
 
If 𝒙, 𝒚, 𝒛 > 𝟎, then prove that: 

∏
(𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕

(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓
≥

𝟑𝟒𝟑

𝟏𝟐𝟓
(∑ 𝒙𝒚)

𝟑

 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

Solution by Rovsen Pirguliyev-Azerbaijan 

To prove that (𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕 = 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)  (1) 

denote 𝑨 = (𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕 

𝒙𝟕 + 𝒚𝟕 = (𝒙 + 𝒚)(𝒙𝟔 − 𝒙𝟓𝒚 + 𝒙𝟒𝒚𝟐 − 𝒙𝟑𝒚𝟑 + 𝒙𝟐𝒚𝟒 − 𝒙𝒚𝟓 + 𝒚𝟔) 

and (𝒙 + 𝒚)𝟔 = 𝒙𝟔 + 𝟔𝒙𝟓𝒚 + 𝟏𝟓𝒙𝟒𝒚𝟐 + 𝟐𝟎𝒙𝟑𝒚𝟑 + 𝟏𝟓𝒙𝟐𝒚𝟒 + 𝟔𝒙𝒚𝟓 + 𝒚𝟔 

then we have: 

𝑨 = (𝒙 + 𝒚)(𝟕𝒙𝟓𝒚 + 𝟏𝟒𝒙𝟒𝒚𝟐 + 𝟐𝟏𝒙𝟑𝒚𝟑 + 𝟏𝟒𝒙𝟐𝒚𝟒 + 𝟕𝒙𝒚𝟓) = 

= 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟒 + 𝟐𝒙𝟑𝒚 + 𝟑𝒙𝟐𝒚𝟐 + 𝟐𝒙𝒚𝟑 + 𝒚𝟒) = 

= 𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝟐   (1) 

Similarly to prove (𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓 = 𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒚𝒙 + 𝒚𝟐)     (2) 

Using (1) and (2) ⇒ 

∏
(𝒙 + 𝒚)𝟕 − 𝒙𝟕 − 𝒚𝟕

(𝒙 + 𝒚)𝟓 − 𝒙𝟓 − 𝒚𝟓
= ∏

𝟕𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)𝟐

𝟓𝒙𝒚(𝒙 + 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)
= 

=
𝟑𝟒𝟑

𝟏𝟐𝟓
(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) ⋅ (𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐)(𝒛𝟐 + 𝒛𝒙 + 𝒙𝟐) 

further applying Holder’s inequality we have: 

∏(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) ≥ (∑ 𝒙𝒚)
𝟑

 

 


