
 
JP.533 Let be the triangle 𝑨𝑩𝑪 with 𝑨𝑫,𝑩𝑬, 𝑪𝑭 − altitudes and 𝑯 – 

orthocenter. Prove that: 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥ 𝟐((

𝑹

𝒓
)
𝟐

− 𝟏) 

Proposed by Marian Ursărescu – Romania  
Solution 1 by proposer, Solution 2 by Tapas Das – India, Solution 3 by Marin 
Chirciu – Romania  
Solution 1 by proposer 

In any triangle 𝑨𝑩𝑪 is well-known that: 

𝑯𝑨

𝑯𝑫
+

𝑯𝑩

𝑯𝑬
+

𝑯𝑪

𝑯𝑭
= ∑ 𝐭𝐚𝐧𝑨𝒄𝒚𝒄 𝐭𝐚𝐧𝑩 − 𝟑       (1) 

and 

∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
− 𝟑 = 

=
𝒔𝟐−𝒓𝟐−𝟒𝑹𝒓−𝟑𝒔𝟐+𝟏𝟐𝑹𝟐+𝟏𝟐𝑹𝒓+𝟑𝒓𝟐

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
=

𝟏𝟐𝑹𝟐+𝟖𝑹𝒓+𝟐𝒓𝟐−𝟐𝒓𝟐

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
   (3) 

But 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐   (Gerretsen)   (4) 

From (3) and (4), we get: 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥
𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟖𝑹𝟐 − 𝟖𝑹𝒓 − 𝟔𝒓𝟐

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐
 

Hence,  

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
≥
𝟒𝑹𝟐 − 𝟒𝒓𝟐

𝟐𝒓𝟐
= ((

𝑹

𝒓
)
𝟐

− 𝟏) 

Solution 2 by Tapas Das – India 

 



 
In 𝚫𝑨𝑫𝑩,∠𝑩𝑨𝑫 =

𝝅

𝟐
− 𝑩 

In 𝚫𝑨𝑭𝑪, 𝑨𝑭 = 𝒃 𝐜𝐨𝐬𝑨 

In 𝚫𝑨𝑭𝑯, 𝐜𝐨𝐬 (
𝝅

𝟐
− 𝑩) =

𝑨𝑭

𝑨𝑯
=

𝒃 𝐜𝐨𝐬 𝑨

𝑨𝑯
⇒ 𝑨𝑯 =

𝒃 𝐜𝐨𝐬 𝑨

𝐜𝐨𝐬(
𝝅

𝟐
−𝑩)

=
𝒃 𝐜𝐨𝐬 𝑨

𝐬𝐢𝐧𝑩
 

𝑨𝑯 = 𝟐𝑹𝐜𝐨𝐬𝑨  analog 

In 𝚫𝑨𝑭𝑯: 𝐭𝐚𝐧 (
𝝅

𝟐
−𝑩) =

𝑭𝑯

𝑨𝑭
=

𝑭𝑯

𝒃𝐜𝐨𝐬 𝑨
 

𝑭𝑯 =
𝒃 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬𝑩

𝐬𝐢𝐧𝑩
= 𝟐𝑹𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩    (analog) 

Now, 

𝑯𝑨

𝑯𝑫
+
𝑯𝑩

𝑯𝑬
+
𝑯𝑪

𝑯𝑭
=

𝟐𝑹 𝐜𝐨𝐬𝑨

𝟐𝑹𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
+

𝟐𝑹𝐜𝐨𝐬𝑩

𝟐𝑹𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑪
+

𝟐𝑹 𝐜𝐨𝐬𝑪

𝟐𝑹𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩
= 

=
∑𝐜𝐨𝐬𝟐 𝑨

𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
=
(∑𝐜𝐨𝐬 𝑨)𝟐 − 𝟐∑𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩

𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
 

=
(𝟏 +

𝒓
𝑹)

𝟐

− 𝟐
𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐

𝟒𝑹𝟐

=
𝟒(𝑹+ 𝒓)𝟐 − 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
= 

=
𝟒(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐) − 𝟐𝒔𝟐 − 𝟐𝒓𝟐 + 𝟖𝑹𝟐

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
=
𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟐𝒔𝟐

𝒔𝟐 − (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐)
≥ 

≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 − 𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐
 

=
𝟒𝑹𝟐 − 𝟒𝒓𝟐

𝟐𝒓𝟐
= 𝟐 (

𝑹

𝒓
)
𝟐

− 𝟐 = 𝟐 [(
𝑹

𝒓
)
𝟐

− 𝟏] 

Solution 3 by Marin Chirciu – Romania  

In acute 𝚫𝑨𝑩𝑪 we have 𝑯𝑨 = 𝟐𝑹𝐜𝐨𝐬𝑨 and 𝑯𝑫 = 𝟐𝑹𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪. 

We obtain: 

𝑳𝑯𝑺 =∑
𝑯𝑨

𝑯𝑫
=∑

𝟐𝑹𝐜𝐨𝐬 𝑨

𝟐𝑹𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪
∑

𝐜𝐨𝐬𝑨

𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
=
∑𝐜𝐨𝐬𝟐 𝑨

∏𝐜𝐨𝐬 𝑨
= 

=

𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐

𝟐𝑹𝟐

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐

=
𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
≥
(𝟏)

𝟐((
𝑹

𝒓
)
𝟐

− 𝟏) = 𝑹𝑯𝑺 

where (1) ⇔
𝟐(𝟔𝑹𝟐+𝟒𝑹𝒓+𝒓𝟐−𝒔𝟐)

𝒔𝟐−(𝟐𝑹+𝒓)𝟐
≥ 𝟐((

𝑹

𝒓
)
𝟐

− 𝟏) ⇔ 

⇔
(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐)

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
≥
𝑹𝟐 − 𝒓𝟐

𝒓𝟐
⇔ 



 
⇔ 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐) ≥ (𝑹𝟐 − 𝒓𝟐)[𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐] ⇔ 

⇔ 𝑹𝟐𝒔𝟐 ≤ (𝑹𝟐 − 𝒓𝟐)(𝟐𝑹 + 𝒓)𝟐 + 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) 

which follows from Gerretsen’s inequality 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 

It remains to prove that: 

𝑹𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) ≤ (𝑹𝟐 − 𝒓𝟐)(𝟐𝑹 + 𝒓)𝟐 + 𝒓𝟐(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) ⇔ 

⇔ 𝟑𝑹𝟐𝒓𝟐 ≤ 𝟑𝑹𝟐𝒓𝟐, obviously. 

Equality holds if and only if the triangle is equilateral. 

 

 


