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In all triangles ABC holds:

he + hy 6r
3> > —
- Z ra+ry R
cyc
Solution by Daniel Sitaru and Claudia Nanuti.
Lemma.
In AABC the following relationship holds:
Z(a +b)(s—a)(s—b)=4dsr(R+r)
cyc
Proof.
Z(a +b)(s—a)(s—0b) = Z(a +b)(s* — s(a+b) +ab) =
cyc cyc
= 2(23 —¢)(s* = 5(25 — ¢) + ab) =
cyc
= 2(25 —¢)(s* = 25% + sc+ab) =
cyc

= Z(Zs —c)(sc+ab—s%) =

cyce
= 2(2320 + 2sab — 25% — sc? — abc + s%c) =
cyc
= 357 ~2s+2sZab— 65> — 5202 — 3abc =
cyc cyc

=25(s* + 72 +4Rr) — 5 - 2(s*r® —4Rr) — 12Rrs =
=25% 4+ 2s7% + 8Rrs — 25° 4 2sr? + 8Rrs — 12Rrs =
= 45712 + 4Rrs = 4sr(R + 1)

Back to the problem:

2F 2F
Z ha + hp _ - % _
F F
cyc Ta +Tb cyc s—a + s—b
1 1 +b
_2F ats  _, T “ab
F 1 + 1 s—a+s—b
cyc s—a s—b cyc (s—a)(s—b)
2 Lemma
= — a+b)(s—a)(s—b) =
2 S (atb)(s—a)(s )
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hg + hy _ 67 2(R+r) _ 6r
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< 2R+2r > 6r < 2R > 4r
R > 2r (Euler)
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Tq +Tp R

cyc

< 2R+ 2r <3R < R > 2r (Euler)
Equality holds for a = b = c.
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