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Compute:

lim
x→0

1

xn+1

(∫ x

0

sinn tdt− x

)
Solution by Daniel Sitaru and Claudia Nănuţi.
Let be f : [0,∞) → R; f(t) = sinn t;n ∈ N
Let be F : [0,∞) → R such that F ′(t) = f(t) for any t > 0.

lim
x→0

1

xn+1

(∫ x

0

sinn tdt− x

)
= lim

x→0

1

xn+1

(∫ x

0

f(t)dt− x

)
=

= lim
x→0

1

xn+1
(F (x)− F (0)− x) =

= lim
x→0

F ′(x)− (F (0))′ − x′

(xn+1)′
=

= lim
x→0

f(x)− 1

(n+ 1)xn
=

1

n+ 1
· lim
x→0

f ′(x)

nxn−1
=

=
1

n(n+ 1)
lim
x→0

n · cosx · sinn−1 x · esinn x

xn−1
=

=
1

n+ 1
lim
x→0

(cosx · esin
n x) · lim

x→0

( sinx
x

)n−1

=

=
1

n+ 1
· 1 · 1 =

1

n+ 1
□
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