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JP.5271If x,y,z> O0Owithx+y+2z=1and 1 > 21 then:

1
>3(A1+3
x3+y3+z3+xy+yz+zx_ (@+3)

Proposed by Marin Chirciu — Romania
Solution 1 by proposer

We use pqr method.
Wedenote:p=x+y+z=1,q=xy+yz+ xz,1r = xyz.
Wehave: x3 +y3+ 23 =p3—-3pq+3r=1-3q+3r

1
1-3q+3r

We write the inequality: + 3 >3(41+3).

Because 31 = 3xyz = 3xyz(x + y + z) < (xy + yz + zx)? = q?, it suffices to prove
that:

1 A
- 4> 3 _ 2 i<
1_3q+qz+q_3(l+3)<=3(a+3)q (104 +27)g> + (6A+8)g—1<0 &
Bg-1D[A+3)g>*—-3B31+8)g+1]<0
whichfollowsfromqS%,trueforml=(x+y+z)223(xy+yz+zx)=3q.

Equality holdsifand onlyif x =y =z = %

Remark: The best equality it’s obtained for A = 21.

Case A =21
Ifx,y,z> 0withx +y+2z=1then
1 21
3 3 3 T >72
x>+y>+z° xy+yz+zx
Marin Chirciu
Solution

We use pqr method.
Wedenote:p=x+y+z=1,q=xy+yz+xzr=xyz
We have: x3 + y3 + 23 = p® —3pq +3r =1—3q + 3r.

The inequality can be written: + % > 72.

1-3q+3r
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Because 3r = 3xyz = 3xyz(x + y + z) < (xy + yz + zx)? = ¢?, it suffices to prove

that:

1
1-3q+q>

+% > 72 < 72¢3 —237¢% + 1349 — 21 < 0  (3q — 1)2(8q — 21) < 0,
which follows from q < i, truefrom1 = (x+y+2)? >3(xy + yz + zx) = 3q.
Equality holdsifand onlyif x =y =z = %

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp=x+y+z=1, q:=xy+yz+zx, r = xyz.Since
x3+y3+23=p3-3pq+3r
then the given inequality can be rewritten as follows

/1(1 3)>9 !
q - 1—-3q+3r

. 1
Since (x +y + z)2 > 3(xy + yz + zx),then q < 3

And since we have (xy + yz + zx)? > 3xyz(x + y + z), then
3r < g2, so it suffices to prove that

1 1 1-39)%(21-8
21(__3)29_ @( Q)( qQ)
q 1-3q+q2 q(1—-3q +q?)

1
which is true for g < 3

1
So the proof is complete. Equality holds iff x =y =z = 7



