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Leta,b,c > 0,a+ b + c + abc = 4.Prove that:

(ab + bc + ca — 5)? > 3abc + 1
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Letp:=a+b+cq:=ab+ bc+ca,r:=abc.Wehave4d=p+r < p+——,then3 <p
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The desired inequality can be rewrittenasq <5 —-,/13 —-3p =5 —x,

where x = m
Suppose, for the sake of contradiction, that g > 5 — x.
By the fourth degree Schur’s inequality, we have
p* + 6pr > 5p*q — 4q° = f(q).
We have f'(q) = 5p* — 8q > 0, so f is strictly increasing, then

p*+6pr=f(q) > f(5—x) =5p*(5—x) —4(5 —x)?
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g < 3x> +2(13—x2)<4— 3x>>5( 3x> (5—x) —4(5—x)2

& —(x—1)?(2 — x)(1033 + 400x — 137x% — 41x% + 4x* + x°) > 0,

which is not true because x = ,/13 — 3p € [1,2].

Then g <5 —,/13 — 3p,and the proof is done.

Equality holds iff (a = b = ¢ = 1 )and (a = b = 2,c = 0) and its permutations.



