A SIMPLE PROOF FOR MILNE’S INEQUALITY
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ABSTRACT. In this paper is presented a simple proof for Milne’s inequality
and a few applications.

MILNE’S INEQUALITY (n = 2)
If 1, zo, Y1,y2 >0 then:
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Equality holds for x1 = y1; 2 = ya.

MILNE’S INEQUALITY (n = 3)
If x1,22,3,Y1,Y2,Y3 > 0 then:
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Equality holds for x1 = y1; 2 = y2; 23 = y3.

GENERAL MILNE’S INEQUALITY
If x; > 0;y; > 0;4 € 1,n then:
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Equality holds for z; = y;;4 € 1,n.

Corollary 1.
If x1,22,y1,9y2 > 0;21 + x5 = y1 + y2 = 2 then:
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Proof.
Replace in (1): z1 + 22 = 2,51 = y2 = 2.
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Equality holds for x1 = zo = y1 = y2 = 1.
Corollary 2.
If 21,22, X3, Y1, Y2, y3 > 0;21 + T2 + 3 = Y1 + Y2 + y3 = 3 then:
T1Y1 T2Y2 T3Y3
T1+y1  T2t+y2 2x3+Ys

3
< Z
-2

Proof.
Replace in (2): @1 + 22+ 23 =11 +y2 +y3 =3
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Equality holds for x1 =axs =23 =y1 =y2 =ys =1
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Corollary 3.
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Proof.
Replace in (3): z1+ 22+ ...+ Tpn=y1+y2+ ... +yn =n.
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Equality holds for:
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Corollary 4.
If z,y € R then:
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We take in (1):
x1 = sin? z; xy = cos® z;y1 = sin? y; Yo = cos?y
sin? zsin’ y cos? z cos? y < (sin®z + cos? z)(sin® y + cos?y) 1
sinz +sin’y  cos?x +cos?y ~ sin?z 4 cos?x +siny + cos?y 2
Equality holds for z =y = 7. O

Application 1.
If a,b,c,r, R are sides, inradii and circumradii in AABC,a’,b’,c/,r, R’ are sides,
inradii and circumradii in AA’B’C" then:
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Equality holds fora=b=cand a’' = = (. O

Application 2.
In acute triangles ABC, A’B’C’ the following relationship holds:
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Proof.
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Equality holds for A=B=C=A"=B"=(C"= 3. d
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