
 
JP.535 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒓𝒂

𝟒 + 𝒓𝒃
𝟐𝒓𝒄

𝟐

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
𝒄𝒚𝒄

≥ 𝒔𝟐 
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Lemma. If 𝒙, 𝒚, 𝒛 > 0 then: 

∑
𝒙𝟐 + 𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝒙 + 𝒚 + 𝒛 

Proof of Lemma. We have: 

∑
𝒙𝟐 + 𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝒙 + 𝒚 + 𝒛 ⇔ ∑
𝒙𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝟐(𝒙 + 𝒚 + 𝒛) 

∑
(𝒙 + 𝒚)(𝒙 + 𝒛)

𝒚 + 𝒛
𝒄𝒚𝒄

≥ (𝒙 + 𝒚) + (𝒚 + 𝒛) + (𝒛 + 𝒙) 

which is true, because for 𝒙 + 𝒚 = 𝒎, 𝒙 + 𝒛 = 𝒏, 𝒚 + 𝒛 = 𝒑, we have: 

∑
𝒎𝒏

𝒑
𝒄𝒚𝒄

≥ 𝒎 + 𝒏 + 𝒑 ⇔ (𝒎𝒏)𝟐 + (𝒏𝒑)𝟐 + (𝒑𝒎)𝟐 ≥ 𝒎𝒏𝒑(𝒎 + 𝒏 + 𝒑) 

Hence, 

∑
𝒓𝒂

𝟒+𝒓𝒃
𝟐𝒓𝒄

𝟐

𝒓𝒃
𝟐+𝒓𝒄

𝟐𝒄𝒚𝒄 ≥ 𝒓𝒂
𝟐 + 𝒓𝒃

𝟐 + 𝒓𝒄
𝟐 = (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐         (1) 

But: (𝟒𝑹 + 𝒓)𝟐 ≥ 𝟑𝒔𝟐; (Doucet); (2). From (1) and (2), it follows that 

∑
𝒓𝒂

𝟒 + 𝒓𝒃
𝟐𝒓𝒄

𝟐

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
𝒄𝒚𝒄

≥ 𝒔𝟐 

Solution 2 by Marin Chirciu – Romania 

𝑳𝑯𝑺 = ∑
𝒓𝒂

𝟒 + 𝒓𝒃
𝟐𝒓𝒄

𝟐

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐
≥
𝑪𝑺 (∑ 𝒓𝒂

𝟐)𝟐 + (∑ 𝒓𝒃𝒓𝒄)𝟐

∑(𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)
=

(∑ 𝒓𝒂
𝟐)𝟐 + (𝒔𝟐)𝟐

𝟐 ∑ 𝒓𝒂
𝟐

≥
(𝟏)

𝒔𝟐 = 𝑹𝑯𝑺 

where (1) ⇔
(∑ 𝒓𝒂

𝟐)
𝟐

+𝒔𝟒

𝟐 ∑ 𝒓𝒂
𝟐 ≥ 𝒔𝟐 ⇔ (∑ 𝒓𝒂

𝟐)𝟐 + 𝒔𝟒 ≥ 𝟐𝒔𝟐 ∑ 𝒓𝒂
𝟐 ⇔ (∑ 𝒓𝒂

𝟐 − 𝒔𝟐)𝟐 ≥ 𝟎, with 

equality for ∑ 𝒓𝒂
𝟐 = 𝒔𝟐. 

Equality holds if and only if the triangle is equilateral. 


