
 
Solve for positive real numbers the following system: 

{
  
 

  
 

𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
=
𝟔𝒚 − 𝒙 − 𝒛 − 𝟐

𝟖

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
=
𝟔𝒛 − 𝒚 − 𝒙 − 𝟐

𝟖

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
=
𝟔𝒙 − 𝒛 − 𝒚 − 𝟐

𝟖

 

Proposed by Neculai Stanciu – Romania  

Solution 1 by Pham Duc Nam-Vietnam 

Sum 3 equations we get: 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+

𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
=

𝟒(𝒙+𝒚+𝒛)−𝟔

𝟖
=

𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
  (1) 

Now, we have: 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+

𝟏+𝒚

𝟖
+

𝟏+𝒛

𝟖
≥⏞

𝑨𝑴−𝑮𝑴

𝟑√
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)

𝟏+𝒚

𝟖

𝟏+𝒛

𝟖

𝟑
=

𝟑𝒙

𝟒
 

Similarly, 
𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+

𝟏+𝒛

𝟖
+

𝟏+𝒙

𝟖
≥

𝟑𝒚

𝟒
,

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
+

𝟏+𝒙

𝟖
+

𝟏+𝒚

𝟖
≥

𝟑𝒛

𝟒
 

⇒
𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
+

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
+

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
+
𝟏 + 𝒙

𝟒
+
𝟏 + 𝒚

𝟒
+
𝟏 + 𝒛

𝟒
≥ 

≥
𝟑(𝒙 + 𝒚 + 𝒛)

𝟒
 

⇔
𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
+

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
+

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
≥ 

≥
𝟑(𝒙+𝒚+𝒛)

𝟒
−

(𝒙+𝒚+𝒛)

𝟒
−

𝟑

𝟒
=

𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
     (2) 

From (1), (2): 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+

𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
=

𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
⇒ 𝒙 = 𝒚 = 𝒛 

* Replace 𝒙 = 𝒚 = 𝒛 to the first equation (or any equation) we have: 
𝒙𝟑

(𝟏+𝒙)𝟐
=

𝟐𝒙−𝟏

𝟒
 

⇔ 𝟒𝒙𝟑 − (𝟐𝒙 − 𝟏)(𝟏 + 𝒙)𝟐 = 𝟎 ⇔ 𝟐𝒙𝟑 − 𝟑𝒙𝟐 + 𝟏 = 𝟎 ⇔ (𝟐𝒙 + 𝟏)(𝒙 − 𝟏)𝟐 = 𝟎 →
𝒙∈ℝ+

 

𝒙 = 𝟏 = 𝒚 = 𝒛 = 𝟏 

⇒ (𝒙, 𝒚, 𝒛) = (𝟏, 𝟏, 𝟏) is the unique solution of the given system of equations. 

 

 

 



 
Solution 2 by Eric-Dimitrie Cismaru-Romania 

Adding the three equations, we obtain ∑
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)𝒄𝒚𝒄 =
𝒙+𝒚+𝒛

𝟐
−

𝟑

𝟒
. We prove that  

𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺 

The triplets {𝒙𝟑, 𝒚𝟑, 𝒛𝟑} and {
𝟏

(𝟏+𝒚)(𝟏+𝒛)
,

𝟏

(𝟏+𝒛)(𝟏+𝒙)
,

𝟏

(𝟏+𝒙)(𝟏+𝒚)
} are ordered the same. By 

Chebyshev’s Inequality, 

𝑳𝑯𝑺 ≥
𝒙𝟑+𝒚𝟑+𝒛𝟑

𝟑
⋅ ∑

𝟏

(𝟏+𝒚)(𝟏+𝒛)𝒄𝒚𝒄 ≥
𝑯𝒐𝒍𝒅𝒆𝒓

(
𝒙+𝒚+𝒛

𝟑
)
𝟑

⋅
𝒙+𝒚+𝒛+𝟑

∏(𝟏+𝒙)
=

𝟑𝜶𝟑(𝜶+𝟏)

∏(𝟏+𝒙)
, 

where 𝜶 =
𝒙+𝒚+𝒛

𝟑
. Denote 𝒂 = 𝒙 + 𝟏, 𝒃 = 𝒚 + 𝟏 and 𝒄 = 𝒛 + 𝟏. Then, by AM-GM, 

(𝒂 + 𝒃 + 𝒄)𝟑 ≥ (𝟑√𝒂𝒃𝒄
𝟑

)
𝟑
= 𝟐𝟕𝒂𝒃𝒄, or, in other words, 

∏ (𝟏+ 𝒙)𝒄𝒚𝒄 ≤
(𝒂+𝒃+𝒄)𝟑

𝟐𝟕
=

(𝒙+𝒚+𝒛+𝟑)𝟑

𝟐𝟕
= (

𝒙+𝒚+𝒛

𝟑
+ 𝟏)

𝟑

= (𝜶 + 𝟏)𝟑. Therefore, we get 

𝑳𝑯𝑺 ≥
𝟑𝜶𝟑(𝜶+𝟏)

(𝜶+𝟏)𝟑
=

𝟑𝜶𝟑

(𝜶+𝟏)𝟐
≥ 𝑹𝑯𝑺 =

𝟑𝜶

𝟐
−

𝟑

𝟒
⇔

(𝜶−𝟏)𝟐(𝟐𝜶+𝟏)

(𝜶+𝟏)𝟐
≥ 𝟎 ⇔ 𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺. 

Since 𝑹𝑯𝑺 = 𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺, equality holds in all the previous inequalities, which is, 𝜶 = 𝟏 

and 𝒙 = 𝒚 = 𝒛, so 𝑺 = {𝟏, 𝟏, 𝟏} is the only solution for the given system of equations. 


