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JP.091. Prove that the following inequalities hold for all positive real numbers:

3 b3 3 3 a?+b*+c?
a2 4 +_€ >3 a c
ab+c2  bc+a?  ca+b? 2 a+b+c

1 1 1 > E . a+b+c
“a(b+c) b(c+a) c(a+b) — 2 a3+b3+c3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Vadim Mitrofanov-Kiev-Ukraine

1 __ (a+b+c)?

We have C — Schc a(b+c) Seyc ad(b+c) —

e 2(a* + b* + ¢*) 22a3(b+c)

(a+b+c)
a3+b3+c3

3
2

cyc
2
(a2+b% +¢2) 3 (a?+b%+c?)
We have C — Szcyc ab+c? = Yeyca(b?+¢2) 2 a+b+c

e2(@+b3+c?) > Z:a(bZ + c?)
cyc
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Leta+b+c= p,ab+bc+ca= q and r = abc. We have
2p® —7PCI+9r>Oz —z o :(a2+bz+cz)z
ab + c2 a’b+ac?  Y..ab(a+b)

cyc cyc

2
(a2+b2+c2) 3 aZ+b%+c?
We need to prove, Sopeablaih) =2 atbic

s 2 Zaz Za 232ab(a+b)@2(pz—2q)p23(pq—3r)

cyc cyc cyc
a3
& 2p* —7pq + 9r 2 0, whichistrue ¥o\e—— > ; “:b +<* (broved)
(a3+b3+c3) —bc+c?
b. chcm chc chc a
— a + b Z -
- a? — ab + b? 2%,
Berg:\torma + b +c 1 (b + C)Z (C + a)z
2 —"'Zz— b? —bc+c?>— and
4
cyc 2
c+a
¢ —ca+a®> %
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Bergstorm

I +b+
< a c

T+a+b+c:%.(a+b+c).-.zcyC !

a(b+c)

a+b+c
ad+b3+c3

53,
2

> (proved)

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam

Using Holder’s inequality, we have: a® + b3 + ¢3 > %(a +b+c)3

3 a+b+c 27 1 - 1 .
2 Bl =2 (arprgr Wewillprove X ot > 7 is enough.
1 9 9 27
We have Z a(b+c) = 2(ab+bc+ca) = Z.(a+b+C)2 T 2(at+b+c)?’
3
Solution 4 by Soumava Chakraborty-Kolkata-India
va b cec R 1 . 1 . 1 - 3 a+b+c
a.b.c ‘a(lb+c) b(c+a) cla+b) 2 a3+b3+c3
LHS = Y{bc(a+b)(c+a)} Y bc(Y ab + a?) €Y
“abc(a+b)(b+c)(c+a) abcla+b)(b+c)(c+a)
(T ab)®+abc(3 a) _ — - .
= abe(@r D) (bro) (et ) Leta+b=xb+c=yc+ta=2z- -x+y>z

y+z>xz+x>y=x7y,zare3sides of a triangle with semiperimeter,

circumradius, inradius = s, R, r respectively. Now, ), a = % =s,~a=s-Y,

b=s—z,c=s—x;2abZZ(s—y)(s—z)ZZ{sz—s(y+z)+yz}

(2)
=352 —s(4s) + s>+ 4Rr +r* = 4Rr + r?

Za?’ =3abc+(2a)(2az—zab):
SO0 (5 )

3
= + s{s? —3(4R + r?)} = 3r%s + s(s> — 12Rr — 3r?) @ s(s? —12Rr); (1), (2),

s

s

r? (4R +r)2+rzs2
—_— —
s(s2—12Rr)

(3) = given inequality & r2s-4Rrs

53,
2

& s*+ s2(16R? — 10Rr +1?) > 192R3r + 96R?*r? + 12R13

erretsen

G
LHSof (4) >  s*(16Rr — 57r2) + s?(16R?> — 10Rr +1r?)

Gerretsen

=s2(16R* + 6Rr —4r?) > (16Rr —51r2)(16R? + 6Rr — 41?)
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2
> 192R3*r + 96R?*r? + 12Rr3 = (t — 2)(32t>2 +24t—-5) >0

(t = g) — true (Euler) (proved)

vabceR* al . b3 . c3 - 3 Y a?
a.0.¢ 'ab+c2 bc+a? ca+b? T2 Ya

a4 b4 C4 Berg:\trom (Z az)z ’ 32(12

LHS = + + > =

a’b + c?2a b2 c+ a?b c%a+ b%c 2Ya%?b~ 2Ya

? ?
= (Zaz)(Za) > BZaZb @Zcﬁ +Za2b+2abz > BZaZb
? A-G A-G
o Yad+Yab?>2Ya’b (1).Now, a® +ab? > 2a?b, b3+ bc? > 2b?c

A-G
and, ¢3 + ca? > 2c%a. Adding the last 3 inequalities, we find (1) is true (proved).

JP.092. Prove that the following inequalities holds for all positive real numbers a, b, ¢

b c a 3(a+b+c)
aS+S+=>
a? b2 c? aZ+b2%+c?

b3 3 a3 = 3(a2+b2+cz)
a2 b2 ¢z T a+b+c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

a. Fora,b,c>0

a+c+b_aZ c2+bZ (a+b +c)?
¢z b2 a? ac® cb? ba?” ac?+ch?+ ba?
3(a+ b+ c)? B 3

> =
“(a+b+c)(a?+b%?+c?) a?+b%+c?
b. Fora,b,c >0

a_3 c3 b? at ct b* (az+b2+cz)2 3(az+b2+cz)2 _ 3(a2+b2+c2)

2 b2 aZ a2 cb®  ba® = ac’+cb®+ba? = (a+b+c)(a2+b%+c?) T (a+b+c)

Therefore itis true.
Solution 2 by Ravi Prakash-New Delhi-India

a. Consider (a? + b2 + ¢2) (l + £

a\ _ b3 bc? c3 a’c
= b2+c—2)_b+—+—+c+—+—+

a? a? b2 b2
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a® ab? 3 d’c
+a+—+—=-2(a+b+c)+ 2b+c+—5+—-5 |+
cz ¢ c2 b2
+12 +b+bc2+c3 2c + +b3+ab2
@ a’ b? craTteT e

vl =

1
, @ a’c\s 22 bc? 3
2—2(a+b+c)+5 ch—Zﬁ +5 b?ﬁ +

b® ab? 5
+5<”‘ az’ 7) =—2(a+b+c)+5(a+c+b)=3(a+b+c)

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam

3(a+b+c) a?+b%+c? (£+i+%) >3
c

a. Wehave—+—+ =t

b2 2 7 a?+b%+c? a+b+c

Use Cauchy — Schwarz and AM-GM inequality we have

1 a?+b*+c* _ a+b+c _ 3
a2+b2+c22§(a+b+6)2=> 7. >, = Vabcand
a c

b c
-+

+b2

+iz > a?+b%+c? (b c

—+—+i)23.
CZ

Hence =t

3
3/abc’ a+b+c
b. UseLemma (a+ b + c¢)(a? + b? + ¢?) > 3(a?b + b%c + c?a) and Cauchy - Schwarz

inequality we have (a + b + c)(a? + b% + CZ)( LS :) >

bZ
B3 3 a3
> 3(a*b + b*c+c*a)| 5+ > 3(a? + b? + ¢?)?
a? bZ 2
b3 . 3 a® 3(a?+b%+c?)
:>_ —_— —_—
a?2 b2 ¢2~ a+b+c

Solution 4 by Soumitra Mandal-Chandar Nagore-India

2

”) (”+“+Z) AM=GM
— > Gtets)
a. chc = Yeye = = ——— Weneedtoprove
9 3(a+b+c)

& 3%eyca® 2 (Leye a)zwhich is true.

a+b+c — a?+b%+c?

. b 3(a+b+c)
- chca_z T ) (proved)

bt Bergstrom (

b Z b3 _ Z az+b2+cz)2
' CYC g2 = HCyC g2 a?b+b%c+c2a
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2
(a2+b2+c2) > 3(a2+b2+c2)
"a?b+b%c+ca — a+b+c

we need to prove

& (Zeyea?)(Zeyea) = 3%y ab © Yoyca® + Y. ab (a+b) >3 Y, a%b, which is

since, a3 + a%b + ab? > 3a?b, )
3 2 2 2 3(a +b%+c?) d
true| b3+ b%c + bc? > 3b%c and chc 72— (proved)
c3 +c2a+ca? > 3c%a

JP.093. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that:
. 1 + 1 1 < 1
a+bc b+ca c+ab 4abc

Va Vb 4V 1
“a+Vbc b+Jca c+Vab — 2Vabc

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Vadim Mitrofanov-Kiev-Ukraine

1 2 1
Za+bc: < C(a+b)(a+c):(a+b)(b+c)(a+c)S4abc

cyc

\/— \/_+</_+</— 1 4 4 a4
Z“r Z Tome. 2Vabe  zvape © (WarVbr Vo) abe<1

2
wehave(‘{/c_z+‘§/l3+‘{/E)4 < (3(\/E+\/E+\/E)) <27=27abc<(a+b+c)*=1
Solution 2 by Ravi Prakash-New Delhi-India

1 1 1 1
+ + <
a+bc b+ca c+ab  4abc
1 1 1 1
+ + <
1-b—c+bc 1—-c—a+ca 1—a—b+ab  4abc
1 1 1 1

CaA-nl-0  0-0l-0 0ol —b) = 2abc
1-9+(1-hH+1-9 _ 1
(1-a)1-b)(1—-c) ~ 4ab

@Babcs1—(a+b+c)+ab+bc+ca—abc

©8abc<(1-a)(1-b)(1-¢)

& 9abc<ab+bc+cas9<?t + +— (1)
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b 3 1 1 1 .
“+3+Czﬁ@;+;+;29.Thus(l) istrue. Fora,b,c >0,a+b+c =1,
a b ¢

Butlz
3

2vVabcVa _ 2avbc <a+\/E
a++vbc a++Vbc 2

. Va Vb Ve 1
- 2\/“bc[a+m+b+m+c+m]Sz[“+b+c+m+ﬁ+‘/“b](l)

But, Vbc + Vca + vVab = Vbc + Veva +Vavb <
< (Va)' + (VB)' + (Vo) =a+b+e (2
From (1), (2): m[aﬁﬁ+bﬁa+c+{/€1_b] s%[a+b+c+a+b+c] =1
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

L S S | 1
a+bc  b+ca c+ab ~ 4abc
a+b+c=1
Y(a+ bc)(b + ca) Yab+Yab(a+ b)+abcd a
[T(a + bc) ~ abc + a?b?c? + abc - Y a% + Y a?b?
Yab+Yab-Y a—2abcd a
~ abc + a?b?c® + abc((Xa)z —2Y ab) + (3 ab)? — 2abc . a)
_ q+q-p—2pr _
r+r2+r(p? - 2q) + (q* - 2pr)
2q —2r 2q — 2r
:r+r2+r(1—2q)+(q2—2r):Zr—2r+r2—2rq+q2:
_2(q-7) _ q p=1 2 pax9r 2 1

= = = > = —
(g—7r)* q-r pq—r — 8r Ar
a=b=c=g

Solution 4 by Soumitra Mandal-Chandar Nagore-India

1 1 1
Za+bc22a(a+b+c)+bc:;(a+b)(a+c)

cyc cyc

1 2(a+b+c 2 1
Z(a+b): ( )<
cyc

@+ b+olc+a) Meyela+b) ~8abc  4abc

(proved)
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2avVbc HM<AM +\/_
b. chc a:/_ chcl 1 < chca 2 chc a+- chc va
< z 1 z !
a=1>
T a++Vbc 2\/

Solution 5 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c>0,a+b+c=1wegivea=——b=—2— c=—2
x+y+z x+y+z x+y+z

Consider, since 4xyz((x +y)+(y+2z)+(z+ x)) Sx+y+z)(x+y)(y+2z)(z+x)

(x+y)+(y+2)+(z+x) (x+y+2)

Hence

(x+y)(y+2z)(z+x) — 4xyz
1 1 (x+y+2)
Hence (y+2)(z+x) (x+y)(z+x) (x+y)(y+2) s 4xyz
Hence 1 1 < (x+y+2)

x(x+y+z)+yz  y(x+y+z)+zx z(x+y+z)+xy — 4(xyz)

(;\c+y+z)3 4+ (;\c+y+z)2 4+ (;\c+y+z)2 <(;\c+y+z)3

Hence

x(x+y+z)+yz  y(x+y+z)+zx z(x+y+z)+xy —  4xyz
1 1 1 1
Hence — ——57— t 55—+ — v — < 1(xyz)
Gryid)  Gryin?Z  God) iy G ey 4a)? (ety+2)3
1 1 1 1 .
Therefore < is to be true.

a+bc b+ca c+ab T 4abc

Solution 6 by Nguyen Ngoc Tu-Ha Giang-Vietnam

[

a.Wehavel=(a+b+c)?>3(ab+ bc+ca)=ab+bc+ca<-=

w

1 1 1 1 abc abc abc 1
+ + < = + + <=
a+bc b+ca c+ab  4abc a+bc b+ca c+ab 4

bc)-a? _ 1 2 3 .
@ZM<—@Z#ZZWItha+b+c=1

a+bc 4
Using Cauchy — Schwarz we have: ¥, aﬁc > a+bi‘:’;;):c+m > 1%% = %
b. We have
%2ab+bc+ca21(\/ﬂ+\/ﬁ+\/&)z = Vab+Vbc++ca<1
Va Vb Ve c 1
a+bc b+vea C+\/_ ZW za+\/_ 2
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a(a+\/ﬁ)—az 1 a? 1
‘:’Z SE@Z

[ 2 —

a++/bc a++bc 2
. . a? (a+b+c)? 12 1
Using Cauchy - Schwarz: 2. a+vbc 2 a+b+c+Vab+Vbc+ca 2 141 2

JP.094. Let a, b, ¢ be positive real numbers such that ab + bc + ca = 1. Prove that:

bcy a2 + 2b + cay/b? + 2ca + aby/c2 + 2ab > 1
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by proposer

By Holder’s inequality we obtain:
2

bc ca ab
Zbc\/a2+2bc ( + )2(bc+ca+ab)3=1

+
a2+ 2bc b%2+2ca c%+2ab

cyc

bc ca ab

The proof will be completed if we show that ——--+ -——+ ——— < 1. Indeed, we

will use Cauchy — Schwarz inequality by the following way

z bc < (a®+2bc)—a*
a? +2bc 2(a% +2bc)

cyc cyc

3 Z (a+b+c)?
T2 €¥€ 2(a2 +2bc)

2(a?+2bc+b%+2ca+c?+2ab) 1 and we are done.

<3_
2

JP.095. Prove that for all positive real numbers a, b, c :

a(b? +c?) b(c*+a?) c(a®+b? - 6abc

2a? + bc 2b% + ca 2c2+ab ~ab+ bc+ca

Proposed by Hung Nguyen Viet-Hanoi-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a(b* +c*) O abc(b®+c?) b% + ¢? -
2a? +bc bc(2a? + bc) ance bc(2a% + bc) —
BERGSTROM 2 2
pes 22 a 22 a 2-3)ab 6abc
gaon Ca?  _ . 2Caf  2:3%ab_

c.ZchZ+2acha_a c.(Zab)Z_ C ab)?  ab+bc+ ca
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JP.096. Let a, b, ¢ positive numbers such that a* + b* + ¢* = 3. Prove that:
a3 b3 C3 b3 3 a3
( & )(E*ﬁ%—s)”

b @
Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

a> b3 A\ (b & A\ M 3| 1 30 1
(ﬁ*ﬁ*ﬁXﬁ*ﬁ*ﬁ)— 3 |abre 3 |abrer =
9 AM-GM 9
“Vatbtes - @rbiec
3
Solution 2 by Soumitra Mandal-Chandar Nagore-India
a\® b\®
a® b%\ _ (5) @)
b5 as) a? bz |~
5 2 5 2
az bz
BERG'.;TROM <Z g) | <Z g) AMéGM 32. 32 81 81 o
- (a% + b2 + ¢2)2 (a2 +b%2+c2)2~3Ya* 9

Solution 3 by Rozeta Atanasova-Skopje
3

b: ¢ a
- azb?c?

s\ aM—em [ 5[ 1
$+ﬁ+ﬁ> 3 3 | ipzez

a> b ¢
)
9 AMéGM 9 _9_9
a*+b*+c* 3
3

- Vatbic*
3

JP.097. Let a, b, ¢ > 0 such that (a + b)(b + c¢)(c + a) = 8. Prove that:
2b 24 2c - 7
— 2

2 4 +
a+1 \[b +1 c+1
Proposed by Nguyen Ngoc Tu —Ha Giang — Vietnam




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

By AM-GM:
2b 2c
a 2b +| 2¢ a  pritl 2( S F1+1+1)
+ 1+2- [—1:-1-1<
a+1 b+1 c+1 a+1 2 4
—L+L+L+2 1
T a+1l b+l c+1 )
b c 3

a
—t+ —+—< =
We prove that: Attt oS

alb+1)(c+1)+b(c+1)(a+1)+cla+1)(b+ 1)
< (a+ DB+ D(c+1)

© 2(3abc+2(ab+ bc+ca)+a+b+c)<3(abc+ab+bc+ca+a+b+c+1)

le

© 3abc+ab+bc+ca<a+b+c+3 (2)
Other:8 = (a+ b)(b+ c)(c+ a) Zg(a+b+c)(ab+bc+ca)
o (a+b+c)lab+bc+ca)<9

= 9 > 33abc - 3%/(abc)? = 9abc = abc <1 (3)

9> (a+b+c)(ab+ bc+ca)=./3(ab+ bc+ ca) - (ab+ bc + ca)
=>ab+bc+ac<3 (4)

(3),(4)= 3abc +ab +bc+ca<6 (5

((a+b)+(b+c)+(c+a))’ _ 8(a+b+c)?
27 T 27

s(a+b+c)¥>27=a+b+c+3>6 (6)

8=(a+b)(b+c)(c+a)<

(5),(6) = 3abc +ab +bc+ca<a+b+c+3
= (2) true > — + /ﬂ+2.4/£SZ
a+1 b+1 c+1 2
JP.098. Let a, b and ¢ be the side lengths of a triangle ABC with incenter I. Prove that:

1+1+1>3<1+1+1)
IA2 IB? IC? ~ "\a? b? ¢?

Proposed by George Apostolopoulos — Messolonghi — Greece
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Solution by Soumava Chakraborty-Kolkata-India

1A = etc
Slnz

1 1 . 2 A
Zm = r—zZ szg 1)

1 3Za2b2 Goldstone 12R2 52 3
Also, 3Y — = 22,2 < 2,22 4.2 (2)
a“b“c 16R“r*s 4r

(1), (2) = it suffices to prove: Y, sinzg > % =3 (2 sin? g) > ; © ¥Y(1—-cosA) > ;

e3-1-Iz32r

=2-©R= 2r — true (Euler) (proved)

JP.099. If x,y,z>0and b > a > 0 then:
b

b b

xdy N ydz N zdx
J-3x2+2y2+z2 f3y2+222+x2 J-Szz+2x2+y2
a a a

1. b b—ayl1 1 1
<-ln—+ <—+—+—>
~3 a 18 x y z

IA

Proposed by Mihaly Bencze — Romania
Solution by proposer

— 4=
' 3x2+2t2 422 18\t =z

We have for x, t, z > O';si(Z 1) PN
© 3x%t + 6x%z + 213 + 2723 + 4t2z + tx? > 18xtz &

3x2t + 6x%z + 23 + 223 + 4t%z + tz*
PR

18 > %/ (x26)3(x2)6(£3)2(23)2(t22)*t = xtz =
b b b
f x dt 1f dt:>f x dt <1l b+b—a:>
322+ 212+ 22 — 18 32 +22+22 -9 'a 18z
a a a

b

zf xdy < z (11 b+b—a)_1l b+b (1 1 1)
3x2+ 2y + 272~ 92" 182/ "3 "a

3 18 \x y z
cyclic g cyclic
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JP.100. Let in triangle w,, w},, w, be the angle bisectors and R, r the circumradius and

inradius respectively. Prove the inequality:
3 1 1 1 1
<

R+r w, w, w, 1
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
Solution by Soumava Chakraborty-Kolkata-India
1 1 1 AM=6M 3

2 3 - (1)

Waqa Wp We v WaWbWe

Now, w,w,w, = (z\/ﬁ s(s— a)) (Zﬁw/s(s — b)) (Za\/f s(s — c))

b+c c+a

__8abcs'rs __ 32Rrs3

= Ti@+b) — Tia+b) @)
Again, [T(a + b) = 2abc + Y, ab (2s — ¢) = 2s(s* + 4Rr + 1r?) — 4Rrs
=2s(s?+2Rr +1r%) > (3)

16Rr2s?
S (4)
s242Rr+r?

1 1 1 3 |s2+2Rr+r? 3
@) )= o+ -+ 23 SO 2
wq wp we 16Rr“s R+r

& (R+1)3(s?+ 2Rr +1%) > 16R1r?%*s? > (a)

(2)1 (3) = WqWpWe =

erretsen

G
Now, LHSof (a) = (R +1)3(18Rr — 41%) and

Gerretsen

RHS <  16Rr%(4R%*+ 4Rr + 3r?)
~ in order to prove (a), it suffices to prove:
(R+1)3(18Rr — 41r%) > 16Rr*(4R? + 4Rr + 31?)
©9tt— 763 — 1162 - 21t -2 2 0 (wheret =7)

e (t—2)(9t3 + 112 + 11t + 1) > 0 > true = t > 2 (Euler)

. 1 1 1 3 . 1 1 1 1 1
= (a)istrue = —+—+— > ——is proved. Now, L+ L+ 1<l ZWaws 1

a Wp We Wq Wp We r WaWpWe r

z WoWp = z <2\£_b_z,/s(s — a)> <i\_/l_c_2,/s(s — b)>
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= li‘;(sa—“f) (@ + b)Ve) (Vs =) =)
= % Dlc@rn? Y s-a)s-b)
_ %\/Z c(a? +2ab + bZ)JZ(sZ _ s(a+ b) + ab)

= ;[‘za—‘/inc)Jz ab (2s — c) + 6abcy3s? — 452 + 52 + 4Rr + 12

;f (;/:) J2s5(s? + 4Rr + r2) + 12Rrs/4Rr + 12
;f( \/;)\/Zs(s + 10Rr + r2)y/4Rr + 12
- #%st(sz +10Rr + r2)VaRr + 1% (by (3))
LS waw, < #%‘/ 25(s2 + 10RT + r2)VART + 12 > (5)

~ Xwaw,, by (2'(4) 4s\ARrs
“wowpw, ~ 2s(s?2+2Rr +12)

_ V4RTS
" 8Rr2s?

R(4R + 1)(s%2 + 10Rr + 12 71 ?
_VR( )( ) 21 8R?s? 2 R(4R +7)(s? + 10RY +12)
2V2Rrs r

& (4R —1)s? é (4R + r)(10Rr +1?%) > (b)

s2+ 2Rr +r?

J2s(s2 + 10Rr + r2)J4RT + 12 - T6Rr2s?

J2s(s? + 10Rr + r2)\/4RT + 12

”
& 8R?*s? > R(4R + r)(s%? + 10Rr + 1r?)
”
© (4R —1)s* = (4R + r)(10Rr + %) - (b)
”
Now, LHS of (b) > (4R — r)(16Rr — 51%) > (4R + r)(10RT + 1?)

? ?
& 12R? - 25Rr+2r’>0< (R - 2r)(12R - r) >0

— true ~ R > 2r (Euler) = (b)istrue=> —+ —+ — <! |s proved.

Waq Wp Wc
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JP.101. Let x, y, z be positive real numbers with xyz = 1. Prove that:

\/x4+1+\/y4+1+\/z4+1<
x2+y2+ZZ -

V2

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by proposer
Wehave(x —1)*>0cox*—4x3+6x° —4x+1>0

xr+1

o2xt—4x3+6x2—4x+2>xt+1eoxt—2x3+3x2—-2x+1>

441 o Vat+l Vat+l

2 _ 2, x+1
e —-—x+1)2> 5 N 7

=1

< x? — x + 1.Similarly <y?’-y+1,and

z4+1

7z
Vat+ 1+ Jyt +1+V24 + 1 <V2(2 +y2 + 22) +V2(3 - (x +y + 2)) (1)

< z? — z + 1. Adding up these inequalities, we get:

By AM-GM inequlity we havex +y +z > 3,/xyz = 3,503 — (x + y + z) < 0. Now (1)

gives Vat + 1+ /y* + 1+ Vz* + 1 < V2(x% + y% + z%), namely

Vat1+/y 1424 +1
x2+y2+22

< +/2.Equality holdswhenx =y =z = 1.

JP.102. Let x, y, z > O be positive real numbers. Then:

1 1 1 4,/3xyz(x +y + z)
+ + >
x+y y+z z+x (x+y)(y+2z)(z+x)

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

Solution by Soumitra Mandal-Chandar Nagore-India

We know, (X.ye xy)Z > 3xyz(x +y+z)

4./3xyz(x+y+2z) < 4(xy+yz+zx)
(x+Y)(y+2)(z+x) ~ (x+y)(y+2)(z+x)’
z 1 4(xy + yz + zx)
=
x+y  (x+y)(y+2)(z+x)

cyc

we need to prove,

= Z(x +y)(x+2z) > 4(xy + yz + zx)
cyc

© x% +y% + z? > xy + yz + zx, which is true.
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. 1 - 4,/3xyz(x +y + z)
";x+y"(x+y)(y+2)(2+x)

(proved)

JP.103. Let x, y, z > O be positive real numbers. Then in triangle ABC with semiperimeter
s and inradius r.

X ,A y ,B z C s?
cot* =+ ot* —+ >
y+z 2 z+x 2 x+y 2 2r?

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

Solution by Soumitra Mandal-Chandar Nagore-India

cot2 = p(p_a), t2=2@=b g cot — 2=
2 A 2 A A
cot? A A
z cotZ = (x+y+z)z ZCMZ—
y+z y+z 2
cyc cyc cyc
2
Bergstrom 1 A ) A
> = t= | - t? -
= 2 Z o7 Z ot

cyc cyc

T 212 A?

_1(\Pe-a) pz(p a2 p* PH{Co®— @) ~ 250 p - a)p - b))
B E(Z A ) Z

cyc cyc

_p* p*-2r(r+4R) 2(r+4R) p* >2(r+8r) P> p?

T 2712 T2 N r 2rz — r 2r2 2r2

JP.104. Let r,, Ty, 1 be the exradii, h,, hy, h, the altitudes and m,, m;, m. the medians of
a triangle ABC with semiperimeter s, circumradius R and inradius r. Then
2 2 2 2
s N T} N T S 54r
hym, h.m, hym,  s?—1r2—4Rr

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
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Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

ra? s 2 5472

+ + >
hym, h.m, hym,  p?—1r2—4Rr
Dro+rp+r.=4R+r

hgsmg,
hbSmb
hesm, 3
2) hym,+hom,+h,m, < mym.+mmg+memy<m’+m:+m?= Z(az +b% +c?)

LHS. z Tﬁ Berg;tr()'m G ra)z (Z);(l)
. 7 hbmc B hbmc + hcma + hamb B
- (4R +1)? Etier 81r? B 54712
- - 3 ~ p?—4Rr — 12

Z(a2+b2+c2) Z-Z(p2—4Rr—r2)
Solution 2 by Soumava Chakraborty-Kolkata-India

©w hy < mg etc,
h 2 pergstrom (17,)? ™ (4R +1)?
a<mg.etc r ergstrom r CRul ) 4R +1r
~LHS = > z = T 2

>
mym, Ymym, ) <2a2;- bc)
cyc

_ 4(4R+1)* 4(4R +1)?
" 2Ya?+Yab 4(s?2—4Rr —r?) + s2 + 4Rr + 12
4(4R +1r)? ? 5412
= >
552 —12Rr —3r% ~ s? —4Rr —r?
2(4R + 1)? ; 5(s> —4Rr — r?) + 8Rr + 212

27r2 s2 —4Rr —r?
2(4R +1)? — 13572 ; 8Rr + 212
27712 ~ s2—4Rr — 12

?
& (32R? + 16Rr — 1331%)(s> —4Rr —1%) > 27r3(8R + 2r) (1)
Gerretsen ?
LHSof (1) >  6r(2R—1r)(32R?> + 16Rr — 1337r2) > 27r3(8R + 2r)
? ?
& 32t3 — 159t + 62 > 0 (wheret = g)@ (t —2)(32t* + 64t — 31) > 0 - true

« t > 2 (Euler) = (1) is true (Proved)
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JP.105. Let m > 0 and F be the area of the triangle ABC. Then:

am+2 bm+2 Cm+2

> 2V3F

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

+ +
bm_|_cm cm+ gm am+bm

Solution by Soumava Chakraborty-Kolkata-India

X
LHS:Z:(aZ 'y+z) x=a™y=bm"z=c™)

cyc

\/ X y y z z X
> 4F . + . + .
y+z z+x z+x x+y x+y y+z

v afm' + b*n' + c*p’ = 4R /m'n’ +n'p’ +p'm’
x y z
k vm',n',p’ € R* and as, >0 )

y+z'z+x'x+y

v x,9,Z2>0
?
> 2V3F
xy . yz . zx ; 3
s >Z
y+2)(z+x) (+x)(x+y) x+y)(y+2) 4

Xlxy(x+y)} 23
= >
2xyz+ Y x2y + Y xy* 4

2
@42x2y+42xy2 26xyz+3§1x2y+321xyZ

”
& Y xty+ Y xy? = 6xyz — true by AM-GM

SP.091. Prove that for all positive real numbers a, b, c, d:

a? . b? . c? . d? >a+b+c+d+4(2a+b—2(:—d)2
a+b+c b+c+d c+d+a d+a+b— 3 27(a+b+c+d)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by proposer

a? 5a—b—c+(b+c—2a)2 bz 5b—c—d+(c+d—2b)2
+b+c 9 9(a+b+c) 'b+c+d 9 9(b+c+d)’

We have:
a
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c? _5¢c—d-a (d+a 2¢)? d? _5d—a-b (a+b 2d)?
crd+ta 9 9(c+d+a) d+a+b 9 9(d+a+b)

__a+b+c+d (b+c—2a)?
chc

Adding up these relations we obtain: chc o@rbic)

a+b+c
Now we use Cauchy — Schwarz inequaity (or Titu’s Iemma) to get

(b+c—-2a)> (b+c—-2a)® (c+d-2b)*> (—d-a+2c)?

9(a+b+c) 9(a+b+c) + 9(b+c+d) + 9(c+d+a)
cyc

(—a—b+2d)2>4(2a+b—2c—d)Z
9(d+a+b) — 27(a+b+c+d)

b2 c d? a+b+c+d + 4(2a+b-2c—-d)?

a -
+ + + .
Therefore a+b+c b+c+td c+d+a d+a+b T 3 27(a+b+c+d) as desired

SP.092. Prove that for all positive real numbers a, b, c:

a? b? c > a+b+c (b—c)?
“a+b  b+c c+a — 2 2(a+b+c)
b. a? + b? + c > a+b+c = (a+b—-2c)?

b+c c+a a+b 2 2(a+b+c)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a? b? c? a+b+c (b — ¢)?
+ + > +
a+b b+c c+a 2 2(a+b+c)
Zaz(z ab+a2) = (a+b+c)%*+(a+b-2c)?

Given Inequa“ty < (a+b)(b+c)(c+a) — 2(a+b+c)

o2 (Z a) {z a* + (z ab) (z az)} >
>(a+b)(b+c)c+a)(a+b+c)2+ (a+b—2c)?*}
& 2(a5 + b5 + ¢%) + 2a*b + 2a*c + 2a3c? + 2ab* + 2b*c + 2b3c? >

> 4a3b? + 4a%b3 + 4a’b?*c + a’bc? + a’c® + ab?c? + ac* + b%c3 + bc*(1)
A-G
Now, 2(a5 + ab“) > 4a3b? (a)
2(bS + a4b) 5 4a2p (b)

2(a*c + b*c) é 4a’b?*c (c)
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c?(a® + b3) = c?ab(a + b) = a’bc? + ab*c? (d)
c?(a® + c3) = ctac(a+c) = a*c3 +ac* (e)
c2(b3 + ¢3) = c?bc(b + ¢) = b?c3® + bct* ()
(@)+(b)+(c)+(d)+(e)+(f)= (1) istrue
(Proved)
a? b? c? a+b+c (a+b-—2c)?
+ + +
b+c c+a a+b— 2 2(a+b+c)

Zaz(Zab+a2) > (a+b+c)%*+(a+b-2c)?
(a+b)(b+c)(c+a) — 2(a+b+c)

~2(Y )Y et (Y w) (Y o)
>(a+b)(b+c)c+a)(a+b+c)2+ (a+b—2c)?*}

o 2(a5 + b5 + c5) +2a*b + 2a*c + 2a3c? + 2ab* + 2b*c + 2b3c? >

Given inequality ©

> 4a3b? + 4a%b3 + 4a’b?*c + a’bc? + a’c® + ab?c? + ac* + b%c3 + bc*(1)

A-G
Now, 2(a® + ab*) > 4a®b* (a)

A-G

2(b% + a*b) = 4a’b® (b)

A-G
2(a*c + b*c) = 4a’b%*c (c)

c?(a® + b3) = c?ab(a + b) = a’bc? + ab*c? (d)
c?(a® + c3) = ctac(a+c) = a*c3 +ac* (e)
c2(b3 + ¢3) = c?bc(b + ¢) = b?c3® + bc* ()

(a)+(b)+(c)+(d)+(e)+(f)=(1) is true (Proved)

SP.093. Prove that in any triangle ABC the following inequality holds

(b+c)a (c+a)b (a+b)c
+ + >

m2 ms m?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Soumava Chakraborty-Kolkata-India
lets—a=x,s—b=y,s—c=zThenx,y,z>0ands=x+y+z

~a=y+zb=z+xc=x+y. Now,giveninequality &
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(b + c)a (c+a)b (a+b)c @
2b%2 +2c2—a?2 2c2+2a?2—-b%2 2a%?+2b%2—c%2 "

Now, 2b2 + 2¢2 — a2 = 2(z + x)? + 2(x + y)? — (y + 2)?

=2z%+ 2x%* + 4zx + 2x* + 2y% + 4xy — y* — 2% — 2yz

(a)
=22 + y? + 4x? + 2yz + dxy + 4zx — 4yz = (y + 2z + 22)? — 4yz

(b+c)a _ (y+z)(y+z+2x) .

(a) 2b2+2c2—a2  (y+z+2x)2—4yz (I)
Similalry, (c+a)b (2) (z+x)(z+x+2y) (a+b)c (ié'i) (x+y)(x+y+22)
2c2+2a2-b? (z+x+2y)2—-4zx ~ 2a%+2b%-c? (x+y+2z)2—4xy

(i)+(ii)+(iii)= given inequality ©
e +2)(y+z+2x){(z+x+2y)* - 4zx{(x +y + 22)* — 4xy} +
+(z+x)(z+x + 2y (x + y + 22)* — 4xyH(y + z + 2x)* — 4yz} +
+x+y)(x+y+22){(y + z + 2x)* — 4yzH{(z + x + 2y)* — 4zx} 2
>2{(x+y+22)?% —4xyH{(z + x + 2y)? — 4zx{(y + z + 2x)? — 4yz}

o 102x5y + 1OZ:xy5 + 77Z:x4yZ + 772 x2y* +
(2)
+150 z x3y3 > 118xyz (z x3) +90xyz (z x2y + z xyz) + +78x%y*z?

Now, 593 x*y? + 59 Y x2y* =
4-G
= 59{x*(y? + z%) + y* (2% + x%) + z* (x%? + y?)} (_2) 118xyz (z x3)
v

Shur A-G
Now, Vu,v,w € R*, Y u? + 3uvw > Yu?v+Yuv?andYu® > 3uvw
Adding thelast 2,2 Y u® > Y u?v + Y uv? (b)

(b) = 150X x3y3 > 75xyz(X x%y + X xy?) (V)
A-G

Again, 15Y x*y?* + 15 x?y* > 30X x3y3
(vi) = 15xyz(X x*y + X xy?) (by (b))
A-G
Also,3Y x*y? + 3 x%y* > 18x%y%z% (vii)
A-G
10X x°y + 10X xy> > 60x%y%z? (viii)
(IV)+(V)+(vi)+(vii)+(viii)= (2) is true (proved)
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SP.094. Prove that in any acute triangle ABC the following inequality holds

cosBcosC N cosCcosA cosAcosB - V3

+
sinA sinB sinC — 2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

z cosAcosB < V3
sinC = 2
Since 4 ABC is acute then sin 4, sin B, sin € > 0. So, the inequality is equivalent to:

V3
ZCOSACOSBSinASinB s75inAsinBsinC<:>
o ZSin 2Asin 2B < 2+/3 sin A sin B sin C

. 2 . . . 2
We have: Y sin 24 sin 2B < & S";“) = [“S"‘AS‘;‘BS‘“ " < 23 sin A sin B sin C

< sinAsinBsin C < %, this is true by AM-GM since:

5 (3\/5)3 3
. . . in A+sin B+sin C 2 3V3
sinAsinBsinC < (sin 5"217 sin €) < :7 =5 > Q.E.D.

Solution 2 by Soumava Chakraborty-Kolkata-India

1 1
LHS = ]_[sinAz cosBcosCsinBsinC = mz& sin B cos B)(2 sin C cos C)
1 . .
—m' 3ZSmZBsm2C

< m (z sin 2A)Z < 3 z xy < (z x)Z vx,y, z>

1(4[[sin4)?> 4 ) )
—m—g(SlﬂASlnBSlnC)

_ 4 abc _ 16Rrs _ 21rs Euler RS _ S Mitrinovic 3V3R _ V3

=_. = = < = < - =
3 8R3 24R3 3RZ ~— 3R?2 3R - 2-3R 2
(proved)
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SP.095. Let a, b, ¢ be the side lengths of a triangle ABC with inradius r and circumradius

R. Prove that:
. . . 81
(b* + c*) sin? A+ (c* + a*) sin? B + (a* + b*) sin?* C < T(3R4 —161%)

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India
1
== (b2 + ¢2)2 — 222 g2 +
LHS 1R {(b? + ¢*)? — 2b*c?*}a
1
4R?
< 81R%(3R* — 161*) + 6a%b?*c? (1)

WLOG, we may assume a > b > c. Then, a?(b? + ¢?) > b%(c? + a?) = c*(a? + b?)

81
{(c? + a?)? — 2c%a?}b?* + {(a® + b%)%? — 2a%b?}c? < T (BR* —161%)

+ —
4R?

b% +c% < c* +a? < a* + b?

Chebyshev 1
~LHSof (1) < {¥a*(b®+ cHHE(B? + c*)}

=20 @) (Y @) L S ares) (B a?)

Leibnitz 4 ?
(4R?s?)(9R?) = 48R*s? < 81R?*(3R* — 161*) + 96R?*1r?s?

< —
3

2
& 16R?*s? < 27(3R* — 161*) + 32r?s?
2
& s%(16R?* — 321r%) < 81R* — 4321r* (2)
Gerretsen ?
Now,LHSof (2) <  (4R?+4Rr + 3r?)(16R? — 32r?) < 81R* — 432r*
R
o 17t* — 64t +80t* + 128t — 336> 0 (t = ;)
& (t—2){(t — 2)(17¢? + 4t + 28) + 224} 2 0 > true = t = -~ > 2 (Euler)

(Proved)
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SP.096. Let ABC be a triangle and w,, w;,, w_. are bisectors of ABC. Prove that:

1 1 1 1
+ + >—
aw? bw: cw? RA

where R is the circumradius of ABC, A is area of ABC.

Proposed by Mehmet $ahin — Ankara — Turkey
Solution 1 by Soumava Chakraborty-Kolkata-India

, _ 4b*c®* s(s—a) _4bcs(s—a)
a

Ya= b+ T bc | (b+o?
N G
aw? " 4abcs(s-a) (1)
L@ et o 1 O @y
Slmllarly, ~ 4abes(s—b) m " 4abcs(s—c)
2
D+(2)+(3)=LHS = ——Y —— {a1b)

4s-4RA s—c

I | Z(S+S_C)Z zs +Zs(s—c)+(s—c)Z
"~ 16sRA s—c 16sRA

2(1)+Z(s—c)}

1
~ 16sRA [rzsz Z{S —s(a+b) +ab}+ 6s +(3s — 25)]
1
16sRA{ (357 — 4s? + 5 + 4R +17) + s

1 s(4R+r s(4R+8r R+2r Euler 4r 1
= {( )+7}: ¢ ) = = — (Proved)
16sRA r 16sRAr  4r-RA 41r-RA

L2 _ _ —_
Proof 2:w3 < s(s—a) > awi < as(s—a) > an? = as(s— a)( )

_ 1 {
" 16sRA

(Z) 1 1 (3) 1
Slmllarly, 12, = bS(S b) CW% - CS(S—C)
1
(1)+(2)+(3)=LHS > ;Z el )

WLOG, we may assumea = b = c. Then% <il<landL

Chebyshev

@)=>LHs > Z¥-¥—
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1 <Zab> 5 {Z(s—b)(s—c)}zM(Bsz—4s2+s2+4Rr+r2)

- 3s\ abc | r2s? 3r2sZ2 . 4RA
_(s*+4Rr +r*)(4R + 1) ; 1
B 12rs2RA ~RA
© (s* +4Rr +r?)(4R +1) > 12rs? (5)

rets

Ger en
Now, LHS of (6) = (20Rr — 41%)(4R + 1)

tse

&RHSOF(5) < " 12r(4R? + 4Rr + 3r2)
~ it suffices to prove: (5R —r)(4R + r) > 3(4R? + 4Rr + 31?)
& 8R2—11Rr —10r2 > 0 © (R — 2r)(8R + 51) = 0 - true
R > 2r (Euler) = (5) is true (Proved)
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

X=p—a
Y>> y=p-bsx+y+z=p

awg RA’

z=p-c
1 1
HD) aw? 2 7 —
a (y+z)~(m~1/x(x+z)(y+x)~2x)
_ Z 2x+y+z)? Bergstrom Cxy+y+z)% _ 16(x+y+z)?
B O DL A 4y x[l(x+y)  4x+y+2)2 TI(x+y)
= 4 =LHS
[T1(x +y)
1 _ 1 _ 4 _ 4
2) RA “_bc.A " abc [Mx+y) = RHS

44

1 4 _ 1
D:2) 2507 2 ey ~ ra

SP.097. Let a, b, c be the side lengths of a triangle ABC with incentre I, circumradius R

and inradius 7. Prove that:

VAI VBI VCI V2 VYR+r
+ + <—-

a b c 2 r

Proposed by George Apostolopoulos — Messolonghi — Greece
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Solution by Soumava Chakraborty-Kolkata-India

Ic B s
\/zf‘ ﬁ
\/7 azp? Goldstone 2Rs Al 1 Al ? 4/ 2(R+1)
/ = ’ <X - -
aZb?c? 4Rrs z 2r z - 2r

oYAI<2R+7) (1)

Now, ZAI —TZ m

vs 35 _
\/S(S—a):Sib)(s—c)z\/_mcgS%\/ﬁ T :\/ﬁ

Gerretsen
=.s2+4Rr +r? \/4RZ+8Rr+4rZ—\/4(R+r)2—2(R+r)
= (1) is true (Proved)

SP.098. Let ABC be an acute triangle with orthocenter H. Prove that:
AH -BH + BH - CH + CH - AH < 6Rr,
where R and r are the circumradius and inradius respectively of triangle ABC.
Proposed by George Apostolopoulos — Messolonghi — Greece
Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

AH-BH+BH-CH+CH-AH=Z4RZ-cosA-cosB=

= 4R? <p2

+1?

4R?

—1>=p2+7'2—4-R2S4RZ+4Rr+3r2+r2—4RZ

= 4R + 41* < 4Rr + 2Rr = 6Rr = Q.E.D.

SP.099. Let a, b, ¢ be non-negative such that a + b + ¢ = 3. Prove that:
[(a—b)(b—c)(c—a)| < 3\76 Equality occurs when?

Proposed by Nguyen Ngoc Tu —Ha Giang — Vietnam



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam
We will prove that: (a — b)?*(b — ¢)?(c — a)? < %. WLOG, assume that

¢ = max{a; b; ¢}

c>2b>a=>0:(a—b)><b*(c-a)’<c?*>

= (a—b)?(b—c)*(c—a)? <b?%c?-(b—c)?* = %(Zbc)Z - (b%? — 2bc + ¢?)

(2bc+2bc+bZ 2bc+c2)3_(b+c)6<(a+b+c)6_27
4-27 - 108 ~ 108 = 4
c2>a>b>0:(a-b)?!<a*>(b-c)*<c?*=>(a-b)*b-c)*(c—a)<

_ 2
Z) < (Zac+2ac+a 2ac+c )
427

< a*c*(c—a)? = i(Zac)Z -(a? =2ac +c

_(a+c)® (a+b+c)® 27
108 ~ 108 4

Hence: (a — b)2(b — ¢)2(c —a)? < Z = |(a = b)(b — ¢)(c — a)| <

The equality happens iff (a; b; c) ~ (0; #i 3+fo§)

SP.100. Let a, b, c be the lengths of the sides of a triangle with perimeter 3 and inradius r-.

Prove that:

(a+b)* (b+c)* (c+a)* 2
2 —
2881 < a’? + b? N b2 + c? N c? +a? Sr2

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

_ (a+b)*
In any 4 ABC with perimeter = 3,288r% < ), Zap? = r_z
a? + b? > (a+2b) Z(az+bb)2 < 2Y(a + b)? < 2

@z( by < 16s* ( 4_81 5 3) z Z+z b < 8s*
a =812 \ 16 ¥ <5~ a ab = 8172

& 8s* > 81r%(3s2 —4Rr —1r?%)
& 8s* + 324Rr3 + 81r* > 243s*r? - (1)
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erretsen

G ?
LHSof (1) >  8s%(16Rr — 51?%) + 324R13 + 81r* > 2435s%r?

2
& s%(128R — 2561) + 324Rr?* + 8113 > 27s%r — (2)

Gerretsen

LHSof (2) > (16Rr — 51%2)(128R — 25671) + 324Rr? + 81r3

Gerretsen

and,RHSof (2) <  27r(4R%*+ 4Rr + 31?)

~ in order to prove (2), it suffices to prove:
?
(16Rr — 5r%)(128R — 25671) + 324R1? + 8113 > 27r(4R? + 4Rr + 31?%)

? ?
& 97R? —226Rr+ 6412 >0 < (R—2r)(97R — 32r) > 0 — true

(a+b)* < 2

aZ+p%2 — r2

~ R = 2r (Euler) = (2) is true -

(a+b)* Berg;trom (Z(a+b)2)2 Lei;niz 4(2 a’+y ab)2 ?

i 2
Again, a?+b? - 2y a? - 18R? = 288r

? ?
© Ya’+Yab>36Rr © 3s2>40Rr +1* - (3)

erretsen

G ? ? ?
LHSof (3) >  48Rr —15r?2 > 40Rr +r* © 8Rr > 161> & R > 2r

(a+b)*
a4+ b2

- true (Euler) = (3) is true . 28872 < ),

(proved)

SP.101. Let a, b and c be the side lengths of a triangle with inradius r. Prove that:

4\/ 1 1 1 V3

+ + < —
a* + 2b%¢z  b*+ 2c%a? c¢*+2a?b?” 6r

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Soumava Chakraborty-Kolkata-India

A-G
3
a* + 2b%c? = a* + b%c% + b%c? > 3\ a*b*ct

1 1
= <
at+2b%c2 — 33/ apaca )
(2) 1 1 3) 1

1
<
b*+2c2a? = 33[paptct ct+2a2b? T 33/ 4ptct

Similarly,
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(a)
4 1 —_1 V3 ﬁZr _
(1)+(2)+(3):> LHS < m \/ﬁ — C) ab = 2V3r

Now, ¥abc = 3/4Rrs Eger 342r)rs
- 32\” \/4(2r)r(3\/_r) V8 - 3v3r3 = 24/3r = (a) is true (proved)

SP.102. Let ABC be a triangle with circumradius R and inradius r. Prove that:
,B C 2R

A
4 < —+ —+ S q—
sec? > sec? > sec? 2 =

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Soumitra Mandal-Chandar Nagore-India
ab + bc + ca = p? + r* + 4Rr,abc = 4Rrp and [I,.(p — a) = pr?

again, 9r(r + 4R) < 3p? < (r + 4R)?

Z:bc(p—b)(p—c)ZpZ Zab —pZab(a+b)+ZaZbZ

cyc cyc cyc cyc
2

=p22ab—p Za Zab + 3abcp + Zab —ZabCZa

cyc cyc cyc cyc cyc
=1r%(r + 4R)? + p*r? then
A bc r?(r + 4R)? + p?r? r + 4R\?
z sec?— = z = = ( ) +1
2 Liplp—a) plp-a)p-b)p-c) P

cyc

2 2
. +4R 2R +4R .
>3+ 1 =4again, (rp ) +157@%spzwewnlprove,

r(r + 4R)?
g@B(ZR—r)2r+4R@2(R—2r)ZO
2R—r1
which is true. Hence proved.

3r(r + 4R) >

Solution 2 by Soumava Chakraborty-Kolkata-India

(b) ,A ,B C (o 2R

4 < sec’—+sec?—+sec’ = < —
2 2 2 r
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AN a2
sec” - = an® —
Z 2 Z 2

1 1{(s—b)(s—c) (s=c)(s—a) (s—a)(s—b)}

s—a s—b s—c¢c

2R 2abcs _ 2sabc (2) abc
r  4A2 4s(s—a)(s—b)(s—c) = 2(s—a)(s—b)(s—o0)

lets—a=x,s—-b=y,s—c=z.s=x+y+z

sa=y+zb=z+x,c=x+y,x,y,z>0

24 _ 1 (xy  yz  zx (3) 3xyz(T x)+3 x%y?
(1):>ZSEC Z_3+Zx( +x+y)_ xyz(3 x)

Tx?y?+3xyz(Xx) _ (x+y)(y+2)(z+x)
(3)’ (2) = (a) < xyz(¥ x) s 2xyz

(z 2xyz+2x y+2xy >22x2y + 6xyz z )
@nyz(z z y+z xy +zz 2 4+ 2xyz Zx)
>22x2y + 6xyZ z )

& Y3y + Y xyd = 2xyz(X x) (4)

LHS of (4) A; 2Y x2y? > 2xyz(¥ x) (+ m? + n? + p? > mn+ np + pm)
= (4) istrue = (a) is true (*)
(3)= (b) & Lx?y? + 3xyz(X x) = 4xyz(X x)
o Y x*y? > xyz(¥ x) - true = (b) is true (*) (proved)
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

A bc  abc 1 _abc Yab(p—a)(p-b)
zs“zi‘zp(p—a)‘ p 'za(p—a)‘ p  abc I(p-a)

:%'Z(ab(pz - (a+b)p+ab)) =
:%.(pz .zab—p.Z(azb + ab?) +Z(ab)2)
:%' <p22ab—p(Zab-Za—Babc)+(zab)z —4-pabc>:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1/, E‘ 2
:F p E ab — 2p? E ab+3pabc+( ab) — 4pabc | =
1 2
:F.<_p2 E ab+(§ ab) —pabc>=

1

= ( E ab (—p? + p?> + 4Rr +1?) — 4p2Rr) =
1

=15 ((pZ + 4Rr +r2)(4Rr + 1?) — 4p2Rr) =

(4Rr +r?)% 1+ (4R +1)?

1
= F(4Rrpz + A% + (4Rr + %)% —4p’Rr) =1+

A2 2
A (4R +1)? 4R+1r\%> 2R
ZSecZ—=1+—;4S1+( ) < —
2 2 T
2
LHS: 3 < (“Rp”) oV3p<4R+r
2 2 -
RHS: 1 + W:;r) < % =3 MRer) < g & (4R + 1r)*r < (2R — r)p? > Gerretsen

16R?*r + 8Rr? + r3 < (2R — r)(16Rr — s1?)
16R?* + 8Rr + > < (2R —1)(16R — s1); 16R?> —34Rr +41r* > 0
8R? — 17Rr + 2r? > 0|:1?; g =t > 2 (Euler)

8t2 —17t+2>0;(t—-2)(8t—-1)>0
>0 >0

SP.103. Let m, n be positive real numbers. Prove that:

(1 1)_1 4034 —-2015m 4034 —-2015n m+n+ 2009
—+—) < + +
m+ 2017 n+2017 2

Proposed by luliana Trascd — Romania

m n

Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

. - - - 2017m 2017n m+n+2009 1
14— - + >
The inequality is equivalent to: 4 — 017 mi2017 5 ZT1
m n
. - - 2017 2017 2009
Applying AM-GM inequality: 4 — - _ 22070 | MInTD0 >

m+2017 n+2017 2
m+2017 n+2017 m+n+2009 m+n
= 4 — — =+ =
4 4 2 4
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So we need to prove that: mT”l > ﬁ © (m+n)?>4mn < (m—n)? >0 (true) =

m n

Q.E.D.

SP.104. Prove that in any triangle ABC the following relationship holds:

Z abcz
r
sind ,/abs(s -c)

2
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

(»p—-b)p-c)
bc

2

sinZ = /(p—a)(p—C) and sin & = ’(p—a)(p—b)
2 ca 2 ab

z abc z
r
cyc sm > e V abp(p —c)

Z(p —a)(p—b) =r(r +4R),abc = 4-Rrp,siné = \/

cyc

Cauchy—Schwarz

= r\] (Zeyeab) (ny‘(p a)(p- )t \] (Zorezg) (Zo “p- )

chc(p a) abc Zp ) chc(p - a)(p - b)
= r\/ R [eyc(p - @ \/ 4Rrp  plly(p —a)

_ , P 1 r(r+4R) _
=r- [9R W"‘ZRTP ZRT pzrz < 3R+ 3R =6R

Solution 2 by Soumava Chakraborty-Kolkata-India

1 bc B s _
rZﬂ—rz (s—b)(s—c)_\/s(s_a)(s_b)(s_c)zm

< Sr\/_\/Zab\/Z(s—a)——\/_\/Zab \]Zab s2+ 4Rr + 12

Gerretsen

(1)

VAR? +8Rr + 412 = \J[A(R +1)2 =2(R+T)
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Now, ¢y =

2 Jabs(s—c)
C-B-S 4Rrs\] 1 1 1 \/ 1 1 1 4Rrs\] 2s \]s-Z(s—a)(s— b)
< +—+ + + =

@) 2+s ab bc cals—-c s-—a s—b_Z\/E 4Rrs r2s?

- 4122:ﬁ\/z(52—s(s+b)+ab):\/?\/352—5(45)*'52*'41?7'*'7’2:\/ZR(4R+r)

D +@2)=LHS<2(R+71)+./2R(4R + 1) ; 6R < 2R(4R+ 1) ; 4(2R —1)?

? ? ?
& 4R?*+Rr <8R* —8Rr+2r2 © 4R* —9Rr+2r2>0< (R-2r)4R—-1r)>0 >
— true ~ R > 2r (Euler) (Proved)

SP.105. Let G be the centroid in A ABC. Prove that:
cot(GBA) + cot(GCB) + cot(GAC) > cot A+ cot B+ cotC +3
Proposed by Daniel Sitaru — Romania

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

—_ . —_ . —_ . —_— —_ —SABC
BC =a;CA=Db;AB = ¢;Sspc = Sace¢ = Spce = 3

cot GBA + cot GCB + cot GAC =
_ AB? + BG* — AG* C(CG? + BC? —BG?> AG?+ AC? — GA?

+ +
4'SABG 4'SBGC 4SACG
— 3 (a2+b2+c2) — a?+b?%+c? 4+ a?+b%+c? (1)
4 SaBc 4SaBc 2SaBC
b+bc+ 24b%+c?
- Other: 5 = /p(p— A)(p — B)(p — 0) = Liperee < e
2,22, .2
:>a+b +c 22\/§>3 (2)
2SaBC
(1), (2) = cot GBA + cot GCB + cot GAC > cot A+ cotB + cotC + 3

a%+b%+c?

(Because cot A + cot B + cotC =
4SaBc
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UP.091. Let be a € R’ and the continuous functions f, g, h: R - R where f and g are odd

and h is even. Prove that:

ff(x) . ln(l + eg(")) . arctan(h(x)) dx = ff(x) gx) arctan(h(x)) dx
a 0

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Abdallah El Farisi-Bechar-Algerie

f f(x)In(1 + e9®) arctan(h(x)) dx = — f f(x)In(1 + e~9®) arctan(h(x)) dx
—_ f f(x) (In(1 + €9 — g(x)) arctan(h(x)) dx
= - fa f(x) (In(1 + e9¥)) arctan(h(x)) dx + fa f(x) g(x) arctan(h(x)) dx
= - f f(x) (In(1 + e9®)) arctan(h(x)) dx + 2 fa f(x)g(x)arctan(h(x)) dx
“a 0

ff(x) ln(l + eg(")) arctan(h(x)) dx = f f(x)g(x) arctan(h(x))
a 0

Solution 2 by Shivam Sharma-New Delhi-India

Let,
I1= ff(x) ln(l + eg(")) arctan(h(x)) dx

As we know the following lemma:

If f(x) is a continous function defined on [-a, a], then,

0 _ )2 | f(x)dx,if f(x) is an even function
f fx) dx = { Of

0,if f(x) is an odd function

Using the above lemma, we get,
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= ff(—x) ln(l + eg("‘)) arctan(h(—x)) dx

= — ff(x) In(1 + e~9®) arctan(h(x)) dx

a

= — ff(x) ln(l + eg(")) arctan(h(x)) dx + f f(x) ln(eg(")) arctan(h(x)) dx

= —1+2 f f(x) g(x) arctan(h(x)) dx
0

(OR)
I1=2 fo f(x) g(x)arctan(h(x))dx (OR) I = foaf(x)g(x) arctan(h(x)) dx
(proved)

UP.092. Calculate:

111112) \/_(3(n+1) /—( T 1)| 31\1/—)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Soumitra Mandal-Chandar Nagore-India

n|n! 1
lim |—=
n-o N e

0, —llm r(g(nﬂm 3'V_)

. 3 13m0 -1 3(n+1) DI
= lim,,_, ., < R S Y uﬁ) where u, = —2% Y toralln e N
n Inu, 3nm

3(n+1)\/— 3(n+1) 3
i _ (n+1)! _ V (n+1)! . _n _
e N T T 142 then lim, ,u,=1

now, u,, —» 1 then ==

-1
—» 1foralln - o

n
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. (3‘"“3/(71 + 1)!)" ~ i/(n+ 1 3\/ n -+l

31\1/m n! n+m n+1 n+m

. 1 1
~lim,,_, up = Ve andﬂnzrﬁ-l-anE:g%

UP.093. Let (a;,) 1, (b)) ns1 b€ positive real sequences such that there exists

lim,,_, . a’j‘“ and lim,,_,..(b, — u - a,,). Find:

a. limy, o, (" \/bnis — \/by)

. (n+1)2 n?
. limp .., (Ji - rvb—n)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

a.Letlim, (b, — u - a,) = vnow letlim, ., a, = x > 0 because lim,,_,,, “** = a >

n

0 then
. 1 N )
lim,_ ™ =q=.—=a= a=0,whichis false. Then lim,,_,., a, = o
na X ©o
. . by
now, lim,,, (b, —u-a,) =v = lim,_ (a— - u) = vllmn_,c,o —= = 0 then
n n
b, ",/ n|p
= lim,,_,, — = Now, lim,,_, ., = lim,,_, n—z
n
Cauchy DLAlembert lim buti Gn  Gni1 1 n o\ _ (u 1 a 1) _a
- =%\ apq1 b, na, (1+1)n n+1) u e/ e
n
n+1
+1 _ U — Vbt
im,, o0 (" bpr1 — Vb)) = llmn_,m( L2 Inul )Whereun— ’i/ﬁ
"+1\/m n n+1 -1
u, = (T S _) = lim,,_,, u,, = 1 then lim,,_,, l:un

n n
n_<+1\/bn+1> :<bn+1.&.an+1. n+1 . n >

1
n,/bn An+1 bn n-a, n bn+1 n+1
1

~lim,, o ult = (u ---a- i) = e, then

u

lim ("*\/bpiy — 3/by,) = (g. 1-lne) -2

n—oo
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. n __e . (n+1)? n?
b.lim,,_, T a then lim,,_, (Mm ﬂ)
. -1 ,/
= lim,,_, ., (W :‘:u Inu? )Where u, = ( ) : for allmeN
n n
2 n
. o qs 1 b n+1 n\ _ . u,—-1 _
lim,,_ . u, =lim,_,, ((1 + ;) . T" . ’”{/—bn—ﬂ . m) = 1then llmn_,mh’l‘—un =

2n n+1
. . b, a na 1 Vb 11 a
llmn_,mu2=llmn_,m((1+ ) Ol "(1+—)-—"“)=(e2-u ):
an bpy1 apyq n n+1

e then

. <(n+1)Z n2> (e 1 )

im - =|=-1-lne)=—
noe n+\1/ bn+1 n\/ bn a

UP.094. Let (S;)n51: Sn = Dhe1 —- Calculate:

2
T
lim <sn S (m+ 1) - e W)
n—-o0o
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Shivam Sharma-New Delhi-India

Let, L = lim,,_,o, (sn T (m+ 1) - 62 A n!)
= <lim Zn: %) (lim M (n+ 1)!) - %Z(lim W)

n—oo n— oo n— oo
=1

i
= lim ""Y/(n+ 1)! — — - lim Vn!
() tm ey

n—oo

Z

= {(2) - llm "m+1) - ?Z lim Yn!l = KZ lim "+ 1) - e rllLII.}O n!
N lim ("“,/(n + 1) — )]

n—oo

As we know, the Stirling’s formula, we get, n! = (E) v2mn. Using this, we get,

= — [n_m (Zn(n + 1))"+1 ( ) (Zn'n)%]
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Now, applying Cauchy D’'Alembert, we get,

] / n+2 (Zn(n + 2))ﬁ n+1 (Zn(n + 1)""'1 \\]I
kih‘%‘ok(n+1)_ L_( n ) )}I
(2r(n+ 1)1 (271'")" J

(on)
L=2 ()
(on)

m
" 6e
(Answer)

2

Solution 2 by Soumitra Mandal-Chandar Nagore-India

llmn_,Oo —then lim,,_., (n+1 (n+ 1)! — )

= lim,_ e (ﬂ 1 1p ug) where u,, = “("H foralln e N

n Inu,

i =i n+1‘/(n+1)!. n_ n+l
My o0 Uy = MMy 0 (— = = == ) =

. _ 5 (n+ 1) 1 . n n+1
e e\ al G g))  mee\n+ 1 g 1))
1
lim ("+1w/(n+ 1)! — W) = (;- 1- lne) g
n-oo
2
lim <sn"+w1/ (n+1)! - %W)
n-oo
. nz n+1 T’:Z = n+1 n
= lim Sng w/(n+1)!+?llm( J(in+1)! - \/m)
n—-oo n—oo
"Yn+1)! n+1 < 11'2>+1r2
. . n
n

= lim

s —_—— —_—
noo  n+1 " 6 6e
1,. 11'2) w? 1,. Snt1—Sn , T2 ?
== -+t —=- +—=— :
e llm"_mo (s" 6 6e e llm"_mo 1 1 6e 6e (Ans )

n+1) n
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UP.095. Let (5,,) n>1: Sn he1 =z L and let (a,),.»1 be a positive real sequence such that

imysco (Sn- "4 @nes — % "[ay)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Soumitra Mandal-Chandar Nagore-India

n

) a, N Cauchy iAlembert Apiq n" ) Apiq 1 n a
lim = lim = lim | ———————) = lim . .
n-o N n—-oo nn n—-oo

(n + 1)1l+1 a

n+1 n+1
v . . . 1
Letu, = —,&“ foralln € Nlim,,_,, u, = lim,,_,, (—a"“ n_.nt ) =1

n+1 "a, n
Up— . . pt1 n n+1 e
Hen ~— > 1asn - o lim ul = lim nt ._.—:( -1-—)2
ence, Inu, as ! n—oo T o\ na, n+1 "“Ya,

1 = (— 1-In e) =-
n nu
11'2 Caesaro—Stolz Spi1— S
limn(s, —— = lim——S—2=—-1
n-oo n 6 n—oco 1 1

n
= n+1 T’:Z n = T’:Z n+1 T’: n+1
rlll_{?o Spn \Qns1 — z Van | = rlll_glo Sp — z Apy1 +— !ll_glo( vV an+1 — \/ an)

. "ap, n+1 ? . ar®* _a(m* - 6)
Tae n+1 n \"" g 6e 6e
UP.096. Let (5p)pn>1, Sn = Z',::lkiz. Calculate:
llm < Men+ D) -—-Y(@2n— 1)!!>

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Shivam Sharma-New Delhi-India

Let,

L = lim <sn"+1/(2n + 1) — %Z ~(2n— 1)!!>

As we knOW, (Zn + 1)” — (Zn+1)| (2
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_ 1)\ /2n+ DN\ 2 (Zn)!% | (2n+1)!% (2n)!
= ZF( 2mn! ) _?<2"n!) :_111'12< 2mn! ) _<2"n!)

Now, applying Stirling’s formula, we get,

2| (F£22) Vam@n+1D) (54 vamnm | ||
= ?lnln.}o m" B m" l
[ l 2n (E) 2nn 2n (E) 2nn J J
Now, appling Cauchy D’Alembert, we get,
_ w? 2 _ n?-6
L= 3¢ & orL = e

UP.097.If x,y,2,a,b,c > 0 then:

b
@+yxy+ﬂ@+xx>c+z+y+ﬁuﬁxy+x+z+xywﬂ.(+y+x+yy£ﬂ>

4xyz T \y+z x+z

z+x y+x x+y z+y

(A refinement of Cesaro’s inequality)

Proposed by Mihély Bencze Romania
Solution by proposer

@+2)(z+x) > Xz o (y—2)2>0
We have: vz y+z
(y+2)(z+x) > ¥z o (z—x)2>0
4xz x+z
After addition we obtain: G 0+2)ztx) >XZ Y2 5 2 and
4xyz y+z x+z

<(x+y)(y+2)(z+x)>“>(x+z+y+z)“22a

4xyz T \y+z x+z

A

Zb

v

((x+y)(y+z)(z+x)>” AL z+x)b

4xyz T\z+x y+x

4xyz -

<(x+y)(y+Z)(z+x)>”> (z+y+x+y)“22c
\ x+y Z+y

After multiplication we obtain the desired inequalities.
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UP.098. Leta,b € R,a < b and f, g: R — R continuos functions such that
f)f(a+b-x)=19g(x)=gla+b—x),x€R.
Show that

b
g(x) 1
1+—f(x)dx = E fg(x)dx

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

Letx=a+b—-—z=>dx=—-dz;whenx=a,z=b,x=b,z=a

Let] = fb g(x) dx = fbg(a+b—2)(—d2) — fbg(Z)dz — (br(2g(2)

a 1+f(x) a 1+f(a+b-z) a1+ L " Ja 1+f(2)

f(2)

b b
=fg(2)dz— 9(z)

b b
1
1+—f(z)dZ:> 21 = fg(Z)dZ:>I :Efg(x)dx

Hence proved
Solution 2 by Shivam Sharma-New Delhi-India
As we know, the following lemma,

If £(x) is a continuos function defined on [a, b]; then,

ff(x)dxsz(a+b—x)dx

Using this, we get,

gla+b—x)
I1= dx
1+ f(a+b—x)

Given: f(x)f(a+b—x)=1; g(x) =gla+b—x)
Using this, and putting these values, we get,

FF)g()

1+ ) &

21 = fab (;g;:) g(x)dxor I = %fabg(x) dx (Proved)
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Solution 3 by Ravi Prakash-New Delhi-India

[ g(a+b—x) dx = ’ g(x) 4
“Ji+flarb-n0""" 1+L *
“ f(x)

[ 9kx)
= 1+f(x)d

b
g(x)f( ) o (90 +fx)
s 21 = ) dx = fg(x)dx

1+f(x)

b
= %fg(x)dx

UP.099. In an arbitrary triangle ABC denote by l,, m,, h, respectively the lengths of the
internal angle-bisector, the median and the altitude corresponding to the side a = BC of

the triangle. Prove that:

2 lb 1§> la_lb_l_c+1

a —_—
) hb h2 = Thgy hy h.

mg mp mc+1

b)m“+h—+—<2 —————
b

c) explain why each of a) and b) are equivalent to the fundamental inequality of the

triangle.
Proposed by Vasile Jigldu — Romania

Solution by Soumava Chakraborty-Kolkata-India

2 _ 4b’ s(s—a) _ be(b+cta)(b+c—a) _ be{(b+o)?-a?} _ . aPbc
Proofof (@) la = (55" ~he = (b+0)? T 0?2 (b+o)?
12 _, 4R? a*bc P 1 4Rrs a’ _
“hz TP bz T an(b+ )2 bc 4r2s2 (b+c)?
1 1 R ad
(:) 4_RZ (_) -
bc) rs (b+c)?
z,, 2) 4 p2 R B 12 @ 4 p2 R _&
Slmllarly, 4'R (ca) rs  (c+a)? 4R (ab) rs (a+b)?
l_a_ i (2s-a-2s)3 _
W+@)+@) = X35 = 7 @) + L @)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2R R z (2s —a)?® —8s* —3(2s —a)? - 2S5 + 3(2s — a)4S? _
(2s — a)? B

2
:2_R+EZ(23— )——(25)(3) 12RS Zb+c SRs” Z(b+c)zz

(4) 2R 4RS 18R 12Rsz 1 8RS? z 1
=+ — + —
T TS T T b+c T (b + c)?

Now, (a + b)(b + ¢)(c + a) = 2abc + Y, ab (25 — ¢) =

(5)
= 2s(s®> + 4Rr + %) — 4Rrs = 2s(s? + 2Rr + 1?)

(5) b+c r 2s(s2+2Rr+12) - 2s(s2+2Rr+12)r - r(s2+2Rr+12)

Now, Y:(c + a)?*(a + b)? = Y(a® + ¥ ab)? = Y{a* + (X ab)* + 2(¥ ab)a®} =

=Y at+3(Yav) +2(Ya)(Ya?)= (Y a2) ~2{(Dab) - 2avetze)|+
3(Yab) +2(Yan) (Y )= (Y @) +(Yab) +2(Y an)(Y a?)+

2
+32Rrs? = (z aZ + z ab) + 32Rrs? = (3s2 —4Rr — r?)? + 32Rrs? =

N @Z_ 12RS  Y(c+a)(a+b) _ 12RS[(T a?+23 ab)+Y ab] () 16R(5s%+4Rr+1?%)

®
= 9s* — 6s%(4Rr +1%) + 32Rrs* + r*(4R +1)? = 9s* +r2(4R + r)? + s?(8Rr — 61?)

—8RSZZ 1 _ [os* +r2(4R+r)2+s2(8Rr 6r?)] () ZR[9S4+r2(4R+r)2+s2(8Rr 6r2)]

(b+c)? T 4sz(sz+ZRr+r2) r(sZ+ZRr+r2)

(5). (6)=

2 _ 2 4, .2 2,2 —612
(i), (ii), (4) > Zl_a — C12R 6R(55+4Rr+r?)  2R[9s*+T2(4R+1)%+s (tzer 612)]
h2 r r(s2+2Rr+12) r(s2+2Rr+12)

_ —12R(s* + 2Rr + r*)* + 6R(5s* + 4Rr + r?)(s* + 2Rr + r?)
B r(s2 + 2Rr + r2)2

2R[9s* + r2(4R + r)? + s*(8Rr — 61%)] (7) RS*(20Rr + 241r*) — Rr*(32R* + 28Rr + 81?)

r(s2 + 2Rr +12)2 r(s2 + 2Rr +r2)2
S
Now 2lalple 1 by (5) 2.8R3 8'16R2r252(ﬁ) _ 16R? (8) 16R2 +s2+2Rr+r2
" hghph, " 16R2r2s2 2s(s2+2Rr+712) ~ s242Rr+12? - s2+2Rr+r2
Gerretsen

RS?(20Rr + 24r%?) — Rr*(32R?> + 28Rr + 8r%) >
> Rr%[(20R + 24r)(16R — 51) — (32R% + 28Rr + 8r?)] =
= Rr?(288R? + 256Rr — 128r2) = Rr*{288R? + 192Rr + 64r(R — 21)} > 0,
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~ (7), (8) = given inequality is equivalent to: R(20R + 241)s* — Rr(32R* + 28Rr + 81%)

9)
> (s? + 2Rr +r?)(s* + 16R% + 2Rr + r?)  s2(4R? + 20Rr — 21?%) >

> s*+ 64R3r + 48R?*r?2 + 12R1r3 + r*

(a)
Now, the fundamental triangle inequality (Rouche) = s?>m-n=>s>-m+n > 0&

(b)
s2<m+n=>s’ —m—-n < 0,wherem =2R?>+10Rr —1* &

n=2(R—-2r)VR?—-2Rr

(@).(b)= s* — s2(2m) + m? —n? < 0 = s* — 25s2(2R?> + 10Rr — %) +

+(2R? + 10Rr — 12)” — 4(R — 2r)2(R? — 2Rr) < 0 = s* + 64R%r + 48R*r2 + 12Rr® +

+rt (;) s2(4R? + 20Rr — 2r?) = (9) is true (proved)
* (c) is analogous with the fundamental triangle inequality & - given inequality is
equivalent to (c), hence, given inequality is equivalent to the fundamental triangle
inequality

Proof of (b) mZmZmZ — (2b%+2c2-a?)(2c2+2a%-b%)(2a% +2b%—c?) (é)
a®®pitc 64

= 1{-43 af + 6(3s*b? + 3 a?b?) + 3a2b2c?}. Now,
Ya=() a2)3 — 3(a? + b?)(b% + ¢?)(? + a?) =
(S () (D) (S5
(S oS - (e (S ) G ) -]
@

= (X a2)3 —3(T a?)(T a®b?) + 3a%b%c?. Also, ¥ a*b? + Y. a?b* = Y a’b? (Y a®? — %) =

2(Y a)(Y ab?) - 3a2p2e?

i{—4(2 a?)? +12C a?)(C a?b?) — 12a?b?c? +}
64( +6(3 a?)(3 a’?b?) — 18a?b?*c? + 3a’b?c?

- %{_4 ) +18(a?) (Y a2p?) - mzbzcz} -

(D). (2), 3) = mimym? =
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_ 1 [-32(s*—4Rr —1?)> + 18- 2(s>* —4Rr — 1r?) -] _
64| {(s®>+ 4Rr + r*} — 2abc(2s) — 432R*r?s?
@ i{sﬁ — s*(12Rr — 3372) — s2(60R%r2 + 120Rr3 + 331%) —}
16 —64R3r3 — 48R?*r* — 12Rr> — r®
Now, 4 Y a?b? — Y a* = 6 Y, a?b? — (3 a?)? = 6{(C ab)? — 2abc(2s)} — (X a?)?
= 4{(s> + 4Rr + 1*)? — (s> — 4Rr — 1r?)?} + 2(s* + 4Rr + r?)?2 — 96Rrs?* =
= 4(2s%)(8Rr + 2r?) + 2 (54 +12(4R +1)? + 25%(4Rr + rz)) — 96Rrs?

5
© 2s* — s2(16Rr — 201%) + 21r2(4R + 1r)?

m2 _ w« 2b%+2c¢%-a?> a? __4Ya%’b%*-Y a* _
Now, Xz —1=0"—m-1="1m ~1=
_ s*—s2(8Rr—10r%)+r2(4R+r)%—-8r%s?
= S e (by (5))
_ s*+7r%(4R +1)* — s*(8Rr — 2r?)
B 8A2

2 2
. __I
.o 2

s8 — s°(16Rr — 41%) + s*(96R?*r? + 16R13 + 61%) —
—s2(256R%r3 + 64R?r* — 16Rr> — 41°) +
+256R*r* + 256R3r> + 96R*r° + 16Rr” + r8
2mgmpm\2 [ 28R \? 222
Also, ( hahphe ) - (16R2r2s2) mymym,
™ r? {sﬁ — s*(12Rr — 33r2) — s2(60R?*r? + 120R73 + 331r%) —
6% —64R3r3 — 48R%r* — 12Rr5 — r®
(6), (7) = given inequality is equivalent to:

s8 — s°(16Rr — 41?%) + s*(96R?*r? + 16R13 + 61*) —

© 1
"~ 64A2

} oy @)

—s2(256R3r® + 64R?r* — 16Rr> — 47°) + 256R*r* + 256R315 + 96 R*r° +

+16Rr7 + 1® < 4R? {sﬁ — s*(12Rr — 33712) — s2(60R?*1r? + 120R13 + 331r%) —}
—64R3*r3 — 48R%*r* — 12Rr> — 1
& s% — s%(4R? + 16Rr — 41%) + s*(48R3*r — 36R?*1? — 16R13 + 61%) +
+52(240R*r? + 224R3r3 + 68R*r* + 16Rr5 + 41°) + 256R°r> + 448R*r* +

+304R3r> + 100R%>r®* + 16Rr’ +r8 <0 o
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& {s* — (4R? + 20Rr — 21%)s? + 64R3*r + 48R?*r? + 12Rr3 + r*}
{s*+s2(4Rr + 21r2) + 4R*r? + 4R +r*} <0 &
& s*+ 64R3r + 48R%*r? + 12Rr3 + r* < s?(4R? + 20Rr — 21?)
But, the above is inequality (c) proved in the proof of (a) earlier.
= given inequality is true (Proved)
*» given inequlality reduces to inequality (c) & (c) is analogous to the fundamental
inequality of the triangle, hence, this given inequality is equivalent to the

fundamental inegaulity of the triangle (Done).

UP.100. In AABC; m,, m,, m. — median’s length. Prove that:
3(a? + b%? + ¢?) < 4(am, + bm, + cm,)
Proposed by Daniel Sitaru — Romania
Solution by proposer

Let G be the centroid of AABC.

A

2 2

AG = §ma;BG = §mb
2\ 2\
o oy A0 _Gm) <~ )
2GB - AB 2-%mb-c

_9c?+4mf —4m2 _ 9c¢? + 2a% + 2¢? — b* — 2b* —2¢* +a® _
B 12cm,, B 12cmy, B

_9¢*+3a* - 3b* 3c*+a%—-b?

B 12cm, B 4cmy,

3c2+a’-b*<4cm, (1)

Analogous:
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3a% + b? — ¢? < 4am,
3a%? + b?> — c* <4am, (2)
3b%+c?—a?* <4bm, (3)
By adding (1); (2); (3): 3(a® + b%? + ¢?) < 4(am, + bm, + cm,,)

UP.101. Prove that if a, b, ¢ € (1, o) then:

a b c

T T T
3\/E+fxsin—dx+fxsin—dx+fxsin—dx>\/3+a2+b2+c‘2
3x 3x 3x
1

Proposed by Daniel Sitaru — Romania

Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian
3

Vx2+9

3 3
Proof:x>2=Z-<Z=tan->"- wehave->>= tan- > > (*)

x 2 x x x x x x

1 1 ® x o 3
cosx = < < = sin— > ——
1+ tanZx 1+1T_Z VxZ +9 X VJxZ+9

2

X

Lemma: if x > g, then prove: sin% >

1

VxZ+1

itis known that: if x > ¢, then Va2 + 9 sing > 3 = x - 3x, we have: sin% >

. T 1 x
xXsSin—>x - —=
3x

*
Vx2+1 x24+1 ( )

a b c
. T . T .o
3\/E+fxsm—dx+fxsm—dx+fxsm— >
3x 3x 3x
1 1 1

b

>3\/E+f a d+f X d+fc X 4
———dx ——dx ———dx =
1\/x2+1 1\/x2+1 1\/x2+1

=3VZ+ 2+ 1§+ + 1+ V2 + 1S =
=3V2+Ja?+1—-V2+ b2 +1—-V2+/c2+1-V2 =

=Jaz+1+b2+1+c?+1>3+a?+h?+c?
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UP. 102. Solve for real numbers:
n

n"(x%_xl) + n"(x% -x3) + o+ n"(xrzu—l_xn) + n"(xrzl_xl) =
4 nn

Proposed by Daniel Sitaru — Romania

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
By AM-GM

nn(x%—xz) + nn(x%—xg) + o+ nn(x%—xl) > n’:](nn)x%—xz+x§—x3+...+xﬁ—x1

) ag) +rlmy) )

- nij(nn)(x%—x1)+(xg_x2)+,_.+(x%_xn) = nij(nn)(xl—%

n 1 n n n n
n" nn
o 1
ﬁxl—xz—"'—xn—i

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

n"(x%_xl) + n"(x%_x3) + o+ n"(xfl—l_xn) + n"(x%_xl) =

=0 - pr(xi-x) *
W@xeﬁ&.n >0 (%)

AM=GM
*) = nn(x%—xz) Foee nn(x%—xl) > n- 1:](n(x%+x%+~-~+xﬁ)—(x1+x2+~-~+xn))n _

n(a-d) et(nml) M

=
trm trm

s
1

n- n(x%—xﬁ%)+~-~+(xﬁ—xn+%)_

2 2
= nZ(Xi—%) =n ;l=1(xi_%) =1=n°

12
Z(xi_i) :():)xlz_xzz...:xn:E

Solution 3 by Ravi Prakash-New Delhi-India

[

n = 1
— nn(x%—xz) + nn(x%—xg) + . nn(x%—xl) >n [nn(x%—xz+x%—x3+...+x%—x1)]n ==
n4

ni
wheres = (x —xq1) + (x5 —x;) + -+ + (x2 — x,)
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1\2 1,2 1\ n n n
“amg) sy v () R

>n'"% > n"1 Equality holdswhenT = 0. x; = x, = - = x,,

i =

UP.103. Prove that in any triangle ABC the following relationship holds:

C B-4A
|cosA|+|cosB|+|cosC|SZ J/|cos Acos B| + ‘cosism 5

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1) C B—-A
Z|COSA|S J/|cos Acos B| + |cosEsin > |

|cos A|+]|cos B| \/— 1 —
(1)@2—Z <> |cosAcosB|+ﬁZ\/|cosA cos B

Let cosA = x,cosB =y, —1 < x,y < 1. Weshall prove thatvx,y € (—1,1),
|x| + [y] (@

1
TS\/|x_y|+—

X < x|+ 2+/1x < 2|x
r—z Yy Yy Yy Yy

2
+ Jal + Iyl = 2Tyl = (VI = VY1) 20,
~(b) & x% + y* + 4|xy| + 2|xy| — 4|x|/Ixy| — 4lyl/Ixy] < 2]x — y| (upon

©
squaring)  4./lxy[(lx] + ly]) + 2|x — y| = x2 + y% + 6|xy|

)
A — G = LHSof (¢) = 4/Ixy| - 2/|xy| + 2|]x — y| = 8|xy| + 2|x — y| = x? + y? + 6|xy|
”
o 2lx—y| = (x| - 2

| J’|(d)(|| ly)

Now, (Ix] = lyD? < (Ix — y])? ® x* + y* = 2|xy| < x* +y* - 2xy &

”
e lxylzxy s>true~ (x| = [yD? < (x—-yD* <2[]x—yl &

”

@(lx—yl)(lx—yI—Z)(z)O':—1<cosA<1&—1<—cosB<1
e

. —2<cosA—cosB <2 (addingtheabovetwo) > -2 <x—y<2=|x—y|<2>
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@@ (i)
Slx—yl-2>0.Also|lx—y] =0
)-(i)= (x—yDUx—y| —2) < 0> (e) istrue = (d) is true = (c) is true =

(b) istrue =

(D)
. . |cos A|+]|cos B| 1
= (a) Istrue--—Z < /|cos A cos B| +—ﬁ\/|cosA—cosB|

)
L. |cos B|+]|cos C| \/'— 1 —
Similarly, — — < |cos B cos C| +ﬁ\/lcosB cosC| &

|cos C| + |cos A] W)

< J|cosC Al + 1 JlcosC Al
= Cos C cos — COoSC — CoSs
2 V2

(W)+(V)+(w)= (1) is true (Proved)

Solution 2 by proposer

|VCosA| = |\/|(cosA— cos B) +cosBI| <

< \/Icos A — cos B| + |cos B| < /|cos A — cos B| + ,/|cos B|
because if x,y > 0 then,/x +y < Vx + [y
JIcos A| — \/Icos B| < \/|cos A — cos B|

|VCosB| = |\/|(cosB—cosA) +cosA|| <

< \/lcos B — cos A| + |cos A| < \/|[cos A — cos B| + /|cos A|

—(\/lcosAI—\/lcosBI)S\/IcosA—cosBI 2)

By (1); (2):y/Icos A — cos B| > |\/|cosA| - \/lcosB||

By squaring: |cos A — cos B| = |cos A| + |cos B| — 2/|cos A cos B|

B—-A C|
cos2

|Zsin > |cos A| + |cos B| — 2./|cos A cos B|

A
2./|lcosAcosB| + 2 |cosEsin | > |cos A| + |cos B|

B—-A

C
Zz (chosA cos B| + |cosEsin > |) > Z(IcosAl + |cos B|)
C B-A
Zz<w/|cosAcosB|+|cosEsin > |)222|cosA|
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C B-A
|cos A| + |cos B| + |cos C| < Z (,/lcosA cos B| + |cosism > |>

UP.104. Prove thatif x; € (0,»);i € 1,n;n € N;n > 3;

Xn+1 = X1, X1X2 * ...- X, = 1, then

n L L1
Z Xit+1 X > nv3
l

= [,2 2
=1 \/xi +XiXip1 F Xy

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

2 2 3 2
We have, xj + xXiXp1 + Xjyq 2 3 (x; + Xi41)

\]x? + XX + X2

n ol n n
Z Xit1  Xi — z ' ' 1 Z Xi+ Xiyq
— XiXi+1 2 XiXit1

- 2 2 —
= \]xi FXiXpp ¥ Xy F1

(proved)
UP.105. In ABC; a, b, ¢ - length sides; s - semiperimeter; A, B, C - angled’s measures. Prove

A3 B3® (3\/A® B® cc3*\/4A®* B?® ¢ °
—t—+— [ —F+— || —+—+
<b c a><c a b><a b ) 216s3

Proposed by Daniel Sitaru — Romania

that:

Solution by Soumava Chakraborty-Kolkata-India

g Holder 432 (432 a2 C4a° o
= 3Ya 3Ya 3Ya 27(25)3 216s3




