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MIHÁLY BENCZE - ROMANIA

Let be:

An =

∫ 1

0

x3(1− x2)ndx;Bn =

∫ 1

0

x5(1− x2)ndx

a. Find:
lim
n→∞

(n5AnBn)

b. Find:

lim
n→∞

(
n∑

k=1

Ak

)
·

(
n∑

k=1

Bk

)
Solution by Daniel Sitaru, Claudia Nănuţi.

An =

∫ 1

0

x3(1− x2)ndx

x = sin y; dx = cos ydy

An =

∫ π
2

0

sin3 y · cos2n y · cos ydy =

=

∫ π
2

0

sin y · sin2 y · cos2n+1 ydy =

=

∫ π
2

0

sin y(1− cos2 y) · cos2n+1 ydy =

=

∫ π
2

0

sin y cos2n+1 ydy −
∫ π

2

0

sin y cos2n+3 ydy =

= −
∫ π

2

0

(cos y)′ cos2n+1 ydy +

∫ π
2

0

(cos y)′ cos2n+3 dy =

= −cos2n+2 y

2n+ 2

∣∣∣π2
0
+

cos2n+4

2n+ 4

∣∣∣π2
0

=

=
1

2n+ 2
− 1

2n+ 4
=

1

2(n+ 1)(n+ 2)
n∑

k=1

Ak =
1

2

n∑
k=1

1

(k + 1)(k + 2)
=

=
1

2

(
n∑

k=1

( 1

k + 1
− 1

k + 2

))
=

=
1

2

(1
2
− 1

n+ 2

)
=

n

4(n+ 2)

Bn =

∫ 1

0

x5(1− x2)ndx =

∫ π
2

0

sin5 y · cos2n y · cos ydy =

1
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=

∫ π
2

0

sin y(1− cos2 y)2 cos2n+1 ydy =

=

∫ π
2

0

sin y(1− 2 cos2 y + cos4 y) cos2n+1 ydy =

=

∫ π
2

0

sin y cos2n+1 ydy − 2

∫ π
2

0

sin y cos2n+3 ydy +

∫ π
2

0

sin y cos2n+5 ydy =

= −cos2n+2 y

2n+ 2

∣∣∣π2
0
+

2 cos2n+4 y

2n+ 4

∣∣∣π2
0
− cos2n+6 y

2n+ 6

∣∣∣π2
0

=

=
1

2n+ 2
− 2

2n+ 4
+

1

2n+ 6
=

=
1

2

( 1

n+ 1
− 2

n+ 2
+

1

n+ 3

)
=

1

(n+ 1)(n+ 2)(n+ 3)
n∑

k=1

Bk =
1

2

(
n∑

k=1

( 1

k + 1
− 2

k + 2
+

1

k + 3

))
=

=
1

2
− 2

3
+

1

3
+

1

n+ 2
− 2

n+ 2
+

1

n+ 3
=

=
1

2
− 1

3
+

1

n+ 3
− 1

n+ 2
a. limn→∞(n5AnBn) =

= lim
n→∞

(
n5 · 1

2(n+ 1)(n+ 2)
· 1

(n+ 1)(n+ 2)(n+ 3)

)
=

1

2

b. limn→∞

(∑n
k=1 Ak

)(∑n
k=1 Bk

)
=

= lim
n→∞

( n

4(n+ 2)

)
·
(1
6
− 1

(n+ 3)(n+ 2)

)
=

1

4
· 1
6
=

1
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