
 
JP.529 If 𝒂, 𝒃, 𝒄 > 0; 𝑥 ∈ ℝ then: 

𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃

(𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒃 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄

(𝒂 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
≥

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer, Solution 2 and generalization by Marin Chirciu-
Romania, Solution 3 by Tapas Das – India  
 
Solution 1 by proposer 

∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

= ∑
𝒂𝟐

𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

≥ 

≥
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒂 + 𝒃 + 𝒄)𝟐

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)
=

(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟑 

Because: (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 ≥ 𝟎 

Hence: 

∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

≥ 𝟑                       (𝟏) 

∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑

𝒄𝒚𝒄

= ∑
(

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝟑

𝒂𝟐

𝒄𝒚𝒄

≥ 

≥
𝑹𝑨𝑫𝑶𝑵 𝟏

(𝒂 + 𝒃 + 𝒄)𝟐
⋅ (∑

𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
𝒄𝒚𝒄

)

𝟑

≥
(𝟏) 𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Marin Chirciu-Romania 

∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
≥

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

𝑳𝑯𝑺 = ∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
= ∑

(
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
)

𝟑

𝒂𝟐
≥

𝑹𝒂𝒅𝒐𝒏
 



 

≥
𝑹𝒂𝒅𝒐𝒏 (∑

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝟑

(∑ 𝒂)𝟐
≥
(𝟏) 𝟑𝟑

(∑ 𝒂)𝟐
=

𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
= 𝑹𝑯𝑺, 

where (1) ⇔ ∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙+𝒄 𝐜𝐨𝐬𝟐 𝒙
≥ 𝟑, which follows from 

∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
= ∑

𝒂𝟐

𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
≥
𝑪𝑺 (∑ 𝒂)𝟐

∑(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)
= 

=
(∑ 𝒂)𝟐

∑ 𝒃𝒄(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)
=

(∑ 𝒂)𝟐

∑ 𝒃𝒄
≥

𝑺𝑶𝑺
𝟑. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Remark: The problem can be developed. 

If 𝒂, 𝒃, 𝒄 > 0, 𝑥 ∈ ℝ and 𝒏 ∈ ℕ  then 

∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝒏+𝟏
≥

𝟑𝒏+𝟏

(𝒂 + 𝒃 + 𝒄)𝒏
 

Marin Chirciu – Romania  

Solution: 

𝑳𝑯𝑺 = ∑
𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝒏+𝟏
= ∑

(
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
)

𝒏+𝟏

𝒂𝒏
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
𝑹𝒂𝒅𝒐𝒏 (∑

𝒂
𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙

)
𝒏+𝟏

(∑ 𝒂)𝒏
≥
(𝟏) 𝟑𝒏+𝟏

(∑ 𝒂)𝒏
=

𝟑𝒏+𝟏

(𝒂 + 𝒃 + 𝒄)𝒏
= 𝑹𝑯𝑺, 

where (1) ⇔ ∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙+𝒄 𝐜𝐨𝐬𝟐 𝒙
≥ 𝟑, which follows from 

∑
𝒂

𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙
= ∑

𝒂𝟐

𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙
≥
𝑪𝑺 (∑ 𝒂)𝟐

∑(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)
= 

=
(∑ 𝒂)𝟐

∑ 𝒃𝒄 (𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)
=

(∑ 𝒂)𝟐

∑ 𝒃𝒄
≥

𝑺𝑶𝑺
𝟑. 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄. 

Note: For 𝒏 = 𝟐 we obtain Problem JP.529 from RMM, Number 36, Spring 2025, propose 

by Daniel Sitaru, Romania 

 

 



 
Solution 3 by Tapas Das – India  

𝒂

(𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃

(𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒂 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄

(𝒂 𝐬𝐢𝐧𝟐 𝒙 + 𝒃 𝐜𝐨𝐬𝟐 𝒙)𝟑
= 

=
𝒂𝟒

(𝒂𝒃 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒃𝟒

(𝒃𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒂𝒃 𝐜𝐨𝐬𝟐 𝒙)𝟑
+

𝒄𝟒

(𝒂𝒄 𝐬𝐢𝐧𝟐 𝒙 + 𝒃𝒄 𝐜𝐨𝐬𝟐 𝒙)𝟑
 

≥
𝑹𝒂𝒅𝒐𝒏 (𝒂 + 𝒃 + 𝒄)𝟒

[(𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)]𝟑
≥

(𝒂 + 𝒃 + 𝒄)𝟒

[
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
]

𝟑 =
𝟐𝟕

(𝒂 + 𝒃 + 𝒄)𝟐
 

[Note: ∴ (𝟐𝒙)𝟐 ≥ 𝟑 ∑ 𝒙𝒚] 

 


