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Let be f:[0,1] — [0, 1], f - continuous function and 0 < a < b < 1.
Prove that:

2/71) tF(t)dt > /:b F(6)dt </O+b f(t)dt+/0m f(t)dt)

Solution 1 by proposer.

2
Let be F : [0,1] — R, F(z) = (/ f(t)dt) 7/ £ (t)dt
0 0

F'(z) = 2(/; f(t)dt>l</ow f(t)dt) -2 </OI tf(t)dt)l:
24(w) [ 10t - 205(c (/f dt:c>
x)(/jf(t)clw—/ dt>—2f( >/0 (F(t) - 1)t <0,

because f(z) >0, f(x) < 1,Vx € [0,1], F - decreasing
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a+b a+tb
Equality holds for a = b or f = 0. O

Solution 2 by Editorial Board of Cruz.

Let # = 2ab/(a +b) and y = (a+b)/2. Clearly 0 < « < y < 1. The desired
inequality is equivalent to

( [ s /Ozf@)dt)Z( [ o [ dt> ( [ sas [ x dt>
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Thus, it suffices to show that

</0wf(t)dt>22/0%f(t)dtz </Oyf(t)dt>22/0ytf(t)dt.
2

o(z) = ( / ) f(t)dt> 2 / o

with z € (0,1). Since f is continuous, the Fundamental Theorem of Calculus gives

q'(z) =2f(2) (/0 f(t)dt — z) <0

since f(t) € [0,1]. Thus, g(z) > g(y), as required.
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