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JP.534 In AABC, I — incenter and D, E, F the points of contact of the cevians
Al, BI, CI with the circumcircle, then the following relationship holds:

2(R? — Rr +1?%)
r

ID + IE + IF <

Proposed by Marian Ursarescu — Romania
Solution 1 by proposer, Solution 2 by Tapas Das — India, Solution 3 by Marin
Chirciu — Romania
Solution 1 by proposer

In AIBC, from Law of sines, it follows:

ID _ IB
sin(IBD) ~ sin(IDB)

(1)

But:

sin(IBD) = sin (g + g) = sin (g — g) = cosg (2)

sin(IDB) =sinC (3)
From (1), (2) and (3), we get:

ID-cosg BI
ID = — = —; and analogs (4)
sinC 2 sin;

By adding, we have:

1( BI Cl Al
ID+IE+IF=E + +
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2
(ID + IE + IF)? = i(B—'C+C—'A+A—'B> (5)
Slni Slni smi

BI CI Al c-S ) ) 2 1 1 1
ct—t+—p| < @P+BF+cP) 1t—pt+t——¢|=
sinf sinf sinf sin? 5 sin? > sin? 5
2,2 2.2 2
= (s® + 1% — 8Rr) - s +rr2 8Rr _ (s +rr28Rr) (6)
From (5) and (6), it follows that:
(s + %> — 8Rr)?
ID + IE + IF)? <
(D +IE+IF)" < 412
ID 4 IE+ IF < s2+ 1% —8Rr Gerretsen 4R?> — 4Rr + 4r*> 2(R?> — Rr +1?)
= 2r = 2r B r

Solution 2 by Tapas Das — India

4/DBC = £DAC = g (angle on same one DC), ZACB = £ADB = C

(angle on same one AB). From AABD we have

—C BD 2R = BD = 2R si 4
= = = fre —
sinC_ _._A sty
sins
2
Now from ABID,

c

2IBD = =
2

N | ®

+§:§_ (+A+B+C=m),.BDI=C
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. /BID = (” C+c)—” ¢
" 272 =272

~2BID = «2DBI - BD = 1D

~ID=2R sing (analog)

A B C
~ID+IE + IF = ZRsinE+2RsinE+2Rsin§

A\ Jensen's A+B+C (4
=2R(Zsini> < ZRBSin(T)=2R-35ing=3R

[sinZ is concave in x € (0,7)]
2

We need to show

2(R*-Rr+1?)
T

3R < = 2R? —S5Rr+2r2>0= (R —2r)(2R — 1) > 0 True (Euler)

Solution 3 by Marin Chirciu — Romania

Using the power of point I towards circumcircle we obtain

IA-ID = R? — 0I? andas IA = —,0I%? = R* — 2R it follows —; - ID = 2Rr &

Sll’lE smE

A
s ID = ZRsinE

We obtain:

A A 3 (1 2(R? — Rr +12)
LHS=ZID=ZZRsmE=2RZsmESZR-E=3RS -

= RHS,

© 2R?—-5Rr+2r2>0< (R-2r(2R-1r) >0,

where (1) © 3R < M

see R > 2r, (Euler).

Equality holds if and only if the triangle is equilateral.



