
 
If 𝒂𝒌 > 𝟎 (𝒌 = 𝟏, 𝟐, … , 𝒏), 𝝀 ≥ 𝟐𝒏 + 𝟏 and ∑ 𝒂𝒌

𝒏
𝒌=𝟏 = 𝒏, then prove that 

∑
𝟏

𝝀 + 𝒂𝒌
𝟐

𝒏

𝒌=𝟏

≤
𝒏

𝟏 + 𝝀
 

What happens if 𝝀 does not verify the hypothesis? 
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Let us show that 
𝟏

𝝀+𝒂𝒌
𝟐 ≤

𝝀+𝟑−𝟐𝒂𝒌

(𝝀+𝟏)𝟐 , for any 𝒌 = 𝟏, 𝒏. 

This inequality is equivalent to 

(𝝀 + 𝟑 − 𝟐𝒂𝒌)(𝝀 + 𝒂𝒌
𝟐) ≥ (𝝀 + 𝟏)𝟐 ⇔ 

𝝀𝟐 + 𝝀𝒂𝒌
𝟐 + 𝟑𝝀 + 𝟑𝒂𝒌

𝟐 − 𝝀𝟐𝒂𝒌 − 𝟐𝒂𝒌
𝟑 ≥ 𝝀𝟐 + 𝟐𝝀 + 𝟏 

⇔ 𝟐𝒂𝒌
𝟑 + 𝝀𝟐𝒂𝒌 − 𝟑𝒂𝒌

𝟐 − 𝝀 − 𝝀𝒂𝒌
𝟐 + 𝟏 ≤ 𝟎 ⇔ (𝒂𝒌 − 𝟏)𝟐(𝟐𝒂𝒌 + 𝟏 − 𝝀) ≤ 𝟎, with 

𝟐𝒂𝒌 + 𝟏 ≤ 𝟐𝒏 + 𝟏 ≤ 𝝀 ⇔ 𝒂𝒌 ≤ 𝒏, which is true because all the terms add up to 𝒏 and are 

all positive reals. 

Thus, we have shown that 
𝟏

𝝀+𝒂𝒌
𝟐 ≤

𝝀+𝟑−𝟐𝒂𝒌

(𝝀+𝟏)𝟐 , for any 𝒌 = 𝟏, 𝒏. 

Using this result, we have 

∑
𝟏

𝝀 + 𝒂𝒌
𝟐

𝒏

𝒌=𝟏

≤ ∑
𝝀 + 𝟑 − 𝟐𝒂𝒌

(𝝀 + 𝟏)𝟐

𝒏

𝒌=𝟏

=
𝒏𝝀 + 𝟑𝒏 − 𝟐𝒏

(𝝀 + 𝟏)𝟐
=

𝒏(𝝀 + 𝟏)

(𝝀 + 𝟏)𝟐
=

𝒏

𝝀 + 𝟏
 

Equality holds when 𝒂𝒌 = 𝟏, 𝒌 = 𝟏, 𝒏. 


