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ABOUT AN INEQUALITY BY MARIAN URSARESCU-III

By Marin Chirciu — Romania

1) In AABC the following relationship holds:

R T
2(—) +1
T

Proposed by Marian Ursdrescu - Romania

108 Z sin? A cot B cotC <

Solution: We prove the following lemma: Lemma:
2) In AABC the following relationship holds:

6R% + 4Rr + 1% — 52
2R?2

Z sin? A cot B cot C =

Proof. We have Y, sin? A cot B cotC = Y.(1 — cos? A) cot B cotC =

cos A
= ZcothotC —cos?AcotBcotC =1 —HCOSAZ
sinB smC

=1- ncosA l—[smAz sindcosd=1 —ﬂcotAZ—stA =

s?—(R2R+1r)? 1 257"_1 52—(2R+r)2_2R2+(2R+r)2—s2

2sr 2 Rz 2R?2 - 2R?2

6R%2+4Rr+1%—52 , ] e . .
== where above we’ve used the known inequalities in triangle:

YcotBcotC =1,[[cotd =

%andZSInZA—Zi

Let’s get back to the main problem.

Using the Lemma the inequality can be written:

6R2+4Rr+12%-52

108 - [2 + 1]

~ 2r2
Gerretsen’s inequality: s> = 16Rr — 572, It remains to prove that:

z 54(6R2+4Rr+r2-52) (2R2+r2)2
(et <
R? - r4

, which follows from

54(6R? + 4Rr + 1% — 16Rr + 572) - (2R? + 1?)?
=
R? - r4

© 4R® + 4R*r? — 323R?*r* + 648R*r* —324r° > 0 &

& (R —2r)(4R° + 8R*r + 20R3r? + 40R?r3 — 243Rr* + 162r°) = 0, obviously from
Euler’s inequality R = 2r. Equality holds if and only if the triangle is equilateral.

Remark: Inequality 1) can be strengthened:

4 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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3) In AABC the following relationship holds:

- 2 r 2
Zsm AcotBcotC < 3(1—5)

Proposed by Marin Chirciu - Romania
Solution: Using the Lemma and Gerretsen’s inequality s> > 16Rr — 512, we obtain:

6R? + 4Rr + 1% — 57 - 6R*> + 4Rr + % — (16Rr — 5r%)  6R? — 12Rr + 61%
2R? . 2R? B 2R? B

_ 6(R-1)% _
~ 2Rz

2
3 (1 - %) . Equality holds if and only if the triangle is equilateral.

Remark: Inequality 3) is stronger than 1).
4) In AABC the following relationship holds:

in%® A cotB <3(1 r2< 1 zR
Zsm cot cotC_3( _E) _m (7)

2 2
+1

Solution: See inequality 3) and 3 (1 - %)2 < ﬁ 2 (§)2 + 1]2 o
324r*(R —r)? < R?2(2R? + 1r?)?
© 18r2(R—1r) < RQ2R*+1?) © 2R3 - 17Rr* + 18r3 >0 &
< (R —2r)(2R? + 4Rr — 91r?%) > 0, obviously from Euler’s inequality R > 2.
Equality holds if and only if the triangle is equilateral.
Remark: Let’s find an inequality having an opposite sense:

5) In AABC the following inequality holds:

2

Z sin?AcotBcotC>1— (%)

Proposed by Marin Chirciu - Romania

Solution: Using the Lemma and Gerretsen’s inequality: s* < 4R* + 4Rr + 3r? we obtain:

6R? + 4Rr + r? — 5? - 6R? + 4Rr + 1% — (4R?> + 4Rr + 3r?)  2R* —2r% _ " (r)2
2R? - 2R? -~ 2R? R
Equality holds if and only if the triangle is equilateral.
Remark: We can write the double inequality:

6) In AABC the following relationship holds:

5 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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2 2

- () < S acnmene (1)

Proposed by Marin Chirciu - Romania
Solution:See inequalities 3) and 5). Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

ABOUT AN INEQUALITY BY FLORICA ANASTASE-III

By Marin Chirciu-Romania

1) In acute AABC the following relationship holds:
a 3R
i
b2 + c2—a?" 2F
cyc
Proposed by Florica Anastase-Romania

Solution. Lemma. 2) In acute AABC the following relationship holds:

Z a _ 8R?+6Rr* —s?
b% +c? —a?  2s[s?— (2R +1)?]

cyc

Proof. We have:

Z a > a(a? + b? — c?)(a? + c? — b?) B 165r%(8R? + 6Rr + 1% — 5?) B
b2 +c2—q? [1(b% + c2 — a?) © 32s2r2[s2— (2R +1)?]
cyc

B 8R? + 6Rr + 1% —s2

~ 25[s2— (2R +1)?)]

Which follows from Y a(a? + b? — c?)(a® + ¢? — b?) = 16sr%(8R? + 6Rr + r*> — s%) and
l_I(b2 + ¢? —a?) = 32s%r?[s> — (2R + 1)?]
Let’s get back to the main problem. Using Lemma, inequality becomes as:

2 2_c2
SREYORIAT 5 > 3R & 12R3 + 12R?r + 9Rr? + 13 = s2(3R + 1), which follows from
25[s2—(2R+71)?2)] 2F

Gerretsen inequality s? < 4R? + 4Rr + 3r2. Remains to prove that:

12R3 + 12R*r + 9Rr? + 3 > (4R* + 4Rr + 3r>)(BR + 1) © 2R?> —2Rr —r? > 0,
which is obviously true from R > 2r (Euler).

6 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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3) In acute AABC the following relationship holds:
a 9R
L FTE—a % E
b2 + c2 — a? ~ 4F
cyc
Marin Chirciu
Solution. Lemma. 4) In acute AABC the following relationship holds:

Z a _ 8R?+6Rr* —s?
b2+ c2—a? 2s[s?— (2R +1)?]

cyc

We have:

2 a > a(a? + b? — c?)(a® + c? — b?) 3 16sr%(8R? + 6Rr + 1% — 5?) 3
b2 +c2—a? [1(b% + c2 — a?) © 32s2r2[s2— (2R +1)?]
cyc

B 8R%? + 6Rr +1r? — 52

~ 2s[s2— (2R +1)?)]

Which follows from Y, a(a? + b? — c?)(a? + c¢? — b?) = 16sr%(8R? + 6Rr + r? — s%) and
l_I(b2 + ¢? —a?) = 32s%r?[s? — (2R + 1)?]

Let’s get back to the main problem. Using Lemma, inequality becomes as:

BR™+ORT 477 —5°  OR o 36k + 52R?r + 21Rr? 4 20° 2 S2(9R + 2
— e
2s[s2 = (2R +1)?)] ~ 4F ' rramE &

Which follows from s? < 4R? + 4Rr + 3r? (Gerretsen). Remains to prove that:
36R3 + 52R?r + 21Rr? + 2r3 = (4R* + 4Rr + 3r?)(9R + 2r) &
4R? —7Rr —2r2 >0 < (R — 2r)(4R + 1) = 0, which is obviously true from
R > 2r (Euler). Equality holds if and only if triangle is equilateral.
Remark. The problem can be much stronger.
5) In acute AABC the following relationship holds:
a 1 (2R* R
DT a1 (7 ey 1)
cyc
Marin Chirciu

Solution. Lemma. 6) In acute AABC the following relationship holds:

7 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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z a _ 8R*+6Rr? —s?
b2 +c2 —a? 2s[s?— (2R +1)?]
cyc

We have:

z a > a(a? + b? — c?)(a? + c¢? — b?) 3 16sr%(8R? + 6Rr + 1% — 5?) 3
b2 +c2—a? [1(b2 + ¢ — a?) © 32s2r2[s2— (2R+1)?]
cyc

3 8R%? + 6Rr +1r? — 52

~ 2s[s2— (2R +1)?)]

Which follows from Y, a(a? + b? — c?)(a? + ¢? — b?) = 16sr2(8R? + 6Rr + r?> — s%) and
l_I(b2 + ¢? —a?) = 32s%r?[s? — (2R + r)?]
Let’s get back to the main problem. Using Lemma, inequality becomes as:

a 8R2 4+ 6R12% — 52 Gerretsen
= >
Z b? +c2—a? 2s[s?2—QR+71)?] —

cyc

e |
2 T

8R? + 6Rr + 1% — 4R? — 4Rr — 371? 4R? + 2Rr — 2r? 1 (2R?> R
> = =— =
2s[4R? + 4Rr + 312 — 4R? — 4Rr — 37r?] 2s(2r?) 2s
36R3 + 52R?r + 21Rr? + 2r3 = s%(9R + 2r), which follows from
s? < 4R? + 4Rr + 3r?(Gerretsen). Remains to prove that:
36R3 + 52R?r + 21Rr? + 2r® > (4R?> + 4Rr + 3r>)(9R + 2r) &
4R? —7Rr —2r2 >0 (R —2r)(4R + 1) = 0, which is true from R = 2r (Euler).
Equality holds if and only if triangle is equilateral.
Remark. We can write that:
7) In AABC the following relationship holds:
Z a _1(2R* R_\_9R
b2 +c2—a2 2s\1r2 r ~ 4F
cyc

Marin Chirciu
2
Solution. See inequality 5) and L (% +2_ 1) >2X S 4R - TJRr-22>00
2s\r T 4F

(R —=2r)(4R + 1) = 0, which is obviously true from R > 2r (Euler). Equality holds if and
only if triangle is equilateral.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal, www.ssmrmh.ro
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INTEGRALS INVOLVING {(2) AND {(4)

By Said Attaoui-Algerie
Prove that:
0 oo )2 —(x+V2t) 5
]=j j )7 _dxdt = —(4)
0 (14 e* + e V2t 4 e~(x+V20)) V2

Solution. Observe that:

T+e™4e V2 4o (tV2) = po @ oV2(1 4 e %) = (1 + e"‘)(l + e“/it)
0 oo (xt)? —(x++2¢) x2t2e-(xV2t)
So,J = f f j _[ sdx dt =
o Jo [(1+e™)(1+ e‘ﬁt)] (1+e™)2(1 +e™V2t)

( ® 42, 4 > joo tze—\/it 4
= ——dx —dt
0 (1 + e—x)Z 0 (1 + e—ﬁt)z

[ee]

co xze—ax

o A+e ™) a

xe™ ™
dxand ] = J.

Now, fi > 0,let: ], =
ow, for a et:J, L Tter

Since e™ < 1, we have by applying the geometric series:

© xe™* « -
sz — dx =f xe ™™ (Z(-l)%‘"") dx =
o 1+e™* 0
n=0
[e9) . o) (_1)71
— —_1)n -(n+1)x —

Z( 1) (j; xe dx) CFSIL

n=0 n=0

F'(c+1)
bC+1

I'= Z (1(:)1;2 - Z = Un Z (2n)? Z (Zn D2

o 1 1
=—Z(2n)2+c<2)—zo(2 =54

Now, making change of the variable x — ax,a > 0 in I, we get:

Since for all b > 0; ¢ > 0 we have: f xCe bx dx = .Therefore,
0

| _f‘x’ xe Dy = 1 @
@)y 1+e o *=22¢

9 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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Differentiate w.r. t. a, we obtain:

0 0 [ (® xe @ ®x(—xe (1 + e™) + xe~2W)
o O[T ) : e
da da\), 1+e ax 0 (1+ e~ax)?

[ee]

xze—ax
—| T/ dx
o (1+e-ax)2

1
Therefore, J, = E((Z).Thus,] =]z = 2\/_{2( )

a2\%2 ot 5
Recall that: {2(2) = (?) = Finally, we get: | = ﬁ{ (4).

Remark. We have:

11 Jog?ulog?v
= q2%(2
,fojo(1+u+v+uv)2dudv <@

Proof of Remark. Making the double changes of variablesu = e ™ and v = e~ VZtin J, we
get:

o) o) (xt)Ze—(x+\/§t)
] = f f sdx dt =
0 Jo (14 ex 4 eV2t 4 o-letv0)

Lt 2uvlog?ulog?v /du dv log? ulog? v
=ff & & ( \/_f f 1 5 & du dv
0

o A+u+v+uv)2\u +u+v+uv)?

Lt log?ulog?v 5
= — = 72
Hence',l;,l;(1+u+v+uv)2dudv 4((4) {?(2).

1 1 l 2 l 2
This leads, {2(2) =f f 0 U8 Y sdu dv =
0o Jo (1+u+v(l+uw)

_J‘lfl log? ulog? v dud _ff logu logv o = jl(logu)zd 2_ )
o Jo [+ w(A +v)]? uaev 1+u 1+v uaer= o \14+u ul =@

Reference: ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal, www.ssmrmh.ro

NEW INEQUALITIES IN TRIANGLE

By Tran Quoc Anh-Vietham

1. Topic: In acute AABC the following relationship holds:

m, my mC<R+r

L h Th ST

10 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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Equality holds for AABC equilateral.
2. Lemma: In AABC the following relationship holds:

s(s? + 2Rr + 5r2)

am? + bm2 + cm? = 5

Proof of Lemma: We have:

2(b% + c?) — a? 2(c?+a?) — b? 2(a® + b?) — c?
) () ()

am§+bm,2,+cm§=a<

b? + c? + 2bccos A c?+a?+2cacosB a’ + b? + 2abcos C
=a 2 +b 2 +c 2

B (a+b+c)(ab+ bc+ca) 3abc N abc(cosA + cos B + cos ()

4 4 2
ZS(S +7r?+ 4Rr) 3 Rrs 4+ 4Rrs (R + r) s(s? + 2Rr + 512)
4 I U 2
Proof. We have: h, = %, h, = h —. Applying Cauchy’s inequality:

(ama + bmy + cm, 2

am?2 + bm? + cm?
°F ) S(a+b+c)< < b C>=

4F?

s(s? + 2Rr + 57?) 3 s?(s? + 2Rr + 512)
s 2 - 4F? - 4F?

We will prove that:

s?(s?+2Rr+57r%) (R+r
()

Infact: (1) © s? + 2Rr + 572 < 4R? + 8Rr + 4r? © s2 < 4R?> + 6Rr — r?

Alternatively: s? < 4R? + 4Rr + 373 (Gerretsen). We will prove that: 4R? + 4Rr +
3r2 < 4R62 + 6Rr — 1%, (2)

Infact: (2) © 4r%? < 2Rr © 2r < R (Euler); (3)

ama+bmb+cmc)2 < (R+r)2 o mq 4 mp n me _ amg+bmp+cme <

2F -

Therefore:(
he hp  he 2F r

T=143

Vamg _ ¥bmy _ Ve b 91 and s? = 4R? + 4Rr + 312 o

Identity occurs if and only if @ b e

AABC equilateral.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal, www.ssmrmh.ro
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FEW AMAZING TRIPLE INTEGRALS

By Asmat Qatea-Afghanistan

Find:
1 1 (1
Q=J J J\/x2+y2+zzdxdydz
0 J0 Y0
Solution.
()_{dx—dv:x=v du = X
e u_\/xz+3’2+zz: ! Jx2+y?+z2

dxdydz

Q 1 01,1 x2
3_-[0-[0-[0\/x2+yz+z2
101 1 o (! ) Q
sz .[ f,/x2+y2+zzdxdde=J j xw/x2+y2+zz| dydz = -
o Jo Jo o Jo 0 3
4 1 ,1
—Q=f ']-\/1+y2+zzdydz=
3 0o Jo

1,1 1 1 1 y?
=f f —dydz+2f f —————dydz; ()
0 Jo J1+y2+22 0o Jo J1+y2+ 272
dy=dv=>y=v
(**):{y Y

=y Y,
u=,1+4+y?+z J1+y2+ 22

4 1 1 () 1 1 1 1 yZ
—sz f,/l +y2+2z2dydz = f y\/1+y2+22| dZ—f f —————=dydz
3 o Jo 0 0 0o Jo 1/1+y2+22

dydz; (II)

3 1 1 1 y?
—Q=2f\/2+zzdz—2ff—
3 0 0o Jo \J1+y2+22

dydz; (I)+ (II)

1 1 1
4Q=2f\/2+22dz+ff
0 0 0

'
J1+y?+2z2
P
2
f\/az +x2dx =f\/a2 + x2 —a?log(x+\/a2 +x2)+ C

2

! V3 1+43
f 2+22d2=—+10g< >
0

2 V2

12 ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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4Q=\/§+210g<1 :%E>+P

P=210g(1+\/§)—10g2—g

4ﬂ=\/§+210g(1+\/§)—log2+210g(1+\/§)—log2—%

Therefore,
Lt V3 14++3\ =
Q=f f f,/x2+ 24+ z2dxd dz=—+lo< >——
o Jo Jo Y Y 4 8 V2 24

Now, let’s find:

1 1 1
o [
0o Jo /1+y%+2?

dx _1 > > c
—m— og(x+ ac+x )+

1 01 1 1 1
P=f f —dydz=f log(y+\/1+y2+zz)| dydz =
0 Jo /1+y%+2z2 0 0

1 1 1
=f log(1+ 2+Z2)dZ——f log(1+ z2)dz
0 2Jo

f log(1 + x%)dx = xlog(1 + x?) + 2tan™ x — 2x + C

1 1 s
P =.I; log(1+\/m)dz——(log2+——2)

2 2

B

dz=dv=>2z=v 7
(***):{u=log(1+J2+zz):d“:z+zz+m

2

z
dz
24+ 2z24+V2+ 272
C

B =fllog(1+\/2+22)dZ=log(1+\/§)—f1

dz

122(z242) — 222 + 22 1 22 1,22 4 22 1,22 + 22
sz dz=f d f —dz+f —
0 0 0 0

(z2+2)(z2+1) z2+1 Z- z2+1 z2 4+ 2

L z2 1222 4 22 T 22
=f > dz—fz—dz+f dz =
0 27+ 1 o 2°+1 o V2 + 72

13| ROMANIAN MATHEMATICAL MAGAZINE NR. 40
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=f0a

dz—f\/2+zzdz+f Zdz+
0

1+vV3\ = 1++v3\ V3 1++3
log( >+g+log< >+——log< )

V2 + z2

2+Z2 2 \/_tanxf V2 secx
2Z2+1 ¢

2sec3 x _J‘asecx(1+(1+2tanzx))
2tanZx +1° 0

2tan?x + 1

sin?x + 1

ol 1++3 _ tan-(sina) + 1 1++3
211 o8 N = tan"!(sina og

z
dz =
0 z2+1 0o V2 + z2
S

M

2 2

V2

N fi > p=1-"
)1+ T

1 1
1
dzzj\/2+zzdz—2 dz =
0 0o V2 + z2

=§+log<1+\/§>—210g(z+ 2+z2)|:)=

V2

1++3 . 1++v3) V3 | 143
vz )‘ °g< V2 >‘_‘°g< V2 )

2

2tan2x + 1 VZsec xdx =

2tan?x + 1

a a cosx
dx + | secxdx = dx + log(secx + tanx)|§ =
0 0

2sin? x + cos? x

cosx
dx + log(seca + tan a) sinx=a

I~

14
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1
P=B—Elog2—%+1=log(1+\/_)—1+—+log(1+\/_) logV2 =

1
—210g(1+\/_)—1+ﬁ—§log2 =210g(1+\/§)—10g2—%

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A GENERALIZATION FOR A DANIEL SITARU INEQUALITY

By Marin Chirciu-Romania

Ifx,y,z> 0and 0 < A < 8then:

2 2 Xy >§
Z(x +y )z+Axychyc: GtyE> 4(/1+ 8)xyz

cyc
Proposed by Marin Chirciu-Romania
Note: For A = 1 we get the proposed problem by Daniel Sitaru in R.M.M. 12/2021

If x,y,z > 0 then:
Xy 27
2 2 >
E(x +y“)z+xyz E Gt y)2 > 4xyz

cyc cyc

Solution:

Z(x +y2)z+/1xyzzm_4(/1+8)xyz| xXyz =

cyc
x? +y? 1 3
d0r0 e Y ()1 Yt
Z Z(x+ )2 (+)® y242 4(+)
cyc cyc cycy  x

which follows from
Lemma: If t > 2 then:

¢+ A >/1+8
t+2 4
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Proof. We have:

A
t+——=>——4t? - At+21-16=20 (t—2)(4t+8—-21) =0

which is true from t > 2 and 4t + 8 — 1 > 0. Equality holds forx =y = z.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY FROM A.P.M.0. 2004
By D.M. Batinetu-Giurgiu, Mihaly Bencze, Florica Anastase-Romania

In A.P.M.O. 2004 was proposed problem A.P.M.0.-2004/5:
If a, b, c > 0, then the following relationship holds:
(a? +2)(b?> + 2)(c? + 2) = 3(ab + bc + ca); (*)
This problem has generalized by Arkady M. Alt in [1] in the form:
If x,y,z,t > 0, then the following relationship holds:
3
(2 +2)(y* + t2) (2% + t?) > Zt“(x + y + 2)?%; (xx)
Next, we will to prove the following problem:
Ifa,b,c, x,y,2z,t > 0 then the following relationship holds:
3
(a? + x%t2)(b? + y?*t?)(c? + z%t?) = Zt‘*(ayz + bzx + cxy)?; (+xx)
To prove the above inequality, first, we prove the next Lemma:
Lemma: If u, v,w > 0, then the following relationship holds:
3
W +1D)@*+1D) W2 +1) > Z(u +v+w)? (1)

Proof. We have:
O):@+1D@+1D)=2Ww+v)2 ou?v?+u?+v2+1=>u?+2uv + v?

uv? -2uv+1=0< (uv —1)% > 0 true!

Gi):@Ww?+1Dw*+1) > %((u +v)+1) e
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3
u2v2+u2+v2+1ZZ(u2+2uv+v2+1)@

P2 +4ul +4v? +4>3u+ 3P +6uv +3 &
cv? —4quv+1+u? -2uw+v? >0 Quv—1)%2+ (u—v)? > 0 true!

Hence, we have:
@i 3 @ 3 2
@+ D@+ DW?+1) 2 7(@+v)? + DW?+1) 2 Z((u +tv)+w) e

3
@+ D>+ 1D)W?+1) = Z(u + v+ w)?
Now, let’s prove the inequality (xx), we have:

(a® +x2t2)(b* + y?t?)(c? + 2°t?) = x*y?z°t? ((%)2 + 1) ((y%)z + 1) ((Zit)z + 1); (2)

. b
If we take in (1): u = Lov=="w= i, we get:
xt zt

(G (6 +1) (@ )= 333 -

b ¢\’ 3
=P<_+_+_> =W(ayz+bzx+cxy)z; 3)

2

From (2) and (3), it follows:

(a? + x2t2)(b? + y2t2)(c? + z%t%) > x2y?z%t° W (ayz + bzx + cxy)?
If in (%) we take x = y = z, we get:
3
(a? + x%t?)(b? + x2t?)(c? + x?%t?) > Zt‘*(ax2 + by? + cz?)? =
3
= Zt‘*x“(a +b+c)?% (4)
If we take x = 1 in (4), we obtain:
3
(a? +t>)(b?> + t?)(c? + t?) = Zt‘*(a +b+c)% (A.A)
i.e. inequality (4) from [1]. If we take t = V2 in (A.A.), we obtain:

(@®+2)(b2+2)(c?+2) > %(\/E)4(a +bh+c)?=

=3(a+b+c)?>>3-3(ab+ bc+ca) =9(ab + bc + ca)
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REFERENCE:

[1]. Alt M. Arkady, ABOUT AN INEQUALITY FROM A.P.M.0O. 2004-NEW SOLUTION AND
GENERALIZATIONS-Octogon Mathematical Magazine, Vol.27, No.1, April 2019,pag.228-232.

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-X

By Marin Chirciu-Romania

In AABC the following relationship holds:

Wy + w, \/§ R
a’(b+c)” 16 13
cyc
Proposed by George Apostolopoulos-Messolonghi-Greece
Solution. Lemma. In AABC the following relationship holds:
N <a2+b2+c2(1+1)
wpt+w, < ————— |-+ —
b c 2\/5 b c

Proof. We have:

< me (i)a2+b2+c2+a2+b2+cz a2+b2+cz<1+1)
wp +w, <my, +m, < = —4Z
b Tem e 23b 2v3¢ 2v3

b c
where (1) it follows from:

Lemma. In AABC the following relationship holds:

- a’ + b? + c?
am,<———
2V3
. 2 _ 2b%+2c%-q? . 1 2 2.2 1 2)?
Proof. Using mg = —————, we have: m, < —chyca Sat-mg s (Beyea?)” &

2b%> +2c?—a* 1
a? - 2 SE Z:a4+221b2c2 o

cyc cyc
3a%2(2b? + 2¢? — a?®) < a* + b* + ¢* + 2b%c? + 2c?a? + 2a%h? &
4a* + b* + c* + 2b%c? — 4a?b? — 4a*c?* >0 © (2a? - b?> - c?)? >0
Equality holds for 2a? — b? — ¢? = 0 © 2a? = b? + ¢2.

Let’s get back to the main problem. Using Lemma we get:
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a’+b%+c% (1 | 1
wp + w, Lemma 3 (; + Z) a? + b?% + ¢2 1 Leuberger
LHS = TN = z > = Z - <
a*(b +c) a?(b +c) 2v/3abc a
cyc cyc cyc
Leuberger q2 4 p2 4 ¢ s Leibniz  9R? V3 Fuer 3 R
< — — =RHS

: < = <
2\/3abc 3Rr 2+/3-4Rrs 8r? 16 r
Equality holds if and only if triangle is equilateral.Remark: Inequality can be developed.

In AABC the following relationship holds:
\/§ Wy + w, < \/§

<
2R2 ~ a?(b+c) ~ 8r?

cyc

Proposed by Marin Chirciu-Romania
Solution: For RHS, we use: Lemma. In AABC the following relationship holds:

a+b*+c*t/1 1
WPLLT LT.T 0

—+
2V/3 b ¢

Proof. We have:

<+ (é)a2+b2+c2_|_az+b2+c2 a2+b2+cz<1+1)
wp +w, <my, +m, < = —4Z
P Tem e 23b 2v3¢ 2v3

b ¢
where (1) it follows from:

Lemma. In AABC the following relationship holds:

- a? + b? + ¢?
am,<———
2V3
. 2 _ 2b%*+2c%-a? ) 1 2 2,92 <1 2)?
Proof. Using m2 = —, - we have: a -m, < Zﬁzcyca S a’-mi < E(chca ) A

2b%> +2c?—a*> 1
a? - 2 Sﬁ Z:a‘*+zz:b2c2 o

cyc cyc
3a%2(2b? + 2¢? — a?®) < a* + b* + ¢* + 2b%c? + 2c?a? + 2a%h? &
4a* + b* + c* + 2b%c? — 4a?b? — 4a*c?* >0 © (2a? —b?> - c?)? >0
Equality holds for 2a? — b? — ¢? = 0 © 2a? = b? + ¢2.

Let’s get back to the main problem. Using Lemma we get:
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a’+b%4c% (1 1
LHS = Wp + We Lemma z 23 (Z+ Z) _a’+b*+ czz 1 Leubirger
 Luia?(b+0) a2(b+c¢)  2\3abc a =
cyc cyc cyc
Leuberger g2 4 p2 4 c2 s Leibniz 9R? 3 Euter \/3 R
2v/3abc  3Rr

23 -4Rrs 8r¢ — 16 r3

Equality holds if and only if triangle is equilateral. For LHS, we have:

2F 2F 1 1
Wb+WC>Z hy + h, _Z Pal ZFZ P
a?(b+c¢) = Lia?(b+¢c) az(b

a2(b+c) o)
cyc cyc cyc
b+c
—ZFZ e B Zle_ oF 1Leub;rger 1 \/§_ \/§
B a?(b+c¢) abclia 4RFZia ~ 2R R 2R?
cyc cyc cyc

A SIMPLE PROOF FOR KY FAN’S INEQUALITY

By Daniel Sitaru-Romania

Abstract: In this paper it’s presented a simple proof for Ky Fan’s inequality, a generalization
and a few applications.

KY FAN’S INEQUALITY

Ifxq,x; € (0, %) then:

X1X2 (1-x)(1—-x;)
(x1 + x2)2 = (1 —x1 + 1-— xz)z ’ (1)

Ifxq,x; € (O, %) then:

X1X2X3 (1—x)@A—2x)(1—x3)

; (2
(x1+x2+x3)3_(1—x1+1—x2+1—x3)2 ( )

1
fxq,x;, ..., %, € (O,E),n € N,n > 2 then:

X1X2 " ..." Xy

A-x)A-x) (=%,
(x1 +x, + -+ xn)" -

; (3
Q=23 +1—x++1—x,)" 3

20
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Proof of (1):

-1

Letbe £:(0,2) > R, f(x) = log (3 — 1), then £"(x) = (5 — 1)' (t-1) =

1
x(x—1)

1 1 —2x+1

1 1
fO=r3~% 0=yt e~we- s

1

f —convex on (0,%). By Jensen’s inequality:

X1+ Xx;
(™

1 1 1 1
IOg m—l E(log(—l—l)‘FlOg(—z—l))
2

) <5 (70 + 1)

2 1 1
2log —-1)<log|——-1])|—-1
X1+ Xy X1 Xy
2 —x1 — x3\° (1—x)(1—x;)
log[—————| <log
X1+ x, X1Xy

(2 — X1 — x2>2 < (1—x)(1—xp)

X1X2 X1X2

X1X3 1- x1)(1 - xz)
(e +2)2 " (1—x;+1—x,)2

Equality holds for x; = x,.
Proof for (2): By Jensen’s inequality:

(%) < %(f(xl) + f(x2) + f(x3))

1 1 1 1 1
log| s957 — 1 3(log(——1>+log<—2—1>+log<—3—1))
3

3 1 1 1
stog( S 1) ztog(L 1) (2o 1) (A1)
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(B—xl—xz—x3>3 - (1—x1)(1—x2)(1—x3)
X1+ x, +x3 “\ x Xo X3
X1X2X3 (1—=x)(A—2x,)(1 - x3)
(X1+x2+X3)3_(1—X1+1—x2+1_X3)3

Equality holds for x; = x, = x3.

Proof of (3): By Jensen’s inequality:

(X1 +XZ ++Xn
n

)< %(f(xl) )+t fe)

1 1 1 1 1
IOg m—l Sa<log<x—1—1)+10g(x—2—1)+"‘+10g(x——1))
—_— n

n

n 1 1 1
nlog( —1)Slog[(——l)(——l)-...-(——l
X1 +x,+ -+ x, Xq X5 Xn

(n—xl—xz—---—xn>"<(1—x1)(1—x2) (1—xn)
X1+ x, + o+ x, N\ x Xy Xn

X1X5 o Xp 1-x)A=x5) .- (1—2x,)
(X +x,++x)"” Q=—x3+1—0x4++1—x,)"

Equality holds for x; = x, = - = x,,.

GENERALIZATION FOR KY FAN’S INEQUALITY (n = 2)
1
If X1,X2 € (O,E) 'AI'AZ > O, )'1 + )'2 = 1 then:

X0 xf? (1—x)* (1 —x)*2
Alxl + Azxz - 11(1 — xl) + }.2(1 — xz) ’

(4)

Proof. By Jensen’s inequality: f(A;x; + A,x5) < A, f(xq) + A5 f (x3)
g 1) <, tog( - 1) + ytog( 1)
8 Axq + A%, =708 X1 2108 Xy

1— (Ayx; + Aox 1 foq 2
log< Aix + 2, 2)>Slog(——1> (——1)

Axy + Ayx, X4 X,
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1 - /11361 - /12362 < (1 - xl)h (1 - xZ)

Axy + Ax, X4 X,

A2

A (1 —x1) +2,(1 —x3) < (1 — )M - (1—x)*

Mxy + Ax; N xfl -x;z

Xt x (1 —x)M - (1 —xy)*
/11X1 + /12X2 - Al(l - Xl) + Az(l - xz)

Equality holds for x; = x,.

GENERALIZATION FOR KY FAN’S INEQUALITY (n = 3)
1
lfxl,xz,x3 € (O'E)'AI'AZ')G > 0,).1 +AZ +A3 = 1 then:

Xl x? Ay (A—xph - (A -x)%- (1 -x5)s
/11x1 + Azxz + A3x3 - ).1(1 - xl) + 2.2(1 — xz) + 13(1 — X3) ’

(5)

Proof. By Jensen’s inequality: f(A1x; + A2, + A3x3) < A f(x1) + Ao f (x3) + A3f (x3)

1 1 1 1
| ( —1>S/11 (——1) A1 (——1) Azl (——1)
08 Axg + A%, + A3x5 1708 X1 +4;log Xo +4slog X3

A2

1= A%y — Ayxy — Aax 1 Mo 1
08( et e ) =) (1) (5
Axy + Ayx, + A3xg X1 X X3

A3

1 —A1x1 — Ayxy — A3xg < (1 - x1>’11 (1 — x2>’12 ( 1 )

—=1
Axy + Axy + A3xs X1 Xy X3

A3

A (1 —x1) +2,(1 —xp) + A3(1 — x3) < (1—xp)h (1 —xy)% - (1 —x3)%

Axg + A%, + A3x3 xfl -x;z -x§3

X xlz A—x)M (1 —x)% - (1—x3)h
/11x1 + Azxz + /13.X3 - /11(1 - xl) + /12(1 - xz) + /13(1 - x3)

Equality holds for x; = x, = x3.

GENERALIZATION FOR KY FAN’S INEQUALITY (n € N,n > 2)
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|fx1,x2, v, Xy € (0,%),).1,12, ...,An > 0,11 + AZ + -+ An = 1 then:

X402 xle __Q-xph - Aot ©
/11x1 + Azxz + -+ Anxn - 2.1(1 — x1) + Az(l - xz) + -+ An(l - xn) ’
Proof. By Jensen’s inequality:
fQuxg + x5 + -+ Apxy) < A f (xg) + A, () + -+ A, f (x5)
1 ( ! 1)</11 (1 1)+/11 (1 1)+ + 2,1 (1 1)
08 /11x1 +A2X2 + "'+Anxn = /1708 X1 2108 X n 108 Xn
1—Ax1 —Ax, — - — A x 1 g 2 1 An
o8 ( e e ) <l (o) (1) ()
Alxl + Azxz + cee + Anxn x1 xZ xn
1 - Alxl - Azxz i Anxn < (1 - xl)ll (1 - xZ)AZ ( 1 1)117'
Alxl + Azxz + cee + Anxn - x1 xZ xn

M =—x)+2,A—x)+ -+, —x,) - A=—x)M-(1—x)% .- (1—x )M

Aixy + Apxp + o+ Ay x[xlz X
A, 2 A
Xt xy e xy A—xDM A —x)b (1 —xp)Mn

Axy +Ax, o+ Apxn ~ A (1 —x) +,(1—x3) + -+ 4,(1 — x,,)
Equality holds for x; = x, = --- = x,,.

Application 1. Ifa,b € (0, %),x € R then:

asinzx . bcoszx (1 _ a)sinzx . (1 _ b)coszx

asin?x+ bcos2x~ (1—a)sin?2x+ (1 —b) cos?x

Solution: We take in (4): A; =sin?x,1, = cos?x,A1; + 1, =sin?x + cos?x =1

Application 2. If a, b, c € (0, i) then:

( a )3( b )2 c <( 3a+2b+c>
1—a 1-b 1-¢c \6—-3a—-2b—-c

Solution: We take in (5):

6
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1 1 1 1 1 1
Alzi,AZ=§,A3=g,/11+/12+/13=§+§+8=1
aE-bE-c€< 1-a)2-(1-b)3-(1—-c)e

a b c —1 1 1
E+§+g E(l—a)+§(1—b)+g(1—c)
V@5 AR
<
ST1—a)3(1 —Ph)2(1 —c) 1-_2_b_c¢
\/(1 a)3(1-b)’(1—-¢) 1 T3
adb?c <( 3a+2b+c )6
1-a)*1-b)2(1—-c)  \6—-3a—-2b—c

( a )3 ( b )2 c <( 3a+2b+c )6
1—a 1-b 1 6—3a—2b—c

Equality holds fora = b = c.

_C_

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT A FEW INEQUALITIES IN TRIANGLE
By D.M. Batinetu-Giurgiu, Mihaly Bencze, Florica Anastase-Romania
In [1]. Arkady M. Alt has proved the following inequality:
(a? +2)(b?> + 2)(c? +2) = 9(ab + bc + ca);Ya,b,c > 0; (1)
In AABC with F —area, holds:
(a®+2)(b* +2)(c* +2) 236V3 - F; (2)

Proof. If in (1) a, b, c —are the lengths sides of a triangle ABC with F —area, the following
relationship holds:

Gordon
(@ +2)(B2+2)(c2+2)=>9(ab+bc+ca) = 9-4V/3F=36V3-F

Theorem 1.
If x,y,z > 0 then in AABC with F —area, the following relationship holds:

:x2a4 .y2b4 ZZC4 - 2
((y-|'—Z)2+ 1><(z+—x)2+ 1><m+1>_36F ;o (%)
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Theorem 2.

If x,y,z > 0 then in AABC with F —area, the following relationship holds:

xZaB 1 y2b8 1 ZZCB 1 >48 F4.
((y+z)2+ )((z+x)2+ ><<x+y>2+ >— F )

To prove the above inequality, first, we prove the next Lemma:

Lemma: If u, v,w > 0, then the following relationship holds:

W+1D@?*+1DW?+1) > %(u +v+w)? (3)

Proof. We have:

)W+ +1D)=>2Ww+v)? ou?v?+u? +v2+1=>u?+2uv + v?

uv? —2uv+1=>0< (uv —1)% > 0 true!
3
(i): W+ 1DWw*+1) > Z((u +v)+1) e

3
u2v2+u2+v2+1Zz(u2+2uv+v2+1)=}

v +4ul 4+ 4t +4>3ut+ v+ 6uv + 3 ©

4?2 —4quv+1+u? -2uww+v? >0 Quv—-1)%2+ (u—v)? > 0 true!

Hence, we have:

(i) 3 @ 3 2
W+ +1DWw?+1) > Z((u +v)2+1D)W?+1) > Z((u +tv)+w) e

W+ 1D@?*+1D)Ww?+1) > %(u +v+w)?

Proof of Theorem 1.
2 2 2
In Lemma, we take: u = &,v = &,W = i, we get:
y+z zZ+x +y
2
x2aq? 3 x 5 Tsintsifas
)Y e )
1_[<(y+z)2 ) 4 y+z @
cyc cyc
3 2 3-16-3-F2
21(4\@-1:) =——F ——=36-F
Proof of Theorem 2.
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. 4 b4- 4
If in Lemma, we take: u = i,v = y—,w = i, we get:
y+z zZ+x x+y
2 2
x2a8 3 ax4 3 x2x4 Bergstrom
(55232 -i(Zars)
(y + 2)? 4 y+z 4 xy + xz
cyc cyc cyc

3 <xa2 + yb? + zcz>2 _ 3 (xa® + yb® + zc?)*

> — = — =
4\2(xy + yz + zx) Y420y + yz + zx))2

_ 3 (xa® + yb? + zc?)* OPPe;heim 3(16(xy + yz + zx)F?)?
16 (xy +yz + zx)? - 16(xy + yz + zx)2

=3-16-F*=48-F*
REFERENCE:

[1]. Alt M. Arkady, ABOUT ONE INEQUALITY FROM A.P.M.O. 2004-NEW SOLUTION AND
GENERALIZATIONS-Octogon Mathematical Magazine, Vol.27, No.1, April 2019,pag.228-232.

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-XI
By Marin Chirciu-Romania

1) In AABC the following inequality holds:

A 2R
Z r.h, tani < F(T — 1)

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution: We prove: Lemma:

A p*(r*—8Rr)+r(4R +71)3
Zraha tan- = 2pR

Proof: We have:

A S 25 |(p—b)(p—c)
ZrahatanE:Zs—a'z'\/ r(p—a)

_ 2 1 Jpp-a-D-0o _
=% za(p—a) p(p—a) -

27 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

S 1 1 pr 1 1
=2 2___:2: . =2 2,.2 ,___:?: =2 2 ESZE: —
S plialp—a) - P pliap-a? P Lap-a?

2.3 P2(r=8R)+(4R+1)3 _ p?(r2-8Rr)+r(4R+7)°3

= 2p°r Py 2oR , which follows from:
Z 1 Ybc(p-b)P(p—c) r3[p*(r—8R)+ (4R +1)°]
alp—a)?  abc-[Ilp—a)? 4Rrp - (r2p)2 -
= pz(T_SR)JZ'(4R+r)3, true from:
4Rr2%p3

Z be(p — b)2(p — ¢)? = r3[p?(r — 8R) + (4R + 1)?]

Let’s get to the main problem.Using Lemma the inequality can be written:

p?(r? —8Rr) +r(4R +1)3 2R p?(r? —8Rr) + r(4R +1)3
<F (—— 1) e =
2pR T 2pR
2R—r p?(r? —8Rr) + r(4R + 1)3 2R —r
< pr( ) = < pr( ) S
T 2pR T

S p?(r?—8Rr)+r(4R+71)3 <2p?2(2R—-71) &
& p2(4R? + 6Rr — r2?) > r(4R + )3, which follows from Gerretesen’s inequality:

r(4R+1)?

p? > 16Rr — 512 >
R+T1

. It remains to prove that:

7(4R + 1)?

R (4R? +6Rr —1?) >r(4R+1r)® © (4R?> + 6Rr —1%) >
> (R+71)(4R + 1) © R = 2r, (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.Remark: The inequality can be
strengthened.

2) In AABC the following inequality holds:

A 2R r 3
:E:‘ralla!talliz < P'(—;f'+'j§ —'E£>

Marin Chirciu

Proof:Using the Lemma the inequality can be written:

2 2 _ 3
p*(r* —8Rr) +r(4R + 1) SF(E_I_E_E)@
2pR r R 2

p?(r? —8Rr) + r(4R + 1)3 4R? — 3Rr + 2r?
S <pr S
2pR 2Rr
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© p?(r? —8Rr)+r(4R + 1) < p?(4R?* —3Rr + 2r?¥) &
© p?(4R?* +5Rr+r?)>r(4R+1r) &

r(4R+1)?

©p?(4R+1r)(R+7r)=2r@GR+1r) o p?(R+1r)=>r(@AR+1)? & p? > o

7

2
which follows from Gerretsen’s inequality: p? = 16Rr — 512 > %

Equality holds if and only if the triangle is equilateral. Remark: Inequality 2) is stronger than

inequality 1)
3) In AABC the following relationship holds:

Z h,t A<F(2R+r 3)<F(2R 1)
Talla tAN S r "R 2 T

Solution: See inequality 1) and F( + - — E) <F (— — 1) < R = 2r, (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.Remark: Let’s find an inequality having

an opposite sense.
4) In AABC the following relationship holds:

A
Z r.h, tani > 3F

Marin Chirciu

Proof: Using the Lemma we obtain:

A p*(r?—8Rr)+r(4R+71)°® p [(rz SR+ r(4R + r)3l >

hgtan— = -
Zr“ any 2pR 2R p?
Gerretsen p r(4R +1)3 14 ) 2r2R—r)(4R + 1)
2 (r? —8Rr) + W:ﬁ(r — 8Rr) + i =
2(2R-1)
r|R(r —8R) +2(2R—71)4R + 1 S 8R2—3Rr—2r Euler §
_ pr[RG-—8R) + 2R —)(4R +1)] _ wr S oo
2R R R 2R

Equality holds if and only if the triangle is equilateral.Remark: We can write the double

inequality:
5) In AABC the following inequality holds:

(2R r 3)

A
BFSZrahatanESF R 2

Marin Chirciu
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Proof: RHS inequality.Using the Lemma the inequality can be written:

p?(r2 —8Rr) +r(4R +71)3 2R r 3
<F( )=

Fl|— —_— =
2pR - r+R 2

p?(r? —8Rr) + r(4R + r)3
< <pr
2pR

4R? — 3Rr + 2r?
1=
2Rr

& p?(r? —8Rr) +r(4R + 1) < p?(4R?* —3Rr + 2r?) &

& p2(4R? +5Rr +r2) > r(4R +1)% &

2
& pXUR+T)(R+1) 2 TR +1)° © p2(R+1) 2 T(4R +1)? & p? > [T

7

r(4R+1)?

which follows from Gerretsen’s inequality: p? > 16Rr — 512 > Py

Equality holds if and only if the triangle is equilateral. LHS inequality. Using the Lemma we
obtain:

A p*(r?—8Rr)+r(4R+71)® p r(4R +1)3
Z Tahg tanz = 2R T (r? —8Rr) + B — >
Gerretsen D r(4R + T')3 14 2r(2R—1)(4R + 1)
> |G- — =2 |G?2- =
z o (r> — 8Rr) + RGRTT)? >R (r*> —8Rr) + R
2(2R-7)

pr [R(r —8R) + 2(2R —r)(4R + 1) S 8R?—3Rr — 2r? Euler S
= = > —-.6R=3S
2R R 2R R 2R

Equality holds if and only if the triangle is equilateral.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT LOGARITHMIC MEAN AND APPLICATIONS

By Daniel Sitaru-Romania

Abstract: In this article is revisited logarithmic mean, it’s properties and a few applications.
Definition

Leta,b > 0. We define:

b-a +b
Lab)={lnb—Ina' ®
aa=>b

and name this the logarithmic mean of a, b.
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Property 1.

If0 < a < b then:

-1

1 dx
L(a,b) = (jo xa+(1- x)b>

Proof.

1 dx (! dx 1 1(x(a—b)+b)’d 3
joxa+(1—x)b_fox(a—b)+b_a—bjo x(a—b)+b 7

Inb—1lna

1
In|(a — b)x + b||} = (Ina—1Inb) =
b—a

a—b>b

fl dx _1_ b—a _ L(ab)
o xa+(1—x)b)/ ~Inb—Ina @

a—b>b

Property 2.

If 0 < a < bthen:

B © dx -1
L(a, )‘00 (x+a)(x+b)>

Proof.

@ dx 1 °°x+a—(x+b)d B
,l; (x+a)(x+b) a-b), (x+a)(x+b) x=

1 j‘°°< x+ta x+b )d B
“a-b\J, \GroG+h Graa+n))"
1 j‘°° dx ®odx 1 l(x+b)°°
“a-b\J, x+b J, x+a “a-b \x+a 0

_ 1 (1 1 1(b))_lna—lnb_lnb—lna
T a-—»b n na " a-b  b-a

© dx _1_ lnb—lna_l_ b—a ltab
(j:) (x+a)(x+b)> _( b—a ) " Inb—1lna (a,b)

Property 3.

If 0 < a < b then:

a+b
2

L(a,b) <
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Proof 1. Let be f:[1,0) - R; f(x) =Inx — Z(X—_l), then

x+1

1 2(x+1)—2(x—1)_(x+1)2—4x_ (x —1)?

fO = Gvr "~ xGrD? xarr
minf(x) =f(1)=0=f(x)=0;(Mx =1
2(x—1)_

1 > 1
nx= x+1 ()

Ifa,b>0;a<b:»§> 1. Replacex=sin (1):

b
by 2\;-1 2(b —
In(2) > g“ ) Inb—lna > 22— %
a 241 b+a
a

1 < a+b b—a <a+b
Inb—Ina 2(b-a)’ Inb—Ina 2

a+b
2

L(a,b) <

Proof 2. For x = 0 we have:

a— b\*
(x+a)(x+b)=x2+(a+b)x+ab<x2+(a+b)x+ab+(T) =

2

=x2+(a+b)x+(a2Lb> =(x+

a+b)2
2
1 1

G+a)G+D) (Hazi)z

a + b\*
(x+a)(x+b)<(x+T> ,

dx

2
a+b
)
2

j‘°° dx S f‘x’
o x+a)x+Db) 0 (
By property 2:

1

= a+b’

a+b
2

-1 1 -1 2
(L(a,b)) >—x —5 (L(a,b)) >a+—b' L(a,b) <

2

0 2
Property 4.

If 0 < a < b then:

L(a,b) > Vab
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Proof 1. Let be g: [1,0) -» R; g(x) = x — % — 2Inx, then

1 2_x2+1—2x_(x—1)2>

g’(X)=1+ﬁ—;— 0

x2 x2

1
g(x)Zg(1)=0=»x—;—21nx20

1
2Inx <x——; (2)
x

Ifa,b>0;b>a:\/§> 1.Rep|acex=\/§in (2):

2m| 2] < [P \/a 2.1 (b)< b f
n a a b’ 2rl a a b
b—a Inb—1na 1

, <
vab b—a vab
b—a
vab < ———, L(a,b) > Vab

Inb—1Ina

Inb—1lna <

Proof 2. If x > 0 then:
AM—-GM
x+a)x+b)=x*2+(a+b)x+ab > x?+2Vabx+ab=

= (x + \/%)2
1 < 1
(x +a)(x +b) (x + \/@)2

(x+a)(x+b) > (x + \/%)2,

j‘°° dx <f°° dx
o (x+a)(x+Db) o (x_l_m)z

By property 2:
-1 1 ® 1 -1 1
L(a,b < — = , (L(a,b < —
(Lab) "< - 75l =~ eb) <7
L(a,b) > Vab

Property 5.
Ifa,b > 0,a # b then:

L(a*,b*) b+a
L(a,b) 2
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Proof.

L(az,bz)_ b? — a? ( b—a >_1_(b—a)(b+a) Inb—Ina b+a

L(a,b) " InbZ—Ina? \Inb—1Ina) 2(Inb —1na) b—a 2
Property 6.
Ifa,b > 0,a # b then:
Proof.
L(a, b) b S b Ina —Inb
a,b) —a 5 3 B —a Ina-Inb
L(l’l)_ Inb—Ina \|pt_nt _\[Inb—lna a—b ab = Vab
a' b b a
Property 7.
Ifa,b > 0,a # b then:
11
L(;;) 2
1 1 1 1
L(zw) ati
Proof.

a?’ b? b? 2
a—>b 1 2(Ina —Inb) 5 2(a —b) 2ab 2
= . . - a?h? = -ab = —— =
ab Ina-—Inb a? — b? (a—=b)(a+b) a+b 1,1
a b
Property 8.
Ifa,b > 0,a # b then:
(11 -
(.3) B CDRICAD
[ ESES IR P O
a?’ b2 a’b
Proof.

By HM < GM < AM: 29b o Vvab < asz and by Properties 5,6,7:

a+b
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L(z7) . [E@b) _ L@ b?)
L) Gy e

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

INEQUALITIES RELATED TO GENERALIZED HYPERBOLIC FUNCTIONS AND
LOGARITHMIC MEAN

By Seyran Ibrahimov-Azerbaijan

seyranibrahimovl@gmail.com

Department of mathematics, Karabuk University, Karabuk, Turkey

Abstract: This article introduces some new inequalities related to generalized hyperbolic
functions and logarithmic mean.

Keywords: Hiperbolic functions, logarithmic mean
1. INTRODUCTION

HUYGENS’ INEQUALITY

sinx tanx

2 +

> 3, (1)

CUSA- HUYGENS INEQUALITY

sinx cos x+2

(2)
X 3
These inequalities are true for every x €
T ] _eX—e™¥ _eXte ™™ _eX—e™*
(0, E)'[l_G'] sinh(x) = . ,cosh(x) = . ,tanh(x) = -

These functions are called hyperbolic sine, cosine and tangent functions,
respectively.Logarithmic mean has applications in mathematics and physics. In this article we
will present a generalization of the logarithmic mean. The logarithmic mean of two positive
numbers a and b is the number L(a, b) defined as[7]

a—-b

L(a,b) = ,a*b,

loga—-logb
with the convention that:

L(a,a) = é%L(a, b) =a

2. PRELIMINARIES
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DEFINITION. sinh,(x) = £=*—, cosh,(x) = £, 3)
_-¢x_¢—x
tanh,(x) = e ER, @p>1

These functions are called generalized hyperbolic sine, cosine, and tangent functions,
respectively.[8]

LEMMA 1.[3] If V¢ > 1 and x > 0 then the following inequality is satisfied:
sinh,(x) = xlng 4)
Proof. Let f: R* — R be a function defined by f(x) = sinh,(x) — xIng
The derivative of f(x) is f'(x)= lngo(coshq)(x) — 1)
If we apply the AM-GM inequality, we get that:
coshy,(x) = 1, forall x € R.
Then we obtain : f'(x) =0,forall x €R.
This show that:f(x),x € R is an increasing function. Then we obtain
Forallx >0, f(x) = f(0) =0.0
LEMMA 2.[3] If V¢ > 1 and x = 0 then the following inequality is satisfied:
tanh,(x) < xlng (5)
Proof: Let f:R* — R be a function defined by f(x) = tanh,(x) — xlng

1
2
cosh(p

The derivative of f(x) is f'(x) = ln<p( — 1) <0.

This show that f(x),x = 0 is an decreasing function. Then we obtain :
Forallx >0, f(x) < f(0) =0.0
MAIN RESULT
THEOREM 1If x > 0 and s > f > 1 then the following inequality is satisfied:
sinhy(x) = sinhs(x) (6)
Proof: Let f: Rt — R be a function defined by
f(x) = sinhs(x) — sinh;(x)

sX+s™X  fX4fX
2 2

f'(x) =Ine (coshs (x) — coshy (x))

1
SXfX

Obviously forall x = 0, (s*—f*) (1 — ) > 0.This show that:
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ST fx+2f_x > 0. Then we obtain f'(x) = 0, for all x > 0.This show f(x),x =0

2
is an increasing function. Then we obtain Forallx > 0, f(x) = f(0) = 0.O

THEOREM 2: If x € R and s > f > 1 then the following inequality is satisfied:
(7)

coshg(x) = coshg(x)

Proof: Let f: R* — R be a function defined by f(x) = cosh(x) — coshs(x)

f(x) is an even function then enough to show that theorem is true for x > 0.
The derivative of f(x)is f'(x) = Ing (sinhs (x) — sinhy (x))

if we use Theorem 1, then we obtain f’(x) = 0. This show f(x),x = 0is an increasing
function. Then we obtain forall x = 0, f(x) = f(0) = 0.

THEOREM 3: a and b are two positive numbers and a # b then the following inequality is

satisfied:

— a-b a+b
ab < (logya-logy b)ing < 2’ ¢>1 (8

Proof: From Lemma 2 we get that forall 0 #+= z € R the following inequality is true:

tanhy(z) <1

zlng
x-y (7
If we take :z = th v=———= < 1, this means that:
2
x=y y=x
2 — 2
<Px_ % > <1
ﬂ( 2+ yT) In
>\ ® ®
=y yx X AL
gz —¢> ___ 9 e
(g7 g )i S @I o
. e x y
This show that Ting <@t +o
a-b atb

If we take a = @*,b = ¢@” then we obtain: :
(logy a—logy b)ing 2

From Lemma 1 we get that forall 0 # z € R the following inequality is true:

inh
sinhgy(2) > 1,
zlng

— sinhy (=2
If we take:z = % th % > 1, this means that:
2
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Z —@p 2 X_py _YX .
e jf_yl‘p @ z > 1, weobtain
Ving

a—b > m

(logy a—logy b)ing

The proof of theorem is complete. O
Theorem 4 and theorem 5 are proved in [8]. We will give a few different proofs:

THEOREM 4 (HUYGENS’ INEQUALITY)If x + 0 and x € R then the following inequality is
satisfied:

sinh,(x) n tanh,(x)

2 > 3lng, Ve > 1 (9)

X

Proof: Let f: Rt — R be a function defined by

f(x) = 2sinh,(x) + tanh,(x) — 3xing, x = 0

1
f'(x) = <ZCosh(p(x) + m - 3> Ing

If we apply the AM-GM inequality, we get that: f'(x) = 0, forall x € R.
Then we obtain f(x),x = 0 is an increasing function. This show

Vx =0, f(x) = f(0). We obtain: 2sinh,,(x) + tanh,(x) = 3xing, x 2 0
Now if we divide both sides of the inequality by x > 0 then we obtain

sinhgy(x) tanh(x)

2

+ > 3ing.

X

The proof of theorem is complete. O

THEOREM 5(CUSA-HUYGENS INEQUALITY) If x + 0 and x € R then the following
inequality is satisfied:

sinhy(x) < [cosh(p (x) +2]
x

Inp, Vo > 1 (10)
Proof: Let f: Rt — R be a function defined by

fx) = x[cosh(p(x) + 2]ln<p — 3sinh,,(x), x>0
f'(x)=2 (1 — cosh(p(x)) Ing + xsinh, (x)(Inp)?

f"(x) = (Inp)? (xcosh(p (x)Ing — sinh,, (x))
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From Lemma 2 we obtain that: f”(x) = 0,x = 0. This show that
f’(x) and f(x) are increasing and positive functions.

x[cosh(p(x) + 2]ln<p > 3sinh,(x)

Now if we divide both sides of the inequality by x > 0 then we obtain

Ing

3

sinh,(x) - [cosh(p (x)+2
X

The proof of theorem is complete. O

THEOREM 6: If x > 0 and s > f > 1 then the following inequality is satisfied:

a) sinhy(x)In f > sinhs(x)Ins (11)
b) tanhs(x)In f < tanh;(x)Ins (12)
c)coshg(x)In f > coshs(x)Ins (13)

Proof: a) f: R™ — R be a function defined by f(x) = sinhs(x)Inf — sinhs(x)Ins

f'(x)=InflIns (coshs(x) — coshf(x))

From Theorem 2 we obtain f'(x) = 0, for all x € R. Then we obtain f(x),x = 0is an
increasing function. This show f(x) = f(0) if x > 0.That means

sinhg(x)In f — sinhs(x) Ins = 0.The proof of part a) is complete.

b) f:R* — R be a function defined by f(x) = tanhy(x)In f — tanh;(x)Ins

f’(x)=lnflns< 12 - 12 >
cosh?(x) cosh; (x)

From Theorem 2 we obtain f'(x) < 0, for all x € R. This show that f(x),x = 0 isan
decreasing function. Then we obtain :

Forallx >0, f(x) < f(0) =0.
tanhs(x) In f — tanh(x) Ins < 0.The proof of part b) is complete.

c) f:R* — R be afunction defined by f(x) = coshs(x)In f — coshs(x)Ins

f'(x)=InflIns (sinhs(x) — sinhf(x))

From Theorem 1 we obtain f'(x) = 0 for all x = 0. That means f(x),x = 0 is an increasing
function. This show f(x) = f(0) if x = 0. This means that

coshs(x)In f — coshy(x)Ins = 0.The proof of theorem is complete.
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HUYGENS’ AND WILKER’S INEQUALITIES REVISITED

By Seyran Ibrahimov
Departament of mathematics,Karabuk University,Karabuk,Turkey

ABSTRACT: This paper introduces some refinements of Huygens’ inequality and a
generalization of Wilker’s inequality

Keywords: Huygens’ inequality,Wilker’s inequality

1. Introduction: Hugyens and Wilker’s type inequalities are very useful in analysis. For
example, we can say approximations of trigonometric functions with linear functions. More
precise approximations can be made using the inequalities in this article.
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The Huygens’ inequality

2sinx tan x

> 3, 0<x< g (1.1)

Or:
2sinx + tanx = 3x, 0 Sx<§. (1.2)
The Mitrinovic-Adamovic’s inequality

Si:x > ¥/cos x, 0<x< g (1.3)
And Wilker’s inequality
C\2
(=) +222>2 0<x<Z
X x 2
(1.4)

We can see the proof of these inequalities in [1-4].
2. Preliminiaries and some useful lemmas:
Lemma 1 [5]. (AM-GM inequality) If a; > 0,i = 1,nthen the following inequality is
satisfied
E:"t:1 aj

=== = ([T a)m, neN” (2.1)

n
Lemma 2 [6]. If a; > 0,i = 1,n then the following inequality is satisfied

(St + b = (1) (21 (532 ) 2.2)

Lemma3if0 <x < gthen the following inequalities are satisfied
sinx < x < tanx (2.3)

Proof: Let f: R* — R be a function defined by f(x) = x — sinx, then f'(x) =1 — cosx >
Oforall0 <x < %.We obtain f(x) is an increasing function on [0,%).Then we obtain

f(x) = 0.This show that: x — sinx > 0.Also we can show x < tan x in the same way.
Main result:

Theorem 1. If 0 < x < g then the following inequality is satisfied

. . 4|1+cos?x . 2 sinx
2sinx + tanx > smx(l + 2( / eos3a >) > smx(l + m) >3 Y > 3x
(3.1)
Proof: i) From (1.3) we obtain that:

sin x

3 =X
Cos Xx

.. . 2 sin x
: >
ii) Now we show: sin x (1 + m) =3 Veors

When x = 0, right equals left (0 = 0).We assume that x # 0. Then we apply Lemma 2,we
obtain

41 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

2 1 1 sin x
=1+ + >3-
vcosx Jcosx +cosx Vcosx

Now if we multiply the right and left of the inequality by sin x, ii) is proved.

2
iii) 2sinx + tanx = sinx <1 + 2 <4/1+C053 x>>
2cos°x

When x = 0, right equals left (0 = 0).We assume that x # 0. Then we apply Lemma
1,we obtain

1+

sin x tan x(sin2x + tan?x)
2

4
2sinx +tanx =sinx +sinx +tanx = sinx + 2 \[

2
=sinx <1 +2 <4’1+COS3 x>) iii) is proved.
2co0s°x

vy s 4 [1+cos?x . 2
iiii) sin x <1 + 2( Py >) > sinx (1 + m)

We apply Lemma 1 we get: 1+ cos?x > 2 cos x.This show that
Theorem is complete.

. n n—-1
Theorem 2. If 0 < x < gand Sp = (Smx) + (tanx) ,neN and n = 2 then the

X
following inequality is satisfied

1) vn,s, >2
2) f>p,sf>sp

Proof: Let's prove the theorem by mathematical induction.If n = 2 we obtain (1.4) this
show inequality is true for n = 2.Now we show forn = 3

If we apply Lemma 3, Lemma 1 and (1.4) respectively, we get

. . . . in3yx —t
sinx\3 tanx\? _ sindx+x tan?x _ sindx+sinx tan?x _ 25in°x ——
— —) = 3 > 3 = 3 > 2.

x x x

X X

Suppose the inequality is true for n = k.Then we must show forn = k + 1.

If we apply (2.3) we obtain

: n—1 : n .
sinx sinx tan x sin x
(5) > () and 55>

X X

Also (1.1) show that
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tanx sin x
_|_

-2>0

X
Then we get:

1

sin x tan x sin x tan x\""
swen == () () - () - () -
_ (tanx\"! tanx sinx\" [ sin x
-(F) - -
> (ta}rclx)n_1 _ta;lx ] ( ) :1 __sin x] >
= ()" [ - () o -2 -

n—-1 :
tan x tanx sSin x
() [

e —2]>0.

With this we proved both 1) and 2) . The proof of Theorem is complete.

References:
[1] J. Sandor, M. Bencze, On Huygens’ Trigonometric Inequality, (n.d.) 4.

[2] J.B. Wilker, Problem E3306, Amer. Math. Monthly 96 (1989) 55.

[3] L. Zhang, L. Zhu, A new elementary proof of Wilker’s inequalities, Math. Inequalities Appl.
(2008) 149— 151. https://doi.org/10.7153/mia-11-09.

[4] E. Neuman, On Wilker and Huygens type inequalities, Mathematical Inequalities &
Applications. (2012)271-279. https://doi.org/10.7153/mia-15-22.

[5] E. Neuman, J. Sandor, On some inequalities involving trigonometric and hyperbolic
functions with emphasis on the Cusa-Huygens, Wilker, and Huygens inequalities,
Mathematical Inequalities &Applications. (2010) 715-723. https://doi.org/10.7153/mia-
13-50.

[6] S.-H. Wu, H.-P. Yue, Y.-P. Deng, Y.-M. Chu, Several improvements of Mitrinovic-Adamovic
and Lazarevics inequalities with applications to the sharpening of Wilker-type
inequalities, J. Nonlinear Sci.Appl. 09 (2016) 1755-1765.
https://doi.org/10.22436/jnsa.009.04.31.

[7] G.H.Hardy, J.E. Littlewood, G. Pdlya, Inequalities, second ed, Cambridge University
Press,Cambridge, 1952

[8] S.lbrahimov,Elegant Inequality 431,Romanian Mathematical Magazine.

43 ROMANIAN MATHEMATICAL MAGAZINE NR. 40


https://doi.org/10.7153/mia-11-09
https://doi.org/10.7153/mia-15-22
https://doi.org/10.7153/mia-13-50
https://doi.org/10.7153/mia-13-50
https://doi.org/10.22436/jnsa.009.04.31

Romanian Mathematical Society-Mehedinti Branch | 2024

[9] Daniel Sitaru, http://www.ssmrmh.ro/2020/12/13/a-simple-proof-for-huygens-
inequality/

[10] Daniel Sitaru, http://www.ssmrmh.ro/2020/12/11/a-simple-proof-for-wilkers-
inequality/

A SIMPLE PROOF FOR MILNE’S INEQUALITY

By Daniel Sitaru-Romania

Abstract: In this paper is presented a simple proof for Milne’s inequality and a few

applications.
MILNE’S INEQUALITY (n = 2)

If x1,%2,¥1,y2 > 0 then:

X1Y1 | _*2Y2 <(x1+x2)(y1+y2)_
X1 +y1 X+Y2 xit+x+ty ity

(1)

Proof:

2 2
X X X X
11 + 2)2 = <x1 - 1 > + <x2 - z > =
x1+y1 x2+y2 x1+y1 x2+y2

x12 x% Bergstrom (xl + xz)z
< X1+ X, —
X1+y1 X2ty

=x1+x2—< —
X1+Y1+x,+ Y,

_ (1 +x2)% + (e + x) (71 +¥2) — (g +x2)? _ (x1 +x) (1 + 32)
X1 +X2+y1t)2 X1 +X2+y1t)2

Equality holds for x; = y4,x, = V5.
MILNE’S INEQUALITY (n = 3)

If X1,X2,X3,Y1,¥Y2, Y3 > 0 then:

X1Y1 | X2Y2 X33 <(x1+x2+x3)(y1+y2+y3).
X1+y1 xp2+Yy, x3+y3” x1+x+x3+y1+y,+y3]

(2)
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Proof:

2 2 2
X X X X X X
L1 + 22 + s <x1 - : > + <x2 - 2 > + <x3 - > ) =
X1+y1 x2+y2 X3+Y3 x1+y1 x2+y2 X3+y3

x12 xzz x% > Bergitrom

=X1+XZ+.X3_< + =
X1ty Xty x3tYy3

(x1+x2+x3)2
<X+ x;+x3— =
I ittty txstys

Ot xatx)? + (et +x)( +y2 +ys) — (o +xp +x3)7
X1t+X+Xx3+y1+y2 Y3

e+ x +x3) (1 +y2 +y3)
X1+tx2+x3+Yy1+y,+y3

Equality holds for x; = y1, X, = ¥, X3 = y3.

GENERAL MILNE’S INEQUALITY: If x; > 0,y; > 0,i € 1, n then:

Z XiYi (Z 1x1)(21 lyl) (3)
xi+yl Zn 1xl+zl 1yl

cyc

Proof:
n n n
X Vi x, Bergstrom
Z Yy Z e le Z ¥y
cyc i Yi i=1 i Yi i=1 i=1 i
n
=S Er,x)? O+ Ch k), y) — (B x)?
B = l X+ 2,y Yis X+ Xy
_ i x), vi)
e X+ Ximy Vi

Equality holds for x; = y;,i € 1,n.

Corollary 1:If X1,X2,Y1, Y2 > O,x1 + X2 = Y1 + Y2 then:
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X1Y1 X2Y2 <1
X1+y1 Xty

Proof: Replacein (1): x; +x, = 2,y, + y, = 2, we get:

X1Y1 N X2Y2 <(x1+x2)(J’1+3’2)=1
X1+y1 Xa+Yy, xi+x;+tyi+y,

Equality holds forx; = x, = y; =y, = 1.
Corollary 2: If x{, x3,X3,¥1,¥2,¥3 > 0,x1 + X, + X3 = y1 + ¥y, +y3 = 3 then:

X1Y1 + X2Y2 + X3Y3
X1 +yY1 X2tY2 X3+Y3

3
S_
2

Proof: Replacein (2): x; + x, + x3 = y; + ¥, + y3 = 3, we get:

X1Y1 + XY + X3Y3 <(x1+x2+x3)(y1+yz+y3)=§
X1+y1 Xa+y, x3+y; xXi+xtxs+y,+y,+tys 2

Equality holdsforx; = x, = x3 =y, =y, =y; = 1.
Corollary 3: If x;,y; > 0,i €E1,n,x; + X, + -+ x, = y; + Y2 + -+ y, = n, then:

X1Y1 + X2Y2 4. XnYn
X1+Y1 X2t Xn T Yn

Proof: Replacein (3):x; + x, + -+ x, = y; + ¥, + -+ ¥, = n, we get:

X x x g +x++x )y +y, ++y) n-n
1}’1+2}’2+’+ n)’n<1 2 nJ\YV1 T )2 Yn)

Equality holdsforx; = x, = =x, =y, =y, ==y, = 1.
Corollary 4: If x,y € R then:

2 2

sin? x sin? y cos? xcos?y

1
- - + <=
sin? x + sin’y cos?x + cos?y ~ 2

Proof: We take in (1): x; = sin® x,x, = cos? x,x, = sin®?y,y, = cos? y, we get:

n
XL+ Y. Xg Ve Xyt Y, XA XgF oA XtV Y+ ty, n+n 2
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sin? x sin? y cos?xcos?y  (sin?x + cos?x)(sin?y + cos?y) 1

sin? x +sin?y  cos?x + cos?y ~ sin?x 4+ cos?x +sin?y + cos?y 2

Equality holds forx =y = E.

Application 1: If a, b, c, 1, R are sides, inradii and circumradii in AABC,a’,b’,c’,1’, R’ are

sides, inradii and circumradii in AA'B’C’ then:

aa’' bb' cc' 3V3RR’
+ + <
a+a b+b c+c " 2(r+R)

Solution. In (2) we take: x;, = a,y; = a’,x, =b,y, =b,x3=c,y3=c',2s=a+b +c,

2s' =a' + b’ + ¢, hence, we have:

aa’ N bb' N cc’ - (a+b+c)@a+b +c") _ 25258’
a+a b+b c+c " (a+b+c)+(@ +b +c¢") 2s+2s

2ss’ Mitrinovic 2 3\/_R'£R’ B R '%RI _ 3v3RR'

= < 2 2 = =
s+s’ 3V3r + 337 r+r 2(r+71")

Equality holdsfora =b = canda’ = b' = ¢'.
Application 2: In acute triangles ABC, A'B’'C’ the following relationship holds:

1 1 1 1
+ + <
cotA+cotd’ cotB+cotB’ cotC+cotC’' ~ cotAcotBcotC + cotA cotB' cotC’

Solution:

z 1 _Z 1 _Z tanAtanA’
cotA+cotd  Lu_ 1 4 1 LitanA+tand

cyc CYC tanA tanAd’ cyc
A tan A A tan A Bergstrom
=3 (tan Y ana YA
Z tanA + tan A’ tan A4 + tan 4’
cyc cyc cyc

tan A)?
SztanA— @ ) =
YtanA + ), tan A’
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_ tanA4)?+ Y tanA-Y.tanA’ — (3 tan 4’)? B
h YtanA + ) tan A’ B

3 [[tanA-[[tan A’ 3 1 3 1
" JItanA4 +[[tan4d’ 72 1 " [lcotA+[Icotd’
[1 + 11

tan A tan A’

EqualityholdsforA=B=C=A"=B'=C(C' =§

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A SIMPLE PROOF FOR SANDHAM'’S INEQUALITY

By Daniel Sitaru-Romania

SANDHAM'’S INEQUALITY: If p,q € N \ {0} then:

1 1 1
Hp+HqS1+Hpq, Hn=1+i+§+"'+£, neN

Proof: —1 + H, =_1+(1+%+§+...+$) —

1 1 1 1 p p p b
- 4+ 4 4= 4 4 4L <
at3tat it Tttty Tt S
<( 1 + ! + +1>+( 1 + 1 + +1)+
T \p+1 p+2 2p 2p+1 2p+2 3p

1 1 1
...+((q_1)p+1+(q_1)p+2+-~-+ﬁ> =Hpq—Hp
—1+H;,<H,;,—H,, H,+H; <1+H,, (1)
Equality holdsforp =g =1
Corollary 1: If p,q,r € N \ {0} then:

H,+H,+H, <2+Hp,
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® €Y

Proof: H, + H; + H, < 1+ H,g + H, < 1+ 1+ Hgpgyr =2+ Hpgr

Corollary 2: If m,n,p,q € N \ {0} then:
Hm+Hn+Hp+Hq < 3+Hmnpq

®
Proof: H, + H, + H, + Hy < 1+ Hpy + 1+ Hyy =

(1)
=2 + Hmn + Hpq < 2 + 1 + H(mn)(pq) =3 + Hmnpq

Equality holdsform=n=p=1=1.

Reference: [1] Romanian Mathematical Magazine — www.ssmrmh.ro

INEQUALITIES WITH GOLDEN RATIO USING KEPLER’S TRIANGLE

By Daniel Sitaru — Romania

Abstract. In this article we will use Kepler’s triangle for proving inequalities involving golden

ratio.

MAIN RESULTS:

If ¢ is golden ratio ((p +2\/—) then

2
1+ Jo+¢) 5¢ 8¢
+ 5 > ; (D
4 (1+Jp+9) 1+Joto
2
1+ o+ 2 3
( «/f ®) <o+ N .\ @

1+ /o+¢ (1+¢—+<p)2'

¢ V3(1+ /o +o)
¢+1+ﬁ+¢> 2 + (3)

oo+l Je <2 (4)
Jo(l+Je) 1+ J—(1+J—+<P) '
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; (5)

oo+l ¢ 33e |  2/p
Jolt+Jp) o1~ 16 [T jpry)

/1+\/— ) 1l(p+ ’1+(p \/_ 4(1+\/_+<p)

KEPLER’S TRIANGLE: Let AABC be a triangle with sides

1+\/_

a=@;b=1c= [p;p =

Itis clearthat: 1+ ¢ > \Jo; 14+ /o > ¢; 9+ Jp > 1

, 1+v5\"° 1+5+2V5 1+4/5
A e A

@2 =1+ ¢ = a®? =b?+ 2

This right triangle is called Kepler’s triangle.

bc\/a

F= = = T(area)

a+b+c +1+
s = 5 _? 5 \/5 (semiperimeter)

1 1
sin B =5=cosC;sinC=—=cosB

Jo
Jo

F
r =—=————(inradii)
s 1+p+o

a_¢
mazzzf
1 b2 1 b2 b2 1 1+ 4¢
mlz,=E(a2+cz)—Z=E(b2+262)—Z=Z+62—Z+<p=
J1+4e
mb=—2
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1 2 1 c? c? ¢ 4+
2 _ (A2 2y _ - _ = 2 2Y__—p2 4 — - =
mc—z(a+b) 2 2(2b +c?) 2 b+4 1+4
Jito
m, = >
Medians: m, =%;mb = ‘1:44); c= 4;(/)
a
R=§=ma=§(circumradii)
B bc_l-\/a_ 1
a a ® \/’(;
hczczﬁ;hb=b=1
Altitudes: ha=ﬁ;hb=1;hc=ﬁ

Proof for main result:

1) We will prove that (1);(2) are equivalent with Gerretsen’s inequality:

(1+ﬁ+¢)2+ 5¢ N 80,9
4 (1+Jp+9) 1+Jot+o
(1+Jp+0) @ Jo @
>16-£.— V7 _ 3. _
4 2 1+Jot+e  (1+,p+0¢)

s? > 16Rr — 572 (Gerretsen)

2
), (nfEre) o 2efe | s
4 1+Jo+e  (1+/p+9)

20,0 e 3¢

+4-—. +
4 2 1+Jo+9 (1+Jp+09)

(1+ﬁ+¢)2<
4

s? < 4R? + 4Rr + 37r3(Gerretsen)

3. We will prove that (3) is equivalent with Doucet’s inequality:
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Jo >ﬁ(1+ﬁ+<p)

20 +
Tl ot 2
.. ¢ Jo V3(1+./o +¢)
2+ >
2 1+,Jp+e 2

4R + r > sv/3(Doucet)

4. We will prove that (4) is equivalent with problem 4212-Crux Mathematicorum

(p\/a+1 \/a 2
Jo(+ye) 1+9 Joltiote)

¢ 1 Jo 2
T+Jp Jo(+49) 1+ye Jol+yote)

Jo
Q 1 \/5 1+/o+o <

+ +
1+ /o Jo+o 1+0 >

2

a+b+c+r
b+c c+a a+b R

<2

5. We will prove that (5) is equivalent with problem 4462-Crux Mathematicorum

o2 fo +1 N ) <3\/§g0 _ 2\/5
Jo(+Jo) e+1°16 | T+ Jo+te

0% Jo +1 L <3\/§<p P2+ o +oo—20p
Jo(1+Jp) o+1 16 1+ Jo+0¢

o2 Jo +1 @ 3\/€<p\/<p+<p\/5+<p2—2ﬁ

+ <
ol va) @1 16 | 20+ o)

9> 1 9 36 o ltfote Jolo o

1+ Jo(1+. o) e+1 4 2 Jo 2 |2 1+ Jp+o
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@? 1 o 36 3 .<p<<p V2 )
2 1+4+.Jp+¢

+ + < : =
1+Jp Jot+to o+1 & _Jo_ ]2
1+/o+o

a? b? c? 3v6R

< ~R(R —
b+c+c+a+a+b_ 4r ( )

6. We will prove that (6) is equivalent to problem 4289-Mathematicorum

’ ,I<p+ -1 Il+(p \/_ 4(1+\/_+g0)

3’ ‘ ’ e
1+ <p+(p (p+<p 1 1+<p 2
1+f+<p
s|Ta 3|1 3| 3R
h, |hy |h,~ 2r

Conclusions: Any metric relationship in triangle generating a relationship (identity or

inequality) with golden ratio. The key is to identify in a given relationship with golden ratio

the elements of Kepler’s triangle.
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FAMOUS INEQUALITIES IN TRIANGLE REDESIGNED
WITH CONWAY’ METHOD

By Daniel Sitaru-Romania

Abstract: In this paper is presented the Conway’s method used for redesign famous
inequalities in triangle as Euler, Mitrinovic, Leibniz, lonescu-Weitzenbock, Leuenberger,

Steining, Bandila, Neuberg, Gordon, Goldner, Curry, Doucet, Gotman and Minkowski.
MAIN RESULT:

Ifx,y,z€ Raresuchthat: x +y >0,y+2z>0,z4+x > 0,xy + yz + zx > 0 then:

1) Z(x + y)\/(x +z)(y+2z)=4(xy+yz+ zx)

cyc

2)(\/x+y+\/y+z+x/z+x)226\/3(xy+yz+zx)

3N2(fx+y+y+z+Vz+x)fxy+yz+zx <3/3(x+y)(y + 2)(z + x)

H)8x+y+2)(xy+yz+2zx) <9I(x+y)(y+2)(z+x)

5)x+y+z>.3(xy+yz+zx)

1 1 1 3(xy + yz + zx)
6) + + >
Jx+y Jy+tz Jz+x (x+y)(y+2)(z+x)
1 1 1 V3(J/x+y+ y+z+Vz+x
7 + + < Wty +y )
Jx+y Jy+tz Jz+x 2, /xy +yz+zx
1 1 1 - 4(xy + yz + zx)

8)\/(x+y)(x+z)+\/(y+z)(y+x)+\/(z+x)(z+y) T (x+y)y+2)(z+x)

1 1 1 <(\/x+y+\/y+z+\/z+x)2

9 + +
)J(x+y)(x+z) JoO+2)y+x) Jz+x0(EZ+y) Ja++2)(z+x)
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1 N 1 N 1 >\/x+y+\/y+z+\/z+x
xty ytz z+x o [x+y)(y+2)(z+x)

10)

2
1 N 1 N 1 <(\/x+y+\/y+z+\/z+x)
x+y y+z z+x~ 4(xy +yz + zx)

11)

Xty x+z<(\/x+y+\/y+z+\/z+x)\/(x+y)(y+z)(z+x)

12
) x+z x+y~ 2(xy + yz + zx)

13) (x+y+z)(\/x+y+\/y+z+\/z+x)2218(xy+yz+zx)

36(xy + yz + zx)
(\/x+y+\/y+z+\/z+x)2

14) Jx+y)x+2+ /@ +20+x0)+Jz+x)(z+y) =

I x+y)(y+2z)(z+x)
4(xy + yz + zx)

15)Jax+x+2)+/+2@+x)+/z+x)(z+y) <

16) J(x+y)(x+2) +(y+2)(y+x) +/(z+x)(z+y) =2/3(xy + yz + zx)
17)x2 +y? + 22 > xy + yz + zx

18) (x+y)x+2)+ (y+2)(y+x)+ (z+x)(z+y) = 4(xy + yz + zx)

9,/(x+ )y +2)(z + x)
Jx+y+y+z+Vz+x

19) > 2./3(xy + yz + zx)

X+ +z)(z+x 2\/xy+yz+zx
20)\/5(\/x+y+\/y+z+\/z+x)ﬁ4 x+ )0 + 2)( )+ yry
xy+yz+zx JX+y+Jy+z+Vz+x

+z Z+x X+ 9. /xy+yz+Zx
21) x+y—+ y+ + |[z+ yZ Xy +y
4 4 4 JXx+y+y+tz+Vz+x

+z zZ+x x+ 9, (x + +z)(z+x
oS TR Ok S 20 N CE ) RO ICRED
4 4 4 4fxy +yz +zx

23) 3/xy+yz+zx <4 3( tyz 4+ 22)
s (X Z T+ ZX
Jx+y+y+tz+Vz+x 4Ty
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CONWAY’S METHOD

Letbex,y,z € Rsuchthatx+y >0,y+2z>0,z+x > 0,xy+ yz+ Zx > 0. Denote

a= \/x +y,b= \/y + z,¢c =z + x. We will prove that a, b, c can be sides in a triangle

ABC:a+b>co [/x+y+. Jy+tz>Vz+x

x+y+y+z+2J(x+y)(y+2)>z+x

y+\/(x+y)(y+z)>0, y+\/xy+yz+zx+y2>y+|y|20

Analogous: b + ¢ > a,c + a > b. The semiperimeter s = %(\/x +y+y+z+Vz+ x).

We will prove that: F = %,/xy +yz + zx.

s—a=%(\/x+y+\/y+z—\/z+x), s—b=%(\/x+y+\/y+z—\/z+x)

s—c=%(\/y+z+\/z+x—\/x+y)

ss—a) =3 (JFF9) + (V272 ~ (/772)) =

:%(x+y+z+x+2\/(x+y)(Z+x)‘3’_Z):

=%(2\/(x+y)(z+x)+2x) =%(\/(x+y)(z+x)+x)

(s —b)(s — ¢) :%((1/y+z)2—(\/x+y—\/z+x)2) =

1

=Z(y+z—x—y—z—x+2\/(x+y)(z+x))=%(Jm—x)

F2=5(s—a)(s —b)(s —c) = %((\/(x F )z + x))2 _ xz) _

1 1
=Z(x2+xy+yz+zx—x2)=Z(xy+yz+zx)
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1

in,/xy+yz+zx

Let R, r be inradii and circumradii in AABC:

F JXy +yz+zx
s

=\/x+y+\/y+z+\/z+x

r=

abc  \J(x +y)(y +2)(z+ x)

4F 2./xy+yz+zx

Let m,, my, m. be medians in AABC:

R =

1 1 1 1
m§=§(b2+cz)—za2=§(x+z+x+y)—z(y+z)=

_22x+y+z)-y—z Ax+y+z

4 4
, 4dx+ty+z
ma=T
Analogous:
, Xxt4y+z , Xty+4z
my =——p and m; = —

Let hg, hy, h, be altitudes in AABC:

2F Xy +vyz+ zx z

y+z y+z

Xy +yz+ zx zX
‘ zZ+x \J zZ+x

+yz+
hc:jw:jﬁ xy
x+y x+y

Analogous:
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Proof of 1): In AABC the following relationship holds:
R > 2r (Euler)

Replace the values of R,r with Conway’s substitutions:

\/(x+y)(y+z)(z+x)> 2./xy +yz + zx

2Jxy+yz+zx  Jx+y+y+tz+Vz+x

Z(x + y)\/(z+ x)(z+y)=4(xy+ yz+ zx)

cyc
Proof of 2): In AABC the following relationship holds:
s > 3V3r (Mitrinovic)

Replace the values s, r with Conway’s substitutions:

\/x+y+\/y+z+\/z+x> 3V3/xy + yz + zx

2 CJxt+y+Jyt+z+Vztx

(\/x+y+\/y+z+\/z+x)226\/3(xy+yz+zx)

Proof of 3): In AABC the following relationship holds:

3V3
s < TR (Mitrinovic)

Replace the values of s, R with Conway’s substitutions:

\/x+y+\/y+z+\/z+x<3\/5.\/(x+y)(y+z)(z+x)

2 2 2fwytyztex

2((Jx+y+ y+z+Vz+x)/xy+yz+2zx <33(x+ Wy +2)(z+x)

Proof of 4): In AABC the following relationship holds:
a? + b? + ¢? < 9R? (Leibniz)

Replace the values of a, b, ¢, R with Conway’s substitutions:
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2 2 2 + )y +2)(z+x)
(Vx+y) +(fy+z) +Vz+X) <9- PR

I(x+y)(y+2z)(z+x)

2 <
(x+y+2)< 4(xy + vz + zx)

8x+y+2)(xy+yz+zx) <9x+y)y+2)(z+ x)
8(x+y+z)(xy+yz+zx) <9(x+y)(y+2)(z+x)

Proof of 5): In AABC the following relationship holds:

a? + b% + ¢ > 4/3F (Ionescu — Weitzenbock)

Replace the values of a, b, ¢, F with Conway’s substitutions:

(\/x +y)2 +(Jy + Z)2 + (\/Z-l-_x)2 > 4\/_-%,/xy + vz + zx

2(x +y +2) = 2/3(xy + yz + zx)

x+y+z2>.3(xy+yz+zx)

Proof of 6): In AABC the following relationship holds:

1_+3
+=> R (Leuenberger)

1 1
a b c

Replace the values of a, b, ¢, R with Conway’s substitutions:

1 1 1 - 2\/xy+yz+ zx

\/x+y+\/y+z+\/Z+x_\/g.\/(x+y)(y+z)(z+x)

1 N 1 N 1 - 3(xy+ yz + zx)
Jx+y Jy+z Vz+x o (x+y)(y+2)(z+x)

Proof of 7): In AABC the following relationship holds:
1
c

1+1+ <\/§(L b )
s <5 (Leuenberger
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Replace the values of a, b, ¢, r with Conway’s substitutions:

1 1 1 <\/§ Jx+y+y+z+Vz+x

+ + <
Jx+y Jy+z VJz+x o 2 JXy +yz +zx

Proof of 8): In AABC the following relationship holds:

1 1 1

—+ —+ —>— (Leuenberger
ab bc ca R? ( ger)
Replace the values of a, b, ¢, R with Conway’s substitutions:

1 N 1 N 1 - 4(xy + yz + zx)
Ja+x+2 Jo+200+x) Jz+nEz+y) @+ +2(Ez+x)

Proof of 9): In AABC the following relationship holds:

1 1 1

<
- + be + o (Leuenberger)

Replace the values of a, b, ¢, r with Conway’s substitutions:

1 N 1 N 1 <(\/x+y+\/y+z+\/z+x)2
Ja+»G+2) Jo+20+xn Je+rnE+y) - 4(xy +yz + zx)

Proof of 10): In AABC the following relationship holds:

1 1 L.
P + 2 + = > 2Ry (Steining)

Replace the values of a, b, ¢, r, R with Conway’s substitutions:

1 N 1 N 1 >\/x+y+\/y+z+\/z+x
xty y+z z+x [Jx+y)@+2)(z+x)

Proof of 11): In AABC the following relationship holds:

1 1 1 1 o
p + ™ + = < yyes (Steining)

Replace the values of a, b, ¢, r, R with Conway’s substitutions:
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1 1 1 <(\/x+y+\/y+z+\/z+x)2
x+y y+z z+x" 4(xy + yz + zx)

Proof of 12): In AABC the following relationship holds:

+ — < — (Bandild)

oS
=

S a

Replace the values of a, b, ¢, r, R with Conway’s substitutions:

x+y+ x+z<(\/x+y+\/y+z+\/z+x)\/(x+y)(y+z)(z+x)
x+z x+y~ 2(xy + yz + zx)

Proof of 13): In AABC the following relationship holds:
a’ + b? + ¢? > 36r% (Neuberg)

Replace the values of a, b, ¢, r with Conway’s substitutions:

(x+y+z)(\/x+y+\/y+z+\/z+x)2 > 18(xy + yz + zx)
Proof of 14): In AABC the following relationship holds:
ab + bc + ca > 36r% (Leuenberger)
Replace the values of a, b, ¢, r with Conway’s substitutions:

36(xy +yz + zx)
(\/x+y+\/y+z+\/z+x)2

Ja+E+2)+ @+ +x) +/z+x0)(zZ+y) =

Proof of 15): In AABC the following relationship holds:

ab + bc + ca < 9R? (Leuenberger)

Replace the values of a, b, ¢, R with Conway’s substitutions:

Ix+y)y+2z)(z+x)
4(xy +yz + zx)

Ja+x+2)+/@+20@+x)+/z+x)(z+y) <

Proof of 16): In AABC the following relationship holds:
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ab + bc + ca = 4/3F (Gordon)

Replace the values of a, b, ¢, F with Conway’s substitutions:

\/(x+y)(x+z) +\/(y+z)(y+x) + \/(z+x)(z+y) > 2\/3(xy+yz+zx)
Proof of 17): In AABC the following relationship holds:
a* + b* + ¢* > 16F? (Goldner)

Replace the values of a, b, ¢, F with Conway’s substitutions:

(/x + y)4 +(Jy + z)4 +(Vz + x)4 > 16%(xy + yz + zx)

x+y)?2+(+2)?2%+(@Z+x)?=>4(xy+yz+zx)
Proof of 18): In AABC the following relationship holds:
a’b? + b*c? + c?a® > 16F? (Goldner)
Replace the values of a, b, ¢, F with Conway’s substitutions:
x+yx+2)++200+x)+(Z+x)(z+y) = 4(xy+ yz + zx)
Proof of 19): In AABC the following relationship holds:

9abc

— >
P 4+/3F (Curry)

Replace the values of a, b, ¢, F with Conway’s substitutions:

9./(x+ Yy +2)(z +x)

oty reevaras 3y tyz o)

Proof of 20): In AABC he following relationship holds:

sV3 < 4R + r (Doucet)

Replace the values of s, R, r with Conway’s substitutions:
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V3(Jx+y+ y+z+Vz+x)
<4 (x+y)(y+z)(z+x)+ 2,/xy+yz+zx
- Xy +yz+ zx \/x+y+\/y+z+\/z+x

Proof of 21): In AABC the following relationship holds:
m, + my, + m, = 9r (Gotman)

Replace the values of m,, m;, m, with Conway’s substitutions:

+z Z+x X+ 9./xy +yz+ zx
\/x+y—+\[y+ +\/z+ 4y> yry

4 4 S Jxty+y+z+Vz+x

Proof of 22): In AABC the following relationship holds:

9R
m,+my, +m,< > (Gotman)

Replace the values of m,, m;,, m, with Conway’s substitutions:

+z Z+x X+ 9,/ (x + +z)(z+x
AL Lol XY Ja+@+2)(z+x)
4 4 4 4./xy +yz+ zx

Proof of 23): In AABC the following relationship holds:

3 4 ,
T 11 < +3F% (Makowski)
he = hy ' he

Replace the values of hg, hy, h., F with Conway’s substitutions:

3./xy+yz+ zx 4\/3

< |=(xy+yz+zx
Jx+y+y+z+Vz+x gty )

OBSERVATIONS: Recall these famous inequalities in triangles: a, b, c —sides, r, R —inradii,

circumradii,F —area, hg, hy, h, —altitudes, m,, m;,, m. —medians, s —semiperimeter.

1) R = 2r (Euler)
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2) s > 3V3r (Mirinovic — I

3V3 o
3)s< TR (Mitrinovic — II)
4) a* + b? + ¢*> < 9R? (Leibniz)

5) a? + b% + ¢2 > 4\/3F (Ionescu — Weitzenbock)

61+1+1>\/§L b I
)a b C_R(euen erger —1I)

7 1 + 1 +-< V3 L b 11
)a R (Leuenberger )
8 + + > 1 L b 111
)ab be  ca > R (Leuenberger )
1 1 1 1
9)E + be + ca < s (Leuenberger — IV)
101+1+ >1St" I
)az b? " c¢?2 ~ 2Rr (Steining —1)
1 1 L.
11)? + b2 + Z < s (Steining — II)

b R .
12) - +—-< - ( Bandila)

SN

13) a® + b? + ¢* > 36r% (Neuberg)

14) ab + bc + ca = 36r% (Leuenberger — V)
15) ab + bc + ca < 9R? (Leuenberger — VI)
16) ab + bc + ca = 43 (Gordon)

17) a* + b* + ¢* = 16F%(Goldner — I)

18) a?b? + b%c? + c?a? > 16F? (Goldner — II)
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9abc

19)——
)a+b+c

> 4F\3 (Curry)

20) sv3 < 4R + r (Doucet)

21) m, + my + m, = 9r (Gotman — I)

9R
22)m, + my + mc < > (Gotman — II)

3
23) 5 < V3F? (Makowski)

h_ahbh_c
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J.2101 If x,y,z > 0, then in AABC the following relationship holds:

x-aa y - bvb zZ-C > VEF
(y+Z)\/_a (Z+x)\/_b (x+y)J—_

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

J.2102 If x,y,z > 0, then in AABC the following relationship holds:

xva yVb e 1
(v + Z)\/—a (z + x)J—b (x + y)J—

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

-Y/108
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J.2103 In AABC the following relationship holds: a%(s — a) + b2(s — b) + c*(s — ¢) = 433 - VF?
Proposed by D.M.Bdtinetu-Giurgiu-Claudia Nanuti-Romania
J.2104 In AABC the following relationship holds:

ad b3 c3
> 2V3-F
b+c+c+a+a+b_ V3

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
J.2105 In AABC, G —centroid and d, = d(G,BC),d, = d(G,CA),d,. = d(G,AB) holds:

a*+b* b*+c* c*+at

> .
idr + id + i >96V3-F

Proposed by D.M.Bdtinetu-Giurgiu, Dan Nanuti-Romania
J.2106 In AABC, G —centroid and d, = d(G,BC),d, = d(G,CA),d,. = d(G,AB) holds:

x2a4- +y2b4 N x2b4 +y2C4- N x2C4- +y2a4-
dbdc dcda dadb

> 24\3(x + y)? - F;Vx,y > 0

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2107 In AABC the following relationship holds:
a4+b4+b4+c4+c4+a4> 32 r
hahb hbhc hcha B \/§

Proposed by D.M.Bdtinetu-Giurgiu-Romania

1.2108 If M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, = d(M, AB), then:

a b c
—+—+—2=>6V3
Ltttz
Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2109 If x,y = 0,x +y > 0, then in AABC the following relationship holds:

x%a* + y?b* N x%b* + y2ct N x%c* + y?a* - 8(x +y)?
mym, m.mg, mgm, 43

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania
J.2110 If M € Int(AABC),x = AM,y = BM,z = CM, then:

x2022h26 2022hg6 22022h§6 286 . F86

y

>
q1936 ph1936 c1936 32021

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania
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J.2111 If x,y,z > 0, then in AABC the following relationship holds:

+ +x)b +
(y Z)a+ (z +x) N (x +y)c > 43
xhg yhy, zh,

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
J.2112 If x,y,z > 0, then in AABC the following relationship holds:

2 2 2
a*e*” b*eY" cte?

+ +
y+z z+x x+Yy

> 16F?

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
J.2113 In AABC the following relationship holds:

xa yb VA

+ + >1/3:Vx,y,z> 0
O+ 2h,  Z+0h, " G+ ke Y

Proposed by D.M.Batinetu-Giurgiu-Romania
J.2114 In AABC the following relationship holds:
a? N b? N c? - 243
(b + Vbc +Vea)h, (c++eca++ab)h, (a++ab++bc)h, 3

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2115 If x,y,z > 0 then in AABC the following relationship holds:

ae* beY ce?

(y+z+2)ha+(z+x+2)hb+(x+y+2)

>
hc_\/§

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2116 If x,y,z = 0, then in AABC the following relationship holds:

a’e* b%eY c2e? 73
> 2V3-F
y+z+2+z+x+2+x+y+2_

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2117 If x,y,z > 0, then in AABC the following relationship holds:

e* N ey N e’ >\/§
(y+z+2)hZ (z+x+2)hi (x+y+2)h2  2F

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2118 If m,n > 0,x,y,z = 0 then in AABC the following relationship holds:
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a*e* b*eY cte? 16

+ + = - F?
my+nz+m+n mz+nx+m+n mx+ny+m+n m+n

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2119 In AABC the following relationship holds:
a3 b3 c3
3 + 3 + 3
b+ Vac? c+Vba? a+cbh

Proposed by D.M.Bdtinetu-Giurgiu, Gheorghe Boroica-Romania

222\/§-F

J.2120 If x,y,z = 0, then in AABC the following relationship holds:

(e*+eY)a (e¥+e?)b (e?+e*)c
+ + >
(z+ 1h, (x+1h, (y+1h,

4/3

Proposed by D.M.Bdtinetu-Giurgiu, Gheorghe Boroica-Romania
1.2121 Let AABC and AUVW with length sides u = va, v = Vb, w = +/c and area A, then:

V3
AZT'\/?

Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2122 In AABC the following relationship holds:
1 2
s> ‘*\/27-\/F+Z-Z(\/E—\/E)
cyc

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2123 Let t,u,v = 0,x,y,z > 0 and triangles 4;B;C;,i = 1,3 with circumradius R;,i = 1,3,
then:

x+y y+z Z+x 6

>
t u,v tLu v t.u,v — t+u+v
zajaya; xbibybi  ycicicy ( /_3) RERYRY

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania
J.2124 If x,y > 0 then in AABC the following relationship holds:
(ax + by)*hghy, + (bx + cy)*hyh. + (cx + ay)*h.h, = 256V3 - x2y2F3
Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

J.2125 Let x,y,z > 0 and w, internal bisector, then in AABC holds:
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xywpw,  a* +y ww,  b* zywew, ¢t S gF?

+ =
y+z hyh, z+x  /h.h, x+y hyhy
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2126 In AABC the following relationship holds:

1 4 1
hahb hbhc

S

+ ! >
h.h, — F
Proposed by D.M.Bdtinetu-Giurgiu-Romania
J.2127 If x,y,z > 0 then in AABC the following relationship holds:

x2a3 y2b3 Z2C3
+ + > 2F
(y+2)2%h, (z+x)?h, (x+y)%h,

Proposed by D.M.Bdtinetu-Giurgiu, Nicolae Musuroia-Romania

J.2128 Let m,n,t = 0,x,y,z > 0 such that m + n = 2t + 2, then in AABC holds:

xt+1am yt+1bm 7z c

>
O+ 0 G0t G TR

t+1,.m

2(v3) T (VR)" "

Proposed by D.M.Bdtinetu-Giurgiu,Nicolae Musuroia-Romania

J.2129If x,y > 0 and A, B, C;, A, B, C, are triangles with altitudes h, , hp,, h, and
hq,, hp,, he, respectively, then holds:

LS SR N 3
hiha, Mk, hihe,  (JR) (VF)

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2130 In AABC the following relationship holds:

a b c

(b + Vbe + ez | (c + vea +vab)hZ | (a +vab+ vbo)h2 ~ 3

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

| S

3

J.2131In AABC the following relationship holds:

a’ N b3 N c3 >4\/§
b+ +Vbc + Vabc c¢++ca+ Vabc a++Vab+ 3Vabc 3

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

-F
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J.2132 Let m,n,t = 0,x,y,z > 0 such that m + n = 4t + 4, then in AABC holds:

t+1am yt+1bm t+1cm 23t—n—3

X zZ
>
O+ 20 GO GRS 3

. FZt—n+2
Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
J.2133 If x,y > 0 then in AABC the following relationship holds:
a3 b3 c3 43
+ + = -F
bx + yvca cx+yvab ax+yVbc x+Yy

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania

J.2134If m = 0,x,y > 0 then in AABC the following relationship holds:

am+2 pm+2 cm+2 4\/'§
+ + > - F
(xb +yvea)"  (xc+yvab)" (xa+yvbc)" (x+y)™

Proposed by D.M.Badtinetu-Giurgiu-Romania

2

J.2135 Solve for integers: a? + 2b = Z—b

Proposed by Soumava Chakraborty-India
J.2136 In AABC, v, —Bevan’s cevian, the following relationship holds:
a |2
Zva > 6R — 2RZ(b—+C) > Zha
cyc cyc cyc
Proposed by Soumava Chakraborty-India

J.2137 In AABC, p, —Spieker’s cevian, the following relationship:

z (pa - ma)(Zs + a)Z

852 _ > 2r(R — 2r)

cyc
Proposed by Soumava Chakraborty- India

J.2138 In AABC, p, —Spieker’s cevian, the following relationship holds:

2(2s + a)?
M S 1652
b% — bc + c?
cyc
Proposed by Soumava Chakraborty- India
J.2139 Solve for natural numbers: 2a?b? = 3a? + 4b

Proposed by Soumava Chakraborty- India
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J.2140 In AABC, p, —Spieker’s cevian, the following relationship holds:
Z(pé —m2)(2s+ a)? < 2R(R — 2r)(11s? + 4Rr + 1r?)
cyc
Proposed by Soumava Chakraborty- India

J.2141 Solve for real numbers:

abc+a—-2b=0
2b*> —a?+bc=2

{ a’?—b+ab=1
Proposed by Soumava Chakraborty- India
J.2142 In AABC the following relationship holds:
z a’(ng + gg)* — 162 a’m + 4SZ(b —0)*(s—a) = 64F?(s?> — 12Rr — 3r?)
cyc cyc cyc
Proposed by Soumava Chakraborty- India
J.2143 In AABC the following relationship holds:
32-V3) , 9rs
Z mg,my, = —Z a‘+—
8 2
cyc cyc

Proposed by Soumava Chakraborty- India

J.2144 In AABC, p, —Spieker’s cevian, the following relationship holds:

Pa
= 28
cos=—
2

cyc
Proposed by Soumava Chakraborty- India

J.2145 In AABC, p, —Spieker’s cevian, the following relationship holds:

2

Z aWara > S
(s=b)(s—c)  r
cyc

Proposed by Soumava Chakraborty- India

J.2146 Solve for integers:

{ 2a? + 4b? = a®b?* -2
2ab+2ac+2c+c*=0

Proposed by Soumava Chakraborty- India
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).2147 Leta,b,c = 0,a + b + ¢ = 3. Prove that a® + b2 + c% 4+ ab + Vbc + vca = 0.
Proposed by Phan Ngoc Chau-Vietnam

J.2148 let a,b,c > 0,a + b + ¢ = 2 and m = min{2ab? + b3c,2bc? + c3a,2ca® + a®b}.
Solve the following equation x2 + 2x + m = 0.

Proposed by Phan Ngoc Chau-Vietnam

J.2149 Let a, b, ¢, d > 0. Prove that:

1 N 1 N 1 N 1 - 2v/2
a(1+bc) b(1+cd) c(1+da) d(+ab) 1+ abcd
Proposed by Tran Quoc Thinh-Vietnam
J.2150 Let a,b,c > 0,a + b + ¢ = 1. Prove that:

a(a? — bc) N b(b? — ca) N c(c? — ab) -0
abc(a? — bc) + 3(bc)?  abc(b? — ca) + 3(ca)?  abc(c? — ab) + 3(ab)? —

Proposed by Phan Ngoc Chau-Vietnam
J.2151 Solve for real numbers:

\/(1—x)(2—x)+\/(2—x)(3—x)+\/(3—x)(1—x)=1+x

Proposed by Tran Quoc Thinh-Vietnam

J.2152 Let a, b, c,d > 0. Prove that:

1 1 1 1 4
>
a(l + bc) T b(1+ cd) + c(1+da) + d(1+ab) — 1+ abcd

Proposed by Tran Quoc Thinh-Vietnam
J.2153 If a,b,c,d > 0 and a® + b3 + ¢3 + d3 = 1 then:

a’b?> b*c* c*d* d?a?

a+b+b+c+c+d+d+a

1

==

2
Proposed by Alex Szoros-Romania

J.2154 If x,y,z = 0 and x + y + z = 1 then prove:

vz zZX Xy 1

<
x+1+y+1+z+1_4

Proposed by Hikmat Mammadov-Azerbaijan

J.2155 If x,y,z > 0 and L + L + ER 1 then prove that:
Xy yz @ zx
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x—Dy-1(z-1)<6V3-10
Proposed by Hikmat Mammadov-Azerbaijan

J.2156 Solve the system:

Proposed by Hikmat Mammadov-Azerbaijan

)2157 Find: _min_ (\/74 —70x ++/130 — 126V1 — xZ)
—1<x<

Proposed by Neculai Stanciu-Romania
J.2158 In AABC the following relationship holds:

ar, br; cr, F
a + b + c >
pt1, T+, T,+T, T

Proposed by Ertan Yildirim- Turkiye

J.2159 In AABC the following relationship holds:

[2<co ZE+co 2£)—coszé]l_[<cos§+ os£— osé>< osZE 052£<c sé+c SE+C SE)
S TSy 7 7 087 T 087 ) = 05T C0STE{COST T LOST T oSy

cyc
Proposed by Bogdan Fustei-Romania

J.2160 If P is a point in plane of AABC, then the following relationship holds:

A B C
AP-cos§+BP-cos§+ CP'COSEZ S

Proposed by Bogdan Fustei-Romania

J.2161If M € R3,x,y,z > 0 then in AABC the following relationship holds:

+

MA? MB? MC(C? a+b+c \*
+ =Xy ( )
b y Z

z Xy +yz+zx
Proposed by Bogdan Fustei-Romania
J.2162 In AABC the following relationship holds:
z bg,(r, +7.) = (4R + 1) Z a?b?
cyc cyc

Proposed by Bogdan Fustei-Romania
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J.2163 In AABC the following relationship holds:

V3
my, + 2w, S7(2c+b)

Proposed by Bogdan Fustei-Romania

J.2164 In AABC the following relationship holds:

jg N sV3
T ha? = 2 maxthg by hed = minthg iy, he)?

Proposed by Bogdan Fustei-Romania

J.2165 Letw1=\[a ng — byny, + x,/n. and w2=\[a,/na+b,/nb—c n.. In AABC

2
holds: (byrp—cyne) <a,/n
xayng

a W1 Wy

Proposed by Bogdan Fustei-Romania

mgmp mMpme Mmcmg
hghp ' hphe * hchg

R 2 mg
FEgl@ntent ﬂh_a
cyc

Proposed by Bogdan Fustei-Romania

J.2166 In AABC, w; = max {ﬂ,ﬂ,—} and w, = min{ }then holds:

J.2167 In AABC the following relationship holds:
Zma Z hg - 9(R + 2r)?
h, myg 8Rr
cyc cyc
Proposed by Bogdan Fustei-Romania
J.2168 In AABC the following relationship holds:
nZ+n2+n2+2s2=3(g92+ gz +9g%3) +4R—-2r)(hy +hy, + h,)
Proposed by Bogdan Fustei-Romania

J.2169 In AABC the following relationship holds:

R m m m
1+—>—L4 242
rom, m, myg

Proposed by Bogdan Fustei-Romania
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J.2170 Solve for integers: z3 = 2241+ 3(x + y)(z—x)(z—y)

Proposed by Jamal Issah-Somalia
J.2171 O —circumcenter, I —incenter in AABC. Prove that:

Z cos(OAI) .
a?+9R? ~ 16r?
cyc

Proposed by Gheorghe Molea-Romania

1.2172If a,b,c > 0,a? + b? + ¢? = 1 then:

Z ab(3a®b +4ab —2c?+1) <2

cyc

Proposed by Gheorghe Molea-Romania

. . . 2 1 1 1272
J.2173 In AABC the following relationship holds: ¥y 7 ( + ) =

2mg+my 2mg+me R

Proposed by Gheorghe Molea-Romania

J.2174 if x,y > 0 such that x — vVx + 2 = ,/y + 3 — y, then determine min{x + y} and
max{x + y}. Proposed by Neculai Stanciu-Romania

J.2175 If x3 — x + 3 = 0 has the roots a, b and ¢ then determine the monic polynomial with
the roots a®, b® and c°. Proposed by Neculai Stanciu-Romania

1.2176 Determine all pairs (x, y) of integers which satisfy |x? — y2| — /16y + 1 = 0.

Proposed by Neculai Stanciu-Romania
J.2177 Determine all positive integers a, b, c,d, x,y,z,t,a # b # ¢ # d which satisfy

a+b+c=tdb+c+d=xa,c+d+a=ybd+a+b=zc.
Proposed by Neculai Stanciu-Romania
J.2178 If a,b,c > 0,abc = 1 then:

1+a 14b 1+4c¢c 2(a+b+c)
+ + <
24+4b 2+4c 2+4+a 3

Proposed by Tran Quoc Thinh-Vietnam
J.2179 In AABC the following relationship holds:

b+c
a

1
zzh_\/mbmc(ra +1— hb)(ra +r— hc) = Z
a

cyc cyc

Proposed by Bogdan Fustei-Romania

75| ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

J.2180 If in AABC, w —Brocard’s angle then:

Sinw<4.3 nm—‘zl
- 4a% + b? + c?

cyc

Proposed by Bogdan Fustei-Romania

J.2181 In AABC,n, —Nagel’s cevian holds:

Z (2nahb B nahc) >3
nbha ncha

cyc

Proposed by Bogdan Fustei-Romania
1.2182 Solve for real numbers: /32x* — 7x8 + 63/32 =0

Proposed by Carlos Paiva-Brazil
J.2183 Solve for real numbers:
x7 —14x° + 77x5 — 210x* + 294x3 — 196x% + 49x — 16 = 0
Proposed by Carlos Paiva-Brazil

).2184 Let x,y,z > 0,x% + y2 + z%2 = 2(xy + yz + zx). Find the minimum value of

x y z

= + +
y+z z+4+x x+y
Proposed by Hung Nguyen Viet-Vietnam

J.2185 Solve for real numbers:

-z
y y*

3

2019 £+X ﬁ—%
Y X _ w5y

L Ny

Proposed by Urfan Aliyev-Azerbaijan
J.2186 If a,b,c > 0,a? + b%? + c? + ab + bc + ca = 6 then:

1 1 1
@+b)2 b+o)? (cta)?

3
> —
4

Proposed by Hoang Le Nhat Tung-Vietnam
J.2187 If a,b,c > 0,abc(a+ b + ¢)® =27 then: (a+ b)(b+c)(c+a) =8

Proposed by Hoang Le Nhat Tung-Vietnam
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J.2188 In AABC the following relationship holds:

myh, N mchy N mghy - 9\/§R
a b c 4

Proposed by Marian Ursarescu-Romania
J.2189 Find the minimum value of 2 > 0 so that the inequality is true in any triangle ABC:

3R - Z (a+ b)*
2r a* + Aa?b? + b*

cyc

Proposed by Alex Szoros-Romania

1 1 1

1.2190 Let a, b, ¢, d > 0 such that — s+ ——=+—+-—5=1then:
1+a 1+b 1+c 1+d

11 |1 1
Va+b+Ve+d=V3| |=+-+ |-+
a b c d

Proposed by Tran Quoc Thinh-Vietnam

J.2191 O —circumcenter, P —Brocard'’s point in AABC, O,, 0,,, O, —circumcenters of
ABPC,ACPA, AAPB. Prove that:

3 R? 00
£—Zzz >3
4 r a

cyc

Proposed by Eldeniz Hesenov-Georgia
J.2192 If a, b, ¢ > 0 such that a? + b? + c? = 1 then prove:
Z ab(3a3b + 4ab —2c?*+1) <2
cyc
Proposed by Gheorghe Molea-Romania

J.2193 In acute AABC holds:

3vi—1 6063
R Ty P ey I oy S GAL — 2)1+

Proposed by Phan Ngoc Chau-Vietnam

).2194 Leta,b,c = 0,a+ b +c = 1.Provethat: Va+ 1 +V2b+ 1 +V3c+ 1=>2++/2
Proposed by Phan Ngoc Chau-Vietnam

J.2195 Let a, b, c > 0. Prove that:
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(a+b+c><b+a+c>>1+3(1+bC)(1+ca)(1+ab)
b ¢ a/\a ¢ b]— a? b2 c?

Proposed by Phan Ngoc Chau-Vietnam

J.2196 Let a, b, ¢ > 0 then:

"f\/c3(a2+ b)+4\/a3(b2+ c)+4\[b3(c2+ a) > Vab + Ve + ea

Proposed by Phan Ngoc Chau-Vietnam
J.2197 If x,y € R, then in AABC the following relationship holds:

x?m8 +y?md  x*md +y?m8 x*md+y*m€ 81(x+y)? "
+ + > F
c* a* b* 32

Proposed by Alex Szoros-Romania
J.2198 Let AABC and AA,B,C; with sides a, b, c and a4, b, c;, respectively, F, F; —area,

P € Int(AABC),d,, d}, d. —distances from P to the sides a, b, c. Prove that:

AFF,d,d,d,

1 2(h2 2 2
a;BP - CP + b, AP - CP + ¢;AP - BP > EZ(aAP) (b2 + c2 —a?) + -

cyc
Proposed by Bogdan Fustei-Romania

1.2199a,b,c,7,R,a’,b’,c’,r', R’ —sides, inradii, circumradii in AABC and AA'B'C’. Ifa’ =
Va, b’ =+/b,c’ = +/c, then:

N3 N3
72(r") - ha<9(R)

R = h,~ R
cyc(a,b,c)

Proposed by Mehmet Sahin-Turkiye
1.2200 Let a;, ay, ..., Azgp1 € N* suchthat a3 + a3 + -+ + a3,,; < 16161. Prove that:
a, +a; + -+ azyy <4041
Proposed by Phan Ngoc Chau-Vietnam

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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S$.2101 Ifx,y = 0,x +y > 0,44, ... A,,,n = 3 convex polygon with sides a; =
3

3 3

— a a a —

ApAri1, Yk = 1,nand B, = k4 kil k2= 1,n,
XAp+Yag41  XAg41tYAgyz  XAgg2tyag

12F b
— — . n
Arsz = Ay, Agyg = Az, then: Y7 By = way AN

Proposed by D.M.Batinetu-Giurgiu-Romania

4
$.2102 Let f: (0,00) — (0,0), f(x) = %};H, then in AABC holds:

f(x)a? f) f(w)
y+2h, (Z+x)hy, &+yh,

>8F;x,y,z € (0,0)

Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

4
5.2103 Let f: (0, ) — (0,00), f(x) = ===, then:

f(x) N f) +f(W)

v+w w4+u u+v

= 3;Vu,v,w >0
Proposed by D.M.Bdtinetu-Giurgiu, Claudia Nanuti-Romania

4
5.2104 Let f: R} — (0, %), f(£) = 7= then in AABC holds:

Ver-tZ+1
fx+y)ab+ f(y + 2)bc + f(z + x)ca = 8(xy + yz + zx)F;Vx,y,z > 0
Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania

S2105If R R 1+ f(x+y) < f(x)+ f(y) <x+y+2,Vx,y€R,thenin AABC
holds:

x2 2 z?
f( )_.az +f—(y )-b2+u-c2 > 4v/3F;Vx,y,z € (0,0)
y-|—Z Z+Xx x+y

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
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$.2106 Find all functions f: R = R such that:
I+ fx+y)<fl)+f<x+y+2;vx,yeR

Proposed by D.M.Badtinetu-Giurgiu-Romania

. _ o t*+1 . .
$.2107 Let f:R% » (0,00),m = 0,x,y,z > 0, f(t) = mthen in AABC holds:
x + m+1 +2z m+1 7+ x m+1 B
(f—( . Y) . ab) + <f—(yx ) . bc) + <f—( y ) . ca> > 16"““1(\/5’_>)1 ™ pm+1

Proposed by D.M.Bdtinetu-Giurgiu, Flaviu Cristian Verde-Romania

5.2108 Let A, A, ... A,,n > 3 convex polygon with sides a, = A, Ars1, k = 1,1, 4,41 = A4,
then:

n
2m+4 2m+4 2m+3
a +a 2 T
Z k kil > FMlogan™tl —ym > 0
] A Ayt nm n

Proposed by D.M.Bdtinetu-Giurgiu, Flaviu Cristian Verde-Romania

$.2109 If x,y,a, € R;,Vk =1,n,n € N,n = 2and a;1a, ...a, = 1,ap41 = Ay, Ansp = dy,
then:

Qo3
(x ‘apty- k+1> > 8n,/x3y3

Ak 42

NgE

b
1l

1

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

S$.2110Ifn € N,n = 2and q;, € R*,Vk = 1,n, then:

2 2 2 2 2

a a a n-1|qs_ nla:2 n(n+1)
—+2- /—§+3- /—§+---+(n—1)- / L tn- /—"2—
a; as a; as aj 2

Proposed by D.M.Batinetu-Giurgiu,Claudia Nanuti-Romania

S.2111 Let m,x,y = 0,x + y.0 then in AABC the following relationship holds:

am+2 bm+2 Cm+2 4_\/§
+ + > -F
(ax +by)™  (bx+cy)™ (cx+ay)™ (x+y)™

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
S.2112 If x,y > 0, then in AABC the following relationship holds:

x2a4+y2b4+x2b4+yzc4+xzc4+y2a4

> 2.
bc ca ca - 2\/§(x +)*-F

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania
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S.2113 If x, y,z > 0 then in AABC the following relationship holds:

x3a® N y3b® z3c5
(y+2)h (z+ x)h3 (x + y)h3 -9

(xy +yz+2zx) F

Proposed by D.M.Bdtinetu-Giurgiu-Romania
$.2114 In AABC the following relationship holds:
1 a b\°
b* + ¢* > 16F? + — Z(———)
a*+b*+¢ + SF? nhy

cyc
Proposed by D.M.Bdtinetu-Giurgiu-Romania
S.2115 In AABC the following relationship holds: a(s —a) + b(s = b) + c(s —¢) = 2V/3 - F
Proposed by D.M.Bdtinetu-Giurgiu, Florica Anastase-Romania

$.2116 In AABC the following relationship holds:

a* N b* c* 16 p
ke hoh, T hoh, = V3

Proposed by D.M.Bdtinetu-Giurgiu, Florica Anastase-Romania
S.2117 Llet f:R » Rsuchthat 1+ f(x + y),=f(x) + f(y) <x+y+2,Vx,y € R, then:

f(x?) N f* N f(z?)
y+f(z2) z+f(x%2) x+f(y?)

Proposed by D.M.Bdtinetu-Giurgiu-Romania

=>2;Vx,y,z>0

S.2118 Let m = 0,44, ... A, n = 3 convex polygon with area F and sides a, =
AkAk+1,k = ].,_Tl,An+1 = Al'An-I'Z = Az, then:

. Fm+1 . tanm+1 E

i azmtt 4 gimia 4 gZmta - 3. 4mtl
k=1 Va5 11 G -

Proposed by D.M.Batinetu-Giurgiu,Claudia Nanuti-Romania
S.2119 Let M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d. = d(M, AB), then:

x2a3 y2b3 Z2C3

(y+2)%d, + (z + x)?d, (x+y)2d -

=>6F;Vx,y,z>0

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

a+b

5.2120 If a,b > O then: (a + b)*V® < 4Veb . (\/ab)

Proposed by Daniel Sitaru, Claudia Nanuti -Romania

81 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

4
$.2121 Let f: (0,00) — (0,0), f(x) = \/;_—“Lﬁ, then in AABC holds:

b
af &) bO)  S@) 4Jxy ¥ yz  2x;Vx,y,2 > 0
hg hy he

Proposed by D.M.Bdtinetu-Giurgiu,Floricd Anastase-Romania

S.2122 Ifa,b,c > 0,abc = 1 then:

2

Dl D st (aty)
a a+b2+c7 ™ aa

cyc cyc cyc
Proposed by Daniel Sitaru, Claudia Nanuti -Romania

S.2123 In acute AABC holds:

; 1
22430 |
[ [a+tanacotn)=2+32r \[(bz P

cyc cyc

Proposed by Daniel Sitaru, Claudia Nanuti-Romania

4
$.2124 Let £: (0, ) — (0,), f(t) = %jﬂ then in AABC holds:
X z ZX
a’f(x) + b%f(y) + c?f(z) = 4F - yc+ 4 <+ 5:Vx,y,2>0
sin? > sin? > sin? >

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania

x4+41

$.2125 Let f: (0,00) — (0,00), f(x) = T then in AABC holds:
a’f(x) b? c?f(z
f )+ f(Y)+ f()24\/§-F;Vx,y,Z>0

y+z zZ+x x+y
Proposed by D.M.Bdtinetu-Giurgiu-Romania
$.2126 In AABC the following relationship holds:

Vab + Vbc ++ca = 2- V27 -F
Proposed by D.M.Bdtinetu-Giurgiu, Gabriela Bondoc-Romania
S.2127 If x,y,z = 0 then in AABC the following relationship holds:

e*+y+1 eY+z+1 e?+x+1
——ab+——+—bc+——————ca=8V3-F
z+1 x+1 y+1

Proposed by D.M.Bdtinetu-Giurgiu, Gabriela Bondoc -Romania
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S.2128 If x, y,z > 0 then in AABC the following relationship holds:

2 2 2
a’e*” b?%e¥" c%e*

> 443 F

+ +
y+z z4+x x+y
Proposed by D.M.Bdtinetu-Giurgiu, Gabriela Bondoc -Romania

S.2129 Let A4, ... A, convex polygon with area F and the sides a;, = ApAk+1,

Vk = 1,1, Ap41 = A1, Apgy = Ay, Ay = As.

ali al3c+1 a12c+2
If B = — — + > — + > —,Vk = 1,n. Then:
agFntags1Fmer  Ok+1Fmtak+2Fne Ags2FmtarFygq
Vs
ZBR -tan—; Vm € N*
2m+1 m

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

$.21301fn € N,n > 2 and a; € (0,0),Vk = 1,n, then:

n2la nn+1 2n+1
—+4 /—+9 j:+ +n? | ( )( )
as Ay a1

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

S.2131Ifm = 0and x,y,z = 0, then:

m+2 m+2 m+2

x y z
m+ m = om
(v + vz +vzx)"  (z+Vzx +Jxy)" (x+,/ xy + \/yz) = 3m

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania

(x + 2+ z2%)

$.2132 In AABC the following relationship holds:

c
+——F— = 4V3-F?
=+
Mo 3lpgnz Mo 3z Me Blponz
Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania
S.2133 If x,y,z > 0, then in AABC the following relationship holds:

x2%a’ y2b7 z%c’ 32

>_F3
(y + z)?h, + (z + x)?%h,, + (x+vy)?h, ~ 3

Proposed by D.M.Bdtinetu-Giurgiu,Claudia Nanuti-Romania
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S.2134 Let x,y > 0,AA;B;C;,i = 1,2 triangles with areas F;,i = 1,2 and altitudes
hai, hbl., hci,i = 1,2, then holds:

- 1- - 1- — 1—-
a% xa2 y b% xb2 y C% xC2 y

hahl,  REhY T RER

ai ta, €1 7¢cy

1 1
> 22—x—y\/§ . Flz_szz_y

Proposed by D.M.Bdtinetu-Giurgiu, Gabriela Bondoc-Romania

S.2135 Let x,y,z > 0, n, —Nagel’s cevian and g, —Gergonne’s cevian, the following
relationship holds:

xX-3ngga( a 2+y-3nbgb b 2+z-3,/nczc c 2>2\/?_>-F
y+z i/h_a z+x \i/h, x+y i/h—c -

Proposed by D.M.Bdtinetu-Giurgiu,Dan Nanuti-Romania

$.2136 In AABC the following relationship holds:

w, w, w, 1 [/4R s?(R? — 4r
moplh fen real—e (7+1) Zh3+¥

m, m, m, £t 2r?

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

$.2137 In AABC the following relationship holds:

W, W, W, 2r
4424 53—
n, h, h /R

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
S.2138 In AABC the following relationship holds:

4r(R — 2r
35?2 < 352+¥S (4R +1)?

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
$.2139 In AABC the following relationship holds:

Zm§+r(R—2r)SZraz

cyc cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
$.2140 In AABC the following relationship holds:

Zraz < z m2 + 16(R? — 4r?)

cyc cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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S.2141 In AABC, p, —Spieker’s cevian, prove that:

b—rc
D miz ) pivamt ) (o

cyc cyc cyc

2

)

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
$.2142 Find all continuous functions f: R — R such that f(ax) = f(8x) — x*#,

Vx E R a,f > 0.

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

S$.2143 Find all functions f: R = R such that
flx+2y)=f(x®f(x—2y) + afxy,Vx,y € R,a,f = 0.
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

S.2144 Let a, b € R such that

J1—-x2<1;Vvix|<1

xfx(at + b)dt

-1

Prove that: |a| < 16.
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

$.2145 Find all positive real numbers «a such that:
Zraz < Zmﬁ +ar(R—2r) < Zraz,VAABC
cyc cyc cyc
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

$.2146 In AABC the following relationship holds:

hZ N hZ N h? - ab + bc + ca 12 (g — 9a)*
a(b+c—a) b(c+a—-b) cla+b—-c)~ 8Rr 2 a?
cyc
Proposed by Soumava Chakraborty-India
S.2147 Let 0 < a < 2. Solve for real numbers:

ax + 2y + 3z = 2020
3x+ay+2z=2021
2x + 3y +az = 2022

Proposed by Nguyen Van Canh- Vietnam

$.2148 In AABC the following relationship holds:
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al(b+c—a)

>
ab+bc+ca_z b + )2

cyc
Proposed by Nguyen Van Canh- Vietnam

$.2149 In AABC the following relationship holds:

2r(R — 2r)
z h, + — R < Z Ty

cyc cyc

Proposed by Nguyen Van Canh- Vietnam

r(R-2r)

$.2150 In AABC the following relationship holds: Y.cyc hq + on

< chc mg
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
S.2151 Let a = 6. In AABC the following relationship holds:

Zw,f + a(R? — 47r2) > Zmﬁ

cyc cyc

Proposed by Nguyen Van Canh- Vietnam
$.2152 Let a = 6. In AABC the following relationship holds:

Zhﬁ + a(R? — 41r?) > ZW&

cyc cyc

Proposed by Nguyen Van Canh- Vietnam
$.2153 In AABC the following relationship holds:

(4R +1)?

Z max{w?,s(s —a)} < 3

cyc
Proposed by Nguyen Van Canh-Vietnam

$.2154 In AABC the following relationship holds:

Zhﬁ + 3r(R — 2r) < min Zraz,Zmﬁ

cyc cyc cyc

Proposed by Nguyen Van Canh-Vietnam

$.2155 In AABC the following relationship holds:

ZW§ + 2r(R — 2r) < min Zraz,Zmﬁ

cyc cyc cyc

Proposed by Nguyen Van Canh-Vietnam
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$.2156 In AABC the following relationship holds:

: 2 2 2 2 2
9 min{a?, b?, c?} < 4 max Zma,Zra
cyc cyc

Proposed by Nguyen Van Canh-Vietnam
S.2157 Let a, b, ¢ > 0 such that % + g + 2 < Y a3. Prove that:

?Zz—ac)i > (Yab)(Xa) — 6abc

Proposed by Nguyen Van Canh-Vietnam
$.2158 In AABC the following relationship holds:

15s2(R* — 161%)

r4

Zmara <wZ2+wi+w?+
cyc

Proposed by Nguyen Van Canh-Vietnam

$.2159 In AABC the following relationship holds:

Z 2 St r2(R — 2r)
= e T TI0R + 16r2)

cyc
Proposed by Nguyen Van Canh-Vietnam

$.2160 Find all functions f:Z — R such that f(x2°% 4+ 1) = f(y2°21) — 2xy, Vx,y € Z.
Proposed by Nguyen Van Canh-Vietnam

S.2161 In AABC, p, —Spieker’s cevian, n, —Nagel’s cevian, the following relationship holds:

z(na +pg) V3 \/Z m2 +w+ ng n V3s2(R* — 1612)

212

cyc cyc cyc

Proposed by Nguyen Van Canh-Vietnam
$.2162 In AABC the following relationship holds: Y. 7,7, +7(R — 21) < X0y 74

Proposed by Nguyen Van Canh-Vietnam
$.2163 In AABC the following relationship holds:

Zraz < z 7,1y + 16(R? — 412)

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
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S.2164 In AABC the following relationship holds:

r3(R = 2r
Z m2m? + % < Z mi
cyc cyc
Proposed by Nguyen Van Canh-Vietnam
$.2165 In AABC the following relationship holds:

Z(na + gt - 92 at + Z (b — C):gb toy > 16Zm§(m§ —s(s —a))

cyc cyc cyc cyc

Proposed by Soumava Chakraborty-India
$.2166 In AABC the following relationship holds:
%Z ah wg(b? + ¢?) + Z w2r? < s%(s? + 4Rr + 1?)
cyc cyc
Proposed by Soumava Chakraborty-India
$.2167 Let a, B,y € R such that |ax3 + Bx? + yx| < 1,V|x| < 1. Prove that:

@) Y 1aPlg~vl = la+p+y1] [le— Bl

cyc cyc
b) [3a+28+yl <9
Proposed by Nguyen Van Canh-Vietnam
S.2168 Let a,b,c = 0,a + b + ¢ = 3. Prove that:

a+1 b+1 c+1

+ + >1
va?+3+4bc Vb +3+4ca +Vc?+3+4ab
Proposed by Phan Ngoc Chau-Vietnam

S.2169 Let a,b,c = 0,ab + bc + ca > 0 and a + b 4+ ¢ = 3. Find Max value of the following

expression:
a? + b? b? + c? c? + a?
T = + +
a+b b+c c+a

Proposed by Phan Ngoc Chau-Vietnam

S.2170 Let a, b, ¢ > 0. Prove that:

a+b+c+kab+bc+ca>k+gvke<0 3]
b ¢ a a?+ b2 +c?2 ’ "2

Proposed by Phan Ngoc Chau-Vietnam
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S.2171 In AABC, AE —internal bisector, d —antiparallel through the incenter, d N [AB] =
{K},d n [AC] = {L}. Prove that:

KI LI _b+c
— >
AE "CE~ s

Proposed by Mehmet Sahin-Turkiye

$2172Ifry =1,y = 11,1, = 111,13 = 1111, ...,n; < ny, <ng < -+, k = 2M + 2"2 +
2+ +2Mand ay < a; <az <-,a =Ty, 1y, 1y, + o+ 1y, then find azgq0.

Proposed by Neculai Stanciu-Romania

S.2173 In acute AABC, AE —internal bisector, d —antiparallel through the incenter d N
[AB] = {K},d n [AC] ={L},BN L d,CM 1 d.Prove that: BN + CM < 2(n, — R)

Proposed by Mehmet Sahin-Turkiye

S.2174 Solve for real numbers: (2x + 1) (1 + \/(Zx +1)2+ 7) + x(l +Vx2 + 7) =0

Proposed by Babek Ceferov-Azerbaijan

$.2175 In AABC the following relationship holds:

> + + +=
a 273 b+c c+a a+b 2

a b c R3 — 8r3 . @ b c 3
b c
Proposed by Nguyen Van Canh-Vietnam
$.2176 Let a, b, ¢ > 0 such that a?°?1 + p2021 4 2021 = 4 Find the maximum value of
P=a+b+c+ (abc)?°?* + ab + bc + ca

Proposed by Nguyen Van Canh-Vietnam

$.2177 In AABC the following relationship holds:

W, 1

2 g+ S
2wi +wp ~ 9r?
cyc

Proposed by Marin Chirciu-Romania

S$.2178 Determine all pairs (x, y) of integers which satisfy x® + x3 — y* + 1 = 0.
Proposed by Neculai Stanciu-Romania

$.2179 In AABC the following relationship holds:

r, T .\ (T . T 4R
(_a+_b+_0>(_b+_c+_a>2 1428
r, T. T,J\rg 1, T, r

Proposed by Daniel Sitaru-Romania
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S.2180 If a, b > 0 then:

2a_ (1+3b)+ b, (1+2a)<1 2
2a+3b 8\ T 24) T2a+3p 2B\ " T3p) =708

Proposed by Daniel Sitaru-Romania
S.2181Ifa,b,c > 0,a+ b + ¢ = 3 then:

ac3 N ba3 N ch3 -
(c*+1)(c?2+c+1) (a*+1)(a%2+a+1) B*+1)B*2+b+1)

1

2
Proposed by Daniel Sitaru-Romania

$.2182Ifa,b,c > 0,a+ b + c = 1then: ¥ .(a + b)“Vab? < a? + b2 + ¢ + a%bPc¢

Proposed by Daniel Sitaru-Romania

$.2183 In AABC,T' —Toricelli’s point, holds:

1 1 1
[A® + B3 + I'C3 (— - —)> 2
(PA® + TB® + ITC?) (oo + 5 + ¢ ) 2 367

Proposed by Daniel Sitaru-Romania
S.2184If a,b,c,d,e, f > 0 then:
3abcdef (abc + def —5) + (ab + bc + ca)(de + ef + fd) = 0

Proposed by Daniel Sitaru-Romania

$.2185 Find:
Q- j‘g cosx - sinhx dx
05 +exsin(x+%) +e‘xcos(x+%)
Proposed by Daniel Sitaru-Romania
S.2186 Find:

dx

Q= f sin x +\/§cosx
B sin(3x)

Proposed by Daniel Sitaru, Claudia Nanuti-Romania
S.2187 If a,x > 0,b,c,y,z € R then:

(a+x)2—(b+y)2—(c+z)2>a2—b2—c2_|_xz—yz—z2

a—+x a X

Proposed by Daniel Sitaru, Claudia Nanuti-Romania
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S.21881If a,b,c,d € C then:

1 1 1
- < 2 32 |pl2 24 2142
7 |a+b+c+d|_\[la| +6|b| +\[ICI +6|d|

Proposed by Daniel Sitaru, Dan Nanuti-Romania

S.21891f a,b,c,d > 0,0 < x < 1 then:
2 2
(1=x)a+xc) = ((1—x)b+xd)” = (a® — b?)17*(c? — d¥)*
Proposed by Daniel Sitaru, Dan Nanuti-Romania
x+y=4
x _y

x =yl = (xl+1yD) - [£ -

S.2190 Solve for real numbers: {2|
x| |yl

Proposed by Daniel Sitaru-Romania

S.2191 A = (12_i 1;”'),3 = (:’H. 12_i),i2 = —1. Prove that:

x) (% (A+B)—2(A1 + B-l)-l) (;) >0,%y€R

Proposed by Daniel Sitaru-Romania
$.2192 If a = 0 then:

a a a 3a a
E,f x(tan™1 x)? dx < f x?(tan~tx)? dx < TJ. x(tan™1 x)'? dx
0 0 0

Proposed by Daniel Sitaru-Romania
52193 M ={(§ ")|a>0,b € C}.IfX,Y,Z € M then:
Tr(XY) + Tr(YZ) + Tr(ZX) < Tr(X?) + Tr(Y?) + Tr(Z?)
Proposed by Daniel Sitaru,Gabriela Bondoc-Romania

s219a M ={(,%_ "*)la>0,b,c € R,i? = —1}IfX,Y,z € M then:

b—ic

Tr(XY) + Tr(YZ) + Tr(ZX) < JTr(X2)Tr(Y2) + | Tr(Y)Tr(Z2) + \/Tr(Z2)(Tr(X2)
Proposed by Daniel Sitaru,Gabriela Bondoc-Romania
S$.2195 leta,b,c = 0,a + b + ¢ = 3. Prove that:

ab(b+1) bc(c+1) cala+1)
c+1 a+1 b+1

>ab + bc + ca

Proposed by Phan Ngoc Chau-Vietnam
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S$.2196 Let a,b,c > 0,abc = 1. Prove that:

3/5a+4b 3|5b+4c 3|5¢c+4a
2(Vab +Vbc ++ca) +7(a+b +c) =9 \[ 5% +\[ 5 +\[ 5

Proposed by Phan Ngoc Chau-Vietnam

$.2197 In AABC the following relationship holds:

3m?
A2+ B2+ (%> 8
Proposed by Phan Ngoc Chau-Vietnam

S.2198 Let a,b,c > 0,ab + bc + ca = 2(a + b + ¢). Prove that:

\[+b+c+\[b+ + ++b+«/b( > 2)>a+b+c
a ab ¢ bc cra ca aca+b+c —  Vabc

Proposed by Phan Ngoc Chau-Vietnam

$.2199 In AABC, R,, R, and R, are the circumradius of ABIC, AAIC and AAIB respectively.
Prove that:

T, Ty ., 9V3
Ly p. 2 L < "R
a Ra+ Rb+c R~ 2

Proposed by Ertan Yildirim- Turkiye

$.2200 In AABC the following relationship holds:

R> (ry+m+1)3 JE+ b b+\/f_\/ﬁ+\/?
r— |(mg+my +m.)?(h, +hy, +h.) e N a’c b'Nc a

Proposed by Bogdan Fustei-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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UNDERGRADUATE PROBLEMS

Romanian

Magazine

*® =
a2 =

1-x

U.1602 Let the differential equation (1 + x)y"" (x) + (1 —x)y'(x) = 0

1,y'(0) = 0 then prove that:

y(x),y(0) =

3

[ 67e+y @ +ye)eax=3
0

Proposed by Srinivasa Raghava-AIRMC-India

U.1603 Find a closed form:

@ x
a) = ,]; (x2+x+1)(1+ a?x?)

dx,a € R — {0}

Proposed by Vasile Mircea Popa-Romania

U.1604 Find all x,y,z = O such that: x+y+z = 4,/4xyz(‘{/§ + ‘{/;)
Proposed by Daniel Sitaru-Romania

U.1605 Let the differential equation y" (x) + y(x) = xy® (x),y(0) = 1,y'(0) =
0,y"(0) = —1,y®(0) = 0, then show that:

e x? V2m
f y(x)e z dx = —

Proposed by Srinivasa Raghava-AIRMC-India

U.1606 If 0 < x,,z < 7 then:

2cos?x-cos?y-cos?z <1+ cos2xcos2ycos2z < 8cos?xcos?ycos?z
Proposed by Daniel Sitaru-Romania

u.1607 If a,b,c,d,x,y,z,t > 0 then:

a+b a+b+c a+b+c+d

(a>3a (b>3b <c)20 (d)d - (a+b> (a+b+c> <a+b+c+d)
x y z t/ T \x+y x+y+z x+y+z+t

Proposed by Daniel Sitaru-Romania
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U.1608 Find:

21 dx
Q= f — GIF.
[H]

Proposed by Daniel Sitaru,Claudia Nanuti-Romania
U.1609 Find:

— lim Hn+1H4 + HpyoHyyy + HoHyoo
n>o n(HpHy oy + Hy1Hyyp + Hoy o HEY)

Proposed by Daniel Sitaru, Claudia Nanuti-Romania
U.1610 If 0 < a < b then:

[ L[

T )dxdydz +2b—a)® <3 +a)b—a)? log(b)

Proposed by Daniel Sitaru-Romania

U.1611 Let the differential equation y” (x) + y(x) = y® (x),y(0) = 1,y'(0) = 0,y"(0)
—1, then prove that for n > 2:

foo()‘"xd . n’+n-—1
nye Tt nitn—1

Proposed by Srinivasa Raghava-AIRMC-India
U.1612 Find:

Q= li Hn
= l1im
n-co n(HZn 1 2Hn—l)

Proposed by Daniel Sitaru-Romania

U.1613If0 <a <1 <bthen: (a+b—1)**P"1+1<a®*+bP

Proposed by Daniel Sitaru-Romania
U.1614 Find:

oo

B xlog(1+ x)
), G0+ DY

Proposed by Vasile Mircea Popa-Romania
U.1615 If we define the function forn > 1

n

¢(n) = z sin(- l)zm(m+1) (Tzn) Slnfm(m 1) (Tl'm)

2
m=1
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then prove that:

) . 3
Z 275 = £ (2 +V2)

Proposed by Srinivasa Raghava-AIRMC-India

U.1616 Prove that:

o)

j Z xn1 sin(‘l)%n(nm (n_n) dx =7
0 X

n=0
Proposed by Srinivasa Raghava-AIRMC-India

U.1617 For k > 0, prove that:

1 k
J x3tan™? (1 + —) dx =
o X

Jmo 1 k2 KK k1
=k (a—ﬁtan (T))‘FE—E‘Fﬁ‘FZtan (k+1)

Proposed by Srinivasa Raghava-AIRMC-India

U.1618 If ABCD is a bicentric quadrilateral with the inradius r, the circumradius R and the
diagonals d4, d,, then prove the following inequality

O 22 )" [

Proposed by Marius Dragan, Neculai Stanciu-Romania

U.1619 In AABC, p, —Spieker’s cevian, the following relationship relationship holds:
3(R—1)s%% — rz 12 = R(s2 — m2 + p,w,)
cyc
Proposed by Soumava Chakraborty- India

U.1619 In AABC, p, —Spieker’s cevian, the following relationship holds:

z p2(2s + a)? < 12s5%(s? — 7Rr — 3r?)
cyc

Proposed by Soumava Chakraborty- India

U.1620 If x, y, z € R}, then prove that in any triangle ABC holds:
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1 4 1 4 1 -
A B B C - C 4=
x+ysm2;+zc032; x+ysm2;+zzc052; x+y51n25+zc052;

S 18R
“3@x+y+22)R+ (z—y)r

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1621 Find the first triplets (s, t,n) of nonzero natural numbers (n € N*,s € N*, t € N*)
t(t+1)

suchthatn = s? = , i.e. which are simultaneously perfect squares and triangular

numbers.
Proposed by Neculai Stanciu-Romania

U.1622 If ¢ > 0, then compute:
t
Q = lim n't ((n +DI("Vn+1) - nt(%)t)
n—->oo
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1623 Determine all natural numbers which satisfy simultaneously the following conditions

aSch,anSb,aS%Sb.

Proposed by Neculai Stanciu-Romania

U.1624 If M is a point in the interior triangle ABC,A' = AM N BC,B' = BM N AC,C' =
CM N AB then prove that:

AA'+BB'+CC' AM -BM-CM
MA'" ° MB'  MC' A'M-B'M-C'M

Proposed by Neculai Stanciu-Romania
11 3 an bn ¢y
U.1625If A = (1 5 1) and A" = (bn d, bn),‘v’n € N*, then compute lim a”—b”
¢, b, a, noe endn
Proposed by Neculai Stanciu-Romania
U.1626 Prove that:
3[(x2+y2+2z2)2 +xyz(x + y+ 2)] = 2[(xy + yz + zx)? + 3(x2y? + y2z? + z%2x?)],
Vx,y, z real numbers.
Proposed by Neculai Stanciu-Romania

U.1627 If a > 0 the prove the following inequalities:
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a+1 a(a®?+1) (a+1) a+1 a+1 4a4+1
j > - (ii < 2 — 1>
O ——2—577 @ — o Wy zVat—a+t

Proposed by Neculai Stanciu-Romania
U.1628 Compute:

lim m+D)[(n-—D'+2" 1 —4n[(n =21+ 2"2]+ (4n—8)[(n — 3)! + 2" 3]

n-o n!

Proposed by Neculai Stanciu-Romania

—Xn+3

U.1629 If (x,,),,51is defined by xo = a > 0 and x,,,; = i
- n

,Vn € N*, then find x,,.

Proposed by Neculai Stanciu-Romania

U.1630Ifn € N*,x;, € R}, k = 1,1, X, (6) = Xp_  xfh, t ER X, (1) =X x = X, m E
_ m
[1, ) then show that ».}_; x; (X, (—m) — x;™) = (n-1)n

m—1
Xn

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
U.1631 Prove that in any right angled triangle is true the following inequality
8m,m,m, = Sabc
Proposed by Neculai Stanciu-Romania
U.1632 Determine all the functions f: N* — [1, 00) which verify the conditions
@) f(2)=2,G)fM) < f(n+1), @D f(nm) = f()f(m)
Proposed by Neculai Stanciu-Romania

U.1633 If ABC is a triangle with usual notations and x,y, z > 0 then prove that:

+z Z+x X+
Y 2 + T2 + Zyrcz > 2s?

X
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
U.1634 If ABC is a triangle with usual notations and x,y, z > 0 then prove that:

y+z Z+x x+y 4s%r
W+ — Ry Rz

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1635 If ABC is a nonisosceles triangle (with usual notations), then prove that:
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Cl8

£ (b+c)(a—Db)%(a—c)?

> 144+/373

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
U.1636 Prove that in any triangle ABC holds:

bc ca ab 27Rr
+ + >
b+c c+a a+b 2s

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1637 Compute:

2m sin x - cos 2x

Q= X
o (1+4sin?x)(1+ sin? 2x)

Proposed by Neculai Stanciu-Romania

U.1638 If (x,,) .50 Verify x, = x; = 1and x,, = x,,_; — X,,_,, then prove that (x,,),s0 is
periodic and find the general term of sequence.

Proposed by Neculai Stanciu-Romania

U.1639 Let A; A, ...a,,n = 3 be aregular polygon, M a point on incircle and N a point on
circumcircle of the polygon of the polygon. Prove that:

n

Z MA4 (3 + MAZ
> > cos—)z

£ NA3 2

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1670 Determine all right angled triangles with the area A, the perimeter P and the sides

2
a, b, ¢ natural numbers with gcd(a, b, ¢) = 1 such that PI is also natural number.

Proposed by Neculai Stanciu-Romania
U.1671 Solve in Z3 the following system of equations:
{xy2+xy—x—y—1 =0
xz—x*—x—2z=0
Proposed by Neculai Stanciu-Romania

U.1672 Evaluate:

T
2

Q- f cosy (2 coty + coty - csc? y) sin3yd
0 J1—sin®y

Proposed by Naren Bhandari- Nepal
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U.1673 Prove that:

Hnos 1—1i 3
Z( 1)n( )m—sc +mlog(1++v2) - 4le(\/E)i+2i<(2Li2(—1)Z)+7ttan—1(§/_—i))

11-x"
where H, = [/ —

G —Catalan’s constant.

dx ,Li,(x) —is dilogarithm function and i is imaginary unit,

Proposed by Naren Bhandari- Nepal

U.1674 Find:
@ logM™(xy)
Q = dxdy,m € R
(m) fo fo A+ +y2) "
Proposed by Togrul Enmedov-Azerbaijan
U.1675

1 1
mrtan " ——
nv 1+m x

1+ (1 +r?)m2x2)V1+ mzx2

Qim,n,r) = jl

N 2
Prove that: Q(m,n,r) + Q (1 % %) = ta ‘1%tan‘1 mv1 +r?

Proposed by Hikmat Mammadov-Azerbaijan

U.1676 Prove that:

@ 1 1 (3) 1
f — T\ Z—5 | dz=5 5o
o \log (1 + ;) 2 Zmt 24
Proposed by Hikmat Mammadov-Azerbaijan

U.1677 Prove that:

4>‘:l

()%

(_1)k—1
k

%

where H,, — nt"* skew-harmonic number 37 _,

Proposed by Naren Bhandari-Nepal

U.1678 Prove that:

n-—1

lim (nc(q +D-) (%)) =@

k=1
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where {(q) is zeta function.

Proposed by Syed Shahabudeen-India

U.1679 Find:
1 Liy(x) - log(1 — x Li,(x) - log(x
Q=] 2(x) - log( )dx+f ip(x) - g()x
0 X 0 1—x
Proposed by Togrul Enmedov-Azerbaijan
U.1680 Find:

1
= j (tan~1x)? dx
0
Proposed by Togrul Enmedov-Azerbaijan
U.1681 If A,, = sin (n ) + sin ( ) + -+ sm( )then prove:
lim A, =0
n—->oo
Proposed by Akerele Olofin-Nigeria

U.1682 Prove that:

1 (tan 1t x)* ntlog2 m? 637T
— @) @)
fo T1x ¥ sz T320 51 512 )+ 2048 [‘/’ ( ) v ( )]

where G —Catalan’s constant, {(s) —zeta function, l/)(n) (z) —polygamma function.
Proposed by Ankush Kumar Parcha-India

U.1683 Prove that:

dx = am>0

j‘°° cosmtan~!(ax) i
o (14 x2)(1+ (a2  A+a™

Proposed by Hikmat Mammadov-Azerbaijan

U.1684 Prove that:

1 r1
f f Jx? +y?tan~! (w/x2 + yz) dxdy = %\/7 + %log(l +v2) —%
0 YO0

Proposed by Asmat Qatea-Afghanistan

+g— [Pta_ 12
U.1685 If pT4 p-q  p-q prove that set solution:
pq = 15
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3v109+9 3v109 -9
(p,q): (5'3)'(_\/ \/_2+ r_\[ \/_2

Proposed by Hikmat Mammadov-Azerbaijan

2tan"1(x—1)logx

U.1686 Find: Q = [/ » dx
Proposed by Ose Favour-Nigeria
U.1687 Find:
b cx + f(x —a)
Q= dx,c>1,b>
Lc(a+b)+f(x—a)+f(b—x) e “

f:la, b] - R continuous function, c(a+ b) + f(x —a) + f(b —x) # 0,Vx € [a, b]
Proposed by Radu Diaconu-Romania

U.1688A4,4, ... A,, —convex polygon, n € N,n > 3. Prove that:

n 1 n n
(;M(Ak) * m) D‘U(Ak) >m+1) B((n -2+ (1 —n)u(4,))

Proposed by Radu Diaconu-Romania

U.1689 In acute AABC, H —orthocenter, ADEF —pedal triangle of incenter, Ry —circumradii
of ABHC. Prove that:

3
u(A) - EF? +u(B) - FD? + u(C) - DE? < =+ R

Proposed by Radu Diaconu-Romania

U.1690 In acute AABC, H —orthocenter, the following relationship holds:

4RZZ AH 1—[ AH N 32R3
sind sind sin2A 4 sin2B + sin2C

cyc cyc

Proposed by Radu Diaconu-Romania
U.1691 In acute AABC the following relationship holds:
R+1\?
(%)

Z( cos A N sin A >> (%
1+3cosBcosC 1+3sinBsinC/ — 2,7  27v3
8

cyc 8 R

Proposed by Radu Diaconu-Romania
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U.1692 In acute AABC, m;, L m, then:

15v3

sin B sin C
A ‘/ -
 sin2A Z H(A)VeosA | < 4

cyc
Proposed by Radu Diaconu-Romania

U.1693 In right AABC the following relationship holds:

ud) | uB) | w@) 3
\/s—a+\/s—b+\/5—02n ZR+T

Proposed by Radu Diaconu-Romania

U.1694 In AABC,B’ € (AC),B'A=B'C,C' € (AB),C'A=C'B,BB’ 1L CC',1,,1,, 15 —inradii
in ABGC,AB'GC,AC'GB, R, —circumradii in ABGC. Prove that:

6(ry +1,+13) +3(s+Ry) =5(my, + m,)
Proposed by Radu Diaconu-Romania
U.1695 InAABC, H —orthocenter, 1, — r = 3R. Prove that:
AH > min{b, c}
Proposed by Radu Diaconu-Romania

U.1696 In AABC holds:

x 0 -1 1 0
1 x -1 1 0 A
1 0 x—1 0 1 20,wherex=—81_[sin—
0 1 -1 X 1 cyc 2
0 1 -1 0 X

Proposed by Radu Diaconu-Romania

U.1697 Find without softs: Q(n) = f55+22\/\/_—l°1gi;’;)d ;n=>1

Proposed by Radu Diaconu-Romania

U.1698 In acute AABC,a < b < ¢,D € (BC), 5 —circumradii of AABD, p —inradii of
AACD, O —circumradius,] —incenter. Prove that:

bc ca ab  6p(0I1? + 36712)
et —>
u(4A)  u(B)  wu() né

Proposed by Radu Diaconu-Romania
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U.1699 If VABC —tetrahedron, then:

([VAB] + [VBC] + [VCA)]) - [ABC] 1
(VAZ + VB2 + VC2)(AB? + BC? + CA2) — 12

Proposed by Radu Diaconu-Romania

U.1700 In AABC, cg, cp, ¢, —cevians holds:

3|28 A
max{1 + c,1y, +1cp1, 1+ c,7.} = F - rl + SHSIHE

cyc
Proposed by Radu Diaconu-Romania
U.1701 In AABC the following relationship holds:

A B C
cot= N cot= N cot> . 93 my,
ar,u(A)  bryu(B)  cr.u(C) ™ 2srm-max{b,c}

Proposed by Radu Diaconu-Romania

U.1702 If N —Nagel’s point in AABC then: SI,VA + NB NC _ amgtbmptcmc

— 1 —
inA sin B sin C s

Proposed by Radu Diaconu-Romania

U.1703 For any complex number n, R(n) > 0, prove that:

3 n+1 o _1)k x_z “
.[- e_xjn(e_x)dx = ﬂzn)' Wherejn(x) = x" Z k! ((Zkl-)l- 2( 2_2 D!
e 2r(1+12) n=0 " e

Proposed by Srinivasa Raghava-AIRMC-India

U.1704 If A, A, ... A,, —convex polygonn € N,n > 3 then:

" (1= 2)m —p(4) _ n(n—1)
] n—2)mr+u(4;,) — n+1

Proposed by Radu Diaconu-Romania

U.1705 If we have the function S(n) = sin (n—n) +2sin (m_n) +—sin (?’H—n) then prove the
4 2 9 3 16 4
sum:

[ee)

S(—n) 3318639892950782842891 aS(n)
z = 2 here S'(n) =
n3S'(n) 45791164799130336827904 on

n=1

Proposed by Srinivasa Raghava-AIRMC-India
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U.1706 ABCD —parallelogram, AB + AD = n > 0. Prove that:

2

n
max{AC? BD?} > -

Proposed by Radu Diaconu-Romania

U.1707 Prove the summation:

- (\/I sin(nm) + /3 sin (%) + /5 sin (ns—n))z 47I4(29\/E + 4) 2t
). n* =T 10125 45

n=1
Proposed by Srinivasa Raghava-AIRMC-India
U.1708 yp < 0,m,n,p = 1,m,n,p € N. In acute AABC holds:

At B™ cn 6P - T
+ + >
h*cosPA+1P  hJl'cosPB+1P  hTcosP C +1p — 3mintp-1l.pm

Proposed by Radu Diaconu-Romania

U.1709 Let ADEF be the circumcevian triangle of circumcentre in AABC. Prove that:

2
acos A bcosB ccosC S
+ + <-

AD BE CF r

Proposed by Radu Diaconu-Romania

U.1710 In AABC the following relationship holds:

Z b? + ¢? . u?(B) + u?(C) > (471)2

s+a s+a 5
cyc cyc

Proposed by Radu Diaconu-Romania

U.1711 Find:

o)

xtan~1x

=), GrDms D™

Proposed by Vasile Mircea Popa-Romania

U.1712 In AABC the following relationship holds:
27
243r* < mawd + myw; + mwd < Emax{a‘*, b*, c*}

Proposed by Radu Diaconu-Romania
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U.1713 If we define the function S(n) forn > 0,

S(n) = fjom sin(rx?) sin? (%nx(n + x)) dx then prove the sum:

[oe]

S(n) m?
; = =384<1+16\/§—3 /2—\/§>

Proposed by Srinivasa Raghava-AIRMC-India
U.1714 Prove the summation:

© cos(=(4n—2)) 2 .
2 (%n—z)z )e‘g‘”"{—s(—”g

n=—o

Proposed by Srinivasa Raghava-AIRMC-India

U.1715 Find:
1 1 1
sz j (x2+2xy+x)lo (1+—)dxd
o s y g Xty y
Proposed by Asmat Qatea-Afghanistan
U.1716
Sn
For S(n) zni_ll (1+ ! )f'dn l i ! "
orS(n) = 0 ——— ) find: O = lim
= 52 VkZ+k+1 oo\ kvk + 1+ (k+ 1)Vk
Proposed by Florica Anastase-Romania
u.1717
Fﬂ—fll x+1dﬂ_j'°°logxdﬂ_fll<1>1+xd
or, = ) ogx | 5dx,Q; = i x,Q3 = . o8{152) [y =2
“log(1+ x
0, = g(1+x)

—————dx prove: Q; +Q, — Q. —Q, = —mwlog16
) x—1 p 1 2 3 4 g

Proposed by Ankush Kumar Parcha-India
U.1718 Prove that:

i(x/?)_k (kn>_35((3)+1og32 5
cos T 64 48 192" °B

Proposed by Fao Ler-Iraq
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U.17191fa,b > 0and 1 — a < ¢ < 1 + min{a, b} find:

© cos(x?) — e~ *"
Q=f () dx
0

x1+C
Proposed by Hikmat Mammadov-Azerbaijan
U.1720 If k > 1 compare it: Q; = fooo sin(z¥)dz and Q, = fooo cos(z¥) dz
Proposed by Hikmat Mammadov-Azerbaijan

U.1721 For a constant, 0 < a < b find Q such that:

had |k| nkn
e = Z (lx) x€R

Proposed by Tobi Joshua-Nigeria

U.1722 Find:

f j‘x (tan™ x)zdxdy

Proposed by Togrul Enmedov-Azerbaijan

U.1723 If a,b > 0 then:

© b? V21
f sin (a X ——> dx = ——e~2ab
0

X2
Proposed by Abdul Mukhtar-Nigeria

U.1724 Find m, n € Z such that: fo de =7

Proposed by Abdul Mukhtar-Nigeria
U.1725 Find:

1
Ua) __/; (x2+x+ 1)(1+a2x2)dx'a €R

Proposed by Vasile Mircea Popa-Romania

U.1726 Compute:

a)lim( (nt )7 - n >a>0
"Va-m+ 1) Vanl)
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b) If li > 0, then find i ( (nt 17 n )
im a,, = a,a > 0,then find lim -
noe " noo \"™Va, - (n+ 1) Ya,-n!

Proposed by Neculai Stanciu-Romania
U.1727 If n € N, then prove that:
k
>t = dwad(5)
kin K'|k kin n
Proposed by Angad Singh-India
U.1728 Find:

(n?-2)(n-1)!

. 1 "
=\ - 2w -0 (;("3 .

Proposed by Daniel Sitaru-Romania

U.17291f0<a<bh < gthen:

b b
f f \/4—(sinx+siny)2dxdy2 2(b — a)(cosa — cosb)
a a

Proposed by Daniel Sitaru-Romania

U.1730 Find:
nii1 1 1
Q=limn <3 Nt 1)
n—-oo
Proposed by Daniel Sitaru-Romania
U.1731 Find:

Q=1 (1+H)(A+H,):...-.(1+H,y,)
e 2n-H,(1+ HH, .- H,)

Proposed by Daniel Sitaru-Romania

U.17321f 0 < a < b then:

a+b
2z a+b

f " e dx < tan™ (—) — tan~!(Vab)
Jab 2

Proposed by Daniel Sitaru-Romania
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U.1733 If a,b > 0 then:

4 jl dx % dx 2
— < + <
a+b~ )y xa+(1—-x)b ), (x+a)x+b)” Vab

Proposed by Daniel Sitaru-Romania

U.17341f0 < a < b,n € N,n > 2 then find:

br1 * - (n+nm
Q(a,b,n)=f x"+1j y™ sin y+T dy |dx
a 0

Proposed by Daniel Sitaru-Romania

U.1735 Find:

1 n (k)
Q= lim —
n—-oon

k=1

T
E); (%) — kt" derivative.

,xE(O,

(%)

Proposed by Daniel Sitaru-Romania

U.1736 Prove that:

” VX +.fy _ 3 1 vz
-[1 -f1 (1+\/x_y)(1+xy(1+xy(1+x)’)))d)/dx_n(ﬁ_2)+log(8(2\/§+3) )

Proposed by Srinivasa Raghava-AIRMC-India

U.1737 If a,m > 0 then prove:

.l'°° cosmtan~!(ax) T
m AX =
o (1+x)(1+ (ax)2)z A +a™
Proposed by Hikmat Mammadov -Azerbaijan

U.1738 Find a closed form: ) = Z,?:l_n:;)isn(:(n;n)

Proposed by Asmat Qatea-Afghanistan

U.1739 Prove that:

y3logxlogy B
ffu—xyle—xle y2) B =

91 2 1
2 - Lemog2 - Li (5) 4 1

11520 32

log* 2
24

T gtz
T

>4 log2 —

Proposed by Narendra Bhandari-Nepal
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U.1740 Prove that:

1
fmn (=) 1302
T+x2 ¥ 77288

Proposed by Djahel Hamza-Algerie

U.1741 Find:

®41og(1+ x?)logx
Q=f g(5 ) log s
0 x5+ x

Proposed by Daniel Imnmarube-Nigeria

U.1742 Prove that: fooo %d}/ = Z((Z)

Proposed by Ankush Kumar Parcha-India
U.1743 Find:
B j’lxlogz(l +x)
o (x2+1)2
Proposed by Togrul Enmedov-Azerbaijan
U.1744 Prove that:
%tan"l(m) 1 (1YW om (1
fo TP G 1) I S v )
Proposed by Djahel Hamza-Algerie

U.1745 Prove that:

f1(1+x)log2x
0

. T[Z
CESE (le(x) - €> dx = 2¢(2) — 10¢(10)

Proposed by Narendra Bhandari-Nepal

(am)"
n

U.1746 Let d(n) denotes the number of digits of n and A(k) = , where n ranges over

positive integers. Prove that:

max{/l(k)} (B6-1) 1 <7T2 " >
log~ 3

k2 100\ 3

Proposed by Narendra Bhandari-Nepal

U.1747 Let H,, — be n*" harmonic number, then prove:
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2n\ H,, — H 3n
( ) 2n " —log2—-2G—m+2

n)anzn— 12" 2

NgE

n=1

G

where G —Catalan’s constant, defined as G = Z,}"’zlm.

Proposed by Narendra Bhandari-Nepal

U.1748 Determine the values of m and n if:

. oy (Y
il_{?oa(Z—xmn;)(F(;)) =1

Proposed by Jalil Hajimir-Canada

U.1749 Prove without any software:

1 2 1 2
1—J e* dxj e * dx
0 0

Proposed by Daniel Sitaru-Romania

4e < (e—1)?

U.1750 Prove that:

cos(2x + 2022m) dx =3¢(2)

j‘% 4 log(cotx)
0
Proposed by Muhammad Afzal-Pakistan

U.1751 Prove the identity for any (a, n) in real number:

n+1]

(1+a)-a™=a- a2zl + o2l
Proposed by Asmat Qatea-Afghanistan

U.1752 Prove the identity for any (a, n) in real number:

o} [ =52l -0)

Proposed by Asmat Qatea-Afghanistan

U.1753 Find:

o= (B 60 (B )

Proposed by Adrian Popa-Romania
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U.1754 Prove that:

T
2

e€052% . sin(x + sin 2x) me
- dx = —
0 sin x 2

Proposed by Asmat Qatea-Afghanistan

U.1755

]oo sin (nsz + g) sin (nsz - g) cos?(mx)T (x + %) dx =g J1 sin(x2) /1 + csc(rx) i
0

cosh(mx)T(1 + x) cosh(mx)

Find 5.
Proposed by Balendran Sujeethan-Sri Lanka

U.1756 Prove that:

T

jz x4(\/tanx + \/cotx)dx =
0
3 log*2 5
= V21 |={(3)log2 4 — - m2log? 2
\/—”lsc()og "3840" T T16 32" 8

Proposed by Balendran Sujeethan-Sri Lanka

U.1757 Prove that:

Li;(=3)
2

D o (Y o 9 (a3t (L) s
5 o 52 sz o328 ()5

23{(2)+11 22+11 23 4+ T
36 & 827503

2 8
1 N1 N1 5
oo _ L oo\ _L o

T35 (3) 8Y (3) 367 (6)

Proposed by Surjeet Singhania-India, Narendra Bhandari-Nepal

Z( )1/)(0)(§)=ylog2+log210g3+ilog22+§((2)+

log2 +log2log3 + lll}(l) <1> +
18 6

U.1758 Prove that:

©(ix—a)™ . 2mh™
( (_1)_31 e Xy = beTl—'(n)'b >0,R(n) >0,R(a) >0

where i is complex number and I'(x) —is gamma function.

Proposed by Tobi Joshua-Nigeria
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U.1759 Solve for real numbers:

sin(5x)
4tanx + = = =0
CcoSs° x

Proposed by Togrul Enmedov-Azerbaijan

U.1760 Find:

1 L —
Q0= fo % dx
Proposed by Togrul Enmedov-Azerbaijan
U.1761 Prove that:
% - (Zi) 4y = tan x log(cos x)
Proposed by Daniel Imnmarube-Nigeria

u.1762 If

1) 2023
.]; 2023']- Y2923 |og(x;) 1_[ dx

Then find the value of Q1.
Proposed by Syed Shahabudeen-India
U.1763 Prove that: [r® + e® + m° + e5 + * + e* + 3 + €3] = 2022, [*] — GIF.
Proposed by Srinivasa Raghava-India

U.1764 Find:

o)

_1 3k+1 1 n(k + 2)
Q= T 2k+1 _ 1 2k+1

k=0

where 1(s) —is the Diriclet’s eta function. Let z = f(x,y),u = log(x? + y2),v = xy.

M P~ 2X and find:

Determine: 6 =

o(y) = f — (log? 6 — 4ylogy) dx

Proposed by Abdul Hafeez Ayinde-Nigeria
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U.1765 Find a closed form:

[ee]

a=)
n?(m? + nz)m2

n=1m=1

Proposed by Surjeet Singhania-India
U.1766 Let ug = 2,u; = 4, U, + Upyy = 4Uyyq,n € NLFind: Q = (X}F-; u)(mod 2)
Proposed by Surjeet Singhania-India

1
e

n2+n

U.1767 For |x| < 1,let T(x) = Yo, then prove the relation:

1 1 2
-fo (x + ;) (T(—x) + T(x))dx = :—4 —1+1log2

Proposed by Srinivasa Raghava-AIRMC-India

—_ X
e "xcos(nnx+7;)

Vx

—-TTXx X _ o
U.1768 For n > 1 let foooe coi%” ) dx = f(n) J

\/(Jﬁ_++2)<v—+2 /3(\/_+3)+1>
f(\/a) _ 2v/2+v/5+1
fle) V35 +1

Proposed by Srinivasa Raghava-AIRMC-India

dx then prove:

, @ — golden ratio.

U.1769 Show that:

T la?+ (b sin x)?
f f > tan x dadbdx =
o b?+ (acosx)?

_ 1 o + log3 + 5 tan”? (%) 17 tan™"(v2)
12 12 6 62 122

Proposed by Srinivasa Raghava-AIRMC-India

U.1770 Evaluate the integral:

1 Lil(\/3 1- x) log(\/3 1- x)
fo T dx

Lii(x) — is Poly-Logarithm function.
3

Proposed by Srinivasa Raghava-AIRMC-India
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U.1771 Prove that:

26{(3) — 80 < sin(e™) < 1
79¢(3) +3 T ecos¥+1 7 2+ 2log2

¢(3) is Apery’s constant.
Proposed by Srinivasa Raghava-AIRMC-India

U.1772 Prove that:

oo}

1 3
Z ™™ (1 — 4mn2 ) (1" =2

n=0
Proposed by Srinivasa Raghava-AIRMC-India

U.1773 Solve the system:

{b\/a+a\/13=a+b
Va++vVb =ab

Find all the real solutions otherthan a = 0,b = 0.

Proposed by Srinivasa Raghava-AIRMC-India

[ [~ SR O

n=t (1 T 4n-2)2

U.1774 Prove the product:

(L
where a = % ) am oy +G)

I3 ~ ’ (1 —
oz 35T ,G —Catalan’s constant, Y (t) —Polygamma

function.
Proposed by Srinivasa Raghava-AIRMC-India
U.1775 Solve for a, b, c with a, b, ¢ > 0:

(2+3+5>2_(a+b+c>(b)
a b ¢/ \2 3 5 abc

Proposed by Srinivasa Raghava-AIRMC-India

U.1776 Prove the integral relation:

1

o —mx(x+1)
f e 2 (—=1)Z***Ysinh(mx) dx

+ \/Ef e ™+ (_1)XO+D) ginh(mx) dx = 0

Proposed by Srinivasa Raghava-AIRMC-India
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U.1777 If we have the equation in x

1 2 v1+x
x+;=<\/1+—x+ _1_x)<M+ > >

then find the value of the expression: Q = V5x5 — 23x% + 39x3 — 33x2 + 24x.
Proposed by Srinivasa Raghava-AIRMC-India

U.1778 If we have the product:

- 4n3
ﬂm =T (@r®r()

- 2_
then show that for |x| < 1it holds: Yoo x™(a™ + D™ + c™) = 2ax—15x7-12

8x3-15x2+12x—4

Proposed by Srinivasa Raghava-AIRMC-India

U.1779 If we let f(q) = F, [i + x—4] (q) then show that:

1-x  (1-x)(1—-x2)

f:f(q)f(—q) cos(q) dq = %2, here F,[f](q) is Fourier transform.
Proposed by Srinivasa Raghava-AIRMC-India

U.1780 If we have the integral

0 [ee] 3 X _ 1
a= j; j; - -I\_/;/Ee ny(1+x2+x2)dydx

then evaluate the expression: ) = V19683a® — 94041a* + 105786a2.

Proposed by Srinivasa Raghava-AIRMC-India

U.1781 Prove the summation:

2n+1

o (41 — 1) Hypp 1
2+z( " ) 1=4(,0+Z(14<p+22)log<p
n=1

H,,, —Harmonic number and ¢ —golden ration.

Proposed by Srinivasa Raghava-AIRMC-India

—x —y? — 73 = 202212
U.1782 Solve for real numbers: § —x™1 —y=2 — z3 = 2022712
xy?z3 = 2022%

Proposed by Neculai Stanciu-Romania
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U.1783 Prove that:

x z t 4
+ 4 + + <=3Vt >0
2x+y+z+t x+2y+z+t x+y+2z+t xy+z+2t7 5

Proposed by Neculai Stanciu, George Florin Serban-Romania

U.1784 If a > 0, then determine all real numbers x which satisfy:
x?(a**—=1)=x+1=0

Proposed by Neculai Stanciu, George Florin Serban-Romania

U.1785 If x,y,z > 0 with x + y + z = m, then find: {1 = min (1+1x2 + 1+1y2 + 1+1ZZ)

Proposed by Marius Drdgan, Neculai Stanciu-Romania

U.1786 If p = 5 is a prime number, then determine the remainder of the division of the
number p? at 12. Proposed by Neculai Stanciu-Romania
U.1787 Determine all triplets (x, y, z) of real numbers which satisfy:
( X
———————=log,(4 —y)
Vx? —2x+4 82 Y

4 =log,(4 — 2)

<‘/y2—2y+4

z
\Vz2 -2z+4

Proposed by Neculai Stanciu, George Florin Serban-Romania

=log,(4 — x)

U.1788 Solve for real numbers:

{ x(x+1)=y-1
x’(y+3)+2x=-1

Proposed by Neculai Stanciu-Romania
U.1789 Solve for real numbers {x2921 + x2 + x + 1} = x2°21 {x} —fractional part of x.

Proposed by Neculai Stanciu-Romania
U.1790 If a,x = 0,b,c,d, k,y,z > 0 and the sequence {u, (k)},,cy is defined recursively by

Upyz = KUpyr F U, VREN,ug = x,uy =y, 22y, c(Upyr + Uy —x —y) > dk Ejgjls}% uj,

then prove:

vn € N*

i a(ups1 + Uy — x — y)bku; 2 - (an + b)*n
a) 4 cupsr tup —x —y) —dku; ) = (en—d)?’
=
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2
b z < a(upsq + u, — x — y)bky; > S (an + b)zzn; vn e N°
c(Upyq + Uy — x — z) — dku; (ecn—d)

Proposed by D.M Bdtinetu-Giurgiu, Neculai Stanciu-Romania

-X
U.1791 If x > O such that a; = “—— € N*, a4 = a1ap, + J(@? —1)(a2 - 1),vn € N*,
then prove that all terms of the sequence (a,),s; are positive integers.

Proposed by Neculai Stanciu-Romania

U.1792 Prove that in any triangle ABC holds:

4F
a +b2+cz>T(&+Wb h)>4\/_F

Proposed by D.M Bdtinetu-Giurgiu, Neculai Stanciu-Romania
U.1793 Determine all triangle with:
-the lengths of sides positive integers and at least one is prime number.
-the semiperimeter is positive integer and area is equal with perimeter.

Proposed by Neculai Stanciu-Romania

2x2—
12— tan™? ’ tan Tx
3x2
dx

f[ (3x2 — 1)\/2x2

3

U.1794

3
Find: A.Q=— B.O=—— (C.Q=— D.Q=
2021 2021 2016 20216

T

Proposed by Hikmat Mammadov-Azerbaijan
U.1795 If x, y and z are real numbers that are the lengths of a triangle such that

x+y+z=1x<2y,y<2z2z< 2xthen prove:

X y Z 1
+ + / >
2y —x 22—y 2x — 2z /3xyz

Proposed by Hikmat Mammadov-Azerbaijan

U.1796 If x, y, z € R then prove that:

(2+y2+22)2—(xy+yz+zx)2 2V6(x — ) (y —2)(z — ) (x + y + 2)

Proposed by Hikmat Mammadov-Azerbaijan
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U.1797 Prove that:

2

a’l
E < ;a; >0
Ll +atag+tay)—a~ L (af + a5+ aze, + -+ az) —a?’ "

Proposed by Hikmat Mammadov-Azerbaijan

U.1798 Find:

it (—1)n+1
Z n+1(n + 3)
Proposed by Tobi Joshua-Nigeria
U.1799 Find: Q = fol fol log(1 —x) - Li,(1 — xy)dxdy
Proposed by Togrul Enmedov-Azerbaijan

U.1780
1
Ji =j (tan~'x)"dx,n > 1
0

Show that:
=G n(@ (225 ) 00§ )
k=1

where I(k,n) = R <f4 gn-1gizke dH)
0

Proposed by Akerele Olofin-Nigeria

U.1781 Prove that:

j‘w( z )§+" z+1 dz T?(n) 2"
o ‘\1+2mz+z? z(z"+ 1)z T(Q2n)({1+m)n

Proposed by Hikmat Mammadov-Azerbaijan

U.1782 Prove that:

) e

1
f N 32 °B\8
0 (1—2z2%) (nz (log + 2tan~! ) )

Proposed by Hikmat Mammadov-Azerbaijan
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U.1783 If x,y,z > 0 and x # y # z then prove that:

x2(y —2z) y2(z — x) z2(x—y) (x+y+2)?
+ + <
logy —logz logz—logx logx —logy 8

Proposed by Hikmat Mammadov-Azerbaijan

U.1784 Find:

Q= f m( 1 (Z)Z 1 ) dz
h 0 F(l + Z) e 1/27.[2 e(m—log(1+m))z
Proposed by Hikmat Mammadov-Azerbaijan

U.1785 Prove that:

(1+x)2%(1+x2?) dx = 8

f°° (5x*+2x+2)tan"'x 126 +m* +n(5 —log8)
0

where G is Catalan’s constant.
Proposed by Ankush Kumar Parcha-India

U.1786 a = (nx)? + (1 —mx)?and b = (nx)? + (1 + mx)? find:

o)

Q=i ¢ -1( 2nx )1 (a)d
= e 0 an (n2+m?)x2 -1 B\p/

Proposed by Hikmat Mammadov-Azerbaijan
U.17881f a,b,c > 0and abc = 1then:a? + b* +c?2 -3 >2|(a—1)(b-1)(c—-1)]|
Proposed by Hikmat Mammadov-Azerbaijan
U.1789 If x, y, z € R then prove that:
x=—Nx-—2)x2—y2)  +(y -2y —x0)y* —zx)* + (z —x)(z—y)(z® —xy)* = 0
Proposed by Hikmat Mammadov-Azerbaijan

U.1790 When x, y and z are numbers forming three sides of a triangle then prove that:

1 4 1 4 >3 x+y+z
x(x+y—2) yy+z—x) z(z+x-y)  _|xyz(xy+yz+ zx)
Proposed by Hikmat Mammadov-Azerbaijan
U.1791 Find: Q = fol log? xlog?(1 — x) dx

Proposed by Togrul Ehnmedov-Azerbaijan
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U.1792 Find:
1 1
=f f Liz(1 — xy)dxdy
0o Jo
Proposed by Togrul Enmedov-Azerbaijan
U.1793 Find:
og(1 —x) -log(1 + x
a- | g1=x) log1+2) |
0 x(1 —x2)
Proposed by Togrul Enmedov-Azerbaijan
U.1794
T zsinx m X\ 2"
Q= f cos (nx —mtan~?! (—)) (1+2zcosx +z%) 2 (2 cos —) dx
0 1+ 2zcosx 2

Compareit: () Q> m (i) Q < m (iii) Q = m.
Proposed by Hikmat Mammadov-Azerbaijan

U.1795

dx_|_4-]'1 | 1 dx
sin~! x log o

f(sm x)zlog1

w2 log2
2

Prove that: ) = —72(3).

Proposed by Hikmat Mammadov-Azerbaijan

e
U.1796 Prove that: f — I‘(G)F(3)

1 dx
0 v X = =
Vi-x? |1-——=x?

Proposed by Hikmat Mammadov-Azerbaijan

U.1797 Prove that:

dxdy 2

2_|_y2)n_§

7
[\)

Proposed by Asmat Qatea-Afghanistan

U.1798 Find:

Lrlox x +
=f f —ylog(1+—y>dxdy
0o Jo XtV xy

Proposed by Asmat Qatea-Afghanistan
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U.1799 Prove that:

jl g '1—q)¥t - ['(an + r)T'(bn + s) "
o 1—pq?(1—q)P 1= n_OF((a+b)n+r+s)p

Proposed by Hikmat Mammadov-Azerbaijan

U.1800 Prove that:

s (e%F <£>\I
fzezxmdx=ﬁ(e:_l)9%4 i_: $
| ()
Proposed by Balendran Sujeethan-Sri Lanka
U.1801 Prove that:
f°° cos?(mx)T G + x) sin(27x) T'(x) ) - (1 + e ?™)r G - i)
o \ AHATA+0 " 51 122 (L x) ) 2r(1— i)

Proposed by Balendran Sujeethan-Sri Lanka

2
U.1802 If% = 371; + sin(2mx),u(0,t) = 0,u(2,t) = 0,t > 0,u(x,0) = sin(mx),x € (0,2)

then find the function u(x, t).
Proposed by Tobi Joshua-Nigeria

U.1803 Find:
Q= f sinh~1(csch x) dx
0

Proposed by Abdul Mukhtar-Nigeria

U.1804 The straight lines 1 and m in R3 intersect at the origin 0, and their direction are
parallel to (1,0,0) and (1,2,0), respectively. The point A has position vector given by 04 =
(4,1,1). The point L on 1 is such that OL is the projection of 04 on 1, and the point M on m
is such that OM is the projection of 04 on m. Show that:

=¢ L2

OL = (4,0,0) and oM S

,0)

Proposed by Akerele Olofin-Nigeria

U.1805 Let f —be some multiplicative arithmetical function which satisfies the following for
all prime p, X0 f(p™)x™ = 1+ (p — 1)x. Then prove
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D ) = et

din
where n € N and A(+) is Mangoldt lambda function.
Proposed by Amrit Awasthi-India

U.1806 Prove that:

7.[_2 2 _¢) = i 1 = (B - 1)F(%) o(-1,k+ 1,1)
6 (m 6) Z, [sm V== (%) r (ﬂ) (21+2k—% _ 2k+1_%)

n

2

where ®(z, s, a) is a Lerch function.
Proposed by Ankush Kumar Parcha-India

U.1807 For m € N, prove the following:

inh t )
1log?™ tlog (Smt ) gt = Z 22(n-m=1) ()1 5
0 t B n2m+1) (o)1 "2

where B, are the Bernoulli numbers.
Proposed by Artan Ajredini-Serbie

U.1808

Then prove: § = N

Proposed by Hikmat Mammadov-Azerbaijan
U.1809 Prove that:
2
28k 3 ( 42
Z— =—|n%—-2log?3 + (tan‘1—>
3k],2(4K
k>0 3%k (k) 4 7
Proposed by Hikmat Mammadov-Azerbaijan
uU.1810

Ql = dx

p(x? — D) (px* + 2x3 + 2x — p)
f [x2 +px(x2 — 1) + (x2 — 1)?]2 + p2(x2 — 1)*

Q _f x?+1 4
SO CaE s
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Evaluate Q = Q; + Q..
Proposed by Ankush Kumar Parcha-India

U.1811 Prove that:

Vr[4y? + log?(64n?) — 32G + (8y — 4m) log(8m) + 51?]
16v2r ()

j log? x Vxe ™ dx =
0

where y —Euler-Mascheroni constant, G —Catalan’s constant.

Proposed by Ankush Kumar Parcha-India

-1 o dx
V112 N =e s [ = ot
e¢ © +e7€ 6 te¢ ©
1 foo dx
n/-1J0 / x x V=3x 2
e 6
-1 -1 V-1

| ee 6 e e 6 +ee 6 |

Prove that: () = §

Proposed by Hikmat Mammadov-Azerbaijan

U.1813 If x, y, z > 0 then prove that:

x z
+ 4 + =1
JAyr+4z2+yz Vaz2+4x? +zx [4x2 + 4y +xy

Proposed by Hikmat Mammadov-Azerbaijan
U.1814 If x,y,z > 0 and x? + y2 + z%2 + xyz = 2(xy + yz + zx) then prove that:
xy+yz+zx <3(x+y+2z2) <27
Proposed by Hikmat Mammadov-Azerbaijan

U.18151f z > 0 and f"'(z) = 0 then:

f Z(f (2t) - f(®))dt < Z(f(zz)z_ f@)

Proposed by Hikmat Mammadov-Azerbaijan

U.1816
Yoo cosTV1+n? __ [ cosmV1+z? . __ 2mcosmV1l-m?
= o= . — 2 dz.Prove that: Q; — Q, = (D)

Proposed by Hikmat Mammadov-Azerbaijan
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U.1817 Find:

(" x - (tan™1 x)?
‘fo G+DE2+D

Proposed by Togrul Enmedov-Azerbaijan

U.1818 For R(n) > 0, prove that:

[l () -v ()

Proposed by Muhamad Afzal-Pakistan

U.1819

- 1 1 81 = 2mm
_ 2 _ p,-2mmay _ 2 —e a
Q= E — (smhz(nma) Smhz(nm)> 8ma E n*log(l —e ) " E m log(l e )

m=1 a m=1 m=1

2 2
Prove that: Q = = (a2 + iz) -
30 a 18

Proposed by Hikmat Mammadov-Azerbaijan

Hp (=x)
U.1820 If( n=07, ')3x”)( n0 = |)3)then prove that:

o)

[uny

DG e L (—=1)"(n)? (6n)! 2

Zn 4 (n)3((2n)!) 34 (6n—1)((2m))’ ((2n — 1))’ Bn)!

Proposed by Hikmat Mammadov-Azerbaijan

U.1821 Find the maximum real number k that satisfies the following for any x,y,z > 0:
x84+ y® + 2% —3(xy2)? = k(yz — x)?(zx — y)?(xy — z)?
Proposed by Hikmat Mammadov-Azerbaijan

U.1822

Prove that:

_ l C (=" (Hy, + Hzp) o N (-Dm-27% -l (n - D! 2n-1
2 z ORI ; 2! (@n-11)° i

Proposed by Hikmat Mammadov-Azerbaijan
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U.1823 Prove that:

[ee]

5o, 22

m=0

Proposed by Hikmat Mammadov-Azerbaijan

(1+sin2(2x.))2C05(4x) dx =0
1+asin? x

U.1824 If we have the integral for a > 0: §+ fon

then evaluate the expression: Q = Ya® — a* — a3 — 80a? — 144a.
Proposed by Srinivasa Raghava-AIRMC-India
U.1825 Let a,b,c > 0,abc = 1. Prove that:

a’ N b? N c? - 3(a® + b% + ¢?)
a+b b+c c+a  ab+bc+ca+ a3b?+ b3¢c? + c3a?

Proposed by Phan Ngoc Chau-Vietnam

U.1826 Let a,b,c > 0,a? + b%? + c? = 3abc. Prove that:

s/4(b+c) 3|4(c+a) 3|4(a+Db) ab + bc + ca
> + 2 + 2 +3 =9
a b c a+b+c

Proposed by Phan Ngoc Chau-Vietnam
U.1827 Let a,b,c > 0,a® + b? + c? = 3. Prove that:

(a+b)(ab—1)+(b+c)(bc—1)+(c+a)(ca—1)20
ab—3 bc—3 ca—3

Proposed by Phan Ngoc Chau-Vietnam
U.1828 Let a,b,c € (O,Z) suchthatab + bc + ca+ 4 = 2(a + b + ¢) + abc. Find the
minimum value of the following expression:

_a+b+c+1+1+1
2 a b ¢

Proposed by Phan Ngoc Chau-Vietnam

U.1829 Let a,b,c > 0,a + b + ¢ = 2. Find Max value of the following expression:

p a3+1+ b3+1+ c3+1
. J4b+1 4c+1 4a +1
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Proposed by Phan Ngoc Chau-Vietnam

U.1830 Solve for real numbers: n\[”” + "\[11_’( = "\/2021” + "\/2021"‘-71 eN

11-x 11+x 2021—x 2021+x’
Proposed by Phan Ngoc Chau-Vietnam

U.1831 Prove that:

N (_1)n+1(H H )H _7m +5 log? 2 — 4G log2 — 83(Lis(1 + i)
m 1\ T e e =y og’ 08 £ BV T
n=0
_l1-x" , (-1)k+ o zK.
where H,, = fo — dx,G —Catalan’s constant, 2.}_ 0(2k+1)2, Li;(z) = Zk=1k_3'5

trilogarithm function, J(z) is imaginary part of z and i is imaginary part.
Proposed by Naren Bhandari-Nepal

U.1832 Prove that:

o Hani 2n+12m\\*  7n? 326G 64
n+1
=~ +20log?2 ———log2 ——3(Lis (1
Zl (n+1)<n+1<n>> 3 +<0log 0g I(Lis(1+ 1))

(_1)k—1

-where H,, is nt"* skew-harmonic number, Yh=1 , G —Catalan’s constant,

k
Y1 Ezzcl) D2’ 3(z) is imaginary part of z, Li;(z) is trilogarithmic function, X7, i_3 and i is

imaginary unit.
Proposed by Naren Bhandari-Nepal
U.1833 Prove that:
2

k [*¢) [*9)
LI I et
P (m+n+2)t3 6

Proposed by Syed Shahabudeen-India

U.1834 A e M — 4 (R),detA # 0,detA* = —1,A* —adjoint of A. Prove that:
det(4% +1,) = (Tr A*)?
Proposed by Marian Ursdrescu-Romania

U.1835 Prove that:

m 7w 8r_ V19 L 73 L5
C0819C0819COS19 12 sin 3 an 9 24

Proposed by Vasile Mircea Popa-Romania
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U.1836 If x,y,z € Rsuchthat x(y +2z) > 0,y(z+x) > 0,z(x + y) > 0,

xyz(x +y +z) > 0 then:

xyy+2)(x+2)+yzx +2)(x+y) +zx(x + y)(y + 2) - 4yz+ x(y + z) 4xz + y(x + z)
xyz(x +y+ z) T JAxz+y(x +z) 4yz+ x(y + z)

Proposed by Bogdan Fustei-Romania

a+b+c? | a+b?+c |, a’+b+c
a+Vvb+c  a+b+c a+b+Vc T

U.1837 Ifa,b,c > 0,a + b + ¢ = 3 then:
Proposed by Choy Fai Lam-Hong Kong
U.1838If a,b,c > 0,a? + b? + ¢? = 3 then:

a+b+vVc a+Vb+c Va+b+c
+ + >
a+b2+c a*+b+c a+b+c?

Proposed by Choy Fai Lam-Hong Kong
U.1839 4 € M,(R),detA # 0,det A* = 1, A" —adjoint of A. Prove that:
det(4?2 +1,) = (Tr A —Tr A*)?
Proposed by Marian Ursdrescu-Romania

U.1840 In AABC the following relationship holds:
(mg + my + m)Jrgrpr. = (g + 1, + 1)/ hghph,
Proposed by Bogdan Fustei-Romania

U.1841 In acute AABC, P —point in plane, the following relationship holds:

A B C
AP-cos§+BP-cos§+CP-cos§22R+r

Proposed by Bogdan Fustei-Romania

U.1842 In AABC the following relationship holds:

TaYa mg mg 2r
s0 (] [T fo
cyc Wa cyc Ta cyc ha R

Proposed by Bogdan Fustei-Romania
U.1843 In AABC the following relationship holds:
mg(bc — a?) + my(ac — b?) + m.(ab —c?) =0

Proposed by Bogdan Fustei-Romania
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U.1844 In AABC, 1y, 15, 13 —Malfatti’s radies, the following relationship holds:

s+ ZZ,/rlrz <4R+r
cyc
Proposed by Bogdan Fustei-Romania
U.1845 P € Int(AABC) the following relationship holds:

PA 3 PA PB\? /PB PC\?> /PC PA\*
R R
a 4 a b b c c a

cyc

Proposed by Bogdan Fustei-Romania
U.1846 In AABC the following relationship holds:

m, m, m,) a
2 max |2 b Tel S 2
max{ha’hb’hc}_b

b ¢
+—-+--1
c a
Proposed by Bogdan Fustei-Romania
U.1847 In AABC the following relationship holds:

2 {ma my, mc}>a+c+b 1
M " h, h = ¢c b a

Proposed by Bogdan Fustei-Romania

U.1848 In AABC, w —Brocard’s angle, the following relationship holds:

R MW, T —T

sin w h, 2
Proposed by Bogdan Fustei-Romania

U.18491f0<a<bhb < gthen:

b x
an; mdx <- a)(27‘r+ (m—=2)(b+ a))

Proposed by Daniel Sitaru-Romania
U.1850 If a, b, c € Rwith a # 0 and a* — ba® + 2a? — ca + 1, then prove that
b? + c* = 8.
Proposed by Neculai Stanciu-Romania

U.1851 Prove that:
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n
1 Xk

2™ [x1%X5 ... Xy " kz (x1+ Dlxy+ 1) s (e + 1)

=1

>1,Vx; >0,i €1,n

Proposed by Neculai Stanciu-Romania

U.1852 In AABC the following relationship holds:

1 < z 1 < m+n >0
< < ;m,n
(m + n)R? ma? + nbc ~ 16mnr?
cyc

Proposed by Alex Szoros-Romania

U.1853 In AABC the following relationship holds:

21/mme21+na+nb+nc—r
ha

2R

cyc

Proposed by Bogdan Fustei-Romania

a+b — _ 1+V5
U.1854 If we have the equations: { ; tvav=-—;
a?+b%* =5

then find the value of i + %.

Proposed by Srinivasa Raghava-AIRMC-India
U.1855 If x, y,z > 0 then prove:
Z,/x‘* +y*+ Zny > Z:(x2 +y2) + \/szy
cyc cyc cyc cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

U.1856Ifn € N* —{1},a € R,b,c,d,m,p E R}, x, ERL, k =1,n, X,y = 2hoq X1

— \n 14 . . p .
Xnp = Zk:lxk suchthatc- X, , >d 11;1}351 X, then prove that:

ia-Xn,m+b-x£’>n(an+b) Xnm
c Xyp—d-xp,  m—d Xy,

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1857 If A;A, ... A, (n = 3) is a convex polygon with a,, k = 1,n the side-lengths and s
the semiperimeter, m € [1,0),S(m) = Y.7_, al*, then prove that:
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< Sp(m) —ai! - 2M™n(n—1)
s (s—aq)m = (n—2)m

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1858 Prove that:

i i 72(* — 30)
e smh(nk2) 360

Proposed by Amrit Awasthi-India

U.1859 In AABC the following relationship holds:

Z_wnbmc23
ra

cyc
Proposed by Bogdan Fustei-Romania

U.1860
0

Cl,(0) = —f log

0

ZSLTI( )|dt 6 € (0,2m)

2

Prove: Q = fOECZZ (0)dx = — %((3), where Cl,(0) is Clausen function.
Proposed by Togrul Enmedov-Azerbaijan

u.1861ifa,b,c >Osuchthat—+—+—— 8 then:
b+1 c+1

ﬂ(% +3¥c)<1
cyc
Proposed by Marin Chirciu-Romania
U.1862 Let a, b, c = 0 such that a + b + ¢ = 3 then prove:
3 3 3 2021 2021 2021
azb + bzc + czb + az015(b + ¢) + bz019(a + ¢) + cz0195(a + b) < 9
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
U.1863 Find a closed form:

1
(x2+x+1)(1+ ax)

dx,a >0

Proposed by Vasile Mircea Popa-Romania
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U.1864 Let a,b,c > 0;ab + bc + ca = a + b + c then prove:

V4(ab + J4(bc+ b J4(ca + cb 1 1 1
V4(a ac)+\/ (bc a)+\/ (ca+c )23(_+_+__1)
a? b? c? a b ¢

Proposed by Phan Ngoc Chau-Vietnam

U.1865 Let a, b, ¢ > 0 then:

l+b —
a

+c =
\[1+a \[+b \[+c
a

Proposed by Phan Ngoc Chau-Vietnam

U.1866 Let a,b,c = 0;a + b + ¢ = a? + b? + c? then prove:

2v2(Vab + ac + Vbc + ba + Vea + ¢cb) + 9 = 7(a? + b? + c?)

Proposed by Phan Ngoc Chau-Vietnam

U.1867
. _f°° x(x —1) dx Q J‘ x2(x?2+x—2) 4
17 ), G- Dla?+ A+02] 72T ) GE - Dl@x +x+ D2+ x4
then:
T 2ma® + 3vV3loga—m m(a? -1
PR P 25 T
2a 3\/_ 3\/§(a4_a2 +1) 2a(a* —a?+1)
Va€R-{0}
Proposed by Ankush Kumar Parcha-India

U.1868 Find:

: vz
Q= f x3tan~? <1 + —> dx
o x

Proposed by Asmat Qatea-Afghanistan

U.1869 Let a,b,c > 0,ab + bc + ca = 3 then prove:
1 1 a—b)? b —c)? c—a)?
§ ( (a=b? (-0  (-a >

B a?—ab+b%? b2—bc+c? c?—ca+a?

abc =24

Proposed by Phan Ngoc Chau-Vietnam
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U.1870 In AABC the following relationship holds:
z (sinB + C)(t B+t ) z
sin sin an > an SRF
cyc cyc
Proposed by Ertan Yildirim- Turkiye
U.1871 In AABC, x,y,z > 0 the following relationship holds:
n2 Xy + yry + 271,

S
X+ >x+y+z+-Jxy+yz+zx
n2 X - y+z " y+yzZ+z

cyc

Proposed by Bogdan Fustei-Romania

U.1872 In AABC, G, —Gergonne’s point, the following relationship holds:

Zra . ZAGe > Z maWa(rb + rc)
Ng

cyc  cyc cyc
Proposed by Bogdan Fustei-Romania
U.1873 If a, b, c > 0 then:
1 1 1 ab+bc+ca 9
@+D?  B+D? c+DEZT 8 -8

Proposed by Hoang Le Nhat Tung-Vietnam

U.1874If x,y,z > 0,x + y + z + 2 = xyz then:

1 1 1 1
+ + <—
3x+y+4 3y+z+4 3z+x+4 4

Proposed by Hoang Le Nhat Tung-Vietnam

U.1875 Let a, b, ¢ > 0 such that

1 1 1
2a%+bc  2b%+ca  2c%+ab

= 1 then prove:

a+b+c=ab+bc+ca
Proposed by Hung Nguyen Viet-Vietnam

U.1876 Let a, b, c > 0 such thata + b + ¢ > 0 then prove:

3(ab + bc + ca)
a+b+c

J3(@a? + b2 +c2) + <2(a+b+c)

Proposed by Hung Nguyen Viet-Vietnam
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U.1877 Let a, b,c > O such that a + b + ¢ > 0 then prove:

ab + bc + ca
Vaz+b2+c2+(3-V3)———>a+b+c

a+b+c
Proposed by Hung Nguyen Viet-Vietnam

U.1878 Find:

n =z
2-tm(5Y(0)")

k=1

Proposed by Hussain Reza Zadah-Afghanistan

U.1879 Find without any software: () = sin (5 ) sin (110;) sin (115:) sin (2103 ) sin (215_:)

Proposed by Hussain Reza Zadah- Afghanistan

U.1880 Find:

Q= lim "V =3 (= D(n - 2)N
n—>oo n— 1

Proposed by Jay Jay Oweifa-Nigeria

U.1881 Find: Q = lim Zr:/m _n

Proposed by Jay Jay Oweifa-Nigeria

U.1882 In AABC the following relationship holds:

F

a b c 273
)2

34 p3 3
(@®+ +C)(452—a2+452—b2+452—c2 32
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

U.1883 Find a closed form:

dx

TG — ) @ > 1

Proposed by Kaushik Mahanta-India

U.1884 Prove that:

[[ 2 =L - o ()3 () e 3

x*+x2+1

Proposed by Max Wong-Hong Kong
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U.1885 In AABC, G —centroid, GD || AC,GE || BA,GF || CB,D € (BC),E € (CA),F € (AB).
If p —inradii of ADEF then:

 [4BC]
Cmg +my +m,

Proposed by Mehmet Sahin-Turkiye

U.1886 IV —Bevan’s point in AABC, I, I, I, —excenters, VK L (I,1.),K € (I,1.),VL L
(I.1),L € (I.1),VM L (I,1,),M € (I 1,). Prove that:

a 4 b N c gt
bc-VK?2 ca-VIL? ab-VM?  2R2F

Proposed by Mehmet Sahin-Turkiye

U.1887 In AABC,AD, BE, CF —Nagel’s cevians. Prove that:

2(DE + EF + FD) < \/3(41R? — 12512)
Proposed by Mehmet Sahin-Turkiye

U.1888 Solve for real numbers:

x—8 <3\/16—x
x+4+4Vx+1" x

Proposed by Miguel Velasquez Culque-Peru

U.1889 Solve that system:

3x —11
2

+|x—-3lVx+3=y2+8y+8

|x —3| =2y —5x+ 11

Proposed by Minh Nhat Nguyen-Vietnam

x3 +

U.1890 In AABC the following relationship holds:

n m

Y] (Y] s () (14 () Jimnen
h, mg | T 22mn\r T mn

cyc cyc

Proposed by Mokhtar Khassani-Algerie

U.1891 Prove that:

1 n+1 1Tln 1
lim 2mn2ne (1 ) —(1 —) =
& ( T T Ve

Proposed by Mokhtar Khassani-Algerie
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U.1892 Find all values u € R such in AABC the following relationship holds:

la — bl |b—c| lc—al
+ +

< ula—bb-c)(c—
mahaWa mbhbwb mChCWc - ,Ll(a, b(b C)(C a)l

Proposed by Mokhtar Khassani-Algerie

U.1893 If a, b > 0 then:

2a+b>2(1+b)%
a+b 3

Proposed by Mohammed Bouras-Morocco

U.1894 Solve for real numbers t:
1 1 T
f ;log(l + x) [log(1 + x2) — t - log(1 — x)] dx = 5 G
0

G —Catalan’s constant.
Proposed by Mohammed Bouras-Morocco
U.1895 Solve the system:

x2+xy+yz=m
y2+yz+xz=m
z2+xz+xy=m

Proposed by Carlos Paiva-Brazil
U.1896 Solve for real numbers: x> —4x3+3x—1=0

Proposed by Carlos Paiva-Brazil
U.1897 0 —is in AABC, {Y} = A0 N BC:AD = ~AY,{Z} = BO n BC and E: BE =

%B_Z’, {X}=CONBCand F:CF = %5{’,1\4 isin AXYZ,{A'} = MANn ZX,{B'} = MB n
XY,{C'} = MC nYZ. Prove: [A'B'C'] < [DEF].

Proposed by Dang Le Gia Khanh-Vietnam
U.1898 If a, > 0,k € 1,n,0 < x < gthen:

n n 4
ap 1—sinx\®
s 3k 2 . ak
£ sin® x sin x

=1 k=1

Proposed by Emil Popa, Mihaela Duta-Romania

U.1899 In acute AABC, O —circumcentre, [ —incentre, I, I, I, —excenters, AA’B'C’ —orthic
triangle. Prove that:
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o <z 9\/_R2
r ol,

cyc cyc
Proposed by Radu Diaconu-Romania
U.1900 In AABC the following relationship holds:

o= o] |Gt i) = (5)
~ abc sin4d sinB/ ~ \r

cyc

3

Proposed by Ertan Yildirim-Turkiye

hg—1 hy—7 he—r <
hg+1g, hy+1p he+7e 2T

U.1901 In AABC the following relationship holds:

Proposed by Ertan Yildirim-Turkiye

U.1902
Q = cos \/H—Z—Z 1de m>0
4 o xV1—x2 ’
AQ<m, BO=m, C.O>m
Proposed by Ghazaly Abiodun-Nigeria
U.1903

og(1 +x T
If f g(T) [log(1 + x2) — tlog(1 — x)]dx = EC then prove:

(- 1)"(H — Hy)  4mC
SAZ 54

where A is Apery’s constant and C —Catalan’s constant.

Proposed by Abdul Hafeez Ayinde-Nigeria

U.1904 In AABC, P, Q in plane of AABC such that BAB + yBP + PC = 0 and AQ + QB +

BC = 0,a,8,y ER,a # 1,y # 1. Prove that 4, P and Q are collinearifand onlyif a + y =
g+ 1.

Proposed by Florica Anastase-Romania
U.1905 Solve for natural numbers:

(x+y+2)2+xy+yz+zx=16(x+y+2z) +56
{(x(y+z)+y(z+x)+z(x+y))2 = (x + 1)(10z + 1)?

Proposed by Mokhtar Khassani-Algerie
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U.1906 In AAC the following relationship holds:

nth, R

cosA cosB cosC 1 1 1IN/ 1 T¢
P (e ) )
ha hb hc Mmq myp mc

Proposed by Mokhtar Khassani-Algerie

x3+y3=8xy+z2+y)+z
U.1907 Solve for natural numbers: { x2 +y2 + z%2 = xyz — 10x
x+y—z=8

Proposed by Mokhtar Khassani-Algerie
U.1908 Find a closed form:
1 n+1
o[ [(1+555)
Proposed by Abdul Mukhtar-Nigeria
2xy—3y+1=0
U.1909 Solve for real numbers: {(x + ;C,_z) (x _x? + l) _ 9
Proposed by Orlando Irahola Ortega-Peru
U.1910 In AABC the following relationship holds:
max{r,, 1, 1.} = min{hg, hy, h.}, min{r,, 13, 7.} < max{hg, hy, h.}
Proposed by Rahim Shahbazov-Azerbaijan

U.1911
xn
a=bin =g hn=l
n

Find:

Q = lim

n-oo 31 - x,

Proposed by Rajeev Rastogi-India

U1912 0<x,v,z<1,(1—-x)(1—y)(A — z) = xyz. Find:

1—-x1—-y 1—Z>

0= min( , )
Xy vz zX

Proposed by Rajeev Rastogi-India

U.1913 In AABC the following relationship holds:

137 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

a’b? + b62 c? + c%a? - R N s2 + 2Rr +r%? — 8R?
abc(a+b+c) T 2r 2s?

Proposed by Soumava Chakraborty- India

i .
U.1914 Let 0 = e+ =~ Show that:
V2

et f‘f "2 dt = C(x) — iS(x)
1+ier wxz—oe = X WX

Proposed by Nawar Alasadi-Iraq

U.1915 In acute AABC the following relationship holds:

1 1 1 cosBcosC cosCcosA cosAcosB
+ + = - + - + -
tanA tanB tanC sin A sin B sinC

Proposed by Marin Chirciu-Romania

U.1916 Let a,b,c > 0and 1 > Z. Prove that:

2ab 3A(a2+b2+c2)<3(/1+1)
a2+b2 ab+bc+ca ~
cyc

Proposed by Marin Chirciu-Romania

U.1917 In AABC the following relationship holds:

hb+h _47‘

cyc

Proposed by Marin Chirciu-Romania

2 sin B sin C < or
cye csczg T 8R

2
U.1918 In AABC the following relationship holds: (z—;) <
Proposed by Marin Chirciu-Romania
U.1919 In AABC the following relationship holds:
, (1 1 b ¢ 3
Za <b2+ >+6(n—1) >nZ(c+3),n£Z
cyc cyc
Proposed by Marin Chirciu-Romania

U.1920 If x,y,z > 0,x./yz + y\/zx + z,/xy and n € N*, then find the minimum of

P — xZTl_I_yZTl_I_ZZTl
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Proposed by Marin Chirciu-Romania

U.1921 Let A, k, n € R, fixed. Solve for real numbers:

(Ax — DVx* + k2 + 2kn? = 2x3 — x2 + dkx — k
Proposed by Marin Chirciu-Romania
U.1922 In AABC the following relationship holds:
1 7R-2r\* mi mit mi 3 (27R? 2
=) st -
27 2R hé h;f h¢ — 64\ 4r?
Proposed by Marin Chirciu-Romania

U.1923 In AABC the following relationship holds:

2 2 2
\ 2ramwn) =\ 25 ) |2
bc(1 —cosd) | hq Ta
cyc cyc cyc
Proposed by Marin Chirciu-Romania
U.1924 In AABC the following relationship holds:
uZa(b2+c2)2a3+b3+c3+(6y—3)abc, u=2
cyc

Proposed by Marin Chirciu-Romania

2

U.1925 In AABC the following relationship holds: chcm = oRTZ
a'ta

Proposed by Marin Chirciu-Romania

U.1926 In AABC the following relationship holds:

Proposed by Marin Chirciu-Romania

U.1927 In AABC the following relationship holds:

sinBsinC+sinCsinA+sinAsinB<12 zra
hy h, he 4./

cyc cyc

Proposed by Marin Chirciu-Romania
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U.1928 Find:

dx,a>0,n€NkeN-{0}

axn(k+1)—1 . IOgX
_jl (1 + x2k)n+1

a

Proposed by Marin Chirciu-Romania
U.1929 In AABC the following relationship holds:

b+c 3 ur(R-2r) 5
> u<—
2s+a 2 Rs 64

cyc

Proposed by Marin Chirciu-Romania

U.1930 Solve for real numbers:

Jaux —y? = Jaux? +y + Jy +u+1,u> 0 —fixed.
Proposed by Marin Chirciu-Romania

U.1931 In AABC the following relationship holds:

N sin A sin B sin C >4,u+1z.2A > 9
KoY SnA+sinB+sinC= 9 SR =

cyc
Proposed by Marin Chirciu-Romania

U.1932 In AABC the following relationship holds:

4 cotA cotB cotC <9,u+1z A LER
KT CotA+cotB+cotC ~ 9 cot- 4.4

cyc
Proposed by Marin Chirciu-Romania
U.1933 Letx,y =2 0,x +y = 2,1 < a < 4,a —fixed. Find: min Q(x, y), max Q(x,y).

1 1

Q=
xz—ax+2a—1+y2—ay+2a—1

Proposed by Marin Chirciu-Romania

U.1934 In acute AABC the following relationship holds:

1
> ,u=0
ZtanA (u+tand) ~ 3 4+ 2u/3 #
cyc

Proposed by Marin Chirciu-Romania
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U.1935 In AABC the following relationship holds:

2hphe _ 3hahyhe
hZ + hZ2 — mgymym,

Proposed by Marin Chirciu-Romania

U.1936 In AABC the following relationship holds:

h h h. 6
3/_a+3/_b+3/_cz_r
T, Ty . R

Proposed by Marin Chirciu-Romania

U.1937 Leta,b,c > 0,a + b + ¢ = 3. Prove that:

e2(lr 2 g)2 Y o)

cyc

Proposed by Phan Ngoc Chau-Vietnam

U.1938 Find:
0 j-gj-g 1+\/1+ tanzysmzxd ;
= secy xdy
0 Yo 1+ 2 tan2 x sin? x
Proposed by Balendran Sujeethan-Sri Lanka
U.1939 Find:

2=t ) [>(43)

Proposed by Vasile Mircea Popa-Romania

U.1940 Find a closed form:

Z (2n+ 1) 4n

Proposed by Vincenzo Dima-Italy
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U.1941 Solve for real numbers:
x 5 -5 +x 5+
_+_+y =y n y
y X 5 y+5 5+x

Proposed by Daniel Sitaru-Romania

U.1942

Q(x)=F(;)F(x;1>F<1;x)f‘(2;x)sin(nx), 0<x<1

Solve for real numbers:

) 4x+1_0
Q(x)  w*

X

Proposed by Daniel Sitaru-Romania

u.1943 If a, b,c,x,y > 0 then:

,[ax+y am >
VDY +cF Y VY + ¢y | =

cyc(a,b,c)
Proposed by Daniel Sitaru-Romania

U.1944 If a,b,c > 0 then:

6 7

a’ a a
8 E— E— E_ > (a3 + b3 333
b2 + 2 b3 + ¢3 b* + c* (@ +b% +c%)

cyc cyc cyc
Proposed by Daniel Sitaru-Romania

U.1945

1 (1 4+ x)29-1(1 — x)2B-1
Q(a,ﬁ)zf_l( x()1+x(2)“+;;) dx,a,f >0

Find a closed form and prove that:

Q(3,5) > /Q(4,5) - Q(3,6)
Proposed by Daniel Sitaru-Romania

U.1946 Find a closed form:

sinT1(1-¢) cosx

Q =lim log ((cos x)°t* . (sin x)1+sinx) dx

Proposed by Daniel Sitaru-Romania

142 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

U.1947 Find all values x, y,z > 0 such that:

I{ x+y+2z=6

43 2 1 2 14\2
G315+ 5)
[y\x ¥ x+y 2y

x+2Y +log,z=4

Proposed by Daniel Sitaru-Romania
u.1948 If a, b, c > 0 then:

a(b3+c3)  b(c3+a3)  c(a®+b3)

3 3 3
b+c c+a a+b a’+b” +c
a(b?+c?) n b(c?+a?) n c(a?+b?) — g2 4 p2 4 2

b+c c+a a+b

Proposed by Daniel Sitaru-Romania

U.1949 a, b, ¢ —sides in AABC,+/a,b,/c —sides in AA'B'C’. Prove that:

1 1 1 aa’"+bb"+cc
Tarh  Try Tl FF'

Proposed by Mehmet Sahin-Turkiye

U.1950 Let a,b,c = 0,abc = 1. Prove that:

a b C
/ ’ f >
a+6b+2bc+ c+6c+2ca+ c+6a+2ab_1

Proposed by Phan Ngoc Chau-Vietnam

U.1951 Leta,b,c = 0,a + b + ¢ = 3. Prove that:

3<+a?—ab+b2++b2—bc+c2++c2—ca+a?<6
Proposed by Phan Ngoc Chau-Vietnam

U.1952 In AABC the following relationship holds:

[T 5 ome) =5~ G)

cyc

Proposed by Marian Ursdrescu-Romania

U.1953 For a4, a,, ...,a, = 0,n € N* and k is positive real number. Prove:

(@ +k)aZ+ai+k) ..-(@a+ad3+-+a2+k)=k"(n+ D" aa, - .. a,
Proposed by Phan Ngoc Chau-Vietnam
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U.1954Leta,b,02§,a+b+c=9. Prove that: Vab + bc + ca < Va + Vb + ¢

Proposed by Phan Ngoc Chau-Vietnam

U.1955 In AABC the following relationship holds:

z:b+c—a>25r2—4R2
2avbc ~ 3V3R3

cyc

Proposed by Mehmet Sahin-Turkiye
U.1956 Prove that: §210<0=1 [ Ko ﬂ k27F =+/e

Proposed by Vincenzo Dima-Italy

U.1957 Prove that:

pon V3 1+¢§> .
x2+vy2+ z2dxdydz =—+1o - —
[ [ [ s =2 vios(557) -3

Proposed by Asmat Qatea-Afghanistan

U.1958 Prove that:

) k
16 |0t Y @j- 7 ||kt = w2
k=1 j=1
Proposed by Vincenzo Dima-Italy
U.1959 If Q = fol x%log (#) sin~!(bx) dx then show:

Q= % (Li(b) — Liy(—b)) + (b(b2 —9)log (%) —8log(1—b?) + 10b2)

72b3

Proposed by Ose Favour-Nigeria

U.1960 Prove that: [, 2“2 ax = — 2X.¢(3) — p(4) +27(2)(2)

1+x2 128

Proposed by Daniel Immarube-Nigeria

U.1361If x; > 0,i = 1,n such that x; + x, + -+ x,, = 1 and f is convex, then:

0 if(xi) = if<1 =) @ Qo) or) e B2 5 gy

n—1 X1X9 * et X

Proposed by Neculai Stanciu-Romania
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U.1962 In AABC the following relationship holds:

A B 1 5r 7\ 2
3 4 4 _ - - (=
jﬂ(cos 5 +cos 2)26(4+R (R))

cyc

Proposed by Marian Ursdrescu-Romania

U.1963 In AABC the following relationship holds:

11rR — 2r

2 > 4V3F
Za_\/§+ 12

cyc
Proposed by Nguyen Van Canh-Vietnam
U.1964 Let a, b, c = 0. Prove that:

2a+1+2b+1+20+1
a+1 b+1 c+1

(a+b+c)( )+923zm

cyc
Proposed by Phan Ngoc Chau-Vietnam
U.1965 If in AABC, I —incenter, I, I, I. —excenters, then:

L, Il I, a+b+c
IC+IA+IB_ r

Proposed by Ertan Yildirim-Turkiye

U.1966 In AABC the following relationship holds:

Z (ra + rb)(ra + rc)

or
> —
hy, + h, 2

cyc
Proposed by Ertan Yildirim-Turkiye

2
hj+h?
m2+mZ—c?

. . . 1

U.1967 In AABC the following relationship holds: Y.y = R_ZZCW a?
Proposed by Ertan Yildirim-Turkiye
2

U.1968 For x,y,z > 0,xyz = 1 and x> > 36 prove: % +y24+z2>xy+yz+zx

Proposed by Hikmat Mammadov-Azerbaijan
U.1969 Show that the equation k? = 4mn — m — n has no solution in natural numbers.

Proposed by Hikmat Mammadov-Azerbaijan
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U.1970 Find:
(x2—-1) xz(x2+2x—1+§+xl—2)
&= j x2(x + 1) dx
Proposed by Hikmat Mammadov-Azerbaijan
U.1971 Find:
o [ » 2
Q= Z (Z(_l)k_lj o~ (X dx)
n=0 \k=1 0
Proposed by Hikmat Mammadov-Azerbaijan
U.1972
If f pre xd—xcos3 Z= Mtan‘l(h(x)) + Nlog gi—:g;

where h(x) = sinx + cos x, then find: Q = 12M + 9v/2N — 3.
Proposed by Hikmat Mammadov-Azerbaijan

U.1973 Show that:

T

f4 x sin x d 1 (86 — 37 log2)
X = —3mlo
0 1++V2cosx 8v2 8

Proposed by Ose Favour-Nigeria

i 1 2—¥tan* x
U.1974 Prove that: fOZ (log(tanx) + E— ’dx =T

Proposed by Hikmat Mammadov-Azerbaijan

U.1975 Let AABC and AA,B,C; —with sides a, b, c and a, by, ¢4, respectively. F, F; —areas,
P € Int(ABC),R,, Ry, R, —circumradii of ABPC,AAPC, AAPB. Prove that:

a b o 1 Z a 2 FF,
g STt SO S P24c?—g?) et
ap " BptcPe \/2 (BP : CP) (br + e =a) + Rk

cyc
Proposed by Bogdan Fustei-Romania

U.1976 Prove that:
*© 3
f log(2 — 2 cos? x) dx = —V2n{ (E)

Proposed by Hikmat Mammadov-Azerbaijan

146 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

U.1977 Prove that:

2, sin (—
(%)
Zkl\/z_k mt = Ver

k=0
Proposed by Vincenzo Dima-Italy
U.1978 In acute AABC, AD, BE, CF —altitudes, 11,15, r3 —inradii of AABD,ABCE, ACAF.

Prove that: F = g(arl + bry +crs +rr, + 11y, +17,)
Proposed by Mehmet Sahin-Turkiye

U.1979 Let R,, Ry, R, be circumradii of ABGC,ACGA,AAGB, G —centroid in AABC. Prove
that:

1+1+1>16F2
RZ " RZ ' R2< 9RS

Proposed by Mehmet Sahin-Turkiye

U.1980 Find:

_rlll_)l’gloH (i "y Zcot 1(n+k)>
k=1

Proposed by Mokhtar Khassani-Algerie

U.1981 In AABC the following relationship holds:

dx + —
WoJp, X wy,

1 ("esinx 1 (" smx We smx —2r
f, Tl T
Proposed by Mokhtar Khassani-Algerie
U.1982 Solve for real numbers:
64 sin? x sin*(2x) 64 cos?(2x) cos* x = 5(3 + cotx)
Proposed by Mokhtar Khassani-Algerie

U.1983 In AABC the following relationship holds:

wp + we 3V2R(Iwa)?
Zowa(Jhs + 1)~ () (2b cos?)

Proposed by Mokhtar Khassani-Algerie

U.1984 If a,b,c = 1 and A = 0 then:
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a’bc N b%ca N c?ab - 3
Vbc+1 Vea+ar Vab+ar A+1

Proposed by Marin Chirciu-Romania

U.1985 In AABC the following relationship holds:

yr e
Sa ha

cyc cyc
Proposed by Marin Chirciu-Romania
U.1986 If x,y,z > 0,x + y+z=1and —9 < A1 < 3 then:
z)? A
% + A; yz =3+ 3
Proposed by Marin Chirciu-Romania

U.1987 If x,y,z > 0,xy + yz+ zx = 1and =9 < 1 < 3 then:
A
(x+y+2)?+Axyz(x +y +z) 23+§

Proposed by Marin Chirciu-Romania

U.1988 In AABC the following relationship holds:

3 csct A ,
Z 2 > /36

B c A B
csc?—+ csc— (csc =+ csc —)
cyc 2 2 2 2

Proposed by Marin Chirciu-Romania
U.1989 Let a > 1,b > 1 fixed. Solve for real numbers:
2 2
a*+bx+a*-bx=a*(1+b)+b
Proposed by Marin Chirciu-Romania

U.1990 Let a, b > O fixed. Solve for real numbers:

2x X
2\/ax2+(a+b+2)x+b_\/ax2+(a+b+1)x+b_1

Proposed by Marin Chirciu-Romania

U.1991 If a,b,c > 0,Ya = Ya? and 1 > 0, then:
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a b c a+b+c
+ + >
a+Ab b+ Ac c+ Aa A+1

Proposed by Marin Chirciu-Romania

U.1992 In AABC the following relationship holds:

.. 3A . 3B .. 3C
sin— SiIn— SIn— OR
2 2 2
+ + <—
A B C S
COoS— COoS— COoS —
2 2 2

Proposed by Marin Chirciu-Romania
U.1993 Be p a prime number, arbitrary. Solve on positive integers (x,y, z):

{xy+zz=3p+4
x+yzi=p+4

Proposed by Marin Chirciu-Romania

U.1994 If x, y,z > 0 then:

4
z (x+y) >3
x* + 14x2y? + y*

cyc

Proposed by Marin Chirciu-Romania

U.1995 Ifx,y,z>0,L+L+i= 1 then: x+y+22§xyz
1+x  1+y 14z 4

Proposed by Marin Chirciu-Romania

U.1996 In AABC the following relationship holds:

3R < Z hg - 3R*
- sin2 A — 8r3

cyc

Proposed by Marin Chirciu-Romania

1 1 1 n
U.1997 If a4, a,, ..., a, > O,m + v + o4 Y mand A = 0 then:

a,+a,+-+a,=2n
Proposed by Marin Chirciu-Romania

U.1998 In AABC the following relationship holds:

2n+1 b2‘m+1 2n+1

+ + > 2+/3(6Rr)",n €N
mg my me

a

Proposed by Marin Chirciu-Romania
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U.1999 In acute AABC the following relationship holds:

Z(b+c>">3(85)" eN
cosd) 3 a

cyc

Proposed by Marin Chirciu-Romania

U.2000 In AABC the following relationship holds:
h2 < Z 2
TpTe hbhc

cyc

Proposed by Marin Chirciu-Romania

cyc

U.2001 In AABC the following relationship holds:

m2m2 + mim? + m¥m?2 - 9R?

mZ +mj + m2 T4
Proposed by Marin Chirciu-Romania

x2=yz+1
U.2002 Solve for real numbers:§{ y2 =zx +a ,a > 1
z% = xy + a?

Proposed by Marin Chirciu-Romania
U.2003 In acute AABC the following relationship holds:

tan®A 1 /s\?
Ztan3B2§(7_‘)

cyc

Proposed by Marin Chirciu-Romania

U.2004 If a,b,c > 0,abc = 1,0 < n < 2 then:

ab 3
>—-(n+2)

3 3 3
a>+b>+c°+n E —_ =
a?+b%z2 "~ 2

cyc

Proposed by Marin Chirciu-Romania

U.2005 Ifx,y,z > 0,4 = _ then:

=>31+1

X y z 8xyz
A(y E+;> x+y)y+2)(z+x)

Proposed by Marin Chirciu-Romania
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U.2006 We haveforn > 1

n

11-m 3 s n
_1\ym - - L. m(Z)) = on _ 95 /on _
Z( 1) 2F1<2, i3 cos ( )) 2 — 22\20 — 1
m=0
where ,F;(a, b; c; x) is Hypergeometric function.
Proposed by Srinivasa Raghava-AIRMC-India

U.2007 Prove that:

IR G I Y R TS 48]
—_— = j— +_
4nn\n 42n-1\2n—1 4n—-—1 8n/l\2n
n=1 n=1

where H,, is nth harmonic number and [x] is Ceiling function.

Proposed by Narendra Bhandari-Nepal

3
x2y —xy2—-1=%

U.2008 Solve the system: ;’73 ,where ¢ — Golden ratio.
y2x —yx?—1= "

Proposed by Srinivasa Raghava-AIRMC-India

U.2009 Solve the system:

N =

x?+ xsiny + cosy =

X A
-1 (2 . — -
sin (2 + smy) y+ 3

Proposed by Srinivasa Raghava-India

U.2010 If we have the integral

1
,8—1 ”i/—_% dx
= 1
T _ooi/}+%1+x+x2

then prove the relation: 98¢ + 3964* + 43252 + 64 = 0.
Proposed by Srinivasa Raghava-AIRMC-India

U.2011 If we define:

n
(=™ - n! (-1)*  (knm .
S(x,n) = P ] ~sm<7+x)‘x

k=0

then prove that:
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2m
T
lim 11m S(x,n) = n

n—>0o
n=0

Proposed by Amrit Awasthi-India

U.2012 If n € N, then

i cos (((k) {(k,n) —1)

=log(r(m)) — %log <Sinh(n)|p(n + i)|2>

2n
k=2
where {(k, n) is the Hurwitz zeta function.

Proposed by Angad Singh-India

U.2013 Find:
n_+1
f f yz\/j(1+y)\/YT xy nddd
= A+00+yl
n= 1 I+2V" (1+x)?(A+y)2(1+2)?
Proposed by Ankush Kumar Parcha-India
U.2014 Find:

Q- j‘°°xlogxlog3(x +1)
B 0 (x+1)3

Proposed by Artan Ajredini-Serbie

U.2015 Prove that:

1t 3v2 —log(1+ 2
f fxzyz\/mdxdyz 2g8( )
0 Y0

Proposed by Asmat Qatea-Afghanistan

U.2016 Prove that:

c 8ny  11m? , 1 )
Z 256”n2< ) 12 - (ﬁ) " 2le< 1 >+
+3log2log(1 +v2) + Li, <1 _2\/?> — glogz(l +V2)4Li, | - ’1 +2\/§
+2Li, (ﬁ_z\/lz+\/§>—log2<\/§+ /1 +\/§>— 310g210g< /1+\/§—\/§>
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where Li,(x) denotes dilogarithm function.

Proposed by Narendra Bhandari-Nepal
U.2017 Find: Q = f01 f01 f01 log(1 — x)log(1 — xy) log(1 — xyz) dxdydz
Proposed by Togrul Enmedov-Azerbaijan

U.2018 Find a closed form:

, abeR

a(a,b) = fl sin(alog x) szin(b log x) i
0 xlog®x

Proposed by Togrul Enmedov-Azerbaijan

U.2019 In AABC the following relationship holds:
Yo me sl
(my + my)? — 2R
cyc
Proposed by Marian Ursdrescu-Romania

U.2020 Prove that for a > 0, the following relationship holds:

f”xztan‘l(ax) _m m i 1 (log3 /i )
1

dx = ——+—log3 — + —
x*+x2+1 x 83 3Og 6av2 3a3\ 4 123

1 (1 T log3>+ 1 (n 1) 1 4
5a°\2 122 4 7a7\6\/3 2 108a°
1 (log3 T ) 1 (11 s log3)

9¢°\ 9  12v3/ 11a''\24 123 4

Proposed by Narendra Bhandari-Nepal

U.2021 Solve for real numbers:

2tanx ]_ [ 2Ccosx

_ , — GIF.
1+ tanx ] [+]

sinx + cos x

Proposed by Hikmat Mammadov-Azerbaijan
U.2022 Let f be a class C3 function define on [0,1] such that:

I, = jjxf’(nx)dx+%§<f' (§>+2nf<§>> I, :%+%+0<%)

k=0
Find A and B.

Proposed by Serlea Kabay-Liberia
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U.2023 Find a closed form:

Q= foo ( Z )2+n z+1 dz
Jy \142mz + 22 z(z"+ 1)z
Proposed by Hikmat Mammadov-Azerbaijan

U.2024 Prove that forn € N

joo % 1 1F1(n+%;2n;%)r(n+%)
0

xe 21, 1(x)dx = 2"‘% T 2n)

where ;F,;(a; b; z) is confluent Hypergeometric function of first kind, I,,(z) is modified
function of first kind.

Proposed by Kaushik Mahanta-India

U.2025 Prove the following equality holds:
o (—D" 2n\Hy,
Z 4n (n )E B
n=1
= 2Liy(—1 = V2) — Li,(1 +V2) + Li»(2 + VZ) + Li,(VZ) — 2Liy(—VZ) +

+log22+31 (1)1 (
2 T 298\z)°8

2
1135 ) —log(2 +v2)log(2 + 2v2) + 2log?(1 + &) —
s

B o1y w2 1y, (1
—2log2tanh™*(8s) + Li, (_6_> < + log (1 s ) —log (E) log (6_)
s s s

where 85 = 1 ++/2 is Silver ratio, Li,(x) is dilogarithm function and H, is nth Skew
Harmonic number.

Proposed by Narendra Bhandari-Nepal

U.2026 Find:

[o's] sz(_l)k_l

Q=Y rrl where H,, is the nth harmonic number.

Proposed by Vincenzo Dima-Italy

U.2027 In AABC the following relationship holds:

Tt 1 ( mg 4 my mc>

w2
cyc

Proposed by Bogdan Fustei-Romania

154 ROMANIAN MATHEMATICAL MAGAZINE NR. 40



Romanian Mathematical Society-Mehedinti Branch | 2024

U.2028 In AABC the following relationship holds:

Proposed by Bogdan Fustei-Romania

U.2029 In AABC the following relationship holds:

1 m, a+b+c
tan > —
cyc cyc

Proposed by Bogdan Fustei-Romania

U.2030 In acute AABC,AD,BE,CF — altitudes, 1y,15,73,74,75,7¢ — inradii  of
AABD,AACD,ABCE, ABAE,AACF —respectively ABCF.Prove that:

|(ry = 12) (3 — 1) (s — 1) | = I(a—b)(b—c)(c—a)l
Proposed by Mehmet Sahin-Turkiye

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.466If a, b, c,d € R such that (a? + b?)(c? + d?) = 25 then:
3bd + 4ad + 4bc < 3ac + 25
Proposed by Daniel Sitaru-Romania

JP.467 If x,y > 0 then in AABC the following relationship holds:

xa™ + yb" xb™ + yc" xc" + ya™
= = = = = —>a+b+c
xa® 1 +ybm1 ° xb"~1 +ycn-1 ° xcn~1+ybn-1

Proposed by Daniel Sitaru-Romania
JP.468 Solve for real numbers: x'? —15x3 + 14 =10

Proposed by Daniel Sitaru-Romania
JP.469 Let 24, 2,,23 € C*,A(z,), B(z,), C(z3) different in pairs such that

|z1] = |z| = |z3] = 1. If

Z\/(Zzl — 2z, —23)(22, —z, — 2z3) =9 = AB = BC = CA.

cyc
Proposed by Marian Ursdrescu-Romania
JP.470 Let z4,2,,25 € C,A(z,), B(2z,), C(z3) different in pairs such that
|z1] = |z5| = |z5| = 1. if

1 3
;(Kh — Zy)|zq — 23| + (21 — 23) |z, — 7,]])? B (Iz4 — z2| + |12 — 23| + |23 — 24])?

< AB = BC = CA.

Proposed by Marian Ursdarescu-Romania
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JP.471In AABC,AA4, BB, CC, internal bisectors and A,, B,, C, contact points with
circumcircle of triangle ABC. Prove that:

AIAZ . Bzcz + BIBZ . Azcz + C1C2 . AZBZ = Rs
Proposed by Marian Ursdrescu-Romania

JP.4721f x,y,z > 0 then:

; 1 1 ; 1 1 ; 1 1 3
(3x _?-I_F)(By —?+?>(32 —Z—2+Z—5)2(xy+yz+zx)

Proposed by Daniel Sitaru-Romania

JP.473If a;, > 0,k = 1,5 then prove that exists i, j € 1,5 such that:

a.—a.
0<———<v2-1
1+a,a]

Proposed by Daniel Sitaru-Romania

JP.4741f 0 < b < a then:

2

\/m+\/a2+(%b>232a+(x/§—1)(«/E+a+b)

Proposed by Daniel Sitaru-Romania

JP.4751f x,y,Z > O suchthatx + y+ z = 3 and 4 > 0 then:

1 1 1 3

O oy PRl ey A G VAl ¢ B )

X y z 3

W S+ G T a2 S At 12

Proposed by Marin Chirciu-Romania

JP.476 In AABC the following relationship holds:

? + b + c >_ 3 ( ! )n A=0neN
(b+ Ac)™*1s? (¢ + Aa)"* s} (a+ Ab)"*1s? — (A+1)"*1\sR/ '~ g

Proposed by Marin Chirciu-Romania
JP.477 Let a > 1,b > 1 fixed. Solve for real numbers:

alogzb(x+¥) _ (a+ Zb)xx_ b? — x?

Proposed by Marin Chirciu-Romania
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JP.478 Let m,n = 0 and ABC, A; B,C triangles with areas F, F; respectively, then

m+2 , ,n+1 m+2 , pp,n+1 m+2 , -.n+1
a ay b b7 c ci

hm + h} + hm > 2mintt (%)I—Zm—n “F- (\/F_l)n+1
a b c

Proposed by D.M. Batinetu-Giurgiu, Constantin Cocea-Romania

JP.4791Ifa,b,c,d > 0;ab = cd;a < b,c <d;x,y € [a,b]and y, t € [c,d], then:
1 1 1 1
ab(x+y+z+t)<—+—+—+—)S(a+b+c+d)2
x y z t

Proposed by Daniel Sitaru-Romania

JP.480 In AABC the following relationship holds:

A B
Z\/cotzi+cot25+3 >9

cyc

Proposed by Marin Chirciu-Romania

PROBLEMS FOR SENIORS

SP.466 Let A,B € M4(R). If AB + BA = 04 then det(4* + A> + B?) > 0

Proposed by Marian Ursdrescu-Romania
SP.467 Let 24, 25,23 € C*,A(z,), B(z,), C(z3) different in pairs such that
zZp+23 2

z1+2zy 2 z3+2zq

2
=1= AB = BC = CA.

|z4| = |z3| = |z3]. If

21—72 22—173 23—71

Proposed by Marian Ursdrescu-Romania
SP.468 In AABC the following relationship holds:
3V3 sin? A V6 (4 1
- k< - @ @ @ < [—= — —
2 k_ZSinB+sinC_12(k+1> 1-k ke<0'2]

cyc
Proposed by George Apostolopoulos- Greece

SP.469 In AABC the following relationship holds:

y+z+z+y x+y 32 >0
x-wi y-wp z-wi 27RY *Y,z

Proposed by Marin Chirciu-Romania
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SP.470 In AABC, O, —circumcevian, holds:

6r r r r
Sy |

R ™ 0, 0, O, r
Proposed by Marin Chirciu-Romania

SP.471 In AABC the following relationship holds:

364r5<z B C<4R+r
> | gz S macoszcosz_ 2R

cyc

Proposed by Marin Chirciu-Romania

SP.4721fx,y,z > 0,x +y + z = 1 then:
( +1>5+< +1)5+( +1)5>100.000
x y Y z z x/ — 81

Proposed by Daniel Sitaru-Romania

SP.473If x,y,z > 0,AABC and A, € (BC),B; € (CA),C, € (AB) such that
AiB = xA,C,B; C = yB1A,C1A = zCB, then holds:

xyz+1
aa1+bb1+cclz4\/§' (x+1)(y+1)(z+1)F

Proposed by D.M. Batinetu-Giurgiu, Mihaly Bencze-Romania

SP.4741f m > 0 and x,y,z > 0 then in AABC holds:

xm+1. g2m ym+1 . p2m gm+1l . o2m 1-m
> gm-1.(y3) " pr-

(y + Z)m+1 . h(Zl + (Z + x)m+1 . hIZ) + (x + y)m+1 . h%

Proposed by D.M. Batinetu-Giurgiu, Mihaly Bencze-Romania

SP.475 In AABC the following relationship holds:

2.3 2. p3 2, .3
m;-a my-b m;-c
= —— > 83 F?

Jmym, Jmom, [m,m,

Proposed by D.M. Batinetu-Giurgiu, Mihaly Bencze-Romania
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SP.4761f x,y,z > 0 and 0 < 1 < _then:

x 3
=
Z VAy3 +xyz + A28 V22 +1

cyc

Proposed by Marin Chirciu-Romania

SP.4771fa,b,c,d > 1then: Va—1+Vb—1+Vc—1+Vd—-1<./2(ab+ cd)
Proposed by Daniel Sitaru-Romania

SP.478 Let a, b, c —be the sides lengths of AABC, I —incenter, G —centroid. If IG 1. BC
and b # c then:

b N c +ab+bc+ca<13
c+a a+b a?+b?%+c? 6

Proposed by Florica Anastase-Romania

SP.479 In AABC the following relationship holds:

R> s ,/a b\/b cy/a ¢ 8r?
e D ()=
r  16\w, w,/\w, wyp/ \w, w, R
Proposed by Alex Szoros-Romania
SP.480 In AABC, F —area and the points M € (BC),N € (CA), P € (AB), then:
(a2 +b-BM)(b*+c-CP)(c2+a-AM) > 36V3 - F3

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UNDERGRADUATE PROBLEMS

UP.466 Find:
Q- f"( xco-sx )2
o \1+sinx
Proposed by Florica Anastase-Romania
UP.467 Find:

0 T x%Zcos3x
= D ——— X
o (1+sin? x)?

Proposed by Florica Anastase-Romania
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UP.468letm € Nand0 <x <m.Ifi = |[Z2

], prove that

2 (T) > x™~t, where [x] is integer part of x and (n:) is a binomial coefficient.

Proposed by Ovidiu Pop-Romania

UP.469 Prove that:

i 1 <1t2e
= RUCOE

Proposed by Daniel Sitaru-Romania

UP.470 If (a,)ps1, a0 > 0,a,,1 = (2n + 1)a,, Vn € N* then find:

Q= Tlli_{g(nﬂxl An+1 — T\l/a)

Proposed by D.M. Batinetu-Giurgiu-Romania

UP.471Lletm > 0 and H, = Y, n € N". Find:

Q= ,lll_r)?o ((mm)mﬂ _ (W)mﬂ) .

Proposed by D.M. Batinetu-Giurgiu-Romania
UP.472 Find:
3
Q= f e’ sinx(x+xcotx+1)dx

6

Proposed by D.M. Batinetu-Giurgiu, Floricd Anastase-Romania

s "+1/((n+1)!)2 n| (D)2
@ = lim Cn+ D" |[2n-D

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP.473 Find:

UP.474If (a,) 51, @, € R = (0,0),n € N* and lim —2%L = q > 0. Find:

n—-o an-W
o(a) = lim ("*/a,.1 - a,)

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania
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UP.475 Let (a,,),,>1 be sequence of real numbers such thata; = 1 and
(n+1)?%(aysq — a,) — (a1 + 1+ 1) = 0. Find:

Q=1im%/1+a,

n—-oo

Proposed by Florica Anastase-Romania

UP.476 If (a,) 21, @, € R} = (0,),n € N* and lim ":r/% = a > 0. Find:
n—oo an J

() = lim ("*Y/ @y, — Yay,)
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru-Romania

UP.477 If f is nonnegative function on [0, 1] and f'(x) > 1 then:

X x n-1
ff"(t)dth"‘3 <j f(t)dt> meENRN>2
0 0

Proposed by Florica Anastase-Romania

UP.478 If f is nonnegative function on [0, 1] and f'(x) > 1 then:

foxf"(t) dt > x"3 ((foxf(t) dt>

n—1 x n-2
+f2(0)<f f(t)dt> );ne N,n>2
0
Proposed by Florica Anastase-Romania

UP.479 Let m,, m;,, m_. be the lengths of the medians of a triangle ABC with circumradius
R and inradius 7. Let 1, 7}, 7. be the exradii of the triangle.

4 2 4

r m, m? m2 9 R*—grt
Provethat: 72 - < <=+ 224 << -———
R Ta Tp e 8 r

Proposed by George Apostolopoulos-Greece

UP.480 If (a,)n>1, (bp)ns1 are sequence of real numbers with a,, # a,,,1, b,, # b, .1 With
limb,, = a €R, llmb =b € R, llm(n(an+1 a,))=c€ER,

n—->oo

lim (n(bn+1 — bn)) =d € Rand f, g: R - R are differentiable functions with continuous
n—->oo

derivative on R, then find in terms of a, b, ¢, d:

0 = lim (n(f(@ns1)g(bns1) — F(@)g (b))
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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18 MOKHTAR KHASSANI-ALGERIE 58 SUJEETHAN BALENDRAN-SRI LANKA
19 MOHAMMED BOURAS-MOROCCO 59 NAREN BHANDARI-NEPAL
20 CARLOS PAIVA-BRAZIL 60 ASMAT QATEA-AFGHANISTAN
21 ORLANDO IRAHOLA ORTEGA-BOLIVIA 61 JAMAL ISSAH-SOMALIA
22 NAWAR ALASADI-IRAQ 62 ELDENIZ HESENOV-GEORGIA
23 HUSSAIN REZA ZADAH-AFGHANISTAN 63 JALIL HAJIMIR-CANADA
24 NGUYEN VAN CANH-VIETNAM 64 MUHAMMAD AFZAL-PAKISTAN
25 TRAN QUOC ANH-VIETNAM 65 SEYRAN IBRAHIMOV-AZERBAIJAN
26 PHAN NGOC CHAU-VIETNAM 66 HIKMAT MAMMADOV-AZERBAIJAN
27 TRAN QUOC THINH-VIETNAM 67 URFAN ALIYEV-AZEBAIJAN
28 HUNG NGUYEN VIET-VIETNAM 68 BABEK CEFEROV-AZERBAIJAN
29 HOANG LE NHAT TUNG-VIETNAM 69 TOGRUL EHMEDOV-AZERBAIJAN
30 MINH NHAT NGUYEN-VIETNAM 70 RAHIM SHAHBAZOV-AZERBAIJAN
31 DANG LE GIA KHANH-VIETNAM 71 VINCENZO DIMA-ITALY
32 TOBI JOSHUA-NIGERIA 72 SERLEA KABAY-LIBERIA
33 JAY JAY OWEIFA-NIGERIA 73 SRINIVASA RAGHAVA-AIRMC-INDIA
34 ABDUL HAFEEZ AYINDE-NIGERIA 74 SOUMAVA CHAKRABORTY-INDIA
35 RAJEEV RASTOGI-INDIA 75 SYED SHAHABUDEEN-INDIA
36 GHAZALY ABIODUN-NIGERIA 76 ANKUSH KUMAR PARCHA-INDIA
37 AKERELE OLOFIN-NIGERIA 77 ANGAD SINGH-INDIA
38 OSE FAVOUR-NIGERIA 78 SURJEET SINGHANIA-INDIA
39 ABDUL MUKHTAR-NIGERIA 79 AMRIT AWASTHI-INDIA
40 DANIEL IMMARUBE-NIGERIA 80 KAUSHIK MAHANTA-INDIA

NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
materialele pe mailul: dansitaru63@yahoo.com
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