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JP.091. Prove that the following inequalities hold for all positive real numbers: 

a. ࢇ૜

૛ࢉା࢈ࢇ
+ ૜࢈

૛ࢇାࢉ࢈
+ ૜ࢉ

૛࢈ାࢇࢉ
≥ ૜

૛
⋅ ࢇ

૛ା࢈૛ାࢉ૛

ࢉା࢈ାࢇ
 

b. ૚
(ࢉା࢈)ࢇ

+ ૚
(ࢇାࢉ)࢈

+ ૚
(࢈ାࢇ)ࢉ

≥ ૜
૛
⋅ ࢉା࢈ାࢇ
૜ࢉ૜ା࢈૜ାࢇ

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Vadim Mitrofanov-Kiev-Ukraine 

We have ࡯ − ∑ࡿ ૚
ࢉ࢟ࢉ(ࢉା࢈)ࢇ = ૛(ࢉା࢈ାࢇ)

∑ ࢉ࢟ࢉ(ࢉା࢈)૜ࢇ
≥ ૜

૛
⋅ (ࢉା࢈ାࢇ)
૜ࢉ૜ା࢈૜ାࢇ

⇔ 

⇔ ૛(ࢇ૝ + ૝࢈ + (૝ࢉ ≥෍ࢇ૜(࢈ + (ࢉ
ࢉ࢟ࢉ

 

We have ࡯− ∑ࡿ ૜ࢇ

ࢉ࢟ࢉ૛ࢉା࢈ࢇ ≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯
૛

∑ ࢉ࢟ࢉ૛൯ࢉ૛ା࢈൫ࢇ
≥ ૜

૛
⋅ ൫ࢇ

૛ା࢈૛ାࢉ૛൯
ࢉା࢈ାࢇ

⇔ 

⇔ ૛(ࢇ૜ + ૜࢈ + (૜ࢉ ≥෍࢈)ࢇ૛ + (૛ࢉ
ࢉ࢟ࢉ

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let ࢇ+ ࢈ + ࢉ = ࢈ࢇ,࢖ + ࢉ࢈ + ࢇࢉ = ࢘ and ࢗ =   We have .ࢉ࢈ࢇ

૛࢖૜ − ૠࢗ࢖ + ࢘ૢ ≥ ૙; 	෍
૜ࢇ

࢈ࢇ + ૛ࢉ
ࢉ࢟ࢉ

= ෍
૝ࢇ

࢈૛ࢇ + ૛ࢉࢇ
ࢉ࢟ࢉ

=
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

∑ ࢇ)࢈ࢇ + ࢉ࢟ࢉ(࢈
 

We need to prove, ൫ࢇ
૛ା࢈૛ାࢉ૛൯

૛

∑ ࢉ࢟ࢉ(࢈ାࢇ)࢈ࢇ
≥ ૜

૛
⋅ ࢇ

૛ା࢈૛ାࢉ૛

ࢉା࢈ାࢇ
 

⇔ ૛ቌ෍ࢇ૛
ࢉ࢟ࢉ

ቍቌ෍ࢇ
ࢉ࢟ࢉ

ቍ ≥ ૜෍ࢇ)࢈ࢇ+ (࢈
ࢉ࢟ࢉ

⇔ ૛(࢖૛ − ૛࢖(ࢗ ≥ ૜(ࢗ࢖ − ૜࢘) 

⇔ ૛࢖૜ − ૠࢗ࢖ + ࢘ૢ ≥ ૙, which is true ∑ ૜ࢇ

ࢉ࢟ࢉ૛ࢉା࢈ࢇ ≥ ૜
૛
⋅ ࢇ

૛ା࢈૛ାࢉ૛

ࢉା࢈ାࢇ
  (proved) 

b. ∑ ൫ࢇ૜ା࢈૜ାࢉ૜൯
ࢉ࢟ࢉ(ࢉା࢈)ࢇ = ∑ ૛ࢇ

ࢉ࢟ࢉࢉା࢈ + ∑ ૛ࢉାࢉ࢈૛ି࢈

ࢉ࢟ࢉࢇ  

≥⏞
࢓࢘࢕࢚࢙ࢍ࢘ࢋ࡮ +ࢇ ࢈ + ࢉ

૛ +
૚
૝෍

࢈) + ૛(ࢉ

ࢇ
ࢉ࢟ࢉ

⎣
⎢
⎢
⎢
⎢
⎢
⎡ ∵ ૛ࢇ − ࢈ࢇ + ૛࢈ ≥

+ࢇ) ૛(࢈

૝ ,

૛࢈ − ࢉ࢈ + ૛ࢉ ≥
ࢉ) + ૛(ࢇ

૝ ࢊ࢔ࢇ	

૛ࢉ − ࢇࢉ + ૛ࢇ ≥
ࢉ) + ૛(ࢇ

૝ ⎦
⎥
⎥
⎥
⎥
⎥
⎤
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≥⏞
࢓࢘࢕࢚࢙ࢍ࢘ࢋ࡮

ࢉା࢈ାࢇ
૛

+ +ࢇ ࢈ + ࢉ = ૜
૛
⋅ +ࢇ) ࢈ + ∴ (ࢉ ∑ ૚

ࢉ࢟ࢉ(ࢉା࢈)ࢇ ≥ ૜
૛
⋅ ࢉା࢈ାࢇ
૜ࢉ૜ା࢈૜ାࢇ

   (proved) 

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Using Hölder’s inequality, we have: ࢇ૜ + ૜࢈ + ૜ࢉ ≥ ૚
ૢ

+ࢇ) ࢈ +  ૜(ࢉ

⇒ ૜
૛
⋅ ࢉା࢈ାࢇ
૜ࢉ૜ା࢈૜ାࢇ

≤ ૛ૠ
૛
⋅ ૚

૛(ࢉା࢈ାࢇ)
. We will prove ∑ ૚

(ࢉା࢈)ࢇ
≥ ૛ૠ

૛(ࢇା࢈ାࢉ)૛
 is enough. 

We have ∑ ૚
(ࢉା࢈)ࢇ

≥ ૢ
૛(࢈ࢇାࢉ࢈ାࢇࢉ)

≥ ૢ

૛⋅
૛(ࢉశ࢈శࢇ)

૜

= ૛ૠ
૛(ࢇା࢈ାࢉ)૛

. 

Solution 4 by Soumava Chakraborty-Kolkata-India 

,࢈,ࢇ∀ ࢉ ∈ ℝା ,
૚

࢈)ࢇ + (ࢉ +
૚

+ࢉ)࢈ (ࢇ +
૚

+ࢇ)ࢉ (࢈ ≥
૜
૛ ⋅

+ࢇ ࢈ + ࢉ
૜ࢇ + ૜࢈ +  ૜ࢉ

ࡿࡴࡸ =
+ࢇ)ࢉ࢈}∑ +ࢉ)(࢈ {(ࢇ

+ࢇ)ࢉ࢈ࢇ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ =
࢈ࢇ∑)ࢉ࢈∑ + (૛ࢇ

ࢇ)ࢉ࢈ࢇ + +࢈)(࢈ +ࢉ)(ࢉ (ࢇ =
(૚)

 

= (ࢇ∑)ࢉ࢈ࢇ૛ା(࢈ࢇ∑)
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)ࢉ࢈ࢇ

. Let ࢇ + ࢈ = ࢈,࢞ + ࢉ = ࢉ,࢟ + ࢇ = ,ࢠ ∴ ࢞ + ࢟ >  ,ݖ

࢟ + ࢠ > ,ݔ ݖ + ݔ > ݕ ⇒ ,ݕ,ݔ  ,are 3 sides of a triangle with semiperimeter ݖ

circumradius, inradius = ࢇ∑ ,respectively. Now ࢘,ࡾ,࢙ = ࢞∑
૛

= ∴,࢙ ࢇ = ࢙ −  ,࢟

࢈ = ࢙ − ,ࢠ ࢉ = ࢙ − ࢈ࢇ෍;࢞ = ෍(࢙ − ࢙)(࢟ − (ࢠ = ෍{࢙૛ − ࢟)࢙ + (ࢠ +  {ࢠ࢟

= ૜࢙૛ − (࢙૝)࢙ + ૛࢙ + ૝࢘ࡾ + ૛࢘ =
(૛)

૝࢘ࡾ +  ૛࢘

෍ࢇ૜ = ૜ࢉ࢈ࢇ + ቀ෍ࢇቁ ቀ෍ࢇ૛ −෍࢈ࢇቁ = 

=
૜࢙)࢙ − ࢙)(࢞ − ࢙)(࢟ − (ࢠ

࢙ + ࢙ ቊቀ෍ࢇቁ
૛
− ૜෍࢈ࢇቋ = 

= ૜࢘૛࢙૛

࢙
+ ૛࢙}࢙ − ૜(૝ࡾ + {(૛࢘ = ૜࢘૛࢙ + ૛࢙)࢙ − ૚૛࢘ࡾ − ૜࢘૛) =

(૜)
૛࢙)࢙ − ૚૛(2) ,(1) ;(࢘ࡾ, 

(3) ⇒ given inequality ⇔ ૛࢙૛࢘૛ା(࢘ାࡾ૝)૛࢘

࢙࢘ࡾ૝⋅࢙૛࢘
≥ ૜

૛
⋅ ࢙
൯࢘ࡾ૛ି૚૛࢙൫࢙

⇔ 

⇔ ૝࢙ + ૛ࡾ૛(૚૟࢙ − ૚૙࢘ࡾ + (૛࢘ ≥ ૚ૢ૛ࡾ૜࢘+ ૢ૟ࡾ૛࢘૛ + ૚૛࢘ࡾ૜ 

LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 ࢘ࡾ૛(૚૟࢙ − ૞࢘૛) + ૛ࡾ૛(૚૟࢙ − ૚૙࢘ࡾ +  (૛࢘

= ૛ࡾ૛(૚૟࢙ + ૟࢘ࡾ − ૝࢘૛) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૚૟ࡾ૛ + ૟࢘ࡾ − ૝࢘૛) 
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≥ ૚ૢ૛ࡾ૜࢘+ ૢ૟ࡾ૛࢘૛ + ૚૛࢘ࡾ૜ ⇔ ࢚) − ૛)(૜૛࢚૛ + ૛૝࢚ − ૞) ≥
?
૙ 

ቀ࢚ = ࡾ
࢘
ቁ → true (Euler) (proved) 

,࢈,ࢇ	∀ ࢉ ∈ ℝା,
૜ࢇ

࢈ࢇ + ૛ࢉ +
૜࢈

+ࢉ࢈ ૛ࢇ +
૜ࢉ

ࢇࢉ + ૛࢈ ≥
૜
૛ ⋅

૛ࢇ∑

ࢇ∑  

ࡿࡴࡸ =
૝ࢇ

࢈૛ࢇ + ࢇ૛ࢉ +
૝࢈

+ࢉ૛࢈ ࢈૛ࢇ +
૝ࢉ

+ࢇ૛ࢉ ࢉ૛࢈ ≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(૛ࢇ∑)

૛∑ࢇ૛࢈ ≥
? ૜∑ࢇ૛

૛∑ࢇ  

⇔ ቀ෍ࢇ૛ቁ ቀ෍ࢇቁ ≥
?
૜෍ࢇ૛࢈ ⇔෍ࢇ૜ + ෍ࢇ૛࢈ + ෍࢈ࢇ૛ ≥

?
૜෍ࢇ૛࢈ 

⇔ ૜ࢇ∑ + ૛࢈ࢇ∑ ≥
?
૛∑ࢇ૛(1)   ࢈. Now, ࢇ૜ + ૛࢈ࢇ ≥

ࡳି࡭
૛ࢇ૛࢈, ૜࢈ + ૛ࢉ࢈ ≥

ࡳି࡭
૛࢈૛ࢉ 

and, ࢉ૜ + ૛ࢇࢉ ≥
ࡳି࡭

૛ࢉ૛ࢇ. Adding the last 3 inequalities, we find (1) is true (proved). 

 

JP.092. Prove that the following inequalities holds for all positive real numbers ࢈,ࢇ,  ࢉ

a. ࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
≥ ૜(ࢇା࢈ାࢉ)

૛ࢉ૛ା࢈૛ାࢇ
 

b. ࢈
૜

૛ࢇ
+ ૜ࢉ

૛࢈
+ ૜ࢇ

૛ࢉ
≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢉା࢈ାࢇ
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

a. For ࢉ,࢈,ࢇ > ૙ 

ࢇ
૛ࢉ +

ࢉ
૛࢈ +

࢈
૛ࢇ =

૛ࢇ

૛ࢉࢇ +
૛ࢉ

૛࢈ࢉ +
૛࢈

૛ࢇ࢈ ≥
+ࢇ) ࢈ + ૛(ࢉ

૛ࢉࢇ + ૛࢈ࢉ +  ૛ࢇ࢈

≥
૜(ࢇ + ࢈ + ૛(ࢉ

ࢇ) + +࢈ ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ =
૜

૛ࢇ + ૛࢈ +  ૛ࢉ

b. For ࢉ,࢈,ࢇ > ૙ 

૜ࢇ

૛ࢉ
+ ૜ࢉ

૛࢈
+ ૛࢈

૛ࢇ
= ૝ࢇ

૛ࢉࢇ
+ ૝ࢉ

૛࢈ࢉ
+ ૝࢈

૛ࢇ࢈
≥ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

૛ࢇ࢈૛ା࢈ࢉ૛ାࢉࢇ
≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

૛൯ࢉ૛ା࢈૛ାࢇ൫(ࢉା࢈ାࢇ)
= ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

(ࢉା࢈ାࢇ)
.  

Therefore it is true. 

Solution 2 by Ravi Prakash-New Delhi-India 

a. Consider (ࢇ૛ + ૛࢈ + (૛ࢉ ቀ ࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
ቁ = ࢈ + ૜࢈

૛ࢇ
+ ૛ࢉ࢈

૛ࢇ
+ ࢉ + ૜ࢉ

૛࢈
+ ࢉ૛ࢇ

૛࢈
+ 
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+ࢇ+
૜ࢇ

૛ࢉ +
૛࢈ࢇ

૛ࢉ = −૛(ࢇ + +࢈ (ࢉ + ቆ૛࢈ + ࢉ +
૜ࢇ

૛ࢉ +
ࢉ૛ࢇ
૛࢈ ቇ + 

+ቆ૛ࢇ+ +࢈
૛ࢉ࢈

૛ࢇ +
૜ࢉ

૛ቇ࢈ + ቆ૛ࢉ + ࢇ +
૜࢈

૛ࢇ +
૛࢈ࢇ

૛ࢉ ቇ 

≥ −૛(ࢇ+ ࢈ + (ࢉ + ૞ቆ࢈૛ࢉ ⋅
૜ࢇ

૛ࢉ ⋅
ࢉ૛ࢇ
૛࢈ ቇ

૚
૞

+ ૞ ቆࢇ૛࢈ ⋅
૛ࢉ࢈

૛ࢇ ⋅
૜ࢉ

૛ቇ࢈

૚
૞

+ 

+૞ቆࢉ૛ࢇ ⋅
૜࢈

૛ࢇ ⋅
૛࢈ࢇ

૛ࢉ ቇ

૚
૞

= −૛(ࢇ+ ࢈ + (ࢉ + ૞(ࢇ+ ࢉ + (࢈ = ૜(ࢇ + ࢈ +  (ࢉ

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

a. We have ࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
≥ ૜(ࢇା࢈ାࢉ)

૛ࢉ૛ା࢈૛ାࢇ
⇔ ૛ࢉ૛ା࢈૛ାࢇ

ࢉା࢈ାࢇ
ቀ ࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
ቁ ≥ ૜ 

Use Cauchy – Schwarz and AM-GM inequality we have 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૚
૜

+ࢇ) ࢈ + ૛(ࢉ ⇒ ૛ࢉ૛ା࢈૛ାࢇ

ࢉା࢈ାࢇ
≥ ࢉା࢈ାࢇ

૜
≥ ૜ࢉ࢈ࢇ√  and 

࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
≥ ૜

૜ࢉ࢈ࢇ√ . Hence ࢇ
૛ା࢈૛ାࢉ૛

ࢉା࢈ାࢇ
ቀ ࢈
૛ࢇ

+ ࢉ
૛࢈

+ ࢇ
૛ࢉ
ቁ ≥ ૜. 

b. Use Lemma (ࢇ+ ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ ≥ ૜(ࢇ૛࢈ + ࢉ૛࢈ +  and Cauchy – Schwarz (ࢇ૛ࢉ

inequality we have (ࢇ+ +࢈ ૛ࢇ)(ࢉ + ૛࢈ + ࢈૛)ቀࢉ
૜

૛ࢇ
+ ૜ࢉ

૛࢈
+ ૜ࢇ

૛ࢉ
ቁ ≥ 

≥ ૜(ࢇ૛࢈ + ࢉ૛࢈ + ቆ(ࢇ૛ࢉ
૜࢈

૛ࢇ +
૜ࢉ

૛࢈ +
૜ࢇ

૛ቇࢉ ≥ ૜(ࢇ૛ + ૛࢈ +  ૛)૛ࢉ

⇒
૜࢈

૛ࢇ +
૜ࢉ

૛࢈ +
૜ࢇ

૛ࢉ ≥
૜(ࢇ૛ + ૛࢈ + (૛ࢉ

+ࢇ ࢈ + ࢉ  

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

a. ∑ ࢈
ࢉ࢟ࢉ૛ࢇ = ∑

ቀࢇ࢈ቁ
૛

ࢉ࢟ࢉ࢈ ≥
ቀࢇ࢈ା

ࢇ
ାࢉ

ࢉ
ቁ࢈
૛

ࢉା࢈ାࢇ
≥

ࡹࡳஹࡹ࡭ ૢ
ࢉା࢈ାࢇ

. We need to prove 

ૢ
ࢉା࢈ାࢇ

≥ ૜(ࢇା࢈ାࢉ)
૛ࢉ૛ା࢈૛ାࢇ

⇔ ૜∑ ࢉ࢟ࢉ૛ࢇ ≥ ൫∑ ࢉ࢟ࢉࢇ ൯
૛

which is true. 

∴ ∑ ࢈
ࢉ࢟ࢉ૛ࢇ ≥ ૜(ࢇା࢈ାࢉ)

૛ࢉ૛ା࢈૛ାࢇ
  (proved) 

b. ∑ ૜࢈

ࢉ࢟ࢉ૛ࢇ = ∑ ૝࢈

ࢉ࢟ࢉ࢈૛ࢇ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൫ࢇ૛ା࢈૛ାࢉ૛൯

૛

ࢇ૛ࢉାࢉ૛࢈ା࢈૛ࢇ
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we need to prove, ൫ࢇ
૛ା࢈૛ାࢉ૛൯

૛

ࢇ૛ࢉାࢉ૛࢈ା࢈૛ࢇ
≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯

ࢉା࢈ାࢇ
 

⇔ ൫∑ ࢉ࢟ࢉ૛ࢇ ൯൫∑ ࢉ࢟ࢉࢇ ൯ ≥ ૜∑ ࢉ࢟ࢉ࢈૛ࢇ ⇔ ∑ ࢉ࢟ࢉ૜ࢇ + ∑ ࢉ࢟ࢉ࢈ࢇ ࢇ) + (࢈ ≥ ૜∑ ࢉ࢟ࢉ࢈૛ࢇ , which is 

true ቎
૜ࢇ,ࢋࢉ࢔࢏࢙ + ࢈૛ࢇ + ૛࢈ࢇ ≥ ૜ࢇ૛࢈,
૜࢈ + ࢉ૛࢈ + ૛ࢉ࢈ ≥ ૜࢈૛ࢉ	ࢊ࢔ࢇ
૜ࢉ + ࢇ૛ࢉ + ૛ࢇࢉ ≥ ૜ࢉ૛ࢇ

቏; ∑ ૜࢈

ࢉ࢟ࢉ૛ࢇ ≥ ૜൫ࢇ૛ା࢈૛ାࢉ૛൯
ࢉା࢈ାࢇ

 (proved) 

 

JP.093. Let ࢈,ࢇ, +ࢇ be positive real numbers such that ࢉ ࢈ + ࢉ = ૚. Prove that: 

a. ૚
ࢉ࢈ାࢇ

+ ૚
ࢇࢉା࢈

+ ૚
࢈ࢇାࢉ

≤ ૚
૝ࢉ࢈ࢇ

 

b. √ࢇ
ࢉ࢈√ାࢇ

+ ࢈√
ࢇࢉ√ା࢈

+ ࢉ√
࢈ࢇ√ାࢉ

≤ ૚
૛√ࢉ࢈ࢇ

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Vadim Mitrofanov-Kiev-Ukraine 

෍
૚

ࢇ + ࢉ࢈
ࢉ࢟ࢉ

= ෍
૚

+ࢇ) +ࢇ)(࢈ (ࢉ
ࢉ࢟ࢉ

=
૛

+ࢇ) +࢈)(࢈ +ࢇ)(ࢉ (ࢉ ≤
૚

૝ࢉ࢈ࢇ 

෍
ࢇ√

ࢇ + ࢉ࢟ࢉࢉ࢈√

≤෍
ࢇ√

૛ඥࢉ࢟ࢉࢉ࢈√ࢇ

=
૝ࢇ√ + ૝࢈√ + ૝ࢉ√

૛√ࢉ࢈ࢇ૝ ≤
૚

૛√ࢉ࢈ࢇ
⇔ ൫√ࢇ૝ + ૝࢈√ + ૝ࢉ√ ൯

૝
ࢉ࢈ࢇ ≤ ૚ 

we have ൫√ࢇ૝ + ૝࢈√ + ૝ࢉ√ ൯
૝
≤ ቀ૜൫√ࢇ+ ࢈√ + ൯ቁࢉ√

૛
≤ ૛ૠ ⇒ ૛ૠࢉ࢈ࢇ ≤ ࢇ) + ࢈ + ૜(ࢉ = ૚ 

Solution 2 by Ravi Prakash-New Delhi-India 

૚
ࢇ + ࢉ࢈ +

૚
࢈ + +ࢇࢉ

૚
ࢉ + ࢈ࢇ ≤

૚
૝ࢉ࢈ࢇ 

⇔
૚

૚ − −࢈ ࢉ + +ࢉ࢈
૚

૚ − ࢉ − +ࢇ +ࢇࢉ
૚

૚ − ࢇ − +࢈ ࢈ࢇ ≤
૚

૝ࢉ࢈ࢇ 

⇔
૚

(૚ − −૚)(࢈ (ࢉ +
૚

(૚ − ૚)(ࢉ − (ࢇ +
૚

(૚ − ૚)(ࢇ − (࢈ ≤
૚

૝ࢉ࢈ࢇ 

⇔
(૚ − (ࢇ + (૚ − (࢈ + (૚ − (ࢉ

(૚ − ૚)(ࢇ − ૚)(࢈ − (ࢉ ≤
૚
૝࢈ࢇ ⇔ ૡࢉ࢈ࢇ ≤ (૚ − −૚)(ࢇ ૚)(࢈ −  (ࢉ

⇔ ૡࢉ࢈ࢇ ≤ ૚ − +ࢇ) ࢈ + (ࢉ + +࢈ࢇ +ࢉ࢈ −ࢇࢉ  ࢉ࢈ࢇ

⇔ ࢉ࢈ࢇૢ ≤ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ⇔ ૢ ≤ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
   (1) 
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But ૚

૜
= ࢉା࢈ାࢇ

૜
≥ ૜

૚
ାࢇ

૚
ା࢈

૚
ࢉ

⇔ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ૢ. Thus (1) is true. For ࢈,ࢇ, ࢉ > 0,ܽ + ܾ + ܿ = 1, 

૛√ࢇ√ࢉ࢈ࢇ
ࢇ + ࢉ࢈√

=
૛ࢉ࢈√ࢇ
ࢇ + ࢉ࢈√

≤
+ࢇ ࢉ࢈√

૛  

∴ ૛√ࢉ࢈ࢇቂ ࢇ√
ࢉ࢈√ାࢇ

+ ࢈√
ࢇࢉ√ା࢈

+ ࢉ√
࢈ࢇ√ାࢉ

ቃ ≤ ૚
૛
ࢇൣ + ࢈ + ࢉ + ࢉ࢈√ + ࢇࢉ√ +  ൧ (1)࢈ࢇ√

But, √ࢉ࢈+ ࢇࢉ√ + ࢈ࢇ√ = +ࢉ√࢈√ +ࢇ√ࢉ√ ࢈√ࢇ√ ≤ 

≤ ൫√ࢇ൯
૛

+ ൫√࢈൯
૛

+ ൫√ࢉ൯
૛

= ࢇ + +࢈  (2)   ࢉ

From (1), (2): √ࢉ࢈ࢇ૛ ቂ ࢇ√
ࢉ࢈√ାࢇ

+ ࢈√
ࢇࢉ√ା࢈

+ ࢉ√
࢈ࢇ√ାࢉ

ቃ ≤ ૚
૛

ࢇ] + +࢈ ࢉ + ࢇ + ࢈ + [ࢉ = ૚ 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

a. ૚
ࢉ࢈ାࢇ

+ ૚
ࢇࢉା࢈

+ ૚
࢈ࢇାࢉ

≤ ૚
૝ࢉ࢈ࢇ

 

+ࢇ ࢈ + ࢉ = ૚ 
+ࢇ)∑ +࢈)(ࢉ࢈ (ࢇࢉ

+ࢇ)∏ (ࢉ࢈ =
࢈ࢇ∑ + ࢈ࢇ∑ +ࢇ) (࢈ + ࢇ∑ࢉ࢈ࢇ

+ࢉ࢈ࢇ ૛ࢉ૛࢈૛ࢇ + ࢉ࢈ࢇ ⋅ ∑ ૛ࢇ +  ૛࢈૛ࢇ∑

=
࢈ࢇ∑ + ࢈ࢇ∑ ⋅ ࢇ∑ − ૛ࢇ∑ࢉ࢈ࢇ

ࢉ࢈ࢇ + ૛ࢉ૛࢈૛ࢇ + ૛(ࢇ∑))ࢉ࢈ࢇ − ૛∑࢈ࢇ) + ૛(࢈ࢇ∑)) − ૛ࢇ∑ࢉ࢈ࢇ) 

=
ࢗ + ࢗ ⋅ ࢖ − ૛࢘࢖

࢘ + ૛࢘ + ૛࢖)࢘ − ૛ࢗ) + ૛ࢗ) − ૛࢘࢖) = 

=
૛ࢗ − ૛࢘

+࢘ ૛࢘ + ૚)࢘ − ૛ࢗ) + ૛ࢗ) − ૛࢘) =
૛ࢗ − ૛࢘

૛࢘ − ૛࢘ + ૛࢘ − ૛ࢗ࢘+ ૛ࢗ = 

=
૛(ࢗ − (࢘
ࢗ) − ૛(࢘ =

ࢗ
ࢗ − ࢘ =

ୀ૚࢖ ૛
ࢗ࢖ − ࢘ ≥

࢘ஹૢࢗ࢖ ૛
ૡ࢘ =

૚
૝࢘ 

ࢇ = ࢈ = ࢉ =
૚
૜ 

Solution 4 by Soumitra Mandal-Chandar Nagore-India  

෍
૚

+ࢇ ࢉ࢈
ࢉ࢟ࢉ

= ෍
૚

ࢇ)ࢇ + ࢈ + (ࢉ + ࢉ࢈
ࢉ࢟ࢉ

= ෍
૚

ࢇ) + +ࢇ)(࢈ (ࢉ
ࢉ࢟ࢉ

 

=
૚

+ࢇ) +࢈)(࢈ +ࢉ)(ࢉ +ࢇ)෍(ࢇ (࢈
ࢉ࢟ࢉ

=
૛(ࢇ + ࢈ + (ࢉ
∏ +ࢇ) ࢉ࢟ࢉ(࢈

≤
૛

ૡࢉ࢈ࢇ =
૚

૝ࢉ࢈ࢇ 

(proved) 
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b. ∑ ૛ࢉ࢈√ࢇ
ࢉ࢟ࢉࢉ࢈√ାࢇ = ∑ ૛

૚
ାࢇ

૚
ࢉ࢈√

ࢉ࢟ࢉ ≤
ࡹ࡭ஸࡹࡴ

∑ ࢉ࢈√ାࢇ
૛ࢉ࢟ࢉ = ૚

૛
∑ ࢉ࢟ࢉࢇ + ૚

૛
∑ ࢉ࢟ࢉ࢈ࢇ√  

≤෍ࢇ
ࢉ࢟ࢉ

= ૚ ⇒෍
ࢇ√

+ࢇ ࢉ࢟ࢉࢉ࢈√

≤
૚

૛√ࢉ࢈ࢇ
 

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand 

For ࢈,ࢇ, ࢉ > 0,ܽ + ܾ + ܿ = 1, we give: ࢇ = ࢞
ࢠା࢟ା࢞

࢈, = ࢟
ࢠା࢟ା࢞

, ࢉ = ࢠ
ࢠା࢟ା࢞

 

Consider, since ૝ࢠ࢟࢞൫(࢞ + (࢟ + ࢟) + (ࢠ + ࢠ) + ൯(࢞ ≤ ࢞) + ࢟ + ࢞)(ࢠ + ࢟)(࢟ + +ࢠ)(ࢠ  (࢞

Hence (࢞ା࢟)ା(࢟ାࢠ)ା(ࢠା࢞)
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)

≤ (ࢠା࢟ା࢞)
૝ࢠ࢟࢞

 

Hence ૚
(࢞ାࢠ)(ࢠା࢟)

+ ૚
(࢞ାࢠ)(࢟ା࢞)

+ ૚
(ࢠା࢟)(࢟ା࢞)

≤ (ࢠା࢟ା࢞)
૝ࢠ࢟࢞

 

Hence ૚
ࢠ࢟ା(ࢠା࢟ା࢞)࢞

+ ૚
࢞ࢠା(ࢠା࢟ା࢞)࢟

+ ૚
࢟࢞ା(ࢠା࢟ା࢞)ࢠ

≤ (ࢠା࢟ା࢞)
૝(ࢠ࢟࢞)

 

Hence (࢞ା࢟ାࢠ)૜

ࢠ࢟ା(ࢠା࢟ା࢞)࢞
+ ૛(ࢠା࢟ା࢞)

࢞ࢠା(ࢠା࢟ା࢞)࢟
+ ૛(ࢠା࢟ା࢞)

࢟࢞ା(ࢠା࢟ା࢞)ࢠ
≤ ૜(ࢠା࢟ା࢞)

૝ࢠ࢟࢞
 

Hence ૚
࢞

ା(ࢠశ࢟శ࢞)
ࢠ࢟

૛(ࢠశ࢟శ࢞)
+ ૚

࢟
ା(ࢠశ࢟శ࢞)

࢞ࢠ
૛(ࢠశ࢟శ࢞)

+ ૚
ࢠ

ା(ࢠశ࢟శ࢞)
࢟࢞

૛(ࢠశ࢟శ࢞)
≤ ૚

૝(ࢠ࢟࢞)
૜(ࢠశ࢟శ࢞)

 

Therefore ૚
ࢉ࢈ାࢇ

+ ૚
ࢇࢉା࢈

+ ૚
࢈ࢇାࢉ

≤ ૚
૝ࢉ࢈ࢇ

 is to be true. 

Solution 6 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

a. We have ૚ = +ࢇ) ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇒ ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≤ ૚
૜

 

૚
+ࢇ +ࢉ࢈

૚
+࢈ +ࢇࢉ

૚
ࢉ + ࢈ࢇ ≤

૚
૝ࢉ࢈ࢇ ⇔

ࢉ࢈ࢇ
+ࢇ +ࢉ࢈

ࢉ࢈ࢇ
࢈ + +ࢇࢉ

ࢉ࢈ࢇ
ࢉ + ࢈ࢇ ≤

૚
૝ 

⇔ ∑ ૛ࢇି(ࢉ࢈ାࢇ)ࢇ

ࢉ࢈ାࢇ
≤ ૚

૝
⇔ ∑ ૛ࢇ

ࢉ࢈ାࢇ
≥ ૜

૝
 with ࢇ + ࢈ + ࢉ = ૚ 

Using Cauchy – Schwarz we have: ∑ ૛ࢇ

ࢉ࢈ାࢇ
≥ ૛(ࢉା࢈ାࢇ)

ࢇࢉାࢉ࢈ା࢈ࢇାࢉା࢈ାࢇ
≥ ૚

૚ା૚૜
= ૜

૝
 

b. We have 
૚
૜ ≥ ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≥

૚
૜ ൫√࢈ࢇ + +ࢉ࢈√ ൯ࢇࢉ√

૛
⇒ +࢈ࢇ√ +ࢉ࢈√ ࢇࢉ√ ≤ ૚ 

ࢇ√
+ࢇ ࢉ࢈√

+
࢈√

࢈ + ࢇࢉ√
+

ࢉ√
ࢉ + ࢈ࢇ√

≤
૚

૛√ࢉ࢈ࢇ
⇔෍

ࢉ࢈√ࢇ
ࢇ + ࢉ࢈√

≤
૚
૛ 
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⇔෍
ࢇ൫ࢇ + ൯ࢉ࢈√ − ૛ࢇ

+ࢇ ࢉ࢈√
≤
૚
૛ ⇔෍

૛ࢇ

ࢇ + ࢉ࢈√
≥
૚
૛ 

Using Cauchy – Schwarz: ∑ ૛ࢇ

ࢉ࢈√ାࢇ
≥ ૛(ࢉା࢈ାࢇ)

ࢇࢉ√ାࢉ࢈√ା࢈ࢇ√ାࢉା࢈ାࢇ
≥ ૚૛

૚ା૚
= ૚

૛
 

 

JP.094. Let ࢈,ࢇ, ࢈ࢇ be positive real numbers such that ࢉ + +ࢉ࢈ ࢇࢉ = ૚. Prove that: 

૛ࢇඥࢉ࢈ + ૛࢈+ ૛࢈ඥࢇࢉ + ૛ࢇࢉ + ૛ࢉඥ࢈ࢇ + ૛࢈ࢇ ≥ ૚ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by proposer 

By Hölder’s inequality we obtain: 

ቌ෍ࢉ࢈ඥࢇ૛ + ૛ࢉ࢈
ࢉ࢟ࢉ

ቍ

૛

൬
ࢉ࢈

૛ࢇ + ૛ࢉ࢈ +
ࢇࢉ

૛࢈ + ૛ࢇࢉ +
࢈ࢇ

૛ࢉ + ૛࢈ࢇ൰ ≥
ࢉ࢈) + ࢇࢉ + ૜(࢈ࢇ = ૚ 

The proof will be completed if we show that ࢉ࢈
ࢉ࢈૛ା૛ࢇ

+ ࢇࢉ
ࢇࢉ૛ା૛࢈

+ ࢈ࢇ
࢈ࢇ૛ା૛ࢉ

≤ ૚. Indeed, we 

will use Cauchy – Schwarz inequality by the following way  

෍
ࢉ࢈

૛ࢇ + ૛ࢉ࢈
ࢉ࢟ࢉ

= ෍
૛ࢇ) + ૛ࢉ࢈)− ૛ࢇ

૛(ࢇ૛ + ૛ࢉ࢈)
ࢉ࢟ࢉ

= 

= ૜
૛
−∑ ૛ࢇ

૛൫ࢇ૛ା૛ࢉ࢈൯ࢉ࢟ࢉ ≤ ૜
૛
− ૛(ࢉା࢈ାࢇ)

૛൫ࢇ૛ା૛ࢉ࢈ା࢈૛ା૛ࢇࢉାࢉ૛ା૛࢈ࢇ൯
= ૚ and we are done. 

 

JP.095. Prove that for all positive real numbers ࢈,ࢇ,  : ࢉ

૛࢈)ࢇ + (૛ࢉ
૛ࢇ૛ + ࢉ࢈ +

૛ࢉ)࢈ + (૛ࢇ
૛࢈૛ + ࢇࢉ +

૛ࢇ)ࢉ + (૛࢈
૛ࢉ૛ + ࢈ࢇ ≥

૟ࢉ࢈ࢇ
࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

෍
૛࢈)ࢇ + (૛ࢉ
૛ࢇ૛ + ࢉ࢈ = ෍

૛࢈)ࢉ࢈ࢇ + (૛ࢉ
૛ࢇ૛)ࢉ࢈ + (ࢉ࢈ = ෍ࢉ࢈ࢇ

૛࢈ + ૛ࢉ

૛ࢇ૛)ࢉ࢈ + (ࢉ࢈ ≥ 

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

ࢉ࢈ࢇ ∙
૛(∑ࢇ)૛

૛ࢉ૛࢈∑ + ૛ࢇ∑ࢉ࢈ࢇ = ࢉ࢈ࢇ ∙
૛(∑ࢇ)૛

૛(࢈ࢇ∑) ≥ ࢉ࢈ࢇ ∙
૛ ∙ ૜∑࢈ࢇ
૛(࢈ࢇ∑) =

૟ࢉ࢈ࢇ
࢈ࢇ + ࢉ࢈ +  ࢇࢉ
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JP.096. Let ࢈,ࢇ, ૝ࢇ positive numbers such that ࢉ + ૝࢈ + ૝ࢉ = ૜. Prove that: 

ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇቆࢇ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥ ૢ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇቆࢇ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥⏞
ࡹࡳିࡹ࡭

૜ඨ
૚

૛ࢉ૛࢈૛ࢇ
૜

∙ ૜ඨ
૚

૛ࢉ૛࢈૛ࢇ
૜

= 

=
ૢ

૝૜ࢉ૝࢈૝ࢇ√ ≥⏞
ࡹࡳିࡹ࡭ ૢ

૝ࢇ + ૝࢈ + ૝ࢉ
૜

= ૢ 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ቆ෍
૜ࢇ

૞ቇቆ෍࢈
૜࢈

૞ቇࢇ = ൮෍
ቀ࢈ࢇቁ

૞

૛ࢇ
൲൮෍

ቀࢇ࢈ቁ
૞

૛࢈
൲ ≥ 

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ൭∑

ࢇ
૞
૛

࢈
૞
૛
൱

૛

∙ ൭∑࢈
૞
૛

ࢇ
૞
૛
൱

૛

૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥⏞
ࡹࡳିࡹ࡭ ૜૛ ∙ ૜૛

૛ࢇ) + ૛࢈ + ૛)૛ࢉ ≥
ૡ૚

૜∑ࢇ૝ =
ૡ૚
ૢ = ૢ 

Solution 3 by Rozeta Atanasova-Skopje 

ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇቆࢇ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥⏞
ࡹࡳିࡹ࡭

૜ඨ
૚

૛ࢉ૛࢈૛ࢇ
૜

∙ ૜ඨ
૚

૛ࢉ૛࢈૛ࢇ
૜

= 

=
ૢ

૝૜ࢉ૝࢈૝ࢇ√ ≥⏞
ࡹࡳିࡹ࡭ ૢ

૝ࢇ + ૝࢈ + ૝ࢉ
૜

=
ૢ
૜
૜

= ૢ 

 

JP.097. Let ࢈,ࢇ, ࢉ > 0 such that (ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ = ૡ. Prove that: 

ࢇ
ࢇ + ૚ + ඨ ૛࢈

࢈ + ૚ + ૛ඨ
૛ࢉ
ࢉ + ૚

૝
≤
ૠ
૛ 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  
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Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

By AM-GM: 

ࢇ
+ࢇ ૚ + ඨ ૛࢈

+࢈ ૚ ⋅ ૚ + ૛ ⋅ ඨ
૛ࢉ
+ࢉ ૚ ⋅ ૚ ⋅ ૚ ⋅ ૚

૝
≤

ࢇ
+ࢇ ૚ +

૛࢈
࢈ + ૚ + ૚

૛ +
૛ ቀ ૛ࢉ
ࢉ + ૚ + ૚ + ૚ + ૚ቁ

૝  

= ࢇ
ା૚ࢇ

+ ࢈
ା૚࢈

+ ࢉ
ା૚ࢉ

+ ૛   (1) 

We prove that: ࢇ
ା૚ࢇ

+ ࢈
ା૚࢈

+ ࢉ
ା૚ࢉ

≤ ૜
૛
 

⇔
࢈)ࢇ + ૚)(ࢉ+ ૚) + ࢉ)࢈ + ૚)(ࢇ+ ૚) + +ࢇ)ࢉ ૚)(࢈ + ૚)

+ࢇ) ૚)(࢈ + ૚)(ࢉ + ૚) ≤
૜
૛ 

⇔ ૛(૜ࢉ࢈ࢇ + ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ + +ࢇ ࢈ + (ࢉ ≤ ૜(ࢉ࢈ࢇ+ ࢈ࢇ + +ࢉ࢈ ࢇࢉ + ࢇ + ࢈ + ࢉ + ૚) 

⇔ ૜ࢉ࢈ࢇ + ࢈ࢇ + +ࢉ࢈ ࢇࢉ ≤ ࢇ + ࢈ + ࢉ + ૜   (2) 

Other: ૡ = +ࢇ) +࢈)(࢈ +ࢉ)(ࢉ (ࢇ ≥ ૡ
ૢ

+ࢇ) ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈  (ࢇࢉ

⇔ +ࢇ) ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + (ࢇࢉ ≤ ૢ 

⇒ ૢ ≥ ૜√ࢉ࢈ࢇ૜ ⋅ ૜ඥ(ࢉ࢈ࢇ)૛૜ = ࢉ࢈ࢇૢ ⇔ ࢉ࢈ࢇ ≤ ૚   (3) 

ቊૢ ≥ ࢇ) + ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ ≥ ඥ૜(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ ⋅ +࢈ࢇ) ࢉ࢈ + (ࢇࢉ
⇒ ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≤ ૜			(૝)

 

(3), (4) ⇒ ૜ࢉ࢈ࢇ + ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૟  (5) 

ૡ = ࢇ) + ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ ≤ ൫(ࢇା࢈)ା(࢈ାࢉ)ା(ࢉାࢇ)൯૜

૛ૠ
= ૡ(ࢇା࢈ାࢉ)૜

૛ૠ
  

⇒ +ࢇ) ࢈ + ૜(ࢉ ≥ ૛ૠ ⇒ +ࢇ ࢈ + ࢉ + ૜ ≥ ૟   (6) 

(5), (6) ⇒ ૜ࢉ࢈ࢇ + ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ +ࢇ ࢈ + ࢉ + ૜ 

⇒ (2) true ⇒ ࢇ
ା૚ࢇ

+ ට ૛࢈
ା૚࢈

+ ૛ ⋅ ට ૛ࢉ
ା૚ࢉ

૝ ≤ ૠ
૛
 

 

JP.098. Let ࢈,ࢇ and ࢉ be the side lengths of a triangle ࡯࡮࡭ with incenter ࡵ. Prove that: 

૚
૛࡭ࡵ +

૚
૛࡮ࡵ +

૚
૛࡯ࡵ ≥ ૜൬

૚
૛ࢇ +

૚
૛࢈ +

૚
 ૛൰ࢉ

Proposed by George Apostolopoulos – Messolonghi – Greece 
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Solution by Soumava Chakraborty-Kolkata-India 

࡭ࡵ = ࢘

૛࡭ܖܑܛ
 etc 

 ∴ ∑ ૚
૛࡭ࡵ

= ૚
૛࢘
૛ܖܑܛ∑ ࡭

૛
   (1) 

Also, ૜∑ ૚
૛ࢇ

= ૜∑ࢇ૛࢈૛

૛ࢉ૛࢈૛ࢇ
≤

ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૚૛ࡾ૛࢙૛

૚૟ࡾ૛࢘૛࢙૛
= ૜

૝࢘૛
    (2) 

(1), (2) ⇒ it suffices to prove: ∑ܖܑܛ૛ ࡭
૛
≥ ૜

૝
⇔ ∑ቀ૛ ૛ܖܑܛ ࡭

૛
ቁ ≥ ૜

૛
⇔ ∑(૚ − ܛܗ܋ (࡭ ≥ ૜

૛
 

⇔ ૜− ૚ − ࢘
ࡾ
≥ ૜

૛
⇔ ૛࢘ିࡾ

ࡾ
≥ ૜

૛
⇔ ࡾ ≥ ૛࢘ → true (Euler) (proved) 

 

JP.099. If ࢟,࢞, ࢠ > 0 and ࢈ ≥ ࢇ > 0 then: 

න
࢟ࢊ	࢞

૜࢞૛ + ૛࢟૛ + ૛ࢠ

࢈

ࢇ

+ න
ࢠࢊ	࢟

૜࢟૛ + ૛ࢠ૛ + ૛࢞

࢈

ࢇ

+ න
࢞ࢊ	ࢠ

૜ࢠ૛ + ૛࢞૛ + ૛࢟

࢈

ࢇ

≤
૚
૜ ܖܔ

࢈
ࢇ +

࢈ − ࢇ
૚ૡ ൬

૚
࢞ +

૚
࢟ +

૚
 ൰ࢠ

Proposed by Mihály Bencze – Romania  

Solution by proposer 

We have for ࢞, ,࢚ ࢠ > 0; ࢞
૜࢞૛ା૛࢚૛ାࢠ૛

≤ ૚
૚ૡ
ቀ૛
࢚

+ ૚
ࢠ
ቁ ⇔ 

⇔ ૜࢞૛࢚ + ૟࢞૛ࢠ + ૛࢚૜ + ૛ࢠ૜ + ૝࢚૛ࢠ + ૛࢚࢞ ≥ ૚ૡࢠ࢚࢞ ⇔ 

⇔
૜࢞૛࢚ + ૟࢞૛ࢠ + ૛࢚૜ + ૛ࢠ૜ + ૝࢚૛ࢠ+ ૛ࢠ࢚

૚ૡ ≥ ඥ(࢞૛࢚)૜(࢞૛࢚)૟(࢚૜)૛(ࢠ૜)૛(࢚૛ࢠ)૝࢚૚ૡ = ࢠ࢚࢞ ⇒ 

න
࢚ࢊ	࢞

૜࢞૛ + ૛࢚૛ + ૛ࢠ

࢈

ࢇ

≤
૚
૚ૡන൬

૛
࢚ +

૚
൰ࢠ

࢈

ࢇ

࢚ࢊ ⇒ න
࢚ࢊ	࢞

૜࢞૛ + ૛࢚૛ + ૛ࢠ

࢈

ࢇ

≤
૚
ૢ ܖܔ

࢈
ࢇ +

−࢈ ࢇ
૚ૡࢠ ⇒ 

෍ න
࢟ࢊ࢞

૜࢞૛ + ૛࢟૛ + ૛ࢠ

࢈

ࢉ࢏࢒ࢉ࢟ࢉࢇ

≤ ෍ ൬
૚
ૢ ܖܔ

࢈
ࢇ +

࢈ − ࢇ
૚ૡࢠ ൰

ࢉ࢏࢒ࢉ࢟ࢉ

=
૚
૜ ܖܔ

࢈
+ࢇ

࢈ − ࢇ
૚ૡ ൬

૚
࢞ +

૚
࢟ +

૚
 ൰ࢠ
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JP.100. Let in triangle ࢈࢝,ࢇ࢝ ,ࡾ be the angle bisectors and ࢉ࢝,  the circumradius and ࢘

inradius respectively. Prove the inequality: 

૜
ࡾ + ࢘ ≤

૚
ࢇ࢝

+
૚
࢈࢝

+
૚
ࢉ࢝

≤
૚
 ࢘

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 

Solution by Soumava Chakraborty-Kolkata-India 

૚
ࢇ࢝

+ ૚
࢈࢝

+ ૚
ࢉ࢝

≥
ࡹࡳஹࡹ࡭ ૜

ඥࢉ࢝࢈࢝ࢇ࢝૜ →  (1) 

Now, ࢉ࢝࢈࢝ࢇ࢝ = ቀ૛√ࢉ࢈
ࢉା࢈

ඥ࢙)࢙− ቁ(ࢇ ቀ૛√ࢇࢉ
ࢇାࢉ

ඥ࢙)࢙ − ቁ(࢈ ቀ૛√࢈ࢇ
࢈ାࢇ

ඥ࢙)࢙ −  ቁ(ࢉ

= ૡ࢙࢘⋅࢙ࢉ࢈ࢇ
(࢈ାࢇ)∏

= ૜૛࢘ࡾ૛࢙૜

(࢈ାࢇ)∏
→  (2) 

Again, ∏(ࢇ + (࢈ = ૛ࢉ࢈ࢇ + ࢈ࢇ∑ (૛࢙ − (ࢉ = ૛࢙)࢙૛ + ૝࢘ࡾ+ (૛࢘ − ૝࢙࢘ࡾ 

= ૛࢙)࢙૛ + ૛࢘ࡾ + (૛࢘ →   (3) 

(2), (3) ⇒ ࢉ࢝࢈࢝ࢇ࢝ = ૚૟࢘ࡾ૛࢙૛

૛࢘ା࢘ࡾ૛ା૛࢙
→ (4) 

(4), (1) ⇒ ૚
ࢇ࢝

+ ૚
࢈࢝

+ ૚
ࢉ࢝
≥ ૜ට࢙૛ା૛࢘ࡾା࢘૛

૚૟࢘ࡾ૛࢙૛
૜

≥ ૜
࢘ାࡾ

 

⇔ +ࡾ) ૛࢙)૜(࢘ + ૛࢘ࡾ + (૛࢘ ≥ ૚૟࢘ࡾ૛࢙૛ →  (a) 

Now, LHS of (a) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 ࡾ) + ࢘ࡾ૜(૚ૡ(࢘ − ૝࢘૛)  and 

RHS ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚૟࢘ࡾ૛(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

∴ in order to prove (a), it suffices to prove: 

+ࡾ) ࢘ࡾ૜(૚ૡ(࢘ − ૝࢘૛) ≥ ૚૟࢘ࡾ૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૝࢚ૢ − ૠ࢚૜ − ૚૚࢚૛ − ૛૚࢚ − ૛ ≥ ૙	 (where ࢚ = ࡾ
࢘
) 

⇔ ࢚) − ૛)(ૢ࢚૜ + ૚૚࢚૛ + ૚૚࢚ + ૚) ≥ ૙ → true ∵ ࢚ ≥ ૛ (Euler) 

⇒ (a) is true ⇒ ૚
ࢇ࢝

+ ૚
࢈࢝

+ ૚
ࢉ࢝
≥ ૜

࢘ାࡾ
 is proved. Now, ૚

ࢇ࢝
+ ૚

࢈࢝
+ ૚

ࢉ࢝
≤ ૚

࢘
⇔ ࢈࢝ࢇ࢝∑

ࢉ࢝࢈࢝ࢇ࢝
≤ ૚

࢘
 

෍࢈࢝ࢇ࢝ = ෍ቌቆ
૛√ࢉ࢈
࢈ + ࢉ ඥ࢙

࢙) − ቇቆ(ࢇ
૛√ࢇࢉ
+ࢉ ࢇ ඥ࢙

࢙) −  ቇቍ(࢈
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=
૝ࢉ࢈ࢇ√࢙
+ࢇ)∏ ࢇ)෍ቂቀ(࢈ + ࢙)ቁቀඥࢉ√(࢈ − ࢙)(ࢇ −  ቁቃ(࢈

≤
ࡿି࡮ି࡯ ૝ࢉ࢈ࢇ√࢙

+ࢇ)∏ +ࢇ)ࢉට෍(࢈ ࢙)૛ට෍(࢈ − ࢙)(ࢇ −  (࢈

=
૝ࢉ࢈ࢇ√࢙
+ࢇ)∏ ࢉට෍(࢈ ૛ࢇ) + ૛࢈ࢇ + ૛࢙)૛)ට෍࢈ − +ࢇ)࢙ (࢈ +  (࢈ࢇ

=
૝ࢉ࢈ࢇ√࢙
+ࢇ)∏ ࢈ࢇට෍(࢈ (૛࢙ − (ࢉ + ૟ࢉ࢈ࢇඥ૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ +  ૛࢘

=
૝ࢉ࢈ࢇ√࢙
+ࢇ)∏ ૛࢙)࢙ඥ૛(࢈ + ૝࢘ࡾ+ (૛࢘ + ૚૛࢙࢘ࡾඥ૝࢘ࡾ+  ૛࢘

=
૝ࢉ࢈ࢇ√࢙
ࢇ)∏ + ૛࢙)࢙ඥ૛(࢈ + ૚૙࢘ࡾ+ +࢘ࡾ૛)ඥ૝࢘  ૛࢘

= ૝࢙√૝࢙࢘ࡾ
૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯

ඥ૛࢙)࢙૛ + ૚૙࢘ࡾ+ ࢘ࡾ૛)√૝࢘ +    (by (3))	૛࢘

∴ ࢈࢝ࢇ࢝∑ ≤
૝࢙√૝࢙࢘ࡾ

૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯
ඥ૛࢙)࢙૛ + ૚૙࢘ࡾ + +࢘ࡾ૛)√૝࢘ ૛࢘ →  (5) 

∴
࢈࢝ࢇ࢝∑

ࢉ࢝࢈࢝ࢇ࢝
≤

(૝),(૞)	࢟࢈ ૝࢙√૝࢙࢘ࡾ
૛࢙)࢙૛ + ૛࢘ࡾ+ ૛࢙)࢙૛)ඥ૛࢘ + ૚૙࢘ࡾ+ ࢘ࡾ૛)ඥ૝࢘ + ૛࢘ ⋅

૛࢙ + ૛࢘ࡾ+ ૛࢘

૚૟࢘ࡾ૛࢙૛  

=
√૝࢙࢘ࡾ
ૡ࢘ࡾ૛࢙૛

ඥ૛࢙)࢙૛ + ૚૙࢘ࡾ+ ࢘ࡾ૛)ඥ૝࢘ +  ૛࢘

=
ඥࡾ(૝ࡾ + ૛࢙)(࢘ + ૚૙࢘ࡾ + (૛࢘

૛√૛࢙࢘ࡾ
≤
? ૚
࢘ ⇔ ૡࡾ૛࢙૛ ≥

?
ࡾ૝)ࡾ + ૛࢙)(࢘ + ૚૙࢘ࡾ+  (૛࢘

⇔ (૝ࡾ − ૛࢙(࢘ ≥
?

(૝ࡾ+ +࢘ࡾ૚૙)(࢘ (૛࢘ →  (b) 

⇔ ૡࡾ૛࢙૛ ≥
?
+ࡾ૝)ࡾ ૛࢙)(࢘ + ૚૙࢘ࡾ +  (૛࢘

⇔ (૝ࡾ − ૛࢙(࢘ ≥
?

(૝ࡾ+ +࢘ࡾ૚૙)(࢘ (૛࢘ →  (b) 

Now, LHS of (b) ≥ (૝ࡾ − ࢘ࡾ૚૟)(࢘ − ૞࢘૛) ≥
?

(૝ࡾ + +࢘ࡾ૚૙)(࢘  (૛࢘

⇔ ૚૛ࡾ૛ − ૛૞࢘ࡾ+ ૛࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(૚૛ࡾ − (࢘ ≥

?
૙ 

→ true ∵ ࡾ ≥ ૛࢘  (Euler) ⇒ (b) is true ⇒ ૚
ࢇ࢝

+ ૚
࢈࢝

+ ૚
ࢉ࢝
≤ ૚

࢘
 is proved. 
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JP.101. Let ࢟,࢞, ࢠ࢟࢞ be positive real numbers with ࢠ = ૚. Prove that: 

૝࢞√ + ૚ + ඥ࢟૝ + ૚ + ૝ࢠ√ + ૚
૛࢞ + ૛࢟ + ૛ࢠ ≤ √૛ 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by proposer 

We have (࢞ − ૚)૝ ≥ ૙ ⇔ ૝࢞ − ૝࢞૜ + ૟࢞૛ − ૝࢞ + ૚ ≥ ૙ ⇔ 

⇔ ૛࢞૝ − ૝࢞૜ + ૟࢞૛ − ૝࢞ + ૛ ≥ ૝࢞ + ૚ ⇔ ૝࢞ − ૛࢞૜ + ૜࢞૛ − ૛࢞ + ૚ ≥
૝࢞ + ૚
૛ ⇔ 

⇔ ૛࢞) − ࢞ + ૚)૛ ≥ ૝ା૚࢞
૛

⇔
ඥ࢞૝ା૚
√૛

≤ ૛࢞ − ࢞ + ૚. Similarly 
ඥ࢞૝ା૚
√૛

≤ ૛࢟ − ࢟ + ૚, and 

ඥࢠ૝ା૚
√૛

≤ ૛ࢠ − ࢠ + ૚. Adding up these inequalities, we get: 

૝࢞√ + ૚ + ඥ࢟૝ + ૚ + ૝ࢠ√ + ૚ ≤ √૛(࢞૛ + ૛࢟ + (૛ࢠ + √૛൫૜ − ࢞) + ࢟ +  ൯   (1)(ࢠ

By AM-GM inequlity we have ࢞ + ࢟ + ࢠ ≥ ૜ඥࢠ࢟࢞ = ૜, so ૜ − ࢞) + ࢟ + (ࢠ ≤ ૙. Now (1) 

gives  √࢞૝ + ૚ + ඥ࢟૝ + ૚ + ૝ࢠ√ + ૚ ≤ √૛(࢞૛ + ૛࢟ +  ૛), namelyࢠ

ඥ࢞૝ା૚ାඥ࢟૝ା૚ାඥࢠ૝ା૚
૛ࢠ૛ା࢟૛ା࢞

≤ √૛. Equality holds when ࢞ = ࢟ = ࢠ = ૚. 

 

JP.102. Let ࢟,࢞, ࢠ > 0 be positive real numbers. Then: 

૚
࢞ + ࢟ +

૚
࢟ + ࢠ +

૚
ࢠ + ࢞ ≥

૝ඥ૜࢞)ࢠ࢟࢞ + ࢟ + (ࢠ
࢞) + ࢟)(࢟ + +ࢠ)(ࢠ  (࢞

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 

Solution by Soumitra Mandal-Chandar Nagore-India 

We know, ൫∑ ࢉ࢟ࢉ࢟࢞ ൯૛ ≥ ૜࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

૝ඥ૜ࢠ࢟࢞(࢞ା࢟ାࢠ)
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)

≤ ૝(࢟࢞ାࢠ࢟ା࢞ࢠ)
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)

, we need to prove, 

෍
૚

࢞ + ࢟
ࢉ࢟ࢉ

≥
૝(࢟࢞ + ࢠ࢟ + (࢞ࢠ

࢞) + ࢟)(࢟ + +ࢠ)(ࢠ (࢞ ⇔෍(࢞ + ࢞)(࢟ + (ࢠ
ࢉ࢟ࢉ

≥ ૝(࢟࢞ + ࢠ࢟ +  (࢞ࢠ

⇔ ૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + +ࢠ࢟  .which is true ,࢞ࢠ
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∴෍
૚

࢞ + ࢟
ࢉ࢟ࢉ

≥
૝ඥ૜࢞)ࢠ࢟࢞ + ࢟ + (ࢠ

࢞) + ࢟)(࢟ + +ࢠ)(ࢠ  (࢞

(proved) 

 

JP.103. Let ࢟,࢞, ࢠ > 0 be positive real numbers. Then in triangle ࡯࡮࡭ with semiperimeter 

 .࢘ and inradius ࢙

࢞
࢟ + ࢠ ࢚࢕ࢉ

૛ ࡭
૛ +

࢟
+ࢠ ࢚࢕ࢉ࢞

૛࡮
૛ +

ࢠ
࢞ + ࢟ ࢚࢕ࢉ

૛ ࡯
૛ ≥ ૚ૡ −

૛࢙

૛࢘૛ 

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 

Solution by Soumitra Mandal-Chandar Nagore-India 

ܜܗ܋ ࡭
૛

= (ࢇି࢖)࢖
ࢤ

, ܜܗ܋ ࡮
૛

= (࢈ି࢖)࢖
ࢤ

 and ܜܗ܋ ࡯
૛

= (ࢉି࢖)࢖
ࢤ

 

෍
࢞

࢟ + ࢠ
ࢉ࢟ࢉ

૛ܜܗ܋
࡭
૛ = ࢞) + ࢟ + ෍(ࢠ

૛ܜܗ܋ ૛࡭
࢟ + ࢠ

ࢉ࢟ࢉ

−෍ܜܗ܋૛
࡭
૛

ࢉ࢟ࢉ

 

≥
࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮ ૚

૛
ቌ෍ܜܗ܋

࡭
૛

ࢉ࢟ࢉ

ቍ

૛

−෍ܜܗ܋૛
࡭
૛

ࢉ࢟ࢉ

 

=
૚
૛
ቌ෍

࢖)࢖ − (ࢇ
ࢤ

ࢉ࢟ࢉ

ቍ

૛

−෍
࢖)૛࢖ − ૛(ࢇ

૛ࢤ
ࢉ࢟ࢉ

=
૛࢖

૛࢘૛
−
૛࢖ ቄ൫∑ ࢖) − ࢉ࢟ࢉ(ࢇ ൯૛ − ૛∑ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈ ቅ

૛ࢤ
 

=
૛࢖

૛࢘૛ −
૛࢖ − ૛࢘)࢘ + ૝ࡾ)

૛࢘ =
૛(࢘+ ૝ࡾ)

࢘ −
૛࢖

૛࢘૛ ≥
૛(࢘ + ૡ࢘)

࢘ −
૛࢖

૛࢘૛ = ૚ૡ −
૛࢖

૛࢘૛ 

 

JP.104. Let ࢇ࢘, ,࢈࢘  the medians of ࢉ࢓,࢈࢓,ࢇ࢓ the altitudes and ࢉࢎ,࢈ࢎ,ࢇࢎ ,be the exradii ࢉ࢘

a triangle ࡯࡮࡭ with semiperimeter ࢙, circumradius ࡾ and inradius ࢘. Then  

૛ࢇ࢘

ࢉ࢓࢈ࢎ
+

૛࢈࢘

ࢇ࢓ࢉࢎ
+

૛ࢉ࢘

࢈࢓ࢇࢎ
≥

૞૝࢘૛

૛࢙ − ૛࢘ − ૝࢘ࡾ 

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 
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Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛ࢇ࢘

ࢉ࢓࢈ࢎ
+

૛࢈࢘

ࢇ࢓ࢉࢎ
+

૛ࢉ࢘

࢈࢓ࢇࢎ
≥

૞૝࢘૛

૛࢖ − ૛࢘ − ૝࢘ࡾ 

ࢇ࢘ (1 + ࢈࢘ + ࢉ࢘ = ૝ࡾ +  ࢘

ࢉ࢓࢈ࢎ (2 + ࢇ࢓ࢉࢎ + ࢈࢓ࢇࢎ ≤

ࢇ࢓ஸࢇࢎ
࢈࢓ஸ࢈ࢎ
ࢉ࢓ஸࢉࢎ

ࢉ࢓࢈࢓ ࢇ࢓ࢉ࢓+ ࢈࢓ࢇ࢓+ ≤ ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ = ૜

૝
൫ࢇ૛ + ૛࢈ +  ૛൯ࢉ

෍:ࡿࡴࡸ
૛ࢇ࢘

ࢤࢉ࢓࢈ࢎ

≥
࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ࢘∑)

ࢉ࢓࢈ࢎ + ࢇ࢓ࢉࢎ + ࢈࢓ࢇࢎ
≥

(૛);(૚)
 

≥
(૝ࡾ + ૛(࢘

૜
૝ ૛ࢇ) + ૛࢈ + (૛ࢉ

≥
࢘ࢋ࢒࢛ࡱ ૡ૚࢘૛

૜
૝ ⋅ ૛(࢖૛ − ૝࢘ࡾ − (૛࢘

=
૞૝࢘૛

૛࢖ − ૝࢘ࡾ −  ૛࢘

Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ࢇࢎ ≤   ,etc ࢇ࢓

∴ ࡿࡴࡸ ≥
ࢉ࢚ࢋ,ࢇ࢓ஸࢇࢎ

	෍
૛ࢇ࢘

ࢉ࢓࢈࢓
≥

࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ࢘∑)

ࢉ࢓࢈࢓∑
≥

ஸࢉ࢓࢈࢓
૛ࢇ૛ାࢉ࢈

૝ (૝ࡾ + ૛(࢘

∑ ൬૛ࢇ
૛ + ࢉ࢈
૝ ൰ࢉ࢟ࢉ

 

=
૝(૝ࡾ+ ૛(࢘

૛∑ࢇ૛ + ࢈ࢇ∑ =
૝(૝ࡾ+ ૛(࢘

૝(࢙૛ − ૝࢘ࡾ − (૛࢘ + ૛࢙ + ૝࢘ࡾ + ૛࢘  

=
૝(૝ࡾ+ ૛(࢘

૞࢙૛ − ૚૛࢘ࡾ − ૜࢘૛ ≥
? ૞૝࢘૛

૛࢙ − ૝࢘ࡾ − ૛࢘  

⇔
૛(૝ࡾ + ૛(࢘

૛ૠ࢘૛ ≥
? ૞(࢙૛ − ૝࢘ࡾ − (૛࢘ + ૡ࢘ࡾ + ૛࢘૛

૛࢙ − ૝࢘ࡾ − ૛࢘  

⇔
૛(૝ࡾ + ૛(࢘ − ૚૜૞࢘૛

૛ૠ࢘૛ ≥
? ૡ࢘ࡾ+ ૛࢘૛

૛࢙ − ૝࢘ࡾ −  ૛࢘

⇔ (૜૛ࡾ૛ + ૚૟࢘ࡾ − ૚૜૜࢘૛)(࢙૛ − ૝࢘ࡾ − (૛࢘ ≥
?
૛ૠ࢘૜(ૡࡾ + ૛(1)   (࢘ 

LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૟࢘(૛ࡾ − ૛ࡾ૜૛)(࢘ + ૚૟࢘ࡾ − ૚૜૜࢘૛) ≥
?
	૛ૠ࢘૜(ૡࡾ + ૛࢘) 

⇔ ૜૛࢚૜ − ૚૞ૢ࢚ + ૟૛ ≥
?
૙  (where ࢚ = ࡾ

࢘
)⇔ ࢚) − ૛)(૜૛࢚૛ + ૟૝࢚ − ૜૚) ≥

?
	૙ → true 

∵ ࢚ ≥ ૛ (Euler) ⇒ (1) is true (Proved) 
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JP.105. Let ࢓ > 0 and ࡲ be the area of the triangle ࡯࡮࡭. Then: 

ା૛࢓ࢇ

࢓࢈ + ࢓ࢉ +
ା૛࢓࢈

࢓ࢉ + ࢓ࢇ +
ା૛࢓ࢉ

࢓ࢇ + ࢓࢈ ≥ ૛√૜ࡲ 

Proposed by D.M. Bătinețu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia 

Solution  by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍൬ࢇ૛ ⋅
࢞

࢟ + ൰ࢠ
ࢉ࢟ࢉ

࢞) = ࢟,࢓ࢇ = ,࢓࢈ ࢠ =  (࢓ࢉ

≥ ૝ࡲඨ
࢞

࢟ + ࢠ ⋅
࢟

ࢠ + ࢞ +
࢟

ࢠ + ࢞ ⋅
ࢠ

࢞ + ࢟ +
ࢠ

࢞ + ࢟ ⋅
࢞

࢟ +  ࢠ

⎝

⎜
⎛
∵ ᇱ࢓૛ࢇ + ᇱ࢔૛࢈ + ᇱ࢖૛ࢉ ≥ ૝ࡾඥ࢓ᇱ࢔ᇱ + ᇱ࢖ᇱ࢔ + ᇱ࢓ᇱ࢖

ᇱ࢖,ᇱ࢔,ᇱ࢓∀ ∈ ℝା	ࢊ࢔ࢇ	࢙ࢇ,
࢞

࢟ + ࢠ ,
࢟

ࢠ + ࢞ ,
ࢠ

࢞ + ࢟ > 0

∵ ,࢟,࢞ ࢠ > 0 ⎠

⎟
⎞

 

≥
?
૛√૜ࡲ 

⇔
࢟࢞

࢟) + +ࢠ)(ࢠ (࢞ +
ࢠ࢟

+ࢠ) +࢞)(࢞ (࢟ +
࢞ࢠ

+࢞) ࢟)(࢟ + (ࢠ ≥
? ૜
૝ 

⇔
࢞)࢟࢞}∑ + {(࢟

૛ࢠ࢟࢞+ ࢟૛࢞∑ + ૛࢟࢞∑ ≥
? ૜
૝ 

⇔ ૝෍࢞૛࢟ + ૝෍࢟࢞૛ ≥
?
૟ࢠ࢟࢞+ ૜෍࢞૛࢟ + ૜෍࢟࢞૛ 

⇔ ࢟૛࢞∑ + ૛࢟࢞∑ ≥
?
૟ࢠ࢟࢞ → true by AM-GM 

 

SP.091. Prove that for all positive real numbers ࢈,ࢇ,  :ࢊ,ࢉ

૛ࢇ

ࢇ + +࢈ ࢉ +
૛࢈

࢈ + ࢉ + +ࢊ
૛ࢉ

ࢉ + ࢊ + +ࢇ
૛ࢊ

ࢊ + +ࢇ ࢈ ≥
+ࢇ ࢈ + ࢉ + ࢊ

૜ +
૝(૛ࢇ+ ࢈ − ૛ࢉ − ૛(ࢊ

૛ૠ(ࢇ+ +࢈ ࢉ + (ࢊ  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by proposer 

We have: ࢇ૛

ࢉା࢈ାࢇ
= ૞ࢉି࢈ିࢇ

ૢ
+ ૛(ࢇ૛ିࢉା࢈)

(ࢉା࢈ାࢇ)ૢ
, ૛࢈

ࢊାࢉା࢈
= ૞ࢊିࢉି࢈

ૢ
+ ૛(࢈૛ିࢊାࢉ)

(ࢊାࢉା࢈)ૢ
, 
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૛ࢉ

ࢉ + ࢊ + ࢇ =
૞ࢉ − ࢊ − ࢇ

ૢ +
+ࢊ) ࢇ − ૛ࢉ)૛

ࢉ)ૢ + ࢊ + (ࢇ ,
૛ࢊ

ࢊ + +ࢇ ࢈ =
૞ࢊ − ࢇ − ࢈

ૢ +
ࢇ) + ࢈ − ૛ࢊ)૛

+ࢊ)ૢ ࢇ + (࢈  

Adding up these relations we obtain: ∑ ૛ࢇ

ࢉ࢟ࢉࢉା࢈ାࢇ = ࢊାࢉା࢈ାࢇ
૜

+ ∑ ૛(ࢇ૛ିࢉା࢈)

ࢉ࢟ࢉ(ࢉା࢈ାࢇ)ૢ . 

Now we use Cauchy – Schwarz inequaity (or Titu’s lemma) to get 

෍
+࢈) ࢉ − ૛ࢇ)૛

+ࢇ)ૢ +࢈ (ࢉ
ࢉ࢟ࢉ

=
+࢈) ࢉ − ૛ࢇ)૛

ࢇ)ૢ + +࢈ (ࢉ +
ࢉ) + ࢊ − ૛࢈)૛

+࢈)ૢ ࢉ + (ࢊ +
ࢊ−) − +ࢇ ૛ࢉ)૛

ࢉ)ૢ + +ࢊ (ࢇ + 

+
−ࢇ−) ࢈ + ૛ࢊ)૛

ࢊ)ૢ + +ࢇ (࢈ ≥
૝(૛ࢇ+ ࢈ − ૛ࢉ − ૛(ࢊ

૛ૠ(ࢇ + +࢈ ࢉ + (ࢊ  

Therefore ࢇ૛

ࢉା࢈ାࢇ
+ ૛࢈

ࢊାࢉା࢈
+ ૛ࢉ

ࢇାࢊାࢉ
+ ૛ࢊ

࢈ାࢇାࢊ
≥ ࢊାࢉା࢈ାࢇ

૜
+ ૝(૛ࢇାି࢈૛ࢊିࢉ)૛

૛ૠ(ࢇା࢈ାࢉାࢊ)
 as desired. 

 

SP.092. Prove that for all positive real numbers ࢈,ࢇ,  :ࢉ

a. ࢇ
૛

࢈ାࢇ
+ ૛࢈

ࢉା࢈
+ ૛ࢉ

ࢇାࢉ
≥ ࢉା࢈ାࢇ

૛
+ ૛(ࢉି࢈)

૛(ࢇା࢈ାࢉ)
 

b. ࢇ
૛

ࢉା࢈
+ ૛࢈

ࢇାࢉ
+ ૛ࢉ

࢈ାࢇ
≥ ࢉା࢈ାࢇ

૛
+ ૛(ࢉ૛ି࢈ାࢇ)

૛(ࢇା࢈ାࢉ)
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

૛ࢇ

ࢇ + ࢈ +
૛࢈

࢈ + ࢉ +
૛ࢉ

ࢉ + ࢇ ≥
+ࢇ +࢈ ࢉ

૛ +
−࢈) ૛(ࢉ

૛(ࢇ + +࢈  (ࢉ

Given inequality ⇔ ૛൯ࢇା࢈ࢇ∑૛൫ࢇ∑
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

≥ ૛(ࢉ૛ି࢈ାࢇ)૛ା(ࢉା࢈ାࢇ)

૛(ࢇା࢈ାࢉ)
 

⇔ ૛ቀ෍ࢇቁ ቄ෍ࢇ૝ + ቀ෍࢈ࢇቁቀ෍ࢇ૛ቁቅ ≥ 

≥ ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ +ࢇ)}(ࢇ ࢈ + ૛(ࢉ + +ࢇ) ࢈ − ૛ࢉ)૛} 

⇔ ૛൫ࢇ૞ + ૞࢈ + ૞൯ࢉ + ૛ࢇ૝࢈ + ૛ࢇ૝ࢉ + ૛ࢇ૜ࢉ૛ + ૛࢈ࢇ૝ + ૛࢈૝ࢉ + ૛࢈૜ࢉ૛ ≥ 

≥ ૝ࢇ૜࢈૛ + ૝ࢇ૛࢈૜ + ૝ࢇ૛࢈૛ࢉ + ૛ࢉ࢈૛ࢇ + ૜ࢉ૛ࢇ + ૛ࢉ૛࢈ࢇ + ૝ࢉࢇ + ૜ࢉ૛࢈ +  ૝(1)ࢉ࢈

Now, ૛൫ࢇ૞ + ૝൯࢈ࢇ 	 ≥
ࡳି࡭

૝ࢇ૜࢈૛   (a) 

૛൫࢈૞ + ൯࢈૝ࢇ ≥
ࡳି࡭

૝ࢇ૛࢈૜     (b) 

૛(ࢇ૝ࢉ + (ࢉ૝࢈ ≥
ࡳି࡭

૝ࢇ૛࢈૛ࢉ   (c) 
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૜ࢇ)૛ࢉ + (૜࢈ ≥ ࢇ)࢈ࢇ૛ࢉ + (࢈ = ૛ࢉ࢈૛ࢇ +  ૛   (d)ࢉ૛࢈ࢇ

૜ࢇ)૛ࢉ + (૜ࢉ ≥ +ࢇ)ࢉࢇ૛ࢉ (ࢉ = ૜ࢉ૛ࢇ +  ૝    (e)ࢉࢇ

૜࢈)૛ࢉ + (૜ࢉ ≥ +࢈)ࢉ࢈૛ࢉ (ࢉ = ૜ࢉ૛࢈ +  ૝   (f)ࢉ࢈

(a)+(b)+(c)+(d)+(e)+(f)⇒ (1) is true 

(Proved) 

૛ࢇ

࢈ + ࢉ +
૛࢈

ࢉ + ࢇ +
૛ࢉ

+ࢇ ࢈ ≥
ࢇ + ࢈ + ࢉ

૛ +
+ࢇ) ࢈ − ૛ࢉ)૛

૛(ࢇ + +࢈ (ࢉ  

Given inequality ⇔ ૛൯ࢇା࢈ࢇ∑૛൫ࢇ∑
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)

≥ ૛(ࢉ૛ି࢈ାࢇ)૛ା(ࢉା࢈ାࢇ)

૛(ࢇା࢈ାࢉ)
 

⇔ ૛ቀ෍ࢇቁ ቄ෍ࢇ૝ + ቀ෍࢈ࢇቁቀ෍ࢇ૛ቁቅ ≥ 

≥ ࢇ) + +࢈)(࢈ +ࢉ)(ࢉ +ࢇ)}(ࢇ ࢈ + ૛(ࢉ + +ࢇ) ࢈ − ૛ࢉ)૛} 

⇔ ૛൫ࢇ૞ + ૞࢈ + ૞൯ࢉ + ૛ࢇ૝࢈ + ૛ࢇ૝ࢉ + ૛ࢇ૜ࢉ૛ + ૛࢈ࢇ૝ + ૛࢈૝ࢉ + ૛࢈૜ࢉ૛ ≥ 

≥ ૝ࢇ૜࢈૛ + ૝ࢇ૛࢈૜ + ૝ࢇ૛࢈૛ࢉ + ૛ࢉ࢈૛ࢇ + ૜ࢉ૛ࢇ + ૛ࢉ૛࢈ࢇ + ૝ࢉࢇ + ૜ࢉ૛࢈ +  ૝(1)ࢉ࢈

Now, ૛൫ࢇ૞ + ૝൯࢈ࢇ ≥
ࡳି࡭

૝ࢇ૜࢈૛   (a) 

૛൫࢈૞ + ൯࢈૝ࢇ ≥
ࡳି࡭

૝ࢇ૛࢈૜   (b) 

૛(ࢇ૝ࢉ + (ࢉ૝࢈ ≥
ࡳି࡭

૝ࢇ૛࢈૛ࢉ   (c) 

૜ࢇ)૛ࢉ + (૜࢈ ≥ ࢇ)࢈ࢇ૛ࢉ + (࢈ = ૛ࢉ࢈૛ࢇ +  ૛   (d)ࢉ૛࢈ࢇ

૜ࢇ)૛ࢉ + (૜ࢉ ≥ +ࢇ)ࢉࢇ૛ࢉ (ࢉ = ૜ࢉ૛ࢇ +  ૝    (e)ࢉࢇ

૜࢈)૛ࢉ + (૜ࢉ ≥ +࢈)ࢉ࢈૛ࢉ (ࢉ = ૜ࢉ૛࢈ +  ૝   (f)ࢉ࢈

(a)+(b)+(c)+(d)+(e)+(f)⇒(1) is true (Proved) 

 

SP.093. Prove that in any triangle ࡯࡮࡭ the following inequality holds 

࢈) + ࢇ(ࢉ
ࢇ࢓

૛ +
ࢉ) + ࢈(ࢇ
࢈࢓

૛ +
ࢇ) + ࢉ(࢈
ࢉ࢓

૛ ≥ ૡ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

Let ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ = ,࢟,࢞ Then .ࢠ ࢠ > 0 and ࢙ = ࢞ + ࢟ +  ࢠ

∴ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ,࢞ ࢉ = ࢞ +  ⇔ Now, given inequality .࢟
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⇔
࢈) + ࢇ(ࢉ

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ +
ࢉ) + ࢈(ࢇ

૛ࢉ૛ + ૛ࢇ૛ − ૛࢈ +
+ࢇ) ࢉ(࢈

૛ࢇ૛ + ૛࢈૛ − ૛ࢉ ≥
(૚)

૛ 

Now, ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ = ૛(ࢠ+ ૛(࢞ + ૛(࢞ + ૛(࢟ − ࢟) +  ૛(ࢠ

= ૛ࢠ૛ + ૛࢞૛ + ૝࢞ࢠ + ૛࢞૛ + ૛࢟૛ + ૝࢟࢞ − ૛࢟ − ૛ࢠ − ૛ࢠ࢟ 

= ૛ࢠ + ૛࢟ + ૝࢞૛ + ૛ࢠ࢟ + ૝࢟࢞ + ૝࢞ࢠ − ૝ࢠ࢟ =
(ࢇ)

࢟) + ࢠ + ૛ࢠ)૛ − ૝ࢠ࢟ 

(ࢇ) ⇒ ࢇ(ࢉା࢈)
૛࢈૛ା૛ࢉ૛ିࢇ૛

= (࢞ା૛ࢠା࢟)(ࢠା࢟)
ࢠ࢟૛ି૝(࢞ା૛ࢠା࢟)

  (i) 

Similalry, (ࢉାࢇ)࢈	
૛ࢉ૛ା૛ࢇ૛ି࢈૛

=
(࢏࢏) (࢟ା૛࢞ାࢠ)(࢞ାࢠ)

࢞ࢠ૛ି૝(࢟ା૛࢞ାࢠ)
ࢉ(࢈ାࢇ) & 

૛ࢇ૛ା૛࢈૛ିࢉ૛
=

(࢏࢏࢏) (ࢠା૛࢟ା࢞)(࢟ା࢞)
࢟࢞૛ି૝(ࢠା૛࢟ା࢞)

 

(i)+(ii)+(iii)⇒ given inequality ⇔ 

⇔ ࢟) + +࢟)(ࢠ +ࢠ ૛ࢠ)}(࢞+ ࢞ + ૛࢟)૛ − ૝࢞)}{࢞ࢠ + ࢟ + ૛ࢠ)૛ − ૝࢟࢞} + 

ࢠ)+ + +ࢠ)(࢞ ࢞ + ૛࢞)}(࢟+ ࢟ + ૛ࢠ)૛ − ૝࢟)}{࢟࢞ + ࢠ + ૛࢞)૛ − ૝ࢠ࢟} + 

࢞)+ + ࢞)(࢟ + ࢟ + ૛࢟)}(ࢠ + ࢠ + ૛࢞)૛ − ૝ࢠ)}{ࢠ࢟+ ࢞ + ૛࢟)૛ − ૝࢞ࢠ} ≥ 

≥ ૛{(࢞ + ࢟ + ૛ࢠ)૛ − ૝ࢠ)}{࢟࢞ + ࢞ + ૛࢟)૛ − ૝࢟)}{࢞ࢠ + ࢠ + ૛࢞)૛ − ૝ࢠ࢟} 

⇔ ૚૙෍࢞૞࢟ + ૚૙෍࢟࢞૞ + ૠૠ෍࢞૝࢟૛ + ૠૠ෍࢞૛࢟૝ + 

+૚૞૙෍࢞૜࢟૜ ≥
(૛)

૚૚ૡࢠ࢟࢞ ቀ෍࢞૜ቁ + ૢ૙ࢠ࢟࢞ ቀ෍࢞૛࢟ + ෍࢟࢞૛ቁ + +ૠૡ࢞૛࢟૛ࢠ૛ 

Now, ૞ૢ∑ ૛࢟૝࢞ + ૞ૢ∑࢞૛࢟૝ = 

= ૞ૢ{࢞૝(࢟૛ + (૛ࢠ + ૛ࢠ)૝࢟ + (૛࢞ + ૛࢞)૝ࢠ + {(૛࢟ ≥
(࢜࢏)

ࡳି࡭
૚૚ૡࢠ࢟࢞ ቀ෍࢞૜ቁ 

Now, ∀	࢝,࢜,࢛ ∈ ℝା,∑࢛૜ + ૜࢛࢝࢜ ≥
࢛࢘ࢎࡿ

࢜૛࢛∑ + ૛࢛࢜∑  and ∑࢛૜ ≥
ࡳି࡭

૜࢛࢝࢜ 

Adding the last 2, ૛∑࢛૜ ≥ ࢜૛࢛∑ +  ૛   (b)࢛࢜∑

(b) ⇒ ૚૞૙∑࢞૜࢟૜ ≥ ૠ૞࢞∑)ࢠ࢟࢞૛࢟ +  ૛)   (v)࢟࢞∑

Again, ૚૞∑ ૛࢟૝࢞ + ૚૞∑࢞૛࢟૝ ≥
ࡳି࡭

૜૙∑࢞૜࢟૜ 

(vi) ≥ ૚૞࢞∑)ࢠ࢟࢞૛࢟ +  ૛)  (by (b))࢟࢞∑

Also, ૜∑࢞૝࢟૛ + ૜∑ ૝࢟૛࢞ ≥
ࡳି࡭

૚ૡ࢞૛࢟૛ࢠ૛  (vii) 

૚૙∑࢞૞࢟ + ૚૙∑࢟࢞૞ ≥
ࡳି࡭

૟૙࢞૛࢟૛ࢠ૛  (viii) 

(iv)+(v)+(vi)+(vii)+(viii)⇒ (2) is true (proved) 
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SP.094. Prove that in any acute triangle ࡯࡮࡭ the following inequality holds 

࡮࢙࢕ࢉ ࡯࢙࢕ࢉ
࡭࢔࢏࢙ +

࡭࢙࢕ࢉ࡯࢙࢕ࢉ
࡮࢔࢏࢙ +

࡭࢙࢕ࢉ ࡮࢙࢕ࢉ
࢔࢏࢙ ࡯ ≤

√૜
૛  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

෍
࡮ܛܗ܋࡭ܛܗ܋

ܖܑܛ ࡯ ≤
√૜
૛  

Since ࢤ	࡯࡮࡭ is acute then ࡭ܖܑܛ , ࡮ܖܑܛ , ܖܑܛ ࡯ > 0. So, the inequality is equivalent to: 

෍࡮ܛܗ܋࡭ܛܗ܋ ܖܑܛ ࡭ ܖܑܛ ࡮ ≤
√૜
૛ ܖܑܛ ࡮ܖܑܛ࡭ ܖܑܛ ࡯ ⇔ 

⇔෍ܖܑܛ૛ܖܑܛ࡭ ૛࡮ ≤ ૛√૜ܖܑܛ ࡭ ࡮ܖܑܛ ܖܑܛ  ࡯

We have: ∑ ܖܑܛ ૛࡭ ܖܑܛ ૛࡮ ≤ ܖܑܛ∑) ૛࡭)૛

૜
= [૝ ࡭ܖܑܛ ࡮ܖܑܛ ૛[࡯ܖܑܛ

૜
≤ ૛√૜ ࡭ܖܑܛ ܖܑܛ ܖܑܛ࡮   ࡯

⇔ ܖܑܛ ࡮ܖܑܛ࡭ ܖܑܛ ࡯ ≤ ૜√૜
ૡ

, this is true by AM-GM since: 

ܖܑܛ ࡭ ܖܑܛ ࡮ ࡯ܖܑܛ ≤ ૜(࡯ܖܑܛା࡮ܖܑܛା࡭ܖܑܛ)

૛ૠ
≤

൬૜√૜૛ ൰
૜

૛ૠ
= ૜√૜

ૡ
⇒ Q.E.D. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
૚

ܖܑܛ∏ ࡮ܛܗ܋෍࡭ ࡯ܛܗ܋ ܖܑܛ ࡮ ࡯ܖܑܛ =
૚

૝∏࡭ܖܑܛ෍
(૛ܖܑܛ ࡮ ૛)(࡮ܛܗ܋ ܖܑܛ ࡯ ܛܗ܋  (࡯

=
૚

૚૛∏ܖܑܛ ࡭ ⋅ ૜෍ܖܑܛ ૛࡮ ܖܑܛ ૛࡯ 

≤
૚

૚૛∏ܖܑܛ ࡭
ቀ෍ܖܑܛ ૛࡭ቁ

૛
	ቆ∵ ૜෍࢟࢞ ≤ ቀ෍࢞ቁ

૛
,࢟,࢞∀,  ቇࢠ

=
૚	(૝∏ܖܑܛ ૛(࡭

૚૛(∏ܖܑܛ (࡭ =
૝
૜

ܖܑܛ) ܖܑܛ࡭  (࡯ܖܑܛ࡮

=
૝
૜ ⋅

ࢉ࢈ࢇ
ૡࡾ૜ =

૚૟࢙࢘ࡾ
૛૝ࡾ૜ =

૛࢙࢘
૜ࡾ૛ ≤

࢘ࢋ࢒࢛ࡱ ࡿࡾ
૜ࡾ૛ =

࢙
૜ࡾ ≤

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૜√૜ࡾ
૛ ⋅ ૜ࡾ =

√૜
૛  

(proved) 
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SP.095. Let ࢈,ࢇ,  and circumradius ࢘ with inradius ࡯࡮࡭ be the side lengths of a triangle ࢉ

 :Prove that .ࡾ

૝࢈) + (૝ࢉ ૛࢔࢏࢙ ࡭ + ૝ࢉ) + (૝ࢇ ૛࢔࢏࢙ ࡮ + ૝ࢇ) + (૝࢈ ૛࢔࢏࢙ ࡯ ≤
ૡ૚
૝

(૜ࡾ૝ − ૚૟࢘૝) 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
૚
૝ࡾ૛ ૛࢈)} + ૛)૛ࢉ − ૛࢈૛ࢉ૛}ࢇ૛ + 

+
૚
૝ࡾ૛ ૛ࢉ)} + ૛)૛ࢇ − ૛ࢉ૛ࢇ૛}࢈૛ +

૚
૝ࡾ૛ ૛ࢇ)} + ૛)૛࢈ − ૛ࢇ૛࢈૛}ࢉ૛ ≤

ૡ૚
૝

(૜ࡾ૝ − ૚૟࢘૝) 

⇔ ૛࢈) + ૛ࢇ૛)૛ࢉ + ૛ࢉ) + ૛࢈૛)૛ࢇ + ૛ࢇ) + ૛ࢉ૛)૛࢈ ≤ 

≤ ૡ૚ࡾ૛(૜ࡾ૝ − ૚૟࢘૝) + ૟ࢇ૛࢈૛ࢉ૛  (1) 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ૛࢈)૛ࢇ ,Then .ࢉ + (૛ࢉ ≥ ૛ࢉ)૛࢈ + (૛ࢇ ≥ ૛ࢇ)૛ࢉ +  (૛࢈

૛࢈ + ૛ࢉ ≤ ૛ࢉ + ૛ࢇ ≤ ૛ࢇ +  ૛࢈

∴ LHS of (1) ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
૛࢈)૛ࢇ∑} + ૛࢈)∑}{(૛ࢉ +  {(૛ࢉ

=
૝
૜
ቀ෍ࢇ૛࢈૛ቁ ቀ෍ࢇ૛ቁ ≤

ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૝
૜

(૝ࡾ૛࢙૛) ቀ෍ࢇ૛ቁ 

≤
ࢠ࢚࢏࢔࢈࢏ࢋࡸ ૝

૜
(૝ࡾ૛࢙૛)(ૢࡾ૛) = ૝ૡࡾ૝࢙૛ ≤

?
ૡ૚ࡾ૛(૜ࡾ૝ − ૚૟࢘૝) + ૢ૟ࡾ૛࢘૛࢙૛ 

⇔ ૚૟ࡾ૛࢙૛ ≤
?
૛ૠ(૜ࡾ૝ − ૚૟࢘૝) + ૜૛࢘૛࢙૛ 

⇔ ૛ࡾ૛(૚૟࢙ − ૜૛࢘૛) ≤
?
ૡ૚ࡾ૝ − ૝૜૛࢘૝  (2) 

Now, LHS of (2) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟ࡾ૛ − ૜૛࢘૛) ≤
?
ૡ૚ࡾ૝ − ૝૜૛࢘૝ 

⇔ ૚ૠ࢚૝ − ૟૝࢚૜ + ૡ૙࢚૛ + ૚૛ૡ࢚ − ૜૜૟ ≥ ૙	 ൬࢚ =
ࡾ
 ൰࢘

⇔ ࢚) − ૛){(࢚ − ૛)(૚ૠ࢚૛ + ૝࢚ + ૛ૡ) + ૛૛૝} ≥ ૙ → true ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler)  

(Proved) 
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SP.096. Let ࡯࡮࡭ be a triangle and ࢇ࢝  :Prove that .࡯࡮࡭ are bisectors of ࢉ࢝,࢈࢝,

૚
ࢇ࢝ࢇ

૛ +
૚

࢈࢝࢈
૛ +

૚
ࢉ࢝ࢉ

૛ ≥
૚
 ࢤࡾ

where ࡾ is the circumradius of ࢤ,࡯࡮࡭ is area of ࡯࡮࡭. 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࢇ࢝
૛ =

૝࢈૛ࢉ૛

+࢈) ૛(ࢉ ⋅
࢙)࢙ − (ࢇ

ࢉ࢈ =
૝࢙)࢙ࢉ࢈ − (ࢇ

࢈) + ૛(ࢉ  

⇒ ૚
૛ࢇ࢝ࢇ

= ૛(ࢉା࢈)

૝(ࢇି࢙)࢙ࢉ࢈ࢇ
   (1) 

Similarly, ૚
࢈࢝࢈

૛ =
(૛) ૛(ࢇାࢉ)

૝(࢈ି࢙)࢙ࢉ࢈ࢇ
	& ૚

૛ࢉ࢝ࢉ
=
(૜) ૛(࢈ାࢇ)

૝(ࢉି࢙)࢙ࢉ࢈ࢇ
 

(1)+(2)+(3)⇒LHS = ૚
૝࢙⋅૝ࢤࡾ

∑ ૛(࢈ାࢇ)

ࢉି࢙
 

=
૚

૚૟ࢤࡾ࢙෍
࢙) + ࢙ − ૛(ࢉ

࢙ − ࢉ =
૚

૚૟ࢤࡾ࢙෍
૛࢙ + ૛࢙)࢙ − (ࢉ + ࢙) − ૛(ࢉ

࢙ − ࢉ  

=
૚

૚૟ࢤࡾ࢙൜࢙
૛෍

૚
࢙ − ࢉ + ૛࢙෍(૚) + ෍(࢙ −  ൠ(ࢉ

=
૚

૚૟ࢤࡾ࢙ ቈ
૜࢙

૛෍࢙૛࢘
૛࢙} − +ࢇ)࢙ (࢈ + {࢈ࢇ + ૟࢙ + (૜࢙ − ૛࢙)቉ 

=
૚

૚૟ࢤࡾ࢙
ቄ
࢙
૛࢘

(૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+ (૛࢘ + ૠ࢙ቅ 

= ૚
૚૟ࢤࡾ࢙

ቄ࢙(૝ࡾା࢘)
࢘

+ ૠ࢙ቅ = (࢘ାૡࡾ૝)࢙
૚૟࢘ࢤࡾ࢙

= ࢘ା૛ࡾ
૝ࢤࡾ⋅࢘

࢘ࢋ࢒࢛ࡱ= ૝࢘
૝ࢤࡾ⋅࢘

= ૚
ࢤࡾ

   (Proved) 

Proof 2: ࢇ࢝
૛ ≤ ࢙)࢙ − (ࢇ ⇒ ࢇ࢝ࢇ

૛ ≤ ࢙)࢙ࢇ − (ࢇ ⇒ ૚
ࢇ࢝ࢇ

૛ ≥
૚

(ࢇି࢙)࢙ࢇ
 (1) 

Similarly, ૚
࢈࢝࢈

૛ ≥
(૛) ૚

(࢈ି࢙)࢙࢈
	& ૚

૛ࢉ࢝ࢉ
≥
(૜) ૚

(ࢉି࢙)࢙ࢉ
 

(1)+(2)+(3)⇒LHS ≥ ૚
࢙
∑ ૚

(ࢇି࢙)ࢇ
  (4) 

WLOG, we may assume ࢇ ≥ ࢈ ≥ Then ૚ .ࢉ
ࢇ
≤ ૚

࢈
≤ ૚

ࢉ
  and ૚

ࢇି࢙
≥ ૚

࢈ି࢙
≥ ૚

ࢉି࢙
 

(4) ⇒ LHS ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜࢙
∑ ૚
ࢇ
∑ ૚
ࢇି࢙

 



 
www.ssmrmh.ro 

 

=
૚
૜࢙ቆ

࢈ࢇ∑
ࢉ࢈ࢇ ቇ

࢙
૛࢙૛࢘

ቄ෍(࢙ − ࢙)(࢈ − ቅ(ࢉ =
૛࢙) + ૝࢘+ (૛࢘
૜࢘૛࢙૛ ⋅ ૝ࢤࡾ

(૜࢙૛ − ૝࢙૛ + ૛࢙ + ૝࢘ࡾ+  (૛࢘

=
૛࢙) + ૝࢘ࡾ + ࡾ૛)(૝࢘ + (࢘

૚૛࢙࢘૛ࢤࡾ ≥
? ૚
 ࢤࡾ

⇔ ૛࢙) + ૝࢘ࡾ+ +ࡾ૛)(૝࢘ (࢘ ≥ ૚૛࢙࢘૛   (5) 

Now, LHS of (5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૛૙࢘ࡾ − ૝࢘૛)(૝ࡾ+  (࢘

& RHS of (5) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૚૛࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

∴ it suffices to prove: (૞ࡾ − +ࡾ૝)(࢘ (࢘ ≥ ૜(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) 

⇔ ૡࡾ૛ − ૚૚࢘ࡾ − ૚૙࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(ૡࡾ+ ૞࢘) ≥ ૙ → true 

∵ ࡾ ≥ ૛࢘	 (Euler) ⇒ (5) is true (Proved) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑ ૚
૛ࢇ࢝⋅ࢇ

≥ ૚
ࢤ⋅ࡾ

; 
࢞ = ࢖ − ࢇ
࢟ = ࢖ − ࢈
ࢠ = ࢖ − ࢉ

⇒ ࢞ + ࢟ + ࢠ =  ࢖

1) ∑ ૚
૛ࢇ࢝⋅ࢇ

= ૚

ቀ⋅(ࢠା࢟) ૛
૛࢞శ࢟శࢠ⋅ඥ࢞(࢞ାࢠ)(࢟ା࢞)⋅∑࢞ቁ

૛ = 

= ∑ (૛࢞ା࢟ାࢠ)૛

૝࢞ ∑⋅(࢟ା࢞)∏ ࢞
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ (∑(૛࢟࢞ା࢟ାࢠ))૛

૝∑ (࢟ା࢞)∏࢞
= ૚૟(࢞ା࢟ାࢠ)૛

૝(࢞ା࢟ାࢠ)૛⋅∏(࢞ା࢟)
  

=
૝

࢞)∏ + (࢟ =  ࡿࡴࡸ

2) ૚
ࢤ⋅ࡾ

= ૚
ࢉ࢈ࢇ
૝ࢤ ࢤ⋅

= ૝
ࢉ࢈ࢇ

= ૝
(࢟ା࢞)∏

=  ࡿࡴࡾ

1), 2) ∑ ૚
૛ࢇ࢝ࢇ

≥ ૝
(࢟ା࢞)∏

= ૚
ࢤ⋅ࡾ

 

 

SP.097. Let ࢈,ࢇ,  ࡾ circumradius ,ࡵ with incentre ࡯࡮࡭ be the side lengths of a triangle ࢉ

and inradius ࢘. Prove that: 

ࡵ࡭√
ࢇ +

ࡵ࡮√
࢈ +

ࡵ࡯√
ࢉ ≤

√૛
૛ ⋅

ࡾ√ + ࢘
࢘  

Proposed by George Apostolopoulos – Messolonghi – Greece 
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Solution by Soumava Chakraborty-Kolkata-India 

෍
ࡵ࡭√
ࢇ ≤

ࡿି࡮ି࡯
ට෍ࡵ࡭ඨ෍

૚
 ૛ࢇ

= ට෍ࡵ࡭ඨ
૛࢈૛ࢇ∑

૛ࢉ૛࢈૛ࢇ ≤
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ ૛࢙ࡾ

૝࢙࢘ࡾ
ට෍ࡵ࡭ =

૚
૛࢘

ට෍ࡵ࡭ ≤
? ඥ૛(ࡾ + (࢘

૛࢘  

⇔ ࡵ࡭∑ ≤
?
૛(ࡾ +  (1)  (࢘

Now, ∑ࡵ࡭ = ට∑࢘ ࢉ࢈
(ࢉି࢙)(࢈ି࢙)

 

=
࢙√࢘

ඥ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
෍√࢙√ࢉ࢈ − ࢇ ≤

ࡿି࡮ି࡯ ࢙√࢘
࢙࢘

ට෍࢈ࢇ√૜࢙ − ૛࢙ = ට෍࢈ࢇ 

= ඥ࢙૛ + ૝࢘ࡾ+ ૛࢘ ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	ඥ૝ࡾ૛ + ૡ࢘ࡾ + ૝࢘૛ = ඥ૝(ࡾ + ૛(࢘ = ૛(ࡾ +  (࢘

⇒ (1) is true (Proved) 

 

SP.098. Let ࡯࡮࡭ be an acute triangle with orthocenter ࡴ. Prove that: 

ࡴ࡭ ⋅ ࡴ࡮ + ࡴ࡮ ⋅ ࡴ࡯ + ࡴ࡯ ⋅ ࡴ࡭ ≤ ૟࢘ࡾ, 

where ࡾ and ࢘ are the circumradius and inradius respectively of triangle ࡯࡮࡭. 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

ࡴ࡭ ⋅ ࡴ࡮ + ࡴ࡮ ⋅ ࡴ࡯ + ࡴ࡯ ⋅ ࡴ࡭ = ෍૝ࡾ૛ ⋅ ܛܗ܋ ࡭ ⋅ ܛܗ܋ ࡮ = 

= ૝ࡾ૛ ቆ
૛࢖ + ૛࢘

૝ࡾ૛ − ૚ቇ = ૛࢖ + ૛࢘ − ૝ࡾ૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ + ૛࢘ − ૝ࡾ૛ 

= ૝ࡾ + ૝࢘૛ ≤ ૝࢘ࡾ+ ૛࢘ࡾ = ૟࢘ࡾ ⇒ Q.E.D. 

 

SP.099. Let ࢈,ࢇ, +ࢇ be non-negative such that ࢉ ࢈ + ࢉ = ૜. Prove that: 

ࢇ)| − −࢈)(࢈ ࢉ)(ࢉ − |(ࢇ ≤ ૜√૜
૛

. Equality occurs when? 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  
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Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

We will prove that: (ࢇ − −࢈)૛(࢈ ࢉ)૛(ࢉ − ૛(ࢇ ≤ ૛ૠ
૝

. WLOG, assume that 

ࢉ = ;ࢇ}ܠ܉ܕ  {ࢉ;࢈

ࢉ ≥ ࢈ ≥ ࢇ ≥ ૙: ࢇ) − ૛(࢈ ≤ ;૛࢈ ࢉ) − ૛(ࢇ ≤ ૛ࢉ ⇒ 

⇒ ࢇ) − −࢈)૛(࢈ ࢉ)૛(ࢉ − ૛(ࢇ ≤ ૛ࢉ૛࢈ ⋅ −࢈) ૛(ࢉ =
૚
૝

(૛ࢉ࢈)૛ ⋅ ૛࢈) − ૛ࢉ࢈ +  (૛ࢉ

≤
(૛ࢉ࢈+ ૛ࢉ࢈+ ૛࢈ − ૛ࢉ࢈ + ૛)૜ࢉ

૝ ⋅ ૛ૠ =
࢈) + ૟(ࢉ

૚૙ૡ ≤
+ࢇ) ࢈ + ૟(ࢉ

૚૙ૡ =
૛ૠ
૝  

૛ࢉ ≥ ࢇ ≥ ࢈ ≥ ૙: ࢇ) − ૛(࢈ ≤ ;૛ࢇ −࢈) ૛(ࢉ ≤ ૛ࢉ ⇒ ࢇ) − −࢈)૛(࢈ ࢉ)૛(ࢉ − ૛(ࢇ ≤ 

≤ ࢉ)૛ࢉ૛ࢇ − ૛(ࢇ = ૚
૝

(૛ࢉࢇ)૛ ⋅ ૛ࢇ) − ૛ࢉࢇ + (૛ࢉ ≤ ൫૛ࢉࢇା૛ࢉࢇାࢇ૛ି૛ࢉࢇାࢉ૛൯
૜

૝⋅૛ૠ
  

=
ࢇ) + ૟(ࢉ

૚૙ૡ ≤
ࢇ) + ࢈ + ૟(ࢉ

૚૙ૡ =
૛ૠ
૝  

Hence: (ࢇ − ࢈)૛(࢈ − ࢉ)૛(ࢉ − ૛(ࢇ ≤ ૛ૠ
૝
⇒ ࢇ)| − −࢈)(࢈ ࢉ)(ࢉ − |(ࢇ ≤ ૜√૜

૛
 

The equality happens iff (ࢉ;࢈;ࢇ) ∼ ቀ૙; ૜ି√૜
૛

; ૜ା√૜
૛
ቁ 

 

SP.100. Let ࢈,ࢇ,  .࢘ be the lengths of the sides of a triangle with perimeter ૜ and inradius ࢉ

Prove that: 

૛ૡૡ࢘૛ ≤
+ࢇ) ૝(࢈

૛ࢇ + ૛࢈ +
࢈) + ૝(ࢉ

૛࢈ + ૛ࢉ +
ࢉ) + ૝(ࢇ

૛ࢉ + ૛ࢇ ≤
૛
 ૛࢘

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭ with perimeter = ૜,૛ૡૡ࢘૛ ≤ ∑ ૝(࢈ାࢇ)

૛࢈૛ାࢇ
≤ ૛

૛࢘
 

૛ࢇ + ૛࢈ ≥ ૛(࢈ାࢇ)

૛
 etc, ∴ ∑ ૝(࢈ାࢇ)

૛࢈૛ାࢇ
≤ ૛∑(ࢇ+ ૛(࢈ ≤ ૛

૛࢘
 

⇔෍(ࢇ+ ૛(࢈ ≤
૚૟࢙૝

ૡ૚࢘૛ 	൬∵ ࢙
૝ =

ૡ૚
૚૟ ࢙૛	࢙ࢇ	 = ૜൰ ⇔෍ࢇ૛ + ෍࢈ࢇ ≤

ૡ࢙૝

ૡ૚࢘૛ 

⇔ ૡ࢙૝ ≥ ૡ૚࢘૛(૜࢙૛ − ૝࢘ࡾ −  (૛࢘

⇔ ૡ࢙૝ + ૜૛૝࢘ࡾ૜ + ૡ૚࢘૝ ≥ ૛૝૜࢙૛࢘૛ →  (1) 
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LHS of (1) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	ૡ࢙૛(૚૟࢘ࡾ − ૞࢘૛) + ૜૛૝࢘ࡾ૜ + ૡ૚࢘૝ ≥
?
૛૝૜࢙૛࢘૛ 

⇔ −ࡾ૛(૚૛ૡ࢙ ૛૞૟࢘) + ૜૛૝࢘ࡾ૛ + ૡ૚࢘૜ ≥
?
૛ૠ࢙૛࢘ →  (2) 

LHS of (2) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	 (૚૟࢘ࡾ − ૞࢘૛)(૚૛ૡࡾ− ૛૞૟࢘) + ૜૛૝࢘ࡾ૛ + ૡ૚࢘૜ 

and, RHS of (2) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛ૠ࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

∴ in order to prove (2), it suffices to prove: 

(૚૟࢘ࡾ − ૞࢘૛)(૚૛ૡࡾ− ૛૞૟࢘) + ૜૛૝࢘ࡾ૛ + ૡ૚࢘૜ ≥
?
૛ૠ࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) 

⇔ ૢૠࡾ૛ − ૛૛૟࢘ࡾ+ ૟૝࢘૛ ≥
?
૙ ⇔ ࡾ) − ૛࢘)(ૢૠࡾ − ૜૛࢘) ≥

?
૙ → true 

∴ ࡾ ≥ ૛࢘  (Euler) ⇒ (2) is true ∴ ૝(࢈ାࢇ)

૛࢈૛ାࢇ
≤ ૛

૛࢘
 

Again, (ࢇା࢈)૝

૛࢈૛ାࢇ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൫∑(ࢇା࢈)૛൯
૛

૛ ૛ࢇ∑
≥

ࢠ࢏࢔࢈࢏ࢋࡸ ૝൫∑ࢇ૛ା∑࢈ࢇ൯
૛

૚ૡࡾ૛
≥
?
૛ૡૡ࢘૛ 

⇔ ૛ࢇ∑ + ࢈ࢇ∑ ≥
?
૜૟࢘ࡾ ⇔ ૜࢙૛ ≥

?
૝૙࢘ࡾ + ૛࢘ → (3) 

LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૝ૡ࢘ࡾ − ૚૞࢘૛ ≥
?
૝૙࢘ࡾ + ૛࢘ ⇔ ૡ࢘ࡾ ≥

?
૚૟࢘૛ ⇔ ࡾ ≥

?
૛࢘ 

→ true (Euler) ⇒ (3) is true ∴ ૛ૡૡ࢘૛ ≤ ∑ ૝(࢈ାࢇ)

૛࢈૛ାࢇ
   

(proved) 

 

SP.101. Let ࢈,ࢇ and ࢉ be the side lengths of a triangle with inradius ࢘. Prove that: 

ඨ ૚
૝ࢇ + ૛࢈૛ࢉ૛ +

૚
૝࢈ + ૛ࢉ૛ࢇ૛ +

૚
૝ࢉ + ૛ࢇ૛࢈૛

૝
≤
√૜
૟࢘ 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Soumava Chakraborty-Kolkata-India 

૝ࢇ + ૛࢈૛ࢉ૛ = ૝ࢇ + ૛ࢉ૛࢈ + ૛ࢉ૛࢈ ≥
ࡳି࡭

૜ඥࢇ૝࢈૝ࢉ૝૜  

⇒ ૚
૛ࢉ૛࢈૝ା૛ࢇ

≤ ૚

૜ ඥࢇ૝࢈૝ࢉ૝
૜    (1) 

Similarly, ૚
૛ࢇ૛ࢉ૝ା૛࢈

≤
(૛) ૚

૜ ඥࢇ૝࢈૝ࢉ૝
૜  & ૚

૛࢈૛ࢇ૝ା૛ࢉ
≤
(૜) ૚

૜ ඥࢇ૝࢈૝ࢉ૝
૜  
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(1)+(2)+(3)⇒ ࡿࡴࡸ ≤ ට
૚

ඥࢇ૝࢈૝ࢉ૝
૜

૝ = ૚

૜ࢉ࢈ࢇ√ ≤
? √૜
૟࢘
⇔ ૜ࢉ࢈ࢇ√ ≥

(ࢇ)
√૜√૜⋅૛࢘

√૜
= ૛√૜࢘ 

Now, √ࢉ࢈ࢇ૜ = √૝࢙࢘ࡾ૜ ≥
࢘ࢋ࢒࢛ࡱ

ඥ૝(૛࢘)࢙࢘૜  

≥
࢘ஹ૜√૜࢙

ට૝(૛࢘)࢘൫૜√૜࢘൯
૜

= ඥૡ ⋅ ૜√૜࢘૜
૜ = ૛√૜࢘ ⇒  (a) is true (proved) 

 

SP.102. Let ࡯࡮࡭ be a triangle with circumradius ࡾ and inradius ࢘. Prove that: 

૝ ≤ ૛ࢉࢋ࢙
࡭
૛ + ૛ࢉࢋ࢙

࡮
૛ + ૛ࢉࢋ࢙

࡯
૛ ≤

૛ࡾ
࢘  

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ૛࢘ + ૝ࢉ࢈ࢇ,࢘ࡾ = ૝࢖࢘ࡾ and ∏ ࢖) − ࢉ࢟ࢉ(ࢇ =  ૛࢘࢖

again, ૢ࢘)࢘+ ૝ࡾ) ≤ ૜࢖૛ ≤ +࢘) ૝ࡾ)૛ 

෍࢖)ࢉ࢈ − −࢖)(࢈ (ࢉ
ࢉ࢟ࢉ

= ࢈ࢇ૛ቌ෍࢖
ࢉ࢟ࢉ

ቍ− +ࢇ)࢈ࢇ෍࢖ (࢈
ࢉ࢟ࢉ

+ ෍ࢇ૛࢈૛
ࢉ࢟ࢉ

 

= ࢈ࢇ૛෍࢖
ࢉ࢟ࢉ

− ࢇቌ෍࢖
ࢉ࢟ࢉ

ቍቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ + ૜࢖ࢉ࢈ࢇ+ ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

− ૛ࢉ࢈ࢇ෍ࢇ
ࢉ࢟ࢉ

 

= ࢘)૛࢘ + ૝ࡾ)૛ +  ૛ then࢘૛࢖

෍܋܍ܛ૛
࡭
૛

ࢉ࢟ࢉ

= ෍
ࢉ࢈

࢖)࢖ − (ࢇ
ࢉ࢟ࢉ

=
+࢘)૛࢘ ૝ࡾ)૛ + ૛࢘૛࢖

࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = ൬
+࢘ ૝ࡾ
࢖ ൰

૛

+ ૚ 

≥ ૜ + ૚ = ૝ again, ቀ࢘ା૝ࡾ
࢖
ቁ
૛

+ ૚ ≤ ૛ࡾ
࢘
⇔ ૛(ࡾା૝࢘)࢘

૛࢘ିࡾ
≤   ,૛ we will prove࢖

૜࢘)࢘+ ૝ࡾ) ≥
࢘)࢘ + ૝ࡾ)૛

૛ࡾ − ࢘ ⇔ ૜(૛ࡾ− (࢘ ≥ +࢘ ૝ࡾ ⇔ ૛(ࡾ − ૛࢘) ≥ ૙ 

which is true. Hence proved. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૝ ≤
(࢈)

૛܋܍ܛ
࡭
૛ + ૛܋܍ܛ

࡮
૛ + ૛܋܍ܛ

࡯
૛ ≤

(ࢇ) ૛ࡾ
࢘  
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෍܋܍ܛ૛
࡭
૛ = ૜ + ෍ܖ܉ܜ૛

࡭
૛ 

=
(૚)

૜ +
૚
࢙ ቊ

࢙) − ࢙)(࢈ − (ࢉ
࢙ − ࢇ +

࢙) − ࢙)(ࢉ − (ࢇ
࢙ − ࢈ +

࢙) − ࢙)(ࢇ − (࢈
࢙ − ࢉ ቋ 

૛ࡾ
࢘ =

૛࢙ࢉ࢈ࢇ
૝ࢤ૛ =

૛ࢉ࢈ࢇ࢙
૝࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ≤

(૛) ࢉ࢈ࢇ
૛(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

Let ࢙ − ࢇ = ,࢞ ࢙ − ࢈ = ,࢟ ࢙ − ࢉ = ࢠ ∴ ࢙ = ࢞ + ࢟ +  ࢠ

⇒ ࢇ = ࢟ + ࢈,ࢠ = +ࢠ ,࢞ ࢉ = ࢞ + ;࢟ ,࢟,࢞ ࢠ > 0 

(1) ⇒ ૛܋܍ܛ∑ ࡭
૛

= ૜ + ૚
࢞∑
ቀ࢟࢞
ࢠ

+ ࢠ࢟
࢞

+ ࢞ࢠ
࢟
ቁ =

(૜) ૜(࢞∑)ࢠ࢟࢞ା∑࢞૛࢟૛

(࢞∑)ࢠ࢟࢞
 

(3), (2) ⇒ (a) ⇔ (࢞∑)ࢠ࢟࢞૛ା૜࢟૛࢞∑
(࢞∑)ࢠ࢟࢞

≤ (࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)
૛ࢠ࢟࢞

 

⇔ ቀ෍࢞ቁቀ૛ࢠ࢟࢞+ ෍࢞૛࢟ + ෍࢟࢞૛ቁ ≥ ૛෍࢞૛࢟૛ + ૟ࢠ࢟࢞ ቀ෍࢞ቁ 

⇔ ૛ࢠ࢟࢞ ቀ෍࢞ቁ + ෍࢞૜࢟ + ෍࢟࢞૜ + ૛෍࢞૛࢟૛ + ૛ࢠ࢟࢞ ቀ෍࢞ቁ 

≥ ૛෍࢞૛࢟૛ + ૟ࢠ࢟࢞ ቀ෍࢞ቁ 

⇔ ࢟૜࢞∑ + ૜࢟࢞∑ ≥ ૛(4)  (࢞∑)ࢠ࢟࢞ 

LHS of (4) ≥
ࡳି࡭

૛∑࢞૛࢟૛ ≥ ૛(࢞∑)ࢠ࢟࢞	(∵ ૛࢓ + ૛࢔ + ૛࢖ ≥ +࢔࢓ ࢖࢔ +  (࢓࢖

⇒ (4) is true ⇒ (a) is true (*) 

(3) ⇒ (b) ⇔ ૛࢟૛࢞∑ + ૜(࢞∑)ࢠ࢟࢞ ≥ ૝(࢞∑)ࢠ࢟࢞ 

⇔ ૛࢟૛࢞∑ ≥ (࢞∑)ࢠ࢟࢞ → true ⇒  (b) is true (*)  (proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍܋܍ܛ૛
࡭
૛ = ෍

ࢉ࢈
࢖)࢖ − (ࢇ =

ࢉ࢈ࢇ
࢖ ⋅෍

૚
࢖)ࢇ − (ࢇ =

ࢉ࢈ࢇ
࢖ ⋅

࢖)࢈ࢇ∑ − ࢖)(ࢇ − (࢈
ࢉ࢈ࢇ ⋅ ࢖)∏ − (ࢇ  

=
૚
૛ࢤ ⋅෍

ቀ࢖)࢈ࢇ૛ − +ࢇ) +࢖(࢈ ቁ(࢈ࢇ = 

=
૚
૛ࢤ ⋅

ቀ࢖૛ ⋅෍࢈ࢇ− ࢖ ⋅෍(ࢇ૛࢈ + (૛࢈ࢇ + ෍(࢈ࢇ)૛ቁ 

=
૚
૛ࢤ ⋅ ቆ࢖

૛෍࢈ࢇ − ࢈ࢇቀ෍࢖ ⋅෍ࢇ − ૜ࢉ࢈ࢇቁ + ቀ෍࢈ࢇቁ
૛
− ૝ࢉ࢈ࢇ࢖ቇ = 
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=
૚
૛ࢤ ቆ࢖

૛෍࢈ࢇ− ૛࢖૛෍࢈ࢇ + ૜ࢉ࢈ࢇ࢖+ ቀ෍࢈ࢇቁ
૛
− ૝ࢉ࢈ࢇ࢖ቇ = 

=
૚
૛ࢤ ⋅ ቆ−࢖

૛෍࢈ࢇ + ቀ෍࢈ࢇቁ
૛
− ቇࢉ࢈ࢇ࢖ = 

=
૚
૛ࢤ

ቀ෍࢈ࢇ ૛࢖−) + ૛࢖ + ૝࢘ࡾ + (૛࢘ − ૝࢖૛࢘ࡾቁ = 

=
૚
૛ࢤ

ቀ(࢖૛ + ૝࢘ࡾ + ࢘ࡾ૛)(૝࢘ + (૛࢘ − ૝࢖૛࢘ࡾቁ = 

=
૚
૛ࢤ

(૝࢖࢘ࡾ૛ + ૛ࢤ + (૝࢘ࡾ + ૛)૛࢘ − ૝࢖૛࢘ࡾ) = ૚ +
(૝࢘ࡾ+ ૛)૛࢘

૛ࢤ = ૚ +
(૝ࡾ + ૛(࢘

૛࢖  

෍܋܍ܛ૛
࡭
૛ = ૚ +

(૝ࡾ + ૛(࢘

૛࢖ ; 	૝ ≤ ૚ + ൬
૝ࡾ + ࢘
࢖ ൰

૛

≤
૛ࡾ
࢘  

LHS: ૜ ≤ ቀ૝ࡾା࢘
࢖
ቁ
૛
⇔ √૜࢖ ≤ ૝ࡾ +  ࢘

RHS: ૚ + (૝ࡾା࢘)૛

૛࢖
≤ ૛ࡾ

࢘
⇔ (૝ࡾା࢘)૛

૛࢖
≤ ૛࢘ିࡾ

࢘
⇔ (૝ࡾ + ࢘૛(࢘ ≤ (૛ࡾ − ૛࢖(࢘ ⇒ Gerretsen 

૚૟ࡾ૛࢘ + ૡ࢘ࡾ૛ + ૜࢘ ≤ (૛ࡾ − ࢘ࡾ૚૟)(࢘ −  (૛࢙࢘

૚૟ࡾ૛ + ૡ࢘ࡾ+ ૛࢘ ≤ (૛ࡾ− ࡾ૚૟)(࢘ − ;(࢙࢘ 	૚૟ࡾ૛ − ૜૝࢘ࡾ + ૝࢘૛ ≥ ૙ 

ૡࡾ૛ − ૚ૠ࢘ࡾ+ ૛࢘૛ ≥ ૙|:࢘૛; ࡾ
࢘

= ࢚ ≥ ૛  (Euler) 

ૡ࢚૛ − ૚ૠ࢚ + ૛ ≥ ૙; (࢚ − ૛)ᇣᇧᇤᇧᇥ
ஹ૙

(ૡ࢚ − ૚)ᇣᇧᇤᇧᇥ
வ଴

≥ ૙ 

 

SP.103. Let ࢔,࢓ be positive real numbers. Prove that: 

൬
૚
࢓ +

૚
൰࢔

ି૚

≤
૝૙૜૝− ૛૙૚૞࢓
࢓ + ૛૙૚ૠ +

૝૙૜૝ − ૛૙૚૞࢔
࢔ + ૛૙૚ૠ +

࢓ + ࢔ + ૛૙૙ૢ
૛  

Proposed by Iuliana Trașcă – Romania  

Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

The inequality is equivalent to: ૝ − ૛૙૚ૠ࢓
ା૛૙૚ૠ࢓

− ૛૙૚ૠ࢔
ା૛૙૚ૠ࢔

+ ା૛૙૙ૢ࢔ା࢓
૛

≥ ૚
૚
ା࢓

૚
࢔
 

Applying AM-GM inequality: ૝ − ૛૙૚ૠ࢓
ା૛૙૚ૠ࢓

− ૛૙૚ૠ࢔
ା૛૙૚ૠ࢔

+ ା૛૙૙ૢ࢔ା࢓
૛

≥ 

≥ ૝ −
+࢓ ૛૙૚ૠ

૝ −
࢔ + ૛૙૚ૠ

૝ +
࢓ + ࢔ + ૛૙૙ૢ

૛ =
+࢓ ࢔
૝  
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So we need to prove that: ࢓ା࢔

૝
≥ ૚

૚
ା࢓

૚
࢔

⇔ ࢓) + ૛(࢔ ≥ ૝࢔࢓ ⇔ −࢓) ૛(࢔ ≥ ૙ (true) ⇒  

Q.E.D. 

 

SP.104. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

෍࢘
૚

૛࡭࢔࢏࢙
+
ࢉ࢈ࢇ
૛ ෍

૚
ඥ࢙)࢙࢈ࢇ− (ࢉ

≤ ૟ࡾ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

෍(࢖ − ࢖)(ࢇ − (࢈
ࢉ࢟ࢉ

= ࢘)࢘ + ૝ࢉ࢈ࢇ,(ࡾ = ૝࢖࢘ࡾ, ܖܑܛ
࡭
૛ = ඨ

࢖) − ࢖)(࢈ − (ࢉ
ࢉ࢈  

ܖܑܛ ࡮
૛

= ට(ࢇି࢖)(ࢉି࢖)
ࢇࢉ

  and ܖܑܛ ࡯
૛

= ට(ࢇି࢖)(࢈ି࢖)
࢈ࢇ

 

෍࢘
૚

ܖܑܛ ࢉ࢟ࢉ૛࡭

+
ࢉ࢈ࢇ
૛ ෍

૚
ඥ࢖)࢖࢈ࢇ − ࢉ࢟ࢉ(ࢉ

 

≤⏞
ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

∑ට൫࢘ ࢉ࢟ࢉ࢈ࢇ ൯ ቀ∑ ૚
ࢉ࢟ࢉ(࢈ି࢖)(ࢇି࢖) ቁ + ࢉ࢈ࢇ

૛
ටቀ∑ ૚

ࢉ࢟ࢉ࢈ࢇ ቁ ቀ∑ ૚
ࢉ࢟ࢉ(ࢇି࢖)࢖ ቁ  

≤ ૛ࡾඨૢ࢘ ⋅
∑ ࢖) − ࢉ࢟ࢉ(ࢇ

∏ ࢖) − ࢉ࢟ࢉ(ࢇ
+
ࢉ࢈ࢇ
૛ ඨ

૛࢖
૝࢖࢘ࡾ ⋅

∑ ࢖) − ࢖)(ࢇ − ࢉ࢟ࢉ(࢈

∏࢖ ࢖) − ࢉ࢟ࢉ(ࢇ
 

= ࢘ ⋅ ඨૢࡾ૛ ࢖
૛࢘࢖ + ૛࢖࢘ࡾඨ

૚
૛࢘ࡾ ⋅

+࢘)࢘ ૝ࡾ)
૛࢘૛࢖ ≤ ૜ࡾ + ૜ࡾ = ૟ࡾ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍࢘
૚

૛࡭ܖܑܛ
= ෍ඨ࢘

ࢉ࢈
࢙) − ࢙)(࢈ − (ࢉ =

࢙√࢘
ඥ࢙)࢙ − ࢙)(ࢇ − −࢙)(࢈ (ࢉ

෍ඥ࢙)ࢉ࢈ −  (ࢇ

≤
ࡿି࡮ି࡯ ࢙√࢘

࢙࢘
ට෍࢈ࢇට෍(࢙ − (ࢇ =

૚
࢙√

࢈ࢇට෍	࢙√ = ට෍࢈ࢇ = ඥ࢙૛ + ૝࢘ࡾ+  ૛࢘

≤
(૚)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
	ඥ૝ࡾ૛ + ૡ࢘ࡾ+ ૝࢘૛ = ඥ૝(ࡾ + ૛(࢘ = ૛(ࡾ+  (࢘
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Now, ࢉ࢈ࢇ

૛
∑ ૚
ඥ(ࢉି࢙)࢙࢈ࢇ

 

≤
(૛)

ࡿି࡮ି࡯ ૝࢙࢘ࡾ
૛√࢙

ඨ ૚
࢈ࢇ

+
૚
ࢉ࢈

+
૚
ࢇࢉ

ඨ ૚
࢙ − ࢉ

+
૚

࢙ − ࢇ
+

૚
࢙ − ࢈

=
૝࢙࢘ࡾ
૛√࢙

ඨ ૛࢙
૝࢙࢘ࡾ

ඨ࢙ ⋅
࢙)∑ − ࢙)(ࢇ − (࢈

૛࢙૛࢘
 

=
√૝࢘ࡾ√૛

૛࢘
ට෍(࢙૛ − ࢙)࢙ + (࢈ + (࢈ࢇ = ඨ૛ࡾ

࢘
ඥ૜࢙૛ − (࢙૝)࢙ + ૛࢙ + ૝࢘ࡾ+ ૛࢘ = ඥ૛ࡾ(૝ࡾ+  (࢘

(1) + (2) ⇒ LHS ≤ ૛(ࡾ+ (࢘ + ඥ૛ࡾ(૝ࡾ+ (࢘ ≤
?
૟ࡾ ⇔ ૛ࡾ(૝ࡾ+ (࢘ ≤

?
૝(૛ࡾ−  ૛(࢘

⇔ ૝ࡾ૛ + ࢘ࡾ ≤
?
ૡࡾ૛ − ૡ࢘ࡾ+ ૛࢘૛ ⇔ ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥

?
૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ− (࢘ ≥

?
૙ → 

→ true ∵ ࡾ ≥ ૛࢘  (Euler) (Proved) 

 

SP.105. Let ࡳ be the centroid in ࢤ	࡯࡮࡭. Prove that: 

෣൯࡭࡮ࡳ൫࢚࢕ࢉ + ෣൯࡮࡯ࡳ൫࢚࢕ࢉ + ෣൯࡯࡭ࡳ൫࢚࢕ࢉ > ࡭࢚࢕ࢉ + ࡮࢚࢕ࢉ + ࡯࢚࢕ࢉ + ૜ 

Proposed by Daniel Sitaru – Romania  

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

࡯࡮ = ࡭࡯;ࢇ = ࡮࡭;࢈ = ࡳ࡮࡭ࡿ;ࢉ = ࡳ࡯࡭ࡿ = ࡳ࡯࡮ࡿ =
࡯࡮࡭ࡿ
૜  

ܜܗ܋ ෣࡭࡮ࡳ + ܜܗ܋ ෣࡮࡯ࡳ + ܜܗ܋ ෣࡯࡭ࡳ = 

=
૛࡮࡭ + ૛ࡳ࡮ − ૛ࡳ࡭

૝ࡳ࡮࡭ࡿ
+
૛ࡳ࡯ + ૛࡯࡮ ૛ࡳ࡮−

૝࡯ࡳ࡮ࡿ
+
૛ࡳ࡭ + ૛࡯࡭ − ૛࡭ࡳ

૝ࡳ࡯࡭ࡿ
 

= ૜
૝
ቀࢇ

૛ା࢈૛ାࢉ૛

࡯࡮࡭ࡿ
ቁ = ૛ࢉ૛ା࢈૛ାࢇ

૝࡯࡮࡭ࡿ
+ ૛ࢉ૛ା࢈૛ାࢇ

૛࡯࡮࡭ࡿ
   (1) 

- Other: ࡿ = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ ≤ ࢇࢉାࢉ࢈ା࢈ࢇ
૝√૜

≤ ૛ࢉ૛ା࢈૛ାࢇ

૝√૜
 

⇒ ૛ࢉ૛ା࢈૛ାࢇ

૛࡯࡮࡭ࡿ
≥ ૛√૜ > 3  (2) 

(1), (2) ⇒ ܜܗ܋ ෣࡭࡮ࡳ + ܜܗ܋ ෣࡮࡯ࡳ + ܜܗ܋ ෣࡯࡭ࡳ > ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ +࡯ ૜ 

(Because ܜܗ܋ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ ࡯ = ૛ࢉ૛ା࢈૛ାࢇ

૝࡯࡮࡭ࡿ
) 
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UP.091. Let be ࢇ ∈ ℝା

∗  and the continuous functions ࢎ,ࢍ,ࢌ:ℝ → ℝ where ࢌ and ࢍ are odd 

and ࢎ is even. Prove that: 

න(࢞)ࢌ
ࢇ

ࢇି

⋅ ൫૚࢔࢒ + ൯(࢞)ࢍࢋ ⋅ ࢞ࢊ൯(࢞)ࢎ൫࢔ࢇ࢚ࢉ࢘ࢇ = න(࢞)ࢌ
ࢇ

૙

 ࢞ࢊ൯(࢞)ࢎ൫࢔ࢇ࢚ࢉ࢘ࢇ(࢞)ࢍ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Abdallah El Farisi-Bechar-Algerie 

න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢍࢋ ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉ ࢞ࢊ = − න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢍିࢋ ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉  ࢞ࢊ

= − න(࢞)ࢌ
ࢇ

ࢇି

ቀܖܔ൫૚ + ൯(࢞)ࢍࢋ −  ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉ቁ(࢞)ࢍ

= − න(࢞)ࢌ
ࢇ

ࢇି

൫ܖܔ൫૚ + ൯൯(࢞)ࢍࢋ ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉ ࢞ࢊ + න(࢞)ࢌ
ࢇ

ࢇି

 ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉(࢞)ࢍ

= − න(࢞)ࢌ
ࢇ

ࢇି

൫ܖܔ൫૚ + ൯൯(࢞)ࢍࢋ ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉ + ૛න(࢞)ࢍ(࢞)ࢌ
ࢇ

૙

൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉  ࢞ࢊ

න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢍࢋ ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉ = න(࢞)ࢍ(࢞)ࢌ
ࢇ

૙

 ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉

Solution 2 by Shivam Sharma-New Delhi-India 

Let, 

ࡵ = න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢍࢋ  ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉

As we know the following lemma: 

If (࢞)ࢌ is a continous function defined on ൣ–ࢇ,ࢇ൧, then, 

න(࢞)ࢌ
ࢇ

ࢇି

࢞ࢊ = ൞૛න(࢞)ࢌ
ࢇ

૙

,࢞ࢊ ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢔ࢋ࢜ࢋ	࢔ࢇ	࢙࢏	(࢞)ࢌ	ࢌ࢏

૙, ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢊࢊ࢕	࢔ࢇ	࢙࢏	(࢞)ࢌ	ࢌ࢏

 

Using the above lemma, we get, 
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⇒ න(࢞−)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞ି)ࢍࢋ  ࢞ࢊ൯(࢞−)ࢎ൫ܖ܉ܜ܋ܚ܉

⇒ − න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢍିࢋ ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉  ࢞ࢊ

⇒ − න(࢞)ࢌ
ࢇ

ࢇି

൫૚ܖܔ + ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉൯(࢞)ࢍࢋ ࢞ࢊ + න(࢞)ࢌ
ࢇ

ࢇି

൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉൯(࢞)ࢍࢋ൫ܖܔ  ࢞ࢊ

⇒ ࡵ− + ૛න(࢞)ࢌ
ࢇ

૙

 ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉(࢞)ࢍ

(OR) 

૛ࡵ = ૛∫ ࢇ(࢞)ࢌ
૙ ࡵ (OR)	࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉(࢞)ࢍ = ∫ ࢇ(࢞)ࢍ(࢞)ࢌ

૙  ࢞ࢊ൯(࢞)ࢎ൫ܖ܉ܜ܋ܚ܉

(proved) 

 

UP.092. Calculate: 

࢓࢏࢒
ஶ→࢔

ඥ࢔૛૜ ቀ ඥ(࢔+ ૚)!૜(࢔శ૚)
− ࢔૜!࢔√ ቁ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

ඨ࢔!
࢔࢔

ܖ
=
૚
 ܍

࢔ࢹ = ܕܑܔ
ஶ→࢔

ඥ࢔૛૜ ቀ ඥ(࢔ + ૚)!૜(࢔శ૚)
− ࢔૜!࢔√ ቁ 

= ஶ→࢔ܕܑܔ ቆට
૜!࢔√

࢔

૜
⋅ ૚ି࢔࢛
࢔࢛ܖܔ

⋅ ܖܔ ࢔࢛ ቇ where࢔࢔࢛ = ඥ(࢔ା૚)!
૜(࢔శ૚)

࢔૜!࢔√  for all ࢔ ∈ ℕ 

∴ ࢔࢛ = ඥ(࢔ା૚)!૜(࢔శ૚)

࢔૜!࢔√ = ඥ(࢔ା૚)!૜(࢔శ૚)

ା૚૜࢔√ ⋅ ૜࢔√

࢔૜!࢔√ ⋅ ට૚ + ૚
࢔

૜  then ࢔ܕܑܔ→ஶ ࢔࢛ = ૚ 

now, ࢔࢛ → ૚ then ି࢔࢛૚
࢔࢛ܖܔ

→ ૚ for all ࢔ → ∞ 
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࢔࢔࢛ = ൭
ඥ(࢔ + ૚)!૜(࢔శ૚)

࢔૜!࢔√ ൱
࢔

= ඨ
+࢔) ૚)!

!࢔ ⋅
૚

ඥ(࢔ + ૚)!࢔శ૚

૜
= ඨ

࢔
࢔ + ૚ ⋅

࢔ + ૚
ඥ(࢔+ ૚)!࢔శ૚

૜
 

∴ ஶ→࢔ܕܑܔ ࢔࢔࢛ = ૜ࢋ√   and ࢔ࢹ = ૚

૜ࢋ√ ⋅ ૚ ⋅ ܖܔ ૜ࢋ√ = ૚
૜ ૜ࢋ√  

 

UP.093. Let (࢔ࢇ)࢔ஹ૚,  ஹ૚ be positive real sequences such that there exists࢔(࢔࢈)

ஶ→࢔࢓࢏࢒
శ૚࢔ࢇ
࢔ࢇ⋅࢔

 and ࢔࢓࢏࢒→ஶ(࢔࢈ − ࢛ ⋅  :Find .(࢔ࢇ

a. ࢔࢓࢏࢒→ஶ൫ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ 

b. ࢔࢓࢏࢒→ஶ ൬
૛(ା૚࢔)

ඥ࢔࢈శ૚
శ૚࢔ − ૛࢔

ඥ࢔࢈
࢔ ൰ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

a. Let ࢔ܕܑܔ→ஶ(࢔࢈ − ࢛ ⋅ (࢔ࢇ = ࢔ࢇஶ→࢔ܕܑܔ now let ࢜ = ࢞ > 0 because ࢔ܕܑܔ→ஶ
శ૚࢔ࢇ
࢔ࢇ⋅࢔

= ࢇ >

0 then 

ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ⋅࢔

= ࢇ ⇒ ࢞
࢞
⋅ ૚
ஶ

= ࢇ ⇒ ࢇ = ૙, which is false. Then ࢔ܕܑܔ→ஶ ࢔ࢇ = ∞ 

now, ࢔ܕܑܔ→ஶ(࢔࢈ − ࢛ ⋅ (࢔ࢇ = ࢜ ⇒ ஶ→࢔ܕܑܔ ቀ
࢔࢈
࢔ࢇ
− ቁ࢛ = ࢜ ஶ→࢔ܕܑܔ

૚
࢔ࢇ

= ૙ then 

⇒ ஶ→࢔ܕܑܔ
࢔࢈
࢔ࢇ

= ஶ→࢔ܕܑܔ ,Now .࢛
ඥ࢔࢈
࢔

࢔
= ஶ→࢔ܕܑܔ ට࢔࢈

࢔࢔
࢔

 

=
࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰ	࢟ࢎࢉ࢛ࢇ࡯

ஶ→࢔ܕܑܔ ቆ
శ૚࢔࢈
శ૚࢔ࢇ

⋅ ࢔ࢇ
࢔࢈
⋅ శ૚࢔ࢇ
࢔ࢇ⋅࢔

⋅ ૚

ቀ૚ା૚࢔ቁ
࢔ ⋅

࢔
ା૚࢔

ቇ = ቀ࢛ ⋅ ૚
࢛
⋅ ࢇ ⋅ ૚

ࢋ
ቁ = ࢇ

ࢋ
  

ஶ൫→࢔ܕܑܔ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ = ஶ→࢔ܕܑܔ ൬
ඥ࢔࢈
࢔

࢔
⋅ ૚ି࢔࢛
࢔࢛ܖܔ

⋅ ܖܔ ࢔࢛ ൰ where࢔࢔࢛ = ඥ࢔࢈శ૚
శ૚࢔

ඥ࢔࢈
࢔  

࢔࢛ = ൬ ඥ࢔࢈శ૚
శ૚࢔

ା૚࢔
⋅ ࢔
ඥ࢔࢈
࢔ ⋅ ା૚࢔

࢔
൰ ⇒ ஶ→࢔ܕܑܔ ࢔࢛ = ૚ then ࢔ܕܑܔ→ஶ

૚ି࢔࢛
࢔࢛ܖܔ

= ૚ 

∴ ࢔࢔࢛ = ቆ
ඥ࢔࢈ା૚

శ૚࢔

ඥ࢔࢈
࢔ ቇ

࢔

= ቆ
ା૚࢔࢈
ା૚࢔ࢇ

⋅
࢔ࢇ
࢔࢈

⋅
ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

⋅
࢔ + ૚
ඥ࢔࢈ା૚

శ૚࢔ ⋅
࢔

࢔ + ૚ቇ 

∴ ஶ→࢔ܕܑܔ ࢔࢔࢛ = ቀ࢛ ⋅ ૚
࢛
⋅ ࢇ ⋅ ࢋ

ࢇ
ቁ =  then ,ࢋ

ܕܑܔ
ஶ→࢔

൫ ඥ࢔࢈ା૚
శ૚࢔ − ඥ࢔࢈

࢔ ൯ = ቀ
ࢇ
ࢋ ⋅ ૚ ⋅ ܖܔ ࢋ

ቁ =
ࢇ
 ࢋ
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b. ࢔ܕܑܔ→ஶ

࢔
ඥ࢔࢈
࢔ = ࢋ

ࢇ
 then ࢔ܕܑܔ→ஶ ൬

૛(ା૚࢔)

ඥ࢔࢈శ૚
శ૚࢔ − ૛࢔

ඥ࢔࢈
࢔ ൰ 

= ஶ→࢔ܕܑܔ ൬
࢔
ඥ࢔࢈
࢔ ⋅ ૚ି࢔࢛

࢔࢛ܖܔ
⋅ ࢔࢛ ൰ where࢔࢔࢛ܖܔ = ቀ૚ + ૚

࢔
ቁ
૛
⋅ ඥ࢔࢈

࢔

ඥ࢔࢈శ૚
శ૚࢔  for all ࢔ ∈ ℕ 

ஶ→࢔ܕܑܔ ࢔࢛ = ஶ→࢔ܕܑܔ ൬ቀ૚ + ૚
࢔
ቁ
૛
⋅ ඥ࢔࢈
࢔

࢔
⋅ ା૚࢔

ඥ࢔࢈శ૚
శ૚࢔ ⋅ ࢔

ା૚࢔
൰ = ૚ then ࢔ܕܑܔ→ஶ

૚ି࢔࢛
࢔࢛ܖܔ

= ૚ 

ஶ→࢔ܕܑܔ ࢔࢔࢛ = ஶ→࢔ܕܑܔ ൬ቀ૚ + ૚
࢔
ቁ
૛࢔
⋅ ࢔࢈
࢔ࢇ
⋅ శ૚࢔ࢇ
శ૚࢔࢈

⋅ ࢔ࢇ⋅࢔
శ૚࢔ࢇ

ቀ૚ + ૚
࢔
ቁ ⋅ ඥ࢔࢈శ૚

శ૚࢔

ା૚࢔
൰ = ቀࢋ૛ ⋅ ࢛ ⋅ ૚

࢛
⋅ ૚
ࢇ
⋅ ࢇ
ࢋ
ቁ =

 then ࢋ

ܕܑܔ
ஶ→࢔

ቆ
+࢔) ૚)૛

ඥ࢔࢈ା૚
శ૚࢔ −

૛࢔

ඥ࢔࢈
࢔ ቇ = ቀ

ࢋ
ࢇ ⋅ ૚ ⋅ ܖܔ ࢋ

ቁ =
ࢋ
 ࢇ

 

UP.094. Let (࢔࢙)࢔ஹ૚, ࢔࢙ = ∑ ૚
૛࢑

࢔
ୀ૚࢑ . Calculate: 

࢓࢏࢒
ஶ→࢔

ቆ࢔࢙ ⋅ ඥ(࢔ + ૚)!࢔శ૚ −
૛࣊

૟ ⋅ ࢔!࢔√ ቇ 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Shivam Sharma-New Delhi-India 

Let, ࡸ = ஶ→࢔ܕܑܔ ቀ࢔࢙ ⋅ ඥ(࢔+ ૚)!࢔శ૚ − ૛࣊

૟ ࢔!࢔√ ቁ 

⇒ ൭ܕܑܔ
ஶ→࢔

෍
૚
૛࢑

࢔

ୀ૚࢑

൱ ቀܕܑܔ
ஶ→࢔

ඥ(࢔+ ૚)!࢔శ૚ ቁ −
૛࣊

૟
ቀܕܑܔ
ஶ→࢔

࢔!࢔√ ቁ 

⇒ ൥൭෍
૚
૛࢑

ஶ

ୀ૚࢑

൱ ⋅ ܕܑܔ
ஶ→࢔

ඥ(࢔+ ૚)!࢔శ૚ −
૛࣊

૟ ⋅ ܕܑܔ
ஶ→࢔

࢔!࢔√ ൩ 

⇒ (૛)ࣀ ⋅ ܕܑܔ
ஶ→࢔

ඥ(࢔ + ૚)!࢔శ૚ −
૛࣊

૟ ⋅ ܕܑܔ
ஶ→࢔

࢔!࢔√ ⇒
૛࣊

૟ ⋅ ܕܑܔ
ஶ→࢔

ඥ(࢔ + ૚)!࢔శ૚ −
૛࣊

૟ ⋅ ܕܑܔ
ஶ→࢔

࢔!࢔√  

⇒
૛࣊

૟
ቂܕܑܔ
ஶ→࢔

ቀ ඥ(࢔ + ૚)!࢔శ૚ − ࢔!࢔√ ቁቃ 

As we know, the Stirling’s formula, we get, ࢔! = ቀ࢔
ࢋ
ቁ
࢔
√૛࢔࣊. Using this, we get, 

⇒
૛࣊

૟ ቈܕܑܔ
ஶ→࢔

൬
࢔ + ૚
ࢋ ൰ ൫૛࢔)࣊ + ૚)൯

૚
ା૚࢔ − ቀ

࢔
ࢋ
ቁ (૛࢔࣊)

૚
 ቉࢔
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Now, applying Cauchy D’Alembert, we get, 

⇒
૛࣊

૟
⎣
⎢
⎢
⎢
⎡
૚
ࢋ

⎝

⎜
⎛
ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
൬
࢔ + ૛
࢔ + ૚൰ −

൫૛࢔)࣊ + ૛)൯
૚

ା૛࢔

൫૛࢔)࣊ + ૚)൯
૚

ା૚࢔
− ൬

࢔ + ૚
࢔ ൰ ⋅

൬૛࢔)࣊+ ૚)
૚

ା૚൰࢔

(૛࢔࣊)
૚
࢔

⎠

⎟
⎞

⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎤
 

(or) 

ࡸ = ૛࣊

૟ࢋ
  (1) 

(or) 

ࡸ =
૛࣊

૟ࢋ 

(Answer) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢔ܕܑܔ
࢔!࢔√

࢔
= ૚

ࢋ
 then ࢔ܕܑܔ→ஶ ቀ ඥ(࢔ + ૚)!࢔శ૚ − ࢔!࢔√ ቁ 

= ஶ→࢔ܕܑܔ ቀ
࢔!࢔√

࢔
⋅ ૚ି࢔࢛
࢔࢛ܖܔ

⋅ ܖܔ ࢔࢛ ቁ where࢔࢔࢛ = ඥ(࢔ା૚)!࢔శ૚

࢔!࢔√  for all ࢔ ∈ ℕ 

ஶ→࢔ܕܑܔ ࢔࢛ = ஶ→࢔ܕܑܔ ൬
ඥ(࢔ା૚)!࢔శ૚

ା૚࢔
⋅ ࢔
࢔!࢔√ ⋅ ା૚࢔

࢔
൰ = ૚ then ି࢔࢛૚

࢔࢛ܖܔ
→ ૚ as ࢔ → ∞ 

ܕܑܔ
ஶ→࢔

࢔࢔࢛ = ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)!

!࢔ ⋅
૚

ඥ(࢔ + ૚)!࢔శ૚ ቇ = ܕܑܔ
ஶ→࢔

ቆ
࢔

࢔ + ૚ ⋅
࢔ + ૚
ඥ(࢔ + ૚)!࢔శ૚ ቇ =  ࢋ

ܕܑܔ
ஶ→࢔

ቀ ඥ(࢔ + ૚)!࢔శ૚ − ࢔!࢔√ ቁ = ൬
૚
ࢋ ⋅ ૚ ⋅ ܖܔ ൰ࢋ =

૚
 ࢋ

ܕܑܔ
ஶ→࢔

ቆ࢔࢙ ඥ(࢔ + ૚)!࢔శ૚ −
૛࣊

૟ ࢔!࢔√ ቇ 

= ܕܑܔ
ஶ→࢔

ቆ࢔࢙ −
૛࣊

૟ ቇ ඥ(࢔ + ૚)!࢔శ૚ +
૛࣊

૟ ܕܑܔ
ஶ→࢔

ቀ ඥ(࢔+ ૚)!࢔శ૚ − ࢔!࢔√ ቁ 

= ܕܑܔ
ஶ→࢔

ඥ(࢔ + ૚)!࢔శ૚

࢔ + ૚ ⋅
+࢔ ૚
࢔ ⋅ ࢔ ቆ࢔࢙ −

૛࣊

૟ ቇ +
૛࣊

૟ࢋ 

= ૚
ࢋ
ஶ→࢔ܕܑܔ ቀ࢔࢙ −

૛࣊

૟
ቁ + ૛࣊

૟ࢋ
= ૚

ࢋ
ஶ→࢔ܕܑܔ

࢔࢙శ૚ି࢔࢙
૚

ି(శ૚࢔)
૚
࢔

+ ૛࣊

૟ࢋ
= ૛࣊

૟ࢋ
  (Ans:) 
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UP.095. Let (࢔࢙)࢔ஹ૚, ࢔࢙ = ∑ ૚

૛࢑
࢔
ୀ૚࢑  and let (࢔ࢇ)࢔ஹ૚ be a positive real sequence such that 

ஶ→࢔࢓࢏࢒ ቀ࢔࢙ ⋅ ඥ࢔ࢇା૚࢔శ૚ − ૛࣊

૟
⋅ ඥ࢔࢔ࢇ ቁ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

ඥ࢔࢔ࢇ

࢔ = ܕܑܔ
ஶ→࢔

ට
࢔ࢇ
࢔࢔

࢔
	 =⏞
࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ

࢔) + ૚)࢔ା૚ ⋅
࢔࢔

࢔ࢇ
൰ = ܕܑܔ

ஶ→࢔
൮
ା૚࢔ࢇ
࢔ ⋅ ࢔ࢇ

⋅
૚

ቀ૚ + ૚
ቁ࢔

࢔ ⋅
࢔

࢔ + ૚
൲ =

ࢇ
 ࢋ

Let ࢔࢛ = ඥ࢔ࢇశ૚
శ૚࢔

ඥ࢔࢔ࢇ  for all ࢔ ∈ ℕ ࢔ܕܑܔ→ஶ ࢔࢛ = ஶ→࢔ܕܑܔ ൬
ඥ࢔ࢇశ૚

శ૚࢔

ା૚࢔
⋅ ࢔
ඥ࢔࢔ࢇ ⋅ ା૚࢔

࢔
൰ = ૚ 

Hence, ି࢔࢛૚
࢔࢛ܖܔ

→ ૚ as ࢔ → ∞, ஶ→࢔ܕܑܔ ࢔࢔࢛ = ஶ→࢔ܕܑܔ ൬
శ૚࢔ࢇ
࢔ࢇ࢔

⋅ ࢔
ା૚࢔

⋅ ା૚࢔
ඥ࢔ࢇశ૚

శ૚࢔ ൰ = ቀࢇ ⋅ ૚ ⋅ ࢋ
ࢇ
ቁ =  ࢋ

ܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚࢔శ૚ − ඥ࢔࢔ࢇ ൯ = ܕܑܔ
ஶ→࢔

ቆ
ඥ࢔࢔ࢇ

࢔ ⋅
࢔࢛ − ૚
࢔࢛ܖܔ

⋅ ܖܔ ቇ࢔࢔࢛ = ቀ
ࢇ
ࢋ ⋅ ૚ ⋅ ࢋܖܔ

ቁ =
ࢇ
 ࢋ

ܕܑܔ
ஶ→࢔

࢔ ቆ࢔࢙ −
૛࣊

૟ ቇ =⏞
ࢠ࢒࢕࢚ࡿି࢕࢘ࢇ࢙ࢋࢇ࡯

ܕܑܔ
ஶ→࢔

ା૚࢔࢙ − ࢔࢙
૚

࢔ + ૚ −
૚
࢔

= −૚ 

ܕܑܔ
ஶ→࢔

ቆ࢔࢙ ඥ࢔ࢇା૚࢔శ૚ −
૛࣊

૟ ඥ࢔࢔ࢇ ቇ = ܕܑܔ
ஶ→࢔

ቆ࢔࢙ −
૛࣊

૟ ቇ ඥ࢔ࢇା૚࢔శ૚ +
૛࣊

૟ ܕܑܔ
ஶ→࢔

൫ ඥ࢔ࢇା૚࢔శ૚ − ඥ࢔࢔ࢇ ൯ 

= ܕܑܔ
ஶ→࢔

ඥ࢔ࢇା૚࢔శ૚

࢔ + ૚ ⋅
࢔ + ૚
࢔ ⋅ ࢔࢙ቆ࢔ −

૛࣊

૟ ቇ+
૛࣊ࢇ

૟ࢋ =
૛࣊)ࢇ − ૟)

૟ࢋ  

 

UP.096. Let (࢔࢙)࢔ஹ૚, ࢔࢙ = ∑ ૚
૛࢑

࢔
ୀ૚࢑ . Calculate: 

࢓࢏࢒
ஶ→࢔

ቆ࢔࢙ ⋅ ඥ(૛࢔+ ૚)‼࢔శ૚ −
૛࣊

૟ ⋅ ඥ(૛࢔ − ૚)‼࢔ ቇ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Shivam Sharma-New Delhi-India 

Let, 

ࡸ = ܕܑܔ
ஶ→࢔

ቆ࢔࢙ ඥ(૛࢔ + ૚)‼࢔శ૚ −
૛࣊

૟ ඥ(૛࢔ − ૚)‼࢔ ቇ 

As we know, (૛࢔+ ૚)‼ = (૛࢔ା૚)!
૛࢔࢔!

, (૛࢔ − ૚)! = (૛࢔)!
૛࢔࢔!

. Using this, we get, 
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⇒ ܕܑܔ
ஶ→࢔

቎൭෍
૚
૛࢑

࢔

ୀ૚࢑

൱ቆ
(૛࢔+ ૚)!
૛࢔࢔!

ቇ

૚
ା૚࢔

−
૛࣊

૟
ቆ

(૛࢔)!
૛࢔࢔!

ቇ

૚
࢔
቏ ⇒

૛࣊

૟
቎ܕܑܔ
ஶ→࢔

ቐቆ
(૛࢔+ ૚)!
૛࢔࢔!

ቇ

૚
ା૚࢔

− ቆ
(૛࢔)!	
૛࢔࢔!

ቇቑ቏ 

Now, applying Stirling’s formula, we get, 

⇒
૛࣊

૟

⎣
⎢
⎢
⎢
⎡

ܕܑܔ
ஶ→࢔

⎩
⎪
⎨

⎪
⎧

൮
ቀ૛࢔+ ૚

ࢋ ቁ
૛࢔ା૚

ඥ૛࣊(૛࢔+ ૚)

૛࢔ ቀࢋ࢔ቁ
࢔
√૛࢔࣊

൲

૚
ା૚࢔

− ൮
ቀ૛ࢋ࢔ ቁ

૛࢔
√૝࢔࣊

૛࢔ ቀࢋ࢔ቁ
࢔
√૛࢔࣊

൲

૚
࢔

⎭
⎪
⎬

⎪
⎫

⎦
⎥
⎥
⎥
⎤

 

Now, appling Cauchy D’Alembert, we get, 

ࡸ = ૛࣊

૜ࢋ
− ૛

ࢋ
,  or ࡸ = ૛ି૟࣊

૜ࢋ
 

 

UP.097. If ࢟,࢞, ,࢈,ࢇ,ࢠ ࢉ > 0 then: 

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞
૝ࢠ࢟࢞ ≥ ൬

࢞ + ࢠ
࢟ + ࢠ +

࢟ + ࢠ
+࢞ ࢠ

൰
ࢇ

ࢉା࢈ାࢇ
൬
࢟ + ࢞
+ࢠ ࢞ +

+ࢠ ࢞
࢟ + ࢞

൰
࢈

ࢉା࢈ାࢇ
⋅ ൬
ࢠ + ࢟
+࢞ ࢟ +

+࢞ ࢟
ࢠ + ࢟

൰
ࢉ

ࢉା࢈ାࢇ
≥ ૛ 

(A refinement of Cesaro’s inequality) 

Proposed by Mihály Bencze Romania  

Solution by proposer 

We have: ቐ
(࢞ାࢠ)(ࢠା࢟)

૝ࢠ࢟
≥ ࢠା࢞

ࢠା࢟
⇔ −࢟) ૛(ࢠ ≥ ૙

(࢞ାࢠ)(ࢠା࢟)
૝ࢠ࢞

≥ ࢠା࢟
ࢠା࢞

⇔ ࢠ) − ૛(࢞ ≥ ૙
 

After addition we obtain: (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝ࢠ࢟࢞

≥ ࢠା࢞
ࢠା࢟

+ ࢠା࢟
ࢠା࢞

≥ ૛ and  

⎩
⎪
⎪
⎨

⎪
⎪
⎧ቆ

࢞) + ࢟)(࢟ + +ࢠ)(ࢠ (࢞
૝ࢠ࢟࢞ ቇ

ࢇ

≥ ൬
࢞ + ࢠ
࢟ + +ࢠ

࢟ + ࢠ
࢞ + ൰ࢠ

ࢇ
≥ ૛ࢇ

ቆ
࢞) + ࢟)(࢟ + +ࢠ)(ࢠ (࢞

૝ࢠ࢟࢞ ቇ
࢈

≥ ൬
࢟ + ࢞
ࢠ + ࢞ +

+ࢠ ࢞
࢟ + ൰࢞

࢈
≥ ૛࢈

ቆ
+࢞) ࢟)(࢟ + +ࢠ)(ࢠ (࢞

૝ࢠ࢟࢞ ቇ
ࢉ

≥ ൬
ࢠ + ࢟
࢞ + ࢟ +

࢞ + ࢟
+ࢠ ൰࢟

ࢉ
≥ ૛ࢉ

 

After multiplication we obtain the desired inequalities. 
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UP.098. Let ࢈,ࢇ ∈ ℝ,ࢇ < ܾ and ࢍ,ࢌ:ℝ → ℝ continuos functions such that 

+ࢇ)ࢌ(࢞)ࢌ ࢈ − (࢞ = ૚,(࢞)ࢍ = +ࢇ)ࢍ −࢈ ࢞,(࢞ ∈ ℝ. 

Show that 

න
(࢞)ࢍ

૚ + (࢞)ࢌ

࢈

ࢇ

࢞ࢊ =
૚
૛ ⋅ න(࢞)ࢍ

࢈

ࢇ

 ࢞ࢊ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Let ࢞ = +ࢇ ࢈ − ࢠ ⇒ ࢞ࢊ = ࢞ when ;ࢠࢊ− = ,ࢇ ࢠ = ࢞;࢈ = ,࢈ ࢠ =  ࢇ

Let ࡵ = ∫ (࢞)ࢍ
૚ା(࢞)ࢌ

࢈
ࢇ ࢞ࢊ = ∫ (ࢠࢊି)(ࢠି࢈ାࢇ)ࢍ

૚ାࢌ(ࢇାࢠି࢈)
࢈
ࢇ = ∫ ࢠࢊ(ࢠ)ࢍ

૚ା ૚
(ࢠ)ࢌ

࢈
ࢇ = ∫ (ࢠ)ࢍ(ࢠ)ࢌ

૚ା(ࢠ)ࢌ
࢈
ࢇ  ࢠࢊ

= නࢠࢊ(ࢠ)ࢍ
࢈

ࢇ

−න
(ࢠ)ࢍ

૚ + (ࢠ)ࢌ

࢈

ࢇ

ࢠࢊ ⇒ ૛ࡵ = නࢠࢊ(ࢠ)ࢍ
࢈

ࢇ

⇒ ࡵ =
૚
૛න(࢞)ࢍ

࢈

ࢇ

 ࢞ࢊ

Hence proved 

Solution 2 by Shivam Sharma-New Delhi-India 

As we know, the following lemma, 

If (࢞)ࢌ is a continuos function defined on [࢈,ࢇ]; then, 

න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

= නࢇ)ࢌ+ ࢈ − (࢞
࢈

ࢇ

 ࢞ࢊ

Using this, we get, 

ࡵ = න
ࢇ)ࢍ + ࢈ − (࢞

૚ + +ࢇ)ࢌ ࢈ − (࢞

࢈

ࢇ

 ࢞ࢊ

Given: ࢇ)ࢌ(࢞)ࢌ+ −࢈ (࢞ = ૚; (࢞)ࢍ	 = ࢇ)ࢍ + ࢈ −  (࢞

Using this, and putting these values, we get, 

⇒ න
(࢞)ࢍ(࢞)ࢌ
૚ + (࢞)ࢌ

࢈

ࢇ

 ࢞ࢊ

૛ࡵ = ∫ ቀ(࢞)ࢌା૚
ା૚(࢞)ࢌ

ቁ࢈
ࢇ ࡵ  or	࢞ࢊ(࢞)ࢍ = ૚

૛
∫ ࢈(࢞)ࢍ
ࢇ  (Proved) ࢞ࢊ
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Solution 3 by Ravi Prakash-New Delhi-India 

ࡵ = න
(࢞)ࢍ

૚ + (࢞)ࢌ

࢈

ࢇ

࢞ࢊ = න
ࢇ)ࢍ + ࢈ − (࢞

૚ + +ࢇ)ࢌ ࢈ − (࢞

࢈

ࢇ

࢞ࢊ = න
(࢞)ࢍ

૚ + ૚
(࢞)ࢌ

࢈

ࢇ

 ࢞ࢊ

= න
(࢞)ࢌ(࢞)ࢍ
૚ + (࢞)ࢌ

࢈

ࢇ

						࢞ࢊ ∴ ૛ࡵ = න
൫૚(࢞)ࢍ + ൯(࢞)ࢌ

૚ + (࢞)ࢌ

࢈

ࢇ

	࢞ࢊ = න࢞ࢊ(࢞)ࢍ
࢈

ࢇ

 

⇒ ࡵ =
૚
૛න(࢞)ࢍ

࢈

ࢇ

 ࢞ࢊ

 

UP.099. In an arbitrary triangle ࡯࡮࡭ denote by ࢇࢎ,ࢇ࢓,ࢇ࢒ respectively the lengths of the 

internal angle-bisector, the median and the altitude corresponding to the side ࢇ =  of ࡯࡮

the triangle. Prove that: 

a) ࢇ࢒
૛

૛ࢇࢎ
+ ࢈࢒

૛

࢈ࢎ
૛ + ૛ࢉ࢒

૛ࢉࢎ
≥ ૛ ࢇ࢒

ࢇࢎ
⋅ ࢈࢒
࢈ࢎ
⋅ ࢉ࢒
ࢉࢎ

+ ૚ 

b) ࢇ࢓
૛

૛ࢇࢎ
+ ࢈࢓

૛

࢈ࢎ
૛ + ࢉ࢓

૛

૛ࢉࢎ
≤ ૛	ࢇ࢓

ࢇࢎ
⋅ ࢈࢓
࢈ࢎ
⋅ ࢉ࢓
ࢉࢎ

+ ૚ 

c) explain why each of a) and b) are equivalent to the fundamental inequality of the 

triangle. 

Proposed by Vasile Jiglău – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

Proof of (a) ࢇ࢒૛ = ૝࢈૛ࢉ૛

૛(ࢉା࢈)
⋅ (ࢇି࢙)࢙

ࢉ࢈
= (ࢇିࢉା࢈)(ࢇାࢉା࢈)ࢉ࢈

૛(ࢉା࢈)
= ૛ൟࢇ૛ି(ࢉା࢈)൛ࢉ࢈

૛(ࢉା࢈)
= ࢉ࢈ − ࢉ࢈૛ࢇ

૛(ࢉା࢈)
 

∴
૛ࢇ࢒

૛ࢇࢎ
= ࢉ࢈ ⋅

૝ࡾ૛

૛ࢉ૛࢈ −
ࢉ࢈૝ࢇ

૝ઢ૛(࢈+ ૛(ࢉ = ૝ࡾ૛ ⋅
૚
ࢉ࢈ −

૝࢙࢘ࡾ
૝࢘૛ࡿ૛ ⋅

૜ࢇ

+࢈) ૛(ࢉ = 

=
(૚)

	૝ࡾ૛ ൬
૚
൰ࢉ࢈ −

ࡾ
࢙࢘ ⋅

૜ࢇ

࢈) +  ૛(ࢉ

Similarly, ࢈࢒
૛

࢈ࢎ
૛ =

(૛)
૝ࡾ૛ ቀ ૚

ࢇࢉ
ቁ − ࡾ

࢙࢘
⋅ ૜࢈

૛(ࢇାࢉ)
ࢉ࢒ & 

૛

૛ࢉࢎ
=
(૜)

૝ࡾ૛ ቀ ૚
࢈ࢇ
ቁ − ࡾ

࢙࢘
⋅ ૜ࢉ

૛(࢈ାࢇ)
 

(1)+(2)+(3) ⇒ ∑ ૛ࢇ࢒

૛ࢇࢎ
= ૝ࡾ૛

૝࢙࢘ࡾ
(૛ࡿ) + ࡾ

࢙࢘
∑ (૛ିࢇି࢙૛࢙)૜

(૛ࢇି࢙)૛
= 
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=
૛ࡾ
࢘ +

ࡾ
෍࢙࢘

(૛࢙ − ૜(ࢇ − ૡ࢙૜ − ૜(૛࢙ − ૛(ࢇ ⋅ ૛ࡿ + ૜(૛࢙ − ૛ࡿ૝(ࢇ

(૛࢙ − ૛(ࢇ = 

=
૛ࡾ
࢘ +

ࡾ
෍࢙࢘

(૛࢙ − (ࢇ −
૜ࡾ
࢙࢘

(૛ࡿ)(૜) +
૚૛ࡿࡾ૛

࢙࢘ ෍
૚

࢈ + ࢉ −
ૡ࢙ࡾ૜

࢙࢘ ෍
૚

+࢈) ૛(ࢉ = 

=
(૝) ૛ࡾ

࢘ +
૝ࡿࡾ
࢙࢘ −

૚ૡࡾ
࢘ +

૚૛ࡿࡾ
࢘ ෍

૚
࢈ + ࢉ −

ૡࡿࡾ૛

࢘ ෍
૚

+࢈)  ૛(ࢉ

Now, (ࢇ+ ࢈)(࢈ + +ࢉ)(ࢉ (ࢇ = ૛ࢉ࢈ࢇ + ࢈ࢇ∑ (૛ࡿ − (ࢉ = 

= ૛࢙)࢙૛ + ૝࢘ࡾ + (૛࢘ − ૝࢙࢘ࡾ =
(૞)

૛࢙)࢙૛ + ૛࢘ࡾ+  (૛࢘

(5) ⇒ ૛ࡿࡾ
࢘
∑ ૚

ࢉା࢈
= ૚૛ࡿࡾ

࢘
⋅ (࢈ାࢇ)(ࢇାࢉ)∑
૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯

= ૚૛ൣࡿࡾ൫∑ࢇ૛ା૛∑࢈ࢇ൯ା∑࢈ࢇ൧
૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯࢘

=
(࢏) ૚૟ࡾ൫૞࢙૛ା૝࢘ࡾା࢘૛൯

૛൯࢘ା࢘ࡾ૛ା૛࢙൫࢘
 

Now, ∑(ࢉ + ࢇ)૛(ࢇ + ૛(࢈ = ૛ࢇ)∑ + ૛(࢈ࢇ∑ = ૝ࢇ}∑ + ૛(࢈ࢇ∑) + ૛(∑࢈ࢇ)ࢇ૛} = 

= ෍ࢇ૝ + ૜ ቀ෍࢈ࢇቁ
૛

+ ૛ ቀ෍࢈ࢇቁቀ෍ࢇ૛ቁ = ቀ෍ࢇ૛ቁ
૛
− ૛ቊቀ෍࢈ࢇቁ

૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ+ 

+૜ቀ෍࢈ࢇቁ
૛

+ ૛ ቀ෍࢈ࢇቁቀ෍ࢇ૛ቁ = ቀ෍ࢇ૛ቁ
૛

+ ቀ෍࢈ࢇቁ
૛

+ ૛ ቀ෍࢈ࢇቁቀ෍ࢇ૛ቁ + 

+૜૛࢙࢘ࡾ૛ = ቀ෍ࢇ૛ + ෍࢈ࢇቁ
૛

+ ૜૛࢙࢘ࡾ૛ = (૜࢙૛ − ૝࢘ࡾ − ૛)૛࢘ + ૜૛࢙࢘ࡾ૛ = 

= ૝࢙ૢ − ૟࢙૛൫૝࢘ࡾ+ +૛൯࢘ ૜૛࢙࢘ࡾ૛ + ࡾ૛(૝࢘ + ૛(࢘ =
(૟)

૝࢙ૢ + +ࡾ૛(૝࢘ ૛(࢘ + ࢘ࡾ૛൫ૡ࢙ − ૟࢘૛൯ 

(5), (6) ⇒ ିૡࡿࡾ૛

࢘
∑ ૚

૛(ࢉା࢈)
= ૛൯൧࢘૟ି࢘ࡾ૛൫ૡ࢙૛ା(࢘ାࡾ૝)૛࢘૝ା࢙ૢൣ

૛൯࢘ା࢘ࡾ૛ା૛࢙૛൫࢙૝⋅࢘
૛ =

(࢏࢏) ି૛ࡿૢൣࡾ૝ା࢘૛(૝ࡾା࢘)૛ା࢙૛൫ૡି࢘ࡾ૟࢘૛൯൧

૛൯࢘ା࢘ࡾ૛ା૛࢙൫࢘
૛  

(i),(ii), (4) ⇒ ∑ ૛ࢇ࢒

૛ࢇࢎ
= ି૚૛ࡾ

࢘
+ ૟ࡾ൫૞࢙૛ା૝࢘ࡾା࢘૛൯

૛൯࢘ା࢘ࡾ૛ା૛࢙൫࢘
− ૛࢙ૢൣࡾ૝ା࢘૛(૝ࡾା࢘)૛ା࢙૛൫ૡି࢘ࡾ૟࢘૛൯൧

૛൯૛࢘ା࢘ࡾ૛ା૛࢙൫࢘
 

=
−૚૛࢙)ࡾ૛ + ૛࢘ࡾ + ૛)૛࢘ + ૟ࡾ(૞࢙૛ + ૝࢘ࡾ+ ૛࢙)(૛࢘ + ૛࢘ࡾ + (૛࢘

૛࢙)࢘ + ૛࢘ࡾ+ ૛)૛࢘ − 

−
૛࢙ૢ]ࡾ૝ + ࡾ૛(૝࢘ + ૛(࢘ + ࢘ࡾ૛(ૡ࢙ − ૟࢘૛)]

૛࢙)࢘ + ૛࢘ࡾ + ૛)૛࢘ =
(ૠ) +࢘ࡾ૛(૛૙ࡿࡾ ૛૝࢘૛)− ૛ࡾ૛(૜૛࢘ࡾ + ૛ૡ࢘ࡾ+ ૡ࢘૛)

૛࢙)࢘ + ૛࢘ࡾ+ ૛)૛࢘  

Now, ૛ࢉ࢒࢈࢒ࢇ࢒
ࢉࢎ࢈ࢎࢇࢎ

+ ૚ =
(૞)	࢟࢈ ૛⋅ૡࡾ૜

૚૟ࡾ૛࢘૛࢙૛
⋅
ૡ⋅૚૟ࡾ૛࢘૛࢙૛ቀ ቁࡾ૝࢙

૛࢙൫࢙૛ା૛࢘ࡾା࢘૛൯
+ ૚ = ૚૟ࡾ૛

૛࢘ା࢘ࡾ૛ା૛࢙
+ ૚ =

(ૡ) ૚૟ࡾ૛ା࢙૛ା૛࢘ࡾା࢘૛

૛࢘ା࢘ࡾ૛ା૛࢙
 

∵ +࢘ࡾ૛(૛૙ࡿࡾ ૛૝࢘૛) ૛ࡾ૛(૜૛࢘ࡾ− + ૛ૡ࢘ࡾ+ ૡ࢘૛) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 

≥ ࡾ૛[(૛૙࢘ࡾ + ૛૝࢘)(૚૟ࡾ− ૞࢘)− (૜૛ࡾ૛ + ૛ૡ࢘ࡾ + ૡ࢘૛)] = 

= ૛ࡾ૛(૛ૡૡ࢘ࡾ + ૛૞૟࢘ࡾ − ૚૛ૡ࢘૛) = ૛ࡾ૛{૛ૡૡ࢘ࡾ + ૚ૢ૛࢘ࡾ+ ૟૝ࡾ)࢘− ૛࢘)} > 0, 
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∴ (7), (8) ⇒ given inequality is equivalent to: ࡾ(૛૙ࡾ+ ૛૝࢙(࢘૛ − ૛ࡾ൫૜૛࢘ࡾ + ૛ૡ࢘ࡾ+ ૡ࢘૛൯ 

≥ ૛࢙) + ૛࢘ࡾ + ૛࢙)(૛࢘ + ૚૟ࡾ૛ + ૛࢘ࡾ+ (૛࢘ ⇔ ૛ࡾ૛(૝࢙ + ૛૙࢘ࡾ − ૛࢘૛) ≥
(ૢ)

 

≥ ૝࢙ + ૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ +  ૝࢘

Now, the fundamental triangle inequality (Rouche) ⇒ ૛࢙ ≥ ࢔−࢓ ⇒ ૛࢙ ࢓− + ࢔ ≥
(ࢇ)

૙ & 

૛࢙ ≤ +࢓ ࢔ ⇒ ૛࢙ −࢓− ࢔ ≤
(࢈)

૙, where ࢓ = ૛ࡾ૛ + ૚૙࢘ࡾ −   & ૛࢘

࢔ = ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

(a).(b)⇒ ૝࢙ − (࢓૛)૛࢙ + ૛࢓ − ૛࢔ ≤ ૙ ⇒ ૝࢙ − ૛࢙૛(૛ࡾ૛ + ૚૙࢘ࡾ − (૛࢘ + 

+൫૛ࡾ૛ + ૚૙࢘ࡾ − ૛൯࢘
૛
− ૝(ࡾ− ૛࢘)૛൫ࡾ૛ − ૛࢘ࡾ൯ ≤ ૙ ⇒ ૝࢙ + ૟૝ࡾ૜࢘+ ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + 

૝࢘+ ≤
(ࢉ)
૛ࡾ૛(૝࢙ + ૛૙࢘ࡾ − ૛࢘૛) ⇒ (9) is true (proved) 

∵ (c) is analogous with the fundamental triangle inequality & ∵ given inequality is 

equivalent to (c), hence, given inequality is equivalent to the fundamental triangle 

inequality 

Proof of (b) ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ = ൫૛࢈૛ା૛ࢉ૛ିࢇ૛൯൫૛ࢉ૛ା૛ࢇ૛ି࢈૛൯൫૛ࢇ૛ା૛࢈૛ିࢉ૛൯

૟૝
=
(૚)

 

= ૚
૟૝

{−૝∑ࢇ૟ + ૟(∑࢙૝࢈૛ + (૛࢈૛ࢇ∑ + ૜ࢇ૛࢈૛ࢉ૛}. Now,  

෍ࢇ૟ = ቀ෍ࢇ૛ቁ
૜
− ૜(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = 

= ቀ෍ࢇ૛ቁ
૜
− ૜ቀ෍ࢇ૛ − ૛ቁࢉ ቀ෍ࢇ૛ − ૛ቁࢇ ቀ෍ࢇ૛ − ૛ቁ࢈ = 

= ቀ෍ࢇ૛ቁ
૜
− ૜ቊቀ෍ࢇ૛ቁ

૜
− ቀ෍ࢇ૛ቁ

૜
+ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ −  ૛ቋࢉ૛࢈૛ࢇ

=
(૛)

൫∑ࢇ૛൯
૜
− ૜൫∑ +૛൯࢈૛ࢇ∑૛൯൫ࢇ ૜ࢇ૛࢈૛ࢉ૛. Also, ∑ࢇ૝࢈૛ + ૝࢈૛ࢇ∑ = ૛࢈૛ࢇ∑ ൫∑ࢇ૛ − ૛൯ࢉ = 

=
(૜)

ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૜ࢇ૛࢈૛ࢉ૛ 

(1), (2), (3) ⇒ ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ = ૚

૟૝
൜−૝

૜(૛ࢇ∑) + ૚૛(∑ࢇ૛)(∑ࢇ૛࢈૛)− ૚૛ࢇ૛࢈૛ࢉ૛ +
+૟(∑ࢇ૛)(∑ࢇ૛࢈૛) − ૚ૡࢇ૛࢈૛ࢉ૛ + ૜ࢇ૛࢈૛ࢉ૛

ൠ 

=
૚
૟૝ ቊ−૝

ቀ෍ࢇ૛ቁ
૜

+ ૚ૡቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૛ૠࢇ૛࢈૛ࢉ૛ቋ = 
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=
૚
૟૝ ൤

−૜૛(࢙૛ − ૝࢘ࡾ − ૛)૜࢘ + ૚ૡ ⋅ ૛(࢙૛ − ૝࢘ࡾ − (૛࢘ ⋅
૛࢙)} + ૝࢘ࡾ+ −{૛࢘ ૛ࢉ࢈ࢇ(૛࢙)− ૝૜૛ࡾ૛࢘૛࢙૛

൨ = 

=
(૝) ૚

૚૟ ൜
૟࢙ − ࢘ࡾ૝(૚૛࢙ − ૜૜࢘૛) − ૛࢘૛ࡾ૛(૟૙࢙ + ૚૛૙࢘ࡾ૜ + ૜૜࢘૝)−

−૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ૟࢘
ൠ 

Now, ૝∑ࢇ૛࢈૛ ૝ࢇ∑− = ૟∑ࢇ૛࢈૛ − ૛(૛ࢇ∑) = ૟{(∑࢈ࢇ)૛ − ૛ࢉ࢈ࢇ(૛࢙)}−  ૛(૛ࢇ∑)

= ૝{(࢙૛ + ૝࢘ࡾ+ ૛)૛࢘ − ૛࢙) − ૝࢘ࡾ − {૛)૛࢘ + ૛(࢙૛ + ૝࢘ࡾ + ૛)૛࢘ − ૢ૟࢙࢘ࡾ૛ = 

= ૝(૛࢙૛)(ૡ࢘ࡾ+ ૛࢘૛) + ૛ ቀ࢙૝ + ࡾ૛(૝࢘ + ૛(࢘ + ૛࢙૛(૝࢘ࡾ+ ૛)ቁ࢘ − ૢ૟࢙࢘ࡾ૛ 

=
(૞)

૛࢙૝ − ࢘ࡾ૛(૚૟࢙ − ૛૙࢘૛) + ૛࢘૛(૝ࡾ+  ૛(࢘

Now, ∑ࢇ࢓
૛

૛ࢇࢎ
− ૚ = ∑ ૛࢈૛ା૛ࢉ૛ିࢇ૛

૝
⋅ ૛ࢇ

૝ઢ૛
− ૚ = ૝∑ࢇ૛࢈૛ି∑ࢇ૝

૚૟ઢ૛
− ૚ = 

= ૛࢙૛࢘૛ିૡ(࢘ାࡾ૝)૛࢘૛൯ା࢘૚૙ି࢘ࡾ૛൫ૡ࢙૝ି࢙

ૡઢ૛
  (by (5)) 

=
૝࢙ + ࡾ૛(૝࢘ + ૛(࢘ − ࢘ࡾ૛(ૡ࢙ − ૛࢘૛)

ૡઢ૛  

∴ ቆ෍
ࢇ࢓

૛

૛ࢇࢎ
− ૚ቇ

૛

 

=
(૟) ૚

૟૝ઢ૛
቎
ૡ࢙ − ࢘ࡾ૟(૚૟࢙ − ૝࢘૛) + ૛࢘૛ࡾ૝(ૢ૟࢙ + ૚૟࢘ࡾ૜ + ૟࢘૝) −

૜࢘૜ࡾ૛൫૛૞૟࢙− + ૟૝ࡾ૛࢘૝ − ૚૟࢘ࡾ૞ − ૝࢘૟൯ +
+૛૞૟ࡾ૝࢘૝ + ૛૞૟ࡾ૜࢘૞ + ૢ૟ࡾ૛࢘૟ + ૚૟࢘ࡾૠ + ૡ࢘

቏ 

Also, ቀ૛ࢉ࢓࢈࢓ࢇ࢓
ࢉࢎ࢈ࢎࢇࢎ

ቁ
૛

= ቀ ૛ૡࡾ૜

૚૟ࡾ૛࢘૛࢙૛
ቁ
૛
⋅ ࢇ࢓

૛࢈࢓
૛ࢉ࢓

૛ 

=
(ૠ) ૛ࡾ

૚૟ઢ૝
൜࢙

૟ − −࢘ࡾ૝(૚૛࢙ ૜૜࢘૛) − ૛࢘૛ࡾ૛(૟૙࢙ + ૚૛૙࢘ࡾ૜ + ૜૜࢘૝)−
−૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ૟࢘

ൠ   (by (4)) 

(6), (7) ⇒ given inequality is equivalent to: 

ૡ࢙ − −࢘ࡾ૟(૚૟࢙ ૝࢘૛) + ૛࢘૛ࡾ૝(ૢ૟࢙ + ૚૟࢘ࡾ૜ + ૟࢘૝) − 

૜࢘૜ࡾ૛൫૛૞૟࢙− + ૟૝ࡾ૛࢘૝ − ૚૟࢘ࡾ૞ − ૝࢘૟൯ + ૛૞૟ࡾ૝࢘૝ + ૛૞૟ࡾ૜࢘૞ + ૢ૟ࡾ૛࢘૟ + 

+૚૟࢘ࡾૠ + ૡ࢘ ≤ ૝ࡾ૛ ൜࢙
૟ − −࢘ࡾ૝(૚૛࢙ ૜૜࢘૛) − ૛࢘૛ࡾ૛(૟૙࢙ + ૚૛૙࢘ࡾ૜ + ૜૜࢘૝) −

−૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ − ૟࢘
ൠ 

⇔ ૡ࢙ − ૛ࡾ૟(૝࢙ + ૚૟࢘ࡾ − ૝࢘૛) + ࢘૜ࡾ૝(૝ૡ࢙ − ૜૟ࡾ૛࢘૛ − ૚૟࢘ࡾ૜ + ૟࢘૝) + 

૛࢘૝ࡾ૛൫૛૝૙࢙+ + ૛૛૝ࡾ૜࢘૜ + ૟ૡࡾ૛࢘૝ + ૚૟࢘ࡾ૞ + ૝࢘૟൯ + ૛૞૟ࡾ૞࢘૜ + ૝૝ૡࡾ૝࢘૝ + 

+૜૙૝ࡾ૜࢘૞ + ૚૙૙ࡾ૛࢘૟ + ૚૟࢘ࡾૠ + ૡ࢘ ≤ ૙ ⇔ 
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⇔ ૝࢙} − (૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛)࢙૛ + ૟૝ࡾ૜࢘ + ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ +  {૝࢘

૝࢙} + +࢘ࡾ૛(૝࢙ ૛࢘૛) + ૝ࡾ૛࢘૛ + ૝࢘ࡾ૜ + {૝࢘ ≤ ૙ ⇔ 

⇔ ૝࢙ + ૟૝ࡾ૜࢘ + ૝ૡࡾ૛࢘૛ + ૚૛࢘ࡾ૜ + ૝࢘ ≤ ૛ࡾ૛(૝࢙ + ૛૙࢘ࡾ − ૛࢘૛) 

But, the above is inequality (c) proved in the proof of (a) earlier. 

⇒ given inequality is true (Proved) 

∵ given inequlality reduces to inequality (c) & (c) is analogous to the fundamental 

inequality of the triangle, hence, this given inequality is equivalent to the 

fundamental ineqaulity of the triangle (Done). 

 

UP.100. In ઢࢉ࢓,࢈࢓,ࢇ࢓;࡯࡮࡭ – median’s length. Prove that: 

૜(ࢇ૛ + ૛࢈ + (૛ࢉ < ࢉ࢓ࢇ)4 + ࢇ࢓࢈ +  (࢈࢓ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Let ࡳ be the centroid of ઢ࡯࡮࡭. 

 

ࡳ࡭ =
૛
૜ࡳ࡮;ࢇ࢓ =

૛
૜࢈࢓ 

૚ > ෣൯࡭࡮ࡳ൫ܛܗ܋ =
૛࡮ࡳ + ૛࡮࡭ ૛࡭ࡳ−

૛࡮ࡳ ⋅ ࡮࡭ =
ቀ૛૜࢈࢓ቁ

૛
+ ૛ࢉ − ቀ૛૜ࢇ࢓ቁ

૛

૛ ⋅ ૛૜࢈࢓ ⋅ ࢉ
= 

=
૛ࢉૢ + ૝࢈࢓

૛ − ૝ࢇ࢓
૛

૚૛࢈࢓ࢉ
=
૛ࢉૢ + ૛ࢇ૛ + ૛ࢉ૛ − ૛࢈ − ૛࢈૛ − ૛ࢉ૛ + ૛ࢇ

૚૛࢈࢓ࢉ
= 

=
૛ࢉૢ + ૜ࢇ૛ − ૜࢈૛

૚૛࢈࢓ࢉ
=
૜ࢉ૛ + ૛ࢇ − ૛࢈

૝࢈࢓ࢉ
 

૜ࢉ૛ + ૛ࢇ − ૛࢈ <  (1)      ࢈࢓ࢉ4

Analogous: 
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૜ࢇ૛ + ૛࢈ − ૛ࢉ <  ࢉ࢓ࢇ4

૜ࢇ૛ + ૛࢈ − ૛ࢉ <  (2)     ࢉ࢓ࢇ4

૜࢈૛ + ૛ࢉ − ૛ࢇ <  (3)      ࢇ࢓࢈4

By adding (1); (2); (3): ૜(ࢇ૛ + ૛࢈ + (૛ࢉ < ࢉ࢓ࢇ)4 + ࢇ࢓࢈ +  (࢈࢓ࢉ

 

UP.101. Prove that if ࢈,ࢇ, ࢉ ∈ (૚,∞) then: 

૜√૛ + න࢞
ࢇ

૚

࢔࢏࢙
࣊
૜࢞ࢊ࢞ + න࢞

࢈

૚

࢔࢏࢙
࣊
૜࢞ࢊ࢞ + න࢔࢏࢙࢞

࣊
૜࢞

ࢉ

૚

࢞ࢊ > ඥ૜ + ૛ࢇ + ૛࢈ +  ૛ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Lemma: if ࢞ > ܖܑܛ :then prove ,ݍ ࣊
࢞

> ૜
ඥ࢞૛ାૢ

 

Proof: ࢞ > 2 ⇒ ࣊
࢞

< ࣊
૛
⇒ ܖ܉ܜ ࣊

࢞
> ࣊

࢞
, we have ࣊

࢞
> ૜

࢞
⇒ ܖ܉ܜ ࣊

࢞
> ૜

࢞
  (*) 

ܛܗ܋ ࢞ = ඨ ૚
૚ + ૛ܖ܉ܜ ࢞ < ඩ

૚

૚ + ૛࣊
૛࢞

<
(࢞) ࢞

૛࢞√ + ૢ
⇒ ܖܑܛ

࣊
࢞ >

૜
૛࢞√ + ૢ

 

it is known that: if ࢞ > ૛࢞√ then ,ݍ + ૢ ܖܑܛ ࣊
࢞

> 3 ⇒ ݔ → ܖܑܛ :we have ,࢞3 ࣊
૜࢞

> ૚
ඥ࢞૛ା૚

 

ܖܑܛ࢞ ࣊
૜࢞

> ݔ ⋅ ૚
ඥ࢞૛ା૚

= ࢞
ඥ࢞૛ା૚

  (*) 

૜√૛ + නܖܑܛ࢞
࣊
૜࢞

ࢇ

૚

࢞ࢊ + නܖܑܛ࢞
࣊
૜࢞ࢊ࢞

࢈

૚

+ නܖܑܛ࢞
࣊
૜࢞

ࢉ

૚

>
(∗)

 

> 3√૛ + න
࢞

૛࢞√ + ૚

ࢇ

૚

࢞ࢊ + න
࢞

૛࢞√ + ૚

࢈

૚

࢞ࢊ + න
࢞

૛࢞√ + ૚

ࢉ

૚

࢞ࢊ = 

= ૜√૛ + ඥ࢞૛ + ૚	|૚ࢇ + ඥ࢞૛ + ૚|૚࢈ + ඥ࢞૛ + ૚|૚ࢉ = 

= ૜√૛ + ඥࢇ૛ + ૚ − √૛ + ඥ࢈૛ + ૚ − √૛ + ඥࢉ૛ + ૚ − √૛ = 

= ඥࢇ૛ + ૚ + ඥ࢈૛ + ૚ + ඥࢉ૛ + ૚ > ඥ૜ + ૛ࢇ + ૛࢈ +  ૛ࢉ
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UP. 102. Solve for real numbers: 

૛൯࢞૚૛ି࢞൫࢔࢔ + ૜൯࢞૛૛ି࢞൫࢔࢔ + ⋯+ ష૚૛࢔࢞൫࢔࢔ ൯࢔࢞ି + ૚൯࢞૛ି࢔࢞൫࢔࢔ =
࢔
૝࢔࢔√  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

By AM-GM 

૛൯࢞૚૛ି࢞൫࢔࢔ + ૜൯࢞૛૛ି࢞൫࢔࢔ + ⋯+ ૚൯࢞૛ି࢔࢞൫࢔࢔ ≥ ૚࢞૛ି࢔࢞૜ା⋯ା࢞૛૛ି࢞૛ା࢞૚૛ି࢞(࢔࢔)ට࢔
࢔

 

= ൯࢔࢞૛ି࢔࢞૛൯ା⋯ା൫࢞૛૛ି࢞૚൯ା൫࢞૚૛ି࢞൫(࢔࢔)ට࢔
࢔

= ૚ି࢞ቀ(࢔࢔)ට࢔
૚
૛ቁ

૛
ାቀ࢞૚ି

૚
૛ቁ

૛
ା⋯ାቀି࢔࢞

૚
૛ቁ

૛
ିቀ૚૝ା⋯ା

૚
૝ቁ

࢔

	 

≥ ି(࢔࢔)ට࢔
૚
૝࢔

࢔

= ି(࢔࢔)ට࢔
࢔
૝

࢔
=

࢔
૝࢔࢔√ ⇒ ૚࢞൫࢔࢔

૛ି࢞૛൯ + ⋯+ ૚൯࢞૛ି࢔࢞൫࢔࢔ ≥
࢔
૝࢔࢔√  

⇒ ૚࢞ = ૛࢞ = ⋯ = ࢔࢞ =
૚
૛ 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛൯࢞૚૛ି࢞൫࢔࢔ + ૜൯࢞૛૛ି࢞൫࢔࢔ + ⋯+ ష૚૛࢔࢞൫࢔࢔ ൯࢔࢞ି + ૚൯࢞૛ି࢔࢞൫࢔࢔ = 

= ࢔

૝࢔࢔√ ⇔ ࢞ ∈ ℝ:࢔࢔൫࢏࢞૛ି࢏࢞൯ > 0  (*) 

(*) ⇒ ૛൯࢞૚૛ି࢞൫࢔࢔ + ⋯+ ૚൯࢞૛ି࢔࢞൫࢔࢔ ≥
ࡹࡳஹࡹ࡭

࢔ ⋅ ට൫࢔൫࢞૚૛ା࢞૛૛ା⋯ା࢔࢞૛൯ି(࢞૚ା࢞૛ା⋯ା࢔࢞)൯
࢔࢔

= 

= ࢔ ⋅ ૚࢞ቀ࢔
૛ି࢞૚ା

૚
૝ቁା⋯ାቀ࢔࢞

૛ି࢔࢞ା
૚
૝ቁି

࢔
૝ =

࢔
૝࢔࢔√ ⋅ ૚ି࢞ቀ࢔

૚
૛ቁ

૛
ା⋯ାቀି࢔࢞

૚
૛ቁ

૛

=
࢔
૝࢔࢔√ ⇒ 

⇒ ି࢏࢞ቀ∑࢔
૚
૛ቁ

૛

= ∑࢔ ቀି࢏࢞
૚
૛ቁ

૛
࢔
స૚࢏ = ૚ =  °࢔

෍൬࢏࢞ −
૚
૛൰

૛

= ૙ ⇒ ૚࢞ = ૛࢞ = ⋯ = ࢔࢞ =
૚
૛ 

Solution 3 by Ravi Prakash-New Delhi-India 

࢔

࢔
࢔
૝

= ૛൯࢞૚૛ି࢞൫࢔࢔ + ૜൯࢞૛૛ି࢞൫࢔࢔ + ⋯+ ૚൯࢞૛ି࢔࢞൫࢔࢔ ≥ ࢔ ቂ࢔࢔൫࢞૚૛ି࢞૛ା࢞૛૛ି࢞૜ା⋯ା࢔࢞૛ି࢞૚൯ቃ
૚
࢔ ⇒

૚

࢔
࢔
૝
≥  ૞࢔

where ࢙ = ൫࢞૚૛ − ૚൯࢞ + ൫࢞૛૛ − ૛൯࢞ + ⋯+ ૛࢔࢞) −  (࢔࢞
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= ൬࢞૚ −
૚
૛൰

૛

+ ൬࢞૛ −
૚
૛൰

૛

+ ⋯+ ൬࢔࢞ −
૚
૛൰

૛

−
࢔
૝ = ࢀ −

࢔
૝ ≥ −

࢔
૝ 

∴ ૚

࢔
࢔
૝
≥ ିࢀ࢔

࢔
૝ ≥ ି࢔

࢔
૝. Equality holds when ࢀ = ૙. ⇔ ૚࢞ = ૛࢞ = ⋯ = ࢔࢞ = ૚

૛
 

 

UP.103. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

|࡭ܛܗ܋| + |࡮ܛܗ܋| + |࡯ܛܗ܋| ≤෍ቌඥ|ܛܗ܋ |࡮ܛܗ܋࡭ + ඨฬܛܗ܋
࡯
૛ ܖܑܛ

࡮ − ࡭
૛ ฬቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍|ܛܗ܋ |࡭ ≤
(૚)

෍ቌඥ|ܛܗ܋࡭ܛܗ܋ |࡮ + ඨฬܛܗ܋
࡯
૛ ܖܑܛ

࡮ − ࡭
૛ ฬቍ 

(1) ⇔ ∑ ܛܗ܋| ܛܗ܋|ା|࡭ |࡮
૛

≤ ∑ඥ|ܛܗ܋ |࡮ܛܗ܋࡭ + ૚
√૛
∑ඥ|࡭ܛܗ܋ −  |࡮ܛܗ܋

Let ࡭ܛܗ܋ = ,࢞ ࡮ܛܗ܋ = ;࢟ 	−૚ < ݕ,ݔ < 1. We shall prove that ∀࢟,࢞ ∈ (−૚,૚), 
|࢞| + |࢟|

૛ ≤
(ࢇ)

ඥ|࢟࢞| +
૚
√૛

ඥ|࢞ − |࢟ ⇔ |࢞| + |࢟| − ૛ඥ|࢟࢞| ≤
(࢈)

ඥ૛|࢞ −  |࢟

∵ |࢞| + |࢟| − ૛ඥ|࢟࢞| = ቀඥ|࢞| −ඥ|࢟|ቁ
૛
≥ ૙, 

∴ (b) ⇔ ૛࢞ + ૛࢟ + ૝|࢟࢞| + ૛|࢟࢞| − ૝|࢞|ඥ|࢟࢞|− ૝|࢟|ඥ|࢟࢞| ≤ ૛|࢞ −  upon)  |࢟

squaring) ⇔ ૝ඥ|࢞|)|࢟࢞| + (|࢟| + ૛|࢞ − |࢟ ≥
(ࢉ)
૛࢞ + ૛࢟ + ૟|࢟࢞| 

࡭ ࡳ− ⇒ LHS of (c) ≥ ૝ඥ|࢟࢞| ⋅ ૛ඥ|࢟࢞| + ૛|࢞ − |࢟ = ૡ|࢟࢞| + ૛|࢞− |࢟ ≥
(?)
૛࢞ + ૛࢟ + ૟|࢟࢞| 

⇔ ૛|࢞ − |࢟ ≥
(ࢊ)

?
|࢞|) −  ૛(|࢟|

Now, (|࢞|− ૛(|࢟| ≤ ࢞|) − ૛(|࢟ ⇔ ૛࢞ + ૛࢟ − ૛|࢟࢞| ≤ ૛࢞ + ૛࢟ − ૛࢟࢞ ⇔ 

⇔ |࢟࢞| ≥ ࢟࢞ → true ∴ |࢞|) − ૛(|࢟| ≤ ࢞|) − ૛(|࢟ ≤
?
૛|࢞ − |࢟ ⇔ 

⇔ ࢞|) − ࢞|)(|࢟ − |࢟ − ૛) ≥
(ࢋ)

?
૙ ∵ −૚ < ܛܗ܋ ࡭ < 1 & −૚ < ࡮ܛܗ܋− < 1 

∴ −૛ < ࡭ܛܗ܋ − ࡮ܛܗ܋ < 2  (adding the above two) ⇒ −૛ < ݔ − ݕ < 2 ⇒ ࢞| − |࢟ < 2 ⇒ 
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⇒ ࢞| − |࢟ − ૛ ≥
(࢏)
૙. Also |࢞ − |࢟ ≥

(࢏࢏)
૙ 

(i)⋅(ii)⇒ ࢞|) − −࢞|)(|࢟ |࢟ − ૛) ≤ ૙ ⇒ (e) is true ⇒ (d) is true ⇒ (c) is true ⇒ 

 (b) is true ⇒ 

⇒ (a) is true ∴ |࡮ܛܗ܋|ା|࡭ܛܗ܋|
૛

≤
(࢛)

ඥ|࡭ܛܗ܋ |࡮ܛܗ܋ + ૚
√૛
ඥ|࡭ܛܗ܋ − ܛܗ܋  |࡮

Similarly, |ܛܗ܋ |࡯ܛܗ܋|ା|࡮
૛

≤
(࢜)

ඥ|࡮ܛܗ܋ ܛܗ܋ |࡯ + ૚
√૛
ඥ|࡮ܛܗ܋ − ܛܗ܋  & |࡯

ܛܗ܋| |࡯ + |࡭ܛܗ܋|
૛ ≤

(࢝)
ඥ|࡯ܛܗ܋ |࡭ܛܗ܋ +

૚
√૛

ඥ|࡯ܛܗ܋ −  |࡭ܛܗ܋

(u)+(v)+(w)⇒ (1) is true (Proved) 

Solution 2 by proposer 

ห√࡭ܛܗ܋ห = ቚඥ|(࡭ܛܗ܋ − (࡮ܛܗ܋ + ቚ|࡮ܛܗ܋ ≤ 

≤ ඥ|࡭ܛܗ܋ − |࡮ܛܗ܋ + ܛܗ܋| |࡮ ≤ ඥ|࡭ܛܗ܋ − |࡮ܛܗ܋ + ඥ|࡮ܛܗ܋| 

because if ࢟,࢞ ≥ ૙ thenඥ࢞ + ࢟ ≤ ࢞√ + ඥ࢟ 

ඥ|࡭ܛܗ܋| − ඥ|࡮ܛܗ܋| ≤ ඥ|ܛܗ܋ ࡭ −  |࡮ܛܗ܋

ห√࡮ܛܗ܋ห = ቚඥ|(࡮ܛܗ܋ − (࡭ܛܗ܋ + ቚ|࡭ܛܗ܋ ≤ 

≤ ඥ|࡮ܛܗ܋ − |࡭ܛܗ܋ + |࡭ܛܗ܋| ≤ ඥ|࡭ܛܗ܋ − |࡮ܛܗ܋ + ඥ|࡭ܛܗ܋| 

−ቀඥ|ܛܗ܋ |࡭ −ඥ|࡮ܛܗ܋|ቁ ≤ ඥ|࡭ܛܗ܋ −  (2)       |࡮ܛܗ܋

By (1); (2): ඥ|࡭ܛܗ܋ − |࡮ܛܗ܋ ≥ ቚඥ|࡭ܛܗ܋| − ඥ|࡮ܛܗ܋|ቚ 

By squaring: |ܛܗ܋ ࡭ − |࡮ܛܗ܋ ≥ |࡭ܛܗ܋| + ܛܗ܋| |࡮ − ૛ඥ|࡭ܛܗ܋  |࡮ܛܗ܋

ฬ૛ ܖܑܛ
࡮ − ࡭
૛ ܛܗ܋

࡯
૛ฬ ≥

|࡭ܛܗ܋| + |࡮ܛܗ܋| − ૛ඥ|ܛܗ܋ ࡭  |࡮ܛܗ܋

૛ඥ|࡭ܛܗ܋ |࡮ܛܗ܋ + ૛ ฬܛܗ܋
࡭
૛ ܖܑܛ

࡮ − ࡭
૛ ฬ ≥ ܛܗ܋| |࡭ +  |࡮ܛܗ܋|

૛෍൬ඥ|࡭ܛܗ܋ ܛܗ܋ |࡮ + ฬܛܗ܋
࡯
૛ ܖܑܛ

࡮ − ࡭
૛ ฬ൰ ≥ ෍(|ܛܗ܋ |࡭ + ܛܗ܋|  (|࡮

૛෍൬ඥ|࡭ܛܗ܋ ܛܗ܋ |࡮ + ฬܛܗ܋
࡯
૛ ܖܑܛ

࡮ − ࡭
૛ ฬ൰ ≥ ૛෍|࡭ܛܗ܋| 
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|࡭ܛܗ܋| + |࡮ܛܗ܋| + ܛܗ܋| |࡯ ≤෍൬ඥ|࡭ܛܗ܋ ܛܗ܋ |࡮ + ฬܛܗ܋
࡯
૛ ܖܑܛ

࡮ − ࡭
૛ ฬ൰ 

 

UP.104. Prove that if ࢏࢞ ∈ (૙,∞); ࢏ ∈ ૚,࢔തതതതത;࢔ ∈ ℕ;࢔ ≥ ૜; 

ା૚࢔࢞ = ;૚࢞ ૛࢞૚࢞ ⋅ … ⋅ ࢔࢞ = ૚, then 

෍

࢏࢞
ା૚࢏࢞

+ ା૚࢏࢞
࢏࢞

+ ૚

ට࢏࢞૛ + ା૚࢏࢞࢏࢞ + ା૚૛࢏࢞

࢔

ୀ૚࢏

≥  ૜√࢔

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

We have, ࢏࢞૛ + ା૚࢏࢞࢏࢞ + ା૚૛࢏࢞ ≥ ૜
૝

࢏࢞) +  ା૚)૛࢏࢞

෍

࢏࢞
ା૚࢏࢞

+ ା૚࢏࢞
࢏࢞

+ ૚

ට࢏࢞૛ + ା૚࢏࢞࢏࢞ + ା૚૛࢏࢞

࢔

ୀ૚࢏

= ෍
ට࢏࢞૛ + ା૚࢏࢞࢏࢞ + ା૚૛࢏࢞

ା૚࢏࢞࢏࢞

࢔

ୀ૚࢏

≥
√૜
૛ ෍

࢏࢞ + ା૚࢏࢞
ା૚࢏࢞࢏࢞

࢔

ୀ૚࢏

 

≥
ࡹࡳஹࡹ࡭

√૜෍
૚

ඥ࢏࢞࢏࢞ା૚

࢔

ୀ૚࢏

≥
ࡹࡳஹࡹ࡭ ૜√࢔

ඥ∏ ࢔࢏࢞
ୀ૚࢏

࢔ =  ૜√࢔

(proved) 

 

UP.105. In ࢉ,࢈,ࢇ;࡯࡮࡭ - length sides; ࢙ - semiperimeter; ࡯,࡮,࡭ - angled’s measures. Prove 

that: 

ቆ
૜࡭

࢈ +
૜࡮

ࢉ +
૜࡯

ࢇ ቇቆ
૜࡭

ࢉ +
૜࡮

ࢇ +
૜࡯

࢈ ቇቆ
૜࡭

ࢇ +
૜࡮

࢈ +
૜࡯

ࢉ ቇ ≥
ૢ࣊

૛૚૟࢙૜ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥
࢘ࢋࢊ࢒࢕ࡴ ૜(࡭∑)

૜∑ࢇ ⋅
૜(࡭∑)

૜∑ࢇ ⋅
૜(࡭∑)

૜∑ࢇ =
ૢ(࡭∑)

૛ૠ(૛࢙)૜ =
ૢ࣊

૛૚૟࢙૜ 

 


