CRUX MATHEMATICORUM CHALLENGES - VIII

DANIEL SITARU - ROMANIA

4689. Solve for real numbers:

z,y,2 >0
r+y+z=3
2

Yz 1

- (@2)7% - (y2)v=-(22)2V

Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.
Let be f: (0,00) = R; f(z) = Inz.
1 1
['(x) = ;;f”(x) =3 < 0; f - concave
By Jensen’s inequality:

o G 2) 2 (5) +aur () rour()
A, A2, A3 > 050 + A+ A3 =1
2% + 22 . y? + 2z . 22 4 22y

Let be: A\ =

@ty+22 7 @ty+2)2" (@t+y+2)?
22+ 222 + 42 + 2yx + 22 + 22 z+y+2)?

At Ay g = Y Y L y:( Y )2:1
(z+y+2) (z+y+2)

Y2 + 2yz 1 22 4+ 22y 1)

(z+y+2?2 vy (e+y+2)? z
2% 4+ 2z 1 y? + 2yx 1 22 4 22y 1
>———Ihn-4+——"—In-4+——"—-1In-
(+y+2)? = (+y+2)?’ y (@+y+2)? =z
r+2z y+2xr z+2y
In )=
n 9 + 9 + 9 Z
2 + 2zz Y2 + 2y 22 4+ 22y
>———— e ———"— -lny— — -Inz
9 9 9
ln(g(z + Yy + Z)) > 7} ln(xx2+2xz . yy2+2ym . 222+22y)
9 9

2 + 2xz
ln((

1
t+y+2)? x

-9 1H(393) S 1H((£$2 . yy2 . 222 . x2wz . y2yw . 2227’/)

2

—9ln1=0 S hl(,’bxz . yy2 L E xQ"L‘Z . y2yw . 22211)

Equality holds for x =y =z = 1. O
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Solution 2 by Editorial Board.

We show that the only solution is the obvious on: (z,y,2) = (1,1, 1).

Let f(t) =logt+ + — 1 for t > 0. Then f/(t) = 5! is negative for 0 < ¢t < 1
and positive for ¢ > 1, so f has a unique global maximum point (0,1). Suppose

x,y,z >0 with x +y+2z=3and (z,y,2) # (1,1,1). Then
O=(r+y+2)?2-3@x+y+2)
= (22 + 2mz)<1 — é) + (y? +2y9c)(1 — i) + (22 +2zy)(1 - %)
< (2% 4 2z2)logx + (y* + 2yx) logy + (2% + 22y) log 2

_ log(xxz—i-%cz _yy2+2yac . Z22+2zy)

Hence,

2 2 2
2 +2zz | yy +2yx | P +2zy > 17 or % . yy 2>

So (x,y, z) can’t be a solution, completing the proof.

4704. If a,b,c,d € [0,1) then:
1 n 1 n 1 n 1 < 2 n 2
-1 d2—17 (abc)2—1 abed—1

ab—1 5-1
Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.
If x,y,2,t > 0 then:
AM-GM
2Ot yf+ 0+ S 3608 4 12 =
= 3229222 12 = 20222 4+ 2222 + 12 >
AM-GM

> 202722 24/ (22y222) - 12 =

=22y 2% 4 2xyat
(1) 20 + 8 + 20 + 12 > 2229222 + 2wyt
In (1) we take x = a™;y = bz =™t =d"
a®™ £ 05" 4 O 4 d* > 2(abe)*™ + 2(abed)™

0o o o 00
Za6n+zb6n+zcﬁn+zd2n2
n=0 n=0 n=0 n=0

>2 Z(abc)271 +2 Z(abcd)”
n=0 n=0

) 1 n 1 + 1 + 1 S 2 n 2
1—a% 1-08 1-¢8 1—d? ~ 1—(abc)®? 1—abed
We use the fact: a,b,c,d € [0,1) = a® = b = ¢c>* =d>* = 0.
By multiplying (2) with ” — 17:
1 1 1 1 2 2

<
a6—1+b6—1+c6—1+d2—1_(abc)2—1+abcd—1




CRUX MATHEMATICORUM CHALLENGES - VIII 3

Equality holds for:

Solution 2 by Mohamed Amine Ben Ajiba - Tanger - Morocco.
By the AM-GM inequality, we have for all z,y € [0,1) that
1 1 2 2 2

+ > >
L—2?  1-¢> = J0-2)1+y?) JU-aw)?—(x—y? 1-ay
with equality when z = y. Using this inequality, we have

(1) 1 n 1 S 2
1—a% 1-05 71— (ab)?
1 1 2
2 >
@) 1—06+1—(abc)2_1—abc4
(3) 1 n 1 S 2
1—-d?  1-—(abc)? — 1— abed
1 1 4
4 2( )=
) 1— (ab)?3 L abct/ — 1 — (abc)?
Adding (1) — (4), we get:
1 n 1 n 1 n 1 n 2 n 2 n 2
1—a% 1-0% 1-¢ 1-—df 1—(abc)> 1—(ab)® 1— abc*

N 2 n 2 n 2 n 4
T 1—(ab)?  1—abct 1—abed 1— (abc)?’
which simplifies to
1 1 1 1 2 2
TR R ey R e g G = 1 — (abc)? T " abed’

completing the proof. Equality holds if and only if a = b = c = \,d = A3 for some
A€ 0,1) O

Solution 3 by Marian Dincad.
Using the AM-GM inequality repeatedly, we obtain

(5)
LR SR >€/ 1 1 1 3
T—aS 1-00 1-c0= V1-aS 105 1-¢  ¢/(T—a)(1—0%)(1—cd)
and
1—ab% +(1—=0%+ (15 a® + b5 + b

T = a0 (1 =) (1 =) < S
V== - ) < - 4
(6) <1—Vabboch =1 — (abc)?
From (5) and (6), we have
(7) 1 " 1 n 1 N 3 _ 2 " 1

1—a®  1-05 1—c6 = 1—(abc)2 11— (abc)2 1— (abc)?
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Next,
1 1 1 1
1 — (abc)? 1 —d? 2 2\/1 —(abo)? 1- a2
RV (abc2)2(1 =7 - @
2
2 2 9
) T T e T
Finally, from (7) and (8), the conclusion follows. 0

4724. Find x,y > 0 such that:
1 1 B 1
@+ G+ 1P Syt 1n
Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru - Romania

Solution 1 by proposers.

(zy + 1)(% + 1) = ((yzy)* + 1%) ((\/jf + 12) CzBS

Z(\/@.\/j+1.1)2:(x+1)2

(1) 1 S 1 _ Y
@+ 12~ (zy+1)(E+1)  (z+y)(ey+1)
Analogous:
1 T
2 >
? W17~ Gty + D)
By adding (1); (2):
1 1 Tty 1
3 + > =
¥ 1P AP S (e eyl
4 4
1 1
1 + 1 B ((m+1)2) n ((y+1)2) <
@+1%  (y+1* 18 B =
4 4
” RADON (et + @) Q () o
= (14 1)3 - 8  8(xy+1)*
Equality in (4) holds for x =y =1 O

Solution 2 by Didier Pinchon - France and Titu Zvonaru - Romania.
For two real numbers a and b, the following inequality is well-known and easily
verified

a®+b* > ~(a+1b)?

N |
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with equality if and only if a = b. Therefore, choosing first a = +11)4 b=
b

1
z+1)%

and then a = 0

1 _ 1
.’L‘+1)2’ - ($+1)23

1 n 1 S 1( 1 n 1 )2 S 1( 1 n 1 )4
(x+1)%  (y+1)® ~2\(z+1)*  (y+1)*) ~8\(z+1)2 (y+1)?
with equality in each case if and only if z = y.

Now
1 n 1 < 1
(z+1)2  (y+1)2 " ay+1

because
1 1 1 ry(r —y)? + (zy — 1)2

+ — = 0,
(z+1)?  (y+1)2 azy+1 (z+1)2(y+1)>2%(xy+1) —

and, for z,y > 0, the equality holds if and only if z =y and xy =1, i.e. x =1 and

y=1.

As a result,

1 1 1
+ > ,
(z+1)%  (y+1)°* ~ 8(xy+1)*
with equality if and only if x = 1 and y = 1, which is the only solution for the
proposed equation.

O

4726. Find:

n _ 1)k
Q= tim 1S Y 2nk<Z)

Proposed by Daniel Sitaru - Romania

Solution 1 by proposer. Let be:
3
A(n) = / (1 —cosz)"sinadz;n € N

3

1—cosz =t;sinxdx = dt

Tt L Tot=1
xr= — = —1r = — =
3 2’ 2
1 n+l 1
t 1 1
1 A = dt = — (17 )
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s e e
1 ont2 _q
— lim 2P —1.2=2

n—oon + 2 n—ooo 20+l _ 1

Solution 2 by Prithwijit De - India and Kee - Wai Lau - Hong Kong.
By the binomia theorem, we have

(1— ) = ; () -t

Integrating from 0 to %7 we obtain

1

2 (1—ax)"tt3 - p () oFT s
1—a)de = ———2 " - S (—1
/0 (1—2)"dz n+1 o Z( ) k) k+1

k=0
or
-1 1\ n+1 n v (1 1 1\ n+1
n+1 ((2) 1) - k:o(il) <k> k+1<§>
SO .
on+1 1 _ Z( )k n 1 n—k
n+1 = k) k+1
Hence
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ol+1 S LN
= Jim (S ()

=2 lim (3)%:2

n—oo \ N

4740. If 0 < a < b < 1 then:

eXp(//z+y+2 )SG:Z)Q(M)

Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.
First we prove that if z,y € (0, 1) then:

(1) x—i—y—&-?g 1 1
1—2y l—2z 11—y
x+y+2< l-y+1-2 x+y+2< 2—x—vy
l—azy — (1—-2)(1-—y) l—zy “l1l—z—y+ay
(+y+2)Q-—z—y+ay) <2-z-y)(1-ay)
z—2?—zy+2Py+y—yr—y:+ oy +2— 22— 2y + 22y <
<2-2zy—x+ 2%y —y+ ay’
—x2—y2§—2xy<:>x2+y2—2xy20<:>(m—y)220

Integrating in (1):
bopb
dxdy—i—//
a Ja 17y

//x+y+2d.%’dy<//
1—2ay
b1
Z/ dl‘-/ dy—!—/ dx-/ —dy =
a 11— a a a 1_y
1—a)2(b*a)

= —2(b—a)(In(1 — b) —In(1 —a)) = m(l —

//9”“’+ drdy < (=)
exp(//a:+y+2 ><G:Z)2(b_a)

Equality holds for a = b. O

dxdy =

@‘

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morroco and UClan Cyprus Problem Solving Group.

First we prove that for z,y € (0, 1),
T+y+2 2—z—y 1 1
< = +
1—ay l-z)1-y) 11—z 1-y
That holds since, after expanding we have

Q-z—y)(l-ay) —(@+y+2)1-2)l-y)=(@@-y)>>0
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Integrating, we have:

// x—|-y+2dxdy<// dmdy+/ab/ab1iydmdy
:/al— dx/der/dx/idy
= 20— a)(In(1 1) ~ In(1 — a)) = (L)

Hence

eXp(//a:+y+2 )SG_Z)Q(b_a)

Equality holds for a = b.

4756. Find:
1 &
=2

[*] - the greatest integer function.

Proposed by Daniel Sitaru - Romania

Solution by proposer.

n"

Z[logk nj =

k=2
= > g, kl+ > [log,kl+ > [log,kl+...
2<k<n n<k<n?2 n2<k<n3

o+ Y [log, k] + [log, n"] =

nn-1<k<nn

=n—1)-0+n*—n)-1+@>—n?)-24+n*—n®)-3+.. .+ (" —n""H(n—-1)+n=

=n-n2-nd—. . —n" T4t (n-—1Dn"+n=
n(n™ —1)
= - —1 n
p—) +(n—1n"+n
0= i o Zlogn -

I (n"Jrlfn"_'_ 1 n"® —1 )
= 11m _— _——— =
n—00 nntl nn n"(n — 1)

1 1
=14+ — -~ =140-0=1
00 00
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Solution 2 by Henry Ricardo - New York - USA.
1 &
Jim -5 D log, k
k=2

‘We have

1 1 1
— log, k= ———— Ink= ————1In(n"™!
nntl kZ:2 O6n n?tllnn 1?:22 " n"tllnn n(n™)

Now we apply Stirling’s approximation in the form

1 2 1 1
Inn!==-In27 + n lnn—n—i—O(f)
2 n
to obtain .
In(n™!) iln2r + (22H) - nlnn —n" + O(2)
n"tllnn n*tllnn
14 In 27 1 1 ( ) 1 N
= —_—  — — as n — 0o
2n"tllnn  2n™  nlon n2ntllnn

4809. If a,b > 0 then find:

—1 —1
n 1 k 1 k
Q(a,b) = lim % / T dr / T iz
n—oo N o axr+b o bxr+a

Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.

(1) a,b>0,z€[0,1] =ax+b>0

k+1 k
1 T X
0§x§1:>xk“§mk(:>)

ar+b ~ axr+>

1, k+1 Lk
2) / * dxg/ <
0o ar+b 0o ar+b
Lk Lk
Denote: Ik:/0 ax—|—bd$ and Jk:/O mdm, by (2), we get:
(3) Tt < Iy
aljyy + bl a/1 G da:+b/1 A
b B 0o ar+b 0 ar+b
1k 1
:/ T (aa:er)dI:/ oFdy — 1
o axr+b 0 k+1
1
4 I bl =
(4) alpy1 + 0l ]
= bl = Iy = ! b[
Ut1 = 777 k k+1_a(k+1) P
. 1 b
Replace ;11 in (3): AT D) E—[k: < I
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b 1 a+b
<14 - <
_( +a)Ik<:>a(k+1)_ a L
1

(a+b)(k+1)

a(k+1)
(5) I, >

1 a

1
By (4) b.[k = — aIk+1 = Ik = b(le) - g[k_i_l

k+1

. 1
Replace Ik m (3) Ik+1 S m — g[k.i_l
a 1
1+ -1 <
( er) k41 S bk + 1)

a—|—bI 1
p LS b(k + 1)

—

he S GG D

(6) I, <

(a+b)k

(7) By (5) and (6); Wl(kﬂ) <h< o
1

Analogous: Jri11 < Ji;bJkr1 +ady = ——

1 1
® @k == o

By multiplying (7), (8):

1 1
S -
(@211 = e S e

(a+b)%k* < (L) ' < (a+b)*(k+1)°
(a+b) Zk2<21 Lot < ( a+b22
k=1 k=1 k=1

n(n + 1)6(2n+ 1) < i[71J71 S((n—i— 1)(n—;2)(2n—|—3)

(a+0)*-

o n(n+1)(2n+1) < iirlfl g<(n+1)(n+2)(2n+3)_

(at+b)™ 6n3 n3 6n3
k=1
2 2
2(a+0) < Qab) < 2(a+0)
6 6
2
Q(a,b) = @ —; 2
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Solution 2 by Yunyong Zhang - China.
For z € [0,1],
(a+b)z < (ax+b) < (a+D), (a+b)x < (bx+a)<(a+bd)

implying that

1 Lok Lok k=1 1
- T < dr < dz =
(a+b)(k+1) /0 athb */0 az + b */0 ath (a+b)k

1 Lok Loogk Logph—1 1
S — _dx < < dx =
(a+b)(k+1) /0 a+bx—/0 bx—i—a_/o atb " (a+b)k

Multiplying gives

and

1
(a+b)%k* < T T
( 0 a:ﬁibdw)( 0 b;ia d.’L‘)

< (a+b)*(k+ 1)

and summing then gives

b)? < 1 b)?
M(2n3+3n2+n) < Z s T < (a+) (2n®+9n?+13n).
6 k=1 ( 0 am+bdx)( 0 bx+ad$) 6

We thus have

1 & A o (a+ b)?
lim — Z / / dx = .
n—oo n3 o ax+ b o bz+a 3

4819. Let be f :[0,1] — [0, 1], f - continuous function and 0 < a < b < 1.

Prove that:
2 ’ d 0’2 b d 0’2 h d ga% d
/2ab tf(t) t Z /Zab f(t) t(/o f(t) t 4+ /0 f(t) t>

Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.

Let be F: [0,1] R, F(z) = (/jf(t)dt) —/Oxtf(t)dt
F(z) = 2( I f(t)dt>/< I f(t)dt> = ( I tf(t)dt>/

:2f(x)/olf()dt—2xf (/ 0 dt—x>
—2f(@) ( | s~ [ dt)— 21(a) [ ()~ a <.
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because f(x) >0, f(z) < 1,Vx € [0,1], F - decreasing

R e

2ab 2 2ab ath 2 atb
( /0 f(t)dt) 2 /O LE()dt > ( /0 f(t)dt) 2 /O LE(E)dt
9 [ ° d Cr)dt — o d = d o d
/{3 NELCTE < / f(t)dt / 1) t) ( / F(t)dt + / £(t) t)
2 [ ° d + d . d o d
/ 1 ()t > / £t t( / F(t)dt + / £t t)
Equality holds for a = b or f = 0. O

Solution 2 by Editorial Board of Cruzx.
Let * = 2ab/(a +b) and y = (a+b)/2. Clearly 0 < x < y < 1. The desired
inequality is equivalent to

2</0y tf(t)dt—/: tf(t)dt> > (/Oy f(t)dt—/ox f(t)dt) (/Oy f(t)dt+/0x f(t)dt)

Thus, it suffices to show that

</Ox f(t)dt)Q_g/O“tf(t)dtz (/Oyf(t)dt>2—2/oytf(t)dt_

9(z) = ( | f(t)dt> -2 [ttt

with z € (0,1). Since f is continuous, the Fundamental Theorem of Calculus gives

q'(z) =2f(2) (/OZ f(t)dt — z) <0

since f(t) € [0,1]. Thus, g(x) > g(y), as required.

Let

B131. Evaluate

i i (m —n)?
mn(m+1)2(n+1)2(m +2)(n + 2)
Proposed by Daniel Sitaru - Romania

Solution 1 by proposer.

n

1 _Z<1 1 )_1 11 11 L1 L, 1
—i(i+1) &\i i+1/ 7 22 3°3 7 'm o on+l 0 n+l

— 1
2!

n=1

K2
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13
;(i+1)l(i+2) ;(1 - = )= ; 2

1
n+1_n+2

~ 1 I~ 2 1~ (i+2) —i
Z;i(i—i-Q) 52'(' 252 -

_lz":(l Ly -
P i=121—|—2) P i(i+2) 2\0 i+2
1(1,1+1f1+1f1+ + 1 ,l+ 1 1 l 1 )
) 3 2 4 3 5 77 n-2 n n-1 n+l n n+2
LA S S
2 2 n+1 n+2
— 1 1 1y 3
S e -0 =2
—nn+2) 2 2 4
i ! —1im(i+1+i+ P i)—”—2*1
Ze(n+1)2 woee\12 22032 (1) 12/ 6
=~ mn(m+1)*(n+1)*(m + 2)(n + 2)
oo oo
T
=~ mn(m+1)(n+1) (m+1)(m+2)(n+1)(n+2)
7iim(n+l)—n(m+l).(m+1)(n+2)—(m+2)(n+1)7
771:1’m:1 mn(m+1)(n+1) N

(m+1)(m+2)(n+1)(n+2)

ii(n( : N :

) < 1 _ 1 Binet—gauchy
—n(m+1) mn+1)/\(n+1)(m+2) (m+1)(n+2)
— 1 = 1 > ©
=2 - - 1 s R 1\
(;n(nJrl))(; (”+1)(n+2)> (n ‘ (n+2))<nz_: n+1)2>
2 2 2 )
_9.p.1o .§(1_1):1_§.’L+§ 5 7 _10-7
2 4\ 6 2 6 2 2 4 4
Observation.

Binet-Cauchy’s identity:

If ai,bi,mi,yi > 0,1 = 1,7 then:

> fai -

xzy] xjyi):
=1 j=1
=2 (i Cli%) (Z btyt> (Zn: ai?li) (i: bil'i)
=1 =1 i=1
1 1 1 1
For ai = 5,00 = 5 @i = 7 Vi = g
"\ & 1 1 1
;;<z’<j+1>‘j<z+1>><<z'+1><j+2>‘(j+1><i+2>>:
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14

=1

Solution 2 by Rana Ranino - Setif - Algerie.

=1

n)?

€= mn(m + 1)2(n + 1)2(m + 2)(n + 2)

m
+

(oo} 1 oo
2=>, n(n+ 1)2(n + 2) 2 (m+ 1)2(m + 2)

1

[ee] n (oo}
+z:: n+1)%2(n+2) X:Im

(oo}

—~

+1)2(m + 2)

Z n+1)2 n+2) Z_
= m=1

> 1

1
(m+1)*(m +2)

m

n n n 1 n 1
:2<Z z-l—l)(z i+ 1) z+2)> 2<;i(i+2)><2(z+2)2

By Symmetry: Q:2Zn(n—|—1) 20+ 2) ; (m+ 1)2(m +2)

n=1

n=1 n=1
> 1 w2 7 w2
) 249 T _ L _ T
mzzl(n—i—l)Q 2t 373273
= 1 =/ 1 1
_nz::l(n—&-l)2(n—|—2) nz_:l(n—FQ n—|—1)
> 1 1 72 ™2 3
— -4 1=__°2
erzzl(wrl)2 RN 6 2
w2\ /7 w? ™ 3\2 5 72
O TS RE Gt R
6 2 3 6 2 2 4
OSSN
mn(m+1)2(n+1)2(m+2)(n+2) 2 4

)
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Solution 3 by Ankush Kumar Parcha - India.
2

(n—m)
h
We have %%nm (n+1)2(m+1)%2(n+2)(m+ 2)

.‘.symmctry n 1 ?
22 m(n +1)2 m+1)2(n+2)(m+2)_2<Z(n+1)2(n+2)>

neN

Note section *° 1 -1 n
M /o o1 {(n +1)2(n+2) }(””)df”
© 1 1
. dy—
/0 ey—lﬁm {m(m+1)2(m+2)}(y) Y

‘2</0 621715771{(“ 1)i(n+2)}(2)dx>

o0 —2z —3x —2x [ee} -3 —
Note section xe + 2e — 2e / 1 _9 e %Y e Y
== 2 dz ( e Y 4 _ )d _

2 /0 IT—e® o l—ev Y 2 5 )Y

2
o) —2z -3z _ ,—2z
-2 (/ e e — ¢ dx)
0 1—e*

. 00 oo —2y -y
Notggtlon 9 C(Qa 2) . 2/ e~ 2% d C(27 2) +/ d(e + L)
(3) 0 0 4 2

2

-2 (c(z 2~ [ d) = 2(¢(2) - 2) (¢ - 1) ~2(c@) - 3)

SL(2)=n?/6 T 572 4 5 9
iy UL LN I _Z
8 1 TTTwtTT g

(n —m)? 5 7
= =-_T
7%;”nze:Nmn n+1)2(m+1)2n+2)(m+2) 2 4

Note Section

LY cdsoym = [ Y

neN

2. Lo{z"e®}(s) =

(Maz. sum identity)

W,nGN/\m( s) > R(a)

3 /0 %dt =T(n) - C(n,m),R(n) >1AR(M) >0

Solution 4 by Ravi Prakash - New Delhi - India.
(m—n)
mn(m +1)2(n +1)2(m + 2)(n + 2)
C (m+1)2+(n4+1)2—2(m+1)(n+1)
 mn(m+1)2(n+1)2(m+2)(n +2)
1 1
mn(n+ 1)2(m + 2)(n + 2) + mn(m + 1)2(m +2)(n+2)

2

Let ap,n =
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2
(mn(m+ 1)(n+ 1)(m+2)(n + 2)

m=1n=1

o0

amn

n

> 1 > 1 1
=22, m(m+2)zn(n+1)2(n+2) _Q[Z m(m + 1)(m + 2)

m=1 n=1 —
2
/1 1 > > 1
- [Tnzﬂ(m_m+2> ;n(n—kl)?(n—&-Q) _QL; m(m + 1)(m + 2)
:%Al—mg
where
[ee) 00 1
o 21”(”+1>2(”+2) :7;1 (n+1)2[(n+1)% — 1]
m{ 1 1 }
Zln+12-1" (n+1)7?
1 1 1
;{%Q(n—i—% (n—l—l)Q}
1 1 > 1
2<1+2>nz_:1(n+1)2
3 2 ) 7 2
_1_<F_ T4 6
Next,
— 1 181 2 1
AQ:nz_:ln(n+1)(n+2)_2n2_:l(n_n+1 n+2)
1l=/1 1 | 1
_2Lz;l<nn+1)";<n+1n+2)
1 1 1
=30 -3l=1
Thus,

B135. If A, B,C € M3(R);det A > 0;det B > 0;det C > 0,det(ABC) = 64 then:
det(A+ B+ C)+det(—A+B+C)+det(A—B+C)+det(A+ B —C) > 48

Proposed by Daniel Sitaru - Romania



CRUX MATHEMATICORUM CHALLENGES - VIII

Solution 1 by proposer.
Lemma: If A, B € M3(R) then:

det(A + B) + det(A — B) = 2(det A + det B)

_fa b\ , (e f
LetbeA_<C d)’B_<g h)

det(A+ B) +det(A — B) =

_la+e b+ f a—e b—f|
c+g d+h c—g d—nh

— (ot e)d+h)— b+ f)c+g)+(a—e)d—h) - (c—g)b—f) =

=ad+ ah+de+eh —bc—bg—cf — fg+

4+ad —ah —de+eh—cb+cf +bg—gf =
= 2ad — 2bc + 2eh — 2gf =
=2(ad —bc) +2(eh — gf) =

=2det A+ 2det B = 2(det A + det B)

Proof.

Back to the problem:
det(A+ B+ C)+det(-A+B+C)+det(A—-B+C)+det(A+B—-C) =
= (det((A+ B)+C) +det((A+ B) — C)+
+det(C + (A — B)) + det(C — (A — B))) "™
= 2(det(A+ B) + det C) + 2(det(C) + det(A — B)) =
=4det C' +2(det(A+ B) + det(A — B)) =

bemma 4 det C + 2 - 2(det A + det B) =

AM-GM
=4(det A+det B+detC) >

>4-3Vdet A-det B-detC =
=12 {/det(ABC) =12 - V64 = 12-4 = 48

Equality holds for:

det A=detB=detC =4

Solution 2 by Ravi Prakash - New Delhi - India.

Let A= (" ) B= b by and 0 = [ @
as ag)’ bs by C3 C4

al +by as + by
A+ B)= =
det( + ) a3 +bs ag+by
_ a1 a2 ay bg + b1 ag bl b2
- as Qa4 as b4 bg a4 bg b4

= det(Al‘Ag) -+ det(A1|Bg) + det(Bl|A2) + det(Bl|B2)
where A1 = { } ,Ag = [a?’} , etc

ay
as Qaq

17
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and det(A41]43) = [Z; Zﬂ , etc
Similarly,
det(A — B) = det(A;|As) — det(A1|Bs) — det(B|Az) + det(B1|Bs)
Thus,
det(A + B) + det(A — B) = 2det(A1]A2) + 2det(B1|Bs)
= 2det(A) + 2det(B)
Thus,

det(A+B+C)+det(—A+B+C)+det(A—-B+C)+det(A+B-C) =
= 2det(B + C) + 2det(A) + 2det(B — C) + 2det(A)
= 2|2det(B) 4+ 2det(C)] + 4 det(A) =
= 4[det(A) + det(B) + det(C)]
> (4)(3)[(det(A))(det(B))(det(C))]
= 12[det(ABC)]5 = (12)(4°)3
=48
0
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