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PROBLEMS FOR JUNIORS 

JP.526 Let 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏). Prove that: 

𝒃 + 𝒄

𝟏 − 𝒂
+
𝒄 + 𝒂

𝟏 − 𝒃
+
𝒂 + 𝒃

𝟏 − 𝒄
≥

𝟐√𝒂𝒃

𝟏 − √𝒂𝒃
+

𝟐√𝒃𝒄

𝟏 − √𝒃𝒄
+

𝟐√𝒄𝒂

𝟏 − √𝒄𝒂
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We prove: Lemma:  Let 𝒂, 𝒃 ∈ (𝟎, 𝟏). Prove that: 

𝒂

𝟏 − 𝒃
+

𝒃

𝟏 − 𝒂
≥

𝟐√𝒂𝒃

𝟏 − √𝒂𝒃
 

Solution:  Denoting √𝒂 = 𝒙, √𝒃 = 𝒚, we have 𝒙, 𝒚 ∈ (𝟎, 𝟏) and we must show that 

 
𝒙𝟐

𝟏−𝒚𝟐
+

𝒚𝟐

𝟏−𝒙𝟐
≥

𝟐𝒙𝒚

𝟏−𝒙𝒚
, which follows from Bergstrom’s inequality: 

𝑳𝑯𝑺 =
𝒙𝟐

𝟏−𝒚𝟐
+

𝒚𝟐

𝟏−𝒙𝟐
≥

(𝒙+𝒚)𝟐

(𝟏−𝒚𝟐)+(𝟏−𝒙𝟐)
=
𝒙𝟐+𝒚𝟐+𝟐𝒙𝒚

𝟐−𝒙𝟐−𝒚𝟐
≥
(𝟏)

𝟐𝒙𝒚

𝟏−𝒙𝒚
= 𝑹𝑯𝑺, where (1) ⇔ 

⇔
𝒙𝟐+𝒚𝟐+𝟐𝒙𝒚

𝟐−𝒙𝟐−𝒚𝟐
≥

𝟐𝒙𝒚

𝟏−𝒙𝒚
⇔ (𝒙 − 𝒚)𝟐(𝒙𝒚 + 𝟏) ≥ 𝟎, obviously with equality for 𝒙 = 𝒚. 

Let get back to the main problem. Using the Lemma we obtain: 

𝒂

𝟏 − 𝒃
+

𝒃

𝟏 − 𝒂
≥

𝟐√𝒂𝒃

𝟏 − √𝒂𝒃
,
𝒃

𝟏 − 𝒄
+

𝒄

𝟏 − 𝒃
≥

𝟐√𝒃𝒄

𝟏 − √𝒃𝒄
,
𝒄

𝟏 − 𝒂
+

𝒂

𝟏 − 𝒄
≥

𝟐√𝒄𝒂

𝟏 − √𝒄𝒂
 

Adding the 3 above inequalities we obtain the conclusion. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒃

𝟏 − 𝒂
+

𝒂

𝟏 − 𝒃
≥ 𝟐√

𝒂𝒃

(𝟏 − 𝒂)(𝟏 − 𝒃)
= 𝟐√

𝒂𝒃

(𝟏 − √𝒂𝒃)
𝟐
− (√𝒂 − √𝒃)

𝟐
≥

𝟐√𝒂𝒃

𝟏 − √𝒂𝒃
. 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒄

𝟏 − 𝒃
+

𝒃

𝟏 − 𝒄
≥

𝟐√𝒃𝒄

𝟏 − √𝒃𝒄
  𝐚𝐧𝐝  

𝒂

𝟏 − 𝒄
+

𝒄

𝟏 − 𝒂
≥

𝟐√𝒄𝒂

𝟏 − √𝒄𝒂
. 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐫𝐞𝐬𝐮𝐥𝐭. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
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JP.527 If 𝒙, 𝒚, 𝒛 > 0 with 𝒙 + 𝒚 + 𝒛 = 𝟏 and 𝝀 ≥ 𝟐𝟏 then: 

𝟏

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑
+

𝝀

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥ 𝟑(𝝀 + 𝟑) 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We use 𝒑𝒒𝒓 method. 

We denote: 𝒑 = 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝒒 = 𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛, 𝒓 = 𝒙𝒚𝒛. 

We have: 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓 = 𝟏 − 𝟑𝒒 + 𝟑𝒓 

We write the inequality: 
𝟏

𝟏−𝟑𝒒+𝟑𝒓
+
𝝀

𝒒
≥ 𝟑(𝝀 + 𝟑). 

Because 𝟑𝒓 = 𝟑𝒙𝒚𝒛 = 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) ≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 = 𝒒𝟐, it suffices to prove 

that: 

𝟏

𝟏 − 𝟑𝒒 + 𝒒𝟐
+
𝝀

𝒒
≥ 𝟑(𝝀 + 𝟑) ⇔ 𝟑(𝝀 + 𝟑)𝒒𝟑 − (𝟏𝟎𝝀 + 𝟐𝟕)𝒒𝟐 + (𝟔𝝀 + 𝟖)𝒒 − 𝝀 ≤ 𝟎 ⇔ 

(𝟑𝒒 − 𝟏)[(𝝀 + 𝟑)𝒒𝟐 − (𝟑𝝀 + 𝟖)𝒒 + 𝝀] ≤ 𝟎 

which follows from 𝒒 ≤
𝟏

𝟑
, true form 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟑𝒒. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Remark: The best equality it’s obtained for 𝝀 = 𝟐𝟏. 

Case 𝝀 = 𝟐𝟏 

If 𝒙, 𝒚, 𝒛 > 0 with 𝒙 + 𝒚 + 𝒛 = 𝟏 then 

𝟏

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑
+

𝟐𝟏

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥ 𝟕𝟐 

Marin Chirciu 

Solution 

We use 𝒑𝒒𝒓 method. 

We denote: 𝒑 = 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝒒 = 𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛, 𝒓 = 𝒙𝒚𝒛. 

We have: 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓 = 𝟏 − 𝟑𝒒 + 𝟑𝒓. 

The inequality can be written: 
𝟏

𝟏−𝟑𝒒+𝟑𝒓
+
𝟐𝟏

𝒒
≥ 𝟕𝟐. 
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Because 𝟑𝒓 = 𝟑𝒙𝒚𝒛 = 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) ≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 = 𝒒𝟐, it suffices to prove 

that: 

𝟏

𝟏−𝟑𝒒+𝒒𝟐
+
𝟐𝟏

𝒒
≥ 𝟕𝟐 ⇔ 𝟕𝟐𝒒𝟑 − 𝟐𝟑𝟕𝒒𝟐 + 𝟏𝟑𝟒𝒒 − 𝟐𝟏 ≤ 𝟎 ⇔ (𝟑𝒒 − 𝟏)𝟐(𝟖𝒒 − 𝟐𝟏) ≤ 𝟎, 

which follows from 𝒒 ≤
𝟏

𝟑
, true from 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟑𝒒. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒙 + 𝒚 + 𝒛 = 𝟏,   𝒒 ≔ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛. 𝐒𝐢𝐧𝐜𝐞 
 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓  

𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝝀 (
𝟏

𝒒
− 𝟑) ≥ 𝟗 −

𝟏

𝟏 − 𝟑𝒒 + 𝟑𝒓
. 

𝐒𝐢𝐧𝐜𝐞 (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙), 𝐭𝐡𝐞𝐧 𝒒 ≤
𝟏

𝟑
. 

𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝐚𝐯𝐞 (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥ 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛), 𝐭𝐡𝐞𝐧 
 𝟑𝒓 ≤ 𝒒𝟐, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐𝟏(
𝟏

𝒒
− 𝟑) ≥ 𝟗 −

𝟏

𝟏 − 𝟑𝒒 + 𝒒𝟐
 ⇔  

(𝟏 − 𝟑𝒒)𝟐(𝟐𝟏 − 𝟖𝒒)

𝒒(𝟏 − 𝟑𝒒 + 𝒒𝟐)
≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒒 ≤
𝟏

𝟑
. 𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 =

𝟏

𝟑
. 

JP.528 If 𝒂, 𝒃, 𝒄 > 0 such that 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
 then 

𝟏

𝒂𝟑 + 𝝀
+

𝟏

𝒃𝟑 + 𝝀
+

𝟏

𝒄𝟑 + 𝝀
≥

𝟑

𝝀 + 𝟏
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We prove: Lemma: If 𝒙 > 0 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
 then 

𝟏

𝒙𝟑 + 𝝀
≥
𝝀 + 𝟒 − 𝟑𝒙

(𝝀 + 𝟏)𝟐
 

Proof: We use Tangent Line Method.We consider the function 𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) =
𝟏

𝒙𝟑+𝝀
 

We have 𝒇(𝟏) =
𝟏

𝝀+𝟏
. Tangent’s equation in point 𝒙𝟎 = 𝟏 is 𝒚 − 𝒇(𝒙𝟎) = 𝒇

′(𝒙𝟎)(𝒙 − 𝒙𝟎). 

We have 𝒇′(𝒙) =
−𝟑𝒙𝟐

(𝒙𝟑+𝝀)
𝟐 , 𝒇

′(𝟏) =
−𝟑

(𝝀+𝟏)𝟐
. 
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Tangent’s equation in point 𝒙𝟎 = 𝟏 is 𝒚 −
𝟏

𝝀+𝟏
=

−𝟑

(𝝀+𝟏)𝟐
(𝒙 − 𝟏). 

We obtain the tangent’s equation 𝒚 =
𝝀+𝟒

(𝝀+𝟏)𝟐
−

𝟑𝒙

(𝝀+𝟏)𝟐
. We prove that: 

𝒇(𝒙) =
𝟏

𝒙𝟑+𝝀
≥

𝝀+𝟒

(𝝀+𝟏)𝟐
−

𝟑𝒙

(𝝀+𝟏)𝟐
. We have: 

𝟏

𝒙𝟑+𝝀
≥
𝝀+𝟒−𝟑𝒙

(𝝀+𝟏)𝟐
⇔ (𝒙 − 𝟏)𝟐(𝟑𝒙𝟐 + (𝟐 − 𝝀)𝒙 + 𝟏 − 𝟐𝝀) ≥ 𝟎, which follows from the 

condition from the hypothesis 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
. Let’s get back to the main problem. 

Using the Lemma we obtain: 

𝑳𝑯𝑺 = ∑
𝟏

𝒂𝟑+𝝀
≥ ∑

𝝀+𝟒−𝟑𝒂

(𝝀+𝟏)𝟐
=
𝟑(𝝀+𝟒)−𝟑∑𝒂

(𝝀+𝟏)𝟐
=
𝟑(𝝀+𝟒)−𝟑⋅𝟑

(𝝀+𝟏)𝟐
=

𝟑

𝝀+𝟏
= 𝑹𝑯𝑺. 

Equality holds if and only if (𝒂, 𝒃, 𝒄) = (𝟏, 𝟏, 𝟏). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂 ∈ (𝟎, 𝟏) 𝐚𝐧𝐝 𝝀 ∈ [𝟎,
𝟏

𝟐
] ,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝒂𝟑 + 𝝀
≥
−𝟑𝒂 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
. 

𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
𝟑𝒂𝟒 − (𝝀 + 𝟒)𝒂𝟑 + 𝟑𝝀𝒂 + 𝟏 − 𝟐𝝀

(𝒂𝟑 + 𝝀)(𝝀 + 𝟏)𝟐
≥ 𝟎  𝐨𝐫  

(𝒂 − 𝟏)𝟐[𝟑𝒂𝟐 + (𝟐 − 𝝀)𝒂 + 𝟏 − 𝟐𝝀]

(𝒂𝟑 + 𝝀)(𝝀 + 𝟏)𝟐
≥ 𝟎, 

 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝐥𝐞𝐦𝐦𝐚 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐥𝐞𝐦𝐦𝐚,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

 
𝟏

𝒂𝟑 + 𝝀
+

𝟏

𝒃𝟑 + 𝝀
+

𝟏

𝒄𝟑 + 𝝀
≥
−𝟑𝒂 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
+
−𝟑𝒃 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
+
−𝟑𝒄 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
 

=
−𝟑(𝒂 + 𝒃 + 𝒄) + 𝟑(𝝀 + 𝟒)

(𝝀 + 𝟏)𝟐
=

𝟑

𝝀 + 𝟏
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂𝟑 + 𝛌
−

𝟏

𝟏 + 𝛌
−
𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
=
(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
−
𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
 

=
𝟏 − 𝒂

𝟏 + 𝛌
. (
𝟏 + 𝒂 + 𝒂𝟐

𝒂𝟑 + 𝛌
−

𝟑

𝟏 + 𝛌
) =

𝟏 − 𝒂

𝟏 + 𝛌
.
𝟏 + 𝛌 + 𝒂 + 𝒂𝛌 + 𝒂𝟐 + 𝒂𝟐𝛌 − 𝟑𝒂𝟑 − 𝟑𝛌

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
 

=
𝟏 − 𝒂

𝟏 + 𝛌
.
(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐) + 𝒂(𝟏 − 𝒂)(𝟏 + 𝒂) + 𝒂𝟐(𝟏 − 𝒂) + 𝛌(𝒂𝟐 + 𝒂 − 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
 

=
𝟏 − 𝒂

𝟏 + 𝛌
.
(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐) + 𝒂(𝟏 − 𝒂)(𝟏 + 𝒂) + 𝒂𝟐(𝟏 − 𝒂) − 𝛌(𝟏 − 𝒂)(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
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=
(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.
𝟏 + 𝒂 + 𝒂𝟐 + 𝒂 + 𝒂𝟐 + 𝒂𝟐 − 𝛌(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
≥

𝟎 ≤ 𝛌 ≤ 
𝟏
𝟐
 

=
(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.
𝟏 + 𝟐𝒂 + 𝟑𝒂𝟐 −

𝟏
𝟐
(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
=
(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.

𝟑𝒂
𝟐
+ 𝟑𝒂𝟐

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
≥ 𝟎 

∵ 𝒂 > 0 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟏

𝟐
∴

𝟏

𝒂𝟑 + 𝛌
≥

𝟏

𝟏 + 𝛌
+
𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝟏

𝒂𝟑 + 𝛌
+

𝟏

𝐛𝟑 + 𝛌
+

𝟏

𝐜𝟑 + 𝛌
≥

𝟑

𝛌 + 𝟏
+

𝟑

(𝟏 + 𝛌)𝟐
. (𝟑 −∑𝒂

𝐜𝐲𝐜

) =
𝒂 + 𝐛 + 𝐜 = 𝟑 𝟑

𝛌 + 𝟏
 

∴
𝟏

𝒂𝟑 + 𝛌
+

𝟏

𝐛𝟑 + 𝛌
+

𝟏

𝐜𝟑 + 𝛌
≥

𝟑

𝛌 + 𝟏
 ∀ 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟑 

𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟏

𝟐
,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 

JP.529 If 𝒂, 𝒃, 𝒄 > 0; 𝑥 ∈ ℝ then: 

𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃

(𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒃𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄

(𝒂 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
≥

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer 

∑
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

=∑
𝒂𝟐

𝒂𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

≥ 

≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒂 + 𝒃 + 𝒄)𝟐

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)
=
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟑 

Because: (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂,  (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 ≥ 𝟎 

Hence: 

∑
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

≥ 𝟑                       (𝟏) 

∑
𝒂

(𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
𝒄𝒚𝒄

=∑
(

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝟑

𝒂𝟐
𝒄𝒚𝒄

≥ 

≥
𝑹𝑨𝑫𝑶𝑵 𝟏

(𝒂 + 𝒃 + 𝒄)𝟐
⋅ (∑

𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

)

𝟑

≥
(𝟏) 𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
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Equality holds for: 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Marin Chirciu-Romania 

∑
𝒂

(𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
≥

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

𝑳𝑯𝑺 =∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
=∑

(
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
)
𝟑

𝒂𝟐
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
𝑹𝒂𝒅𝒐𝒏 (∑

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝟑

(∑𝒂)𝟐
≥
(𝟏) 𝟑𝟑

(∑𝒂)𝟐
=

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
= 𝑹𝑯𝑺, 

where (1) ⇔ ∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙+𝒄𝐜𝐨𝐬𝟐 𝒙
≥ 𝟑, which follows from 

∑
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
=∑

𝒂𝟐

𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
≥
𝑪𝑺 (∑𝒂)𝟐

∑(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)
= 

=
(∑𝒂)𝟐

∑𝒃𝒄(𝐬𝐢𝐧𝟐 𝒙+𝐜𝐨𝐬𝟐 𝒙)
=
(∑𝒂)𝟐

∑𝒃𝒄
≥
𝑺𝑶𝑺

𝟑. Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Remark: The problem can be developed. 

If 𝒂, 𝒃, 𝒄 > 0, 𝑥 ∈ ℝ and 𝒏 ∈ ℕ  then 

∑
𝒂

(𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝒏+𝟏
≥

𝟑𝒏+𝟏

(𝒂 + 𝒃 + 𝒄)𝒏
 

Marin Chirciu – Romania  

Solution: 

𝑳𝑯𝑺 =∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝒏+𝟏
=∑

(
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
)
𝒏+𝟏

𝒂𝒏
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
𝑹𝒂𝒅𝒐𝒏 (∑

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝒏+𝟏

(∑𝒂)𝒏
≥
(𝟏) 𝟑𝒏+𝟏

(∑𝒂)𝒏
=

𝟑𝒏+𝟏

(𝒂 + 𝒃 + 𝒄)𝒏
= 𝑹𝑯𝑺, 

where (1) ⇔ ∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙+𝒄𝐜𝐨𝐬𝟐 𝒙
≥ 𝟑, which follows from 

∑
𝒂

𝒃𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
=∑

𝒂𝟐

𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
≥
𝑪𝑺 (∑𝒂)𝟐

∑(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)
= 

=
(∑𝒂)𝟐

∑𝒃𝒄 (𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)
=
(∑𝒂)𝟐

∑𝒃𝒄
≥
𝑺𝑶𝑺

𝟑. 
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Equality holds if and only if 𝒂 = 𝒃 = 𝒄. Note: For 𝒏 = 𝟐 we obtain Problem JP.529 from 

RMM, Number 36, Spring 2025, propose by Daniel Sitaru, Romania 

Solution 3 by Tapas Das – India  

𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃

(𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄

(𝒂 𝐬𝐢𝐧𝟐 𝒙 + 𝒃𝐜𝐨𝐬𝟐 𝒙)𝟑
= 

=
𝒂𝟒

(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃𝟒

(𝒃𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒃𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄𝟒

(𝒂𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒃𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
 

≥
𝑹𝒂𝒅𝒐𝒏 (𝒂 + 𝒃 + 𝒄)𝟒

[(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)]𝟑
≥

(𝒂 + 𝒃 + 𝒄)𝟒

[
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑 ]
𝟑 =

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

[Note: ∴ (𝟐𝒙)𝟐 ≥ 𝟑∑𝒙𝒚] 

JP.530 In 𝚫𝑨𝑩𝑪,𝑶 − circumcenter. 𝑨𝟏, 𝑩𝟏, 𝑪𝟏 are the intersection points of 

𝑨𝑶,𝑩𝑶,𝑪𝑶 with 𝑩𝑪,𝑨𝑪 and 𝑨𝑩 respectively. 𝑹𝟏, 𝑹𝟐 and 𝑹𝟑 are circumradii 

of 𝚫𝑩𝑶𝑪, 𝚫𝑨𝑶𝑪 and 𝚫𝑨𝑶𝑩 respectively. Show that 

𝑹(
𝟏

𝑶𝑨𝟏
+

𝟏

𝑶𝑩𝟏
+

𝟏

𝑶𝑪𝟏
) + 𝟑 =

𝟒𝑭

𝑹𝟐
(
𝑹𝟏
𝑩𝑪

+
𝑹𝟐
𝑨𝑪

+
𝑹𝟑
𝑨𝑩
) 

Proposed by Ertan Yildirim-Turkiye 
Solution 1 by proposer 
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𝑭

[𝑩𝑶𝑪]
=

𝟏
𝟐
(𝑹 + 𝒙) ⋅ 𝒂 ⋅ 𝐬𝐢𝐧𝜶

𝟏
𝟐 ⋅ 𝒙 ⋅ 𝒂 ⋅ 𝐬𝐢𝐧𝜶

=
𝑹 + 𝒙

𝒙
=
𝑹

𝒙
+ 𝟏 

𝒂𝒃𝒄
𝟒𝑹

𝑹𝟐 ⋅
𝒂
𝟒𝑹𝟏

=
𝒂𝒃𝒄 ⋅ 𝑹𝟏
𝒂 ⋅ 𝑹𝟑

=
𝑹

𝒙
+ 𝟏 ⇒

𝟒𝑭 ⋅ 𝑹 ⋅ 𝑹𝟏
𝒂 ⋅ 𝑹𝟑

=
𝟒𝑭

𝑹𝟐
⋅
𝑹𝟏
𝒂
=
𝑹

𝒙
+ 𝟏 

Similarly 
𝟒𝑭

𝑹𝟐
⋅
𝑹𝟐

𝒃
=
𝑹

𝒚
+ 𝟏,

𝟒𝑭

𝑹𝟐
⋅
𝑹𝟑

𝒄
=
𝑹

𝒛
+ 𝟏 

𝟒𝑭

𝑹𝟐
⋅ (
𝑹𝟏
𝒂
+
𝑹𝟐
𝒃
+
𝑹𝟑
𝒄
) = 𝟑 + 𝑹(

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
) 

𝟒𝑭

𝑹𝟐
⋅ (
𝑹𝟏
𝑩𝑪

+
𝑹𝟐
𝑨𝑪

+
𝑹𝟑
𝑨𝑩
) = 𝟑 + 𝑹(

𝟏

𝑶𝑨𝟏
+

𝟏

𝑶𝑩𝟏
+

𝟏

𝑶𝑪𝟏
) 

Solution 2 by Marin Chirciu – Romania  

We evaluate the left side member. 

Let be 𝑫 – the leg of the height from 𝑨 and 𝑴 – the left of the perpendicular from 𝑶 on 

𝑩𝑪, 𝒅𝒂 – the distance from 𝑶 to 𝑩𝑪. 

We have 𝚫𝑨𝑫𝑪 ∼ 𝚫𝑶𝑴𝑨𝟏 ⇒
𝑨𝑫

𝑶𝑴
=

𝑨𝑨𝟏

𝑶𝑨𝟏
⇔

𝒉𝒂

𝒅𝒂
=
𝑹+𝑶𝑨𝟏

𝑶𝑨𝟏
⇔

𝒉𝒂

𝒅𝒂
=

𝑹

𝑶𝑨𝟏
= 

=
𝑹

𝑶𝑨𝟏
+ 𝟏 ⇔

𝑹

𝑶𝑨𝟏
=
𝒉𝒂
𝒅𝒂
− 𝟏 

We obtain: 

𝑳𝑯𝑺 = 𝑹(
𝟏

𝑶𝑨𝟏
+

𝟏

𝑶𝑩𝟏
+

𝟏

𝑶𝑪𝟏
) + 𝟑 = ∑(

𝒉𝒂

𝒅𝒂
− 𝟏) = 𝟑 = ∑

𝒉𝒂

𝒅𝒂
= ∑

𝒂𝒉𝒂

𝒂𝒅𝒂
= ∑

𝟐𝑭

𝒂𝒅𝒂
= 𝟐𝑭∑

𝟏

𝒂𝒅𝒂
   (1) 

We evaluate the right hand member. 

𝑹𝟏 =
𝑶𝑩 ⋅ 𝑶𝑪 ⋅ 𝑩𝑪

𝟒[𝑩𝑶𝑪]
=
𝑹 ⋅ 𝑹 ⋅ 𝒂

𝟒 ⋅
𝒂 ⋅ 𝒅𝒂
𝟐

=
𝑹𝟐

𝟐𝒅𝒂
⇒
𝑹𝟏
𝑩𝑪

=

𝑹𝟐

𝟐𝒅𝒂
𝒂

=
𝑹𝟐

𝟐𝒂𝒅𝒂
 

𝑹𝑯𝑺 =
𝟒𝑭

𝑹𝟐
(
𝑹𝟏

𝑩𝑪
+
𝑹𝟐

𝑪𝑨
+
𝑹𝟑

𝑨𝑩
) =

𝟒𝑭

𝑹𝟐
∑
𝑹𝟏

𝑩𝑪
=
𝟒𝑭

𝑹𝟐
∑

𝑹𝟐

𝟐𝒂𝒅𝒂
= 𝟐𝑭∑

𝟏

𝒂𝒅𝒂
           (2) 

From (1) and (2) we deduce the conclusion. 
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JP.531 If 𝒂, 𝒃, 𝒄 > 0 and 𝒂𝒃𝒄 = 𝟏 then: 

(
𝒂

𝟐
+
𝒃

𝒄
)
𝟑

+ (
𝒃

𝟐
+
𝒄

𝒂
)
𝟑

+ (
𝒄

𝟐
+
𝒂

𝒃
)
𝟑

> 3√𝟏𝟖
𝟒

 

Proposed by Khaled Abd Imouti-Syria 
Solution 1 by proposer 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

= 𝒂𝟑 + 𝟑𝒂𝟐 ⋅
𝟑𝒃

𝒄
+ 𝟑𝒂 ⋅

𝟒𝒃𝟐

𝒄𝟐
+
𝟖𝒃𝟑

𝒄𝟑
 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

= 𝒂𝟑 + 𝟔
𝒂𝟐𝒃

𝒄
+ 𝟏𝟐

𝒂𝒃𝟐

𝒄𝟐
+
𝟖𝒃𝟑

𝒄𝟑
 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 4√
𝟔 ⋅ 𝟏𝟐 ⋅ 𝟖 ⋅ 𝒂𝟔 ⋅ 𝒃𝟔

𝒄𝟔

𝟒

, (𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 4√
𝟐𝟒 ⋅ 𝟏𝟖 ⋅ 𝒂𝟖 ⋅ 𝒃𝟖 ⋅ 𝒄𝟐

𝒄𝟖𝒂𝟐𝒃𝟐

𝟒

 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 4 ⋅ 2√
𝟏𝟖 𝒂𝟖𝒃𝟖𝒄𝟐

𝒄𝟖 ⋅ 𝒂𝟐 ⋅ 𝒃𝟐

𝟒

, (𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 8 ⋅
𝒂𝟐𝒃𝟐

𝒄𝟐
√
𝟏𝟖𝒄𝟐

𝒂𝟐𝒃𝟐

𝟒

 

𝒂𝒃𝒄 = 𝟏 ⇒ 𝒄 =
𝟏

𝒂𝒃
, 𝒄𝟐 =

𝟏

𝒂𝟐𝒃𝟐
,

𝒄𝟐

𝒂𝟐𝒃𝟐
=

𝟏

𝒂𝟒𝒃𝟒
 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 8
𝒂𝟐𝒃𝟐

𝒄𝟐
√
𝟏𝟖

𝒂𝟒𝒃𝟒

𝟒

, (𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 8 ⋅
𝒂𝟐𝒃𝟐

𝒄𝟐
⋅
√𝟏𝟖
𝟒

𝒂𝒃
 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

> 8√𝟏𝟖
𝟒

⋅
𝒂𝒃

𝒄𝟐
 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

+ (𝒃 +
𝟐𝒄

𝒂
)
𝟑

+ (𝒄 +
𝟐𝒂

𝒃
)
𝟑

> 8√𝟏𝟖
𝟒

[
𝒂𝒃

𝒄𝟐
+
𝒃𝒄

𝒂𝟐
+
𝒄𝒂

𝒃𝟐
] 

≥ 𝟖√𝟏𝟖
𝟒

⋅ 𝟑 ⋅ √
𝒂𝟐𝒃𝟐𝒄𝟐

𝒂𝟐𝒃𝟐𝒄𝟐

𝟑

 

(𝒂 +
𝟐𝒃

𝒄
)
𝟑

+ (𝒃 +
𝟐𝒄

𝒂
)
𝟑

+ (𝒄 +
𝟐𝒂

𝒃
)
𝟑

> 24√𝟏𝟖
𝟒

 

(
𝒂

𝟐
+
𝒃

𝒄
)
𝟑

+ (
𝒃

𝟐
+
𝒄

𝒂
)
𝟑

+ (
𝒄

𝟐
+
𝒂

𝒃
)
𝟑

> 3√𝟏𝟖
𝟒
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Solution 2 by Marin Chirciu – Romania  

∑(
𝒂

𝟐
+
𝒃

𝒄
)
𝟑

≥ 𝟑√𝟏𝟖
𝟒

 

𝑳𝑯𝑺 =∑(
𝒂

𝟐
+
𝒃

𝒄
)
𝟑

≥
𝑯𝒐𝒍𝒅𝒆𝒓 [∑ (

𝒂
𝒃
+
𝒃
𝒄)]

𝟑

𝟗
= 

=
(
𝒂 + 𝒃 + 𝒄

𝟐 +
𝒃
𝒄 +

𝒄
𝒂 +

𝒂
𝒃
)
𝟑

𝟗
≥

𝑨𝑴−𝑮𝑴
 

≥
𝑨𝑴−𝑮𝑴

(
𝟑√𝒂𝒃𝒄
𝟑

𝟐 + 𝟑√
𝒃
𝒄 ⋅
𝒄
𝒂 ⋅
𝒂
𝒃

𝟑

)

𝟑

𝟗
=
(
𝟑
𝟐 + 𝟑)

𝟑

𝟗
=
(
𝟗
𝟐)

𝟑

𝟗
=
𝟗𝟐

𝟐𝟑
= 

=
𝟖𝟏

𝟖
> 3√𝟏𝟖

𝟒
= 𝑹𝑯𝑺 

Remark: The problem can be developed. 

If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1 and 𝒏 ∈ ℕ then: 

∑(
𝒂

𝟐
+
𝒃

𝒄
)
𝒏

≥ 𝟑(
𝟑

𝟐
)
𝒏

 

Marin Chirciu – Romania  

Solution: 

𝑳𝑯𝑺 =∑(
𝒂

𝟐
+
𝒃

𝒄
)
𝒏

≥
𝑯𝒐𝒍𝒅𝒆𝒓 [∑ (

𝒂
𝟐 +

𝒃
𝒄)]

𝒏

𝟑𝒏−𝟏
= 

=
(
𝒂 + 𝒃 + 𝒄

𝟐 +
𝒃
𝒄 +

𝒄
𝒂 +

𝒂
𝒃
)
𝒏

𝟑𝒏−𝟏
≥

𝑨𝑴−𝑮𝑴
 

≥
𝑨𝑴−𝑮𝑴

(
𝟑√𝒂𝒃𝒄
𝟑

𝟐 + 𝟑√
𝒃
𝒄 ⋅
𝒄
𝒂 ⋅
𝒂
𝒃

𝟑

)

𝒏

𝟑𝒏−𝟏
=
(
𝟑
𝟐 + 𝟑)

𝒏

𝟑𝒏−𝟏
=
(
𝟗
𝟐)

𝒏

𝟑𝒏−𝟏
= 𝟑(

𝟑

𝟐
)
𝒏

= 𝑹𝑯𝑺 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Note: For 𝒏 = 𝟑 we obtain Problem JP.531 from RMM, Number 36, Spring 2025, proposed 

by Khaled Abd Imouti, Syria. 

Again the problem can be developed. 
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If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1 and 𝒏 ∈ ℕ, 𝝀 > 0 then: 

∑(
𝒂

𝝀
+
𝒃

𝒄
)
𝒏

≥ 𝟑(𝟏 +
𝟏

𝝀
)
𝒏

 

Marin Chirciu – Romania  

Solution: 

𝑳𝑯𝑺 =∑(
𝒂

𝝀
+
𝒃

𝒄
)
𝒏

≥
𝑯𝒐𝒍𝒅𝒆𝒓 [∑ (

𝒂
𝝀
+
𝒃
𝒄)]

𝒏

𝟑𝒏−𝟏
=
(
𝒂 + 𝒃 + 𝒄

𝝀
+
𝒃
𝒄 +

𝒄
𝒂 +

𝒂
𝒃
)
𝒏

𝟑𝒏−𝟏
≥

𝑨𝑴−𝑮𝑴
 

≥
𝑨𝑴−𝑮𝑴

(
𝟑√𝒂𝒃𝒄
𝟑

𝝀
+ 𝟑√

𝒃
𝒄 ⋅
𝒄
𝒂 ⋅
𝒂
𝒃

𝟑

)

𝒏

𝟑𝒏−𝟏
=
(
𝟑
𝝀
+ 𝟑)

𝒏

𝟑𝒏−𝟏
=
(
𝟑𝝀 + 𝟑
𝝀

)
𝒏

𝟑𝒏−𝟏
= 

= 𝟑(
𝟑𝝀 + 𝟑

𝟑𝝀
)
𝒏

= 𝟑(
𝝀 + 𝟏

𝝀
)
𝒏

= 𝑹𝑯𝑺 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Note: For 𝒏 = 𝟑 and 𝝀 = 𝟐 we obtain Problem JP.531 from RMM, Number 36, Spring 2025, 

proposed by Khaled Abd Imouti, Syria 

JP.532 In any 𝚫𝑨𝑩𝑪, 𝑰 − incenter, 𝒓 − radii, 𝑹 − circumradii, 𝒔 − 

semiperimeter, the following relationship holds: 

𝑨𝑩 + 𝑩𝑰 + 𝑪𝑰 ≤ 𝟐(𝑹 + 𝒓) 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

Firstly, we prove that 

𝑨𝑰𝟐

𝒃𝒄
+
𝑩𝑪𝟐

𝒄𝒂
+
𝑪𝑰𝟐

𝒂𝒃
= 𝟏   (1) 

∑
𝑨𝑰𝟐

𝒃𝒄
𝒄𝒚𝒄

=
𝟏

𝒂𝒃𝒄
⋅∑𝒂𝑨𝑰𝟐

𝒄𝒚𝒄

=
𝟏

𝒂𝒃𝒄
∑𝒂

𝒄𝒚𝒄

⋅
𝒓𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐

=
𝒓𝟐

𝒂𝒃𝒄
⋅∑

𝒂

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

 

But, it is well-known that in any triangle 𝑨𝑩𝑪 holds: 

∑
𝒂

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

=
𝟒𝑹𝒔

𝒓
 

Hence, 
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∑
𝑨𝑰𝟐

𝒃𝒄𝒄𝒚𝒄 =
𝟒𝑹𝒓𝒔

𝒂𝒃𝒄
=
𝟒𝑹𝑭

𝒂𝒃𝒄
= 𝟏 ⇒ (1) is true. 

Now, using Cauchy-Schwarz’s inequality, we have: 

(
𝑨𝑰𝟐

𝒃𝒄
+
𝑩𝑪𝟐

𝒄𝒂
+
𝑪𝑰𝟐

𝒂𝒃
) (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ (𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐    (2) 

From (1) and (2), it follows that 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)    (3) 

But, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓    (4) 

From (3) and (4) we get: (𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 (5) and  

𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (Gerretsen)   (6) 

From (5) and (6), it follows that: 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 ⇔ 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 ⇔ 𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 ≤ 𝟐(𝑹 + 𝒓) 

Solution 2 by Tapas Das-India 

𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 = 𝒓 𝐜𝐬𝐜
𝑨

𝟐
+ 𝒓 𝐜𝐬𝐜

𝑩

𝟐
+ 𝒓 𝐜𝐬𝐜

𝑪

𝟐
= 

= 𝒓√
𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
+ 𝒓√

𝒄𝒂

(𝒔 − 𝒄)(𝒔 − 𝒂)
+ 𝒓√

𝒂𝒃

(𝒔 − 𝒂)(𝒔 − 𝒃)
 

≤
𝑪𝑩𝑺

𝒓 √(∑𝒃𝒄) ⋅∑
𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
 

= 𝒓√(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) ⋅
𝒔

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔

𝒓 √(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)
𝟏

𝒓𝟐
= √𝟒(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐) = 𝟐(𝑹 + 𝒓) 

Solution 3 by Marin Chirciu – Romania  

𝑳𝑯𝑺 =∑𝑨𝑰 =∑
𝒓

𝐬𝐢𝐧
𝑨
𝟐

≤
(𝟏)

𝒓 ⋅ 𝟐 (
𝑹

𝒓
+ 𝟏) = 𝟐(𝑹 + 𝒓) = 𝑹𝑯𝑺, 

where (1) ⇔ ∑
𝟏

𝐬𝐢𝐧
𝑨

𝟐

≤ 𝟐(
𝑹

𝒓
+ 𝟏), which follows from: 
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∑
𝟏

𝐬𝐢𝐧
𝑨
𝟐

=∑
𝟏

√(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒃𝒄

=∑
√𝒃𝒄

√(𝒔 − 𝒃)(𝒔 − 𝒄)
≤
𝑪𝑩𝑺

 

≤
𝑪𝑩𝑺

√∑𝒃𝒄∑
𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

= √(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)
𝟏

𝒓𝟐
=
𝟏

𝒓
√𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 ≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝒓
√𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 = 

=
𝟏

𝒓
√𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 =

𝟐

𝒓
√𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 =

𝟐

𝒓
(𝑹 + 𝒓) = 𝟐(

𝑹

𝒓
+ 𝟏) 

Equality holds if and only if the triangle is equilateral. 

JP.533 Let be the triangle 𝑨𝑩𝑪 with 𝑨𝑫,𝑩𝑬, 𝑪𝑭 − altitudes and 𝑯 – 

orthocenter. Prove that: 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥ 𝟐((

𝑹

𝒓
)
𝟐

− 𝟏) 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

In any triangle 𝑨𝑩𝑪 is well-known that: 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
= ∑ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄 𝐭𝐚𝐧𝑩 − 𝟑       (1) 

and 

∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
− 𝟑 = 

=
𝒔𝟐−𝒓𝟐−𝟒𝑹𝒓−𝟑𝒔𝟐+𝟏𝟐𝑹𝟐+𝟏𝟐𝑹𝒓+𝟑𝒓𝟐

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
=
𝟏𝟐𝑹𝟐+𝟖𝑹𝒓+𝟐𝒓𝟐−𝟐𝒓𝟐

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
   (3) 

But 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐   (Gerretsen)   (4) 

From (3) and (4), we get: 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥
𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟖𝑹𝟐 − 𝟖𝑹𝒓 − 𝟔𝒓𝟐

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐
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Hence,  

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥
𝟒𝑹𝟐 − 𝟒𝒓𝟐

𝟐𝒓𝟐
= ((

𝑹

𝒓
)
𝟐

− 𝟏) 

Solution 2 by Tapas Das – India 

 

In 𝚫𝑨𝑫𝑩,∠𝑩𝑨𝑫 =
𝝅

𝟐
− 𝑩 

In 𝚫𝑨𝑭𝑪, 𝑨𝑭 = 𝒃𝐜𝐨𝐬𝑨 

In 𝚫𝑨𝑭𝑯, 𝐜𝐨𝐬 (
𝝅

𝟐
− 𝑩) =

𝑨𝑭

𝑨𝑯
=
𝒃𝐜𝐨𝐬𝑨

𝑨𝑯
⇒ 𝑨𝑯 =

𝒃 𝐜𝐨𝐬𝑨

𝐜𝐨𝐬(
𝝅

𝟐
−𝑩)

=
𝒃 𝐜𝐨𝐬𝑨

𝐬𝐢𝐧𝑩
 

𝑨𝑯 = 𝟐𝑹𝐜𝐨𝐬𝑨  analog 

In 𝚫𝑨𝑭𝑯: 𝐭𝐚𝐧 (
𝝅

𝟐
− 𝑩) =

𝑭𝑯

𝑨𝑭
=

𝑭𝑯

𝒃𝐜𝐨𝐬𝑨
 

𝑭𝑯 =
𝒃 𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩

𝐬𝐢𝐧𝑩
= 𝟐𝑹𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩    (analog) 

Now, 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
=

𝟐𝑹𝐜𝐨𝐬𝑨

𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
+

𝟐𝑹𝐜𝐨𝐬𝑩

𝟐𝑹𝐜𝐨𝐬𝑨 𝐜𝐨𝐬 𝑪
+

𝟐𝑹𝐜𝐨𝐬 𝑪

𝟐𝑹𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩
= 

=
∑𝐜𝐨𝐬𝟐 𝑨

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬 𝑪
=
(∑𝐜𝐨𝐬𝑨)𝟐 − 𝟐∑𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬 𝑪
 

=
(𝟏 +

𝒓
𝑹)

𝟐

− 𝟐
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐

=
𝟒(𝑹 + 𝒓)𝟐 − 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
= 

=
𝟒(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐) − 𝟐𝒔𝟐 − 𝟐𝒓𝟐 + 𝟖𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
=
𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟐𝒔𝟐

𝒔𝟐 − (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐)
≥ 
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≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐
 

=
𝟒𝑹𝟐 − 𝟒𝒓𝟐

𝟐𝒓𝟐
= 𝟐(

𝑹

𝒓
)
𝟐

− 𝟐 = 𝟐 [(
𝑹

𝒓
)
𝟐

− 𝟏] 

Solution 3 by Marin Chirciu – Romania  

In acute 𝚫𝑨𝑩𝑪 we have 𝑯𝑨 = 𝟐𝑹𝐜𝐨𝐬𝑨 and 𝑯𝑫 = 𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬 𝑪. 

We obtain: 

𝑳𝑯𝑺 =∑
𝑯𝑨

𝑯𝑫
=∑

𝟐𝑹𝐜𝐨𝐬𝑨

𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬 𝑪
∑

𝐜𝐨𝐬𝑨

𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
=
∑𝐜𝐨𝐬𝟐 𝑨

∏𝐜𝐨𝐬𝑨
= 

=

𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐

𝟐𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐

=
𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
≥
(𝟏)

𝟐((
𝑹

𝒓
)
𝟐

− 𝟏) = 𝑹𝑯𝑺 

where (1) ⇔
𝟐(𝟔𝑹𝟐+𝟒𝑹𝒓+𝒓𝟐−𝒔𝟐)

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
≥ 𝟐((

𝑹

𝒓
)
𝟐

− 𝟏) ⇔ 

⇔
(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
≥
𝑹𝟐 − 𝒓𝟐

𝒓𝟐
⇔ 

⇔ 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐) ≥ (𝑹𝟐 − 𝒓𝟐)[𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐] ⇔ 

⇔ 𝑹𝟐𝒔𝟐 ≤ (𝑹𝟐 − 𝒓𝟐)(𝟐𝑹 + 𝒓)𝟐 + 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) 

which follows from Gerretsen’s inequality 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 

It remains to prove that: 

𝑹𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) ≤ (𝑹𝟐 − 𝒓𝟐)(𝟐𝑹 + 𝒓)𝟐 + 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) ⇔ 

⇔ 𝟑𝑹𝟐𝒓𝟐 ≤ 𝟑𝑹𝟐𝒓𝟐, obviously. 

Equality holds if and only if the triangle is equilateral. 

 

JP.534 In 𝚫𝑨𝑩𝑪, 𝑰 − incenter and 𝑫,𝑬, 𝑭 the points of contact of the cevians 

𝑨𝑰,𝑩𝑰, 𝑪𝑰 with the circumcircle, then the following relationship holds: 

𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭 ≤
𝟐(𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐)

𝒓
 

Proposed by Marian Ursărescu – Romania  
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Solution 1 by proposer 

 
In 𝚫𝑰𝑩𝑪, from Law of sines, it follows: 

𝑰𝑫

𝐬𝐢𝐧(𝑰𝑩𝑫)
=

𝑰𝑩

𝐬𝐢𝐧(𝑰𝑫𝑩)
       (1) 

But: 

𝐬𝐢𝐧(𝑰𝑩𝑫) = 𝐬𝐢𝐧 (
𝑩

𝟐
+
𝑨

𝟐
) = 𝐬𝐢𝐧 (

𝝅

𝟐
−
𝑪

𝟐
) = 𝐜𝐨𝐬

𝑪

𝟐
      (2) 

𝐬𝐢𝐧(𝑰𝑫𝑩) = 𝐬𝐢𝐧𝑪     (3) 

From (1), (2) and (3), we get: 

𝑰𝑫 =
𝑰𝑫⋅𝐜𝐨𝐬

𝑪

𝟐

𝐬𝐢𝐧 𝑪
=

𝑩𝑰

𝟐 𝐬𝐢𝐧
𝑪

𝟐

; and analogs (4) 

By adding, we have: 

𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭 =
𝟏

𝟐
(
𝑩𝑰

𝐬𝐢𝐧
𝑪
𝟐

+
𝑪𝑰

𝐬𝐢𝐧
𝑨
𝟐

+
𝑨𝑰

𝐬𝐢𝐧
𝑩
𝟐

) 

(𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭)𝟐 =
𝟏

𝟒
(
𝑩𝑰

𝐬𝐢𝐧
𝑪

𝟐

+
𝑪𝑰

𝐬𝐢𝐧
𝑨

𝟐

+
𝑨𝑰

𝐬𝐢𝐧
𝑩

𝟐

)

𝟐

      (5) 

(
𝑩𝑰

𝐬𝐢𝐧
𝑪
𝟐

+
𝑪𝑰

𝐬𝐢𝐧
𝑨
𝟐

+
𝑨𝑰

𝐬𝐢𝐧
𝑩
𝟐

) ≤
𝑪−𝑺

(𝑨𝑰𝟐 + 𝑩𝑰𝟐 + 𝑪𝑰𝟐) (
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑪
𝟐

) = 

= (𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓) ⋅
𝒔𝟐+𝒓𝟐−𝟖𝑹𝒓

𝒓𝟐
=
(𝒔𝟐+𝒓𝟐−𝟖𝑹𝒓)

𝟐

𝒓𝟐
     (6) 

From (5) and (6), it follows that: 
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(𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭)𝟐 ≤
(𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓)𝟐

𝟒𝒓𝟐
 

𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭 ≤
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟐𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐

𝟐𝒓
=
𝟐(𝑹𝟐 −𝑹𝒓 + 𝒓𝟐)

𝒓
 

Solution 2 by Tapas Das – India 

 

∠𝑫𝑩𝑪 = ∠𝑫𝑨𝑪 =
𝑨

𝟐
 (angle on same one 𝑫𝑪), ∠𝑨𝑪𝑩 = ∠𝑨𝑫𝑩 = 𝑪 

(angle on same one 𝑨𝑩). From 𝚫𝑨𝑩𝑫 we have  

𝑪

𝐬𝐢𝐧𝑪
=
𝑩𝑫

𝐬𝐢𝐧
𝑨
𝟐

= 𝟐𝑹 ⇒ 𝑩𝑫 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

Now from 𝚫𝑩𝑰𝑫, 

∠𝑰𝑩𝑫 =
𝑩

𝟐
+
𝑨

𝟐
=
𝝅

𝟐
−
𝑪

𝟐
    (∵ 𝑨 + 𝑩 + 𝑪 = 𝝅), ∠𝑩𝑫𝑰 = 𝑪 

∴ ∠𝑩𝑰𝑫 = 𝝅 − (
𝝅

𝟐
−
𝑪

𝟐
+ 𝑪) =

𝝅

𝟐
−
𝑪

𝟐
 

∴ ∠𝑩𝑰𝑫 = ∠𝑫𝑩𝑰  ∴ 𝑩𝑫 = 𝑰𝑫 

∴ 𝑰𝑫 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
     (analog) 

∴ 𝑰𝑫 + 𝑰𝑬 + 𝑰𝑭 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
+ 𝟐𝑹𝐬𝐢𝐧

𝑩

𝟐
+ 𝟐𝑹𝐬𝐢𝐧

𝑪

𝟐
 

= 𝟐𝑹(∑𝐬𝐢𝐧
𝑨

𝟐
) ≤
𝑱𝒆𝒏𝒔𝒆𝒏′𝒔

𝟐𝑹 𝟑 𝐬𝐢𝐧 (
𝑨 + 𝑩 + 𝑪

𝟔
) = 𝟐𝑹 ⋅ 𝟑 𝐬𝐢𝐧

𝝅

𝟔
= 𝟑𝑹  

[𝐬𝐢𝐧
𝒙

𝟐
 is concave in 𝒙 ∈ (𝟎, 𝝅)] 



 
www.ssmrmh.ro 

20 36-RMM SPRING EDITION 2025-SOLUTIONS 

 

We need to show 

𝟑𝑹 ≤
𝟐(𝑹𝟐−𝑹𝒓+𝒓𝟐)

𝒓
⇒ 𝟐𝑹𝟐 − 𝟓𝑹𝒓 + 𝟐𝒓𝟐 ≥ 𝟎 ⇒ (𝑹 − 𝟐𝒓)(𝟐𝑹 − 𝒓) ≥ 𝟎 True (Euler) 

Solution 3 by Marin Chirciu – Romania 

Using the power of point 𝑰 towards circumcircle we obtain 

𝑰𝑨 ⋅ 𝑰𝑫 = 𝑹𝟐 − 𝑶𝑰𝟐 and as 𝑰𝑨 =
𝒓

𝐬𝐢𝐧
𝑨

𝟐

, 𝑶𝑰𝟐 = 𝑹𝟐 − 𝟐𝑹 it follows 
𝒓

𝐬𝐢𝐧
𝑨

𝟐

⋅ 𝑰𝑫 = 𝟐𝑹𝒓 ⇔ 

⇔ 𝑰𝑫 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

We obtain: 

𝑳𝑯𝑺 =∑𝑰𝑫 =∑𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
= 𝟐𝑹 ∑𝐬𝐢𝐧

𝑨

𝟐
≤ 𝟐𝑹 ⋅

𝟑

𝟐
= 𝟑𝑹 ≤

(𝟏) 𝟐(𝑹𝟐 − 𝑹𝒓 + 𝒓𝟐)

𝒓

= 𝑹𝑯𝑺, 

where (1) ⇔ 𝟑𝑹 ≤
𝟐(𝑹𝟐−𝑹𝒓+𝒓𝟐)

𝒓
⇔ 𝟐𝑹𝟐 − 𝟓𝑹𝒓 + 𝟐𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟐𝑹 − 𝒓) ≥ 𝟎, 

see 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral. 

JP.535 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒓𝒂
𝟒 + 𝒓𝒃

𝟐𝒓𝒄
𝟐

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
𝒄𝒚𝒄

≥ 𝒔𝟐 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer 

Lemma. If 𝒙, 𝒚, 𝒛 > 0 then: 

∑
𝒙𝟐 + 𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝒙 + 𝒚 + 𝒛 

Proof of Lemma. We have: 

∑
𝒙𝟐 + 𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝒙 + 𝒚 + 𝒛 ⇔∑
𝒙𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝟐(𝒙 + 𝒚 + 𝒛) 

∑
(𝒙 + 𝒚)(𝒙 + 𝒛)

𝒚 + 𝒛
𝒄𝒚𝒄

≥ (𝒙 + 𝒚) + (𝒚 + 𝒛) + (𝒛 + 𝒙) 
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which is true, because for 𝒙 + 𝒚 = 𝒎, 𝒙 + 𝒛 = 𝒏, 𝒚 + 𝒛 = 𝒑, we have: 

∑
𝒎𝒏

𝒑
𝒄𝒚𝒄

≥ 𝒎+𝒏 + 𝒑 ⇔ (𝒎𝒏)𝟐 + (𝒏𝒑)𝟐 + (𝒑𝒎)𝟐 ≥ 𝒎𝒏𝒑(𝒎+ 𝒏 + 𝒑) 

Hence, 

∑
𝒓𝒂
𝟒+𝒓𝒃

𝟐𝒓𝒄
𝟐

𝒓𝒃
𝟐+𝒓𝒄

𝟐𝒄𝒚𝒄 ≥ 𝒓𝒂
𝟐 + 𝒓𝒃

𝟐 + 𝒓𝒄
𝟐 = (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐         (1) 

But: (𝟒𝑹 + 𝒓)𝟐 ≥ 𝟑𝒔𝟐; (Doucet); (2). From (1) and (2), it follows that 

∑
𝒓𝒂
𝟒 + 𝒓𝒃

𝟐𝒓𝒄
𝟐

𝒓𝒃
𝟐 + 𝒓𝒄𝟐𝒄𝒚𝒄

≥ 𝒔𝟐 

Solution 2 by Marin Chirciu – Romania 

𝑳𝑯𝑺 =∑
𝒓𝒂
𝟒 + 𝒓𝒃

𝟐𝒓𝒄
𝟐

𝒓𝒃
𝟐 + 𝒓𝒄𝟐

≥
𝑪𝑺 (∑𝒓𝒂

𝟐)𝟐 + (∑𝒓𝒃𝒓𝒄)
𝟐

∑(𝒓𝒃
𝟐 + 𝒓𝒄𝟐)

=
(∑𝒓𝒂

𝟐)𝟐 + (𝒔𝟐)𝟐

𝟐∑𝒓𝒂𝟐
≥
(𝟏)

𝒔𝟐 = 𝑹𝑯𝑺 

where (1) ⇔
(∑𝒓𝒂

𝟐)
𝟐
+𝒔𝟒

𝟐∑𝒓𝒂
𝟐 ≥ 𝒔𝟐 ⇔ (∑𝒓𝒂

𝟐)𝟐 + 𝒔𝟒 ≥ 𝟐𝒔𝟐∑𝒓𝒂
𝟐 ⇔ (∑𝒓𝒂

𝟐 − 𝒔𝟐)𝟐 ≥ 𝟎, with 

equality for ∑𝒓𝒂
𝟐 = 𝒔𝟐. 

Equality holds if and only if the triangle is equilateral. 

JP.536 In𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝑹

𝒓
≥
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟏 

Proposed by Alex Szoros – Romania  
Solution 1 by proposer 

We will demonstrate beforehand that: 

(∑𝒂) (∑
𝟏

𝒂
) ≥

𝟐∑𝒂𝟐

∑𝒂𝒃
+ 𝟕  (∀)𝒂, 𝒃, 𝒄 > 0        (1) 

The inequality is equivalent to 

(∑𝒂)(∑𝒂𝒃)

𝒂𝒃𝒄
≥
𝟐(∑𝒂𝟐) + 𝟕∑𝒂𝒃

∑𝒂𝒃
  ⇔ (∑𝒂)(∑𝒂𝒃)𝟐 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃   (𝟐) 

On the other hand 

(∑𝒂)(∑𝒂𝒃)𝟐 ≥ 𝟑𝒂𝒃𝒄(∑𝒂)𝟐 

It suffices to show that: 
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𝟑𝒂𝒃𝒄(∑𝒂)𝟐 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃       ⇔ 

𝟑𝒂𝒃𝒄∑𝒂𝟐 + 𝟔𝒂𝒃𝒄∑𝒂𝒃 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃     ⇔ 𝒂𝒃𝒄∑𝒂𝟐  ≥ 𝒂𝒃𝒄∑𝒂𝒃  ⇔ 

   ∑𝒂𝟐 ≥ ∑𝒂𝒃 

and inequality (1) is proved. 

From inequality (1) it follows that: 

(∑𝒓𝒂) (∑
𝟏

𝒓𝒂
) ≥

𝟐∑𝒓𝒂
𝟐

∑𝒓𝒂𝒓𝒃
+ 𝟕       (3) 

(3) ⇔ (∑𝒓𝒂) (∑
𝟏

𝒓𝒂
) ≥

𝟐(∑𝒓𝒂)
𝟐

∑𝒓𝒂𝒓𝒃
+ 𝟑 

Using identities 

∑𝒓𝒂 = 𝟒𝑹 + 𝒓 , ∑
𝟏

𝒓𝒂
=
𝟏

𝒓
    and ∑𝒓𝒂𝒓𝒃 = 𝒔

𝟐 

relation (3) becomes 

𝟒𝑹 + 𝒓

𝒓
≥
𝟐(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟑       ⇔ 

𝟒𝑹

𝒓
≥
𝟐(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟐   ⇔   

𝟐𝑹

𝒓
≥
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟏 

Solution 2 by Marin Chirciu – Romania 

Using Gerretsen’s inequality 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥
𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓
 it suffices to prove that: 

𝟐𝑹

𝒓
≥

(𝟒𝑹+𝒓)𝟐

𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓

+ 𝟏 ⇔
𝟐𝑹

𝒓
≥
𝑹+𝒓

𝒓
+ 𝟏 ⇔ 𝑹 ≥ 𝟐𝒓, (Euler) 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Tapas Das – India  

𝟐𝑹

𝒓
≥
(𝟒𝑹+𝒓)𝟐

𝒔𝟐
+ 𝟏 or 

𝟐𝑹

𝒓
⋅ 𝒔𝟐 ≥ (𝟒𝑹 + 𝒓)𝟐 + 𝒔𝟐 

𝟐𝑹

𝒓
(𝟏𝟔𝑹𝒓 − 𝒔𝒓𝟐) ≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 (𝟒𝑹 + 𝒓)𝟐 + 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

⇒ 𝟑𝟐𝑹𝟐 − 𝟏𝟎𝑹𝒓 ≥ 𝟐𝟎𝑹𝟐 + 𝟏𝟐𝑹𝒓 + 𝟒𝒓𝟐 ⇒ 𝟏𝟐𝑹𝟐 − 𝟐𝟐𝑹𝒓 − 𝟒𝒓𝟐 ≥ 𝟎 

or 𝟔𝑹𝟐 − 𝟏𝟏𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎  or 𝟔𝑹𝟐 − 𝟏𝟐𝑹𝒓 + 𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎 

or 𝟔𝑹(𝑹 − 𝟐𝒓) + 𝒓(𝑹 − 𝟐𝒓) ≥ 𝟎.True (Euler) 
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JP.537 Find the angles of a triangle 𝑨𝑩𝑪 if  

𝐬𝐢𝐧𝑨 + 𝟐𝐬𝐢𝐧𝑩

√𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪 + 𝟐 𝐜𝐨𝐬𝑨𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪
+ 𝟏 =

𝟑√𝟑

𝟐𝐬𝐢𝐧𝑪
 

Proposed by Cristian Miu – Romania  

Solution 1 by proposer 

𝒉𝒂 = 𝟐𝑹𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪 , 𝒉𝒃 = 𝟐𝑹𝐬𝐢𝐧𝑨 𝐬𝐢𝐧 𝑪 so we can write 

𝒉𝒃 + 𝟐𝒉𝒂

√𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄𝐜𝐨𝐬 𝑨
+ 𝐬𝐢𝐧𝑪 =

𝟑√𝟑

𝟐
↔ 

𝒉𝒃 + 𝟐𝒉𝒂
𝟐𝒎𝒂

+ 𝐬𝐢𝐧𝑪 =
𝟑√𝟑

𝟐
↔ 

𝑭

𝒃𝒎𝒂
+

𝟐𝑭

𝒂𝒎𝒂
+ 𝐬𝐢𝐧𝑪 =

𝟑√𝟑

𝟐
 where 𝑭 is the area of 𝑨𝑩𝑪 

Let 𝑴 ∈ 𝑩𝑪 such as 𝑩𝑴 = 𝑴𝑪 then 

𝑭

𝒃𝒎𝒂
= 𝐬𝐢𝐧(𝑴𝑨�̂�) ,

𝟐𝑭

𝒂𝒎𝒂
= 𝐬𝐢𝐧(𝑨𝑴�̂�) 

Now we can write 

𝐬𝐢𝐧(𝑴𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝑴�̂�) + 𝐬𝐢𝐧𝑪 =
𝟑√𝟑

𝟐
. From here we obtain that 𝑪 =

𝝅

𝟑
 and 𝑨𝑴 =

𝑩𝑪

𝟐
. 

But if 

𝑨𝑴 = 𝑴𝑪 then 𝑨 =
𝝅

𝟐
. 

So, 𝑨 =
𝝅

𝟐
, 𝑩 =

𝝅

𝑪
, 𝑪 =

𝝅

𝟑
 

Solution 2 by Marin Chirciu – Romania 

In 𝚫𝑨𝑩𝑪 non-obtuse we have 𝐜𝐨𝐬𝑨 ≥ 𝟎, with equality for 𝑨 = 𝟗𝟎° 

𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪 + 𝟐𝐜𝐨𝐬𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 ≥ 𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪 + 𝟐 ⋅ 𝟎 ⋅ 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 = 

= 𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪 

For 𝑨 = 𝟗𝟎° ⇒ 𝑩+ 𝑪 = 𝟗𝟎° ⇒ 𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪 = 𝟏 

We obtain: 

𝑳𝑯𝑺 =
𝐬𝐢𝐧𝑨 + 𝟐𝐬𝐢𝐧𝑩

√𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 + 𝟐𝐜𝐨𝐬𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
+ 𝟏 ≤

𝐬𝐢𝐧𝑨 + 𝟐𝐬𝐢𝐧𝑩

√𝟏 + 𝟐 ⋅ 𝟎
+ 𝟏 = 
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=
𝟏 + 𝟐𝐬𝐢𝐧𝑩

𝟏
+ 𝟏 = 𝟐𝐬𝐢𝐧𝑩 + 𝟐 

We have 𝑳𝑯𝑺 ≤ 𝐬𝐢𝐧𝑩 + 𝟐 

From 𝑹𝑯𝑺 =
𝟑√𝟑

𝟐 𝐬𝐢𝐧𝑪
= 𝑳𝑯𝑺 ≥ 𝟐𝐬𝐢𝐧𝑩 + 𝟐 ⇒

𝟑√𝟑

𝟐 𝐬𝐢𝐧𝑪
≥ 𝟐𝐬𝐢𝐧𝑩 + 𝟐, with equality for 

𝐬𝐢𝐧𝑩 =
𝟏

𝟐
 and 𝐬𝐢𝐧𝑪 =

√𝟑

𝟐
⇒ 𝑩 = 𝟑𝟎° and 𝑪 = 𝟔𝟎° 

We deduce that 𝑨 = 𝟗𝟎°,𝑩 = 𝟑𝟎° and 𝒄 = 𝟔𝟎°. 

JP.538 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑

𝟐𝑹
≤∑

𝐜𝐨𝐬𝟐
𝑨
𝟐

𝒉𝒂
≤
𝟑

𝟒𝒓
 

Proposed by Alex Szoros – Romania  
Solution 1 by proposer 

Using the formulas 

𝐜𝐨𝐬 𝑨 =
𝒃𝟐+𝒄𝟐−𝒂𝟐

𝟐𝒃𝒄
; 𝒉𝒂 =

𝟐𝑭

𝒂
; 𝑹 =

𝒂𝒃𝒄

𝟒𝑭
 and 𝟏𝟔𝑭𝟐 = 𝟐∑𝒂𝟐𝒃𝟐 − ∑𝒂𝟒 

we have: 

∑
𝐜𝐨𝐬𝑨

𝒉𝒂
=∑

𝒂

𝟐𝑭
(
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
) =

𝟏

𝟒𝑭𝒂𝒃𝒄
∑𝒂𝟐 (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) =

𝟐∑𝒂𝟐𝒃𝟐 − ∑𝒂𝟒

𝟏𝟔𝑹𝑭𝟐
= 

=
𝟏𝟔𝑭𝟐

𝟏𝟔𝑹𝑭𝟐
=

𝟏

𝑹
     (1) 

Using the identity 

∑
𝟏

𝒉𝒂
=
𝟏

𝒓
     (2) 

we can write that 

∑
𝐜𝐨𝐬𝑨

𝒉𝒂
+∑

𝟏

𝒉𝒂
=

𝟏

𝑹
+
𝟏

𝒓
⇒ ∑

𝟏+𝐜𝐨𝐬𝑨 

𝒉𝒂
=

𝟏

𝑹
+
𝟏

𝒓
⇒ 𝟐∑

𝐜𝐨𝐬𝟐
𝑨

𝟐

𝒉𝒂
=

𝟏

𝑹
+
𝟏

𝒓
       (3) 

On the other hand from Euler’s inequality 𝑹 ≥ 𝟐𝒓 we deduce 

𝟑

𝑹
≤
𝟏

𝑹
+
𝟏

𝒓
≤
𝟑

𝟐𝒓
⇒

𝟑

𝟐𝑹
≤∑

𝐜𝐨𝐬𝟐
𝑨
𝟐

𝒉𝒂
≤
𝟑

𝟒𝒓
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Solution 2 by Marin Chirciu – Romania  

Lemma. 
In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
=
𝑹+ 𝒓

𝟐𝑹𝒓
 

Proof. 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
=∑

𝒔(𝒔 − 𝒂)
𝒃𝒄
𝟐𝑺
𝒂

=
𝒔

𝟐𝑺
∑

𝒂(𝒔 − 𝒂)

𝒃𝒄
=

𝒔

𝟐𝒑𝒓
⋅
𝑹 + 𝒓

𝑹
=
𝑹 + 𝒓

𝟐𝑹𝒓
 

Let’s get back to the main problem.Using the Lemma we obtain: 
RHS. 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
=
𝑹 + 𝒓

𝟐𝑹𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟒𝒓
 

Equality holds if and only if the triangle is equilateral. 
LHS. 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
=
𝑹 + 𝒓

𝟐𝑹𝒓
≥

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟐𝑹
 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Tapas Das – India  

WLOG 𝒂 ≥ 𝒃 ≥ 𝒄, 𝐜𝐨𝐬𝟐
𝑨

𝟐
≤ 𝐜𝐨𝐬𝟐

𝑩

𝟐
≤ 𝐜𝐨𝐬𝟐

𝑪

𝟐
 

𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 ⇒
𝟏

𝒉𝒂
≥
𝟏

𝒉𝒃
≥
𝟏

𝒉𝒄
 

∴∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
⋅∑𝐜𝐨𝐬𝟐

𝑨

𝟐
∑

𝟏

𝒉𝒂
=
𝟏

𝟑
(𝟐 +

𝒓

𝟐𝑹
) ⋅
𝟏

𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟏

𝟑
(𝟐 +

𝟏

𝟒
) ⋅
𝟏

𝒓
=
𝟑

𝟒𝒓
 

∑
𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒉𝒂
=
𝟏

𝟐𝑭
∑𝒂𝐜𝐨𝐬𝟐

𝑨

𝟐
≥

𝑨𝑴−𝑮𝑴 𝟏

𝟐𝑭
⋅ 𝟑 [(𝒂𝒃𝒄) (𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
)]

𝟏
𝟑
= 

=
𝟏

𝟐𝑭
⋅ 𝟑 [𝟒𝑹𝒓𝒔 ⋅

𝒔𝟐

𝟏𝟔𝑹𝟐
]

𝟏
𝟑

=
𝟏

𝟐𝑭
⋅ 𝟑 [

𝒓𝟑𝒔𝟑

𝟒𝑹𝟐 ⋅ 𝒓𝟐
]

𝟏
𝟑

≥
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐𝑭
⋅ 𝟑 [

𝒓𝟑𝒔𝟑

𝟒𝑹𝟐 (
𝑹
𝟐)

𝟐]

𝟏
𝟑

= 

=
𝟏

𝟐𝑭
⋅ 𝟑 ⋅

𝒓𝒔

𝑹
=
𝟑

𝟐𝑹
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JP.539 In 𝚫𝑨𝑩𝑪,𝑶 ∈ (𝑨𝑩),𝑶𝑸 ∥ 𝑩𝑪, where 𝑸 ∈ (𝑨𝑪).𝑷 ∈ (𝑶𝑪) such that 

𝑹𝑷 ∥ 𝑩𝑪, where 𝑹 ∈ (𝑨𝑪) and 𝑻 ∈ (𝑨𝑩). If the lengths of the segment 𝑹𝑻 is 

the geometric mean of the lengths of the segments 𝑶𝑸 and 𝑩𝑪,  

then 𝑶𝑷 <
𝑶𝑪

𝟐
. 

Proposed by Gheorghe Molea – Romania  
Solution by proposer: 

 

From 𝑶𝑸 ∥ 𝑩𝑪 ⇒ 𝚫𝑨𝑶𝑸 ∼ 𝚫𝑨𝑩𝑪 ⇒
𝑨𝑶

𝑨𝑩
=
𝑸𝑶

𝑩𝑪
⇒ 𝑶𝑸 =

𝑨𝑶⋅𝑩𝑪

𝑨𝑩
 

From 𝑹𝑷 ∥ 𝑩𝑪 ⇒ 𝚫𝑪𝑹𝑷 ∼ 𝚫𝑪𝑸𝑶 ⇒
𝑹𝑷

𝑸𝑶
=
𝑪𝑷

𝑪𝑶
⇒ 𝑹𝑷 =

𝑪𝑷⋅𝑸𝑶

𝑪𝑶
 

From 𝑷𝑻 ∥ 𝑩𝑪 ⇒ 𝚫𝑶𝑷𝑻 ∼ 𝚫𝑶𝑪𝑩 ⇒
𝑶𝑷

𝑶𝑪
=
𝑷𝑻

𝑩𝑪
⇒ 𝑷𝑻 =

𝑶𝑷⋅𝑩𝑪

𝑶𝑪
 

𝑹𝑻 = 𝑹𝑷+ 𝑷𝑻 =
𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪

𝑪𝑶
 

From 𝑹𝑻𝟐 = 𝑶𝑸 ⋅ 𝑩𝑪 (from hypotenuse) ⇒ (𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪)𝟐 = 𝑶𝑸 ⋅ 𝑩𝑪 ⋅ 𝑪𝑶𝟐 

𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪 = 𝑪𝑶 ⋅ 𝑩𝑪 ⋅ √
𝑨𝑶

𝑨𝑩
,

𝑪𝑷 ⋅
𝑨𝑶 ⋅ 𝑩𝑪

𝑨𝑩
+ 𝑶𝑷 ⋅ 𝑩𝑪 = 𝑪𝑶 ⋅ 𝑩𝑪 ⋅ √

𝑨𝑶

𝑨𝑩
|:𝑩𝑪 

𝑪𝑷 ⋅ 𝑨𝑶 + 𝑶𝑷 ⋅ 𝑨𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶, 𝑪𝑷 ⋅ 𝑨𝑶 + 𝑶𝑷 ⋅ (𝑨𝑶 + 𝑶𝑩) = 𝑪𝑶√𝑨𝑩 ⋅ 𝑨𝑶 

𝑨𝑶(𝑪𝑷 + 𝑶𝑷) + 𝑶𝑷 ⋅ 𝑶𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶 

𝑨𝑶 ⋅ 𝑪𝑶 + 𝑶𝑷 ⋅ 𝑶𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶 

But √𝑨𝑩 ⋅ 𝑨𝑶 <
𝑨𝑩+𝑨𝑶

𝟐
⇒ 𝑨𝑶 ⋅ 𝑪𝑶 + 𝑶𝑷 ⋅ 𝑶𝑩 <

𝑪𝑶(𝑨𝑩+𝑨𝑶) 

𝟐
 

𝟐𝑨𝑶 ⋅ 𝑪𝑶 + 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝐶𝑂 ⋅ 𝐴𝐵 + 𝐶𝑂 ⋅ 𝐴𝑂 
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𝑨𝑶 ⋅ 𝑪𝑶 + 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝐶𝑂 ⋅ 𝐴𝐵, 2𝑶𝑷 ⋅ 𝑶𝑩 < 𝐶𝑂(𝑨𝑩 − 𝑨𝑶), 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝐶𝑂 ⋅ 𝑂𝐵|:𝑂𝐵 

𝟐𝑶𝑷 < 𝐶𝑂 ⇒ 𝑂𝑃 <
𝑶𝑪

𝟐
 

JP.540 Let be 𝚫𝑨𝑪𝑫 with 𝒎(𝑪𝑨�̂�) > 90°, 𝐵 ∈ (𝑪𝑫), such that 𝒎(𝑩𝑨�̂�) =

𝟗𝟎° and 𝑨𝑪 > 𝐴𝐵. The bisector  𝑨𝑪�̂� intersects 𝑨𝑫 in 𝑬. If (𝑩𝑬 is the 

bisector  𝑨𝑩�̂�, prove that: 

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) 

Proposed by Gheorghe Molea – Romania  

Solution 1 by proposer 

 

Let be 𝑨𝑩 ∩ 𝑪𝑬 = {𝑭} 

(𝑪𝑭 = the bisector  𝑨𝑪�̂� ⇒
𝑨𝑭

𝑭𝑩
=

𝑪𝑨

𝑪𝑩
 

(𝑩𝑬 = the bisector  𝑨𝑩�̂� ⇒
𝑫𝑬

𝑬𝑨
=
𝑩𝑫

𝑨𝑩
 

(𝑪𝑬 = the bisector  𝑫𝑪�̂� ⇒
𝑪𝑫

𝑪𝑨
=
𝑫𝑬

𝑬𝑨
 

⇒
𝑪𝑫

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
⇔
𝑫𝑩+ 𝑩𝑪

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
⇔
𝑫𝑩

𝑪𝑨
+
𝑩𝑪

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
 

𝑩𝑫

𝑨𝑩
−
𝑫𝑩

𝑨𝑪
=
𝑩𝑪

𝑪𝑨
⇔ 𝑩𝑫(

𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) =

𝑭𝑩

𝑭𝑨
⇔ 

𝑩𝑫(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) =

𝑪𝑩

𝑪𝑨
⇒ 𝑩𝑫 =

𝑪𝑩

𝑪𝑨
⋅
𝑨𝑩 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
⇒ 𝑩𝑫 =

𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
 

𝑫𝑪 = 𝑩𝑫 + 𝑩𝑪 =
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
+ 𝑩𝑪 =

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
 

Stewart’s relationship in 𝚫𝑨𝑫𝑪: 
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𝑨𝑫𝟐 ⋅ 𝑩𝑪 + 𝑨𝑪𝟐 ⋅ 𝑫𝑩 − 𝑨𝑩𝟐 ⋅ 𝑫𝑪 = 𝑫𝑩 ⋅ 𝑩𝑪 ⋅ 𝑫𝑪 

𝑨𝑫𝟐 ⋅ 𝑩𝑪 + 𝑨𝑪𝟐 ⋅
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
− 𝑨𝑩𝟐 ⋅

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
=
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
⋅ 𝑩𝑪 ⋅

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
 

𝑨𝑫𝟐 + 𝑨𝑩 ⋅ 𝑨𝑪 (
𝑨𝑪 − 𝑨𝑩

𝑨𝑪 − 𝑨𝑩
) =

𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝑩𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
 

𝑨𝑫𝟐 = 𝑨𝑩 ⋅ 𝑨𝑪(
𝑩𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
− 𝟏) = 𝑨𝑩 ⋅ 𝑨𝑪(

𝑩𝑪𝟐 − 𝑨𝑪𝟐 − 𝑨𝑩𝟐 + 𝟐𝑩𝑪 ⋅ 𝑨𝑪

(𝑨𝑪 − 𝑨𝑩)𝟐
) 

= 𝑨𝑩 ⋅ 𝑨𝑪 ⋅
𝟐𝑨𝑪 ⋅ 𝑨𝑩

(𝑨𝑪 − 𝑨𝑩)𝟐
= 𝟐

𝑨𝑩𝟐 ⋅ 𝑨𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
 

⇒ 𝑨𝑫 =
𝑨𝑩 ⋅ 𝑨𝑪√𝟐

𝑨𝑪 − 𝑨𝑩
⇒

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝑨𝑪 ⋅ 𝑨𝑩

𝑨𝑩 ⋅ 𝑨𝑪
) ⇒

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) 

Solution 2 by Debrata Nag-Kolkata-India 

 

Clearly:   
𝑨𝑬

𝑬𝑫
=

𝑪𝑨

𝑪𝑫
=

𝑩𝑨

𝑩𝑫
    (by ∠ - bisector theorem) 

∴
𝑪𝑨

𝑪𝑫
=
𝑩𝑨

𝑩𝑫
=
𝑨𝑪 − 𝑨𝑩

𝑩𝑪
⇒ 𝑩𝑫 =

𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
 

Let ∠𝑩𝑨𝑫 = 𝜽 ⇒ ∠𝑩𝑫𝑨 = 𝟗𝟎∘ − (𝑪 + 𝜽)                 (1) 

∴ from 𝚫𝑨𝑩𝑫:
𝑨𝑩

𝑨𝑫
=
𝐜𝐨𝐬(𝑪+𝜽)

𝐜𝐨𝐬 𝑪
 

∴
𝑨𝑩

𝑨𝑫
= 𝐜𝐨𝐬 𝜽 − 𝐭𝐚𝐧𝑪 𝐬𝐢𝐧𝜽 = (𝐜𝐨𝐬 𝜽 −

𝑨𝑩

𝑨𝑪
𝐬𝐢𝐧 𝜽)     (2) 

Again, 
𝑨𝑩

𝑩𝑫
=
𝐜𝐨𝐬(𝑪+𝜽)

𝐬𝐢𝐧 𝜽
= (

𝐜𝐨𝐬 𝑪

𝐭𝐚𝐧𝜽
− 𝐬𝐢𝐧𝑪) 
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from (1): 
𝑨𝑩

𝑩𝑫
=
𝑨𝑪−𝑨𝑩

𝑩𝑪
=

𝑨𝑪

𝑩𝑪
−
𝑨𝑩

𝑩𝑪
= 𝐜𝐨𝐬 𝑪 − 𝐬𝐢𝐧 𝑪 

⇒
𝐜𝐨𝐬 𝑪

𝐭𝐚𝐧𝜽
− 𝐬𝐢𝐧𝑪 = 𝐜𝐨𝐬𝑪 = 𝐬𝐢𝐧𝑪 ⇒ 𝐭𝐚𝐧𝜽 = 𝟏 ⇒ 𝜽 = 𝟒𝟓∘ 

∴ from (2): 
𝑨𝑩

𝑨𝑫
=

𝟏

√𝟐
(
𝑨𝑪−𝑨𝑩

𝑨𝑪
) ⇒

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝟏

𝑨𝑩
−

𝟏

𝑨𝑪
) 

Solution 3 by Alin Popa-Romania 

 

Lemma.  

𝑨 = 𝟗𝟎∘ ⇒ 𝒉 =
𝒉𝒄
𝒉 + 𝒄

√𝟐 ⇔
𝟏

𝒉𝒂
= (

𝟏

𝒉
+
𝟏

𝒄
)
√𝟐

𝟐
 

Obs. 𝑨𝑬𝑫𝑭 rectangle and as 𝑨𝑫 bisector ⇒ 𝑨𝑬𝑫𝑭 square 

Bisector Theorem ⇒ 𝑩𝑫 =
𝒂𝒄

𝒉+𝒄
 ; 𝚫𝑩𝑫𝑬 ∼ 𝚫𝑩𝑪𝑨 ⇒

𝑫𝑬

𝑨𝑪
=
𝑩𝑫

𝑩𝑪
 

⇔
𝒙

𝒉
=

𝒂𝒄

(𝒉 + 𝒄)𝒂
⇔ 𝒙 =

𝒉𝒄
𝒉 + 𝒄

⇒ 𝒉𝒂 =
𝒉𝒄
𝒉 + 𝒄

√𝟐 

 

𝑪𝑬 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 ∢𝑨𝑪𝑫
𝑩𝑬 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 ∢𝑨𝑩𝑫

} ⇒ 𝑨𝑬 exterior bisector ∢𝑪𝑨𝑩 

Let be 𝑨𝑴 interior bisector ∢𝑪𝑨𝑩 ⇒ 𝑨𝑩 bisector ∢𝑴𝑨𝑫 
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𝟏

𝑨𝑩
= (

𝟏

𝑨𝑴
+
𝟏

𝑨𝑫
)
√𝟐

𝟐

𝟏

𝑨𝑴
= (

𝟏

𝑨𝑩
+
𝟏

𝑨𝑪
)
√𝟐

𝟐 }
 
 

 
 

⟹
⊝ 𝟏

𝑨𝑫
= (

𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
)
√𝟐

𝟐
 

  

PROBLEMS FOR SENIORS 

SP.526 If 𝒂, 𝒃, 𝒄, 𝝀 > 0, 𝑎 + 𝑏 + 𝑐 = 𝜆 then: 

∑√
𝒃𝒄

𝒂
+ 𝝀 ≥ 𝟐(√𝒂 + √𝒃 + √𝒄) 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We obtain: 

𝑳𝑯𝑺 =∑√
𝒃𝒄

𝒂
+ 𝝀 =∑√

𝒃𝒄

𝒂
+ (𝒂 + 𝒃 + 𝒄) =∑√

(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒂
≥
(𝟏)

 

≥ 𝟐(√𝒂 + √𝒃 + √𝒄) = 𝑹𝑯𝑺, 

where (1) ⇔ ∑√
(𝒂+𝒃)(𝒂+𝒄)

𝒂
≥ 𝟐(√𝒂 + √𝒃 + √𝒄) ⇔ 

⇔ ∑√𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) ≥ 𝟐√𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄), which follows from: 

√𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) ≥ √𝒂𝒃𝒄(√𝒃 + √𝒄) ⇔ √(𝒂 + 𝒃)(𝒂 + 𝒄) ≥ √𝒂(√𝒃 + √𝒄) ⇔ 

⇔ (𝒂 + 𝒃)(𝒂 + 𝒄) ≥ 𝒂(√𝒃 + √𝒄)
𝟐
⇔ (𝒂 − √𝒃𝒄)

𝟐
≥ 𝟎. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 =
𝝀

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

√
𝒃𝒄

𝒂
+ 𝝀 = √

𝒃𝒄

𝒂
+ 𝒂 + 𝒃 + 𝒄 = √(

𝒃

𝒂
+ 𝟏) (𝒂 + 𝒄) ≥ √𝒃 + √𝒄. 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
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√
𝒄𝒂

𝒃
+ 𝝀 ≥ √𝒄 + √𝒂  𝐚𝐧𝐝  √

𝒂𝒃

𝒄
+ 𝝀 ≥ √𝒂 + √𝒃. 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐫𝐞𝐬𝐮𝐥𝐭. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝝀

𝟑
. 

 

SP.527 𝐈𝐟 𝒙, 𝐲, 𝐳 ≥ 𝟎 𝐰𝐢𝐭𝐡 𝒙 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟗

𝟒
, 

𝐭𝐡𝐞𝐧 ∶ 𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 − 𝛌𝒙𝐲𝐳 ≤
𝟗 − 𝛌

𝟐𝟕
 

  Proposed by Marin Chirciu-Romania 

Solution 1 by proposer 

The inequality can be written equivalently. Denoting 𝒚𝒛 = 𝒕, the inequality can be written: 

𝒙𝒚 + 𝒕 + 𝒛𝒙 − 𝟐𝝀𝒙𝒕 ≤
𝟗 − 𝝀

𝟐𝟕
⇔ 𝟐𝟕𝒕(𝝀𝒙 − 𝟏) − 𝟐𝟕𝒙(𝒚 + 𝒛) + 𝟗 − 𝝀 ≥ 𝟎 ⇔ 

𝟐𝟕𝒕(𝝀𝒙 − 𝟏) − 𝟐𝟕𝒙(𝟏 − 𝒙) + 𝟗 − 𝝀 ≥ 𝟎 ⇔ 𝟐𝟕𝒕(𝝀𝒙 − 𝟏) + 𝟐𝟕𝒙(𝒙 − 𝟏) + 𝟗 − 𝝀 ≥ 𝟎. 

We use Lemma. 

If the function 𝒇:ℝ → ℝ, 𝒇(𝒙) = 𝒂𝒙 + 𝒃, meets the conditions 

𝒇(𝜶) ≥ 𝟎 and 𝒇(𝜷) ≥ 𝟎, where 𝒂, 𝒃, 𝜶, 𝜷 ∈ ℝ, then 𝒇(𝒕) ≥ 𝟎, ∀𝒕 ∈ [𝜶, 𝜷]. 

Let’s get back to the main problem. 

Denoting 𝒚𝒛 = 𝒕 we have 𝒕 = 𝒚𝒛 ≤
𝑨𝑮𝑴

(
𝒚+𝒛

𝟐
)
𝟐

=
𝒙+𝒚+𝒛=𝟏

(
𝟏−𝒙

𝟐
)
𝟐

= 𝒕𝟎. 

𝒇(𝒕) = 𝟐𝟕𝒕(𝝀𝒙 − 𝟏) + 𝟐𝟕𝒙(𝒙 − 𝟏) + 𝟗 − 𝝀 ≥ 𝟎, where 𝟎 ≤ 𝒕 ≤ 𝒕𝟎 =
(𝟏−𝒙)𝟐

𝟒
. 

We have: 

𝒇(𝟎) = 𝟐𝟕𝒙(𝒙 − 𝟏) + 𝟗 − 𝝀 = 𝟐𝟕𝒙𝟐 − 𝟐𝟕𝒙 + 𝟗 − 𝝀 ≥ 𝟎, because 𝚫 = 𝟐𝟕(𝟒𝝀 − 𝟗) ≤ 𝟎. 

𝒇(𝒕𝟎) = 𝒇(
(𝟏 − 𝒙)𝟐

𝟒
) =

𝟏

𝟒
(𝟐𝟕𝝀𝒙𝟑 + (𝟖𝟏 − 𝟓𝟒𝝀)𝒙𝟐 + (𝟐𝟕𝝀 − 𝟓𝟒)𝒙 + 𝟏) = 

=
𝟏

𝟒
(𝟑𝒙 − 𝟏)𝟐(𝟑𝝀𝒙 + 𝟗 − 𝟒𝝀) ≥ 𝟎 

Using Lemma for 𝒇(𝒕) = 𝟐𝟕𝒕(𝝀𝒙 − 𝟏) + 𝟐𝟕𝒙(𝒙 − 𝟏) + 𝟗 − 𝝀 ≥ 𝟎 and 𝜶 = 𝟎,𝜷 =
(𝟏−𝒙)𝟐

𝟒
, 

we deduce the conclusion. 
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Equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
, for 𝝀 <

𝟗

𝟒
, and for 𝝀 =

𝟗

𝟒
 equality for 

(𝒙, 𝒚, 𝒛) ∈ {(
𝟏

𝟑
,
𝟏

𝟑
,
𝟏

𝟑
) , (𝟎,

𝟏

𝟐
,
𝟏

𝟐
) , (

𝟏

𝟐
, 𝟎,
𝟏

𝟐
) , (

𝟏

𝟐
,
𝟏

𝟐
, 𝟎)}. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝝀 (
𝟏

𝟐𝟕
− 𝒙𝒚𝒛) ≤

𝟏

𝟑
− (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝟑√𝒙𝒚𝒛
𝟑 ≤ 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝐭𝐡𝐞𝐧 𝒙𝒚𝒛 ≤

𝟏

𝟐𝟕
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝟗

𝟒
(
𝟏

𝟐𝟕
− 𝒙𝒚𝒛) ≤

𝟏

𝟑
− (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

⇔ 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ≤ 𝟏 + 𝟗𝒙𝒚𝒛 
⇔ 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)(𝒙 + 𝒚 + 𝒛) ≤ (𝒙 + 𝒚 + 𝒛)𝟑 + 𝟗𝒙𝒚𝒛 

⇔ 𝒙𝒚(𝒙 + 𝒚) + 𝒚𝒛(𝒚 + 𝒛) + 𝒛𝒙(𝒛 + 𝒙) ≤ 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝟑𝒙𝒚𝒛, 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 − 𝛌𝒙𝐲𝐳 −
𝟗 − 𝛌

𝟐𝟕
=

𝒙 + 𝐲 + 𝐳 = 𝟏
 

(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)− 𝛌𝒙𝐲𝐳 − (
𝟗 − 𝛌

𝟐𝟕
)(∑𝒙

𝐜𝐲𝐜

)

𝟑

 

= 𝛌(
(∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝟐𝟕
− 𝒙𝐲𝐳) − (∑𝒙

𝐜𝐲𝐜

)(
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

𝟑
−∑𝒙𝐲

𝐜𝐲𝐜

) 

=
𝛌

𝟐𝟕
.((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) −
(∑ 𝒙𝐜𝐲𝐜 )

𝟑
.((∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒙𝐲

𝐜𝐲𝐜

) 

≤
𝟎 ≤ 𝛌 ≤ 

𝟗
𝟒
𝟗
𝟒
𝟐𝟕
.((∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒙𝐲𝐳) −
(∑ 𝒙𝐜𝐲𝐜 )

𝟑
.((∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒙𝐲

𝐜𝐲𝐜

) ≤
?
𝟎 

⇔ 𝟒(∑𝒙

𝐜𝐲𝐜

)((∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒙𝐲

𝐜𝐲𝐜

)− (∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟐𝟕𝒙𝐲𝐳 ≥
?
𝟎 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 ∴ 𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙 − 𝛌𝒙𝐲𝐳 
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≤
𝟗 − 𝛌

𝟐𝟕
 ∀ 𝒙, 𝐲, 𝐳 ≥ 𝟎 𝐰𝐢𝐭𝐡 𝒙 + 𝐲 + 𝐳 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤

𝟗

𝟒
, 

′′ =′′  𝐢𝐟𝐟 (𝒙 = 𝐲 = 𝐳 =
𝟏

𝟑
, 𝛌 =

𝟗

𝟒
)  𝐨𝐫 (𝒙 = 𝟎, 𝐲 = 𝐳 =

𝟏

𝟐
, 𝛌 =

𝟗

𝟒
) 

𝐨𝐫 (𝐲 = 𝟎, 𝐳 = 𝒙 =
𝟏

𝟐
, 𝛌 =

𝟗

𝟒
)  𝐨𝐫 (𝐳 = 𝟎, 𝒙 = 𝐲 =

𝟏

𝟐
, 𝛌 =

𝟗

𝟒
) (𝐐𝐄𝐃) 

 

SP.528 If 𝒂, 𝒃, 𝒄 ≥ 𝟏 then: 

𝟏

𝟗
(𝒂 + 𝒃 + 𝒄) +

𝟏

𝟑√𝟐
≥

√𝒂𝒃 − 𝟏
𝟑

𝒃 + 𝒄 + √𝟐
+

√𝒃𝒄 − 𝟏
𝟑

𝒄 + 𝒂 + √𝟐
+

√𝒄𝒂 − 𝟏
𝟑

𝒂 + 𝒃 + √𝟐
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

𝑹𝑯𝑺 =∑
√𝒂𝒃 − 𝟏
𝟑

𝒃 + 𝒄 + √𝟐
≤
𝑨𝑮𝑴

∑
𝟏

𝟑
√
𝒂𝒃 − 𝟏

√𝟐𝒃𝒄

𝟑

=
𝟏

𝟑
∑ √

𝟏

√𝟐
(𝒂 −

𝟏

𝒃
)
𝟏

𝒄

𝟑

 ≤
𝑨𝑮𝑴

 

≤
𝑨𝑮𝑴 𝟏

𝟑
∑

𝟏

√𝟐
+ (𝒂 −

𝟏
𝒃
) +

𝟏
𝒄

𝟑
=

𝒂 + 𝒃 + 𝒄 +
𝟑

√𝟐
𝟗

= 𝑳𝑯𝑺 

with equality for 𝒃 = 𝒄 = √𝟐,
𝟏

√𝟐
= (𝒂 −

𝟏

𝒃
) =

𝟏

𝒄
. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = √𝟐. 

Solution 2 by Amir Sofi-Kosovo 

𝒃 + 𝒄 + √𝟐 ≥
𝑨𝑴−𝑮𝑴

𝟑√√𝟐𝒃𝒄
𝟑

 

⇒
√𝒂𝒃 − 𝟏
𝟑

𝒃 + 𝒄 + √𝟐
≤
√𝒂𝒃 − 𝟏
𝟑

𝟑√√𝟐𝒃𝒄
𝟑

=
𝟑

𝟗
√(𝒂 −

𝟏

𝒃
)
𝟏

𝒄

𝟏

√𝟐

𝟑

≤

𝒂 −
𝟏
𝒃
+
𝟏
𝒄 +

𝟏

√𝟐
𝟗

 

√𝒃𝒄 − 𝟏
𝟑

𝒄 + 𝒂 + √𝟐
≤
√𝒃𝒄 − 𝟏
𝟑

𝟑√√𝟐𝒄𝒂
𝟑

=
𝟑

𝟗
√(𝒃 −

𝟏

𝒄
)
𝟏

𝒂

𝟏

√𝟐

𝟑

≤

𝒃 −
𝟏
𝒄 +

𝟏
𝒂 +

𝟏

√𝟐
𝟗

 

√𝒄𝒂 − 𝟏
𝟑

𝒂 + 𝒃 + √𝟐
≤
√𝒄𝒂 − 𝟏
𝟑

𝟑√√𝟐𝒂𝒃
𝟑

=
𝟑

𝟗
√(𝒄 −

𝟏

𝒂
)
𝟏

𝒃

𝟏

√𝟐

𝟑

≤

𝒄 −
𝟏
𝒂 +

𝟏
𝒃
+
𝟏

√𝟐
𝟗

 

Add 3 Inequalities we get: 
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√𝒂𝒃 − 𝟏
𝟑

𝒃 + 𝒄 + √𝟐
+

√𝒃𝒄 − 𝟏
𝟑

𝒄 + 𝒂 + √𝟐
+

√𝒄𝒂 − 𝟏
𝟑

𝒂 + 𝒃 + √𝟐
≤
𝟏

𝟗
(𝒂 + 𝒃 + 𝒄) +

𝟏

𝟑√𝟐
 

SP.529 Let 𝑨𝑩𝑪 be a triangle with inradius 𝒓 and circumradius 𝑹 and let the 

interior points 𝑫,𝑬, 𝑭 be chosen on the sides 𝑩𝑪, 𝑪𝑨, 𝑨𝑩 respectively, so that 

𝑨𝑫,𝑩𝑬,𝑪𝑭 are the bisectors of the triangle 𝑨𝑩𝑪.Let 𝒓𝑨, 𝒓𝑩, 𝒓𝑪 be the inradii 

of the triangles 𝑨𝑬𝑭,𝑩𝑭𝑫,𝑪𝑫𝑬 respectively. Prove that: 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

Proposed by George Apostolopoulos –Greece  
Solution 1 by proposer 

Let 𝜶 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the sides and let 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 be the 

circumradii of the triangles 𝑨𝑬𝑭,𝑩𝑭𝑫, 𝑪𝑫𝑬 respectively. 

Then 𝑭𝑬 = 𝟐𝑹𝑨 ⋅ 𝐬𝐢𝐧𝑨. We’ll prove that 𝑭𝑬 ≤
𝟐𝒂+𝒃+𝒄

𝟖
. By the law of cosines in triangle  

𝑨𝑬𝑭:𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐𝑨𝑬 ⋅ 𝑨𝑭 ⋅ 𝐜𝐨𝐬 𝑨 = 

= (
𝒃𝒄

𝒂 + 𝒄
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐(
𝒃𝒄

𝒂 + 𝒄
) ⋅ (

𝒃𝒄

𝒂 + 𝒃
) ⋅
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄 − 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−
𝒃𝒄(𝒃 − 𝒄)𝟐[(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒃𝒄]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤ 

≤
𝒂𝟐𝒃𝒄

𝟐√𝒂𝒃 ⋅ 𝟐√𝒃𝒄
=
𝒂√𝒃𝒄

𝟒
 

So 𝑬𝑭 ≤
√𝒂√𝒃𝒄

𝟐
=
𝟐√𝒂√√𝒃𝒄

𝟒
≤
𝒂+√𝒃𝒄

𝟒
≤
𝒂+

𝒃+𝒄

𝟐

𝟒
=
𝟐𝒂+𝒃+𝒄

𝟖
. Namely 

𝑬𝑭 ≤
𝟐𝒂+𝒃+𝒄

𝟖
 and analogs, 𝑭𝑫 ≤

𝒂+𝟐𝒃+𝒄

𝟖
, 𝑫𝑬 ≤

𝒂+𝒃+𝟐𝒄

𝟖
.  
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Now, we have 𝟐𝑹𝑨 ⋅ 𝐬𝐢𝐧 𝑨 ≤
𝟐𝒂+𝒃+𝒄

𝟖
. 

But 𝑹𝑨 ≥ 𝟐𝒓𝑨 (EULER), so 𝟒𝒓𝑨 ⋅
𝒂

𝟐𝑹
≤
𝟐𝒂+𝒃+𝒄

𝟖
⇔ 𝒓𝑨 ≤

𝑹

𝟏𝟔
(𝟐 +

𝒃

𝒂
+
𝒄

𝒂
). Similarly, 

𝒓𝑩 ≤
𝑹

𝟏𝟔
(𝟐 +

𝒄

𝒃
+
𝒂

𝒃
),  and 𝒓𝑪 ≤

𝑹

𝟏𝟔
(𝟐 +

𝒂

𝒄
+
𝒃

𝒄
). Now, we have 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝑹𝟐

𝟐𝟓𝟔
[(𝟐 +

𝒃

𝒂
+
𝒄

𝒂
)
𝟐

+ (𝟐 +
𝒄

𝒃
+
𝒂

𝒃
)
𝟐

+ (𝟐 +
𝒂

𝒄
+
𝒃

𝒄
)
𝟐

] = 

=
𝑹𝟐

𝟐𝟓𝟔

[
 
 
 𝟒 + 𝟒 (

𝒃

𝒂
+
𝒄

𝒂
) +

𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟐𝒃𝒄

𝒂𝟐
+ 𝟒 + 𝟒(

𝒄

𝒃
+
𝒂

𝒃
) +

𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒃𝟐
+
𝟐𝒄𝒂

𝒃𝟐
+

+𝟒 + 𝟒(
𝒂

𝒄
+
𝒃

𝒄
) +

𝒂𝟐

𝒄𝟐
+
𝒃𝟐

𝒄𝟐
+
𝟐𝒂𝒃

𝒄𝟐 ]
 
 
 

= 

=
𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒 (

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + (

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + (

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) + (

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
) +

+(
𝟐𝒃𝒄

𝒂𝟐
+
𝟐𝒄𝒂

𝒃𝟐
+
𝟐𝒂𝒃

𝒄𝟐
) ]

 
 
 
 

≤ 

𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒(

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + (

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + (

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) + (

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
) +

+
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
+
𝒄𝟐 + 𝒂𝟐

𝒃𝟐
+
𝒂𝟐 + 𝒃𝟐

𝒄𝟐 ]
 
 
 
 

= 

𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒(

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + 𝟐(

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + 𝟐(

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) +

+𝟐(
𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
)

]
 
 
 
 

 

It is well-known that: 
𝒂

𝒃
+
𝒃

𝒂
≤
𝑹

𝒓
,
𝒃

𝒄
+
𝒄

𝒃
≤
𝑹

𝒓
, and 

𝒄

𝒂
+
𝒂

𝒄
≤
𝑹

𝒓
. So 

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐,

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐, and 

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐 

Namely: 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝑹𝟐

𝟐𝟓𝟔
⋅ [𝟏𝟐 + 𝟒 ⋅ 𝟑

𝑹

𝒓
+ 𝟔(

𝑹𝟐

𝒓𝟐
− 𝟐)] = 

𝑹𝟐

𝟐𝟓𝟔
⋅ 𝟔(

𝟐𝑹

𝒓
+
𝑹𝟐

𝒓𝟐
) =

𝟑𝑹𝟐

𝟏𝟐𝟖
⋅
𝑹

𝒓
(𝟐 +

𝑹

𝒓
) =

𝟑𝑹𝟐

𝟏𝟐𝟖
⋅
𝑹

𝒓
⋅
𝟐𝒓 + 𝑹

𝒓
≤

𝑬𝑼𝑳𝑬𝑹 𝟑𝑹𝟑

𝟏𝟐𝟖𝒓𝟐
(𝑹 + 𝑹) =

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

So 𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
. Equality holds iff the triangle 𝑨𝑩𝑪 is equilateral. 
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Solution 2 by Tapas Das – India  

𝑹𝑨, 𝑹𝑩, 𝑹𝒄 are the circumradius of 𝚫𝑨𝑬𝑭,𝚫𝑩𝑭𝑫, 𝚫𝑪𝑫𝑬 respectively 

∴ 𝑹𝑨 ≤
𝑩𝟏𝑪𝟏
𝟐 𝐬𝐢𝐧𝑨

     ∴ 𝑹𝑨
𝟐 ≤

𝑩𝟏𝑪𝟏
𝟐

𝟒 𝐬𝐢𝐧𝟐 𝑨
   ∴ 𝑹𝑨

𝟐 ≤
(𝒂𝟐𝒃𝒄)

𝟏
𝟐

𝟏𝟔 𝐬𝐢𝐧𝟐 𝑨
=
𝑹𝟐√𝒃𝒄

𝟒𝒂
 

∴ 𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤ (

𝑹𝑨
𝟐
)
𝟐

+ (
𝑹𝑩
𝟐
)
𝟐

+ (
𝑹𝑪
𝟐
)
𝟐

=
𝟏

𝟒
[𝑹𝑨

𝟐 + 𝑹𝑩
𝟐 + 𝑹𝑪

𝟐] 

≤
𝟏

𝟒
𝑹𝟐 [

√𝒃𝒄

𝟒𝒂
+
√𝒄𝒂

𝟒𝒃
+
√𝒂𝒃

𝟒𝒄
] =

𝟏

𝟏𝟔
𝑹𝟐 [

√𝒃𝒄

𝒂
+
√𝒄𝒂

𝒃
+
√𝒂𝒃

𝒄
] ≤
𝑪𝑩𝑺 𝟏

𝟏𝟔
𝑹𝟐√(∑𝒃𝒄) ⋅∑

𝟏

𝒂𝟐
 

≤
𝑹𝟐

𝟏𝟔
√∑𝒂𝟐 ⋅∑

𝟏

𝒂𝟐
        [∵ ∑𝒃𝒄 ≤∑𝒂𝟐] 

≤
𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈 𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝑹𝟐

𝟏𝟔
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝑹𝟐

𝟏𝟔
⋅
𝟑𝑹

𝟐𝒓
=
𝟑𝑹𝟑

𝟑𝟐𝒓
=
𝟑𝑹𝟒

𝟑𝟐𝒓𝑹
≤

𝑬𝒖𝒍𝒆𝒓 𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

 

𝑨𝑩𝟏 =
𝒃𝒄

𝒄 + 𝒂
, 𝑨𝑪𝟏 =

𝒃𝒄

𝒂 + 𝒃
 

𝑩𝟏𝑪𝟏
𝟐 = 𝑨𝑪𝟏

𝟐 + 𝑨𝑩𝟏
𝟐 − 𝟐𝑨𝑪𝟏𝑨𝑩𝟏 𝐜𝐨𝐬 𝑨 

= (
𝒃𝒄

𝒄 + 𝒂
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐(
𝒃𝒄

𝒂 + 𝒄
) (

𝒃𝒄

𝒂 + 𝒃
)
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
 

=
𝒃𝒄[𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐 − (𝒂 + 𝒃)(𝒂 + 𝒄)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
 

=
𝒃𝒄[𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − (𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃)(𝒂 + 𝒄) + 𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
 

=
𝒃𝒄[𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒂(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
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≤
𝒃𝒄𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
=

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Note: 𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐 − (𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃)(𝒂 + 𝒄) 

= 𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)] − [(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄](𝒂 + 𝒃)(𝒂 + 𝒄) 

= 𝒃𝒄(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) − (𝒃 − 𝒄)𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝟐𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) 

= (𝒃 − 𝒄)𝟐[𝒃𝒄 − (𝒂 + 𝒃)(𝒂 + 𝒄)] 

= (𝒃 − 𝒄)𝟐[𝒃𝒄 − 𝒂𝟐 − 𝒂𝒄 − 𝒃𝒂 − 𝒃𝒄] = −𝒂(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄) 

∴ 𝑩𝟏𝑪𝟏
𝟐 ≤

𝒂𝟐𝒃𝒄

(𝒂+𝒃)(𝒂+𝒄)
≤

𝒂𝟐𝒃𝒄

𝟒𝒂√𝒃𝒄
     (AM-GM)=

𝒂√𝒃𝒄

𝟒
∴ 𝑩𝟏𝑪𝟏 ≤

(𝒂𝟐𝒃𝒄)
𝟏
𝟒

𝟐
 

∴ 𝑹𝑨 =
𝑩𝟏𝑪𝟏
𝟐 𝐬𝐢𝐧𝑨

 

Solution 3 by Marin Chirciu – Romania  

Lemma. 

In 𝚫𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 – internal bisectors, 𝒓𝑨 – inradii 𝚫𝑨𝑬𝑭: 

𝒓𝑨
𝟐 ≤

𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Proof. 

Let 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 – circumradii 𝚫𝑨𝑬𝑭, 𝚫𝑩𝑭𝑫, 𝚫𝑪𝑫𝑬. 

𝑹𝑨 =
𝑬𝑭

𝟐𝐬𝐢𝐧𝑨
 

Lemma 1. 

In 𝚫𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 – internal bisectors 

𝑬𝑭𝟐 ≤
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Proof. 

With bisector theorem we have 𝑨𝑫 =
𝒃𝒄

𝒂+𝒄
, 𝑨𝑭 =

𝒃𝒄

𝒂+𝒃
. 

Using cosine theorem in 𝚫𝑨𝑬𝑭 we obtain: 

𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐𝑨𝑬 ⋅ 𝑨𝑭 ⋅ 𝐜𝐨𝐬 𝑨 = 

= (
𝒃𝒄

𝒂 + 𝒄
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐
𝒃𝒄

𝒂 + 𝒄
⋅
𝒃𝒄

𝒂 + 𝒃
⋅
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
= 
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=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[𝟐𝒃𝒄 + (𝒃 − 𝒄)𝟐 − 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−

𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−

𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)⏟                        
 

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝒄(𝒃 − 𝒄)𝟐[𝒃𝒄 − (𝒂 + 𝒃)(𝒂 + 𝒄)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝒄(𝒃 − 𝒄)𝟐(−𝒂𝟐 − 𝒂𝒃 − 𝒂𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
−𝒂𝒃𝒄(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Equality holds if and only if the triangle is equilateral. 

We have 𝒓𝑨 ≤
𝑹𝑨

𝟐
 and 𝑹𝑨 =

𝑬𝑭

𝟐𝐬𝐢𝐧𝑨
⇒ 𝒓𝑨 =

𝑬𝑭

𝟒𝐬𝐢𝐧𝑨
⇒ 

𝒓𝒂
𝟐 =

𝑬𝑭𝟐

𝟏𝟔 𝐬𝐢𝐧𝟐 𝑨
=

𝑬𝑭𝟐

𝟏𝟔
𝒂𝟐

𝟒𝑹𝟐

=
𝑹𝟐𝑬𝑭𝟐

𝟒𝒂𝟐
≤

𝑳𝒆𝒎𝒎𝒂 𝟏 𝑹
𝟐 ⋅

𝒂𝟐𝒃𝒄
(𝒂 + 𝒃)(𝒂 + 𝒄)

𝟒𝒂𝟐
=

𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Let’s get back to the main problem. 

Using Lemma 𝒓𝑨
𝟐 ≤

𝑹𝟐𝒃𝒄

𝟒(𝒂+𝒃)(𝒂+𝒄)
 we obtain: 

∑𝒓𝑨
𝟐 ≤
𝑳𝒆𝒎𝒎𝒂

 ∑
𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
= 𝑹𝟐

∑𝒃𝒄(𝒃 + 𝒄) 

𝟒∏(𝒃 + 𝒄)
= 

=
𝑹𝟐

𝟒
⋅
𝟐𝒑(𝒑𝟐 − 𝒓𝟐 − 𝟐𝑹𝒓)

𝟐𝒑(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
=
𝑹𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓)

𝟒(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
 

We prove that: 
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𝑹𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓)

𝟒(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
≤
𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
⇔ 𝟏𝟔𝒓𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓) ≤ 𝟑𝑹𝟐(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ⇔ 

⇔ 𝒑𝟐(𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) + 𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ 𝟎 

We distinguish the cases: 

Case 1. If (𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) ≥ 𝟎 the inequality is obvious. 

Case 2. If (𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) < 0 the inequality can be written: 

𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ 𝒑𝟐(𝟏𝟔𝒓𝟐 − 𝟑𝑹𝟐), which follows from Gerretsen’s 

inequality: 𝒑𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 

It remains to prove that: 

𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)(𝟏𝟔𝒓𝟐 − 𝟑𝑹𝟐) ⇔ 

⇔ 𝟔𝑹𝟒 + 𝟗𝑹𝟑𝒓 − 𝟐𝟔𝑹𝟐𝒓𝟐 − 𝟏𝟔𝑹𝒓𝟑 − 𝟑𝟐𝒓𝟒 ≥ 𝟎 ⇔ 

⇔ (𝑹 − 𝟐𝒓)(𝟔𝑹𝟑 + 𝟐𝟏𝑹𝒓𝟐 + 𝟏𝟔𝑹𝒓𝟐 + 𝟏𝟔𝒓𝟑) ≥ 𝟎, see 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral.  

SP.530 Let 𝒂, 𝒃, 𝒄 be the lengths of the sides of a triangle with inradius 

circumradius 𝑹. Prove that: 

𝟑𝟏−
𝟏
𝟐𝒏

√(𝒎+ 𝟏)𝑹
𝒏

≤
𝟏

√𝒎 ⋅ 𝒂 + 𝒃
𝒏 +

𝟏

√𝒎 ⋅ 𝒃 + 𝒄
𝒏 +

𝟏

√𝒎 ⋅ 𝒄 + 𝜶
𝒏 ≤

𝟑𝟏−
𝟏
𝟐𝒏

√(𝒎+ 𝟏) ⋅ 𝟐𝒓
𝒏

 

for all integers 𝒎 ≥ 𝟎 and 𝒏 ≥ 𝟏. 

Proposed by George Apostolopoulos – Greece 
Solution 1 by proposer 

 

For the right inequality, first will prove that 

𝟏

𝒎⋅𝜶+𝒃
≤

𝟏

(𝒎+𝟏)𝟐
(
𝒎

𝒂
+
𝟏

𝒃
). We have 

𝟏

(𝒎 + 𝟏)𝟐
(
𝒎

𝒂
+
𝟏

𝒃
) −

𝟏

𝒎 ⋅ 𝒂 + 𝒃
=
(𝒂 +𝒎𝒃)(𝒎𝒂 + 𝒃) − (𝒎+ 𝟏)𝟐𝒂𝒃

(𝒎+ 𝟏)𝟐𝒂𝒃(𝒎𝒂+ 𝒃)
= 

𝒎(𝒂−𝒃)𝟐

(𝒎+𝟏)𝟐𝒂𝒃(𝒎𝒂+𝒃)
≥ 𝟎. So 
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𝟏

√𝒎𝒂+𝒃
𝒏 ≤

𝟏

√(𝒎+𝟏)𝟐
𝒏 √

𝒎

𝒂
+
𝟏

𝒃

𝒏
 . Similarly 

𝟏

√𝒎𝒃+ 𝒄
𝒏 ≤

𝟏

√(𝒎+ 𝟏)𝟐
𝒏

√
𝒎

𝒃
+
𝟏

𝒄

𝒏

,
𝟏

√𝒎𝒄 + 𝒂
𝒏 ≤

𝟏

√(𝒎+ 𝟏)𝟐
𝒏

√
𝒎

𝒄
+
𝟏

𝒂

𝒏

 

Adding up these inequalities, we have 

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃+ 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂
𝒏 ≤

𝟏

√(𝒎+ 𝟏)𝟐
𝒏

(√
𝒎

𝒂
+
𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+
𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+
𝟏

𝒂

𝒏

) 

We know that (
𝒙+𝒚+𝒛

𝟑
)
𝒏

≤
𝒙𝒏+𝒚𝒏+𝒛𝒏

𝟑
, (𝒙, 𝒚, 𝒛 > 0). So for 

𝒙 = √
𝒎

𝒂
+
𝟏

𝒃

𝒏
, 𝒚 = √

𝒎

𝒃
+
𝟏

𝒄

𝒏
, 𝒛 = √

𝒎

𝒄
+
𝟏

𝒂

𝒏
, we get 

(
√
𝒎

𝒂
+
𝟏

𝒃

𝒏
+ √

𝒎

𝒃
+
𝟏

𝒄

𝒏
+ √

𝒎

𝒄
+
𝟏

𝒂

𝒏

𝟑
)

𝒏

≤
(𝒎+𝟏)(

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)

𝟑
 so 

√
𝒎

𝒂
+
𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+
𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+
𝟏

𝒂

𝒏

≤
𝟑

√𝟑
𝒏 √𝒎+ 𝟏

𝒏
⋅ √
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄

𝒏

 

We know that (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

≤ 𝟑(
𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
) and 

𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
≤

𝟏

𝟒𝒓𝟐
 (easy proof), so 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≤
√𝟑

𝟐𝒓
. Now we have 

√
𝒎

𝒂
+
𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+
𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+
𝟏

𝒂

𝒏

≤
𝟏

√(𝒎+ 𝟏)𝟐
𝒏

⋅
𝟑

√𝟑
𝒏 √𝒎+ 𝟏

𝒏
⋅
√√𝟑
𝒏

√𝟐𝒓
𝒏 =

𝟑𝟏−
𝟏
𝟐𝒏

√(𝒎+ 𝟏) ⋅ 𝟐𝒓
𝒏

 

For the left inequality, we use the AM-GM inequality, we have 

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃+ 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂
𝒏 ≥

𝟑

√√(𝒎𝒂+ 𝒃)(𝒎𝒃 + 𝒄)(𝒎𝒄 + 𝒂)
𝒏𝟑

= 

𝟑

√√(𝒎𝒂 + 𝒃)(𝒎𝒃 + 𝒄)(𝒎𝒄 + 𝒂)
𝟑𝒏

≥
𝟑

√(𝒎𝒂+ 𝒃) + (𝒎𝒃 + 𝒄) + (𝒎𝒄 + 𝒂)
𝟑

𝒏
= 

𝟑√𝟑
𝒏

√(𝒎+ 𝟏)(𝒂 + 𝒃 + 𝒄)
𝒏

≥
𝟑√𝟑
𝒏

√𝒎+ 𝟏
𝒏

⋅ √𝟑√𝟑𝑹
𝒏

=
𝟑𝟏−

𝟏
𝟐𝒏

√(𝒎 + 𝟏)𝑹
𝒏
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(𝒂 + 𝒃 + 𝒄 ≤ 𝟑√𝟑𝑹) 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Tapas Das – India  

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃 + 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂
𝒏 =

(𝟏)
𝟏
𝒏
+𝟏

√𝒎𝒂+ 𝒃
𝒏 +

(𝟏)
𝟏
𝒏
+𝟏

√𝒎𝒃+ 𝒄
𝒏 +

(𝟏)
𝟏
𝒏
+𝟏

√𝒎𝒄 + 𝒂
𝒏 ≥ 

≥
𝑹𝒂𝒅𝒐𝒏 (𝟏 + 𝟏 + 𝟏)

𝟏
𝒏
+𝟏

[𝒎(∑𝒂) + ∑𝒂]
𝟏
𝒏

=
𝟑
𝟏
𝒏
+𝟏

(∑𝒂)
𝟏
𝒏 ⋅ (𝒎 + 𝟏)

𝟏
𝒏

=
𝟑
𝟏
𝒏
+𝟏

(𝟐𝒔)
𝟏
𝒏 ⋅ (𝒎 + 𝟏)

𝟏
𝒏

≥ 

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑

𝟏
𝒏
+𝟏

(𝟑√𝟑𝑹)
𝟏
𝒏(𝒎 + 𝟏)

𝟏
𝒏

=
𝟑
𝟏
𝒏
+𝟏−

𝟑
𝟐𝒏

√(𝒎+ 𝟏) ⋅ 𝑹
=

𝟑𝟏−
𝟏
𝟐𝒏

√(𝒎 + 𝟏)𝑹
 

𝟏

𝒂𝒎 + 𝒃
+

𝟏

𝒃𝒎+ 𝒄
+

𝟏

𝒄𝒎+ 𝒂
  

=
(𝒃𝒎+ 𝒄)(𝒄𝒎 + 𝒂) + (𝒂𝒎+ 𝒃)(𝒄𝒎 + 𝒂) + (𝒂𝒎+ 𝒃)(𝒃𝒎+ 𝒄)

(𝒂𝒎+ 𝒃)(𝒃𝒎+ 𝒄)(𝒄𝒎 + 𝒂)
 

≤
𝑯𝒐𝒍𝒅𝒆𝒓 [(𝒃𝒎+ 𝒄)(𝒄𝒎 + 𝒂) + (𝒂𝒎+ 𝒃)]𝟐

𝟑

[(𝒂𝒃𝒄𝒎𝟑)
𝟏
𝟑 + (𝒂𝒃𝒄)

𝟏
𝟑]
𝟑

=
(𝒂 + 𝒃 + 𝒄)𝟐(𝒎 + 𝟏)𝟐

(𝒂𝒃𝒄)(𝒎 + 𝟏)𝟑 ⋅ 𝟑
 

=
𝟒𝒔𝟐

𝟑𝒂𝒃𝒄(𝒎 + 𝟏)
=

𝟒𝒔𝟐

𝟑(𝟒𝑹𝒓𝒔)(𝒎+ 𝟏)
=

𝒔

𝟑𝑹𝒓(𝒄𝒎 + 𝟏)
 

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝑹

𝟐⋅𝟑𝑹𝒓(𝒎+𝟏)
=

𝟑
𝟏
𝟐

(𝒎+𝟏)𝟐𝒓
        (1) 

∴
𝟏

√𝒂𝒎+ 𝒃
𝒏 +

𝟏

√𝒃𝒎+ 𝒄
𝒏 +

𝟏

√𝒄𝒎+ 𝒂𝒏 ≤
𝑯𝒐𝒍𝒅𝒆𝒓

 √(𝟏 + 𝟏 + 𝟏)𝒏−𝟏∑
𝟏

𝒂𝒎+ 𝒃

𝒏

 

≤ √𝟑𝒏−𝟏 ⋅
𝟑
𝟏
𝟐

(𝒎+𝟏)𝟐𝒓

𝒏

 , using (1)= √ 𝟑
𝒏−
𝟏
𝟐

(𝒎+𝟏)𝟐𝒓

𝒏

=
𝟑
𝟏−

𝟏
𝟐𝒏

√(𝒎+𝟏)𝟐𝒓
𝒏  

Solution 3 by Marin Chirciu – Romania  

RHS 
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∑
𝟏

√𝒎 ⋅ 𝒂 + 𝒃
𝒏 ≤

𝑯𝒐𝒍𝒅𝒆𝒓
√𝟑𝒏−𝟏∑

𝟏

𝒎 ⋅ 𝒂 + 𝒃

𝒏

≤
(𝟏)
√𝟑𝒏−𝟏 ⋅

𝟏

𝒎 + 𝟏
⋅
√𝟑

𝟐𝒓

𝒏

=
𝟑𝟏−

𝟏
𝟐𝒏

√(𝒎+ 𝟏) ⋅ 𝟐𝒓
𝒏

 

where (1) ⇔ ∑
𝟏

𝒎⋅𝒂+𝒃
≤

𝟏

𝒎+𝟏
⋅
√𝟑

𝟐𝒓
, see: 

∑
𝟏

𝒎 ⋅ 𝒂 + 𝒃
≤
𝑪𝑺 𝟏

(𝒎 + 𝟏)𝟐
∑(

𝒎

𝒂
+
𝟏

𝒃
) =

𝟏

(𝒎+ 𝟏)𝟐
(𝒎 + 𝟏)∑

𝟏

𝒂
= 

=
𝟏

𝒎+ 𝟏
∑

𝟏

𝒂
≤

𝑳𝒆𝒖𝒏𝒃𝒆𝒓𝒈𝒆𝒓 𝟏

𝒎+ 𝟏
⋅
√𝟑

𝟐𝒓
 

Equality holds if and only if the triangle is equilateral. 

LHS 

∑
𝟏

√𝒎⋅𝒂+𝒃
𝒏 ≥

𝑯𝒐𝒍𝒅𝒆𝒓 𝟗

∑ √𝒎⋅𝒂+𝒃
𝒏 ≥

(𝟐)
𝟗

√𝟑
𝒏+
𝟏
𝟐(𝒎+𝟏)⋅𝑹

𝒏
=

𝟑𝟐

𝟑
𝟏+

𝟏
𝟐𝒏 √(𝒎+𝟏)⋅𝑹
𝒏

=
𝟑
𝟏−

𝟏
𝟐𝒏

√(𝒎+𝟏)⋅𝑹
𝒏  , 

Where (2) ⇔ ∑ √𝒎 ⋅ 𝒂 + 𝒃
𝒏

≤ √𝟑𝒏+
𝟏

𝟐(𝒎 + 𝟏) ⋅ 𝑹
𝒏

, see: 

∑ √𝒎 ⋅ 𝒂 + 𝒃
𝒏

≤
𝑯𝒐𝒍𝒅𝒆𝒓

√𝟑𝒏−𝟏∑(𝒎 ⋅ 𝒂 + 𝒃)
𝒏

= √𝟑𝒏−𝟏(𝒎 + 𝟏)∑𝒂
𝒏

= 

= √𝟑𝒏−𝟏(𝒎 + 𝟏) ⋅ 𝟐𝒑
𝒏

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

√𝟑𝒏−𝟏(𝒎 + 𝟏) ⋅ 𝟑√𝟑𝑹
𝒏

= √𝟑𝒏+
𝟏
𝟐(𝒎 + 𝟏) ⋅ 𝑹

𝒏

 

Equality holds if and only if the triangle is equilateral. 

SP.531 𝐈𝐟 𝒂, 𝒃, 𝒄 ≥ 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

√
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √𝒂𝒃𝒄

𝟑
≥
√
𝟏
𝒂𝒃
+
𝟏
𝒃𝒄
+
𝟏
𝒄𝒂

𝟑
−

𝟏

√𝒂𝒃𝒄
𝟑 . 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

 
We write the inequality in the form . 

Without loss of generality, we may assume that . 

We shall prove that: . 

a) We will prove the inequality .  

The inequality can be written as follows: 

E(a,b,c) 0

a b c 1  

E(a,b,c) E(a, bc, bc) 0 

E(a,b,c) E(a, bc, bc)
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Or, equivalently: 

 

To prove the inequality  it is enough to prove that: 

 

For  this relationship it is true (case of equality).  
For  we will show that: 

 (inequality 1) and  (inequality 2) 

We prove inequalities (1) and (2). We have: 

 and: 

 

Thus, the inequality is proved. 

b) We will prove the inequality:  . Let us denote:  , . 

We have to show that: 

. But, we have: . 

Since both sides of the above inequality are nonnegative, it is enough to prove the 
homogeneous  inequality: 

.This inequality is equivalently written: 

, where: ,   

To prove this inequality,we study the variation and we draw the graph of the function: 

,  

We obtain: 
 

ab bc ca bc 2a bc a b c a 2 bc

3 3 3abc 3abc

     
  

   
2 21 1 1

a b c b c
3 3 abc

ab bc ca bc 2a bc a b c a 2 bc

3 3 3abc 3abc

 


     

 

E(a,b,c) E(a, bc, bc)

   
   

2 2

2 2

1 1
b c b c

ab bc ca bc 2a bc abc a b c abc a 2 bc

a a

  
      



b c

b c

 2

ab bc ca
abc a b c

a

 
    2

bc 2a bc
abc a 2 bc

a


 

   2 3ab bc ca ab a ca a a b c a bc a b c          

   3bc
bc 2a bc a 2 bc a a 2 bc a bc a 2 bc

a

 
       

 

E(a,b,c) E(a, bc, bc)

E(a, bc, bc) 0 x bc a x 1 

2
3 2

2 3 2

x 2ax a 2x 1
ax

3 3ax ax

 
   2x 1

2
3 2 2

2 3 2

x 2ax a 2x 1
ax x

3 3ax ax

  
    

 

   2 2 2 3 43 3
1 1

y 2y y y 2y y
3 3

    
x

y
a

 0 y 1 

   2 2 2 3 43 3
1 1

f (y) y 2y y y 2y y
3 3

       y 0,1
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It follows that we have ,  (we have ).Thus, the inequality 

 is proved.So, the inequality  required in the statement of 

the problem is proved. 
Remark: The expression: 

 

is an elementary symmetric mean of the numbers a, b, c. We have: . 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≥ 𝒃 ≥ 𝒄. 𝐋𝐞𝐭 𝒙

≔ √𝒃𝒄 𝐚𝐧𝐝 𝐰𝐞 𝐰𝐢𝐥𝐥 𝐰𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 

𝑬(𝒂, 𝒃, 𝒄) = √
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √𝒂𝒃𝒄

𝟑
−√

𝒂 + 𝒃 + 𝒄

𝟑𝒂𝒃𝒄
+

𝟏

√𝒂𝒃𝒄
𝟑 ≥ 𝟎. 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝑬(𝒂, 𝒃, 𝒄)
≥ 𝑬(𝒂, 𝒙, 𝒙).  𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐬𝐮𝐜𝐜𝐞𝐬𝐬𝐢𝐯𝐞𝐥𝐲 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √

𝒂 + 𝒃 + 𝒄

𝟑𝒂𝒃𝒄
≥ √

𝟐𝒂√𝒃𝒄 + 𝒃𝒄

𝟑
− √

𝒂 + 𝟐√𝒃𝒄

𝟑𝒂𝒃𝒄
 

(√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − √𝟐𝒂√𝒃𝒄 + 𝒃𝒄)√𝒂𝒃𝒄 ≥ √𝒂 + 𝒃 + 𝒄 − √𝒂 + 𝟐√𝒃𝒄 

𝒂(√𝒃 − √𝒄)
𝟐
. √𝒂𝒃𝒄

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝟐𝒂√𝒃𝒄 + 𝒃𝒄
≥

(√𝒃 − √𝒄)
𝟐

√𝒂 + 𝒃 + 𝒄 + √𝒂 + 𝟐√𝒃𝒄
 

√𝒂𝟑𝒃𝒄(𝒂 + 𝒃 + 𝒄) + √𝒂𝟑𝒃𝒄(𝒂 + 𝟐√𝒃𝒄) ≥ √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝟐𝒂√𝒃𝒄 + 𝒃𝒄, 

f (y) 0  y 0,1 f (1) 0

E(a, bc, bc) 0 E(a,b,c) 0

ab bc ca
M

3

 


3M G abc 

 

0 0.2 0.4 0.6 0.8
0

0.02

0.04

f y( )

y
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𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒂𝟑𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂  𝐚𝐧𝐝  𝒂𝟑𝒃𝒄(𝒂 + 𝟐√𝒃𝒄)

≥ 𝟐𝒂√𝒃𝒄 + 𝒃𝒄. 
𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝑬(𝒂, 𝒙, 𝒙) ≥ 𝟎, 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒙 ≥ 𝟏, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√
𝟐𝒂𝒙 + 𝒙𝟐

𝟑
− √𝒂𝒙𝟐

𝟑
≥ 𝒙𝟐(√

𝒂 + 𝟐𝒙

𝟑𝒂𝒙𝟐
−

𝟏

√𝒂𝒙𝟐
𝟑 ). 

𝐒𝐞𝐭𝐭𝐢𝐧𝐠 𝒕 =
𝒂

𝒙
≥ 𝟏.  𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
𝟐𝒕 + 𝟏

𝟑
− √𝒕

𝟑
≥ √

𝒕 + 𝟐

𝟑𝒕
−
𝟏

√𝒕
𝟑  ⇔  √𝒕(𝟐𝒕 + 𝟏) − √𝒕 + 𝟐 ≥ √𝟑. √𝒕

𝟔
(√𝒕𝟐
𝟑

− 𝟏) 

⇔
𝟐(𝒕𝟐 − 𝟏)

√𝒕(𝟐𝒕 + 𝟏) + √𝒕 + 𝟐
≥ √𝟑. √𝒕

𝟔
(√𝒕𝟐
𝟑

− 𝟏) 

⇔⏞
𝒕 ≥ 𝟏

𝟐 (√𝒕𝟒
𝟑

+ √𝒕𝟐
𝟑

+ 𝟏) ≥ √𝒕
𝟔
(√𝟑𝒕(𝟐𝒕 + 𝟏) + √𝟑(𝒕 + 𝟐)). 

𝐋𝐞𝐭 𝒚 = √𝒕
𝟔
.  𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑹𝑯𝑺 = √𝒕
𝟔
(√𝟑𝒕(𝟐𝒕 + 𝟏) + √𝟑(𝒕 + 𝟐)) ≤ √𝒕

𝟔
(
𝟑𝒕 + (𝟐𝒕 + 𝟏)

𝟐
+
𝟑 + (𝒕 + 𝟐)

𝟐
)

= 𝟑𝒚(𝒚𝟔 + 𝟏)≤⏞
?

𝑳𝑯𝑺 

𝟐(𝒚𝟖 + 𝒚𝟒 + 𝟏) ≥ 𝟑𝒚(𝒚𝟔 + 𝟏)  ⇔ (𝒚 − 𝟏)𝟐(𝟐𝒚𝟔 + 𝒚𝟓 − 𝒚𝟑 + 𝒚 + 𝟏) ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

SP.532 Prove that in any right triangle with the cathetus 𝒃 and 𝒄 we have the 

inequality: 

𝒓 ≤
𝟐−√𝟐

𝟒
(𝒃 + 𝒄), where 𝒓 is the inradii of the triangle. 

Proposed by Laura Molea and Gheorghe Molea – Romania  
Solution 1 by proposers 

We have 𝒓 =
𝑺

𝒑
, 𝑺 =

𝒃𝒄

𝟐
⇒ 𝒃𝒄 = 𝒓(𝒂 + 𝒃 + 𝒄) ⇒ 𝒂 =

𝒃𝒄−𝒓𝒃−𝒓𝒄

𝒓
=
𝒃𝒄

𝒓
− 𝒃 − 𝒄. 

But 𝒃𝟐 + 𝒄𝟐 = 𝒂𝟐 ⇒ 𝒃𝟐 + 𝒄𝟐 = (
𝒃𝒄

𝒓
− 𝒃 − 𝒄)

𝟐

 

𝒓𝟐𝒃𝟐 + 𝒓𝟐𝒄𝟐 = 𝒃𝟐𝒄𝟐 + 𝒃𝟐𝒓𝟐 + 𝒄𝟐𝒓𝟐 − 𝟐𝒃𝟐𝒄𝒓 − 𝟐𝒃𝒄𝟐𝒓 + 𝟐𝒃𝒄𝒓𝟐 

𝒃𝟐𝒄𝟐 − 𝟐𝒃𝟐𝒄𝒓 − 𝟐𝒃𝒄𝟐𝒓 + 𝟐𝒃𝒄𝒓𝟐 = 𝟎|: 𝒃𝒄 

𝒃𝒄 − 𝟐𝒃𝒓 − 𝟐𝒄𝒓 + 𝟐𝒓𝟐 = 𝟎, 𝒃(𝒄 − 𝟐𝒓) − 𝟐𝒓(𝒄 − 𝟐𝒓) = 𝟐𝒓𝟐 

(𝒃 − 𝟐𝒓)(𝒄 − 𝟐𝒓) = 𝟐𝒓𝟐    (*) 
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But 𝒂 + 𝒃 > 𝑐 ⇔ 𝑎 + 𝑏 + 𝑐 > 2𝒄 ⇔ 𝟏 >
𝟐𝒄

𝒂+𝒃+𝒄
 

⇔ 𝒃 >
𝟐𝒃𝒄

𝒂 + 𝒃 + 𝒄
=
𝟐𝒓(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
= 𝟐𝒓 ⇒ 𝒃 > 2𝒓 

⇒ 𝒃 − 𝟐𝒓 > 0. Analogous we obtain 𝒄 − 𝟐𝒓 > 0 

As 𝑴𝒈 ≤ 𝑴𝒂 ⇒ from inequality (*) the result 

𝒓√𝟐 = √(𝒃 − 𝟐𝒓)(𝒄 − 𝟐𝒓) ≤
𝒃 − 𝟐𝒓 + 𝒄 − 𝟐𝒓

𝟐
⇔ 𝟐𝒓√𝟐 + 𝟒𝒓 ≤ 𝒃 + 𝒄 ⇔ 

𝟐𝒓(√𝟐 + 𝟐) ≤ 𝒃 + 𝒄 ⇔ 𝒓 ≤
𝟏

𝟐(𝟐 + √𝟐)
(𝒃 + 𝒄) ⇔ 𝒓 ≤

𝟐 − √𝟐

𝟒
(𝒃 + 𝒄) 

We have equality ⇔ the isosceles right triangle. 

Solution 2 by Marin Chirciu – Romania 

Using 𝒓 =
𝒃+𝒄−𝒂

𝟐
 the inequality from enunciation can be written 

𝒃+𝒄−𝒂

𝟐
≤
𝟐−√𝟐

𝟒
(𝒃 + 𝒄) ⇔ 

⇔ 𝟐𝒂 ≥ √𝟐(𝒃 + 𝒄) ⇔ 𝟐𝒂𝟐 ≥ (𝒃 + 𝒄)𝟐 ⇔ 𝟐(𝒃𝟐 + 𝒄𝟐) ≥ (𝒃 + 𝒄)𝟐 ⇔ (𝒃 − 𝒄)𝟐 ≥ 𝟎 

with equality for 𝒃 = 𝒄. 

Equality holds if and only if the triangle is right-angles isosceles. 

SP.533 Prove that 𝒌 =
𝟒

𝟓
 is the largest positive value of the constant 𝒌 such 

that 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
+
𝟏

𝒆
− 𝟓 ≥ 𝒌(𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆 − 𝟓) 

for any positive real numbers 𝒂, 𝒃, 𝒄, 𝒅, 𝒆 satisfying 

 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒂 = 𝟓 

Proposed by Vasile Cîrtoaje – Romania  

Solution by proposer 

Setting: 𝒂 = 𝒙𝟐, 𝒃 = 𝒆 =
𝒎

𝒙𝟐
, 𝒄 = 𝒅 =

𝟏

𝒙
,𝒎, 𝒙 > 0, 

from the equality constraint 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒂 = 𝟓, we get 

𝟐𝒎+
𝟐𝒎

𝒙𝟑
+
𝟏

𝒙𝟐
= 𝟓,    𝒎 =

𝒙(𝟓𝒙𝟐 − 𝟏)

𝟐(𝒙𝟑 + 𝟏)
, 
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and the desired inequality becomes 

𝟏

𝒙𝟐
+
𝟐𝒙𝟐

𝒎
+ 𝟐𝒙 − 𝟓 ≥ 𝒌(𝒙𝟐 +

𝟐𝒎

𝒙𝟐
+
𝟐

𝒙
− 𝟓),  

𝟏

𝒙𝟐
+
𝟒𝒙(𝒙𝟑 + 𝟏)

𝟓𝒙𝟐 − 𝟏
+ 𝟐𝒙 − 𝟓 ≥ 𝒌(𝒙𝟐 +

𝟓𝒙𝟐 − 𝟏

𝒙𝟒 + 𝒙
+
𝟐

𝒙
− 𝟓). 

For 𝒙 → ∞, this inequality leads to the necessary condition  
𝟒

𝟓
≥ 𝒌. 

Further, we need to prove the inequality for 𝒌 =
𝟒

𝟓
, i.e. to show that 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆) ≥ 𝟎, 

where  𝑬 = 𝟓 (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
+
𝟏

𝒆
) − 𝟒(𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆) − 𝟓. 

Let 𝑻 = (𝑻𝟏, 𝑻𝟐, 𝑻𝟑, 𝑻𝟒, 𝑻𝟓) and 𝒕 = (𝒕𝟏, 𝒕𝟐, 𝒕𝟑, 𝒕𝟒, 𝒕𝟓) be two decreasing sequences of 

nonnegative numbers. By Karamata majorization inequality applied to the convex function 

𝒇(𝒙) = 𝒆𝒙, if 

𝑻𝟏 ≥ 𝒕𝟏, 𝑻𝟏𝑻𝟐 ≥ 𝒕𝟏𝒕𝟐, 𝑻𝟏𝑻𝟐𝑻𝟑 ≥ 𝒕𝟏𝒕𝟐𝒕𝟑, 𝑻𝟏𝑻𝟐𝑻𝟑𝑻𝟒 ≥ 𝒕𝟏𝒕𝟐𝒕𝟑𝒕𝟒 and 𝑻𝟏𝑻𝟐𝑻𝟑𝑻𝟒𝑻𝟓 =

𝒕𝟏𝒕𝟐𝒕𝟑𝒕𝟒𝒕𝟓, then 

𝑻𝟏 + 𝑻𝟐 + 𝑻𝟑 + 𝑻𝟒 + 𝑻𝟓 ≥ 𝒕𝟏 + 𝒕𝟐 + 𝒕𝟑 + 𝒕𝟒 + 𝒕𝟓. 

Let (𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒, 𝒙𝟓) be a permutation of (𝒂, 𝒃, 𝒄, 𝒅, 𝒆) such that 𝒙𝟏 ≥ 𝒙𝟐 ≥ 𝒙𝟑 ≥ 𝒙𝟒 ≥

𝒙𝟓. According to Karamata’s inequality, the largest cyclic sum of five terms 𝒙𝒊𝒙𝒋, where 𝒊 ≠

𝒋 and each 𝒙𝒊 appears twice, is  𝑺𝟏 = 𝒙𝟏𝒙𝟐 + 𝒙𝟏𝒙𝟑 + 𝒙𝟐𝒙𝟒 + 𝒙𝟑𝒙𝟓 + 𝒙𝟒𝒙𝟓. 

As a consequence, the smallest sum is 

𝑺𝟐 = ∑ 𝒙𝒊𝒙𝒋
𝟏≤𝒊<𝑗≤5

− 𝑺𝟏 = 𝒙𝟏𝒙𝟓 + 𝒙𝟏𝒙𝟒 + 𝒙𝟐𝒙𝟓 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟒. 

Since 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆) = 𝑬(𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒, 𝒙𝟓) and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒂 = 𝟓 involves  

𝑺𝟐 ≤ 𝟓, to prove that 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆) ≥ 𝟎 it suffices to show that 𝑺𝟐 ≤ 𝟓 involves  

𝑬(𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒, 𝒙𝟓) ≥ 𝟎. Since increasing all the 𝒙𝒊 by the same multiplicative factor 

increases the sum 𝑺𝟐 and decreases the function 𝑬(𝒙𝟏, 𝒙𝟐, 𝒙𝟑, 𝒙𝟒, 𝒙𝟓), we may consider  

𝑺𝟐 = 𝟓. So, we need to show that 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆) ≥ 𝟎 for 

𝒂𝒆 + 𝒂𝒅 + 𝒃𝒆 + 𝒃𝒄 + 𝒄𝒅 = 𝟓,   𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅 ≥ 𝒆 > 0. 

Denote:  𝒙 =
𝒂+𝒃

𝟐
, 𝒚 =

𝒅+𝒆

𝟐
, 𝒂 ≥ 𝒙 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅 ≥ 𝒚 ≥ 𝒆. 

Replacing 𝒂 and 𝒆 with 𝟐𝒙 − 𝒃 and 𝟐𝒚 − 𝒅, respectively, we have 
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𝟓 = 𝒂(𝒅 + 𝒆) + 𝒃𝒆 + 𝒃𝒄 + 𝒄𝒅 = 𝟐(𝟐𝒙 − 𝒃)𝒚 + 𝒃(𝟐𝒚 − 𝒅) + 𝒃𝒄 + 𝒄𝒅 = 

= 𝟒𝒙𝒚 + 𝒃𝒄 − (𝒃 − 𝒄)𝒅. 

From this, we get:  𝟓 ≥ 𝟒𝒙𝒚 + 𝒃𝒄 − (𝒃 − 𝒄)𝒄 = 𝟒𝒙𝒚 + 𝒄𝟐, 

Hence  𝟒𝒙𝒚 ≤ 𝟓 − 𝒄𝟐,   𝒄 ≤ √𝟓 and 

𝟓 = 𝟒𝒙𝒚 + 𝒃𝒄 − (𝒃 − 𝒄)𝒅 ≤ 𝟒𝒙𝒚 + 𝒃𝒄 − (𝒃 − 𝒄)𝒚 = 𝟒𝒙𝒚 + 𝒃(𝒄 − 𝒚) + 𝒄𝒚 

≤ 𝟒𝒙𝒚 + 𝒙(𝒄 − 𝒚) + 𝒄𝒚 = 𝟑𝒙𝒚 + 𝒄(𝒙 + 𝒚) ≤
𝟑

𝟒
(𝟓 − 𝒄𝟐) + 𝒄(𝒙 + 𝒚), 

hence: 𝟒𝒄(𝒙 + 𝒚) ≥ 𝟑𝒄𝟐 + 𝟓 

By the AM-HM inequality, we have 

𝟏

𝒂
+
𝟏

𝒃
≥

𝟒

𝒂 + 𝒃
=
𝟐

𝒙
,   
𝟏

𝒅
+
𝟏

𝒆
≥
𝟐

𝒚
. 

Thus, it suffices to show that the conditions 

𝟒𝒙𝒚 ≤ 𝟓 − 𝒄𝟐,   𝟒𝒄(𝒙 + 𝒚) ≥ 𝟑𝒄𝟐 + 𝟓,   𝒙 ≥ 𝒄 ≥ 𝒚 > 0 

involve 

𝟓(
𝟐

𝒙
+
𝟐

𝒚
+
𝟏

𝒄
) ≥ 𝟒(𝟐𝒙 + 𝟐𝒚 + 𝒄) + 𝟓, 

that is 

𝟐(𝒙 + 𝒚) (
𝟓

𝒙𝒚
− 𝟒) +

𝟓

𝒄
− 𝟒𝒄 − 𝟓 ≥ 𝟎. 

Since 

𝟓

𝒙𝒚
− 𝟒 ≥

𝟐𝟎

𝟓 − 𝒄𝟐
− 𝟒 =

𝟒𝒄𝟐

𝟓 − 𝒄𝟐
, 

it suffices to show that:   
𝟖(𝒙+𝒚)𝒄𝟐

𝟓−𝒄𝟐
+
𝟓

𝒄
− 𝟒𝒄 − 𝟓 ≥ 𝟎. 

Indeed, 

𝟖(𝒙 + 𝒚)𝒄𝟐

𝟓 − 𝒄𝟐
+
𝟓

𝒄
− 𝟒𝒄 − 𝟓 ≥

𝟐𝒄(𝟑𝒄𝟐 + 𝟓)

𝟓 − 𝒄𝟐
+
𝟓

𝒄
− 𝟒𝒄 − 𝟓 

=
𝟓(𝟐𝒄𝟒 + 𝒄𝟑 − 𝟑𝒄𝟐 − 𝟓𝒄 + 𝟓)

𝒄(𝟓 − 𝒄𝟐)
=
𝟓(𝒄 − 𝟏)𝟐(𝟐𝒄𝟐 + 𝟓𝒄 + 𝟓)

𝒄(𝟓 − 𝒄𝟐)
≥ 𝟎 

The proof is completed. For 𝒌 =
𝟒

𝟓
, the equality occurs when 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝒆 = 𝟏. 
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SP.534 If the lengths 𝒂, 𝒃, 𝒄 of the sides of a triangle are the roots of the 

equation 𝒌𝒙𝟑 − 𝒍𝒙𝟐 + 𝟗𝒌𝒙 − 𝒍 = 𝟎   (𝒌 ⋅ 𝒍 ≠ 𝟎), then find the area of the 

triangle. 

Proposed by George Apostolopoulos – Greece 
Solution 1 by proposer 

From the Cartan – Viete formula’s, we have 𝒂 + 𝒃 + 𝒄 =
𝒍

𝒌
, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟗, 𝒂𝒃𝒄 =

𝒍

𝒌
. So 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝒂𝒃+𝒃𝒄+𝒄𝒂

𝒂𝒃𝒄
=

𝟗
𝒍

𝒌

=
𝟗𝒌

𝒍
. Now, we have 

𝒂+𝒃+𝒄

𝟑
=

𝒍

𝟑𝒌
, and  

𝟑
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄

=
𝟑
𝟗𝒌

𝒍

=
𝒍

𝟑𝒌
, namely 

𝒂+𝒃+𝒄

𝟑
=

𝟑
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄

. So, the result follows immediately from the fact 

that the AM-HM inequality becomes equality iff 𝒂 = 𝒃 = 𝒄. Namely the triangle is 

equilateral. From 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟗, we have 𝒂𝟐 = 𝟑, and the area =
𝒂𝟐√𝟑

𝟒
=
𝟑√𝟑

𝟒
. 

Solution 2 by Martin Celli-Mexico 

For 𝒙 = 𝒂, 𝒃, 𝒄 we have 

𝒌𝒙(𝒙𝟐 + 𝟗) = 𝒍(𝒙𝟐 + 𝟏), 

𝑭(𝒙) = 𝐥𝐧 (
𝒍

𝒌
), where 𝑭(𝒙) = 𝐥𝐧 (

𝒙(𝒙𝟐+𝟗)

𝒙𝟐+𝟏
)  (𝒙 > 0). 

We can easily obtain the following expression: 

𝑭′(𝒙) =
(𝒙𝟐−𝟑)

𝟐

𝒙(𝒙𝟐+𝟗)(𝒙𝟐+𝟏)
> 0 for 𝒙 ≠ √𝟑. 

Thus, the function 𝑭 is strictly increasing. As 𝑭(𝒂) = 𝑭(𝒃) = 𝑭(𝒄), we have 𝒂 = 𝒃 = 𝒄: the 

triangle is equilateral, its area is 𝒂𝟐 √𝟑 𝟒⁄ . On the other hand, we have 

𝒙𝟑 − 𝟑𝒂𝒙𝟐 + 𝟑𝒂𝟐𝒙 − 𝒂𝟑 = (𝒙 − 𝒂)𝟑 = (𝒙 − 𝒂)(𝒙 − 𝒃)(𝒙 − 𝒄) = 𝒙𝟑 −
𝒍

𝒌
𝒙𝟐 + 𝟗𝒙 −

𝒍

𝒌
 

So 𝟑𝒂𝟐 = 𝟗, the area of the triangle is 𝟑√𝟑 𝟒⁄ . 

Solution 3 by Marin Chirciu – Romania 

By Viete relationships we have 𝒂 + 𝒃 + 𝒄 =
𝒍

𝒌
, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟗, 𝒂𝒃𝒄 =

𝒍

𝒌
 

Using the identity in triangle 𝟏𝟔𝑺𝟐 = 𝟐∑𝒃𝟐𝒄𝟐 − ∑𝒂𝟒. 
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We have ∑𝒃𝟐𝒄𝟐 = 𝟖𝟏 −
𝟐𝒍𝟐

𝒌𝟐
 and ∑𝒂𝟒 =

𝒍𝟒

𝒌𝟒
−
𝟑𝟐𝒍𝟐

𝒌𝟐
+ 𝟏𝟔𝟐 which follows from: 

∑𝒃𝟐𝒄𝟐 = (∑𝒃𝒄)
𝟐

− 𝟐𝒂𝒃𝒄∑𝒂 = 𝟗𝟐 − 𝟐 ⋅
𝒍

𝒌
⋅
𝒍

𝒌
= 𝟖𝟏 −

𝟐𝒍𝟐

𝒌𝟐
 

(𝒂 + 𝒃 + 𝒄)𝟒 =∑𝒂𝟒 + 𝟔∑𝒃𝟐𝒄𝟐 + 𝟒∑𝒃𝒄 (𝒃𝟐 + 𝒄𝟐) + 𝟏𝟐𝒂𝒃𝒄∑𝒂 

∑𝒃𝒄(𝒃𝟐 + 𝒄𝟐) =∑𝒂𝟐∑𝒃𝒄− 𝒂𝒃𝒄∑𝒂, 

∑𝒃𝒄(𝒃𝟐 + 𝒄𝟐) = (
𝒍𝟐

𝒌𝟐
− 𝟏𝟖) ⋅ 𝟗 −

𝒍𝟐

𝒌𝟐
=
𝟖𝒍𝟐

𝒌𝟐
− 𝟏𝟔𝟐 

∑𝒂𝟐 = (∑𝒂)
𝟐

− 𝟐∑𝒃𝒄 =
𝒍𝟐

𝒌𝟐
− 𝟐 ⋅ 𝟗 =

𝒍𝟐

𝒌𝟐
− 𝟏𝟖 

𝒍𝟒

𝒌𝟒
=∑𝒂𝟒 + 𝟔(𝟖𝟏 −

𝟐𝒍𝟐

𝒌𝟐
) + 𝟒(

𝟖𝒍𝟐

𝒌𝟐
− 𝟏𝟔𝟐) +

𝟏𝟐𝒍𝟐

𝒌𝟐
= 

=∑𝒂𝟒 + 𝟒𝟖𝟔 −
𝟏𝟐𝒍𝟐

𝒌𝟐
+
𝟑𝟐𝒍𝟐

𝒌𝟐
− 𝟔𝟒𝟖 +

𝟏𝟐𝒍𝟐

𝒌𝟐
= 

=
𝟑𝟐𝒍𝟐

𝒌𝟐
− 𝟏𝟔𝟐 ⇒∑𝒂𝟒 =

𝒍𝟒

𝒌𝟒
−
𝟑𝟐𝒍𝟐

𝒌𝟐
+ 𝟏𝟔𝟐 

We obtain 𝟏𝟔𝑺𝟐 = 𝟐∑𝒃𝟐𝒄𝟐 − ∑𝒂𝟒 = 

= 𝟐(𝟖𝟏 −
𝟐𝒍𝟐

𝒌𝟐
) − (

𝒍𝟒

𝒌𝟒
−
𝟑𝟐𝒍𝟐

𝒌𝟐
+ 𝟏𝟔𝟐) =

𝟐𝟖𝒍𝟐

𝒌𝟐
−
𝒍𝟒

𝒌𝟑
⇒ 

⇒ 𝟏𝟔𝑺𝟐 =
𝟐𝟖𝒍𝟐

𝒌𝟐
−
𝒍𝟒

𝒌𝟒
⇔ 𝑺𝟐 =

𝟏

𝟏𝟔
(
𝟐𝟖𝒍𝟐

𝒌𝟐
−
𝒍𝟒

𝒌𝟒
) ⇔ 𝑺 =

𝟏

𝟒
√
𝟐𝟖𝒍𝟐

𝒌𝟐
−
𝒍𝟒

𝒌𝟒
 

It is necessary the condition 
𝟐𝟖𝒍𝟐

𝒌𝟐
−

𝒍𝟒

𝒌𝟒
> 0 ⇔

𝟏

𝒌
< 2√𝟕 

SP.535 Determine all the numbers  𝒂𝒃𝒄𝒅̅̅ ̅̅ ̅̅ ̅ such that: 

𝟏 + 𝒂 + 𝒃 + 𝒄 + 𝒂 ⋅ 𝒃 + 𝒃 ⋅ 𝒄 + 𝒄 ⋅ 𝒂 = 𝒂 ⋅ 𝒃 ⋅ 𝒄 ⋅ 𝒅 

Proposed by Neculai Stanciu, Titu Zvonaru – Romania  

Solution 1 by proposers 
𝒅𝒂𝒃𝒄 − 𝒂𝒃 − 𝒃𝒄 − 𝒂𝒄 − 𝒂 − 𝒃 = 𝒄 + 𝟏 ⇔ (𝒅𝒄 − 𝟏)𝒂𝒃 − (𝒄 + 𝟏)𝒂 − (𝒄 + 𝟏)𝒃 = 𝒄 + 𝟏   

(1) 
If 𝒅𝒄 = 𝟏, then 𝒅 = 𝒄 = 𝟏 so (1) doesn’t solutions. Multiply (1) with 𝒅𝒄 − 𝟏, then 
(𝒅𝒄 − 𝟏)𝟐𝒂𝒃 − (𝒅𝒄 − 𝟏)(𝒄 + 𝟏)𝒂 − (𝒅𝒄 − 𝟏)(𝒄 + 𝟏)𝒃 = (𝒅𝒄 − 𝟏)(𝒄 + 𝟏) ⇔ 
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⇔ [(𝒅𝒄 − 𝟏)𝒂 − (𝒄 + 𝟏)][(𝒅𝒄 − 𝟏)𝒃 − (𝒄 + 𝟏)] = (𝒄 + 𝟏)𝟐 + (𝒅𝒄 − 𝟏)(𝒄 + 𝟏) ⇔ 
⇔ [(𝒅𝒄 − 𝟏)𝒂 − (𝒄 + 𝟏)][(𝒅𝒄 − 𝟏)𝒃 − (𝒄 + 𝟏)] = (𝒅 + 𝟏)𝒄(𝒄 + 𝟏)   (*) 

WLOG we can assume that 𝒂 ≥ 𝒃 ≥ 𝒄. Then  
(𝒅𝒄 − 𝟏)𝒂 − (𝒄 + 𝟏) ≥ 𝒅𝒄𝟐 − 𝟐𝒄 − 𝟏, (𝒅𝒄 − 𝟏)𝒃 − (𝒄 + 𝟏) ≥ 𝒅𝒄𝟐 − 𝟐𝒄 − 𝟏 

We have the cases: 

1. If 𝒅 ≥ 𝟑, then 𝒅𝒄𝟐 − 𝟐𝒄 − 𝟏 ≥ 𝟑𝒄𝟐 − 𝟐𝒄 − 𝟏 = (𝒄 − 𝟏)(𝟑𝒄 + 𝟏) ≥ 𝟎 and by (*) yields 
(𝒅 + 𝟏)𝒄(𝒄 + 𝟏) = [(𝒅𝒄 − 𝟏)𝒂 − (𝒄 + 𝟏)][(𝒅𝒄 − 𝟏)𝒂 − (𝒄 + 𝟏)] ≥ (𝒅𝒄𝟐 − 𝟐𝒄 − 𝟏)𝟐 ⇔ 

⇔ 𝒅𝟐𝒄𝟒 + 𝟒𝒄𝟐 + 𝟏 − 𝟒𝒅𝒄𝟑 − 𝟐𝒅𝒄𝟐 + 𝟒𝒄 − (𝒅 + 𝟏)𝒄𝟐 − (𝒅 + 𝟏)𝒄 ≤ 𝟎 ⇔ 
⇔ 𝒅𝟐𝒄𝟒 − 𝟒𝒅𝒄𝟑 − 𝟑(𝒅 − 𝟏)𝒄𝟐 − (𝒅 − 𝟏)𝒄 + 𝟏 ≤ 𝟎   (2) 

If 𝒅 ≥ 𝟖, then 
𝒅𝟐𝒄𝟒 − 𝟒𝒅𝒄𝟑 − 𝟑(𝒅 − 𝟏)𝒄𝟐 − (𝒅 − 𝟑)𝒄 + 𝟏 ≥ 𝟖𝒅𝒄𝟒 − 𝟒𝒅𝒄𝟑 − 𝟑𝒅𝒄𝟐 − 𝒅𝒄 + 𝟑𝒄𝟐 + 𝟑𝒄 + 𝟏 = 

= 𝟒𝒅𝒄𝟑(𝒄 − 𝟏) + 𝟑𝒅𝒄𝟐(𝒄𝟐 − 𝟏) + 𝒅𝒄(𝒄𝟑 − 𝟏) + 𝟑𝒄𝟐 + 𝟑𝒄 + 𝟏 > 0 so (2) is false.. 

1.1 𝒅 = 𝟕𝑷: (2) becomes 𝟒𝟗𝒄𝟒 − 𝟐𝟖𝒄𝟑 − 𝟏𝟖𝒄𝟐 − 𝟒𝒄 + 𝟏 ≤ 𝟎 ⇔ 

⇔ (𝒄 − 𝟏)(𝟒𝟗𝒄𝟑 + 𝟐𝟏𝒄𝟐 + 𝟑𝒄 − 𝟏) ≤ 𝟎 and because  

𝟒𝟗𝒄𝟑 + 𝟐𝟏𝒄𝟐 + 𝟑𝒄 − 𝟏 > 0, we have 𝒄 = 𝟏; (*) becomes 
(𝟔𝒂 − 𝟐)(𝟔𝒃 − 𝟐) + 𝟏𝟔 ⇔ (𝟑𝒂 − 𝟏)(𝟑𝒃 − 𝟏) = 𝟒 and we obtain 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1.2. 𝒅 = 𝟔: (𝟐) becomes 𝟑𝟔𝒄𝟒 − 𝟐𝟒𝒄𝟑 − 𝟏𝟓𝒄𝟐 − 𝟑𝒄 + 𝟏 ≤ 𝟎 

For 𝒄 ≥ 𝟐: 𝟑𝟔𝒄𝟒 − 𝟐𝟒𝒄𝟑 − 𝟏𝟓𝒄𝟐 − 𝟑𝒄 + 𝟏 ≥ 𝟕𝟐𝒄𝟑 − 𝟐𝟒𝒄𝟑 − 𝟏𝟓𝒄𝟐 − 𝟑𝒄 + 𝟏 = 

= 𝟒𝟖𝒄𝟑 − 𝟏𝟓𝒄𝟐 − 𝟑𝒄 + 𝟏 = 𝟑𝟎𝒄𝟑 + 𝟏𝟓𝒄𝟐(𝒄 − 𝟏) + 𝟑𝒄(𝒄𝟐 − 𝟏) + 𝟏 > 0 and results  
𝒄 = 𝟏; (*) becomes (𝟓𝒂 − 𝟐)(𝟓𝒃 − 𝟐) = 𝟏𝟐 and we not obtain solutions. 

1.3. 𝒅 = 𝟓: (2) becomes 𝟐𝟓𝒄𝟒 − 𝟐𝟎𝒄𝟑 − 𝟏𝟐𝒄𝟐 − 𝟐𝒄 + 𝟏 ≤ 𝟎 

For 𝒄 ≥ 𝟐 we have 𝟐𝟓𝒄𝟒 − 𝟐𝟎𝒄𝟑 − 𝟏𝟐𝒄𝟐 − 𝟐𝒄 + 𝟏 ≥ 𝟓𝟎𝒄𝟑 − 𝟐𝟎𝒄𝟑 − 𝟏𝟐𝒄𝟐 − 𝟐𝒄 + 𝟏 = 

= 𝟑𝟎𝒄𝟑 − 𝟏𝟐𝒄𝟐 − 𝟐𝒄 + 𝟏 = 𝟏𝟔𝒄𝟑 + 𝟏𝟐𝒄𝟐(𝒄 − 𝟏) + 𝟐𝒄(𝒄𝟐 − 𝟏) + 𝟏 > 0, so 
𝒄 = 𝟏; (*) becomes 

(𝟒𝒂 − 𝟐)(𝟒𝒃 − 𝟐) = 𝟏𝟐 ⇔ (𝟐𝒂 − 𝟏)(𝟐𝒃 − 𝟏) = 𝟑 and we obtain the solution 
𝒂 = 𝟐, 𝒃 = 𝟏, 𝒄 = 𝟏 

1.4. 𝒅 = 𝟒: (2) becomes 𝟏𝟔𝒄𝟒 − 𝟏𝟔𝒄𝟑 − 𝟗𝒄𝟐 − 𝒄 + 𝟏 ≤ 𝟎. For 𝒄 ≥ 𝟐 we have 

𝟏𝟔𝒄𝟒 − 𝟏𝟔𝒄𝟑 − 𝟗𝒄𝟐 − 𝒄 + 𝟏 ≤ 𝟑𝟐𝒄𝟑 − 𝟏𝟔𝒄𝟑 − 𝟗𝒄𝟐 − 𝒄 + 𝟏 = 
= 𝟏𝟔𝒄𝟑 − 𝟗𝒄𝟐 − 𝒄 + 𝟏 = 𝟔𝒄𝟑 + 𝟗𝒄𝟐(𝒄 − 𝟏) + 𝒄(𝒄𝟐 − 𝟏) + 𝟏 > 0 and 𝒄 = 𝟏; (*) becomes 

(𝟑𝒂 − 𝟐)(𝟑𝒃 − 𝟐) = 𝟏𝟎 and we obtain solution 𝒂 = 𝟒, 𝒃 = 𝟏, 𝒄 = 𝟏. 

1.5 𝒅 = 𝟑; (2) becomes 𝟗𝒄𝟒 − 𝟏𝟐𝒄𝟑 − 𝟔𝒄𝟐 + 𝟏 ≤ 𝟎. For 𝒄 ≥ 𝟐 we have 

𝟗𝒄𝟒 − 𝟏𝟐𝒄𝟑 − 𝟔𝒄𝟐 + 𝟏 ≥ 𝟏𝟖𝒄𝟑 − 𝟏𝟐𝒄𝟑 − 𝟔𝒄𝟐 + 𝟏 = 𝟔𝒄𝟑 − 𝟔𝒄𝟐 + 𝟏 = 𝟔𝒄𝟐(𝒄 − 𝟏) + 𝟏 >
0 so 𝒄 = 𝟏; (*) becomes (𝟐𝒂 − 𝟐)(𝟐𝒃 − 𝟐) = 𝟖 ⇔ (𝒂 − 𝟏)(𝒃 − 𝟏) = 𝟐 and we obtain  

𝒂 = 𝟑, 𝒃 = 𝟐, 𝒄 + 𝟏. 
2. 𝒅 = 𝟐 

2.1. For 𝒄 = 𝟏, (*) is (𝒂 − 𝟐)(𝒃 − 𝟐) = 𝟔 and we obtain the solutions 𝒂 = 𝟖, 𝒃 = 𝟑, 𝒄 = 𝟏 
and 𝒂 = 𝟓, 𝒃 = 𝟒, 𝒄 = 𝟏. 

2.2. For 𝒄 ≥ 𝟐, 𝟐𝒄𝟐 − 𝟐𝒄 − 𝟏 ≥ 𝟒𝒄 − 𝟐𝒄 − 𝟏 = 𝟐𝒄 − 𝟏 > 0 and (2) is true, i.e. 

𝟒𝒄𝟒 − 𝟖𝒄𝟑 − 𝟔𝒄𝟐 + 𝒄 + 𝟏 ≤ 𝟎. But 𝒄 ≥ 𝟑 so, 

𝟒𝒄𝟒 − 𝟖𝒄𝟑 − 𝟔𝒄𝟐 + 𝒄 + 𝟏 ≥ 𝟏𝟐𝒄𝟑 − 𝟖𝒄𝟑 − 𝟔𝒄𝟐 + 𝒄 + 𝟏 = 𝟒𝒄𝟑 − 𝟔𝒄𝟐 + 𝒄 + 𝟏 = 
= 𝟐𝒄𝟑 + 𝟐𝒄𝟐(𝒄 − 𝟑) + 𝒄 + 𝟏 > 0, so 𝒄 = 𝟐; (*) becomes  

(𝟑𝒂 − 𝟑)(𝟑𝒃 − 𝟑) = 𝟏𝟖 ⇔ (𝒂 − 𝟏)(𝒃 − 𝟏) = 𝟐, hence 𝒂 = 𝟑, 𝒃 = 𝟐, 𝒄 = 𝟐. 
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3. 𝒅 = 𝟏. Since 𝒄 ≠ 𝟏, we have: 
3.1.For 𝒄 = 𝟐, (*) becomes (𝒂 − 𝟑)(𝒃 − 𝟑) = 𝟏𝟐 and we obtain  

(𝒂 = 𝟏𝟓, 𝒃 = 𝟒, 𝒄 = 𝟐), (𝒂 = 𝟗, 𝒃 = 𝟓, 𝒄 = 𝟐)  and (𝒂 = 𝟕, 𝒃 = 𝟔, 𝒄 = 𝟐). 
3.2 For 𝒄 = 𝟑, (*) becomes (𝟐𝒂 − 𝟒)(𝟐𝒃 − 𝟒) = 𝟐𝟒 ⇔ (𝒂 − 𝟐)(𝒃 − 𝟐) = 𝟔 and we obtain 

(𝒂 = 𝟖, 𝒃 = 𝟑, 𝒄 = 𝟑) and (𝒂 = 𝟓, 𝒃 = 𝟒, 𝒄 = 𝟑). 

3.3. For 𝒄 ≥ 𝟒 we have 𝒄𝟐 − 𝟐𝒄 − 𝟏 ≥ 𝟒𝒄 − 𝟐𝒄 − 𝟏 = 𝟐𝒄 − 𝟏 > 0 so (2), i.e. 

𝒄𝟒 − 𝟒𝒄𝟑 + 𝟐𝒄 + 𝟏 ≤ 𝟎, true 

𝒄𝟒 − 𝟒𝒄𝟑 + 𝟐𝒄 + 𝟏 = 𝒄𝟒(𝒄 − 𝟒) + 𝟐𝒄 + 𝟏 > 0, we not obtain solutions. 
In conclusion, 

𝒂 𝒃 𝒄 𝒅 
𝟏 𝟏 𝟏 𝟕 
𝟐 𝟏 𝟏 𝟓 
𝟒 𝟏 𝟏 𝟒 
𝟑 𝟐 𝟏 𝟐 
𝟓 𝟒 𝟏 𝟐 
𝟖 𝟑 𝟏 𝟐 
𝟑 𝟐 𝟐 𝟐 
𝟏𝟓 𝟒 𝟐 𝟏 
𝟗 𝟓 𝟐 𝟏 
𝟕 𝟔 𝟐 𝟏 
𝟖 𝟑 𝟑 𝟏 
𝟓 𝟒 𝟑 𝟏 

 

Hence  𝒂𝒃𝒄𝒅̅̅ ̅̅ ̅̅ ̅ ∈ {𝟏𝟏𝟏𝟕, 𝟐𝟏𝟏𝟓, 𝟑𝟐𝟏𝟑, 𝟑𝟐𝟐𝟐, 𝟒𝟏𝟏𝟒, 𝟓𝟒𝟏𝟐, 𝟓𝟒𝟑𝟏, 𝟕𝟔𝟐𝟏, 𝟖𝟑𝟏𝟐, 𝟖𝟑𝟑𝟏, 𝟗𝟓𝟐𝟏} 

 
Solution 2 by Marin Chirciu – Romania  
Necessarily 𝒂, 𝒃, 𝒄, 𝒅 are non-zero digits. 
For 𝒂 = 𝟏 ⇒ 𝟐 + 𝟐𝒃 + 𝟐𝒄 + 𝒃𝒄 = 𝒃𝒄𝒅 ⇔ 𝟐(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟏, 𝟐, 𝟒 ⇒ 𝒅 = 𝟕, 𝟓, 𝟒. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟏𝟏𝟕, 𝟏𝟏𝟐𝟓, 𝟏𝟏𝟒𝟒. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟏, 𝟑 ⇒ 𝒅 = 𝟓, 𝟑. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟐𝟏𝟓, 𝟏𝟐𝟑𝟑. 

For 𝒃 = 𝟑 agreed 𝒄 = 𝟐, 𝟖 ⇒ 𝒅 = 𝟑, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟑𝟐𝟑, 𝟏𝟑𝟖𝟐. 

For 𝒃 = 𝟒 agreed 𝒄 = 𝟏, 𝟓 ⇒ 𝒅 = 𝟒, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟒𝟏𝟒, 𝟏𝟒𝟓𝟐. 

For 𝒃 = 𝟓 agreed 𝒄 = 𝟒 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟓𝟒𝟐. 
For 𝒃 = 𝟔, 𝟕 we don’t have solutions. 

For 𝒃 = 𝟖 agreed 𝒄 = 𝟑 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟏𝟖𝟑𝟐. 
For 𝒃 = 𝟗 we don’t have solutions. 
For 𝒂 = 𝟐 ⇒ 𝟑 + 𝟑𝒃 + 𝟑𝒄 + 𝒃𝒄 = 𝟐𝒃𝒄𝒅 ⇔ 𝟑(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟐𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟏, 𝟑 ⇒ 𝒅 = 𝟓, 𝟑. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟏𝟏𝟓, 𝟐𝟏𝟑𝟑. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟑 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟐𝟑𝟐. 

For 𝒃 = 𝟑 agreed 𝒄 = 𝟏, 𝟐 ⇒ 𝒅 = 𝟑, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟑𝟏𝟑, 𝟐𝟑𝟐𝟐. 
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For 𝒃 = 𝟒 we don’t have solutions. 

For 𝒃 = 𝟓 agreed 𝒄 = 𝟗 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟓𝟗𝟏. 

For 𝒃 = 𝟔 agreed 𝒄 = 𝟕 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟔𝟕𝟏. 
For 𝒃 = 𝟕, 𝟖 we don’t have solutions. 

For 𝒃 = 𝟗 agreed 𝒄 = 𝟓 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟐𝟗𝟓𝟏. 
For 𝒂 = 𝟑 ⇒ 𝟒 + 𝟒𝒃 + 𝟒𝒄 + 𝒃𝒄 = 𝟑𝒃𝒄𝒅 ⇔ 𝟒(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟑𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟐, 𝟖 ⇒ 𝒅 = 𝟑, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟑𝟏𝟐𝟑, 𝟑𝟏𝟖𝟐. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟏, 𝟐 ⇒ 𝒅 = 𝟑, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟑𝟐𝟏𝟑, 𝟑𝟐𝟐𝟐. 

For 𝒃 = 𝟑 agreed 𝒄 = 𝟖 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟑𝟑𝟖𝟏. 

For 𝒃 = 𝟒 agreed 𝒄 = 𝟓 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟑𝟒𝟓𝟏. 

For 𝒃 = 𝟓 agreed 𝒄 = 𝟒 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟑𝟓𝟒𝟏. 
For 𝒃 = 𝟔, 𝟕, 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟒 ⇒ 𝟓 + 𝟓𝒃 + 𝟓𝒄 + 𝒃𝒄 = 𝟒𝒃𝒄𝒅 ⇔ 𝟓(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟒𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟏, 𝟓 ⇒ 𝒅 = 𝟒, 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟒𝟏𝟏𝟒, 𝟒𝟏𝟓𝟐. 
For 𝒃 = 𝟐 we don’t have solutions. 

For 𝒃 = 𝟑 agreed 𝒄 = 𝟓 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟒𝟑𝟓𝟏. 
For 𝒃 = 𝟒 we don’t have solutions. 

For 𝒃 = 𝟓 agreed 𝒄 = 𝟏, 𝟑 ⇒ 𝒅 = 𝟐, 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟒𝟓𝟏𝟐, 𝟒𝟓𝟑𝟏. 
For 𝒃 = 𝟔, 𝟕, 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟓 ⇒ 𝟔 + 𝟔𝒃 + 𝟔𝒄 + 𝒃𝒄 = 𝟓𝒃𝒄𝒅 ⇔ 𝟔(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟓𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟒 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟓𝟏𝟒𝟐. 
For 𝒃 = 𝟐, 𝟑 we don’t have solutions. 

For 𝒃 = 𝟒 agreed 𝒄 = 𝟏, 𝟑 ⇒ 𝒅 = 𝟐, 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟓𝟒𝟏𝟐, 𝟓𝟒𝟑𝟏. 
For 𝒃 = 𝟓, 𝟔, 𝟕, 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟔 ⇒ 𝟕 + 𝟕𝒃 + 𝟕𝒄 + 𝒃𝒄 = 𝟔𝒃𝒄𝒅 ⇔ 𝟕(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟔𝒅 − 𝟏); 
For 𝒃 = 𝟏 we don’t have solutions. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟕 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟔𝟐𝟕𝟏. 
For 𝒃 = 𝟑, 𝟒, 𝟓, 𝟔 we don’t have solutions. 

For 𝒃 = 𝟕 agreed 𝒄 = 𝟐 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟔𝟕𝟐𝟏. 
For 𝒃 = 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟕 ⇒ 𝟖 + 𝟖𝒃 + 𝟖𝒄 + 𝒃𝒄 = 𝟕𝒃𝒄𝒅 ⇔ 𝟖(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟕𝒅 − 𝟏); 
For 𝒃 = 𝟏 we don’t have solutions. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟔 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟕𝟐𝟔𝟏. 
For 𝒃 = 𝟑, 𝟒, 𝟓 we don’t have solutions. 

For 𝒃 = 𝟔 agreed 𝒄 = 𝟐 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟕𝟔𝟐𝟏. 
For 𝒃 = 𝟕, 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟖 ⇒ 𝟗 + 𝟗𝒃 + 𝟗𝒄 + 𝒃𝒄 = 𝟖𝒃𝒄𝒅 ⇔ 𝟗(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟖𝒅 − 𝟏); 

For 𝒃 = 𝟏 agreed 𝒄 = 𝟑 ⇒ 𝒅 = 𝟐. It follows 𝒂𝒃𝒄𝒅 = 𝟖𝟏𝟑𝟐. 
For 𝒃 = 𝟐 we don’t have solutions. 
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For 𝒃 = 𝟑 agreed 𝒄 = 𝟏, 𝟑 ⇒ 𝒅 = 𝟐, 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟖𝟑𝟏𝟐, 𝟖𝟑𝟑𝟏. 
For 𝒃 = 𝟒, 𝟓, 𝟔, 𝟕, 𝟖, 𝟗 we don’t have solutions. 
For 𝒂 = 𝟗 ⇒ 𝟏𝟎 + 𝟏𝟎𝒃 + 𝟏𝟎𝒄 + 𝒃𝒄 = 𝟗𝒃𝒄𝒅 ⇔ 𝟏𝟎(𝟏 + 𝒃 + 𝒄) = 𝒃𝒄(𝟗𝒅 − 𝟏); 
For 𝒃 = 𝟏 we don’t have solutions. 

For 𝒃 = 𝟐 agreed 𝒄 = 𝟓 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟗𝟐𝟓𝟏. 
For 𝒃 = 𝟑, 𝟒 we don’t have solutions. 

For 𝒃 = 𝟓 agreed 𝒄 = 𝟐 ⇒ 𝒅 = 𝟏. It follows 𝒂𝒃𝒄𝒅 = 𝟗𝟓𝟐𝟏. 
For 𝒃 = 𝟔, 𝟕, 𝟖, 𝟗 we don’t have solutions. 
Finally, we deduce: 

𝒂𝒃𝒄𝒅
= 𝟏𝟏𝟏𝟕, 𝟏𝟏𝟐𝟓, 𝟏𝟏𝟒𝟒, 𝟏𝟐𝟏𝟓, 𝟏𝟐𝟑𝟑, 𝟏𝟐𝟐𝟑, 𝟏𝟑𝟖𝟐, 𝟏𝟒𝟏𝟒, 𝟏𝟒𝟓𝟐, 𝟏𝟓𝟒𝟐, 𝟏𝟖𝟑𝟐, 𝟐𝟏𝟏𝟓, 𝟐𝟏𝟑𝟑, 𝟐𝟐𝟑𝟐, 
𝟐𝟑𝟏𝟑, 𝟐𝟑𝟐𝟐, 𝟐𝟓𝟗𝟏, 𝟐𝟔𝟕𝟏, 𝟐𝟗𝟓𝟏, 𝟑𝟏𝟐𝟑, 𝟑𝟏𝟖𝟐, 𝟑𝟐𝟏𝟑, 𝟑𝟐𝟐𝟐, 𝟑𝟑𝟖𝟏, 𝟑𝟏𝟓𝟏, 𝟑𝟓𝟒𝟏, 𝟒𝟏𝟏𝟒, 𝟒𝟏𝟓𝟐, 
𝟒𝟑𝟓𝟏, 𝟒𝟓𝟏𝟐, 𝟒𝟓𝟑𝟏, 𝟓𝟏𝟒𝟐, 𝟓𝟒𝟏𝟐, 𝟓𝟒𝟑𝟏, 𝟔𝟐𝟕𝟏, 𝟔𝟕𝟐𝟏, 𝟕𝟐𝟔𝟏, 𝟕𝟔𝟐𝟏, 𝟖𝟏𝟑𝟐, 𝟖𝟑𝟏𝟐, 𝟖𝟑𝟑𝟏, 𝟗𝟐𝟓𝟏, 𝟗𝟐𝟓𝟏 

 

SP.536 If 𝒙 ≥ 𝟎 then: 

𝟐

√𝝅
(∫ 𝒆−𝒕

𝟐
𝒙

𝟎

𝒅𝒕)

𝟐

+∫ 𝒆−𝒕
𝟐

𝟐𝒙

𝟎

𝒅𝒕 ≥ 𝟐∫ 𝒆−𝒕
𝟐

𝒙

𝟎

𝒅𝒕 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ahmed Salem-Tunisia 

Let 𝑸(𝒙) =
𝟏

√𝟐𝝅
∫ 𝒆−

𝒗𝟐

𝟐
∞

𝒙
𝒅𝒗 

Prob. that standard Gaussian RVX exceeds 𝒙 

∫ 𝒆−𝒕
𝟐

𝒙

𝟎

𝒅𝒕 =
𝒖=√𝟐𝒕

√𝟐𝝅
𝟏

√𝟐𝝅
∫ 𝒆−

𝒖𝟐

𝟐

√𝟐𝒙

𝟎

𝟏

√𝟐
𝒅𝒖 = √𝝅

𝟏

√𝟐𝝅
∫ 𝒆−

𝒖𝟐

𝟐

√𝟐𝒙

𝟎

𝒅𝒖 

= √𝝅(
𝟏

√𝟐𝝅
∫ 𝒆−

𝒖𝟐

𝟐

∞

𝟎

𝒅𝒖 −
𝟏

√𝟐𝝅
∫ 𝒆−

𝒖𝟐

𝟐

∞

√𝟐𝒙

𝒅𝒖) = √𝝅(
𝟏

𝟐
− 𝑸(√𝟐𝒙)) 

The given inequality is equivalent to  

𝟐

√𝝅
⋅ 𝝅(

𝟏

𝟐
− 𝑸(√𝟐𝒙))

𝟐

+ √𝝅(
𝟏

𝟐
− 𝑸(𝟐√𝟐𝒙)) ≥ 𝟐√𝝅(

𝟏

𝟐
− 𝑸(√𝟐𝒙)) 

⇒
√𝝅

𝟐
+ 𝟐√𝝅𝑸𝟐(√𝟐𝒙) − 𝟐√𝝅𝑸(√𝟐𝒙) +

√𝝅

𝟐
− √𝝅𝑸(𝟐√𝟐𝒙) ≥ √𝝅 − 𝟐√𝝅𝑸(√𝟐𝒙) 

⇒ 𝟐𝑸𝟐(√𝟐𝒙) ≥ 𝑸(𝟐√𝟐𝒙) 
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𝑸(𝒙) =
𝟏

𝟐𝝅
∫ ∫ 𝒆−

𝟏
𝟐
(𝒖𝟐+𝒗𝟐) 

∞

−∞

∞

𝒙

𝒅𝒖𝒅𝒗 =
𝟏

𝝅
∫ ∫ −𝒅

∞

𝒙𝐬𝐞𝐜𝝓

𝒆−
𝟏
𝟐
𝒓𝟐

𝝅
𝟐

𝟎

𝒅𝝓 = 

=
𝟏

𝝅
∫ 𝒆−

𝟏
𝟐
𝒙𝟐 𝐬𝐞𝐜𝟐𝝓

𝝅
𝟐

𝟎

𝒅𝝓 =
𝝓→

𝝅
𝟐
−𝝓 𝟏

𝝅
∫ 𝒆

−
𝒙𝟐

𝟐 𝐬𝐢𝐧𝟐𝝓

𝝅
𝟐

𝟎

𝒅𝝓 

(𝟏 − 𝟐𝑸(𝒙))
𝟐
=
𝟏

𝟐𝝅
∫ ∫ 𝒆−

𝟏
𝟐
(𝒖𝟐+𝒗𝟐)

𝒙

𝒙

𝒙

−𝒙

𝒅𝒖 𝒅𝒗 =
𝟒

𝝅
∫ ∫ −𝒅𝒆−

𝟏
𝟐
𝒓𝟐

𝒙 𝐬𝐞𝐜𝝓

𝟎

𝝅
𝟒

𝟎

𝒅𝝓 

=
𝟒

𝝅
∫ (𝟏 − 𝒆−

𝟏
𝟐
𝒙𝟐 𝐬𝐞𝐜𝟐𝝓)

𝝅
𝟒

𝟎

𝒅𝝓 = 𝟏 − 𝟒𝑸(𝒙) + 𝟒𝑸𝟐(𝒙) 

⇒ 𝑸𝟐(𝒙) = 𝑸(𝒙) −
𝟏

𝝅
∫ 𝒆−

𝟏
𝟐
𝒙𝟐 𝐬𝐞𝐜𝟐𝝓

𝝅
𝟒

𝟎

=
𝟏

𝝅
∫ 𝒆−

𝟏
𝟐
𝒙𝟐 𝐬𝐞𝐜𝟐𝝓

𝝅
𝟐

𝝅
𝟒

𝒅𝝓 =
𝝓→

𝝅
𝟐
−𝝓 𝟏

𝟐
∫ 𝒆

−
𝒙𝟐

𝟐𝐬𝐢𝐧𝟐𝝓

𝝅
𝟒

𝟎

𝒅𝝓 

𝟐𝑸𝟐(√𝟐𝒙) =
𝟐

𝝅
∫ 𝒆

−
𝒙𝟐

𝐬𝐢𝐧𝝓

𝝅
𝟒

𝟎

𝒅𝝓 

𝑸(𝟐√𝟐𝒙) =
𝟏

𝝅
∫ 𝒆−

𝟒𝒙𝟐

𝐬𝐢𝐧𝑩

𝝅
𝟐

𝟎

𝒅𝑩 =
𝝓=

𝑩
𝟐 𝟐

𝝅
∫ 𝒆

−
𝟒𝒙𝟐

𝐬𝐢𝐧𝟐(𝟐𝝓)

𝝅
𝟒

𝟎

𝒅𝝓 

𝟐𝑸𝟐(√𝟐𝒙) − 𝑸(𝟐√𝟐𝒙) =
𝟐

𝝅
∫ (𝒆

−
𝒙𝟐

𝐬𝐢𝐧𝟐𝝓 − 𝒆
−

𝟒𝒙𝟐

𝐬𝐢𝐧𝟐(𝟐𝝓))

𝝅
𝟒

𝟎

𝒅𝝓 

For 𝝓 ∈ (𝟎,
𝝅

𝟒
]: 

𝟒 𝐬𝐢𝐧𝟐𝝓 > 4𝐬𝐢𝐧𝟐𝝓𝐜𝐨𝐬𝟐𝝓 = 𝐬𝐢𝐧𝟐 𝟐𝝓 ⇒
𝟒

𝐬𝐢𝐧𝟐 𝟐𝝓
>

𝟏

𝐬𝐢𝐧𝟐𝝓
⇒ −

𝒙𝟐

𝐬𝐢𝐧𝟐𝝓
> −

𝟒𝒙𝟐

𝐬𝐢𝐧𝟐 𝟐𝝓
⇒ 

⇒ 𝒆
−

𝒙𝟐

𝐬𝐢𝐧𝟐𝝓 > 𝒆
−

𝟒𝒙𝟐

𝐬𝐢𝐧𝟐(𝟐𝝓) 

⇒ 𝟐𝑸𝟐(√𝟐𝒙) ≥ 𝑸(𝟐√𝟐𝒙),
𝟐

√𝝅
(∫ 𝒆−𝒕

𝟐
𝒅𝒕

𝒙

𝟎

)

𝟐

+∫ 𝒆 − 𝒕𝟐 𝒅𝒕
𝟐𝒙

𝟎

≥ 𝟐∫ 𝒆−𝒕
𝟐

𝒙

𝟎

𝒅𝒕 

Solution 2 by Djamel Arrouche-Algeria 

2

√𝜋
(∫ 𝒆−𝒕

𝟐
𝒅𝒕

𝒙

𝟎
)
𝟐
+ ∫ 𝒆−𝒕

𝟐𝟐𝒙

𝟎
𝒅𝒕 ≥ 𝟐∫ 𝒆−𝒕

𝟐𝒙

𝟎
 … E 

𝐞𝐫𝐟(𝒚) =
𝟐

√𝝅
∫ 𝒆−𝒕

𝟐
𝒙

𝟎

𝒅𝒕 

𝑬 ⇔ 𝐞𝐫𝐟𝟐(𝒙) + 𝐞𝐫𝐟(𝟐𝒙) ≥ 𝟐𝐞𝐫𝐟(𝒙) 
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Proposition ∀(𝒙, 𝒚) ∈ [𝟎,∞[𝟐:  𝐞𝐫𝐟(𝒙) 𝐞𝐫𝐟(𝒚) + 𝐞𝐫𝐟(𝒙 + 𝒚) ≥ 𝐞𝐫𝐟(𝒙) + 𝐞𝐫𝐟(𝒚) 

Let 𝒚 ∈ ℝ+ ∀𝒙 ≥ 𝟎 

𝒇𝒚(𝒙) = 𝐞𝐫𝐟(𝒙) 𝐞𝐫𝐟(𝒚) + 𝐞𝐫𝐟(𝒙 + 𝒚) − 𝐞𝐫𝐟(𝒙) − 𝐞𝐫𝐟(𝒚) 

⇒ 𝒇𝒚
′ (𝒙) =

𝟐

√𝝅 
(𝒆−𝒙

𝟐
𝐞𝐫𝐟(𝒚) + 𝒆−(𝒙+𝒚)

𝟐
− 𝒆−𝒙

𝟐
) 

⇔
√𝝅

𝟐
𝒆−𝒙

𝟐
𝒇′(𝒙) = 𝐞𝐫𝐟(𝒚) + 𝒆−𝒚

𝟐−𝟐𝒙𝒚 − 𝟏 

𝒇𝒚
′ (𝒙) ≥ 𝟎 ⇔ 𝒆−𝒚

𝟐−𝟐𝒙𝒚 ≥ 𝟏 − 𝐞𝐫𝐟(𝒚) ⇒ 𝒙 ≤
𝟏

−𝟐𝒚
(𝐥𝐧(𝟏 − 𝐞𝐫𝐟(𝒚)) + 𝒚) = 𝒂𝒚 

𝟏 − 𝐞𝐫𝐟(𝒚) =
𝟐

√𝝅
∫ 𝒆−𝒕

𝟐
∞

𝒚

𝒅𝒕; 𝒕 = 𝒚 + 𝒛 ⇒
𝟐

√𝝅
𝒆−𝒚

𝟐
∫ 𝒆−𝒛

𝟐−𝒚𝒛
∞

𝟎

𝒅𝒛 ≤ 𝒆−𝒚
𝟐
  

𝒂𝒚 ≥
𝟏

−𝟐𝒚
(−𝟐𝒙 + 𝒚) =

𝟏

𝟐
⇒ 𝒂𝒚 ∈ [𝟎,+∞[  

𝒇𝒚(𝒙) ≤ 𝒇(𝒂𝒚) 

⇒ 𝒇𝒚(𝒙) = 𝐦𝐢𝐧 (𝒇𝒚(𝟎), 𝐥𝐢𝐦
𝒙→∞

𝒇𝒚(𝒙)) ⇒ 𝒇𝒚(𝟎) = 𝟎 

𝐥𝐢𝐦
𝒚→∞

𝒇𝒚(𝒙) = 𝐞𝐫𝐟(𝒚) + 𝟏 − 𝟏 − 𝐞𝐫𝐟(𝒚) = 𝟎 

𝒇𝒚(𝒙) ≥ 𝟎 ⇒ 𝒇𝒚(𝒙) ≥ 𝟎; ∀𝒙 ∈ [𝟎,∞[ ⇒ since 𝒚 is arbitrary ⇒ ∀(𝒙, 𝒚) ∈ ℝ+
𝟐  

𝐞𝐫𝐟(𝒙) 𝐞𝐫𝐟(𝒚) + 𝐞𝐫𝐟(𝒙 + 𝒚) ≥ 𝐞𝐫𝐟(𝒙) + 𝐞𝐫𝐟(𝒚) 

𝒄 = 𝒚 ⇒ 𝐞𝐫𝐟𝟐(𝒙) + 𝐞𝐫𝐟(𝟐𝒙) ≥ 𝟐𝐞𝐫𝐟(𝒙) 

Solution 3 by Hikmat Mammadov-Azerbaijan 

Results: 

∫ 𝒆−𝒕
𝟐

+∞

𝟎

𝒅𝒕 =
√𝝅

𝟐
 

∫ 𝒆−𝒕
𝟐+∞

𝒙
𝒅𝒕 =

√𝝅

𝟐
− ∫ 𝒆−𝒕

𝟐𝒙

𝟎
𝒅𝒕; for 𝒙 ≥ 𝟎 

Proof: To simplify let pose: 𝒂 = ∫ 𝒆−𝒕
𝟐𝒙

𝟎
𝒅𝒕 and 𝒃 = ∫ 𝒆−𝒕

𝟐𝟐𝒙

𝟎
𝒅𝒕 

The inequality is equivalent to: 
𝟐

√𝝅
𝒂𝟐 + 𝒃 ≥ 𝟐𝒂 ⇔ 𝒂𝟐 +

√𝝅

𝟐
𝒃 ≥ √𝝅𝒂 

⇔ 𝒂𝟐 − √𝝅𝒂 ≥
√𝝅

𝟐
𝒃 ⇔ (𝒂 −

√𝝅

𝟐
)

𝟐

≥
𝝅

𝟒
−
√𝝅

𝟐
𝒃 
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⇔ (𝒂 −
√𝝅

𝟐
)

𝟐

≥
√𝝅

𝟐
(
√𝝅

𝟐
− 𝒃) ⇔

(𝒂 −
√𝝅
𝟐 )

𝟐

(
√𝝅
𝟐 − 𝒃)

≥
√𝝅

𝟐
 

This is equivalent to: 

(∫ 𝒆−𝒕
𝟐+∞

𝒙
𝒅𝒕)

𝟐

∫ 𝒆−𝒕
𝟐+∞

𝟐𝒙
𝒅𝒕

≥
√𝝅

𝟐
         (*) 

Let’s prove (*): for that we consider the function 𝝋(𝒙) =
(∫ 𝒆−𝒕

𝟐+∞
𝒙 )

𝟐

∫ 𝒆−𝒕
𝟐+∞

𝟐𝒙
𝒅𝒕

 

We have: 

𝝋′(𝒙) =
−𝟐𝒆−𝒙

𝟐
∫ 𝒆−𝒕

𝟐+∞

𝒙
𝒅𝒕(∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞

𝟐𝒙
) + 𝟐𝒆−𝟒𝒙

𝟐
(∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞

𝒙
)
𝟐

∫ 𝒆−𝒕
𝟐+∞

𝟐𝒙
𝒅𝒕

 

=
𝟐𝒆−𝒙

𝟐
(∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞

𝒙
)(𝒆−𝟑𝒙

𝟐
∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞

𝒙
− ∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞

𝟐𝒙
)

(∫ 𝒆−𝒕
𝟐+∞

𝟐𝒙
𝒅𝒕)

𝟐  

Now we should find the sign of the expression: 

𝒆−𝟑𝒙
𝟐
∫ 𝒆−𝒕

𝟐
+∞

𝒙

𝒅𝒕 −∫ 𝒆−𝒕
𝟐

+∞

𝟐𝒙

𝒅𝒕 

Notice that: 

∫ 𝒆−𝒕
𝟐

+∞

𝟐𝒙

𝒅𝒕 = ∫ 𝒆−(𝒕+𝒙)
𝟐

+∞

𝒙

𝒅𝒕 

We know that: (𝒕 + 𝒙)𝟐 = 𝒕𝟐 + 𝟐𝒕𝒙 + 𝒙𝟐; and for 𝒕 ≥ 𝒙 we obtain: 

(𝒕 + 𝒙)𝟐 ≥ 𝒕𝟐 + 𝟑𝒙𝟐 witch gives −(𝒕 + 𝒙)𝟐 ≤ −(𝒕𝟐 + 𝟑𝒙𝟐) 

Then: 

∫ 𝒆−(𝒕+𝒙)
𝟐

+∞

𝒙

𝒅𝒕 ≤ ∫ 𝒆−(𝒕
𝟐+𝟑𝒙𝟐)

+∞

𝒙

𝒅𝒕 ⇒ ∫ 𝒆−𝒕
𝟐

+∞

𝟐𝒙

𝒅𝒕 ≤ 𝒆−𝟑𝒙
𝟐
∫ 𝒆−𝒕

𝟐
+∞

𝒙

𝒅𝒕 

So: 

𝒆−𝟑𝒙
𝟐
∫ 𝒆−𝒕

𝟐+∞

𝒙
𝒅𝒕 − ∫ 𝒆−𝒕

𝟐+∞

𝟐𝒙
𝒅𝒕 ≥ 𝟎; for 𝒙 ≥ 𝟎 

Conclusion: we have 𝝋′(𝒙) ≥ 𝟎 for 𝒙 ≥ 𝟎 which means 𝝋 is increasing function 
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Then: 𝝋(𝒙) ≥ 𝝋(𝟎) for 𝒙 ≥ 𝟎; and 𝝋(𝟎) =
(∫ 𝒆−𝒕

𝟐
𝒅𝒕

+∞
𝟎 )

𝟐

∫ 𝒆−𝒕
𝟐+∞

𝟎 𝒅𝒕
= ∫ 𝒆−𝒕

𝟐+∞

𝟎
𝒅𝒕 =

√𝝅

𝟐
 

Finally we get: 

(∫ 𝒆−𝒕
𝟐+∞

𝒙
𝒅𝒕)

𝟐

∫ 𝒆−𝒕
𝟐+∞

𝟐𝒙
𝒅𝒕

≥
√𝝅

𝟐
 

SP.537 Solve for real numbers: 

𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑 ⋅ √𝒆𝟒𝒙
𝟑

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = (𝟐𝒆𝒙 + 𝟐𝒆𝟑𝒙) + (𝒆𝒙 + 𝒆𝟑𝒙 + 𝟏) = 

= 𝟐(𝒆𝒙 + 𝒆𝟑𝒙) + (𝒆𝒙 + 𝒆𝟑𝒙 + 𝟏) ≥
𝑨𝑴−𝑮𝑴

𝟐 ⋅ 𝟐√𝒆𝒙 ⋅ 𝒆𝟑𝒙 + 𝟑 ⋅ √𝒆𝒙 ⋅ 𝒆𝟑𝒙 ⋅ 𝟏
𝟑

= 

= 𝟒√𝒆𝟒𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

= 𝟒𝒆𝟐𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

 

Equality holds for: 𝒆𝒙 = 𝒆𝟑𝒙 and 𝒆𝒙 = 𝒆𝟑𝒙 = 𝟏. Solution: 𝒙 = 𝟎 

Solution 2 by Marin Chiricu – Romania 

We have 𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

⇔ 𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑𝒆
𝟒𝒙

𝟑  

With the substitution 𝒆
𝒙

𝟑 = 𝒕 > 0 the equation becomes  

𝟑𝒕𝟑 + 𝟑𝒕𝟗 + 𝟏 = 𝟒𝒕𝟔 + 𝟑𝒕𝟒 ⇔ 𝟑𝒕𝟗 − 𝟒𝒕𝟔 − 𝟑𝒕𝟒 + 𝟑𝒕𝟑 + 𝟏 = 𝟎 ⇔ 

⇔ (𝒕 − 𝟏)𝟐(𝟑𝒕𝟕 + 𝟔𝒕𝟔 + 𝟗𝒕𝟓 + 𝟖𝒕𝟒 + 𝟕𝒕𝟑 + 𝟑𝒕𝟐 + 𝟐𝒕 + 𝟏) = 𝟎 ⇔ 𝒕 = 𝟏. 

Returning to the notations it follows 𝒆
𝒙

𝟑 = 𝟏 ⇔ 𝒙 = 𝟎 

Reciprocal 𝒙 = 𝟎 verify the equation. 

We deduce that 𝒙 = 𝟎 is the unique solution of the equation. 

SP.538 In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑𝟔 ≤ 𝟒(∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

) ≤ 𝟗 +∏𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

𝟏

𝟑
∑𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

≥
𝑨𝑴−𝑯𝑴 𝟑

∑
𝟏

𝐭𝐚𝐧𝑨𝒄𝒚𝒄

 

(∑𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

) ⋅ (∑
𝟏

𝐭𝐚𝐧𝑨
𝒄𝒚𝒄

) ≥ 𝟗 

∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

⋅
𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪 + 𝐭𝐚𝐧𝑪 𝐭𝐚𝐧𝑨

∏ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄
≥ 𝟗 

∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

≥ 𝟗 ⇒ 𝟒∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

≥ 𝟑𝟔 

By Padoa’s inequality: 

∏ (𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑪)𝒄𝒚𝒄 ≤ ∏ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄    (1) 

Denote: 𝒖 = ∑ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄 = ∏ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄 > 0 

By (1): 

∏(𝒖− 𝐭𝐚𝐧𝑨)

𝒄𝒚𝒄

≤ 𝒖 

𝒖𝟑 − 𝟐(∑𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

) ⋅ 𝒖𝟐 + 𝟒(∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 − 𝟖𝒖 ≤ 𝒖 

𝒖𝟑 − 𝟐𝒖𝟑 + 𝟒(∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 ≤ 𝟗𝒖 

𝟒(∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 ≤ 𝟗𝒖 + 𝒖𝟑 

𝟒∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

≤ 𝒖𝟐 + 𝟗 

𝟒∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

≤ 𝟗 +∏𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

 

Equality holds for: 
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𝐭𝐚𝐧𝑨 = 𝐭𝐚𝐧𝑩 = 𝐭𝐚𝐧𝑪 ⇒ 𝑨 = 𝑩 = 𝑪 =
𝝅

𝟑
 

Solution 2 by Marin Chirciu – Romania 

Changing the variable 𝑨 →
𝝅

𝟐
− 𝑨, the inequality from enunciation is equivalent with: 

𝟑𝟔 ≤ 𝟒∑𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≤ 𝟗 +∏𝐜𝐨𝐭𝟐

𝑨

𝟐
 

Using the inequalities in triangle ∑𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
=
𝟒𝑹+𝒓

 𝒓
 and ∏𝐜𝐨𝐭

𝑨

𝟐
=

𝒔

𝒓
 

First inequality. 

𝟑𝟔 ≤ 𝟒∑𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
⇔ ∑𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≥ 𝟗 ⇔

𝟒𝑹+𝒓

𝒓
≥ 𝟗 ⇔ 𝑹 ≥ 𝟐𝒓, (Euler) 

Equality holds if and only if the triangle is equilateral. 

Second inequality. 

𝟒∑ 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≤𝟗 +∏𝐜𝐨𝐭𝟐

𝑨

𝟐
⇔ 𝟒 ⋅

𝟒𝑹+𝒓

𝒓
≥ 𝟗 +

𝒔𝟐

𝒓𝟐
⇔ 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐, (Gerretsen) 

Equality holds if and only if the triangle is equilateral. 

SP.539 If 𝒂 > 0; 𝑓:ℝ → ℝ is a function such that: 

𝒇 (𝒂𝒙 −
𝟏

𝒂
) ≤ 𝒂𝒙 ≤ 𝒇(𝒙) − 𝟏; (∀)𝒙 ∈ ℝ   then: 

𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) >
𝟏𝟐√𝒂

𝒂
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒂𝒙 ≤ 𝒇(𝒙) − 𝟏 ⇒ 𝒇(𝒙) ≥
𝒂𝒙+𝟏

𝒂
       (1) 

𝒇 (𝒂𝒙 −
𝟏

𝒂
) ≤ 𝒂𝒙       (2) 

Replace 𝒚 = 𝒂𝒙 −
𝟏

𝒂
 in (2): 𝒚 +

𝟏

𝒂
= 𝒂𝒙 ⇒ 𝒙 =

𝟏

𝒂
𝒚 +

𝟏

𝒂𝟐
 

𝒇(𝒚) ≤ 𝒂(
𝟏

𝒂
𝒚 +

𝟏

𝒂𝟐
) ⇒ 𝒇(𝒚) ≤ 𝒚 +

𝟏

𝒂
=
𝒂𝒚 + 𝟏

𝒂
 

𝒇(𝒙) ≤
𝒂𝒙+𝟏

𝒂
      (3) 

By (2);(3): 
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𝒇(𝒙) =
𝒂𝒙 + 𝟏

𝒂
⇒ 𝒇(𝒙) = 𝒙 +

𝟏

𝒂
 

𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) = (𝟐 +
𝟏

𝒂
) + (𝟒 +

𝟏

𝒂
) + (𝟖 +

𝟏

𝒂
) ≥ 

>
𝑨𝑴−𝑮𝑴

𝟔 ⋅ √𝟐 ⋅
𝟏

𝒂
⋅ 𝟒 ⋅

𝟏

𝒂
⋅ 𝟖 ⋅

𝟏

𝒂

𝟔

= 𝟔√𝟐𝟔 ⋅
𝟏

𝒂𝟑

𝟔

= 𝟏𝟐 ⋅ √
𝟏

𝒂𝟑

𝟔

= 𝟏𝟐 ⋅
𝟏

√𝒂
=
𝟏𝟐√𝒂

𝒂
 

Solution 2 by Marin Chirciu – Romania 

We have 𝒇(𝒙) ≥ 𝒂𝒙 + 𝟏, (∀)𝒙 ∈ ℝ. 

We obtain 𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) ≥ (𝟐𝒂 + 𝟏) + (𝟒𝒂 + 𝟏) + (𝟖𝒂 + 𝟏) = 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
 

which follows from 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
, 𝒂 > 0 

We denote √𝒂 = 𝒕 > 0 and 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
 we write 𝟏𝟒𝒕𝟐 + 𝟑 >

𝟏𝟐

𝒕
⇔ 

⇔ 𝟏𝟒𝒕𝟑 + 𝟑𝒕 + 𝟏𝟐 > 0, 𝑡 > 0 
We consider the function 𝒈(𝒕) = 𝟏𝟒𝒕𝟑 + 𝟑𝒕 − 𝟏𝟐, 𝒕 > 0 

𝒈′(𝒕) = 𝟒𝟐𝒕𝟐 + 𝟑 > 0 ⇒ 𝑔 is strictly increasing on (𝟎,∞). 
From the table of variation it follows 𝒈(𝒕) > 0 for 𝒕 ≥ 𝟏. 

SP.540 If 𝒙, 𝒚 ∈ [𝟑, 𝟒]; 𝒛, 𝒕 ∈ [𝟏, 𝟏𝟐] then: 

(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤

𝟏𝟎𝟎

𝟑
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒙 ∈ [𝟑, 𝟒] ⇒ 𝟑 ≤ 𝒙 ≤ 𝟒 ⇒ 𝒙 − 𝟑 ≥ 𝟎; 𝒙 − 𝟒 ≤ 𝟎 

⇒ (𝒙 − 𝟑)(𝒙 − 𝟒) ≤ 𝟎 ⇒ 𝒙𝟐 − 𝟕𝒙 + 𝟏𝟐 ≤ 𝟎 

⇒ 𝒙𝟐 + 𝟏𝟐 ≤ 𝟕𝒙 ⇒ 𝒙 +
𝟏𝟐

𝒙
≤ 𝟕 ⇒ 𝟕 ≥ 𝒙 +

𝟏𝟐

𝒙
     (1) 

Analogous: 𝒚 ∈ [𝟑, 𝟓] ⇒ 𝟕 ≥ 𝒚 +
𝟏𝟐

𝒚
      (2) 

𝒛 ∈ [𝟏, 𝟏𝟐] ⇒ 𝟏 ≤ 𝒛 ≤ 𝟏𝟐 ⇒ 𝒛 − 𝟏 ≥ 𝟎; 𝒛 − 𝟏𝟐 ≤ 𝟎 

⇒ (𝒛 − 𝟏)(𝒛 − 𝟏𝟐) ≤ 𝟎 ⇒ 𝒛𝟐 − 𝟏𝟑𝒛 + 𝟏𝟐 ≤ 𝟎 

⇒ 𝒛𝟐 + 𝟏𝟐 ≤ 𝟏𝟑𝒛 ⇒ 𝒛 +
𝟏𝟐

𝒛
≤ 𝟏𝟑 ⇒ 𝟏𝟑 ≥ 𝒛 +

𝟏𝟐

𝒛
     (3) 

Analogous: 𝒕 ∈ [𝟏, 𝟏𝟐] ⇒ 𝟏𝟑 ≥ 𝒕 +
𝟏𝟐

𝒕
     (4) 

By adding (1);(2);(3);(4): 
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𝟒𝟎 ≥ 𝒙 + 𝒚 + 𝒛 + 𝒕 + 𝟏𝟐 (
𝟏

𝒙
+
𝟏

𝒕
+
𝟏

𝒛
+
𝟏

𝒕
) ≥ 

≥
𝑨𝑴−𝑮𝑴

𝟐√(𝒙 + 𝒚 + 𝒛 + 𝒕) ⋅ 𝟏𝟐 (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) = 

= 𝟒√𝟑(𝒙 + 𝒚 + 𝒛 + 𝒕) ⋅ 𝟑 (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) 

𝟏𝟎 ≥ √𝟑(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) 

𝟏𝟎𝟎 ≥ 𝟑(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) 

(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤

𝟏𝟎𝟎

𝟑
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ (

𝒙 + 𝒚 + 𝒛 + 𝒕

𝟒√𝟑
+ √𝟑(

𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
))

𝟐

= [ ∑ (
𝒙

𝟒√𝟑
+
√𝟑

𝒙
)

𝒙,𝒚,𝒛,𝒕

]

𝟐

. 

𝐖𝐞 𝐡𝐚𝐯𝐞 (𝒙 − 𝟑)(𝒙 − 𝟒) ≤ 𝟎, 𝐭𝐡𝐞𝐧 𝒙𝟐 + 𝟏𝟐 ≤ 𝟕𝒙 𝐨𝐫 
𝒙

𝟒√𝟑
+
√𝟑

𝒙
≤

𝟕

𝟒√𝟑
. 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝒚

𝟒√𝟑
+
√𝟑

𝒚
≤

𝟕

𝟒√𝟑
. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 (𝒛 − 𝟏)(𝒛 − 𝟏𝟐) ≤ 𝟎, 𝐭𝐡𝐞𝐧 𝒛𝟐 + 𝟏𝟐 ≤ 𝟏𝟑𝒛 𝐨𝐫 
𝒛

𝟒√𝟑
+
√𝟑

𝒛
≤
𝟏𝟑

𝟒√𝟑
. 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 
𝒕

𝟒√𝟑
+
√𝟑

𝒕
≤
𝟏𝟑

𝟒√𝟑
. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

(𝒙 + 𝒚 + 𝒛 + 𝒕) (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+
𝟏

𝒕
) ≤ (𝟐.

𝟕

𝟒√𝟑
+ 𝟐.

𝟏𝟑

𝟒√𝟑
)
𝟐

=
𝟏𝟎𝟎

𝟑
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙, 𝒚 ∈ {𝟑, 𝟒} 𝐚𝐧𝐝 𝒛, 𝒕 ∈ {𝟏, 𝟏𝟐}. 
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UNDERGRADUATE PROBLEMS 

UP.526 Prove the identity: 

∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏

∞

𝒏=𝟏

 

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 

𝑰 = ∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

The function 𝒇(𝒙) = |𝐬𝐢𝐧(𝒙)| is periodic with period 𝝅 and satisfies Dirichlet’s conditions. 

Also, the function is even. We expand the function in the Fourier series: 

𝒇(𝒙) = 𝒂𝟎 +∑𝒂𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝟐𝒏𝒙) 

where: 

𝒂𝟎 =
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎

𝒅𝒙; 𝒂𝒏 =
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎

𝐜𝐨𝐬(𝟐𝒏𝒙)𝒅𝒙 

Calculating these integrals, we obtain: 

𝒂𝟎 =
𝟐

𝝅
; 𝒂𝒏 = −

𝟒

𝝅
⋅

𝟏

𝟒𝒏𝟐 − 𝟏
 

We have: 

𝒇(𝒙) =
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟒𝒏𝟐 − 𝟏

∞

𝒏=𝟏

 

Substituting 𝒇(𝒙) in the expression of 𝑰, result: 

𝑰 =
𝟐

𝝅
∫

𝟏

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 −
𝟒

𝝅
∫ ∑

𝐜𝐨𝐬(𝟐𝒏𝒙)

(𝟒𝒏𝟐 − 𝟏)(𝟏 + 𝒙𝟐)

∞

𝒏=𝟏

∞

𝟎

 

So: 
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𝑰 = 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒏𝟐 − 𝟏

∞

𝒏=𝟏

∫
𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

We now use the following relationship: 

∫
𝐜𝐨𝐬(𝒎𝒙)

𝟏+𝒙𝟐

∞

𝟎
𝒅𝒙 =

𝝅

𝟐
𝒆−𝒎, 𝒎 > 0 

This relation is Laplace’s integral and is well known. It is easily proved for example using 

the properties of the Laplace transform. We obtained the value of the integral 𝑰: 

𝑰 = 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏

∞

𝒏=𝟏

 

Solution 2 by Pham Duc Nam-Vietnam 

* The function 𝒇(𝒙) = |𝐬𝐢𝐧(𝒙)| is even function then 𝒃𝒏 = 𝟎 and the Fourier series 

collapses to  

𝒇(𝒙) =
𝟏

𝟐
𝒂𝟎 + ∑ 𝒂𝒏

∞
𝒏=𝟏 𝐜𝐨𝐬(𝒏𝒙) and 𝒂𝟎 =

𝟐

𝝅
∫ 𝒇(𝒙)
𝝅

𝟎
𝒅𝒙, 𝒂𝒏 =

𝟐

𝝅
∫ 𝒇(𝒙)
𝝅

𝟎
𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙 

𝒙 ∈ [𝟎, 𝝅] ⇒ 𝐬𝐢𝐧(𝒙) ≥ 𝟎 ⇒ |𝐬𝐢𝐧(𝒙)| = 𝐬𝐢𝐧(𝒙) 

Then the Fourier series of |𝐬𝐢𝐧(𝒙)| is given by: 

𝒇(𝒙) =
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙)𝒅𝒙
𝝅

𝟎

+∑(
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙
𝝅

𝟎

)

∞

𝒏=𝟐

𝐜𝐨𝐬(𝒏𝒙) ∵ 𝒂𝟏 = 𝟎 

1. 
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎
𝒅𝒙 =

𝟏

𝝅
(− 𝐜𝐨𝐬(𝒙))|𝟎

𝝅 =
𝟐

𝝅
 

2. 
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒏𝒙)
𝝅

𝟎
𝒅𝒙 =

𝟏

𝝅
∫ (𝐬𝐢𝐧(𝒙(𝟏 + 𝒏)) + 𝐬𝐢𝐧(𝒙(𝟏 − 𝒏)))
𝝅

𝟎
𝒅𝒙 = 

= −
𝟏

𝝅

𝟐(𝐜𝐨𝐬(𝝅𝒏) + 𝟏)

𝒏𝟐 − 𝟏
= {

𝟎, 𝒊𝒇 𝒏 𝒊𝒔 𝒐𝒅𝒅

−
𝟏

𝝅

𝟒

𝒏𝟐 − 𝟏
, 𝒊𝒇 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏

⇒ 𝒇(𝒙) =
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

 

∗ ∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = ∫
𝟏

𝟏 + 𝒙𝟐

∞

𝟎

(
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

)𝒅𝒙 = 

=
𝟐

𝝅
∫

𝟏

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌

∫
𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡∫

𝒆𝟐𝒌𝒊𝒙

𝟏 + 𝒙𝟐

∞

−∞

𝒅𝒙) = 
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= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡(𝟐𝝅𝒊. 𝑹𝒆𝒔(

𝒆𝟐𝒌𝒊𝒙

𝟏 + 𝒛𝟐
, 𝒛 = 𝒊))) 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡(𝟐𝝅𝒊 𝐥𝐢𝐦

𝒙→𝒊
(𝒛 − 𝒊)

𝒆𝟐𝒌𝒊𝒙

(𝒛 + 𝒊)(𝒛 − 𝒊)
)) = 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐−𝟏

∞
𝒌=𝟏 (

𝟏

𝟐
𝓡(𝟐𝝅𝒊 (−

𝟏

𝟐
𝒊𝒆−𝟐𝒌))) = 𝟏 − 𝟐∑

𝟏

𝟒𝒌𝟐−𝟏

∞
𝒌=𝟏

𝟏

𝒆𝟐𝒌
, as required. 

Solution 3 by Ankush Kumar Parcha-India 

Consider, 𝒇(𝒛) ≔
𝒆𝒊𝒛

𝟏+𝒛𝟐
𝐜𝐨𝐭𝐡 (

𝝅𝒛

𝟐
)&𝚪: 𝜸 ∪ (−𝒓,−𝜹) ∪ 𝝍 ∪ (𝜹,𝑹) 

is the contour containing 𝜸 and 𝝍 a semi-circular arcs in the upper half of ℂ - plane with 

different radii and (−𝑹,−𝜹) ∪ (𝜹, 𝑹) lies on 𝓡(𝒛) axis 

∮
𝒆𝒊𝒛

𝟏 + 𝒛𝟐

 

𝚪

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 = ∫

𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝜸

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 + ∫

𝒆𝒊𝒙

𝟏 + 𝒙𝟐

−𝜹

−𝑹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

+∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝝍

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 + ∫

𝒆𝒊𝒙

𝟏 + 𝒙𝟐

𝑹

𝜹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

(∵ Cauchy’s Residue Theorem: ∫ 𝒇(𝒛)
𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑ 𝑹𝒆𝒔𝒇(𝒛 = 𝒛𝒌)𝒌 ) 

(∵ Jordan’s Lemma: 𝐥𝐢𝐦
𝑹→∞

∫ 𝒆𝒊𝒎𝒛
𝑪𝑹

𝒇(𝒛)𝒅𝒛 = 𝟎, 𝒇(𝒛) → 𝟎 ∧ 𝒛 → ∞ ∧𝒎 ∈ ℝ+) 

⟹
𝑹→∞,𝜹→𝟎

𝑻𝒂𝒌𝒊𝒏𝒈 𝒍𝒊𝒎𝒊𝒕𝒔

𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

𝟐𝝅𝒊𝑹𝒆𝒔 𝒇(𝒛 = 𝒊) + 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

𝟐𝝅𝒊∑𝑹𝒆𝒔

𝒏∈ℕ

𝒇(𝒛 = 𝟐𝒏𝒊) = 

= 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝜸

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛

⏟                  
=𝟎,∵𝒇(𝒛)→𝟎∧𝒛→∞∧𝟏∈ℝ+

 

+ 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐

−𝜹

−𝑹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 + 𝐥𝐢𝐦

𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝝍

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛

⏟                  
=−𝒊𝝅 𝑹𝒆𝒔 𝒇(𝒛=𝟎)

+ 

+ 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐

𝑹

𝜹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 
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⇒ 𝟐𝝅𝒊 𝐥𝐢𝐦
𝒛→𝒊

(𝒛 − 𝒊)𝒆𝒊𝒛 𝐜𝐨𝐭𝐡 (
𝝅𝒛
𝟐 )

𝟏 + 𝒛𝟐⏟                
=𝟎

+ 𝟐𝝅𝒊∑ 𝐥𝐢𝐦
𝒛→𝟐𝒏𝒊

(𝒛 − 𝟐𝒏𝒊)𝒆𝒊𝒛

𝟏 + 𝒛𝟐
𝒏∈ℕ

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
) 

= ∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ−
𝐜𝐨𝐭𝐡 (

𝝅𝒙

𝟐
)𝒅𝒙 − 𝒊𝝅 𝐥𝐢𝐦

𝒛→𝟎

𝒛𝒆𝒊𝒛

𝟏 + 𝒛𝟐
𝐜𝐨𝐭𝐡 (

𝝅𝒛

𝟐
)

⏟              

=
𝟐
𝝅

+∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ+
𝐜𝐨𝐭𝐡 (

𝝅𝒙

𝟐
)𝒅𝒙 

⟹
𝑻𝒂𝒌𝒊𝒏𝒈 𝑰𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚

𝒑𝒂𝒓𝒕
𝕴 {𝟐𝝅𝒊 (−

𝟐

𝟑𝝅𝒆𝟐
−

𝟐

𝟏𝟓𝝅𝒆𝟒
−

𝟐

𝟑𝟓𝝅𝒆𝟔
−⋯)} = 𝕴{−𝟐𝒊} 

+𝕴∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 ⇒ 𝟐 − 𝟒∑

𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

= ∫
𝐬𝐢𝐧(𝒙)

𝟏 + 𝒙𝟐ℝ

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

(∵ ∫ 𝒇(𝒕)
+𝒂

−𝒂

𝒅𝒕 = 𝟐∫ 𝒇(𝒕), 𝒇(−𝒕) = 𝒇(𝒕)
𝒂

𝟎

) 

(∵ 𝑴𝒂𝒛 𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚: ∫ 𝒇(𝒕)
ℝ+

⋅ 𝒈(𝒕)𝒅𝒕 = ∫ 𝓛𝒕{𝒇(𝒕)}(𝒙) ⋅ 𝓛𝒕
−𝟏{𝒈(𝒕)}(𝒙)𝒅𝒙

ℝ+
 ) 

⇒ 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

= ∫ 𝓛𝒙
𝑹+

{𝐬𝐢𝐧(𝒙)}(𝒕) ⋅ 𝓛𝒙
−𝟏 {

𝐜𝐨𝐭𝐡 (
𝝅𝒙
𝟐 )

𝟏 + 𝒙𝟐
} (𝒕)𝒅𝒕 

(∵ 𝓛𝒕{|𝐬𝐢𝐧(𝒕)|}(𝒔) =
𝐜𝐨𝐭𝐡 (

𝝅𝒔
𝟐 )

𝟏 + 𝒔𝟐
) 

(∵ 𝓛𝒕 {𝐬𝐢𝐧(𝝎𝒕) (𝒔) =
𝝎

𝒔𝟐 +𝝎𝟐
} , 𝒔 > |𝕴(𝝎)|) ⟹

𝒕−𝒙
∫

|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐ℝ+
𝒅𝒙

= 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

 

UP.527 Prove the closed form: 

∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧

𝝅

𝟏𝟖
 

 Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 
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𝑰 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙; 𝑨 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙;𝑩 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟏

𝒅𝒙 

We consider the integral 𝑨. We make the variable change: 𝒙 = 𝒚
𝟐

𝟑 

We have, successively: 

𝑨 =
𝟒

𝟗
∫
(𝟏 − 𝒚)𝒚−

𝟏
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚 =
𝟒

𝟗
(∫

𝒚
𝟏
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚 −∫
𝒚
𝟐
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚) 

𝑨 =
𝟒

𝟗
(∫ ∑𝒚𝟑𝒌−

𝟏
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚𝒅𝒚
𝟏

𝟎

−∫ ∑𝒚𝟑𝒌−
𝟐
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚𝒅𝒚
𝟏

𝟎

) ; 

𝑨 =
𝟒

𝟗
∑(∫ 𝒚𝟑𝒌−

𝟏
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚 − ∫ 𝒚𝟑𝒌+
𝟐
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚)

∞

𝒌=𝟎

 

We will use the following relationship: 

∫ 𝒙𝒂
𝟏

𝟎
𝐥𝐧 𝒙𝒅𝒙 = −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ, 𝒂 ≥ 𝟎. 

We obtain: 

𝑨 =
𝟒

𝟗
∑[

𝟏

(𝟑𝒌 +
𝟓
𝟑)

𝟐 −
𝟏

(𝟑𝒌 +
𝟐
𝟑)

𝟐]

∞

𝒌=𝟎

;  𝑨 =
𝟒

𝟗
∑[

𝟏
𝟗

(𝒌 +
𝟓
𝟗)

𝟐 −

𝟏
𝟗

(𝒌 +
𝟐
𝟗)

𝟐 ]

∞

𝒌=𝟎

 

We now use the following relationship: 

𝚿𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

where 𝚿𝟏(𝒙) is the trigamma function.We obtained the value of the integral 𝑨: 

𝑨 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟓

𝟗
) − 𝚿𝟏 (

𝟐

𝟗
)] 

We consider the integral 𝑩. We make the variable change: 𝒙 =
𝟏

𝒚
. Then, by proceeding to 

the integral 𝑨, we obtain: 

𝑩 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟒

𝟗
) − 𝚿𝟏 (

𝟕

𝟗
)] 

Result: 
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𝑰 = 𝑨 + 𝑩 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟓

𝟗
) − 𝚿𝟏 (

𝟐

𝟗
) + 𝚿𝟏 (

𝟒

𝟗
) −𝚿𝟏 (

𝟕

𝟗
)] 

We use the reflection formula: 

𝚿𝟏(𝒙) + 𝚿𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
 

We obtain: 

𝚿𝟏 (
𝟐

𝟗
) + 𝚿𝟏 (

𝟕

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

; 𝚿𝟏 (
𝟒

𝟗
) + 𝚿𝟏 (

𝟓

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

 

𝑰 =
𝟒𝝅𝟐

𝟖𝟏
(−

𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

) 

We have: 

−
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

= −𝟖𝐬𝐢𝐧
𝝅

𝟏𝟖
 

We will prove this equality. We use the relationships 

𝐬𝐢𝐧𝟑𝒂 = 𝐬𝐢𝐧𝒂 (𝟏 + 𝟐𝐜𝐨𝐬 𝟐𝒂); 𝐜𝐨𝐬 𝟑𝒂 = 𝐜𝐨𝐬 𝒂 (𝟐 𝐜𝐨𝐬 𝟐𝒂 − 𝟏) 

We consider 

𝑬 =
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

=
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

−
𝟏

𝐜𝐨𝐬𝟐
𝝅
𝟏𝟖

=
(𝟏 + 𝟐𝐜𝐨𝐬

𝟒𝝅
𝟗 )

𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟑

−
(𝟐 𝐜𝐨𝐬

𝝅
𝟗 − 𝟏)

𝟐

𝐜𝐨𝐬𝟐
𝝅
𝟔

 

𝑬 =
𝟏𝟔

𝟑
(𝐜𝐨𝐬

𝟒𝝅

𝟗
+ 𝐜𝐨𝐬

𝝅

𝟗
)(𝟏 + 𝐜𝐨𝐬

𝟒𝝅

𝟗
− 𝐜𝐨𝐬

𝝅

𝟗
) =

𝟏𝟔√𝟑

𝟑
𝐜𝐨𝐬

𝟓𝝅

𝟏𝟖
(𝟏 − 𝐬𝐢𝐧

𝟓𝝅

𝟏𝟖
) 

𝑬 =
𝟖√𝟑

𝟑
(𝟐 𝐜𝐨𝐬

𝟓𝝅

𝟏𝟖
− 𝐬𝐢𝐧

𝟓𝝅

𝟗
) 

But: 𝐜𝐨𝐬
𝟓𝝅

𝟏𝟖
=
𝟏

𝟐
𝐜𝐨𝐬

𝝅

𝟏𝟖
+
√𝟑

𝟐
𝐬𝐢𝐧

𝝅

𝟏𝟖
; 𝐬𝐢𝐧

𝟓𝝅

𝟗
= 𝐜𝐨𝐬

𝝅

𝟏𝟖
. So: 𝑬 = 𝟖𝐬𝐢𝐧

𝝅

𝟏𝟖
 

Result: 

𝑰 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧

𝝅

𝟏𝟖
 

Solution 2 by Odeyemi Gideon-Nigeria 



 
www.ssmrmh.ro 

69 36-RMM SPRING EDITION 2025-SOLUTIONS 

 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

+∞

𝟎

𝒅𝒙 = ∫
(𝒙
𝟑
𝟐 − 𝟏) 𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

+∞

𝟎

𝒅𝒙 = ∫ (
𝒙
𝟑
𝟐 𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

−
𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

)
+∞

𝟎

𝒅𝒙 

=
𝒙
𝟗
𝟐=𝒙 𝟒

𝟖𝟏
∫ (

𝒙−
𝟒
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
−
𝒙−

𝟕
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
)

+∞

𝟎

𝒅𝒙 

Let’s consider ∫
𝒙𝒂 𝐥𝐧(𝒙)

𝒙−𝟏

+∞

𝟎
𝒅𝒙 

∫
𝒙𝒂 𝐥𝐧(𝒙)

𝒙 − 𝟏

+∞

𝟎

𝒅𝒙 =
𝒅

𝒅𝒂
(∫

𝒙𝒂

𝒙 − 𝟏

+∞

𝟎

𝒅𝒙) =

𝟏
𝒙−𝟏

=𝒙 𝒅

𝒅𝒂
((−𝟏)𝒂∫ 𝒙−𝒂−𝟏

𝟏

𝟎

(𝟏 − 𝒙)𝒂𝒅𝒙) 

=
𝒅

𝒅𝒂
((−𝟏)𝒂𝚪(−𝒂)𝚪(𝒂 + 𝟏)) =

𝑬.𝑹.𝑭 𝒅

𝒅𝒂
((−𝟏)𝒂

𝝅

𝐬𝐢𝐧(−𝝅𝒂)
) =

𝒅

𝒅𝒂
((−𝟏)𝒂+𝟏

𝝅

𝐬𝐢𝐧(𝝅𝒂)
) 

⇒
𝟒

𝟖𝟏
∫ (

𝒙−
𝟒
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
−
𝒙−

𝟕
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
)

+∞

𝟎

𝒅𝒙 =
𝟒

𝟖𝟏
(𝝅𝟐 𝐜𝐬𝐜𝟐(𝝅𝒂))

𝒂=−
𝟕
𝟗

𝒙=−
𝟒
𝟗 

=
𝟒𝝅𝟐

𝟖𝟏
(𝐬𝐞𝐜𝟐 (

𝝅

𝟏𝟖
) − 𝐜𝐬𝐜𝟐 (

𝟐𝝅

𝟗
)) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

Solution 3 by Pham Duc Nam-Vietnam 

𝛀 = ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = −
𝟑𝟐

𝟖𝟏
𝝅𝟐 𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) ? 

𝛀 = ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙, 𝒕 = 𝒙√𝒙 ⇒ 𝒅𝒙 =
𝟐

𝟑

𝟏

𝒕
𝟏
𝟑

𝒅𝒕 

⇒ 𝛀 =
𝟒

𝟗
∫

𝒕−
𝟏
𝟑 𝐥𝐧(𝒕)

𝒕𝟐 + 𝒕 + 𝟏

∞

𝟎

𝒅𝒕 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝒙=

𝟏
𝟐

∫
𝒕𝒔−𝟏

𝒕𝟐 + 𝟐𝒙𝒕 + 𝟏

∞

𝟎

𝒅𝒕 = 

=
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝒙=

𝟏
𝟐

∫ 𝒕𝒔−𝟏 (∑𝑼𝒏(𝒙)(−𝒕)
𝒏

∞

𝒏=𝟎

)
∞

𝟎

𝒅𝒕 

Where: 𝑼𝒏(𝒙) is the Chebyshev polynomials of the second kind, and its generating function is: 

∑ 𝑼𝒏(𝒙)
∞
𝒏=𝟎 𝒕𝒏 =

𝟏

𝒕𝟐−𝟐𝒙𝒕+𝟏
, letting 𝒙 = 𝐜𝐨𝐬(𝜽) ⇒ 𝑼𝒏(𝒙) =

𝐬𝐢𝐧((𝒏+𝟏)𝜽)

𝐬𝐢𝐧(𝜽)
 

⇒ 𝛀 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝜽=

𝝅
𝟑

∫ 𝒕𝒔−𝟏
∞

𝟎

(∑
𝚪(𝒏 + 𝟏) 𝐬𝐢𝐧((𝒏 + 𝟏)𝜽)

𝐬𝐢𝐧(𝜽)𝒏!
(−𝒕)𝒏

∞

𝒏=𝟎

)𝒅𝒕 

by Ramanujan’s master theorem: 

𝒇(𝒙) = ∑
𝝋(𝒏)

𝒏!

∞

𝒏=𝟎

(−𝒙)𝒏 ⇒𝓜{𝒇(𝒙)}(𝒔) = 𝚪(𝒔)𝝋(−𝒔), 
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apply for 𝛀 with 𝝋(𝒏) = 𝚪(𝒏 + 𝟏) 𝐬𝐢𝐧((𝒏 + 𝟏)𝜽) 

⇒ 𝛀 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝜽=

𝝅
𝟑

𝚪(𝒔)𝚪(𝟏 − 𝒔)
𝐬𝐢𝐧((𝟏 − 𝒔)𝜽)

𝐬𝐢𝐧(𝜽)
=
𝟖𝝅

𝟗√𝟑

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑

𝐬𝐢𝐧 ((𝟏 − 𝒔)
𝝅
𝟑
)

𝐬𝐢𝐧(𝝅𝒔)
 

=
𝟖𝝅

𝟗√𝟑
(−

𝝅

𝟑𝐬𝐢𝐧(𝝅𝒔)
(𝐜𝐨𝐬(

𝝅

𝟑
(𝒔 − 𝟏)) + 𝟑𝐜𝐨𝐬 (

𝝅

𝟔
(𝟐𝒔 + 𝟏)) 𝐜𝐨𝐭(𝝅𝒔)))

𝒔=
𝟐
𝟑

= 

= −
𝟏𝟔𝝅𝟐

𝟖𝟏
(𝐜𝐨𝐬 (

𝝅

𝟗
) − √𝟑 𝐬𝐢𝐧(

𝝅

𝟗
)) 

= −
𝟑𝟐𝝅𝟐

𝟖𝟏
(
𝟏

𝟐
𝐜𝐨𝐬 (

𝝅

𝟗
) −

√𝟑

𝟐
𝐬𝐢𝐧 (

𝝅

𝟗
)) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
(𝐬𝐢𝐧 (

𝝅

𝟔
) 𝐜𝐨𝐬 (

𝝅

𝟗
) − 𝐜𝐨𝐬 (

𝝅

𝟔
) 𝐬𝐢𝐧 (

𝝅

𝟗
)) 

= −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟔
−
𝝅

𝟗
) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟖𝟏
), hence proved. 

Solution 4 by Ankush Kumar Parcha-India 

We have, 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏ℝ+
𝒅𝒙 ⟹

𝒙→𝒙𝟐

𝟒∫
𝒙 𝐥𝐧(𝒙)

𝒙𝟔 + 𝒙𝟑 + 𝟏ℝ+
𝒅𝒙 

⇒ 𝟒∫
(𝒙 − 𝒙𝟒) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

𝟏

𝟎

𝒅𝒙 + 𝟒∫
(𝒙 − 𝒙𝟒) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

∞

𝟏

𝒅𝒙
⏟              

𝒙→
𝟏
𝒙

 

⇒ 𝟒∫
(𝒙𝟔 − 𝒙𝟒 − 𝒙𝟑 + 𝒙) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

𝟏

𝟎

𝒅𝒙 ⟹
𝒙𝟗→𝒙 𝟒

𝟖𝟏
∫
(𝒙−

𝟕
𝟗 − 𝒙−

𝟓
𝟗 − 𝒙−

𝟒
𝟗 + 𝒙−

𝟐
𝟗) 𝐥𝐧(𝒙)

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 

(∵ 𝝍(𝒎)(𝒛) = −∫
𝒕𝒛−𝟏 𝐥𝐧𝒎(𝒕)

𝟏 − 𝒕

𝟏

𝟎

𝒅𝒕,𝓡(𝒛) > 0 ∧ 𝑚 > 0) 

⇒
𝟒

𝟖𝟏
[𝝍(𝟏) (

𝟓

𝟗
) + 𝝍(𝟏) (

𝟒

𝟗
) − 𝝍(𝟏) (

𝟕

𝟗
) −𝝍(𝟏) (

𝟐

𝟗
)] 

(∵ 𝝍(𝟏)(𝟏 − 𝒛) + 𝝍(𝟏)(𝒛) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒛)
) 

⇒
𝟒

𝟖𝟏
(

𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟗 )

−
𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝟐𝝅
𝟗 )
) ⟹
∵𝐜𝐨𝐬(𝟐𝒙)=𝟏−𝟐𝐬𝐢𝐧𝟐(𝒙) 𝟒𝝅𝟐

𝟖𝟏
(

𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖)

−
𝟐

𝟏 − 𝐬𝐢𝐧(
𝝅
𝟏𝟖)

) 

⇒ −
𝟒𝝅𝟐

𝟖𝟏
(
𝟏 + 𝟐𝐬𝐢𝐧 (

𝝅
𝟏𝟖)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖)

) ⟹
∵𝐬𝐢𝐧(𝟑𝒙)=𝟑𝐬𝐢𝐧(𝒙)−𝟒𝐬𝐢𝐧𝟑(𝒙)
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⇒ ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏ℝ+
𝒅𝒙 = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧(

𝝅

𝟏𝟖
) 

Solution 5 by Djamel Arrouche-Algeria 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = 𝚫 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧(

𝝅

𝟏𝟖
) 

𝒙√𝒙 = 𝒚;𝒅𝒙 =
𝟐

𝟑
𝒚−

𝟏
𝟑 ⇒ 

𝚫 =
𝟒

𝟗
∫

𝐥𝐧(𝒚)𝒚−
𝟏
𝟑𝒅𝒚

𝒚𝟐 + 𝒚 + 𝟏

∞

𝟎

=
𝟒

𝟗
(∫

𝒚−
𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

+∫
𝒚−

𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚 + 𝟏

∞

𝟏

𝒅𝒚
𝒚→
𝟏
𝒛

) 

=
𝟒

𝟗
∫

𝒚−
𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

−
𝟒

𝟗
∫
𝒛
𝟏
𝟑 𝐥𝐧(𝒛)𝒅𝒛

𝒛𝟐 + 𝒛 + 𝟏

𝟏

𝟎

=
𝟒

𝟗
∫

𝒚
𝟏
𝟑 − 𝒚−

𝟏
𝟑

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

𝐥𝐧(𝒚)𝒅𝒚 

=
𝟒

𝟗
(𝒇 (−

𝟏

𝟑
) + 𝒇 (−

𝟏

𝟑
))| 𝒇(𝒔) = ∫

𝒚𝒔 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

= ∫
𝒚𝒔 − 𝒚𝒔+𝟏

𝟏 − 𝒚𝟑

𝟏

𝟎

𝐥𝐧(𝒚) 

𝒚𝟑 = 𝒛 ⇒ 𝒇(𝒔) =
𝟏

𝟗
∫
𝒛
𝒔−𝟐
𝟑 𝐥𝐧(𝒛)

𝟏 − 𝒛

𝟏

𝟎

−
𝟏

𝟗
∫
𝒛
𝒔−𝟏
𝟑 𝐥𝐧(𝒛)

𝟏 − 𝒛

𝟏

𝟎

 

we have 𝚿(𝟏)(𝟏 + 𝒛) = ∫
−𝐥𝐧(𝒙)𝒙𝒛

𝟏−𝒙

𝟏

𝟎
𝒅𝒙 

⇒ 𝒇(𝒔) =
𝟏

𝟗
(𝚿(𝟏) (

𝒔 + 𝟐

𝟑
) −𝚿(𝟏) (

𝒔 + 𝟏

𝟑
)) 

𝚫 =
𝟒

𝟗
(𝒇 (−

𝟏

𝟑
) + 𝒇 (

𝟏

𝟑
)) =

𝟒

𝟗
⋅
𝟏

𝟗
(−𝚿𝟏 (

𝟕

𝟗
) +𝚿𝟏 (

𝟒

𝟗
) − 𝟏 +𝚿𝟏 (

𝟓

𝟗
) −𝚿𝟏 (

𝟐

𝟗
)) 

=
𝟒

𝟖𝟏
(− {𝚿𝟏 (

𝟏𝟒

𝟏𝟖
) +𝚿𝟏 (

𝟒

𝟏𝟖
)} + (𝚿𝟏 (

𝟖

𝟏𝟖
) +𝚿𝟏 (

𝟏𝟎

𝟏𝟖
))) 

𝚿𝟏(𝟏 − 𝒛) + 𝚿𝟏(𝒛) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒛)
 

𝚫 =
𝟒𝝅𝟐

𝟖𝟏
(−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖)

+
𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖)

) 

𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖)

−
𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖)

= −𝟖𝐬𝐢𝐧(
𝝅

𝟏𝟖
) . . ? 

⇔
𝟏− 𝟒𝐜𝐨𝐬𝟐 (

𝟒𝝅
𝟏𝟖)

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖)

= −𝟖𝐬𝐢𝐧(
𝝅

𝟏𝟖
) 
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⇔=
𝟏− 𝟐(𝐜𝐨𝐬 (

𝟖𝝅
𝟏𝟖
) + 𝟏)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)

=
−𝟏− 𝟐𝐬𝐢𝐧 (

𝝅
𝟏𝟖
)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)

= −𝟖𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) 

⇔ −𝟏− 𝟐𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) = 𝟖𝐬𝐢𝐧

𝝅

𝟏𝟖
𝐜𝐨𝐬𝟐

𝝅

𝟏𝟖
= −𝟒𝐬𝐢𝐧

𝝅

𝟏𝟖
(𝐜𝐨𝐬 (

𝟐𝝅

𝟏𝟖
) + 𝟏) 

⇔ −𝟏+ 𝟐𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) = −𝟐(𝟐 𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 𝐜𝐨𝐬 (

𝟐𝝅

𝟏𝟖
)) = −𝟐(𝐬𝐢𝐧 (

𝝅

𝟏𝟖
+
𝟐𝝅

𝟏𝟖
)) + 𝐬𝐢𝐧(

𝝅

𝟏𝟖
−
𝟐𝝅

𝟏𝟖
) 

⇔ −𝟏+ 𝟐𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) = −𝟐𝐬𝐢𝐧 (

𝝅

𝟔
) − 𝟐 𝐬𝐢𝐧(−

𝝅

𝟏𝟖
) .. True 

⇒
𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)
−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖
)
= −𝟖𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

∫
𝐥𝐧(𝒙)

𝒙𝟐 + 𝒙√𝒙 + 𝟏

∞

𝟎

=
𝟒𝝅𝟐

𝟖𝟏
(

𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖)

−
𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖)

) = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧(

𝝅

𝟏𝟖
) 

UP.528 If 𝒂𝒏 > 0; 𝒓𝒏 > 0; 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏 ⋅ 𝒓𝒏; 𝒏 ∈ ℕ
∗ and  

𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 > 0 

then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by proposers 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒏𝟐

=
𝑪𝑬𝑺𝑨𝑹𝑶−𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
(𝒏 + 𝟏)𝟐 − 𝒏𝟐

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
𝟐𝒏 + 𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒏𝒓𝒏
𝟐𝒏 + 𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒏

𝟐𝒏 + 𝟏
⋅ 𝒓 =

𝒓

𝟐
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏) = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠 𝒏 + 𝟐 𝐥𝐨𝐠𝒏 − 𝐥𝐨𝐠𝒂𝒏) = 

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐨𝐠 𝒏) + 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠 (
𝒏𝟐

𝒂𝒏
) = 𝟐𝜸 + 𝐥𝐨𝐠 (

𝟐

𝒓
) 

Solution 2 by Djamel Arrouche-Algeria 

𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏 ⋅ 𝒓𝒏, 𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏)) , 𝒂𝒏+𝟏 − 𝒂𝒏 = 𝒏 ⋅ 𝒓𝒏 
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𝒂𝒏+𝟏 − 𝒂𝒏
𝒏

= 𝒓𝒏 

∀𝝐 > 0 ∃𝑁, ∀𝑛 ≥ 𝑁 𝑟 − 𝜖 < 𝒓𝒏 < 𝑟 + 𝜖 ⇒ 𝒏(𝒓 − 𝝐) < 𝒂𝒏+𝟏 − 𝒂𝒏 < (𝒓 + 𝝐)𝒏 

⇒∑𝒌(𝒓 − 𝝐)

𝒏

𝑵

< ∑(𝒂𝒌+𝟏 − 𝒂𝒌)

𝒏

𝒌=𝑵

< ∑(𝒓 + 𝝐)

𝒏

𝒌=𝑵

𝒌 

⇒ (𝒓 − 𝝐)
(𝒏 + 𝑵)(𝒏 − 𝑵 + 𝟏)

𝟐
< 𝒂𝒏+𝟏 − 𝒂𝑵 < (𝒓 + 𝝐)

(𝒏 − 𝑵 + 𝟏)(𝒏 + 𝑵)

𝟐
 

⇒ (𝟏 −
𝝐

𝒓
) (𝟏 +

𝒏

𝑵
) (𝟏 +

𝟏 − 𝑵

𝒏
) <

𝟐

𝒏𝟐𝒓
(𝒂𝒏+𝟏 − 𝒂𝑵) < 

< (𝟏 +
𝝐

𝒓
) (𝟏 +

𝒏

𝑵
)(𝟏 +

𝟏 − 𝑵

𝒏
) 

𝝐 is arbitrary small 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏𝟐𝒓
(𝒂𝒏+𝟏 − 𝒂𝑵) = 𝟏 

Since 𝒂𝑵 ∈ ℝ ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 ⋅
𝟐

𝒏𝟐𝒓
= 𝟏 

𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏) = 𝟐𝑯𝒏 + 𝐥𝐨𝐠 (
𝟐

𝒏𝟐𝒓
) − 𝐥𝐨𝐠 (

𝟐

𝒏𝟐𝒓
𝒂𝒏) = 

= 𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠(𝒏) + 𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠 (
𝟐

𝒏𝟐𝒓
𝒂𝒏) 

= 𝟐(𝑯𝒏 − 𝐥𝐨𝐠(𝒏)) + 𝐥𝐨𝐠 (
𝟐

𝒓
) + 𝐥𝐨𝐠 (

𝟐

𝒏𝟐𝒓
𝒂𝒏) 

𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠 (
𝒂𝒏⋅𝟐

𝒏𝟐𝒓
) = 𝐥𝐨𝐠(𝟏) = 𝟎; 𝐥𝐢𝐦

𝒏→∞
𝑯𝒏 − 𝐥𝐨𝐠(𝒏) = 𝜸: Euler Mascheroni Constant 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏)) , 𝛀 = 𝟐 ⋅ 𝜸 + 𝐥𝐨𝐠 (
𝟐

𝒓
) 

Solution 3 by Kamel Gandouli Rezgui-Algeria 

𝒂𝒏+𝟏 − 𝒂𝒏 = 𝒏𝒓𝒏; 𝒏 > 0 

⇒∑𝒂𝒌+𝟏 − 𝒂𝒌

𝒏−𝟏

𝒌=𝟏

= ∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

⇒ 𝒂𝒏 = ∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

+ 𝒂𝟏 

⇒ 𝐥𝐨𝐠(𝒂𝒏) = 𝐥𝐨𝐠(∑𝒌𝒓𝒌 + 𝒂𝟏

𝒏−𝟏

𝒌=𝟏

) = 𝐥𝐨𝐠𝒏𝟐 + 𝐥𝐨𝐠(
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

+
𝒂𝟏
𝒏𝟐
) 
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= 𝐥𝐨𝐠𝒏𝟐 + 𝐥𝐨𝐠(
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) 

𝟏

𝒏𝟐
∑𝒌(𝒓𝒌 − 𝒓)

𝒏

𝒌=𝟏

+
𝟏

𝒏𝟐
∑𝒌𝒓

𝒏

𝒌=𝟏

 

𝐥𝐢𝐦
𝒏→+∞

𝟏

𝒏
∑ 𝒌(𝒓𝒌 − 𝒓)
𝒏
𝒌=𝟏 = 𝟎 Cesaro lemma⇒ 𝐥𝐢𝐦

𝒏→+∞

𝟏

𝒏𝟐
∑ 𝒌(𝒓𝒌 − 𝒓)
𝒏
𝒌=𝟏 = 𝟎 

and 
𝟏

𝒏𝟐
∑ 𝒌𝒓𝒏
𝒌=𝟏 =

𝒏(𝒏+𝟏)

𝟐𝒏𝟐
𝒓 ⇒ 𝐥𝐢𝐦

𝒏→+∞

𝟏

𝒏𝟐
∑ 𝒌𝒓𝒏
𝒌=𝟏 =

𝒓

𝟐
 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

=
𝒓

𝟐
⇒ 𝐥𝐢𝐦

𝒏→+∞
𝐥𝐨𝐠 (

𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) = 𝐥𝐨𝐠

𝒓

𝟐
 

⇒ 𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏 = 𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠𝒏 + 𝐥𝐨𝐠(
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) 

⇒ 𝐥𝐢𝐦
𝒏→+∞

𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏 = 𝟐𝜸 + 𝐥𝐨𝐠
𝒓

𝟐
 

Solution 4 by Le Thu-Vietnam 

∵ 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏𝒓𝒏 ⇒ 𝒂𝒏+𝟐 − 𝒂𝒏+𝟏 = (𝒏 + 𝟏)𝒓𝒏+𝟏 

∵ 𝐥𝐢𝐦𝒓𝒏+𝟏 = 𝐥𝐢𝐦𝒓𝒏 = 𝒓 ∈ ℝ ⇒ 𝐥𝐢𝐦
𝒓𝒏
𝒏
= 𝟎 

∴ 𝛀 ≡ 𝐥𝐢𝐦[𝟐𝓗𝒏 − 𝐥𝐧(𝒂𝒏)] 

= 𝐥𝐢𝐦[𝟐𝓗𝒏 − 𝐥𝐧(𝒂𝒏+𝟏 − 𝒏𝒓𝒏)] 

= 𝟐 𝐥𝐢𝐦[𝓗𝒏 − 𝐥𝐧(𝒏)]⏞          
≡𝜸

− 𝐥𝐢𝐦 𝐥𝐧 {
𝒂𝒏+𝟏
𝒏𝟐

−
𝒓𝒏
𝒏
} = 𝟐𝜸 − 𝐥𝐧 (𝐥𝐢𝐦

𝒂𝒏+𝟏
𝒏𝟐

) 

=
𝒔−𝒄

𝟐𝜸 − 𝐥𝐧 {𝐥𝐢𝐦
𝒂𝒏+𝟐 − 𝒂𝒏+𝟏
(𝒏 + 𝟏)𝟐 − 𝒏𝟐

} = 𝟐𝜸 − 𝐥𝐧 (𝒓 ⋅ 𝐥𝐢𝐦
𝒏 + 𝟏

𝟐𝒏 + 𝟏
) = 𝟐𝜸 − 𝐥𝐧 (

𝒓

𝟐
) 

Solution 5 by Pham Duc Nam-Vietnam 

If: 𝒂𝒏 > 0; 𝒓𝒏 > 0, 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏𝒓𝒏(∀𝒏 ∈ ℕ
∗) and 𝐥𝐢𝐦

𝒏→∞
𝒓𝒏 = 𝒓 > 0 

Then find: 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐧(𝒂𝒏)) 

𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒓𝒏+𝟏 = 𝒓; 𝐥𝐢𝐦
𝒏→∞

∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
=
𝒓

𝟐
 

Indeed, by Stolz – Cesaro theorem: 𝐥𝐢𝐦
𝒏→∞

∑ 𝒌𝒓𝒌
𝒏+𝟏
𝒌=𝟏 −∑ 𝒌𝒓𝒌

𝒏
𝒌=𝟏

(𝒏+𝟏)𝟐−𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

(𝒏+𝟏)𝒓𝒏+𝟏

𝟐𝒏+𝟏
=

𝒓

𝟐
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For 𝒌 ≤ 𝒏, 𝒂𝒌+𝟏 − 𝒂𝒌 = 𝒌𝒓𝒌 ⇒ ∑ (𝒂𝒌+𝟏 − 𝒂𝒌)
𝒏
𝒌=𝟏⏟          
𝑻𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒊𝒏𝒈 𝒔𝒖𝒎

= ∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏 ⇔ 𝒂𝒏+𝟏 − 𝒂𝟏 = ∑ 𝒌𝒓𝒌

𝒏
𝒌=𝟏  

⇔ 𝒂𝒏+𝟏 − 𝒂𝒏 + 𝒂𝒏 − 𝒂𝟏 =∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

⇔ 𝒂𝒏 =∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

+ 𝒂𝟏 − 𝒏𝒓𝒏 ⇒ 

⇒
𝒂𝒏
𝒏𝟐
=
∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
⇒ 𝐥𝐧(𝒂𝒏) = 𝐥𝐧 (

∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
) + 𝟐 𝐥𝐧(𝒏) 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐧(𝒂𝒏)) = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐧(𝒏) − 𝐥𝐧 (
∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
)) = 

= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐧(𝒏) − 𝐥𝐧 (
𝒓

𝟐
)) 

By definition: 𝜸 = 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐧(𝒏)) ⇒ 𝛀 = 𝟐𝜸 − 𝐥𝐧 (
𝒓

𝟐
) 

 

UP.529 If 𝒂𝒏 > 0; 𝑛 ∈ ℕ
∗; 𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂 > 0 then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒂𝒏
𝟐  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by proposers 

We will use Lalescu’s sequence: 

𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) =
𝟏

𝒆
 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒏

=
𝑪𝑬𝑺𝑨𝑹𝑶−𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
𝒏 + 𝟏 − 𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
√(𝒏 + 𝟏)!

𝒏+𝟏
− √𝒏!

𝒏

√𝒏!
𝒏

⋅ √(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒂𝒏
𝟐 = 

= 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) ⋅
𝒏

√𝒏!
𝒏 ⋅

𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

⋅ (
𝒂𝒏
𝒏
)
𝟐

⋅
𝒏

𝒏 + 𝟏
= 

=
𝟏

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏!
𝒏 ⋅ 𝐥𝐢𝐦

𝒏→∞

𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏
𝒏
)
𝟐

⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏

𝒏 + 𝟏
=
𝟏

𝒆
⋅ 𝒆 ⋅ 𝒆 ⋅ 𝒂𝟐 ⋅ 𝟏 = 𝒂𝟐𝒆 
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Solution 2 by Angel Plaza-Spain 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏+𝟏
= 𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂. Therefore 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝟐

𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏

𝒏
)
𝟐

= 𝒂𝟐. Hence 

𝛀 = 𝒂𝟐 ⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒏𝟐 

By using that [1]:  

𝐥𝐢𝐦
𝒏→∞

(
(𝒏+𝟏)𝟐

√(𝒏+𝟏)!
𝒏+𝟏 −

𝒏𝟐

√𝒏!
𝒏 ) = 𝒆, then, by Stirling formula for n! 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒏𝟐 = −𝒆 + 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

 

= −𝒆 + 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏+𝟏

(𝒏+𝟏)𝒆−𝟏
= −𝒆 + 𝟐𝒆 = 𝒆. 

Therefore:  𝛀 = 𝒂𝟐𝒆 

Reference: 

[1] D.M. Bătinețu – Giurgiu, Daniel Sitaru,Neculai Stanciu- 120 Years of Lalescu Sequences, 

RMM 29 (2021), Available at https://www.ssmrmh.ro/wp-content/uploads/2020/02/120-

YEARS-OF-LALESCU-SEQUENCES.pdf 

UP.530 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

−
𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

) ⋅ 𝒆𝟐𝑯𝒏  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by proposers 

𝐥𝐢𝐦
𝒏→∞

𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

= 𝐥𝐢𝐦
𝒏→∞

√
𝒏𝒏

(𝟐𝒏 − 𝟏)‼

𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒏+𝟏

(𝟐𝒏 + 𝟏)‼
⋅
(𝟐𝒏 − 𝟏)‼

𝒏𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒏

𝒏𝒏
⋅
(𝟐𝒏 − 𝟏)‼

(𝟐𝒏 − 𝟏)‼
⋅
𝒏 + 𝟏

𝟐𝒏 + 𝟏
=
𝒆

𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒆− 𝐥𝐨𝐠𝒏+𝑯𝒏 = 𝒆𝜸 

𝐥𝐢𝐦
𝒏→∞

𝒆𝟐𝑯𝒏

𝒏𝟐
= 𝒆𝟐𝜸 



 
www.ssmrmh.ro 

77 36-RMM SPRING EDITION 2025-SOLUTIONS 

 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

( √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

− √(𝟐𝒏 − 𝟏)‼
𝒏

) ⋅
𝒏

√(𝟐𝒏 − 𝟏)‼
𝒏

⋅
𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

⋅
𝒆𝟐𝑯𝒏

𝒏𝟐
⋅
𝒏 + 𝟏

𝒏
= 

=
𝟐

𝒆
⋅
𝒆

𝟐
⋅
𝒆

𝟐
⋅ 𝒆𝟐𝜸 ⋅ 𝟏 =

𝟏

𝟐
𝒆𝟐𝜸+𝟏 

Solution 2 by Angel Plaza-Spain 

𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏

𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏

𝒆𝐥𝐧𝒏
= 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏−𝐥𝐧𝒏 = 𝒆𝜸. Therefore, 𝐥𝐢𝐦
𝒏→∞

𝒆𝟐𝑯𝒏

𝒏𝟐
= 𝐥𝐢𝐦
𝒏→∞

(
𝒆𝑯𝒏

𝒏
)
𝟐

= 𝒆𝟐𝜸 

Hence, 𝛀 = 𝒆𝟐𝜸 ⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√(𝟐𝒏−𝟏)‼
𝒏 −

𝟏

√(𝟐𝒏+𝟏)‼
𝒏+𝟏 ) ⋅ 𝒏𝟐 

By using that [1] 

𝐥𝐢𝐦
𝒏→∞

(
(𝒏 + 𝟏)𝟐

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

−
𝒏𝟐

√(𝟐𝒏 + 𝟏)‼
𝒏

) =
𝒆

𝟐
 

Then, 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

√(𝟐𝒏 − 𝟏)‼
𝒏

−
𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

) ⋅ 𝒏𝟐 = −
𝒆

𝟐
+ 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

 

= −
𝒆

𝟐
+ 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏) √(𝟐𝒏 + 𝟐)‼
𝒏+𝟏

√(𝟐𝒏 + 𝟐)!
𝒏+𝟏

= −
𝒆

𝟐
+ 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏) √𝟐𝒏+𝟏(𝒏 + 𝟏)𝒏+𝟏𝒆−𝒏−𝟏
𝒏+𝟏

√(𝟐𝒏 + 𝟐)𝟐𝒏+𝟐𝒆−𝟐𝒏−𝟐
𝒏+𝟏

 

= −
𝒆

𝟐
+ 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)𝟐(𝒏 + 𝟏)𝒆−𝟏

(𝟐𝒏 + 𝟐)𝟐𝒆−𝟐
= −

𝒆

𝟐
+ 𝒆 =

𝒆

𝟐
 

Therefore: 

 𝛀 = 𝒆𝟐𝜸 ⋅
𝒆

𝟐
=
𝟏

𝟐
𝒆𝟏+𝟐𝜸 

Reference: 

[1] D.M. Bătinețu - Giurgiu, Daniel Sitaru,Neculai Stanciu- 120 Years of Lalescu Sequences, 

RMM 29 (2021). Available at https://www.ssmrmh.ro/wp-content/uploads/2020/02/120-

YEARS-OF-LALESCU-SEQUENCES.pdf 

 

UP.531 Prove that: 

∫
𝒙𝟐 𝐬𝐢𝐧𝐡(𝟐𝒙)

𝐜𝐨𝐬𝐡𝟐(𝟐𝒙)

∞

𝟎

𝒅𝒙 =
𝟑𝝅𝟑

𝟏𝟐𝟖
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Proposed by Said Attaoui – Algeria  

Solution by proposer 

The following problems are crucial to our solution 

Problem 1. Prove 

𝜷(𝟑) =
𝝅𝟑

𝟑𝟐
, 

with 𝜷(𝒔) design the Dirichlet beta function defined as  

𝜷(𝒔) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒌=𝟎

, 𝓡(𝒔) > 0. 

Problem 2. Prove 

∫
𝒙𝟐

𝐜𝐨𝐬𝐡(𝒙)

∞

𝟎

𝒅𝒙 =
𝝅𝟑

𝟖
. 

Proof of Problem 1. We have 

𝜷(𝟑) = ∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

 

= ∑
(−𝟏)𝟐𝒏

(𝟐(𝟐𝒏) + 𝟏)𝟑

∞

𝒏=𝟎

+∑
(−𝟏)𝟐𝒏+𝟏

(𝟐(𝟐𝒏 + 𝟏) + 𝟏)𝟑

∞

𝒏=𝟎

=
𝟏

𝟔𝟒
(∑

𝟏

(𝒏 +
𝟏
𝟒)

𝟑

∞

𝒏=𝟎

−∑
𝟏

(𝒏 +
𝟑
𝟒)

𝟑

∞

𝒏=𝟎

) 

= −
𝟏

𝟏𝟐𝟖
(𝝍(𝟐) (

𝟏

𝟒
) − 𝝍(𝟐) (

𝟑

𝟒
)), 

where 𝝍(𝒙) is the digamma function and 𝝍(𝒌)(𝒙) is its derivatives of order 𝒌 ≥ 𝟏 given as: 

𝝍(𝒙) =
𝚪′(𝒙)

𝚪(𝒙)
− 𝜸 +∑(

𝟏

𝒏 + 𝟏
−

𝟏

𝒏 + 𝒙
)

∞

𝒏=𝟎

 𝒙 > 0; 𝝍(𝒌)(𝒙) = (−𝟏)𝒌+𝟏𝒌!∑
𝟏

(𝒏 + 𝒙)𝒌+𝟏

∞

𝒏=𝟎

. 

Applying a reflection formula for the general 𝒌 − th order polygamma function 𝝍(𝒌)(𝒙), 

that is  

𝝍(𝒌)(𝟏 − 𝒙) + (−𝟏)𝒌+𝟏𝝍(𝒌)(𝒙) = (−𝟏)𝒌𝝅
𝝏𝒌

𝝏𝒙𝒌
𝐜𝐨𝐭(𝝅𝒙), 

we can deduce for 𝒙 =
𝟑

𝟒
: 
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𝝍(𝟐) (
𝟏

𝟒
) − 𝝍(𝟐) (

𝟑

𝟒
) = 𝝅 [

𝝏𝟐

𝝏𝒙𝟐
(
𝐜𝐨𝐬(𝝅𝒙)

𝐬𝐢𝐧(𝝅𝒙)
)]
𝒙=
𝟑
𝟒

= 𝝅 [
𝝏

𝝏𝒙
(

−𝝅

𝐬𝐢𝐧𝟐(𝝅𝒙)
)]
𝒙=
𝟑
𝟒

 

= 𝝅[
𝟐𝝅𝟐 𝐜𝐨𝐭(𝝅𝒙)

𝐬𝐢𝐧𝟐(𝝅𝒙)
]
𝒙=
𝟑
𝟒

=
𝟐𝝅𝟑(−𝟏)

(
𝟏

√𝟐
)
𝟐
= −𝟒𝝅𝟑 

Thereby: 

𝜷(𝟑) = −
𝟏

𝟏𝟐𝟖
(−𝟒𝝅𝟑) =

𝝅𝟑

𝟑𝟐
. 

Remark. It’s worth noting that the result of Problem 1 exist without proof in 

mathworld.wolfram.com (1) and wikipedia.org (2) 

(1) https://mathworld.wolfram.com/DirichletBetaFunction.html 

(2) https://en.wikipedia.org/wiki/Dirichlet_beta_function 

Proof of Problem 2.  

Let 𝑱 = ∫
𝒙𝟐

𝐜𝐨𝐬𝐡(𝒙)

∞

𝟎
𝒅𝒙, so we have 

𝑱 = 𝟐∫
𝒙𝟐

𝒆𝒙 + 𝒆−𝒙

∞

𝟎

𝒅𝒙 = 𝟐∫
𝒙𝟐𝒆−𝒙

𝟏 + 𝒆−𝟐𝒙

∞

𝟎

𝒅𝒙 = 𝟐∫ 𝒙𝟐𝒆−𝒙
∞

𝟎

(∑(−𝟏)𝒏𝒆−𝟐𝒏𝒙
∞

𝒏=𝟎

)𝒅𝒙 

= 𝟐(∑(−𝟏)𝒏
∞

𝒏=𝟎

∫ 𝒙𝟐𝒆−(𝟐𝒏+𝟏)𝒙
∞

𝟎

𝒅𝒙) = 𝟐(∑
(−𝟏)𝒏

(𝟐𝒌 + 𝟏)𝟑

∞

𝒏=𝟎

∫ 𝒕𝟐𝒆−𝒕
∞

𝟎

𝒅𝒕) 

= 𝟐(∑
(−𝟏)𝒏𝚪(𝟑)

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

) = 𝟒(∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

) = 𝟒𝜷(𝟑) = 𝟒(
𝝅𝟑

𝟑𝟐
) =

𝝅𝟑

𝟖
 

Now, replacing 𝒙 by 𝒂𝒙, 𝒂 > 0 in the integral 𝑱, we obtain 

𝝅𝟑

𝟖
= ∫

(𝒂𝒙)𝟐

𝐜𝐨𝐬𝐡(𝒂𝒙)

∞

𝟎

𝒂 𝒅𝒙, 

which imply 

𝝅𝟑

𝟖𝒂𝟑
= ∫

𝒙𝟐

𝐜𝐨𝐬𝐡(𝒂𝒙)

∞

𝟎

𝒅𝒙. 

Differentiate both sides with respect to 𝒂, we get 

−
𝟑𝝅𝟑

𝟖𝒂𝟑
= ∫ 𝒙𝟐

∞

𝟎

𝝏

𝝏𝒂
(

𝟏

𝐜𝐨𝐬𝐡(𝒂𝒙)
)𝒅𝒙 = ∫ 𝒙𝟐

∞

𝟎

(− 
𝒙 𝐬𝐢𝐧𝐡(𝒂𝒙)

𝐜𝐨𝐬𝐡𝟐(𝒂𝒙)
)𝒅𝒙 

https://en.wikipedia.org/wiki/Dirichlet_beta_function
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Hence 

𝟑𝝅𝟑

𝟖𝒂𝟒
= ∫

𝒙𝟐 𝐬𝐢𝐧𝐡(𝒂𝒙)

𝐜𝐨𝐬𝐡𝟐(𝒂𝒙)

∞

𝟎

𝒅𝒙 

Fix 𝒂 = 𝟐, we finally have 

∫
𝒙𝟐 𝐬𝐢𝐧𝐡(𝟐𝒙)

𝐜𝐨𝐬𝐡𝟐(𝟐𝒙)

∞

𝟎

𝒅𝒙 =
𝟑𝝅𝟑

𝟏𝟐𝟖
. 

UP.532 Find all continuous functions 𝒇:ℝ → ℝ; 𝒇(𝟎) = 𝟎 such that: 

𝒇(𝒙) = 𝒇 (
𝒙

𝟓
) +

𝒙

𝟕
; (∀)𝒙 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Replacing 𝒙 successively with: 
𝒙

𝟓
;
𝒙

𝟓𝟐
; … ;

𝒙

𝟓𝒏−𝟏
 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓
) =

𝒙

𝟕
 

𝒇 (
𝒙

𝟓
) − 𝒇 (

𝒙

𝟓𝟐
) =

𝒙

𝟕 ⋅ 𝟓
 

𝒇 (
𝒙

𝟓𝟐
) − 𝒇 (

𝒙

𝟓𝟑
) =

𝒙

𝟕 ⋅ 𝟓𝟐
 

−−−−− −−−−− 

𝒇 (
𝒙

𝟓𝒏−𝟏
) − 𝒇 (

𝒙

𝟓𝒏
) =

𝒙

𝟕 ⋅ 𝟓𝒏−𝟏
 

By adding: 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
) =

𝒙

𝟕
(𝟏 +

𝟏

𝟓
+
𝟏

𝟓𝟐
+⋯+

𝟏

𝟓𝒏−𝟏
) 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
) =

𝒙

𝟕
⋅

𝟏
𝟓𝒏
− 𝟏

𝟏
𝟓
− 𝟏

 

𝐥𝐢𝐦
𝒏→∞

(𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
)) = 𝐥𝐢𝐦

𝒏→∞

𝒙

𝟕
⋅

𝟏
𝟓𝒏
− 𝟏

𝟏
𝟓
− 𝟏

 

𝒇(𝒙) − 𝒇(𝟎) =
𝒙

𝟕
⋅
𝟎 − 𝟏

−
𝟒
𝟓

, 𝒇(𝒙) − 𝟎 =
𝟓𝒙

𝟐𝟖
⇒ 𝒇(𝒙) =

𝟓𝒙

𝟐𝟖
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝐧 ∈ ℕ. 𝐅𝐨𝐫 𝐚𝐥𝐥 𝐤 ∈ {𝟎, 𝟏, … , 𝒏 − 𝟏}, 𝐢𝐟 𝐰𝐞 𝐫𝐞𝐩𝐥𝐚𝐜𝐞 𝒙 𝐛𝐲 
𝒙

𝟓𝒌
, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒇 (
𝒙

𝟓𝒌
) − 𝒇 (

𝒙

𝟓𝒌+𝟏
) =

𝒙

𝟕. 𝟓𝒌
, 𝐭𝐡𝐞𝐧  ∑(𝒇 (

𝒙

𝟓𝒌
) − 𝒇 (

𝒙

𝟓𝒌+𝟏
))

𝒏−𝟏

𝒌=𝟎

=∑
𝒙

𝟕. 𝟓𝒌

𝒏−𝟏

𝒌=𝟎

 

𝐨𝐫  𝒇(𝒙) = 𝒇 (
𝒙

𝟓𝒏
) +

𝒙

𝟕
.
𝟏 − (

𝟏
𝟓
)
𝒏

𝟒
𝟓

, ∀𝒙 ∈ ℝ. 

𝐒𝐢𝐧𝐜𝐞 𝒇 𝐢𝐬 𝐜𝐨𝐧𝐭𝐢𝐧𝐮𝐨𝐮𝐬 𝐨𝐧 ℝ, 𝐭𝐡𝐞𝐧 𝐥𝐢𝐦
𝐧→∞

𝒇 (
𝒙

𝟓𝒏
) = 𝒇 (𝐥𝐢𝐦

𝐧→∞

𝒙

𝟓𝒏
) = 𝒇(𝟎) = 𝟎. 

𝐈𝐟 𝐰𝐞 𝐭𝐞𝐧𝐝 𝒏 𝐭𝐨 𝐢𝐧𝐟𝐢𝐧𝐢𝐭𝐲 𝐢𝐧 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐥𝐢𝐦
𝐧→∞

(
𝟏

𝟓
)
𝒏

= 𝟎,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒇(𝒙) =
𝟓𝒙

𝟐𝟖
,   ∀𝒙 ∈ ℝ, 

𝐓𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐬𝐚𝐭𝐢𝐬𝐟𝐢𝐞𝐬 𝐭𝐡𝐞 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦. 
 

UP.533 Calculate the integral: 

∫
𝐚𝐫𝐜𝐜𝐨𝐬𝒙

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

We make the notation: 𝑨 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟒𝒙𝟒+𝒙𝟐+𝟒

𝟏

−𝟏
𝒅𝒙. 

We also consider the integral: 𝑩 = ∫
𝐚𝐫𝐜𝐬𝐢𝐧𝒙

√𝟒𝒙𝟒+𝒙𝟐+𝟒

𝟏

−𝟏
𝒅𝒙 

We have: 

𝑨 + 𝑩 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙 + 𝐚𝐫𝐜𝐬𝐢𝐧 𝒙

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 =
𝝅

𝟐
∫

𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 

But, we have: 

∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 = 𝟐∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

𝟎

𝒅𝒙 

because the function under the integral sign is even. 

We are going to calculate the integral: 
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𝑪 = ∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

𝟎

𝒅𝒙 

We will show that the 𝑪 integral can be expressed using the complete elliptic integral of 

the first kind. 

The complete elliptic integral of the first kind is defined by the relationship: 

𝑲(𝒌) = ∫
𝟏

√𝟏−𝒌𝟐 𝐬𝐢𝐧𝟐 𝜽

𝝅

𝟐
𝟎

𝒅𝜽, with −𝟏 < 𝑘 < 1. 

Substitute: 

𝒕 = 𝐭𝐚𝐧
𝜽

𝟐
, so 𝐬𝐢𝐧𝜽 =

𝟐𝒕

𝟏+𝒕𝟐
 and 𝒅𝜽 =

𝟐

𝟏+𝒕𝟐
𝒅𝒕. 

We have: 

𝑲(𝒌) = ∫
𝟏

√𝟏 − 𝒌𝟐
𝟒𝒕𝟐

(𝟏 + 𝒕𝟐)𝟐

𝟏

𝟎

𝟐
𝟏

𝟏 + 𝒕𝟐
𝒅𝒕 = 𝟐∫

𝟏

√𝒕𝟒 + (𝟐 − 𝟒𝒌𝟐)𝒕𝟐 + 𝟏

𝟏

𝟎

𝒅𝒕 

We have: 

𝑪 =
𝟏

𝟐
∫

𝟏

√𝒙𝟒 +
𝟏
𝟒𝒙

𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

We put the condition:  𝟐 − 𝟒𝒌𝟐 =
𝟏

𝟒
, so 𝒌 =

√𝟕

𝟒
 (we choose 𝒌 > 0). 

We obtain:  𝑪 =
𝟏

𝟐
⋅
𝟏

𝟐
⋅ 𝑲 (

√𝟕

𝟒
) 

The integral 𝑩 is equal to zero, because the function under the integral sign is odd. 

So, we have: 𝑨 =
𝝅

𝟐
⋅ 𝟐𝑪 

We obtained the value of the integral required in the problem statement: 

𝑨 =
𝝅

𝟒
𝑲(

√𝟕

𝟒
). 

UP.534 If 𝒂, 𝒃 > 0 then: 

∫ ∫ (
𝒙

𝒙𝟒 + 𝒚𝟐
+

𝒚

𝒚𝟒 + 𝒙𝟐
)

𝒃

𝒂

𝒃

𝒂

𝒅𝒙𝒅𝒚 ≤ 𝐥𝐧𝟐 (
𝒃

𝒂
) 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by proposer 

𝒙

𝒙𝟒 + 𝒚𝟐
+

𝒚

𝒚𝟒 + 𝒙𝟐
≤

𝑨𝑴−𝑮𝑴 𝒙

𝟐√𝒙𝟒𝒚𝟐
+

𝒚

𝟐√𝒚𝟒𝒙𝟐
= 

=
𝒙

𝟐𝒙𝟐𝒚
+

𝒚

𝟐𝒚𝟐𝒙
=

𝟏

𝟐𝒙𝒚
+

𝟏

𝟐𝒙𝒚
=
𝟏

𝒙𝒚
 

∫ ∫ (
𝒙

𝒙𝟒 + 𝒚𝟐
+

𝒚

𝒚𝟒 + 𝒙𝟐
)

𝒃

𝒂

𝒃

𝒂

𝒅𝒙𝒅𝒚 ≤ ∫ ∫
𝟏

𝒙𝒚

𝒃

𝒂

𝒃

𝒂

𝒅𝒙𝒅𝒚 = 

= (∫
𝟏

𝒙

𝒃

𝒂

𝒅𝒙)(∫
𝟏

𝒚

𝒃

𝒂

𝒅𝒚) = (𝐥𝐧 𝒃 − 𝐥𝐧𝒂)𝟐 = 𝐥𝐧𝟐 (
𝒃

𝒂
) 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Tapas Das – India 

𝒙

𝒙𝟒 + 𝒚𝟐
≤

𝑨𝑴−𝑮𝑴 𝒙

𝟐√𝒙𝟒𝒚𝟐
=

𝟏

𝟐𝒙𝒚
 

𝒚

𝒚𝟒 + 𝒙𝟐
≤

𝒚

𝟐√𝒚𝟒𝒙𝟐
=

𝟏

𝟐𝒙𝒚
 

∴
𝒙

𝒙𝟒 + 𝒚𝟐
+

𝒚

𝒚𝟒 + 𝒙𝟐
≤

𝟏

𝟐𝒙𝒚
+

𝟏

𝟐𝒙𝒚
=
𝟏

𝒙𝒚
 

∫ ∫ [(
𝒙

𝒙𝟒 + 𝒚𝟐
) + (

𝒚

𝒚𝟒 + 𝒙𝟐
)]

𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚 ≤ ∫ ∫
𝟏

𝒙𝒚

𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚 

= ∫
𝟏

𝒙

𝒃

𝒂

𝒅𝒙 ⋅ ∫
𝟏

𝒚

𝒃

𝒂

𝒅𝒚 = (𝐥𝐧𝒃 − 𝐥𝐧𝒂)𝟐 = 𝐥𝐧𝟐
𝒃

𝒂
 

UP.535 If 𝒙, 𝒚, 𝒛 > 1; 𝑥 ≠ 𝑦 ≠ 𝑧 ≠ 𝑥 and 

𝐥𝐨𝐠𝒚
𝒛
𝒙 + 𝐥𝐨𝐠𝒛

𝒙
𝒚 + 𝐥𝐨𝐠𝒙

𝒚
𝒛 = 𝟎 

then: 

𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐
𝟐 (
𝒚
𝒛)
+
𝐥𝐨𝐠𝟐 𝒚

𝐥𝐨𝐠𝟐
𝟐 (
𝒛
𝒙)
+

𝐥𝐨𝐠𝟐 𝒛

𝐥𝐨𝐠𝟐
𝟐 (
𝒙
𝒚)
= 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 
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𝟎 =∑𝐥𝐨𝐠𝒚
𝒛
𝒙

𝒄𝒚𝒄

= (∑𝐥𝐨𝐠𝒚
𝒛
𝒙

𝒄𝒚𝒄

) ⋅ (∑
𝟏

𝐥𝐨𝐠𝟐
𝒚
𝒛𝒄𝒚𝒄

) = 

= (∑
𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐 𝒚 − 𝐥𝐨𝐠𝟐 𝒛
𝒄𝒚𝒄

) ⋅ (∑
𝟏

𝐥𝐨𝐠𝟐 𝒚 − 𝐥𝐨𝐠𝟐 𝒛
𝒄𝒚𝒄

) = 

=∑
𝐥𝐨𝐠𝟐 𝒙

(𝐥𝐨𝐠𝟐 𝒚 − 𝐥𝐨𝐠𝟐 𝒛)𝟐
𝒄𝒚𝒄

+∑
𝐥𝐨𝐠𝟐 𝒚 + 𝐥𝐨𝐠𝟐 𝒛

(𝐥𝐨𝐠𝟐 𝒛 − 𝐥𝐨𝐠𝟐 𝒙)(𝐥𝐨𝐠𝟐 𝒙 − 𝐥𝐨𝐠𝟐 𝒚)
𝒄𝒚𝒄

= 

=∑
𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐
𝟐 (
𝒚
𝒛)𝒄𝒚𝒄

+∑
(𝐥𝐨𝐠𝟐 𝒚 + 𝐥𝐨𝐠𝟐 𝒛)(𝐥𝐨𝐠𝟐 𝒚 − 𝐥𝐨𝐠𝟐 𝒛)

(𝐥𝐨𝐠𝟐 𝒛 − 𝐥𝐨𝐠𝟐 𝒙)(𝐥𝐨𝐠𝟐 𝒙 − 𝐥𝐨𝐠𝟐 𝒚)(𝐥𝐨𝐠𝟐 𝒚 − 𝐥𝐨𝐠𝟐 𝒛)
𝒄𝒚𝒄

= 

=∑
𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐
𝟐 (
𝒚
𝒛)𝒄𝒚𝒄

+
𝟏

∏ (𝐥𝐨𝐠𝟐 𝒛 − 𝐥𝐨𝐠𝟐 𝒙)𝒄𝒚𝒄
⋅∑(𝐥𝐨𝐠𝟐

𝟐 𝒚 − 𝐥𝐨𝐠𝟐
𝟐 𝒛)

𝒄𝒚𝒄

= 

=∑
𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐
𝟐 (
𝒚
𝒛)𝒄𝒚𝒄

+
𝟏

∏ (𝐥𝐨𝐠𝟐 𝒛 − 𝐥𝐨𝐠𝟐 𝒙)𝒄𝒚𝒄
⋅ 𝟎 =∑

𝐥𝐨𝐠𝟐 𝒙

𝐥𝐨𝐠𝟐
𝟐 (
𝒚
𝒛)𝒄𝒚𝒄

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒂 = 𝒍𝒏 𝒙 , 𝒃 = 𝒍𝒏 𝒚 , 𝒄 = 𝒍𝒏 𝒛. 

𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
𝒂

𝒃 − 𝒄
+

𝒃

𝒄 − 𝒂
+

𝒄

𝒂 − 𝒃
= 𝟎, 

𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 (
𝒂

(𝒃 − 𝒄)𝟐
+

𝒃

(𝒄 − 𝒂)𝟐
+

𝒄

(𝒂 − 𝒃)𝟐
) . 𝐥𝐧 𝟐 = 𝟎. 

𝐖𝐞 𝐡𝐚𝐯𝐞 
𝒂

(𝒃 − 𝒄)𝟐
+

𝒃

(𝒄 − 𝒂)𝟐
+

𝒄

(𝒂 − 𝒃)𝟐
= 

 

= (
𝒂

𝒃 − 𝒄
+

𝒃

𝒄 − 𝒂
+

𝒄

𝒂 − 𝒃
) (

𝟏

𝒃 − 𝒄
+

𝟏

𝒄 − 𝒂
+

𝟏

𝒂 − 𝒃
) − 

−
𝒂

𝒃 − 𝒄
(
𝟏

𝒄 − 𝒂
+

𝟏

𝒂 − 𝒃
) −

𝒃

𝒄 − 𝒂
(
𝟏

𝒂 − 𝒃
+

𝟏

𝒃 − 𝒄
) −

𝒄

𝒂 − 𝒃
(
𝟏

𝒃 − 𝒄
+

𝟏

𝒄 − 𝒂
) = 𝟎 

 

(
𝟏

𝒃 − 𝒄
+

𝟏

𝒄 − 𝒂
+

𝟏

𝒂 − 𝒃
) −

𝒂(𝒄 − 𝒃) + 𝒃(𝒂 − 𝒄) + 𝒄(𝒃 − 𝒂)

(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂)
= 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟. 
 

UP.536 If 𝟏 < 𝑎 ≤ 𝑏;𝑚 ≥ 1 then: 
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(𝒃 − 𝟏)𝒎+𝟏 − (𝒂 − 𝟏)𝒎+𝟏

𝒎+ 𝟏
+ 𝒃 − 𝒂 ≤

𝒃𝒎+𝟏 − 𝒂𝒎+𝟏

𝒎+ 𝟏
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

(𝒃 − 𝟏)𝒎+𝟏 − (𝒂 − 𝟏)𝒎+𝟏

𝒎+ 𝟏
= ∫ (𝒙 − 𝟏)𝒎

𝒃

𝒂

𝒅𝒙 

𝒃 − 𝒂 = ∫ 𝒅𝒙
𝒃

𝒂

 

𝒃𝒎+𝟏 − 𝒂𝒎+𝟏

𝒎+ 𝟏
= ∫ 𝒙𝒎

𝒃

𝒂

𝒅𝒙 

We must prove that 

∫ (𝒙 − 𝟏)𝒎
𝒃

𝒂

𝒅𝒙 + ∫ 𝒅𝒙
𝒃

𝒂

≤ ∫ 𝒙𝒎
𝒃

𝒂

𝒅𝒙 

∫ ((𝒙 − 𝟏)𝒎 + 𝟏)
𝒃

𝒂

𝒅𝒙 ≤ ∫ 𝒙𝒎
𝒃

𝒂

𝒅𝒙 

It is enough to prove that: 

(𝒙 − 𝟏)𝒎 + 𝟏 ≤ 𝒙𝒎; (∀)𝒙 > 1;𝑚 ≥ 1 

Let be: 𝒇: (𝟏,∞) → ℝ; 𝒇(𝒙) = (𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏 

𝒇′(𝒙) = 𝒎((𝒙 − 𝟏)𝒎−𝟏 − 𝒙𝒎−𝟏) < 0 because 𝒙 − 𝟏 < 𝑥 

𝒇 decreasing on (𝟏,∞) 

𝐬𝐮𝐩
𝒙>1

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>1

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>1

((𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏) = 𝟎 

⇒ 𝒇(𝒙) ≤ 𝟎; (∀)𝒙 > 1 ⇒ (𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏 ≤ 𝟎 

Equality holds for 𝒂 = 𝒃. 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 𝒇(𝒂) ≤ 𝒇(𝒃),𝐰𝐡𝐞𝐫𝐞 

𝒇(𝒙) =
𝒙𝒎+𝟏 − (𝒙 − 𝟏)𝒎+𝟏

𝒎+ 𝟏
− 𝒙,   𝒙 ≥ 𝟏. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒇′(𝒙) = 𝒙𝒎 − (𝒙 − 𝟏)𝒎 − 𝟏 𝐚𝐧𝐝 
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 𝒇′′(𝒙) = 𝒎[𝒙𝒎−𝟏 − (𝒙 − 𝟏)𝒎−𝟏] ≥ 𝟎, 𝐭𝐡𝐞𝐧 𝒇′ 𝐢𝐬 
𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏,∞) 𝐚𝐧𝐝 

 𝒇′(𝒙) ≥ 𝒇′(𝟏) = 𝟎, ∀𝒙 ≥ 𝟏, 𝐭𝐡𝐞𝐧 𝒇 𝐢𝐬 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏,∞), 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 
𝟏 < 𝑎 ≤ 𝑏 , 𝐭𝐡𝐞𝐧 𝒇(𝒂) ≤ 𝒇(𝒃), 𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝒂 = 𝒃. 

UP.537 Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 ∙ 𝟖𝒏
(
𝟒𝒏

𝒏
)(
𝟒𝒏

𝟐𝒏
)(
𝟑𝒏

𝒏
)
−𝟐

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Adrian Popa-Romania 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 ∙ 𝟖𝒏
(
𝟒𝒏

𝒏
)(
𝟒𝒏

𝟐𝒏
)(
𝟑𝒏

𝒏
)
−𝟐

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 ∙ 𝟖𝒏
∙

(𝟒𝒏)! ∙ (𝟒𝒏)!

𝒏! (𝟑𝒏)! (𝟐𝒏)! (𝟐𝒏)!
∙
(𝒏!)𝟐((𝟐𝒏)!)

𝟐

((𝟑𝒏)!)
𝟐 = 

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 ∙ 𝟖𝒏
∙
((𝟒𝒏)!)

𝟐
∙ 𝒏!

((𝟑𝒏)!)
𝟑 = (∗); 𝒃𝒖𝒕 𝒏! ≅

𝒏𝒏√𝟐𝒏𝝅

𝒆𝒏
, 𝒕𝒉𝒆𝒏 

(∗) = 𝐥𝐢𝐦
𝒏→∞

[(𝟒𝒏)𝟒𝒏]𝟐 ∙ 𝟐 ∙ 𝟒𝒏𝝅

(𝒆𝟒𝒏)𝟐
∙
𝒏𝒏√𝟐𝒏𝝅

𝒆𝒏
∙

(𝒆𝟑𝒏)𝟑

[(𝟑𝒏)𝟑𝒏]𝟑 ∙ 𝟔𝒏𝝅√𝟔𝒏𝝅
∙
𝟏

𝒏 ∙ 𝟖𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟒𝟐𝒏

𝟑𝟗𝒏 ∙ 𝟑√𝟑𝒏 ∙ 𝟐𝟑𝒏
= 𝐥𝐢𝐦
𝒏→∞

(
𝟒
𝟑)

𝟖𝒏

𝟐𝟒𝒏 ∙ 𝟑√𝟑𝒏
= 𝐥𝐢𝐦
𝒏→∞

(

𝟒𝟖

𝟑𝟖

𝟐𝟒
)

𝒏

∙
𝟏

𝟑√𝟑𝒏
= 𝟎.   

Solution 2 by Ravi Prakash-New Delhi-India 

𝑳𝒆𝒕 𝒂𝒏 = (
𝟒𝒏

𝒏
) (
𝟒𝒏

𝟐𝒏
) (
𝟑𝒏

𝒏
)
−𝟐

=
(𝟒𝒏)! ∙ (𝟒𝒏)!

𝒏! (𝟑𝒏)! (𝟐𝒏)! (𝟐𝒏)!
∙
(𝒏!)𝟐((𝟐𝒏)!)

𝟐

((𝟑𝒏)!)
𝟐 = 

=
((𝟒𝒏)!)

𝟐
∙ 𝒏!

((𝟑𝒏)!)
𝟑 =

((𝟑𝒏 + 𝟏)(𝟑𝒏 + 𝟐)… (𝟒𝒏))
𝟐

(𝟐𝒏 + 𝟏)(𝟐𝒏 + 𝟐)… (𝟐𝒏)
≤
(𝟒𝒏)𝟐𝒏

(𝟐𝒏)𝟐𝒏
=
𝟐𝟒𝒏

𝟐𝟐𝒏
= 𝟐𝟐𝒏 

𝑵𝒐𝒘, 𝟎 <
𝟏

𝟖𝒏 ∙ 𝒏
𝒂𝒏 <

𝟏

𝟐𝒏 ∙ 𝒏
. 𝑨𝒔 𝐥𝐢𝐦

𝒏→∞

𝟏

𝟐𝒏 ∙ 𝒏
= 𝟎, 𝒕𝒉𝒆𝒏: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏 ∙ 𝟖𝒏
(
𝟒𝒏

𝒏
)(
𝟒𝒏

𝟐𝒏
)(
𝟑𝒏

𝒏
)
−𝟐

= 𝟎.   

UP.538 Solve for real numbers: 
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∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

= 𝟐(√𝒙 − 𝟐) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Aki Le-Vietnam 

𝑳𝒆𝒕 𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

− 𝟐(√𝒙 − 𝟐), 𝒕𝒉𝒆𝒏 

𝒇′(𝒙) =
−(√𝒙 − 𝟏)(√𝒙𝟓 − 𝟏)

(𝒙𝟑 + 𝟏)√𝒙
≤ 𝟎, ∀𝒙 > 0 

𝑴𝒐𝒓𝒆𝒐𝒗𝒆𝒓, 𝒇(𝟒) = 𝟎. 𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒊𝒔 {𝟒}. 

Solution 2 by Christos Tsifakis-Greece 

𝑳𝒆𝒕 𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

− 𝟐(√𝒙 − 𝟐), 𝒙 ≥ 𝟎. 

𝑭𝒐𝒓 𝒙 = 𝟒,𝒘𝒆 𝒉𝒂𝒗𝒆 𝒇(𝟒) = 𝟎. 

𝑭𝒐𝒓 𝒙 > 0,𝑤𝑒 ℎ𝑎𝑣𝑒: 𝒇′(𝒙) =
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
−
𝟏

√𝒙
=
(𝒙𝟐√𝒙 − 𝟏)(𝟏 − √𝒙)

√𝒙(𝒙𝟑 + 𝟏)
= 

=
−(√𝒙 − 𝟏)

𝟐
(√𝒙𝟒 + √𝒙𝟑 + √𝒙𝟐 + 𝟏)

√𝒙(𝒙𝟑 + 𝟏)
≤ 𝟎.  

𝑺𝒐, 𝒇 ↘ [𝟎,∞) 𝒂𝒏𝒅 𝒙 = 𝟒 𝒊𝒔 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏.   

Solution 3 by Marin Chirciu – Romania  

The condition of existence of the radical is 𝒙 ≥ 𝟎 

We decompose in simple fractions 
𝒕𝟐+𝟏

𝒕𝟑+𝟏
=

𝑨

𝒕+𝟏
+

𝑩𝒕+𝑪

𝒕𝟐−𝒕+𝟏
 

We obtain 𝑨 =
𝟐

𝟑
, 𝑩 =

𝟏

𝟑
, 𝑪 =

𝟏

𝟑
 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
∫

𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 

∫
𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 =

𝟏

𝟐
∫
𝟐𝒕 − 𝟏 + 𝟑

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 =

𝟏

𝟐
∫

𝟐𝒕 − 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 +

𝟑

𝟐
∫

𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 = 

=
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
∫

𝟏

𝒕𝟐 − 𝒕 +
𝟏
𝟒 +

𝟑
𝟒

𝒅𝒕 =
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
∫

𝟏

(𝒕 −
𝟏
𝟐)

𝟐

+ (
√𝟑
𝟐 )

𝟐
𝒅𝒕 = 
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=
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
⋅
𝟏

√𝟑
𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝒕 −

𝟏
𝟐

√𝟑
𝟐

=
𝟏

𝟐
(𝒕𝟐 − 𝒕 + 𝟏) + √𝟑𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
. 

It follows: 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
∫

𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 = 

=
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
(
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) + √𝟑𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
) = 

=
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟔
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
 

We obtain: 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏

𝒙

𝟒

𝒅𝒕 = [
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟔
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
]
𝟒

𝒙

= 

=
𝟐

𝟑
𝐥𝐧
𝒙 + 𝟏

𝟓
+
𝟏

𝟔
𝐥𝐧
𝒙𝟐 − 𝒙 + 𝟏

𝟏𝟑
+
√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙 − 𝟏

√𝟑
−
𝟕

√𝟑

𝟏 +
𝟐𝒙 − 𝟏

√𝟑
⋅
𝟕

√𝟑

= 

=
𝟐

𝟑
𝐥𝐧
𝒙 + 𝟏

𝟓
+
𝟏

𝟔
𝐥𝐧
𝒙𝟐 − 𝒙 + 𝟏

𝟏𝟑
+
√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙 − 𝟖

√𝟑

𝟏 +
𝟕(𝟐𝒙 − 𝟏)

𝟑

. 

The equation ∫
𝒕𝟐+𝟏

𝒕𝟑+𝟏

𝒙

𝟒
𝒅𝒕 = 𝟐(√𝒙 − 𝟐) can be written: 

𝟐

𝟑
𝐥𝐧

𝒙+𝟏

𝟓
+
𝟏

𝟔
𝐥𝐧

𝒙𝟐−𝒙+𝟏

𝟏𝟑
+
√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙−𝟖

√𝟑

𝟏+
𝟕(𝟐𝒙−𝟏)

𝟑

= 𝟐(√𝒙 − 𝟐), with 𝒙 = 𝟒 unique solution. 

We deduce that 𝒙 = 𝟒 is the unique solution of the equation. 

Solution 4 by Angel Plaza-Spain 

By simple inspection it follows that 𝒙 = 𝟒 is a real solution to the given equation. Let us 

prove that there is no solution. Consider function 𝒇(𝒙) defined by  

𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏

𝒙

𝟒

𝒅𝒕 − 𝟐(√𝒙 − 𝟐), 
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for 𝒙 ≥ 𝟎. 𝒇 is a continuous function for 𝒙 ≥ 𝟎. Then by the Fundamental Theorem of 

Integral Calculus, 𝒇′(𝒙) =
𝒙𝟐+𝟏

𝒙𝟑+𝟏
−

𝟏

√𝒙
= −

(√𝒙−𝟏)
𝟐
(𝒙𝟐+𝒙√𝒙+𝒙+√𝒙+𝟏)

√𝒙(𝒙+𝟏)(𝒙𝟐−𝒙+𝟏)
≤ 𝟎 for all 𝒙 ≥ 𝟎. 

Therefore, function 𝒇(𝒙) is monotonically decreasing and it has no more than a single root 

in ℝ+. 

UP.539 If 𝟎 < 𝑎 ≤ 𝑏 then: 

∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂) ⋅ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by George Florin Șerban – Romania  

𝒆𝒙 ≥ 𝒙 + 𝟏, (∀)𝒙 > 0 ⇒ 𝒆𝒙
𝟐
≥ 𝒙𝟐 + 𝟏 

⇒ ∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ ∫ (𝒙𝟐 + 𝟏)
𝒃

𝒂

𝒅𝒙 =
𝒃𝟑 − 𝒂𝟑

𝟑
+ 𝒃 − 𝒂 = 

=
(𝒃 − 𝒂)(𝒃𝟐 + 𝒂𝒃 + 𝒂𝟐)

𝟑
+ 𝒃 − 𝒂 = (𝒃 − 𝒂) ⋅ (

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+ 𝟏) ≥ 

≥ (𝒃 − 𝒂) ⋅ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

𝒃 − 𝒂 ≥ 𝟎,
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+ 𝟏 ≥ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
 

𝑺 = 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 > 0 

𝑺 + 𝟑

𝟑
≥ √𝑺

𝟑
⇒ (𝑺 + 𝟑)𝟑 ≥ 𝟐𝟕𝑺 ⇒ 𝑺𝟑 + 𝟗𝑺𝟐 + 𝟐𝟕𝑺 − 𝟐𝟕𝑺 ≥ 𝟎 

⇒ 𝑺𝟑 + 𝟗𝑺𝟐 > 0,  true, (∀)𝑺 > 0 

Then 

∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂)√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

Solution 2 by Marin Chirciu – Romania  

Using 𝒆𝒕 ≥ 𝒕 + 𝟏, 𝒕 ≥ 𝟎, for 𝒕 = 𝒙𝟐 ≥ 𝟎 we obtain: 

∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ ∫ (𝒙𝟐 + 𝟏)
𝒃

𝒂

𝒅𝒙 = (
𝒙𝟑

𝟑
+ 𝒙)|

𝒂

𝒃

=
𝒃𝟑 − 𝒂𝟑

𝟑
+ 𝒃 − 𝒂 = 
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= (𝒃 − 𝒂)(
𝒃𝟐 + 𝒃𝒂 + 𝒂𝟐

𝟑
+ 𝟏) ≥

(𝟏)

(𝒃 − 𝒂)√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

 

where (1) ⇔
𝒃𝟐+𝒃𝒂+𝒂𝟐

𝟑
+ 𝟏 ≥ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
, which follows from: 

We denote √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
𝟑

= 𝒕 > 0 and the inequality 
𝒃𝟐+𝒃𝒂+𝒂𝟐

𝟑
+ 𝟏 ≥ √𝒂𝟑 + 𝒂𝒃 + 𝒃𝟐

𝟑
 

can be written: 

𝒕𝟑

𝟑
+ 𝟏 ≥ 𝟏 ⇔ 𝒕𝟑 − 𝟑𝒕 + 𝟑 ≥ 𝟎, true from 𝒕𝟑 − 𝟑𝒕 + 𝟑 ≥

(𝟐)

𝟏 > 0, 

where (2) ⇔ 𝒕𝟑 − 𝟑𝒕 + 𝟑 ≥ 𝟏 ⇔ 𝒕𝟑 − 𝟑𝒕 + 𝟐 ≥ 𝟎 ⇔ (𝒕 − 𝟏)𝟐(𝒕 + 𝟐) ≥ 𝟎 with equality 

for 𝒕 = 𝟏. 

Equality holds if and only if 𝒂 = 𝒃. 

Solution 3 by Hikmat Mammadov – Azerbaijan  

The function 𝒇: 𝒙 → 𝒆𝒙
𝟐
 is convex so ∀𝒙 ∈ [𝒂, 𝒃] 

𝒇(𝒙) ≥ 𝒇 (
𝒂 + 𝒃

𝟐
) + 𝒇′ (

𝒂 + 𝒃

𝟐
) (𝒙 −

𝒂 + 𝒃

𝟐
) 

So (by integrations on [𝒂, 𝒃]) 

∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂)𝒇 (
𝒂 + 𝒃

𝟐
) 

The derivative function of 𝒈: 𝒕 → 𝒆
𝟑𝒕

𝟒 − 𝒕 is 𝒈′: 𝒕 →
𝟑

𝟒
𝒆
𝟑𝒕

𝟒 − 𝟏 

So the minimum of the function 𝒈 is 𝒈(
𝟒

𝟑
𝐥𝐧 (

𝟒

𝟑
)) =

𝟒

𝟑
(𝟏 − 𝐥𝐧 (

𝟒

𝟑
)) ≥ 𝟎 

So ∀𝒕 ∈ ℝ and 𝒈(𝒕) ≥ 𝟎 

With 𝒕 = (𝒂 + 𝒃)𝟐 and we get 𝒆
𝟑

𝟒
(𝒂+𝒃)𝟐 ≥ (𝒂 + 𝒃)𝟐 

Since (𝒂 + 𝒃)𝟐 ≥ 𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃 and we get 𝒆𝟑(
𝒂+𝒃

𝟐
)
𝟐

≥ 𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃 

So 𝒆(
𝒂+𝒃

𝟐
)
𝟐

≥ √𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃
𝟑

 

That gives (𝒃 − 𝒂)𝒇 (
𝒂+𝒃

𝟐
) ≥ (𝒃 − 𝒂)√𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃

𝟑
 

And finally: 
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∫ 𝒆𝒙
𝟐

𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂)√𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃
𝟑

 

UP.540 If 𝒂, 𝒃 ∈ ℝ, 𝒂 < 𝑏, 𝑓: [𝒂, 𝒃] → (𝟎,∞), 𝒇 − continuous then: 

𝟑∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

(𝒃 − 𝒂)𝟐
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ 𝟒(𝒃 − 𝒂) 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer 

For 𝒙, 𝒚, 𝒛 ∈ [𝒂, 𝒃], 𝒇(𝒙), 𝒇(𝒚), 𝒇(𝒛) > 0 

𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) +
𝟏

𝒇(𝒙) ∙ 𝒇(𝒚) ∙ 𝒇(𝒛)
≥⏞

𝑨𝑴−𝑮𝑴

𝟒√𝒇(𝒙)𝒇(𝒚)𝒇(𝒛) ∙
𝟏

𝒇(𝒙)𝒇(𝒚)𝒇(𝒛)

𝟒

= 𝟒 

∫∫∫(𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) +
𝟏

𝒇(𝒙) ∙ 𝒇(𝒚) ∙ 𝒇(𝒛)
)𝒅𝒙𝒅𝒚𝒅𝒛

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

≥ ∫∫∫𝟒𝒅𝒙𝒅𝒚𝒅𝒛

𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

 

𝟑∫𝒇(𝒙)𝒅𝒙

𝒃

𝒂

∙ (𝒃 − 𝒂)𝟐 + (∫
𝟏

𝒇(𝒙)
𝒅𝒙

𝒃

𝒂

)

𝟑

≥ 𝟒(𝒃 − 𝒂)𝟑 

𝟑∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 +
𝟏

(𝒃 − 𝒂)𝟐
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ 𝟒(𝒃 − 𝒂) 

Solution 2 by Marin Chirciu – Romania  

With CBS inequality we have: 

∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ⋅ ∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≥ (∫ 𝟏
𝒃

𝒂

𝒅𝒙)

𝟐

= (𝒃 − 𝒂)𝟐 ⇒ 

⇒ ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ⋅ ∫
𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≥ (𝒃 − 𝒂)𝟐 ⇒ 

⇒ ∫ 𝒇(𝒙)
𝒃

𝒂
𝒅𝒙 ≥

(𝒃−𝒂)𝟐

∫
𝟏

𝒇(𝒙)

𝒃
𝒂 𝒅𝒙

    (1) 

Using (1) it suffices to prove that: 

𝟑 ⋅
(𝒃 − 𝒂)𝟐

∫
𝟏
𝒇(𝒙)

𝒃

𝒂
𝒅𝒙
+

𝟏

(𝒃 − 𝒂)𝟐
(∫

𝟏

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙)

𝟑

≥ 𝟒(𝒃 − 𝒂) 
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which follows from: 

We denote ∫
𝟏

𝒇(𝒙)

𝒃

𝒂
𝒅𝒙 = 𝑰 and the above inequality can be written 

𝟑 ⋅
(𝒃 − 𝒂)𝟐

𝑰
+

𝟏

(𝒃 − 𝒂)𝟐
𝑰𝟑 ≥ 𝟒(𝒃 − 𝒂) ⇔ 

⇔ 𝑰𝟒 − 𝟒(𝒃 − 𝒂)𝟑𝑰 + 𝟑(𝒃 − 𝒂)𝟒 ≥ 𝟎 ⇔ 

⇔ [𝑰 − (𝒃 − 𝒂)𝟐]𝟐[𝑰𝟐 + 𝟐(𝒃 − 𝒂)𝑰 + 𝟑(𝒃 − 𝒂)𝟐] ≥ 𝟎 

with equality for 𝑰 = 𝒃 − 𝒂. 

 

 

 

 

 

 

 


