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Abstract. In this paper we will give a simple proof for Madevski’s inequality

and a few applications.

MADEVSKI’S INEQUALITY
If x > 1; p ≥ 1 then:

(1) (x− 1)p ≤ xp − 1

Proof.

Let be f : (1,∞)→ R; f(x) = (x− 1)p − xp + 1

f ′(x) = p(x− 1)p−1 − pxp−1 = p((x− 1)p−1 − xp−1) < 0

because x− 1 < x; (∀)x > 1.

f decreasing on (1,∞)

sup
x>1

f(x) = lim
x→1
x>1

f(x) = lim
x→1
x>1

((x− 1)p − xp + 1) =

= (1− 1)p − 1p + 1 = −1 + 1 = 0

⇒ f(x) ≤ 0; (∀)x > 1

(x− 1)p − xp + 1 ≤ 0

(x− 1)p ≤ xp − 1

Equality holds for p = 1. �

Corollary 1.
If x > 1,m, n ≥ 1 then:

(2) (x− 1)m+n + xm + xn ≤ xm+n + 1

Proof.
By (1):

(3) (x− 1)m ≤ xm − 1

(4) (x− 1)n ≤ xn − 1

By multiplying (3); (4):

(x− 1)m · (x− 1)n ≤ (xm − 1)(xn − 1)

(x− 1)m+n ≤ xm+n − xm − xn + 1

(x− 1)m+n + xm + xn ≤ xm+n + 1

Equality holds for m = n = 1. �
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Corollary 2.
If x > 1;m,n, p ≥ 1 then:

(5) (x− 1)m+n+p + xm + xn + xp ≤ xm+n + xn+p + xp+m + 1

Proof.
By (1):

(6) (x− 1)p ≤ xp − 1

By multiplying (3); (4); (6):

(x− 1)m · (x− 1)n · (x− 1)p ≤ (xm − 1)(xn − 1)(xp − 1)

(x− 1)m+n+p ≤ (xm+n − xm − xn + 1)(xp − 1)

(x− 1)m+n+p ≤ xm+n+p − xm+n − xm+p + xm − xn+p + xn + xp − 1

(x− 1)m+n+p + xm+n + xm+p + xn+p ≤ xm+n+p + xm + xn + xp + 1

Equality holds for: m = n = p = 1 �

Corollary 3.
If a ∈ R;m,n ≥ 1 then:

(7) (2 + sin a)m + 1 ≤ (3 + sin a)m

(8) (2 + sin a)m+n + (3 + sin a)m + (3 + sin a)n ≤ (3 + sin a)m+n + 1

Proof.
We take in (1) : x = 3 + sin a > 1 and we obtain (7).
We take in (2) : x = 3 + sin a > 1 and we obtain (8). �

Corollary 4.
If m,n, p ≥ 1 then:

(9) (e− 1)m+1 + em + en ≤ em+n + 1

(10) (e− 1)m+n+p + em+n + en+p + ep+m ≤ em+n+p + em + en + ep + 1

Proof.
We take in (2) : x = e > 1 and we obtain (9).
We take in (5) : x = e > 1 and we obtain (10). �
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