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ABSTRACT. In this paper we will give a simple proof for Bernoulli’s generalized
inequality and a few applications.

BERNOULLI’S GENERALIZED INEQUALITY
If n € N;21,29,...,2, € [-1,00);z;2; > 0;(V)i,j € 1,n then:
(1) I+z)A+z) ...-Q+zy) > 14+ + 22+ ...+ 2

Proof.
‘We will use the mathematical induction:
For n = 2 we must prove that:

(I+z1)(1+22) > 1+ 21 + 22

l+z14+a9+2122 > 14+ 21 4+ 22

x129 > (True)

n
H (I+xz)>1+ Z x; (suppose true)
1=1 1=1

n+1 n+1
Pn+1): H(l +x;) > 1+ le (to prove)
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n+1

H(1+$1) (1+1’n+1)
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(1+zi) >

b
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> (I +zpe1)(1+ z;) =

M= 5
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n+1

—1+sz+xn+1+xn+lzxz21+sz

n+1 n+1

Zx1+zxz Tn41 > sz

inan > 0 (true)

P(n) = P(n+1)
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Corollary 1.
If a € [-1,00);n € N* then:

(2) (I+a)"214na
Proof.
We takeinzy =29 =... =2, =a O

Corollary 2.
If z > 0;n € N* then:
2" >14(n— 1z

Proof.
We take in (2) :a=x — 1. O
Application 1.
Ifai,as,...,a, € [%, 00) then:
In(eay) - In(eaz) - ... - In(eay) > In(earaz - ... - ay)

Proof.
We take in (1) : 1 =lnay; 29 =Inas;...;2, =lna,

H(l +1Ina;)) > 1+ Zlnai

i=1 i=1

n

H(lne—i—lnai) >Ine+1lna; +Inay +... +1Ina,

i=1
n
Hln(eai) > In(earas - ... an)
i=1
In(ear) - In(eaz) - ... - In(eay) > In(earaz - ... - ay)
O
Application 2.
If x,y,z > 0 then:
eTTYTZ L 9> T 4 oY 4 ¢
Proof.
For n =3 1in (1):
(1 +l‘1)(1 +I‘2)(1 +SC3) Z 1 +£ZZ1 +I2 +£173
Replace: 1 = e — 1l;20 =¥ — 1;03 = e* — 1
I+ —1D(1+e?—1)(1+e*—-1)>1+e"—14+eV+e* -1
et-e¥.efF>e"+e¥4ef -2
eTTYTZ L 9 > 0T 4 oY 4 7
Equality holds for x =y =2 = 0. O
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