ROMANIAN MATHEMATICAL MAGAZINE

Prove the following inequalities : (i) If x,y,z > 0,then :

4x chc
3y? + 2yz + 322 2XyZ

and (ii) In all triangle ABC

cyc cyc
with usual notations, the following relationship holds :

5s2 + r? + 4Rr a sZ —r?2 —4Rr
< <
8s(s% + 2Rr +r?) 3b2 + 2bc + 3c? 16sRr

cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=2z2>0,b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

O]
yielding22x=2a=2s=>2x=s=>x=s—a,y=s—b,z=s—c

cyc cyc cyc

(..) (...
xyz=rsand2xy Z(s—a)(s—b)—4Rr+r =>ny =" 4Rr + r?
cyc cyc cyc
4x A-G O 44X Yoy X’
Firstly,z < S sl At
3y? + 2yz + 3z2 8yz 2xyz
cyc cyc
4x 4.x2 Bergstrom
_— :
gain 3y? + 2yz + 3z2 3xy? + 2xyz + 3xz?2
cyc cyc
2 2
4(chc x) _ 4(chc x) via (+) (++) and (++*)
3 Y eye (xy(chcx — z)) + 6xyz 3(chc x)(Zeyexy) — 3xyz
4s? ? Z s + 4Rr + r?
=
3s(4Rr +r2) — 3r2s x+y ~ 4Rrs
cyc cyc

? ?
& 4R(s? — 12Rr— 3r?) > 0 © s? — 16Rr + 5r? + 4r(R— 2r) > 0 - true
Gerretsen Euler

+s2—16Rr+5r2 > Oand4r(R-2r) > 0
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> dh ,
Z:3y2+2yz+3z2 Z:x+yan ence
cyc

4x Yeye X2
Z < 5 5 < Y= iffx=y =1z
x+y T 3y%+2yz + 3z 2xyz

cyc

and implementing this with x = a,y = b,z = c (a, b, c - sides of A ABC),
t_z 4a <chcaz_sz—rz—éer

weeet: /.3b2+ 2bc+3¢2 = 2abc 4sRr

cyc
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iz a <sz—r2—4Rr dal Z 4a >Z 1
3b2 + 2bc+3c2 = 16sRr  nd @iso, 307+ 2bc+3c2 - Libte

cyc cyc

1
= 2 b
Zs(sz+2Rr+r2)'; a +Za

cyc

3 1 Z 2"‘22 b +Z b _ 4s? +s? + 4Rr + r?
"~ 2s(s?2 + 2Rr +r?)’ @ @ ab = 2s(s2 4+ 2Rr +r2)

cyc cyc cyc

_ 5s2 +r2 + 4Rr :Z a - 5s2 +r2 + 4Rr
"~ 2s(s? + 2Rr +r2) 3b2 + 2bc + 3¢2 ~ 8s(s? + 2Rr + r2)

cyc
5s2 4+ r? + 4Rr Z a s2 —r?2 —4Rr
. < <
8s(s%? + 2Rr + r2) T 3b2 + 2bc + 3c? 16sRr

" =" iff A ABC is equilateral (QED)




