
 
JP.532 In any 𝚫𝑨𝑩𝑪, 𝑰 − incenter, 𝒓 − radii, 𝑹 − circumradii, 𝒔 − 

semiperimeter, the following relationship holds: 

𝑨𝑩 + 𝑩𝑰 + 𝑪𝑰 ≤ 𝟐(𝑹 + 𝒓) 
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Solution 1 by proposer 

Firstly, we prove that 
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But, it is well-known that in any triangle 𝑨𝑩𝑪 holds: 

∑
𝒂

𝐬𝐢𝐧𝟐 𝑨
𝟐𝒄𝒚𝒄

=
𝟒𝑹𝒔
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Hence, 

∑
𝑨𝑰𝟐

𝒃𝒄𝒄𝒚𝒄 =
𝟒𝑹𝒓𝒔

𝒂𝒃𝒄
=

𝟒𝑹𝑭

𝒂𝒃𝒄
= 𝟏 ⇒ (1) is true. 

Now, using Cauchy-Schwarz’s inequality, we have: 

(
𝑨𝑰𝟐

𝒃𝒄
+

𝑩𝑪𝟐

𝒄𝒂
+

𝑪𝑰𝟐

𝒂𝒃
) (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ (𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐    (2) 

From (1) and (2), it follows that 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)    (3) 

But, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓    (4) 

From (3) and (4) we get: (𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 (5) and  

𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (Gerretsen)   (6) 

From (5) and (6), it follows that: 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 ⇔ 

(𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰)𝟐 ≤ 𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 ⇔ 𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 ≤ 𝟐(𝑹 + 𝒓) 

 



 
Solution 2 by Tapas Das-India 

𝑨𝑰 + 𝑩𝑰 + 𝑪𝑰 = 𝒓 𝐜𝐬𝐜
𝑨

𝟐
+ 𝒓 𝐜𝐬𝐜

𝑩

𝟐
+ 𝒓 𝐜𝐬𝐜

𝑪

𝟐
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= 𝒓√
𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
+ 𝒓√

𝒄𝒂

(𝒔 − 𝒄)(𝒔 − 𝒂)
+ 𝒓√

𝒂𝒃

(𝒔 − 𝒂)(𝒔 − 𝒃)
 

≤
𝑪𝑩𝑺

𝒓 √(∑ 𝒃𝒄) ⋅ ∑
𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
 

= 𝒓√(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) ⋅
𝒔

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔

𝒓 √(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)
𝟏

𝒓𝟐
= √𝟒(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐) = 𝟐(𝑹 + 𝒓) 

Solution 3 by Marin Chirciu – Romania  

𝑳𝑯𝑺 = ∑ 𝑨𝑰 = ∑
𝒓
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𝑨
𝟐
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(𝟏)

𝒓 ⋅ 𝟐 (
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𝟏
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𝟐
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∑
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𝑪𝑩𝑺
 

≤
𝑪𝑩𝑺

√∑ 𝒃𝒄 ∑
𝟏

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

= √(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)
𝟏

𝒓𝟐
=

𝟏

𝒓
√𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 ≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝒓
√𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 = 

=
𝟏

𝒓
√𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐 =

𝟐

𝒓
√𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐 =

𝟐

𝒓
(𝑹 + 𝒓) = 𝟐 (

𝑹

𝒓
+ 𝟏) 

Equality holds if and only if the triangle is equilateral. 


