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In all triangles ABC' holds:
1 Z ha + hp)( hb+hc):S2+8RT+57"2
(ra +75)(rp +7¢) 4R?

9 Z (ra +7mo)(ro+7.)  SR*(R+r)
(ha + hp)(hy +he) (82 +712+2Rr)

Solution by Daniel Sitaru and Claudia Nanuti.

Lemma 1.
In all triangles ABC holds:

> (s=b)(a+b)(b+c) = s(s* + 5r + 8Rr)

cyc

Proof.
Z(s —b)(a+b)(b+c)= Z(s —b)(2s—c)(2s—a) =

cye cye
= Z(s —b)(4s® — 2s(a+¢) + ac) =
cyc
= Z(s —b)(4s® — 25(25 — b) + ac) =
cye
= Z(s —b)(4s® — 45* + 2sb + ac) =
cye
= Z(s —b)(2sb+ ac) =
cye
= 2(2821) + sac — 2sb® — abc) =

cyc

= 52~2$+52acf232b273abc:

cyc cyce

=45 + 5(s® +r*> 4+ 4Rr) — 25 - 2(s> — r? — 4Rr) — 3abc =

=45% + 5% + 572 + 4Rrs — 45 + 4sr? + 16Rrs — 12Rrs =
= 5% 4 5sr% + 8Rrs = s(s> + 5r% + 8Rr)

Lemma 2.
In all triangles ABC holds:

D (s—a)(s—c)a+c)=4sr(R+r)
1
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Proof.
Z(s —a)(s—c)(atc) =
cyce
= Z(s2 —s(a+c¢)+ac)(2s —b) =
cyc
= Z(s2 —5(2s —b)+ac)(2s —b) =
cyc
= 2(52 — 252 + sb+ac)(2s — b) =
cyc
= Z(sb +ac—s%) (25 —b) =
cyc
= Z(?s% — sb? + 2sac — abc — 25> + 52b) =
cyc
= 3s° ~25752b2 +252a073ab07653 =
cyc cyce

=6s% —5-2(s® — 12 — 4Rr) + 2s(s* + 2 + 4Rr) — 3abc — 65° =

= —25% + 2512 + 8Rrs + 253 + 2512 + 8Rrs — 12Rrs =

=4sr® + 4Rrs =
=4sr(R+7r) =
Back to the main problem 1:
> (ha + ho) (o + he) _ 3 Cr+3)C+2)
e (ratm)mtre) 2 (5 + 55 +5)
_ Z +GE+e)
F2 cyc S*a s— b)(slb—’_sic)

a+b . btc
=4 E be _
sS—a+s— b s—c+s—b

cyc (s—a)(s—b) ~ (s—b)(s—c)
(a+b)b+c) (s—a)(s—b)2(s—c)
N 42 ab?c . -

ca

cyc

B SR

cyc

Lemma 1 45(5 — a)(s — b)(s — ¢)
N s(abc)?
4. F? 9 9
= T6RFE (s +5r°+8Rr) =
s2 +5r2 + 8Rr
4R?

-s(s* +5r% + 8Rr) =

Back to the main problem 2:

(ra +7p)(ry +7e)
Z (ha + hb)(hb + hc) N
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4 (a+b)(b+c)
cyc ab?c
(abc)? 1 B
 4(s—a)(s—b)(s—c) Czy; (s—b)(a+b)(b+c)
(abc)? 1
G ae - 06— aF @rheTaeTe 2Tkt =
Lemma 2 (abc)?s? 1
- 4F%Y 25(s2 412 + 2Rr) Hsr(RA) =
_ 16R?F?s? -dsr(R+7)
~ 8sF4(s2+12 + 2Rr)
_ 2R*-4s*r(R+7r)  8s’R*r(R+7)
COF2(s2 47124+ 2Rr)  r2s2(s2 +r2 4+ 2Rr)

_ SRYR+7)
~ r(s2+7r2+2Rr)
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