
 
JP.527 If 𝒙, 𝒚, 𝒛 > 𝟎 with 𝒙 + 𝒚 + 𝒛 = 𝟏 and 𝝀 ≥ 𝟐𝟏 then: 

𝟏

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 +
𝝀

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥ 𝟑(𝝀 + 𝟑) 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We use 𝒑𝒒𝒓 method. 

We denote: 𝒑 = 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝒒 = 𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛, 𝒓 = 𝒙𝒚𝒛. 

We have: 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓 = 𝟏 − 𝟑𝒒 + 𝟑𝒓 

We write the inequality: 
𝟏

𝟏−𝟑𝒒+𝟑𝒓
+

𝝀

𝒒
≥ 𝟑(𝝀 + 𝟑). 

Because 𝟑𝒓 = 𝟑𝒙𝒚𝒛 = 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) ≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 = 𝒒𝟐, it suffices to prove 

that: 

𝟏

𝟏 − 𝟑𝒒 + 𝒒𝟐
+

𝝀

𝒒
≥ 𝟑(𝝀 + 𝟑) ⇔ 𝟑(𝝀 + 𝟑)𝒒𝟑 − (𝟏𝟎𝝀 + 𝟐𝟕)𝒒𝟐 + (𝟔𝝀 + 𝟖)𝒒 − 𝝀 ≤ 𝟎 ⇔ 

(𝟑𝒒 − 𝟏)[(𝝀 + 𝟑)𝒒𝟐 − (𝟑𝝀 + 𝟖)𝒒 + 𝝀] ≤ 𝟎 

which follows from 𝒒 ≤
𝟏

𝟑
, true form 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟑𝒒. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Remark: The best equality it’s obtained for 𝝀 = 𝟐𝟏. 

Case 𝝀 = 𝟐𝟏 

If 𝒙, 𝒚, 𝒛 > 𝟎 with 𝒙 + 𝒚 + 𝒛 = 𝟏 then 

𝟏

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑
+

𝟐𝟏

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥ 𝟕𝟐 

Marin Chirciu 

Solution 

We use 𝒑𝒒𝒓 method. 

We denote: 𝒑 = 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝒒 = 𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛, 𝒓 = 𝒙𝒚𝒛. 

We have: 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓 = 𝟏 − 𝟑𝒒 + 𝟑𝒓. 

The inequality can be written: 
𝟏

𝟏−𝟑𝒒+𝟑𝒓
+

𝟐𝟏

𝒒
≥ 𝟕𝟐. 



 
Because 𝟑𝒓 = 𝟑𝒙𝒚𝒛 = 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) ≤ (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 = 𝒒𝟐, it suffices to prove 

that: 

𝟏

𝟏−𝟑𝒒+𝒒𝟐 +
𝟐𝟏

𝒒
≥ 𝟕𝟐 ⇔ 𝟕𝟐𝒒𝟑 − 𝟐𝟑𝟕𝒒𝟐 + 𝟏𝟑𝟒𝒒 − 𝟐𝟏 ≤ 𝟎 ⇔ (𝟑𝒒 − 𝟏)𝟐(𝟖𝒒 − 𝟐𝟏) ≤ 𝟎, 

which follows from 𝒒 ≤
𝟏

𝟑
, true from 𝟏 = (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟑𝒒. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒑 ≔ 𝒙 + 𝒚 + 𝒛 = 𝟏,   𝒒 ≔ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛. 𝐒𝐢𝐧𝐜𝐞 
 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓  

𝐭𝐡𝐞𝐧 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝝀 (
𝟏

𝒒
− 𝟑) ≥ 𝟗 −

𝟏

𝟏 − 𝟑𝒒 + 𝟑𝒓
. 

𝐒𝐢𝐧𝐜𝐞 (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙), 𝐭𝐡𝐞𝐧 𝒒 ≤
𝟏

𝟑
. 

𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐰𝐞 𝐡𝐚𝐯𝐞 (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥ 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛), 𝐭𝐡𝐞𝐧 
 𝟑𝒓 ≤ 𝒒𝟐, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐𝟏 (
𝟏

𝒒
− 𝟑) ≥ 𝟗 −

𝟏

𝟏 − 𝟑𝒒 + 𝒒𝟐
 ⇔  

(𝟏 − 𝟑𝒒)𝟐(𝟐𝟏 − 𝟖𝒒)

𝒒(𝟏 − 𝟑𝒒 + 𝒒𝟐)
≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒒 ≤
𝟏

𝟑
. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

 

 


