kezv,kzz

Tener en cuenta lo siguiente
1) Siendoa, b, c los lados de un triangulo se cumple la siguiente desigualdad

(s2+ 1?2+ 4Rr)
2Rr -

1 1 1
(ab+bc+ca)(—+—+—)29<:)
ba bc ca

& s2+r2—14Rr >0

k-1 k
2) Paratodo k > 2 it checks (%) <le (%) < % =N % < ’:/%

La desigualdad propuesta s equivalente

s2+1r? 14 +k 2r>1@ s2+ 12 —14Rr +k 2r>1
"\ "Rr R=" " Rr R =

. 2.2 k, 2,.2_
Ahora bien n (s +rRr14Rr) + % > l(s +7r 14Rr) + %

2 Rr
Es suficiente probar
1 <s2 +7r?— 14Rr> . 2r s2+7r?  4r?

> +—> zZ> — 512
> Rr R_l(:) 2Rr 2Rr_8<:>s > 16Rr — 5r

(valido por desigualdad de Gerretsen)

JP.068. Let a, b and c be the side lengths of a triangle ABC, with circumradius R and

inradius r. Prove that

A B B C C A
tan7+tan7 tan7+tani+tani+tan7

x| =

1
S__
a+b b+c c+a r

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

A B B Cc Cc A
tan7+tan7 tan7+tan7+tan7+tan7<1 1

a+b b+c c+a “r R
Teniendo en cuenta las siguientes notaciones y desigualdades en un 4 ABC
A (s—b)(s—c) B (s—c)(s—a) C (s—a)(s—b)

2 S tan S rany S
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b+c c¢c+a a+b — (NeSblt) R > 2r (Euler)

La desigualdad propuesta es equivalente

(s—=b)(s—c)+(s—c)(s—a)

(s—c)s—a)+(s—a)(s— b)
+
S(a+b) S(b +c)
(s—a)(s—b)+(s—b)(s—c) 1
S(c+a) = r R
(s—c)(s—b+s-a) . (s—a)(s—c+s—b) ., (s—b)(s—c+s—a) 1 1
S(a+b) S(b+c) S(c+a) ~—r R
(a+b—-c)c (b+c—a)a (a+c-b)b 1 1
+ pp——
2S(a+ b) 25(b+c) 28(c+a) r R
(a+ b)c z a+b+c
ZS(a + b) ZS(a +b) ~ 28
__a+b+c a+b+c _ at+b+c _ 2p 1 1
T 25 as T as _E_ZS;_E(LQQD)

Lo cual esciertoyaque—>ls1—%@%<%@R > 2r
Solution 2 by Soumava Chakraborty-Kolkata-India

A ’(s—b)(s—c) \/s(s—a)(s—b)(s—c) A rs
stan—-==s" =
2 s(s—a) s—a

A B
A . B C tan-+tan- 1
= tan= = —. Similarly, tan=- = — &tan- = — Now, ——2 = — (

2 s—a 2 s—b 2

a+b a+b \s—a
r(s—b+s—a) (l)

= (a+b)(s—a)(s—b)

B [
re L. tan+tan; (2) ra
oD G-D)@rD) Similarly, =

b+c (s—b)(s—c)(b+c)’

c A
tan2+tan2 3)

and, = rb
ct+a (s—c)(s—a)(c+a)
(1)+(2)+(3)=LHS
c a b
- r{(s —a)(s—b)(a+ b) + (s—b)(s—c)(b+c) + (s—c)(s—a)(c+ a)}

€]

r Y{c(b+c)(c+a)(s—c)} _ 2 2
eSS .Now, YX{c(b + c)(c+ a)(s — c)} = X{(cs — c*) (X ab + c*)}

ZZ(CS—CZ)(Zab)+SZa3 —Za4
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z z z +s{3abc + 25 Za —Zab
_{(zaz) _zzazbz}

= 252X ab) — X ab)(X a?) + 3sabc + 2s2(3 a?) — 2s%2(3 ab) —

~(Ya?) +2{(} ab) - zavecs)]
= (Ye) (o5t~ Rian) -2 (Yaw) - (L)~ ssabe
- (V)5 - e 1)~ () 2 (3 ab) - s
= CERD (V) 2 () - ssane

_ 4(X ab)? — (X a®*)*> — 10s(4Rrs)
2
_(2Xab+Ya*)(2Xab - Y a*) — 40Rrs?
2
_ 2(s*+4Rr +1r* + s — 4Rr — r*)(16Rr + 41%) — 40Rrs?
2

(5)
= 25%(16Rr + 41%) — 20R1s? = 25%(6Rr + 41%) = 4s*r(3R + 27)
Again,[[(a + b) = 2abc + Y ab (2s — ¢)

6
= 2abc + 2s (z ab) — 3abc = 2s (z ab) — 4Rrs (:) 2s(s? + 2Rr +1?)

(e 2.2 (7)
Also,]_[(s—a)zm =2

(4),(5),(6),(7)=>LHS
4s%r?(3R + 2r) 3 2B3R+2r) 21 1 _R-r

- (r2s){2s(s2 +2Rr +1r2)} s2+2Rr+r2 - r R Rr

2
o (s?+2Rr +1?)(R—1) = 2Rr(3r + 2r) (8)
LHS of (8) = (18Rr — 412)(R — r) (Gerretsen)

2
> 2Rr(3R + 2r)
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2
< (9R - 2r)(R—71) > 3R? + 2Rr

? ?
© 6R?> —13Rr +2r* >0 < (R—2r)(6R—1) = 0 > true - R > 2r (Euler) (Proved)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1) ¥ <2~ - (ASSURE)

_2-(pt-r? —Rr) T
z <2——=5
b+c

p? +1r2+2Rr R
2:(p*-r2-Rr) +I<26 2R-(p?-1r%—Rr)+r(p?+r?+2Rr) <2
p*+r2+2Rr R ™ R~(p2+r2+2Rr)

Gerret
& p? < 6R? + 2Rr —r? S AR? + 4Rr + 312 < 6R? + 2Rr — 12

& 2R?—2Rr—41r’>0< (R—2r)-(R+71) > 0Euler
True
2) _( a? +i+i) Schzarz_ (a+b+c)? _ _atbtc _
b+c c+a a+b - 2-(a+b+c) - 2

y gt (R
_z\/ic(\/(l; IZI;IZp ab)) z\/m <\/(p a)(p - b)>
a+b

a+b

D DR e N (D R

a+b a+b
a+b

H

<1--p)-r) =1 -

JP.069. Let a, b be positive real numbers such that a? + ab + b?* = 9. Find the maximal
value of expression:

(a+ b)® + (ab)5 + 2(ab)3 + (ab)? —

Proposed by George Apostolopoulos — Messolonghi

— Greece
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
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Siendo a, b, c nUmeros R* de tal manera que a® + ab + b%? = 9. Hallar el maximo
valor E = (a + b)® + (ab)® + 2(ab)?® + (ab)* — 17.Comoa, b, c > 0.
Aplicando MA > MG
9=a?+ab+b?>3Ya3b®=3ab = 3>ab
(a+b)?> = (a? + ab+ b?)+ab =9+ ab < 12. Por lo tanto
E = (a+ b)® + (ab)® +2(ab)® + (ab)? —17 <123 +3°+2-33+32-17 =
=1728+243+54+9—-17 =2017;E < 2017
La igualdad se alcanza cuandoa = b =+/3
Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
ab,c>0
a? + ab + b?> = 9 = ab < 3 from (AM-GM)
(a+b)®=((a+b)?)?=(a?+ab+ab+b?%3=(9+ab)? <1728
(ab)® < 243; 2(ab)? < 54; (ab)? < 9. Problem: maximum values:
(a+ b)® + (ab)’5 + 2(ab)? + (ab)? — 17 < 2017
Solution 3 by Ravi Prakash-New Delhi-India
Let E = (a + b)® + (ab)® + 2(ab)?® + (ab)? — 17
= (a? + b% + ab + ab)?® + (ab)® + 2(ab)? + (ab)? — 17
= (9 + ab)? + (ab)’ + 2(ab)? + (ab)? — 17
=93 + 243ab + 27(ab)? + (ab)? + (ab)® + 2(ab)? + (ab)? — 17
E =712 + 243ab + 28(ab)? + 3(ab)?® + (ab)>. Asa? + ab + b> =9
4a% + 4b*> + 4ab =36 = 2{(a+ b)>* + (a — b)?}+ (a + b)?> — (a— b)? = 36
:%+%= 1.Leta+ b =2+/3cosO
a—b=6sin0@ =a=+3cos@+3sinfandb =+/3cosO —3sin
.. ab = 3cos? 0 —9sin? 0 Z;(1+c0520) —g(l—cosze) =6c0os20—-3<3

Thus, maximum possible value of E is 712 + (243)(3) + (28)(32) + 3(33%) + 35
=712+ 729 + 252 + 81 + 243 = 2017
Solution 4 by SK Rejuan-West Bengal-India
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a,beR*anda?+ab+b%2=9 (i)
By AM > GM we get, a? + ab + b?> > 3ab = 9 > 3ab [from (i)]= ab < 3 (ii)
Again,a* +ab+b*>*=9= (a+b)? —ab=9
> (a+b)?=9+ab<9+3 [from (ii)] = (a+ b)? <12 (iii)
= LHS
= (a+ b)® + (ab)’ + 2(ab)? + (ab)? — 17
<(12)3+(3)5+2-(3)3+(3)2—17 [from (iii) & (ii)]
=1728+243+54+9—-17

=2017

= (a + b)® + (ab)® + 2(ab)?® + (ab)? — 17 < 2017

~ Maximum value is 2017
JP.070. Let a, b be positive real numbers with a? + ab + b% = k? k > 0.

Prove that

V2 +1
3

Proposed by George Apostolopoulos — Messolonghi — Greece

Va+b+3Vab < Vk.

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c nimeros R* de tal manera que a® + ab + b*> = k?, k> 0

a+b+7Yab < E/;l -vk. Ahora bien
3 1 3 V3 -VJa+b
2 — 2 252 24 " (a—b)2>" 2 > 2 Y 7
k*=a*+ab+b _4(a+b) +4(a b) _4(a+b) o Vk > 7z
Aplicando MA > MG
VZ+1 V2+1 ¥Y3-Va+b a+b
> vk = : =Vva+b+ >Va+b+Vab
3 3 V2 2

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian

2<3 2 — 2.4 /ﬂb- x _vza1 V3
k 24(a+b) s ifva+b=>a+b=x%+Vab < Xt == 5w X

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Fact

1) We have: a? + b? > %(a + b)?

ZkZ ZkZ AM-GM

g . 2 K
> 4\/4 (a+b) -

= a? + b? + 2k* > (a+b)Z

_ [h

Fact

k2 k2 AM_GM 4|,p k6 4 k 4
2) ab+—+—+? > 4[ -7 —%-k-f;-\/ab

= a? + b? + ab + 3k? > <4k\/; )(\/_\/ b + Vab)

@4k22<4k-\/§-%>(\/7- a+b+Vab) (¥

Fact
3) a+b>2Vab=>+Va+b=>+2 Vab
Fact

4) V2 -Va+b+Vab = (V2 -3 +2v2)(Va+b) + (3 - 2v2)Va+b + Vab

(g) 3(V2—1) - Va+b+ (3-2V2)V2-Vab + Vab
=3(vV2-1)(Va+b + Vab)

Hence, (*) becomes:

4k22(4k~\/§-%>3(\/§—1)-\/a+b+m

4k? V2 +1
kK 1 - 43
4k - \g-ﬁ-s(ﬁ—ﬂ
Solution 4 by SK Rejuan-West Bengal-India
a,b € R* anda? + ab + b2 = k? (i)

:>\/a+b+4\/ab< N
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By AM > GM we get, a? + ab + b?> > 3ab = k? > 3ab [as k? = a® + ab + b?]

K2 ..

=ab <+ (i)

= Vab < iz (i)
Again, a®> + ab + b%* = k* = (a + b)? — 2ab + ab = k?
2
= (a+b)? =k?+ab < k?+* [from (ii)] = (a + b)? < T K?

vz .
= a+bsﬁ\/ﬁ (iv)

Adding (iv) & (iif) we get Va+ b + Yab < {2V + 1 = Va+ b+ Yab < Tk
JP.071. Let ABC be atriangle with circumradius R and inradius r, and let w,, wy,, w, be the
lengths of the internal bisectors of the angle opposite of the sides of lengths a, b, c,
respectively.

Prove that
2

(%) can -+ (2) tan 2 (%) ran s < 2058

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo ABC un triangulo con circunradio R e inradio r, ademas w,, w;,, w. son los
angulos internos bisectors, opuestos a los lados a, b, ¢ respectivamente.

Y A (wp)? B (w.\% ¢ _3V3 R
Probar que (7) -tanE+(T) -tan;+(7) -tanE<— - (A

r

Teniendo en cuento la siguientes identidades y desigualdades en un triangulo ABC
A (s—b)(s—c) (a+c—-b)la+b—-c) a*—(b—c)?

i — — < —,
2 S 4S 4S =%s
. B<b2t c c?
an- = ggtangy =g

a<+Js(s—a),w,<s(s—c)w. <. s(s—c)s<

Utilizando las desigualdades privias en (A)

3\/_R
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w2 A w2 B w2 € w: owi w?
(7) tani+(7) tanE+(7) tanESE+E+ES
<s(s—a)+s(s—b)+s(s—c)_ s2 s 3V3R

=—<
45 4sr 4r~ 8r

Solution 2 by Soumava Chakraborty-Kolkata-India

s 3 [ Dot (cw, < 5G=a) = Y (stan- 221

az
_z(r s—a)_z( A s—a)
N @ q /) s—a a?
2 1 Z a’b? Goldstone A - 4R%2S?
(z ) 16R21r2s2 - 16R2r2s2
TS 4R?%s2 s Mitri<novic 3V3R _ 3V3 R
" 16R%r2s2 4r ~ 2-4r 8 r
Solution 3 by Marin Chirciu — Romania

a?

We prove the following helpful result: Lemma: In 4 ABC

Wa\ 2 A w2 A w2 A

— —+ (— —+(— —<—

(a) tan2 (b) tan2 (c) tan2_4r
Proof

We use w2 < p(p — a) and tan%l = W

Z —_— — —
It follows (ﬂ) tan2 < P@-® @D _ 5

a E a? N a?
2
. Wq A 1 1 14
_a < — << ¢ —_—— —
Weobtaan(a) tan; <SYS<r1p- 5=

The equality holds if and only if the triangle is equilateral.
Let’s pass to solving the problem from the enuntiation.

Using the Lemma and Mitrinovic’s inequality p < 3RZ—‘Ewe obtain the conclusion.

The equality holds if and only if the triangle is equilateral.

JP.072. Let a, b and ¢ denote, as usual, the lengths of the sides BC, CA, and AB,
respectively, in 4 ABC. Let R be the circumradius, r the inradius of 4 ABC, and r,, r};, and

r. the exradii to A4, B and C, respectively.
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Prove that

r Tp T
< =_> |2+ 24+-£
(a) 63_8r2,()2r er+rc+ra+6

Proposed by George Apostolopoulos — Messolonghi - Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC -+ b—3 + —3 < 8r2 (A)

Teniendo en cuenta las siguientes identidades y desigualdades en triangulo ABC

iand o B L S D V3

=ptan;, 1, =ptanc v, =ptanz, pr_to _Zr
A_(s—b)(s—c)_(a+c—b)(a+b—c)_az—(b—c)z<
2= 3 - 4S T as  "—as
tan— — tan < — Utlllzando las desigualdades previas en (A)

ptané ptang ptang
Ta [ Tb  Te_ 2 2, 2_P P P _
a3 b3 ¢3 a3 b3 c3 4Sa 4Sb 4Sc

=L(E+2e )<L BB D)

4r \a b

2
Probar en un triangulo ABC: (g) >yt yer 6

Tp Tc Ta
1) Teniendo en cuenta las siguientes identidades en un triangulo ABC
) S S R abc
Ta= s g~ 5—pT " s—c'2r 8(s—a)(s—b)(s—c)

Realizando los siguientes cambios de variables

x=s—ay=s—-bz=s—-cx+y=by+tz=az+x=c
2) Siendo x,y,z > 0, se cumple la siguiente desigualdad
Ix+y)(y+2)(z+x) =8(x+y+z)(xy+yzx +zx)
Solo es necesario demostrar lo siguiente

9R E+Q+E+6@9(x+y)(y+2)(z+x)Zz+g+§+6
2r = r. T, 8xyz Xy z

Es suficiente probar
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U vz 1 1 1
(x+y+2z)(xy+yz Zx):(x+y+z)(;+_+_)zz+f+f+6@

y z/ x y z

xyz

Xy z Yy zZ X 'y Z X
©3+—+=+—+=+—+-—2>2=+—+—-—+6(MA = MG)
y zZz x X Yy Z X Yy Z

2
Se concluye que — (%) >—>24+0y :—c + 6. (LQQD)

2r Tp T

JP.073.Ifa,b,c > 0;n > 1 then:

3n(a*+ b*+c*) ab+ bc+ca
+
(a? + b2 + ¢2)2 a? + b2 + ¢

Proposed by Marin Chirciu — Romania

>n+1

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢, de tal manera que n > 1. Probar que

3n(a*+ b*+c*) ab+bc+ca - 1
+ >n+
(a? + b2 + ¢2)2 a? + b2 + ¢

<3(a4 + b* + ¢%) > ab + bc+ ca
n e

- —1>0
(a2+b2+c2)2 aZ+bZ+CZ

4,34, A4_ 252 _p2.2_ 2,2 a2 b2 2\ (21 h2 12
:>n(2(a+b+c a“b“-b“c ca))+(ab+bc+caa b c)(a+b+c)>

(az+b2+cz)2 (az+b2+cz)2 -

0

Comon=>1

Es suficiente demostrar
Z(a4+b4+c4—a2b2—bzcz—czaz) + (ab+bc+ca—a2—b2—cz)(a2+b2+c2) >

(az+b2+cz)2 (az+b2+cz)2 -

0

o 2(a* + b* + c*) — 2(a®b? + b*c* + c*a?) + (ab + bc + ca)(a? + b* + c?) — (a®> + b* +c?)* = 0
& a*+ b* + c* — 4(a®b? + b%c? + c*a?) + ab(a® + b?) + be(b? + ¢?) + ca(c®? +a?) 2 0
& abc(a+ b +c¢) +ab(a— b)? + be(b—c)? + calc — a)? >

> 2(a?b? + b*c? + c?a?) — a* — b* - ¢*
& abc(a+ b +c¢) + ab(a— b)? + be(b—c)? + calc — a)? >
>(a+b+c)la+b—-c)(b+c—a)la+c—b)
e (a+b+c)abc— (b+c—a)a+c—b)(b+a-c))+abla—b)*+bc(b—c)?+calc—a)’* >0

Es suficiente demostrar: abc > (a+ b — c)(b+c —a)(c + a — b)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

abc > (b2 — (c — a)?)(c+a—b)
abc > (b? — ¢* —a? + 2ac)(c+a —b)
abc > b%c + b%’a— b3 — 3 — c?a + ¢?b — a’c — a® + a’b + 2c*’a + 2a’*c — 2abc
a3+ b® +c® +3abc > ab(a+ b) + calc+ a) + bc(b + ¢)
Véalido por (Shur Inequality)
Solution 2 by Nguyen Minh Tri-Vietnam

3n(a4+b4+c4)+ab+bc+ca> +1
>n
(aZ +bZ+CZ)Z aZ +bZ+CZ

o 3n(a* + b* + ¢*) + (a®? + b? + c?)(ab + bc + ac) = (n+ 1)(a? + b? + ¢?)?
o n[3(at + b* + c*) — (a2 + b? + ¢2)2] + z ab (a? + b?) +
+abc(a+ b+ c) > (a®? + b% + ¢?)? (*)

We haven > 1;3(a* + b* + ¢*) > (a® + b? + ¢?)?
=>m-1D[3(a*+b*+c*) — (a2 +b?+c2)] >0
o n[3(a* + b* + ¢*) — (a®? + b? + ¢?)?] = 3(a* + b* + ¢*) — (a® + b? + ¢?)?
So we have to prove that: 3(a* + b* + ¢*) — (a® + b? + ¢?)? + Y, ab (a® + b?) +

+abc(a+ b +c) > (a® + b% + c?) (¥

= 3(a4+b4+c4)+2ab(a2 + b?) + abc(a+ b + ¢) > 2(a? + b? + ¢%)?

esat+b*+ct*+abcla+b+c)+ z ab (a? + b?) > 4(a?b? + b%*c? + a%c?)
Use Schur inequality exponent two and we have:
a* + b* + c¢* +abc(a+ b+ c) = Y ab (a? + b?). So we need to prove:
Y ab (a? + b?) > 2(3 a?b?) (1)
Have: a? + b? > 2ab < ab(a? + b?) > 2a?b?. Similarly: bc(b? + ¢?) > 2b*c?
ac(a? + c?) > 2a%*c? = z ab (a? + b?) >2 (z azbz)

= (1) true = (*) true = (**) true = Q.ED.

JP.074.Ifa,b,c,n > 0;n(ab + bc + ca) + 2abc = n3 then:
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1 1 1 1
+ + <=
a+b+2n b+c+2n c+a+2n " n

Proposed by Marin Chirciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b,c > 0, de tal manera que n(ab + bc + ca) + 2abc = n3. Probar que
1 1 1 1

+ + <
a+b+2n b+c+2n c+a+2n" n

La desigualdad propuesta es equivalente
n((b+c+2n)(c+a+2n)+(c+a+2n)(a+b+2n)+(a+b+2n)(b+c+2n))S
<(a+b+2n)(b+c+2n)(c+a+2n)

Ahora bien:
E=(b+c+2n)(c+a+2n)+(c+a+2n)(a+b+2n)+(a+b+2n)(b+c+2n)
E=12n%+2n(2(b+c)+2(c+a)+2(a+ b))+ (b+c)(c+a)+ (c+a)a+hb)+
+(a+ b)(b+c)
E=12n*?+8n(a+ b +c) + a? + b%> + ¢* + 3(ab + bc + ca)
F=(a+b+2n)(b+c+2n)(c+a+2n)
F=8n>+4n?-2(a+b+c)+2n((a+b)(b+c)+(b+c)(c+a)+(c+a)a+b))+
+(a+b)(b+c)(c+a)
F=8n%+8n%(a+b+c)+2n(a? + b? + c¢?) + 6n(ab + bc + ca) +
+(a+b)(b+c)(c+a)
on-E<Fen-E-F=4n3—n(a?+ b%? + c?) — 3n(ab + bc + ca) —
—(a+b)(b+c)(c+a) <0< 4n(ab + bc + ca) + 8abc <
< n(a? + b% +c?+3ab + 3bc +3ca) + (a+ b)(b+c)(c+a)
© Lo cual es cierto ya que a? + b% + ¢? > ab + bc + ca A (a + b)(b + ¢)(c + a) > 8abc
(valido por MA = MG)

Solution 2 by Ravi Prakash-New Delhi-India
n(ab + bc + ca) + 2abc = n?
OO+ OE+ OO 20O =1

Let2+1=x2+1=yS+1=2
n n n



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(1) now becomes
x-D@-D+@-Dz-D+z-1Dx-1)+
+2(x-1)y-1)(z-1)=1
oxy—-x—y+1+yz—y—z+1+zx—x—z+1+

+2(xyz—xy—yz—zx+x+y+z—-1)=1

<:)2xyz=xy+yz+zx<:)i+i+%=Z.Letiza, =B-=v

< |
N | =

1 1 1 1
+pB+y= + + <-=-
Sothata + g +y = 2. Now, to prove —zn T e T a5,

TG Gy GG G

1 1 1
+ + <1
x+y y+z z+x

G

1 1 1
+

aB | By | va
c>¢7c+[?+[?+y+¢7c+ys1 (2)

LHS of (2)

1(2
_{ ap . 2By Zya}sl{a+ﬂ+ﬂ+y+y+a}:a+ﬂ+y:§:
2+pB B+y y+a)” 20 2 2 2 2 2

~ (2) istrue

1

JP.075. Let R and r be the circumradius and the inradius of a triangle ABC respectively.

Prove that

R
cscA +cscB+cscC > 3V3———
R+r

Proposed by Martin Lukarevski — Stip — Macedonia

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo Ry r circunradio e inradio de un tridngulo ABC. Probar que

3V3R

cscA+cscB+cscC >
R+r

Tener en cuenta las siguientes identidades y desigualdades en un 4 ABC

1 1 1 1
_ - = >
Sttt = R22r (Euler)
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3V3R 1 1 1 3v3
BR L1, 1,1 > 3
R+r a b ¢ 2(R+1)

La desigualdad propuesta es equivalente 2R G + % + %) >

2Rr — 2(R+r)

Luegol+%+12\]3(i+l+l): 3 5 38
a C

ab bc ca

Es necesario demostrar lo siguiente

3 3v3
> &, +7r) >3y +7)2 >
’2Rr“2(R+r)@ 2(R+71)>3VRro 2(R+1r)>*>9Rr &

©2(R+1r)2 —9Rr=(R-2r)2R—-71)=>0 (R =>=2r)

Solution 2 by Soumava Chakraborty-Kolkata-India

Desea=an(30) = =

(Tab)? _ 27R? 2 2N2 2 s 2 o
4r2s2 = R2 & (s*+4Rr +r*)*(R +r)* = 108R*r*s

-~ it suffices to prove:

= (54 + (4Rr +1r?)? + 2s%(4Rr + rz)) (R+1)? > 108R?*1r*s?> (1)

Now, Trucht = 4R +r > sV/3 = (4R +1)? > 352

& 1r2(4R +1)% > 35%r? © (4Rr +1r2)? > 35%r2 (2)

”
(2) = LHS of (1) = {s* + 3s%r? + 2s%2(4Rr + r2)}(R + r)? > 108R?*r? (3)

erretsen

G
LHSof (3) > (16Rr —5r% + 37r% + 8Rr + 2r?)(R +r)?
? ? ?
=24Rr(R+1)? > 108R*>1r? © 2(R+ 1)  >9Rr © 2R?> —5Rr+ 212 >0

?
< (R—2r)(2R—1) = 0 > true, ~ R = 2r (Euler) (Proved)
Solution 3 by Marin Chirciu — Romania

2R 1 bc 2 +rZ+4Rr 2 +r2+4Rr
=y2R - 2pyl=2R ZX=2R.2 =2
a a abc

We have: ), cscA = ). pre. -

sinA
The inequality can be written:

p? + 1% +4Rr

2rp

R 2402 + 4Rr\*  27R?
zm._@(’—)
R+7r

>
2rp “(R+1r)? <

& (R+1)*(p? + 1% + 4Rr)? > 108R*r*p? &
o p*(R+ 1)+ 2p*[(R+1)?>(1> + 4Rr) — 54R*1*] +r*(4R+ 1)*’(R+1)’ >0 &

e p?[p?(R+1)2 + 2(R+1)?(r* + 4Rr) — 54R*1?] + r?(4R+ r)’(R+1%) > 0
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We distinguish the following cases:
1) If p?(R +1)? + 2(R + 1r)?(r? + 4Rr) — 54R?*r? > 0, the inequality is obvious.
2) Ifp?(R+1)% + 2(R +1)*(r? + 4Rr) — 54R?*r? < 0, we rewrite the inequality:
p?[54R?*r? — 2(R +1)*(r* + 4Rr) — p*(R + 1)?] < r?*(4Rr + 1)*(R + 1)?
which follows from Gerretsen’s inequality: 16Rr — 512 < p? < 4R? + 4Rr + 3r?
It remains to prove that:
(4R? + 4Rr + 31r2)[54R?*1r2 —2(R +1)2(r* + 4Rr) — (16Rr — 5r2)(R +r)?] <
<r?(4R +1)*(R +1)?
& 24R® — 35R*r — 17R3r? —24R*>r3 + 13Rr3 - 2r° <0 &
& (R - 2r)(24R* + 13R3r + 9R?*r? — 6R1r3 + r*) > 0, obviously from Euler’s

inequality R > 2r. The equality holds if and only if the triangle is equilateral.

SP.061. Let x4, x5, ..., x, be non-negative real numbers satisfying

X 2x nx
1 + 2 o n__
1+x; 1+x, 1+x,

Find the maximum possible value of

— 2 n
P =x.x7 .. x5.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by proposer

From the given condition and by the AM-GM inequality, we obtain
1 2
__2x . 3x3 - nx,
1+x; 1+x, 1+ x; 1+x,

243440 Xy \? x3 \3 Xp \"
=@2+3++n) \/(1+x2) (1+x3> "'(1+xn)

1 X X 3x nx
_ 1, 2 3 44 n
1+x, 1+x; 1+x, 1+ x3 1+x,

243441 X1 X, X3 3 X, \"
2(2+3+-+n) \/(1+x1>(1+x2)(1+x3> "'(1+xn)
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1 X 2x 2x nx
_ 1, 2 3 44 n
1+x; 1+x; 1+x, 1+x3 1+x,

243+4-n X4 X, 2 X3 2 x, \"
2(2+3+-+n) \/(1+x1)(1+x2) (1+x3) "'(1+xn)

1 X1 2x, n-1)x,.;, (n-1x,
= + + e +
1+x, 1+x; 1+x, 1+x, 4 1+x,

243+-n X4 Xy \? Xp-1 \*1 x, \* !
2(2+3+4mn) \/(1+x1)(1+x2) "'(1+xn_1) (1+xn)

From these relations above, we infer that

1 1 1 1
1+x; (1+x)7 (1+x3)° " (L +x,)"

(2+3+...+n)1+z+~-.+n( X1 )( X2 )Z( X3 )3 ( X, )n
1+x1 1+x2 1+x3 1+xn

1
LR <
N = (2+43+--4+n)1+2++n

Which implies that x;x3 .

. . . 1
The equality holdsifand only if: x; = x, = - = x,, = YEY

1
(2+3+-+n)1+2++n

Thus maxP =

SP.062. If a, b, ¢ € C then:
|a® + b% + ¢3 — 3abc| < la+ b + c|(lal + |b] + |c])?
Proposed by Mihaly Bencze — Romania
Solution by proposer
|a® + b® + ¢3 —3abc| = [(a+ b + c)(a+ be + ce?)(a+ be + ce)| <
<la+b+cl|(lal + |bel + |ce?|)(lal + [be| + |cel) =

=la+ b+ cl(lal + |b] + |c])(al + |b] + Ic]) = |a + b + c|(lal + |b| + |c])* when:

_ 21r+__ 2w
€=cos—-+isin—J

SP.063. Prove that for any triangle ABC,
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A B N B C N C A -
€0S > COS — + €S = COS - + COS 5 COS 5 >
A B c 1 A B C
> ﬁcosicosicosi + E(cos2 2 + cos? 5 + cos? E)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

A B+ B C+ Cc A>
COS2 cos 2 Cos 2 C()S2 COS2 COSZ =
A B c 1 A B Cc
= \/§COS 2 Cos 2 Cos 2 2 (COS 2 cos 2 cos 2

A B c
EnunA4 ABC - €os_,Cos_, Cos >0

Dividiendo (=) cos %‘ cos g cos g a la desigualdad propuesta

A B C
C A B 1 CcCoS 5 CcOoS + CcOS &
@seci+seci+sec52\/§+i 2 2 2

B osE € osA AosB
COSZCOSZ COSZCOSZ COSZCOSZ

sin(%) + sin(C;—A) + sin(AZLB)>

COS— COs COSC COSA COSA COSB
2 2 2 2 2 2

c A B 1
=N secE+secE+secEZ\/§+E<

c A B 1 B c c A A B
© sec; +sec, +sec > \/§+E((tan5+ tanE) + (tanE+ tanE) + (tan; + tan;))

- A ¢ A+ B ¢ B+ Cc ¢ C>\/§
sec; —tan; +seco —tano +sec; —tang =

Calculamos la primera y segunda derivada
Sea f(x) = secx —tanx,x €< O,g > f'(x) = secxtanx — sec? x,
f"(x) = secx(secx —tanx)? >0

Como f""(x) > 0, entonces f(x) es estrictamente convexo en < O,% >

Dado que

A B
2 2

NS

€< O,% > detal maneraque A+ B+ C = .

Aplicamos la desigualdad de Jensen

A ¢ A+ B ¢ B+ c ¢ (A (A)+ (B)+ (C)>
sec2 an2 sec2 an2 sec2 anz—f > f > f )2
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A,B . C
2 g 2 :3f(§)

=)+ 1)+ r() 2337 (5) =3 (sect —tang) =3(5-5) =3

> 3f

A ¢ A . B ¢ B . Cc ¢ > V3
:> —_—— —_ _— —_— —_—— p—
sec; — tan; +sec —tano +secy —tang =
(LQQD)

SP.064. If x,y,z € (0, 1) then:

3n+1

2
(2%) () () =Y

(xyz)*"

foralln € N.
Proposed by Mihaly Bencze — Romania
Solution by Soumitra Mandal-Chandar Nagore-India
Let f(x) =x—x3forallx € (0,1),f'(x) =1-3x% f"(x) = —6x

“ f'(xo) = 0where xy € (0,1) = xy = i%choosing Xo = \%

. " j; H i —-j; j;
~ f (ﬁ) < 0 hence f attains maximum at x = 7 f(x) < f(ﬁ)

(R =Y ez
(5 3)

331l+1

= (xyz)*™ (proved)

SP.065. If a, b,c > 0 and n € N* then:
2@ +bp"+c") = (a+b)" Y a+c)+(b+c)"Y(b+a)+ (c+a)* (c+b)
Proposed by Mihaly Bencze — Romania
Solution by Sanong Huayrerai-Nakon Pathom-Thailand
Provethatx® + y* +z" > x" 1z+ z" 1y + y" 1lx;x,y,z>0n €N
Sincex™ + x* + x™* + -+ x"(n — 1)term + 2" > nx" 1z

2"+ "+ 2"+ -+ z2'(n — 1)term + y* > nz" 1y
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Y+ 9yt + Yyt + -+ y*(n — 1)term + x™ > ny™ x
Hence n(x™ + y" + z") > n(x" 1z + z" 1y + y"~1x)
™+ yn +z" > xn—l + Zn—ly + yn—1x
Solution

Fora,b,c > 0andn € N, we have

= =
2 2 2 2 2 2
a+b b+c\" c+a\"
Hence a™ + b + ¢ > (452)" + (49)" + (59)" =
=>2Ma"+b"+c")=2(a+b)"+(b+c)"+(c+a)" =

>(a+b)" Y (c+a)+(b+c)" Y (b+a)+ (c+a)*(c+b)

a + b" (a+b)“ b"™ + c" (b+c>" c"+at (c+a)"
1 2 1

Therefore itis to be true.

SP.066. Lett € R* and f: R’ — R} such that

f(x+1)
xtf(x)

Prove that

1
lim,_ € R, and limx_,oo(f(x))" % € R} .

fx+1)

m-———-
et x—00 xtf(x)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

llm (f(x))

Solution by Soumitra Mandal-Chandar Nagore-India

'— f(n+1)
(f( )) f(n n | f(n CESARO STOLZ ., mﬁw

x—»oo xt ";:E’R? nnt x—0 frsrrllt)
. [(fn+1) 1 . f(n+1) 1 . f(x+1)
= lim - o lim =2
o | ntf(n) 1 n + 1 x—»oo ntf(n) et o xtf(x)

(1+2)

SP.067. If x,y,z > O then:
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1 1
+ +
(x2 +yz)(3x2 + 2y%2 +2z2)  (y? +zx)(3y? + 222 + x2)

1 X’ +y?+z2 +xy+yz+zx
+ <
(z2 + xy)(32% + 2x2 + y2) — 24x2y%z2

Proposed by Mihaly Bencze — Romania

Solution by proposer

1(2 1
Forallx,y,z> Owehave:;z_(__k_) PEN
3x2+2y2+z2 — 18\y z

3x2y + 6x%z+2y3 + 223 + 4y%7 + yz?
o= y18 VI > 02y (a2 n) F)E () (yPa) y 2 =

1/1 1
T <1ty S YE - - yP 0

= xyz and

x? - 1 (2+1)(1+1) (y+2z)(y+22)
— | — — — — | = =
(k2 +yz)(3x2+2y2+22) ~ 72\y z)\y 1z 72y% 72
1 y+2)(y+2z2) _
(x2 +yz)(3x2 + 2y2 +2z2) — 72x2y2z2

cyclic cyclic

_3Xx*+3¥xy Yx*+Yxy
T 72x2y2z2 24x2y?z2

SP.068. Find:

m-—

= lim ('""“"J(Zn + 1) — ""{/m) W

n—>oo

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

2 = lim (’"‘"“3/(2 DI —"™/C2n— 1)") .

n—-oo
. "@n-DU m [ 1) -1 n _ "’("+1)1/(2n+1
lim,,_, ., <—m oy (1 n) T Inul! | whereu,, = = -foralln e N

D'ALEMBERT
. m n’(Zn—l)!! o . m|(2n+1)! (n-1)*
NOW, llmn_,oo (n-1)m - llmn—mo \] an+1 ' Zn-1)!
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(2n+1)!
ml THma 1\" 1 m|2n(2n—-1 1\" m|2
#.(1 ) 2 im jm.(l_ ) ="

= lim — =
n—o (2n-1) n/ n 2n(n—1) n
2m-1(n — 1)!
MmOt el
: — i Mm m| n __ . Un—-1 _
llmn—mo Un = llmn—mo V\/%ﬂ” . E = 1. Hence llmn_,oo I:In_un =
m\/n—l

. no— s ’(Zn+1)”
Now, lim,,_,, uyr = lim,,_,, D)1 m(n+1) T

(2n + 1)!
—1s n" m
B rlanc}o (@2n-1)! . B ' n "‘("“)/(2 + 1) = Ve

-1 1

W= ":/% 1-ln"{/§zi":/§(proved)

Solution 2 by Shivam Sharma-New Delhi-India

As we know, (2n + 1)!! = (22",;1')! &2n-1I = % Using this, we get,

1 1
— —| m-1
= lim,,_, [((Z"H)!)"‘“"’ - (@)"‘"] n = . As we know, the Stirling’s formula,

2Mn! 2Mn!

n! = (g)n\/Znn. Using this, we get,

_1 1
|[<(2ne+ 1)2n+1 T 1)>mn+m <2 (Z?n)z" m>mn]| N
'“‘;I . - LI nom
et @@

As we can see many terms are cancelling now, applying ratio test,

2n+2
2n+1
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SP.069. If x,y,z>0and b > a > 0 then:

b2+xy b+ yz b% + zx 1
n n +1In <( —a)<—+—+—>
a2+xy a’+yz a? +zx Xy

z

Proposed by Mihaly Bencze — Romania
Solution by proposer

Forally,z,

t 11,1 _ )2 _ N2
2yz_y(y+z)<:)y(t z):+z(y—t)*=>0

therefore f: rat f:i(i+i) dt:%lnb2+”z<l(i+i) (b—a) =

t2+yz a’+yz ~ 4

> erise=a ). (+3)0-0=0-a (i)

y VA
cyclic cyclic

SP.070. Prove thatif a, b, ¢ € R then:
(2—a—-b—c+abc)? < (a®?+2)(b%*+2)(c?+2)

Proposed by Daniel Sitaru — Romania
Solution 1 by Nguyen Phuc Tang-Hanoi-Vietnam

We have
(a2 +2)(b2+2)=(a+b+1)2+(a—1)2+(b—-1)2+(ab—1)? >
> (1-a?)+ (1 - b)? + (ab — 1)?%. By Cauchy — Schwarz
(a*> +2)(b?> +2)(c?+2)=2[1-a)* + (1 —b)*+(ab—1)*](1 +1 +¢*) >

>(2—-a—-b—c+abc)?

) ) a+b+1=0
Equahtyholdsﬁ{l_a: 1—b:abc_1<:)a=b —c= _%
Solution 2 by Sladjan Stankovik-Macedonia
a,b,ceR

(2—a—-b—-c+abc)? < (a®?+2)(b%+2)(c?+2)
(2-p+c)?<c?+2(q%—2pc) +4(p? —2q) +p
4+p>+c?—4Ap+4c—2pc < c?+2q* —4pc+4p*—8q+8
c-(4+2p)+(—4-3p*—4p—-2¢*+8q) <0
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If we fix p and g = ¢ has min or MAX & two variables are equal.

p=a+2b
Leth=c> q=ab+bZ
c = ab?

ab?- (4 +2a+4b) <4 +3(a+2b)?+4(a+ 2b) +2(2ab + b?)? — 8(2ab + b?)
< a?(—6b*—-3)+a-(—4b3>+4b>+4b—4) — (2b*+4b*+8b+4) <0
D, = (—4b3 + 4b?* + 4b — 4)?> — 4(6b%* + 3)(2b* + 4b*> + 8b + 4) =
= —8(4b° + 4b° + 17b* + 16b% + 20b> + 16b +4) < 0
D, <0

1
k,=-6b*-3<0 —-82b+1)*(b>+2)?<0; b= —3

—a=c
SP.071. Prove thatif a, b,c € R then:
(3abc — a® — b® — ¢?)? < (a? + b?% + ¢%)3
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

a b c a b clla b c
3abc—a®—-b3>—-c3=|b ¢ al=Babc—a*-b*-c3)?=|p ¢ allp ¢ a
c a b c a bllc a b
Xy
=y x y|=x3+2y3—-3xy?>wherex = a? + b? + ¢
y Jy X

y=bc+ca+ab=x3—y*Q2x - 2y) — xy?
= (a? + b%? + c?)® — (ab + bc + ca)?*(a? + b? + ¢?) —
—(ab + bc + ca)’*{(a— b)* + (b — ¢)? + (c — a)?} < (a% + b? + ¢?)3
Solution 2 by Nguyen Phuc Tang-Hanoi-Vietnam

x =a®+b%*+c?

I'e'[{y2ab+bc+ca

= x > y. We have

(a3 +b3+c2-3abc)> =(a+b +c)(a?+ b?+c*—ab—bc—ca)
The inequality is equivalent to (x + 2y)(x — y)? < x3 (*)

Casex=0=>a=b=c=0=(*)istrue
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Casex >0
Me@@+20)(1-t)? <1 (witht= f <1) e t?(2t — 3) < 0 which is true

Equality holdsifandonlyift =0 a=b=c=0

SP.072. If a,b,c > O;n € N* then:

2

2
( 2na )3 N ( 2nb ) N ( 2nc )3 -3

b+ (2n—-1)c c+(2n—-1)a a+(2n-1)b/) —
Proposed by Marin Chirciu — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

W N

2
z ( 2na )3 _ z 2na AM§GM 6na
i b+ (2n-1)c £ Y2na(b+ (2n —1)c)2 £ 2na +2b +2(2n—1)c

_ 3 z a _ 3 z a? -

—on na+b+2n-1)c n naz+ab+ (2n—-1)ca —

cyc cyc
2
3n (a+b+c)

= 3 (proved)

nYcyc a2+Ycyc ab+(2n-1) Yy ab

SP.073. If x,y,z > O then:
l <1+1 +1 <1+1 +1 <1+1 >31 <1+
°9 x) °9 y) °9 z) =2t0g x+y+z>

Proposed by Marin Chirciu — Romania
Solution 1 by Tran Hong-Vietnam

Let f(t) :log(l +%) fort >0
1!
(1+—) 1 1 2t +1
! f— t f— n f—
ﬁf(t)_(1+%)lnm__t(t+1)1n10:"f ®= n10 e+ DE

>0vt=>0

= using Jensen’s inequality we have

LHS = f()+ f0) + (@) 2 37 (2 E) = 310g (14— )

x+y+z
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Proved. Equalityy ® x =y =z
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0, we have
1 (1+1)+l (1+1)+l (1+1)—l (1+1)(1+1)(1+1)
og p og y og 7= og p y S

3
1 1
Zlog<1+ 3 xyz> = 310g<1+ 3 xyz) = 310g(1+

x+y+z)

Therefore itis to be true.

SP.074. Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum

value of:

4 4 4

X y z
P = + +
y4 - 3az(x5+1) z+-Yax(pS+1) xt- Yay(Z5 + 1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer

* By AM-GM inequality we have:

4 4

X

x
y4 - az(x5 + 1) B yt-Yaz(x+ 1)t — a3 +x2 —x + 1) B

4

X
>

- yt - 32(zx + z)(2x* — 243 + 2x2 — 2x + 2) h

4

X

=
y4(2+zx+z+2x4—2x3+2x2—2x+2)
3

3x*
= =
y4(2x* —2x3 + 2x2 +zx —2x+ 2z +4)
x* 3x*

= >
yt 3azG5+1) Y (Qx*-2x3 +2x2 +zx—2x+z+4)

y* 3y

>
24.3\/m — z4(2y*-2y3+2y2 +xy—2y+x+4)

4

+ Similar:
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z* 3z*4

>
xt ay(5+1) x*(2z4-223+222+yz—-2z+y+4)

P 1 4 4 4
— Hence: » - = 2| —= +—= +—= >
3 3 y4~J4z(x5+1) z4~J4x(y5+1) x4~J4y(25+1)

x4- y4- z4-
= y4(2x4—2x3+Zx2+zx—2x+z+4) * z4(Zy4—Zy3+Zy2+xy—2y+x+4) * x4(224—Zz3+222+yz—22+y+4) (1)
- Other, by Cauchy Schwarz inequality we have:
x* y*
+ +
yi(2x* —2x3+2x2+zx—2x+z+4) z*Q2y*—2y3+xy—-2y+x+4)

Z4

+ =
x*(2z* — 223 + 222 +yz—2z+y+4)

) . %)

+
2x4* —2x3 +2x2+zx —2x+z+4 2yt —2y3 +2y2 +xy—2y+x+4

(%)

>
2z% — 2723+ 2722 +yz—2z+y+4

2

N
(2+72)
= 4_9.319,2 4 3y 2 4_9,3.9,2 (2)
(Zx —-2x°+2x +zx—2x+z+4)+(2y —-2y°+2y +xy—2y+x+4)+(Zz —-2z°+2z +yz—Zz+y+4)
-Let (1), (2):
(xz y2 22\2
_2"'_2"'_2)
>3 o s 3)
3 7 (2x*-2x3+2x2+zx-2x+2+4)+(2y*-2y3 +2y2+xy—-2y+x+4)+(224-223+222 +yz—-2z+y+4)

- By AM-GM inequality and x +y + z = 3. We have:

R A R N R R I G G
y2  zZ  x? 3 3 3 -
3[x2 x2 yZ 3 ZZ ZZ xZ
3- p g Ly z 3 aiay s i
- . 22 72 2 sl xt 3yt szt XP+yi+z
- 3 3 3 y*z? z2x? x2y? 3x2y2 2
2 2 2 2 2,,2 2 2,,2 2 2,,2
X x“+ +z x“+ +z x“+ +z
y y y — Y =x2 + yZ + 72 (4)

P S e S ey Ty

3
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.. P (x2+y2+zz)2
-Let (3)’ (4) = 3 = 2(x*+yt+z4)-2(x3+y3+23)+2(x2+y2 +22) +(xy+yz+zx) - (x+y+2)+12 (5)

We will prove:

(x2+y2+22)° > 1 (6)
2(xt+yt+z4)-2(x3+y3+23)+2(x2+y2+22) +(xy+yz+zx) - (x+y+z)+12 — 2

o202+ y2 +22)2 > 2(x* + yt + 2%) — 23 + 3 + 23) +
F2(x?+y?+22)+ 2(x* +y?+ 22)+ (xy+yz+zx) — (x +y +2) + 12
o2 +y3+23) +4(x?y? + y? 22 + 22x) > 2(x? + y? + 22) +xy + yz+ zx — 3 + 12
(x+y+z=3)

23 +y3+23) +4(x?y? + y222 + 22x%) 2 2(x* + y? + 22) + xy + yz + zx + 9
© 18(x3 + y% + 23) + 36(x2y? + y?2z? + z2x%) > 18(x? + y? + z%) + 9(xy + yz + zx) + 81
o 6(x+y+z)(x®+y3+23) +36(x%y? + y?z2 + 22x%) >
>2(x+y+2)?(x*+y?+22) + (x +y + 2)?(xy + yz + zx) + (x + y + 2)*
(becausex+y+z=3then:18 =6(x+y+2);18=2(x+y+2)%;81 = (x + y+ 2)%)
S 6(x* +y* +24) + 6(xy(x2 +y2) + yz(y? + 22) + zx(2% + xz)) +36(x*y* + y*z* + z°x%) >
>3(x+y+2)2(x2+y?+ 22 +xy + yz + zx)

o 2xt+yt+2z4) + Z(xy(x2 +y2) + yz(y? + 22) + zx(z% + xz)) +12(x2y* + y?z* + 2°x%) >
>(2+y?+z22 +2xy+2yz+2zx)(x2 + y> + 22 + xy + yz + zx)
s2(x*+yt+zY) + Z(xy(x2 +y2) + yz(y? + z%) + zx (2% + xz)) + 12(x%y? + y?z% + z%x%) >
>xt+yt+z4+3 (xy(x2 +y2) + yz(y? + 2%) + zx(2% + xz)) +4(x2y? + y2z% + 22x%) + Txyz(x + y + 2)
o xt+yt+ 2t + 8(xPy? + 222 + 22x2%) > xy(x® + y?) + yz(y? + 22) + zx(22 + x%) + Txyz(x + y +2) (7)
- We have:
(x% +y? + 22 —xy—yz—zx)2 >0 (22 +y*+28) + (xy + yz+zx)? 2 2(x2 + y? + 2%) (xy + yz + zx)
o xt+yt+ 24 + 302y + y*z? + 2%x%) > Z(y(x2 +y2) + yz(y* + 22) + zx(2% + xz)) (8)
- By AM-GM inequality:

xy(x? +y?) +yz(y? + z%) + zx(2? + x*) = xy - 2xy + yz- 2yz + zx - 2zx = 2(x%y? + y22% + 22x?)  (9)

Let (8), (9): = x* + y* + z* + 3(x%y* + y?2% + 22x%) = xy(x® + y?) + yz(y* + 2%) + zx (2% + x*) + 2(x?y? + y?2* + 2%x?)

o xt +yt+ 2t + (%Y + y2 22 + 22x%) = xy(x? + y?) + yz(y* + 22) + zx(2® + x*)  (10)
y2 (zz+x2) 7% (x2+y2) xz-Zyz + yz-sz + zz-ny

2(,2,,2
X +z
+ Other: x2y? + y2z% + z2x% = Or) + >
2 2 2 2 2 2
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= x2y? +y222 + 2%x% 2 xyz(x + y + 2) © xyz(x + y + z) © 7(x*y* + y22% + 2%x?) = Txyz(x +y +z) (11)
— Hence (10), (11):
= xt +yt+ 24 + 8(x%y? + y222 + 22x%) = xy(x? + y2) + yz(y? + 2%) + zx(2% + x?) + Txyz(x +y + 2)

= Inequality (7) true = (6) true.

— Let (5), (6):=> g > % =>P> % = Ppyin = ; Equality occurs if:

{x’y’z>o;x+y+Z:3C>x_y_Z_1

x=y=z

SP.075. Letx,y, z be positive real numbers such that: xyz = 1. Find the minimum of

expression:
x z
+ Y +
y3+z3+1 z22+x3+1 x3+y3+1

P=2(x+y+2z)+

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo x,y, z nimeros R* de tal manera que xyz = 1. Hallar el minimo valor
x y

P=2(x+y+2z)+ G A et Aplicando la desigualdad de Cauchy
xZ yZ ZZ
+ + >
x(P+23)+x y(@B+x3)+y z(x3+y3)+z
X x)? X x)? _ Ex?

=Ty +yD +3x Sy +yD) + Goxyz | G D)X xy)
Camo x,y,z > 0. Aplicando MA > MG

Co*Cxy) 3R _siEx?_ 81
C ) xy)Xxy) — (Z x?2 +ny+2xy)3 X x)® (x+y+2)*
3
Luego
x y z

= >
P 2(x+y+z)+y3+z3+1+Z3+x3+1+x3+y3+1_

81

22aty DT Ty

Nuevamente por MA > MG
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x+y+z

81 _ (xty+tz | xty+z x+y+z 81 )
+y+2z)+ = + + + +
Z(X y Z) (x+y+z)* ( 3 3 3 3 (x+y+z)*
2(x+y+2)
LY s 52=7

3 =

Por transitividad » P = 2(x + y + z) + . Y =

+
342341 Z3+x2+1  x3+y3+1 T

La igualdad se alcanzacuandox =y=z=1

UP.061. Prove that in all triangle ABC with usual notations holds the following

inequalities:
A B C 2
tan32 4 tan3z 4 tan3z < ((4R+r)2—252) .
(a) B C C a A B — 4
m-tan—+n-tan; m-tan-+n-tan- m-tan;+n-tan- (m+n)s
2 2 2 2 2 2
A B c
tan; tan; tan; (4R+1)?
(b) B ¢t C a+ A B — )
mintans-tan;  m+n-tan;tan;  m+n-tan;-tans s(m(4R+7r)+3nr)
34 3B 3C
tan°> tan’— tan®Z AR+7)1
(C) 2 + 2 + 2 ( )T .

m-cotE+n-cot£ m-cot£+n-cotﬂ m-cotﬂ+n-c0tE - (m+")52 ’
2 2 2 2 2 2
A B [%
tan; + tan; + tan; (4R+r)m+1
B co\m [4 A\™m A B\ =
(x+y-tanz-tanz) (x+y-tanz-tan2) (x+y-tan2-tanz) s(x(4R+1)+3ry)™

(d)

for any positive real numbers m,n, x,y
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendom,n, x,y > 0. Probar en un triangulo ABC las siguientes desigualdades

34 3B 3C 2
tan”; tan’= tan®> ((4R+r)2—232)
a >
) B C C A A B = 4
m tanE+n tanz m tanz+n tanz m tanz+n tanE (m+n)s

Tener en cuenta las siguientes identidades enun 4 ABC

A B B C C A A B C s

tanitan5+ tanEtanE + tanitani = 1,cotEcotEcotE = ;
A B C 4R+r
tanE+tanE+tanE= ,

s
tA tB+ tB tC+ tC tA_l_[ tA(Zt A)_4R+r
co 2co2 co 2co2 cozcoz— co2 an2 =
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t ZA+t ZB+t ZC_<t A+t B+t &y’ 2_(4R+r)2—
an®_ +tan® o +tan® = (tan_ +tan anz) =

Aplicando la desigualdad de Cauchy

4 (zand)’

tan )
z A B A [

A B\
mtanstans +ntanztanzy (m+n) (Ztanftanf)

2

4 2 _ 9o2\2
B <( R+7_;)Z ) _ ((4R +1)* —25%)?

(m+n)-1 B (m +n)s*
(LQQD)
tan’ tang tang (4R+1)?

2
b + +
B__C C.__4 A_B =
) m+ntan;tan; mintan;tan; m+ntan;tan; S (m(4R+1)+3nr)

Aplicando la desigualdad de Cauchy

2
tan? 4 (Z tan é)
z 2 > 2 —
mtan%+ntangtangtang m(Ztang)+3tan%tangtan%
(4R + r)z )
_ S _ (4R +71)
B 4R + 1 r  s(m(4R +r) + 3nr)
m () +3n g
c tan3g . tan3§ tan3g (4R+1)r

(4 A A B — 2
— — — — — — m+n)s
mcot2+n COt2 mcot2+n COt2 mcot2+n COt2 ( )

Aplicando la desigualdad de Cauchy

tan? ';l (Z tan %)Z
> =
z mcot%cotg +n cot%cot% m (Z cot%cotg) +n (Z cot%cotg)
_ (zang) (ARrry
(m+n) (Z cot% cotg) - (m+n) (4Rr+ r)
tan? 24 (4R +1)
- z 2 c= (m+ nr)'sz

A
mcot cot2 +ncot2 cot2
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A B 4
tan; tan tan; (4R+r)m+1

B\ c. A" A B\™ = s(x(4R+7)+3ry)™m
(x+ytan2tanz) (x+ytanztan2) (x+ytan2tan2) (x( )+3ry)

d)

La desigualdad propuesta es equivalente

(tan g)mﬂ (tan g)mﬂ

m m
(xtan%+ytan%tangtang) (xtang+ytangtan%tan%)

(w'“g)m+1 (4R + )™+

c c. A B st(x(4R+r)+3r ym
(xtan7+ytan7tan7tan7) y

+

Aplicando la desigualdad de Radon
A m+1 A m+1

Z( (tant) ) (3 tand)

A A B o™
xtanf + ytanitanftani)

(x (Z tan g) + 3y tan%tangtang)m )

(4-Rs+ r)m+1 (4R + r)m+1

(x (4R + r) . 3yr)m - s(x(4R + 1) + 3ry)m
s s

Solution 2 by Soumitra Mandal-Chandar Nagore-India
A_ A B__4 c_
tan; = o ,tan 2 = 2b) and tan 5

A HOLDER
3 - (

A
p(p-c)

tan” -

a) chc %

mtans+n tan; - 3(m+n)

2
A B C
tal’lz + tanE+ tanz)

B A? C@-a)p-b)* _ r*@+4R)*  (r+4R)’
(pp-ap-b)p-o)  3m+m)  42-3Gm+n) 3pim+n)

A A
tan> tan2<

b) chc% = chc 2

A A
m+n-tan--tan; m tanz+n~]'[ tan;

BERGSTROM A B c\2
o (tan2+tan2+tanz) _ A? (E(p-a)(p-h))*

A A~ . 3
m 3 tang+3n [ltang  (p(p-a)(p-b)(p-c))’ ™ EP-a)(p-b)+3n_e

1 r2(r+4R)? 4 (r+4R)? (r+4R)?

- =" = (proved)
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tan343 tan24 BERG?;TROM | ol B
—2 —— 4) ATl T
C) chc mcot +n cot (Hcyc tan- ) chc Mtanz+ntan§ = (chc tan Z) —=
A3 A
3H(p a) p]'[(p a) m+n ;(p a)(p — b)
—_ 4 1 r(@+4R) _ r(r+4R)
B P_Z . Z . m+n - (m+n)p2 (prOVEd)
tanA tanm+14
d T B Om 22—
2o cyant )" P (e iant)
A m+1 ( #)m+1
RA%ON (Z tan 7) B Yeye 7 —a)
tans + 2 tan=
(chyc anz Yy [[tan 2) (chycp(p _a) + 3yp3(p_ a))
+1
_ Am+1 (chc(p —a)(p- b))m
- —a m+1 ) A A —
= (mx Yeye(p —a)(p — b) + 3y F)

B 1 rm+1(r + 4_R)m+1 B 1 rm+1(r + 4_R)m+1 B
— Am+1 e 2\m
A ( r(r+ 4R) + B;IA) A (xr(r+4R) + 3yr2)

" px(r +4R) + 3yr)™

(proved)

UP.062. Given the equilateral triangle ABC and let P be any point in its plane.
R, R,, Ry, R, denote respectively radii of the circumcircles of the triangles ABC, BPC,

CPA, APB and x, y, z are respectively distances from P to the sides BC, CA, AB. Prove
that

xR, + YR, + ZR. > > R,

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

Dado un triangulo equilatero ABC y sea P un punto en este plano. Siendo
R, R,, Ry, R, respectivamete los radios de las circunferencias circunscritas
ABC,BPC,CPA,APB, ademas x,y, z son las distancias de P a los lados BC, CA, AB.

Probar que xR, + YR, + zR, > %RZ

En un 4 ABC general, se cumple lo siguiente:

BC-x BP-PC-BC PB - PC
Sappc = 2 4R @R“:—Zx
a
CA-y CP-PA-CA PC - PA
Sacra = 2 4R, SR, = 2y
AB-z AP-PB-AB PA-PB
Sacpa = = R, =

= _
2 4R, 2z
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La desigualdad propuesta es equivalente: PB - PC + PC - PA+ PA- PB > 3R?

Dado que es triangulo equilatero: BC = CA = AB = 1 = 2R sin 60° = /3R
Es suficiente probar: PB - PC + BPC - PA+ PA - PB > I?

Para todo, a, B,y que satisface a¢ + B + y = 360° se cumple la siguiente
desigualdad= cosa + cos 8 + cosy > —%

En el triangulo APB, por ley de cosenos tenemos
PA%* + PB*> - I?
2PA-PB
En el triangulo BPC, por ley de cosenos tenemos

PB? + PC? — [I?

I? = PA? + PB? —2PA-PB -cosa © cosa =

I? =PB?>+ PC*—-2PB—2PB-PC-cosf © cosf} =

2PB - PC
En el triAngulo CPA, por ley de cosenos tenemos
Iz = PC? + PA® — 2PC - PA il
= — . . =) =
COSy © cosy 2PC . PA

Por lo tanto
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PA2+PBZ—12+PBZ+IMQ—lZ+PCZ+PAZ—F

2PA - PB 2PB - PC 2PC - PA

& (PA? + PB? — I2)PC + (PB% + PC? — I)PA + (PC? + PA? — I*)PB +

+3(PA-PB-PC) =0
& PA-PB(PA+ PB) + PB - PC(PB + PC) + PC - PA(PC + PA) +
+3PA-PB-PC—-1?(PA+PB+P(C)>0
< (PA+ PB + PC)(PA-PB + PB-PC + PC-PA) — I>(PA+ PB + PC) >0
& (PA+PB+PC)(PA-PB+PB-PC+PC-PA—12)>0

+350
5 Z

Donde se deduce - PA- PB + PB - PC + PC - PA > I?

UP.063. If a,b,c,d > 0 such that:
a’b? + a*c? + a®d? + b*c* + b*d* + c*d* = 6.
then:
bcd cda dab abc
+ + + >4
a b c d
Proposed by Nguyen Viet Hung — Hanoi — Vietham

Solution by Kevin Soto Palacios — Huarmey — Peru
Sean “a, b, c,d” nUmeros R* de tal manera que:
a’b? + b%c? + c?d* + d*a® + a*c* + b*d* = 6

Probar que: 2= + <% + %02 4+ 3 > 4

c

Elevando al cuadrado la expresion, se tiene lo siguiente:
2 2 2
(@+“’_“+ﬂ+“_’“) = (@+Cd_a) + (M+“_”C) +2(ﬂ+“’_“)(ﬂ+“_”f)
a b c d a b c d a b c d

d?a?b? a?b?c?
c2 d?

bcd cda dab abc 2 b2 c2d? c2d?a?
_t—+—+ — =
a b c d a? b2

+ 2c2d2) + ( + ZaZbZ) +
Ordenando la expresion convenienentemente:
(bcd cda dab abc>Z b%c*d* c*d*a* d*a’b* a?b?c?
+ + + = + + + +
a b c d a? b? c? d?

+2(a%b? + b%c? + c*d?* + d*a? + a®c?® + b%d?)
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(ﬂuiﬂ+@5¢@f_ﬁWf+ﬂfﬁ+ff“+ﬁ“”+u A
a b c d T a2 b2 c2 d?
Desde que: a, b,c,d > 0. Por: MA > MG

1 1 2
atwzar O

1 1 2
wtazpaz (D

1 1 2

atazazg (I
1 1 2

ataZaz (V)
1 1 2

F+c_4 = a?c? (V)

ez (V1)
sumando: (1) + (1) + (1) + (IV) + (V) + (VI):
,3,3.3 3 2 2 2 2 2

2
+ _—t—> + + + +
at* b* c¢* d* T~ a?b? b%cz c2d? d?a?

+
a?c? b?2d?

Multiplicando x (abcd)?...
bZ 2d2 2d2 2 dZ sz sz 2
= 3( 22 +5 bza + jz +ad2c ) > 2(c*d? + d?a® + a®*b* + b*c* + b?d?* + a*c?)
b2 c2d? c2d?q? d%a?p? a?b?c? 2
+ > o= g(azbZ + b%c? + c%2d? + d?a® + a*c? + b%d?) =
C

a? b2

2

=3 (6) = 4. Finalmente tenemos en ... (A):

(bcd . cda+dab . abC)Z B b2c2d? N c2d2a? +d2a2b2 +a2b2(;2 T 1254412=16
a b c d/)  a? b2 c? d? h -

bcd cda dab abc
UP.064. Let a, b, c, d be non-negative real numbers such that

a+b+c+d=4.
Prove that

ab(a+b) +cd(c+d)+4(a+b)(c+d) <
<Ya+¥b+3Yc+Vd+16

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, ¢, d nUmeros reales no negativos de tal manera que
a+ b+ c+d =4 Probarque
ab(a+b)+cd(c+d) +4(a+b)(c+d) <Ya+Vb+3Yc+Vd+16
Tener en cuenta la siguiente identidad
(x+y)»3=x3+y3+3xy(x+y),dondex=a+by=c+d
(a+b+c+d)3=(a+b)2+(c+d)?*+3(a+b)(c+d)(a+b+c+d)
(a+b+c+d)3=a3>+b3+3ab(a+b)+c®+d3®+3cd(c+d)+12(a+b)(c+d)
La desigualdad propuesta es equivalente
& 3ab(a+b) + 3ab(a+ b) + 12(a+ b)(c + d) < 3(Ya+ Vb +c + Vd) + 48
sla+b+c+dP<ad+b+3+d?+3R3a+Vb+3c+Vd)+48
s64<ad+b3+c3+d3+3(Rfa+Vp+Yc+Vd)+48
o16<a®+b3+c+d>+3(a+ Vb +3Yc+Vd)
Comoa,b,c,d = 0. Aplicando MA > MG
a®+3a+3Ja+3az=4a,
b3+ b+ Vb + Vb > 4b,
c+3c+ e+ ez 4c,
d®+3d+Vd+Vd > 4d
sad+bp+cd+d*+3R/a+Vp+Yc+Vd)>4(a+b+c+d) =16

UP.065. Let SABC be a tetahedron and let M be any point inside the triangle ABC. The
lines through M parallel with the planes SBC,SCA,SAB intersect SA,SB,SCat XY, Z

respectively. Prove that
2
Vol(MXYZ) < 77 Vol(SABC)

Determine position of the point M such that the equality holds.
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Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by proposer

Let X', Y’ Z' be respectively images of X, Y, Z with the central symmetry M. Then
Vol(MXYZ) =Vol(MX'Y'Z').
Let A’, B', C' be respectively intersections of the line AM with the sides BC, CA, AB. On
therays SA',SB’,SC’ we take points A¢, B4, C4, respectively such that
SA; =XM,SB, =YM,SC, = ZM. Then the translation by vector MS transforms the
tetahedron MX'Y’'Z' into the tetahedron SA,B,C;. Therefore
Vol(MX'Y'Z') = Vol (SA;B,C,)
Thus we have Vol(MXYZ) = Vol(SA,B,C,). Furthermore
Vol(SA,B,C,) SA, SB; SC; XM YM ZM AM BM (M

Vol(SA'B'C’) ~ SA' SB' SC' ~ SA' SB' SC'~ AA' BB CC

. Vol(MXYZ) __ _ M_A’ _ MB' _ mc'
From these above we deduce that: VolGAB'C) (1 AA,) (1 BB,) (1 CC,)
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MB'  McC'

35 Yoo = 1, we obtain

Using the AM-GM inequality and note that: %

MA' MB Mc\?®

MA’ 1 MB' 1 McC' < 3 - AA” " BB ~ CC _ 8

AA BB’ cc )~ 3 27
Vol(MXYZ) 8 Vol(SA'B'C") _ Area(A B'C") <1

Thus Vol (SA'B'C") = 27 On the other hand: Vol (SABC) Area(ABC) 4

YolMXYZ) — 2. \which is the desired

Multiplying up these two inequalities we get: Vol(SABC) = 27"

result. The equality holds when the point M is the centroid of the triangle ABC. Now

M__ Indeed, this is

we will prove a result that has just been used above as w(ABO) =3

equivalent to

Area(AB'C') + Area(BC'A") + Area(CA'B') -3 AB' Ac’ + BC' BA’ + ca’ cB’

3
>z
Area(ABC) Area(ABC) Area(ABC) — 4~ AC AB BA BC CB CA — 4

'c

Cc'A
=X, =Yg = ZBY the Ceva’s theorem, we have xyz = 1. Then our
1 1 3 1 1 1
inequality becomes; —— - -+ . X 4 1L Y 53 o xUNHyAtnrzdty) 3 or
1+y 1+z 14z 1+x 1+x 1+y 4 (1+x)(1+y)(1+2)

Ax+y+z+xy+yz+zx)> 3(1+x)(1+y)(1+z),0rx+y+z+xy+yz+zx2 6
The last inequality is true by x + y + z > 33/xyz = 3, and

xy + yz + zx > 33/x2y2z2 = 3. The proof is complete and we are done.

UP.066. Evaluate:

Proposed by Shivam Sharma — New Delhi — India

Solution 1 by Mohammed Hijazi-Amman-Jordania

Find Y5 12 !

n=1p3(2n-1)

o 2k k 0
1 1 1 1
‘ZF 25‘25 ZE(HZ"“H")

k=1 n=1 n=1 k=1
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C Hy 1 C Hy C Hy
) 33
(2K)3 2 k3
k=1 k=1 k=1
2
k=1

1 Hk_si v (1+(=1%) 1C
2L k3 k3 2 2 k3
k=1 k=1 =1
= H
42(—1)’( k;‘

note that the blue one is well — known from (1995)

7 @

4 . H
=z AL DS

now we want to find the red one:

co oo 1 1 e
H 1 1 d
,{Zl(—l)kk—;{ = Z(—l)kaEf In2 x x*¥1dx = Eof In?(x) LZI Hk(—x)"]%

1
—In(1 +x) dx 1 (In? xIn(1 + x)
flnz( ) [— ——f x
C 1+x 2 x(1+x)
0
1
_1fln2xln(1+x) 1fln2xln(1+x)d
~2 A+x) 72 x x
0 0
1 1 -1
_ 1 (3In*(x) In(1 + x) — 3In(x) In?(1 + x) 1 (InxIn2(1 + x) 1 .,
_gf 1+ x +Ef—1+x dx+5f Liy (—x) In%(—x) dx
0 0 0
1 1 1
1 (In3(x) 1 In3(1+x) 1 x dx In3(1+ x)
[ Y Y (RS NE L(CE
6) 1+x 6 1+x 6 1+x/1+x 6 X
0 0
-1
—f Liz(x) In(—x) dx
0
1
—1__11n3(—x) In3(x) 1 21n3(x) -
_—1 T In4(7) _ = - i
= - dx ln 2) fl— dx+6f1_xdx+le4(x)dx... (B)
0 0 1 0
Now using 1.B.P 3 times forfln & x) dx we will get
f‘“j(j" dx = —In(1 — x) In3(=x) — 3Li,(x) In?(+x) + 6Lis(x) In(xx) — 6Li,(x) ... (A)

from (A) and (B) we will have



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

H 11 21 (2) |, In*(2)
T -1k = e @ WD 514, (3) + IIn2)EB) . ()

so from (1) and (2) we have:

1 -53n* 1 1 1 1
= — _In2 2 4 " In4 “rs (=
=1n=

Solution 2 by Khalef Ahmad El Ruhemi-Jarash-Jordania

oo k=n

I= 1
o Z zn3(2k— 1)

w yvk=n_ X o vk=n**? _ o 1 k=n . 2k-2
Define I(x) = ;1 Xk=1 3 (2 1)51(")— n=14k=1",_3 — Zn=1,3 Zk=1%

_ an < —x2> (1_1x2)_;<1 ;:Zn)
—\3z xZ [Z n3 Z n3] [Ll3(1) Liz(x?)]

Since 1(0) = 0, then I = I(1) = fo I'(x) dx

i3(1)-Liz(x?
w I = f:%dx integrate by parts

1 1

x 1 Li x2
— f 2( )x 2xdx
x 0 2 1+ x x?

—% (Liz(1) - Li3(x2)) In

0

_ 1 In(1 + x) In(1—x)
B f x x

- Li,(x*)dx —f - Li, (x*)dx
0

1 1
- f M - (Liy(0) + Li(—x))dx — f w (Liy(x) + Lin(~x))dx
0 0
1 1
=2 fLiZ(—x) In(1 + %) dx—2- IM-Liz(x)dx+
0 x 0 x
1 1
+2- fln(1x+ *) Li,(x)dx —2 - fln(l —%) ~Li,(—x)dx =1
0 0
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211 211
I=—(Liy(—x)) |0+(Li2(x)) |0

+2. f01 ln(i+x) Liy(x)dx — 2 f01 ln(lx—x) Li,(x)dx integrate by parts

1
= (Liy (1)) = (Liy(-1))* + 2 f In(1 + x)

0

- Li,(x)dx

1
+2<Liz(x)uz(—x)|5— f () x B )
0

—X

= Wi (1)) = (Lin(-1))" + 2Lip(DLin(-1) + 4 [ D dx =1 ()

In(1+x) _ woo (—1)k-1.xk-1
But—x =lk=1—

k-1
:>f01—l“(1+’2“2(") dx =Y, (1) (f xk-1 Lzz(x)dx) integrate by parts

1
ka 1. Li,(x)dx ——le(x)
0

x ln(1—x)
Jie
0

Li,(1) H,

_ Liy(1) N 1
N k k2

k k

1
. ka‘l In(1—x)dx =

0

fln(1+x)LlZ(x) z( 1)k-1 <le(1) Hk>
12

0

In(1 + x) Li,(x) (- 1)k 1O -1kt Hy
f dx = Liz(1) - Z Z k3
=1

X

k-1
= 0(2)n(2) - z(l)—H"

2 2 Z
() 1) (- () Tt

nt 11t 1 -In?%(2
= —ln4‘(2) _—()
72 360 12 12

+2Li, (%) + z1n(2) »(3)

going to (*), and using Li,(—1) = ——(p(Z) = —é
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ot ot ot 11'4 11t 1 2 - 1n2(2)

—_———— +-In*(2) - ——=

36 144 36 18 90 3 3

1
+8Li, (E) +71n(2) ¢(3)
53m* 1 1 1
=— — =2 - In?2(2) +=In*(2) + + 8Li (—)
=20 " 3" In?(2) 3ln (2) +71In(2) (3) + 8Li, 2
=SS 1 53 1 1
o = — 4 _ 2, 2 + — 4

Zkzlrﬁ(z:c— D~ "720" 37 (2 +3n'(2)
n= =

+71In(2) ¢(3) + 9Li, (%)

UP.067. Evaluate:

Proposed by Shivam Sharma — New Delhi — India
Solution 1 by Mohammed Hijazi-Amman-lordania

Using summation by parts for
N

N-1
z anbn = ANbN - z (bn+1 - bn)
n=1

n=1

where 4,, = a; + a, + -+ + a,, in this problem with a,, = H, and b,, = {(8) — Hﬁls)

5= Z H, (3®) - HY) Z[(n + Dy — 1+ Dl

so §=-47)+2X 7

Solution 2 by Shivam Sharma — New Delhi — India

- 4(3)¢(5) — ¢(7)

4200

. , . . _ _ 1 1 1 1
Applying Abel’s summation, with a,, = H,, b,, = (((8) T T g T n_s)
— 13 l _ l _ l _____ 1 oo} Hpyq _ 1
§ =lim,_ ., H, [((8) T8 28 38 (n+1)8] + 2in=1 (n+1)7 (n+1)7]
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-0+ [ty ] Sy @l © el

— H, 1
= F - F ..... (1)
k=1 k=1
As we know,

N| =

o0 Hk_
D jon =
k=1

225 - S (o -m)gan o)

ifm =7, we get

- Hk _ Tl'8
k7 4200

n=1

—4(3)¢(5)

8
Now put this result in equation (1), we get, § =~ — (3)¢(5) — ¢(7)
UP.068. Prove thatif a, b, c € R* then:
(abc —ab —bc—ca)> <41 +a*)(1 + b*)(1 + ¢?)
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1)
Given inequality © 4 Y a? + 4 + 3 Y a’b? + 3a?b?*c? + 2abc(} ab) > 2abc(} a)

Now, vm,n,p € R*, Y m? —Zng%[(m—n)Z +(n-p)+(pP-m)?]=0

"2 z a’b? (é) 2abc (z a)

(1), (2) > it suffices to prove: 4 Y, a? + 4 + Y, a?b? + 3a’b*c? + 2abc(F ab) > 0 &

<:>3x2+(22ab)x+(2azbz+42az+4)20 (x = abc)

Let f(x) = 3x% + (2Y ab)x + (3 a®?b? + 4 a? + 4), which is a quadratic in x as
x=abc+0 (~a,b,ceR")
DiscriminantAof f(x) = 4 ab)? —4 -3 a’?b*+4Y a?> +4) =

=4{Za2b2+2abc(z a)—3za2b2 —12 (z a+1)} =
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= 4[2{abc(E a) — Y a’?b?*} — 12 a® +1)] < 0 (using (2) &~ 12(X a*? +1) > 0)
~ f(x) >0 (~ f(x) never touches x — axis as roots of f(x) = 0 are imaginary)
~ f(x) = 0 (Done)

UP.069. Prove thatifn € N*; a > 1 then:
m+a-1)(a-1)"1<a
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

1-(1
Asa>1,o<§<1:>o<1—§<1.Now, -

a 1-(1-7)
1 12 1?’1—1
(1Y fo2) e o3
a a a
1n—1 1n—1 1n—1
(- o) ol
a a a
"n" times
1\" n 1\"1! 1\" n 1\" 1!
R (I IR (R A
a a a a a a
1 n 1\"!
:>(1——+—)(1——) <1 (a-1+n)(a-1)"1<a®
a a a

Solution 2 by SK Rejuan-West Bengal-India
ne N a=>1,
Let us consider two positive terms (a — 1) and (n + a — 1) with the associated
weights (n — 1) and 1 respectively. Applying weighted AM > weighted GM
(a-1)(n-1)+(n+a-1)-1
n-1)+1
an—-a—-n+1+n+a-1
> ( .

>{(a-1)"!- (n+a- 1)1}ﬁ

) > {(a—1)"(n+a—1)h

= (%)" >(m+a-D@a-1D)"Ysa">m+a-1)(a-1)"?

s>m+a-1)(a-1)"1<a®

[Proved]
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Solution 3 by Nguyen Phuc Tang-Hanoi-Vietnam

If n =1 we have equality hold. If n > 1, we have
RHS — LHS = [(a— 1)+ 1]" = n(a— )" = (@a=1)" = Y ¢k (a- D)"*>0
k=2

Solution 4 by Soumitra Mandal-Chandar Nagore-India
Let f(x) = x™ forall x € [a — 1, a] where n € N*

Applying Lagrange’s Mean Value Theorem,

a—(a-1)"

a-(a-1)

sa'—(a-1D)">n(a-1)"1=2a">(@a-1)"+n(a— "1

=ng"'wherefela-1,alieca-1<§<a

s>a*>(a—-1)"Y(a-—1+n) (proved)

UP.070. If a,b € R;a < b; f, g: [a, b] - R are continuous functions such that: f(a + b —
x=fx ga+b-xgx=1, Vxclab]then:

bf(x) -g(x)
1+ g(x)

a

b
1
dx = Ef f(x)dx
a
Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solutionl by Ravi Prakash-New Delhi-India

Let

_ (bfxg®
—aqudx [€))
1
_ff(a+b—x)g(a+b—x)d _ff(x)(g(ﬂ)
a gx

dx

a

_ (b f&
1= g(x)+1dx )

Adding (1) and (2) we get

b
[ f()(g(x)+1)
2= af glx) +1

b b
dx=ff(x)dxz>1=%ff(x)dx
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Solution 2 by SK Rejuan-West Bengal-India
abeRanda<b
f.g:[a,b] - R are continuous functions
fla+b—n)=f(n),gla+b- n)g(n) =1 vne€l[ab]l=gn)+#0, vnela,b]

ff(n) g(n) ff(“b n)g(a+b — n)d
1+ g ° 1+gla+tb-n)

— (bf(m)g(a+b—n) —
“Ja 1+g(a+b-n) dn [as, f(a +b—x)= f(n)]

_ (Umg@+b-m}-g@m) _ (fmlgla+b-m)- g}
) {1+g(a+b-mn)g(n) ) gm)+g(a+b-n)gn)

=, Aindn @

a g(nm)+1
1= [0 ;’?n) dn [from (1)]
f (n) + f(n)f(n) — f (n)g(n) f mM{1+gn)}-f (n)g(n)
J 1+ g(n) ) 1+g(n)
= : f(n)dn — fab fl(z)g(:;) dn = f f(n) dn —I [assem..]
> 20 = ff(n)dn = 1= %ff(n) dn = I;(z)g((:))dn _ %ff(n)dn

[proved]
Solution 3 by Shivam Sharma-New Delhi-India
As we know, the following lemma,

If f(x) is a continuous functions defined on [a, b]; then,
b

ff(x)deLbf(a+b—x)dx

a

Using this, we get,
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bfa+b—-x)gla+b—x)
I:>fa 1+gla+b—x)

Given= f(a+b—x) = f(x)
gla+b— x)—g(l)

Using this and putting these values, we get,

[ @@, s

dy= | 127
« 1+gx)

a1+@@)

Then, 21 = f”lffq"())[ g(x)]dx

21 = f f(x)dx

Then, I = %fab f(x) dx (Proved)

UP.071. Evaluate:

—J1=x2) [1—x?

jlnl<x+\/—7x2>]xdx

Proposed by Shivam Sharma-New Delhi-India

Solution 1 by Khalef Ruhemi-Jarash-lordania

:fl [x+\/—*xZ x dx

2
0

Letx = sinf,dx = cos 0 dO

T

2 Z
sin 0 + cos 6\? sinBcosB tan0+1
= f In ) . f - tan(0) dO
Vs
2

sin @ — cos @ cosZ2 0 tan6 — 1 1
0

lettan@ = x; 0 = tan"1(x); d@ =

1+x2
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[ee] Z [ee]
al= 7= -ln(ﬂ) dx = [ 25 In|F2

_ _dy
0 1422 M, Jdx =

1
y' y?

-dx, letx =

(0]

v 2 1 2 1+
= = x
.-.I=f X In x-dx=f Z,ln |dx
) (1+12)x2 1_% ) x(1+ x2%) 1—x

_f21 1+x (1 X ) d
N n1—x x 1+ x2 .
1+x [

_f21n| X d f 2x 1 1+x|d
B . 1+x2 M1
0 0

1+x|

0 lnl dx ln|1+x|

0 d
“I=2] —I=>1=, T" *)

l
integrating by parts

I= llm ln

= | lnxl“ f(lnx) 1 )dx

1+x 1—x

= lim | In @ ln(1>—ln(|1+a|ln(a))

a

[ma( e L)
nx 1+x 1—x X.
0

+

+a| In(6) fl ( 1 1 )d
1—-a n nx 1+x 1—x x
0

1+a

= llm 21n|

But lim,_ ¢+ —2 In(a) In |

= —21lim,_¢+(In(a) In(1 + a) — In(a) In(1 — a))
=-2(0-0)=0

__()fln(x)(lix+1ix)dx




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 N 1 d
1+x 1—x> x
l
let x:%,dx:—%
1 1 1

_I_flnxd+flnxd+fl()(1 1)dx
- _1+xx 1_xx n(x

1+x 1-x

1 w
—Izof(lnx)-(1—1x+1T1x)dx+lfln(x)(

X

0 0 0
1 1 1
I_flnxdx+flnxdx+fl ( 1 . 1 )d
N 1+x 1—x nx 1+x 1—x .
0 0 0
1 1

1

1
Inxdx Inxdx Inx Inxdx
1+x 1—x 1+x - X
0 0 0
a=I1=2- f01 l';iix +2 f01 l';fix integrating by parts

0

1
1 In(1+x
= —EIZInxln(1+x)|(1)—f¥dx

X
0

1
In(1 —
—InxIn(1 — x)|} + fydx
0
wogl = —Liy (x)|8 + Liy(—x)|3
= —Li»(1) + Li,(-1) = ¢(2) — n(2)

o 1<n’2> _ w* w*_ 3m? m?
— _z__ -_——

o1, m? _m? . =1 _r
a—I=-"-=1=7, (Note:(2) = 9(2) = 7)

4
1 2
fl <x+\/1—x2> x-dx m?
AN n
0

x—V1—x? 1-x2 2

Solution 2 by Mohammed Hijazi-Amman-lordania

Let tanhu = x. So
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) ] tanhudu

f 1 tanh u + sech u\ 2
= n

tanhu — sechu
0

—5 fl [(sinhu + 1)] sinhu d
N n sinhu — 1/l coshu u
0

Letsinhu=¢

1+t
1=2"m[*|-L du lete =~
< In |—1 ty
21 = zf Yy
0
1+y 1+y
henceI = | 1yd +f 1ydy fortheredonelety——
1
1+y In :
ol = [' “=lay + [} T2 — dm
1+y m+1
I= | fO n|(; J dm the integral in the red is same as the blue one using

the power series:

1 n=co n=oo
1—zfz§ ' g —4§ L _B3x="
- n+1)7 ™ Gnr1)z *353 =73
0 n=0 n=0

Solution 3 by Atteiah Yahya Ahmed Atiya Al Zahrani-Jeddah-Kingdom Of Saudi Arabia

_ 7 <x+\/1—x2>Z x
I—fln

x—V1—x? -1_x2dx=
Zx—mo 1
L n(1-x2) 1 <x+ 1_x2> 2-PV In(1 — x%)
2 x—V1—x2 0(Z-xZ 1)V1 —xZ
x=0
In(1 — x?)

I=-2-PV
J (2xz2 - 1)V1 —xZ
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Y _ g ! i ©0,1) y:(0,c0)
x=——— dx= = x: (0, (0,0
y:+1 (y*+1)yy*+1 e g

oo 1 ©
In(y? +1 al Z_1)+2
0

da yz—-1

UP.072.If x,y,z>0and b > a > 0 then:

x x*+bz y y*+bx z_ z*+by 3 b b—a/1 1 1
—In +=1In +—In <—Iln—+ <—+—+—>
z x2+az x y*+ax y z’+ay” 4 a 4 \x y z

Proposed by Mihaly Bencze — Romania

Solution by proposer

For x,z,t > 0 we have: =~ <1(1+%) ot(x—2z)?2+z(x—t)?>0

x2+tz T 4\t
b xdt 1b(1 1 x, x*+bz _1, b , b-a
therefore [ 25 <1 (f+3) dt = JIn 5 < T2+ 208 =
z X, x2+bz< z (11 b+b—a) 3l b+b—a(1+1+1)
> —In —In— =—In— —+—+—
z x*+az~ 4 a 4z 4 a 4 \x y z
cyclic cyclic

UP.073. Let be a, b, ¢ € C. Solve the following equation:
x3—(a+b+c)x*+(ab+bc+ca—1)x+b—abc=0
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India
x}—(a+b+c)x+(ab+bc+ca—1)x+b—abc=0 (1)

>x3—(a+b+c)x+(ab+bc+ca)x—abc=x—-b
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sk-—-a)x—-b)(x—-c)=x—-b=>x—-b=0or(x—a)(x—c)=1

s>x=borx*?—(a+c)x+ac—1=0.Now, x> —(a+c)x+ac—1=0

_(a+c)x(a-c)+4

D=(a+c)—-4(ac—-1)=(a—-c)*+4:.x= >

Thus, roots of (1) has b,% [(a +c)x/(a—c)?+ 4]
Solution 2 by SK Rejuan-West Bengal-India

a,b,c € C. The given equation is,
x3—(a+b+c)x*+(ab+bc+ca—1)x+b—abc=0
>x3—bx’2—(a+c)?’x>+b(a+c)x+(ac—1)x+b—abc=0
=>x*(x—b)—(a+c)x(x—b)+(ac—1)(x—b)=0
s>@x-b){x*-(a+c)x+(ac—1)}=0

Eitherx =b
or x = (a+c)xy/(a+c)2-4(ac-1) _ (a+c)*+/(a+c)2—-4ac+4 _ (a+c)? =/ (a—c)2+4
T 2 - 2 - 2

b (a+c)+y/(a—c)2+4

=~ Solutions of the given equation x = S

an+1

UP.074. Let (a,,) =1 be positive real sequences with lim,,_,, -

=a € R} and

n

f €R[x], f(x) € R;,,VYx € R; u,v € R such that u + v = 1. Find the following limit

lim <(n + 1)"“1\] (@n1f(n+1))" =0’ |(anf (n))v>.

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

- an+1
lim,,_,
na

=—a€eR,;,u+v=1then

n

lim <(n + 1)"n+1\](an+1f (n+1))" - ""n\/ (anf (n))v>

n+1 v
N v : u (an+1f(n+1))
=lim,_, < (M) Mnml o wﬁ) wherew, = (1 + l) i

n" Inw, n n (anf(n))v
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n|(a,f(n)\” D'ALEMBERT fn+1) v i}
. anf(n M . Ant1 o) n  la
oty [ T (2 )
= +1
i nn (1+n) n e
n+1 (an+1f(n+1))”
+1 (n+1)n+1 . B
= 1, SO,llmn_moW“_: 1

lim w,, = lim —
n-o Wn n-oo "(anf(n))" Inw,

nn

(n+ 1)n+1

/an+1 f(n+ 1) )

1\
lim w! = lim (1 + _) ' .
n—oo Wn n—oo n na, f(m n+1 ( 1f(n+1) v n+1

n—oo

= lim <(n + 1)"n+1\] (@nerf(m+1))" - ""i/(%f (n))u>

= (g)” 1-lne = (s)v (Proved)

UP.075. Let (a,,)1>1, (b,,) =1, b€ real positive sequences with
lim,_ . a, =lim,_, b, = a € R%. Iflim,_,,(n(a, —a)) = b € R and
lim,,_,,(n(b, — a)) = c € R, evaluate

1im (@,.,,""/ G+ 11 = b, V).

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

llmE lim nIDALEyBERT lim M ™) = = lim iy ! -1
n-oc N n-co NN n-o \ (n + 1)+ n' nooo\ N+ 1 (1+1)n e

we know, lim,,_, ("ﬂl/(n +1)! - W) = %
lim (1" + D! - b, ¥nl)
n—-oo

= lim ((@n1 = ™+ D! = (b, - )Vl + a (Y + 1)1 - VT
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n-oo n+1

= lim (n(an+1 - an)"—w (1 + %) —n(b, — a) "T\/W + ("+,1/(n +1)! — W))

= 227 (proved)

e

Solution 2 by Shivam Sharma-New Delhi-India
Applying Stolz - Cesaro theorem, we get, “"—" = a,,,; — a,,. Similarly, b, = b, — a
1 1

n+l— n N 1 .
&, W = (a,,1)»1 — (a,)=. Using these all, we get,

o i [ 2] O Doy e = Dy, ey - v

n-oo n+1 n

n
e

As we know, the Stirling’s formula, n! = ( ) v27mn. Using this, we get,

n+ n+1
|[ [n(a’r‘:l_l a,)] (n: D <(n : 1) ' 2m(n + 1)) — ]I
= lim| 1 ) 1 |
— n = n+ n+1 n =
sy (2 ) 2

As we can see many terms are cancelling, so now, applying Ratoin test,

1 .. .
% — 1,asn — oo so, our limit equals. As we use the given data,

lim,_,a, =lim, b, =a ()
&
lim,_,(n(a, —a))=b (1)
&
limn_,m(n(bn - a)) =c ()
Using (1), (11), (111), we get,
L= %[a +b—c]

(Answer)



