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JP.533 Let be the triangle ABC with AD, BE, CF — altitudes and H —

orthocenter. Prove that:

HA HB HC R\?
+ + > 2 (—) -1
HD HE HF r
Proposed by Marian Ursarescu — Romania
Solution 1 by proposer, Solution 2 by Tapas Das — India, Solution 3 by Marin

Chirciu — Romania
Solution 1 by proposer

In any triangle ABC is well-known that:

HA | HB | HC
5T aE T ap = ZeyctanAtanB -3 (1)

and
Zt At B_sz—r2—4Rr 3
anAtant ='o_ (2R +1)? -

cyc

_ s2—r2—4Rr—-3s2+12R*+12Rr+3r?> _ 12R?>+8Rr+2r?-2r?
s2—(2R+1)?2 s2—(2R+1)?

But s> < 4R? + 4Rr + 3r* (Gerretsen) (4)

(3)

From (3) and (4), we get:
HA 4 HB 4 HC - 12R? + 8Rr + 2r* — 8R? — 8Rr — 61
HD HE HF — 4R%? +4Rr + 3r%2 —4R%? — ARr — r?

Hence,

HA HB HC 4R —4r% (R)Z X
HD HE HF~ 2r2

Solution 2 by Tapas Das — India
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In AADB, 2BAD = g— B

In AAFC,AF = bcos A

AF __bcosA bcosA bcos A
= AH = - = —
AH ~ AH °°5(E‘ 3) sin B

In AAFH, cos (— - B)

AH = 2R cos A analog

In AAFH: tan (3 — B) = = = -
FH = bCOS_A—COSB = 2R cosAcos B (analog)
sinB
Now,
HA HB HC 2R cos A 2RcosB 2RcosC
EJ’ﬁJ’ﬁ - 2RcosBcosC+ 2RcosAcosC+ 2RcosAcosB -
Y cos?A (ZcosA)Z—ZZcosAcosB
- cosAcosBcosC cosAcosBcosC
2
(1+ %)2 P ks ZR; B AR+1)?—2(s? + 17 — 4R?)
- s2 — (2R +1)? - s2— (2R +1r)? -
4R?
4(R? + 2Rr +1%) — 25%> - 2r% + 8R2 12R2 + 8Rr + 21?% — 252
- s2— 2R +1)? = SZ_(4RZ+ 4Rr +1%) -
Gerre>tsen’s 12R? + 8Rr + 2r% — 2(4R2 + 4Rr + 31?%)
- 4R? + 4Rr + 312 — 4R? — 4Rr — 1?2

4R? — 412 R\? R\?
a2 s
2r? T T
Solution 3 by Marin Chirciu — Romania

In acute AABC we have HA = 2RcosAand HD = 2R cos B cos C.

We obtain:

LHS_ZHA_Z 2Rcos A cos A _ZcoszA_

L HD L. 2RcosBcosCZ.cosBcosC JJcosA

6R? + 4Rr + 1% — s )

2R2 _ 2(6R* + 4Rt +1* — 5?) (;) 5 (R) 1) = rHS
s2-—(Q2R+1r)?* s2— (2R +1)? B

4R?

2(6R2+4Rr+r2—sz) R 2
where (1) e EEHIT) 5 ((;) _ 1) o

(6R* + 4Rr +1* —s?) R?*—1r?
=3 > =
s2 — (2R +1)? r2
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& 12(6R*+4Rr +1* —s%) > (R? - 1) [s? - 2R+ 1)?*] &
& R%s> < (R* —r*)(2R +1)? + r*(6R* + 4Rr + 1?)
which follows from Gerretsen’s inequality s> < 4R? + 4Rr + 3r2.
It remains to prove that:
R*(4R* + 4Rr +31*) < (R* - r)(2R+1)* + r*(6R*> + 4RT + %) &
< 3R%*r? < 3R%r?, obviously.

Equality holds if and only if the triangle is equilateral.



