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Leta,b,c > 0,ab+ bc+ca>0anda+ b + c = 3.Prove that:

13a —4bc 13b—4ca 13c—4ab 27 a? + b* + ¢
+ + < —-
b+ c c+a a+b 2 ab+ bc + ca

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Letp:=a+b+c=3,q:=ab+bc+ca£%:3,r:=abc.
13a —4bc 13p—4 Z4
—=z<u—13+4a)=(13.3—4q).p q—39+12:
b+c b+c pq—rT
cyc cyc

39 — 4q)(9 + 227 a2+b*+ct 27(9-2 27 — 6q + 84>
_( PO+ , ~27 a 2 _270-29 _ _d( q+8q°)

3q—r ~ 2 'ab+bc+ca 2q - 243

From the known identity
0 < (a—b)*b-c)(c—a)*=-27r* +2(9pq — 2p®)r + p?q* — 4¢°
It follows

- —2p3 +9pq +2/(p*-3q)3 -18+9q+2,/33-¢q)3
r = .
. 27 9

So it suffices to prove that

-18+9q +2,/3(3—q)3 - q(27 — 6q + 8q?)
9 = 243

2733 - )3 < (3 -q)(81—9q — 4¢?)

3—-q=0
~

S 272.3(3—q) < (81— 99— 4q?)" = 0<q(q+9)(4q—9)?,

which is true and the proof is complete. Equality holds iff (g =3 © a=b =c = 1) and
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(q =2 ©a=b= 2 c= 2) and its permutations.



