
 

JP.528 If 𝒂, 𝒃, 𝒄 > 𝟎 such that 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
 then 

𝟏

𝒂𝟑 + 𝝀
+

𝟏

𝒃𝟑 + 𝝀
+

𝟏

𝒄𝟑 + 𝝀
≥

𝟑

𝝀 + 𝟏
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

We prove: Lemma: If 𝒙 > 𝟎 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
 then 

𝟏

𝒙𝟑 + 𝝀
≥

𝝀 + 𝟒 − 𝟑𝒙

(𝝀 + 𝟏)𝟐
 

Proof: We use Tangent Line Method.We consider the function 𝒇: (𝟎, ∞) → ℝ, 𝒇(𝒙) =
𝟏

𝒙𝟑+𝝀
 

We have 𝒇(𝟏) =
𝟏

𝝀+𝟏
. Tangent’s equation in point 𝒙𝟎 = 𝟏 is 𝒚 − 𝒇(𝒙𝟎) = 𝒇′(𝒙𝟎)(𝒙 − 𝒙𝟎). 

We have 𝒇′(𝒙) =
−𝟑𝒙𝟐

(𝒙𝟑+𝝀)
𝟐 , 𝒇′(𝟏) =

−𝟑

(𝝀+𝟏)𝟐. 

Tangent’s equation in point 𝒙𝟎 = 𝟏 is 𝒚 −
𝟏

𝝀+𝟏
=

−𝟑

(𝝀+𝟏)𝟐
(𝒙 − 𝟏). 

We obtain the tangent’s equation 𝒚 =
𝝀+𝟒

(𝝀+𝟏)𝟐 −
𝟑𝒙

(𝝀+𝟏)𝟐. We prove that: 

𝒇(𝒙) =
𝟏

𝒙𝟑+𝝀
≥

𝝀+𝟒

(𝝀+𝟏)𝟐 −
𝟑𝒙

(𝝀+𝟏)𝟐. We have: 

𝟏

𝒙𝟑+𝝀
≥

𝝀+𝟒−𝟑𝒙

(𝝀+𝟏)𝟐 ⇔ (𝒙 − 𝟏)𝟐(𝟑𝒙𝟐 + (𝟐 − 𝝀)𝒙 + 𝟏 − 𝟐𝝀) ≥ 𝟎, which follows from the 

condition from the hypothesis 𝟎 ≤ 𝝀 ≤
𝟏

𝟐
. Let’s get back to the main problem. 

Using the Lemma we obtain: 

𝑳𝑯𝑺 = ∑
𝟏

𝒂𝟑+𝝀
≥ ∑

𝝀+𝟒−𝟑𝒂

(𝝀+𝟏)𝟐 =
𝟑(𝝀+𝟒)−𝟑 ∑ 𝒂

(𝝀+𝟏)𝟐 =
𝟑(𝝀+𝟒)−𝟑⋅𝟑

(𝝀+𝟏)𝟐 =
𝟑

𝝀+𝟏
= 𝑹𝑯𝑺. 

Equality holds if and only if (𝒂, 𝒃, 𝒄) = (𝟏, 𝟏, 𝟏). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂 ∈ (𝟎, 𝟏) 𝐚𝐧𝐝 𝝀 ∈ [𝟎,
𝟏

𝟐
] , 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝒂𝟑 + 𝝀
≥

−𝟑𝒂 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
. 

𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 



 
𝟑𝒂𝟒 − (𝝀 + 𝟒)𝒂𝟑 + 𝟑𝝀𝒂 + 𝟏 − 𝟐𝝀

(𝒂𝟑 + 𝝀)(𝝀 + 𝟏)𝟐
≥ 𝟎  𝐨𝐫  

(𝒂 − 𝟏)𝟐[𝟑𝒂𝟐 + (𝟐 − 𝝀)𝒂 + 𝟏 − 𝟐𝝀]

(𝒂𝟑 + 𝝀)(𝝀 + 𝟏)𝟐
≥ 𝟎, 

 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝐥𝐞𝐦𝐦𝐚 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐥𝐞𝐦𝐦𝐚, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

 
𝟏

𝒂𝟑 + 𝝀
+

𝟏

𝒃𝟑 + 𝝀
+

𝟏

𝒄𝟑 + 𝝀
≥

−𝟑𝒂 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
+

−𝟑𝒃 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
+

−𝟑𝒄 + 𝝀 + 𝟒

(𝝀 + 𝟏)𝟐
 

=
−𝟑(𝒂 + 𝒃 + 𝒄) + 𝟑(𝝀 + 𝟒)

(𝝀 + 𝟏)𝟐
=

𝟑

𝝀 + 𝟏
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂𝟑 + 𝛌
−

𝟏

𝟏 + 𝛌
−

𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
=

(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
−

𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
 

=
𝟏 − 𝒂

𝟏 + 𝛌
. (

𝟏 + 𝒂 + 𝒂𝟐

𝒂𝟑 + 𝛌
−

𝟑

𝟏 + 𝛌
) =

𝟏 − 𝒂

𝟏 + 𝛌
.
𝟏 + 𝛌 + 𝒂 + 𝒂𝛌 + 𝒂𝟐 + 𝒂𝟐𝛌 − 𝟑𝒂𝟑 − 𝟑𝛌

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
 

=
𝟏 − 𝒂

𝟏 + 𝛌
.
(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐) + 𝒂(𝟏 − 𝒂)(𝟏 + 𝒂) + 𝒂𝟐(𝟏 − 𝒂) + 𝛌(𝒂𝟐 + 𝒂 − 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
 

=
𝟏 − 𝒂

𝟏 + 𝛌
.
(𝟏 − 𝒂)(𝟏 + 𝒂 + 𝒂𝟐) + 𝒂(𝟏 − 𝒂)(𝟏 + 𝒂) + 𝒂𝟐(𝟏 − 𝒂) − 𝛌(𝟏 − 𝒂)(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
 

=
(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.
𝟏 + 𝒂 + 𝒂𝟐 + 𝒂 + 𝒂𝟐 + 𝒂𝟐 − 𝛌(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
≥

𝟎 ≤ 𝛌 ≤ 
𝟏
𝟐
 

=
(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.
𝟏 + 𝟐𝒂 + 𝟑𝒂𝟐 −

𝟏
𝟐

(𝒂 + 𝟐)

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
=

(𝟏 − 𝒂)𝟐

𝟏 + 𝛌
.

𝟑𝒂
𝟐 + 𝟑𝒂𝟐

(𝒂𝟑 + 𝛌)(𝟏 + 𝛌)
≥ 𝟎 

∵ 𝒂 > 𝟎 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟏

𝟐
∴

𝟏

𝒂𝟑 + 𝛌
≥

𝟏

𝟏 + 𝛌
+

𝟑(𝟏 − 𝒂)

(𝟏 + 𝛌)𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝟏

𝒂𝟑 + 𝛌
+

𝟏

𝐛𝟑 + 𝛌
+

𝟏

𝐜𝟑 + 𝛌
≥

𝟑

𝛌 + 𝟏
+

𝟑

(𝟏 + 𝛌)𝟐
. (𝟑 − ∑ 𝒂

𝐜𝐲𝐜

) =
𝒂 + 𝐛 + 𝐜 = 𝟑 𝟑

𝛌 + 𝟏
 

∴
𝟏

𝒂𝟑 + 𝛌
+

𝟏

𝐛𝟑 + 𝛌
+

𝟏

𝐜𝟑 + 𝛌
≥

𝟑

𝛌 + 𝟏
 ∀ 𝒂, 𝐛, 𝐜 > 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟑 

𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟏

𝟐
,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

 
 
 

 


